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1. Introduction
Mathematical models of the cardiac function of-
fer an alternative perspective for medicine, al-
lowing for non-invasive testing and investiga-
tions of different scenarios. The models can
range from descriptions of specific physical phe-
nomena, i.e. fluid dynamics in blood vessels or
ion dynamics in a single cell, to descriptions of
more complex, interacting events by integrating
the single physics models, usually obtaining mul-
tiphysics and multiscale models.
This work concerns the bidirectional coupling of
mathematical models for cellular level ion dy-
namics and the active force generation mecha-
nism for cardiac muscle cells. The proposed bidi-
rectionally coupled model of cellular electrome-
chanics is able to capture the mechano-electric
feedback through which the mechanical sarcom-
ere stretch and stretch-rate affect the cellular
electrophysiology through the modulation of the
calcium-troponin buffering rate. This effect is
called the mechano-calcium feedback [5].

2. Model derivation
The model is derived by the bidirectional cou-
pling of a force generation model and an ion dy-
namics model. The forward coupling is given by
the standard dependence of the active force on

the cytosolic calcium concentration. The back-
wards coupling condition is derived by assuming
that the force generation model is able to de-
scribe the calcium-troponin buffering rate, and
by assuming an instantaneous equilibrium of the
calcium-buffer reaction kinetics for any other
buffer. The total cytosolic calcium concentra-
tion is separated into its free, troponin-bound
and other buffer-bound concentrations, and the
time evolution of the free intracellular calcium
concentration is rewritten as:

d[Ca2+]i
dt

= βi

(
d[Ca2+]tot

dt
− d[Ca2+]TRPN

dt

)
,

where d[Ca2+]tot
dt is given by the calcium-carrying

current balance for the specific ionic model taken
into consideration, d[Ca2+]TRPN

dt is the calcium-
troponin buffering rate which is provided by the
force generation model and effectively defining
a feedback-type coupling condition, whereas the
constant βi is defined as:

βi =
1

1 +
[Bufc]maxKBufc

([Ca2+]i+KBufc)
2

,

and depends on the description of the other cy-
tosolic calcium buffers of the ionic model taken
into consideration, with [Bufc]max being the
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maximal calcium-buffer complex concentration
and KBufc being the half-saturation constant for
the generic buffer.
The bidirectionally coupled cellular electrome-
chanical model, described by a system of or-
dinary differential equations (ODEs), for t ∈
(0, T ), reads:

dw

dt
= g (u,w, ydCaTRPN

) ,

dy

dt
= h

(
y, wCa, SL,

dSL

dt

)
,

Cm
du

dt
+ Iion (u,w) = Iapp(t),

(1a)

(1b)

(1c)

where equation (1a) is the ionic model for the
state variables w, (1b) is the force generation
model with state variables y, and (1c) describes
the evolution of the cellular membrane poten-
tial u, and where SL, Iion and Iapp are the sar-
comere length, the total transmembrane current,
and an externally applied signal. The coupling
is realized through the intracellular calcium con-
centration wCa and the calcium-troponin buffer-
ing rate ydCaTRPN

.
For the multiscale problem, for a general un-
loaded conductive muscular domain Ω0, system
(1), for (x, t) ∈ Ω0 × (0, T ), becomes:

∂w

∂t
= g (u,w, ydCaTRPN

) ,

∂y

∂t
= h

(
y, wCa, SL,

∂SL

∂t

)
,

(2a)

(2b)

where (1c) is replaced by the monodomain equa-
tion:

Jχm

[
Cm

∂u

∂t
+ Iion (u,w)

]
−∇ ·

(
JF−1DF−T∇u

)
= JχmIapp(t),

(3)

and the system is coupled with a mechanical
problem providing the geometric deformation
and therefore determining the sarcomere length
SL, sarcomere stretch rate ∂SL

∂t , conductivity
tensor D, deformation gradient F and Jacobian
determinant J of the deformation gradient.

3. Numerical approximation of
the coupled problem

The numerical approximation of the coupled
electromechanical cellular model is obtained by

using backward differentiation formulae (BDF)
in a staggered manner, i.e. by separately solving
the electrophysiology submodel given by equa-
tions (1a) and (1c) from the activation submodel
(1b) in a sequential fashion, with optionally per-
forming Nsub time advancement steps of the
electrophysiology model before solving the force
generation model.
For the cellular model described by the sys-
tem (1), employing a first-order implicit-explicit
BDF scheme and a first-order extrapolation for
the feedback term ydCaTRPN

, its time-discrete
version with time step ∆t can be written suc-
cinctly as follows.
For the k-th subiteration, 1 ≤ k ≤ Nsub, at time
tn + kτ , solve:

wn,k −wn,k−1

τ
=

g
(
un,k−1,wn,k−1,wn,k, yndCaTRPN

)
,

with either solving (1c) or (3) for the evolution
of the transmembrane potential un,k. Then solve
at time tn+1 = tn +∆t:

yn+1 = h

(
yn,yn+1, wn+1

Ca , SLn,
dSLn

dt

)
,

with wn+1
Ca = wn,Nsub

Ca , and update the feedback:

yn+1
dCaTRPN

= yn+1
dCaTRPN

(
yn+1, SLn,

dSLn

dt

)
.

.
In the case of the multiscale problem, the quan-
tities SLn and ∂SLn

∂t ≈ SLn−SLn−1

∆t come from
the mechanics problem solved at time tn, oth-
erwise they are assigned functions and can be
taken at the current time, i.e. SLn+1 and
SLn+1 ≈ SLn+1−SLn

∆t .
For the multiscale problem, a Galerkin finite el-
ement (FE) method is used for the spatial dis-
cretization. The muscular domain Ω0 may be
represented by two nested meshes of different
refinement levels, a coarse mesh TH for the me-
chanics and active force generation models, and
a fine mesh Th for the electrophysiology prob-
lem. On the mesh TH the scalar FE space VH is
defined, on whose degrees of freedom the force
generation ODEs are solved. The electrophysi-
ology problem is solved on the FE space Vh de-
fined on the fine mesh Th, where the evolution
of the ionic variables is solved at the degrees of
freedom of Vh.

2



Executive summary Irena Radišić

3.1. Coupling condition for the mul-
tiscale problem

In the multiscale problem, based on the the-
oretical and computational framework of [3],
the feedback from the force generation prob-
lem ydCaTRPN,H , defined on the degrees of free-
dom VH , needs to be represented on the degrees
of freedom of Vh as ydCaTRPN,h. Depending on
whether the FE space degrees of Vh and VH dif-
fer and whether the meshes Th and TH have dif-
ferent refinement levels, this is done in one of
the following ways:

1. If the meshes coincide and the FE spaces are
of equal degrees, then the the two entities
coincide and

ydCaTRPN,h = ydCaTRPN,H ;

2. If Th is finer and nested into TH , and the FE
spaces are of equal degrees, VH ⊂ Vh and
ydCaTRPN,H is interpolated onto Vh yielding
ydCaTRPN,h, which is well-defined on every
degree of freedom of Vh;

3. If the FE spaces are of different degrees,
then, similar to [7], the regularized projec-
tion problem is solved for ydCaTRPN,h:∫

Ω0

ydCaTRPN,hφh

+

∫
Ω0

C(h)∇ydCaTRPN,h · ∇φh =∫
Ω0

ydCaTRPN,Hφh, ∀φh ∈ Vh,

where ydCaTRPN,H is first interpolated onto
an auxiliary FE space ṼH defined on the
mesh Th of the same degree as VH , if nec-
essary, that is, if the two meshes differ,
and where C(h) = O(h2). This yields
ydCaTRPN,h ∈ Vh, which is defined on every
degree of freedom of Vh.

4. Numerical results
The cellular-level electromechanical coupling
was implemented for the TTP06 [8] and for
the ToR-ORd [9] ionic models along with
the RDQ20MF force generation model [6]
in the software library lifex [1], yielding
fully coupled cellular electromechanical mod-
els, denoted by TTP06+RDQ20MF and ToR-
ORd+RDQ20MF, respectively.

4.1. Numerical verification
The staggered strategy for solving the fully cou-
pled problem was first numerically verified to as-
sess the impact of the numerical discretization
and coupling parameters reported in Table 1.

Case τ ∆tA Nsub

1 1× 10−5s 1× 10−5s 1

3 1× 10−5s 2× 10−4s 20

6 5× 10−5s 1× 10−3s 20

7 5× 10−5s 1× 10−3s 20

8 5× 10−5s 5× 10−5s 1

Table 1: Coupling scheme parameters for each
case: timestep for the ionic model (τ), timestep
for the force generation model (∆tA), number of
substeps of the ionic model (Nsub).

We have found that, as illustrated in Figure 1,
the variation is more due to the time step used
for the force generation model rather than the
number of substeps for the ionic model itself,
thus subsequently the discretization parameters
described as Case 1 in Table 1 are used for the
simulations of single-cell models.
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Figure 1: Calcium transient waveform with re-
spect to time and coupling discretization param-
eters.

4.2. Model validation
Model validation was done on experimental data
for the action potential duration (APD), peak
and relaxation times, free intracellular calcium
waveform and active force peak and relaxation
times. No significant changes were observed for
the action potential, while the intracellular cal-
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cium for the ToR-ORd+RDQ20MF was gener-
ally lower with slower relaxation, as seen from
Figure 2, which we hypothesise to be due to the
enhanced troponin buffering.
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Figure 2: Free intracellular calcium concen-
tration for the coupled ToR-ORd+RDQ20MF
(blue) and ToR-ORd (yellow) models at 1Hz
pacing. In green are the transient peak and re-
laxation times. In purple is the experimentally
measured wave amplitude. Experimental data
from [2].

The calcium transient was recomputed for an
adjusted APD as in [9] to reflect the differ-
ences in APD between the ToR-ORd model and
data from [2], by applying a potassium current
IKr block. However, the ToR-ORd+RDQ20MF
proved to be more robust with respect to the IKr

block, as for the same fraction of blocked cur-
rent the APD was prolonged less significantly,
and the reported intracellular calcium amplitude
from [2] was not reached.
Regarding the force transient, the comparison
was done with respect to the model without the
feedback present and with tissue-level measure-
ments, as we were not able to provide suitable
cell-level experimental data.

4.3. Changes in buffering rate
The changes in the ionic models can be at-
tributed to the change in the calcium-troponin
buffering rate predicted by the force generation
model as opposed to the instantaneous equilib-
rium condition predicted by the ionic models
alone, as shown in Figure 3.
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Figure 3: Troponin-bound calcium concentra-
tion for the coupled ToR-ORd+RDQ20MF (red)
and ToR-ORd (blue) models at 1Hz pacing. Ver-
tical black lines are time to free intracellular cal-
cium peak.

Both ionic models showed changes to the
troponin-bound calcium concentration, where
the peak troponin-bound calcium is slightly de-
layed with respect to the free intracellular cal-
cium peak.

4.4. Multiscale left ventricle elec-
tromechanics

The TTP06-RDQ20MF model was recalibrated
and integrated into a multiscale model of the
left ventricle electromechanics, with the aim of
simulating the four cardiac phases. The results
are reported in Figure 4, in the form of pressure-
volume loops, and in Figure 5 the displacement
magnitude near the end of the ejection phase at
time t = 0.32s, and towards the end of the filling
phase at t = 0.76s.
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Figure 4: Simulated pressure-volume loops for
two consecutive heartbeats for the fully coupled
left ventricle electromechanics problem.
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Figure 5: Displacement magnitude near the end
of the ejection phase at t = 0.32s (full color) and
towards the end of the filling phase at t = 0.76s
(opaque color).

We have qualitatively reproduced left ventricu-
lar pressure-volume loops and the propagating
depolarization front, although the results sug-
gest that a more accurate recalibration of the
force generation model is required, as the end-
diastolic pressure remains large and the maximal
pressure during the ejection phase is below phys-
iological values. Moreover, the first three phases
remain prolonged with respect to reported dura-
tions, indicating a slower active force peak than
required.

4.5. Cellular remodeling and drug re-
sponse

The model was reparametrized in order to sim-
ulate a cell with electrophysiological responses
similar to those found in hearts with Hyper-
trophic Cardiomyopathy (HCM) with respect to
a normal cell, Figure 6, as described in [2].
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Figure 6: Simulated HCM cell for the ToR-
ORd+RDQ20MF (blue) and control cell (red)
at 0.2Hz pacing.

A prolonged APD with less apparent notch

phase after the rapid depolarization, consistent
with the experimental data [2] was observed.

4.5.1 Drug response

The effects of a channel blocker were studied,
with the reference compound being Dofetilide,
which acts on multiple channels, but has dom-
inant IKr blocking effects. It has contraindica-
tions for patients with long QT syndrome, i.e.
prolonged APD, by causing early afterdepolar-
izations (EADs) which can trigger arrhythmias.
We test out this hypothesis for an HCM cell at
1Hz pacing. We have found that sufficiently high
doses of Dofetilide may indeed cause EADs for
an HCM cell at 1Hz pacing, Figure 7, and that
a late sodium current INaL block, as suggested
in [4], can reduce this effect.
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Figure 7: Simulated HCM cell for the ToR-
ORd+RDQ20MF with 0.04µM of Dofetilide be-
fore (red) and after (blue) applying a 72%INaL

current block.

5. Conclusions
In this work we have presented a fully coupled
electromechanical model capable of represent-
ing both microscopic and macroscopic cardiac
electromechanics. We have performed numeri-
cal verification and validation for the fully cou-
pled cellular electromechanics model. We have
observed that the introduction of the feedback
has impact on the accuracy of the solution of the
ionic model due to the larger time step used for
the active force model.
However, a further calibration of the models
is necessary since no single-cell measurements
of the active tension were used to validate the
model. We observed that the change in the
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troponin-calcium buffering kinetics due to the
feedback from the force generation model to the
ionic model changes the repolarization robust-
ness of the cellular model with respect to IKr

current block.
We have integrated a fully coupled cellular elec-
tromechanical model into a multiscale left ven-
tricle electromechanics model, qualitatively re-
producing physiological pressure-volume loops.
Further inspection of the results indicated that
a more accurate calibration process is necessary
in order to reproduce biomarkers within healthy
physiological ranges.
We have successfully recalibrated a healthy cell
to exhibit properties found in HCM cells, and
have simulated drug-induced arrhythmogenic
events in the form of EADs. Moreover, we have
proposed a virtual combination treatment for
the drug-induced side effects.
A biophysically accurate model of cellular elec-
tromechanics needs to take into consideration
the interacting phenomena, hence the need to
introduce the mechano-calcium feedback. As
in the electrophysiology-only cellular models
the hypothesis of the instantaneous equilibrium
for the troponin-calcium buffering was made,
the difference of the fully coupled models from
their electrophysiology-only counterparts indi-
cates that this hypothesis is not necessarily al-
ways respected in the coupled systems.
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