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Abstract

The resolving power of Computational Fluid Dynamics (CFD) is ultimately bounded by
the fraction of nominal peak performance that can be extracted from the underlying com-
puting hardware. We present a solver development approach that sustains 50% of nominal
peak performance over more than half of the computational duty cycle, yielding over 30%
of peak performance overall. Relative to Hypersonic Task-based research (HTR) solver,
a state of the art solver featuring high order numerical schemes for supersonic and turbu-
lent flows, this corresponds to an approximately 10X reduction in time to solution for the
same underlying numerical schemes, implemented through a substantially different soft-
ware and kernel design. These results hold across multiple exascale systems, both CPU
based and GPU based. The techniques that enabled this result require rethinking how
HPC software is built, from performance modeling and kernel synthesis to how design
decisions are explored.

Keywords: Computational Fluid Dynamics, Performance modelling, Program synthesis,
Exascale HPC performance





Abstract in lingua italiana

Il potere risolutivo della Fluidodinamica Computazionale (CFD) è in ultima analisi lim-
itato dalla frazione della performance nominale di picco che può essere effettivamente
estratta dall’hardware di calcolo sottostante. Presentiamo un approccio allo sviluppo di
solver che mantiene il 50% della performance nominale di picco per oltre metà del ciclo
computazionale, raggiungendo complessivamente oltre il 30% della performance di picco.
Rispetto al solver Hypersonic Task-based Research (HTR), uno solver all’avanguardia
che utilizza schemi numerici di alto ordine per flussi supersonici e turbolenti, questo cor-
risponde a una riduzione del tempo di soluzione di circa 10 volte per gli stessi schemi
numerici sottostanti, implementati tramite un design software e dei kernel sostanzial-
mente diversi. Questi risultati sono validi su più sistemi exascale, sia basati su CPU sia
su GPU. Le tecniche che hanno reso possibile questo risultato richiedono di ripensare
il modo in cui il software HPC viene costruito, dalla modellizzazione delle prestazioni e
sintesi dei kernel fino all’esplorazione delle decisioni di progettazione.

Parole chiave: Fluidodinamica Computazionale, Modellazione delle prestazioni, Sintesi
di programmi, Prestazioni HPC exascale
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Introduction

From aerodynamics to biological systems, fluid flow phenomena are ubiquitous in science
and engineering. Understanding, predicting and controlling their dynamics is therefore
crucial. In practice, fluid behavior is studied through two complementary approaches [7].

Through experimentation and observation, flow phenomena can be investigated in labora-
tories. Observables can be measured through an acquisition pipeline, with finite resolution
and finite field of view. In practice, quantitative access is limited to a projection of the
flow field or to a very limited region of interest, such as a cross-section. In addition, many
volumetric or derived quantities are not measured directly but inferred, and the uncer-
tainty behind such inference is governed by the measurement model accuracy, calibration,
and optical access. Moreover, experiments can be expensive and slow to modify because of
external constraints imposed by facilities and diagnostics, and they may experience severe
run-to-run variability. Safety constraints further restrict the feasible operating envelope
in reactive, high pressure, or high temperature systems, which can force test conditions
that are less representative of the target configuration.

Computational Fluid Dynamics (CFD) is a complementary approach to alleviate the
limitations of experimental investigations. Computer simulations can probe the modelled
fluid state directly and without disturbing the flow. This is a simple operation that is
impossible to carry out in the lab. The major shortcoming of CFD is arguably the ability
to resolve spatiotemporal scales present in the experiments [7]. In simulations, flow fields
are represented by a finite set of degrees of freedom, and these evolve through finite
precision arithmetic computation. Therefore, only a limited and distorted band of the
spatiotemporal spectrum can be accessed. In turbulent flows, the range of dynamically
active scales grows rapidly with the Reynolds number, which makes resolving all relevant
scales prohibitively expensive in three dimensions, even on modern supercomputers.

Despite the introduction of turbulence models, spatiotemporal resolution remains the
single key player for simulation quality [7]. Closures can represent the net influence of
unresolved scales on the resolved ones, but they cannot reconstruct missing spatiotempo-
ral content or “invent” frequencies that are not captured by explicit sampling. For a fixed
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wall clock budget on a computing system, the portion of spatiotemporal scales that we
can capture is determined by how much of the system’s nominal peak performance and
memory bandwidth we can extract. High order discretizations are a cornerstone of high
fidelity CFD because they attenuate distortions of the represented spectrum, but they
lead to more expensive and non-trivial instruction streams, making the goal of achieving
a high fraction a grand challenge. These constraints motivate three conflicting software
goals in large scale CFD: sustain high fractions of peak performance (i), maintain per-
formance portability across diverse architectures with essentially one code base (ii), and
(iii), preserve software productivity so that new models, discretizations, and workflows
can be introduced without rewriting the full performance critical stack.

This thesis proposes and assesses an approach to achieve all three goals.

0.1. Supercomputing for CFD: benefits and challenges

Computational resources have an indirect but decisive impact on the quality outcome
of CFD investigations. Supercomputing enables ever-growing simulation fidelity and has
reached exascale capabilities. However, effectively leveraging such systems for CFD is a
non-trivial task, as elaborated in the following section.

Achieving high fraction of peak compute performance. Simulation quality is
primarily determined by the ability to correctly resolve as many spatiotemporal scales as
possible within a practical time frame. In turn, this depends on the simulation software’s
ability to leverage the underlying computing infrastructure within a given wall-clock time
budget. Several metrics exist to quantify this ability.

For our work, we rely on the achieved Fraction of Peak, that is:

Fraction of Peak =
Achieved Performance
Nominal Performance

, (1)

where Nominal Performance is the theoretical nominal compute peak, and Achieved Per-
formance is defined as follows:

Achieved Performance =
TOTAL FLOPs

TTS
, (2)

where TTS is the simulation’s Time-To-Solution and TOTAL FLOPs refers to the number
of FLOPs executed. Such operation count must only account for ”algorithmic” FLOPs,
excluding any redundant calculation. Moreover, we choose a metric that considers the en-
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tire simulation execution, avoiding the ambiguities associated to per-kernel performance
assessment, due to task-scheduling complexities.
Fraction of Peak is a very informative metric, as it represents how efficiently the compu-
tational resources are utilized, and its inverse sets a hard upper-bound on the ultimate
windows of spatiotemporal scales that are accessible within a certain TTS and compute
allocation.

However, achieving a high fraction of the peak, for high-order CFD software, represents a
formidable challenge, and it is not unusual for such programs to reach no more than 5%
[6, 11, 13, 17, 21]. The reasons behind this difficulty lies in part to the deep understanding
of the underlying microarchitecture required, and involves non-trivial trade-offs choices in
software development.

Performance portability. Performance portability of a software is its ability to achieve
consistent performance on several different platforms. In general, this is a difficult aim,
and it becomes even harder when the target platforms significantly differ in their micro-
architectural details. To address (at least partially) this challenge, it is often needed to
implement source code-level optimizations. Unfortunately, the current exascale landscape,
despite comprising only three systems, is characterized by a wide variety of CPUs and
GPUs microarchitectures. While a detailed discussion of their details is beyond the scope
of this thesis, as an example, we can cite the differences in the GPU architectures. The
AMD MI300A and the AMD MI250X GPUs (Figure 1a) (mounted respectively on the
El Capitan and the Frontier supercomputers), and the Intel GPU Max 1550 (Figure 1b)
(mounted on the Aurora supercomputer) feature different execution models, which reflects
the different nature of the underlying hardware. In particular, the former adopt the most
common GPU execution model, that is the Single Instruction, Multiple Threads (SIMT)
one. It consists of a fusion of Thread Level Parallelism (TLP) and Data Level Parallelism
(DLP), while the Intel GPU relies on Simultaneous Multi Threading (SMT), which clearly
separates TLP from DLP.

Software productivity. By software productivity we mean the ability to extend and
adapt the software to support new and unforeseen features. Scientific computing has
always been affected by a low software productivity, which has resulted in a considerable
reduction in advancement pace in many scientific and engineering fields. The reason for
such an issue has been found to lie in the following factors:

• Ensuring code correctness,

• Optimization and tuning of serial code version,
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(a) System architecture of the AMD
MI300A GPU

(b) System architecture of the Intel Max
1550 GPU

• Optimization and tuning of parallel code version,

• Porting and optimization of existing codebase for different platforms.

Correctness of scientific software is of paramount importance, and, in this regard, com-
plexities in mathematical models and algorithms employed represent a significant chal-
lenge. Moreover, as performance is often crucial in high-performance computing, extensive
optimization and tuning of source code is needed. In particular, given that parallel ar-
chitecture are at the core of supercomputing, scientific software needs to be accordingly
adapted, which involves significant effort. Lastly, considering the available computing
platform are continuously evolving, scientific software needs to be accordingly updated,
to continue to deliver state-of-the-art performance. However, as mentioned in the pre-
vious paragraph, this often demands code specializations, which makes any new feature
implementation a complex and expensive task.

Conventional Approaches. A single unified road to address the previous challenges
has not emerged yet. However, a variety of strategies have been proposed in the recent
past. They can be summarized as:

• Hand-written kernels,

• Compiler directives,

• Domain-specific languages.
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Figure 2: Laser ignition process of gaseous methane/oxygen combustion, conducted in
[30]

Kernel hand-writing [3, 39] is the approach that seems to deliver the best performance,
as it ensures target platform features (even undisclosed ones) can be fully leveraged.
However, this tends to aggravate both performance portability and software productivity.
A different strategy is based on the use of compiler directive-based tools, such as OpenACC
and OpenMP [33]. They allow offloading compute kernels to specific devices (e.g., GPUs
and FPGAs) and expressing parallel patterns by annotating the source code with concise
compiler directive tools. Software productivity is favoured, as the resulting code is rather
platform agnostic, at the expense of performance portability and achieved fraction of
peak performance. Lastly, Domain Specific Languages [20, 35, 36, 40] are programming
languages that allows expressing software at the appropriate abstraction level. Prominent
examples of DSLs in scientific computing includes Litsz [12] (for the solution of Partial
Differential Equations) and Spiral [32] (for Digital Signal processing). This approach
seems to be the strategy finding the best tradeoffs, as they express computational patterns
at a level that allow for algorithmic and performance optimizations. A DSL seem better
positioned to navigate the optimization decision space because it has access to a wider
portion of the abstraction spectrum.

0.1.1. This Thesis

Motivation. This thesis work originated in the context of the INSIEME project under
PSAAP III, founded by the US Department of Energy and the National Nuclear Security
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(a) (b)

Figure 3: Bottom-up quantitative approach to discover successful HPC software designs,
and subsequent top-down program synthesis to expand the software scope (left). Timeline
view of an oversubscribed, threaded device (right). Kernels A, B, and C occupy logical
streams S2, S1, and S0 and run between t0 and t1. Consequently, performance measure-
ment for an isolated kernel does not directly relate to the overall performance.

Administration. Its main objective is to exploit Exascale systems in order to predict
complex multi-phisics phenomena. An example of the simulations carried out as part
of the project is shown in Figure 2. Currently, the main CFD solver used within the
project is HTR [13], whose performance, as they align with the current state-of-the-art,
represents a limitation on the resolvable scales. This work aims at providing an alternative
solver, which we call Lean Vertical Rewrite (LVR), that can achieve significantly higher
performance [37], thus enabling conducting higher quality simulation.

Contributions.

• We present a compressible flow solver (LVR) able to achieve 35% of the nominal
peak performance

• 35% of peak is measured across diverse computing platforms

• The software was developed in 3 months by 4 researchers.

We are not aware of any related work that achieved similar performance in a comparable
amount of time.

Moreover, following the ideas proposed in [37], we propose a novel and robust approach
for performance analysis and reporting (see Figure 3b), based on the fraction of achieved
floating-point performance. This overcomes the limitations of other metrics (e.g. per-
iteration wall time, normalized execution time or strong/weak scaling efficiency) that are
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more commonly used in CFD, but that fail to capture whether the targeted systems are
being efficiently exploited.

We also show how a range of performance modelling and analysis techniques can be
leveraged to guide the development approach from its early stage (see Figure 3a). Since
we do not take advantage of any specific feature of CFD, we believe our method could be
extended to other fields. However, this remains as future work.

Structure. This thesis is structured as follows: in chapter 1, prior works relevant to this
thesis are reported. In chapter 2, we review some fundamental HPC concepts, following
the ideas in [37]. In chapter 3, the governing equations and numerical schemes employed
for LVR are described. In chapter 4, a detailed description of LVR is provided, and in
chapter 6 our code generation pipeline is presented. Lastly, in chapter 7, LVR is validated,
and its performance are assessed. Additionally, an example of the simulations conducted
through it is reported.

My Contributions. Under the guidance of Diego Rossinelli, I had the possibility of
contribuiting significantly to the development of LV R. Specifically, I developed all the
necessary plugins and code base to maintain the initial very competitive performance
obtained on a single MI300A, to the system level (LLNL Tuolumne), and then developed
the tooling and additional plugins to preserve the performance level to Intel CPU and
GPU architectures. Tooling that I developed also involved testing and implementing of
non-trivial boundary conditions (so called NSCBC), and contributed to the computational
modeling discussed chapter 3.

In terms of performance modeling and analysis (chapter 5), I studied the impact of reg-
ister pressure arising from code generated by our program synthesis pipeline on Intel
Sapphire Rapids and ARM-based Grace CPU, and discovered performance issues due to
microarchitecture limitations, I improved the software performance of the base software.
I also implemented an MPI communication scheme that allows overlapping network com-
munication with ongoing computation, which contributed to reduce the network impact
on the Time-To-Solution. This is particularly difficult to accomplish on GPU-accelerated
systems. On NVIDIA-based systems, AMD-based systems, and Intel based systems I
leveraged my contributions to conduct computational studies with LVR including simula-
tion prototyping. I conducted large-scale investigations of the Triple Point Shock problem
on both the Alps and Aurora supercomputers.
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Publications. This thesis builds largely on two publications: “Crafting Software in
HPC: A Quantitative Approach”, published in the Center for Turbulence Research 2025
Annual Research Briefs [37], and “Boosting CFD to 30% of Peak on Exascale Systems”.

The first publication presents a set of guidelines aimed at supporting the development of
high-performance computing (HPC) software and includes a performance analysis of LVR,
benchmarked against the HTR solver, to which I contributed substantially and which I
wrote to a large extent. The report is publicly available at this link.

The second publication is a paper currently in preparation, for which I am the first author,
and which I plan to submit shortly to the Computer Methods in Applied Mechanics and
Engineering journal. This work places greater emphasis on the proposed performance
modeling methodology and on the program synthesis pipeline. The manuscript and related
materials are available at this repository.

This thesis additionally provides further details on LVR—its design, development pro-
cess, and experimental results—which could not be fully included in the aforementioned
publications due to space and scope limitations.

https://web.stanford.edu/group/ctr/ResBriefs/2025/32_Rossinelli.pdf
https://gitlab.com/tommaso.trabacchin/lvr_paper
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1| Prior work

In this chapter, a summary of prior works related to our work is provided.

1.1. Compressible flow solvers targeting GPUs

In [9, 10, 33], the authors port the MFC multiphase compressible flow solver [4] to NVIDIA
GPUs with OpenACC, achieving 84% strong and 97% weak scaling efficiency. There,
the WENO and Riemann solver kernels achieve about 40% and less than 20% of the
peak compute throughput, respectively. Metaprogramming is used to enable compile-
time optimizations such as treating user inputs as constant and automatic subroutine
inlining.

In [3, 39], the authors present STREAmS, a DNS compressible flow software for het-
erogeneous architectures. The STREAmS kernel development is described as a mixed
of hand-written and directive-based strategy using the directive CUDA Fortran tool cuf.
For targeting AMD GPUs and HIP framework they use HIP’s standard code translation
tools. STREAmS achieves between 75% and 79% of the peak memory bandwidth, while
the WENO kernel achieves between 10% and 30% of the peak compute throughput, with
weak scaling efficiency up to 98% on hundreds of nodes.

In [9, 10], the authors employ OpenACC for portability on NVIDIA and AMD GPUs,
and report 20% fraction of peak as the highest achieved by their kernels on any of the
platforms.

HTR (Hypersonic Task-based Research) [13], is a multicomponent compressible flow
solver, capable of modelling thermochemical phenomena induced by high temperatures,
such as vibrational excitation and chemical dissociation. HTR is written using the Regent
domain-specific language [34] based on the Legion runtime [23], a task-based alternative
to OpenACC to target heterogeneous CPU/ GPU (NVIDIA) architectures. Only perfor-
mance in terms of weak and strong scaling efficiency is reported.

OpenSBLI [20] is a framework for code-generation in the context of compressible fluid
dynamics on heterogeneous architectures. The framework is able to generate a complete
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solver, starting only from the problem governing equations, discretization strategies, and
boundary/initial conditions It leverages the SymPy Python library for symbolic manip-
ulation and targets the Oxford Parallel Structured (OPS) [35] domain-specific language,
showing how automatic code-generation allows optimizations that would be difficult to
achieve in handwritten code. Only relative performance metrics to TTS are reported.
However, a successive work [28] demonstrates the use of the framework to generate a
solver with a reduced memory traffic, showing a 10% fraction of peak performance on
the NVIDIA V100 GPU, and a 22% fraction of peak on the Intel Xeon Silver CPU,
respectively a 10-folds and 3.5 folds improvement with respect to the baseline.

1.2. Compressible flow solvers targeting CPUs

A compressible flow solver for turbo-machinery simulation is presented in [15]. The au-
thors report an outstanding achieved overall fraction of peak compute performance of 13%.
In [36], authors describe a the optimization, through the OPS DSL (discussed below), of
the CloverLeaf compressible CFD solver [29]. Results show an achieved 5% fraction of
peak performance for the optimized version, while the original baseline is almost two times
slower.

Other software focus on friendly programming APIs [16] or fine-grained software compo-
nents promoting separation of concerns [4].

1.3. Domain specific languages, Code generators and

autotuners

Domain specific languages (DSL) enable the navigation of the complete abstraction spec-
trum by driving automated kernel synthesis. The DSL describes high-level computa-
tions that a dedicated domain specific compiler uses to automatically generate instruction
streams tailored to specific microarchitectures.

OPS (Oxford Parallel library for Structured mesh solvers) [35] is an embedded domain-
specific language for writing multi-block structured mesh algorithms. Such algorithms are
described by means of simple coding abstractions, and executed by highly parallel and
automatically optimized workflows.

ExaStencils [40] is a code generator framework for multigrid solvers, based on the ExaSlang
external multi-layer DSL. Each layer sits at a different level of the abstraction spectrum,
from high-level definition of mathematical equations to low-level program specification.
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Code generation is complemented with code optimization techniques, such as polyhedral
optimizations and redundancy elimination [22].

HyTeg is a code generation framework for finite element matrix-free solvers. Its kernel
synthesis component features several advanced code optimization, including loop invariant
identification and common subexpression elimination. Per-kernel fraction of compute peak
achieves 62% of nominal performance.

While most parallel frameworks require the programmer to explicitly formulate par-
allel strategies, task-based frameworks like Cilk(++), Intel’s Thread Building Blocks,
Charm++, and Regent [34] programming models are based on tasks and their mutual
data dependences. Such dependencies are described by graphs across tasks, and the run-
time will dynamically discover and dynamically exploit available parallelism, e.g., with
work-stealing.

The correct tuning of performance relevant parameters is a necessary step to achieve the
full potential of any parallel code. Such tuning is often performed manually, but mature
computational software frameworks automate this process as part of their development
cycles. Autotuning strategies include both brute-force as well as sophisticated search algo-
rithms. In [32], autotuning guides formula transformation and code generation. Authors
remark the convenience of relying on compiler options to control the autotuning process,
reporting more performant code at the expense of performance portability.

In [24], the autotuning limits the maximum number of per-thread registers to increase
occupancy of the GPU, and achieve an average 10% performance improvement on various
benchmarks.

1.4. Roofline Model

The Roofline Model [45] is a performance model that provides insights concerning the
compute or memory boundness of a program, based on the platform compute and memory
bandwidth peak. It was introduced to address the arising complexity of multi-core CPUs
at that time. Since then, in HPC, other factors have become relevant and increasingly
difficult to model, such as the network or the CPU-GPU interconnects (PCI Express).
The Roofline model alone fails to account for all these aspects, and may prove inadequate
to remain as insightful on current hardware as it used to be when it was first introduced.
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1.5. Symbolic performance modelling

In [1], a performance model framework is proposed. It is based on in-code assertions,
which are used to annotate functions or single code-block. Through assertions, users can
specify the FLOP count, memory, and network footprint for each annotated code region.
However, manual FLOP counting is needed. Importantly, an actual implementation of
the application is not necessary. From such assertions, a performance model, (in the form
of MATLAB/Octave code) is produced.

1.6. Fraction of Peak

As achieved overall fraction of peak performance is rarely reported for compressible flow
solvers, we decided to evaluate this metric for some of the publicly available solvers de-
scribed above. In particular, we performed such analysis for the STREAmS-2 and Uranos
solvers. For both of them, the most recent version available at the time of writing was
used. They were compiled with the 12.3.0 version of GNU Fortran and C++ compilers,
and by passing the -Ofast -march=native options. The solvers were run on a single
socket of a NVIDIA Grace Superchip, launching 72 MPI ranks. Performance (i.e., the
FLOP count and the TTS) were measured with the Linux perf tools. To the best of our
abilities, we configured both solvers to ensure the same numerical scheme as LVR were
used. We also ensured to disable any form of I/O to the file system. The STREAmS-2
solver achieved 5.44% of the compute peak performance, while Uranos attained 3.6% of
the same metric. The aforementioned solvers have been developed to support a wide range
of applications, hence prioritizing generality and flexibility over optimal performance for
specific problems. Nevertheless, we consider such results as indicative of the average per-
formance usually achieved in the field of compressible flow solvers.

In this context, our work aims at proving that achieving a high fraction of peak in com-
pressible flow simulations is feasible, and that such a performance can be reached on
several exascale architectures.
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2| HPC Fundamentals

In this chapter, we discuss some high-performance computing guidelines that, directly
or indirectly, influenced the LVR’s development. We believe their applicability extends
beyond this particular use case.

In section 2.1 we focus on techniques that can serve as guidance for HPC software de-
velopment. In section 2.2, we discuss how to leverage computing platforms to extract as
much performance as possible.

2.1. Software

The principle that guided LVR’s development is that successful HPC software is discov-
ered through measurements, rather than through design. This requires exploring the
abstraction spectrum bottom-up (Figure 3a), quantitatively, starting from microbench-
marks that run near hardware limits, and adding application features until performance
collapses. We bisect the performance space, understand the cause, address it, and refactor
the code to clean up. This stands in contrast to top-down designs, which can proceed
without ever seeing throughput close to nominal levels.

While bottom-up design is our approach of choice, it is human engineered and manual.
Each layer can, in principle, be improved and tailored to a specific target platform with
autotuners. Moreover, one may wish to solve slightly different equations that benefit from
the schemes discovered in the bottom-up phase. Given the intensive effort required for the
bottom-up pass, we wish to avoid repeating the process. After the bottom-up traversal,
we instead go back down again (see again Figure 3a) with program synthesis. If we can
capture the execution patterns that we have shown to run exceptionally well, we can reuse
the resulting framework to target different governing equations where applicable, and
deploy rapidly for cases we have not anticipated to cover. Program synthesis framework
therefore is our way to expand the application scope of what we have learned vertically,
bottom-up.
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2.1.1. High performance

Our primary goal is to enable software execution to reach high performance, i.e., find
ways to minimize TTS, approximated as

TTS =
IC

IPC× f
, (2.1)

where f is the effective clock frequency, IC is the effective instruction count of the instruc-
tion stream implementing the selected numerical schemes , and IPC is the average number
of instructions executed per clock cycle. This minimization problem is hard to solve, as
it involves conflicting minimization subgoals. The diversified presence of computing units
across a system results in multiple frequencies, instruction counts, and IPCs, make the
minimization problem ambiguous and even more challenging.

2.1.2. Introspection.

Inspect assembly

Within a programming language, source code can be considered a message to the com-
piler. To verify receipt from the compiler as intended, a disassembler (e.g., objdump -S
or cuobjdump -sass) inspects the actual produced machine code of the object file. There-
after, we are able to inspect assembly listings and search for patterns (e.g., heavy-duty
loops, presence of SIMD instructions, absence of control flow, and unit-stride memory ac-
cess). We accelerate our skills in effectively communicating to the compilers with online
learning tools like Godbolt. When switching off some components in a debugging session
in release mode, the compiler sometimes removes instruction streams that depend on the
disabled code, defying the debugging purpose. Without checking the assembly listing,
this issue would remain undetected.

Synthetic microbenchmarks

The building blocks of HPC software are synthetic microbenchmarks. These minimalistic
kernels target specific hardware features and measure how close we can get to nominal
rates. Microbenchmarking is also used to detect skill issues, that is, our inability to
extract the target throughput even in a synthetic setting. In such a case, how can we
then expect to leverage it in the field?

Since they are at a low abstraction layer, microbenchmarks are straightforward to main-

https://godbolt.org
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tain, and are reusable between target projects. Once validated, microbenchmarks may be
deployed to characterize new hardware, with STREAM [25, 26] and mpiBench [18]being
the most frequently used, in addition to internal ones.

Microbenchmarking can lose predictive accuracy in a proper application, as different hard-
ware features may contend the same resources. We can make an analogy to a Taylor
expansion of performance as a 2D function. Linear terms in the two directions represent
microbenchmarking of two separate features. The non-linear terms then represent the
interaction between the features, such as resource contention, uncaptured by individual
microbenchmarks. However, they still remain crucial for providing upper bounds that
contextualize observed results.

Symbolic layer

Ideally, software design choices would be postponed until microbenchmarking is conclusive
enough. But sometimes we want to extend a previously developed software to support
new physics, or we have to make decisions on the primary memory layout. The strategy
we choose is consequential, as it constrains the freedom of the lower layers of abstraction.

A symbolic framework (such as SymPy) provides an overview across the abstraction spec-
trum. The lowest layers are represented by data rate curves (Figure 2.1a); the middle
layers, by symbolic expressions of what kernels compute; and the top layers, by the
composition of such expressions. With this representation, payload sizes and operation
counts become trivial queries, in turn enabling us to model the attainable performance of
different scenarios. For given problem and simulation configurations, we can predict per-
formance by comparing competing timescales (Figure 2.1b): computation, data transfer,
and network communication, etc., and we can configure our problem such that no nominal
timescale drastically dominates the others. Our approach differs from the roofline model
and its advice [46]. In addition to timescales of system memory bandwidth and computing
throughput, we consider network and multiple I/O timescales representing contemporary
compute nodes at higher fidelity. Also, roofline-based advice encourages us to have higher
operational intensities, and to stop after reaching the ridge point. If operational inten-
sity is above the ridge, we actively decrease it, by either decreasing instruction count or
trading computation for more data access, in order to reach overall higher utilization of
the system components, pruning TTS further. Besides providing a comprehensive vertical
performance model, a symbolic framework is the enabler of code synthesis.
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(a)

(b)

Figure 2.1: (a) Data rates profiles extracted from synthetic microbenchmarking on the
ANL Aurora supercomputer, showing curves absorbed in the symbolic framework; (b)
coarse-grained view of the abstraction spectrum, which allows for accurate performance
modeling in terms of the timescales involved in the simulation.
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2.2. Hardware

2.2.1. Throughput

We distinguish among three main forms of parallelism: instruction-level (ILP), data-level
(DLP), and thread-level parallelism (TLP) [31].

Explicit forms of parallelism, including DLP and TLP, have grown considerably in the
past two decades.

Implicit ILP

CPU cores discover ILP on the fly; they reorder and dynamically schedule instructions to
hide hazard latencies. From the 1980s to the 2000s, architectural advances in ILP roughly
doubled the performance rate of RISC microprocessors, yielding about 52% annual im-
provement versus about 25% from transistor scaling alone [19]. This enhanced extraction
of ILP has led a major convenience to programmers, with the peak point arguably reached
by out-of-order execution models [41], used today across most CPUs from Intel, AMD, as
well as some ARM and RISC-V architectures. Combined with architecture-aware compil-
ers, ILP is no longer a programmer’s problem: we can simply write code as a linear and
logical sequence of expressions. GPUs, by contrast, execute in order. Although SIMT,
the execution model used on GPUs, is the primary latency-hiding mechanism for haz-
ards, ILP can still be a limiting factor. This forces the programmer to rely on explicit
source-level techniques to expose ILP (e.g., [43, 44] or software pipelining), which remains
tedious even with contemporary macro preprocessors.

Deceiving DLP

On CPUs, DLP is implemented and exposed through SIMD instruction sets. Despite
recent progress in auto-vectorizers, DLP is where communication with the compiler still
tends to break down. Aside from choosing a correct memory layout, discussed later,
persuading the compiler to emit DLP is a laborious exercise.

C compilers are extremely capable at mapping processing schemes on multicomponent
one-dimensional arrays to SIMD instructions, but they struggle to capture multidimen-
sional access patterns. We extend the DLP to multidimensional arrays via a simple com-
piler deception: we present the data as one-dimensional representations of multichannel
arrays, and the same multidimensional algorithm starts leveraging DLP.

Deception techniques are workarounds targeting scalar programming models. Other lan-
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Figure 2.2: Assumption spectrum of programming models for DLP (top) and TLP (bot-
tom).

guages do not require such workarounds because they operate on opposite assumptions,
as depicted in Figure 2.2. Inherited from shading programming/SPMD practice, these
include CUDA and HIP on GPU, and ISPC on CPUs/GPUs. DLP-friendly programming
models can target both CPUs and GPUs. However, SIMT, is considerably more flexible,
as it seamlessly fuses DLP and TLP.

Troubleshooting TLP

TLP is a critical performance lever in hardware designs, which often feature tens to
thousands of processing elements. It not only scales computational throughput, but also
significantly impacts data rates by driving and saturating DRAM and network bandwidth.
Effective placement, considering hierarchies like sockets, NUMA nodes, and chiplets, is
crucial; ignoring this can result in a 20% or more reduction in aggregate data rate. In-
dividual cores are limited by line fill buffers, extracting only a small fraction of DRAM
bandwidth. Therefore, multiple cores are employed to sustain memory requests in flight,
with specialized cores dedicated to data movement to ensure communication keeps pace
with computation. Interprocess communication via shared memory facilitates coordina-
tion among these roles. On GPU nodes, core specialization and TLP are particularly
vital, as primary processes manage work dispatch to devices (Figure 2.3).

TLP manifests as threads and processes (both scheduled equivalently on Linux via the
clone family; see Figure 2.2). While OpenMP threads initially appear attractive due to
shared address space and simple pragmas, complex data flows introduce significant de-
bugging challenges (e.g., deadlocks, races, and memory inconsistency). Optimal patterns
often involve non-interacting workers operating on dedicated data. Furthermore, thread
creation/destruction, though rapid, lacks direct hardware counterparts. Job schedulers
manage processes with clear policies for placement and oversubscription, whereas threads
necessitate their own binding semantics and are prone to oversubscription.
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Figure 2.3: Core specialization is essential for maximizing DRAM and network bandwidth
at the node level.

Synchronous programming

All major components—cores, memory interfaces, buses, and NICs—are clocked. At the
timescales that matter on HPC nodes, we can treat the system as synchronous, with de-
terministic delays. Asynchronous software for HPC has always been a subject of academic
interest and research. Unless one uses coroutines or nonstandard programming languages,
source code of asynchronous software implies the separation of program execution from
state transitions. The instruction stream no longer dictates when and in what order ex-
ecution state changes, which is error prone. The resulting blooming of dependencies and
event handling makes reasoning and debugging much harder. Our practice is to rely on
blocking calls and explicit local barriers because they are easy to reason about and de-
bug. We then avoid penalties by building explicit latency-hiding mechanisms with double
buffering within well-marked phases.

System-level awareness

Computing performance is unlocked when software stack and runtime are aligned with
the system architecture. Effective subscription levels and accurate TLP placement, which
reflect underlying hardware structures (e.g., sockets, NUMA nodes, and chiplets), can
significantly amplify the benefits of combined TLP and DLP. We verify runtime binding
using lightweight tools such as xthi and inspect PCIe fabric and GPU links to ensure
correct process-to-GPU affinity. System-level awareness is an interplay among the sched-
uler, software stack, and problem configuration, rather than solely an internal software
property. Source code must be cognizant of external directives and avoid conflicts.
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Figure 2.4: Hiding I/O latencies when data do not reside on GPU. Each domain slab
undergoes three pipeline stages (upload, compute, and download), each carried out by a
task-specific CUDA stream.

Data layout and object-disoriented programming

The memory subsystem is central to HPC due to its deep parallelism and the cross-
abstraction impact of data layout decisions. Skepticism regarding object-oriented pro-
gramming (OOP) in HPC stems from several compounding factors. Fine-grained encap-
sulation often impedes DLP. While array of structures (AoS) hinders SIMD instruction
utilization, structure of arrays (SoA) facilitates it by exposing homogeneous data streams.
We employ AoS judiciously, only when it offers clear locality benefits and the computation
disallows DLP, frequently preferring composite layouts like AoSoA.

OOP’s separation of state management from execution tends to break the sequential
nature of how computational flows are expressed with temporal coupling exemplifying
this issue, and in turn may disorient compilers. This often leads to instruction streams
with excessive data-dependent control flow, increasing instruction count and diminishing
instructions per cycle.

Metaprogramming, particularly template recursion, substitutes control flow for code repli-
cation, a practice that, among other issues, negates the benefits of loop stream detectors
(LSD). In conjunction with header-only libraries, this typically results in a few large
translation units and protracted rebuild times. Template diagnostics remain notoriously
opaque. Instead of accepting the C++ standard’s ok preprocessor, we advocate for true
code synthesis that generates clear and concise kernel sources, thereby simplifying execu-
tion paths for both human comprehension and compilers.

Sharing data

MPI-only software is often memory-consuming. For intranode communication, we favor
interprocess communication via shared memory over MPI extensions, given their historical
brittleness and slow performance across platforms and versions.
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Two primary approaches are considered: POSIX and System V shared memory. On
Cray/HPE systems, xpmem is preferred, though not universally available. POSIX shared
memory, typically backed by tmpfs at /dev/shm, is usually limited to 50% of RAM. Sys-
tem V shared memory circumvents this cap but imposes per-segment limits, necessitating
chunking for multi-GB regions. Both methods involve reserving address space and allo-
cating once at startup, publishing names or keys, and allowing processes to attach. Data
sharing among MPI processes not only enhances memory efficiency but also eliminates
redundant MPI_Send and MPI_Recv calls.

The argument that MPI processes with shared memory should be threads overlooks the
selective sharing of simulation degrees of freedom, while maintaining private memory
allocations that better reflect hardware architecture. This approach largely mitigates
false sharing, cache pollution, and memory inconsistencies. Furthermore, processes, unlike
threads, are first-class citizens in job schedulers.

2.2.2. Latency

Higher throughput mandates larger workloads, in turn extending latencies. However, a few
long latencies are preferred over numerous shorter ones, as the former are more amenable
to explicit latency-hiding schemes via double buffering. Despite repeated proposals, such
techniques lack widespread adoption. Here, we rediscover two GPU latency-hiding tech-
niques. The first addresses non-resident degrees of freedom, concealing off-chip I/O with
three streams per device: one for host-to-device uploads, one for computation, and one for
device-to-host downloads. Workloads are finely sliced (see Figure 2.4). The runtime maps
transfer streams to DMA engines, with overlap verified on profiler timelines. This method
requires page-locked host buffers, is inspired by dated software pipelining techniques, and
pairs effectively with MPI plus interprocess communication via shared memory.

The second technique assumes that degrees of freedom are GPU-resident. GPU-aware
MPI looks attractive but has been brittle across drivers and MPI stacks and tends to hide
complexity. We prefer a TLP-assisted scheme. We split the grid into three launches: two
halo slabs and an inner region that touches only on device data. The inner kernel runs
while the upload stream moves the next halos and the download stream drains results from
the previous step (Figure 2.5). This approach has outperformed a blocking GPU-aware
MPI path in our tests. The achievable fraction of peak network bandwidth by GPU-aware
MPI remains unclear. As shown in Figure 2.1a, throughput depends on TLP-assisted com-
munication, and TLP subscription level control appears implementation-specific. While
unified virtual memory (UVM) initially seems attractive for CPU-to-GPU transfers, its
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Figure 2.5: Sequence diagram of the computation–communication overlap compared to a
non-blocking approach.
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page-fault-driven on-demand migration introduces fine-grained, difficult-to-hide latencies.

Alternatively, for governing equations exhibiting locality, we employ overlapping subdo-
mains, an aggressive technique suppressing communication latency. This involves domain
decomposition with overlapping adjacent subdomains, creating thicker halos. Exchanges
are deferred during substeps, gradually corrupting boundary data. Before corruption
reaches the interior, halos are exchanged to restore consistency. Thus, latency is traded
for redundant computation and enhanced effective bandwidth through larger payloads.

Certain irregular computational schemes encounter the worst-case scenario of numerous
short latencies, preventing close-to-peak data rates. The strategy there focuses on im-
proving fine-grained spatiotemporal locality, as it directly impacts the memory subsystem,
particularly first-level data caches. This strategy, implemented by data- and computation-
reordering techniques including kernel fusion, is beyond the scope of this discussion.
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3.1. Governing equations

The fields of a compressible flow problem can be represented by ρ,u, p, E, T , namely its
density, speed vector, pressure, energy and absolute temperature. The evolution of the
flow field is governed by the Euler equations:

∂ρ

∂t
+∇ · (ρu) = 0

∂(ρu)

∂t
+∇ · (ρuuT + pI) = 0

∂(ρE)

∂t
+∇ · ((ρE + p)u) = 0.

(3.1a)

(3.1b)

(3.1c)

In the present work, the above system of equations is closed by the equation of state:

p = ρRT (3.2)

where R is the gas constant. This system can be expressed in flux-divergence form as:

∂U

∂t
+

∂F

∂x
+

∂G

∂y
+

∂H

∂z
= 0 (3.3)

where U(x, t) = (ρ, ρu, ρE)T is the vector of conservative variables and with initial con-
dition q(x, t) = q0(x, 0), and F ,G,H are flux functions:

F =


ρux

ρu2
x + p

ρuyux

ρuzux

(E + p)ux

 ,G =


ρuy

ρuxuy

ρu2
y + p

ρuzuy

(E + p)uy

 ,H =


ρuz

ρuxuz

ρuyuz

ρu2
z + p

(E + p)uz

 (3.4)

Equation 3.3 is semi-discretized according to the Finite Volume Method, employing a
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structured Cartesian 3D grid, and it can be reduced to a system of Ordinary Differential
Equations:

dU(t)

dt
= L(U(t)) (3.5)

where U(t) is a representation of cell-averaged U variables. Time is uniformly discretized
with (adaptive) time step ∆tn, so that t =

∑
n∆tn. Solution of (3.5) is advanced in time

according to a low-storage third-order accurate Total Variation Diminishing Runge-Kutta
method, as follows:

wj = ajwj−1 +∆tnL(yj−1)

yj = yj−1 + bjwj

(3.6a)

(3.6b)

for j = 1, 2, 3, w0 = 0, y0 = Un, aj = {0,−17
32
, 32
27
}, bj = {14 ,

8
9
, 3
4
}, and Un+1 = y3.

For each time-step it is necessary to evaluate three times L(U(t)), which is the most
computationally expensive aspect of the integration process. Its computation can be split
along the three spatial dimensions, as follows:

L = Lx +Ly +Lz (3.7)

The contribution of each cell i, j, k to Lx, at time-step n is:

Lx,n
i,j,k = −

1

h

(
F n
i+1/2,j,k − F n

i−1/2,j,k

)
(3.8)

where F n
i+1/2,j,k is the numerical approximation of intercell flux F at face location i+1/2,

and h is the uniform grid spacing. Computing numerical fluxes requires solving a Riemann
problem at each cell interface, for which we employ the HLLC approximated solver [42].
Therefore, F n

i+1/2,j,k can be computed as:

F n
i+1/2,j,k =

1 + sign(s∗)
2

(F (U ∗
L) + s−(U ∗

L −UL))

+
1− sign(s∗)

2
(F (U ∗

R) + s+(U ∗
R −UR))

(3.9)

where

s− = min(sL, 0), s+ = max(0, sR), sign(x) =


−1 if x < 0

0 if x = 0

1 if x > 0

Wave speed estimates sL and sR, for the lowest and fastest moving waves, respectively, are
obtained from Einfeldt [14]. The wave speed estimate for the contact wave is computed
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by following Batten [2],

s∗ =
ρRuR(sR − uR)− ρLuL(sL − uL) + pL − pR

ρR(sR − uR)− ρL(sL − uL)
. (3.10)

Approximation of the intermediate states U∗
L, U

∗
R are computed according to [42]. Initial

states UL, UR are obtained from a fifth-order WENO reconstruction. In order to avoid non-
physical results near shocks, we do not directly reconstruct conserved quantities. Instead,
we reconstruct a projection of the corresponding primitive variables W = (T,u, p). In
particular, Equation 3.3 can be rewritten as:

∂W

∂t
+A

∂W

∂x
+B

∂W

∂y
+C

∂W

∂z
= 0, (3.11)

where A,B,C are the Jacobian of the corresponding fluxes with respect to W . While it
would be possible to apply the WENO reconstruction directly on each primitive variable,
such an approach is suitable only when the order of accuracy is low (second or third order).
We note that A,B,C are diagonalizable (as the system of ODEs is hyperbolic), and thus
have a standard closed-form formula A = SAΛAS

−1
A , and similarly for B and C. Such

a decomposition defines a characteristic space to which the primitive variables can be
mapped to. As a result, the original problem is decomposed into five uncoupled advection
problems. Then, WENO reconstruction is applied on each characteristic variable. Finally,
reconstructed variables are projected back to the original space. More details regarding
the employed numerical schemes can be found in [8].
The numerical schemes just described lead to a second-order convergence rate, for smooth
flow fields. In fact, while a fifth-order WENO reconstruction scheme is employed, two
other choices fundamentally limit the achieved convergence order to 2. First, fluxes are
cell-face averaged using a one-point quadrature rule, with a second-order convergence
rate. Second, while we evolve in time primitive variables W , fluxes computation requires
their conserved counterparts, which are computed based on Equation 3.2. However, such
conversion reduces the convergence order to two.

3.2. Boundary conditions

LVR supports a wide range of boundary conditions, including periodic boundary con-
ditions, reflecting walls, and non-reflecting outflow. In this section their mathematical
details are presented. As LVR supports Cartesian grids only, in the rest of this chapter
a grid with shape Lx × Ly × Lz is assumed. It is worth noticing that assuming a Carte-
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sian grid allows making considerable simplifications in the treatment of such boundary
conditions.

3.2.1. Periodic boundary conditions

Imposing periodic boundary conditions on a direction of the domain means enforcing:

U(x) = U(x+ Le),

where L is the length of the chosen direction (either Lx, Ly or Lz), and e is the unit vector
normal to the periodic boundary.

3.2.2. Reflecting wall boundary conditions

Imposing reflecting wall boundary conditions on a wall of the domain means enforcing
zero normal mass and normal energy flues on that boundary. Therefore, it must hold
that:

ρun = 0

(E + p)un = 0

where un is the component of the velocity vector normal to the boundary. When such
boundary conditions are implemented by means of ghost cells (as it is done in LVR), they
translate to enforcing that fluid fields on the ghost cells mirror the interior of the domain,
with the sign of the velocity normal to the boundary flipped.

3.2.3. Characteristic boundary conditions (NSCBC)

In order to impose non-reflecting outflow boundary conditions, we rely on the concept
of Navier-Stokes Characteristic boundary conditions (NSCBC). Even if this work is con-
cerned with Euler equations (that is, the inviscid case), such a method remains well suited.
In particular, as the method is based upon the concept of characteristic waves, the method
itself is actually rigorous only for the inviscid case.

We start by performing a characteristic analysis of Equation 3.3 along one direction, for
example the x one. Equation 3.3 can be recast as:

∂U

∂t
+

∂F

∂x
+C = 0, (3.12)
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where
C =

∂G

∂y
+

∂H

∂z
.

If we define matrix A so that its entries are:

aij =
∂Fi

∂Uj

, Equation 3.12 can be rewritten as

∂U

∂t
+A

∂F

∂U
+C = 0, (3.13)

Given the hyperbolic nature of Equation 3.12, A is guaranteed to diagonalizable:

A = SΛS−1 (3.14)

where S is a matrix such that its columns are A’s right eigenvectors, and Λ is the
diagonal matrix whose non-zero entries are the corresponding eigenvalues. By multiplying
Equation 3.13 by S−1 we get:

S−1∂U

∂t
+ΛS−1∂U

∂x
+C = 0. (3.15)

Finally, by defining

L = ΛS−1∂U

∂x
(3.16)

we rewrite the original system as:

∂U

∂t
+ SL+C = 0. (3.17)

It is possible to see how the original system has been recast so that the hyperbolical
terms along thr x direction have been modified, while the ones along the other directions
have been left unchanged. In order to better understand the meaning of the SΛ term we
shall start by considering the meaning of the diagonalization of matrix A. Any hyperbolic
system can be recast as a system of independent ODEs, expressed in terms of characteristic
waves, which correspond to the S−1 ∂U

∂x
term. Therefore, each A’s eigenvector is associated

to one characteristic wave, which travels at a speed determined by the corresponding
eigenvalue. In particular, in this case the eigenvalues λi are:

λ1 = u− c
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λ2 = λ3 = λ4 = u

λ5 = u+ c

where c is the speed of sound:

c2 =
λp

.
ρ

The Ls are:
L1 = λ1

(
∂p

∂x
− ρc

∂u

∂x

)
,

L2 = λ2

(
c2
∂ρ

∂x
− ∂p

∂x

)
,

L3 = λ3
∂v

∂y
,

L4 = λ3
∂w

∂z
,

L5 = λ5

(
∂p

∂x
+ ρc

∂u

∂x

)
.

L1 and L5 are associated to the acoustic waves, travelling in the negative and positive
directions, respectively, and transport pressure perturbations. L2 refers to the entropy
wave, while L3 and L4 refer to wave that transport tangential velocities perturbations. It
is worth noticing that each −L is equal to time variation of the associated perturbation
at any given location (including, the boundary).
For each of these wave, by considering its speed, it is possible to determine wether it is
moving from the inside of the domain to the outside, or vice versa. In the first case,
the associated L can be computed from the interior of the domain, and therefore does
not require to be prescribed. On the other hand, in case of an incoming wave, the
corresponding L can not be determined from the interior, and needs to be somehow
prescribed.
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At this point, it is possible to rewrite the system in Equation 3.12 in terms of Ls:

∂ρ

∂t
+ d1 + C1 = 0

∂ρE

∂t
+

1

2

(
u2 + v2 + w2

)
d1 +

d2

γ − 1
+ ρud3 + ρvd4 + ρwd5 + C2 = 0

∂ρu

∂t
+ ud1 + ρd3 + C3 = 0

∂ρv

∂t
+ vd1 + ρd4 + C4 = 0

∂ρw

∂t
+ wd1 + ρd5 + C5 = 0

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

where Cis are the component of the C vector (which accounts for the transverse terms),
and di are defined as:

d1 =
1

c2

(
L2 +

L5 + L1

2

)
=

∂ρu

∂x

d2 =
1

2
(L5 + L1) =

∂c2ρu

∂x
+ (1− γ)µ

∂p

∂x

d3 =
1

2ρc
(L5 − L1) = u

∂u

∂x
+

1

ρ

∂p

∂x

d4 = L3 = u
∂v

∂x

d5 = L4 = w
∂w

∂x

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

This resulting system can now be used to advance the solution on the boundary. In order
to compute Lis we rely on fourth-order accurate finite differences, while for Ci we employ
the same numerical schemes used for the interior of the domain (WENO reconstruction
+ HLLC solver).

Non-Reflecting Outflow boundary conditions

Non-reflecting outflow boundary conditions are essential to model scenarios like the one
(the shock tube) we simulate in this thesis. In particular, they allow shocks to leave the
domain, without being reflected back. If we assume that such boundary conditions are
applied on the left face of a Cartesian domain (see Figure 3.1), it follows that u must
be negative. Therefore, four characteristic waves are leaving the domain (L1,L2,L3,L4),
independently of u, and one (L5) may be leaving or entering the domain, depending
on wether the outflow is supersonic (u < −c), or subsonic (u > −c). If the outflow
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is supersonic, no incoming characteristic waves exist, and so all Lis can be computed
from the interior of the domain. If the outflow is subsonic, L5 must be prescribed. As
mentioned above, that wave is associated with pressure perturbations on the boundary.
If we set L5 to 0, no wave would cross the boundary, resulting in perfectly non-reflecting
boundary conditions. However, this way, the problem may result to be ill-posed. A
different approach would be to impose a far-field pressure p∞, meaning that, after all waves
have left the domain, the outlet pressure is effectively p∞, while in the transient period it
is allowed to assume different values. This is analogous to having the domain enclosed in
a larger environment, whose static pressure is p∞. However, such a method would involve
solving the governing equations on a much larger domain (the original domain plus the
environment), resulting in a potentially computationally expensive problem. Instead, it
is possible to act on L5 to gently drive the outlet pressure towards p∞. In the literature,
it is suggested to adopt the following relaxation formula:

L5 = K(p− p∞), (3.29)

where p is the current outlet pressure, and K is defined as σ (1−M2) c
L
, with σ a constant,

M the Mach number, c the speed of sound, and L the domain characteristic length. As
suggested in [38] we set σ to 0.25.

For simplicity reasons, we rely on the above outflow boundary conditions even when
u > 0, that is, when the outflow is effectively an inflow. We found that such a choice does
not compromise the simulation numerical stability. However, to handle such a case, a
modification to Equation 3.29 was needed. In fact, it is required that K is strictly greater
than zero. Otherwise, the pressure would result to be driven to values far from p∞.
However, in case u > c (which, technically, is still considered to be a subsonic outflow),
the 1−M2 factor would result to be negative, making K negative as well. Therefore, we
modify Equation 3.29 as follows:

L5 = σ min
(
|1−M2|, 1

) c

L
(p− p∞). (3.30)

The minimum function is needed to ensure that the |1−M2| term remains lower than 1,
as it happens when u < 0.
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Figure 3.1: Characteristic waves direction and their speed in the case of a subsonic outflow.
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In this chapter a detailed description of LVR is provided

4.1. Data structures

LVR data structures consist mainly in linearized arrays, organized in a Structure of Arrays
(SoA) fashion. The main quantities that need to be stored are the following.

Degrees of freedom. In LVR, per each cell, five degrees of freedom exist: the tem-
perature, the pressure and the three velocity components. In order to support boundary
conditions, we rely on 3 layers of ghost cells on each boundary of the inner domain. This
justifies why for a Nx×Ny×Nz domain, (Nx+6)× (Ny+6)× (Nz+6) cells are allocated.

Convective fluxes and right-hand sides. The number of fluxes to be computed
along each direction, depends on the direction itself. In fact, while fluxes should be
computed at each cell interface, degrees of freedom on ghost cells are not evolved relying
on convective fluxes. Therefore, along the x direction, (Nx + 1) × Ny × Nz x-fluxes are
needed, and similarly along the y and y directions. In addition to fluxes, also Equation 3.5
right-hand sides must be stored. Since such ODEs system must be solved for each cell of
the inner domain, 5 arrays with Nx ×Ny ×Nz are needed.

NSCBC fluxes and right-hand sides. For characteristics boundary conditions, ad-
ditional data structures are needed. For each degree of freedom on the first ghost layer
(excluding the corners), a NSCBC flux and right-hand side are needed.

The choice of the SoA layout lies in the fact that it enables auto-vectorization by compil-
ers. When the somewhat more flexible Array of Structures (AoS) layout is instead used,
compilers may struggle to exploit the available SIMD units.
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4.2. Kernels

LVR main computational kernels are the following ones.

FLUX The FLUX kernel implements the flux computation. As explained in chapter 3
the fluxes computation can be logically divided into four steps: 1) primitive variables pro-
jection into characteristic space, 2) reconstruction of the characteristic variables through
the WENO scheme, 3) back-projection of the characteristic variables into the original
space, 4) numerical fluxes computation using the HLLC solver. All these stages are im-
plemented in an unified kernel, as explained in Equation 7.1. The same kernel is reused
to perform the flux computation along all three directions, by just changing the order of
the velocity components of the inputs. For instance, if FLUX(P, T, Vx, Vy, Vz) computes
x-fluxes, then FLUX(P, T, Vy, Vx, Vz) computes y-fluxes

DUC After fluxes have been obtained, it is necessary to compute their divergence,
and then to apply the Runge-Kutta scheme described in chapter 3. However, it must be
noticed that, fluxes are computed with respect to conserved variables, which are different
from the stored degrees of freedom. Therefore, while right-hand sides can be stored in
conserved form, the updated degrees of freedom (which are initially obtained in conserved
form) must be converted to primitive form. Also in this case, following the considerations
made in Equation 7.1, all these three stages are implemented in a single kernel.

DT At each time step, the time step length ∆t is adaptively chosen. This involves
determining the fastest moving wave in the domain. To this end, it is necessary to perform
a reduction over all the degrees of freedom. Among the three, this is the least compute
intensive one.

The simplified LVR algorithm is reported in the following pseudocode.

for all ti ≤ TCMAX do
∆t← DT (P, T, Vx, Vy, Vz)

for all k < 3 do
Fx,P , Fx,T , Fx,Vx , Fx,Vy , Fx,Vz ← FLUX(P, T, Vx, Vy, Vz)

Fy,P , Fy,T , Fy,Vy , Fy,Vx , Fy,Vz ← FLUX(P, T, Vy, Vx, Vz)

Fx,P , Fx,T , Fx,Vz , Fx,Vy , Fx,Vx ← FLUX(P, T, Vz, Vy, Vx)

R← RP , RT , RVx , RVy , RVz

Fx ← Fx,P , Fx,T , Fx,Vx , Fx,Vy , Fx,Vz

Fy ← Fy,P , Fy,T , Fy,Vx , Fy,Vy , Fy,Vz

Fz ← Fz,P , Fz,T , Fz,Vx , Fz,Vy , Fz,Vz
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P, T, Vx, Vy, Vz,R← DUC(∆t, P, T, Vx, Vy, Vz,R,Fx,Fy,Fz)

end for
end for

4.3. Plugin architecture

LVR is designed as a modular system composed of dynamically loaded plugins. Each
plugin is built as a shared object that the runtime loads based on properly configured
environment variables. A lightweight driver then invokes the plugin’s exposed functions.

The plugin model provides benefits analogous to Object-Oriented Programming: encap-
sulation (each plugin is an isolated compilation unit), inheritance (plugins can load and
build upon other plugins), and polymorphism (the driver makes no compile-time assump-
tions about plugin interfaces).

In LVR, the plugin architecture is leveraged for several purposes.

Horizontal decoupling. Plugins are used to decouple the implementation of LVR’s
components, whose respective logics operate independently. For example, the simulation
logic is delegated to specialized plugins that encapsulate all required platform-specific
code. In contrast, tasks such as data dumping or applying initial conditions—both in-
dependent of the simulation logic—are handled by separate platform-agnostic plugins.
In particular, managing data dumping through a plugin allows saving to disk only the
necessary data, thus reducing the burden on the file system, and the I/O time.

This design allows components that are not immediately required to be postponed during
development. The high degree of modularity also promotes code reuse, as plugins can be
developed without being tied to a specific solver. Additionally, at compile time, only the
necessary plugins must be built, while others (e.g., those targeting different platforms)
can be safely excluded. Moreover, given the neat separation into independent plugins,
LVR enjoys fast compilation times: each plugin constitutes an independent compilation
units, allowing Thread-Level parallelism to be leveraged during the building process.

Bisection. The plugin architecture also simplifies debugging. When a new, potentially
unstable plugin is being tested, previously validated plugins can serve as reliable fallbacks.
By replacing suspected plugins with correct ones, it is possible to quickly identifying the
faulty ones, with a simple trial-and-error process.
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Figure 4.1: Core specialization is essential for maximizing DRAM and network bandwidth
at the node level.

4.4. Parallelization strategies

In order to leverage high-performance computing infrastructure, several parallelization
strategies have been devised for LVR. In the rest of this section, they are described in
details.

4.4.1. OpenMP

OpenMP is used to take advantage of multi-threading capabilities within a single compute
node. We divide the workload along the z axis, that is, each thread is assigned a slab
of the computational domain, as depicted in Figure 5.2a, and takes care of all associated
computation. Threads need to be synchronized before and after the DUC and the DT
kernel.

4.4.2. Leveraging the exascale building blocks

When GPUs are the target platforms, a different parallelization strategy is warranted. In
particular, we adopt a much finer parallelism granularity. We launch 1D grids composed
of 1D threads blocks. The grid size is chosen according to the domain size, while thread
blocks’ size is fixed, and can be set by the user. Each thread takes care of processing a
single cell, for all the LVR’s kernels. Except for the DT kernel, no inter-thread cooperation
is required. For what concerns CPU-GPU data transfers, they happen only when strictly
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Figure 4.2: Sequence diagram of the computation–communication overlap compared to a
blocking approach.
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needed. At the begin of the simulation, degrees of freedom are initialized as required by
the chosen initial conditions. Then, they are copied to device memory, after which the
computation can start. Throughout the computation, only the top and bottom ghost
layers needs to be copied from the CPU to the GPU, which come from the MPI data
exchange. Symmetrically, the top and bottom outer regions of the inner domain need to
be copied back to the CPU, so that MPI data exchange can take place. Degrees of freedom
on the GPU are fully copied to CPU only either at the end of the simulation, or when a
data dump to file is required. It is worth noticing that CUDA/OpenCL parallelization in
LVR can only be coupled with MPI parallelization.

4.4.3. Distributed workload on exascale systems

Performance modelling results discussed in subsection 5.2.1 show that the slab domain
decomposition scheme leads to negligible network timescales, in weak scaling regimes,
that is, when each node is assigned a substantial amount of work. On the contrary,
in strong-scaling regimes, its network time scale degrades significantly. This underlines
how communication over the network may represent a bottleneck. In order to reduce
its impact, we devised a strategy to overlap, when targeting GPU platforms, on-device
computation with communication over the network and, additionally, over GPU-CPU
interconnects. In LVR, each device is assigned a domain slab and, as explained in sub-
section 5.2.1, data transfer must happen to preserve consistency across all subdomains.
In a non-overlapped communication scheme, at each iteration, each device has to wait
for incoming data to be received and outgoing ones to be delivered. However, this way,
the TTS is effectively bound by the sum of the computation time and network time. To
alleviate this issue, one can notice that each subdomain can be divided into three re-
gions: an interior and two halos, as depicted in Figure 4.1, and in Figure 4.2. Only the
computation of the latter depends on incoming data, while the interior computation can
proceed without any delay. Therefore, network communication can be overlapped with
interior computation, while halos computation can take place immediately after. To en-
sure consistency, interior computation results must be written out-of-place, so that halos
computation does not depend on data of mixed iterations. Such considerations have been
followed for the LVR cluster-level parallelization strategy. Cores are split into two groups:
compute cores and communication cores. Compute cores are assigned to a GPU device,
and issue all data transfers and grid launches. Communication cores, instead, are respon-
sible for performing all necessary MPI calls for inter-node communication. We divide
the communication workload among several cores because, as shown in Figure 2.1a, the
peak network bandwidth can only be achieved when several cores are utilized. For intra-
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node communication (between compute and communication cores, and between compute
cores), we rely on inter-process communication via shared memory.
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5.1. Time Scales Model

In the development of LVR, we aimed at taking performance-oriented design decisions,
without iterating through several tentative versions before satisfactory performance was
achieved. Instead, we wanted to model our solver’s performance ahead of time, even
before an instruction stream existed. In order to do so, we developed the Time Scales
Model performance model. Its main objective is not to offer accurate performance pre-
dictions, but rather to provide informative insights regarding the LVR’s bottlenecks and
performance upper-bounds. The model considers the main contributors to LVR’s total
execution time:

• floating-point operations,

• memory transfers,

• network transfers,

• CPU-GPU transfers.

We estimate the time spent by the solver on each of them, as follows:

tcompute =
FLOP count

Peak Compute Performance
, (5.1)

ttransfer =
Payload size

Rate(Payload size)
(5.2)

Here, tcompute represents the time spent on floating-point computations, while ttransfer

corresponds to the time required for a given data transfer type. We compute one transfer
time per transfer class listed above.

The FLOP count denotes the total number of floating-point operations required by the
algorithm. *Peak Compute Performance* is the FP64 theoretical peak of the target
platform. Payload size is the total volume of data moved through memory, the network,
or the CPU–GPU interconnect (e.g., PCIe). Finally, Rate refers to the effective bandwidth
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(a) Rates

(b) Time scales

Figure 5.1: Synthetic micro-benchmarks are used to profile data rates (left). The curves
are absorbed in the symbolic framework. By accessing the coarse-grained view of the
abstraction spectrum, the symbolic framework allows us to have accurate performance
modelling in terms of the timescales involved in the simulation (right).
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for that transfer, expressed as a function of the payload size.

Estimating each of these quantities requires its own methodology, which we detail next.

Peak Compute Performance. This quantity can be computed theoretically by ac-
counting for the hardware characteristics of the target platform. For CPUs, a commonly
used expression is:

P. Perf. = Clock · Core count · SIMD width · FMA units per core · 2,

where the clock frequency is the expected operating frequency of the CPU1, the core count
refers to the number of physical cores, the SIMD width denotes the number of double-
precision values processed per vector instruction, the number of FMA units indicates how
many fused multiply–add units each core contains, and the final factor of 2 accounts for
the two floating-point operations performed by each FMA per cycle.

For GPUs, the architectural diversity across vendors and generations prevents the use of
an equally simple expression.

Nevertheless, under ideal conditions—namely instruction streams rich in dependency-
free FMA operations—performance approaching the theoretical peak can be achieved.
Consequently, our model relies on theoretical peak values and does not require empirical
benchmarking to obtain them.

Rates. Estimating data transfer rates is challenging for two main reasons. First,
theoretical bandwidth values are rarely attained in practice, even under ideal conditions.
For example, sustained memory bandwidth often reaches no more than about 80% of the
theoretical peak. Second, as noted earlier, effective bandwidth strongly depends on the
payload size, as illustrated in Figure 5.1a.

Memory bandwidth generally decreases as the payload size increases. This behavior is
largely due to the presence of caches: small payloads may fit entirely within cache levels,
yielding higher observed bandwidth, whereas larger transfers increasingly access slower
levels of the memory hierarchy.

In contrast, network and PCI Express bandwidths exhibit the opposite trend. Their
effective throughput improves with larger payload sizes because fixed latency and protocol
overhead dominate small transfers but become amortized for larger payloads.

1When multiple cores are active simultaneously, the sustained frequency is often lower than the ad-
vertised peak. In such cases, the base frequency typically provides a more realistic estimate.
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To account for these effects, we determine data rates through micro benchmarks, small
programs designed to measure specific transfer behaviours in isolation. While micro-
benchmarks may produce optimistic results compared to full applications, where many
hardware components interact in nontrivial ways, they nonetheless provide meaningful
upper bounds suitable for our performance model. Moreover, by varying the payload
sizes used in these benchmarks, we obtain rate estimates across a broad range of transfer
sizes.

FLOP count. For the numerical schemes used in LVR (in particular, Equation 3.9, for
fluxes’ computation), manually counting FLOPs is both tedious and prone to mistakes.
To avoid this, we rely on an ad-hoc symbolic framework built using SymPy [27], which
allows us to express the numerical schemes directly as mathematical expressions. At
this level of abstraction, FLOP counting can be fully automated, yielding accurate and
efficient estimates.

Because not all floating-point operations have the same throughput, each operation is
assigned a weight: 1 for addition/multiplications, 8 for divisions and 12 for square roots.
Once the FLOP count of each kernel is computed, the solver’s total FLOP count is derived
from the problem size, i.e., the dimensions of the computational domain.

Payload sizes. In LVR, payload sizes can be derived directly from the domain size, so
no symbolic tool is required. For memory traffic, we assume a write-back, write-allocate
cache model. Under this model: 1) for each kernel, every input value is fetched from main
memory only once, with all subsequent accesses served from cache; and 2) each write
operation incurs an additional read, meaning that the number of written bytes must be
counted twice when computing the payload size.

Given the complexities involved in this performance model—such as relating the domain
size to the corresponding payload sizes and, in turn, to the appropriate bandwidths—the
computation of each of the aforementioned times (which we refer to as the problem’s Time
Scales) is non-trivial and cannot be reliably performed by hand. Furthermore, because
the time scales depend on the problem size, effective visualization is also essential.

For these reasons, we developed a lightweight framework that automates these tasks,
greatly simplifying the application of the performance model.
Once the time scales have been computed, interpreting them is straightforward. The
largest time scale (tmax) represents the dominant performance bottleneck. Consequently,
the Time To Solution (TTS) cannot be smaller than this value.
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Such time scale can in principle achieve its peak performance. Instead, for any other time
scale ti, its maximum achievable fraction of peak performance fi can be computed as :

fi =
ti

tmax

, (5.3)

This can be understood as follows: assuming peak performance is continuously deliv-
ered for ti, when averaged over the entire TTS, its contribution would reduce to ti

TTS
.

Remembering tmax < TTS, this reasoning leads to Equation 5.3.

By identifying both the principal limiting factor and the maximum attainable fraction
of peak for each contributing component, the Time Scales Model (TSM) can be viewed
as a generalization of the Roofline model. In particular, TSM incorporates performance
aspects beyond compute and memory throughput alone and explicitly accounts for the
dependence of data rates on the payload size. An example of TSM in action is shown in
Figure 5.1b. LVR’s compute, memory and network time scales (with respect to the Intel
Sapphire Rapid CPU) are reported, referred to a single time-step. Time scales are shown
in two scenarios: 1) 1 core, 102 cores. In the case with 102 cores, it can be seen how LVR
is compute bound from 3 · 104 up to 3 · 104 cells. Afterward, compute and memory time
scales are nearly identical. This is because, as the domain size increases, it does not fit
into the cache, resulting in a lower bandwidth, and in turn a higher memory time scale.
LVR is predicted to be network bound only for domains smaller than 3 · 103 cells. Such
an analysis would not have been entirely possible with the Roofline Model, as it fails to
capture the dependency of the memory bandwidth on the footprint, and also does not
account for the network.

5.2. Performance model-driven development

For the development of our compressible flow solver LVR, the TSM has been extensively
used to take design decisions.

In the next sections, we use our tools for calculating FLOP count and memory traffic
from the numerical scheme, kernel variants and chosen layouts.

5.2.1. Domain Decomposition

In LVR, domain decomposition is leveraged for enabling simulations on multi-node sys-
tems. Here, the domain is subdivided among nodes to split the computational burden.
At the interface between subdomains, data is shared to ensure a globally consistent pro-
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(a) (b) (c)

Figure 5.2: Slabs domain decomposition (left), Pencil domain decomposition (centre),
and Cubic domain decomposition (right).

Figure 5.3: Plots (left → right): (1) Intel Sapphire Rapids CPU — strong scaling, (2)
Intel Sapphire Rapids CPU — weak scaling, (3) Intel Max 1550 GPU — strong scaling,
(4) Intel Max 1550 GPU — weak scaling. Each panel reports scaling performance for
cubic, slab, and pencil domain decomposition schemes on a 256× 256× 1024domain.

Figure 5.4: Plots (left → right): (1) NVIDIA Grace Superchip — strong scaling, (2)
NVIDIA Grace Superchip — weak scaling, (3) NVIDIA H100 GPU — strong scaling, (4)
NVIDIA H100 GPU — weak scaling. Each panel reports scaling performance for cubic,
slab, and pencil domain decomposition schemes on a 256× 256× 1024 domain.
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cedure.

The choice of the numerical scheme determines how much data must be transferred. In
the LVR case, given the 5th order WENO scheme, for each boundary degree of freedom,
3 ghost degrees of freedom need to be retrieved from neighbour compute nodes.

Before explaining the domain decomposition schemes considered for LVR in more details,
it is convenient to describe the data layout adopted in LVR for storing the degrees of
freedom (which are the data that must be shared across boundaries). In particular, we
adopt a Structure of Arrays (SoA) layout, where each field in Equation 7.1 is stored in its
own separate array. The arrays are linearized in row-major order, with the x coordinate
corresponding to the fastest-varying index, the y coordinate to the next-fastest, and the
z coordinate to the slowest-varying index.

The three domain decomposition schemes are: Slabs, Pencil, and Cubic. All of them, are
based on splitting the global domain along either one, two or three axes. For each axis
along which the domain is split, each node must exchange three layers of ghost degrees of
freedom on each side with its neighbouring nodes.

Slabs (Figure 5.2a) decompose the domain along the slowest-varying axis (z). Nodes are
logically arranged in a linear topology, with two neighbors per node. In this scheme, the
total number of nodes does not affect the amount of data communicated.

Pencil (Figure 5.2b) splits the domain along the two fastest-varying axes (y, z), arranging
nodes in a 2D logical grid. Each node has four neighbors.

Cubic (Figure 5.2c) partitions the domain along all three axes, with nodes arranged in a
3D logical grid. Each node communicates with six neighbors. In Figure 5.4 and Figure 5.3
we compare LVR under these schemes using the TSM, on two different supercomputers:
CSCS Alps (Figure 5.4) and ALCF Aurora (Figure 5.3), in both weak and strong scaling
regime.

Weak scaling. In the weak-scaling regime, the network time is generally negligible
compared to the other components, except on the two GPUs, where for subdomains of
approximately 107 cells the compute time exceeds the network time for the cubic decom-
position. Across all cases, the slab decomposition consistently offers the best performance,
while the cubic decomposition remains the worst.

This can be explained by noting that, for sufficiently large subdomains, a slab decom-
position results in less data being exchanged over the network. Given the size of the
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subdomains involved, the network payloads are large enough to saturate the available
bandwidth in all three decomposition schemes. Moreover, the compute and memory time
scales coincide across all decompositions.

These observations suggest that a slab decomposition is the preferred choice whenever sub-
domain sizes exceed roughly 107 cells, corresponding to a domain of about 215×215×215.

Strong scaling. From Figure 5.4 and Figure 5.3, it is evident that the slab decom-
position outperforms the others by up to a factor of 3 up to roughly 20 nodes on both
systems. Beyond this point, the cubic decomposition becomes the most effective. As the
number of nodes increases and per-node subdomains shrink, the cubic (and, to a lesser
extent, pencil) decomposition benefits from reduced communication volume.

On the two CPUs, LVR remains memory-bound up to approximately 102 nodes on the
Intel Sapphire Rapids and up to about (70) nodes on the NVIDIA Grace Superchip. Once
the subdomains become small enough to fit into the L3 cache, the compute time scale
becomes dominant. At around (300) nodes for the Intel CPU and around (200) nodes for
the NVIDIA CPU (considering the slab decomposition), LVR becomes network-bound.
For the pencil decomposition, this transition occurs at around (2000) nodes on the Intel
CPU and around (1000) nodes on the NVIDIA CPU. For the cubic decomposition, the
cross-over point on both CPUs is approximately (4000) nodes.

On the two GPUs, LVR is memory-bound (for the slab decomposition) up to 70 nodes
on the NVIDIA H100 and up to 30 nodes on the Intel MAX 1550, reflecting the lower
memory bandwidth of the NVIDIA GPU. For the pencil decomposition, the Intel GPU
becomes network-bound at around 70 nodes (the same cross-over point observed for the
cubic decomposition), whereas for the NVIDIA GPU this occurs at around 300 nodes.
Finally, for the cubic decomposition on the NVIDIA GPU, LVR becomes network-bound
at around 600 nodes.

From this analysis, it becomes clear that for LVR the slab decomposition is the opti-
mal choice in weak-scaling regimes, where each compute node is assigned a substantial
workload. In contrast, under strong-scaling conditions, the cubic decomposition provides
the best performance.

Given LVR’s focus on high-throughput scenarios, the slab decomposition is therefore
adopted. In addition, this scheme is considerably simpler to implement than the other
two, as it only requires partitioning global data structures along a single dimension. This
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Table 5.1: Time Scales when GPUs are used as accelerators, for a domain with 1011 cells.

Device Intel GPU 1550 Max NVIDIA H100
Compute Time 5 s 7 s
Memory Time 10.5 s 30 s

PCIe Time 60 s 35 s

leads to a simpler communication pattern, since each node needs to exchange data with
at most two neighboring nodes.

5.2.2. Offloading to accelerators

GPUs can be used in two distinct regimes: In-Memory and Accelerator.

In the In-Memory regime, the problem size is small enough for all required data structures
to fit in the GPU’s global memory, the entire dataset can remain resident on the device
throughout execution. In this scenario, host–device transfers are only needed to maintain
consistency across subdomains. The data volumes involved are typically small enough
that their impact on the total time-to-solution (TTS) is negligible.

However, when the GPU does not have sufficient memory to hold the full problem foot-
print, the device can only accelerate selected computational kernels (Accelerator regime),
each operating on a subset of the domain at a time. This requires repeatedly upload-
ing and downloading large portions of data between the host and the device. Because
PCIe bandwidth is generally much lower than GPU memory bandwidth, the PCIe transfer
time becomes a significant factor and must be included in any comprehensive performance
model.

In Table 5.1, we assess the impact of such a regime with respect to the PCIe time, on the
NVIDIA H100 GPU and the Intel GPU Max 1550, with a domain size that would not fit
both the devices’ memory. On the NVIDIA H100, the PCIe bandwidth is roughly three
times higher than the Intel GPU Max 1550, which explains the difference in PCIe times
between the two platforms.

In both cases, the PCIe time scale is higher than the compute and memory one, meaning
that the impact of CPU-GPU data transfers is not negligible in this regime, and is likely
to represent a bottleneck.

However, it must be considered that, while on past devices the difference in CPU and
GPU memory was significant, on modern systems this not the case anymore. For exam-
ple, on the CSCS Alps supercomputer and the ALCF Aurora supercomputer the ratio
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Table 5.2: Analysis of FLUX kernel individual stages.

Stage Prj. WENO Inv.
Prj.

HLLC FLUX

Per-point workload 101 F 680 F 32 F 290 F 1103 F
Per-point memory

traffic 520 B 400 B 240 B 160 B 120 B

Operational intensity 0.19 F/B 1.7 F/B 0.13 F/B 1.81 F/B 9.19 F/B
Max FP64 peak

fraction 3.7 % 47 % 3.6 % 50% 100 %

Per-point total
memory traffic 1320 B 120 B

Table 5.3: Analysis of DUC kernel individual stages.

Stage DVG UPD CNV DUC
Per-point workload 7 F 2 F 33 F 35 F
Per-point memory

traffic 960 B 360 B 360 B 600 B

Operational intensity 0.11 F/B 0.08 F/B 0.275
F/B

0.88 F/B

Max FP64 peak
fraction 2.1 % 1.5 % 5.4 % 13.9%

Per-point total
memory traffic 1680 B 600 B

between per-node CPU and GPU memory is 1.5 and 1.26, respectively. For this reason,
it is likely that in the future, the Accelerator regime will become less relevant.

5.2.3. Kernel fusion

At each substep, two main kernels are executed: FLUX and DUC. As explained in chapter 3,
a flux computation can be logically divided into four stages: variable projection, WENO
reconstruction, inverse projection, and the HLLC Riemann solver. In contrast, the DUC

kernel performs three operations: computing the divergence, applying the Runge-Kutta
substep, and converting conserved variables back to their primitive form.

The decision to fuse these stages into two kernels was guided by the per-stage FLOP
counts obtained from our symbolic framework.

In Table 5.2, the per-point workload and memory traffic of flux stages are reported.
Using these data, we compute the operational intensity and the maximum achievable
peak fractions according to Equation 5.3 for each stage. As evident from the table,
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all stages taken individually exhibit low operational intensity and are therefore memory-
bound, with theoretical compute performance well below the peak. In this context, kernel
fusion is beneficial: it reduces per-point memory traffic because data are loaded and stored
only once, while intermediate values are either retained in registers or spilled to memory.
In the latter case, spilled values are likely cached due to the higher temporal locality of
the fused kernel, as they are expected to be reused shortly thereafter. Conversely, in the
unfused scenario, the output of each stage must be explicitly written to main memory.
As shown in Table 5.2, the per-point effective memory traffic in the unfused case is more
than an order of magnitude higher than in the fused case. Consequently, the FLUX kernel
achieves a high operational intensity (9.19 F/B) and becomes compute-bound.

A similar analysis applies to the DUC stages, as summarized in Table 5.3. Individually,
each stage performs minimal per-point arithmetic work while generating relatively high
memory traffic, resulting in very low operational intensities and achievable performance.
In this case, kernel fusion does not yield a compute-bound kernel. Nonetheless, DUC bene-
fits from reduced per-point memory traffic and increased operational intensity compared
to the individual stages, achieving a maximum fraction of peak performance of 13.9%.
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6| Program Synthesis

In the development of LVR, program synthesis was relied upon to a significant extent.
Instead of manually writing the main computational kernels, they were generated starting
from their mathematical formulation. The latter was expressed using the SymPy symbolic
reasoning Python package. In the rest of this chapter, the program synthesis techniques
leveraged in the present work are discussed in details.

6.1. Introduction to SymPy

SymPy is a Python package focused on symbolic computation. Through the usual Python
syntax, it allows easily expressing complex mathematical expressions. SymPy provides
a rich set of functionalities. Herein, only the one most pertaining to the present work
are briefly described. Everything starts by defining Symbols, that is, immutable Python
objects completely characterized by their name1.

import sympy as sy
x = sy.Symbol("x")

y = sy.Symbol("y")

Symbols represent the simplest form of SymPy expressions. More complex expressions
can be built by combining symbols or other expressions through the symbolic functions
offered by Sympy, including the usual mathematical operators, such as +,-,*,/. SymPy
expressions are internally represented as trees whose nodes are either operations or sym-
bols.

import sympy as sy
z = sy.Sin(2*x + y**2)

In addition to scalar symbols and operations, also matrix (which includes vector) ones
are supported. In the following code snippet, it is shown how a purely symbolic vector v
(whose entries are SymPy symbols), is multiplied twice by the 90° rotation matrix. It can

1This is of significant importance, as it allows determining two symbols’ equality based upon their
name only
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be noticed how vectors are considered to be a special kind of matrix, sharing the same
API.

import sympy as sy
x, y = sy.symbols("x y")

M = sy.Matrix([0, -1, 1, 0])

v = sy.Matrix([x, y])

w = M*M*v

Moreover, SymPy supports Indexed symbols, which enables expressing tensor operations,
such as finite difference stencils. The following code snippet demonstrates how the 3-
points finite difference scheme is applied.

1 import sympy as sy
2 def get(array, index):

3 subs = {}

4 for e in array.atoms(sy.Indexed):

5 base_name = str(e.base.label)

6 bounded_indices = []

7 for val in index:

8 bounded_indices.append(sy.Idx(val, (-1, 1)))

9 subs[e] = sy.IndexedBase(base_name, shape=(3,))[tuple(bounded_indices)]

10 return array.xreplace(subs)

11 R = 1 # gas constant

12 P = sy.IndexedBase("P")[0]

13 T = sy.IndexedBase("T")[0]

14 rho = P/(R*T) # density according to ideal gases' state equation

15 rho_diff = -1*get(rho, -1) + 2*get(rho, 0) -1*get(rho, 1)

In more details, the code shows how the first derivative of the density field is computed,
when pressure and temperature field are available, assuming the ideal gases model .2 On
line 12-13, two Indexed symbols are created. On line 14, the derived density field is
obtained. Unfortunately, the latter is not an actual SymPy symbol, but rather a Mul
expression. Therefore, contrary to P and T, it cannot be subscripted. To address this
issue, the get function (lines 2-10) can be employed to provide a similar functionality. It
accepts as input an expression containing Indexed objects, and the index to access. It
then replaces all instances of Indexed symbols with their correctly indexed counterpart.
Now, on line 15, the density numerical derivative can be compactly computed.

When building complex expressions, it is not uncommon for certain sub-expressions to
2For ideal gases, the following equation of state holds: p = ρRT , where p is the gas pressure, T is the

gas temperature and R is the gas constant.
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appear several times, which unnecessarily increases the expression complexity. To this
end, SymPy includes the sy.cse routine, which finds recurring subexpressions within the
input expression, and assigns them to temporary symbols, which are then replaced in the
final expression. In practice, the CSE function returns a list of replacements (in which
recurring subexpressions are assigned to temporary symbols), and a final expression, which
depends on those temporary symbols. The following code snippet shows an example of
how this function can be applied to a simple toy case.

import sympy as sy
x = sy.Symbol("x")

y = (x**2+1)*(x**2+2)

z = sy.cse(y)

As it can be seen, in the y expression, the x**2 factor is repeated twice. This fact is
correctly detected by the SymPy CSE function, which returns the following output:

([(x0, x**2)], [(x0 + 1)*(x0 + 2)])

Another powerful SymPy’s feature is its capability to generate C code implementing a
given expression. To this end the sy.ccode function can be used:

import sympy as sy
x = sy.Symbol("x")

y = (x**2+1)*(x**2+2)

print(sy.ccode(y))

which outputs

1 (pow(x, 2) + 1)*(pow(x, 2) + 2)

The use of the cse function can be neatly coupled with code generation. On one hand,
eliminating recurring subexpressions is crucial to obtain a simpler and lighter code, with-
out redundant operations. On the other hand, the simple output format of the CSE
function allows generating the corresponding C code using a simple algorithm, imple-
mented by the expr2code function shown in the following listing:

import sympy as sy
def expr2code(expr, output_identifiers):

sub_expr, final_expr = sy.cse(list(expr))

retval = ""

for var, expr in sub_expr:

retval += " const double {} = {};\n".format(var, sy.ccode(expr))
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for k, v in zip(output_identifiers, final_expr):

retval += " %s = %s;\n" % (k, sy.ccode(v))

return retval

The function takes as input a SymPy expressions and the identifiers of the output val-
ues (since the input expression may be a sy.Matrix, more than just one output value is
possible). First, the common subexpression elimination on the input expression is per-
formed, returning the found common subexpressions and the final expressions. Then,
their corresponding C code is stored in the retval variable, which is finally returned.

6.2. SymPy’s pitfalls

Despite SymPy’s powerful symbolic computation and code generation features, if naively
used it may expose some suboptimal behaviours, which required, for the purposes of the
present work, to be properly addressed.

6.2.1. Use of the pow function

As shown in the previous section, when generating C code, SymPy makes use of the pow

function, even when the exponent is a positive integer. It must be noticed that such
a function is significantly less efficient than the corresponding repeated multiplications,
particularly on GPUs. The latter optimization can be automatically applied by leveraging
the SymPy built-in create_expand_pow_optimization function.

6.2.2. Inefficient application of the associative property

From our observations, we noticed that SymPy would consistently fail to properly optimize
certain expressions, due to its inefficient application of the scalar multiplication associative
property. For example, an expression as y = 3(x+ 1)(x+ 1) may be associated either to
the left, leading to y = (3(x+ 1)) (x+1) or to the right, leading to y = 3((x+1)(x+1)).
While formally equivalent, in practice the second one exposes an important optimization
opportunity: the ((x + 1)(x + 1)) factor can be recast as (x + 1)2, thus reducing the
operation count by 1 addition. As a result, the effective operation count of the first y

expression is 2 additions and 2 multiplication, while for the second one it is 1 addition and
2 multiplications. Expressions like y appear in the symbolic code of the FLUX kernel.
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6.2.3. High operation count and register pressure

When the SymPy CSE function is applied on long and complex expressions, followed by
code generation, we noticed that the resulting code involves an inflated number of op-
erations and a high register pressure. To overcome this issue, we adopt a scope limiting
approach. We split the full expression into several consecutive subexpressions, that are
individually optimized and turned into code. More details about how each kernel expres-
sion has been split are provided in the subsequent sections of this chapter. A potential
drawback of this approach is that, as subexpressions are independently optimized, some
inter-subexpressions optimization may be missed. However, from our observations, we
found that better results are obtained with our scope limiting approach. In order to
support this feature, the changes in the way expressions are built and in the code genera-
tion process have been required. However, we ensured to maintain the original simplicity
and straightforwardness. In particular, we wanted the symbolic code to remain as clean
as possible, abstracting away the technical details involved in the splitting of the full
expression. The following listings show the comparison between the two approaches.

import sympy as sy
import synthesis sn

x, y = sy.symbols("x y")

M = sy.Matrix([0, -1, 1, 0])

v = sy.Matrix([x, y])

w = M*M*v

print(sn.expr2code(w))

import sympy as sy
import synthesis as sn

step, cse_list = sn.step_wrap(iterator)

x, y = sy.symbols("x y")

M = sy.Matrix([0, -1, 1, 0])

v = sy.Matrix([x, y])

w1 = step(M*v)

w2 = step(M*w1)

print(sn.step_by_step_expr2code(cse_list))

The step function takes an expression as input, and returns a fresh symbol (or a matrix
of fresh symbols, depending on the input type), and updates the cse_list list with the
new stage. The cse_list is then passed as parameter to the step_by_step_expr2code

function, which optimizes and prints each stage’s expression. The implementation of the
step_wrap function is provided in the following listing.

import sympy as sy
def step_wrap(symb_iter):

cse_list = []

def add_step(exp, terminal_name=None):

name = next(symb_iter) if terminal_name is None else terminal_name

cse_list.append((sy.cse(exp), [name], terminal_name==None))

return sy.Symbol(str(name))
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def step_impl(expr, terminal_name=None, opt=None, fma_opt_=False):

if isinstance(expr, sy.Matrix):

fma_opt = build_fma_opt({})

if fma_opt_ == True:

cse_res = sy.cse([fma_opt(e) for e in expr], optimizations=opt)

else:

cse_res = sy.cse([e for e in expr], optimizations=opt)

names = [terminal_name(i) if not terminal_name is None

else str(next(symb_iter))

for i in range(len(expr))]

cse_list.append((cse_res, names, terminal_name==None))

return sy.Matrix([sy.Symbol(name) for name in names])

else:

fma_opt = build_fma_opt({})

if fma_opt_ == True:

return add_step(fma_opt(expr))

else:

return add_step(expr)

return step_impl, cse_list

6.3. Symbolic-enabled optimizations

In LVR development, SymPy capabilities have been exploited to apply platform-specific
optimizations.

6.3.1. Fused-Multiply Adds (FMAs) capturing

Inspection of PTX code of CUDA kernels revealed that, opportunities to emit FMA
instructions were missed by the nvcc compiler. FMAs are twice as efficient than their
split counterpart, it is therefore mandatory to guide the compiler in generating the desired
instructions. To achieve this goal, our symbolic workflow captures FMAs present in the
expressions generated by SymPy CSE stage and generate custom wrappers to __fma_rn

CUDA intrinsics. As a result, a 3.3% performance increase was observed on the NVIDIA
H100 GPU.
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6.3.2. Reciprocal (RCP) capturing

On GPUs, the cost of a double precision reciprocal is comparable with the cost of an
FMA [5]. Therefore, we decided to capture and replace each division a/b in the flux
kernel, with the corresponding a · 1/b. This makes sure the compiler, instead of a division
instruction, emits a reciprocal followed by a multiplication. A 28% performance gain was
obtained on the NVIDIA H100 GPU.

6.4. FLUX kernel

The FLUX kernel is the main kernel for which our program synthesis process has been
widely employed. Fluxes computation can be logically divided into four steps: 1) vari-
ables projections into characteristic space, 2) projected variables reconstruction through
the WENO scheme, 3) back projections into the original space and 4) numerical fluxes
computation using the HLLC solver. This subdivision is reflected in the FLUX symbolic
code.

import sympy as sy
def flux_expr(step, name_func, ndim = 3, symbs = None):

t_m2, t_m1, t_0, t_p1, t_p2, t_p3 =

sy.symbols("t_m2[i] t_m1[i] t_0[i] t_p1[i] t_p2[i]t_p3[i]")

u_m2, u_m1, u_0, u_p1, u_p2, u_p3 =

sy.symbols("u_m2[i] u_m1[i] u_0[i] u_p1[i] u_p2[i] u_p3[i]")

v_m2, v_m1, v_0, v_p1, v_p2, v_p3 =

sy.symbols("v_m2[i] v_m1[i] v_0[i] v_p1[i] v_p2[i] v_p3[i]")

w_m2, w_m1, w_0, w_p1, w_p2, w_p3 =

sy.symbols("w_m2[i] w_m1[i] w_0[i] w_p1[i] w_p2[i] w_p3[i]")

p_m2, p_m1, p_0, p_p1, p_p2, p_p3 =

sy.symbols("p_m2[i] p_m1[i] p_0[i] p_p1[i] p_p2[i] p_p3[i]")

if ndim < 3:

w_m2, w_m1, w_0, w_p1, w_p2, w_p3 = 0, 0, 0, 0, 0, 0

if ndim < 2:

v_m2, v_m1, v_0, v_p1, v_p2, v_p3 = 0, 0, 0, 0, 0, 0

# (S^-1 W)

############################################################

p_avg = 0.5*(p_0 + p_p1)
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t_avg = 0.5*(t_0 + t_p1)

rho_avg = p_avg/(R*t_avg)

c_avg = sy.sqrt(gamma*R*t_avg)

alpha=1/t_avg # (1/T)

beta = 1/p_avg

imp = c_avg*rho_avg

sinv4 = -(imp*c_avg*beta-1)/(imp*c_avg*alpha)

imp, sinv4 = step(sy.Matrix([imp, sinv4]))

S_inverse = sy.Matrix([[1, 0, 0, 0, sinv4],

[0, 0, 1, 0, 0],

[0, 0, 0, 1, 0],

[0, 0.5*imp, 0, 0, 0.5],

[0,-0.5*imp, 0, 0, 0.5]])

W_m2 = sy.Matrix([[t_m2], [u_m2], [v_m2], [w_m2], [p_m2]])

W_m1 = sy.Matrix([[t_m1], [u_m1], [v_m1], [w_m1], [p_m1]])

W_0 = sy.Matrix([[t_0 ], [u_0 ], [v_0 ], [w_0 ], [p_0 ]])

W_p1 = sy.Matrix([[t_p1], [u_p1], [v_p1], [w_p1], [p_p1]])

W_p2 = sy.Matrix([[t_p2], [u_p2], [v_p2], [w_p2], [p_p2]])

W_p3 = sy.Matrix([[t_p3], [u_p3], [v_p3], [w_p3], [p_p3]])

c_m2 = step(S_inverse*W_m2)

c_m1 = step(S_inverse*W_m1)

c_0 = step(S_inverse*W_0)

c_p1 = step(S_inverse*W_p1)

c_p2 = step(S_inverse*W_p2)

c_p3 = step(S_inverse*W_p3)

S_ = sy.Matrix([[1,0,0,0,0],[0,0,0,1/imp,-1/imp],

[0,1,0,0,0],[0,0,1,0,0],[0,0,0,1,1]])

S_[3] = -S_inverse[4]

S_[4] = -S_inverse[4]

#print(S_ * S_inverse)

# WENO (S^-1 W)

############################################################

w_tilda_left = []

w_tilda_right = []
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for i in range(5):

w_l, w_r = weno.weno(c_m2[i], c_m1[i], c_0[i],

c_p1[i], c_p2[i], c_p3[i], step)

w_vec = step(sy.Matrix([w_l, w_r]))

w_tilda_left.append(w_vec[0])

w_tilda_right.append(w_vec[1])

# S (WENO (S^-1 W))

############################################################

w_left = step(S_*sy.Matrix(w_tilda_left))

w_right = step(S_*sy.Matrix(w_tilda_right))

# HLLC(S (WENO (S^-1 W)))

############################################################

def extract(r):

return [r[0]] + list(r[1:1+ndim]) + [r[4]]

return extract(step(hllc.hllc(w_left [0], w_left [1],

w_left [2], w_left [3], w_left [4],

w_right[0], w_right[1], w_right[2], w_right[3],

w_right[4], step), terminal_name=name_func))

The WENO and HLLC stages are implemented as shown in the following listings.

import sympy as sy
def weno(a,b,c,d,e,f, step):

C13 = 13.0/12.0

C23 = 3.0/12.0

aux1 = (b - 2*c + d); aux2 = ( b - d);

is1_m = ((C13*(aux1*aux1) + C23*(aux2*aux2)))

aux1 = (c - 2*d + e); aux2 = (3*c - 4*d + e);

is2_m = ((C13*(aux1*aux1) + C23*(aux2*aux2)))

aux1 = (a - 2*b + c); aux2 = (3*c - 4*b + a);

is0_m = ((C13*(aux1*aux1) + C23*(aux2*aux2)))
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aux1 = (e - 2*d + c); aux2 = ( e - c);

is1_p = ((C13*(aux1*aux1) + C23*(aux2*aux2)))

aux1 = (d - 2*c + b); aux2 = (3*d - 4*c + b);

is2_p = ((C13*(aux1*aux1) + C23*(aux2*aux2)))

aux1 = (f - 2*e + d); aux2 = (3*d - 4*e + f);

is0_p = ((C13*(aux1*aux1) + C23*(aux2*aux2)))

tmp = step(sy.Matrix([is1_m, is2_m, is0_m, is1_p, is2_p, is0_p]), fma_opt_=True)

is1_m = tmp[0]

is2_m = tmp[1]

is0_m = tmp[2]

is1_p = tmp[3]

is2_p = tmp[4]

is0_p = tmp[5]

is0plus_m = step(is0_m + WENOEPS)

is1plus_m = step(is1_m + WENOEPS)

is2plus_m = step(is2_m + WENOEPS)

q0_m = step(is1plus_m*is1plus_m*is2plus_m*is2plus_m)

q1_m = step(6*is0plus_m*is0plus_m*is2plus_m*is2plus_m)

q2_m = step(3*is0plus_m*is0plus_m*is1plus_m*is1plus_m)

is0plus_p = step(is0_p + WENOEPS)

is1plus_p = step(is1_p + WENOEPS)

is2plus_p = step(is2_p + WENOEPS)

q0_p = step(is1plus_p*is1plus_p*is2plus_p*is2plus_p)

q1_p = step(6*is0plus_p*is0plus_p*is2plus_p*is2plus_p)

q2_p = step(3*is0plus_p*is0plus_p*is1plus_p*is1plus_p)

return [(q0_m * (+1./3 * a - 7./6 * b + 11./6 * c) + \

q1_m * (-1./6 * b + 5./6 * c + 1./3 * d) + \

q2_m * (+1./3 * c + 5./6 * d - 1./6 *

e))/(q0_m+q1_m+q2_m),

(q0_p * (+1./3 * f - 7./6 * e + 11./6 * d) + \

q1_p * (-1./6 * e + 5./6 * d + 1./3 * c) + \

q2_p * (+1./3 * d + 5./6 * c - 1./6 *

b))/(q0_p+q1_p+q2_p)]
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import sympy as sy
def hllc(tL, uL, vL, wL, pL, tR, uR, vR, wR, pR, step):

rhoL = step(pL/(R*tL))

rhoR = step(pR/(R*tR))

aL = step(sy.sqrt(gamma * R * tL))

aR = step(sy.sqrt(gamma * R * tR))

ubar = step((uL + uR) / 2)

abar = step((aL + aR) / 2)

sL = step(sy.Min(ubar - abar, uL - aL))

sR = step(sy.Max(ubar + abar, uR + aR))

sm = step(sy.Min(0, sL))

sp = step(sy.Max(0, sR))

ss = step((pR - pL + uL * rhoL * (sL - uL) - uR * rhoR * (sR - uR)) /\

(rhoL * (sL - uL) - rhoR * (sR - uR)))

EL = step(pL/(rhoL*(gamma-1)) + (uL**2+vL**2+wL**2)/2)

ER = step(pR/(rhoR*(gamma-1)) + (uR**2+vR**2+wR**2)/2)

# conservative state

def primitive_2_conserved(rho, u, v, w, E):

return sy.Matrix([rho, rho*u, rho*v, rho*w, rho*E])

# intermediate conservative state

def ics(rho, u, v, w, p, s, E):

return (s-u)/(s-ss) * sy.Matrix([rho, rho*ss, rho*v,

rho*w, rho*E + (ss-u) * (rho*ss+ p/(s-u))])

# physical flux

def F(rho, u, v, w, p, E):

return sy.Matrix([rho*u, rho*u**2 + p, rho*u*v, rho*u*w, (rho*E+p)*u])

UL = step(primitive_2_conserved(rhoL, uL, vL, wL, EL))

UR = step(primitive_2_conserved(rhoR, uR, vR, wR, ER))

fluxL = step(F(rhoL, uL, vL, wL, pL, EL))

fluxR = step(F(rhoR, uR, vR, wR, pR, ER))
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UsL = step(ics(rhoL, uL, vL, wL, pL, sL, EL))

UsR = step(ics(rhoR, uR, vR, wR, pR, sR, ER))

HLLC = (1 + sy.sign(ss)) / 2 * (fluxL + sm * (UsL - UL)) +\

(1 - sy.sign(ss)) / 2 * (fluxR + sp * (UsR - UR))

return HLLC

It can be noticed how we applied the scope limiting approach described in the previous
section. Compared to non-split approach, it resulted in a 50% reduction in overall opera-
tion count. Moreover, in the computation of is0, is1, is2 in the WENO stage, it can
be seen how the aux coefficients are grouped as explained in subsection 6.2.2.

In Figure 6.1, a sample of the C code of the flux kernel, as generated by our program
synthesis pipeline, is shown. It can be seen it is dense in floating-point operations, po-
tentially exposing a significant amount of ILP. In Figures from 6.2 to 6.4, the assembly
code for, respectively, the Intel Sapphire Rapids, the NVIDIA GH200 GPU and the AMD
MI 300A GPU is reported. In all of them, it can be noticed how rich they are in FMAs
instructions, and, more in general, floating-point instructions.
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Figure 6.1: Sample of the flux kernel C code generated by our program synthesis pipeline.
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Figure 6.2: Flux kernel assembly listing for the Intel Sapphire Rapids CPU.
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Figure 6.3: Flux kernel assembly listing for the NVIDIA GH200 GPU.
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Figure 6.4: Flux kernel assembly listing for the AMD MI 300A GPU.
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7| Results

LVR has been thoroughly tested, both in terms of correctness and performance. In this
chapter results of these tests are presented. Furthermore, we also report one application
example where LVR have been applied, demonstrating its effectiveness in carrying out
production simulation.

7.1. Validation

7.2. Sod and Lax shock tube

In this section, LVR simulation results for the Sod and Lax shock tube are presented,
and validated by comparing them to reference values. The latter are computed by mean
of an exact 1D Riemann solver. In both cases, the numerical solution is computed on
a 3D 1003 grid. The tests have been repeated for all the six possible shock directions,
imposing appropriate initial conditions, as described below. Velocities orthogonal to the
shock directions are set to 0.

These tests allow assessing the shock capturing properties of the employed numerical
schemes.

Sod’s shock tube. This test case consists of a shock tube with length 1.0 in arbitrary
units. The tube is filled with an ideal gas, with γ = 1.4 and R = 1. For x < 0.5. Initially
pressure and temperature are set to 1, while for x ≥ 0.5 they are set to 0.1 and 0.8
respectively. Velocity initial value is 0 everywhere. Figure 7.1a shows the obtained results,
after 0.2s for the pressure, density and velocity. It can be observed how the reference and
the numerical solution are in good agreement. Some discrepancies are observed at the
contact lines, where the three quantities are slightly broadened. As reported in [13], this
is expected and due to the employed flux splitting method.

Lax’s shock tube. In this configuration, pressure, temperature and velocity are ini-
tialized as follows: 3.528, 7.928, 0.698 respectively, for x < 0.5, and 0.571, 1.142, 0 for
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(a)

(b)

Figure 7.1: Reference (solid line) and numerical (dotted line) solutions for the Sod (top)
and Lax’s (bottom) shock tube tests.
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x ≥ 0.5. Obtained results are shown in Figure 7.1b.

Also in this case, the numerical solution closely matches the exact one. The main differ-
ences to notice are the ones identified for the Sod’s shock tube, in addition to a slight
overshoot of the velocity and both overshoot and undershoot of the pressure. Similar dis-
crepancies have been previously reported for solvers employing LVR’s numerical schemes.

7.3. Convergence order

LVR convergence order has been assessed on the Sod’s shock tube described above, and
on the Isentropic Vortex case.

Sod’s shock tube. As mentioned in chapter 3, in the presence of shocks, L1 error
convergence is expected to be first-order, L2 error convergence is expected to be half-order,
and L∞ error convergence is expected to be zero-order. The numerical solution has been
obtained for spatial step lengths from 10−2 to 10−4, and compared with a reference solution
computed as in section 7.2. L1, L2 and L∞ norms of the error have been computed.
Results are shown in Figure 7.2. As it can be seen, obtained error convergence order are
in good agreement with theoretical expectations.

Isentropic Vortex. The Isentropic Vortex corresponds to the following flow fields
definition, which solve the inviscid Euler equations:

U(x, y, t) = U∞ −
β

2π
e

1−r2(x,y,t)
2 r2y(y, t)

V (x, y, t) = V∞ +
β

2π
e

1−r2(x,y,t)
2 r2x(x, t)

T (x, y, t) = T∞

(
1− (γ − 1)β2

8γπ2
e1−r2(x,y,t)

)
P (x, y, t) = T (x, y, t)

γ
γ−1

(7.1a)

(7.1b)

(7.1c)

(7.1d)

where, r2x(x, t) = (x−U∞t−xC)
2, r2y(y, t) = (y−V∞t− yC)

2, and xC , yC the initial center
coordinates of the vortex. The above flow fields are used to compute the norm of the
error of LVR output. The simulation is run on a 10x10 domain in arbitrary units, for 0.2
time units. The per-direction cell count is varied from 16 to 512. Results are shown in
Figure 7.3. For L1, L2, L∞ norms, second-order convergence can be observed.

7.4. Performance
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Figure 7.2: L1 (top), L2 (center), and L∞ (bottom) error norms for the Sod’s sock tube
test case, as functions of the spatial step length.
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Figure 7.3: L1 (top), L2 (center), and L∞ (bottom) error norms for the Isentropic Vortex
test case, as functions of the spatial step length.
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Table 7.1: Per-node performance characteristics.

Alps Aurora

Facility CSCS ALCF
Sockets 4 2

C
P

U

Vendor NVIDIA Intel
Model Grace Superchip CPU Max

Core count 288 104
Threading N/A HT
FP64 Peak 14.2 TF/s 6.7 TF/s

DRAM Peak 1.6 TB/s DDR5 0.44 TB/s
1.28 TB/s HBM

G
P

U Vendor NVIDIA Intel
Model H100 GPU Max
Count 4 6

FP64 Peak 136 TF/s 178.2 TF/s
BW Peak 12.8 TB/s 10.8 TB/s

Notes Exascale class

7.4.1. Experimental setup

The experimental setup consists of two platforms, summarized in Table 7.1. We focus on
overall simulation throughput because it is a reliable metric, and TTS is straightforward
to measure when it is not too small. For multi-node studies we considered a “slab” domain
decomposition on the slowest changing index.

Unlike prior work that reports only relative numbers, our symbolic framework is able to
precisely count floating point operations, and we rely on Equation 1 to compute fraction
of peak.

The presented results were obtained from production runs and hence include real workload
issues like resource contention. Performance reported in the rest of this section, refer to
the average of several iterations.

7.4.2. Performance results

CSCS Alps

Scaling benchmarks consider up to 256 nodes (1024 GPUs, 1024 cores), and a per-node
gird consisting of more than 2 billions points and 1 billions points for CPUs and GPUs,
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(a)

(b)

Figure 7.4: LVR weak scaling on ALCF Aurora (top) and CSCS Alps (bottom).
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respectively. Results are shown in Figure 7.4b. On the NVIDIA Grace Superchip, LVR
achieves a fraction of peak FP64 compute performance up to 35%, and an overall perfor-
mance up to 25%. These results are consistently attained up to 512 nodes, with only a
negligible reduction in the two metrics as the node number increases. On the NVIDIA
H100, the flux kernel shows a floating-point performance up to 40% of the nominal value,
and up to 35% for the overall performance. Also in this case, performance does not
significantly vary with the used number of nodes.

ALCF Aurora

We assessed LVR on weak scaling up to hundreds of Aurora nodes. Per node, a grid
size of more than 2 billion points, and 1.5 billion points were used, on CPUs and GPUs,
respectively. On 512 nodes, a 20.2 PFLOP/s compute performance was achieved. Results
in terms of overall fraction of peak is reported in Figure 7.4a. Weak scaling efficiency
remains above 92% and 87% for CPUs and GPUs, respectively, even when several hun-
dreds of devices are employed. Performance penalty emerges when the node count further
increases, with a sharp drop for the GPU version when going from 64 to 128 nodes. In
the dragonfly network topology of Aurora, nodes are divided in fully-connected groups
of 64 nodes, and any two groups are connected by 2 links. As the node count increases
beyond 64, a performance deterioration is therefore expected.

7.5. Simulation

In this section, we report one simulation that have been carried out using LVR.

In particular, we leveraged LVR to carry out shock tube simulations. We experimented
with initial conditions leading to the generation of vorticity. Since LVR does not support
viscous fluxes, the only way to obtain vortex generation consists in imposing pressure and
density so that their gradients are not aligned. In order to show this, let’s start from the
Euler momentum equation:

∂u

∂t
+∇ · (uuT ) = −1

ρ
∇p

The vorticity ω is the curl of the velocity, that is:

ω = ∇× u.
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It can be shown that the vorticity evolution equation is:

Dω

Dt
= (w · ∇)u−w(∇ · u) + 1

ρ2
∇ρ×∇p

The 1
ρ2
∇ρ × ∇p term is referred to as the baroclinic term, which is the one producing

the vorticity. Therefore, if the gradients of pressure and density are aligned, and thus
∇ρ×∇p = 0, no vorticity is produced.

As testbench, we choose a Triple-Point shock scenario, which occurs when three distinct
shock waves or discontinuities intersect at a single point: an incident shock, a reflected
shock, and a Mach stem. We set up the simulation with the following initial conditions:

• A 3D domain, with physical dimensions 1m x 2m x 7m, and 600 x 1200 x 3080 cells.

• A pressure of 1.68553 Pa for z < 3.45, and of 1.0 otherwise,

• Velocity along z equals to 0.4598 for z < 3.45, and 0 otherwise,

• Temperature equals to 1.1656 for z < 3.45. For z > 3.45, the temperature is 1.0,
except in the region y < 1, 3.45 < z < 5, where it is set to 0.198. For the reasons
explained above, the exact boundary of these regions is stochastically perturbed.

Figures from 7.5a to 7.5c show the density field over the middle xy plane at time t =

2.3s, 4.6s, 6.8s. It can be noticed the presence of several vortices.

In figures from 7.6a to 7.6f temperature, density and pressure are shown, for t = 4.62s and
t = 7.08s. Their data range has been restricted so as to highlight the relevant features of
the flow fields. Figures 7.6g and 7.6h show the pressure and temperature values on the
density isosurface, where ρ = 3kg/m3.
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(a) Density field over the mid-
dle yz plane at time t = 0.536s

(b) Density field over the mid-
dle yz plane at time t = 1.04s

(c) Density field over the mid-
dle yz plane at time t = 1.54s
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(a) Density at t = 4.62 s (b) Density at t = 7.08 s

(c) Pressure at t = 4.62 s (d) Pressure at t = 7.08 s

(e) Temperature at t = 4.62 s (f) Temperature at t = 7.08 s

(g) Pressure on ρ = 3kg/m3 at t = 7.08 s (h) Temperature on ρ = 3kg/m3 at t = 7.08 s

Figure 7.6: Density, pressure, and temperature fields at selected times and on a density
isoline.
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We have presented an assessment of an approach to CFD software development that lies
outside common practice. Our solver, built in three months by a team of four, reaches high
fractions of peak compute performance across several architectures, including exascale
systems. To our knowledge, no prior work has reported comparable results. Moreover, we
surpass HTR, an established compressible flow solver, by up to one order of magnitude.

To achieve this goal we employed a new performance modelling technique and analysis
techniques, showing how it guided the development process from its earliest stage, result-
ing in successful design decisions. It is based on microbenchmarks for system performance
evaluation, and on a symbolic framework for application performance characterization,
such as floating-point operations counting. In particular, we chose the domain decompo-
sition strategy and how to fuse computational kernels following our performance modelling
method. Its ability to provide reasonable performance upper bounds estimates, together
with its consideration for different data rates (as functions of the associated payloads),
makes it an insightful tool that can effectively support HPC application development be-
yond the specific case herein presented. In [37], it is reported how a subset of the same
techniques leveraged for this work have led, for another CFD application, to outperform-
ing factors, with respect to a baseline, up to 16X.

Finally, we have described how a plugin-based architecture can be leveraged to structure
HPC applications, while, at the same times, avoiding the potential drawbacks of excessive
reliance on Object-Oriented programming. In LVR, it is used to modularly target several
HPC platforms, and to enable intra node data sharing through two variants of shared
memory.

Moreover, we also showed how the use of symbolic-enabled program synthesis can both
enhance performance portability and software productivity. The workflow we propose
allows easily implementing intricate computational kernels, thus fostering correctness and
making implementing (platform-specific) optimizations straightforward.
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Outlook. Future work may include assessing whether refined code generation ap-
proaches could further improve exploitation of instruction level parallelism by reducing
register pressure and extending our solver to support additional functionality. In partic-
ular, in order to represent a potential alternative to HTR, LVR would need to support
viscous fluxes and chemical reaction modelling, in addition to multi-species simulations.
Moreover, considering the performance modelling results described in chapter 5, assess-
ing other domain decomposition schemes may lead to further performance improvement,
particularly in strong-scaling regimes.
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