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Abstract

Motivated by the crucial implications of Ground Motion Prediction Equations in

terms of seismic hazard analysis and civil protection planning, this work extends to

a functional framework the model proposed by Lanzano, Luzi, Pacor, et al. (2019)

in the Italian context, for the estimation of ground motion conditionally on a given

seismic scenario. In particular, from the inherent characteristic of seismic data to

be incomplete over the domain, comes the necessity to develop a novel methodol-

ogy for the analysis of partially observed functional data. The approach consists

in combining pre-existing techniques of data reconstruction with the de�nition of

observation-speci�c weights. The latter enter the estimation process by de�ning cri-

teria that give less weight to the errors in the reconstructed parts of the curves, and

full weight to those made on the observed values. This work extends the classical

methods of smoothing and function-on-scalar regression to this weighted functional

approach. The entire analysis results in a functional model that is e�ective in cap-

turing the seismological features underlying its formulation, and in producing results

that are physically explainable. This model is complementary to the functional geo-

statistical model proposed by Menafoglio et al. (2020), since the two, combined,

allow one to obtain maps of ground shaking that are inserted in a fully functional

context.

Keywords: weighted functional analysis, partially observed functional data, ground

motion prediction equations

i





Sommario

Motivato dai risvolti applicativi dei modelli di previsione del movimento del suolo

(Ground Motion Prediction Equations) in termini di analisi del rischio sismico e di

protezione civile, questo lavoro estende a un contesto di analisi funzionale dei dati

il modello proposto da Lanzano, Luzi, Pacor, et al. (2019) per l’Italia, che stima

lo scuotimento del terreno condizionatamente alle caratteristiche di un dato evento

sismico. In particolare, poich�e i dati del caso studio risultano incompleti nel proprio

dominio, �e proposto un nuovo approccio per l’analisi dei dati funzionali parzialmente

osservati. Tale approccio consiste nel combinare le tecniche di ricostruzione dei dati

incompleti, presenti in letteratura, con l’introduzione di pesi che siano associati ad

ogni osservazione. Questi ultimi intervengono nei processi di stima assegnando un

peso minore agli errori commessi sulle parti ricostruite di una curva, e peso pieno

agli errori commessi sulle parti di curva e�ettivamente osservate. Il lavoro estende

all’approccio funzionale pesato i metodi classici di smoothing e di regressione fun-

zionale a predittori scalari. L’intera analisi ha come risultato un modello funzionale

e�cace nel cogliere le caratteristiche sismologiche alla base della sua formulazione, e

capace di produrre risultati interpretabili a livello geo�sico. Questo modello �e com-

plementare al modello geostatistico funzionale proposto da Menafoglio et al. (2020),

dal momento che i due, combinati insieme, consentono di ottenere delle mappe di

scuotimento del terreno che in questo modo risultano inserite in un contesto com-

pletamente funzionale.

Parole chiave: analisi funzionale pesata, dati funzionali parzialmente osservati,

equazioni di previsione del movimento del suolo
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Introduction

The present work is in the context of the assessment of seismic hazard, related to

the occurrence of an earthquake and to the ground shaking that the release of elastic

energy causes. Through the introduction of intensity measures to quantify ground

motion, this area of research, that goes by the name of Probabilistic Seismic Hazard

Analysis, aims to determine the probability that a certain risk threshold will be

exceeded. In this �eld, a practical tool for the prediction of ground motion at a site

is provided by Ground Motion Prediction Equations (GMPE), that estimate the

median value of an intensity measure and the associated uncertainty, conditionally

on a set of seismic parameters, including the magnitude of the event, the distance

of the site from the epicentre, the faulting mechanism and the characteristics of soil

at the site.

As a building can e�ectively be assimilated to a single-degree-of-freedom oscil-

lator with a natural period of vibration, it is convenient for the assessment of the

seismic risk related to architectural damages to quantify ground motion in terms of

measures of intensity that are period-dependent. From this inherent characteristic

of the intensity measures comes the threefold possibility of embedding the model in

a univariate, multivariate or functional setting. In the literature of GMPEs, many

ground motion models are proposed in univariate (Bindi et al., 2011, Lanzano, Luzi,

Pacor, et al., 2019, Kotha, Bindi, and Cotton, 2016, Boore et al., 2014) and multi-

variate (Worden et al., 2018, Huang and Galasso, 2019) formulations. Conversely,

little work has been put in the development of functional ground motion models

(Menafoglio et al., 2020). Compared to univariate or multivariate analysis, a func-

tional approach exploits the natural dependency of the intensity measures on the

vibration period, and allows one to shift the focus from a period-speci�c estimate

to its pro�le over the whole period domain. Additionally, it has the double advan-

tage of considering the correlations among di�erent periods, overcoming the intrinsic

limitations of multivariate approaches that su�er from the curse of dimensionality.

This work stems from the need to provide an extension to the framework of

Functional Data Analysis (FDA, Ramsay and Silverman, 2005) of the scalar ground
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motion model for the median, proposed in Lanzano, Luzi, Pacor, et al. (2019) and

hereafter referred to as ITA18. More precisely, a functional estimate for the median

is intended to combine with the functional geostatistical model for the residuals of

Menafoglio et al. (2020), to allow for a fully functional approach to address the anal-

ysis of soil motion. Indeed, the median estimate would complement theevent- and

site-related systematic corrective terms for the residuals, identi�ed in Menafoglio

et al. (2020), for the formulation of a functional model that includes spatial depen-

dence in the predictions. Eventually, these methods jointly provide a convenient

tool for the construction of reliable, period-continuous seismic shaking maps.

Classical techniques of FDA develop under the assumption that the observations

are recorded over a common domain. Speci�cally for the case study analysed in

this work, data have the peculiarity of being manually processed, with the result

that a non-negligible number of intensity measure pro�les are recorded only partly,

and not over the whole period domain. Since many methodologies of classical FDA

fail for observations of this kind, and the removal of incomplete observations would

imply an undesirable loss of information, the necessity arises to develop convenient

strategies for the handling of partially observed functional data. The literature on

this topic proposes to reconstruct the incomplete data, using the estimates of mean

and covariance de�ned speci�cally for this context (Kraus, 2015, Kneip and Liebl,

2020). Doing so, the idea is to maximize the information provided by the recorded

data, by inferring the values of the missing observations.

The aim of this work is to provide a functional extension of the model for the

median proposed in Lanzano, Luzi, Pacor, et al. (2019), by embedding the problem

in the framework of partially observed functional data. The bene�ts of such novel

approach are manifold. First, the choice of a suitable functional space enables us

to capture the smoothness and the regularity underlying the discrete observations

recorded along the grid of period points. Second, the reconstruction of incomplete

data avoids the loss of information that the removal of missing values would involve.

Third, the extension over the whole domain provides spectra of ground motion for

a wider range of vibration periods, consisting in an e�ective tool for probabilistic

seismic hazard assessment.

The intent is pursued by proposing a novel methodology for the handling of in-

complete data, that couples each reconstructed curve with a weight function, taking

value 1 where the datum is observed and decreasing to 0 the further the recon-

struction gets from the last recorded value. The rationale of the method consists in

associating less con�dence to the parts of a curve that undergo reconstruction, with

respect to those that are observed originally. The classical techniques ofpenalized
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smoothing and penalized function-on-scalar regressionare extended to include the

weights, which enter the estimation process by de�ning criteria that give less weight

to the errors committed on the reconstructed values of the curves, and full weight to

those committed on the observed values. A methodology that quanti�es the point-

wise variance associated to the estimates is developed in this weighted functional

framework, and a bootstrap procedure is outlined for the construction of simultane-

ous con�dence bands for the regression coe�cients estimates. The soundness of the

weighted methodologies is tested on the data of our case study, by assessing whether

the introduction of the weights is e�ective in stabilizing the results with respect to

the adopted reconstruction method. The reconstruction methods over which the

technique is tested are those present in the literature, and mentioned above in this

introduction. Eventually, the proposed methodologies are applied to data of the En-

gineering Strong-Motion (ESM) database for Italy (Lanzano, Sgobba, Luzi, et al.,

2018), over which ITA18 is calibrated. The results are commented by combining di-

agnostic techniques with the seismological interpretation of the phenomenon under

study.

The dissertation is developed in �ve chapters, the general structure of which is

as follows:

Chapter 1 : A review of Ground Motion Prediction Equations. This chapter in-

troduces the reader to Ground Motion Prediction Equations. First, it provides an

overview of the state-of-the-art of ground motion models and de�nes the context

from which this work arises. Then, it presents the quantities involved in the formu-

lation of the equations, as categorized insource-, path- and site-related parameters,

and clari�es their seismological meaning. At the end of the chapter, the functional

form of the model of Lanzano, Luzi, Pacor, et al., 2019 is introduced and commented.

Chapter 2 : Introduction to Functional Data Analysis . This chapter consists of two

sections. The �rst reviews the fundamental notions of Functional Data Analysis

and provides the formal de�nitions of functional random variable and functional

datum. Separable Hilbert spaces are identi�ed as suitable spaces in which to em-

bed the analysis, and their basic properties are presented. Then, the de�nitions of

mean and covariance operators are introduced, both in a general separable Hilbert

space and with a focus on theL 2 embedding. The second section is devoted to the

illustration of the state-of-the-art techniques employed for the analysis of partially

observed functional data. In particular, three methodologies for the reconstruction

of incomplete data are presented.
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Chapter 3 : Weighted analysis for functional data. This chapter gives the theoret-

ical and methodological foundations to extend the techniques ofpenalized smooth-

ing and penalized function-on-scalar regressionto context of weighted functional

analysis. The procedure that quanti�es the variability associated to the regression

coe�cients estimates is extended to this context. Finally, a bootstrap procedure

is outlined for the construction of simultaneous con�dence bands for the functional

regression coe�cients.

Chapter 4 : Case study: A functional Ground Motion Model for Italy. This chapter

is devoted to a preliminary analysis of the case study. It includes the formulation

of the functional extension of ITA18, and an in-depth exploration of the dataset

of calibration. Then, the overall work
ow is outlined, by completing the methods

proposed in Chapter 3 with some crucial intermediate steps of the analysis, con-

cerning the calibration of the penalization parameters for smoothing and regression.

Finally, the soundness of the entire procedure is validated through a comparison

with state-of-the-art techniques for the reconstruction of incomplete data.

Chapter 5 : Case study: Results and diagnostic. Here, the results of the conducted

analysis are discussed. The classical techniques of model diagnostic are combined

with a seismological interpretation of the quantities involved in the model, based on

the literature on the topic. First, we comment on the estimates of the regression

coe�cients and conduct an analysis of goodness-of-�t. Then, the focus moves on the

ground motion predictions and on a sensitivity analysis on the hyperparameters of

the model. Finally, the novel functional model is compared to its scalar counterpart,

ITA18.

Appendix A : Theoretical results. This appendix reports two theoretical arguments

that lead to some fundamental results discussed in Chapter 3. Appendix A1 shows

the calculations leading to a closed form of the Weighted Functional Penalized Least

Squares criterion, employed for the �tting of the regression model. Appendix A2

deploys the educated reasoning behind the estimation of the degrees-of-freedom of

the regression model.

Appendix B : Additional �gures . Here are some additional �gures, which aim to

complement the information used for the comments on results and diagnostics in

Chapter 5.
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Appendix C : Codes. This appendix brie
y explains the structure of the GitHub

repository, containing the main R scripts and R functions that have been imple-

mented for the application of the methodologies proposed in this work.
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Chapter 1

A review of Ground Motion

Prediction Equations

1.1 Introduction to GMPEs

Engineering seismology serves as linkage between geology and engineering, and arises

from the need to exploit the knowledge that comes from earth science for an anti-

seismic design of structures. The engineer deals with the trade-o� between a costly

seismic-resistant design and the risks of economic loss that may occur after an earth-

quake, e.g. in the form of architectural damage in buildings. Therefore, it is crucial

for a well-balanced, earthquake-proof planning to assess the seismic hazard and the

risk that the motion of the ground exceeds a certain threshold.

As a building can be assimilated to an oscillator with one degree-of-freedom

and a certain natural period of oscillation, it is reasonable to quantify the level

of ground motion in terms of intensity measures that are de�ned over a period

domain. One common approach to estimate such measures employs Ground-Motion

Prediction Equations (GMPE), that infer the median value of ground shaking and

its associated uncertainty, conditionally on some parameters, like the magnitude of

the earthquake, the style of faulting of the crust, and the epicentral distance of the

site.

GMPEs are formulated as sum of a median term and a standard deviation in

the form

Y = � (X; � ) + �;

where Y is typically a logarithmic transformation of the measure of intensity of the

ground motion, � is the median term described by a functional form that provides

a simpli�ed representation of the underlying seismological phenomenon, and� is

1



the standard deviation. In the estimation for � , which is going to be discussed

later in the chapter, X is the collection of all parameters that are descriptive of the

earthquake and of the site conditions, and� is the vector containing the coe�cients

of the functional form.

It is common �nding in the literature that the magnitude of the standard devi-

ation heavily a�ects the outcomes of probabilistic seismic hazard analysis (Al-Atik

et al., 2010). Therefore, a great deal of e�ort is put in �nding a formulation of GM-

PEs that is associated to lower values of standard deviation. One way to achieve

this reduction is through the formulation of non-ergodic models.

Historically, the scarcity of available data has led to the widespread use of models

formulated under the ergodic assumption. The latter states that the spatial averages

over a single realization of the ground motion parameter of interest converge to the

average value over time of the random �eld at any site (Anderson and Brune, 1999).

In more recent years, a greater availability of data provided the conditions to drop

this assumption, in the form of a decomposition of the residuals of the model into

systematic source-, path- and site-speci�c e�ects. In particular, multiple record-

ings of a number of di�erent earthquakes measured at many di�erent sites made it

possible to compute such e�ects and include them as systematic corrections to the

median term in the GMPE. In this new framework, many studies (P.-S. Lin et al.,

2011, Anderson and Uchiyama, 2011, Sta�ord, 2014) have shown how the drop of

the ergodic assumption in the formulation of a GMPE implies a reduction of the

standard deviation.

In addition to this, recent works have exploited the spatial correlation of the

residuals of the model, with the aim of making inference on ground motion values

at locations where observations are not available. As the majority of studies adopts

univariate (Lanzano, Luzi, Pacor, et al., 2019, Sgobba, Lanzano, et al., 2019) or mul-

tivariate (Worden et al., 2018) geostatistical approaches to the analysis of spatial

correlation, little to no work has been put to develop a geostatistical approach from

the perspective of functional data analysis. The work of Menafoglio et al. (2020)

�ts into this context. In fact, the authors provide a functional extension of the work

of Sgobba, Lanzano, et al. (2019), by handling thesource-, path- and site-speci�c

e�ects as period-dependent functions that vary over space and are spatially corre-

lated. The functional datum Ys 2 H is assumed to be a realization of a stationary

Gaussian random �eld f Ys; s 2 Dg, where D is the domain over which the obser-

vations are sampled. In order to complete the aforementioned work and build a

non-ergodic geostatistical model that is fully functional, this thesis provides a func-

tional extension of the Lanzano, Luzi, Pacor, et al. (2019) scalar regression model

2



for the median � , hereafter referred to as ITA18. Instead of separately �t a number

N of models for the di�erent ordinates of intensity measure (Y (T1); : : : ; Y (TN )), we

deal with the function representing its pro�le f Y (T); T 2 T g.

Before going into details in the explanation of the functional form for the median,

we list the dependent and independent parameters that appear in the ITA18 model,

introducing their de�nition and geological meaning.

1.2 Ground motion parameters

GMPEs are formulated to predict the value of some intensity measure (IM) of in-

terest, that quanti�es the level of ground shaking at a given site. Of all intensity

measures,peak ground acceleration(PGA) and spectral acceleration (SA) are most

often used to describe ground motion. The de�nition of these quantities requires

the preliminary introduction of the response spectrum.

The response spectrumis a plot that shows the peak acceleration response of a

damped linear oscillator, when stressed by a seismic forcer, as function of its natural

vibration period T.

Figure 1.1: Oscillator that models the response of a structure in presence of ground shaking.
•u and •x are the acceleration of the soil and of the massm, respectively. k is the sti�ness of
the spring and c is the coe�cient of viscous damping of the system.

A damped one dimensional oscillator may be represented by the single-degree-

of-freedom system illustrated in Figure 1.1, attached to a base that is moving with

displacement u. In the �gure, c is the viscous damping of the system andk the

sti�ness of the spring. The motion x of the mass is described by the equation

m•x + c( _x � _u) + k(x � u) = 0 :
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If divided by m, the equation above becomes

•x + 2 �! 0 _x + ! 2
0x = 2 �! 0 _u + ! 2

0u; (1.1)

where ! 0 is the undamped natural frequency of the system,� the damping ratio and

they are de�ned as

! 2
0 =

k
m

;

� =
c

2
p

km

:

The natural period of the system is given by

T =
2�
! 0

:

Hence, a mathematical de�nition of the response spectrum, as function of the

natural oscillation period T of the system, is in the form

RS(T) = max
t

j •xT (t)j;

xT being the solution of (1.1) where we set! 0 = 2�
T .

We are now ready to provide a de�nition of the ground motion parameters.

Spectral acceleration at period T, SA(T), is de�ned as the value of the response

spectrum at T, namely

SA(T) = RS(T):

In Douglas (2003), the author de�nes thepeak ground accelerationas the ampli-

tude of the largest peak acceleration recorded on an accelerogram at a site during a

particular earthquake. Mathematically, it is de�ned as

PGA = max
t

j •u(t)j:

In the argument below, we highlight the link between SA and PGA.

Let xT be the solution of equation (1.1), describing the absolute displacementx of

the mass. We may introduce the relative displacementsT of the mass as

sT = xT � u:

For systems that are very rigid, i.e. with natural oscillation period that tends

to 0, the relative displacement, velocity and acceleration of the mass are very small.
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Namely, asT ! 0,

jsT (t)j ! 0; j _sT (t)j ! 0; j •sT (t)j ! 0:

Hence,

lim
T ! 0

SA(T) = lim
T ! 0

max
t

j •xT (t)j = lim
T ! 0

max
t

j •sT (t) + •u(t)j = max
t

j •u(t)j = PGA:

It is now clear that we can think of the PGA as the acceleration endured by a parti-

cle placed on the ground, or by a sti� structure that has no relative movement with

respect to the ground, whileSA(T) is the acceleration experienced by a building, as

approximated by a unidimensional oscillator with natural period T.

1.3 Introduction to ITA18

As mentioned above in the chapter, this work focuses on the functional extension

of ITA18, the scalar ground motion model for shallow crustal earthquakes in Italy,

proposed in Lanzano, Luzi, Pacor, et al. (2019). In their work, the authors revise

and solve the shortcomings of the ground motion model introduced in Bindi et al.

(2011). In particular, the seismic sequences happened in Italy in 2012 and 2016{

2017 allowed for an enlargement of the dataset to a greater magnitude range and

to vibration periods up to 10 s. Moreover, as additional information to the data

used for ITA10, seismic events are now associated to their fault mechanism and

the a parameter characterizing site conditions (VS30) is introduced. Taking advan-

tage of the availability of a richer dataset, ITA18 is calibrated on a discrete set of 37

periods (T1; : : : ; T37), and resorts to a linear ordinary least-squares regression to sep-

arately �t N models for the di�erent ordinates of ground motion intensity measure

(Y (T1); : : : ; Y (T37)). For the median prediction of each Yj = Y(Tj ), the functional

form is

log10 Yj = a + FM (M w ; SoF) + FD (M w ; R) + FS(VS30) + �: (1.2)

Above, a is the o�set, � is the error associated with the median prediction and

FM (M w ; SoF), FD (M w ; R), FS(VS30) are the source, path and site terms respectively.

The latter are speci�ed as follows:
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FM (M w) =

8
<

:
b1(M w � M h) M w � M h

b2(M w � M h) M w > M h

;

FM (SoF) = f j SoFj ;

FD (M w ; R) = [ c1(M w � M ref) + c2] log10(R) + c3R;

FS(VS30) = log
�

V0

800

�
;

whereM h is the hinge magnitude,M ref is the reference magnitude andV0 is de�ned

as V0 = VS30 is VS30� 1500 m=s, V0 = 1500m s otherwise. An in-depth discussion over

this formulation and its seismological meaning is taken on in Chapter 4 and Chapter

5. For now, formulation (1.2) stands as benchmark for the extension of ITA18 in an

in�nite dimensional setting.

In this context, it is necessary to discuss some additional details about the re-

sponse variable of the model. Most accelerograms report the values of three mutually

orthogonal components of the intensity measure,i.e. two horizontal and one verti-

cal. On the other hand, the interest of many ground motion models { and ITA18

falls among these { is on predicting values of the intensity measure that are indepen-

dent of the in situ orientation of the recordings. Among all orientation-independent

intensity measures introduced in the literature, ITA18 considers the one discussed in

Boore (2010) and denoted RotD50, which is computed as the median of the distribu-

tion of the intensity measures, obtained from the combination of the two horizontal

components across all non-redundant azimuths (Lanzano, Luzi, Pacor, et al., 2019).

Additionally, it is convenient to open a parenthesis on an important feature of

the data of our case study, which will be taken up again in Chapter 4, in the sections

devoted to dataset exploration (Section 4.2.1).

The recording of soil motion at accelerometric station makes use of high-pass �lters.

Hence, since the processing is handled manually, high-pass frequencies may di�er

from site to site, and from component to component of spectral acceleration. This

latter peculiarity of our data implies the need to identify, for each observation, the

periods at which the recording is not valid. The idea behind the procedure is trivial.

Each observation of RotD50 is coupled to the high-pass frequency values of the two

�lters that recorded the horizontal components of SA. If we refer to these two values

as uh and vh , then the observation of RotD50 at period T is valid if 1=T is greater

than both uh and vh . If an observation is not valid, then it is considered as a missing

value.
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It is crucial to point out that this preprocessing generates a number of missing values

that varies with the registration periods. Figure 1.2 shows for each registration

period T the percentage of curves that are observed atT. The dashed orange line

signs the 75%. The number of unobserved curves is low and stable up to a period

of 6 s, and then rapidly increases up to 25% at period 10s.

Figure 1.2: Period-speci�c ratio of the observed records over the total records. At each
period T, the green dots represent the percentage of data that are observed atT. The
yellow dashed line corresponds to 75 %.

Notice that both discarding the partially observed curves and reducing the anal-

ysis over a lower period range would imply a substantial loss of information. Rather,

we decide to embed the problem in the context of partially observed functional data,

and to reconstruct the records in the unobserved part of their domain. More pre-

cisely, the reconstruction is done via extrapolation, that linearly extends the curves

from their last valid recording up to 10 s, with a slope equal to the mean slope of all

complete curves from that point to 10 s. This peculiarity of our data justi�es the

embedding of the problem in a very speci�c functional space, namely in a separable

Hilbert space equipped with a weighted norm, that weights di�erently the observed

and the reconstructed parts of an incomplete curve. We further support the choice

of such space and provide an introduction to it in Chapter 3.

The extensive discussion about how the ITA18 model is embedded in a period-

continuous framework is necessarily preceded by the description of the theoretical

and statistical tools that are going to be used for this purpose. The argument is

developed in Chapter 2 and Chapter 3. Here, we continue the introduction to the

context of ground motion prediction equations, by moving the focus to the seismo-
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logical meaning of the parameters that entersource-, path- and site-related terms

in formulation (1.2).

1.4 Source, path and site parameters

In the literature, source-, path- and site-related parameters are identi�ed as the

three categories of quantities on which the measures of ground motion depend. This

split is rather simplistic, both because a separation between the parts is not clearly

identi�able, and because it does not re
ect how parameters belonging to di�erent

groups a�ect each other. Nonetheless, this representation is commonly adopted,

since it reveals intelligible dependencies between variables that are descriptive of

the phenomenon and its consequences.

1.4.1 Source

The source of the earthquake is characterized by two features: magnitude and mech-

anism of faulting.

Regarding magnitude, Lanzano, Luzi, Pacor, et al. (2019) along with the majority

of publications adopt as measure the moment magnitudeM w , which quanti�es the

size of an earthquake based on the amount of energy released. Its value is frequently

used as the most adequate criterion for ranking seismic events by their strength.

The advantage in adopting such parameter is twofold. On the one hand, it has a

very clear physical and seismological meaning. On the other hand, it does not satu-

rate for large magnitudes, meaning that it is able to provide a good measure of the

energy released over the entire magnitude range (Douglas, 2003).

As for the faulting mechanism, it can be of three types depending on the sense of

slip of the rock layers along the fracture plane: (i) strike-slip fault (SS), (ii) nor-

mal fault (NF), (iii) thrust (reverse) fault (TF). Even if it is generally found that

the style-of-faulting has little impact on the standard deviation of a GMPE, it is

still considered as a useful parameter to be included, since the fault mechanism of

a future earthquake can easily be identi�ed through techniques of remote sensing

and landscape interpretation (Bommer, Douglas, and Strasser, 2003). To the end of

producing a more accurate estimate of the seismic hazard, a GMPE that accounts

for the style-of-faulting and the identi�cation of the rupture mechanism of a future

earthquake e�ciently combine to become a practical and convenient tool for seismic

hazard analysis.
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1.4.2 Path

The parameter that characterizes the path term is the distance from the source of

the earthquake to the accelerometric station. Such distance may be de�ned in many

alternative ways, but the one used in the ITA18 formulation and that we report here

is the Joyner-Boore distance (or surface projection distance).

Joyner-Boore distance is de�ned as the distance to the projection on the surface of

the rupture plane of the fault.

Distance d is typically not used such as it is, since it leads to improbably high

predictions of ground motion values. Alternately, the pure value d is corrected by

a term h that represents the depth of the location of the source, and the quantity

R =
p

d2 + h2 is preferred to d.

1.4.3 Site

The necessity of characterizing the local site conditions where ground motion is mea-

sured stems from the heavy impact that these conditions may have on the records.

Two approaches that integrate GMPEs with site e�ects are predominantly adopted

in the literature.

One resorts to the EC8 site classi�cation, which de�nes a number of soil categories

and associates to each category a multiplicative factor, that enters the equation

as a new categorical variable (Eurocode8, 2003). It is worth noticing that, as the

boundaries between soil categories are blurry, such method presents an intrinsic sub-

jectivity issue.

A second approach, adopted in ITA18, introduces thenear-surface shear-wave ve-

locity (VS) as a measure of the characteristics of the soil. The use of this parameter

has the double advantage of having a physical sense and of being de�ned regardless

of any soil categorization. Particularly in the GMPE that we are going to discuss in

this work, we use the parameterVS30, which is the average shear-wave velocity com-

puted at a reference depth of 30 m. High values of shear-wave velocity are measured

at rock and sti� sites and are expected to correspond to lower amplitudes of the

spectral acceleration, while low values are associated to soil sites and imply higher

amplitudes of SA (Douglas, 2003).
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Chapter 2

Introduction to Functional Data

Analysis

In recent years, there has been a fast increase in the availability of high-dimensional

data coming from the observation of a phenomenon along a continuous domain,e.g.

time, space or frequency domains. The ever-growing need of analysing data of this

kind, characterized by an inherent functional nature, is at the root of the develop-

ment of the �eld of Functional Data Analysis (FDA). In this framework, data are

observations of functions collected over a discrete grid domain, and are referred to as

functional data. It is convenient to think of Functional Data Analysis as a general-

ization of the univariate analysis, where the datum is not a point in the space of real

numbers but a function in a functional space. The bene�ts of adopting a functional

approach are manifold. First, the choice of a suitable functional space enables us

to capture the smoothness and the regularity underlying the discrete observations

recorded along the grid. Second, the embedding of data in an in�nite-dimensional

setting solves the shortcomings that classical multivariate methods have when the

number of variables is larger than the sample size (Ramsay and Silverman, 2005).

Third, it allows to extend the focus to di�erential properties of data, overcoming

the limitations of a point-wise analysis.

Generally, Functional Data Analysis takes its steps under the assumption that all

functions are observed on the same domain, but in the reality of practitioners it

may happen to deal with data that are observed on di�erent sub-domains. For this

reason, it has become necessary to develop techniques that are valid and reliable for

the manipulation of data of this kind.

Concerning our case study, the adoption of a functional approach allows us to

exploit the intrinsic functional nature of the problem, by moving the focus from
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a period-speci�c value of intensity measure, to its pro�le over a period domainT .

Through the formulation of a functional regression model, we provide predictions

for the median of the intensity measure ordinates that are continuous with respect

to the vibration period. The dependent variable of the model is assumed to be a

point of a convenient functional space, with a geometrical structure that captures

its key features and natural regularity. The peculiarity of the data analysed in

this work is that their processing is manual. The non-automatic handling of the

recordings results in high-pass corner frequencies that di�er from datum to datum,

generating the problem that a non-negligible number of curves are not observed on

the whole domain but on di�erent parts of it. This motivates the need to analyse

and reconstruct the incomplete curves, extending them into the unobserved part of

the domain.

This chapter is organized as follows. First, we consider the classical case of

completely observed data and provide a formal de�nition of random variable with

values in an in�nite dimensional space. Then, we introduce the space that is a

suitable embedding of our analysis; in such framework, we give the formal de�nitions

of mean and covariance operator and recall their main properties. Secondly, we give

a brief overview of the analysis of partially observed functional data, developed

through the presentation of the state-of-the-art techniques for the reconstruction of

the incomplete observations and the estimation of operators.

2.1 Functional data analysis in separable Hilbert spaces

Suppose to observe the values taken by a random variableX (�) on an interval T . In

particular, assume to observe the values ofX at an increasing sequence of sampling

instants f t j gN
j =1 ; t j 2 T . Instead of looking at the data as realizations ofN distinct

random variables fX (t j )gN
j =1 , we think of the collection of values as the observation

of a continuous random variablefX (t); t 2 T g. Below, we provide a formal de�nition

to this intuition.

2.1.1 Aleatory variable in an in�nite dimensional space

Let (
 ; F ; P) be a probability space and letH be an in�nite-dimensional vector space

with � -algebraH. The following de�nitions, present in Ferraty and Vieu (2006), are

given in this context.

De�nition 2.1.1 (Functional random variable)

A functional random variable X is a random element on a probability space(
 ; F ; P)

in the spaceH , i.e. X : 
 ! H
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De�nition 2.1.2 (Functional datum)

A functional datum X is a realization of a functional random variable, i.e. for ! 2 


X = X (! ) : T ! R

De�nition 2.1.3 (Functional dataset)

A functional dataset is a collection of functional data.

For the sake of analysis, this work takesH to be a separable Hilbert space, the

de�nition of which is quickly recalled in the next section.

2.1.2 Separable Hilbert spaces

Working in an in�nite dimensional space implies the need to appropriately extend the

statistical tools used in univariate and multivariate analysis. As the inner product

exports to a functional space the Euclidean notions of distance, angle and projection,

a Hilbert space may be thought of as the generalization to an in�nite-dimensional

setting of Euclidean spaces. In this peculiarity of Hilbert spaces lies the choice to

adopt them as functional spaces in which to embed our analysis. Following the

discourse proposed in Horv�ath and Kokoszka (2012), we recall the de�nition of

Hilbert space and the fundamental notions and properties of operators in Hilbert

spaces1.

De�nition 2.1.4 (Hilbert space)

A Hilbert space H is a space equipped with an inner producth�; �i , that is complete

in the distance induced by the inner product.

Recall that the distance between two elementsu and v in H is given by the norm

of their di�erence, i.e. dist (u; v) = jju � vjj .

Every Hilbert space H is connected to its dual by an isometry. Such connection is

guaranteed by the Riesz representation theorem.

Theorem 2.1.1 (Riesz representation theorem)

Let (H; h�; �i ) be a Hilbert space. For every continuous linear functionalL 2 H � ; 9! y 2

H such that Lx = hx; yi ; 8x 2 H .

Let (H; h�; �i ) be a separable Hilbert space2 and let K be the space of compact

linear operators onH .
1Later in the chapter, these notions will provide important background knowledge for under-

standing the discussion on incomplete functional data and the state-of-the-art of reconstruction
methods.

2A Hilbert space is separable if it contains a dense countable subset.
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De�nition 2.1.5 (Hilbert-Schmidt operator)

An operator 	 2 K is Hilbert-Schmidt if
P 1

j =1 � 2
j < 1 , where � j 2 R are the

coe�cients appearing in its singular value decomposition 3.

A symmetric 4 and positive-de�nite 5 Hilbert-Schmidt operator 	 in a Hilbert

spaceH admits the decomposition

	 x =
1X

j =1

� j hx; ' j i ' j ; x 2 H;

where (� j ; ' j ) are the eigenvalue-eigenfunction pairings of 	 6.

As claimed in De�nition 2.1.4, the inner product h�; �i induces onH a norm, and

hence a metric. Therefore, the choice of the inner product {i.e. the choice of the

spaceH { is a crucial step of the analysis and inherently depends on the kind of

investigation to be carried out. With an eye toward our analysis, we are interested

in exploiting the properties of the space of square integrable functions on a bounded

domain 7. Henceforward, letH be the L 2(T ) space,T 2 R being a bounded interval.

The inner product of two elements x; y 2 L 2(T ) is de�ned as

hx; yi =
Z

T
x(t)y(t)dt;

and the induced norm is

jjxjj =
� Z

T
x2(t)dt

� 1=2

:

Hilbert-Schmidt operators on L 2(T ) are introduced through the notion of kernel.

Let k(�; �) 2 L 2(T � T ) and set

	 kx(t) =
Z

T
k(t; s)x(s)ds:

Then 	 k is a Hilbert-Schmidt operator on L 2(T ) and k(�; �) is called kernel of 	 k .

For a Hilbert-Schmidt operator on L 2, the representation stated by Mercer's theorem

holds (Bosq, 1998).

3For all x 2 H , a compact operator 	 on a separable Hilbert space admits the singular value
decomposition 	 x =

P 1
j =1 � j hx; ' j i  j , where f ' j g and f  j g are two orthonormal bases in H .

4An operator 	 2 K is symmetric if h	 x; y i = hx; 	 yi , for all x; y 2 H .
5An operator 	 2 K is positive-de�nite if h	 x; x i � 0, for all x 2 H .
6(� j ; ' j ) are the solutions of 	 ' j = � j ' j .
7The reason behind this choice will be made clear later in the chapter, when we introduce the

covariance operator and discuss its properties in such space.
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Theorem 2.1.2 (Mercer lemma)

Let 	 k is a symmetric positive-de�nite Hilbert-Schmidt operator on L 2(T ) and let k

be its associated kernel. Then there exists a sequence(' j ) of continuous functions

and a decreasing sequence(� j ) of positive numbers such that

Z

T
k(t; s)' j (s)ds = � j ' j (t); t 2 T ; j 2 N; (2.1)

and Z

T
' i (s)' j (s)ds = � ij ; i; j 2 N:

Moreover,

k(t; s) =
1X

j =1

� j ' j (t)' j (s); t; s 2 T ; (2.2)

where the series converges uniformly onT , hence

1X

j =1

� j =
Z

T
k(s; s)ds < 1 :

Furthermore, the following result holds.

Theorem 2.1.3 (Karhunen-Lo�eve expansion)

Let X be a zero-mean square-integrable random function with continuous covariance

function c. Then

X (t) =
1X

j =1

� j ' j (t); t 2 T ; (2.3)

where (� j ) is a sequence of real zero-mean random variables such that

E[� i � j ] = � i � ij ; i; j 2 N;

and where the sequence(� j ; ' j ) is de�ned in Mercer lemma. The series in (2.3)

converges uniformly in L 2(T ).

2.1.3 Mean and covariance operator in separable Hilbert spaces

De�nitions of mean and covariance operator are introduced below, both in the gen-

eral framework of separable Hilbert spaces and with a focus on theL 2 embedding.

Let (
 ; F ; P) be a probability space and let H be a separable Hilbert space with

� -algebra H. Let h�; �i H be the inner product of H and jj � jj H the induced norm.

Let X : 
 ! H be a functional random variable.
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De�nition 2.1.6 (Fr�echet mean)

We de�ne the Fr�echet mean of X the (unique) element� 2 H that solves

arg inf
x2 H

E
�
jjX � xjj2

H

�
:

Additionally, let X : 
 ! H be zero-mean.

De�nition 2.1.7 (Covariance operator)

The covariance operator ofX is the operator C : H ! H de�ned as

Cx = E [hX; xiX ] ; x 2 H:

As for the case of real-valued random variables, a functional counterpart of the

central limit theorem holds. Here, we report the version of the theorem that is stated

and proven in Bosq (1998).

Theorem 2.1.4 (Central limit theorem)

Supposef X i ; i � 1g is a sequence of iid mean zero random elements in a separable

Hilbert space, such thatE[jjX i jj2] < 1 . Then

1
p

n

nX

i =1

X i
d! Z;

where Z is a Gaussian random element with covariance operator

C(x) = E[hZ; x i Z ] = E[hX 1; xi X 1]:

In Bosq (1998), the author also states and proves a functional version of the law

of large numbers.

Theorem 2.1.5 (Law of large numbers)

Supposef X i ; i � 1g is a sequence of iid random elements in a separable Hilbert space

such that E[jjX i jj2] > 1 . Then � = E[X i ] is uniquely de�ned by h�; x i = E[hX; x i ],

and
1
n

nX

i =1

X i
a:s:! �

.

Now let X be a random variable that takes values inL 2(T ), equipped with the

Borel � -algebra. If X is an integrable random variable8, then the Fr�echet mean of
8X is said to be integrable if E[jjX jj H ] < 1
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X coincides with the point-wise mean

E[X (t)] = � (t) a.e. in T :

If X is zero mean and square integrable9, then, for all x 2 L 2(T ), the covariance

operator can be de�ned as

Cx(t) =
Z

T
c(t; s)x(s)ds; c(t; s) = E[X (t)X (s)]

It is possible to show that the covariance operator inL 2 is symmetric and positive-

de�nite, and consequently that it has non-negative eigenvalues. Additionally, since

c(�; �) 2 L 2(T � T ), the covariance operator is Hilbert-Schmidt on L 2(T).

2.1.4 Estimation of mean and covariance operators

Suppose to observe a sampleX 1; : : : ; X n of independent realizations of a functional

random variable X . For any choice of the Hilbert spaceH , the empirical counterparts

of the mean operator and of the covariance operator are respectively

�X =
1
n

nX

i =1

X i ;

Sx =
1
n

nX

i =1

hX i ; xi X i ; x 2 H:

If X is assumed to be a random element ofL 2(T ), then the sample mean coincides

with the point-wise sample mean

�̂ (t) =
1
n

nX

i =1

X i (t);

and the covariance kernel coincides with the point-wise sample covariance

ĉ(t; s) =
1
n

nX

i =1

(X i (t) � �̂ (t))( X i (s) � �̂ (s)) ; (2.4)

so that the sample covariance operator is evaluated as

Ĉx =
1
n

nX

i =1

hX i � �̂; x i (X i � �̂ ); 8x 2 L 2: (2.5)

9X is said to be square integrable if E[jjX jj 2
H ] < 1
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Under the assumption that the observations areiid in L 2(T ), �̂ is proven to be a

consistent estimator of � . In the same way as in the scalar case, it is possible to

show that ĉ is a biased estimator forc 10, but that the bias is negligible for large

sample sizes. As the use of the sample estimate ^� introduces in equations (2.4) and

(2.5) an additional { although asymptotically negligible { bias in the estimate for

C, it is common practice to assume thatX is zero mean. Following this line, the

covariance estimators that we will refer to in this work are de�ned as

ĉ(t; s) =
1
n

nX

i =1

X i (t)X i (s);

Ĉx =
1
n

nX

i =1

hX i ; xi X i

2.2 Analysis of partially observed functional data: State

of the art

Many techniques and methodologies of classical Functional Data Analysis fail in

cases when observations are registered only on subintervals of the domain. For

instance, estimators for the mean and the covariance operator cannot be used as they

are generally de�ned, and hence a functional principal component analysis cannot

be performed and it is not possible to identify the Karhunen-Lo�eve expansion as in

(2.3). We may think to adopt the strategy of deleting the incomplete curves from the

dataset, or to restrict the analysis only to the part of the domain in which the curves

are all entirely observed. But either option would imply a loss of information that

we are not willing to allow. For this reason, several techniques have been developed

to manage partially observed data,de facto maximizing the information available.

These methodologies are e�ective for the estimation of the mean, of the covariance

operator and of the principal component scores, and for the reconstruction of an

incomplete recording in the missing part, by borrowing the information from curves

that are observed in the missing part.

In this section we provide an overview of the state-of-the-art of such techniques,

referring mainly to the two papers Kraus (2015) and Kneip and Liebl (2020), in

which alternatives for handling partially observed data are proposed.

10 The unbiased estimator being

1
n � 1

nX

i =1

hX i � �̂; x i (X i � �̂ )
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2.2.1 Reconstruction of partially observed functional data

Let X 1; : : : ; X n be an iid sample of random variables inL 2(T ), with T � R. Assume

that E
�
jjX i jj4

L 2

�
< 1 . Typically, in functional analysis X 1; : : : ; X n are assumed to

be curves observed on the whole intervalT . Now, we assume that the curveX i is

observed onOi � T and that X i (t j ); t j 2 Oi ; j = 1 ; : : : ; N are the observed data

for the i -th curve.

Let X be a random function with zero mean and covariance operatorC, and assume

that X has been observed onO and missing onM 11.

{ X O observed part ofX , i.e. X O(t) = X (t) for t 2 O

{ X M missing part of X , i.e. X M (t) = X (t) for t 2 T n O

{ COO covariance operator ofX O

{ CMO cross-covariance operator ofX M and X O

We mentioned that one of the interests of partially observed data analysis lies

in the reconstruction of the incomplete data, through their extension into the miss-

ing part of the domain. In the following section, three reconstruction strategies

are brie
y described as they appear in the literature: (i) estimation of the princi-

pal component scores,(ii) functional completion with a Hilbert-Schmidt operator,

(iii) functional completion with a reconstruction operator. Each one of these three

methods requires the use of the mean and covariance estimators. There are several

methods for evaluating these estimators, and Section 2.3 details the proposals made

in the two papers we refer to. For the moment, assume that the estimators exist,

are consistent and are usable.

2.2.2 Estimation of principal component scores

A convenient way to reconstruct a functional datum can be through the estimation

of its scores, as they appear in the Karhunen-Lo�eve representation (2.3). Through

the composition of a functional variable as linear combination of its principal com-

ponents, it is possible to recover the datum, or - better - a fairly good approximation

of it.
11 Here, O denotes a realization of O. Since we assume that the interval of observation is inde-

pendent of X , then we can consider the observation period as non-random when we make inference
on the curve, and derivations are made conditionally on it.
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Notice that when a functional datum X i is unobserved onM i , a direct compu-

tation of

�̂ ij = hX i � �̂; ^' j i = hX Oi
i � �̂ Oi ; '̂ Oi

j i + hX M i
i � �̂ M i ; '̂ M i

j i

is impossible since the latter addendhX M i
i � �̂ M i ; '̂ M i

j i is not available. As proposed

in Kraus (2015), this section presents a strategy for an estimation from observed

data of hX M i
i � �̂ M i ; '̂ jM i i , looking in the class ofcontinuous linear functionals.

The goal is to identify the optimal continuous linear functional L 2 (L 2(T )) � that

minimizes

E
�
(� M

j � L (X O))2�
:

By Riesz representation theorem, the minimization problem may be equivalently

expressed as

min
aj 2 L 2 (O)

E
�
(� M

j � h aj ; X O i )2�
: (2.6)

As the objective functional (2.6) is convex, it is minimized by deriving it in the

Fr�echet sense and equalizing the derivative to 0. Then, the optimalâj is found by

solving the following linear inverse problem

COOaj = r j ; (2.7)

where r j = COM ' M
j and COM = ( CMO ) � is the adjoint operator of CMO .

Observe that system (2.7) is ill posed. Indeed, asCOO is a compact operator with

in�nite dimensional range, C� 1
OO is not bounded 12 and small perturbations of r j

may imply large perturbations of ~aj = C� 1
OO r j . Since r j is not known and has to

be estimated, the instability implies that the solution of the inverse problem may

be far from the real solution. This is the reason why it becomes crucial to recover

stability of the solution in this setting.

To this aim, the method resorts to a ridge regularization and solves

C(� )
OOaj = r j ; where � > 0:

12 Concerning the invertibility of compact operators in in�nite-dimensional Banach spaces, we are
given with the following result.
Let X be an in�nite-dimensional Banach space and let T be a compact operator, T : X ! X .
Assume that T is invertible, with inverse T � 1 . If T � 1 were bounded, then I = T T � 1 would be
compact. This implies that the closed unit ball of X is compact, which is impossible. Indeed, one
may �nd an in�nite sequence of points in the unit ball whose pairwise distances are bounded, no
subsequence of which is Cauchy.
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where C(� )
OO = COO + � I O and I O is the identity operator on L 2(O).

Now (C(� )
OO ) � 1 is bounded, and the stabilized problem is formulated as

~a(� )
j = ( C(� )

OO ) � 1r j (2.8)

In order to choose for an appropriate regularization parameter� > 0, Kraus resorts

to a Generalized Cross-validation (GCV) procedure, optimizing with respect to the

predictive performance of the corresponding regularized continuous linear functional.

In the practice, the principal score of the i -th curve, observed onOi , with respect

to the j -th eigenfunction is denoted� ij and is estimated via

�̂ (� )
ij = �̂ Oi

ij + �̂ M i
ij ;

with
�̂ Oi

ij = hX Oi
i � �̂ Oi ; '̂ Oi

j i ;

�̂ M i
ij = ĥa(� )

ij ; X iO i � �̂ Oi i :

Above, ^' Oi
j is the restriction on Oi of ^' j and is obtained through the eigenvalue-

eigenfunction decomposition of operatorĈ, estimated in turn through ĉ13. The term

�̂ Oi is the restriction to Oi of �̂ , and â(� )
ij is the solution of the empirical counterpart

of problem (2.8), namely

â(� )
ij =

�
Ĉ(� )

Oi Oi

� � 1
r̂ ij :

In the latter, Ĉ(� )
Oi Oi

= ĈOi Oi + � I Oi is the integral operator on L 2(Oi ), with kernel

equal to the restriction of ĉ on Oi � Oi , and r̂ ij = ĈOi M i '̂ jM i , with ĈOi M i de�ned by

the restriction of ĉ to Oi � M i .

2.2.3 Functional completion with a Hilbert-Schmidt operator

Another viable approach to data reconstruction consists in the functional comple-

tion, exploiting the properties of Hilbert-Schmidt operators on L 2. The method that

is brie
y explained below was �rst proposed in Kraus (2015) and aims to recover the

13 Considering the empirical counterpart of (2.1), the eigenvalue-eigenfunction pairings ( �̂ j ; ^' j )
are found as solutions of

Z
ĉ(t; s)'̂ j (s)ds = �̂ j ^' j (t); t 2 O [ M:
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whole missing part of a trajectory, looking for the solution in the class ofcontinuous

linear operators from L 2(O) to L 2(M ).

Assume for simplicity that the functional variable is zero-mean. Then the minimiza-

tion problem to be solved is

min
	: jj 	 jj B < 1

E[jjX M � 	( X O)jj2
L 2 ]; (2.9)

where jj � jj B indicates the operator norm14. Solving by di�erentiating the objective

function in the Fr�echet sense, it is easy to see that the minimization problem can be

re-expressed as
	 COO = CMO ;

~	 = CMO C� 1
OO :

(2.10)

and the best linear prediction of the missing part is in the form

X M = ~	 X O :

Observe that, in order to �nd the solution of (2.10), we need to assume the existence

of a bounded solution,i.e. jjCMO C� 1
OO jj2 < 1 15.

As in the case of the prediction of the principal scores,COO is a compact operator

with in�nite dimensional range, hence C� 1
OO is not bounded and the problem is ill-

posed. Again, the solution is stabilized by resorting to a ridge regularization and a

GCV procedure for the choice of� > 0, so that the best linear continuous regularized

operator is found to be in the form

~	 (� ) = CMO (C(� )
OO ) � 1:

In the practice of data reconstruction, the mean and covariance operator are sub-

stituted by their empirical counterparts �̂ and Ĉ and the estimated optimal operator

is set to be

	̂ (� )
i = ĈM i Oi (Ĉ

(� )
Oi Oi

) � 1;

14 Let B be the space of continuous linear operators on a Hilbert spaceH . Then we de�ne the
norm of an operator 	 in B as

jj 	 jj B = sup fjj 	( x)jj : jj xjj � 1g:

15 The norm jj � jj 2 of an operator 	 is de�ned as

jj 	 jj 2 = sup fjj 	( x)jj L 2 : jj xjj L 2 � 1g:
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where ĈM i Oi and Ĉ(� )
Oi Oi

are de�ned by the restrictions of ĉ to M i � Oi and Oi � Oi

respectively. Finally, the best linear prediction of the missing part is found to be

X̂ M i
i

( � ) = �̂ M i + 	̂ (� )
i (X Oi

i � �̂ Oi ):

Remark 1 (On the non-optimality of Hilbert-Schmidt operators)

It is crucial to point out that, in order to prove consistency for this estimator and

additionally to the assumption of boundedness of the solution, we assume it to be a

Hilbert-Schmidt operator. In other terms, we strengthen the assumption of continuity

jj ~Ajj L < 1 with the assumptionjj ~Ajj 2 < 1 .

However, we show below that a Hilbert-Schmidt operator is generally not the optimal

reconstruction operator.

Resorting to the Mercer expansion (2.1), a Hilbert-Schmidt operator	 k on L 2(O)

may be equivalently expressed as

	 k (X O)( t) =
Z

O
k(t; s)X O(s)ds; k 2 L 2(M � O): (2.11)

Let � 2 �M be a boundary point of M. Then, we would like a constructor to

satisfy the continuity constraint at the boundary, i.e.

X O(� ) = 	( X O)( � ); 8� 2 �M;

which in other terms asks for the �rst constructed point to equal the last one observed.

The kernel satisfying the latter condition is the Dirac-� , which is not an element of

L 2(O). Since the reconstruction cannot be continuous, it is not optimal to our scopes

to identify 	 within the class of linear regression operators. Indeed, there is no reason

to believe that the optimal reconstructor operator should satisfy (2.11).

As an alternative, in Kneip and Liebl (2020) the authors look for the optimal linear

reconstructor in the more general class of Reconstruction operators.

2.2.4 Functional completion with a reconstruction operator

With the aim of overcoming the discontinuity issue at the boundary and to identify

an optimal operator for functional completion, in Kneip and Liebl (2020) the au-

thors introduce a new class of operators, namely the class ofreconstruction operators,

where to seek for the optimal operator that extends a sample of partially observed

functional data. In doing so, they introduce the Reproducing Kernel Hilbert Space,

in which it is possible to enunciate a representation theorem for reconstruction op-

erators.
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First, we introduce the class of reconstruction operators. LetX O 2 L 2(O) be a

zero-mean random function.

De�nition 2.2.1 (Reconstruction operators) We call every linear operatorA :

L 2(O) ! L 2(M ) a reconstruction operator with respect to a random functionX O if

Var (A (X O)( t)) < 1 for all t 2 M .

The Reproducing Kernel Hilbert Space (RKHS), with reproducing kernel the covari-

ance kernelcO(t; s) = E[X O(t)X O(s)], has inner product

hf; g i H :=
1X

j =1

hf; ' OOj i 2hg; ' OOj i 2

� OOj
; 8f; g 2 L 2(O);

and induced norm

jj f jjH =
p

hf; f i H :

Above, (' OOj ; � OOj ) j � 1 are the eigenvalue-eigenfunction pairings of the covariance

operator COO de�ned by cO 16.

The RKH space H := f f 2 L 2(O) : jj f jj2
H < 1g is a Hilbert space. The following

theorem provides a representation for the linear reconstruction operators onH .

Theorem 2.2.1 (Representation of reconstruction operators) Let A : L 2(O) !

L 2(M ) be a reconstruction operator with respect toX O . Then there exists a unique

(deterministic) parameter function � t 2 H such that almost surely

A(X O)( t) = h� t ; X O i H ; t 2 M:

In this framework, the functional completion problem is solved by identifying the

optimal linear reconstruction operator A : L2(O) ! L2(M ) that minimizes

E[(X M (t) � A (X O)( t))2]; 8t 2 M: (2.12)

Using the Representation theorem, the objective function may be re-expressed as

E[(X M (t) � h � t ; X O i H )2]; 8u 2 M:

16 (' OOj ; � OOj ) j � 1 are solutions of the Mercer's decomposition (2.1) stated for cO , namely
Z

O
cO (t; s)' j (s)ds = � j ' j (t); t 2 O:
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The proposed linear reconstruction operator is

A (X O)( t) = hct ; X O i H ; t 2 M; (2.13)

where we denotect (s) = c(t; s) = E[X M (t)X O(s)], for t 2 M and s 2 O.

The following theorems show that the proposed operator belongs to the class of

reconstruction operators, and that it is optimal.

Theorem 2.2.2

(a) A (X O)( t) in (2.13) has a continuous and �nite variance function, i.e. V (A(X O)( t)) <

1 for all t 2 M .

(b) E[A (X O)( t)] = 0 for all t 2 M , i.e. the operator is unbiased.

Let us introduce the reconstruction error in the form

Z = X M � A (X O); Z 2 L 2(M ):

Then the following theorem shows that the reconstruction error is orthogonal toX O

and that the reconstruction operator proposed in (2.13) is optimal.

Theorem 2.2.3 (Optimal linear reconstructor)

(a) For every s 2 O and t 2 M ,

E[X O(s)Z (t)] = 0 :

(b) For any linear operator A : L 2(O) ! L 2(M ) that is a reconstruction operator

with respect to X O

E
�
(X M (t) � A (X O)( t))2�

� V(Z (t)) ; 8t 2 M:

Remark 2 (On the continuity of A )

The de�nition of A (X O) over O [ M comes as a direct extension of the Karhunen-

Lo�eve representation of X O 2 L 2(O)

X O =
1X

j =1

hX O ; ' OOj i 2' OOj (t); =
1X

j =1

� O
j ' OOj (t); t 2 O:

Starting from this representation, every eigenfunction' OOj de�ned over O may be

continuously extended to a function ~' OOj . Indeed, by Mercer's equation (2.1) for
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' OOj we have that

' OOj (t) =
h' OOj ; cO

t i 2

� OOj
; t 2 O: (2.14)

Through the introduction of ct (s) in (2.14), ' OOj may be extrapolated to the missing

part of the domain as

~' OOj (t) :=
h' OOj ; ct i 2

� OOj
; t 2 M: (2.15)

Now it is easy to see how~' OOj appears in the representation ofA (X O). Indeed,

A (X O)( t) := hct ; X O i H =
1X

j =1

hct ; ' OOj i 2hX O ; ' OOj i 2

� OOj
=

=
1X

j =1

� O
j ~' OOj (t); 8t 2 M: (2.16)

Observe now that the de�nition of A : L 2(O) ! L 2(M ) can be extended to an

operator A : L 2(O) ! L 2(O [ M ). Indeed,

A (X O)( t) := hct ; X O i H =
1X

j =1

hct ; ' OOj i 2hX O ; ' OOj i 2

� OOj
=

=
1X

j =1

hX O ; ' OOj i 2
h
P 1

k=1 � OOk ' OOk (t)' OOk ; ' OOj i 2

� OOj
=

=
1X

j =1

hX O ; ' OOj i 2
� OOj ' OOj (t)

� OOj
=

1X

j =1

hX O ; ' OOj i 2' OOj (t) = X O(t); 8t 2 M:

Since ct (s) = c(t; s) = E[X (t)X (s)] is a continuous function on O [ M , then the

reconstructed function A(X O) is continuous on O [ M , and in particular at any

boundary point � 2 �M .

The KL representation of the reconstruction operator, as expressed in (2.16), and

the de�nition of the reconstruction error allow us to provide a form of the complete

reconstructed function X on O [ M as

X (t) =

8
<

:

P 1
j =1 � j ' OOj (t); t 2 O

P 1
j =1 � j ~' OOj (t) + Z (t); t 2 M

: (2.17)

In the practice of estimation of the missing part of an observed function, consider
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the general case in which the observed functionsX Oi
i are not zero mean. Consider

the truncated version of operator (2.16), which is

A J (X Oi
i )( t) = � (t) +

JX

j =1

� Oi
ij

~� OOj (t) = � (t) +
JX

j =1

� Oi
ij

h' OOj ; ct i 2

� OOj
:

Here, the quantities � , � Oi
ij , ~� OOj , ct and � OOj are to be estimated, so that the

empirical counterpart of the functional reconstructor is found in the form

Â J (X Oi
i )( t) = �̂ (t) +

JX

j =1

�̂ Oi
ij

h'̂ OOj ; ĉt i 2

�̂ OOj
; t 2 O [ M: (2.18)

2.3 Estimation of mean and covariance operators for

incomplete functional data

When dealing with incomplete functional data, the estimates introduced in Section

2.1.4 are not valid over the entire domainT , because not all curves are de�ned in

every t j 2 T , j = 1 ; : : : ; N . Therefore, e�ort has been put to �nd opportune alter-

natives for mean and covariance estimates, that maximize the information provided

by the samples.

An idea of estimators is identi�ed in Kraus (2015), in which the author proposes

that � (t) can be estimated as the sample mean of all observed curves int, namely

�̂ (t) =
J (t)

P n
i =1 Oi (t)

nX

i =1

Oi (t)X i (t); (2.19)

where

Oi (t) =

8
<

:
1 if X i is observed int

0 otherwise
and J (t) =

8
<

:
1 if

P n
i =1 Oi (t) > 0

0 otherwise
:

and the covariance operatorC can be estimated through an estimator forc(t; s),

which is the sample covariance of all complete pairs of functional values att and s,

namely

ĉ(t; s) =
I (t; s)

P n
i =1 Ui (t; s)

nX

i =1

Ui (t; s)f X i (t) � �̂ ts (t)gf X i (s) � �̂ ts (s)g; (2.20)
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where
Ui (s; t) = Oi (s)Oi (t);

I (s; t) =

8
<

:
1 if

P n
i =1 Ui (s; t) > 0

0 otherwise
;

�̂ ts (t) =
I (t; s)

P n
i =1 Ui (t; s)

nX

i =1

Ui (t; s)X i (t):

In the framework introduced in Section 2.2.1, estimators (2.19) and (2.20) are

proven to be consistent estimators for� (t) and c(t; s) respectively, under the addi-

tional assumptions that: (i) O1; : : : ; On are independent and identically distributed,

(ii) for every pair (t; s), the probability that a curve is observed on both t and s is

greater than 0.

Another option for mean and covariance estimates consists in techniques that

are typically used for the analysis of sparse functional data (Yao, M•uller, and Wang,

2005). In Kneip and Liebl (2020), the authors take advantage of the class of Local

Linear Kernel (LLK) estimators to provide smoother estimates than the point-wise

evaluations proposed in Kraus (2015). In the paper the estimators are introduced

as follows.

Let K (�) be a second-order kernel with compact support. Then ^� (t) = 
̂ 0, where

(
̂ 0; 
̂ 1) solves

argmin

 0 ;
 1

nX

i =1

NX

j =1

[X i (t j ) � 
 0 � 
 1(t j � t)]2K (t j � t);

and ĉ(t; s) = 
̂ 0, where (
̂ 0; 
̂ 1; 
̂ 2) solves

argmin

 0 ;
 1 ;
 2

nX

i =1

X

1� j;l � N

[Ĉijl � 
 0 � 
 1(t j � t) � 
 2t j � s)]2K (t j � t)K (t l � s);

and Ĉijl = ( X i (t j ) � �̂ (t j ))( X i (t l ) � �̂ (t l )) is the sample covariance estimate.

Again in the framework of Section 2.2.1, the consistency of these estimators is

proven in Kneip and Liebl (2020) under the additional assumptions of: (i) su�cient

smoothness of� and c, (ii) su�cient numerosity of the time instants of recording

with respect to the number of observations.
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Chapter 3

Weighted analysis for functional

data

In the framework of partially observed functional data, the handling of an incom-

plete curve is typically done via reconstruction, exploiting for instance one of the

methodologies presented in Chapter 2. In this chapter, we present a methodology

to deal with incomplete functional data that have been reconstructed. The idea

behind this method is simple: a reconstruction of the data is performed, and then

the reconstructed observation is associated to a weight, which takes value 1 where

the data is not reconstructed { i.e., where we have maximum con�dence in the value

assumed by the curve { and decreases towards 0 the less con�dence we have in the

reconstructed value. Doing so, the part of the domain which corresponds to the

unobserved data counts less in the estimation process. We want to give the theoret-

ical and methodological basis to handle the functional analysis in this context, thus

including the weights in the classical methodologies ofsmoothing, function-on-scalar

regression and estimation of the variability of the regression coe�cients estimates.

3.1 Weighted norm in L2

Let T be an open subset ofR and w : T ! [0; 1 ) be a bounded non-negative

function, which we refer to asweight.

Now let f; g 2 L 2(T ) and let w; v be weights associated tof and g respectively. We

de�ne the weighted inner product in L 2 as

hf; g i W =
Z

T

p
w(s)f (s)

p
v(s)g(s)ds:
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Observing that hf; g i W = h
p

wf;
p

vgi L 2 (T ) , it is immediate to verify that the

weighted inner product is bilinear, symmetric and positive de�nite.

The weighted inner product induces a norm onL 2(T ). We de�ne the weightedL 2

norm of f with respect to w as

jj f jjW =
p

hf; f i W =
� Z

T
(
p

w(s)f (s))2ds
� 1=2

:

It is trivial to see that if the L 2 norm of f is �nite, then also the weighted L 2 norm

of f is �nite. Indeed,

jj f jj2
W =

Z

T
(
p

w(s)f (s))2ds � sup
t2T

w(t)
Z

T
(f (s))2ds � K jj f jjL 2 (T ) < 1 :

In the following sections we will resort to the weighted L 2 norm to identify the

criteria for smoothing functional data and �tting the regression.

3.2 Smoothing

The smoothing methodology allows one to represent the functional data as immersed

in a space generated by a (�nite) set of basis functions, and as univocally identi�ed

by the coe�cients of their projection on the basis. As a result, it becomes possible

to link functional analysis to multivariate analysis, and to apply in this context the

straightforward extension of methodologies already used in multivariate analysis.

In this section, we illustrate the penalized weighted smoothing technique, that we

apply adopting a roughness penalization method. Through the introduction of a

penalty term, a penalized criterion limits the inherent tendency of the least squares

method to perfectly interpolate the points yi (t1); : : : ; yi (tN ), giving rise to a trade-o�

between the accuracy of the �tting and the regularity of the smoothed function.

We mentioned that we want to adapt the common smoothing technique to the

weighted framework where we place ourselves. Actually, a smoothing that weights

di�erently at the di�erent sampling instants is already present in the literature, and

is well illustrated in Ramsay and Silverman (2005). However, speci�cally in our case,

the weighting { and consequently the smoothing { is curve-speci�c and depends on

the weighting function coupled to the observation.

Although this peculiarity does not a�ect the common argument about weighted

smoothing, the issue should be kept in mind when one wants to represent the overall
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smoothing of observations through a mapping. In this section, �rst we present the

penalized weighted smoothing for a single observation, by closely following Ramsay

and Silverman (2005), Chapter 5, and then we deal with the aforementioned problem

of building the projection map.

3.2.1 The penalized weighted least squares criterion

AssumeY1; : : : ; Yn to be independent and identically distributed random variables

with values in L 2(T ), where T is an open subset ofR. Assume to observey1; : : : ; yn ,

realizations of Y1; : : : ; Yn . In particular, assume each observationy i to be a vector of

discrete recordings ofyi , evaluated at a sequence of breakst1; : : : ; tT , where t j 2 T

for all j = 1 ; : : : ; T .

For a generic observationy i , the smoothing technique �ts the discrete valuesyi (t1); : : : ; yi (tT )

resorting to the model

yi (t j ) = x i (t j ) + � i (t j ); 8j = 1 ; : : : ; T;

where the smoothed curvex i is de�ned on the space generated by a basis� 1; : : : ; � L ,

so that it may be written in the form

x i (t) =
LX

l=1

cil � l (t) = c|
i � (t): (3.1)

The basis is common to all smoothed curves (x1; : : : ; xn ). Let ci be the vector of the

coe�cients of the linear combination speci�c of x i and let � (t) = ( � 1(t); : : : ; � L (t)) |

be the vector of evaluations of the basis functions int.

De�ne the smoothing error � i as a function, observed at the sequence of sampling

instants (t1; : : : ; tN ) and taking values

� i (t j ) = yi (t j ) � x i (t j ) = yi (t j ) � c|
i � (t j ); 8j = 1 ; : : : ; T:

For each � i , let wi be the associated weight as speci�ed in Section 3.1.

The penalized least squares criterionworks by adding a roughness penalty to the

classical error sum of squares. We adopt a natural quanti�cation of roughness, that

considers the abrupt changes in the curve by evaluating the square of theL 2 norm

of its second derivative, i.e.

jjD 2xjjL 2 (T ) =
Z

T

�
(D 2x)(s)

� 2
ds:
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Summing up, the penalized weighted least squares criterionconsists in solving

ĉi = argmin
c2 RL

TX

j =1

� q
wi (t j )� i (t j )

� 2

+ � jjD 2xjjL 2 (T ) ; (3.2)

where � is a smoothing parameter that manages the trade-o� between the good

�tting of data and the roughness of the smooth function: the smaller � , the more

the estimate is close to the least squares estimate and tends to interpolate the

observed points; the greater� , the more 
at the smooth function tends to be. Such

parameter may be calibrated through a generalized cross-validation procedure, that

selects� corresponding to the minimum of the mean squared error discounted by a

measure of increased regularity.

Taking advantage of the result of de Boor (Boor, 2001), we look for the optimal

smoothing curve in the class of cubic splines with knots att1; : : : ; tT , solving problem

(3.2) with respect to the coe�cients of (3.1).

The closed form expression of the optimal̂c is derived below, resorting to a matricial

representation of (3.2).

First, observe that the penalization term may be re-expressed in matricial form as

jjD 2xjjL 2 (T ) =
Z

T

�
(D 2x)(s)

� 2
ds =

Z

T

�
(D 2c| � )(s)

� 2
ds = c| Rc;

where [R]lk = hD 2� l ; D 2� k i L 2 (T ) .

Secondly, observe that the error sum of square may be written as

TX

j =1

� q
wi (t j )� i (t j )

� 2

= � |
i Wi � i = ( y i � � c)| Wi (y i � � c) :

Above, Wi = diag( wi (t1); : : : ; wi (tN )) is a T-order diagonal matrix which plays the

role of weighing di�erently the di�erent temporal instants, according to the weight

which has been assigned to thei -th observation. The term � 2 R(T � L ) is a matrix,

whose columns contain the values that the basis functions take at the sampling

instants.

Finally, we can equivalently formulate (3.2) as the problem of �nding the minimum
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of the quadratic form

(y i � � c)| Wi (y i � � c) + � c| Rc; (3.3)

By taking the derivative of (3.3) with respect to c and by setting it to zero, we get

� 2� | Wi y i + 2� | Wi � c + 2 �R c = 0 ;

and it is immediate to see that the optimal coe�cient vector for observation i is

given by

ĉi = (� | Wi � + �R ) � 1 � Wi y i : (3.4)

3.2.2 Construction of the smoothing map

Expression (3.4) leads to the introduction of a mapSi
� , that for each observation

establishes a connection between the vector of recordingsy i and the vector ĉi of

coe�cients of the basis expansion. For all i = 1 ; : : : ; n, such mapping is represented

by the L � T matrix

Si
� := (� | Wi � + �R ) � 1 � Wi ; (3.5)

so that

ĉi = Si
� y i :

Now let Y 2 R(n� T ) be the matrix containing the values that n observations take

in T sampling points, and let C 2 R(n� L ) be the matrix that collects all n optimal

coe�cient vectors, found following the procedure developed in the previous section.

We are interested in building a mapping S� betweenY and C.

Prior to this, it is important to point out that, in the classical framework of weighted

smoothing, the weighting is introduced in order to account for the presence of corre-

lations between di�erent time instants. Therefore, it is reasonable that the smooth

counterpart of each observation is computed resorting to the same weighting matrix

W . This implies that, by de�nition (3.5), S� is the same for every observation, and

that the connection betweenY and C is easily found as

C = Y S|
� : (3.6)

Notice that, recalling the properties of the Kronecker product1, the relation above

1Let A be a matrix of dimension k � l and B be a matrix of dimension m � n. Then the Kronecker
product A 
 B generates a matrix C of dimension km � ln that is given by sub-matrices aij B .
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can equivalently be expressed as

vec(C) = vec( IY S |
� ) = ( S� 
 I )vec(Y ); 2 (3.7)

where I is the n-dimensional identity matrix.

Moving the focus on our setting again, we observe that the smoothing is performed

through an observation-speci�c mapping Si
� , and hence that a counterpart of repre-

sentation (3.6) does not exist. On the contrary, it is possible to manually construct

a map that extends relation (3.7) to the more general case of observation-speci�c

weighting. Indeed, suppose to haveSi ; i = 1 ; : : : ; n; di�erent smoothing maps 3.

One may check that the counterpart of (S� 
 I ) is the (Ln � Tn)-dimensional sparse

matrix

S � :=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

S1
11 0 : : : 0
0 S2

11 : : : 0
...

. . .

0 : : : 0 Sn
11

S1
12 0 : : : 0
0 S2

12 : : : 0
...

. . .

0 : : : 0 Sn
12

S1
1T 0 : : : 0
0 S2

1T : : : 0
...

. . .

0 : : : 0 Sn
1T

S1
L 1 0 : : : 0
0 S2

L 1 : : : 0
...

. . .

0 : : : 0 Sn
L 1

S1
L 2 0 : : : 0
0 S2

L 2 : : : 0
...

. . .

0 : : : 0 Sn
L 2

S1
LT 0 : : : 0
0 S2

LT : : : 0
...

. . .

0 : : : 0 Sn
LT

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

so that

vec(C) = S� vec(Y ): (3.8)

This notation will turn out to be particularly useful in Section 3.3.2, where the link

between the variability of Y and the variability of C is deployed.

3.3 Functional linear regression

Linear regression is a practical tool that is employed and well known both in univari-

ate and in multivariate statistical analysis, but extensions of the linear regression

model are possible also in the context of Functional Data Analysis (Ramsay and

Silverman, 2005, Horv�ath and Kokoszka, 2012).

2Given a matrix A of dimension k � m, vec(A) indicates the km-dimensional vector obtained by
writing A as a vector column-wise.

3Here, we temporarily drop the subscript � for clarity of notation.
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The main problem with a functional extension of the linear regression is that each

regression coe�cient � is an in�nite dimensional object that has to be estimated

from a �nite sample (Horv�ath and Kokoszka, 2012). If no restrictions are imposed

on � , then the regression results in an estimate that is inherently unstable, noisy and

uninformative, although providing a perfect �tting of the observations. One way to

prevent such side e�ect consists in imposing a roughness penalty on the functional

estimate of the coe�cient, that counterbalances the pursuit of a good �tting with the

estimation of a coe�cient that is regular, stable and able to provide useful insights

on the phenomenon under analysis.

3.3.1 Function-on-scalar linear regression

As our interest lies in a functional extension of a linear regression with scalar pa-

rameters, the most convenient choice falls on the adoption of afunction-on-scalar

linear regression model with independent multivariate covariates (x1; : : : ; xq) and

functional coe�cients ( � 1(�); : : : ; � q(�)), where the functional errors are assumed to

be uncorrelated.

In the framework de�ned in Section 3.2, the linear regression model is formulated

as

y (t) = X � (t) + � (t); t 2 T : (3.9)

Above, � (t) = ( � 1(t); : : : ; � q(t)) denotes the vector of functional coe�cients evalu-

ated in t, X 2 Rn� q is the design matrix and y(t) is a n-dimensional vector contain-

ing the response functions evaluated int. Lastly, the error term is a n-dimensional

vector of functions � i , that are assumed to be independent realizations of a stochastic

process with zero mean and covariance functionc(t; s).

In order to de�ne a criterion to �t the model, we aim to extend to a functional case

the penalized least-square principle, resorting to the weightedL 2 norm introduced in

Section 3.1. Similarly to the smoothing procedure, we associate the errors� 1; : : : ; � n

to the weights w1; : : : ; wn and de�ne the weighted functional least-square (WFLS)

criterion as the minimization of
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WFLS =
nX

i =1

jj � i jj2
L 2 (T );W

=
nX

i =1

Z

T
(
p

wi (s)� i (s))2ds

=
Z

T

nX

i =1

hp
wi (s) (yi (s) � x |

i � (s))
i 2

ds

=
Z

T
[y (s) � X � (s)]| W (s) [y (s) � X � (s)] ds; (3.10)

where we setW (t) = diag ( w1(t); : : : ; wn (t)) ; for all t 2 T , to be the diagonal matrix
of the weights evaluated in t.
In order to regularize and stabilize the estimate of the regression coe�cients, a
penalization term that quanti�es the roughness of the coe�cient functions is added
to the WFLS. Suppose to the de�ne a correction to the bumpiness through a linear
di�erential operator L . Then, we call the �tting criterion a penalized weighted least-
square (PWFLS) and the quantity to be minimized becomes

PWFLS =
Z

T
[y (s) � X � (s)] | W (s) [y (s) � X � (s)] ds + �

Z

T
[L � (s)] | [L � (s)]ds; (3.11)

where � is a smoothing parameter that can be tuned through a generalized cross-

validation procedure.

The general idea for the resolution of the minimization problem consists in moving

from an in�nite dimensional setting to a multivariate framework, by projecting the

observations in the space spanned by the basis functions, as discussed in Section

3.2. The functional coe�cients are estimated as elements of a space generated by

suitable basis functions. In doing so, the part of the curves that is not captured

by the basis functions is assumed to be negligible and is included in the regression

error. Having this in mind, in this section we will refer to the response variable and

to the functional coe�cients as

yi (t) =
L yX

l=1

cil � l (t); i = 1 ; : : : ; n;

� j (t) =
L �X

l=1

bjl � l (t); j = 1 ; : : : ; q: (3.12)

The two bases for the observations and the coe�cients are typically chosen to be
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the same, but we maintain the argument in a more general framework and consider

them as distinct.

A new phrasing of model (3.9) follows all the considerations made above, and takes

the form

C� (t) = X B� (t) + E(t); (3.13)

whereC and B are matrices of dimensionsn� L y and q� L � respectively, that contain

the projection coe�cients of f y1; : : : ; yng and f � 1; : : : ; � qg appearing in (3.12).

Putting formulation (3.13) in (3.11), one gets

Z

T
[C� (t) � X B� (t)]| W (t) [C� (t) � X B� (t)] dt + �

Z

T
[LB� (t)]T [LB� (t)] dt:

This formulation of the objective function is the starting point of the calculation,

extensively reported in Appendix A.1, that leads to the following equation for matrix

B :

[J + �R 
 I q] vec(B) = vec
� Z

X | W (t)C� (t)� (t)| dt
�

;

where

R :=
Z

T
[L � (t)] [L � (t)]T dt;

J :=
Z

(� (t)� (t)| 
 X | W (t)X ) dt:

To sum up, the estimate of the B matrix is given through the vec() operator by

vec(B̂) = [ J + �R 
 I q]� 1 vec
� Z

X | W (t)C� (t)� (t)| dt
�

: (3.14)

3.3.2 Estimation of the variability of regression coe�cients

Whenever an analysis leads to the computation of a point estimation of a parameter,

it is statistically relevant to couple the estimate with a quanti�cation of the related

uncertainty. This section is devoted to the deployment of an argument that shows

how to evaluate the variability associated to the estimate obtained in (3.14). The

way to achieve this is through the construction of a mapping that acts as linkage

between the raw observations and the estimateB̂ .

First, let us see how the general idea applies to the simpler case of a single curvey,

of which we observe a sampley = ( y(t1); : : : ; y(tT )). Assume that the vector y goes
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through a transformation, e.g. a smoothing that binds the rough observations ofy

to a smooth function x. We are interested in investigating the variability of some

feature of x, identi�ed by a functional L (x) as

L (x) =
Z

� (s)x(s)ds:

Suppose that our concern lies in a functional

L t (x) = x(t);

represented by a kernel� that takes positive values only in a small interval centred

in t. Let S� and L be the two linear operators that map y into x and x into

L t (x) = x(t), respectively. Then let M = L � S� be the composite mapping, so that

L t (x) = x(t) = LS � y . Then, using the expression for the variance of transformed

random vectors, we have that

Var[x̂(t)] = Var( LS � y ) = LS � � eS|
� L | ;

where � e is the covariance matrix of the sampley .

Let us now extend and adapt this argument to the case in which a sample of func-

tional observations goes through a smoothing and a linear regression, as described in

the previous sections. In order to identify the linkage between the observations and

the estimates of the regression coe�cients, it is useful to view the overall mapping

as the composition of: (i) the smoothing mapthat associates the observations to the

smooth functions, (ii) the regression mapthat connects the smooth functions to the

matrix of coe�cients B, (iii) the basis expansion mapthat couples the estimated

coe�cients with the basis functions for the � 's. In this work, all mappings are han-

dled in the same matricial form that has been adopted above to discuss smoothing

and regression.

The construction of the smoothing map is described in Section 3.2.2, and we refer

to it as S� , namely the (nL � nT )-dimensional matrix such that

vec(C) = S� vec(Y ):

The regression mapconnects vec(C) into vec(B ) and is found by reformulating what

is reported in (3.14). Indeed, exploiting the properties of the Kronecker product,
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the relation may be written in the form

vec(B) = [ J + �R 
 I q]� 1
� Z

�� | 
 X | W
�

vec(C);

and we may identify the mapping as the (Lq � Ln )-dimensional matrix

S� := [ J + �R 
 I q]� 1
� Z

�� | 
 X | W
�

:

The basis expansion mapcarries out the linear combination of the basis function

that uniquely de�ne �̂ from the estimated coe�cients.

Recalling the matricial counterpart of (3.12), it is immediately found that

vec(�̂ ) = vec(B� | ) = (� 
 Iq)vec(B);

where � is a T � L matrix of values of the functions (� 1; : : : ; � L ) evaluated in the

T sampling points. Then the basis expansion mapping is de�ned as the (Tq � Lq)

matrix

S� := � 
 Iq:

Finally, the complete mapping of Y into �̂ is given by the composition of all three

mappings identi�ed above, and may be expressed in matricial form as

Map := S� S� S� ;

and

vec(�̂ ) = S� S� S� vec(Y): (3.15)

Now observe that the variance of the observations is given by the (Ln � Ln )-

dimensional matrix

Var[vec(Y)] = � e 
 In ;

where � e is the covariance matrix of the residuals ^� i from the regression model.

Summing all up, we may express the variability of the regression coe�cients in terms

of the variability of the observations

Var[vec(�̂ )] = Var[ S� S� S� vec(Y )] = S� S� S� (� e 
 In )S|
� S|

� S|
� ; (3.16)
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and we obtain the symmetric covariance matrix, whose diagonal values are the vari-

ances of (� 1; : : : ; � q), for all t j ; j = 1 ; : : : ; T , i.e.
0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

V( �̂ (t2 ))

C( �̂ (t1 ); �̂ (t2 )) V( �̂ (t2 ))

...
...

. . .

C( �̂ (t1 ); �̂ (tT )) C( �̂ (t2 ); �̂ (tT )) : : : V( �̂ (tT ))

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

where the genericC( �̂ (t i ); �̂ (t j )) takes the form

C( �̂ (t i ); �̂ (t j )) =

0

B
B
B
B
@

C( �̂ 1 (t i ); �̂ 1 (t j ))
C( �̂ 1 (t i ); �̂ 2 (t j )) C( �̂ 2 (t i ); �̂ 2 (t j ))

...
...

. . .

C( �̂ 1 (t i ); �̂ q (t j )) C( �̂ 2 (t i ); �̂ q (t j )) C( �̂ q (t i ); �̂ q (t j ))

1

C
C
C
C
A

:

3.3.3 Estimation of the point-wise variance of residuals

Consider the regression model in matricial form

Y = X � + E;

where we assumed the errors� (t j ) = ( � 1(t j ); : : : ; � n (t j )) to be such that

E[� (t j )] = 0; Cov(� (t j ); � (tk )) = � jk I:

In other words, we assume the errors to be uncorrelated, but evaluations of an error

at di�erent time instants to be correlated in principle. For clarity of notation, let

[�] jk = � jk be the (T � T)-dimensional covariance matrix of the errors evaluated at

the sampling instants.

De�ne the residuals of the model in matricial form as

Ê = Y � Ŷ = Y � X �̂ : (3.17)

We want to use the information in the residuals to replace the population quan-
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tity � by a reasonable estimate �̂. If the regression were not penalized, an unbiased

estimate for matrix � would be

�̂ =
1

n � q
Ê| Ê; (3.18)

wheren � q are the degrees of freedomof the model 4 (Ramsay and Silverman, 2005,

Johnson and Wichern, 2018).

As we resort to a penalized criterion,n � q is not a corrected estimate of the degrees

of freedom of our model and consequently estimator (3.18) is not unbiased. Because

of this we are interested in getting an estimate of thee�ective degrees of freedom

(edof) of our PWFLS regression that leads to a reliable estimate for the quantities

(� 11; : : : ; � T T ).

To achieve this, we �rst observe that applying the vec() operator to (3.17), one gets

vec(Ê) = vec( Y ) � vec(X �̂ ) = vec( Y ) � (I T 
 X )vec(�̂ ); (3.19)

and that plugging (3.15) into (3.19) we obtain

vec(Ê) = ( I nT � (I T 
 X )P)vec(Y ) = ( I nT � H )vec(Y ): (3.20)

Above, P := S� S� S� for notational purposes.

Exploiting the similarity between formulation (3.20) and a classical multivariate

regression, we consider the pointwiseresidual sum of squares(RSS) and look for a

corrective term that makes RSS(t j ) a useful estimate for the corresponding� jj . To

clarify, �x the sampling instant t1. Then the procedure illustrated in Appendix A.2

shows that a useful estimate for� 11 may be taken in the form

�̂ 11 = V̂ar( �̂ (t1)) =
1
� 1

RSS(t1); (3.21)

where � 1 = tr [( I � H )| A | A(I � H )] = n � 2tr [H1:n;1:n ] + tr [ H1:n; �(H1:n; �)| ].

We point out that estimate (3.21) is unbiased only under the far-fetched hypotheses

of uncorrelated time points and of equal variances at the time points. Nonetheless,

we consider� 1 to be a reliable estimate of theedof of the model and hence use it as

corrective term.

4Notice that q counts the intercept term too.
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3.4 Bootstrap approach to assess the simultaneous vari-

ability of the functional coe�cients

It is important to stress that the variability estimated in Equation 3.16 has point-

wise validity, meaning that conclusions based on it can only be drawn one-at-a-time.

If we are interested in obtaining an estimate that simultaneously quanti�es the un-

certainty of the �̂ 's over the whole domain, one option is to rely on resampling

methods.

Such approaches are based on the use of data to randomly generate additional sam-

ples of a population and to investigate its distributional characteristics, avoiding the

introduction of any strong assumption on the statistical model. Bootstrapping is one

of these methods. First introduced by Efron (1979), the idea behind the method is

to obtain an estimate of the distribution of an estimator by repeatedly sampling data

with replacement and getting values of the estimator over the empirical distributions

of the samples.

In the case of scalar data, the bootstrap method �nds a theoretical foundation in

the law of large numbers and in the Glivenko-Cantelli theorem, which combine to

guarantee uniform convergence of the empirical distribution to the true distribution

of the population. If an estimator T of a statistic � is consistent,i.e. T(F ) = � where

F is the true distribution underlying data, then we are guaranteed convergence of

the empirical distribution of the estimator to its true distribution.

Bootstrap resampling methods and results of asymptotic validity of the bootstrap

methodology are extended in the framework of functional data analysis, where

the distributional properties of the statistics are particularly problematic to han-

dle (Cuevas, Febrero, and Fraiman, 2004, Politis and Romano, 1994, Cuevas and

Fraiman, 2004). In particular, the work of Cuevas and Fraiman (2004) derive a

result of bootstrap validity for functional statistics de�ned from di�erentiable oper-

ators. This result is crucial in justifying the use of a bootstrap approach to get an

estimate of the distribution of the functional coe�cients, and hence of their overall

variability.

Indeed, recall that the operator bringing the functional observations into the func-

tional coe�cient estimates takes the form

vec(�̂ ) = S� S� S� vec(Y):

We observe that the vec() operator and the projection mapsS� ; S� and S� satisfy
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the regularity conditions required by the result of Cuevas and Fraiman (2004), and

so does their composition.

The resampling scheme we resort to is the following:

1. Estimate �̂ (t) of the regression modely (t) = X � (t) + � (t),

2. Evaluate the residuals�̂ (t) = y (t) � X �̂ (t),

3. Randomly generate a bootstrap samplê� � from the empirical distribution of

the residuals and de�ne the new pairingsf (y�
1; x 1); : : : ; (y�

n ; x n )g as

y�
i (t) = x |

i �̂ (t) + �̂ �
i (t):

4. Estimate �̂ � (t) of the regression modely � (t) = X � (t) + � (t),

5. Repeat (3) and (4) for a su�ciently large number of times.

Once the samples of functional coe�cients are generated, we visualize their dis-

tribution with functional boxplots. Since typically the observations that cross the

fences are considered as outliers, we take the amplitude of the fences at the sam-

pling points as useful estimate of the con�dence that we have globally on the true

coe�cients.

It is relevant to point out that the literature presents more re�ned and compound

techniques to simultaneous inference for functional parameters, that is not exploited

in this work. Among the methods based on parametric bootstrap, Degras (2011) con-

siders a function-on-scalar regression and proposes a parametric bootstrap method

to build simultaneous con�dence bands around the estimate of the functional coef-

�cient. An extension of this work is provided by Chang, X. Lin, and Ogden (2017),

who propose a wild bootstrap methodology to handle regression with multiple co-

variates and errors that are non-normal and heterogeneous. The simulation based

method of Degras (2017) provides theory, method and implementation of simultane-

ous con�dence bands for the mean, the quantiles, the covariance function and other

functional parameters for functional data. Another parametric bootstrap method

to simultaneous inference for functional data is proposed by Cao, Yang, and Todem

(2012), who propose a spline estimator for the mean function of dense functional

data, associated to a simultaneous con�dence band which is asymptotically correct.

Another approach to simultaneous inference consists in dimensionality reduction
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based on functional principal component analysis and to build multivariate con�-

dence ellipses (Goldsmith, Greven, and Crainiceanu, 2013).

The employment of these methodologies may be scope of future work that aims to

accurately identify con�dence bands for coe�cient estimates or for other functional

statistics.
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Chapter 4

Case study: A functional

Ground Motion Model for Italy

This chapter is devoted to the preliminary analysis, the end point of which is the

calibration of the regression model. Here, we discuss the extension of the Ground

Motion functional form to an in�nite dimensional setting, the characteristics of the

dataset, the application of the weighted FDA methods outlined in Chapter 3, and

some crucial intermediate steps that complete the overall structure of the analysis.

Finally, the soundness of the entire procedure is validated through a comparison with

state-of-the-art techniques for the reconstruction of partially observed functional

data.

4.1 Model formulation: functional ITA18

In Section 1.3, we recalled the functional form of the Ground Motion Model proposed

in Lanzano, Luzi, Pacor, et al. (2019), henceforward referred to as ITA18. The

model predicts the dependent variable Y,i.e. the logarithm of the RotD50 intensity

measure, separately at 37 di�erent period ordinatesf Tj gJ
j =1 ; Tj 2 T := [0 ; 10s] for

all j .

Now Y(�) is assumed to be a functional variable de�ned over an intervalT of

vibration periods. Let Y be functional datum and Y1; : : : ; Yn an independent and

identically distributed functional dataset.

In this setting, a functional extension of ITA18 is straightforward and takes the

form

log10 Y = a + FM (M w ; SoF) + FD (M w ; R) + FS(VS30) + �: (4.1)

As already mentioned at the end of Chapter 1,FM (M w ; SoF); FD (M w ; R) and
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FS(VS30) are the source-, path- and site-related terms, respectively.

The source is speci�ed as a step-wise linear function

FM (M w ; T) =

8
<

:
b1(T)(M w � M h) M w � M h

b2(T)(M w � M h) M w > M h

;

FM (SoF;T) = f j (T)SoFj ;

in which the straight line changes slope at the hinge magnitudeM h . SoFj are dummy

variables that account for the style-of-faulting. In particular, we specify SoF1 = SS

strike slip, SoF2 = TF thrust faulting, and SoF3 = NF normal faulting. Note that

the coe�cient f 3, related to the normal faulting, is constrained to zero when the

regression is performed.

The path term takes the form

FD (M w ; R; T) = [ c1(T)(M w � M ref) + c2(T)] log10(R) + c3(T)R;

where parameterM ref is the reference magnitude. The �rst term of this summation

accounts for the geometrical spreading of waves from a source, and the second term

explains the anelastic attenuation. A dependence on magnitude is introduced in

the �rst component of the geometrical spreading. Recalling what we anticipated in

Section 1.4.2,R is a predictor that represents a correction of the pure Joyner-Boore

distance, and is de�ned asR =
q

d2
JB + h2, whereh is the parameter of pseudodepth

measured in kilometres.

Lastly, the site-related term has the form

FS(VS30; T) = k(T) log
�

V0

800

�
;

where V0 = VS30 if VS30 � 1500 m=s, V0 = 1500 m=s otherwise. The introduction

of an upper bound in the shear-wave velocity is upheld by a poor sampling of sites

characterized by very hard rocks. Since little to no information is given in corre-

spondence of such sites, the ampli�cation here is assumed to be independent of the

shear-wave velocity. For values ofVS30 lower than 1500 m=s, the scaling with the

spectral acceleration is assumed to be linear.

We stress that, in formulation (4.1), b1; b2; f j for j = 1 ; 2; 3, c1; c2; c3; k are func-

tional coe�cients, de�ned over domain T and representing the e�ects at vibration

period T of the predictors on the response variable. Therefore, the statistical tool

that naturally �ts for their estimation is a function-on-scalar linear regression, re-

lating the scalar predictors of magnitude, style of faulting, shear-wave velocity and
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distance from the source, to the response function.

Parameters M h , M ref and h that appear in the functional form are known to

be dependent on the spectral periods. For this reason, they are typically estimated

through a preliminary step of non-linear regression. As a methodology of this kind is

non-trivial when applied to a functional framework, we assume them to be constant

and known, and de�ne them as the mean value of their period-wise estimates from

ITA18 model. Speci�cally, these parameters are �xed as

M h = 5 :7; M ref = 4 :5; h = 5 :9 km:

A substantial simpli�cation of this kind will necessitate a sensitivity analysis,

showing how much the a priori choice of parameters impacts the estimates and the

variability of the model. We will address this issue later in the following chapter,

when we discuss the results and the goodness of the regression model.

4.2 Dataset exploration

For this work, we rely on the same data that have been used for the calibration of

ITA18. The dataset is derived from the Engineering Strong Motion (ESM) database

(Lanzano, Sgobba, Luzi, et al., 2018, Lanzano, Luzi, Russo, et al., 2018), and in-

cludes the records of some small-magnitude events collected in the ITACA archive

(Luzi, Pacor, and Puglia, 2017). Additionally, the inclusion of recordings of world-

wide events increases the range of magnitudes up to a value of 8, and enriches the

dataset with additional scenarios of strike-slip and thrust-faulting mechanisms as-

sociated to high-magnitude events. As the great majority of the data concerns the

Italian soil (the included global events are the 8% of the total), the functional model

is considered to be calibrated speci�cally for Italy.

4.2.1 Response variable

The functional dependent variable of the model, referred to as RotD50, is de�ned

as the median of the distribution of a quantity, that is the linear combination of the

two horizontal components of the spectral acceleration (SA) across all non-redundant

azimuths. We are given with 5568 recordings of RotD501, each one observed at 37

periods in [0; 10 s]. Namely, each record is associated to 37 values, representing the

measures of the soil acceleration at the registration periods (T1; : : : ; T37). Figure 4.1

provides a representation of the functional dataset.
1Disambiguation. For the sake of 
uency and in accordance with the literature on this topic,

this work will hereafter refer equivalently to spectral acceleration and RotD50.
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Figure 4.1: Representation of data of intensity measure as functions of the period.

Recall that Figure 1.2 in Section 1.3 showed that the 25% of the records of

spectral acceleration is not completely observed on the whole domain. Now, the aim

is to go a little deeper into the investigation of the missing values. Let us de�ne

incomplete record a curve that is not fully observed up to 10 s. In other words,

a curve is incomplete if its value is missing at at least one periodT in [0; 10 s].

Figure 4.2 provides a visualization of the characteristics of incomplete records with

respect to those that are complete. Figure 4.2a suggests that incomplete records

tend to correspond to low-magnitude events recorded at medium to long distances,

while Figure 4.2c shows how incomplete records correspond to values of soil motion

that attenuate more rapidly with distance than complete records, and that this

characteristic accentuates as the recording period increases.

(a) Magnitude vs dJB . (b) SA vs dJB at T = 0 :1 s. (c) SA vs dJB at T = 2 s.

Figure 4.2: Comparison between complete and incomplete records.

The availability of conspicuous information of this kind is useful in robustly

calibrating the model for Italy and in stabilizing the estimates of the regression. For

this reason and for the non-negligible ratio of incomplete records with respect to the
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total, we are not willing to discard these data. Rather, we propose an alternative

strategy, whose discussion is deferred to Section 4.3.1.

4.2.2 Prediction variables

Magnitude (M w), style-of-faulting ( SoFj ), Joyner-Boore distance (dJB ) and shear-

wave velocity (VS30) are the scalar variables that enter model (4.1). In this section,

we are interested in qualitatively exploring their distribution and inner characteris-

tics.

Figure 4.3 displays the frequencies of the faulting mechanisms and the densities

of the other variables. The Joyner-Boore distance takes values in the [0; 200 km]

range and exhibits the greatest amount of recordings around the distance of 25

km from the source. The magnitude has peaks of frequencies in correspondence of

about 4.3, 5 and 6 of the Richter scale, then it rapidly lowers at high magnitudes.

The peak of observations corresponding to events of magnitudes 6 is due to the

presence of global high-magnitude events in the dataset, whereas low-magnitude

events are mainly registered in the Italian region. As far as the shear-wave velocity

is concerned, it takes values up to 3000m=s with very few points exceeding 1500m=s.

This stands as further con�rmation of the justi�cation provided for the choice of the

threshold value, when we commented the functional form of the site term. Lastly,

the histogram for the style-of-faulting shows that the majority of the records are

associated to normal faulting, and that the less represented focal mechanism is the

strike-slip. Such observation is in line with what is commonly known in the literature

of Ground Motion models, namely that the normal faulting is the most frequent

style-of-faulting in the Italian peninsula (Lanzano, Luzi, Pacor, et al., 2019). In

fact, the inclusion in the dataset of worldwide events was also intended to extend

the valid range of magnitudes for the less common focal mechanisms in Italy.
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Figure 4.3: Empirical density of the seismological variables. Joyner-Boore distance [km],
moment magnitude, shear-wave velocity [m=s], style-of-faulting.

Given the inherent spatial nature of our data, it is appealing to provide a geo-

graphical representation of it. In particular, a localization of recordings along the

peninsula permits to go deeper into the seismic information provided by the predic-

tors.

The map on the left of Figure 4.4 shows the recordings sites, coloured accord-

ing to the faulting mechanism of the event. The seismological characteristics of

the peninsula are mainly due to the Adriatic plate, which is in contact with the

Eurasian, African and Aegean plates2 (Palano, 2014). The plate moves together

with the African plate in direction North-North East, with a small counterclockwise

rotation component. This movement causes the coexistence on the Italian territory

of extensional, compressional and lateral-shift regimes, that correspond to normal

faulting, thrust faulting and strike slip, respectively. The majority of normal-faulting

recordings along the Apennines is due to the movement with respect to the African

plate, while the thrust faulting in the North East of Italy and the strike-slip all along

the peninsula are associated to the rotation of the plate.

The map on the right shows the recordings associated to the magnitude of the

events, and in particular the geographical location of sites that recorded the soil

motion after high-magnitude events. Among others, these events include the seismic

sequences of central Italy in 2016 and 2017, l'Aquila in 2009, and the less recent
2The author likes to think of the Adriatic plate as a �sh hook, which has the barb in Sicily, the

shank along the eastern border of the Apennines and the eye, wider, supporting Northern Italy.
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sequences of Umbria and Marche in 1997, Umbria in 1984, Irpinia in 1980 and

Friuli in 1976. Recordings of these earthquakes play the crucial role of populating

the portion of the dataset associated with critical hazard scenarios, namely ground

motions in the vicinity of the earthquake epicentre, i.e. at a distance from the source

lower than 30 km.

(a) Style-of-faulting (b) Magnitude

Figure 4.4: Geographical localization of the recordings of events along the Italian peninsula.
(a) Recordings are coloured according to the style-of-faulting, (b) Recordings are coloured
according to three classes of magnitudes: 1.M w < 4:5, 2. 4:5 � M w � 5:5, 3. M w > 5:5.

4.3 Work
ow: from raw data to regression

In this section, we outline a scheme that leads the raw data to the estimation of

the functional coe�cients of the regression. A generic FDA work
ow involves the

smoothing of the raw data and then the estimation of the regression coe�cients. The

line of this work is the same, but deeply reworked to �t the context of incomplete

records. In Chapter 3, we already detailed how smoothing and regression adapt into

a weighted functional framework. Here, we meticulously describe also the minor, yet

crucial, practical steps of the overall procedure, so as to provide a comprehensive

picture of it.

4.3.1 Extrapolation of incomplete records and weights construction

First, it is necessary to handle the presence of incomplete data in the dataset.

The idea is to reconstruct each incomplete record by a simple linear extrapolation
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