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1. Introduction
Dementia currently affects millions of people
globally, and cases are expected to increase sig-
nificantly by 2050 [10]. Accurate mathemat-
ical models are critical for understanding the
underlying neurodegenerative physical processes
[1, 5, 6]. One such process is brain tissue atrophy
induced by neuronal death, which requires accu-
rate representations of tissue mechanical prop-
erties to develop detailed simulations. This
work addresses two nonlinear hyperelastic brain
tissue models based on compressible Mooney-
Rivlin and Neo-Hookean formulations, and the
corresponding numerical discretizations. The
formulations are discretized using an interior
penalty discontinuous Galerkin (DG) finite el-
ement method (FEM) [2, 3]. Compared to stan-
dard continuous FEM, DG offers advantages
such as mitigation of the locking phenomenon,
robustness with respect to mesh distortion, and
support for locally defined polynomial degrees
[2]. We employ Newton-Raphson iterations to
solve the nonlinear system of equations arising
from the PDE discretization. Moreover, to han-
dle large displacements, we implement an incre-
mental Newton scheme, progressively applying

the loading on successive iterations. We test the
two proposed models by analyzing their conver-
gence rates and validating them with suitable
benchmark problems. Subsequently, using ma-
terial parameters previously fitted to data from
brain tissue experimental tests, we numerically
reproduce the corresponding solutions derived
from these experiments in order to verify the
accuracy of our numerical methods. Finally, we
demonstrate the models’ applicability to simu-
lations in realistic geometries, by modeling the
atrophy induced by tau protein misfolding, in-
volved in Alzheimer’s disease.

2. Mathematical model
In this section we present the Mooney-Rivlin
and Neo-Hookean material models. We consider
a reference domain Ω ⊂ Rd, with d = 2, 3 space
dimension. The Dirichlet and Neumann bound-
aries are defined, respectively, as ΓD and ΓN such
that ΓD ∪ΓN = ∂Ω, ΓD ∩ΓN = ∅. The deforma-
tion gradient F is given by F = I+∇u, where I
is the identity tensor and u is the displacement.
We introduce the notation J = detF for the
determinant. We define the left Cauchy–Green
deformation tensor as B = FF⊤. Moreover, f ,
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g, and t denote the external force, the Dirichlet
boundary condition, and the Neumann bound-
ary condition, respectively.

2.1. Mooney-Rivlin (M-R) and Neo-
Hookean (N-H) models

The hyperelastic problem reads:

−∇ ·Pi = f , in Ω,

u = g, on ΓD,

Pi n = t, on ΓN,

(1)

with i = {MR, NH}; where

PMR =+ µ1 F− µ1 F
−⊤ + µ2 Tr (B)F−

− µ2 BF+ λ log(J)F−⊤,
(2)

PNH =+ µ1 F− µ1 F
−⊤ + λ log(J)F−⊤. (3)

Here µ1, µ2 are the material coefficients, while λ is
the compressibility coefficient, all are assumed con-
stant. We notice how (3) is equivalent to (2) with
µ2 = 0. Therefore, we treat the N-H model as a
particular case of the M-R problem.

3. Numerical method
In this section, we introduce the DG formulation for
our problems as well as their linearizations.

3.1. DG formulation
First, we introduce the partition T of Ω made
by shape-regular triangles (d = 2) and tetrahe-
dra (d = 3). We define the discrete space as
V DG
h = [Pp(T )]d, where Pp(T ) denotes the dis-

continuous polynomial function space of degree
p ≥ 1 over each element e ∈ T . The union
of the interior and Dirichlet boundary faces is
defined as F = FI ∪ FD. Let us introduce the
average and tensorial jump operators [7] as {{·}},
[[·]], and the penalty coefficient η ∈ R+ defined
as η = max

e∈T
α (p+1)2

he
(µ1 + µ2 + dλ), with α ∈ R+

constant parameter, and he diameter of the element
e ∈ T . Then the DG discretization reads:

Find uh ∈ V DG
h such that∫

Ω

Pi : ∇vh dX −
∫
F
{{Pi}} : [[vh]] dS+

+ η

∫
F
[[uh]] : [[vh]] dS =

∫
Ω

f · vh dX+

+

∫
ΓN

t · vh dS + η

∫
FD

[[g]] : [[vh]] dS,

∀vh ∈ V DG
h ,

(4)

with i = {MR, NH}.

3.2. Newton’s method
We linearize the problem (4) through Newton’s
method, defined as follows:

Given uk
h ∈ V DG

h find uk+1
h ∈ V DG

h such that

ai(uk+1
h ,vh) + c(uk+1

h ,vh) = Gi(vh),

∀vh ∈ V DG
h ,

(5)

with i = {MR, NH}, k ≥ 0. The definitions of
ai(·, ·), c(·, ·), and Gi(·, ·) are reported in Ap-
pendix A. The above iteration is carried out un-
til a suitable stopping criterion is satisfied.

4. Numerical results
We carry out several numerical tests to evaluate
the performance of our discretization.

4.1. Cook’s membrane benchmark
We conduct a benchmark test to assess the
models’ performance using the two-dimensional
Cook’s membrane problem [8, 9]. This stan-
dard benchmark involves a trapezoidal mem-
brane subjected to a shear load, which induces
significant bending deformation. We qualita-
tively compare the two material formulations
against reference results. In Fig. 1 and in Fig. 2,
we present the M-R and N-H model results, re-
spectively. Both material models demonstrate
strong qualitative agreement with the bench-
mark solutions.

Figure 1: M-R model. Left: Results from the M-R
simulation; Right: Results from [9]

Figure 2: N-H model. Left: Results from the N-H
simulation; Right: Results from [8]

2



Executive summary Sebastiano Minelli

4.2. Brain tissue mechanical tests
In this section, we replicate the brain tissue tests
presented in [4], with parameters estimated from
experimental data. These tests consist of sim-
ple shear, compression, and tension experiments
conducted on cubic brain tissue samples. We
evaluate the average stresses on the upper cube
side and compare them with the results from [4].
Figs. 3, 6 and 9 show experimental data from
the three mechanical tests reported in [4]. The
shear and compression simulations using M-R
and N-H materials shown in Figs. 4, 5, 7 and 8
produce results that closely align with the ex-
perimental observations. In contrast, the M-R
tension simulation in Fig. 10 displays discrep-
ancies compared to the reference data. These
differences may depend on factors such as mesh
refinement or other numerical settings. On the
contrary, the N-H tension simulation, presented
in Fig. 11, shows strong agreement with the ex-
pected stress response.

Figure 3: Shear from [4]

Figure 4: Shear from the M-R simulation

Figure 5: Shear from the N-H simulation

Figure 6: Compression from [4]

Figure 7: Compression from the M-R simulation

Figure 8: Compression from the N-H simulation
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Figure 9: Tension from [4]

Figure 10: Tension from the M-R simulation

Figure 11: Tension from the N-H simulation

4.3. Brain atrophy test
We test the performance of the proposed
schemes in reproducing brain atrophy induced
by the diffusion of tau protein in patients
affected by Alzheimer’s disease. The simulation
relates brain tissue loss to the accumulation
of misfolded tau proteins, which compromise
cellular function and contribute to neuronal
death in various neurodegenerative diseases.
We associate the concentration of misfolded tau
protein c with the forcing term f located in the
amygdala region. Specifically, the force magni-
tude |f | is set proportional to the concentration.

The direction of f is defined to be opposite to
the surface normal, simulating atrophy through
the enforced compression.

The results of the M–R and N-H tests are shown
in Fig. 12 and Fig. 13, respectively. Deformation
is observed in brain regions where the concen-
tration of tau protein is higher, while regions
with low or negligible concentration show mini-
mal changes for both material models. The two
simulations produce similar outcomes, which is
consistent with the comparable parameter val-
ues assigned to each material model. The corre-
sponding results are presented below.

Figure 12: M-R model. Left: Healthy brain with cor-
responding tau concentration; Right: Brain volume af-
fected by atrophy

Figure 13: N-H model. Left: Healthy brain with cor-
responding tau concentration; Right: Brain volume af-
fected by atrophy

5. Conclusions
In this work, we present two numerical models
to characterize the mechanical behavior of brain
tissue. The models are discretized using a dis-
continuous Galerkin formulation, leveraging the
method’s versatility and reliability within the
hyperelasticity framework. We adopt a New-
ton iterative scheme to linearize the problems
and effectively handle large displacements and
loads. We assess the reliability of our models
through 2D and 3D convergence tests, verifying
that the errors in the energy and L2 norms re-
duce as expected. Additionally, we implement
a benchmark to verify that our methods accu-
rately capture the physical behavior in a hyper-
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elastic context. Subsequently, we simulate me-
chanical tests on brain tissue and compare the
numerical results with expected outcomes, con-
firming the validity of our approach. Overall,
both models effectively reproduce the mechani-
cal properties across almost all tests, with only
minor exceptions. Finally, we perform a proof-
of-concept atrophy test that relates the concen-
tration of misfolded tau protein, a mechanism
implicated in patients affected by Alzheimer’s
disease, to the forcing term applied to the mate-
rial. This demonstrates the models’ applicabil-
ity to brain mechanics, where they may be incor-
porated in mathematical models of neurodegen-
erative processes. Future work may focus on de-
veloping more advanced DG hyperelastic models
tailored specifically for brain tissue, aiming to
improve simulation accuracy. Furthermore, the
stability and convergence of the proposed lin-
earized models remain to be formally analyzed.
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A. Appendix: Newton’s iteration
The terms of (5) with i = MR are defined as follows:

aMR(uk+1
h ,vh) := +

∫
Ω
µ1∇uk+1

h : ∇vh dX −
∫
F
{{µ1∇uk+1

h }} : [[vh]] dS+

+

∫
Ω
(µ1 − λ log(J))(F−1∇uk+1

h )⊤ : F−1∇vh dX−

−
∫
F
{{(µ1 − λ log(J))F−⊤∇(uk+1

h )⊤F−⊤}} : [[vh]] dS+

+ 2

∫
Ω
µ2(F : ∇uk+1

h )(F : ∇vh) dX − 2

∫
F
{{µ2(F : ∇uk+1

h )F}} : [[vh]] dS+

+

∫
Ω
µ2(F : F)(∇uk+1

h : ∇vh) dX −
∫
F
{{µ2(F : F)∇uk+1

h }} : [[vh]] dS−

−
∫
Ω
µ2∇uk+1

h F⊤ : ∇vhF
⊤ dX +

∫
F
{{µ2∇uk+1

h F⊤F}} : [[vh]] dS−

−
∫
Ω
µ2(F

⊤∇uk+1
h )⊤ : F⊤∇vh dX +

∫
F
{{µ2F(∇uk+1

h )⊤F}} : [[vh]] dS−

−
∫
Ω
µ2F

⊤∇uk+1
h : F⊤∇vh dX +

∫
F
{{µ2FF⊤∇uk+1

h }} : [[vh]] dS+

+

∫
Ω
λ(F−⊤ : ∇uk+1

h )(F−⊤ : ∇vh) dX −
∫
F
{{λ(F−⊤ : ∇uk+1

h )F−⊤}} : [[vh]] dS,

c(uk+1
h ,vh) := + η

∫
F
[[uk+1

h ]] : [[vh]] dS,

GMR(vh) := +

∫
Ω
f · vh dX +

∫
ΓN

t · vh dS + η

∫
FD

[[g]] : [[vh]] dS−

−
∫
Ω
µ1∇ · vh dX +

∫
F
{{µ1I}} : [[vh]] dS+

+

∫
Ω
(µ1 − λ log(J))F−⊤ : ∇vh dX −

∫
F
{{(µ1 − λ log(J))F−⊤}} : [[vh]] dS+

+

∫
Ω
(µ1 − λ log(J))(F−1∇uk

h)
⊤ : F−1∇vh dX−

−
∫
F
{{(µ1 − λ log(J))F−⊤∇(uk

h)
⊤F−⊤}} : [[vh]] dS+

+

∫
Ω
µ2(F : ∇uk

h)(F : ∇vh) dX −
∫
F
{{µ2(F : ∇uk

h)F}} : [[vh]] dS+

+

∫
Ω
µ2(F : F)(∇uk

h : ∇vh) dX −
∫
F
{{µ2(F : F)∇uk

h}} : [[vh]] dS+

−
∫
Ω
µ2(F : I)(F : ∇vh) dX +

∫
F
{{µ2(F : I)F}} : [[vh]] dS−

−
∫
Ω
µ2∇uk

hF
⊤ : ∇vhF

⊤ dX +

∫
F
{{µ2∇uk

hF
⊤F}} : [[vh]] dS−

−
∫
Ω
µ2(F

⊤∇uk
h)

⊤ : F⊤∇vh dX +

∫
F
{{µ2F(∇uk

h)
⊤F}} : [[vh]] dS+

+

∫
Ω
µ2FF⊤ : ∇vh dX −

∫
F
{{µ2FF⊤}} : [[vh]] dS+

+

∫
Ω
λ(F−⊤ : ∇uk

h)(F
−⊤ : ∇vh) dX −

∫
F
{{λ(F−⊤ : ∇uk

h)F
−⊤}} : [[vh]] dS.

Setting µ2 = 0 provides the Neo-Hookean material model formulation.
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