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Abstract

Structure-from-Motion (SfM) is the problem of recovering the 3D structure of a scene
from n images of the same scene taken at different viewpoints. The 3D structure can
be recovered by estimating the position of the cameras from which images were taken
(camera pose) as well as depth measurements at each pixel of the images (depth map). SftM
pipelines are useful in many applications spanning from autonomous driving to augmented
reality.

The number n of images used to infer a single depth map is crucial to reduce noise in the
depth estimates and better handle occlusions. Neural networks have been used throughout
the SfM pipeline to improve performance and robustenss. However, in the general case
of n images neural networks typically do not take advantage of well known 3D geometric
constraints. All the solutions proposed to alleviate this are limited to the base case of
n = 2 views.

In this work we propose an SfM pipeline for the general n-view case which efficiently
couples neural networks with the use of 3D geometric constraints. The pipeline leverages
the Trifocal tensor and presents a novel pose chaining algorithm to expand camera pose
estimation to the general case of n images. We also provide a comparison between different
Trifocal tensor estimation algorithms together with their implementation.

We empirically show that our pipeline outperforms previous state-of-the-art SfM pipelines

on the KITTT dataset while displaying promising results on ETH3D.

Parole chiave: depth estimation, trifocal tensor, pose estimation, plane sweep
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Sommario

Structure-from-Motion (SfM) ¢ il problema che consiste nello stimare la struttura tridi-
mensionale di una scena a partire da n immagini della stessa, scattate da diversi punti
di vista. La struttura 3D puod essere recuperata stimando la posizione delle fotocamere
da cui sono state scattate le immagini (posa della camera) e stimando la profondita per
ogni pixel (mappa di profonditad). Gli algoritmi di SfM sono utili in molte applicazioni
che spaziano dalla guida autonoma alla realta aumentata.

Il numero n di immagini usate per ricavare una singola mappa di profondita ¢ un parametro
cruciale che permette di ridurre il rumore nelle stime di profondita e di gestire meglio le
occlusioni. Le reti neurali sono state utilizzate in tutte le fasi degli algoritmi SfM per
migliorarne prestazioni e robustezza. Tuttavia, nel caso generale di n immagini le reti
neurali spesso fanno un uso limitato o inefficiente di noti vincoli geometrici tridimension-
ali. Tutte le soluzioni proposte per alleviare questi svantaggi sono limitate al caso base di
n = 2 immagini.

In questo lavoro proponiamo un algoritmo SfM ad n immagini che accoppia in modo
efficiente le reti neurali con 1'uso di vincoli geometrici 3D. La nostra proposta sfrutta il
tensore Trifocale e inlcude un nuovo algoritmo di concatenamento della posa per espan-
dere la stima della posa delle camere al caso generale di n immagini. Oltre a cio, forniamo
anche un confronto tra diversi algoritmi di stima del tensore Trifocale insieme alla loro
implementazione.

Infine, mostriamo empiricamente che il nostro algoritmo proposto supera i precedenti al-
goritmi stato dell’arte di SfM sul dataset KITTI e ottiene risultati promettenti su quello
di ETH3D.

Parole chiave: stima della profondita, tensore trifocale, stima della posa, plane sweep
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1 ‘ Introduction

In this work we address the problem of Structure-from-Motion $fM), a fundamental
task in Computer Vision. The problem of SfM consists in recovering the 3D structure of

a scene starting fromn images taken from di erent viewpoints but with some degree of
overlap in their content. The 3D structure of a scene can be represented in many di erent
ways, for example as a point cloud expressed in the reference frame of a camera. In this
work we focus on retrieving the position of the cameras from which images were taken
(camera posg as well as depth measurements at each pixel of the imageeth map3.
This is su cient to recover a point cloud by merging the depth and pose estimates from
the di erent views. Figure 1.1 shows an example of depth map obtained from an urban
scene.

SfM algorithms are extremely useful in many applications spanning from autonomous
driving to augmented reality, where they are mainly used to recover the depth of objects
and obstacles or as basis for other tasks such as scene understanding, localization and
path planning. In robotics, depth estimation is essential for obstacle avoidance, grasping,
and navigation. Compared to other technologies, depth estimation based on imaging has
several advantages. It can be applied to a wide range of scenarios, including indoor and
outdoor environments, and works with passive sensors such as cameras, which are widely
available and inexpensive. Notably, depth can be estimated at a ne scale, down to the
level of individual pixels or sub-pixel accuracy, and depth information can be integrated
with other computer vision tasks such as object detection, segmentation, and tracking. On
the other hand, depth estimation algorithms are typically sensitive to lighting conditions,
texture, and occlusions, which can a ect the accuracy of the depth maps.

Figure 1.1: An urban scene and the corresponding estimated depth map.
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Previously, SfM pipelines only relied on handcrafted tools such as point and feature match

search over di erent images. With the advent of deep learning, neural networks have been

employed throughout the pipeline. Both supervised and unsupervised learning approaches
have been devised to tackle the depth estimation task. In the present work, we focus

exclusively on the supervised learning approaches. Here, the neural networks are trained
on large-scale datasets of RGB-D images, where the ground-truth depth maps are obtained
from depth sensors such as LIiDAR, structured light, or time-of- ight cameras.

An important parameter that determines the quality of the 3D reconstruction is the num-
ber n of images (orviews) used to produce a single depth map. The objective is to
produce a depth map for a speci geferenceimage using information from the neighbour-
ing target images. Hence, all pipelines leverage at least= 2 images, where the base
case consists of using a single target image together with the reference image. Generally,
a higher number of image® provides better results as the e ect of occlusions and noisy
estimates tends to decrease. The typical SfM pipeline proceeds in two main stage$: (
recover camera posei() use the estimated camera pose to compute depth maps. In this
work, we focus on improving the camera pose estimates. Indeed, the majority of deep
learning SfM pipelines directly regress the camera pose, providing the images as input to
a neural network. Such pipelines have two main limitations:i} they do not exploit the
relationships and constraints of 3D geometry, over-relying on neural networks anil)(
they estimate the real scale of the scene, which is an ill-posed problem as it cannot be re-
covered from any number of images, unless speci ¢ information is provided. Overall, this
leads to unreliable and biased camera pose estimates, which can limit the performance
of the pipeline. Some pipelines try to alleviate this by re ning the camera poses through
additional computation in the form of repeated iterations of pose estimation, which is
very expensive. A recent proposal tries to fully leverage the 3D constraints and couple
it with the use of neural networks. However, the proposed pipeline is limited to the case
n =2 views. The present work aims to expand this approach to the genemaview case.

1.1. Contributions

In the present work we make the following contributions:

(i) we propose an SfM pipeline which uses the Trifocal tensor to expand the camera
pose estimation to the generah-view case. The pipeline couples the use of neural
networks with the 3D geometrical constraints.

(i) we release a Python library [10] containing several algorithms to estimate the Tri-
focal tensor, a mathematical object which we use to recover camera pose estimates
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over 3 views.

We perform di erent experiments on widely used datasets such as ETH3D [13] and KITTI

Depth [2], comparing the proposed solution with existing work on the depth estimation
task. The experiments show that our method improves over state-of-the-art pipelines
on the KITTI Depth dataset by around 18% to 47% depending on the metric, while it

displays promising results on ETH3D.

1.2. Structure

The structure of our work is organized as follows. In Chapter 2 we provide the fundamen-
tal theory from the domains of computer vision and projective geometry which we use
throughout the rest of our work. Expert readers in such domains can skip the chapter.
In Chapter 3 we formalize the problem statement, while Chapter 4 provides an overview
of recent work produced to tackle the SfM problem, with particular focus on algorithms
that leverage deep learning and neural networks. Chapter 5 details our proposed solution
which we test extensively in chapter 6. Finally, Chapter 7 summarises our ndings and
achievements, proposing future improvements.






2 ‘ Domain Background

In the following, we illustrate the fundamental elements of the classic Computer Vision
pipeline used to solve the SfM problem. In particular, we start from illustrating the basic
building blocks of projective geometry, such as the Camera Matrix, triangulation routines
and useful algorithms. Following, we explore the epipolar geometry, that is the geometry
induced by 2-views. This is very useful to understand concepts in a simpler setting with
respect to the 3-views setting. The theoretical results obtained in this section are then
extended to account for 3-views, which are at the core of our method. We present both the
theoretical results both the computational algorithms used to estimate the mathematical
objects we are dealing with. Most of the fundamental techniques mentioned are embedded
in recent neural network based techniques. For example, we will build our algorithm
around the estimation of the Trifocal tensor, which is explored in section 2.4.

2.1. Camera matrix

The camera matrixP is a 3x4 matrix that maps the 3D world points to their corresponding

2D image points. That is, given a 3D point in space visible to a camera, it is possible to
nd the exact 2D coordinates of the projection of the 3D point on the image plane, which

Is the plane on which the 3D world is projected to obtain an image. Both the 3D point and
2D point are expressed in homogeneous coordinates that can be subsequently transformed
in Euclidean coordinates. The 3D point is commonly referred to a&, while it's projection

is x. The camera matrix thus encodes the projective relationshif®X = x. The camera
matrix can be decomposed in two matrices? = K[Rjt]. The intrinsic matrix K contains

the internal parameters of the camera, such as the focal length, the principal point, and
the skew coe cient. The extrinsic matrix [Rjt] contains the external parameters of the
camera, such as the rotation and translation of the camera with respect to the world
coordinate system. The camera matrix decomposition is very useful as it illustrates the
conceptual di erence between intrinsics and extrinsics. Indeed, the intrinsic parameters of
the camera matrix are the properties that are speci ¢ to the camera and remain constant
regardless of the scene being captured. Such parameters determine for example the size of
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the image that the camera can capture. On the other hand, the extrinsic parameters of the
camera matrix are the properties that describe the position and orientation of the camera
with respect to the world coordinate system. These parameters include the rotation and
translation of the camera. Rotation and translation can be expressed respectively through
a3 3rotation matrix R and a3 1 translation vector t. Together, they represent the
camera pose with a total of 6 degrees of freedom. In particular, it is useful to note that the
extrinsic parameters describe the transformation that maps world coordinates to camera
coordinates, rather than the opposite. This means that the translation vector represents
the world center in camera coordinates, rather than the position of the camera in world
coordinates, while the columns oR represent the directions of the world-axes in camera
coordinates.

Remark 2.1.1 (Pose chaining) Pose estimation is a central part of the SfM algorithms.
As we will deal with multiple views, a common operation will be to chain relative poses.
Let C,; Cy; Cc be 3 cameras. LefRapjt ap] and [Rpgtne] be the extrinsic matrices containing
the pose ofC, with respect to C, and of C. with respect to C,. This can be viewed as
the extrinsic camera matrix ofC, in the world frame of C, and C, in the world frame of
C. respectively. We are interested ifiR4jt 2], Which is the pose ofC. with respect to C,.
Then, it can be derived that

Rac = RucRap

tac = tap+ Raptnc

Sometimes, it could also be useful to invert a relative pogRapjt ap] from [Rpajtpa]. This
can be accomplished as:
Ran =R Ea

tan = R;at ba

2.2. Triangulation

A frequent operation in 3D reconstruction algorithms is to triangulate the 3D position of
a point given it's 2D position in M cameras. The problem foM =2 can be formulated
as:

Find X such thatx = P X and x°= P %

wherex and x°are two matching points whileP and P° are two camera matrices.
Of course, if both the camera matrices and the 2D points are measured exactly, it is su -
cient to intersect the back-projected rays. In the case in which the point correspondences



2| Domain Background 7

are not exact however, the rays will not intersect. This can be equivalently formulated as
noting that the corresponding points do not satisfy the Fundamental matrix constraint.

In the following, we detail a simple linear estimate of the 3D point.

From x = P X we can equivalently obtainx (PX) = 0. By expanding the cross prod-
uct we obtain 3 homogeneous equations, of which only 2 are linearly independent. Such
equations can be arranged in the system:

AX =0

where A is of shape2 4 as 2 equations are used and the 3D point is a homogeneous
quantity. Since the system is homogeneous, one possible solution is to factoAswith
SVD as A = UDV . Then, the last column ofV is the eigenvector associated to the
smallest eigenvalue ofA, which must be 0. Indeed,A must have rank 3 asX is a
homogeneous quantity. Such eigenvector is a solution of the system and provides the
homogeneous coordinates of the 3D point.

2.3. Epipolar Geometry

Epipolar geometry is the term used to describe the relationships between 3D points in
space and 2D points in the images. The epipolar geometry of a scene can be characterized
through point matches, also called point correspondences. Suppose there exists a 3D point
X imaged in two di erent views. Given that X is pictured in point x in the rst view,
where is the corresponding poink®located in the second view? What is the relationship
between these two points? It turns out that such geometry can be fully encoded and
described by a matrixF called the Fundamental matrix. Before analysing its properties,
we lay out some important terms and de nitions.

De nition 2.3.1. Let C and C°be two camera centres, we de ne:

Camera Plane : the plane on which the 3D points are projected to obtain an image
Baseline : the line connecting camera centre€ and C°

Epipole : the intersection between the baseline and one of the camera planes. It
represents the projection of the camera center of one image in the other image

Epipolar plane : any plane which contains the baseline

Epipolar line : the intersection between an epipolar plane and a camera plane.
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Figure 2.1: The epipolar plane and induced epipolar lines. Adapted from [3]

2.3.1. Fundamental matrix

As seen in the previous section, given a point in the rst view, we are interested in
nding the coordinates of the corresponding pointx? in the second view. It turns out
that such point in the rst view is located on an epipolar line of the other view. This

Is a strong constraint which can be exploited when searching for correspondences. The
Fundamental matrix is a convenient way to encode such epipolar geometry.

De nition 2.3.2 (Fundamental matrix). Given 2 images with non coincident camera
centres, there exists a unique 3x3 rank 2 homogeneous matfixsuch that:

xPFx =0 (2.1)

for any corresponding points< and x°.
There are a few important properties that characterize all fundamental matrices.

Property 2.3.1. Let F be a Fundamental matrix. Letx be a point in the rst view and
x%a point in the second view. Then,

" F displays seven degrees of freedom

Given point x, the corresponding epipolar line i$°= F x
Given x° the corresponding epipolar line i$ = F > x°
Fe= 0 and F>e°= 0 wheree and €° are the 2 epipoles

For two general camera matrice® and P° F =[e] P%*, whereP"* is the pseudo-
inverse ofP, and e°= P «C, whereC is the camera centre of the rst view

" For two canonical camera®® = [l jOJand P°=[M jm], F=[e] M=M T[e] ,
wheree?= mande=M m
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Note that a homogeneous 3x3 matrix has 8 degrees of freedom, as one is lost due to the
homogeneous coordinates. On top of this, the remaining degree of freedom is reduced
since the Fundamental matrix also satis es the following constraint:

det(F) = 0 (2.2)

Such constraint will be enforced to obtain a valid estimate of the Fundamental matrix in
the following sections.

An interesting remark is that F depends on projective properties of the camera matrices
P and P% In contrast, the Fundamental matrix is unchanged when changing the world
frames. More in generalF is invariant with respect to projective transformations. LetH

be a homography. ComputingF between(P; P9 and (PH;P™H) yields the same result.
For this reason, given a Fundamental matrix from which we want to extract the camera
matrices, it makes sense to assume the rst view to simply bgt j 0]. Indeed, we have
seen that given two canonical camera matrices, we can recover a Fundamental matrix.
At the same time however, we can recover a couple of canonical camera matrices from a
Fundamental matrix.

Property 2.3.2. Given a Fundamental matrix F, a couple of corresponding camera ma-
trices can be set as:
P=[ljo]and P°=[[e9 FjeT;

wheree®is such that F> e®= 0.

2.3.2. [Essential matrix

There is another important matrix capable of encoding scene geometry. In particular, in
the case of known intrinsic camera parameters, one can de ne the Essential mateix

De nition 2.3.3  (Essential matrix). The point-point correspondence is very similar to
the de nition 2.3.2 of F:

RER =0 (2.3)
where® and R° are two corresponding points imormalized coordinates

It is possible to obtain the normalized coordinates from a point in homogeneous coordi-
nates as:
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=K x (2.4)

That is, the Essential matrix describes the geometry induced by Bormalized camera
matrices P = [ jO] and P° = [Rjt]. Following the properties of the Fundamental matrix
expressed in Property 2.3.1E can be expressed as:

E=[t9 R (2.5)

Remark 2.3.1. An interesting remark that can be deduced from this equation is thaE

has 5 degrees of freedom. Indeed, the rotation matrRR and the translationt have both

3 degrees of freedom. There is however a scale ambiguity as the Essential matrix is an
homogeneous quantity exactly as the Fundamental matrix. Hence, the overall degrees of
freedom is reduced by 1.

From the previous point-point correspondence equations, one can deduce that the rela-
tionship betweenE and F is:
E =K®”FK

Remark 2.3.2. It is important to notice that given the Essential matrix E, it is not
possible to recover the scale of translatioh, but rather it can be estimated only up to
scale. There are two di erent ways to think about this fact. The rst is simply to notice
that the Essential matrix is a homogeneous quantity, hence up to scale. For this reason,
extracting the value oft from equation 2.5 leads to an up to scale value. Another way
to view this fact is instead to de ne the Essential matrix, including scale, with equation
2.5 and determiningE up to scale from equation 2.3. Indeed, this last equation does not
iImpose any scale restriction ofe. In general, the translation vector is simply normalized
to have ktk = 1. Of course, the same holds for the Fundamental matrix too.

2.3.3. Linear Estimation

In the following sections we detail the main methods and algorithms used to estimate the
Fundamental matrix. As will be seen further on, they are extremely useful and can be
adapted to estimate other objects too, such as the Trifocal tensor. While we focus on the
Fundamental matrix, the same algorithms also apply to the Essential matrix. The Linear
estimation methods arises from the de nition of the Fundamental matrix, in particular
from equation 2.1. Given the 2D point correspondence$ x°expressed in homogeneous
coordinates agx;y; 1) and (x%y®% 1), the equationx®*Fx = 0 can be expanded as:
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XX 11+ XYF o+ XF g+ YKo+ Yoo+ yF o3+ Xfar + yfg + f33=0

By collecting in a 9 dimensional vectof the entries ofF and considering the general case
of n points, we obtain the following linear system:
2 3
xPxe xPyr X2 yXi Yy ¥R xa oyi 1
A= b e S

0 0 0 0 0 0
Xan Xnyn Xn yan ynyn yn Xn yn 1

As the linear system is homogeneous, the solutidncan be found only up to scale. In
particular, if the rank of A is exactly 8, the solution is unique (up to scale). However, if
there is noise in the measurement#, could end up having rank 9 and being inconsistent.
In that case, one must resort to the least squares estimation and SVD decomposition of
A.

Remark 2.3.3. As seen in equation 2.2, the Fundamental matrix must have a null de-
terminant, which is equivalent to not having a full rank. The previous estimates obtained
from f however do not impose this constraint in any way, meaning that the estimated
Fundamental matrix in general will not be valid. This would be an issue as such a matrix
would have misbehaving epipolar lines, that is epipolar lines in the same camera plane
which do not intersect in the same epipole.

To solve this issue and obtain a valid Fundamental matrix, there are 2 main methods.
The rst option is to estimate the Fundamental matrix without imposing any constraint
on the determinant, for example with the previous linear estimates. Then, compute a
new F°= U diag(r;s; 0)V> obtained by SVD decomposition of the original Fundamental
matrix as F = Udiag(r;s;t)V”>. The new matrix F° is the nearest singular matrix in
Frobenius norm toF.

Alternatively, one can directly parametrizeF with a 3x3 singular matrix. For example,
one can choose

F=[t] M (2.6)

which is a singular matrix sincet] is singular. This parametrization requires a total of 12
parameters, 9 coming fromrM and 3 fromt. While this provides an over-parametrization
sinceF only has 7 degrees of freedom, in general it is not a problem.

Remark 2.3.4. To improve the numerical performance of the linear algorithm, it is
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generally considered a good practice to normalize the data, in this case the point corre-
spondences. Here, we refer to an actual translation and scaling of the coordinates, rather
than the normalization concept refered to when talking about the Essential matrix and
the intrinsic parameters. Generally, the normaliaztion is carried out in order to obtain
the centre of the points in the origin and a root mean square distance gfﬁ. Notice
that since the 2D point correspondences are homogeneous quantities, it is possible to
express both the translation and the scaling with a single 3x3 matriX. Hence, the point
correspondences used as input to the linear algorithm will b&; = T x; and 2°=T x°.

2.3.4. Gold Standard

The Gold Standard algorithm is one of the best options to estimate the Fundamental
matrix. In the case of Gaussian noise perturbation of the point correspondences, this
method returns the Maximum Likelihood Estimation of the Fundamental matrix. The
main di erence with respect to the previous methods is in both the minimization target
and the quantities parametrized. Indeed, in this case there will be 12 parameters for the
direct singular parametrization of F as shown in equation 2.6 and also the 3D points
will be parametrized, yielding other3n parameters as the last homogeneous coordinate is
set to 1. The distance to be minimized in this case coincides with the reprojection error,
which can be de ned as:

X
D= d(xi;%)*+ d(x%29? (2.7)
i
with x; $ x? the measured correspondences, arfd and ®? are estimated "true" cor-
respondences that satisfiR®>FR; = 0 exactly for some rank-2 matrixF, the estimated
Fundamental matrix.
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Algorithm 2.1 Gold Standard estimation ofF
1: N: total number of iterations
2: n: total number of point correspondances available
3: Collectx; $ xPfori=1;::;;n, withn 8
4: Compute an initial estimate £ with the normalized linear method from section 2.3.3
5. if det(F) 6 Othen
6: Correct £ by SVD decomposition
7
8
9

- end if
. Extract the epipole e° from F, using F®e®= 0.
. Recover the camera matrices associated fothrough: P =[1j0] and P°=[[e] F | €9

10: Triangulate the 2D point correspondences; $ x? using P;P° and obtain an initial
estimate of the 3D pointsX ;

11: for i in 1 :N_do

12:  Minimize ., d x;;PX; 4 d x% PR O * over F and fXigl, using Levenberg-

Marquardt
13:  Update the camera matrixP° from the new values off
14: end for

Notice that by parametrizing the 3D pointsf)@ig{‘zl and projecting them tof gL, with
camera matrices obtained fronF, we are sure that the conditionx®Fg = 0 is always
valid.

2.4. Trifocal tensor

In the previous sections we introduced the main tools and concepts to deal with 2-view
geometry. In the following section, we focus on th@rifocal Tensor T, which can be
thought of as a generalization to the Fundamental matrix. As such, it expresses the
relationship between lines and points in 3 di erent views.

2.4.1. De nition and properties

We will mainly characterize the Trifocal tensor based on the point-point-point relation-
ships as they turn out to be the most useful in our applicationT is a collection of three
3 3 matricesfT;g’,; accounting for a total of 27 elements. Thé T;g, are such that
T =[T 1; T,; T3] Excluding the overall scale, or considering the tensor in homogeneous co-
ordinates, we actually have 26 independent parameters. Still, it turns out thak displays
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only 18 degrees of freedom. As a result, there must B6 18 = 8 algebraic constraints
that the tensor ful lls.

De nition 2.4.1. Let us setP; =[10], P, =[Ajas] and P3 = [Bjb,4] to be three canoni-
cal camera matrices. Then:

Ti = ab; bsa’ (2.8)
wherea, and b; are the columns ofA and B.

Equation 2.8 is very important as it characterizes the tensor based on 3 canonical camera
matrices. This relationship is used in several algorithms to estimate.

We now introduce the correspondence equations over three views. They can be viewed as
the extension of the equations 2.3 for the Fundamental matrix.

Property 2.4.1. Let x;x%x%be 3 point matching points in the rst, second and third
view, while I;1%1%are 3 corresponding lines in the same views. The correspondences in-
duced by the Trifocal tensor can be summarised as:

" Line-line-line correspondence

1% [Ty; To; T5]1%= 17 for a correspondencé$ 196 [

" Point-line-line correspondence

I
« !
|0 xi T; 1°99=0 for a correspondenca $ 1°% 1%

Point-line-point correspondence
|

1% xi T; [x°] = 0” for a correspondenca $ 1°% x°

" Point-point-line correspondence

|
x .
[x9 xi T; 1%°= 0 for a correspondence $ x°$ [
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" Point-point-point correspondence
!

X
[x xi Ti X% =0;3 (2.9)

wherex; represents thei™ coordinate ofx.

Given the point-line-line correspondence, we can now derive an important property of
epipoles.

Property 2.4.2. Let X be a point in 3D space and®its epipolar line in the 2"¢ image.
Then:

X
|O> Xj Ti =0
i
. P . . o .
meaning that the left null vector of . x; T; is the epipolar line in the2" image.
The same can be obtained for the epipole in th&“ image:
!
X
Xj Ti |00= 0
i

That is, the epiolar line |%is the right null vector of T.

As in the case of the Fundamental matrix;T also encodes information on the homographies
between di erent views. For example, it is possible to determine the homography
between thelst and the 3" images by using a line in the2" image. Let|®be a line in
the 24 image. Then:

H =[hy;hy; hs], whereh; =T 1°

Remark 2.4.1. Some useful properties of th& include:
" Tihasrank 28i=1;:::3
199= €% b; is the right null-vector of T;
" Epipolar lines|%for i = 1;2; 3 intersect in the epipolee®

" 19= & g is the left null-vector of T;
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" Epipolar lines|? for i = 1;2; 3 intersect in the epipolee®

Property 2.4.3. A useful property of the Trifocal tensor is that we can recover the
fundamental matrices between di erent views by leveraging previous relationships. The
epipolar line corresponding to pointk can be computed by projecting to the other view
and linked the projected point to the epipole. Letx be in the rst view. We showed
that we can recover the homography between view 1 and 2 by computifity; T,; T3]1%
Applied to x, it transfers the point from view 1 to view 2. So|°=[e9 ([T1; To; T3] x.
By choosingl®= e°we obtain:

Far=[€9 [Ty Ty Tale®
Similarly,

Far =[€% [Ty Ta Tsl€°

Property 2.4.4. To recover camera matrices froniT, we can resort to the previous
computations of the fundamental matrices. As the geometry is de ned up to a projective
ambiguity, we can de neP; = [l j0]. Giver our knowledge ofF,;, we can derive that:

PO=[[T 1; T2 T3]e%e]

which implies that the couplefP; P% have Fundamental matrix F»;. While one could
expect to de ne:
P%=[[T1; T2 Tslefe’

it turns out that the triplet fP; P% P°) would be inconsistent. Rather, the correct de ni-
tion of the third camera matrix is:

PO=[ e%8%%> | [Ty; Ty Tale%e®

Given that it is possible to computeT from the camera matrices, and also to compute
the camera matrices givenr, the Trifocal tensor fully captures the 3D geometry in the
3-view setting. As usual, this holds up to a projective equivalence.
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2.4.2. Estimation algorithms

In the following sections we explore the several algorithms available to compute a numer-
ical estimate of T. One key ingredient in the numerical estimate is to remember that the
Trifocal tensor must be a valid one. As such, it must satisfy the condition expressed in
Equation 2.8. If there exist 3 camera matrices associated Tothat satisfy this expression,
the Trifocal tensor is said to be "geometrically valid". Failing to satisfy these constraints
implies that the induced geometry might not be consistent. For example, the nal posi-
tion of a point transferred from one view to another will depend on which relationship is
used, rather than being unique.

Section 2.4.3 details the linear estimation of . While this can be a helpful initialization
for more advanced numerical schemes, it doesn't always provide a good estimate if used
by itself. For this reason, section 2.4.4 introduces the Gold Standard algorithm based on
minimization of reprojection error. Section 2.4.5 provides an overview of the relationship
betweenT and F. All the algorithms can be implemented in couple with the RANSAC
algorithm described in section 2.6 to obtain more robust estimates.

2.4.3. Linear estimation

The linear estimate ofT is obtained by setting up a linear system and trying to satisfy the
point-point-point relationship. For each pointX, the relationship 2.9 implies 9 constraints,
that is 9 linear equations. Actually, of those 9, only 4 are linearly independent. Given
that T has 26 degrees of freedom, at least 7 points are needed to estimate it fully. As for
the Fundamental matrix, normalizing the input data is of great help to obtain a better
conditioned numerical problem. By expanding 2.9 and rearranging the terms, one can
obtain a linear system of the shapéx = 0. As soon as there are more than 7 points
however, the system can only be solved by performing a least squares approximation due
to the error on the measurements of corresponding points. As such, the linear estimation
method will, in general, yield a non valid tensor.

2.4.4. Gold Standard

The Gold Standard algorithm proceeds by minimizing the reprojection error. To make
sure that the computed Trifocal tensor is valid, the algorithm directly parametrizes the

3 projection matrices. By choosing?; = [Ij0], one can simply parametrizeP, and Pxs.

As they are both3 4 matrices, the total parameters are 24. While this means that the
Trifocal tensor is overparametrized, indeed only 18 parameters are needed, this is not a
problem in the optimization procedure. In the 3-view setting, the reprojection error can
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be expressed as:

D= X d(xi;®)2+ d(x%29)% + d (x22%°
|

where x; x% x%are matched points and®;,&?; 2%°the estimated points in the 3 views. In
the Gold Standard algorithm, the optimization is carried out not only with respect to
the camera matrices, but also with respect to a set of 3D points. Once the 3D points are
projected to the 2D points in the 3-views, the reprojection error is minimized iteratively.
As such, one can compute a set of point correspondenégés $ 2°$ 2%, which exactly
satisfy the trilinear relations of the estimated tensor in 2.9. Overall, the minimization is
carried out over a total of 3n + 24 variables: 3n for the n 3D points ki, and 24 for the
elements of the camera matriceB% P%

Algorithm 2.2 Gold Standard estimation of T
1: N: total number of iterations

2: n: total number of point correspondances available

3: Collectx; $ x2$ x%fori=1;:5n, withn 7

4: Compute a valid initialization of T through a linear estimate

5. Compute the camera matrice$, P®from T using 2.8.

6: Triangulate fX g, from the correspondences; $ x°$ x%using camera matrices
P =1l j0J;P%P®

7. for iin1:N do

8:  Minimize P d x;;PX; g d x%pP%; ‘4 d x%PoR, ’ over P% P%and f X' g,

using Levenberg-Marquardt
9: end for

2.45. Trifocal tensor from Fundamental matrix

Rather than directly estimating the Trifocal tensor from the trilinear constraints, one
could prefer to estimate it from Fundamental matrices. That is, giverFi, and Fi3, we
are interested in recovering a valid Trifocal tensor. Of course, one can extract the two
couplesRi,;t1, and Ry3;t13, however both the translation vectors have unknown scale,
hence it is necessary to nd a relative scale between the two. To start, one is free to set
jit12)) = 1, thanks to the 3D reconstruction being up to a projective transformation. At
this point, one has to determine the scale of t,3, relative to t,,. Fortunately, [7] shows
that it is possible to recover this relative scale by solving a minimization problem which
has a closed form solution. To do this, one has to triangulate the 2D points and x? in
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order to recover the 3D pointsf X;g\., . Then, minimization of algebraic error is carried

out:
XN 2
arg n;iRn X3:n Ks Ry X+

n=1

ta1
kt 31k

In case one has a very accurate algorithm to compute the Fundamental matrices, this is
a great way to leverage it for the 3-view case.

2.5. Sampson Error

Most of the estimation algorithms we introduce require to minimize some error. The
common choices are to minimize either the reprojection error or the algebraic error. The
reprojection error generally requires a more complex minimization process. For exam-
ple, the Gold Standard estimates of the Fundamental matrix and Trifocal tensor, which
minimize the reprojection error, not only require to parametrizé¢= or T, but also the 3D
points X;. This is in contrast with the algebraic error, which has a simpler formulation.
The Sampson error is an attempt to strike a balance between the two aforementioned ap-
proaches. Indeed, it attempts to linearize the reprojection error in the neighbourhood of
the point. The Fundamental matrix and Trifocal tensor implicitly de ne a variety through

a linear system of shapé&x = 0, whereA depends on the point correspondences. Hence,
any point matches which are consistent with- or T satisfy the linear system. In the case
of the Fundamental matrix, A depends on the coordinates of the matching points, that
can be seen as a vecto = (x;y;x%y9. SinceAx is a 2D vector which represents the
variety, we refer to it asC(X). One can think of C(X) as a cost function. Indeed, the
matching points that do not satisfy the epipolar constraints will not lie on the variety,
while points that are consistent withF will lie on it. By performing a rst order Taylor
expansion to approximate such cost, on obtains: cost function may be approximated by
a Taylor expansion:

CX+ x)= AX)+ o x:
The distance from a pointX to the variety is the minimum distance betweenX and a
point on the variety R. Here, we assume thak is su ciently near the variety, so that
one can choosex = R X. SinceR lies on the variety, we know thatC(R) = 0. By

substituting this inside the equation, we obtain

C(X)+§x:o

By noticing that the partial derivative is a Jacobian matrix J, and letting be the cost
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C(X) , we can simplify the expression to:

Jx:

By ssing lagrangian multipliers to minimize the norm of the error x, one can nally
obtain the expression for the Sampson error:

(2.10)

When estimating the Trifocal tensor or the Fundamental matrix, a very useful remark
to simplify the computation of the Jacobian is thatC is multilinear with respect to the
coordinates of the point matches. One can check this by recalling the de nition of the
cost C, which in such cases follows the point-point or point-point-point correspondences.
Then, the following equation:

& x)= ax +u) ¢ (x)

holds exactly, rather than being an approximation. Herey; is a unit vector with value
1 in indexi. This equation can hence be leveraged to compute the Jacobian without the
need to compute explicitly any partial derivative.

2.6. RANSAC

In this section we describe the RANSAC algorithm [1], which is used throughout our
work to perform robust estimates of 3D reconstruction models, such as the Essential
matrix, the Fundamental matrix the and the Trifocal tensor. RANSAC, which stands for
Random Sample Consensus, is an iterative algorithm used to estimate the parameters of
a model from a dataset which could contain outliers. Given that the procedure is based
on repeated sub-samples from the initial dataset, the algorithm is stochastic and produces
a good result only with a certain probability. This probability however increases as more
samples are performed.

The algorithm assumes that the dataset contains a certain amount of outliers: such points
should be disregarded when estimating the model's parameters. Indeed, begin outliers,
they cannot t the true underlying model we are looking to estimate in the rst place.

The algorithm also assumes that the inliers are a set of points which can be explained
by some choice of the model parameters, at least up to small noise perturbations. In the
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domain of 3D reconstruction, for example when estimating the Fundamental matrix and
Trifocal tensor, a common source of outliers are erroneous measurements or erroneous
point matches from the optical ow. When dynamic objects are present in the scene, the
point matches obtained for such objects can be considered as outliers with respect to the
set of point matches obtained from the images. Indeed, their position cannot be explained
by the epipolar constraints which are obtained from the static scene.

A common example to showcase RANSAC is tting a line to a set of points. The points are
a mixture of both inliers and outliers. The outliers do not t the model, while the inliers
can be obtained by perturbing some line with a small amount of noise. A simple least
squares regression on the whole dataset will poorly t all data points, as the error accounts
for both the distance to the line of inliers and outliers. To overcome this, RANSAC tries to
exclude the outliers from the estimation, leading to more robust estimates. The main idea
Is to take a small random sub-sample of the dataset, t the model to such data and then
expand the set of points which t such model. If the initial sub-sample mainly consists
of inliers, inliers which were not included in the sub-sample will t well the estimated
model. Once such points are found, one can t again the model on this bigger subset of
data and obtain a better estimate. Repeating this simple operation for many iterations
can lead to excellent results.

When using RANSAC in the domain of Trifocal tensor or Fundamental matrix estimation,
one needs a good measure to estimate the error between the tted model and the other
points in the dataset. This can be achieved by using the Sampson error described in
section 2.5. Algorithm 2.3 provides an overview of the main steps involved in RANSAC.
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Algorithm 2.3 RANSAC Algorithm

1: n Sample size

2. N Maximum iterations

3: t Threshold to accept data point as inlier with respect to a model

4: d Minimum number of points to believe that model is tting well the data
5. for iin 1:N do

6: DataSample= Sample n data points fromData

7. ModelSample= Fit model to DataSample

8: ConsensusPoints= DataSample

9: for everyDataPoint in Data do

10: if DataPoint notin DataSampleand error (DataPoint , ModelSamplg< t then
11: add DataPoint to ConsensusPoints

12: end if

13:  end for

14: if sizeConsensusPointy > d then

15: ImprovedModel = Fit model to ConsensusPoints
16: Err = error( ConsensusPointdmprovedMode)

17: if Err < BestErr then

18: BestErr = Err

19: BestModel = ImprovedModel

20: end if

21 end if

22: end for

23: Return BestMode] BestErr, ConsensusPoints

Of course, RANSAC has some limitations. First of all, there is no upper bound on its
convergence to the optimal model apart from the exhaustion of all possible sub-samples.

If the iterations are interrupted too early, the model obtained might not t data well at

all, hence it requires some external knowledge of the problem to set correct thresholds.
Moreover, the proportion of contamination of outliers in the data can challenge the al-
gorithm. In most of our use-cases, it is su cient to place more e ort on pre- Itering the
data in order to reduce as possible such contamination proportion.
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3 ‘ Problem Formulation

We provide an overview of the problem formulation and the notation used in upcoming
sections. Our main goal is to recover the 3D reconstruction of a scene starting fron2D
images of the scene taken from di erent viewpoints.

Inputs Our inputs consist in:
" n 2D images in RGB formatfl;g; suchthatl; 2 R* W 38i=1;::;n
~ The intrinsic parametersf K;giL, of the cameras from whictf 1;g’.; are taken, where
Ki2R338i=1:::n

Output The output is a 3D reconstruction of the scene. While there are di erent formats
to characterize it, in this work we focus on recovering camera pose and depth maps, which
are su cient to compute the 3D reconstruction. Speci cally, the outputs are:

" apair (Ri;tj) 8i =1;:;nwith Ry 2 SO(3) representing the camera rotation and
t; 2 R3 being the translation vector of the camera centre.

"~ a depth mapD; 2 [dmin ; dmax]™ W, where Ghin ; dmax are the minimum and maxi-

mum depth values.

Objective Given the n images as input, we aim to reconstruct the scene by predicting
camera posgR;jti] and depth mapsD; for every imagel; provided.

Assumptions The main assumptions of the method are common to most of the SfM
work. Such assumptions can be expressed in several key points:

1. Static and rigid scene: the scene being reconstructed is static and rigid, i.e. it
contains no moving objects and the relative position between objects is xed

2. Constant lighting conditions: the lighting conditions in the scene should be consis-
tent across all images

3. Sucient overlap between images: some portion of the scene has to be visible in
di erent images in order to match points
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4. Su cient texture in the scene: images with extended texture-less regions provide
less diversity in the extracted features and make point matching more noisy

Challenges We now list some of the main challenges that must be accounted for in the
SfM task.

1. Inconsistent assumptions: it is common that the assumptions from the previous
sections are rarely met. For example, we carry out some experiments on urban scenes
from several di erent datasets. As such, it is frequent to encounter moving objects
such as cars, pedestrians and buses. The movement of pedestrians in particular is
also non-rigid, which makes it even more di cult to correctly estimate their depth.

2. Computational load: while there are several algorithms based on neural networks
that can handle the generah-view case, increasing the number of images used in
the reconstruction requires more memory. In particular, due to such computational
limitations, it is common to train the neural networks in the 2-view setting and use
more views only at inference time. This makes it easier to train the model with
bigger batch sizes while running on the same GPU.

Figure 3.1 and 3.2 show examples of challenging scenes with dynamic objects and low
overlap.

Figure 3.1: An indoor scene with low overlap. The two frames only share the column and
a small part of the truck.
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Figure 3.2: Two di erent urban scenes with dynamic objects. Cars and pedestrians are
moving, the latter with non-rigid motion. Dynamic objects cause outliers both during
camera pose and depth map estimation.






27

4 ‘ Related Work

In recent years there has been a rapid increase in the number of techniques using neural
networks to solve the 3D reconstruction problem [19]. Their performance has improved
upon traditional techniques on several available benchmarks. Generally, neural network
based approaches to SfM involve learning the relationships between the 2D images and the
3D structure of the scene by leveraging deep neural architectures. This involves training
the neural network on a dataset of images and corresponding measured depth maps. One
advantage of using neural networks for 3D reconstruction is that they can learn to handle
a wide range of variations in the input data, such as changes in lighting, appearance,
viewpoint and dynamic motion. Moreover, by leveraging the strong priors learnt during
training, neural networks can better handle situations of uncertainty such as occlusions or
modest camera translation, regularizing the problem in such degenerate con gurations.
This makes them well-suited for handling real-world scenes, which frequently display such
features. Overall, the combination of traditional techniques and deep learning approaches
can o er a powerful way to solve the SfM problem and enable the creation of high-quality
3D models from 2D images.

4.1. Taxonomy of methods

In the coming sections we illustrate how deep learning approaches to 3D reconstruction
implement and expand on traditional geometric techniques. One of the primary distinc-
tions among the available methods lies in whether they adopt a supervised or unsupervised
learning approach. While the unsupervised methods have delivered impressive results, this
work exclusively focuses on the supervised approaches. Figure 4.1 provides a taxonomy
of recent literature.
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Figure 4.1: Taxonomy of pipelines. Most of the pipelines proposed in literature make
limited or no use of the epipolar constraints during the camera pose estimation step. 2-
ViewRevisited [16] couples neural networks with the epipolar constraints, but is limited
to the 2-view case. No pipelines with the same properties have been proposed for the
generaln-view setting.

In section 4.2, we discuss how [14] employs neural networks to estimate camera poses and
depth maps in the2-view case. We argue that the pipeline neglects the well known 3D
geometric constraints and solves an ill-posed problem. In section 4.3, we demonstrate how
recent pipelines have expanded [14] to theview case by introducing two powerful tools,
namely (i) cost volumes and i ) the plane sweep algorithm. While such pipelines can
deal with the n-view case, they rely on camera poses from [14] and still try to recover the
real scale of the scene, which is ill-posed. Lastly, section 4.4 provides an overview of the
pipeline introduced by [16], which proposes an alternative approach to tteview case.
This pipeline tries to couple neural networks with the 3D constraints and does not try to
recover the real scale of the scene. While this provides excellent results, the pipeline is
limited to the 2-view case only.

4.2. 2-view deep pose estimation

In this section we focus orR-view pipelines for SfM. The2-view case can be seen as the
base case aif-view SfM, and the pipelines which tackle the generalview problem usually
leverage algorithms and ideas originated in th2-view setting. In particular, we focus on
the work from [14], which is a neural network based pipeline to the SfM problem. Section
4.4 presents anothe-view method. We decide to leave if for the following sections as it
uses some tools which are only presented in section 4.3.
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4.2.1. DeMoN

DeMoN [14] is one of the rst approaches to formulate SfM as a learning problem in the
domain of neural networks. The main contributions of the approach arei)(propose an
end-to-end di erentiable neural architecture to estimate camera pose and depth maps and
(ii ) propose a neural network component which can jointly optimize the camera pose and
depth map estimates through iterative application.

This approach has three major limitations: () it can only handle the 2-view case, i)

it has to regress the ground truth scale andii() it does not leverage 3D geometrical
knowledge. Limitation (jii ) is given by the use of a neural network in all stages of the
estimation. As such, the authors do not inject any knowledge of the epipolar constraints
in the scene, nor the relationship between optical ow and camera pose. Rather, this
knowledge has to be learnt by the network, which could struggle to generalise. We now
provide some details on the neural artchitecture.

The pipeline is based on 3 main modules: the Boostrap net, the Iterative net and the
Re nement net.

" The Boostrap net consists of 2 consecutive encoder-decoder blocks. The encoder-
decoder blocks are obtained by stacking several convolutional layers. The rst block
receives as input an image paifl ;;1,) and outputs an estimate of the optical ow.
The second block uses the optical ow to estimate a depth map as well as the camera
motion and a scale parametes. The scale parameter is used to match the estimated
depth D with the absolute ground truth scale of the scene. Indeed, the translation
vector t and the depth values are normalised so that the network predicts a unit
norm translation vector. In particular, to fully parametrize R, t and s, 7 parameters
are output from the last layer of a dense feed-forward network - commonly referred
to as Pose Net.

The Iterative net follows the same architecture of the Boostrap net but is applied
multiple times to optimize the camera pose and depth estimates.

The Re nement net upscales the depth maps to the higher resolution @66 192
pixels. Indeed, all computations up to this stage are carried out at a lower resolution
of 64 48 pixels in order to reduce computational burden.
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Figure 4.2: The architecture of DeMoN. Each network component contains convolutional
encoder-decoder stacks. The camera pose is parametrized by the two vectoend t.
Adapted from [14].

Figure 4.2 shows an overview of the network architecture. In their work, the authors
notice that forcing the network to produce an intermediate optical ow before the depth
estimation greatly enhances the training procedure. This is achieved by adding a loss term
which accounts for the ground truth supervision on the optical ow. Without this addi-
tional loss term, the network tends to rely on a single image to perform depth estimation,
exactly as monocular estimators.

As for the optical ow, all the nal and intermediate estimated objects require ground
truth supervision. Since the supervision is a simple; loss between the estimated value
and ground truth value, the network is forced to learn the scale of the scene directly from
the images throughs. As previously remarked, this is an ill-posed problem which can
hurt the overall performance of the network. Indeed, as it is not possible to recover the
scale from the images, the network weights could end up over tting the dataset scale,
reducing the performance on unseen datasets.

The training loss is composed of a total of 7 dierent loss terms. This is due to the
ground truth supervision of all intermediate estimates, such as the optical ow. Such
losses are required to stabilise the training, but have to be correctly weighted, adding
further complexity to the algorithm. The loss function for a single depth map is:

X - - . - . .
Laepn = ] gt(i5]) s (i5])]
i5j
where = 1=D is the estimated inverse depth. As most other methods, the depth esti-
mates are carried out in the inverse depth space. This enables the depth estimation of
points at in nity, for example the sky, which thus has inverse depth equal to O.



4| Related Work 31

4.3. Cost volumes and plane sweep

In this section, we detail two important tools to estimate camera pose and depth maps
used in recent methods. The rst is the plane sweep algorithm, which can be used to
verify hypotheses or, stated di erently, to search for an optimal value. The second is
the cost volume, which is generated by the plane sweep algorithm. Indeed, the plane
sweep algorithm sweeps through di erent values in a pre-de ned range and produces a
cost volume which encodes information on the goodness of a speci c value. If the cost
of a value is low, the value is a likely hypothesis, while if the cost is high, the value is
unlikely to be a good solution of the search problem. While this de nition is general and
vague, we now contextualize it:

(1) subsection 4.3.1 discusses the general plane sweep algorithm used for depth map
estimation

(ii) subsection 4.3.2 provides more details on the use of cost volumes for depth map
estimation

(iii ) subsection 4.3.3 discusses cost volumes applied to camera pose estimation

4.3.1. Plane sweep

The main idea behind plane sweep in the domain of depth map estimation is to nd the
most likely depth value for a speci c pixel. Since the estimated camera pose is available,
this can be carried out by comparing the position of the pixel in di erent views. As
detailed in section 2.3.1, a point in the rst view is projected along the corresponding
epipolar line in the second view. The position on the epipolar line depends on the depth
of the point. With this information, one can try to recover the most likely depth values.
Such mechanism is now explained in detalil.

Let I; and I, be two images andR;t be the relative camera pose between them. The
plane sweep algorithm can be carried out in four main steps:

1. choose a pixek and sample a depth hypothesis

2. projectx from the 2D imagel; to the 3D space pointX, assuming it has depthd
3. re-projectX on |, at the point x°
4

. compute a cost metric as the incompatibility between the features bf in x and the
features ofl, in x°

Figure 4.3 provides a visualization of the projection and re-projection operations.
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Figure 4.3: Points are projected from the reference image to fronto-parallel planes and
re-projected to the target images. Adapted from [9].

By repeating this process for all the pixels ih; and for S depth samples, one can compute
a cost volume which encodes how likely a speci c pixel is to have a speci c depth value.
This process yields a cost volume for every couple of images. If the camera pose is known
between more than two images, it is possible to repeat the process keegingxed and
aggregating the new cost volumes with the already computed ones. The projection and
re-projection operations are encoded by the following equations:

" #

(K tu)d

v K[Rjt] ) (4.1)

F(u) = F () (4.2)
whereu and u are the homogeneous coordinates of the pixel before and after the warping,

F and F are the feature maps in the original view and the corresponding warped features,
while d is one of theS depth hypotheses.

The same could be carried out considering the image RGB pixel values rather than a
feature map F, but the result would be less robust. Indeed, feature maps can cope
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better with di erent lighting and other perturbations as they are the output of learnt
convolution lters. Moreover, as they encode semantic knowledge of the image, it makes
sense to match the features rather than the direct RGB values.

Overall, the algorithm has many advantages:

A

n-view It can handle the general case af-view depth map estimation. As long

as the camera poses are coherent and expressed in the same scale, it makes sense
to aggregate several cost volumes to improve the depth map estimate of one spe-
cic image. The recent works that tackle the generah-view case all adopt this
framework, as will be detailed in the coming sections.

Knowledge injection  Since the plane sweep explicitly makes use of the feature
warping operation, the neural network is working on top of geometrical knowledge of
the scene. This is extremely useful as the network does not need to learn to recover
such relationships, which are instead provided directly. Without this knowledge,
the network would have to use a portion of its parameters just to learn the feature
warping operation, which would still be learnt in a statistical framework. Overall,
this increases the ability of the network to generalise in unseen datasets and stabilizes
the training.

Regularization Once a cost volume is constructed, there are several operations
which can be performed to further improve the quality of the nal depth maps.
Such operations are detailed in the next sections.

Robustness Since the cost volume is constructed by comparing feature maps,
rather than RGB values, the algorithm is more robust to changes in lighting and
other perturbations. On top of this, the n-view setting allows more robustness in
handling occlusions, as an object which is not visible from a camera could become
visible from a di erent one. In general, aggregating more cost volumes tends to
output better results.

The plane sweep algorithm still has some drawbacks:

A

Dynamic objects  In presence of dynamic objects, the plane sweep outputs in-
correct cost volumes. This happens due to the feature warping equations. Indeed,
equations 4.2 assume that the scene is rigid and warp all points in the same way.
However, if a dynamic object is captured in the scene, its position di ers based on
the image. Hence, when a poink is re-projected to a di erent view, the corre-
sponding pixel of the dynamic object has moved and the cost volume estimates a
wrong depth.
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" Camera pose coherence A key point is that the camera poses used in equation
4.2 must be coherent. That is, they must have a common scale. This scale can
either be the real scale of the scene or any other scale which keeps the proportions
of the real scene. Performing the plane sweep with non-coherent camera poses will
mix incompatible cost volumes.

Algorithm 4.1 encapsulates all the steps that make up the plane sweep algorithm.

Algorithm 4.1 Plane Sweep

Reference reference frame
Targets: target frames
Depths  SampleDepthsS,dmin ,dmax )
Fref ExtractFeatures(Reference
for Target in Targets do
Ftar ExtractFeatures(Target)
[Rjt] ComputePoseReferencegTarget)
for d in Depthsdo
Fiar ~ WarpFeatures(F ,[Rjt],d)
V couple(d; Target) ComputeCostVolumees ,Fiar )
end for
V  AggregateCostVolumes{ couple)
end for

4.3.2. Depth cost volume

In this section we provide further details about the main operations performed on cost
volumes. Indeed, while the plane sweep algorithm is performed in the same way across
most works in the literature, cost volumes are treated di erently. First, we list the main
steps a cost volume usually goes through:

" Construction : The rst step is the construction of the cost volumes. This step
is conducted through the plane sweep algorithm. The construction step outputs a
4D volumeV 2 RH W L S whereS is the number of depth hypotheses andl is
the number of remaining feature channels and depends on the aggregation strategy.
Aggregation is the operation which collects the reference and target feature maps. In
presence of multiple target images, each pair of reference and target images produce
a cost volumeV; which are then condensed in a nal cost volum¥. V encapsulates
the depth information from all the available views.

Regularization : Regularization is the process of taking an aggregated 4D cost
volume and transforming it in a 3D probability volume. The regularized cost vol-
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umeV is such thatV 2 [0;1]" W S, For each pointx in the image, V(x) is the
distribution of probability over the S depth samples ofk having a speci ¢ depth.

We now compare the main strategies adopted by relevant works in the literature.

MVSNet

One of the rst methods to employ cost volumes for 3D reconstruction is MVSNet [18].
The cost volume construction step is very similar to the general plane sweep algorithm
illustrated in previous sections, hence we do not discuss it further. An overview of the
achitecture is available in gure 4.4.

Figure 4.4: The architecture of MVSNet. The input cost volume before regularization is
4D, which is then reduced to 3D after regularization. Adapted from [18].

The main peculiarities of the work are:
" An aggregation strategy based on a variance metric
" A multi-scale regularization network
" A regression objective for the depth estimation

We now discuss the details of every choice

" Aggregation  Cost volume aggregation is carried out by using a variance metric
M that maps multiple feature maps into one cost volume:

M.PHWChS RHWChSI RHWChS

{z }

n
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such that the aggregated 4D cost volum¥ is:

P F. F
V=M (Fy; ;Fn)= ‘=1n' ! (4.3)

whereF; are the feature volumes warped from source to target view arig is the
average feature volume. All the operations carried out are point-wise. By using this
cost metric, the authors measure the multi-view feature di erence. Previous meth-
ods such as [4] instead leveraged the mean operation to aggregate feature volumes,
loosing such information.

Regularization ~ The regularization is carried out by using multi-scale 3D convo-
lutions on the 4D cost volume, regressing an initial depth map which is then re ned.
The regularization network is a 3D extension of UNet [11], with an encoder-decoder
structure based on convolutions. Neighboring information is aggregated from a large
receptive eld without excessive memory and computation cost. Another strategy
to reduce the computational burden is to reduce the input feature map dimension
from 32-channel to 8-channel after the rst 3D convolutional layer. The last convo-
lutional layer outputs a 1-channel volume so that the cost volume is reduced from 4D
to 3D. Finally, softmax is applied along the depth direction to obtain a probability
distribution V(x;d) over depth hypotheses for every pixet.

Depth regression Rather than performing classi cation on the depth hypotheses
using the computed probability distribution, the authors proceed to compute a
weighted regression. The weights are extracted from the probability volume. Indeed,
given the probability distribution over depth hypotheses, the best estimate would
correspond to theargmax operation. However, this would break the di erentiability
of the network. Given this observation, the authors prefer instead to compute the
expected value over such distribution:

%ax
D(x) = d V(x; d) (4.4)
d= dmin

where depthd is weighted by the corresponding value of the probability volume
V(x;d). This estimate is pixel-wise, meaning it is repeated for each pixel, and has
the advantage of being a continuous value rather than being a sample from the
discrete uniform distribution of depth hypotheses.

The authors also show that the output probability distribution is a useful tool to gauge
the quality and reliability of the estimates. Indeed, a single-modal distribution is generally
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associated to correct pixel matches, while multi-modal distributions can be used to ag
falsely matched pixels. The last step of the pipeline is to re ne depth estimates to improve
estimation, speci cally in boundary regions. A residual network takes care of transforming
the initial depth estimate Dy(X) into a re ned depth D, (x).

The training loss for a single depth map is de ned as:

X
L = KDge(X)

X2 X yal |

z DO(X)k}1 + ngt(X) {

Loss O Loss 1

_Di(x)k (4.5)

}

wherex,, are the valid pixels (ground truth depth maps are not always complete) and
Dgi(x) the ground truth depth in pixel x. By comparing this loss with the one used
in DeMoN [14] it is possible to notice another advantage provided by the cost volume
architecture. Indeed, this network requires far less supervision signals, whil2MoN
required not only the nal depth maps but also intermediate supervision. This approach
is more aligned with the end-to-end training framework which has commonly showed
excellent performance in the majority of deep learning tasks.

While the results improve upon previous methods, some points must be noted.

" The network uses ground truth camera poses as input, hence only performs the
depth estimation task. Having a correct camera pose helps to obtain quality depth
maps both in training and inference.

During training, the authors choose to employn = 3 views, while other works only use
n =2 during training.

DPS

Deep Plane Sweep Stereo Net, @PSNet [6], is a concurrent e ort to MVSNet [18].
While the approaches are very similar, [6] proposes:

" A di erent aggregation strategy based on feature concatenation, rather than com-
puting a cost metric directly on the feature volumes. The resulting volum& is
such that vV 2 RH W 2Ch S with Ch being the dimension of feature channels ex-
tracted for each image. In presence of multiple target images, the cost volumes can
be further aggregated with a simple average operation.

A cost volume re nement strategy which employs a so calledontext Networkthat
tries to preserve the edges and contours of the image. By feeding both the cost
volume and the original feature maps in a 2D convolutioanl network, authors can
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partially prevent the depth maps from loosing sharpness near edges. Such operation
is carried out using a residual connection and is performed on every slice of the cost
volume, where the slicing is performed along dimension of tigdepth planes.

Figure 4.5: An overview of the Context network. Adapted from [6].

During training, the authors only usen = 2 views to reduce the computational load, but
the inference can be carried out with anyr. Also in this case, the authors leverage the
ground truth pose to skip the camera pose estimation step.

4.3.3. Pose cost volume

A very interesting proposal by [17] is to expand the cost volume and plane sweep tools
to the camera pose estimation. This can further inject physical world knowledge in the
neural network, with all the bene ts previously discussed. The main contributions of this

work are:
" Introduce a cost volume for camera pose estimation

" Connect the pose cost volume and depth cost volume to emulate the traditional
Bundle Adjustment algorithm, iteratively and jointly optimizing camera pose and
depth map
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Figure 4.6: Pose samples centered around the initial rotation matrix and translation
vector. Adapted from [17].

We now discuss each of the contributions separately:

" Pose cost volume As the plane sweep sampled depth hypotheses to generate
the depth cost volumes, pose cost volumes are built by sampling camera positions
centered on an initial camera pose estimate. L§Rjt] be an initial camera pose. To
obtain new rotation matrices, the authors sample a rotation matrixRy,y, uniformly
in the Euler angle space in a prede ned range, then use it to perturb the initial
matrix through R = R, R. To obtain new translation vectors, the authors sample
a translation vector t,y, uniformly around (0; 0;0) and use it to perturb the initial
translation throught = ty,,+t. Following this procedure, a group oP new camera
poses[Rpjtp]lf'j:1 around the input camera pose are obtained and can be used for the
construction of camera pose cost volume. As an initial estimate is necessary, the
authors use poses estimated from [14] to initialize the algorithm. The pose cost
volume can be generated by warping the features following a similiar homography

to that of 4.4: " #
(K u)D

b K R,jt, 1

(4.6)
whereD is the initial estimate of the depth map. Figure 4.6 provides a visualization
of the camera pose hypotheses sampling.

Iterative optimization Since the cost volume construction requires initial esti-
mates of camera pose and depth maps, the network can be applied multiple times
in iterative fashion. By using previous outputs as new inputs, the network can con-
verge to good estimates starting from relatively inaccurate inputs. Moreover, since
the pose cost volume is estimated using the depth maps, this connects the opti-
mization of the pose with that of the depth. Hence, running the network iteratively
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allows for a joint optimization of the two estimates, rather than a disjoint process.

The training of the network is performed in the 2-view setting only, as [6]. In this case,
the authors set as loss function:

L = rLrotation + tLtransIation + deepth

with X
L gepth = H (Do;i; Dgti) + H (Di; Dgti)
i
where Dy is the i ground truth depth, Dy; the non re ned estimated depth,D; the
re ned estimated depth and H being the Huber loss function. The rotation and translation
losses are instead obtained with the usudl,; distance between the ground truth and

estimated values. All values for are determined experimentally.

Overall, the proposed framework is very interesting as it further incorporates domain
knowledge in the network, obtaining better generalisation. However, the computational
burden of building two cost volumes through plane sweep are very high. Moreover, several
iterations are needed to reach convergence. This can be traced back to the quality of
the initial camera pose and depth estimates, which are taken from [14]. We previously
argued that such method has some limitations, for example the scale bias and the limited
geometrical knowledge. As a consequence, integrating such estimates in the pipeline
requires a big computational e ort to get better measurements. The authors show than
on average, convergence can be reached in about 4 to 6 iterations. We thus strongly
believe that incorporating a better camera pose estimation technique as initialization can
at least reduce computational burden and potentially even improve results.

4.4. Revisiting 2-view deep pose estimation

We now discuss the work from [16], which proposes a novel mixed approach to estimate
camera pose for the 2-view SfM problem. The main contribution of this work is to wisely
balance the use of neural networks and traditional SfM pipeline tools. The proposed
pipeline involves the following steps:

1. Estimate optical ow using a neural network.

2. Retrieve a normalized camera pose from the optical ow using the Essential matrix
E.

3. Use plane sweep in a scale-invariant framework.



4| Related Work 41

Figure 4.7 provides an overview of the pipeline.

Figure 4.7: An overview of the pipeline. Optical ow is extracted and Itered using SIFT.
Adapted from [16].

We discuss the main contributions of this work:

Optical ow The proposed pipeline leverages neural networks in a task that
they excel at. Since neural networks have a high level of semantic understanding of
images, the neural network optical ow estimators prove to be very e ective. To this
end, the authors use DICL [15], which is a state-of-the-art optical ow estimator.
The authors note that SIFT [8] keypoint locations can be used to produce a mask
and discard the noisy point matches from DICL. If a better optical ow estimator

Is introduced in the future, it can be easily swapped out and substituted, with no
impact on the pipeline and without needing to retrain the networks.

Essential matrix Once the optical ow is recovered, the authors use the equations
that describe the epipolar geometry to extract the camera pose. The tools described
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in 2.3.1 are used to estimate€e and recover the camera pose from it. Since the
translation vector can only be recovered in direction and not in scale, the authors set
ktk = 1. This approach is expected to perform better as it directly uses the epipolar
geometry knowledge, rather than trying to learn it through a neural network. This

is in contrast to [14], which uses a neural network to regress the camera pose from
the optical ow. Learning a relationship through neural network training when it

is already available in a simple equation is unnecessary and can potentially degrade
performance.

Scale invariant module By using a normalized camera pose as input to the
plane sweep, the output depth maD is also normalised. The authors then rescale
the depth map to match the ground truth, thereby obtaining the nal depth map
output. Setting = ktk, D matches the scale of the ground truth. By using
a normalised camera pose in the plane sweep algorithm, the distribution of depth
hypotheses is not distorted by the scale @f which instead is xed to 1. The authors
refer to this as scale invariant depth module.

The proposed algorithm tackles the weakness of previous deep pose estimation algorithms.
In this case, the authors focus on solving a well-posed problem, rather than focusing on
predicting the ground truth scale. There remain two limitations of the method:

" By computing E from the optical ow, the pipeline ceases to be di erentiable end-
to-end. Instead, the optical ow estimator has to be trained separately from the
cost volume networks.

" The method is inherently two-view. As the pose extracted fronkt has unknown
scale and is only pairwise, there is no way to even recover the relative position
between more than two cameras. This is di erent from [14], which instead recovers
the absolute scale of.
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5 ‘ Proposed Solution

In this chapter we provide an overview of the pipeline we propose to extend [16] to the
generaln-view case. Section 5.1 discusses the motivations behind our proposal. Section
5.2 illustrates our proposed pipeline, detailing the main steps and algorithmic choices.
Section 5.3 provides speci ¢ details on our implementation. Section 5.4 highlights the
main advantages and limitations of our pipeline.

5.1. Motivation

In this section we provide the motivations underlying our proposed pipeline.

Our objective is to expand the pipeline proposed in [16] to the-view setting. The ad-
vantage of using multiple target images I, g",' to estimate the depth mapD of the
reference imagé,.; is that the noise can be decreased and occlusions can be better han-
dled. Indeed, by gathering depth information from multiple target images, bad estimates
coming from a single target image due to variable lighting conditions and object occlusion
are less relevant.

Since [16] uses the Fundamental matrik, the authors are unable to leverage more than
2-views. Indeed, all scale information between di erent camera pose estimafégjt;],

is lost as each translation vectott; is such that ktjk = 1. This happens because the
Fundamental matrix F is limited to 2-views and cannot provide information on the relative
scale between di erent camera poses. Such poses cannot be used in the plane sweep
algorithm with n > 2 as they distort the scene geometry. By estimating the camera poses
through the Trifocal tensor T we can instead collect relative scale information between

3 images and recover all the camera posfs;jt;]JL; in a common scale. This preserves
the original proportions and geometry of the scene, hence it makes sense to use the plane
sweep also withn > 3.

On top of this, we maintain the coupling of neural networks and epipolar constraints.
This provides domain knowledge to the neural network and leads to better camera pose
estimates. We achieve this by using neural networks to estimate the optical ows, which
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provide the point matches used to estimate the Trifocal tensor§;. Finally, the camera
poses[Rijti] are recovered fronir;.

This is advantageous with respect to [17] as we do not require multiple expensive iterations
to re ne an initial noisy camera pose estimate.

5.2. Proposed pipeline

We now provide an overview of our pipeline, while the next sections dive deeper on our
speci c proposals. The pipeline is composed of three main steps:

1. 3-view point matching  We start o by selecting n 2 triplets which are used
to estimate [Rijt;]L, . For every triplet (14;1p; 1), we recover3-view point matches
x$ x°8 x°y estimating the optical ows Oy, and Oy between the couplesl ,; 1)
and (Ip; 1¢).

2. Pose estimation Using the 3-view point matchesx $ x°$ x°we estimate the
Trifocal tensor T. The camera pose$Rpsjtna] and [Rpdtnc are extracted fromT.
We then rescale and chain the camera pose estimates obtained in di erent triplets
to recover then-view normalised camera posd&;jt;]L, with a shared scale.

3. Depth estimation  Finally, the plane sweep algorithm is carried out by using the
normalised camera poseR;jti]L, . Even though the camera con guration is nor-
malised, it preserves the original geometry of the scene and the plane sweep algo-
rithms outputs a normalised depth mapD for the reference framd, .

Figure 5.1 provides a summary of the pipeline in the case= 4.
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