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Abstract

This thesis explores the application of Ward’s Equivalent (Ward’s Injection) in
network reduction to balance computational efficiency and accuracy for large-scale power
systems. A detailed description of the algorithm for both network reduction and N-1
contingency simulation is provided, showcasing their implementation in grid analysis.
By simplifying external nodes while preserving essential internal characteristics, Ward’s
Equivalent proves its value, particularly in steady-state and N-1 contingency analysis. The
study demonstrates that the method can significantly streamline complex grid analyses,
as evidenced through its application on Rueda Test Grid. Notably, the reduced models
retained critical system behaviors such as voltage, current, and reactive power flow within
acceptable error margins, even under contingency conditions. Additionally, boundary
node selection was highlighted as a crucial factor affecting accuracy, and adjusting these
nodes mitigated voltage, branch currents and Reactive Power discrepancies. Overall,
the thesis reaffirms Ward’s Equivalent as a powerful tool for improving computational

efficiency while maintaining accuracy in power system analysis.

Keywords: Ward’s Equivalent, Network Reduction, Power System Analysis, N-1 Con-

tingency, Computational Efficiency, Boundary Nodes selection strategy.
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Abstract in lingua italiana

Questa tesi esplora I'applicazione dedlguivalente di Ward (iniezione di Ward) nella
riduzione di rete per bilanciare e cienza computazionale e accuratezza per sistemi di
potenza su larga scala. Viene fornita una descrizione dettagliata dell'algoritmo sia per la
riduzione di rete che per la simulazione di contingenza N-1, mostrando la loro implemen-
tazione nell'analisi di rete. Sempli cando i nodi esterni pur preservando le caratteristiche
interne essenziali, I'equivalente di Ward dimostra il suo valore, in particolare nell'analisi di
stato stazionario e di contingenza N-1. Lo studio dimostra che il metodo puo sempli care
in modo signi cativo le analisi di rete complesse, come dimostrato dalla sua applicazione
suRueda Test Grid . In particolare, i modelli ridotti hanno mantenuto comportamenti

di sistema critici come tensione, corrente e usso di potenza reattiva entro margini di
errore accettabili, anche in condizioni di contingenza. Inoltre, la selezione del nodo di
con ne e stata evidenziata come un fattore cruciale che in uenza la precisione e la rego-
lazione di questi nodi ha attenuato le discrepanze di tensione, correnti di diramazione e
potenza reattiva. Nel complesso, la tesi ria erma I'equivalente di Ward come un potente
strumento per migliorare |'e cienza computazionale mantenendo l'accuratezza nell'analisi
del sistema di potenza.

Parole chiave: Equivalente di Ward, Riduzione di rete, Analisi del sistema di alimen-
tazione, Contingenza N-1, E cienza computazionale, Strategia di selezione dei nodi di
con ne.
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1 ‘ Introduction

The global energy landscape is undergoing a signi cant transformation, driven by the
rapid integration of renewable energy sources (RES) such as wind, solar, and hydroelectric
power. This shift is fundamentally reshaping the structure and operation of modern
electricity grids, making them increasingly decentralized, dynamic, and complex. These
changes are particularly evident in Europe, where the European Union (EU) has set
ambitious climate and energy targets. These include achieving carbon neutrality by 2050
and reducing greenhouse gas emissions by at least 55% by 2030, relative to 1990 levels. The
EU's Fit for 55 initiative aims to achieve these reductions while signi cantly increasing
the share of renewable energy in the energy mix [5]. Attaining these goals will require
substantial adaptations to the European electricity grid, one of the largest and most
interconnected systems globally.

The European electricity grid is an extensive and intricate network, comprising 312,693
kilometers of high-voltage transmission lines and serving approximately 532 million people
across 35 countries [15][20][19]. The grid includes around 10,000 high-voltage substations
and tens of thousands of transformers, all crucial to maintaining grid stability and reliabil-

ity. Additionally, the network is characterized by nearly 400 cross-border interconnectors
that facilitate the e cient transfer of electricity across national boundaries, promoting

the integration of renewable energy [2].

Italy, with its strategic location, abundant energy resources, and diverse energy mix,
plays a pivotal role within the broader European power system. The country's electricity

infrastructure is deeply integrated into the European grid, consisting of approx. 72,000
kilometers of transmission lines and 881 substations [16][18]. Italy's energy mix heavily
relies on renewable sources, with hydroelectric power contributing a signi cant share of its
electricity generation, supplemented by solar, wind, and geothermal energy. The Italian
grid is connected to neighboring countries, including France, Switzerland, Austria, and

Slovenia, via cross-border interconnectors, further emphasizing its strategic importance
in the European electricity market.
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1.1. Growing Complexity and the Need for Advanced
Tools

The increasing integration of intermittent renewable energy sources and the growing in-
terconnection of national and international grids have made modern power systems more
complex than ever before. These developments have created a signi cant demand for ad-
vanced analytical tools to handle the complexities inherent in large-scale power systems.
The EU's climate and energy goals underscore these challenges, pushing power systems
toward a future where high levels of renewable energy must be integrated without com-
promising grid stability.

Given these challenges, the need for optimal, accurate, and reliable power system models
has never been more pressing. In recent decades, network reduction techniques have
emerged as essential tools for managing the intricacies of power networks e ectively. These
methodologies simplify complex power systems into smaller, more manageable models
called equivalents that preserve the essential electrical properties of the original system.
This simpli cation allows for a focused study of speci c areas of the network [9].

1.2. The Role of Network Reduction in Power Sys-
tems

Modern power systems are becoming increasingly complex due to the growing penetration
of renewable energy sources and expanding interconnections between regional grids. This
complexity requires advanced analytical tools capable of accurately modeling grid behav-
ior under various scenarios. Due to the immense size and complexity of contemporary
power systems, traditional methods that involve detailed models of the entire grid are
becoming progressively impractical.

Network reduction techniques address these challenges by simplifying complex power sys-
tems into smaller, more manageable models that retain the essential characteristics of
the original system. Reduced models allow engineers and system operators to focus on
speci ¢ regions or components of the network, such as the Italian grid, without being
overwhelmed by the complexity of the entire European grid.
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1.2.1. Streamlining Real-Time Analysis

One of the key advantages of network reduction is its ability to facilitate real-time anal-
ysis and decision-making. In grid operations, where timely and accurate information is
essential, the ability to rapidly assess the impact of contingencies or operational changes
is highly valuable. By reducing the network to a manageable size, network reduction
techniques allow operators to simulate various scenarios, such as N-1 contingencies, in
real-time, enabling prompt responses to potential issues. This real-time capability is
crucial in ensuring grid stability, particularly as networks become more dynamic with
increased renewable energy integration.

As we approach the 2030 grid scenario, where renewable energy sources (RES) are ex-
pected to account for a larger share of the energy mix, the variability in generation will
demand more exible and responsive grid management. In this context, network reduc-
tion techniques will play an even more signi cant role, not only in enabling real-time
contingency analysis but also in simulating hourly power ow and market solutions. This
extended capability is essential for evaluating grid performance and market operations
over longer periods, such as a month or a year, under the in uence of intermittent RES.
By integrating predictive models for RES output, network reduction can accommodate
future scenarios that re ect the uctuating nature of renewable energy and its impact on
national or regional grids.

These simulations will help operators anticipate and plan for uctuations in energy sup-
ply, ensuring that the grid remains balanced and reliable. Additionally, by streamlining
power ow solutions and market forecasts over extended time frames, network reduction
enhances decision-making processes for both operational and market-related strategies,
making it an indispensable tool for managing the evolving grid landscape in the 2030s.

1.2.2. Enhancing Computational E ciency

The use of network reduction techniques signi cantly improves computational e ciency.
Large-scale power systems, such as the European grid, involve complex interconnections
between numerous nodes, transmission lines, and generation units. Analyzing these in-
teractions in detail can be computationally demanding, making it di cult to perform
comprehensive studies or real-time assessments. Network reduction techniques simplify
the network by reducing the number of nodes and connections that need to be analyzed,
resulting in faster computation times and more e cient use of computing resources. This
allows for detailed studies on smaller systems without sacri cing accuracy.
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For example, the European grid, with its 312,693 kilometers of transmission lines and
numerous substations and transformers, requires substantial computational resources for
accurate modeling. By applying network reduction techniques, it becomes possible to
focus on speci ¢ regions, such as the Italian grid, which, while still complex with 72,000
kilometers of transmission lines and several interconnections, is more manageable for
detailed analysis. These reductions save time and enable more frequent and iterative
studies, which are crucial for adapting to rapidly evolving grid con gurations.

1.2.3. Focusing on Critical Areas

Network reduction techniques also allow for a more focused analysis of critical areas of
the network. In large power systems like the European grid, certain regions or nodes
may have a greater impact on overall grid stability and reliability than others. Reducing
the network to a smaller equivalent that retains the key characteristics of these critical
areas enables operators to conduct more detailed studies that would otherwise be infea-
sible on the full network model. For instance, Italy, with its strategic interconnections to
neighboring countries, plays a crucial role in maintaining the stability of the European
network. A focused analysis of a reduced model of the Italian grid allows system oper-
ators to better understand the interactions between this region and the larger system,
identifying vulnerabilities or areas for improvement.

1.2.4. Challenges and Limitations

While network reduction o ers several advantages, it also comes with its own set of chal-
lenges and limitations. One major challenge is maintaining the accuracy of the reduced
model, particularly in representing interactions with the external system. The Ward's
equivalent method, while designed to preserve key electrical characteristics, always in-
volves a trade-o between simplicity and accuracy. An oversimpli ed representation of
dynamic interactions between the internal and external systems can lead to potential inac-
curacies in the analysis. Additionally, the accuracy of the reduced model may be a ected
by changes in operating conditions, such as variations in load, generation, or network
topology, which may not be fully captured in the reduced model.

These challenges are particularly pronounced in large interconnected systems like the Eu-
ropean grid, where cross-border ows and oscillations between regions play a signi cant
role. The di culty lies in ensuring that the reduced model accurately captures the inter-
connections and feedback mechanisms inherent in a network of this scale. It is essential
to ensure that these factors are properly accounted for in the reduced model to maintain



1| Introduction S

the accuracy of the analysis, particularly when making decisions that a ect the stability
and reliability of the grid.

1.3. Network Reduction Techniques in Power Sys-
tems

Techniques for network reduction, such as Ward's Equivalent (Ward's Injection), are
growing in importance in contemporary power system analysis, particularly given the
immense scale and complexity of networks like the European grid. These techniques
simplify complex systems while retaining their essential characteristics, allowing engineers
and system operators to focus on speci ¢ regions of the network.

Network reduction has proven indispensable for various types of analyses, including load
ow analysis, stability evaluations, and contingency studies. These analyses are crucial
for ensuring the reliability and stability of power systems, particularly as they evolve to
meet future energy needs. Additionally, network reduction methods are invaluable when
computing resources and time are limited, such as in real-time operational analysis and
contingency planning [4].

1.3.1. Ward's Equivalent: A Core Network Reduction Tech-
nique

Ward's Equivalent, introduced by John B. Ward in 1949, is one of the most established net-
work reduction techniques and has been widely researched for its e ectiveness in steady-
state analysis and contingency testing [17]. This method simpli es the external network
by converting it into an equivalent system of admittances or currents, preserving the fun-
damental electrical properties of the original network. The transformation allows for a
more manageable analysis of the internal network while still accounting for the in uence
of the external system.

The primary advantage of Ward's Equivalent lies in its ability to simplify network infras-
tructure without sacri cing accuracy in analyzing key system parameters such as voltages,
power ows, and currents. This approach is especially e ective for large interconnected
power networks, like the European grid, where the vast number of nodes and interconnec-
tions would otherwise make comprehensive analysis impractical. Ward's Equivalent has
been extensively used in academic research and practical power system studies, proving
its versatility across a range of applications [9].
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Monticelli et al. (1979) explored the use of Ward's Equivalent for real-time contingency
analysis, demonstrating its e ectiveness in streamlining complex networks and reducing
computational demands. Their study showed that Ward's Equivalent could produce ac-
curate results for critical system parameters, such as voltages and power ows, even in
large systems like the European grid [9].

1.3.2. Applications in Large-Scale Power Networks

The European grid, with its 312,693 kilometers of high-voltage transmission lines, hun-
dreds of substations, transformers, and cross-border interconnectors, presents signi cant
challenges for system analysis, particularly in real-time operational analysis and contin-
gency planning [15][20][19]. Ward's Equivalent o ers a practical solution by simplifying
the analysis of these large-scale networks while preserving essential system characteris-
tics. Monticelli et al. (1979) has shown that Ward's Equivalent can produce accurate and
reliable results in large-scale networks like the European grid [9].

1.3.3. Other Network Reduction Techniques

While Ward's Equivalent is a widely used method, several other network reduction tech-
nigues have been developed to address some of its limitations, particularly in dynamic
studies.

The Radial Equivalent Independent (REI) Model , developed by P. Dimo in 1975,
simpli es external nodes by consolidating them into a single equivalent node. This method
is particularly useful in systems with strong interconnections between internal and exter-
nal components, such as the European grid. However, the RElI model has limitations,
especially in accurately representing inter-zonal power ows and the dynamics of external
generators [3][1].

The Extended Ward's Equivalent (WX) expands on the original Ward's Equivalent
by incorporating additional details, such as generators and loads that are directly con-
nected to the internal system. This method provides a more accurate representation of the
external system's impact on the internal network, making it valuable for dynamic anal-
ysis. However, its higher computational complexity makes it less suitable for real-time
applications [8].

Kron Reduction , introduced by Gabriel Kron in 1939, simpli es power systems by re-
moving internal nodes while maintaining the external network's connections. This method
Is particularly e ective for small to medium-sized networks but can become computation-
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ally expensive for large-scale systems [7][1].

Dynamic Equivalents are used to simulate the behavior of power systems during tran-
sient events, such as faults or sudden changes in load or generation. These equivalents
provide a more accurate depiction of the system's response to changing conditions, but
they are computationally demanding and require more detailed data and expertise for
implementation. Despite these challenges, dynamic equivalents are essential in study-
ing the impact of disturbances on system stability and reliability, especially in real-time
operational scenarios [10].

1.3.4. Recent Developments in Network Reduction

Recent advances in machine learning and arti cial intelligence have opened new possibil-
ities for improving network reduction techniques. For example, Ivica Pavi¢ et al.(2001)
proposed a neural network-based approach to develop more adaptable and accurate equiv-
alents for external systems [11]. These methods show promise for enhancing the accuracy
of simpli ed models, particularly in dynamic environments requiring real-time analysis.
However, applying these methods to large systems like the European grid is still an emerg-
ing eld with challenges that need to be addressed.

1.4. Network Reduction Techniques in Distribution
Networks

Network reduction techniques, traditionally applied to transmission networks, are increas-
ingly important in distribution networks due to the growing integration of distributed
energy resources (DERS) like rooftop solar panels, wind turbines, and energy storage.
These resources are transforming distribution networks from passive systems into ac-
tive ones, necessitating advanced monitoring and control. The bidirectional power ows
and uctuating generation from renewable sources introduce challenges related to voltage
management and system reliability.

Shapovalov et al. (2013) emphasize that network reduction simpli es unobserved ar-
eas of the grid, enabling more accurate analysis of critical nodes even when real-time
data is limited. This technique aggregates unmonitored sections of the network, allowing
operators to focus on essential grid behaviors [13]. The introduction of forecast-based
recon guration algorithms further enhances network management by predicting power
ows and minimizing the need for frequent switching operations. The reduced network
models generated by these algorithms improve operational e ciency, allowing for timely
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recon guration and optimization [14].

1.5. N-1 Contingency Analysis and the Role of Ward's
Equivalent

N-1 contingency analysis is a critical aspect of power system planning and operation. It
involves simulating scenarios where a single component, such as a transmission line or
generator, fails and assessing the system's ability to continue operating without violating
operational limits. Ward's Equivalent (WI) has been extensively validated in the literature

for its e ectiveness in handling N-1 contingency scenarios [12].

One of Ward's Equivalent's key strengths is its ability to maintain the accuracy of voltage
and power ow characteristics in the reduced model, which is crucial for reliable contin-
gency analysis. Research by Housos et al. (1980) and M. Ramirez-Gonzalez et al.(2022)
demonstrated that Ward's Equivalent (WI) could accurately represent the external sys-
tem's impact on the internal network during N-1 contingencies, providing a reliable basis
for operational decision-making [6][12].

1.6. Evaluating the E ectiveness and Limitations of
Network Reduction Techniques

1.6.1. E ectiveness

The e ectiveness of network reduction techniques is determined by several factors, includ-
ing the accuracy of the reduced model in representing the original system, computational
speed, and the ability to retain the system's key characteristics. Empirical studies have
demonstrated that Ward's Equivalent (Ward's Injection) is highly e ective at preserv-
ing voltage and power ow characteristics in steady-state analysis [12]. Its simplicity
and computational e ciency make it a practical choice for a wide range of power system
studies.

1.6.2. Limitations

Every network reduction technique has inherent limitations that must be carefully con-
sidered when selecting the appropriate method for a particular study. Ward's Equivalent
is primarily designed for steady-state analysis, meaning that it may not fully capture the
dynamic behavior of the system as operating conditions change. The accuracy of the
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method is also a ected by the choice of the boundary between the internal and external
networks, which can result in errors in the equivalent system.

1.7. Rationale for Selecting Ward's Equivalent

Ward's Equivalent (Ward's Injection) was selected for this research due to its proven
e ectiveness in maintaining the balance between simplicity and accuracy in large-scale
power system analyses [12]. Its ability to preserve the critical electrical properties of
the original system while signi cantly reducing computational complexity makes it highly
suitable for studying intricate networks. This method's reliability in steady-state analysis
and contingency planning, particularly in large interconnected systems, establishes its
relevance in this study.

In this thesis, the focus is on applying Ward's Equivalent (Ward's Injection) to a complex
66-bus grid, referred to askueda_network_3 1 through MATLAB codes. The objective

is to evaluate the method's performance in reducing the network while maintaining accu-
racy under normal and stressed conditions, such as during N-1 contingency analysis. A
key aspect of this study is the identi cation and selection of boundary nodes, which play
a critical role in ensuring that the reduced network accurately re ects the behavior of the
full system. By doing so, the analysis not only assesses the reduction's computational
e ciency but also its precision in replicating the system's response to contingencies.

To support this, Figure 1.1 below presents the single-line diagram of tiReieda_network 3 1.
This diagram illustrates the intricate structure of the grid, highlighting key components
such as buses, transformers, and transmission lines across di erent voltage levels. The vi-
sualization underscores the complexity of the network and justi es the need for an e cient
reduction technique like Ward's Equivalent (Ward's Injection).

Through the application of Ward's Equivalent (Ward's Injection), the reduced model will
serve as a simpli ed yet accurate representation of this complex grid, allowing for detailed
steady-state and contingency analyses without overwhelming computational demands.

1.8. Research Gaps and Future Directions

While network reduction techniques like Ward's Equivalent o er valuable tools for sim-
plifying complex power grids, several research gaps remain. Most notably, existing tech-
niques are designed primarily for steady-state analysis and may not fully capture dynamic
behaviors, particularly in real-time operational contexts. Dynamic equivalents, for exam-
ple, can provide a more accurate depiction of system responses during transient events,
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Figure 1.1: Single-line diagram of the 66-buRueda_network 3 1 used in this thesis for
applying Ward's network reduction technique.

but they are computationally intensive and require detailed data [10]. Further research is
needed to develop network reduction techniques that can e ciently balance the trade-o
between simplicity and accuracy in both steady-state and dynamic analyses.

Additionally, emerging technologies such as machine learning and arti cial intelligence
(Al) o er promising opportunities for enhancing network reduction techniques. Ivica
Pavi¢ et al.(2001) proposed a neural network-based approach that could potentially create
more adaptable and accurate equivalents for external systems. These methods show
potential in improving the accuracy of reduced models in dynamic environments but
remain underexplored in large-scale systems like the European grid. The development
of machine learning-based equivalents capable of real-time analysis could address some
of the limitations currently encountered in network reduction methods. However, more
research is needed to explore these techniques and overcome the challenges of applying
Al to power system models [11].
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2 ‘ Network Reduction Techniques
for Steady-State Analysis

As discussed in the previous chapter, network reduction techniques are essential for sim-
plifying large and complex electrical networks, particularly for steady-state analyses such
as load ow, contingency studies, and stability assessments. These techniques reduce com-
putational complexity while maintaining the key electrical characteristics of the system

at boundary nodes of interest. This chapter discusses three prominent network reduction
techniques: Ward's Equivalent , Radial Equivalent Independent (REI) model :

and Kron Reduction . Each of these techniques is explored in terms of its mathematical
formulation, advantages, limitations, and application in power system analysis. Special
emphasis is also given to the variants of Ward's Equivalent, showcasing its adaptability
depending on the analysis needs.

2.1. Ward's Equivalent

Developed by J.B. Ward in 1949, Ward's Equivalent is a classical method for simplify-

ing large power networks by eliminating external nodes while preserving the electrical
characteristics at the internal nodes. This technique is widely used in load ow studies,

contingency analysis, and stability assessments, providing a reduced model that retains
the system's essential electrical properties [17].

2.1.1. Principles of Ward's Equivalent

Ward's Equivalent divides the network into internal and external nodes. The internal
nodes are retained for detailed analysis, while the external nodes are eliminated. The e ect
of the external nodes on the internal nodes is modeled using an equivalent admittance
matrix, allowing the reduced system to behave similarly to the original network from the
perspective of the internal nodes [17].
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2.1.2. Mathematical Formulation

Ward's Equivalent begins with the system'sadmittance matrix, Y, which describes the
electrical relationships between all nodes (buses) in the network. The matrix is partitioned
into internal (i) and external (€) nodes as follows:

Where:

~

Y;i : Admittance matrix of the internal nodes,

~

Yee: Admittance matrix of the external nodes,

Yie and Yei: Coupling admittance between internal and external nodes.

Assuming no current injections at the external noded { = 0), the voltage at the external
nodes can be expressed as:

Ve = YeelYei \/I

Substituting this into the equation for the internal nodes gives theequivalent admittance
matrix :

Y__equivalent =Y, YeY.

1l ee

lYei

This reduced matrix retains the interaction between internal nodes, incorporating the
in uence of the eliminated external nodes.

2.1.3. Applications in Power Systems
Ward's Equivalent is widely used in several areas of power system analysis:

" Load Flow Analysis : It simpli es external network components, enabling e cient
computation of load ow for speci c regions.

" Contingency Analysis : Reduces the number of nodes to allow faster and more
focused reliability assessments [12].

" Stability Studies : Allows detailed analysis of internal nodes by modeling the
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external system as an equivalent network.

2.1.4. Variants of Ward's Equivalent

Ward's Equivalent has evolved into several variants, each of which addresses di erent
aspects of network reduction. The three main variants are th&/ard Admittance
Method (WA) , Ward Injection Method (WI) , and Extended Ward Method

(WX) .

Ward Admittance Method (WA)

The Ward Admittance Method (WA) Is the simplest version of Ward's Equivalent.

It eliminates external nodes by converting their power injections into equivalerghunt
admittances modeling the external nodes as passive elements that are connected to the
internal system.

Mathematical Formulation In WA, the system's admittance matrix is partitioned as
follows:

# " #" #
I _ Yi Yie M

| e Yei Yee Ve

Assumingl. = 0, the voltage at the external nodes is:

Ve = YeelYei \/I

Substituting this into the equation for internal nodes gives:

i = YiVi YieYee' Yei Vi

Thus, the equivalent admittance matrix for the internal nodes is:

Y__equivalent — Y| YI %

1l ee

lYei

Applications and Bene ts WA is suitable for large power systems where the external
nodes can be treated passively, making it an e cient method for load ow studies or
preliminary network reductions.
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Limitations ~ WA assumes that external nodes are passive, which limits its accuracy in
cases where external nodes contribute actively to the power ow. This method is less
appropriate for scenarios involving complex interactions between external and internal
nodes [12].

Ward Injection Method (WI)

The Ward Injection Method (WI) enhances the WA method by retaining theurrent
injections at the external nodes, providing a more accurate representation of the external
system as active components in uencing the internal network.

Mathematical Formulation The system's current and voltage relationships can be
expressed as:
n # n #ll #

i _ Y Ye M (1)

Ie Yei Yee Ve
Wherel; andV, correspond to the current and voltage at the retained buses, whilg and
Ve represent the same quantities at the buses being eliminated. By manipulating as
shown in equation (2) and substituting it into the rst row of (1), we obtain a generalized
expression for the equivalent network in equation (3).

Ve = Yeel(le YeiVi) (2)

Ii = Yii YieYeelYei \/I + YieYeelle (3)

In cases where the external network's generation and loads are converted into shunt ad-
mittances, we can assumkg, = 0 in equation (1). Consequently, the equivalent network is
fully characterized by the rst term in equation (3), describing the retained buses and the
shunt components connecting them. Alternatively, if the external generation and loads
are converted into constant current injections, the second term of equation (3) becomes
relevant, providing the equivalent injected currents necessary to replicate the impact of
the eliminated sections of the network.

Applications and Bene ts WI is particularly useful in contingency analysis and
stability studies , where external nodes actively in uence the internal system. By re-
taining the external current injections, WI provides a more realistic representation of the
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power ow in complex networks [12].

Limitations Retaining external injections increases theomputational complexityof the
reduction process, making WI more resource-intensive than WA.

Extended Ward Method (WX)

The Extended Ward Method (WX) builds upon WI by introducing ctitious gener-
ator busesat boundary nodes to modeteactive power ows improving voltage stability
and power ow representation.

Mathematical Formulation In WX, ctitious generator buses are added to support
or absorb reactive power at the boundary nodes, thus enhancing the modeling of voltage
stability. The method retains all the features of WI, with additional reactive power
compensation through the ctitious generators [8].

Applications and Bene ts WX is ideal for power systems that require accuratee-
active power compensation and voltage stability analysis , especially in scenarios
where the external network plays a signi cant role in the system's voltage stability [8].

Limitations  The inclusion of ctitious generators increases theomputational complex-
ity, making WX more resource-intensive than both WA and WI.

2.1.5. Advantages and Limitations of Ward's Equivalent

Ward's Equivalent and its variants provide exible tools for simplifying large power sys-
tems while o ering a balance between computational e ciency and accuracy:

" Advantages :

Computational E ciency : The WA variant is especially e cient for reducing
system complexity.

Adaptability: WI and WX provide more detailed modeling of external nodes
as active participants, with WX o ering improved voltage stability through
reactive power compensation.

" Limitations

Linearity Assumptions: All variants assume linearity, limiting their application
in dynamic or highly non-linear systems.
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Increased Complexity WI and WX introduce additional complexity, which
may lead to higher computational costs.

2.2. Radial Equivalent Independent (REI) model

The Radial Equivalent Independent (REI) model Is a network reduction technique
that preserves both the load characteristics and impedance interactions between internal
and external nodes. Unlike Ward's Equivalent, which directly modi es the admittance
matrix, the REI method introduces ctitious reference buses(REI buses) to represent the
external system. This approach is particularly useful in cases where the impedance and
load characteristics of the external system need to be preserved.

2.2.1. Principles of REI Equivalent

The REI method involves:

1. Identifying boundary buses : The system is divided into internal and external
nodes, similar to Ward's Equivalent.

2. Creating REI buses : Fictitious REI buses are introduced to represent the aggre-
gated e ect of external nodes on the internal nodes.

3. Recalculating admittances : The admittance values between the internal nodes
and REI buses are recalculated to re ect the external system's in uence accurately.

By doing this, the external system is replaced by its REI equivalent, which retains both
impedance and load characteristics while reducing the computational complexity [12].

2.2.2. Applications in Power Systems

The REI method is particularly useful in:

" Contingency analysis : Simpli es external networks while maintaining accurate
load and impedance characteristics.

" Load ow studies : Especially in cases where detailed modeling of the external
system is unnecessary, but its e ects on the internal system need to be accounted
for.
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2.2.3. Advantages and Limitations

" Advantages :

Flexibility: The introduction of REI buses allows for a more accurate repre-
sentation of external systems compared to Ward's Equivalent.

Load Representation The REI method accurately preserves the load charac-
teristics and impedance of the external system.

" Limitations
Computational Complexity The creation of REI buses increases computational
complexity.

Linearity Assumption: Like Ward's method, the REI method assumes a linear
system, limiting its applicability in non-linear analyses.

2.3. Kron Reduction

Kron Reduction , also known asKron's Elimination, is a mathematical technique for
reducing the size of an admittance matrix by eliminating non-boundary nodes, thereby
retaining only the electrical relationships between boundary nodes. Kron Reduction is
widely used in power system and circuit analysis due to its mathematical rigor and ap-
plicability to a wide range of problems.

2.3.1. Principles of Kron Reduction

Kron Reduction eliminatesinterior nodes (non-boundary nodes), reducing the size of the
system's admittance matrix while maintaining the electrical relationships between the
boundary nodes The goal is to compute a new admittance matrix for the boundary nodes
that re ects the e ect of the eliminated interior nodes.

2.3.2. Mathematical Formulation

Let the system's admittance matrix be partitioned into boundary 6) and interior (i)
nodes as follows:



18 2| Network Reduction Techniques for Steady-State Analysis

Where:
" Ypp corresponds to the boundary nodes,
" Ypi and Yj, represent the coupling between boundary and interior nodes,
" Y, corresponds to the interior nodes.

Using Schur's Complement the reduced admittance matrix for the boundary nodes is
given by:

Ybrgduced — Ybb YbiYii 1Yib

This results in a system where only the boundary nodes remain, while the interior nodes
are eliminated, and their in uence is incorporated into the equivalent admittance matrix.

2.3.3. Applications in Power Systems
Kron Reduction is useful for:

" Impedance-based load ow analysis : When only a subset of the network (i.e.,
boundary nodes) is required for analysis.

A~

Stability studies : Kron Reduction is often used to simplify networks for dynamic
simulations while preserving key electrical relationships between boundary nodes.

2.3.4. Advantages and Limitations

" Advantages :

Mathematically Rigorous Provides an exact method for eliminating nodes
while maintaining accurate relationships between the remaining nodes.

Applicable to Dynamic Studies Kron Reduction is not limited to steady-state
analysis but can also be applied in dynamic studies.

~ Limitations

Computational Complexity Kron Reduction involves matrix inversion, which
can be computationally expensive for large systems.

Linearity Assumption: Similar to other reduction techniques, Kron Reduction
assumes the network is linear, which limits its application to non-linear systems

[71
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Comparison of Network Reduction Techniques

The three network reduction techniques discussedWard's Equivalent , REI Equiva-
lent , and Kron Reduction each have distinct strengths, applications, and limitations
in electrical network analysis. Here's a comparative analysis:

Technique Application Advantages Limitations

Ward's Equiva- Steady-state analysis,| Simple, computation- | Assumes linearity, less

lent contingency studies, | ally e cient e ective for non-linear
load ow analysis or dynamic systems

REI Equivalent Load- ow studies, con- | Flexible, preserves load| More complex, compu-
tingency analysis, oper-| characteristics tationally intensive
ational planning

Kron  Reduc- Impedance and admit- | Rigorous, reduces size Requires matrix inver-

tion tance matrix reduction, | of network sion, assumes linearity
dynamic studies

Table 2.1: Comparison of Network Reduction Techniques

Network reduction techniques, includingWard's Equivalent , REI Equivalent , and
Kron Reduction , play a vital role in simplifying large power systems and improving
computational e ciency without compromising accuracy. Ward's Equivalent o ers multi-
ple methods WA, WI, and WX that provide varying levels of accuracy and complexity
depending on the needs of the analysis. The REI Equivalent method preserves critical
load and impedance characteristics, making it valuable in speci c scenarios, while Kron
Reduction provides a mathematically rigorous approach to reducing network size. Se-
lecting the appropriate reduction technique depends on the analysis objectives, network
characteristics, and the desired balance between computational e ciency and accuracy.
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3 ‘ Algorithm for Network
Reduction and Analysis

This chapter introduces a robust algorithm designed to reduce the complexity of a large-
scale power grid model, providing a streamlined yet accurate representation of the system.
The focus of the algorithm is to retain the critical electrical characteristics of the grid's in-
ternal and boundary nodes, particularly in regions of interest, i.e., Reduced Network. By
employing an e cient network reduction technique , the algorithm strategically sim-

pli es the external network, eliminating non-essential nodes while preserving key dynamic
and operational attributes. This method strikes a balance between computational e -
ciency and modeling delity, ensuring the reduced model accurately re ects the behavior
of the full system.

The reduction process unfolds through a series of carefully orchestrated steps, each tailored
to maintain the integrity of the grid's core characteristics while optimizing for computa-
tional manageability. These steps serve as the foundation for a model that facilitates
high-precision analysis while signi cantly reducing computational overhead, making it
suitable for in-depth power ow analysis under normal and contingency scenario simula-
tions, and long-term planning.

3.1. Power Flow Analysis (Stage 1)

The rst stage of the algorithm performs a comprehensiveower ow analysis of the
Full network. This is a foundational step to ensure the system's operational conditions
are accurately captured before network reduction.

3.1.1. Data Loading and Initialization

The process begins by loading essential network data, including bus, branch, and gen-
erator information, from a pre-de ned.mat le, such as Rueda_network_3_1.mat Key
parameters such as the base MVA and operational limits are initialized to re ect real-world
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conditions.

3.1.2. Generator Control Adjustments

To ensure realistic simulation, the generator reactive powef)) control is adjusted, clas-
sifying generators a? Q, PV, or reference buses based on their operational modes and
voltage regulation requirements.

3.1.3. Load Flow Computation

The core of this stage lies in solving the load ow equations using thébus matrix ,
which models the system's electrical interactions.

Ybus Matrix Construction

The Ybus matrix is constructed by calculating the following:

~ Self-admittance for each bus, Y;: This is the sum of the admittances of all lines
connected to the bus, including line charging admittances and the shunt admittance
at the bus. The self-admittance for bus is calculated as:
P .
X sk (Gik + B i)

Yi = Yik + > +]Bs
sk

Where:

Yik = Ok * jbi is the series admittance between busésand k (consisting of
conductancegy and susceptancdyy ).

Gi« is the line charging conductance between buseand k.
Bik is the line charging susceptance between buseand k.
B is the shunt susceptance at bus

Mutual admittance between buses i and K, Yi.: The mutual admittance be-
tween connected buses is given by:

Yik = Vi

Where yj, is the series admittance between busand busk.

" Transformer e ects : If transformers are present, the e ects of transformer impedance
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and tap ratios are incorporated into the Ybus matrix. This typically alters both
the self-admittance and mutual admittance between the buses connected by the
transformer.

3.1.4. Complex Power Injection Calculation
The algorithm computes thecomplex power injection vector (Sbus) for each bus to

represent the net power injected or drawn by each bus, calculated as:

S — (Pgeneration I:)demand) + J (Qgeneration Qdemand)
bus baseMVA

3.1.5. Executing the Load Flow

The load ow analysis proceeds iteratively using théNewton-Raphson method , ad-
justing bus voltages and generator outputs until convergence is achieved.

3.1.6. Step-by-Step Execution

Figure 3.1 outlines the steps followed in the algorithm:
1. Start Function launch_PEFE Initialize the power ow function.
2. Load Network Data: Load the network model from amat le.

3. Adjust Generator Control: Set generator reactive power limits and control
modes.

4. Run Load Flow: Execute the power ow calculations using the calculated Ybus
matrix.

5. Update System Data: Adjust bus voltages and generator outputs based on the
results.

Calculate Sps: Compute the net complex power injection for each bus.
Ensure Full Ybus: Verify the completeness of the Ybus matrix after updates.

Save Results: Store the updated system parameters in anat le.

© © N o

Calculate Current |: Determine the currents for further analysis.

10. End Function: Finalize the computation and prepare results for post-processing.
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Figure 3.1: Flowchart for Power Flow Analysis Algorithm
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3.1.7. Finalizing the Load Flow Solution

Once convergence is achieved, the results, including bus voltages, generator outputs, and
power ows, are saved. These results form the foundation for network reduction and fur-
ther contingency analysis, ensuring the system's operational characteristics are preserved.

3.2. ldentifying Internal, Boundary, and External Nodes
(Stage 2)

Once the baseline operating conditions of the network are established, the next critical
step is to categorize the nodes intinternal, boundary, and external nodes . This
classi cation is essential for modelling the Reduced Network from Full network while
preserving key interconnections that in uence grid operations. The algorithm achieves
this classi cation through a graph-based approach, leveraging the structural properties of
the network to ensure accurate identi cation of node types.

3.2.1. Graph Representation of the Network

To e ciently navigate the network and classify nodes, the algorithm rst constructs a
network graph , where:

" Nodes represent buses in the power system.

" Edges represent branches (transmission lines or transformers) that connect these
buses.

By treating the system as a graph, the algorithm can traverse the network e ciently,
analyze node adjacencies, and apply classi cation rules based on electrical connections.

3.2.2. Classi cation of Nodes: Internal, Boundary, and External

The node classi cation process involves several key steps, focusing on identifying and
categorizing the nodes based on their role in the network.

1. Loading Known Nodes

The algorithm begins by loading a prede ned list of knowrboundary nodes (those
connected to regions outside the Reduced Network) arkthown internal nodes (nodes
within the Reduced Network connected to boundary nodes). These form the foundation
for further classi cation.
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2. Identifying Internal Nodes

Using a breadth- rst search (BFS) approach, the algorithm iteratively expands the
list of internal nodes by examining neighboring nodes. Starting from the known internal
nodes, the algorithm traverses the network, marking any adjacent nodes that are not
boundary nodes as internal.

3. Classifying Boundary and External Nodes

Boundary nodes are loaded directly into the algorithm, while any remaining nodes that
are not classi ed as either internal or boundary are labeled asxternal nodes . These
external nodes are not essential to the reduced model and are removed from further
analysis to simplify the network, reducing computational complexity.

3.2.3. Flowchart Description: Identifying Internal Nodes

Figure 3.2 shows the owchart of the BFS-like process used to identify internal nodes
within the network.

The process follows these steps:

1. Create Graph GNetB: The graph is created using the network's branch and bus
data, where nodes represent buses and edges represent connections.

2. Load Boundary Nodes: The algorithm loads prede ned boundary nodes, which
are nodes connected to external regions.

3. Load Known Internal Nodes: The algorithm then loads a list of known internal
nodes, which are nodes within the Reduced Network that are connected to boundary
nodes.

4. Ensure Nodes as Row Vectors:  Both the boundary and internal nodes are stored
as row vectors to maintain consistency during processing.

5. Initialize Internal Nodes and Nodes to Check: The list of internal nodes is
initialized, and a queue of nodes to check is created, starting with known internal
nodes.

6. Mark Known Internal Nodes as Visited: All known internal nodes are marked
as visited to prevent revisiting during the iterative process.

7. lterative Search (While Loop): The algorithm enters a loop where it checks
each node for neighbors:
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Figure 3.2: Flowchart for the Breadth-First Search-like Approach to Node Identi cation
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" Get Next Node to Check:  The algorithm retrieves the next node from the
queue of nodes to check.

" Find Neighbors: It nds the neighboring nodes connected to the current

node.

" Filter Boundary/Visited Nodes: Any neighboring nodes that are bound-
ary nodes or have already been visited are lItered out.

" Mark Neighbors as Visited: Unvisited neighboring nodes are marked as
visited.

" Add to Internal Nodes: These neighboring nodes are added to the list of
internal nodes.

" Add to Nodes to Check: The newly identi ed internal nodes are added to
the queue of nodes to check in the next iteration.

This iterative process continues until all internal nodes are identi ed, ensuring that all
relevant nodes within the Full Network are classi ed properly.

3.2.4. Visualization of Node Classi cation

To facilitate understanding and veri cation of the node classi cation, the algorithm pro-
vides a visual representation of the network. Each category of node internal, boundary,
and external is color-coded for easy interpretation.

" Internal nodes are highlighted in green.
" Boundary nodes are highlighted inblue .
" External nodes are highlighted inred.

This visual representation helps verify that the classi cation accurately re ects the critical
structure of the network.

3.3. Impact of Node Classi cation on Network Re-
duction

The node classi cation process is vital for the network reduction algorithm. By dis-
tinguishing between internal, boundary, and external nodes, the algorithm ensures the
visualisation to ease further reduction process. Removing external nodes, which have
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Figure 3.3: Full Network Graph with Internal, Boundary, and External Nodes

minimal impact on the internal dynamics, simpli es the network without compromising
its accuracy.

3.4. Admittance Matrix Partitioning and Ward's Re-
duction (Stage 3)

With the nodes classi ed into internal, boundary, and external categories, the next crucial
step is to apply Ward's reduction to simplify the network by eliminating external
nodes. This process involves partitioning théus admittance matrix (Ybus) and
applying Ward's reduction to maintain the key electrical interactions between internal and
boundary nodes while excluding external nodes from the analysis. This step reduces the
size of the system, ensuring that the computational model remains manageable without
losing accuracy in representing the critical behavior of the full grid.
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3.4.1. Matrix Partitioning

The rst step in Ward's reduction is the partitioning of the Ybus matrix , which en-
capsulates the admittance relationships between all nodes in the network. By reordering
and dividing this matrix, the interactions between required nodes (internal and boundary
nodes) and external nodes are separated. The partitioning results in four key submatrices:

A

Yrr ;. Represents the interactions among the required nodes (internal and boundary
nodes).

Yre and Yer: Represent the interactions between required nodes and external
nodes.

Yee: Represents the interactions solely among the external nodes.

This partitioning is crucial for Ward's reduction, as it isolates the external nodes and
allows their e ects to be folded into the remaining system structure.

3.4.2. Ward's Reduction

Ward's reduction simpli es the network by mathematically "folding” the external nodes
into the internal system. This method eliminates external nodes while maintaining their
in uence on the internal and boundary nodes. The process is performed in two key steps:

1. Reduced Admittance Matrix Calculation : The new reduced admittance ma-
trix is calculated by removing the external nodes from the system. This step ensures
that the electrical properties of the system are preserved by accounting for the in-
uence of external nodes.

The equation is given by:

Yrr_new = Yy Yre Yeel Yer

Where:

N

Y new IS the updated admittance matrix for the retained buses(Required
Nodes),

" Y, is the initial admittance matrix for the retained buses(Required Nodes),

" Ye Is the admittance matrix between the retained (Required)and eliminated
buses,
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A

Y, ! is the inverse of the admittance matrix for the eliminated buses,

" Y Is the admittance matrix between the eliminated and retained buses(Required
Nodes).

2. Adjusted Current Injection . The reduced current injection vector is similarly
adjusted by accounting for the impact of the eliminated external nodes. This ensures
that the system's power balance and current ow dynamics remain consistent with
the original system.

The equation is given by:

— 1
r_new — Ir Yre Yee Ie

Where:
" |+ _new IS the updated current at retained buses(Required Nodes),
~ 1, is the initial current at retained buses(Required Nodes),

Y is the admittance matrix between the retained(Required) and eliminated
buses,

Y..! is the inverse of the admittance matrix for eliminated buses,

" l¢ is the current at eliminated buses.

3.4.3. Partitioning the Reduced Admittance Matrix

After Ward's reduction, the newly formed admittance matrix (Y, new) iS further parti-
tioned to separately represent the interactions betweeinternal and boundary nodes.
The partitioning results in:

" Ybb_new : Represents the interactions between boundary nodes.

" Yib_new andYbi_new : Represent the interactions between internal and bound-
ary nodes.

" Yii_new : Represents the interactions among internal nodes.

This partitioning enables more focused analysis of the internal grid and its interfaces with
the external system through boundary nodes, ensuring that the simpli ed model still
accurately represents dynamics at critical interfaces.
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3.4.4. Flowchart: Ward's Reduction Process

Figure 3.4 illustrates the detailed steps of Ward's reduction process applied to the admit-
tance matrix.

Figure 3.4: Flowchart for Ward's Reduction

The Ward's reduction process can be described as follows:
1. Start Ward's Reduction: The process begins by initializing the reduction process.

2. Reorder Ybus Matrix: The bus admittance matrix Yy is reordered to separate
required nodes (internal and boundary nodes) from external nodes.

3. Matrix Partitioning: The reorderedY,s is partitioned into four submatrices:

N

Y.r : Represents the interactions among required nodes (internal and boundary
nodes).

Yre and Ye: Represent the interactions between required nodes and external
nodes.

Yee: Represents the interactions solely among external nodes.

4. Current and Voltage Calculations: Currents and voltages at the required nodes
(I+; V;) and external nodes [¢; Ve) are computed.

5. Perform Ward's Reduction: The reduction process is applied:

" Compute the new reduced admittance matrixy,, new by eliminating the ex-
ternal nodes usingY;e; Yee; Yer.

" Adjust the current injections (I, new) to re ect the in uence of external nodes.
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6. Boundary and Internal Node Mapping: The algorithm maps the newly re-
duced Y, new Matrix to account for interactions between boundary and internal
nodes.

7. Partition the Reduced Matrix: The reduced matrix is partitioned into:

" Yoo new: Boundary-boundary interactions.

N

Yin_new and Yy new: INternal-boundary interactions.
" Yi_new: Internal-internal interactions.

8. End Ward's Reduction: The process concludes with the calculation of the re-
duced current injections and the new bus power ows for power ow analysis.

3.4.5. Why Ward's Reduction Matters

Ward's reduction is a powerful tool in power system analysis because it enables the sim-
pli cation of complex, large-scale networks without sacri cing the accuracy of key system
dynamics. By eliminating external nodes and reducing the size of the network, the algo-
rithm achieves the following bene ts:

" Computational E ciency : The reduction in network size allows for faster simu-
lations, particularly when performing contingency or scenario analysis.

Preservation of Critical Interactions . Despite the reduction in size, interactions
between the internal grid and boundary nodes are preserved, ensuring the reduced
model faithfully represents the dynamics of the full network.

Focus on Internal Grid Dynamics  : By removing external nodes that minimally
impact the internal grid, the reduced model focuses on the core system, facilitating
more targeted analysis of its behavior.

Hence, Ward's reduction simpli es theFull network model into a manageable size
while maintaining key interactions with surrounding regions. This step ensures that the
reduced network is computationally e cient, yet still robust enough to model the essential
characteristics of the full system.
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3.5. Updating the Branch Matrix and Electrical Pa-
rameters (Stage 4)

After performing the network reduction using Ward's method, it becomes crucial to up-
date the branch matrix to re ect the new network structure. This stage ensures that
the connectivity between internal and boundary nodes is preserved and that the electri-
cal properties of the network, such as resistanc®) and reactance K ), are accurately
recalculated based on the reduced admittance matrix. The goal is to maintain the phys-
ical representation of the network consistent with the reduced system topology, thereby
enabling accurate further analysis.

3.5.1. Filtering and Retaining Relevant Branches

The rsttask in this stage is to identify and retain only the branches that connectinternal

and boundary nodes , as the external nodes have been eliminated during the reduction
process. The updated branch matrix includes only the branches that contribute to the
reduced system, ensuring that the core electrical relationships between the retained nodes
are maintained.

3.5.2. Recalculating Boundary Connections

In the reduced system, the interactions between boundary nodes become critical since
these nodes represent the interface between the internal grid and external regions. To en-
sure that these interactions are captured accurately, the algorithm checks for any missing
or newly required connections between boundary nodes, based on the reduced admittance
matrix (Y bb new). This step ensures that the reduced system continues to accurately
represent electrical behavior at the boundaries of the internal grid.

3.5.3. Flowchart: Updating the Branch Matrix

Figure 3.5 outlines the process of updating the branch matrix. This owchart provides a
step-by-step overview of Itering the branches, checking for connections between boundary
nodes, and recalculating branch properties.

The key steps in this process are:
1. Start Branch Updating: Initiate the branch updating process.

2. Filter Branches Connecting Internal and Boundary Nodes: Identify and
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Figure 3.5: Flowchart for Updating the Branch Matrix after Reduction
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retain only the branches that connect internal and boundary nodes.

. Create New Branch Matrix: Form the new branch matrix based on the Itered
branches.
. Check for More Than Two Boundary Nodes: If more than two boundary

nodes are present, check for necessary connections between them.

. Loop Through Boundary Nodes and Node Pairs: Iterate through each pair

of boundary nodes to check for connections in the reduced admittance matrix
(Y bb_new).

. Check for Connections: Determine whether a connection exists between the

boundary nodes inY bb new.

. Create New Connections: If a connection is found as pelY bb new, create the

new connections and update the new branch matrix accordingly.

. Update Boundary Branches:  Ensure that the list of boundary branches is up-

dated with any new connections.

. Check if Branch Exists in the Branch Matrix: Verify whether the newly

identi ed branch already exists in the matrix.

Add Missing Branches: If a branch is missing, add it to the matrix to maintain
the correct topology.

End Branch Updating:  Conclude the branch updating process.

3.5.4. Updating the Branch Matrix with New Parameters

Once the boundary branches are recalculated, the algorithm proceeds to update the
branch matrix by inserting the newly calculated values of resistancéR] and reactance
(X) for boundary branches. This step ensures that the physical properties of the lines
connecting the boundary nodes in the reduced network accurately re ect the electrical
characteristics of the original network.

3.5.5. Flowchart: Updating Resistance and Reactance (R and

X)

Figure 3.6 shows the owchart for recalculating and updating the resistanc&®] and reac-
tance (X) values for the boundary branches in the reduced network. These recalculations
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