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1. Introduction

Monte Carlo simulations are a powerful tool for
pricing financial instruments in the absence of
a closed-form pricing formula. Their use stems
from the theoretical guarantee of unbiasedness
of the Monte Carlo estimator and the precise er-
ror quantification by confidence intervals. How-
ever, the biggest limitation of the method is that
obtaining accurate estimates when dealing with
nested simulations or path-dependent payoffs is
computationally expensive, due to its O(1/v/M)
convergence rate after M replications. A pos-
sible solution is to use a variance reduction
technique (e.g., the control variates technique),
which can achieve the same level of estimator
variance with fewer simulations. Furthermore,
replacing traditional Monte Carlo steps with
a machine learning-based prediction model can
drastically accelerate the evaluation process.

The Prediction-Enhanced Monte Carlo (PEMC)
framework [6] combines these concepts: it em-
ploys a machine learning-based model to con-
struct a control variate in a fast and paralleliz-
able way. By executing the computationally in-
tensive data generation and model training of-
fline, PEMC exploits the evaluation speed of ma-
chine learning models in the online phase. This
approach allows for estimating the control vari-

ate’s mean as the average of a large number of
rapid simulations, bypassing the need for ana-
lytical formulas and extending the applicability
of the control variates technique to virtually any
practical scenario. At the same time, the statis-
tical guarantee of unbiasedness of the estimator
is preserved.

Despite these significant theoretical advantages
offered by PEMC, the theory itself (Lemma 6
and Appendix in [6]) indicates that PEMC'’s
variance reduction over Monte Carlo is guaran-
teed only when using a large number of train-
ing samples. As a result, the data generation
and training processes become computationally
demanding tasks, necessitating their offline ex-
ecution within the original PEMC framework.
However, recent literature has introduced a pre-
processing method based on the combination
of Principal Component Analysis (PCA) and
differential PCA [4, 5|, which exploits partial
derivatives of the label with respect to the fea-
tures to obtain a small group of very informative
variables.

This thesis proposes integrating this data prepa-
ration algorithm into PEMC in the Differential
PEMC approach. By leveraging the relevance
of the transformed features, the method achieves
the same level of variance reduction using a dras-



tically lower number of training samples (e.g.,
128 vs. 1.28 million in the best-case scenario).
The consequent reduction in training time is a
significant innovation that could enable a fully
online use of the PEMC method, allowing for
more frequent model retraining to better adapt
to evolving market conditions.

2. Theoretical Framework

The theoretical concepts necessary to fully un-
derstand the problem and its implementation
choices include the control variates method, skip
connections in deep learning, automatic differ-
entiation, and differential PCA. The first is a
fundamental theoretical concept for the PEMC
approach, while the use of skip connections is
pivotal in the neural network architectures used
in the practical applications of the PEMC ap-
proach. The last two concepts constitute the
theoretical basis for the Differential PEMC im-
plementation.

Control Variates

Let (2, F,P) be a probability space and Y a
square-integrable random variable. The stan-
dard Monte Carlo estimator for § = E[Y] is

given by:
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where n is the number of samples. The con-
trol variates method is a variance reduction
technique which exploits an auxiliary square-
integrable random variable X correlated with Y
and with a known mean E[X] to obtain an esti-
mator with lower variance than the Monte Carlo
one [2|. The control variates estimator is defined
as:
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Ooy = - Z (Y; — a(X; — E[X])),
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with X;,7 = 1,...,n a set of i.i.d. copies of X,
with known mean E[X]. This estimator remains
unbiased for 0 for any value of o [2]. In addition,
by appropriately choosing X and «, it is possi-
ble to achieve variance reduction with respect
to Monte Carlo. In particular, for the optimal
choice of a:

with p the correlation between X and Y. There-
fore, by choosing the optimal o and any X such
that Cov(X,Y) # 0 and Var(X) # 0, it is pos-
sible to achieve variance reduction over Monte
Carlo. Moreover, the higher the correlation be-
tween X and Y, the better the variance reduc-
tion.

Skip Connections in Deep Learning

In deep learning, skip connections [3] are a resid-
ual learning tool that helps prevent the vanish-
ing gradient problem.

During the training of a neural network, its pa-
rameters are updated to minimize a loss function
L, usually the mean squared error, according to

the rule: oL
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where A is the learning rate, w; the value of the
i-th parameter before the update and w] the new
parameter value. The backpropagation mecha-
nism exploits the chain rule of differentiation to
compute these partial derivatives starting from
the last layer and going backwards. Especially
for deep networks, the multiplication of these
gradients often results in a very small product,
meaning that the parameters of the early layers
are updated by a very small amount, leading to
a loss of predictive power ("vanishing gradient
problem"). Skip connections solve this problem
by offering an alternative path for the gradient
to flow during backpropagation. The method
consists of skipping some layers and adding the
output of one layer to the output of a deeper
layer, as shown in Figure 1.
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Figure 1: Skip connections in ResNet-style

In the figure above, F(X) is the residual func-
tion and proj(X) is the linear projection of X
that matches the dimension of X with the di-
mension of F(X). In practice, F(X) could contain
any number of layers, even though it is usually
composed of one to three layers.



Computing Gradients with Automatic
Differentiation

The path-wise method [2] produces unbiased es-
timators of price sensitivities without perturb-
ing input parameters. Formally, let (Q, F,F,P)
be a filtered probability space with the filtration
F = {Fu}n=0,. v and § € © C RF the vector
of parameters with respect to which the sensi-
tivities are computed. The discounted payoff
function at the final state is f(Xn(0)), where
f:RY - Rand X = {X,}n=o,. n an F-
adapted process with values in R?%. In practice,
X could be, for example, a vector of underlying
assets’ prices or a vector of forward rates.

Let V(0) = E[f(Xn(0))], the path-wise method
estimates the vector of price sensitivities VoV
as:

T
Vos(xn) = () Vafw)

where V,f(Xy) is the gradient of the dis-
counted payoff with respect to the final state
Xn, dil(TN is the Jacobian matrix of the sensitiv-
ity of the final state with respect to 6 and the
equality comes from the chain rule of differenti-
ation [2]. While the forward method calculates
this estimate moving forward in time with a ma-
trix recursion, the adjoint method executes the
calculation backwards. It uses a vector recur-
sion, reducing the computational complexity per
step from O(d?k) to O(d? + kd). This charac-
teristic makes the adjoint method highly bene-
ficial when computing sensitivities with respect
to multiple parameters, since the computational
cost scales better with the state dimension d
compared to the forward method [1].

Differential PCA

Reducing the initial set of features of the train-
ing dataset to a subset of significant ones can
significantly improve machine learning models’
performance. Standard Principal Component
Analysis (PCA) performs an orthonormal
transformation to filter data based strictly on
variation, defined as E[(X - u;)?] along the
normalized eigenvector w; [5|. However, this
metric is often inadequate for derivatives pricing
and risk management, since a large variation
along an irrelevant axis may not affect the price
or payoff, while a small variation along a highly
relevant axis can [4].

To overcome these limitations, differential
PCA introduces supervision and filters inputs
based on relevance to the payoff rather than
variation. The strong relevance of an axis u is
defined as E[(u - Z)?], where Z is the path-wise
estimator of the vector of price sensitivities [5].
The procedure performs the eigenvalue decom-
position of the noncentral covariance matrix
of input path-wise differentials to eliminate
axes that have negligible influence on the payoff.

3. Problem Description and Im-
plementation

3.1. Problem Description

Let (2, F,F,P) be a filtered probability space
with the filtration F = {F;}+>0. In derivatives
pricing applications, the objective is to find an
unbiased estimator of the initial value of the op-
tion, defined as:

Vo(0) = EZ[fo(Y)|Fo), (1)

where:
e Y € R4 is a random vector representing the
underlying asset path or terminal value;
e (Q denotes the risk-neutral measure;
e fy:R? = R is the discounted payoff func-
tion;
e 0 € © C R? is the parameter vector (e.g.,
volatility, strike, maturity) from which both
f and Q may depend.
For notational simplicity, the conditional expec-
tation E?[-U—"o] is denoted as EQ[-] in the follow-
ing sections.
In practice, approximating the expectation in
Equation (1) via standard Monte Carlo requires
evaluating the payoff fp(Y;) over M independent
paths, yielding the standard estimator %(9) =
ﬁZf‘il fo(Y:). As previously discussed, this
approach becomes computationally unfeasible in
nested setups. To address this bottleneck, the
Prediction-Enhanced Monte Carlo framework [6]
produces a machine learning-based control vari-
ate for fy(Y). The PEMC estimator is of the
form:
n
> (fo(Y:) = 9(6, X1))
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where N = 10n, X = X (#) is a variable that
dependson Y = Y (0) and g(0, x) is the estimate
of fy obtained by the neural network. Moreover,
each pair (X;,Y;) is simulated together, whereas
each X ;j has the same marginal distribution as X
and is simulated independently from all (X;,Y;).
In particular, X is chosen as the sum of Brown-
ian increments:

T/At

X = Z AW,
=1

where AW;a¢ ~ N(0,At),Vi = 1,..., L. This
choice is a consequence of the fact that X is
a low-dimensional transformation of Y, it is a
reasonable predictor for fg(Y) in the case of
stochastic processes with discretized dynamics
that contain Brownian incremements and its
Gaussian distribution allows cheap and paral-
lelizable simulations [6].

Like the control variates method, the PEMC es-
timator offers two primary statistical advantages
over standard Monte Carlo simulations: it re-
mains unbiased and provides significant variance
reduction. A comprehensive analysis regard-
ing unbiasedness, variance reduction capabilities
and cost effectiveness of the PEMC framework
relative to Monte Carlo methods is provided in

[6].
3.2. PEMC Implementation

Data Generation

The core of the implementation relies on an
"on-the-fly" data generation process, which ex-
ploits lazy evaluation to generate small batches
of training samples that are immediately dis-
carded after use. This mechanism eliminates the
storage overhead associated with the large vol-
umes of data required for the PEMC approach.
On the other hand, the two validation datasets,
one for early-stopping and the other for hyper-
parameter tuning, are generated and stored in
their entirety, a choice justified by their reduced
scale (approximately 10% of Nipqin) which al-
lows them to fit within system memory.

Neural Network Training

The neural network is trained to minimize the
Mean Squared Error (MSE), as its mathematical
minimizer corresponds to the conditional expec-

tation EQ[fy(Y(0))|0, X(0)]. Furthermore, the

early-stopping mechanism is guided by a modi-
fied Mean Absolute Relative Error (MARE):

&I 90 X(00) — & XX, £V (68)
ES ey

This metric is specifically chosen for its ability
to measure the alignment between E2[g] and the
true target EQ[f], prioritizing the minimization
of systematic bias over the fitting of statistical
noise.

Computing the PEMC estimator

Finally, the PEMC estimator is evaluated on-
line to ensure real-time pricing capabilities with
Equation (2). Its performance is quantified
through RMSE across multiple independent ex-
periments; due to the unbiased nature of the
PEMC approach, this metric serves as a di-
rect indicator of variance reduction compared to
standard Monte Carlo and control variate meth-
ods. The ground truth value for the RMSE cal-
culation is computed using a large number of
Monte Carlo simulations (5107 or 2 - 10%).

4. Applications and Results

The PEMC approach is applied to five realistic
scenarios in order to show its practical effective-
ness and versatility.

PEMC Variance Reduction

The initial application addresses arithmetic
Asian call options under the Black&Scholes
model, where the PEMC approach is compared
to standard Monte Carlo and control variates
techniques. To evaluate the impact of feature
engineering, two versions of the estimator are
considered, utilizing either a 1-dimensional or a
14-dimensional vector X. The prediction model
is trained on Niygin = 1.28 - 105 samples and
it employs a dual-branch architecture: the "6
Network Branch", which processes 6 through
2 fully connected layers with batch normaliza-
tion and ReLU activation, each followed by a
dropout layer; the "X Network Branch", using
a sequence of 2 fully connected layers followed
by dropout layers to transform X. The concate-
nation of the outputs of both branches is fed
into the "Combined Network", composed of a



couple of fully connected layers with batch nor-
malization and ReLU activation, each followed
by a dropout layer. Finally, a fully connected
layer produces the result. A skip connection [3]
is used in the "Combined Network" to prevent
the vanishing gradient problem.

The PEMC estimators are evaluated through
RMSE across 300 experiments with sample size
n € {1000,4000,9000}. Both the PEMC estima-
tor with dim(X)= 1 and the one with dim(X)=
14 achieve variance reduction compared to the
Monte Carlo estimator. In particular, the former
reduces Monte Carlo’s RMSE by 40—43%, while
the latter attains an impressive 66 — 69% re-
duction in RMSE over Monte Carlo. The supe-
rior performance of the estimator with a higher-
dimensional X stems from the path-dependent
nature of Asian option payoffs: a 14-dimensional
vector provides higher granularity, allowing the
neural network to more accurately capture the
underlying asset’s temporal trajectory and ap-
proximate the payoff. However, the traditional
control variate (CV) estimator remains the most
effective method, yielding a significantly lower
RMSE than the neural network models. This
outcome is expected, as the CV approach relies
on exact mathematical relationships that pro-
vide stronger theoretical guarantees than purely
data-driven approximations.

Boost PEMC Variance Reduction

To further enhance performance in scenarios
where a control variate is available, the Boost
PEMC estimator is introduced by incorporat-
ing the control variate’s closed-form solution di-
rfzctly into the training label, which is set to
Jo({Seh) = fo({Sehe) — Pa(0,{St}e), ie., the
difference between the arithmetic and the geo-
metric Asian call option payoff, with {S;}; the
underlying asset’s path. By training the network
on a dataset with Nyyqim = 1.28-10% samples and
the new label, the model can further reduce the
estimator’s variance. In particular, the estima-
tor’s formula becomes:

Boost PEMC(6) ;:% Z(fa({Sﬁi)}t) —g(6,X,(0)))

=1

where Pgr() is the closed-form expected
payoff of a geometric Asian option with discrete
monitoring under the Black&Scholes model.
This formulation maintains the architecture of
the previous experiment while exploiting the
fact that the geometric Asian call option is a
well-known control variate for its arithmetic
counterpart. Thanks to this boost, the PEMC
estimator significantly outperforms the control
variates one, achieving a 36 — 43% reduction in
RMSE across 300 experiments with sample size
n € {1000,4000,9000}. These results show that
the PEMC approach consistently enhances its
underlying baseline (whether Monte Carlo or
control variates) and proves to be a substantial
upgrade when a control variate is already
available.

Variance Swaps Under Heston Model

The methodology is extended to the pricing
of variance swaps under the Heston model,
characterized by the simultaneous modeling of
stochastic volatility and asset dynamics through
correlated Brownian motions. The dynamics
are simulated by Euler scheme with full trun-
cation, and the neural network is designed as a
sequence of 2 Multi-Layer Perceptron (MLP)
blocks connected through skip connections [3] to
mitigate the vanishing gradient problem. The
model is trained on Nypqin = 3 - 10% samples. In
this context, the feature vector X is defined by
the terminal values of the underlying Brownian
motions.

The PEMC estimator is evaluated on 200
independent experiments with sample size n €
{1000, 2000, 4000, 6000, 8000, 10000, 20000},
achieving a 31 — 45% RMSE reduction com-
pared to the Monte Carlo estimator, which is
similar to the results achieved by the estimator
in the Asian option example. This consistency
shows the versatility of the PEMC approach:
despite the Heston model’s increased complex-
ity, the neural network effectively maps the
non-linear relationships between parameters
and payoff. Crucially, this substantial variance
reduction is highly beneficial for computation-
ally expensive frameworks, as it significantly
lowers the number of simulated paths required
to reach a target accuracy.



Variance Swaps Under Stochastic Lo-
cal Volatility Model

The use of a Stochastic Local Volatility (SLV)
model introduces a higher degree of complexity
by requiring the processing of a discretized 2D
volatility surface grid. The model’s SDEs are:

dS; = rSydt + o( S, t)e’ Sy dWy,
dvt = /i(nt — ’Ut)dt + 5thv?

with 7 == =92 (1 + e~ 26t), (dWS,dWY) = pdt
and 7, K, d, p constant parameters. Furthermore,
() : Rx Rt — R" is a 2D function rep-
resenting the local volatility surface and et is
a stochastic multiplier such that ¢’ = 1 and
EQ[e?*] = 1. The dynamics are simulated by
Euler scheme and X is the vector (W2, W2).
The corresponding neural network architecture
integrates a VGG-style convolutional branch for
grid-based feature extraction with a fully con-
nected branch for 8 and X. The former is com-
posed of two couples of bi-dimensional convolu-
tional layers with ReLLU activation, followed by
a MaxPool2D operation and a flattening that
leads to a fully connected layer; the latter con-
tains a fully connected layer with batch nor-
malization and ReLU activation, followed by a
dropout layer and a final fully connected layer.
Furthermore, the results of these two branches
are concatenated and fed into the "Synthesizer"
module, composed of a fully connected layer
with ReLLU activation, followed by a dropout
layer and a fully connected layer.

In this task, the PEMC estimator proves highly
effective despite the increased mathematical
complexity of the underlying dynamics. The
evaluation of the PEMC estimator with the
same number of independent experiments and
the same set of sample sizes as the Heston model
example shows a 33 — 51% reduction in root
mean squared error compared to the standard
Monte Carlo baseline. As highlighted by these
results, the approach demonstrates a slight per-
formance improvement and confirms its versatil-
ity, even when handling full volatility surfaces.

Swaptions Under Heath-Jarrow-

Morton Model

In the most computationally demanding appli-
cation, swaption pricing is addressed under the
Heath-Jarrow-Morton (HJM) framework, ne-
cessitating the discretization of forward rate

curves and volatility structures across both time
and maturity axes. In this context, the 2-
dimensional vector X is constructed by summing
the Brownian increments over the first and sec-
ond halves of the simulated time horizon leading
up to the swaption’s maturity.

The architecture evolves into a sophisticated
three-branch system, featuring specialized 2D
and 1D function encoders alongside a vector fea-
ture branch to process the forward rate dynam-
ics and volatility grids. The model comprises
the following components:

e 2D Function Encoder: this branch pro-
cesses the 2D volatility grid. It utilizes
a CNN architecture with two 2D convolu-
tional layers, each with batch normalization
and ReLU activation. An average pooling
layer and a subsequent flattening operation
conclude this branch, producing an embed-
ding.

e 1D Function Encoder: it handles the 1D
forward rate grid using a 1D equivalent
of the convolutional architecture described
above to produce a corresponding embed-
ding.

e Vector Feature Branch: the third branch is
dedicated to the parameters (6, X (0)), pro-
cessing them through two fully connected
layers with batch normalization and ReLU
activations. To facilitate gradient flow, it
incorporates a single-layer skip connection
[3].

e Synthesizer Module: the three generated
embeddings are concatenated with the orig-
inal input (6, X (0)) and fed into the "Syn-
thesizer", a sequence of two fully connected
layers with batch normalization, ReLLU, and
single-layer skip connections. Finally, a
fully connected layer outputs the model’s
prediction.

In this final application, the RMSEs of both
the Monte Carlo and the PEMC method are
evaluated on 200 independent experiments with
n € {1000, 3000, 5000, 7000, 9000,11000}. Even
though the HJIM framework introduces an addi-
tional layer of complexity by requiring the simul-
taneous management of both volatility struc-
tures and forward rate curves, the PEMC esti-
mator certifies its high level of performance. By
delivering a 45 — 50% reduction in root mean
squared error compared to the Monte Carlo



baseline, the method confirms the efficiency of
integrating 1D convolutional layers for sequen-
tial data with the proven effectiveness of 2D con-
volutional layers for grid-structured data. In ad-
dition, these results provide further evidence of
the versatility and robust variance reduction of
the PEMC approach [6].

5. Extensions

A primary limitation of the PEMC method is
its theoretical requirement of a large training
dataset (Nirqin) to guarantee variance reduction
compared to the Monte Carlo estimator, which
leads to computationally expensive training pro-
cedures. As established in [6], in an ideal sce-
nario where the predictor g perfectly matches
the conditional expectation EQ[fy(Y)|6, X], the
variance ratio between PEMC and Monte Carlo
is approximated by 7(p, ¢), which depends on the
correlation p = corr(f, g) and the relative com-
putational cost ¢ = E—j In practice, however, g
is only an approximation, introducing an error
€total POunded by:

€total < 265 + 265”'””.

While the approximation error eg can be mit-
igated by employing sufficiently complex neu-
ral network architectures, the statistical er-
ror eNtrain typically decreases at a rate of
O(1/v/Nirqin). Consequently, a massive dataset
is generally required to minimize €.y, and drive
the variance ratio toward its optimal value.
Principal Component Analysis (PCA) combined
with differential PCA [4] can be utilized as a pre-
processing tool to decrease Ni.qin While main-
taining optimal variance reduction. By trans-
forming the neural network’s input into lower-
dimensional, noise-free data, this technique re-
duces the overall complexity of the problem, low-
ering the statistical error for a fixed Ngqi,. This
dimensional reduction provides advantages on
two distinct levels:

e [t eliminates the need to manually define
the feature vector X, replacing it with a
systematically derived quantity.

e By reducing the dimensional complexity of
the problem, the statistical error is low-
ered for any given Ni.qin. This allows the
model to achieve the desired variance re-
duction using a significantly smaller train-
ing set. The resulting decrease in training

time enables more frequent model updates
with narrower parameter intervals, allowing
the pricing tool to adapt easily to evolving
market conditions.
The subsequent sections demonstrate the practi-
cal implementation and numerical validation of
this preprocessing mechanism across three spe-
cific real-world pricing scenarios selected among
the five employed for the standard PEMC esti-
mator.

Differential PEMC Variance Reduc-
tion

The pricing of an arithmetic Asian call op-
tion under the Black&Scholes model serves as
the first application case of the preprocessing
pipeline. Two versions of the data preparation
procedure are employed to evaluate the estima-
tor: the "split" preprocessing applies the dimen-
sionality reduction method to the market pa-
rameters 6 and the Brownian increments sep-
arately, feeding the neural network described in
the PEMC variance reduction example with the
resulting features; conversely, the "full" prepro-
cessing concatenates 6 and the Brownian incre-
ments into a single matrix, applying the data
preparation algorithm to the concatenated in-
put to feed the "Combined Network" branch of
the standard PEMC method’s application to the
Asian options.

The benefits of performing differential PCA on
top of standard PCA are significant: the in-
put complexity is reduced to just 2 or 3 prin-
cipal components that explain at least 99.9% of
the total relevance. Thanks to this optimiza-
tion, both methodologies can employ a training
dataset of just Nypqin = 128 samples.

Method RMSE Reduction
PEMC (dim(X) = 1) 40-43%
PEMC (dim(X) = 14) 66-69%

Diff. PEMC ("split") 66-71%
Diff. PEMC ("full") 59-64%

Table 1: RMSE reduction over Monte Carlo:
comparison between standard PEMC and Dif-
ferential PEMC in the Asian option example

As shown in Table 1, the Differential PEMC es-
timator with "split" preprocessing matches the
performance of the standard PEMC one trained
on the original 1.28 - 105 samples, while the



"full" preprocessing also delivers strong results.
Its slightly worse performance compared to the
"split" version is coherent with the fact that
the relationship between 6 and the Brownian in-
crements in the payoff function is multiplicative
and exponential. Because the "full" preprocess-
ing feeds the network with linear combinations
of these variables, the model must isolate their
individual contributions to learn the true rela-
tionship, a task simplified by the "split" version,
which maintains a clear distinction between the
market parameters and the simulated path.
The superiority of the Differential PEMC
method becomes particularly evident when stan-
dard PEMC is trained on the same reduced
dataset of 128 samples; in that scenario, the
standard estimator’s best performance is a 36 —
44% variance reduction compared to Monte
Carlo. Even though this result is worse than
the ones obtained by the Differential PEMC es-
timator with the same number of training sam-
ples, it is still interesting to notice that with
just 128 training samples the standard PEMC
method outperformed Monte Carlo by a signifi-
cant amount. This result is additional confirma-
tion of the standard PEMC approach’s power in
rather simple scenarios.

Beyond accuracy, the most direct advantage of
operating with a drastically reduced Nypqin is &
significantly shorter training time than the stan-
dard PEMC with 1.28 - 10® training samples,
highlighted by Table 2.

Training time
Method
[s/epoch]
PEMC (dim(X) = 14) 3.84
Diff. PEMC ("split") 0.046
Diff. PEMC ("full") 0.016

Table 2: Comparison of average training time
per epoch on a similar number of epochs: stan-
dard PEMC and Differential PEMC in the Asian
option example

To sum up, even though the "full" methodol-
ogy’s training time per epoch is lower than its
"split" counterpart due to a lighter architecture,
they are both much faster than the standard
PEMC method. Since the primary focus of the
approach is variance reduction, the "split" pro-
cedure is preferable, as it achieves slightly better

results in this sense.

Differential Boost PEMC Variance Re-
duction

As observed in the previous section, since the
geometric Asian call option is a well-known con-
trol variate for its arithmetic counterpart, the
Differential Boost PEMC can be built upon it.
In particular, both "split" and "full" preprocess-
ing strategies are implemented identically to the
previous real-world scenario, the only difference
is in the training label and the estimator for-
mula, as defined in the standard Boost PEMC
framework.

In the "split" preprocessing case, the data prepa-
ration procedure extracts 2 principal compo-
nents that account for at least 99% of the to-
tal relevance of 6 and the Brownian increments.
On the other hand, the "full" preprocessing
approach identifies 5 principal components as
the ones which capture 99% of the data’s rel-
evance. Using a training dataset composed of
just Nipgin = 1.28 - 10 samples, the results in
Table 3 are obtained.

RMSE
Method
Reduction
Boost PEMC 36-43%
Diff. Boost PEMC ("split") 52-56%
Diff. Boost PEMC ("full") 58-60%

Table 3: RMSE reduction over control vari-
ates estimator: comparison between standard
Boost PEMC and differential Boost PEMC in
the Asian option example

The results of the differential Boost PEMC
("split") estimator in Table 3 represent a sub-
stantial improvement over the performance of
the standard Boost PEMC, trained on a dataset
of 1.28-10% samples, in terms of variance reduc-
tion over the geometric control variate baseline.
However, its "full" counterpart achieves slightly
better results. This behavior is opposite to
the Differential PEMC’s one, but this is likely
related to the nature of the training label: since
the geometric control variate already accounts
for the dependencies from 6 and the Brownian
increments alone, the training label is likely
driven by complex interactions between the two.
The "full" method captures these interactions



more effectively than the "split" thanks to
the fact that it applies the data preparation
algorithm to the concatenation of 6 and the
Brownian increments. Furthermore, both ver-
sions of the differential Boost PEMC estimator
outperform the standard Boost PEMC trained
on a reduced dataset (1.28-10% samples), which
only delivers a 11 — 21% variance reduction.

Training time
Method
[s/epoch]
Boost PEMC 2.33
Diff. Boost PEMC ("split") 0.64
Diff. Boost PEMC ("full") 0.36

Table 4: Comparison of average training time
per epoch on a similar number of epochs: stan-
dard Boost PEMC and differential Boost PEMC
in the Asian option example

The reduction in training data directly trans-
lates to enhanced computational efficiency, sig-
nificantly dropping the average training time per
epoch compared to the standard Boost PEMC
(trained on the full dataset) for a similar num-
ber of training epochs, as detailed in Table 4.
In particular, the "full" method further acceler-
ates the training process compared to the "split"
one, requiring even less time per epoch. This
speedup, which results in a reduction by a factor
of roughly 6.5 compared to the standard model,
is due to the lighter architecture employed by
the "full" approach.

To conclude, the "full" preprocessing method-
ology is preferable for the Differential Boost
PEMC estimator. Unlike the previous applica-
tion, the "full" method here delivers both supe-
rior variance reduction and a lower training time
per epoch, making it the optimal choice.

Differential PEMC for Swaptions Un-
der Heath-Jarrow-Morton Model

To rigorously validate the Differential PEMC
approach, it is applied to the most challenging
real-world scenario considered in this work: pric-
ing swaptions under the Heath-Jarrow-Morton
(HJIM) framework. Since this model involves
both volatility structures and forward rate
curves, the "split" and "full" preprocessing
methods must be adapted from previous exam-

ples. In the "split" methodology, the data prepa-
ration algorithm is applied to the concatenation
of the scalar parameters (f) and the Brownian
increments, feeding these transformed features
into the "Vector Features Encoder" which is em-
ployed in the HJM scenario of standard PEMC,
while the volatility surface and initial forward
rates are fed directly into their respective CNN
branches. Conversely, the "full" preprocessing
approach flattens the 2D volatility surface and
the 1D initial forward rate grid, concatenates
them with 6 and the Brownian increments and
applies the dimensional reduction technique to
the concatenated matrix before feeding it to the
final "Synthesizer" branch.

The implementation of the "split" preprocess-
ing identifies 5 principal components that ex-
plain over 99.99% of the relevance of # and the
Brownian increments. On the other hand, the
"full" preprocessing approach extracts 4 princi-
pal components to capture 99.9% of the total rel-
evance across all flattened inputs. The network
is trained on a dataset of Nygin = 3 - 10* sam-
ples, against the 3 - 10% of the standard PEMC.

Method RMSE Reduction
PEMC 45-50%

Diff. PEMC ("split") 47-52%

Diff. PEMC ("full") 3-13%

Table 5: RMSE reduction over Monte Carlo:
comparison between standard PEMC and Dif-
ferential PEMC in the HJM example

Despite the reduced number of training sam-
ples, the Differential PEMC ("split") estimator
achieves very similar results to standard PEMC
in terms of RMSE reduction over Monte Carlo
(see Table 5). The true power of the prepro-
cessing pipeline becomes more evident when the
standard PEMC model is trained on the reduced
dataset of 3 - 10* samples: under these condi-
tions, standard PEMC fails, yielding an RMSE
roughly equivalent to Monte Carlo. This perfor-
mance is likely a consequence of the combination
of a high statistical error and the high complex-
ity of the scenario. However, the fact that the
introduction of the data preparation algorithm
transformed the model into an advantage com-
pared to Monte Carlo is remarkable. Table 5 also
shows that the results of the "full" preprocess-
ing estimator are significantly worse than those



achieved by the "split" method. This difference
highlights a crucial point: by keeping the in-
puts separated in the "split" approach, the CNN
branches can efficiently extract spatial and se-
quential patterns. On the other hand, the "full"
approach forces the network to retrieve the same
complex information from a single transformed
vector.

Furthermore, because the "full" approach ap-
plies PCA to large grids, its computational over-
head is higher than that of the "split" method,
resulting in a training time of 9.39 seconds per
epoch (roughly four times slower than the "split"
method). However, as highlighted in Table 6,
both the differential estimators save a signifi-
cant amount of training time compared to the
standard PEMC implementation.

Training time
Method
[s/epoch]
PEMC 289.89
Diff. PEMC ("split") 2.09
Diff. PEMC ("full") 9.39

Table 6: Comparison of average training time
per epoch on a similar number of epochs: stan-
dard PEMC and Differential PEMC in the HJM
example

Summing up, the "split" approach emerges
as the superior methodology within the HJM
framework, offering higher variance reduction
and faster training times.

6. Conclusions

This thesis optimized the Prediction-Enhanced
Monte Carlo (PEMC) framework by introducing
the Differential PEMC method, where a prepro-
cessing pipeline leveraging PCA and differential
PCA is applied to the PEMC approach. By
isolating features based on their relevance to
the target label, the data preparation technique
extract few very informative features, allowing
for the use of significantly smaller training
datasets, thereby accelerating training times
without compromising the estimator’s variance
reduction capabilities. Testing two versions of
the method in three realistic scenarios revealed
that both the Differential PEMC estimators
outperformed the standard PEMC one. Fur-
thermore, a "full" preprocessing configuration
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(concatenating features prior to transformation)
is optimal to enhance the performance of an
existing control variate, whereas a "split" con-
figuration (processing distinct feature groups
separately) is superior in the absence of one.
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