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1. Introduction
One-dimensional (1D) modeling of the vascu-
lar flow [1] is extensively employed in literature
to study the pressure waveforms within arter-
ies, since it is notably less expensive with re-
spect to the three-dimensional (3D) counterpart.
In this work, we present the underlying mathe-
matical formulation of the 1D haemodynamics
equations and devise a suitable numerical tech-
nique, adopting discontinuous Galerkin (DG)
methods for the space discretization and explicit
Adams-Bashforth (AB) time-stepping schemes.
For numerical modeling purposes, the litera-
ture assumes a flat velocity profile when writ-
ing the momentum transport term, since this
leads to considerable mathematical simplifica-
tions. In this work, we avoid this hypothesis by
deriving Roe’s linearization [2] for the 1D blood
flow equations, in order to compute the inter-
cell fluxes appearing in the DG framework. The
entire implementation is written in C++ and
carried out within the lifex∗ project.

∗https://lifex.gitlab.io/lifex-public/

2. Mathematical modeling
The 1D haemodynamics equations read [1]:

∂A

∂t
+

∂Q

∂x
= 0

∂Q

∂t
+

∂(αQ2/A)

∂x
+

A

ρ

∂P

∂x
+KR

Q

A
= 0

∀x ∈ Ω = (xL, xR), ∀t ∈ (0, tf ] ,

(1)

where xL and xR represent the left and right
endpoint of the 1D domain, while tf is the final
time. The unknowns are represented by A (i.e.
the cross-sectional lumen area) and Q (i.e. the
volumetric flow rate). ρ is the blood density,
while α represents the momentum flux correc-
tion factor: α :=

∫
S ρu2

xdS

ρu2A
. The axial velocity ux

is approximated by assuming a suitable veloc-
ity profile, namely ux(x, r, t) ≈ u(x, t) s

(
r

R(x,t)

)
,

where the normalized velocity profile is given by:
s
(
r
R

)
= γ+2

γ

[
1−

(
r
R

)γ]. Common choices for γ
include γ = {2, 9} [3]. KR is a coefficient mod-
eling the wall shear stress: KR = −2πν ds

dr

∣∣
r=R

,
with ν = µ

ρ being the kinematic viscosity. The
tube law is given by:

P (x, t) = Pref + β

√
A−

√
Aref

Aref
, (2)
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where Pref and Aref are the reference pressure
and area, while β :=

√
πhE

1−ξ2
represents the wall

properties (h is the wall thickness, E the Young
modulus and ξ the Poisson ratio). We denote
the wave speed by c :=

√
A
ρ
∂P
∂A=

√
β

2ρAref
A

1
4 .

L

h

R(x,t)

x
ux(x,r,t)

Figure 1: Straight blood vessel.

The mathematical model (1) can be further rear-
ranged in order to obtain the quasi-linear form:

∂U

∂t
+H(U)

∂U

∂x
+B(U) = 0

∀x ∈ Ω = (xL, xR), ∀t ∈ (0, tf ] ,
(3)

and the conservative form:

∂U

∂t
+

∂F(U)

∂x
+ S(U) = 0

∀x ∈ Ω = (xL, xR), ∀t ∈ (0, tf ] ,
(4)

with U = (A,Q)⊤ being the unknowns, H(U)
the Jacobian matrix, F(U) the fluxes, and
B(U), S(U) the reaction terms, collecting the
viscous contribution. Under physiological condi-
tions, this hyperbolic problem is in a subcritical
state, meaning that it is characterized by two
waves traveling in opposite directions.

3. Numerical modeling
3.1. Space and time discretizations
The space discretization is achieved by means of
DG methods. The weak formulation applied to
the conservative form (4) reads [4]:

M∑
m=1

{(
∂Uh

∂t
,vh

)
Ωm

−
(
F(Uh),

dvh

dx

)
Ωm

+

+
(
S(Uh),vh

)
Ωm

}
+

+

E∑
e=1

F∗(Ue
h,L,U

e
h,R) · (ve

h,L − ve
h,R) = 0

∀vh ∈ Vh ,

(5)

where F∗(Ue
h,L,U

e
h,R) is the numerical flux, de-

scribing the flux term at the interface between

two consecutive cells. The time discretization
is achieved by applying explicit AB schemes
[4]. Given the hyperbolic nature of the prob-
lem at hand, a Courant-Friedrichs-Levy (CFL)
restriction on the time step is necessary to en-
sure the stability of the numerical method. The
initial data are projected onto Vh by means of
L2-projection.

3.2. Numerical flux and Riemann
problem

At the interface between two consecutive cells, a
Riemann problem is defined, meaning that we
must solve a wave propagation problem with
piecewise constant initial conditions:

U(x, tn) =

{
Ue

L if x < xe

Ue
R if x > xe

(6)

and constant boundary conditions, equal to Ue
L

and Ue
R, while the unknowns are given by the

intermediate state U∗e and the corresponding
numerical flux F∗(Ue

L,U
e
R), as depicted in Fig-

ure 2.
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t
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e
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m xL

m+1
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Figure 2: Graphical representation of the Riemann problem.

The literature assumes α = 1 for numerical mod-
eling purposes, since, in that case, we have at our
disposal an analytical expression for the charac-
teristic variables and so the definition of the nu-
merical flux F∗(Ue

L,U
e
R) is straightforward [4].

The novelty of this work lies in devising a nu-
merical technique that avoids this hypothesis,
allowing α ̸= 1 to be chosen consistently with
the selected velocity profile (i.e. α = γ+2

γ+1). This
is achieved by applying Roe’s linearization [2] to
the 1D haemodynamics equations, yielding:

∂U

∂t
+ H̃

∂U

∂x
= 0 , (7)

where H̃ = H̃(Ue
L,U

e
R) = H(Ã, Q̃, c̃) is the lin-

earized (constant-coefficient) Jacobian matrix,
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while Ã, Q̃, c̃ are called Roe’s averages, chosen to
guarantee the local conservation of the problem,
formally: H̃ (Ue

R −Ue
L) = F(Ue

R)− F(Ue
L).

The expression for Roe’s averages is derived
specifically in this work and results in:

Ã =

(√
Ae

L +
√
Ae

R

2

)2

,

Q̃ =

√
Ã

2

(
Qe

L√
Ae

L

+
Qe

R√
Ae

R

)
,

c̃ =

√
β

2ρAref

Ae
L +

√
Ae

LA
e
R +Ae

R

3
√
Ã

.

(8)

By solving the Riemann problem for the lin-
earized system (7), we obtain the following ap-
proximation for the intermediate state U∗e:

U∗e = Ue
L +

[̃
l2 · (Ue

R −Ue
L)
]
r̃2 , (9)

and for the numerical flux F∗(Ue
L,U

e
R):

F∗(Ue
L,U

e
R) = F(Ue

L) + λ̃2

[̃
l2 · (Ue

R −Ue
L)
]
r̃2,

(10)

where λ̃2, l̃2, r̃2 represent the second eigenvalue,
the second left eigenvector and the second right
eigenvector of H̃, respectively.

3.3. Boundary conditions and inverse
Riemann problem

The Riemann problem also arises at the bound-
ary, where we can identity an internal state U−e,
known by interpolation of the latest solution,
and an external state U+e, representing a vir-
tual state outside the domain. A visualization
is offered in Figure 3 for the left endpoint of the
domain xL, where we highlight that U+e and
U−e are indeed linked to Ue

L and Ue
R.

At the boundary nodes, the unknowns are given
by both the intermediate state U∗e and the ex-
ternal state U+e, leading to the following in-
verse Riemann problem in 4 equations and 4 un-
knowns:

g(A∗e, Q∗e) = 0

U∗e = Ue
L + r̃2

[̃
l2 · (Ue

R −Ue
L)
]

Ae
L = Ae

R

(11)

The residual g(A∗e, Q∗e) = 0 is defined based on
the specific boundary condition, meaning that

UL
e  = U+e

λ2
λ1U*e

x

t

UR
e  = U–e

x+e x–e
xe=xL

Figure 3: Graphical representation of the inverse Riemann
problem.

the non-linear system (11) can be employed to
introduce an arbitrary boundary condition in a
flexible way. The choice to enforce the continuity
of the cross-sectional area between the internal
and external state (i.e. A−e = A+e or, equiva-
lently, Ae

L = Ae
R) is arbitrary, since the external

state U+e, is virtual and has no physical mean-
ing.
The implemented boundary conditions include:
• inlet: we prescribe a known value of a cer-

tain quantity over time, which can be either
the cross-sectional area (i.e. A∗e = Ain(t)),
the inflow (i.e. Q∗e = Qin(t)) or the pres-
sure (i.e. P ∗e = Pin(t));

• non-reflecting: we require the outgoing
waves to leave the computational domain
without any wave reflection, formally:

lin(U
∗e) ·

[
∂U∗e

∂t
+ S(U∗e)

]
= 0 , (12)

with lin being the left eigenvector of H(U)
associated with the incoming characteristic;
(12) is discretized in time by means of a
forward Euler scheme;

• 3-element Windkessel model: this lumped-
parameter model is employed to represent
the peripheral circulation and consists in a
proximal resistance R1, a compliance C and
a distal resistance R2; the constitutive law
is expressed by:

R2C
dP ∗e

dt
+ P ∗e − Pout =

= R1R2C
dQ∗e

dt
+ (R1 +R2) Q

∗e ,

(13)

where Pout is the outflow pressure; we dis-
cretize (13) by means of a backward Euler
scheme.
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4. Extension to blood vessel
networks

The model discussed so far is suitable to sim-
ulate one single isolated vessel. A network of
vessels may include points where the material
properties are discontinuous. If we consider two
consecutive compartments “1” and “2” (i.e. por-
tions of the vessel with different material prop-
erties), then we can enforce the continuity of the
flow rate and the total pressure at the interface
between these two compartments, formally:

Q∗e
1 = Q∗e

2 , P ∗e
tot,1 = P ∗e

tot,2 , (14)

with Ptot := P + 1
2ρu

2 = P + 1
2ρ
(
Q
A

)2
. The

corresponding inverse Riemann problem is illus-
trated in Figure 4.

xL,2xR,1

Figure 4: Graphical representation of the inverse Riemann
problem at discontinuous material points.

By following a similar approach, we can also
model the bifurcation points (Figure 5), i.e.
points where one single vessel divides into two
separate vessels, yielding the matching condi-
tions:

Q∗e
1 = Q∗e

2 +Q∗e
3 , P ∗e

tot,1 = P ∗e
tot,2 = P ∗e

tot,3 .

(15)

5. 3D-1D coupling
5.1. Some notes about the 3D FSI

formulation
The 3D FSI problem is simulated using the
lifex built-in solver. The fluid subproblem is
expressed in an arbitrary Lagrangian-Eulerian
(ALE) framework, in order to deal with mov-
ing boundaries. We employ the Saint Venant-
Kirchhoff constitutive model for the structure

xL,2

xL,3

xR,1

Figure 5: Graphical representation of the inverse Riemann
problem at bifurcation points.

subproblem. A continuous Galerkin finite ele-
ment formulation is adopted for both the fluid
and the structure subproblems, with 1st-order
Lagrange polynomials as basis functions. The
time discretization is obtained by means of
2nd-order implicit backward differentiation for-
mula (BDF) schemes. SUPG-PSPG stabiliza-
tion is used to avoid artificial checkerboard pat-
terns in the pressure. Concerning the boundary
conditions, in this work we consider a known
pressure at the fluid inlet and a non-reflecting
boundary condition at the fluid outlet, expressed
as follows:

Tf n
∣∣∣
tn+1

= −RtQ3D n
∣∣∣
tn

∀x ∈ Γf,out (16)

with Tf = −P3DI+ µ
(
∇u3D + (∇u3D)

⊤
)

be-
ing the stress tensor for the fluid subproblem.
Rt represents the terminal resistance: Rt =

ρc0
A0

,
with c0 and A0 being the initial wave speed and
cross-sectional area, respectively. Concerning
the structure subproblem, we allow the struc-
ture to move radially by means of homogeneous
Neumann boundary conditions, while the nor-
mal displacement is set to zero.

5.2. Coupling conditions
The coupling between the 3D FSI model and
the 1D blood flow model is achieved by means
of suitable coupling conditions. We employ an
explicit coupling strategy, meaning that no sub-
iteration is performed within the same time step.
In this case, the numerical stability at the cou-
pling interface is ensured if we enforce the con-
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tinuity of the pressure on the 3D FSI problem:

(Tf n) · τ1 = 0

(Tf n) · τ2 = 0

(Tf n) · n = −P1D

∣∣∣
Γ3D-1D

(17)

Again, for the structure subproblem, we keep ho-
mogeneous Neumann boundary conditions radi-
ally, while the normal displacement is enforced
to be null. Concerning the 1D haemodynamics
model, the coupling condition reads:

Win(A
∗e, Q∗e)

∣∣∣
Γ3D-1D,tn+1

= Win(A3D, Q3D)
∣∣∣
Γf,3D-1D,tn

(18)

with Win being the incoming characteristic vari-
able. In the case of Roe’s linearization, Win is
expressed as: W1,2 ≈ l̃1,2 ·U, with l̃1,2 being the
left eigenvectors of the linearized Jacobian ma-
trix H̃. We refer to [5] for a more detailed discus-
sion about the stability of these coupling condi-
tions.

6. Numerical results
6.1. Verification against benchmark

solutions
In this section, we replicate the numerical setup
considered in [3], in order to verify the current
implementation. In particular, we simulate two
arteries (common carotid artery and upper tho-
racic aorta) and a bifurcation point (aortic bi-
furcation), with a prescribed inflow at the inlet
and a 3-element Windkessel boundary condition
at the outlet. The geometry and the results are
illustrated in Figure 6 and Figure 7, respectively.

6.2. 3D-1D coupling results
In order to evaluate the 3D-1D coupling and
the corresponding numerical issues, we study
a Gaussian-shaped pressure pulse propagation
along a duct, and perform both standalone
and coupled simulations. Hence, at the in-
let, we enforce the following pressure pulse:
Pin(t) = Pmax exp

(
−a (t− t0)

2
)

with a maxi-
mum pressure Pmax = 2 × 103 Pa, an attenu-
ation factor a = 104 s−2 and a reference time
t = 0.05 s. We adopt a non-reflecting boundary
condition at the outlet (12)–(16). The coupling
conditions are given by (17)–(18). The pressure
and flow rate waveforms are plotted in Figure 8,
where we highlight the spurious wave reflections

aortic bifurcation

common
iliac arteries

abdominal aorta

upper thoracic aorta

common
carotid artery

Figure 6: 3D model of an idealized aorta, considering the main
branches up to the aortic bifurcation, taken from [3].

arising at the coupling interface between the 1D
and 3D models at t = 0.10 s (Figure 8b).

6.3. Convergence analysis
In order to evaluate the convergence rate, we
compare the numerical solution with the solu-
tion obtained by linearizing (1)–(2) around the
reference state (A,Q,P ) = (Aref , 0, Pref). In-
deed, under the hypothesis of small perturba-
tions, the linearized solution can be considered
a sufficiently good approximation of the solu-
tion of the non-linear system (1). For this pur-
pose, we prescribe a sine wave inflow at the inlet:
Qin(t) = Q̂ sin

(
2π
T t
)

with Q̂ = 10−6m3/s being
the sine wave amplitude and T = 0.1 s its period.
At the outlet, a non-reflecting boundary condi-
tion (12) is employed. The errors on the cross-
sectional area and on the flow rate are computed
in terms of L2-error norm, and evaluated at the
final time tf = 2.0 s.
It is noteworthy that the h-convergence exhibits
a super-convergent regime, where the maximum
convergence rate is equal to 4 with polynomials
of degree p = 2, as expected for DG methods
on structured grids. The p-convergence shows
an exponential decay of the L2-error norms, as
predicted by spectral/hp element methods the-
ory. Concerning the time convergence, only
1st-order convergence is achieved, even though
we adopted a 2nd-order AB scheme; in order
to obtain the optimal rate of convergence, we
should employ a larger time step, but this is not
possible due to the numerical instability of AB
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Figure 7: Pressure and flow rate at the middle point of each
blood vessel during the last cardiac cycle. The 1D and 3D
simulations taken from [3] are marked with the labels Boileau -
1D sim. and Boileau - 3D sim.

time steppers (i.e. we can use only time steps
satisfying a proper CFL condition).

7. Conclusions and future de-
velopments

In this work, we have analyzed the 1D vascu-
lar flow model with an arbitrary velocity pro-
file, and its coupling with 3D FSI models. The
current implementation has been verified with
known results in literature. A preliminary study
has been conducted on the 3D-1D coupled sim-
ulations, highlighting the spurious wave reflec-
tions arising at the coupling interface; this issue
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(a) t = 0.06 s.
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Figure 8: Gaussian-shaped waveform along the duct at dif-
ferent time steps. Standalone and coupled simulations are
plotted.

should be analyzed more in depth, and can be
possibly overcome by implementing additional
sub-iterations within the same time step. Fi-
nally, the h-, p- and time convergence has been
discussed; it could be interesting to adopt ex-
plicit Runge-Kutta (RK) schemes for the time
stepping, in order to reach an optimal rate of
convergence in time.
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