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1. Context and motivation

Modern electronic markets are organized around
limit order books (LOBs), where liquidity
providers post limit orders and liquidity takers
submit marketable orders that execute against
the best quotes. At sub-second horizons, ag-
gressive executions do not arrive as indepen-
dent Poisson events: they come in bursts, dis-
play clustering, and show strong interaction be-
tween buy and sell activity. These empirical pat-
terns matter directly for market making. When
flow becomes intense, fill opportunities increase,
but short-horizon adverse selection risk typically
rises at the same time. A market maker there-
fore operates in an endogenous, fast-changing
regime environment where both opportunity and
risk are time-varying in event time.
This thesis addresses a concrete question: how
should a liquidity provider dynamically choose
bid and ask quote offsets to trade off spread cap-
ture and inventory risk when aggressive execu-
tion flow is self-exciting and state-dependent?
The goal is not to build a full-fidelity mar-
ket simulator, nor to forecast long-horizon
prices. The goal is to construct a data-anchored,
control-oriented pipeline that (i) captures clus-
tered order arrivals, (ii) yields a mathematically
coherent stochastic control problem, and (iii)

produces an executable feedback quoting policy
on tick-consistent grids.

2. Market model and control prob-
lem

The modelling backbone is an event-time de-
scription of aggressive order flow. Buy and
sell market orders are modelled as a bivariate
Hawkes process, capturing both self-excitation
(bursts on the same side) and cross-excitation
(spillovers across sides). Exponential kernels are
used as a tractability device: they admit a finite-
dimensional Markov embedding for the intensity
state. This step is essential for control, because
it turns a history-dependent excitation mech-
anism into a controlled Markov system where
dynamic programming can be applied transpar-
ently.
The market maker is treated as a price taker.
The control is the pair of bid/ask quote off-
sets δt = (δat , δ

b
t ) (in ticks) around a reference

midprice. The maker does not affect whether
market orders arrive; instead, quoting affects
whether incoming market orders execute against
the maker. This is modelled through predictable
thinning: a decreasing fill function maps quote
distance into the intensity of executions against
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the maker. Short-horizon adverse selection is
incorporated via predictable Bernoulli mark-
ing: conditional on market order arrivals, one-
tick midprice moves occur with state-dependent
probabilities linked to the order-flow state (for
instance through intensity imbalance). Consis-
tently with the thesis market model, the mid-
price is represented as a diffusion with additional
one-tick jumps driven by the Bernoulli-marked
market-order flow. These mechanisms (thinning
for fills and marking for adverse moves) keep exe-
cutions and toxicity inside a single compensator-
based point-process framework, which is crucial
for clean generator calculations and a consistent
HJB derivation.
The maker’s portfolio is described by inventory
and cash processes updated by executions; ter-
minal wealth is marked to mid and penalized for
residual inventory. The objective is posed using
exponential (CARA) utility:

V (t, z) = sup
δ

E
[
−e−γW f

T | Zt = z
]
,

W f
T = XT +QTST − η

2
Q2

T .

The controlled state includes inventory, cash,
the Hawkes intensities, and the price component
(in simulation) or an exogenous midprice path
(in replay). Controls are restricted to a com-
pact, tick-consistent admissible set, matching
microstructure constraints and numerical solv-
ability.

3. Dynamic programming, HJB
equation, and verification

A central contribution of the thesis is to make
the bridge from Hawkes microstructure mod-
elling to dynamic programming fully explicit
and reproducible. The difficulty is not writ-
ing down an HJB formally, but making each
step legitimate when order arrivals have stochas-
tic predictable intensities and the control acts
through predictable mechanisms (thinning and
marking). To avoid “black-box” modelling short-
cuts, the analysis constructs a clean semimartin-
gale representation of the controlled state and
derives the controlled generator from compen-
sator calculus rather than heuristic infinitesi-
mals.
Technically, this is achieved by embedding the
Hawkes-driven counting channels into a Poisson

random measure formulation and using a tri-
angular (step-by-step) construction to guaran-
tee well-posedness under the model’s admissi-
bility and integrability conditions. This yields
a transparent bookkeeping of jump events (fills,
adverse price moves, and intensity updates) and
provides the exact Dynkin/Itô identities needed
for dynamic programming. Within this frame-
work, a stopping-time Dynamic Programming
Principle (DPP) is proved for the finite-horizon
exponential-utility objective, leading to a non-
local Hamilton–Jacobi–Bellman equation whose
jump terms correspond one-to-one to economi-
cally meaningful events in the LOB model.
The CARA structure is then used in a con-
structive way: exponential utility implies a fac-
torization that removes cash and the absolute
price level from the PDE, reducing the HJB to
a tractable equation in (t, q, λ+, λ−). A verifi-
cation theorem is stated (and proved under the
required regularity/integrability conditions) to
certify that a sufficiently regular solution of the
reduced HJB coincides with the value function
and yields an optimal feedback quoting policy.
In this sense, the resulting strategy is a white-
box algorithm: its decisions are the explicit out-
put of a calibrated model and a solved control
problem, not a black-box predictor.
A stopping-time Dynamic Programming Princi-
ple (DPP) is established for the finite-horizon
terminal-utility criterion. The DPP leads to
a Hamilton–Jacobi–Bellman equation in which
the supremum is taken over admissible quote off-
sets and the nonlocal terms account for both (i)
inventory/cash jumps induced by executions and
(ii) intensity jumps induced by excitation. A
fully general PDE treatment can be formulated
in a viscosity-solution framework; however, the
thesis follows a classical verification route: for a
sufficiently regular candidate solution, a verifi-
cation theorem shows that it coincides with the
value function and yields an optimal feedback
control.
Exponential (CARA) utility plays a structural
role. The value function factorizes in a way
that removes cash and the absolute price level
from the PDE, leading to a reduced HJB in
(t, q, λ+, λ−). This reduction is not merely alge-
braic convenience: it makes the numerical prob-
lem feasible on bounded grids and makes explicit
that the optimal policy depends on inventory
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and on the order-flow regime encoded by the
Hawkes intensities (including their imbalance).

4. Numerical solution and empirical
implementation

The reduced HJB is solved numerically on
bounded grids for inventory and intensities, with
a discrete (tick-consistent) control set so that
the maximization becomes a finite search at each
grid point. Time stepping is designed to remain
stable under fast Hawkes mean reversion, and
post-jump states are handled by interpolation
and clamping to grid bounds. The solver ex-
ports an executable feedback policy mapping

(t, q, λ+, λ−) 7→ (δ⋆b , δ
⋆
a),

which can be used directly inside a backtesting
engine.
The empirical pipeline connects data to control
in a reproducible way. LOBSTER-style mes-
sages are mapped into a multivariate event rep-
resentation, then reduced to a two-dimensional
aggressive execution flow for Hawkes calibration.
The Hawkes model is fitted on intraday win-
dows to reflect local stationarity while allowing
regime changes through the day; subcriticality
checks based on the branching matrix provide
safeguards for simulation. Reduced-form mi-
crostructure components are calibrated to map
quote distance into fill propensity and to es-
timate short-horizon adverse-move probabilities
at event level.
Policy evaluation is carried out in two comple-
mentary regimes. In replay mode, the histori-
cal midprice path is fixed, so performance is not
confounded by price-model mismatch and the
test focuses on execution and inventory control
under realized price moves. In simulation mode,
events are generated from the calibrated Hawkes
model together with the calibrated fill/marking
mechanisms, enabling controlled stress tests and
sensitivity analyses. Numerically, the optimal
quotes widen and skew more aggressively when
Hawkes intensities and imbalance signal elevated
short-horizon toxicity, while reverting to tighter
and more symmetric quotes in calmer regimes.

5. Scope and outlook

The modelling choices are deliberately control-
oriented. The framework aims to capture

the dominant high-frequency mechanism that
matters for market making, namely clustered
aggressive flow and its link to fill opportuni-
ties and adverse selection, while preserving
a tractable Markov state and a numerically
solvable HJB. Natural extensions include
richer marking (multi-tick moves and variable
horizons), explicit queue dynamics and la-
tency/priority effects, multi-scale kernels (sums
of exponentials) to capture longer memory
while preserving a Markov state, and a full
viscosity/weak-DPP formulation that removes
smoothness assumptions

Overall, the thesis delivers an end-to-end, repro-
ducible pipeline in which each component has an
explicit role: LOB data are mapped into event
streams, Hawkes and microstructure primitives
are calibrated, the reduced HJB is solved on
tick-consistent grids, and the resulting policy is
exported and evaluated in replay and simulation
regimes.
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