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Abstract

The aim of this thesis is the comparison between two solvers, whose purpose is the op-
timization of the geometry of heat exchangers: the first solver can perform single region
optimizations, whereas the second one performs multi-region optimizations. These solvers
employ the continuous adjoint method and optimize the geometry with respect to the to-
tal pressure losses and the temperature extracted minimizing a properly defined objective
function. The solvers are implemented in OpenFOAM-dev, the single region solver, called
thermalAdjointShapeOptimizationFoam is an expanded version of the already present ad-
jointShapeOptimizationFoam, whereas the multi-region solver adjointMultiregionFoam is
the expansion of the single region solver for multiple regions problems, following the same
structure of the already present chtMultiRegionFoam. In this document, after the presen-
tation of the mathematical formalism that is behind the continuous adjoint optimization
applied to a problem comprising fluid and solid regions, the structure of the multiple
region solver itself is presented. After that, the geometry chosen for the comparison is
presented, this latter is a heat exchanger devoted to cooling down the electric motor’s in-
verter of the Formula SAE car of team Dynamis. The comparison of the results given by
the two solvers highlights the best convergence speed of the single region solver, whereas
the second solver produces geometry changes in the same zone as the first solver, but in
general different, with a higher computational cost; given the differences in the results,
an experimental verification would be beneficial to assess which geometry is the best.

Keywords: OpenFOAM, continuous adjoint method, topology optimization, multi-region
simulation, formula SAE, conjugate heat transfer





Abstract in lingua italiana

L’obiettivo di questa tesi è comparare due solver il cui scopo è l’ottimizzazione della forma
degli scambiatori di calore: il primo solver preso in esame ha la capacità di gestire solo
problemi fluidi a singola regione, mentre il secondo riesce a risolvere casi con multiple re-
gioni, siano esse solide o fluide. Questi solver impiegano il metodo dell’aggiunto continuo
e ottimizzano la geometria sia da un punto di vista delle perdite di pressione totali che
da un punto di vista della temperatura estratta minimizzando un’appositamente definita
funzione obiettivo. I solver sono implementati in OpenFOAM-dev; il solver monoregione,
chiamato thermalAdjointShapeOptimizationFoam è implementato sulla base del già pre-
sente adjointShapeOptimizationFoam, mentre il solver multiregione adjointMultiregion-
Foam è una espansione del solver monoregione, al quale viene aggiunta la possibilità di
risolvere geometrie a più regioni seguendo la stessa struttura del già presente chtMul-
tiRegionFoam. In questo documento, dopo la presentazione del formalismo matematico
alla base del metodo dell’aggiunto continuo, viene presentata la struttura del codice di
adjointMultiRegionFoam stesso. Dopodiché viene mostrata la geometria scelta per ef-
fettuare la comparazione, la quale rappresenta uno scambiatore di calore il cui scopo è
quello di raffreddare l’inverter dei motori elettrici della vettura di Formula SAE realiz-
zata dal team Dynamis. La comparazione dei risultati evidenzia la più rapida velocità
di convergenza del solver monoregione, mentre il secondo solver genera un cambiamento
di geometria nella stessa sfera d’influenza del primo solver ma in generale diversi, con un
più alto costo computazionale; date le differenze nei risultati, una verifica sperimentale
sarebbe necessaria per valutare quale tra le due geometrie sia la migliore.

Parole chiave: OpenFOAM, metodo dell’aggiunto continuo, ottimizzazione topologica,
simulazione multiregione, formula SAE, scambio termico coniugato
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1| Introduction

Heat transfer is nowadays one of the most important and challenging engineering topics;
this is partially due to the fact that electrification is becoming more and more pressing due
to climate change, and with batteries and electric motors comes the need for proper cooling
of batteries packs and inverters. But the electrification of the traditional combustion
engines is not the only reason for the rising importance of heat transfer, also other fields
are facing a rising in the request for efficient heat exchangers, starting with the ones
employed by the rocket engines used in the space industry, passing through the ones
employed to extract heat generated by nuclear reactions in nuclear power plants, and
ending with the cooling requested by high-performance computers.

In this framework, it is clear that better designed heat exchangers can drastically improve
the performance and, most importantly, the efficiency of the products of the industries
cited above. The design of a heat exchanger is generally a trade-off choice between
the pressure drop generated and the thermal power recovered or, in other words, the
temperature of the refrigerating fluid at the outlet, and this is due to the fact that,
in general, a radiator that creates more pressure losses through fins, restrictions and
higher surface area is capable of extract more thermal power from the refrigerated fluid
or solid. However, it is not possible to generate an arbitrary (huge) pressure drop, since
it is prescribed by the pump adopted in the system, which must have limited power and
dimensions dictated by the plant characteristics, the cost and the overall dimensions.
Moreover, it can be noted that in general, a surface with more complex features performs
better in terms of heat exchange; if the manufacturing of these types of surfaces once
with the traditional manufacturing techniques was a problem, now with the introduction
of new technologies such as 3D printing it can be easily overcome, at the price of slower
production rates and more expensive finished pieces.

In this thesis is presented an already developed OpenFOAM solver, thermalAdjointShapeOp-
timzationFoam, which is capable of optimizing the geometry of a given fluid domain using
the topology optimization technique, a theory firstly introduced by Bendsoe and Kikuchi
[5] and applied for a long time in the field of structural shape optimization; this theory,
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from the early 2000 years have been expanded also to fluid dynamics of ducted flows [10]
[3] [8], due to the exponential increment in computational power. This solver is based
on the already built-in adjointShapeOptimizationFoam whose (almost) complete descrip-
tion can be found in [9], which performs an optimization of geometry with the objective
of minimizing the total pressure losses; whereas thermalAdjointShapeOptimizationFoam
also includes the possibility to maximize the recovered heat power or, more interesting,
a weighted combination of the two chosen by the user. Both solvers employ the same
optimization method to perform the optimization, where an objective function is defined
to describe the pressure losses and another objective function is defined to describe the
thermal power recovered (obviously this latter is just for the second cited solver), then a
defined by the user weighted sum of the two is performed to define the overall objective
function, and this will be the function to be optimized (minimized), subject to a set of
constraints, namely the equations describing the physics of the problem, i.e. the Navier
Stokes equations combined with an equation which describes the temperature evolution.
To apply the changes in geometry to a computational domain related to a finite volume
method, a value of porosity is associated with each cell, so that when the porosity is
at its maximum the cells will be treated as solid; the purpose of the solver is to find
the optimum porosity distribution through the domain. The topology optimization the-
ory relies on the continuous adjoint method, a mathematical theory that applies a set
of Lagrange multipliers to the constrained equations of the problem and uses them to
compute the sensitivity, i.e. the derivative of the objective function with respect to the
design variable. Once this is computed, the objective function can be optimized by using
an optimization algorithm, for example, the steepest gradient or the method of moving
asymptotes. To the already developed code thermalAdjointShapeOptimizationFoam was
added the functionality to simulate multi-region problems, i.e. problems with a geometry
containing multiple fluids and solid regions inside of itself. It is interesting to note that
rather than a new solver this is a combination of the solver cited above and the already
built-in solver chtMultiRegionFoam [2], which is capable of handle multi-region problems
with heat exchange, but not to optimize their geometry. To solve this type of problem, the
equations describing the solid region have to be taken into account to derive an expression
for the adjoint variables also in the solid domain; a detailed discussion of the mathematics
adopted is the subject of chapter 2. The name of the combined solver that can perform
the multi-region optimization is adjointMultiRegionFoam, and a discussion of its structure
is the subject of chapter 3. The purpose of this thesis is to perform a comparison be-
tween thermalAdjointShapeOptimizationFoam and adjointMultiRegionFoam, to highlight
the main performance differences and possibles opportunities; to do this the geometry
chosen was the one of a plate used to refrigerate the inverter of the Formula SAE vehicle
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made by Dynamis Team; starting from the step file it underwent to a process of geometry
cleaning to prepare an STL file for the meshing process. Given the nature of the solver,
two different geometries were prepared, one describing the fluid region and one describing
the solid region. After that, the STL files were used to generate the computational do-
main adopting the OpenFOAM utilities blockMesh and snappyHexMesh; once this step
was done, the simulations were run and the results compared, as will be shown in chapter
4.





5

2| The continuous adjoint method
applied to a multi-region
problem

In the following chapter the mathematical formalism describing the continuous adjoint
method applied to a heated duct is presented. The method, based on [7] takes into
account the presence of a solid phase, so the derivation of the equation for the adjoint
temperature in the solid region is also presented. The continuous adjoint approach consists
in minimizing an objective function J with respect to a variable η, applying the method of
moving asymptotes for which the computation of the sensitivity fields associated with the
objective function are needed. The variable η is proportional to the porosity associated
with the computational cell: when η is equal to 1 the cell is considered fluid and so
the porosity is null and the cell doesn’t give any penalty in the momentum equation;
on the other side, when η tends to 0, the value of the porosity of the cell tends to its
maximum, and it follows that the cell gives a penalty to the fluid’s momentum. Since just
the values of the thermophysical properties related to the fluid and the solid considered
in the simulation are provided to the solver, an interpolation for these latter, discussed in
chapter 3 will be needed to associate them to intermediate values of η.

Since the objective of the problem is to find an optimal compromise solution between heat
transfer and pressure losses in a multi-region heated duct, the overall objective function
is composed of two sub-functions Jp and Jt, adopting a bi-objective optimization strategy
where each function is weighted by a quantity chosen by the user(ω1, ω2):

J = ω1Jp + ω2Jt (2.1)

Where the function Jp represents the difference between the outlet and the inlet of the
total pressure flux:
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Jp =

∫
inlet

(
p+

v2

2

)
v · n̂dS −

∫
inlet

(
p+

v2

2

)
v · n̂dS (2.2)

and the function JT represents the thermal power difference between the inlet and the
outlet:

JT =

∫
outlet

(ρcpT )v · n̂dS −
∫
inlet

(ρcpT )v · n̂dS (2.3)

Note that both functions are positive; if in the first case this perfectly matches with the
minimization of J by the solver, it is not the same case for JT : since the solver has to
maximize the heat exchange, it is needed to multiply the thermal power function by a
negative number, i.e. by a negative ω2.

In section 2.1 the equations of the primal problem will be presented: they consist of the
continuity and momentum equation, integrated with an equation for the transport of the
temperature in the fluid and an equation for the transport of the temperature in the
solid. In section 2.2 the equations of the adjoint problem will be derived by applying
Lagrangian multipliers to the equations describing the primal problem. Finally, in section
2.3 the boundary conditions for a multi-region problem with a fixed temperature or a
fixed thermal flux will be obtained.

2.1. Equations of the primal problem

The equations represented in this section will describe a steady, incompressible turbulent
flow with the addition of a diffusion equation for the temperature in the solid. The
flow is represented by the continuity and the momentum equation, this latter including
a penalty term given by the cells with porosity greater than zero; furthermore, note that
since the flow is incompressible, in the momentum equation the pressure term is given
by the pressure divided by the density of the fluid, as commonly used in incompressible
problems. The energy equation, given the nature of the problem, is a transport equation
that considers the convection of the heat in the fluid and the thermal diffusivity of the
heat in the porous cells; finally, the equation describing the temperature field in the solid
region is a Laplace equation. Every equation is written in the residual form Ri:

R1 = ∇ · v (2.4)

(R2, R3, R4)
T = (v · ∇)v +∇p−∇ · (ν(∇v + (∇v)T )) + α(η)v (2.5)
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R5 = (v · ∇)T −∇ · (DT (η)∇T ) (2.6)

R6 = ∇ · (DTsolid
∇T ) (2.7)

v represents the vectorial velocity of the flow and p represents, as stated above, the ratio
between the pressure and the density of the flow.

The porosity of the cells is considered in the momentum equation through the term α(η)v.
This term, referred to as the Darcy term, represents the momentum penalty given by the
cells with porosity different from zero and can be treated as a sink term. When the porosity
of the cell is sufficiently large, the Darcy term dominates the momentum equation and
the convective and diffusive terms can be neglected, obtaining the banal equation for a
solid cell:

αmaxv = 0 (2.8)

that implies a velocity of the flow equal to zero, and so a non-penetrating boundary
condition for the flow in the considered cell.

DT is the interpolated thermal diffusivity, whose dependence with the design variable η

(and so the porosity of the cells) is exploited; when the porosity is zero the conductivity
assumes the value of DTfluid

, when the porosity is αmax the conductivity assumes the
value of DTsolid

. As stated above, if a cell is completely solid, the velocity in that cell is
zero: this is reflected also in the temperature equation of the fluid, which becomes a pure
Laplace diffusion equation:

∇ · (DT solid∇T ) = 0 (2.9)

Note that, for a Conjugated Heat Transfer problem, the conditions that need to hold at
the interface between the fluid and solid cells are the following:

Tfluid = Tsolid (2.10)

and

∫
Γinterface

DTfluid
n̂ · ∇Tfluid =

∫
Γinterface

DTsolid
n̂ · ∇Tsolid (2.11)



8 2| The continuous adjoint method applied to a multi-region problem

which represent respectively the temperature and the heat flux continuity between the
fluid and the solid interface. Given the method employed to solve the equations (the finite
volume method), the first condition will always old, because values of temperature at the
shared face center are interpolated using the values of the neighbouring cells centers, and
so the temperatures are unique. The conservation of the heat fluxes is granted instead
from the equation of temperature of the flow.

Considered the above equation, the optimization problem can be formulated as follows,
where R is the vector containing the Ri equations:

minimize J = J(η, v, p, T)

subject to R(η, v, p, T) = 0

2.2. Adjoint problem equations

To derive the adjoint problem equations it is needed to define a Lagrange function L
augmenting the objective function J with the Lagrange multipliers, multiplied by the
primal problem equations R:

L = J +

∫
Ω

(pa,ua, Ta, Tas)RdΩ (2.12)

where Ω is the problem’s domain and pa, ua, and Ta are the Lagrange multipliers in-
troduced to obtain the adjoint equations, and they respectively take the name of adjoint
pressure, adjoint velocity and adjoint temperature; it is useful to note that they are purely
mathematical objects without any physical meanings. Since it must be R=0, the integral
added to the objective function is null, and so the optimized solution for L is the same
optimized solution for J.

The method employed for the optimization of L is the method of moving asymptotes
(MMA), which transforms the problem into an equivalent convex problem that has better
convergence properties; references for the math on which is based the method can be found
in [13] [15], whereas a more practical application in structural optimization problems can
be found in [14]; furthermore, an implementation in Matlab of the MMA algorithm can
be found in [12] To perform the optimization, MMA requires the values of the sensitivity
of the objective function dL

dη
, and the continuous adjoint method offers a very efficient way

to compute it. Considering the total variation of L:
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dL = δL = δηL+ δvL+ δpL+ δTL+ δTsL (2.13)

where, for example, δηL = ∂L
∂η
dη. The Lagrange multipliers are selected such that:

δvL+ δpL+ δTL+ δTsL = 0 (2.14)

From this condition, the equations for the adjoint problem are produced, and they will
need to be solved for the adjoint variables pa, ua and Ta. The satisfaction of (2.14) implies

dL

dη
=

�
�
�∂J

∂η
+

∫
Ω

(pa,ua, Ta, Tas)δηRdΩ (2.15)

Since the design variable is used to represent a continuous transition between solid and
liquid, as a result, there is no explicit dependence of the objective function on η, and so
the term ∂J

∂η
is null. From equation 2.15 it is clear that, to compute the sensitivity, the

values of the adjoint variables are needed, as well as the values of the derivative of R with
respect to η, which are easily obtainable from the primal problem solution. Performing
the derivations of the constraints R with respect to η, the following set of equations is
obtained:

∂R

∂η
=


0

(∂α
∂η
)v

∇ · (∂DT

∂η
∇T )

0

 (2.16)

Note that the porosity α and the thermal diffusivity DT are dependent on the design
variable η, since they are proportional to the quantity of solid material distribution. These
two derivatives will be computed adopting the RAMP interpolation model, which will be
described in 3; however, this model will not be introduced in the following derivation of
the adjoint equations, for the sake of simplicity. Substituting 2.16 in 2.15 and performing
the multiplications with the Lagrange multipliers:

dL

dη
=

∫
Ω

(
ua · v

∂α

∂η

)
dΩ−

∫
Ω

Ta∇ ·
(
∂DT

∂η
∇T

)
dΩ (2.17)

Considering the second integral of 2.17, integrating by parts and applying the Gauss
theorem:
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−
∫
Ω

Ta∇ ·
(
∂DT

∂η
∇T

)
dΩ = −

∫
Ω

∇ ·
(
Ta

∂DT

∂η
∇T

)
dΩ+

+

∫
Ω

∂DT

∂η
∇Ta · ∇TdΩ =

=
��������������

−
∫
Γ

(
Ta

∂DT

∂η
∇T

)
· n̂dΓ +

∫
Ω

∂DT

∂η
∇Ta · ∇TdΩ =

=

∫
Ω

∂DT

∂η
∇Ta · ∇TdΩ

(2.18)

Where the surface integral vanishes since, as will be seen in the following section, the
boundary conditions for an adiabatic patch are set to zeroGradient, whereas for fixed
heat flux patches the value of Ta will be set to zero. Once the integration by parts and
the Gauss theorem have been applied, the equation for the computation of the sensitivity
reads:

dL

dη
=

∫
Ω

(
ua · v

∂α

∂η

)
dΩ +

∫
Ω

∂DT

∂η
∇Ta · ∇TdΩ (2.19)

which in the finite volume framework, if the general cell i has a volume Vi:

dL

dηi
=

(
uai · vi

∂α

∂ηi

)
Vi +

∂DT

∂ηi
∇Tai · ∇TiVi (2.20)

Equation 2.20 shows that to compute the sensitivity the quantities involved are the adjoint
and primal velocity and temperature, and also the derivative of thermal diffusivity with
respect to the design variable. The primal velocity and temperature are obtained through
the solution of the primal problem equations, whereas the adjoint quantities are obtained
from the solution of equation 2.13; in the last part of the section, a solution for this
equation will be presented.

Considering equation 2.13, and substituting the value of the augmented objective function
L from equation 2.12:

δvL+ δpL+ δTL = δvJ + δpJ + δTJ + δTsJ+

+

∫
Ω

(pa,ua, Ta, Tas)δvRdΩ +

∫
Ω

(pa,ua, Ta, Tas)δpRdΩ+

+

∫
Ω

(pa,ua, Ta, Tas)δTRdΩ +

∫
Ω

(pa,ua, Ta, Tas)δTsRdΩ = 0

(2.21)

Here are listed the products between the derivatives δ and the constraints Ri; note that
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this passage constitutes a linearization of the governing equations:

δvR1 = −∇ · δv (2.22)

δv(R2, R3, R4)
T = (δv · ∇)v + (v · ∇)δv −∇ · (ν(∇δv + (∇δv)T )) + αδv (2.23)

δvR5 = (δv · ∇)T (2.24)

δvR6 = 0 (2.25)

δpR1 = 0 (2.26)

δp(R2, R3, R4)
T = ∇δp (2.27)

δpR5 = 0 (2.28)

δpR6 = 0 (2.29)

δTR1 = 0 (2.30)

δT (R2, R3, R4)
T = 0 (2.31)

δTR5 = (v · ∇)δT −∇ · (DT∇δT ) (2.32)

δTR6 = 0 (2.33)
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δTS
(R1, R2, R3, R4, R5)

T = 0 (2.34)

δTS
R6 = ∇ · (DT solid∇δTS) (2.35)

In the operations performed so far, the cinematic viscosity ν hasn’t been treated as a
function of the design variable η: this is an approximation called "frozen turbulence"
that has to be done in order to simplify the problem, that undermines the accuracy of
the wall shear models computation. The approach without this type of approximation
would require adding to R another set of equations describing the turbulence model, and
so also a set of adjoint variables related to the turbulence quantities; these equations are
dependent on the turbulence model that is chosen, in [4] can be found a derivation for
the Spalart-Allmaras approach, whereas in [11] a practical application of this method
can be appreciated. This would require also considering the variation of L with respect
to the turbulence quantities. However, this approximation isn’t in general considered as
a source of consistent errors except for the computation of the wall shear models, and
so it would surely be misleading to use this method to extract the wall shear stresses.
Nevertheless, in the case of laminar flows, it is correct to treat the viscosity as constant
with η. Substituting the linearized equations in 2.21, the equation becomes:

δvJ + δpJ + δTJ + δTS
J +

∫
Ω

pa(−∇ · δv)dΩ+

+

∫
Ω

ua · ((δv · ∇)v + (v · ∇)δv −∇ · (ν(∇δv + (∇δv)T )) + αδv)dΩ+

+

∫
Ω

ua · ∇δpdΩ +

∫
Ω

Ta(δv · ∇)TdΩ+

+

∫
Ω

Ta(v · ∇)δT −∇ · (DT∇TδT ))dΩ+

+

∫
Ω

∇ · (DT∇δTS)TaS = 0

(2.36)

Given the presence of the variations δp, δv and δT inside the gradient operators, an
integration by parts followed by the application of the Gauss theorem of these terms is
needed to obtain the variations multiplying the factors in the volume integral. Considering
the first integral:
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∫
Ω

pa(−∇ · δv)dΩ =

∫
Ω

−∇ · (paδvdΩ +

∫
Ω

−∇pa · δvdΩ =

=

∫
Γ

−pan̂ · δvdΓ +

∫
Ω

pa · δvdΩ
(2.37)

Now, considering one half of the second integral, the integration by parts is performed
two times and, again, the Gauss theorem is applied:

∫
Ω

ua · ((δ · ∇)v + (v · ∇)δv)dΩ =

=

∫
Ω

∇ · ((ua · vδv)dΩ +

∫
Ω

∇ · ((ua · δv)v)dΩ+

−
∫
Ω

v · (∇ · (ua × δv))dΩ−
∫
Ω

δv · (∇ · (uaxv))dΩ =

=

∫
Γ

(n̂(ua · v) + ua(v · n̂)) · δvdΓ−
∫
Ω

((∇ua)
Tv + (v · ∇)ua) · δvdΩ

(2.38)

Where for the terms ∇ · (ua × δv) and ∇ · (ua × v) have been exploited the flow incom-
pressibility, and so:

∇ · (ua × δv) =�����ua∇ · δv + (δv · ∇)ua = (δv · ∇)ua (2.39)

∇ · (ua × v) =�����ua∇ · v + (v · ∇)ua = (v · ∇)ua (2.40)

The operations performed in the previous step can be better appreciated by exploiting
Einstein notation; in this way can be noted that the terms ∂δvj

∂xj
and ∂δvj

∂xj
are null since the

flow is stationary and incompressible, and so divergence-free.

∫
Ω

uai

((
δvj

∂

∂xj

vi

)
+

(
vj

∂

∂xj

)
δvi

)
dΩ =

=

∫
Ω

∂

∂xj

(uaiδvjvi)dΩ +

∫
Ω

∂

∂xj

(uaivjδvi)dΩ−
∫
Ω

vi
∂(uaiδvj)

∂xj

dΩ+

−
∫
Ω

δvi
∂(uaivi)

∂xj

dΩ =

=

∫
Γ

nj(uaivi)δvjdΓ +

∫
Γ

uai(vjnj)δvidΓ−
∫
Ω

vi

(
∂uai

∂xj

)
δvjdΩ+

−
∫
Ω

vj

(
∂uai

∂xj

)
δvidΩ

(2.41)
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Considering now the second half of the second integral of 2.36 and applying integration
by parts and the Gauss theorem:

∫
Ω

ua · (−∇ · (ν(∇δv + (∇δv)T )))dΩ =

=

∫
Ω

∇ · (−ν(∇δv + (∇δv)T )ua)dΩ +

∫
Ω

(ν(∇δv + (∇δv)T )) : ∇uadΩ =

=

∫
Γ

−νn̂T ((∇δv + (∇δv)T )ua)dΓ +

∫
Ω

(ν(∇δv + (∇δv)T )) : ∇uadΩ =

=

∫
Γ

−uT
a (ν(∇δv + (∇δv)T )n̂)dΓ+

+

∫
Ω

∇ · (ν(∇ua)δv) +∇ · (ν(∇ua)
T δv)dΩ+

+

∫
Ω

(−∇ · (ν∇ua) · ∇v −∇ · (ν(∇(ua)
T ) · δv)dΩ =

=

∫
Γ

(−ν(∇δv + (∇δv)T )n̂) · uadΓ +

∫
Ω

∇ · (ν(∇ua + (∇ua)
T )δv)dΩ+

+

∫
Ω

(−∇ · (ν(∇ua + (∇ua)
T ))) · δvdΩ+

+

∫
Ω

(−∇ · (ν(∇ua + (∇ua)
T ))) · δvdΩ =

=

∫
Γ

(−ν(∇δv + (∇δv)T )n̂) · uadΓ +

∫
Γ

(ν(∇ua + (∇ua)
T )n̂) · δvdΓ+

+

∫
Ω

(−∇ · (ν(∇ua + (∇ua)
T ))) · δvdΩ

(2.42)

The term αδv hasn’t been included in the operations since δv is already operator-free.
Again, the manipulations can be better appreciated by exploiting Einstein’s notation:
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∫
Ω

uai

(
− ∂

∂xj

(
ν

(
∂δvi
∂xj

+
∂δvj
∂xi

)))
dΩ =

=

∫
Ω

∂

∂xj

(
−ν

(
∂δvi
∂xj

+
∂δvj
∂xi

)
uai

)
dΩ +

∫
Ω

ν

(
∂δvi
∂xj

+
∂δvj
∂xi

)
∂uai

∂xj

dΩ =

=

∫
Γ

−νnj

(
∂δvi
∂xj

+
∂δvj
∂xi

)
uaidΓ+

+

∫
Ω

(
∂

∂xj

(
νδvi

∂uai

∂xj

)
+

∂

∂xi

(
νδvj

∂uai

∂xj

))
dΩ+

−
∫
Ω

(
δvi

∂

∂xj

(
ν
∂uai

∂xj

)
+ δvi

∂

∂xi

(
ν
∂uai

∂xj

))
dΩ =

=

∫
Γ

−νnj

(
∂δvi
∂xj

+
∂δvj
∂xi

)
uaidΓ+

+

∫
Ω

(
∂

∂xj

(
νδvi

∂uai

∂xj

)
+

∂

∂xj

(
νδvi

∂uaj

∂xi

))
dΩ+

−
∫
Ω

(
δvi

∂

∂xj

(
ν
∂uai

∂xj

)
+ δvi

∂

∂xj

(
ν
∂uaj

∂xi

))
dΩ

=

∫
Γ

−νnj

(
∂δvi
∂xj

+
∂δvj
∂xi

)
uaidΓ +

∫
Ω

∂

∂xj

(
ν

(
∂uai

∂xj

+
∂uaj

∂xi

)
δvi

)
dΩ+

−
∫
Ω

∂

∂xj

(
ν

(
∂uai

∂xj

+
∂uaj

∂xi

))
δvidΩ =

=

∫
Γ

−νnj

(
∂δvi
∂xj

+
∂δvj
∂xi

)
uaidΓ +

∫
Γ

νnj

(
∂uai

∂xj

+
∂uaj

∂xi

)
δvidΓ+

−
∫
Ω

∂

∂xj

(
ν

(
∂uai

∂xj

+
∂uaj

∂xi

))
δvidΩ

(2.43)

Now, consider the third integral of 2.36:

∫
Ω

ua · ∇δpdΩ =

∫
Ω

∇ · (uaδp)δpdΩ−
∫
Ω

(∇ · ua)δpdΩ =

=

∫
Γ

(ua · n̂)δpdΓ−
∫
Ω

(∇ · ua)δpdΩ

(2.44)

Then, the fourth integral of 2.36:

∫
Ω

Ta((δv · ∇)T )dΩ =

∫
Ω

∇ · (Taδv)TdΩ−
∫
Ω

(T∇Ta) · δvdΩ =

=

∫
Γ

(Tan̂T ) · δvdΓ−
∫
Ω

(T∇Ta) · δvdΩ
(2.45)

Apply the same manipulations on the fifth integral of 2.36:



16 2| The continuous adjoint method applied to a multi-region problem

∫
Ω

Ta(v · ∇)δTdΩ =

∫
Ω

∇ · (TavδT )dΩ−
∫
Ω

∇ · (vTa)δTdΩ =

=

∫
Γ

Ta(v · n̂)δTdΓ−
∫
Ω

(v · ∇Ta)δTdΩ

(2.46)

Then, the sixth integral of 2.36:

∫
Ω

Ta∇ · (DT∇δT )dΩ =

∫
Ω

∇ · (TaDT∇δT )dΩ−
∫
Ω

∇Ta · (DT∇δT )dΩ =

=

∫
Γ

TaDT n̂ · ∇δTdΓ−
∫
Ω

∇Ta · (DT∇δT )dΩ =

=

∫
Γ

TaDT n̂ · ∇δTdΓ−
∫
Ω

∇ · (∇TaDT δT )dΩ +

∫
Ω

∇ · ∇TaDT δTdΩ =

=

∫
Γ

TaDT n̂ · ∇δTdΓ−
∫
Γ

∇Ta · n̂DT δTdΓ +

∫
Ω

∇2TaDT δTdΩ

(2.47)

The same applies to the last integral regarding the solid temperature:

∫
Ω

TaS∇ · (DT∇δTS)dΩ =

∫
Ω

∇ · (TaSDT∇δTS)dΩ−
∫
Ω

∇TaS · (DT∇δTS)dΩ =

=

∫
Γ

TaSDT n̂ · ∇δTSdΓ−
∫
Ω

∇TaS · (DT∇δTS)dΩ =

=

∫
Γ

TaSDT n̂ · ∇δTSdΓ−
∫
Ω

∇ · (∇TaSDT δTS)dΩ +

∫
Ω

∇ · ∇TaSDT δTSdΩ =

=

∫
Γ

TaSDT n̂ · ∇δTSdΓ−
∫
Γ

∇TaS · n̂DT δTSdΓ +

∫
Ω

∇2TaSDT δTSdΩ

(2.48)

The variations of the objective function J can be expressed as the sum of the one contribu-
tion from the inside of the domain and a contribution from the boundary of the domain.
Given the fact that the objective functions considered for the case at hand are defined on
the inlet and outlet, the contribution of the variation of the objective function inside the
domain will be null.
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δpJ + δvJ + δTJ + δTS
J =

=

∫
Γ

∂JΓ
∂p

δpdΓ +

∫
Ω

∂JΩ
∂p

δpdΩ +

∫
Γ

∂JΓ
∂v

δvdΓ +

∫
Ω

∂JΩ
∂v

δvdΩ+

+

∫
Γ

∂JΓ
∂T

δTdΓ

∫
Ω

∂JΩ
∂T

δTdΩ

+
∂JΓ
∂TS

δTSdΓ +

∫
Ω

∂JΩ
∂TS

δTSdΩ

(2.49)

Now, the equations that result from the manipulation performed above can be substituted
for inside equation 2.36 and, grouping the terms multiplied by δp, δua and δT the following
expression is obtained:

∫
Ω

(
−∇ · ua +

∂JΩ
∂p

)
δpdΩ+

+

∫
Ω

(
−(v · ∇)ua − (∇ua)

Tv −∇ ·
(
ν
(
∇ua + (∇ua)

T
)))

· δvdΩ+

+

∫
Ω

(
∇pa + αua − T∇Ta +

∂JΩ
∂v

)
· δvdΩ+

+

∫
Ω

(
−v · ∇Ta −DT∇2Ta +

∂JΩ
∂T

)
δTdΩ +

∫
Ω

(
∇2TaSDT +

∂JΩ
∂TS

)
δTSdΩ

+

∫
Γ

(
ua · n̂+

∂JΓ
∂p

)
· δpdΓ+

+

∫
Γ

(n̂(ua · v) + ua(v · n̂)− pan̂+ ν
(
∇ua + (∇ua)

T
)
n̂+

+ Tan̂T +
∂JΓ
∂v

) · δvdΓ+

−
∫
Γ

(
ν
(
∇δv + (∇δv)T

)
n̂
)
· uadΓ+

+

∫
Γ

(
Ta(v · n̂) +DT (∇Ta · n̂) +

∂JΓ
∂T

)
δTdΓ+

−
∫
Γ

DT (n̂ · ∇δT )TadΓ

+

∫
Γ

(TaSDT n̂ · ∇δTS)dΓ−
∫
Γ

(
∇TaS · n̂DT +

∂JΓ
∂TS

)
δTSdΓ = 0

(2.50)

Equation 2.50 implies that every integral has to be null to satisfy the condition. This
equation provides both boundary conditions in the form of surface integrals and the
governing equations that have to be solved by the solver to obtain the adjoint variables
ua, pa, Ta needed to compute the sensitivity for the objective function J with respect to
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η. Considering the term multiplying δp, the adjoint mass conservation is obtained:

−∇ · ua +
∂JΩ
∂p

= 0 (2.51)

Then, considering the term multiplying δv, the momentum equation is obtained:

− (v · ∇)ua − (∇ua)
Tv −∇ · (ν(∇ua + (∇ua)

T ))+

+∇pa + αua − T∇Ta +
∂JΩ
∂v

= 0
(2.52)

Note the term −T∇Ta: this indicates a one way coupling between the adjoint momentum
equation and the adjoint temperature equation. In the primal problem the coupling is
present but in a converse manner: it is the velocity that affects the temperature equation
through the convection term, whereas the momentum equation is not affected by the
temperature, since the density is assumed constant and no models for density change in
function of temperature are introduced. Considering the terms in 2.50 multiplied by δT ,
the adjoint temperature equation is obtained:

−(v · ∇)Ta −DT∇2Ta +
∂JΩ
∂T

= 0 (2.53)

As mentioned before, note the absence of the adjoint velocity in the temperature equation:
this latter depends just on the convection from the primary velocity field, the thermal
diffusivity and the adjoint temperature. The equation for the adjoint temperature in the
solid region is represented by the terms in 2.50 multiplied by δTs:

∇2TaSDT +
∂JΩ
∂TS

= 0 (2.54)

Finally, note that for the case at hand the objective functions are referred to the inlet and
the outlet, and this means that there is no contribution to them from the interior domain
and so the derivatives of J in equation 2.51, 2.52, 2.53 and 2.54 can be neglected.
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2.3. Adjoint problem boundary conditions

The adjoint boundary conditions are a direct consequence of the integrals over the bound-
ary of the domain in equation 2.50. These integrals, here repeated for clarity, have to be
null to satisfy the condition imposed by the equation.

∫
Γ

(
ua · n̂+

∂JΓ
∂p

)
δpdΓ+

+

∫
Γ

(n̂(ua · v) + ua(v · n̂− pan̂+ ν
(
∇ua + (∇ua)

T
)
n̂+

+ Tan̂T +
∂JΓ
∂v

) · δvdΓ+

−
∫
Γ

(
ν
(
∇δv + (∇δvT

)
n̂
)
· uadΓ+

−
∫
Γ

(
ν
(
∇δv + (∇δv)T

)
n̂
)
· uadΓ+

+

∫
Γ

(
Ta(v · n̂+DT (∇Ta · n̂) +

∂JΓ
∂T

)
δTdΓ−

∫
Γ

DT (n̂ · ∇δT )TadΓ

+

∫
Γ

(TaSDT n̂ · ∇δTS)dΓ−
∫
Γ

(
∇TaS · n̂DT +

∂JΓ
∂TS

)
δTSdΓ

(2.55)

Given the nature of the case at hand, it is convenient to decompose the boundary of the
domain into three zones, the inlet, the outlet and the walls: Γ = Γinlet + Γoutlet + Γwall

2.3.1. Inlet patch boundary conditions

Considering the inlet patch, in general, in the primal problem a fixed velocity and a fixed
temperature are imposed as boundary conditions: this implies that δv and δT are null on
this boundary. So, in equation 2.55 just remains the integral:

∫
Γinlet

(
ua · n̂+

∂JΓ
∂p

)
δpdΓ (2.56)

To make the integral vanish, the condition that has to be imposed on the normal compo-
nent of the velocity is:

uan = −∂JΓ
∂p

(2.57)

That, considering the objective function in the case at hand, can be rewritten as:



20 2| The continuous adjoint method applied to a multi-region problem

uan = ω1vn (2.58)

The equations don’t provide any boundary condition for uat , pa and Ta at the inlet, how-
ever, since the flow of the primal problem is normal to the inlet, a null condition for uat

can be imposed. Considering pa, since as will be discussed in the outlet patch section, a
fixed value will be imposed at the outlet, it is reasonable to impose a zeroGradient bound-
ary condition at the inlet, to not over constrain the problem. Regarding Ta, no arbitrary
condition can be imposed for this quantity at the inlet, however, considering the formu-
lation for the sensitivity computation that derives from 2.18, the adjoint temperature is
required to be zero on the inlet patch so that this formulation can be used.

2.3.2. Fixed heat walls boundary conditions

Considering the boundary conditions regarding the solid walls of the geometry, no specific
value for the adjoint velocity and the adjoint pressure can be derived from the main
equation, however, the same reasoning done with the inlet boundary conditions can be
applied: given the nature of the primal flow, a no-slip boundary condition can be imposed
for the adjoint velocity, i.e. ua = 0, and for the adjoint pressure, a zero gradient boundary
condition is set. Regarding the boundary condition for the adjoint temperature, the
last two integrals of equation 2.55 can be considered to extract the value to be set. In
particular, considering the last integral, it can be manipulated in the following way:

∫
Γwall

DT (n̂ · ∇δT )TadΓ =

∫
Γwall

DTTaδ(n̂ · ∇T )dΓ (2.59)

This comes from the following equivalence:

n̂ · ∇δT = ni
∂δT

∂xi

= niδ
∂T

∂xi

= δ

(
ni

∂T

∂xi

)
= δ(n̂ · ∇T ) (2.60)

The integral of equation 2.59 is equal to zero when a fixed heat flux is present on the wall
since the term δ(n̂ · ∇T ) is null. Considering now the first integral of equation 2.55:

∫
Γwall

(Ta(v · n̂) +DT (∇Ta · n̂) +
∂JΓ
∂T

)δTdΓ (2.61)

the first term in null since on a wall the flux of the primal velocity is zero (v · n̂ = 0), so
the remaining boundary condition is:
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DT (∇Ta · n̂) +
∂JΓ
∂T

= 0 (2.62)

that, if ∂JΓ
∂T

= 0, reduces to a zero gradient boundary condition for the adjoint temperature
Ta.

Applying the same reasoning to the boundary condition equation regarding the adjoint
temperature of the solid phase to the first part of the integral, it reads:

DTTaSδ(n̂ · TS) = 0 (2.63)

and the second part of the integral gives:

−∇TaS · n̂DT +
∂JΓ
∂TS

= 0 (2.64)

that reduces to a zeroGradient boundary condition for TaS

2.3.3. Fixed temperature walls boundary conditions

For a fixed temperature boundary condition, the expressions for pa and ua remain un-
changed, however, the zeroGradient boundary condition on Ta doesn’t hold anymore.
Given the fixed value of T, the expression:

DT (∇Ta · n̂) (2.65)

becomes null, whereas the expression:

DT (n̂ · ∇δT )TadΓ = 0 (2.66)

requires to fix Ta to zero. The same reasoning can be applied to TaS
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2.3.4. Outlet patch boundary conditions

Considering now the outlet patch, in general p is set as a fixed value, commonly zero
for incompressible flows, so δp is null, and the first integral of 2.55 is cancelled out.
Furthermore, common values for the primal velocity and primal temperature boundary
conditions are zero gradients. To extract the boundary condition for the adjoint fields, it
is needed to decompose the terms regarding the viscosity in equation 2.55:

∫
Γoutlet

(
ν
((
∇ua + (∇ua)

T
)
n̂
)
· δv −

(
ν
(
∇δv + (∇δv)T

)
n̂
)
· ua

)
dΓ =

=

∫
Γoutlet

ν((n̂ · ∇)ua · δv − (n̂ · ∇)δv · ua)dΓ+

−
((((((((((((((((((((∫
Γoutlet

∇ν · ((ua · n̂)δv − (δv · n̂)ua)dΓ

(2.67)

Here the last integral is simplified since arises the problem of flow blockage at the outlet
during the simulation. Actually, this is an approximation just for the turbulent cases: in
laminar problems, it is true that ∇ν = 0. As in the case treated before, adopting Einstein
notation allows a better explanation for the decomposition of the previous equation:
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∫
Γoutlet

(
ν
((
∇ua + (∇ua)

T
)
n̂
)
· δv −

(
ν
(
∇δv + (∇δv)T

)
n̂
)
· ua

)
dΓ =

=

∫
Γ

(
ν
((
∇ua + (∇ua)

T
)
n̂
)
· δv −

(
ν
(
∇δv + (∇δv)T

)
n̂
)
· ua

)
dΓ =

=

∫
Γ

((
ν

(
∂uai

∂xj

+
∂uaj

∂xi

)
nj

)
δvi −

(
ν

(
∂δvi
∂xj

+
∂δvj
∂xi

)
nj

)
uai

)
dΓ =

=

∫
Γ

νnj

(
∂uai

∂xj

δvi +
∂uaj

∂xi

δvi −
∂δvi
∂xj

uai −
∂δvj
∂xi

uai

)
=

=

∫
Γ

νnj

(
∂uai

∂xj

δvi −
∂δvi
∂xj

uai

)
dΓ+

+

∫
Γ

νnj

(
∂uaj

∂xi

δvi −
∂uaj

∂xi

δvi −
∂δvj
∂xi

uai

)
dΓ =

=

∫
Γ

νnj

(
∂uai

∂xj

δvi −
∂δvi
∂xj

uai

)
dΓ +

∫
Γ

∂

∂xi

(νnjuajδvi − νδvjuai)dΓ+

−
∫
Γ

(
∂ν

∂xi

njuajδvi −
∂ν

∂xi

njδvjuai

)
dΓ =

=

∫
Γ

νnj

(
∂uai

∂xj

δvi −
∂δvi
∂xj

uai

)
dΓ +

∫
Ω

∂2

∂xi∂xj

(νuajδvi − νδvjuai)dΩ+

−
∫
Γ

∂ν

∂xi

(njuajδvi − njδvjuai)dΓ =

=

∫
Γ

ν((n̂ · ∇)ua · δv − (n̂ · ∇)δv · ua)dΓ +
((((((((((((((((∫
Ω

∂2ν

∂xi∂xj

(uajδvi − δvjuai)dΩ+

−
∫
Γ

∂ν

∂xi

(njuajδvi − njδvjuai)dΓ =

=

∫
Γ

ν((n̂ · ∇)ua · δv − (n̂ · ∇)δv · ua)dΓ+

−
∫
Γ

∇ν · ((ua · n̂)δv − (δv · n̂)ua)dΓ =

=

∫
Γoutlet

ν((n̂ · ∇)ua · δv − (n̂ · ∇)δv · ua)dΓ+

−
∫
Γoutlet

∇ν · ((ua · n̂)δv − (δv · n̂)ua)dΓ

(2.68)

Substituting this decomposition for the terms in 2.55 multiplied by ua and δv and ne-
glecting the terms that are null due to the boundary conditions imposed on the primal
flow, it yields:
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∫
Γoutlet

(
n̂(ua · v) + ua(v · n̂)− pan̂+ ν(n̂ · ∇)ua + Tan̂T +

∂JΓ
∂v

)
· δvdΓ+

+

∫
Γoutlet

(
Ta(v · n̂) +DT (n̂ · ∇Ta) +

∂JT
∂T

)
δTdΓ = 0

(2.69)

that brings the following equations:

n̂(ua · v) + ua(v · n̂)− pan̂+ ν(n̂ · ∇)ua + Tan̂T +
∂JΓ
∂v

= 0 (2.70)

Ta(v · n̂) +DT (n̂ · ∇Ta) +
∂JT
∂T

= 0 (2.71)

Equation 2.71 gives the boundary condition that has to be imposed at the outlet for the
temperature that, after having applied the definition of the objective function, becomes:

Ta(v · n̂) +DT (n̂ · ∇Ta) + ω2ρcpvn = 0 (2.72)

Equation 2.70, instead, can be projected in the normal and tangential component with
respect to the outlet:

ua · v + uanvn − pa + ν(n̂ · ∇)uan + TaT +
∂JΓ
∂v

· n̂ = 0 (2.73)

vnuat + ν(n̂ · ∇)uat +
∂JΓ
∂v

· t̂ = 0 (2.74)

Equation 2.73 provides a boundary condition for the adjoint pressure:

pa = u · v + uanvn + ν(n̂ · ∇)uan + TaT +
∂JΓ
∂v

· n̂ (2.75)

that, applying the definition of objective function becomes:

ua · v + uanvn − pa + ν(n̂ · ∇)uan + TaT − ω1v
2
n − ω1

(
p+

v2

2

)
+ ω2(ρcpT ) = 0 (2.76)
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Equation 2.74, instead, provides a boundary condition for the tangential component of the
adjoint velocity. Again, the definition of the objective function can be applied, resulting
in:

vnuat + ν(n̂ · ∇)uat − ω1vtvn = 0 (2.77)

The condition on the normal component is given by imposing the compliance with the
adjoint continuity equation, considering that no sensitivity contributions are given from
the interior domain (∂JΩ

∂p
) = 0:

∇ · ua = (n̂ · ∇)uan +∇// · uat = 0 (2.78)

that gives:

(n̂ · ∇)uan = −∇// · uat (2.79)

with the operator ∇// that indicates the partial derivative in the tangential direction, i.e.
∇// =

∂
∂t

.
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3| Description of the solver

adjointMultiRegionFoam is divided into three main parts: the declaration of the common
Headers needed to start the simulation, the resolution of the fluid regions and the solution
of the solid regions; at the end of this chapter, in figure 3.1, a diagram shows the structure
of the solver. The solver takes into account the fluid regions by means of a for cycle: during
the i-th cycle, the i-th fluid region is solved and, eventually, the update for the design
variable η is performed. At the beginning of this cycle each variable field such as velocity,
temperature or pressure is stored in a vector or scalar field common to all regions so that
the i-th field value corresponds to the i-th region. By means of "setRegionFluidFields.H",
the value in the i-th position of the multi-region vector or scalar field is stored inside a
single region vector or scalar field variable. For instance, if the field UFluid is the multi-
region field containing the velocities of each fluid region, in the i-th cycle a variable U is
defined such that it contains the values UFluid[i], so the entry in setRegionFluidFields
reads:

volVectorField& U = UFluid[i];

This declaration is done for each and every variable that the solver needs to perform its
operations, so from this part of the solver each variable belongs to region i, even if the
index [i] is not present. The solver proceeds with "solveFluid.H". Here the solution of
the equations related to the primal and adjoint problem is executed, and eventually, the
design variable update is performed. The solver here has the same structure of a SIMPLE
algorithm for the part that regards the fluid dynamic, i.e. it is composed of a predictor
equation described in "UEqn.H" and by a corrector equation "pEqn.H". The predictor
equation is written as follows:

fvm::div(phi, U)
+ turb.divDevSigma(U)

+ fvm::Sp(alpha, U)
==

fvModels.source(U)

Note that the third term is generally not present in a classical SIMPLE algorithm equa-
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tion: it represents the penalization contribution of the velocity given by the porous (and
eventually solid) cells. The "pEqn.H" file, instead, perfectly resembles the one employed
by the SIMPLE algorithm, with the Laplacian equation:

fvm::laplacian(rAtU(), p) == fvc::div(phiHbyA)

And the momentum corrector equation:

U = HbyA - rAtU()*fvc::grad(p)

Once the predictor-corrector steps are completed, the primal temperature equation is
solved. As stated in chapter 2, it has the structure of a scalar transport equation:

fvm::div(phi, T)
- fvm::laplacian(materialInterpolationMethod.DT(),T)

==
fvModels.source(T)

Note that inside the Laplacian operator it is present the entry materialInterpolation-
Method.DT(), which represents the interpolated thermal diffusivity; later in the chapter
it will be more clear why an interpolation is needed. Once the primal flow problem
is solved, adjointMultiRegionFoam proceeds with the resolution of the adjoint problem,
starting with the solution of the adjoint temperature equation:

fvm::div(-phi, Ta)
- fvm::laplacian(materialInterpolationMethod.DT(),Ta)

==
fvModels.source(Ta)

This equation needs to be solved first since, as can be seen in equation 2.53, it does not
contain any adjoint variable (i.e. pa and ua) except for the adjoint temperature itself;
on the other side, to solve the adjoint velocity and adjoint pressure equation, the adjoint
temperature is needed, as can be seen in equation 2.51 and equation 2.52. After that, the
adjoint predictor step is performed in "UaEqn.H":

fvm::div(-phi, Ua)
- adjointTransposeConvection

- adjointThermalGradient
+ turb.divDevSigma(Ua)

+ fvm::Sp(alpha, Ua)
==

fvModels.source(Ua)
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where adjointTransposeConvection and adjointThermalGradient are declared respectively
as:

volVectorField adjointTransposeConvection = fvc::grad(Ua) & U;
volVectorField adjointThermalGradient = T*fvc::grad(Ta);

After that, the momentum corrector step is solved in "pEqn.H":

fvm::laplacian(rAUa, pa) == fvc::div(phiHbyAa)

and the adjoint velocity is updated:

Ua = HbyAa - rAUa*fvc::grad(pa);

Now both the primal flow and the adjoint flow are solved and, if a number of iterations
updateEvery is reached, it is possible to update the design variable η, to filter it and
interpolate the properties of the cells through "variablesUpdate.H". An interpolation
function of the material properties is needed since just the physical properties of the
solid and the fluid are provided to the solver, however during the solver execution the
design variable η can assume intermediate values. Given that, an interpolating scheme of
the porosity and the thermal diffusivity is mandatory to perform the optimization: the
chosen model is the pseudo density RAMP (rational approximation of material properties)
one, introduced again by Svanberg and Stolpe [6] in the field of structural optimization.
According to this model, a generic properties P can be interpolated between two extreme
values Pmax and Pmin as a function of the design variable η as:

P (η) = Psolid + (Pfluid − Psolid)η
1 + q

η + q
(3.1)

That, applied to the properties of interest porosity α and thermal diffusivity DT , it reads:

α(η) = αsolid + (αfluid − αsolid)η
1 + q

η + q
= αsolid − αsolidη

1 + q

η + q
(3.2)

DT (η) = DTsolid
+ (DTfluid

−DTsolid
)η

1 + q

η + q
(3.3)

since the porosity of a fluid is null. The main feature of this interpolation method is that,
once η is known, the function depends on q, and it is always a concave function; further-
more can be noted that for q that tends to infinite, a linear interpolation is recovered. It
follows that, since the interpolating function is convex, the outcome of the interpolation P
will more likely be close to the Pfluid or Psolid, rather than an intermediate value, and this
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avoids unphysical results such as cells with intermediate porosity or intermediate thermal
diffusivity. Note that the grade of concavity of the function is controlled by q, so the lower
the value of q, the more concave is the function and it will be less probable to conclude
the simulation with unphysical cells. This interpolation scheme is applied also to ρ and
cp. As mentioned in chapter 2, also the derivatives of α and DT with respect to η are
needed to compute the sensitivity field, and using this interpolation method they can be
easily carried out:

∂α

∂η
= −αmax

q(1 + q)

(η + q)2
(3.4)

∂DT

∂η
= (DTfluid

−DTsolid
)
q(1 + q)

(η + q)2
(3.5)

Note that the derivatives of DT and η become steeper as the parameter q is reduced: this
behaviour is reflected in the sensitivity and causes instabilities whenever η tends to zero
in a cell. Moreover, has been noted [16] that lower values of q produce stiffer optimization
problems, and so this prevents the RAMP method to exploit its power, and the choice of
q becomes a trade-off choice; the best practice is to start with high values of q and then
lower it until the porosity field is considered satisfying by the user.

Regarding the thermal diffusivity, it is interesting to note that before the interpolation,
the value is corrected with the Prandtl number and the turbulent viscosity using the
expression:

DTfluidcorr
= DTfluid

+
νt
Pr

(3.6)

This is done because the fluid thermal diffusivity depends on turbulence, and to take this
into account the above correction is implemented.

Once the interpolation of DT and α is done and their derivatives are computed, it is
possible to compute the sensitivity dL

dη
. However, literature shows that a straightforward

computation of the sensitivity field leads to checkerboard (and so purely mathematical
and non-manufacturable) structures of porosity in the domain. To avoid this problem, an
Helmoltz type differential equation can be used to filter the sensitivity values:

−r2∇2

(
dL

dη

)
f

+

(
dL

dη

)
f

=

(
dL

dη

)
(3.7)
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with on each boundary the Neumann boundary condition:

∂ dL
dη

∂n
= 0 (3.8)

note that
(

dL
dη

)
represent the sensitivity field before the filtering and

(
dL
dη

)
f

represents

the filtered sensitivity field; finally, r represents a regulating parameter of the filter.

At this point, both in the case the number of iteration updateEvery is reached or not,
the solid regions can be solved, and the method is similar to the one seen for the fluid
regions, so a for cycle is performed and for each cycle is solved the i-th solid region. As
for the fluid case, "setRegionSolidFields.H" is responsible to assign the variables of the
i-th region to the variables that will be used in the code. After that, the equation related
to the primal solid problem is solved:

- fvm::laplacian(DTF,T) == fvModels.source(T)

and the adjoint solid temperature equation is solved as well:

- fvm::laplacian(DTF,Ta) == fvModels.source(Ta)
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Figure 3.1: Diagram of adjointMultiRegionFoam algorithm
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4| Results comparison

4.1. Description and meshing of the geometry for the

baseline adjoint simulation

The geometry that has been studied in the case at hand was gently provided by the
Dynamis Team. It is a step file of a heat exchanger adopted for the cooling of the inverter
of the 2021/2022 racing car. The geometry isn’t complex, as required by the solver: it
is composed of a circular inlet of 7 mm in diameter, that through a divergent channel
becomes a rectangular duct with a variable cross-sectional area. The duct at the end of
the plate makes a turn of 180° and comes back with a path parallel to the first part, and
through a convergent channel, it becomes circular at the outlet, with again a diameter of
7 mm.

Figure 4.1: Geometry of the cooling plate provided by team Dynamis
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Figure 4.2: Section of the cooling plate

The step file, before meshing, has been manipulated with the software Salome to clean
the geometry from irregularities inevitably generated by the CAD, convert it into an STL
file, extract the surfaces defining the fluid volume, define proper patches and make the
inlet and outlet longer. As it has been shown by simulations not cited in this thesis for
the sake of brevity, longer inlet and outlet ducts make the adjoint solver less prone to
instabilities, and so their presence is in general beneficial; this benefit is paid with longer
computational time, but in general it is considered a good trade-off solution. In the case
at hand, the ducts have been extended by 10 times the diameter of the duct, so by 70
mm. After that, as it is shown in figure 4.3 seven patches have been defined to make it
possible to refine the computational domain in the next steps of the mesh generation. The
patches are inlet, outlet, that defines the entrance and the exit of the flow; inletTube and
outletTube, which defines the extended duct and the convergent and divergent ducts that
shift from a circular to a rectangular section; walls, that defines the inside and outside
sidewalls, top which defines the upper part of the duct, and finally bottom, that defines
the lower part of the duct.
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Figure 4.3: Different views of the stl file, each patch is coloured differently: green for
inlet, light blue for inletTube, white for outlet, yellow for outletTube, red for top, blue
for bottom and pink for walls
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Once the patches were defined, a background mesh with the OpenFOAM utility blockMesh
was generated, and then snappyHexMesh was used to discretize the geometry. In appendix
A can be found the particular settings that have been used in snappyHexMeshDict, and
in table 4.1 the main quality parameters of the mesh are listed, whereas in table 4.2 the
percentage of layers extrusion and the thickness of the overall layers for each patch is
shown.

number of cells 248969

max skewness 2.995

max non orthogo-
nality

54.98

Table 4.1: Mesh quality parameters

% of layers overall thickness [m]

inletPipe 94.7 4.22 · 10−4

outletPipe 93 4.16 · 10−4

top 58.1 3.25 · 10−4

bottom 49.4 3.06 · 10−4

walls 48.1 2.13 · 10−4

Table 4.2: Layers parameters

Due to the fact that every simulation will be run on a laptop computer, the mesh has to
be a compromise between the accuracy of the discretization and the total number of cells;
however, it is important to note that the optimization, as well as the simulation, will be
more and more precise as the number of cells grows.

After the generation of the computational domain, the patches pins and pins2 were
extracted generating a faceSet employing topoSet and using createPatch to generate the
patches. These two latter are needed since they are the hot walls where the boundary
condition for the temperature will be set as fixedValue; these two patches are shown in
Figure 4.4.
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Figure 4.4: The patches pins and pins2 are highlighted in red

4.2. baseline adjoint case set up

As can be deduced from the equations presented in chapter 2, the simulation doesn’t
take into account any time-varying term or density variation, and so the flow is under a
steady-state incompressible regime. The temperature was set at 0 at the inlet and 1 on
pins and pins2 ; this normalization was done because it helps to stabilize the solver; if
Tmin indicates the temperature at the inlet and Tmax indicates the temperature set on the
non-adiabatic walls, the real temperature can be recovered by the simple formula:

T = (Tmax − Tmin)Tnorm + Tmin (4.1)

The temperature was set as zeroGradient on the adiabatic walls as well as on the outlet.
The pressure was set to zero at the inlet and as zeroGradient on the remaining patches.
The velocity was set at 0.6 m/s, that with a hydraulic diameter dh of 7 mm and a
kinematic viscosity ν of water at 50° of 4.98 · 10−7 gives a number of Reynolds Re equal
to 8434, which is enough to consider the flow turbulent. This introduces an error in
the simulation since the equations described in chapter 2 are based on the assumption
of frozen turbulence, which holds for laminar flow but not for transition and turbulent
flow. However, a velocity of 0.6 m/s is a very low velocity for a water heat exchanger, and
performing a simulation with a velocity that would make the flow laminar would probably
lead to an even worst result. In addition to that, in previous simulations, it was noticed
that the solver needs a certain amount of velocity to be able to perform the porosity
update of the cells, and values of velocities lower than 0.6 m/s lead to almost null changes
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in the porosity distribution. This required setting a turbulence model: the chosen one was
RAS k-epsilon since previous simulations showed the best reliability. Using the previously
mentioned quantities and adopting the equations described in [1], first and foremost it is
needed to compute the intensity:

I = 0.16Re(−
1
8) = 5.17% (4.2)

and the turbulent length scale:

l = 0.038dh = 2.66 · 10−4m (4.3)

then, knowing that the empirical constant Cµ is equal to 0.09, it is possible to compute
the turbulent kinetic energy:

k =
3

2
(vI)2 = 0.00144

m2

s2
(4.4)

and the dissipation rate:

ϵ = Cµ
k( 3

2
)

l
= 0.0185

m2

s2
(4.5)

A summary of the primal flow boundary conditions can be seen in the following table:

inlet outlet adiabatic walls hot walls

v (0.6,0,0) ∂v
∂n̂

= 0 (0,0,0) (0,0,0)

p ∂p
∂n̂

= 0 0 ∂p
∂n̂

= 0 ∂p
∂n̂

= 0

T 0 ∂T
∂n̂

= 0 ∂T
∂n̂

= 0 1
k 0.00144 ∂k

∂n̂
= 0 kqRWallFunction kqRWallFunction

ϵ 0.0185 ∂ϵ
∂n̂

= 0 epsilonWallFunction epsilonWallFunction

Table 4.3: Summary of the primal flow boundary conditions

Regarding the adjoint problem boundary conditions, they were set according to the equa-
tions discussed in 2. In tables 4.4 and 4.5 can be found a summary of that boundary
conditions. Of course, thanks to the assumption of frozen turbulence, there is no need to
define adjoint variables for the turbulence quantities k and ϵ. However, in literature are



4| Results comparison 39

present several theoretical discussions about the implementation of turbulence models in
the adjoint equations, such as Spalart-Allmaras [4].

inlet outlet

va (ω1vx, 0, 0) vnuat − ω1vnvt = 0; uannew = uanold

pa
∂pa
∂n̂

= 0 ua · v + uanvn + ρfcpfTTa − ω1

(
p+ v2

2

)
− ω1v

2
n + ω2ρcpT

Ta
∂Ta

∂n̂
= 0 ρfcpfTavn + k ∂Ta

∂n̂
+ ω2ρcpvn = 0

Table 4.4: Summary of the adjoint flow boundary conditions for inlet and outlet

adiabatic walls hot walls

va (0,0,0) (0,0,0)

pa
∂pa
∂n̂

= 0 ∂pa
∂n̂

= 0

Ta 0 ∂Ta

∂n̂
= 0

Table 4.5: Summary of the adjoint flow boundary conditions for adiabatic and hot walls

As mentioned in the previous sections, the method employed to search for the optimum η

is the method of moving asymptotes. In a previous version of the solver, the method em-
ployed was the steepest gradient method, however, the MMA showed better performance
in terms of computational time. Both methods, however, require setting the number of
iterations between the update of the variables. This number has to be set as the num-
ber of iterations that the steady solution of the primal and adjoint equations requires to
reach convergence. The method to assess if the problem is converged or not is through
the analysis of the objective function J, instead of the common residuals analysis. The
method that has been used to determine the number of iterations updateEvery between
each update is the following: a simulation was run with an arbitrary updateEvery, and
the functions Jp, JT and J were saved every 10 iterations. If the objective functions are
converged in updateEvery iterations, it means that that number of iterations is the cor-
rect one to use during the simulation, otherwise, it needs to be increased. Eventually,
if convergence is reached before updateEvery, the value can be reduced to speed up the
simulations or, in other words, perform more updates in the same amount of iterations.
The simulations run showed that a reasonable value of updateEvery for this simulation is
2000 iterations. Another aspect that has to be discussed is the setting of the weight of
the objective functions. Recalling their formulation:
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J = ω1Jp + ω2JT (4.6)

with

Jp =

∫
inlet

(
p+

v2

2

)
v · n̂dS −

∫
outlet

(
p+

v2

2

)
v · n̂dS (4.7)

JT =

∫
outlet

(ρcpT )v · n̂dS −
∫
inlet

(ρcpT )v · n̂dS (4.8)

First and foremost can be noted that the two objective functions don’t have the same unit
of measurement, since Jp = [m

3

s2
] and JT = [Kg

s3
]: this mismatching of units of measurement

can be easily coped using dimensional weights ω1 and ω2 to recover adimensional products
ω1Jp and ω2JT . Secondly, can be noted that in general Jp and JT differ consistently in
terms of order of magnitude; as a matter of comparison, the simulation run with ω1 = 1

and ω2 = 0 gives, after 50’000 iterations, a Jp equal to 1.1986·10−5, whereas the simulation
run setting ω1 = 0 and ω2 = −1 gave a final JT equal to 1.8982 · 100, so it is clear that
the two functions have to be normalized, as it is also stated and explained in [16]. The
normalization values in the code are set in constant/optimization, and they are represented
by limitP and limitT; this two values divide respectively the products ω1Jp and ω2JT when
the two are summed to obtain the main objective function. A wrong setting of these two
values can lead to no change in the porosity field at all with respect to the case with
ω1 = 1 and ω2 = 0 or to an exaggerated change in porosity very close to the case with
ω1 = 0 and ω2 = −1, resulting in an impossible geometry with flow blockages at the inlet
or the outlet.

The chosen fluid for the simulation was water at a temperature of 50°C, whereas the
material that constitutes the porosity field is aluminium. Table SRPproperties shows
a summary of the thermophysical properties and other parameters employed for the sim-
ulations. These properties can be set in constant/transportProperties, except for upda-
teEvery, limitT and limitP that are set in constant/optimization.
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Physical quantity Symbol Variable name in the code Value

Density of the fluid ρfluid rhoFluid 985 [kg/m3]

Density of the solid ρsolid rhoSolid 2710 [kg/m3]

Fluid kinematic vis-
cosity

ν nu 4.9759 · 10(−7)[m
2

s
]

Fluid specific heat cpfluid cpFluid 4.061 · 103[ J
Kg·K ]

Solid specific heat cpsolid cpSolid 0.897 · 103[ J
Kg·K ]

Fluid thermal diffu-
sivity

DTfluid
DTfluidLam 1.62 · 10−7[Kg2

s
]

Solid thermal diffu-
sivity

DTsolid
DTSolid 9.75 · 10−5[Kg2

s
]

Iterations between
MMA updates

- updateEvery 2000

sensitivity filter reg-
ulating parameter

r radius 0.001 [Kg]

RAMP interpolation
regulating parame-
ter

q k 0.1

Prandtl number Pr Prt 3.074

maximum allowed
value for porosity

αmax alphaMax 100 [1
s
]

normalization factor
of JP

- limitP 1

normalization factor
of JP

- limitT 104[m
3

Kg
]

Table 4.6: Summary of the single region solver parameters
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4.3. Description and meshing of the geometry for the

multiregion adjoint simulation

To manipulate the multi-region geometry the same workflow of the single region geometry
was adopted, however, to generate a multi-region mesh certain steps require special care.
Again, the CAD file was cleaned using Salome and the inlet and outlet tubes were made
longer for the reason of better stability of the solver; however in this case where defined
three main regions: fluid, which comprises just the inlet and the outlet, fluid_to_solid,
which defines the interface between the fluid region and the solid region, and solid, which
defines the outside surfaces that belong to the solid region. This latter, as it is high-
lighted in figure 4.6 was formed by 5 subgroups of patches to have more freedom in the
mesh refinement with snappyHexMesh, namely inletTube_solid, outletTube_solid, diver-
gent_solid, convergent_solid and solidNoDucts. After that, the Mesh utility of Salome
was adopted: since the thickness of the solid region is very small in certain spots, it is
needed to have a high-quality and high-resolution STL file to avoid regions overlapping.
Salome Mesh allows to generate an STL composed of triangles of chosen dimension; in
this case, every patch was set to have meshed with triangles with a reference dimension
of 0.0005 m.

Figure 4.5: Inlet, outlet and interface patches that defines the fluid domain
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Figure 4.6: Patches defining the solid domain

Figure 4.7: Pins and pins2 are highlighted in red
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Figure 4.8: Solid and fluid domain: the solid domain has been clipped by half to better
visualize the fluid domain

After that, as for the previous geometry, a background mesh was generated using blockMesh;
this time the background mesh was assigned to the solid region. Then, once the refine-
ment options were set in snappyHexMeshDict which can be consulted in Appendix B,
the homonymous utility was run until the snap phase. Once this was done, the mesh
is generated but it is as if it was composed just by one single monolithic block, so it is
needed to run splitMeshRegion to divide the geometry into the regions named before, so
fluid and solid. Once this is done, to generate the layers it is needed to move the content
inside constant/fluid/poliMesh in constant/polyMesh, and re-run snappyHexMesh with
just the addLayers sub-dictionary turned on; the result of this step is then copied inside
constant/fluid/polyMesh. Finally, as in the previous case, the patches pins and pins2,
shown in figure 4.7 are extracted to apply the temperature boundary conditions for the
simulation, this time with the command createPatch -region solid. The quality param-
eters both for the fluid and for the solid regions are depicted in table 4.7, whereas the
percentage of layers extruded on the fluid_to_solid patch is ? note that the number of
cells has to be a compromise between discretization accuracy and computational time.
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fluid solid

number of cells 254480 218761

max skewness 2.992 3.417

max non orthogo-
nality

63.54 57.72

Table 4.7: Multiregion mesh quality parameters

4.4. Simulations results

4.4.1. Non optimized flow

As a matter of comparison, a simulation was run with the solver thermalAdjointShapeOp-
timizationFoam with the optimization turned out, i.e. setting the weight ω1 and ω2 to
zero; performing a slice with Paraview normal to the z-axis and positioned exactly in the
middle of the geometry, the velocity field and the temperature field can be visualized:

Figure 4.9: Velocity field of the non optimized simulation
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Figure 4.10: Temperature field of the non optimized simulation

4.4.2. Single region optimization

A simulation was run using the solver thermalAdjointShapeOptimization, with the weight
set respectively as ω1 = 0.5 and ω2 = −0.5. This simulation, to perform correctly, required
a value of limitP set to 1 and a value of limitT set to 1·106. The design variable is updated
every 2000 iterations, and the simulation itself is run for 50000 iterations, so performing
a total of 25 variables update. In figure 4.11 the velocity field can be visualized; the
technique adopted is the same as the previous simulations; here can be noted that the
regions close to the walls have less speed compared to the previous case, especially in
the 180° turn region: this is because, in general, the solver tends to generate cells with
maximum porosity in the regions close to the hot walls. In figure 4.12 can be noted
a more uniform temperature field with a higher temperature at the outlet. Note also
that the high-temperature region at the end of the 180° turn has almost disappeared;
in figure 4.13 the design variable field can be appreciated; again this is a z-axis normal
slice positioned in the middle of the domain. Remember that the design variable field
is inversely proportional to the porosity field, i.e the zones where η is equal to one the
domain is completely fluid, whereas the zones where η is equal to zero are completely
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solid. From this picture can also be appreciated the fact that thanks to the RAMP
porosity interpolation, the regions with medium values of η are almost absent. In figure
4.14 the η field is visualized applying in Paraview the filter clip to this latter variable,
setting the clip value to 0.1; here can be seen that the mainly modified region is the 180°
turn. Figure 4.15 shows a zoom in the 180° turn, and can be noted two main structures of
solid cells; from this view can be also noted the tendency of the solver to add solid cells in
the corners of the turn. Lastly, in figure 4.16 is shown the history of the objective function
during the iteration: this latter is used to check for the convergence of the simulation.

Figure 4.11: Velocity field of the single region optimized simulation
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Figure 4.12: Temperature field of the single region optimized simulation

Figure 4.13: Slice of eta field of the single region optimized simulation
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Figure 4.14: Eta field of the single region optimized simulation

Figure 4.15: Eta field of the single region optimized simulation, particular in the pins2
patch region
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Figure 4.16: Objective function of the single region optimization

4.4.3. Multiregion optimization

For the multi-region simulation, the same objective functions weights and physical quan-
tities of the previous case were adopted; however, the value of limitT was changed to
1 · 104. This value has been chosen since it was the best value for the convergence of the
objective function; it follows that the same setting can’t be used both for the single region
and multi-region case, and each simulation has to be studied as a stand-alone case. Also,
the value of updateEvery has been changed from 2000 to 4000: as test simulations have
shown, the objective function takes more time to converge from one update to the next,
this can be due to the fact that an additional Laplacian equation for adjoint temperature
in the solid region is added in this approach. So also the total number of iterations was
increased to 160000, leading to a total of 40 design variable updates. In figure 4.17 can
be seen the velocity field in a slice of the fluid and solid fields, generated with the same
positioning of the previous case, whereas in figure 4.18 the temperature field is depicted.
In figure 4.19 a slice of η field is shown, and the first difference with the precedent solver
can be appreciated: in this case, the solver doesn’t generate high porosity zones before
the turn, it rather prefer to generate them after the duct. In addition to that, the solver
generates in the upper corner a solid cells agglomerate to split the duct in two. Finally,
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in figure 4.22, the convergence of the objective function is shown.

Figure 4.17: Velocity field of the multiregion simulation

Figure 4.18: Temperature field of the multiregion simulation
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Figure 4.19: Slice of eta field of the multiregion simulation

Figure 4.20: Eta field of the multiregion simulation
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Figure 4.21: Eta field of the multiregion simulation, particular in the 180° turn region

Figure 4.22: Convergence of the objective function
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5| Conclusion

This work aimed to point out the main differences between a single region and a multi-
region adjoint-based optimization solver applied to a real case geometry. In general, the
two solvers seem to focus on the optimization in the same region, however, the resulting
porosity fields are quite different; this is probably due to the different nature of the prob-
lem: in the single region case, the temperature boundary conditions are set directly on
the boundary of the fluid domain, whereas in the multi-region optimization the temper-
ature boundary conditions in the fluid domain are a result of the solution of the Laplace
equation inside the solid region. Another stunning difference is the speed of convergence
of the solver: the single region solver takes 50’000 iterations to reach convergence, which
corresponds to 13 hours on a 6-cores laptop, whereas the multi-region solver takes 160’000
iterations, which are translated into 48 hours of computational time. It follows that the
first solver is for sure the better option in a preliminary analysis, and the second one is
the better choice if a more in-depth analysis is looked for. Given the fact that no experi-
mental activities were conducted, it is not possible to assess for sure which porosity field
is the best one; furthermore, an experimental activity would require manufacturing the
heat exchanger, which is not a banal task, given the fact that the output of the simulation
is not an STL file that could be sliced by a 3D printing slicer software and 3D printed;
design the optimized heat exchanger with traditional method by trying to manually copy
the results visualized in Paraview in a CAD software would probably lead to a coarse
approximation of the optimized geometry. For this reason, one of the main improvements
that can be added to the multi-region simulation would be a software that, given the
optimized geometry, translates it into an STL file ready to be 3D printed and tested.
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A| Appendix A

/∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗− C++ −∗−−−−−−−−−−−−−−−−−−−∗\
========= |
\\ / F i e ld | OpenFOAM: The Open Source CFD Toolbox
\\ / Operation | Website : https : // openfoam . org
\\ / And | Vers ion : dev
\\/ Manipulation |

\∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/
FoamFile
{

ve r s i on 2 ;
format a s c i i ;
class d i c t i ona ry ;
object snappyHexMeshDict ;

}
// ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ //

cas t e l l a t edMesh true ;

snap true ;

addLayers t rue ;

geometry
{

geom
{

type t r iSur faceMesh ;
f i l e " f l u i d . s t l " ;
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r e g i on s
{

wa l l s
{

name wa l l s ;
}
ou t l e tP ipe
{

name out l e tP ipe ;
}
i n l e tP i p e
{

name i n l e tP i p e ;
}
ou t l e t
{

name ou t l e t ;
}
i n l e t
{

name i n l e t ;
}
top
{

name top ;
}
bottom
{

name bottom ;
}

}
}
re f inementBoxIn l e t
{

type searchableBox ;
min ( 0 .34 0 .032 −0.0035 ) ;
max ( 0 .39 0 .042 0 .0065 ) ;
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}
ref inementBox2
{

type searchableBox ;
min ( 0 .512148 0.03449 0 ) ;
max ( 0 .536147 0.040252 0 .005 ) ;

}

}

ca s t e l l a t edMeshCont ro l s
{

maxLocalCel ls 1000000;
maxGlobalCel ls 1500000;
minRef inementCel ls 10 ;
nCel l sBetweenLeve ls 4 ;
f e a t u r e s ( { f i l e " f l u i d . eMesh" ; l e v e l 1 ; } ) ;
r e f i n ementSur f a c e s
{

geom
{

l e v e l ( 0 0 ) ;
r e g i on s
{

i n l e tP i p e
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type wal l ;
}

}
ou t l e tP ipe
{

l e v e l ( 1 2 ) ;
patchIn fo
{
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type wal l ;
}

}
i n l e t
{

l e v e l ( 1 1 ) ;
patchIn fo
{

type patch ;
}

}
ou t l e t
{

l e v e l ( 1 1 ) ;
patchIn fo
{

type patch ;
}

}
wa l l s
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type wal l ;
}

}
top
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type wal l ;
}

}
bottom
{
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l e v e l ( 1 2 ) ;
patchIn fo
{

type wal l ;
}

}

}
}

}
re so lveFeatureAng le 30 ;
re f inementReg ions
{

re f inementBoxIn l e t
{

mode i n s i d e ;
l e v e l s ( (3 3 ) ) ;

}
}
locat ionInMesh ( 0 .7 0 .037371 0 .0045 ) ;
a l lowFreeStandingZoneFaces t rue ;

}

snapContro ls
{

nSmoothPatch 3 ;
t o l e r an c e 2 ;
nSo l v e I t e r 50 ;
nRe laxI te r 10 ;
nFeatureSnapIter 15 ;
impl i c i tFeatureSnap f a l s e ;
exp l i c i tFea tur eSnap true ;
multiRegionFeatureSnap f a l s e ;

}

addLayersControls
{
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r e l a t i v e S i z e s t rue ;
expans ionRatio 1 . 2 ;
f i r s tLaye rTh i ckne s s 0 . 2 6 ;
minThickness 0 .5 e−6;
l a y e r s
{

" wa l l s "
{

nSur faceLayers 3 ;
}
" top"
{

nSur faceLayers 3 ;
}
"bottom"
{

nSur faceLayers 3 ;
}
" i n l e tP i p e "
{

nSur faceLayers 3 ;
}
" out l e tP ipe "
{

nSur faceLayers 3 ;
}

}
nGrow 0 ;
f ea tureAng le 330 ;
nRe laxI te r 5 ;
nSmoothSurfaceNormals 1 ;
nSmoothNormals 3 ;
nSmoothThickness 10 ;
maxFaceThicknessRatio 0 . 5 ;
maxThicknessToMedialRatio 0 . 3 ;
minMedianAxisAngle 90 ;
nBufferCel l sNoExtrude 0 ;
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nLayer I te r 50 ;
nRe laxedIter 20 ;

}

meshQual ityControls
{

maxNonOrtho 55 ;
maxBoundarySkewness 20 ;
maxInternalSkewness 3 ;
maxConcave 80 ;
minVol 1e −13;
minTetQuality −1;
minArea −1;
minTwist 0 . 0 1 ;
minDeterminant 0 . 0 0 1 ;
minFaceWeight 0 . 0 5 ;
minVolRatio 0 . 0 1 ;
minTriangleTwist −1;
nSmoothScale 4 ;
e r rorReduct ion 0 . 7 5 ;
r e l axed
{

maxNonOrtho 55 ;
}

}

wr i t eF lag s ( s c a l a rL e v e l s l a y e r S e t s l a y e rF i e l d s ) ;

mergeTolerance 1e −06;

// ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ //
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/∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗− C++ −∗−−−−−−−−−−−−−−−−−−−∗\
========= |
\\ / F i e ld | OpenFOAM: The Open Source CFD Toolbox
\\ / Operation | Website : https : // openfoam . org
\\ / And | Vers ion : dev
\\/ Manipulation |

\∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/
FoamFile
{

ve r s i on 2 ;
format a s c i i ;
class d i c t i ona ry ;
object snappyHexMeshDict ;

}
// ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ //

cas t e l l a t edMesh f a l s e ;

snap f a l s e ;

addLayers t rue ;

geometry
{

f l u i d
{

type t r iSur faceMesh ;
f i l e " f l u i d . s t l " ;
r e g i on s
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{
ou t l e t
{

name ou t l e t ;
}
i n l e t
{

name i n l e t ;
}

}
}

f lu id_to_so l id
{

type t r iSur faceMesh ;
f i l e " f lu id_to_so l id . s t l " ;

}

s o l i d
{

type t r iSur faceMesh ;
f i l e " s o l i d . s t l " ;
r e g i on s
{

sol idNoDucts
{

name sol idNoDucts ;
}
in l e tTube_so l id
{

name in l e tTube_so l id ;
}
out letTube_sol id
{

name out letTube_sol id ;
}
convergent_so l id
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{
name convergent_so l id ;

}
d ive rgent_so l id
{

name d ive rgent_so l id ;
}

}
}

} ;

ca s t e l l a t edMeshCont ro l s
{

maxLocalCel ls 1000000;
maxGlobalCel ls 1500000;
minRef inementCel ls 10 ;
nCel l sBetweenLeve ls 4 ;
f e a t u r e s ( { f i l e " f l u i d . eMesh" ; l e v e l 1 ; }

{ f i l e " s o l i d . eMesh" ; l e v e l 2 ; }
{ f i l e " f lu id_to_so l id . eMesh" ; l e v e l 2 ; }

) ;
r e f i n ementSur f a c e s
{

f l u i d
{

l e v e l ( 1 2 ) ;
r e g i on s
{

i n l e t
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type patch ;
}

}
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ou t l e t
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type patch ;
}

}
}

}
f lu id_to_so l id
{

l e v e l (1 2 ) ; // 11 22
faceZone f lu id_to_so l id ;
c e l lZone f l u i d ;
mode in s i d ePo in t ;
i n s i d ePo in t ( 0 . 7 0 .037371 0 . 0 0 4 5 ) ;

}
s o l i d
{

l e v e l (1 1 ) ;
r e g i on s
{

in l e tTube_so l id
{

l e v e l ( 1 1 ) ;
patchIn fo
{

type wal l ;
}

}
out letTube_sol id
{

l e v e l ( 1 2 ) ;
patchIn fo
{
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type wal l ;
}

}
sol idNoDucts
{

l e v e l ( 1 2 ) ;
patchIn fo
{

type wal l ;
}

}
convergent_so l id
{

l e v e l ( 1 1 ) ;
patchIn fo
{

type wal l ;
}

}
d ive rgent_so l id
{

l e v e l ( 1 1 ) ;
patchIn fo
{

type wal l ;
}

}
}

}
}

re so lveFeatureAng le 30 ;
re f inementReg ions {}
locat ionInMesh ( 0 .7 0 .037371 0 .0045 ) ;
a l lowFreeStandingZoneFaces t rue ;

}
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snapContro ls
{

nSmoothPatch 5 ;
t o l e r an c e 3 ;
nSo l v e I t e r 30 ;
nRe laxI te r 10 ;
nFeatureSnapIter 15 ;
impl i c i tFeatureSnap f a l s e ;
exp l i c i tFea tur eSnap true ;
multiRegionFeatureSnap true ;

}

addLayersControls
{

r e l a t i v e S i z e s f a l s e ;
expans ionRatio 1 . 2 ;
f i r s tLaye rTh i ckne s s 1e−4;
minThickness 0 .5 e−6;
l a y e r s
l a y e r s
{

f lu id_to_so l id
{

nSur faceLayers 3 ;
}

}
nGrow 0 ;
f ea tureAng le 330 ;
nRe laxI te r 5 ;
nSmoothSurfaceNormals 1 ;
nSmoothNormals 3 ;
nSmoothThickness 10 ;
maxFaceThicknessRatio 0 . 5 ;
maxThicknessToMedialRatio 0 . 3 ;
minMedianAxisAngle 90 ;
nBufferCel l sNoExtrude 0 ;
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nLayer I te r 50 ;
nRe laxedIter 20 ;

}

meshQual ityControls
{

maxNonOrtho 65 ;
maxBoundarySkewness 20 ;
maxInternalSkewness 3 ;
maxConcave 80 ;
minVol 1e −13;
minTetQuality −1;
minArea −1;
minTwist 0 . 0 1 ;
minDeterminant 0 . 0 0 1 ;
minFaceWeight 0 . 0 5 ;
minVolRatio 0 . 0 1 ;
minTriangleTwist −1;
nSmoothScale 4 ;
e r rorReduct ion 0 . 7 5 ;
r e l axed
{

maxNonOrtho 65 ;
}

}

wr i t eF lag s ( s c a l a rL e v e l s l a y e r S e t s l a y e rF i e l d s ) ;

mergeTolerance 1e −06;

// ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗ //
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