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1. Introduction
In the context of active control techniques for a
turbulent channel flow, one of the most widely
studied and used techniques is certainly span-
wise wall oscillation, where the wall oscillates
with a sinusoidal motion:

W (y = 0, t) = A sin

(
2π

T
t

)
, (1)

where W (0, t) represents the spanwise compo-
nent of the mean velocity vector at the wall, t
is time, y is the wall-normal coordinate, A is
the oscillation amplitude, and T is the oscilla-
tion period. Both numerical simulations and
experimental studies [4] have documented a re-
duction in friction provided by this technique.
When the wall oscillates (Eq. (1)) a transverse
boundary layer (the so-called Stokes layer) is
created, whose velocity profile W (y, t) is known
and equal to the analytical solution of the second
Stokes problem. This profile is completely deter-
mined, both in its spatial and temporal evolu-
tion, by the value of the oscillation period T that
governs the wall motion. An extensive literature
has highlighted that the value of this parame-
ter that guarantees the greatest Drag Reduction
(DR) percentage is T+

opt = 100 (where the super-
script + is used to indicate a scaled quantity in

viscous units). The meaning of this value, de-
spite some attempts to explain it, remains quite
unclear. Indeed, as previously mentioned, this
parameter T is responsible for both the tempo-
ral frequency of the Stokes layer oscillations and
the spatial thickness of the velocity profile inside
it, namely δ =

√
Tν/π (being ν the kinematic

viscosity of the fluid). Therefore, it is important
to understand whether this T+

opt = 100 is op-
timal because it ensures that specific temporal
frequency, or if it is only the best compromise
between temporal and spatial behavior.

2. Objective
The goal of this study is to improve the under-
standing of skin friction reduction caused by os-
cillating wall technique. Specifically, it is a mat-
ter of understanding the true meaning of the wall
oscillation period T . In order to overcome this
challenge, it is proposed a new approach that di-
rectly imposes the transverse velocity profile of
the Stokes layer on the flow, separating the spa-
tial and temporal variations by making δ and T
indipendent, as follow:

W (y, t) = A exp
(
−y
δ

)
sin

(
2π

T
t− y

δ

)
. (2)

Through a parametric DNS study of a turbulent
channel flow, it is possible to examine the pre-
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Figure 1: Schematic geometry of a plane channel
flow.

cise impacts of temporal and spatial variations
in the spanwise forcing profile on DR. Therefore,
once the friction reduction map varying with T
and δ is known, the effects of these parameters
on the flow will be investigated through analysis
of Reynolds stresses and, in general, through ob-
servation of the behavior of ideal tracers inserted
at the beginning of the simulations.

3. Method
This study uses a pseudo-spectral DNS code
to solve the incompressible Navier-Stokes equa-
tions for turbulent channel flow, utilizing fourth-
order-accurate compact finite-difference schemes
in the wall-normal direction y and Fourier ex-
pansions for high resolution and efficiency in
parallel computing in the homogeneous direc-
tions x and z. In order to study the effects of the
Stokes layer parameters T and δ, the transverse
velocity profile W (y, t) (Eq. (2)) is directly im-
posed on the flow, keeping the wall still. From a
computational perspective, this means assigning
the spanwise velocity profileW (y, t) upstream of
the convolution calculations at each time step, in
order to ensure that the interaction of all modes
takes place with the intended mean profile.

3.1. Simulations parameters
The simulations are conducted with Constant
Flow Rate (CFR) at a Reynolds number Re =
Uph/ν = 10500 (where Up is the centerline
velocity of a laminar Poiseuille flow with the
same flow rate), which corresponds to Reτ =
uτh/ν = 400 in the unforced case (where h is
half the distance between the channel walls, and
uτ is the friction velocity of the uncontrolled
case). The size of the computational box is
(Lx, Ly, Lz) = (4πh, 2h, 2πh), discretized with
Ny = 300 grid points in the wall-normal di-
rection, and Nx = 256 and Nz = 256 Fourier
modes in the x and z directions respectively.

The mesh in the wall-normal direction uses a
constant-linear nodes distribution, maintaining
∆y+min = 0.5 until y+ < 25, after which ∆y+ in-
creases linearly until achieving ∆y+max ≈ 6.2 at
the channel centerline. The simulations are run
for 10,000 time steps with ∆t+ ≈ 0.15, starting
from a well-developed flow condition. The study
aims to investigate the effect of the parameters
pair (T+, δ+) on the friction coefficient Cf . The
changes in Cf are measured as a percentage with
respect to the friction coefficient of the reference
case Cf,0 through DR(%) parameter, which cor-
responds to the percentage reduction in the en-
ergy required to drive the fluid in the streamwise
direction at a fixed flow rate (CFR).

3.2. Stokes layer inputs
The primary simulations aim to apply differ-
ent combinations ofW (y, t) for different pairs of
(T+, δ+) values, and then analyze the resulting
DR(%) for each case. The amplitude of the forc-
ing oscillation was set to A+ = 12. The range of
oscillation periods considered are T+ = 25−200,
with a ∆T+ of 25 between each value. An addi-
tional value of T+ = 10 was chosen to represent
a low-period case. The range of δ+ investigated
is δ+ = 2 − 20, with a ∆δ+ = 2, to test veloc-
ity profiles which perturb near wall structures at
different wall-normal locations. For each value
of T+, simulations of the canonical Stokes layer
were also performed, where δ+ =

√
T+/π. In

total, 92 simulations were carried out for the dif-
ferent (T+, δ+) pairs, in addition to a reference
simulation of the unforced flow.

4. Drag reduction results
Figure 2 shows that oscillating wall technique,
which results in all (T+, δ+) pairs identified by
the black line, is limiting in terms of DR. The
previous analyses that designated T+ = 100 as
the optimal value for the forcing period were
biased because a certain T+ corresponded to a
fixed δ+, preventing separate evaluations of the
spatial and temporal contributions. Thus, the
value of T+

opt = 100 does not hold any significant
meaning, and smaller periods show the poten-
tial to increase DR(%) by 40%, if δ+ can be
arbitrarily chosen. In fact, while staying on the
black line DRmax(%) = 28.3 for T+ = 100, a
value of DRmax(%) ≈ 40 can be reached with
the velocity profile with (T+

opt, δ
+
opt) = (40, 12).
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Figure 2: DR(%) for different (T+, δ+) pairs in
reference scaling (at Nominal Reτ = 400 and
A+ = 12). Black line is the true Stokes layer
(δ =

√
Tν/π).

Focusing initially on the oscillation period, this
value of T+

opt is not random or meaningless: in
fact, T+

opt = 40 had already been identified as
the Lagrangian time scale representing a typical
survival time of the statistically significant tur-
bulent structures by [3]. It seems that when T+

is larger than the optimum, the near-wall streaks
are given enough time to establish their inter-
nal dynamics between successive Stokes layer cy-
cles. However, when T+ ' T+

opt, the forcing time
aligns with the characteristic time of streak dy-
namics and effectively disrupts the streaks, pre-
venting them from adjusting to their natural life
cycle. Conversely, the absolute DRmax is ob-
tained for δ+ = 12, but it cannot be said that
this δ+ value represents the optimum for all os-
cillation periods. Indeed, as T+ deviates from
T+
opt, it can be observed that δ+opt gradually de-

creases. Anyway, δ+opt = 12 is not an unexpected
value, since it is well established that the di-
namically relevant turbulent structures are lo-
cated at a height of y+ ≈ 12 from the wall. If
these specific structures are forced with T+

opt, it
is effective if the transverse boundary layer in-
cludes these streaks. On the other hand, if the
period T is far from the optimal one, the best
DR result is obtained when the Stokes layer re-
mains slightly closer to the wall, only tilting the
streaks in the viscous sublayer, which seem to
be much less dependent on the T value. This
statement is confirmed by looking at the DR re-
sults for δ+ = 2, where a sort of independence of
DR with respect to T+ is clearly visible. Simi-

larly, a certain independence of DR with respect
to δ+, can be noticed from Fig. 2 at very low
periods as 10 ≤ T+ ≤ 20. These observations
can be explained by the fact that when the value
of δ is small, the Stokes Layer does not interact
much with the wall cycle, because it is located
very close to the wall, without affecting those
structures that are more responsible for turbu-
lent production. At the same time, when the
period T is very small, it does not interact with
the regeneration cycle of turbulent structures at
wall. This may explain why in both cases there
appear to be a certain independence of DR with
respect to the forcing parameters.

5. Reynolds stresses analysis

(a)

(b)

Figure 3: Wall normal profile of mean stream-
wise velocity (a) and vertical Reynolds stresses
(b) (at Nominal Reτ = 400 and A+ = 12).

All variables shown in this analysis are scaled
in actual viscous units (∗ superscript), there-
fore considering each case with respect to its
viscous units. The quantities enclosed in the
〈·〉 brackets are temporally and spatially aver-
aged along the homogeneous x and z directions.
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In order to find a physical explanation to the
results shown in Fig. 2, it is interesting to ob-
serve how the Reynolds stresses behave under
different forcing condition with respect to the
reference unforced case. Three different forcing
conditions are analyzed, corresponding to three
different (T+, δ+) pairs, appropriately chosen:
(50, 2), (50, 12), and (175, 12), which result in
a DR(%) of 10.5%, 39.4%, and 13.8%, respec-
tively. Figure 3a shows the wall-normal behavior
of the mean velocity 〈U∗(y∗)〉 for different forc-
ing conditions, where it can be seen that the lin-
ear near-wall trend of the mean velocity extends
to higher values of y∗ for the forcing that ensures
better DR, namely (50, 12). Consequently, the
present results provide further evidence [1] that
an increase in DR is connected to a thickening
of the viscous sublayer, regardless the specific
values of T and δ, as exemplified by the cases of
(T+, δ+) = (50, 2) and (T+, δ+) = (175, 12) re-
spectively, where the thickening is also present,
but way less than with (50, 12).
Figure 3b illustrates the variation of 〈vv〉∗ along
the wall-normal direction, which reflects the in-
tensity of ejections/sweeps phenomena. While
〈vv〉∗ is attenuated for the forcings with T+ =
50, this is not observed for the one at T+ = 175,
and instead there is even an increase in 〈vv〉∗
for y∗ ≤ 75 compared to the unforced case.
The aforementioned behavior can be clarified by
examining the results presented in Figures 4a,
4b, and 4c, in which the pressure-strain corre-
lation terms are shown. These terms are re-
sponsible for the energy transfer between di-
agonal Reynolds stresses due to the effects of
pressure-strain interactions, and determine their
relative magnitudes. Specifically, when Πii < 0
(where i can range from 1 to 3, correspond-
ing to the streamwise x, wall-normal y, and
spanwise z directions, respectively), energy is
transferred from 〈uiui〉 to the other diagonal
Reynolds stresses, and vice versa when Πii > 0.
The behaviour of Π∗

11 (Fig. 4a) shows that
there is no inhibition of energy exchange be-
tween 〈uu〉∗ towards 〈vv〉∗ and 〈ww〉∗ in the
cases of (50, 12) and (175, 12) forcings: instead,
even more energy is transferred with respect to
the reference case (because of a more pronunced
negative peak). The difference between these
two forcings in the redistribution patterns can
be easily identified by examining Π∗

22 and Π∗
33

curves (Figures 4b and 4c).

(a)

(b)

(c)

Figure 4: Wall normal profiles of pressure-strain
correlation terms (at Nominal Reτ = 400 and
A+ = 12): (a) Π∗

11; (b) Π∗
22; (c) Π∗

33.

In comparison to the unforced case, two opposite
behaviors are observed: for the (50, 12) forcing,
most of the energy seems to follow a preferen-
tial path from 〈uu∗〉 to 〈ww〉∗, while the oppo-
site behavior is observed for the T+ = 175 forc-
ing, where a lot of energy goes from 〈uu∗〉 to
〈vv〉∗, since Π∗

22 dominates and Π∗
33 even shows

a negative peak, suggesting that some energy
is also transferred from 〈ww〉∗ to the wall nor-
mal stress 〈vv〉∗. At this point, the reason for
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Figure 5: Initial positioning of a group of parti-
cles.

the greater value of 〈vv〉∗ for the T+ = 175 forc-
ing can be somehow supported by evidence from
the budget terms Πii. The observation of an
increased energy exchange from 〈uu∗〉 to 〈vv∗〉
when T+ = 175, provides evidence that there is
no inhibition of the vertical fluctuating velocity
field. On the contrary, our findings suggest that
sweep and ejection events may be enhanced by
slow-oscillations of the Stokes layer.

6. Particles tracking
6.1. Computational method
This additional analysis aims to investigate the
behavior of a turbulent channel flow under dif-
ferent forcing conditions, introducing ideal trac-
ers into the computational domain. After set-
ting the total number of particles np, particles
are organized into ngroup = np/4 groups of four,
as shown in Figure 5. The first particle of each
group, labeled as P1, is inserted at a specific
point xP1

0 = (x0, y0, z0) in the domain at time
t = 0, while the other three particles, namely
P2, P3 and P4 are introduced at same position
but shifted by a certain d0,x, d0,y and d0,z, re-
spectively. The initial position xP1

0 = (x0, y0, z0)
and the components of the initial separation vec-
tor d0 = (d0,x, d0,y, d0,z) are freely selectable.
Once these two inputs, along with the number
of four-particle groups ngroup (and therefore the
total number of tracers as np = 4 · ngroup) are
chosen, the entire process of polynomial inter-
polation can start. The DNS code affords ac-
cess to the Eulerian velocity u(t) for each point
of a three-dimensional numerical grid at every
time step, which is different to the lagrangian
particle’s velocity v(t). As a result, proper in-
terpolation of the particle’s Lagrangian velocity

v(t) is needed. In the present work, sixth-order
Lagrange polynomials are used as the interpo-
lating function for the discrete velocity field. As
a result, the Lagrangian velocity of the particle
v(x(t), t) is calculated. Then, the position of the
i-th particle can be calculated as follow:

xi(t+ ∆t) = xi(t) + ∆t · v(xi(t), t), (3)

where ∆t is the chosen time step. In this con-
text, a total of np = 2.2 · 106 particles are re-
leased on a plane parallel to the wall for each
simulation, in such a way that the entire x-z
plane is adequately filled with a sufficient num-
ber of tracers. Particle pairs are injected at a
release height of y+0 with an initial separation
of d0 in various directions. The wall-normal in-
jection height of the particles has been set to
y+0 = δ+/2 for each forced simulation, while in
the reference case y+0 = 6. The magnitude of
the initial separation vector d0 has been kept
constant at d+0 = 0.76 or d0 = 0.019h in all di-
rections. The temporal evolutions of the results
will be visualized through the normalized time
t with respect to the crossing time τct, which
in the current simulations (expressed in nominal
viscous units) is equal to τ+ct = L+

x /u
+
cl ≈ 250,

where u+cl is the longitudinal velocity at channel
centerline. To collect statistical data and per-
form ensemble averaging, a time window of du-
ration ∆T+ was used. This time window is ex-
pressed in terms of the number of crossing times
τ+ct , and is equal to ∆T+ = 8.5τ+ct .

7. Particles’ results

Figure 6: Time evolution of wall-normal relative
dispersion due to wall-normal initial separation
for different T+ values.

In this section, it is investigated whether Stokes
layer which leads to a higher DR(%), also re-
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Figure 7: Time variation of the average wall-
normal position of all injected particles for dif-
ferent forcings.

sults in a more pronounced blocking effect of
vertical velocity fluctuations. In order to ana-
lyze the shear sheltering provided by the Stokes
layers, it is useful to look at the component of
relative dispersion normal to the wall, namely
d2y(t) = (yP1 − yP2)2 (where yP1 and yP2 are
the wall-normal coordinates of a particles pair,
and the overline represents the averaging op-
eration over all particles) [2]. Figure 6 shows
wall-normal relative dispersion (d∗y(t))

2 due to
wall-normal initial separation (d+0,y = 0.76) with
release height y+0 = 6 for distinct Stokes lay-
ers, specifically characterized by same δ+ = 12
but different T+. From Fig. 6, it is immedi-
ately noticeable that the great majority of forc-
ing conditions reduce d∗y(t))2 compared to the
unforced reference case. Essentially, the opti-
mal T+ order found in the drag reduction anal-
ysis (Fig 2) is confirmed. Specifically, the mini-
mum average vertical dispersion is obtained for
T+ = 25, followed by T+ = 50 case. This sug-
gests that at these oscillation periods, the Stokes
layer is highly effective in reducing vertical fluc-
tuations, resulting in the inhibition of turbulent
phenomena such as sweeps and ejections. Fig.
13 shows the average y+ position of the parti-
cles as a function of time for all forcings at the
same δ+ = 12 and different T+. After t = τct,
y+ for T+ = 25− 50 settles at values of 14 and
15 respectively, whereas the reference case pro-
vides y+ = 60. This indicates that, on average,
the particles are distributed closer to the wall
by about 75% when subjected to the shear in-
duced by the Stokes layer, which therefore has a
massive influence on the wall turbulence. As T+

increases, the effect of shear sheltering persists,

albeit to a lesser extent, as the oscillations of the
Stokes layers become slower.

8. Conclusions
In conclusion, this study proposes a novel ap-
proach to understand the skin friction reduction
phenomenon induced by transverse forcing. By
decoupling the spatial and temporal variations
of the velocity profile into two parameters, δ and
T , this study reveals that the temporal variation
of the Stokes layer dominates the resulting skin
friction reduction. Moreover, the real optimal
value of T+

opt for maximum skin friction reduction
is found to be significantly smaller than the one
traditionally found in wall motion techniques.
These oscillations of the Stokes layer with T+

opt

seem to dampen the vertical fluctuations occur-
ring within the boundary layer, which leads to a
reduction in the intensity of sweep and ejection
phenomena. As a result, these findings provide
valuable insights for the optimization of future
drag reduction strategies.
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