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1. Introduction
Tubercled wings are a field of interest in the
development of urban mobility aircrafts and
prevention of abrupt stall phenomena on rotor
blades. Garrow et al. [4] assessed different ge-
ometries of UAM, with different rotor geome-
tries and number of propellers. Smaller rotors
provided the best compromise between perfor-
mance, efficiency and safety, although leading to
higher rotor loads. The tubercles provides a so-
lution to this problem, ensuring rotor capability
of working properly at high angles of incidence
without encountering abrupt stall phenomena.
Butt et al. ([2]) tested through CFD analysis,
using RANS turbulence models, two, three and
four blades geometries, with both clean leading
edge and tubercled leading edge. For each ge-
ometry an increase in the propeller efficiency ηp
is observed, with the increase in efficiency from
the baseline solution becoming larger at higher
advance ratios J . Colpitts et al. ([3]) analyzed
the effect of tubercles introduction and its shape
compared to baseline rotor blade. Different tu-
bercles geometry are tested in comparison to the
baseline geometry. An improvement of 9.5% in
rotor Figure Of Merit is observed. Smaller and
denser distribution of tubercles produces similar
distribution of pressure of the wing compared to
the baseline geometry, while having mayor ben-

efit in drag reduction. Tubercles with sin shape
performs better in improving FOM, reducing ro-
tor CP (Coefficient of Power) while increasing
its CT (Coefficient of Thrust). Tubercles fol-
lowing a power law improves the rotor CT while
increasing at well the CP due to increased skin
friction.

2. Thesis scope
The scope of this work will be the evaluation
of a modified potential method to better es-
timate the effect of the aforementioned vortex
structures. The dependency of the studies ge-
ometry on viscous phenomena should discour-
age from usage of panel methods, due to the
inviscid nature of such numerical solution. CFD
solutions are better suited for this work, be-
ing more capable of capturing the complexity
of these flow structures. Panel methods, how-
ever, are far more used and suited for the initial
design and evaluation of a wing geometry, due
to their implementation easiness and fast com-
putational times. The motivation of this work is
to modify a classical virtual singularities panel
method to predict the influence of leading edge
tubercles not only from a geometrical point of
view, but from a viscous one as well. The ad-
vantage of a potential method compared to F.V.
(Finite Volume) methods can be summed up in:
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• Reduced programming effort
• Reduced computational cost
• Accurate flow description for applications

at high Reynolds numbers
• Good prediction of viscous flows with minor

tweaks

3. Numerical modeling
The problem is modelled taking advantage of
linearization of the Navier-Stokes equations. In-
troducing the hypothesis of inviscid, irrotational
and incompressible flow the equations can be
rewritten as follows:

∇2u⃗ =
∂2u

∂x2
+

∂2v

∂y2
+
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∂z2
= 0 (1)

The wing is modelled using a distribution of con-
stant doublets and sources. The Green function,
which describes the problem as a linear system
where the doublets intensities are the unknown.
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where Φ is the potential in the point of inter-
est, σ is the source intensity, µ is the doublet
intensity and Φ∞ is the free-stream potential.
The potential of each panel can be computed
from the geometrical dimensions of each panel.
The influence coefficient of each panel is com-
puted, and the matrices describing the influence
coefficients of doublets and sources between each
panel are computed. Being the sources inten-
sities known from the free-flow conditions, the
only unknowns are the doublets intensities of
wake and body panels. The former are defined
as function of the latter, and hence the prob-
lem can be solved, being only the body doublets
the unknowns. To evaluate the influence of the
tubercles on the overall wing performances, the
vortices originating from the leading edge are
implemented. Those are modelled as a free vor-
tex line originating from the wing surface, which
circulation is equal to the corresponding panel of
origin.

ΓV ORTEX = µPANEL (3)

To avoid singularities a vortex core model is de-
veloped. The Vasistas vortex core model is used:

V̄θ =
r̄

(r̄2n + 1)1/n
(4)

Where V̄θ is the induced radial velocity, r̄ is the
vortex core radius, r is the distance from the
vortex axis and n is a tuning parameter set at 2
from experimental evidence. To assess the fre-
quency response of the wing in harmonic mo-
tion, the Theodorsen model is implemented to
describe small oscillations of pitch and plunge
motions. A thorough description can be found
in the work of Brunton et al. ([1]).

4. Code validation
To validate the code a comparison with the 2D
solution is made. The reference solution is com-
puted through XFOIL.
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Figure 1: CL − α, λ = 1000 wings

For a semi-infinite wing, the solution is close to
the 2D one as expected, with minor reduction
due a residual wingtip influence. All the com-
puted lift values are larger compared to the thin
airfoil theory result, which does not take into
account the influence of the airfoil thickness. In
Figure 2 the frequency response to an harmonic
pitching motion is represented. The developed
numerical solution produces an increased lift
generation as the reduced frequency increases,
while the phase lag is unchanged through the
frequency sweep. For lower reduced frequen-
cies, the amplitude is decreased compared to the
Theodorsen solution, and the phase is subjected
to a minor lag.
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Figure 2: Frequency response at different re-
duced frequencies

5. Tubercles assessment
The reference case of study is taken from the ex-
perimental activity of Hansen et al. [5], which
applied different tubercles geometry to a base-
line NACA-0021 wing in order to assess the in-
fluence of tubercles number and amplitude.

A/c[−] λ/c[−] Label
0.06 0.21 A4λ15
0.06 0.43 A4λ30
0.06 0.86 A4λ60

Table 1: Geometries evaluated

The results are reported in Figures 3 and 4.
Curves represented by circles are referring to
the experimental data, while curves represented
with crosses are referred to numerical data. As
expected, when the experimental wings expe-
rience a reduction in produced lift due to the
insurgence of stall, the developed model is not
capable of replicating this effect. However, in
the region 0 − 10◦, the model is fitting the ex-
perimental data. Compared to the test results
the numerical model presents a more robust be-
haviour, with the curves having a more linear
behaviour, albeit over predicting the actual lift
coefficient. It’s interesting to notice the abrupt
stall of the A4λ60 configuration, which can be
explained by the small amplitude variation be-
tween peaks and troughs. This makes the tuber-
cle effect negligible, or even detrimental.
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Figure 3: Caption

Looking at the curves at α = 5◦, the baseline
and A4λ60 are more represented by the numer-
ical model. The other geometries lift capabili-
ties are over-predicted by the numerical model.
It’s interesting to notice that for the experimen-
tal results the difference in the generated lift is
negligible between A4λ15 and A4λ30. For the
A4λ15 the numerical model is closer to the ex-
perimental data.
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Figure 4: Caption

When considering the polar at α = 10◦, the so-
lution delta between the considered geometries
is reduced, with all CL values fitting in the range
of 0.7 − 0.8, as happening with the experimen-
tal data. The over-prediction of the numerical
model is reduced with reference to the exper-
imental solution. This could be explained by
confirming the hypothesis of a separation bub-
ble, which produces a non-linearity in the lift
production. The overall comparison is deemed
satisfactory, being the lift values consistent with
the experimental results. The minor differences
can be attributed to the viscous phenomenol-
ogy happening in the experimental case. This
is particularly evident when the wing is work-
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ing at high angles of incidence, where impor-
tant separations start to occur. However, when
considering small amplitudes, the results can be
described as coherent with the experimental ev-
idence, hence the modelling base can be consid-
ered as a good estimation method for the poten-
tial modelling of tubercled wings.
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Figure 5: Caption

The maximum lift production is increased. The
phase lag between the baseline geometry and the
tubercled geometry is negligible, both for the CL

and the CM . When looking at Figure 5, the am-
plitude increase becomes more evident, with the
maximum CL increase occurring at f = 12 Hz.
The phase lag is increasing with the frequency
for the base case, only to see a sudden drop at
higher frequencies. For the tubercled geometry,
the phase lag is constant for a wide frequency
spectrum, and has a decrease when reaching fre-
quencies above 30 Hz.

k Awavy/Astraight [-] ∆φ[◦]
CL 0.1 1.1146 1.5857
CM 0.1 1.1516 1.4490

Table 2: Waves amplitude and phase ∆s, pitch,
α = 5◦

6. Conclusions
The introduction of tubercles and leading edge
vortices provided the expected results. A de-
crease in CL at low angles of incidence was ob-
served, in accordance with literature. This can
be attributed to the nonuniform shape of the
leading edge, which resulted in cross flow phe-
nomena across the wing surface, decreasing the
overall suction and as such reducing the overall
lift.

The modelling of the free vortices enabled the
induction of surface spanwise and normal veloci-
ties, that coupled with the pressure distribution
granted by the presence of peaks and troughs
produces the increases in peak pressure.
The wing performance followed what was ob-
served in precedent studies. A reduction in the
tubercle amplitude and wavelength results in a
pressure distribution and produced lift converg-
ing with the unmodified geometry. The results
obtained shown the effect of the modelled tuber-
cles and leading edge vortices, being the number
of vortices a direct influence on the lift produc-
tion. When the wing is subjected to a pitching
harmonic motion, the maximum lift produced is
increased, due to the effect of the induced veloc-
ity on the wing surface. The increase of 11% in
lift production is accompanied by a slight phase
lag.
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