
Investigation on Nonlinear Dynam-
ics of a Piezoelectric Biresonant Mi-
cromirror

Tesi di Laurea Magistrale in
Materials and Nanotechnology Engineering - Ingeg-
neria dei Materiali e delle Nanotecnologie

Author: Iacopo Capelli

Student ID: 968570
Advisor: Prof. Attilio A. Frangi
Co-advisors: Mr. Massimiliano Merli, Mr. Matteo Furlan
Academic Year: 2021-2022





i

Abstract

Micromirrors are optical MEMS adopted in a variety of applications for Laser Beam Scan-

ning, such as AR/VR headsets and LiDAR. Micromirrors can project the re�ected light

beams in two patterns depending on the geometry and design of the device; the scan-

ning techniques are named raster scanning and Lissajous scanning. The latter projection

scheme has gained importance in recent years because it combines good image quality and

reduced die size. Projection shape and pattern are a�ected by parameters that can be

varied during operations, such as the frequency of the driving force. In order to maintain

adequate control during operations, nonidealities and nonlinearities must be well assessed.

The source of this nonlinearity can be attributed to geometrical e�ects and material, and

the consequence is the increase in complexity of dynamics. This constitutes a challenge

for Reduced Order Models (ROMs) that are used to decrease computational cost of the

analysis. In this work, the dynamics of a biresonant piezoelectric micromirror displaying

large rotation is studied. The MEMS' dynamics is investigated by comparing the experi-

mental frequency response functions over the entire actuation range with the simulation.

To adequately build a ROM able to simulate the device's response, modes that contribute

to the motion must be correctly identi�ed. Vibrometric analyses are therefore done to

collect displacement data in time. The data are then subjected to post-processing to

identify spurious modes. Determination of relative phase di�erences between points on

the mirror while in motion and calculation of Fast Fourier Transforms allow to assess

what modes contribute to the overall dynamics of the system.

Keywords: MEMS, micromirror, nonlinearity, reduced order models





Abstract in lingua italiana

I microspecchi sono MEMS di tipo ottico utilizzati in una pletora di applicazioni per

scansioni a raggio laser, come visori per realtà aumentata (AR) e realtà virtuale (VR).

I microspecchi possono proiettare i raggi luminosi ri�essi in due schemi a seconda della

geometria e del design; le tecniche con cui lo schema è ottenuto sono chiamati raster

scanning e Lissajous scanning. La seconda tecnica di proiezione citata ha acquisito im-

portanza negli ultimi anni poichè combina buona qualità di immagine e dimensioni del

chip di alloggiamento. La forma dello schema proiettato dipende da parametri che pos-

sono essere variati durante le operazioni, come le frequenze delle forzanti di attuazione.

Per mantenere su�ciente controllo durante il funzionamento, non-idealità e nonlinearità

devono essere valutate correttamente. L'origine di tali nonlinearità può essere attribuita

ad e�etti di natura geometrica e del materiale, e la conseguenza è l'incremento della com-

plessità della dinamica. Questo pone una s�da per i sistemi di ordine ridotto (ROM)

che sono utilizzati per diminuire il costo di computazione. In questo lavoro viene investi-

gata la dinamica nonlineare di uno specchio birisonante attuato piezoelettricamente che

mostra elevate rotazioni. La dinamica del MEMS viene studiata tramite il confronto di

Funzioni in risposta di frequenza sull'intero intervallo di attuazione con le simulazioni

derivanti dall'applicazione del ROM. Per costruire un ROM adeguato e che sia in grado

di simulare la risposta del dispositivo, è necessario identi�care correttamente i modi che

partecipano al moto. Vengono quindi condotte analisi delle vibrazioni per raccogliere dati

sullo spostamento nel tempo. I dati vengono sottoposti a post produzione per identi�care

i modi spuri. La determinazione dello sfasamento relativo tra punti sullo specchio durante

il movimento e il calcolo di Trasformate di Fourier veloci permettono di determinare quali

modi contribuiscano alla dinamica complessiva del sistema.

Parole chiave: MEMS, microspecchi, nonlinearità, modelli di ordine ridotto
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Introduction

Among the huge variety of MEMS nowadays existing, optical systems and in particular

micromirrors have become progressively attractive for imaging applications [22] and for

laser projection displays [12]. Projection is achieved by re�ection of a laser beam onto

a re�ective surface made of silicon. These devices could overcome limitations of small

screen sizes of portable electronic devices such as mobile phones and digital cameras. As

a matter of fact, a display on which the laser beam is projected could o�er screen sizes

several times larger than the portable devices' screens [23]. One of the most common ap-

plications for micromirrors is Light Detection and Ranging (LiDAR), a dynamic distance

measurement method which is implemented in automatic guided vehicles and unmanned

aerial vehicles. LiDAR systems allow to detect obstacles, tracking and mapping of the

environment. Figure 1 shows a simple schematic view of how MEMS-mirror based LiDAR

works, together with a real life example. Even if there are several possible con�gurations

for LiDAR devices, the use of micromirrors is favourable since they are small and, most

importantly, involve only the mirror as moving part while the rest of the apparatus is

stationary [45].

(a) Scheme of mirror-based

LiDAR operational scheme

[45]

(b) LiDAR setup as seen in

[24]

(c) Example of micromirror

for LiDAR applications [24]

Figure 1: Examples of LiDAR devices
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Other important applications of MEMS micromirrors are spectroscopy and biomedical

imaging. Scanners for these and other laser display applications typically require actuators

that can provide a large scan angle with a large mirror at high frequency and a low

driving voltage [6]. Micromirrors have also been implemented in bio-imaging thanks to

their compact dimension, versatility and miniaturisation. In Figure 2, a probe used for

in vivo bio-imaging is shown; the most relevant feature of the device is its size, which is

just 2.8 mm.

Figure 2: Probe for in vivo bioimaging [31]

Last but not least, micromirrors have been exploited as laser projectors to create AR

viewers, among which some of the most relevant examples are the Microsoft Hololens [2]

and Google Glass glasses [1].

(a) An image of Microsoft Hololens 2 viewer (b) An image of Google Glass glasses

Figure 3: AR viewers. Projection is provided by micromirrors in these devices

Various actuation mechanisms exist for micromirrors, of which the predominant ones

are thermoelectric, electrostatic, electromagnetic and piezoelectric actuation. Among the
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actuation methods, piezoelectricity has attracted growing interest, mainly because it can

produce large de�ections and oscillation amplitude with low power consumption. The

e�ciency of this scanning technique is related to the driving of the device at high resonant

frequencies [31]. Moreover, the assembly doesn't require additional bulky components.

Among piezoelectric materials, Lead Titanate Zirconate (PZT) is becoming increasingly

popular, mostly because the forces applied by this material during actuation are 1 order

of magnitude greater than other piezoelectric materials such as AlN and AlScN [8]; this

allows to use smaller piezoelectric actuators and thus to reduce the size of the device. The

(a) (b)

Figure 4: 4a Butter�y-like displacement curve of PZT and 4b polarisation curve. Dis-

placement is positive regardless of the sign of polarisation and the polarisation curve

shows the strong nonlinear character of PZT [8]

main limitations of this material are related to intrinsic properties: (i) displacement has

the same direction upon switch of the direction of the electric �eld [8], (ii) it is subjected

to fatigue e�ects when polarisation is switched from negative to positive values [37] and

(iii) it is strongly nonlinear, as it presents hysteresis loops during polarisation cycles.

For the �rst problem, the solution is to position actuators on the opposite sides of the

mirror to reach the maximum oscillation amplitude, while by actuating only with unipolar

cycles fatigue e�ects can be avoided. Lastly, to account for hysteresis, models are used

to replicate the nonlinear phenomenon and to create control loops [35]. Finite Element

models and simulations have been struggling at correctly describing nonlinear dynamics

of devices such as micromirrors due to the nature of geometric nonlinearities, which forces

all degrees of freedom to be coupled [44], and in turn this makes analytical solutions not

always available [47]. Moreover, typically nonlinear e�ects such as internal resonance

require speci�c modeling techniques [38]. In order to reduce computational cost and time
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required by simulations, reduced order models (ROMs)that can be implemented in FE

analyses have been developed [44], [41]. In the work presented in these pages, a brief

introduction on projection patterns of micromirrors is reported in Chapter 1, together

with relevant operation parameters. Chapter 2 describes the basic concepts concernign

oscillators, both linear and nonlinear, together with a brief insight on e�ects and origin

of nonlinearities. In Chapter 3, the reduced order model used for simulations of the

micromirror presented in this work are reported. Last but not least, experimental results

and comparison with simulations are reported in Chapter 4.
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1| Scanning micromirrors

1.1. Scanning techniques

Micromirrors are present in a variety of devices, such as in LIDAR instrumentation [45]

and displays [46]. Micromirrors can be actuated with inputs that match the resonant

frequencies of the mirrors or out of resonance; based on this, the geometry of the devices

and the kind of projected trajectory change. In particular, the most common scanning

trajectories are raster scanning and Lissajous scanning [19].

1.1.1. Raster scanning

Raster scanning is generally obtained by combining pairs of uniaxial scanners or a single

scanner with two rotating axes. In both con�gurations one axis is driven at resonant fre-

quency, while the other one ("slow" axis) is actuated in quasi-static (linear) regime. More

speci�cally, it can be said that a vertical, low frequency scan is paired with an orthogo-

nal, high-frequency scan. This results in a triangular scan in the horizontal direction and

continuous or step-wise shift in the vertical direction [19]. The typical pattern displayed

by raster scanning can be seen in Figure 1.1.

Figure 1.1: raster pattern

The axes in raster scanning are actuated with signals reported in Equations (1.1), (1.2):
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x(t) = Axcos(2�f x t);

y(t) = Aycos(2�f yt)

(1.1)

(1.2)

The ratio between the driving frequenciesN = f x=f y is always an integer number. The

frequency of the vertical scan is often 60 Hz [6], while it usually is in the range of kHz on the

resonant axis.The signals can also be imparted in triangular, sawtooth [7] or rectangular

shaped [34] waves.

Besides fromN , other important parameters describing the quality of the obtained image

can be listed, as for example the number of resolvable spots in the horizontal (Nh) and

vertical (Nv) direction. The former is calculated as:

Nh =
� optD

a�
(1.3)

Where � opt is the full optical scan angle,D is the clear mirror aperture,a a is shape factor

and � is the used wavelength. The expression forNv is instead:

Nv =
f xK ubK rt

Frt
(1.4)

In Equation (1.4), f x is the already introduced scanning frequency in the horizontal di-

rection, while K ub and K rt are respectively a constant related to the time required for

the vertical scanner to move to the initial position after the termination of a frame and

a constant that is 1 for unidirectional writing and is equal to 2 for bidirectional writing.

Even if devices for raster scanning are relatively easy to design, there are concerns related

to this projection technique; the criticalities are related to the low mechanical stability of

the slow axis and to the high driving voltage required for quasi-static actuation [19].

1.1.2. Lissajous scanning

Mirrors used to obtain Lissajous scanning trajectories are characterised by two axes of

rotation. Both of the axes are actuated at high resonant frequencies [19]. The pattern

displayed by Lissajous scanning mirrors is rectangular as in the case of raster scanning

but is obtained with an entirely scheme, as is shown in �gure 1.2.
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Figure 1.2: Lissajous pattern as seen in [25]

Initially, a high ratio between the resonant frequencies of the two axes was desired, but this

induced the structure to be sensitive to vibration. For this reason, it was suggested that

both axes should be driven at elevated frequencies [46]. The driving voltage is delivered

in the form of sinusoidal signals, as described by Equations (1.1), (1.2). The frequency

di�erence a�ects the shape and the period of the projected �gure. The frequencies must

respect the following relation [26]:

f x = 2Nf 0 f y = 2( N � 1)f 0 (1.5)

Where N is a constant, andf 0 is the greatest common divider betweenf x and f y. The

di�erence between driving frequencies determines the shape of the resulting Lissajous

pattern. Also the period over which the projection repeats itself and its overall shape

depend on this di�erence [7]. Period is calculated with the following equation:

T =
1

jf x � f y j
(1.6)

The ratio n = f x=f y is, di�erently from raster scanning, a rational number. The greatest

common divisor (GCD) of the driving frequencies a�ects the number of frames per second

(FPS); in particular, FPS increase linearly with GCD. The sum of the driving frequencies

divided by the GCD gives the number of lobes formed by the scanning laser, as the

expressionN l = ( f x + f y)/GCD shows. The number of lobes was found to a�ect the

�ll factor of the projection; in particular, a higher number of lobes provides greater �ll

factor [25]. In Figure 1.3 di�erent Lissajous patterns at di�erent scanning frequencies are

displayed. It can be noticed that the number of lobes is the same for the �rst and second

case, but they are characterised by di�erent FPS. Among the parameters that describe

the scan, period in�uences the frame frequency of the display, while line density a�ects

contrast and resolution [46].
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Figure 1.3: Lissajous patterns obtained from a variation of operation parameters. Even

though the number of lobes remains the same in the �rst two pictures, the number of

frames per second is higher in the second case due to higher value of the greatest common

divider [25]

The positive aspects of this scanning technique regard the low required driving voltage

(due to driving at resonant frequency) and the high mechanical stability [27]; moreover,

since both axes in micromirrors used for Lissajous scanning are driven at resonance, these

devices can scan large angles with low driving voltage in comparison to raster scanning.

There are downsides to the use of devices vibrating at resonance; the most important

is the cross-talk between modes of vibration of the structure, which should be avoided

as much as possible [19]. This aspect will be further investigated in Section 2.2. For

what concerns image quality, Lissajous scanning presents poor resolution at the center of

the image compared to its edge. This problem can be solved by modulating the relative

phase between the sinusoidal waveforms with which the scanning axes are actuated [26].

An example of how the relative phase shift can a�ect Lissajous projection is reported in

Figure 1.4. The number of lobes is the same in both cases along x and y directions but the

(a) (b)

Figure 1.4: E�ect of applying a relative phase shift to the sinusoidal waveforms [26].

number of pixels is higher in 1.4b. High resolution in the central region of the projection

is requested from applications such as laser microscopy [26].
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2.1. Linear dynamics

2.1.1. Single Degree of Freedom Oscillator

Despite not being always actuated at resonant frequencies, micromirrors can be considered

as resonant microsystems. The simplest equation of motion able to describe the dynamics

of a resonating mass is the 1 degree of freedom (DOF) oscillator [13]:

m•u + c_u + ku = F (2.1)

In this equation, u is the real displacement, and_u, •u are respectively its �rst and second

derivatives, m is the mass of the material point,c is the damping coe�cient and k is the

elastic constant of the spring. On the right side of the equation, forcingF is present. This

equation is linear. The solution of Equation (2.1) can be reached by steps. At �rst, the

undamped (so forc=0), homogeneous (withF =0) equation can be solved. The equation

can be rewritten as:

•u + ! 2u = 0 (2.2)

The variable ! is the natural frequency of the oscillator and is equal to! =
q

k
m . The

solution of this equation is a simple combination of trigonometric functions:

u(t) = A1cos(!t ) + A2sin(!t ) (2.3)

The values of constantsA1 and A2 can be found from the initial conditionsu(0) = u0

_u(0) = _u0. Complexity increases when the damping factor is considered. In this context,

Equation (2.1) is rewritten as:

•u + 2�! _u + ! 2u = 0 (2.4)

The nondimensional damping factor� = c=2!m has been introduced in this expression.
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The solution of the equation varies whether� < 1 or � � 1. In the former case, the system

is in underdamped condition, while in the latter situation the system is overdamped. For

the sake of this work, the solution for� � 1 is not reported, as the micromirror hereby

considered operates in underdamped condition. The natural frequency! is "shifted" by

the damping term present inside the equation. As a matter of fact, the damped natural

frequency is! d = !
p

1 � � 2. Since Equations (2.1), (2.4) are linear, the solution to the

inhomogeneous Equation 2.1 is written as:

u(t) = uh(t) + up(t) (2.5)

uh(t) is the free vibration of the ideal system, whileup(t) is the particular solution. The

solution for the homogeneous, damped equation reads:

uh(t) = e� �!t (u0cos! dt +
_u0 + �!u 0

! d
sin! dt) (2.6)

The motion described by this expression is oscillatory with decreasing amplitude. This

kind of motion is schematically presented in Figure 2.1.

Figure 2.1: Free vibration of an underdamped 1 DOF oscillator

An important parameter which is related to measurement of dissipation of the system can

be obtained by measuring the ratio between the amplitude of two subsequent cycles. This

parameter, namedlogarithmic decrementand de�ned in Equation 2.7, can be considered

(for small values of� ) as the reciprocal of the quality factor Q [13], that will be described

in 2.1.2 and gives important information about dissipation during operations.

� = ln
un

un+1
= =

2��
p

1 � � 2
(2.7)
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The particular solution up(t) can be written in the case of harmonic forces, which are the

most relevant for resonating MEMS1:

F (t) = Fsin (! F t) (2.8)

The particular solution in Equation (2.5) is equal to:

up = uF sin(! F t + � ) (2.9)

and the expressions for the amplitudeuF and the tangent of� respectively are:

uF =
F

k
p

(1 � ( ! F
! )2 + 4� 2( ! F

! )2
(2.10)

tan� =
2� ( ! F

! )
(( ! F

! )2) � 1
(2.11)

When the condition ! = ! F is met, the phenomenon is calledresonance. This causes

a high increase in amplitude of vibration. As a matter of fact, it can be easily noticed

that, when damping is neglected (hence� = 0) in Equation (2.10), the amplitude becomes

in�nite. In real cases, in which damping must be taken into account, the amplitude highly

increases but remains �nite. Figure 2.2a graphically represents the e�ect on amplitude of

varying � .

(a) (b)

Figure 2.2: Varying amplitude of oscillation due to� variation 2.2a [13] and phase variation

with frequency 2.2b (in this plot the angle is� and not � , while r is ! F
! ) [47]

1The forcing term is usually applied in the form of voltage and, in the case of micromirrors, consists in a
torque applied to springs which causes oscillations. In this sense, a possible expression for the amplitude of
the forcing could beT = �V [34]. In this expression,� is usually an experimentally obtainedpiezoelectric
coe�cient
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The ratio F=k corresponds to the static response of the oscillator, i.e. the displacement

that the oscillator would display if the frequency of the forcing term was null. Therefore,

the amplitude ratio seen on the vertical axis of Figure 2.2a, that consists in the ratio

between the dynamic and the static responses, takes into account only the ampli�cation

of the response due to forcing terms with! F 6= 0 [13]. The complete solution as seen in

Equation (2.5) is obtained by superposing the general solution and the particular solution:

u(t) = e� �!t (B1cos! dt + B2sin! dt) + uF sin(!t + � ) (2.12)

The expressions of amplitudesB1 and B2 are obtained by enforcing the initial conditions

to Equation (2.12). It is worth noticing that, upon considering the complete response,

the �rst part of the solution goes to zero whenever� 6= 0, and this suggests that, after

some time, the forcing term will prevail on free vibration of the oscillator.

2.1.2. Q factor

With the development of MEMS technologies, sensors and actuators have been applied

in a variety of situations and for di�erent uses. Moreover, diverse applications require

di�erent damping levels: microaccelerometers require high levels of damping in order

to prevent large resonant responses, while for resonators damping must be reduced as

much as possible to provide su�cient ampli�cation of oscillation [47]. These requirements

translate in the necessity of correctly assessing dissipation. By de�nition,quality factor

Q is proportional to the ratio of the maximum energy stored in the device, which consists

in the energy of steady-state oscillations, and the energy lost during each cycle:

Q =
2�W
� W

(2.13)

From a practical point of view, Q can be expressed in terms of the damping ratio intro-

duced in Section 2.1.1:

Q =
1
2�

(2.14)

Quality factor in Equation (2.14) can be estimated roughly from the height of the peak

at resonance [47]. The value of the quality factor can be assessed through theHalf width

bandwidth, de�ned as the width of a frequency-response curve at a height ofQp
2

[47]. The

bandwidth is expressed as:

�
 = 2 �! r (2.15)
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In this expression,! r is the resonant frequency. From Equation (2.15)Q is therefore

calculated as [47]:

Q =
! r

�

(2.16)

This expression is more commonly written as:

Q =
f n

f 1 � f 2
(2.17)

In this expression, calledhalf power bandwidth(HPB) formula, frequencyf n is the resonant

frequency of a lightly damped oscillator, whilef 1 andf 2 are the frequencies at 1p
2

of the

maximum amplitude, i.e. the amplitude at resonant frequency [14][42]. This formula

allows to assess the quality factor fairly easily, since steady-state amplitude of oscillation

is simply calculated with basic instrumentation, as described in [16]. The total Q factor

can be expressed as the sum of individual Q factorsQj representative of a single source

of energy loss, as Equation (2.18) shows [47]:

1
Q

=
1

Q1
+

1
Q2

+ ::: =
X

j

1
Qj

(2.18)

The causes of dissipation can be mainly divided in two categories:�uid damping and

solid damping. The former is due to the interaction of the moving parts of the devices

with gases, while solid orintrinsic damping takes place inside the material. Precise

evaluation of �uid damping is complex, since MEMS can work in a large range of pressures.

Depending on the pressure, di�erent regimes can be identi�ed, each of which are described

by di�erent models. For instance, in the range 0.5-0.1 bar �uid can be treated as a

continuum and typical Navier-Stokes models with "slip" boundary conditions can be used

[13]. In this range the dissipation caused by �uid reaches its highest level, as it can be

seen from the plot in Figure 2.3. At lower pressure, kinetic theories such as Boltzmann

equations can be used. This regime, also calledtransition regime, develops for values of

the Knudsen number in the range 0.1<Kn<10. The Knudsen number is expressed as

Kn = �=L ; � is the particle mean free path, whileL is a characteristic dimension of the

�ux. This quantity is typically used to describe the rarefaction of a gas, since it is is

proportional to the mean free path of a particle� , which is in turn inversely proportional

to pressure. When the Knudsen number exceeds 10, the model falls into the region of

free molecule regime. Several MEMS, among which resonators, are packaged in getters

that avoid the working pressure to fall out of this regime. Collisions between molecules

are neglected, and the dissipation is simply proportional to pressure. Finally, in the

region of the plateau in Figure 2.3, solid losses dominate �uid damping. In this regime,
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Figure 2.3: Trend of Q factor as a function of pressure [13]

dissipation is independent of pressure [13]. As it was introduced, correct equations for the

calculation of Q in di�erent regimes are di�cult to obtain. In an attempt to quantify the

Q factor at di�erent pressure levels, theNewell's classi�cation can be considered. Newell

divided the pressure range from vacuum to ambient pressure into three regimes. With

this division, he was able to provide expressions for the Q factor of a resonant cantilever.

The representation of the three regimes is shown in Figure 2.4. It must be said that this

description is nowadays considered at most qualitatively correct, since it fails to evaluate

Q at high pressure, due to the so called "squeeze-�lled damping" (SQFD). For a more

exhaustive description of modelling of SQFD and equations from Newell's classi�cation

please refer to [47].

Figure 2.4: Separation in regimes according to the Newell's classi�cation; the values

predicted by Newell diverge from reality at high pressure due to SQFD
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2.1.3. Solid mechanics

The model of the 1-DOF oscillator is of course an approximation, since devices such as

micromirrors are deformable bodies and therefore require a more accurate description

of their dynamics. As a starting point, the di�erential equation governing the dynamic

equilibrium of a beam in bending is reported [13]:

d2

dx2
(EJ

d2u
dx2

) + �A •u = p (2.19)

In this equation, E is the elastic modulus of the material,J is the second moment of

inertia, � is material density, A is the cross-sectional area of the beam andp is the

applied external load The displacementu(x; t ) is then written as a combination of linearly

independent functions:

u(x; t ) =
X

i

ai (t) i (x); i = 1; 2; :::; n (2.20)

Displacement in Equation (2.19) is then substituted with this expression. Since Equation

(2.20) is an approximated function, it introduces aresidual R upon substituting it in

Equation (2.19). The aim of the approximate method here described, namedWeighted

Residual Approach, is to reduce the residual to zero inside the domain [13]:

Z



R(x)wi dx (2.21)

The choice for the weight functionswi is not univocal, e.g. theGalerkin approachuses the

basis functions i (x) as trial functions. The level of complexity of the problem increases

greatly in the context of solid mechanics. Therefore, it is logical to derive a model that

can be implemented in �nite element calculations to simplify calculations. This can be

done with di�erent techniques, one of which is the already introduced Galerkin approach

[13].

2.2. Nonlinear dynamics

The sources of nonlinearity in dynamic responses of MEMS can be induced by a plethora

of reasons, e.g. by membrane-bending coupling, electro-mechanical coupling, temperature

variations and interactions between close surfaces [11]. In order to obtain e�ective MEMS

designs, the nonlinear e�ects must be well addressed and described. As it happens, linear

response is not always feasible due to the physics of the devices or their geometry, as in
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the case of clamped-clamped beams [47], and this is also an obstacle for control circuits.

On the other hand, some situations nonlinear responses can be advantageous, such as the

switch presented in [9] or the pressure sensors based on MEMS resonators in [21]. In the

following sections, a description of mechanics in presence of nonlinearities is provided.

2.2.1. Nonlinear oscillator

The general equation of motion of a non-linear oscillator is introduced in Equation 2.22.

The order of the polynomial expansion, together with the expression of other terms such

as the external forceF can vary depending on the kind of actuation (e.g. electrostatic or

piezoelectric) or the intensity of the actuation.

m•u + c_u +
NX

j

kj uj = F (t) (2.22)

For the present work the main sources of nonlinearity are of geometric nature, ergo the

equation of motion contains only the �rst and third order components [30]. The general

expression for the oscillator presented in Equation 2.22 thus becomes the following:

m•u + c_u + ! 2u + k3u3 = F (t) (2.23)

The �rst two terms in the equation are respectively the inertia force and the damping

term, while the third and fourth components are respectively the linear and cubic terms

of restoring forces. This equation, calledDu�ng oscillator , is widely used to describe

resonators. The solution of the equation can be reached through some approximations

and is written as:

u(t) = Ucos(!t ) �
U3k3

32! 2
cos(3!t ) (2.24)

The frequency of the oscillation diverges from the reference frequency! 0 =
q

k1
m due to

the presence of the nonlinear terms, hence the modi�ed frequency of the oscillation is [11]:

! = ! 0

�
1 +

3k3

8! 2
U2

�
(2.25)

Depending on the sign preceding the Du�ng termk3 in 2.23, the sign in Equation 2.25

changes accordingly [30]. As a consequence, the response curve now shows a hardening

behaviour or a softening behaviour of the device respectively if the sign is positive or

negative. The curves seen in Figure 2.5 show the two distinct behaviours; in particular,
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when hardening takes place the resonant frequency shifts to higher values, and this yields

curves such as the one in Figure 2.5b, while softening yields curves characterised by a

peak at lower frequency as in Figure 2.5a.

(a) (b)

Figure 2.5: Frequency�response curves of the forced Du�ng equation near primary reso-

nance for the case of negative 2.5a and positive 2.5b cubic nonlinearity [47].

From the curves in Figure 2.5 it is immediately apparent that the response at speci�c

values of the frequency! , called 
 in the �gures, is not unique, as it happens for
 2 in

the curve showing softening behaviour and for
 1 in the curve on the right. Stability

analysis of the solutions states that only two of the possible solutions are stable, while

p2 is not. The system will therefore settle on one of the two possible solutionsp1 or p3

depending on di�erent factors, e.g. initial conditions of the system [47]. The selection of

suitable initial conditions is particularly relevant when numerical integrators are used to

�nd the stable solutions of the oscillator equation of motion. If a curve such as the FRF

seen in Figure 2.5b is considered, it can be noticed that upper and lower branches of the

solution can coexist for some frequency range, and if initial conditions are close to the

lower branch, the integrator will converge to the lower solution. This could hinder the

measurement of the maximum amplitude of oscillation. To avoid this problem, the method

namedcontinuation approachis implemented. This procedure exploits the solution at a

point ! � � ! as initial conditions to seek for the solution at frequency! . This method

allows to detect the position of jump points [47].

2.2.2. Non-linear Q factor and damping

Evaluation of the quality factor relies on the identi�cation of half-power amplitudes and

of half-power frequencies. Unfortunately, when nonlinear systems show jump discontinu-

ities,one of the half-power frequencies ceases to be observable; this is the case, e.g., of
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double axes resonant micromirrors. For the case of the Du�ng oscillator cited in Section

2.2.1, this takes place when the amplitude of the forcing function is large enough to cause

hardening or softening of the frequency response curve [14]. As a consequence, the half-

power bandwidth (HPB) formula, shown in Equation 2.17, fails to estimate the quality

factor. Figure 2.6 shows a comparison between a frequency response function (FRF) for

a linear system compared to a non-linear system, in which it is clearly observed that

the half-power points are observable in the case of the linear system, while one of the

half-power frequencies is not in the non-linear case. Several attempts have been made to

Figure 2.6: Comparison between a linear FRF and a non-linear system showing harden-

ing [14]

overcome this issue, as in [5], but with poor estimates; the work by Davis [14] provides

an alternative way to calculate the Q factor:

Q =
f n

f 2 � f 1

p
n2 � 1

n =
aP

a

(2.26)

In n, aP is the maximum amplitude, while a is the amplitude at a chosen (suitable)

frequency. Detailed theory is reported in [14] The frequenciesf 1 and f 2 are de�ned as:

f 1 = 2�� 1

f 2 = 2�� 2

� 1 and � 2 are two detuning factors related to amplitudea. Further di�culties in the

correct evaluation of nonlinear Q factor are caused by �uid damping. This issue is of

particular importance in the case of micromirrors, which operate at ambient pressure. In
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an attempt to �nd an empirical model for the drag coe�cient of the mirror cD Mirror ,

strictly related to �uid dissipation, it is possible to adopt the following expression for the

quality factor as a starting point [15]:

Q =
3� (JMirror + � 2JP late )

4�� 0(AFMirror cDMirror + � 2AFP late cDP late )
(2.27)

In this equation, J are moments of inertia,� is air density, � 0 is the peak mirror scan

amplitude, AF denotes area integral. This expression is obtained from the familiar Equa-

tion 2.13, which in this particular situation is calculated as the ratio of the energy of

steady state resonant oscillations and the energy due to air drag damping torque over one

cycle of oscillation. An iterative approach for curve �tting was used to �nd a model for

the drag coe�cient, in which Equation 2.27 was separately solved forcDMirror and cDP late

respectively using the anti-phase and in-phase modes of a mirror (Figure 2.7).

Figure 2.7: Finite Element simulations of the in phase (left) and anti-phase (right) modes

of the mirror

The collected data were used to obtain the curve showed in the plot in Figure 2.8a. A

similar empirical approach was followed in [34]; the results in Figure 2.8b show how, for

di�erent geometries, the �tting curves for cD slightly vary.
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(a) (b)

Figure 2.8: In �gure 2.8a, the curve of the empirical model obtained forcDMirror is shown.

The devices used to obtain the data all share (besides from D) the design showed in Figure

2.7, with a gimbal surrounding the micromirror [15]. (2.8b Data obtained for a di�erent

device, described in [34]

The methods described up to this point are based on the measurement of the steady-state

response of the devices and obtaining the FRF. In opposition to these methods, it is also

possible to assess dissipative characteristics of the system by measuring the envelope of

the decaying response [32]. In this model the system is activated at resonance through

an harmonic forcing. When the response is at steady state, the external input is removed

and free vibrations of the structure are studied; in this stage, the response has the shape

seen in Figure 2.9. The envelope function of the free vibration has then the form:

A(t) = A0e� �!t (2.28)

This expression is rather speci�c and can be applied for instance to linear systems. In

order to account for nonlinearity in the system's response, instantaneous frequency! 0

and damping� are assumed to change:

A(t) = A0e� � (t )! 0 (t )t (2.29)

The variation of the damping coe�cient in time is then quite straightforwardly obtained

from the amplitude:

� (t i ) =
1

! 0(t i )t i
(ln(A0) � ln(A(t i ))) (2.30)

From this equation, instantaneous frequency and amplitude can be adopted to estimate

the e�ective sti�ness of the system or backbone curves [32].
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Figure 2.9: Typical free vibration decaying response amplitude of a MEMS system [47]

2.2.3. E�ects of nonlinearities

A variation of control parameters such as biasing voltage and damping coe�cient can

change static and dynamic behaviour of MEMS dramatically due to nonlinearity. The

alteration is calledbifurcation in nonlinear dynamics, and can be of static or dynamic type.

Saddle-node, transcritical and pitchfork bifurcations are all part of the �rst category. For

the purposes of the present work, only saddle-node (SN) bifurcation is described [47],

since it is directly involved in the dynamical behaviour of micromirrors. SN bifurcation,

also called fold or tangent bifurcation, takes place when a stable solution (node) meets

an unstable one (saddle). Beyond the bifurcation point the solution is non-existent; this

forces the system to move to a new stable or unstable solution. From a practical point of

view this means that, in a frequency controlled test, the system will fall towards a stable

solution at the jump frequency, as it happened in [37].
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Figure 2.10: Frequency response function from one of the devices presented in [37]. The

green dots were added to highlight the position of saddle-node bifurcations

In this case the device showed softening e�ects, and the frequency response function

was obtained with a downward sweep. At the bifurcation points, the system drops at

lower amplitude. It is worth highlighting that there are two SNs for each curve, and

this e�ect is strictly related to hysteresis e�ects, which strongly a�ect the behaviour of

devices exploiting nonlinear dynamics. As a matter of fact, depending on sweep direction

the system jumps towards the upper branch (forward sweep) or towards the lower branch

(downward sweep) at di�erent frequencies. This also implies that both branches (which are

stable solutions) can coexist over some frequency range. Finally, it must be stated that in

experiments the unstable solution cannot be detected, and for this reason computational

methods exploiting the continuation approach such as that described in [38] are exploited.

With these methods, the saddles can be detected, as it is visible in Figure 2.11.

2.2.4. Sources of nonlinearities

Nonlinearities in MEMS dynamics can be due to several reasons, among which there can

be found forcing and damping. Forcing can induce nonlinearities through actuation (e.g.

in the case of parallel plate electrostatic actuation) or with other mechanisms such as cap-
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Figure 2.11: FRF of a beam showing internal resonance from [38]. Saddle points are

located at the saddle points. This model is able to detect also Neimark-Sacker (NS)

bifurcations, which are present in the graph, but that are not described in the present

work

illary forces and Van der Waals forces. Among damping mechanisms, the most common

is squeeze-�lm [47]. Out of all the causes, two of the most important are geometric and

material nonlinearities [40]. Geometric nonlinearity presents di�erent kinds of di�culties:

the �rst one involves the arising of a number of solutions for the systems' dynamics, re-

lated to appearance of bifurcations and instabilities; the second adversity comes from the

distributed nature of the geometric nonlinearity (distributed nonlinearity means that all

the degrees of freedom are nonlinearly coupled), which results in the appearance of nonlin-

ear couplings in the equations of motion . Therefore, geometric nonlinearities hinder the

possibility of using linear reduced models [44]. On the other hand, material nonlinearities

introduce hysteretic behaviour in respect to the applied input (as it happens in piezo-

electric materials) . Geometric nonlinearities are a consequence of a change of geometry

(for thin structures it happens when the transverse vibration amplitude is of the order of

the thickness of the structure [4]) which is too large to allow the validity of small motion

assumption. In this scenario, simpli�ed linearised models cannot be used. One of the

main causes of geometric nonlinearities is membrane/bending coupling. To explain this
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(a) (b)

Figure 2.12

phenomenon, Figure 2.12a can be considered, in which a transverse displacement causes

a variation of the length of the beam and stresses proportional to the square of the dis-

placement arise. The result of this ripple e�ect is an increase of bending sti�ness, which

give rise to quadratic and cubic terms in the equation of motion, classically related to a

hardening behaviour. The second nonlinear e�ect arises when rotation of the cross-section

is large (large means from tens of degrees on). This condition is represented in Figure

2.12b, and generates other nonlinear terms inside the equation of motion, related to large

rotation of the cross section and the consideration of axial inertia. For what concerns

material nonlinearities, PZT is an example which has been thoroughly studied in liter-

ature. This material has been increasingly used to build actuating electrodes in MEMS

due to the higher actuation forces displayed by PZT in respect to electrostatic actuation.

Unfortunately, the electric �elds generated within piezoelectric �lms reach values that

overcome the limit for the validity of the linearised model for piezoelectric materials [36].

Therefore, the linear constitutive equations of the considered piezoelectric material are

modi�ed by the appearance of quadratic terms. As [33] reports, this kind of nonlinearity

could become dominant over geometric nonlinearities in the response of the device.

2.3. Internal resonance

Internal resonance takes place when a vibrational mode transfers energy to another mode.

This strongly nonlinear phenomenon can take place only if the two modes are related by

a constant (it is usually referred to as, e.g., 1:2 or 1:3 internal resonance, meaning that

the vibrational mode at higher frequency is respectively two or three times the lower

frequency). The excitation of lower order modes can yield oscillation amplitudes that
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could be orders of magnitude higher than those expected when exciting directly the higher

order mode; the ampli�cation could be dangerous for stability of the device [47]. Internal

resonance and the related energy transfer is becoming increasingly researched in MEMS

applications [20], mostly because the correct knowledge and description of this nonlinear

e�ect is necessary at design stage to reach target performance [39]. Internal resonance as

nonlinear interaction can be better explained with an example. In the work presented in

[43], a 2:1 resonance between the third and �fth mode of an electrically actuated clamped-

clamped microbeam is analysed. Studying the experimental FRF of the device presented

in Figure 2.13d, it is possible to observe two di�erent parts. The �rst region, identi�ed as

Pres , is mainly related to resonance with the third mode, while the second part (indicated

as S1res , starting at 572.5 kHz, derives from resonance with the �fth mode. Below this

threshold, the internal resonance is not activated, while at higher frequencies the higher

order mode is active, and this results in a variation of behaviour of the device. By taking

a look at the FFT of the device (Figure 2.13e), and in particular the zoomed view, it

can be noticed that the amplitude of oscillation of the �fth mode should be low but, as

expected, due to internal resonance the response is ampli�ed and the FRF shows it.
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(a) (b) (c)

(d)

(e)

Figure 2.13: (2.13a) Structure of the described microbeam. The yellow parts are made

of gold, the grey parts of chrome and green indicates Silicon Nitride; (2.13b),(2.13c)

Views of (respectively) third and �fth vibrational modes of the beam; (2.13d) FRF of the

microbeam; (2.13e) FFT of the microbeam and zoomed view of the FFT (top right)
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The nonlinear behaviour forces the computation of �nite element models of piezo MEMS

to become weighty. Full order models are rarely used in standard MEMS design because

of their computational cost. In order to reduce the computation time (as requested by

several applications), reduced order models (ROMs) can be e�ectively applied, also in the

case of piezo-MEMS [40]. Several reduced models have been investigated, e.g. harmonic

balance methods and reduced basis methods, and in the context of vibrating structures

the direct parametrization of invariant manifolds (DPIM) can provide e�ciently ROMs

[39]. DPIM is based on the identi�cation of invariant manifolds, which are sub-spaces in

the phase space that are invariant under the action of the dynamical system. This means

that all the trajectories of the system starting on a de�ned invariant manifold will remain

on it; invariancy is a requisite for the creation of accurate ROM [44].

3.1. Finite Element formulation of DPIM

The starting point of the model are governing equations dervied from continuum me-

chanics; more speci�cally, the relevant equation is the conservation of linear momentum

(Equation 3.1) with proper boundary conditions [41]:

� •u � r � P = �� b (3.1)

In Equation 3.1 � is the material density,u is displacement,P is the �rst Piola-Kirchho�

stress tensor andb is the body force �eld de�ned per unit mass. The parameter� is used

to indicate that the external force is assumed to be small, in the sense that it leads to

large amplitude vibrations with small strains, thus respecting assumptions of geometric

nonlinearities [41]. The conservation of linear momentum can be rewritten in its weak

form by projecting it on a function w which satis�es speci�c continuity requisites; the

obtained equation is also known asprinciple of virtual power [41]:

Z

B
� •u � w dB +

Z
P : r T w dB = �

� Z

B
� b � w dB +

Z

� N
t � w d�

�
(3.2)
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Equation 3.2 can be split into linear, quadratic and cubic powers of displacement. By

approximating the displacement u with the functionsu h 2 C h(0), whereC h is a standard

�nite dimensional trial space, and by replacing it in 3.2, the algebraic form of the problem

is obtained [41]:

M •U + KU + G(U,U) + H(U,U,U) = � F (3.3)

In this equation, M denotes the mass matrix,K is the sti�ness matrix, C •U and G(U,U) ,

H(U,U,U) are respectively the quadratic and cubic force components. The external

forcing can be written, e.g., as a summation of harmonic forcings:

F(t) =
2nX

j =1

F j e� j t (3.4)

In the summation, 2n is the number of excitation frequencies. For further information

and details on mathematical procedures reported up to this point, please refer to Chapter

2 of [41]. The solution of the system of equations in Equation 3.3 is cumbersome due to

the large number of degrees of freedom and the coupling between the equations. For this

reason, ROMs are exploited. In the following, the obtainment of ROM equations in the

absence of damping and for the homogeneous form of 3.3 is described, since both terms

can be added to the model in a second step [39]. The solution of a generalised eigenvalue

problem formulated on the linear part of Equation 3.3 yields a �nite set of real-valued

mass-normalised eigenmodes� s which are collected column-wise in the eigenvector matrix

� . Eigenmodes also allow to map real coordinates contained inU to modal coordinates

u [38]:

U = � u (3.5)

Equation 3.3 can be rewritten as a �rst-order dynamical system by introducing the velocity

V as the time derivative of displacementU [38]:

"
M 0

0 -I

# (
_V
_U

)

+

"
0 K

I 0

# (
V

U

)

+

(
G(U,U)+H(U,U,U)

0

)

= 0 (3.6)

In the context of DPIM, direct normal form (DNF) is exploited to �nd a nonlinear rela-
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tionship between real coordinates and normal coordinatesz [38]:

U = 	 (z)

V = � (z)

(3.7)

(3.8)

To be able to write the reduced dynamics equations correctly, also the dynamics of the

normal coordinatez (i.e. the reduced dynamics) must be written, and as it happens [38]:

_z= Œ(z) (3.9)

Also time derivative of the nonlinear mappings can be obtained from Equations 3.7, 3.8

and 3.9:
_U = r z	 (z)f (z)

_V = r z� (z)f (z)

(3.10)

(3.11)

The coe�cients of mappings and the reduced dynamics are unknown at this stage; in order

to solve the initial problem, 	 (z), � (z) and Œ(z) are written in form of polynomials. Their

expression in tensorial form is the following:

8
>><

>>:

	 (z) = 	 (1)(z) + 	 (2)(z; z) + 	 (3)(z; z; z) + O(jjzjj 4)

� (z) = � (1)(z) + � (2)(z; z) + � (3)(z; z; z) + O(jjzjj 4)

f (z) = f (1)(z) + f (2)(z; z) + f (3)(z; z; z) + O(jjzjj 4)

(3.12)

The �rst order of the polynomial mappings 	 (z) and � (z) correspond to usual linear

decomposition. By replacing the expressions in Equation 3.12 in the equation of motion,

the value of the coe�cients of the polynomials are obtained and the �nal solution is

derived. In the remaining part of this Section, the reduction in case of a single master

coordinate is synthetically considered; for more details, please use [38] as reference. A

similar method can be extended to multiple master modes reduction. If� m is the master

mode of choice, after having added damping and the projection of the external force on

the drive mode [40], the reduced dynamics after a conversion to second-order formulation

becomes:

•r +

 m

Q
_r + 
 m r + f (r; _r ) =

NpX

i =1

Pi
2(t)Fi

piezo (3.13)

In this expression,
 m is the frequency of themth mode, Q is the quality factor, f (r; _r )

is the nonlinear restoring force,Np is the number of piezoelectric patches,Pi average
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polarization value of the i-th piezoelectric patch, andFi
piezo i-th modal piezoelectric force

[40]. The equation must then be solved and the real displacement reconstructed with

Equations 3.7, 3.8.

3.2. Continuation

Reduced dynamics and nonlinear mappings depend on forcing vectors and excitation

frequencies of the forcing. This dependence implies that the solutions of the reduced

system should be computed for each value of these parameters [41]. In the present work,

forcing is actually added directly to the reduced dynamics; this mode of operations allows

to avoid computation of reduced dynamics and nonlinear mappings for varying values of

frequency and amplitude of forcing. Nevertheless, reduced dynamics should be integrated

for every value of excitation frequency, as would happen by following the brute force

approach, which involves direct integration of the equations over a su�cient number of

cycles to reach a steady state. The result of integration is then used as initial condition

for the following analysis which allows to retrieve the solution curve. This technique,

even if robust, only allows to retrieve the branches of stable solutions [18] and limits

the applicability of model-order reduction, which is derived with the aim of reproducing

nonlinear frequency response curves for varying value of the parameters [41]. To avoid

this limitation, mild dependence of the solution on the parameters is assumed and only

one parametrisation procedure described in Section 3.1 is carried out. After integration of

the reduced dynamics, the obtained solution is used as initial guess for the continuation

procedure. The method used in the ROM of this work is the pseudo-arclength continuation

procedure. To describe how this technique works, it can be assumed that the initial

problem can be written as:

G(u; � ) = 0 (3.14)

Where u is the solution and� is the physical parameter that varies (in the present case

it is frequency). Computational problems written in this form can be solved with the

natural continuation procedure, which is in turn based on Newton's iterative method,

which can be written as [28]:
@Gi
@u

@ui = � G(ui ; � )

ui +1 = ui + @ui

(3.15)

(3.16)

Starting from a guess solution, the procedure is repeated until@u < �. To assure that

this solution reaches convergence, natural continuation adopts an initial known solution

(u0; � 0) to �nd the solution on the solution curve with � close to � 0. This procedure
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fails needs to be modi�ed to handle nonlinear systems, in which singular points such

as folds can be present in solutions [29] . Therefore, pseudo-arclength continuation can

be adopted. This method exploits a di�erent parametrisation from that with � . In this

scheme,u and � are treated as functions of the arc length parameters. The new solutions

along the solution branchu(s) and � (s) must satisfy, in addition to 3.14, the following

equation:

N (u(s); � (s)) = u0
T (u(s) � u(s0)) + _� 0(� (s) � � (s0)) � (s � s0) = 0 (3.17)

The introduced equation forces the new solution to lie on a plane that is perpendicular to

the tangent vector to the solution curve ats0 and at a distance (s-s0) from it [28]. Using

Newton's method to solve the system of equations foru(s); � (s), the following problem is

obtained: "
Gu G�

_uT �

# "
@u

@�

#

= �

"
G

N

#

(3.18)

in which Gu and G� are partial derivatives in respect tou and � The problem is solved

with an iterative process that starts from the known solution (u0; � 0) with tangent to the

curve of solutions (du0; � 0). The guess solution at the �rst step of the iteration is then:

(u1; � 1) = ( u0; � 0) + ds � (du0; � 0) (3.19)

Solution (u1; � 1) is then inserted in the system formed by 3.14 and 3.17. With this method,

a curve of solutions�( s) = ( u(s); � (s)) is obtained [10]. The plot shown in Figure 3.1

presents a visual representation of how the solution curve is built during iteration.

In presence of bifurcations, additional conditions on second order derivatives@2G
@u2 and @2G

@�2 .

Satisfaction of this conditions allows to compute two solutions at bifurcation points, i.e.

one for each branch. The software used to carry out the continuation procedure in simula-

tions is the MATLAB MatCont package[17], which exploits Moore-Penrose continuation;

this algorithm di�ers only slightly from pseudo-arclength continuation, as it is able to

derive the tangent vector at step i+1 when Newton iterations converge to point i+1 on

the solution curve, while pseudoarclength continuation requires the calculation of a new

tangent vector when a new point is found.
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Figure 3.1: Formation of the solution curve. Only one cycle of the iterative process is

shown here. Notice that the plane de�ned by Equation 3.17 is present [29]
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