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NOTATIONS 

 

Greek letters 

             [ ]                partial loading factor for permanent actions. 

             [ ]                partial loading factor for variable actions. 

              [ ]                partial safety factor for reinforcement. 

              [ ]                partial safety factor for concrete. 

              [ ]                reference reinforcement ratio. 

               [ ]                required tension reinforcement ratio 

               [ ]                required compression reinforcement ratio 

               [ ]                relative rotation between the segments of the yield line 

             [ ]                relative positions of the yield line for the two mechanisms 

               [ ]                ration of moments (
   

     

              [ ]                partial safety factor to take in to account long term loading 

              [ ]                partial safety factor to take in to account long term loading 

               [mm]           reinforcement diameter 

            [mm]          downward deformation of the centroid 

               [W/mK]      thermal conductivity 

             [Kg/m
3
]      concrete density as a function of temperature 

               [N/mm
2
]      compressive stress 

Alphabetical letters 

A             [m2]             total area of the compartment 

Af            [m2]             area of the floor 

At            [m2]             total area of the enclosure 
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Av            [m2]            total area of vertical openings 

a              [m]              length of the slab 

b              [m]              length of the slab 

cmin          [mm]            minimum cover for durability requirement for the reinforcement 

D             [cm]             depth of the slab 

d‟            [mm ]           effective depth 

E               [J]                  total energy that could theoretically be released in the compartment fire 

Ecm           [N/mm2]     secant modulus 

Hci          [ J/kg ]          heat of combustion of each items present in the compartment 

Mi           [kg]              the mass of each items present in the compartment 

mx           [kNm]          bending moment on the x-face of the slab 

my           [kNm]          bending moment on the y-face of the slab 

mxy          [kNm]         twisting moment on the x-face of the slab in y direction 

mun          [kNm]         ultimate moments of resistance on the yield line pattern 

pxy           [kN/m2]       total distributed load on the slab 

r              [kN/m2/m]   distributed load on the strip per unit length of the slab 

R             [kN/m]         resultant concentrated load per unit length of the slab 

SS           [ ]                simple support 

CL          [ ]                clamped (fixed) support 

Vy           [kN]             shear force acting on the x-face of the slab 

Vx           [kN]             shear force acting on the y- face of the slab 

wu           [kN]             total load on  the segment of the yield line  
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Chapter 1 

INTRODUCTION 

 

1.1 ABSRTACT 

 

With the increased incidents of major fires and fire accidents in buildings, design, assessment, 

repair and rehabilitation of fire damaged structures has become a topical interest. This 

specialized field involves expertise in many areas like concrete technology, materials science and 

testing, structural engineering, repair materials and techniques etc. 

 

In this thesis work, a thin R/C slab resting on beams on the three sides and free edge on the 

remaining side with an area of 48m
2
 is studied. The slab is first analyzed and designed for room 

temperature, then it is also studied to observe the behavior and stress distribution when the slab 

is exposed to three different fire conditions: real fire scenario, standard fire(ISO-834). 

 

Limit analysis according to Yield-Line method is applied to identify the weakest resistant 

mechanisms among the several global and local mechanisms, that are kinematically admissible 

for the given restraints, loads and fire conditions of the slab. 

 

Estimation of temperatures, modulus of elasticity and strength in the post-flashover fires on  

concrete and reinforcement is an essential part of the analysis and design of the considered slab, 

in order to verify that the fire resistance of the slab is greater than the severity of the fires to 

which the slab is exposed. 
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The behavior of structures exposed to fire is usually described in terms of fire resistance, which 

is the period of time under exposure to a standard fire at which some requirements are to be met. 

In performance-based design these requirements may be defined as structural collapse or loss of  

integrity (which allows fire-spread to occur), but is more usually defined in terms of limit 

deflections. 

The objective of fire safety is to protect life and property. Fires can occur at any time in 

buildings, and the safety of occupants and maintaining the integrity of the structure are of major 

importance. Building codes prescribe detailed measures for the fire safety of structural members 

because when other means for containing a fire fail, such as a fire suppression system ,structural 

integrity is the last line of defense. Code-based structural fire safety requirements refer to fire 

resistance which is defined as the ability of a structural element to maintain its load-bearing 

functions under fire conditions.  

The fire resistance rating of a structural member is the elapsed time it exhibits resistance with 

respect to structural integrity, stability, and temperature transmission while exposed to standard 

fire conditions. The measured fire resistance of a structural member or assembly is dependent on 

the geometry of elements, materials used in construction, load intensity and fire exposure. 

 

 Testing for the fire resistance of materials is done in laboratories by exposing elements to fire 

conditions and monitoring their performance. Numerical and analytical methods were developed 

based on these fire tests as an economical alternative to laboratory testing. Over the past two 

decades there has been a widespread use of finite element programs to determine structural 

performance in both standard and natural fire conditions.  

 

The above methods for predicting fire resistance do not increase the awareness of structural 

engineers to the concepts of design for fire conditions. They are either prescriptive in their 

application to design or being performed by the materials and fire communities whose interests 

are geared towards properties of materials in fire conditions and complicated performance-based 

analyses of structural elements. From a design standpoint it is not sensible for a practicing 



3 

 

structural engineer to use finite element software to analyze structural fire performance because 

analyses are time consuming and the use of these programs requires a strong background in fire 

protection engineering which most structural engineers do not have. 

 

 The motivation for this thesis was to increase the awareness of the structural engineering field to 

the concepts behind structural design for fire safety using simplified design tool, limit-analysis, 

that predict the fire performance of structural elements, which is of utmost importance to 

practicing structural engineers.  

 

1.2   Objectives of this thesis work 

 

In this paper, it is tried to show the application of the yield-line method how powerful and easy 

for design and analysis, by considering the different fire conditions on the slab. 

The main discussions are: 

1. Design of the slab using the strip-method. 

2. Evaluating the collapse load of the slab using the yield-line method 

3. Evaluating the time-temperature for the slab when exposed to the standard fire, 

and standard fire resistance is calculated, i.e the ability of the slab to fulfill the 

required functions, for the exposure of heating according to the standard 

temperature-time curve for the specified load combination and for the stated 

period of time (EN-1991-1-2) 

4. Evaluating the time-temperature of the slab during real fire-scenario using 

(ABAQUS) and determining once again the resistance of the slab for this fire 

condition using the yield-line method. 

5. Comparing the fire resistance of the slab for the above fire situations and provide 

the possible collapse mechanism. 
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1.3  EXPERIENCE OF FIRES: 

Annual statistics on losses caused by fires in homes and elsewhere make for some unpleasant 

readings, but these events make it possible  learn more about fire-safety design. 

 

We are all aware of the damage that fire can cause in terms of loss of life, homes and livelihoods. 

A study on 16 industrialized nations (13 in Europe plus the USA, Canada and Japan) found that, 

in a typical year, the number of people killed by fires was 1 to 2 per 100,000 inhabitants and the 

total cost of fire damage amounted to 0.2% to 0.3% of GNP. The loss of business resulting from 

fires in commercial and office buildings runs into millions of Euros each year. The extent of such 

damage depends on a number of factors such as building design and use, structural performance, 

fire extinguishing devices and evacuation procedures. (Reproduced from The Office of the Fire 

Marshal (OFM),Ontario, Canada.) 
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1.4  Development of Fire in enclosures 

 

Development of fire in a room can be divided in several phases (figure 2) 

1. First one is the ignition of the fire. As it is the first step of any compartment fire, 

ignition is probably the most important phenomenon: without ignition, there is no fire. 

Many studies have been conducted on this subject, leading to wide variety of test 

methodologies to evaluate the potential of being ignited that a material has. Babrauskas 

(2001) reports that ignition temperature of wood exposed to the minimum heat flux 

possible for ignition is around 250°C. The surface temperature of fuel is usually 

considered to be the best empirical parameter to describe the ignition of fuel, 

nevertheless the temperature of the environment in which the fuel is presented is 

usually preferred. 

2. Then comes the propagation or Growth phase, during which fire spreads. Some 

combustible gases are rising towards the ceiling, a fire plume is forming above the fire 

source. Some air is entered in the fire plume and a hot smoke layer is forming in the 

upper part of the compartment leaving the clear  in the lower part (figure 1). The 

temperature rise in the compartment and ,from here, the situation can evolve towards 

one of the two following possibilities: 

 Either the temperature of the gases become so elevated that, after a 

certain period of time, it causes the sudden ignition of every object in the 

compartment. This phenomenon is called the flashover. After the 

flashover time, there is a fully developed fire. 

 Either there is no spread of the fire to the whole compartment, because 

the propagation is so slow that the temperature rise is not sufficient to 

cause the flashover, or the fire  can find no combustible material in its 

close vicinity, thus the fire remains localized. 

 



6 

 

 

Figure:1 pre-flash over fire 

 

3. In the next period, the fire is fully developed , i.e. the fire keeps on burning at a rather 

constant rate, leading to small variation of the temperatures. 

4. The last phase is the cooling phase or decay phase.  

 
Figure:2  process of fire development 

The ignition and the propagation phases of the fire depend mainly on the fuel characteristics 

because oxygen is usually widely available during these phases. 
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The period up to flashover is often called pre-flashover fire phase during which the fire is 

usually localized. After flashover, the fire phase is called post-flashover. A post-flashover fire is 

a fully developed fire if combustible material is present. On the other hand, the amount of 

ventilation has big influence during the fully developed phase of the fire. 

Two situations are possible: 

 The ventilation is large enough to have no influence on the fire source 

development. There is sufficient oxygen available for combustion. The fire is said 

to be fuel controlled because the heat released in the compartment depends mainly 

on the characteristics of the material that is burning. 

 The ventilation is small, considering the size of the fire, and there is not enough 

oxygen to combust all the fuel. The fire is said to be ventilation controlled 

because the rate of heat release in the compartment depends mainly on the amount 

of available oxygen and therefore on the ventilation conditions. 

In most cases, localized/pre-flashover fires are fuel controlled and fully developed/post-flashover 

fires are ventilation controlled. 

 

1.5 Fire Load 

The fire load in a compartment is defined as the total energy that could theoretically be released 

in the compartment in case of fire. It consist of the different elements present in the compartment 

(for our case library with furniture, books, etc), of the construction elements, of partition linings 

and in general, of all the combustible content. 

The fire load is usually expressed in Joules and is the sum of the product of the mass Mi of each 

items present in the compartment by its heat of combustion Hc,i. (Eq1) 

 

                                                E=Mi*Hc,i  …………………..(Eq.1) 
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Chapter 2 

LIMIT ANAYISIS OF SLABS. 

 

2.1 Introduction. 

The complexities involved in obtaining a progressive failure solution to a reinforced concrete 

problems, which includes the effect of cracking, bond slips, dowel action and aggregate 

interlock, requires a simple methods to be adopted in order to assess the load carrying capacity in 

a more direct manner without carrying out a complete progressive-failure analysis of stress and 

strains in the slab. Thus, limit-analysis plays a major role in this end. 

Applications of limit-analysis to reinforced concrete structures have not been as extended as for 

steel frame structures, but the method has been successfully applied in the analysis of reinforced 

concrete structures. For reinforced concrete slabs with a load acting perpendicular to their plan, 

there is the yield-line theory developed by Ingerslev (1921, 1923), Johansen(1943), and 

Gvozdev(1938) and Prager. Limit-analysis based on yield-lines has been applied to reinforced 

concrete slabs and disks by Nielsen (1964, 1971). 

The two theorems of limit- analysis as stated by Prager are: 

 

2.1.1 Upper-bound Theorem 

“A kinematically admissible deformation field in a rigid-plastic continuum will be 

unstable when the work done by the applied loads is greater than the energy dissipated 

by the yield mechanism. This means that the resistance calculated for the kinematically-

admissible mechanism will be greater than or equal to the required resistance and plastic 

flow will occur.” 

 

 

 



9 

 

2.1.2 Lower-bound Theorem  

“Plastic flow will not occur in a rigid plastic continuum with a stable stress field. The 

resistance calculated with this stress field will be smaller than or equal to that required 

for collapse.” 

 

For a lower bound solution a distribution of moments for the whole plate is found such that: 

1. The equilibrium conditions are satisfied at all the points in the plate. 

2. The yield criterion defining the strength of the slab elements is not exceeded anywhere in 

the slab. 

3. The boundary conditions are complied with. 

Limit analysis based on such theories indicates that exact solutions for plates are not always 

possible. In general, the calculated ultimate (collapse) load lies between the two limits, 

depending upon the approach adopted. 

In the following chapters, we will apply the two theorems for the typical slab we are dealing 

with. 
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2.2 Building Description 

The building studied in this paper is a library with its floor area as shown below in Figure 3.The 

height of the floor is 3.50 m and the size of the rectangular floor plan is 8 m x 12 m. The building 

has three identical windows on two adjacent walls and also one fire resistant door. 

 

Figure3 . General Floor Area (plan) of Library building. 

 

 

 

 

 

 

 

 

Fig: 4 Boundary conditions for the slab under study. 

SS 

a 

b 

 Non structural wall. 

Light frame wall: a wall that 

divides the interior space 

without bearing any load, and 

may be easily removed for 

remodeling purposes. 

CL 

SS 

Free 
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2.2.1 Minimum depth requirement for the slab.(EN1992-1-1) 

The thickness of a floor slab must be determined in an early phase of design because the weight 

of the slab is an important part of the dead load of the structure. The minimum thickness can be 

determined by many factors: 

 Shear strength of beamless slabs (usually a controlling factor); slab must be thick enough 

to provide adequate shear strength 

 Flexural moment requirement (less often a governing factor) 

 Fire-resistance requirements 

  Deflection control (most common thickness limitations) 

The deformation of the slab considered shall not be such that it adversely affects its proper 

functioning or appearance. Appropriate limiting values of deflection taking into account the 

nature of the structure, of the finishes, of the partitions and of the fixings.  

Generally, it is not necessary to calculate the deflections explicitly, as simple rules are given in 

the technical literatures. ( For example limiting the span/depth ratio) are available. which will be 

adequate for avoiding deflection problems in normal circumstances. More rigorous checks are 

necessary for members which lie outside such limits, or where deflection limits other than those 

simplified in simplified methods are appropriate. 

Provided that reinforced concrete beams or slabs in buildings are dimensioned so that they 

comply with the limits of span to depth ratio given in the code, their deflections may be 

considered as not exceeding the limits set out in (EN1992-1-1). The limiting span/depth ratio 

may be estimated using expressions (Eq.2.a) and (Eq.2b) and multiplying this by correction 

factors to allow for the type of reinforcement used and other variables. No allowance has been 

made for any pre-camber in the derivation of these expressions. 
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                …………..( Eq. 2a ) 

 

 
             

  

    
 

 

  
     

  

  
                ………………(Eq.2b  ) 

where: 

 l/d is the limit value of the span/depth 

 K is the factor to take into account the different structural systems 

 ρ0 is the reference reinforcement ratio = √fck 10
-3

 

 ρ  is the required tension reinforcement ratio at mid-span to resist the moment due to the 

design loads (at support for cantilevers) 

 ρ´ is the required compression reinforcement ratio at mid-span to resist the moment due 

to design loads (at support for cantilevers) 

 fck is the compressive characteristic strength in MPa units 

 

Expressions (2.a) and (2.b) have been derived on the assumption that the steel stress, under the 

appropriate design load at SLS at a cracked section at the mid-span of a slab or at the support of 

a cantilever, is 310 MPa (corresponding roughly to fyk = 500 MPa). 

Note: Values of K for use in a country may be found in its National Annex. Recommended 

values of K are given (EN1992-1-1 Table 7.4N). Values obtained using expression (Eq.2) for 

common cases (C30, σs = 310 MPa, different structural systems and reinforcement ratios ρ = 0,5 

% and ρ = 1,5 %) are also given. 
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The slab considered in our case is categorized  as: two-way spanning slab of continuous over one 

long side; hence: l/d=26 

which means: d=600/26=23.08cm  

That has been increased to 30cm to take care of possible cracking. 

2.2.2 Minimum concrete cover 

According to EN 1992-1-1, values of cmin  depends on the structural classification and 

environmental exposure condition for the steel and the concrete. The min value can be found in  

national annexes. The recommended Structural Class (design working life of 50 years) is S4. The 



14 

 

recommended minimum Structural Class is S1 

Thus, for the slab under consideration for structural class S4 and exposure class XC2  

minimum concrete cover cmin=25mm. 

 concrete cover used: 30mm 

 

2.2.3 Material properties: 

Concrete strength: C30/37 

Characteristic compressive strength on cylinder             

Design compressive strength (EC2)             
   

  
      

  

  
             

Average value of tensile strength           fctm = 0.3 (fck)2/3 = 2.896 N/mm2 

 Secant modulus                                     Ecm = 22[(fck + 8)/10]
0.3

 = 32836 N/mm2        

 

 γc = is the partial safety factor for ultimate limit state for concrete and is γc = 1.5.  

 αcc = is the factor that takes into account the effects of loads on the long-term resistance 

and adverse effects resulting from the manner in which the load is applied: αcc = 0.85  

 αct= factor that takes into account the effects of loads on the long-term resistance traction 

and adverse effects resulting from the manner in which the load is applied: αct = 1.0  

 

Fig:5 Parabola-rectangle diagram for concrete in compression. 
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Yield strength of steel: 500 

Characteristic yield strength…. 2/500 mmNf yk   

Design yield strength (EC2) 

                                  2/435
15.1

500
mmN

f
f

s

yk

yd 


 

Modulus of elasticity (EC2) 2/200000 mmNEs   

 

Fig:6 Idealized and design stress-strain diagrams for reinforcing steel (for 

tension and compression) 
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Chapter 3 

DESIGN OF REINFORCEMENTS USING THE STRIP METHOD 

The Longitudinal reinforcement is designed by applying the Strip Method. The Strip Method 

is based on the lower bound theorem of the theory of plasticity. This means that the solution 

obtained are on the safe side, provided that the theory of plasticity is applicable, which is the 

case for bending failures in our slab with ordinary reinforcement, concrete and normal 

proportions of the reinforcement. The lower bound design method for reinforced concrete 

slabs suggested by Hilleborg in 1956 can be stated as: 

“ If a distribution of moments can be found which satisfies both the equilibrium and the 

boundary conditions for a given external load, and if the plate is at every point able to carry 

these moments, then the given external load will represent a lower limit of the carrying 

capacity of the plate.” 

3.1 Governing Equations For General Lower-Bound Limit Analysis. 

Equilibrium Equation 

Consider the equilibrium of a small element with sides dx and dy taken from the slab and let p 

be the external load acting on the element per unit area, as shown in the figure. 

 

 

 

 

 
y 

x 

dx 

dy 
P(x,y) 

Vx+
   

  
   

y 

x 

 

P(x,y) 

Vy+
   

  
   

Vx 

Vy 
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The shear forces per unit width    and   , the bending moments per unit width,     and     and 

the twisting moments per unit width,     and      acting on the faces of the element in the x- 

and y- directions are also shown in the figure below. 

From the equilibrium of the vertical forces: 

    
   

  
          

   

  
                       …….( Eq. 3) 

   
  

 
   

  
    

 

 

 

 

 

 

 

 From the equilibrium of moments about the y-direction axis passing through the center of the 

element and ignoring higher-order terms: 

     
   

  
     

  

 
 

   

  
      

    

  
       …………..(Eq.4) 

   

  
 

    

  
    

 

 

y 

x 

P(x,y) 
mx 

my 

mxy 
myx 

mx+
   

  
   

mxy+
    

  
   

myx+
    

  
   

my+
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Similarly, from the equilibrium of moments about an x-direction axis passing through the 

center of the element: 

   

  
 

    

  
    

Substituting the above equations gives: 

    

   
  

     

    
 

    

   
        ……………..(Eq.5) 

The above equation ( Eq. 5) is based on the static theorem of limit analysis, so that each part 

of the structure and the overall structure must be in equilibrium with the loads applied. 

Bending moments must respect the flexural equilibrium. 

Hilleborg has also simplified the general lower bound method for slab design by eliminating 

the twisting moments when deriving the design moments. If no external load is required to be 

carried by torsion, we can treat the slab as if composed of a system of strips, generally in two 

directions at right angles, which enable the design moment to be calculated by simple statics 

involving the equilibrium of the strips. 

Because the aim of the Strip method is the design of the reinforcement, it is advisable not 

consider the torsion, as the mechanisms related to it are not totally controlled by the designer. 

In this way the hypothesis means that the slab involves a set of strips, along the two 

directions, each subjected to bending and shear. Neglecting the twisting components, the 

above equation (Eq.5)  can be simplified as follows: 

    

   
 

    

   
        ………..(Eq. 6) 
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The above equation stands that if we consider a coefficient α between 0 and 1, the strips along 

x carry a load equal to αp, while the strips along y carry a load equal to (1-α)p.  

    

   
     

                                                             
    

   
                         

Based on these considerations the slab will be subdivided into a limited number of strips, each 

subjected to a different distributed load, depending on the position of the strips with respect to 

the boundaries. As a matter of fact, the choice of α is done on the basis of the more effective 

mechanism to transmit the load.  

For the slab studied in this paper, the subdivision is proposed in Figure 7, where the numbers 

stand for the values of α. Near a fixed edge the coefficient is high, while near a free edge α 

tend to zero, because there is no possibility to transmit the load in the x direction. For the 

other strips the values are intermediate. 

 

Fig:7 Distribution of α for the slab studied. 
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3.2 Load combination on the slab 

Uniform load comes from the self weight of the slab and from the variable load: 

Permanent load=12kN/m2 

Variable load=3kN/m2 

According to EN-1990, combination of action to obtain the design distributed load: 

Partial loading factor for permanent actions           (EN 1990 Table A1) 

Partial loading factor for variable actions         (EN 1990 Table A1) 

  
  

  
                          

Fire limit state design loads. 

For fire limit state, partial loading factors      are not applied to either permanent actions or 

variable actions. Thus  
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3.3 Reinforcement calculations 

 Dimension a=6m, b=8m 

              

                    

             
 

 
 

 

 

Fig:8 static scheme for the design of reinforcement for strip1-1 and strip 4-4 
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Design bending moment diagrams. 

 

moment diagram along strip 1-1(see Fig.8) 

 

moment diagram along strip 4-4(see Fig.8) 

 

Negative and positive moments referred to strip 1-1 are evaluated considering a cantilever with 

length „a‟, subjected to a distributed load q and q/4, but also to a distributed load r. This load is 

present because near the free edge there exists the effect of the orthogonal strip, which  is greater 

than the effect of the fixed edge. So the load r acts also on the strip 4-4, where the static scheme 

is that of a simply supported beam. Actually load r acts only on the strip1-1, because for the 

external ones the load would be r‟ < r, considering the smaller coefficient α near the fixed edge 

for strip 2. The choice to use the value r for the entire length is on the safe side.  

R =       =8.62KN 

  
 

     
    

   
         …on strip 1-1 

But when we consider the strip 4-4 the value of “r” should be adjusted with respect to the actual 

distributed length, which is    . 

   
 

   
 

    

    
         …on strip 4-4 
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The value of r (or R =       ) depends, through equilibrium considerations, only from the value 

of the negative moment   
   . In this way we have the possibility to set this value, considering 

that the choice influences the value of   
   and   

   . 

Positive and negative moments for the two critical sections considered are evaluated as: 

  
    

             
   

  
    

            
   

  
    

              
   

Considering for each strip a section of unit length , the minimum reinforcement As is chosen 

imposing two equilibrium equations, one for the translation and the other for the rotation, and 

can be obtained as:    

 

 

 

 

                                                                     
    

         
……….(Eq.7) 

Using (Eq.7) and φ16 diam. bar:                    
  

    

         
          . 
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Ax 

Ay 

Φ16mm at s=75mm c/c 

In the analysis with the yield-line method, it is useful to express all the moments as a ratio of the 

reference moment. Here the choice is to consider   
   as the reference moment, in the next 

sections called simply   
   

  
     

 
         

  

  
     

 
         

  

  
     

 
        

  

 

 According to EN-1992-2, the spacing of bars should not exceed smax,slabs. 

The recommended value is: 

- for the principal reinforcement, 3h ≤ 400 mm, where h is the total depth of the slab; 

- for the secondary reinforcement, 3.5h ≤ 450 mm.  

In areas with concentrated loads or areas of maximum moment those provisions become 

respectively: 

 

- for the principal reinforcement, 2h ≤ 250 mm 

 

- for the secondary reinforcement, 3h ≤ 400 mm. 
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Chapter 4 
ANALYSIS AND DESIGN OF SLAB USING YIELD LINE 

THEORY 

4.1 Introduction 
 

Yield line analysis is an analysis approach for determining the ultimate load capacity of 

reinforced concrete slabs and was pioneered by K.W. Johansen in the 1940s. It is closely related 

to the plastic collapse or limit analysis of steel frames, and is an Upper Bound or kinematical 

approach. 

The ultimate load of the slab is estimated by postulating a collapse mechanism that is compatible 

with the  boundary conditions. The moments at the plastic hinges are the ultimate moments of 

resistance of the section, and the ultimate load is determined using the principle of virtual work, 

or the equations of equilibrium. Being  an upper-bound approach, the method gives an ultimate 

load for a given slab that is either correct or larger than the “true” value. 

 The Yield-line Method is only applicable to ductile (under-reinforced) slabs since we assume 

that the moment-rotation diagram given in Fig.9 holds. 

 
  

Fig:9 Moment-curvature relationship for a reinforced concrete slab section 
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4.2  Principles For Rigid-Plastic materials 

As long as the stresses in a body of rigid-plastic material are below the yield point, no 

deformations occur.  This idealization implies that we cannot determine the stress field in such a 

body when the stresses  are below the yield point. When the loads increase to a point where it 

can be carried only by stresses at the yield points, unlimited deformations are possible without 

changing the loads. The body is then said to be subject to collapse by yielding. The 

corresponding load is called the collapse load or load carrying capacity of the body.                 

Note that: 

 a yield line occurs when the moment capacity of the section has been reached; 

 no additional moments can be taken at the section; 

 the section can undergo any amount of rotation. 

4.3 Principle of Virtual work 

Suppose that a rigid body is in equilibrium under the action of a system of forces. If the body is 

given a small arbitrary displacement, the sum  of the work done by the forces(loads and internal 

forces ) each force times its corresponding displacement will be zero because the resulting force 

is zero. Hence the principle of virtual work may be stated as: 

“If a rigid body that is in statical equilibrium under a system of forces and reactions is given a 

virtual displacement, the sum of the virtual work done by the forces and reactions is zero.” 

To analyze the slab by the virtual-work method, a yield line pattern is postulated for the slab at 

the ultimate limit load. The  segments of the yield line pattern may be regarded as rigid bodies 

because the slab deformation occurs only at the yield lines. The segments of the slabs are in 

equilibrium under the external loads and the bending and the shearing forces transferred along 

the yield lines.( twisting moments are disregarded in the classical Yield-line Method). 
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A convenient point within the slab is chosen and given a small displacement  δ  in the direction 

of the load. Then the resulting displacements at all the points of the slab, δ(x,y), and the rotations 

of the slab segments about the yield lines, may be found in terms of  δ  and the dimensions of the 

slab segments. Work  will be done by external loads and by the internal forces along the yield 

lines. 

The work done by a uniformly-distributed ultimate load per unit area wu is 

                   ………………….( Eq.8) 

Where: 

    is the total load on the segment of the yield line pattern. 

   is the down ward movements of its centroid. 

The  reactions at the supports will not contribute to the work, as they do not undergo any 

displacements. 

 The work done by the internal forces along the yield lines will be due only to the bending 

moments, because the work done by the twisting moments and by the shear forces is zero when 

summed over the whole slab, as these actions on each side of the yield lines are equal and 

opposite and for any displacement of the yield line pattern there is no relative movement 

between the sides of the yield line corresponding to the twisting moments and shear forces. 

However, there is a relative movement corresponding to the bending moments, since there is a 

relative rotation between the two sides of the yield line. Thus, the work done at the yield lines is 

due only to the ultimate (bending) moments. 
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Fig:10 Action along the yield line (bending moment) 

The work done by the ultimate moments of resistance per unit width     along a yield line of 

length   , where there relative rotation of the two segments around the yield line is    is : 

        ……………….. (Eq.9) 

The work done here is negative because the bending moments will be acting in the direction 

opposite to the rotation if the slab is given a displacement in the direction of the load. 

The total work done by the ultimate moments of resistance is obtained by summing the work 

done along all the yield lines: 

          

Therefore, the virtual work equation may be written as: 

                 

or 
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When applied to a particular slab, the displacement terms cancels from the equation and the 

ultimate load is given in terms of the slab dimensions and the ultimate moments of resistance per 

unit width. 

4.4 YIELD LINES 

A slab is assumed to collapse at its ultimate load through a system of straight lines which are 

called yield lines (curved yield lines form only where required by the curved boundary, or when 

ever required by axis-symmetry).These yield lines divide the slab into a number of segments and 

this pattern of yield lines and segments  is termed the collapse mechanism; a typical collapse 

mechanism for a simply supported rectangular slab carrying a uniformly-distributed load is 

shown in Fig. 11(a). The segments formed by the supports and by the yield lines are assumed to 

be plane (at fracture elastic deformations are small compared with plastic deformations and are 

ignored) and therefore must possess a geometric compatibility. 

It is further assumed that the bending moment along all yield lines is constant and equal to the 

value corresponding to the yielding of the steel reinforcement. Also, the panels rotate about axes 

along the supported edges and, in a slab supported on columns, the axes of rotation pass through 

the columns, see Fig. 11(b). Finally, the yield lines on the sides of two adjacent panels pass 

through the point of intersection of their physical axes of rotation. Examples of yield line 

patterns are shown in Fig.12. Note the conventions for the representation of different support 

conditions. 
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Fig. 11 Collapse mechanism for a  rectangular simply supported slab 

 

 
Fig 12. Collapse mechanisms and diagrammatic representation of support conditions.  

 
 

4.4.1 Procedures for yield line analysis 

 Assume a collapse mechanism by choosing a pattern of yield lines; 

 Calculate the collapse load corresponding to that yield line pattern; 

 Repeat for a range of yield line patterns; 

 Actual failure occurs at the lowest collapse load. 

 

Note that the use of the yield-line method, requires the slab to have the moment-rotation 

relationship previously given in the Fig. 9: sections must be ductile! 

 

 

 

 

 



31 

 

4.4.2 Conventions 

 Sagging yield lines are represented as solid straight lines; 

 Hogging yield lines are represented as dashed straight lines; 

 A fixed support is indicated by double hatching; 

 A simple support is given by single line hatching; 

 A free edge is given by a straight line. 

 

4.4.3 Rules for Yield Lines: 

 

There are rules to be observed when postulating a yield line pattern: 

 

 Yield lines divide the slab into rigid regions (segments) which remain plane through 

the collapse; 

 Yield lines are straight; 

 Axes of rotation generally lie along lines of support and pass over any columns; 

 Yield lines between adjacent rigid regions must pass through the point of intersection 

of the physical axes of rotation of those regions; 

 Yield lines must end at a slab boundary; 

  Continuous supports repel and simple supports attract yield lines. 
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4.5 ULTIMATE MOMENT ALONG A YIELD LINE 

Johansen’s Stepped Yield Line Criterion 

This is the basic assumption of yield line theory. It assumes that during the rotation the bars 

remain in their original direction and do not „kink‟. It is also valid for slabs that are not of 

reinforced concrete. Johansen‟s Stepped yield line criterion says that the yield line is actually 

made up of many small steps in orthogonal directions, as shown in Fig.13a. below. 

 This, in turn, enables us to take the projections of an inclined yield line upon the axes, instead of 

determining the capacity at an angle.  

 

 

 

 

 

 

 

 

Fig 13a. Determination of the Ultimate moment along the yield line. 

 

Figure 13a, shows a portion of a slab reinforced in two directions at right angles; the ultimate 

moments of resistance of the reinforcement are mx and my per unit width of slab in the y and x 

directions, respectively. Let us suppose that a yield line occurs at an angle α to the reinforcement 

in the x-direction  

m  x    lsinα 

m  y   lcosα 

m  αl  

x 

Y 
α 
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Now consider a triangular element formed by a length l of the yield line and the reinforcement as 

shown in Fig. 13b below. 

 

                     

Figure: 13b. triangular element for ultimate moment along the yield line 

 

Then, from the moment equilibrium of the element in the direction of mα, we have 
 

            
          

   

  

        
        

 ………….. (Eq.10) 

 

 

Using  all the above explanations and assumptions, we can start to apply them to our slab.  
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4.6 Ultimate load calculation at room temperature using yield lines. 

 

 

 

 

 

 

 

 

 

External work done due to distributed load   
  

    

  
  

  
 
 
       

 
         

 

 
 

  
    

  
  

 
 
    

 
 
  

 
          

 

 
 
 

 
 

 

  
      

    
    

  

  
            

 

 
           

 

 
  

Internal work done: 
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Hogging moment:   
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Case 1 
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Equating the external and internal work equations above: 

     
  

          
 
 
 
 
 

  
 
 
   

       
 
 

           
 
  

 

     
  

          
 
  

   
 
 
 

     
 
 

         
 
  

                   

The maximum value of      with respect to a changing α occurs at: 
     

  
   

Let      
          

 

 
  

            
 

 

 
  and       

Thus,      can be simlified as:      
 

 
  

     
; 

                                                         
     

  
 

  

            
 

 
   

        
   

                                                                             

This is a quadratic  equation in terms of   :solve to get: 

  
 

 
        

  

 
  

Substituting all the variables: 

  
       

  

  

 
       

  
  

  

       
                               ………………(Eq. 12) 

It is for this value of   that the slab will fail, given the dimensional and strength data. 
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a 

b 

β.b 

β.b 

Θx=δ/a 
Θy=δ/βb 

δ 

2 

1 

1 
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Θy 

Case 2 

 

 

 

 

 

 

 

 

 

External Work Done due to distributed load   
  

    

  
  

    
 
 
       

 
          

 

 
 

                                                               
      

 

 
                  

 

 
 

                                             
      

  

 
                

 

 
  

Internal Work Done: 

Sagging moment:            
    

          
 

       

Hogging moment:          
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Equating the external and internal work equations above: 
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………….. (Eq. 13) 

The maximum value of      with respect to a changing   occurs at: 
     

  
   

Let       
 

 

 
 

             
    

 

 
 

            
    

 

  
 

Thus,      can be simlified as:      
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Substituting all the variables: 

  
               

  

  

        
  

  

                               ………………(Eq. 14) 

     
    

  
 
  

   
  
 

   
 
  

 

         
 

As it is shown above the value of   does not comply with the limitation. From this we can 

conclude that the two cases are said to be “mutually incompatible”, which means that , if one 

case satisfies the limitation, the other case does not satisfy the limitation; hence the first is the 

only one “ kinematically consistent”. 

 

 

 

 

 

 

 

 

 

 

Figure:14 Yield-line pattern for case 1. (α=0.534a) 

 

0.534a 
a 

b 
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Chapter 5 

 
FIRE CALCULATION OF THE SLAB 

 
5.1 Introduction 

Fires are caused by accident, energy sources or natural means, but the majority of fires in 

buildings are caused by human errors. Once a fire starts and the contents and/or materials in a 

compartment are burning, then the fire spreads via radiation, convection or conduction with 

flames reaching temperatures  between 600°C and 1200°C. Harm is caused by a combination of 

the effects of smoke and gases, which are emitted from burning materials, and the effects of 

flames and high air temperatures. 

The behaviour of a structure exposed to fire is usually described in terms of fire resistance, 

which is the period of time required the structure to reach a limit situation when exposed to a fire 

(standard fire or natural fire), generally represented by means of a temperature-time curve. In 

performance-based design this limit situation may be defined as structural collapse or loss of 

integrity (which allows  the fire-spread to occur), but is more usually defined in terms of 

deflection. Current design codes have taken a step towards full performance-based design by 

allowing designers to treat fire as one of the basic design limit states, taking account of: 

 The level of loading in fire, using partial safety factors lower than those used in ultimate 

limit states, because of very small likelihood to have a fire under ultimate loads. 

 The fire load, represented by the actual quantities of the combustible material expressed 

in terms of heat or heat rate (thermal power) per square meter. 

 Non-uniform heating due to partial protection, which may be inherent in the framing 

systems or may be on purpose applied. 

 Realistic stress-strain characteristics of the materials at elevated temperatures. 
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5.2 CONCRETE IN FIRE. 

Concrete does not burn – it cannot be „set on fire‟ like other materials ( as timber or plastics) in a 

building and it does not emit any toxic fumes when affected by fire. It will produce no smoke or 

drip molten particles, unlike some plastics and metals; hence  it does not add to the fire load. For 

these reasons concrete is said to have a high degree of fire resistance and in most applications, 

concrete can be described as virtually „fireproof‟.  

This excellent performance is due mostly to concrete‟s constituent materials (i.e. cement, 

aggregates and water) which, when chemically combined within concrete, form a material that is 

essentially inert and has a rather poor thermal conductivity, something that is a plus in fire safety. 

It is this slow rate of heat transfer (conductivity) that enables concrete to act as an effective fire 

shield not only between adjacent spaces, but also to protect itself from fire damage. The rate of 

increase of temperature through the cross section of a concrete member  is rather slow and so  the 

internal zones do not reach the high temperatures reached by the surface exposed to flames. 

 
Fig:15 Concrete in fire –chemo-physical processes. 
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5.3 Numerical Model 

In fire modelling, the heating of a concrete slab is represented as a one-dimensional heat-transfer 

problem. For one-dimensional heat transfer by conduction in a material with no internal heat 

being released, the governing equation is as follows (see for instance by Buchanan,2001) 

   

   
 

 

 

  

  
……………….. (Eq. 14) 

where: t is the time (s), T is the temperature (°C or K), x is the distance in the direction of heat 

flow and   is the thermal diffusivity (m
2
/s)  

 

Fig:16  Heat balance for a post-flashover (i.e fully developed) room fire. 

Starting from the previous equation and using numerical tools, the temperatures across the cross 

section of a slab can be calculated.  For the calculation of these temperatures, only the properties 

of concrete are considered and the reinforcement is assumed to have no influence on the thermal 

field. This can be justified on the basis of the smallness of that the reinforcement cross section 

compared to the concrete section. However, once the thermal field is known, the reinforcement 

can be given the same temperatures of the surrounding concrete and in this way the mechanical 

decay of the reinforcement can be taken care of. 
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5.4 Time-temperature Curves 

The time-temperature curves used in fire resistance tests are called the “standard fires”. As 

shown in the figure 17 below, the  most widely used test specifications are ASTM E119 and the 

ISO 834. All other international fire resistance test standards specify similar time-temperature 

curves( Lie, 1995). 

Fire Tests  

Fire tests represent the oldest method to evaluate the fire endurance of structural elements. As 

early as 1918, fire tests were being performed on building columns at the Laboratories (1918). 

Fire tests expose structural elements to different fire severities and are either performed within a 

furnace or on full-scale buildings. Many countries use full-scale fire resistance tests to evaluate 

the fire performance of structural elements. Full-scale tests are preferred for the study of 

structural elements and assemblies of a relatively small extent because they give a more accurate 

representation of the various phenomena that occur during fire conditions such as the effects of 

thermal expansion and deformation under load 

Furnace Testing  

Test furnaces are the most common method used to evaluate the fire resistance of structural 

elements. The furnaces‟ chamber is heated either electronically or by burning liquid fuel. The 

temperature history in the furnace is controlled by a designated fire curve, typically those of 

“standard fires”. Usually, furnaces are equipped with devices to measure temperatures, and 

deformations, and to load test specimens. Furnaces follow different testing specifications 

depending on the laboratory and are specially constructed for their purpose. There are vertical 

furnaces that are constructed for testing vertical partitions such as walls and doors; horizontal 

furnaces are used for testing horizontal partitions such as floors and roofs. Also, there are special 

beam and columns furnaces, although they are often tested in horizontal furnaces. Some furnaces 

are even designed so that all types of building elements can be tested.  
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Fire tests in furnaces are carried out by exposing certain surfaces of a test specimen to heating in 

a manner that simulates its exposure to heating in a fire (Abrams & Gustaferro 1968; Wade 

1992). Generally, test specimens are construction elements for which a fire resistance 

classification is desired. Specimens are tested under conditions that are similar to those in service 

such as loading and restraint. Thermocouples are placed in the furnace and within specimens to 

measure temperatures. A specimen is considered fire resistant during a test up until the point it 

does not satisfy certain testing criteria with respect to stability, integrity, and thermal insulation. 

Full-Scale Fire Tests  

Occasionally full-scale fire tests are performed on structural systems. These tests give a more 

realistic representation of fire performance because they simulate the performance of a system as 

opposed to the study of discrete elements or small-scale assemblies. The major drawback of full-

scale testing is that it is extremely expensive in comparison with furnace testing. The most 

comprehensive full-scale testing completed took place in 1995 in Cardington, England. A series 

of fire tests were carried out on an eight-storey, steel-concrete composite structure. As an 

outgrowth of the Cardington tests, numerous numerical and theoretical models have been 

developed to simulate the performance of the structure. The test results and the subsequent 

models have deepened understanding of the mechanical behavior of highly redundant structures 

in extreme fires. 

Standard Fires 

Most fire resistance tests follow time-temperature curves that serve as “standard fires” which are 

idealized simulations of room fires. Since the tests follow established time-temperature curves, 

the heat load imposed on a test specimen is calculable at any point during testing. Standard fire 

test time-temperature curves for various countries shows slight difference (Lie 1995). The most 

widely used standard test conditions are the ASTM E119 (United States and Canada) and ISO 

834 (Australia, New Zealand, and England) (Buchanan 2001) 
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In the ISO 834 specification (ISO 1975) the temperature T(°c) is defined by 

                    

Where t is the time (minutes) and T0 is the ambient temperature (°C) 

The ASTM E119 curve is defined by a number of discrete points. Several equations 

approximating  the ASTM E119 curves are given by Lie (1995), the simplest of which gives the 

temperature T(°C) as: 

                                   

In the figure it is also shown the hydrocarbon fire curve. The temperature for the hydrocarbon 

fire curve is given by 

                                       

 

Fig:17 standard time-temperature curve 
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5.5      Materials Properties 

In the analysis, only the thermal properties of concrete, density, thermal conductivity and specific 

heat, as a function of the temperature, are required. These properties are built into the program( 

ABAQUS). The mechanical properties, such as the stress-strain relationship, are not required 

since only a thermal analysis is carried out; however, the critical temperature for the 

reinforcement, at which the strength degradation reaches a specific value, has to be specified. 

5.5.1 Density of concrete 

The density of concrete depends on the aggregate and the mix design. Typical dense concrete has 

a density of about 2300kg/m
3
. There are many „lightweight‟ concretes which use porous 

aggregates or air entrainment to reduce the  density. When heated to 100°C the density of most 

concretes will be reduced by up to100kg/m
3
 due to the evaporation of free water. Other than 

moisture changes, the density of the concrete doesn‟t change much at elevated temperature, 

except for limestone( calcareous) aggregate concrete which decomposes above 800°C. 

 

EC-2 part 1-2 (2004) 

density of 
concrete 
ρ(kg/m3) T(°C) 

2400 20 
2400 115 
2352 200 
2280 400 
2112 1200 

 

Figure:18 density of concrete at elevated temperature 
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5.5.2 Thermal Conductivity and specific heat. 

The thermal conductivity of concrete is temperature dependent, and varies depending on the type 

of aggregate. Approximate values for design purpose are 1.6W/mK for siliceous concrete and 

1.3W/mK for calcareous(limestone) aggregate concrete, and 0.8W/mK for light weight concrete. 

(EC2). 

 

                                                   Fig:19 Thermal conductivity of concrete 

The specific heat of concrete also varies depending on the moisture content, with design values 

from EC2 (2004)  for three different moisture content is shown in the figure 20 below. The peak 

between 100 and 200°C allows for the water being driven off during the heating process. 

 

 

 

 

 

Figure:20 specific heat of concrete 

Thermal 
conductivity 
λ(W/mK) T(°C) 

1.68 0 
1.5 100 

1.33 200 
1.18 300 
1.05 400 
0.93 500 
0.83 600 
0.75 700 
0.68 800 
0.63 900 
0.59 1000 
0.58 1100 
0.57 1200 

Specific heat 

Cp(θ) T(°C) 

900 20 

900 100 

1000 200 

1100 400 

1100 1200 
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Essentially, the temperatures at the location of the reinforcing steel and at various concrete 

depths can be approximated using the temperature distribution charts for different values of the 

fire duration. Once the temperatures are known, relationships for the mechanical properties at 

high temperature can be used (Tables 3 & 4  and  graphs 21 & 24 below), in conjunction with the 

usual equations used for moment resistance calculations  to approximate the nominal moment 

capacities of steel-reinforced slabs in either positive or negative bending. 

Fire design of reinforced-concrete flexural members is often accomplished by assuming that 

structural failure under service loads will occur when the principal tensile reinforcement reaches 

a temperature of 593°c. This approach is rational, defensible, and conservative when using steel 

reinforcement. It is important to recognize, however, that the choice of the critical temperature 

for steel arises as a consequence of the assumed failure mode of the steel-reinforced members. 

The result is that a temperature of 593°c in the reinforcing steel corresponds to about a 50% 

reduction in the yield strength of the reinforcement, which in turn corresponds to about a 50% 

reduction in the flexural capacity of the section; and finally, which corresponds roughly to 

structural collapse under the unfactored service loads.  

It is worth noting that two-way reinforcement, continuity, and lateral restraint are also known to 

be important factors in the structural fire performance of concrete slabs . However, continuity 

and lateral restraint typically tend to improve the fire performance of well-designed steel-

reinforced concrete slabs.  

Thus, the following discussion and calculation focuses on the behavior of simply-supported slabs 

that are unrestrained against changes in axial length. In most cases this is a conservative 

treatment with respect to structural fire resistance. 
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Figure:21 Temperature across the slab 

 

5.6    Flexural strength analysis 
 

Once the distribution of temperatures throughout the slab is known at any instant in time, an 

approximation of the slab‟s flexural capacity can be obtained using a simple incremental plane-

sections analysis. The following assumptions are required for the analysis: 

1. Concrete has no strength in tension. 

2.  Plane-sections before bending remain plane after bending. 

3. There is perfect bond between the reinforcement and the concrete. 

4. The thermo-mechanical properties of concrete, reinforcing steel, are described by the 

mathematical relationships presented in the codes. 

5.  The slab is unrestrained against expansion in the lateral direction. 

6.  Fire exposure is from below. 

 



48 

 

Reduced section method (500°C isotherm) 

This method was first proposed by Anderberg (1978), following the analysis of fire tests carried 

out on flexural reinforced concrete elements. There are some limitations placed on the method 

and comprise minimum thicknesses for either standard exposure times or fire load densities.( 

Table B1: EN 1992-1-2) 

The calculations are carried out by assuming: 

1. The concrete within the 500°C isotherm remains unaffected by heat. 

2. The reduction factors for the reinforcement ( assuming class N) are for: 

 Compression and tension reinforcement with the strain in the εfi>2%. 

Using the above assumptions and the known distribution of temperatures in the concrete at any 

time during fire exposure (obtained from the heat transfer analysis), the flexural capacity of the 

slab can be approximated, in this case for an assumed 1 m wide strip of the cross-section, using a 

traditional force-equilibrium approach. 

 

Figure: 22 Cross section of the slab damaged during fire 

For each fire duration the neutral axis depth in all the sections is found, exploiting the 

equilibrium to the translation: 

   
  

     

          
…………………………….( Eq. 15) 
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Effective depth 

 For the bar layers closest to the concrete surface (y-direction) 

       
 

 
              

 For the bar layers farthest from concrete surface (x-direction) 

          
 

 
                 

In this way the internal arm      
  

 
 is obtained, and then we can evaluate the new 

resisting moments for each fire condition: 

   
        

    ………………………( Eq. 16) 

 

In any sections subjected to negative bending, the effective depth and the internal lever arm 

decreases because of the damage in the compressed concrete exposed to the fire. For instance, 

the concrete above 500°C should be neglected. 

  
       

  

  

 

 
 
 
 
 

      
  

  

  

       

 
 
 
 
 

 

  
               

  

  

        
  

  

 

 

Finally, substituting  the moment resistance in to the two cases of the yield line load carrying 

capacity equations, we can obtain the collapse load due fire condition. 
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Figure: 23 Coefficient kc(θ) allowing for decrease of characteristic strength (fck) of 

Concrete (EN-1992-1-2) 

 

Figure:24 Coefficient ks(θ ) allowing for decrease of characteristic strength (fyk) of tension and 

compression reinforcement (Class N) 
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Table:3 Class N values for the parameters of the stress-strain relationship of hot rolled and cold 

worked reinforcing steel at elevated temperatures. 

 

 

Table:4 Values for the main parameters of the stress-strain relationships of normal weight concrete with 

siliceous or calcareous aggregates concrete at elevated temperatures. 

 

For intermediate values of the temperature, linear interpolation should be used. 

The strength and deformation properties of reinforcing steel at elevated temperatures shall 

be obtained from the stress-strain relationships specified in EN-1992-1-2 
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Chapter 6 

STANDARD FIRE CALCULATION FOR THE SLAB 

The strength reduction of steel depends on the temperature, considering the bar cover. Seven fire 

durations are considered (from R30 to R300), and for each of them the corresponding 

temperature is evaluated with reference to Figure 21, with a bar cover equal to 30mm for y-

direction bars and 46mm for x-direction bars. For each temperature the reduction factor ks(θ) of 

the characteristic yield strength comes from Figure 24. Corresponding temperatures and 

reduction factors for each condition are listed in Table below. Also the case at ambient 

temperature is considered (with characteristic strengths) to make a comparison with the fire 

conditions. 

NOTE: Temperature profiles for standard fire resistance of slab sections given in the Annex A of 

EN 1992-1-2 ( Figure 24) implies that these profiles are results of calculation. It is not, however, 

known whether these profiles are calibrated against actual test data. 

Worked Example for fire duration (R90) 

1. Effective depth 

 For the bar layers closest to the concrete surface (y-direction) 

                    

 For the bar layers farthest from concrete surface (x-direction) 

          
 

 
                 

2. Temperatures at the centroid of the reinforcements and corresponding reduction in 

strength from figure 24 and table 

                      y-direction: T=495°C; ks(θ)=0.791 

                      x-direction: T=360°C; ks(θ)=1.0 
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3. Neutral axis position 

For each fire duration the neutral axis depth in all the sections is found, exploiting the 

equilibrium to the translation (Equation 15) 

   
  

    
  

 

          
 

                

            
                                        

   
  

    
  

 

          
 

             

            
                                         

   
  

    
  

 

          
 

             

            
                                            

 

Note that, for the –ve reinforcement,   =12.62mm from the 500°C isotherm which is 28mm 

from bottom. 

4. Internal lever arms 

The internal arm  is obtained using the equation,      
  

 
 

 For +y reinforcement       
  

 
     

    

 
         

 For +x reinforcement        
  

 
     

     

 
          

 For -x reinforcement       
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5. Moment resisting capacity during fire ( Mrd) 

we can evaluate the new resisting moments for each fire condition using Equation 16. 

 

 For +y reinforcement 

                 
        

                                     

 For +x reinforcement  

    
        

                                    

 

 For -x reinforcement  

    
        

                                     

 

6. Ratio between moments 

  
     

 
          

  

  
     

 
          

  

  
     

 
        

  

7. Position of the yield line . 

Using Equation 12 and 13; 

 

       0.5760, where              

                0.633, where                    

 

Thus, only case one should be considered! 

 

8. Load carrying capacity 

Finally, substituting  the moment resistance in to the two cases of the yield line load carrying 

capacity equations, we can obtain the collapse load due fire condition. 

     
   

          
 
     

 
  

        
 

         

  
   

For the other fire duration, the results and plots are given below.       
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Table:5 Positions of 500°C isothermal lines and strength reduction coefficients. 

 

Table:6 Ultimate Load of the slab for different fire duration 
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Figure 25:collapse load of the slab in standard fire condition, both cases. 

From the table results, we can clearly observe that, the value of “β” is beyond the limit value  

(0< β<0.5)  which is not theoriticaly acceptable. Thus, for the given standard fire condition, the 

behaviour of the yield lines follows only case one. Thefore, the resistance of the slab for this fire 

condition as shown in figure 26 below, collapse occours  at a fire duration, 275min, when the 

load resistance is lower than the design value.  

 

Figure 26: Actual collapse load of the slab in standard fire condition, only case 1. 
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Figure 27: Evolution of mechanism 1 for different fire durations (ISO 834) 
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Chapter 7 

REAL FIRE SCENARIO CALCULATION FOR THE SLAB 

7.1     Boundary conditions 

The boundary conditions of the library room considered in this paper are as follows: 

- NO automatic fire suppression 

- NO independent water supplies 

- NO automatic detection and alarm systems, either by heat or smoke 

- NO automatic transmission to fire brigade 

- NO smoke exhaust system 

- The library is provided with safe access routes 

           - The library is provided with fire-fighting devices 

The designed fire load density is obtained from an expression from EN 1991-1-2 which takes 

into account the characteristic fire load depending from occupancy of building, combustion, 

compartment area, type of occupancy and the effect of active fire fighting measures as: 

                      ……………… (Eq.17) 

where: 

 qf,k characteristic fire load density. 

 

 m combustion factor which is in function of type fire load, m=0.8 for cellulosic fire 

 

 q,1 consider the compartment size 

 

 q,2 consider the type of occupancy 

 

 n factors which considers the effect of the active fire fighting measures 
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Fire Load Density. 

Fire load density qfk is the fire load per unit area related to the floor area. Data are available for 

different types of occupancies of compartments (EN 1991-1-2, 2002). In order to obtain these 

data, the mass off all types of combustible present in compartment is measured or estimated. 

This mass is then multiplied by the combustion heat of the materials that constitutes the fire load. 

This quantity is then divided by the floor area of the compartment, according to Eq.(18) 

       
 

  
        ……………………… (Eq. 18) 

qf,k =1824 MJ/m
2 
 was chosen from table below for library room occupancy. 

 

 

 

 

 

 

 

 

q,1 =1.33 for area A=96 m
2
 found by interpolation from the table below  
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1,2 =1  from type of occupancy (office type..library) from the table below 

 

 

 

 

 

 

 

 

Active control 

Active control refers to control of the fire by some actions taken by the person or an automatic 

devices and apply fire protection measures. These systems usually employ an extinguishing that 

is used at a time of fire incidents. common systems include fire hydrants, monitors, hose reel for 

manual application and automatic sprinklers. Automatic fire extinguishing systems are usually 

arranged in combination with detection and control systems. 

 

Table:7 Functions of active fire measure factors. 
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Equation below gives the Multiplicative sum as:   

       
  
   ……………………………………….( Eq. 19) 

Hence from equation ( Eq.19) and the table we obtain that: 

n=1.17 

 

For the normal fire fighting measures, which should almost always be present, such as the safe 

access routes, fire fighting devices, and smoke exhaust systems in staircases, the δni values of 

Table above should be taken as 1,0. However, if these fire fighting measures have not been 

foreseen, the corresponding  δni value should be taken as 1.5. 

 
Automatic Fire Suppression (yes, no) no 1.00 

Independent Water Supplies (0, 1, 2) 0 1.00 

Autom Detect & Alarm by heat (yes, no) no 1.00 

Autom Detect & Alarm by smoke (yes, no) no 1.00 

Aut Alarm Transm to Fire Brigade (yes, no) no 1.00 

On site Fire Brigade (yes, no) no  

    

Off Site Fire Brigade (yes, no) yes 0.78 

Safe Access Routes (yes, no) yes 1.00 

Fire Fighting Devices (yes, no) yes 1.00 

Smoke Exhaust System (yes, no) no 1.5 

 

Table:8 Fire fighting measures 

From equation17, the designed fire load is: 

         
  

  
 

          
  

  
 ……………………….( Eq.20) 

which is design fire load reduced by ratio between floor area and enclosure are (walls, floor and 

ceiling)  
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 Opening factor  

The amount of ventilation in a fire compartment is often described by the ventilation factor or 

opening factor given by: 

            ……………………..( Eq.21) 

                                      
     

   
       

total area of vertical openings Av = 9 m
2
 

average height of the openings hv = 1.5 m 

total area of the enclosure At = 332 m
2
 

 

Evaluation of thermal inertia  

All building designs which have to take account of energy conservation consider then 

effect of thermal inertia of the building materials in order to minimize the transmission of 

heat through building elements. However, calculation takes into account only thermal 

insulation of the building assuming the steady-condition, which doesn‟t always occur in 

practice ( RILM recommended practice, 2005). 

The mass of the building‟s roof, walls and floors influences the rate of heat transmission. 

The larger the mass the longer it takes to heat up the inside part of the structure. Other 

factors such as, the thermal conductivity, the specific heat and density of the building 

elements, also play an important role. For the purpose of comparing various walls and 

roof elements  the thermal inertia is given as (            ). A  higher thermal inertia will 

result in a low heat transmission and vise versa. 
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b factor - thermal inertia     

 area(m2) (kg/m3) c 

(J/kg°C) 

(W/m°C) bi bi·Ai 

walls 131 1012 882 0.3 519 67789 

floor 96 1012 882 0.3 519 49677 

ceiling 96 1012 882 0.3 519 49677 

Total 323    519 167143 

(openings excluded)    W s
1/2

 / m
2
°C 

 

Evaluation of time factor function. 

  

 

  
 

 

    
 

    

 

 

  
 

 

 

 

  
 

     

    
   

    

 

 

  
 

 

     ………………………….( Eq. 22) 

The shortest possible duration of the heating phase tlmi=15 min 

Depends on the fire growth rate (slow, medium, fast) tlim = 25, 20,15 minutes 

tlmi=15 min is the minimum duration of the heating phase because of the fuel controlled kinetics 

of flames 

 Duration of the ventilation-controlled heating phase tmax 

During fire, the rate of temperature rise vary with time. In order to estimate the duration of fire, 

the relationship between the fire load and the opening must be considered. The maximum 

temperature in the heating phase occurs at a time tmax given by equation below. 

                     …………………………( Eq. 23) 

tmax=3.964 h is the time needed to reach the maximum temperature, that is the maximum between 

the ventilation controlled time to burn the fire load (Kawagoe's formula) and the fuel controlled 

minimum time tlim 
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 Fictitious time t* 

 

 

tmax*=13.636 h is the fictitious time to reach the maximum temperature. 

It is obtained via the pertinent time scale factor  or  lim for ventilation and fuel-controlled fires 

respectively. 

The maximum temperature is Tmax=1317
0
C 

 

 

Figure 28: Time temperature curve. Y is the temperature (
0
C) and X is the time (h) 
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7.2 Analysis Results from ABAQUS. 

 

 

 

Result after 30min. 
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Result after 60min. 

 

 

Result after 90min. 
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Result after 120min. 

 

 

Result after 150min. 
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Result after 180min. 

 

 

Result after 240min.  
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Similarly as done for the standard fire, we read the 500°C isothermal lines from the ABAQUS 

and read the corresponding reinforcement temperature for different fire duration, as well as the 

strength reduction coefficients. 

 

Table:9 Positions of 500°C isothermal lines and strength reduction coefficients for real fire 

scenario. 

 

Table:10 Ultimate Load of the slab for different fire duration. 
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Figure 29: Collapse load of the slab in real fire condition, both cases. 

Similarly from the table results, we can clearly observe that, the value of “β” is beyond the limit 

value  (0< β<0.5)  which is not theoriticaly acceptable. Thus, for the given real fire condition, the 

behaviour of the yield lines follows only case one before the collapse. Thefore, the resistance of 

the slab for this fire condition as shown in figure 30 below, collapse occours  at a fire duration, 

180min when the load resistance is lower than the deisgn value.  

 

Figure 30: Collapse load of the slab in real fire condition, only case 1. 
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Figure 31: Evolution of mechanism 1 for different real fire durations. 
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Evolution of mechanism two in real fire condition. 

Even though the slab would collapse for the given strength and material properties at 180min in 

the real fire scenario, it will be interesting to observe how the yield-line mechanisms could 

change after a time of 180min from mechanism one to two if the slab had enough strength  for 

further fire duration. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 32: Evolution of mechanism 2 after R180 in real fire condition. 
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7.3     DESIGN AND DETAIL CONSIDERATIONS 

  Bond 

This is generally not a problem even though bond strengths are severely reduced in a fire. The 

problem is more likely to be worst in pre-stressed concrete construction where bond in the 

anchorage length is needed to transfer the pre-stress force into the concrete. It is not a general 

practice to check bond strength in fire design. 

 Spalling 

Spalling  occurs in one of two forms in fire. The first is explosive spalling which occurs very 

early in a fire and likely lead to loss of cover to the main reinforcement and hence to more rapid 

rise in temperature and resultant strength loss leading to reduced fire performance. The second 

form is known as sloughing, whereby the concrete gradually comes away due to loss of effective 

bond and strength loss. This mode tends to occur toward the end of fire and rarely critical. 

The exact mechanism of explosive spalling is still not understood, but it is affected by  the 

following factors ( Malhotra, 1984; Connolly, 1997; John A. Purkiss, 2007) 

 Moisture content 

A concrete with a high moisture content is more likely to spall since one of the possible 

mechanisms of spalling is due to the buildup of high vapour pressure near the surface causing 

tensile failures in concrete caused by moisture clog. However, it is now recognized that the 

critical isotherm for pore pressure buildup is the 200°C isotherm and not the 100°C( Khalafallah, 

2001). The blanket limit of a moisture content of 3%, below which EN 1992-1-2 indicates 

spalling will not occur. 
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 Concrete porosity and permeability 

A more porous concrete, and therefore one with a high permeability, will allow the dissipation of 

vapour pressure, and thus relieve any buildup within the concrete section. However, it must be 

pointed out  that a porous concrete will give poor performance with respect to durability. It has 

also become clear that it is a combination of moisture content and permeability is critical ( 

Tencheve and Purnell, 2005) 

 Aggregate type 

The evidence available suggests that the aggregate most likely to give spalling is siliceous 

aggregate, with limestone producing less spalling and lightweight concrete the least. This is 

likely to be linked to the basic porosity of the aggregate, in that siliceous aggregate is 

impermeable compared to the others and that moisture transport has to occur thorough the mortar 

matrix.  

 

Fig:32  Spalling (expulsion) of the cover. 
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 Section profile and cover 

There is some evidence to suggest that sharp profiles will produce more spalling than rounded 

edges. High covers are also likely to produce greater amounts of spalling. Thus design codes 

frequently place restrictions when high cover are needed at high fire resistance period in order to 

maintain low temperature at the reinforcements inside (EN 1992-1-2).  

 Heating rate 

The higher the heat flux, the less the chance pore pressures have to dissipate to the relatively cool 

regions of a concrete element. The rate of heating is therefore critical for the spalling 

phenomenon. 
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Chapter 8 

CONCLUSIONS AND RECOMMENDATIONS 

 

The method presented here for the analysis and design of reinforced concrete slabs using the 

strip method proposed by A. Hillerborg gives, as we have seen, lower bound values for the 

collapse loads of slabs. However, in relatively simple cases of slab geometry and loading, the 

yield-line method can be used as a design method since the fracture pattern can be obtained with 

reasonable accuracy. 

 

It should also be noted that a complete elastoplastic analysis is generally quite complicated. The 

complexities arise mainly from the necessity of carrying out an analysis in an iterative and 

incremental manner. The development of efficient alternative methods can be used to obtain the 

collapse load of a structural problem in a simple and more direct manner without recourse to an 

iterative and incremental analysis is, therefore, of great value to practicing engineers, despite the 

fact that the information so obtained is just a part of the total solution.  

 

Thus, Limit-analysis is concerned with  the development and applications of such methods that 

can furnish the estimation of collapse load of a structure in a direct manner. The estimation of the 

collapse load is of great value, not only as a simple check for a more refined analysis, but also as 

a basis for engineering design. 
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It should be emphasized here that the collapse load as calculated in limit analysis is different 

from the actual plastic collapse load, as it occurs in a real structure or body. Herein, we 

calculated the collapse load of an ideal structure, at which the deformation of the structure can 

increase without limit while the load is held constant. This, of course, rarely happens in a real 

structure, and hence, the limit analysis calculations apply strictly, not to real structures, but to 

idealized one. Nevertheless, a load computed on the basis of this definition or idealization may 

give a good approximation to the actual plastic collapse load of a real structure. 

 

Also, in practice the actual collapse load of a slab may be above the calculated value because of 

secondary effects such as the kinking of the reinforcing steel in the vicinity of the fracture line 

and the effect of horizontal edge restraints which induce high compressive forces in the plane of 

the slab with a consequent increase in load capacity. 
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Glossary 

 

Active fire control: control of the fire by some actions taken by the person or an automatic devices 

and apply fire protection measures 

Compartment fire: a fire which remain confined in the compartment. 

Design fire: a specified fire development for deign purposes. 

Design fire fuel density: the fire load density considered for determining thermal actions in fire         

design. 

Design fire scenario: a specific fire scenario on which analysis will be conducted. 

Enclosure: used as synonym of fire compartment 

Euro code: within an action programme, the commission of European community, took the 

initiative to establish a set of harmonized technical rules for the design of construction works. 

These harmonized technical rules are gathered in a set of documents called the Euro Code 

The Structural Eurocode document comprises the following standards generally consisting of a 

number of Parts: 

 EN 1990 Eurocode :   Basis of Structural Design 

 EN 1991 Eurocode 1: Actions on structures 

 EN 1992 Eurocode 2: Design of concrete structures 

 EN 1993 Eurocode 3: Design of steel structures 

 EN 1994 Eurocode 4: Design of composite steel and concrete structures 

 EN 1995 Eurocode 5: Design of timber structures 

 EN 1996 Euro code 6: Design of masonry structures 

 EN 1997 Euro code 7: Geotechnical design 

 EN 1998 Euro code 8: Design of structures for earthquake resistance 

 EN 1999 Euro code 9: Design of aluminium structures 
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Fire load: the sum of thermal energies which are released by the combustion of all combustible 

materials in the building ( building contents and construction materials). 

Fire load density: the fire load per unit area related to the floor area. 

Fire resistance: the ability of a structure, a part of a structure or a member to fulfill its required 

functions, for specified load level, for specified fire exposure and for specified period of time. 

Flashover: simultaneous ignition of all the fire loads in the compartment. 

Fully developed fire: the state of full involvement of all combustible surfaces in a fire within a 

specified space. 

Ignition of the fire: the first step of any compartment fire: without ignition no fire. 

Localized fire: a fire involving only a limited area of the fire load in the compartment. 

Member: a basic part of a structure ( such as beams, column etc.) 

Opening factor: factor representing the amount of ventilation depending on the area of the 

openings in the compartment walls, on the height of these openings and on the total area of 

enclosures surfaces. 

Pre-flashover fire phase: fire phase before simultaneous ignition of all fire loads in a 

compartment. 

Post-flashover fire phase: fire phase after simultaneous ignition of all fire loads in a 

compartment. 

Rate of heat release: heat(energy) released by all combustible materials in the compartment as 

function of time. 

Standard fire resistance: the ability of a structure or part of it to fulfill the required functions 

(load-bearing function and or Integrity function), for the exposure of heating for specified load 

combination and for specified period of time. 
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Temperature-time curves: temperature in the environments of member surfaces as a function of 

time. They may be: 

 Conventional curves adopted for classification or verification of fire resistance, 

e.g. the standard temperature-time curve, external fire curves, hydrocarbon fire 

curves. 

 Parametric: determined on the basis of fire models and the specific physical 

parameters defining the conditions in the compartment. 

Ventilation factor: factor representing the amount of ventilation depending on the area of the 

openings in the compartment walls and on the height of these openings. 
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