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Sommario

Il presente lavoro di tesie incentrato sullo studio dei detriti spaziali. L'attivia umana nello spazio in
prossimit del nostro pianeta ha fatto si che nel corso del Empo una notevole quantia di materiale
si sia accumulata in orbita. Satelliti non pu operativi, r esti di stadi superiori di lanciatori, residui di
esplosioni e frammenti generati dal deterioramento dei madriali costituiscono la maggior parte degli
oggetti in orbita e vengono appunto indicati con il termine di detriti spaziali. Data la loro elevata
velocia orbitale, questi detriti costituiscono una mina ccia per i satelliti operativi. Un impatto
con oggetti di questo tipo potrebbe infatti compromettere l'esito della missione, comportando, in
condizioni particolari, persino la distruzione del satellte. Negli ultimi decenni questo problema ha
destato notevole interesse e sie cercato di limitare le caseguenze di questo fenomeno.

Da un lato sono state introdotte misure atte a limitare I'accumulo di materiale in orbite sensibili,
come l'orbita terrestre bassa e la geostazionaria, dall'aélo viene e ettuata una continua sorveglianza
di tutti gli oggetti osservabili, per tentare di prevedere eventuali impatti con i satelliti operativi e
progettare quindi manovre per evitarli.

Lo scopo di questa tesie di analizzare le possibilia di inpatto fra oggetti in orbita. In par-
ticolare, sie utilizzato come criterio per l'identi cazi one di orbite a rischio il MOID, ovvero la
minima distanza fra orbite. Questa quantib e stata calco lata tramite un algoritmo di ottimiz-
zazione globale, COSY-GO. La particolaria di questo codce e quella di sfruttare i Modelli di
Taylor, consentendo quindi di calcolare in modo preciso litervallo all'interno del quale e com-
presa la minima distanza. Inoltre, avendo a disposizione um formulazione analitica dell'orbita, e
possibile ottenere informazioni ulteriori sul MOID, come la sua sensibilia rispetto a variazioni dei
parametri iniziali. L'aspetto innovativo del presente lavoroe legato ai modelli dinamici utilizzati
per la propagazione delle orbite che non vengono considemtcome Kepleriane. Sono state scelte
infatti opportune teorie analitiche che consentono di desidvere I'evoluzione orbitale degli oggetti
sotto I'e etto delle perturbazioni, come ad esempio l'asfeicit del campo gravitazionale terrestre e
la resistenza atmosferica.

Il presente testo e organizzato nel seguente modo: nel prim capitolo vengono inquadrati gli
aspetti principali del problema dei detriti spaziali, caratterizzando la popolazione degli oggetti
in orbita. Nel secondo capitolo viene invece motivata la sd&a dei modelli analitici che saranno
in seguito utilizzati per il calcolo del MOID. Nel terzo capitolo sono descritte le caratteristiche
fondamentali dell'algebra dierenziale e dei modelli di Taylor, mentre nel quarto capitolo sono
descritte le procedure adottate per il calcolo del MOID ed i isultati ottenuti. Nel quinto capitolo
viene descritta un'ulteriore applicazione dell'algebra d erenziale nell'ambito del problema dei detriti
spaziali, ovvero come sia possibile descrivere I'evoluzie di una \nuvola" di detriti con notevoli
vantaggi sui tempi di simulazione. Il lavoro si conclude cokesto capitolo nel quale vengono riportate
conclusioni e possibili sviluppi futuri.

Parole chiave: Detriti spaziali Modelli di Taylor MOID Ottimizzazione globale Modelli
analitici  Perturbazioni orbitali






Abstract

The present work is focused on the study of space debris. Humaactivity in near-Earth space
has lead to the accumulation of a signi cant amount of material in orbit. Satellites no longer
operational, upper stages of launch vehicles, residues okm@osions, and fragments generated by
materials deterioration are most of the orbiting object nowadays. All of these are referred to as
space debris. Because of their large orbital velocity, thes debris represent a threat to operational
satellites. An impact with such objects could compromise tle payloads mission, resulting, in certain
circumstances, in the breakup of the satellite. In recent deades, this problem has raised considerable
interest and it was tried to limit this phenomenon.

On the one hand, the e orts were directed toward the reductionof the number of debris released
in orbits such as low Earth orbit and geostationary orbit thr ough the adoption of mitigation stan-
dards. On the other hand a continuous surveillance of all obarvable objects is performed in order
to predict the occurrence of an impact between operative salites and debris. This operation is
necessary in order to design avoidance manoeuvres and, hengrevent a collision.

The aim of this thesis is to assess the probability of impactsbetween orbiting objects. In
particular, the computation of the MOID, i.e. the minimum di stance between two orbits, is the
criteria that is adopted to identify hazardous conjunctions. This distance is computed by means of
validated global optimization algorithm COSY-GO. The peculiarity of this code is that it is based
on Taylor models and thus it can compute sharp rigorous enclsures of the minimum distance.
Furthermore, being based on the computation of high order Tglor expansions of the parameters
of interest, additional information concerning the MOID, such as its sensibility with respect to
initial conditions, are obtained. The innovative aspect of this work is that the MOID is computed
for perturbed orbits instead of Keplerian orbits. Analytic al theories that can describe the orbit
evolution under the e ect of perturbations such as non-spheical gravitational eld and atmospheric
drag were considered.

This thesis is organized as follows: in the rst chapter the main aspects of the space debris
problem are outlined and the population of orbiting object is characterized. In the second chapter
the selection of the analytical models that are subsequenglused to compute the MOID is motivated.
In the third chapter the main characteristics of di erential algebra and Taylor models are described,
whereas the procedure for MOID computation and the main resits are reported in the fourth
chapter. In the fth chapter, the application of di erential algebra to the modelling of a space
debris cloud is described. The work ends with the sixth chapér, in which the conclusions are stated
together with possible future developments.

Keywords: Space debris Taylor Models MOID Global optimization Analytical models
Orbital perturbations






Chapter 1

Introduction

Since the launch of the Sputnik in 1957, more than 6,000 spaceaft were launched into space. Some
of them have re-entered in the atmosphere, but the large majaty is still orbiting around the Earth
although no more functional. In addition, the upper stages d the launchers as well as fairings can be
also found in orbit. All these objects can indeed collide andonsequently divide into an huge humber
of smaller fragments. Other fragments can be released due tmaterial degradation, e.g. surface
paintings and thermal insulation layers that are subjectedto solar radiation and micro-meteoroids
impacts.

All the orbiting objects that are no more functional are called space debris It is clear that these
objects are a threat to the operative satellites and the Integnational Space Station, and are also
hazardous for future space missions.

Anyway, the awareness of the risk of uncontrolled accumuldbn of man-made objects in orbit
around the Earth became signi cant only in the late 70's. In 1978 Donald J. Kessler tackled for the
rst time the problem of the collision between orbiting objects [1]. He observed that, since many
arti cial satellites are in orbits that cross one another, there is a nite probability of collision between
them. Using a statistical method developed to simulate the fagmentation within the asteroid belt,
he discovered that there were the conditions necessary fohe formation of a debris belt around the
Earth. The occurrence of a satellite collision can indeed prduce a number of fragments and some
of them could be large enough to fragment another satellitecreating even more debris. The term
\Kessler Syndrome" was introduced to describe this phenomeon. The cloud resulting from chain
fragmentation of satellites could have dramatic e ects for pace exploration, even making space
ight hazardous. In addition, further collision can eventu ally produce enough dust to create a new
kind of light pollution, since solar radiation would be di us ed by these particles.

The small volume occupied by arti cial satellites around the Earth implies that the time-scale
for the formation of the debris belt is of the order of centuries, whereas the time necessary for the
cloud to disappear would be much longer. The reason is that th only natural mechanism that could
remove space debris from orbit is the drag produced by the atrsphere. Because of this, only the
debris at low altitude will slowly de-orbit, falling back on Earth's surface or disintegrating during
re-entry.

From that year on, National Governments and Space Organisabns began to keep track of all
orbiting objects, including space debris and rocket bodieswhile previously mainly satellites were
catalogued. Facilities such as the radar and optical telesapes have been built in order to improve
the accuracy of the observations and to track space debris aan to small. At present, ground based
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6 Chapter 1. Introduction

telescopes can detect debris down to 10 cm in geostationaryrtait and down to a few cm in low
Earth orbit.

NASA obtains information on space debris mainly from the Haystack radar in Massachusetts.
Optical observation are carried out with Meter-Class Autonomous Telescope (MCAT) and Michigan
Orbital DEbris Survey Telescope (MODEST). The U.S. Space Swveillance Network also collects
information concerning debris and other orbiting objects through radar and optical observatories
located in various part of the world. European Space AgencylESA) operates EISCAT (European
Incoherent Scatter Radar) radars, located in Troms (Norway) and Svalbard islands, primarily
designed for ionospheric measurement, but also able to trscdebris down to 2 cm in low orbit.
Furthermore it collaborates with Germany's TIRA (Tracking and Imaging RAdar) system. A
Zeiss telescope equipped with CCD camera is also used to tlaobjects in geostationary ring. All
information obtained through observation are then collecied into catalogues, such as ESA's DISCOS
(Database and Information System Characterising Objectsim Space) and the U.S. Space Catalogue,
that is mantained by the United States Department of Defense The orbital information of the space
debris are constantly maintained up-to-date. In this way awidance manoeuvres can be designed if
the impact probability between an operative satellite and adebris is high. The amount of catalogued
on-orbit objects nowadays has passed by far 16,000.

In the beginning of the 90's the Inter-Agency Space Debris Cordination Committee ([ADC)
was created to exchange information concerning space debrand identify debris mitigation options.
[ADClcurrently comprises 11 countries (ltaly, France, China, Germany, India, Japan,USA, Ukraine,
Russia, United Kingdom, and Canada) and ESA.

The rst space agency that issued a comprehensive set of guidines for space debris mitigation
was NASA in 1995. Two years later the Orbital Debris Mitigati on Standard Practice was developed
by the U.S. government |2].[ESA, Russia, Japan and other orgaization created their set of guidelines
in the following years.

In 2002 the[IADC]adopted a consensus set of guidelines desigah to mitigate the growth of the
orbital debris. Finally, in 2007 another set of guidelines,based on the one of TADC, was developed
by the Scienti c and Technical Subcommittee of the United Nations' Committee on the Peaceful
Uses of Outer Space (COPUOS) and endorsed by the United Natioin January 2008 [3].

Notwithstanding all these e orts, on 10 February 2009 at 16:% GMT the rst major collision
between the American operative IRIDIUM 33 satellite and a Russian KOSMOS 2251 occurred.

It is indeed clear that reliable methods able to predict the possibility of impact should be
developed. At present, the collisions of satellites with sraller debris are described statistically, using
models such ag§ ESA's MASTER (Meteoroid and Space Debris Teastrial Environment Reference)
and NASA's ORDEM2000 (ORbital Debris Engineering Model). Spacecraft structure and coating
must be designed and sized according to the debris ux obtaiad with these models and materials
that reduce the amount of released debris should be employed

Anyway the events that release large amount of debris are thelestructive collisions between
large objects (e.g. 0.5 m diameter). Since the number of theslarge objects is relatively high and
will continue to grow in the next years, a numerical integration of the equation of motion for all the
di erent pairs of objects in space is both impractical and time consuming.

In the following sections the main characteristics of the spce debris environment are described
with the aim of motivating the hypothesis and selected solutons adopted throughout this work.
In particular, the orbits with the higher number of satellit es will be identi ed as well as the main
sources of orbital debris.
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1.1 Evolution of man-made objects population around the Ear th

According to the NASA technical memorandum \History of on-orbit satellite fragmentation" [4]]
the objects in Earth's orbit can be divided into the followin g categories:

" Payloads/Spacecraft in which all operative satellites and vehicles are grouped
Rocket-bodies that comprises launcher fairings, empty tanks, and upper tages;
Mission-related debris that includes all the intentionally released objects;
Fragmentation debris that gathers all the debris originated from destructive breakups;

Anomalous debris that incorporates everything that can not be included in one of the other
categories.

The last general category was created because it was obsedvéhat satellite fragmentation could
occur not only via collision, but also with release of debriSrom material degradation.

In Figure [Tl the temporary evolution of the total number of objects in orbit around the Earth
is reported, together with the number of objects for each caggory.

Monthly Number of Objects in Earth Orbit by Object Type
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Figure 1.1: Monthly variation of in-orbit space debris as of January 2011 (this image
is taken from [5])

Whereas the number of spacecraft and rocket bodies contingeto grow steadily with a nearly
constant slope, the amount of breakup debris and mission rated debris is strictly related to the
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occurrence of orbital collision. The reason is that a singleevent of that kind can originate an
enormous amount of fragments. A destructive event can hencée easily identi ed in Figure L1l
As an example, the deliberate destruction of the satellite Engyun-1C on 2007 January 11 with an
anti-satellite missile test performed by the Popular Repubic of China has created approximately
3,000 debris[[6]. The collision between the IRIDIUM 33 and KCGBMOS 2251 that occurred February
2009 and at the time is the second break-up by number of debrigeleased (more than 1,700). The
Fengyun-1C breakup took place at an altitude of 850 km while he accidental collision of the two
satellites happened at 790 km. As a result, nearly all the detis originated from these two events
are still in orbit because at that height the e ect of atmospheric drag is negligible. This statement
can be also supported observing Figi_1l1, where the total nuber of debris remains nearly constant
after the two breakups'.

The percentage distribution of catalogued objects among thse categories is represented in Figure
[1.2, using the data from [4].

Breakup debris (48%)

Anomalous debris (1%)

Mission related debris (12%)

Payloads (25%)

Rocket bodies (13%)
Figure 1.2: Catalogued objects in orbit around the Earth, April 2007

Approximately three quarter of the orbiting objects are debris while the remaining quarter are
payloads. It should be emphasised that these data refer onlyo catalogued objects and hence the
real number of debris is even higher. The reason is that with @ailable radar and optical technologies
only debris larger than 1 cm can be e ectively tracked and it is estimated that there are millions of
millimetre-size debris.

Another important aspect that must be taken into account when the orbiting object population

is analysed is the belongings of the debris. In TablgZIl1 theumber of payloads and debris is listed
for the main nations and international agencies.
Russia and Unites States are owner of 2548 out of 3380 openrati payloads in orbit around the Earth
and, as a consequence, their amount of space debris and rotkmdies is also high. An high number
of debris, if compared to the amount of satellite, is associtad to Popular Republic of China, as a
consequence of the Fengyun-1C deliberate breakup.

1The decrease in space debris population after IRIDIUM-KOSM OS collision is related to the decay of the debris
originated from KOSMOS 24121 breakup of February 2008, that occurred at 410 km of altitude
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Table 1.1: Satellite score box, January 2011[5]

Country/Org. USA Russia China ESA[ France India Japan Other

Payloads 1142 1406 100 39 49 41 114 489
Rocket bodies & debris 3691 4646 3388 44 431 132 75 112
Total 4833 6052 3488 83 480 173 189 601

1.2 Satellite population

In this section the main characteristics of Earth's arti ci al satellite population are analysed. In
particular, the regions with the higher density of operative satellite are highlighted.

Using the data from the \UCS Satellite Catalogue" [7], the saellites can be divided into groups
according to their principal function. The percentage comsition of these groups is summarised in
Figure [I.3.

Earth's observation (10.230%)

Astrophysics/space physics (4.280%)
Navigation (8.351%)
Communications (59.186%)

Other (5.428%)

Military surveillance (5.115%)

Meteorology/Earth's science (7.411%)

Figure 1.3: Satellite divided by main function, January 2011 [7]

The majority of the satellites (59.186 %) is used for commurgation (e.g. television broadcasting)
and another important portion is dedicated to Earth's Observation and Meteorology (10.230% and
7.411% respectively). Navigation (e.g. Global Positionig System [GPS)) is accounted for 8.351%
but the number of satellites in this category will probably grow if ESA's Galileo constellation will
be launched. Instead, the satellites designed for astroptsjcs and space physics observation are only
41.

The satellites can be also grouped according to their orbit Hitude. The criteria that are
necessary to de ne each group are listed in TableT]2.

In agreement with these de nitions, in Figure .4 the compogtion of the current satellite pop-
ulation is represented.

Nearly 50% of the satellite listed in [7] are in[LEQ. The reasa is that this kind of orbit is the
most suitable for Meteorology, Earth's observation, and Miitary surveillance and is also used by
some Communication satellites. It is important to notice that 185 satellites are in Sun-synchronous
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Table 1.2: Orbit classi cation

Height h Semi-major axis a
Name
[km] [km]
Low Earth Orbit (LEQ) h 800 a 7,178
Mean Earth Orbit (MEQ)I 800 h 30,000 7178 a 36,378
Geostationary Earth Orbit (GEQ) h 35,786 a 42164
Super-synchronous h 37000 a 43378

GEO (40.605%)

Other (2.401%)
Molniya (1.253%)

MEO (6.576%)

LEO (49.165%)

Figure 1.4. Satellite divided by orbit type, January 2011 [7]

[LEQ] orbits. The orbital plane of these orbits rotates with an angular rate of 360 deg/year and
hence the time in light and shadow are constant throughout the year. For this reason most of the
satellites designed for Earth's observation use this kind borbit. Navigation satellites, instead, are
maintained on the same orbital plane through station keepirg manoeuvres. With respect to the
Sun-synchronous satellite the probability of an impact betveen two navigation satellite are therefore
lower.

Satellites in orbit are communication satellites. Sin@ the period of alGEQ orbit is 24
hours, if the orbital plane is coincident with the equatorial plane, an observer on the Earth's surface
will see it as if it occupies a steady position. Hence, a satite in GEQ]Jwill be found at the same
longitude, a condition really attractive for information b roadcasting since, with only one satellite,
a wide area can be covered for the whole day. Because of thidl] the satellites in [GEQ] orbit are
found at inclinations lower than 10 deg with respect to the eaatorial plane. This fact, combined
with the long period of the orbit, results in low relative velocities between objects in this orbit. As
a result, the e ects of a destructive collision are mitigated in this region.

Some Navigation satellites are inLMEQ and a few Russian commication satellites can be
found in Molniya orbit, an highly eccentric MEQlorbit with a p eriod of 12 hours. Anyway, the total
percentage of these two groups is below 10%.

In Figure a polar view of the Earth surrounded by the bigge orbiting objects is represented.



1.3. Space debris population 11

The[GEQlorbit can be easily identi ed with the external circl e whereas thé LEQ cloud covers almost
completely the globe.

Figure 1.5: Polar view of Earth's orbiting objects

The high number of satellites in both[LEQ and [GEQ orbits results in higher risks of collision.
Furthermore, as outlined ahead, these orbits are importantfor commercial purposes. For this reason
it is necessary to limit the occurrence of destructive collsions, e.g. through avoidance manoeuvre,
in order to limit the number of debris.

1.3 Space debris population

In this section the main characteristics of the space debrigrbiting the Earth are described, focusing
on the orbits with the largest number of debris. In addition, the sources and dimensions of the known
space debris are given.

The number of orbiting debris is strictly connected to the destructive events that occurred in
orbit, as already stated in Section[L.1. In Figure[1.6 the knan satellite breakups are divided by
fragmentation causes.

The data in Figure [L.8 are referred to April 2007. At present,the percentage of debris associated
to accidental collision is higher because of the KOSMOS-IRDIUM breakup of February 2009, that
released more than 1,700 debris. A large amount of fragmenti@n is associated to malfunction of
the propulsion system and to deliberate destruction. Another relevant part is still unknown.

In Figure [ 7] the percentage of the total number of debris assciated to each cause of fragmen-
tation that remains in orbit is represented. Even in this case the data are referred to April 2007.
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Propulsion (45.4%)

Accidental collision (1.5%)
Battery (4.1%)

Deliberate (28.9%)

Unknown (20.1%)

Figure 1.6: Causes of known satellite breakups, April 2007]4]

Deliberate (42.8%)

Accidental collision (0.2%)

Battery (7.7%)

Propulsion (37.1%)
Unknown (12.2%)

Figure 1.7: Proportion of catalogued satellite breakup debris remaining in orbit, April
2007 [4]

The explosion of Fengyun-1C has changed the pattern, sincerpviously 64.4% of the in-orbit debris
came from propulsion failures. The reason is that all the otler deliberate breakups were executed
at low altitudes, where the atmospheric drag could de-orbitmost of the generated fragments in a
few months. The percentage of the debris from accidental clidion that is nowadays in orbit has
also grown after the collision of IRDIUM 33 and KOSMOS 2251.

The space debris can be also divided by source. The percengg@ssociated to each of these
sources is depicted in Figuré_1]8.

Besides the fragments originated from payloads breakups,rether important share is associated
to rocket bodies. Launcher fairings and empty tanks are relased after orbit injection or during
stage separation. Before the release of debris mitigationuidelines there were no constraints on
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Payloads (55.5%)

Mission related debris (3.9%)

Rocket bodies (40.6%)

Figure 1.8: Sources of satellite breakup debris in orbit by object type,April 2007 [4]

these actions; thus these large debris could remain in unctmolled orbits. Consequently, both the
probability of an impact and new debris release are high.

The size distribution of the major breakup clouds is plotted in Figure L.9. The debris size can
be larger than 1 metre; anyway, the number of these bigger deis is limited.

Another important parameter is the debris area-to-mass rato. An example of area to mass ratio
versus debris size is graphed in FigureZ1.10. The majority ahe debris has small size and mass and
hence could not cause directly a destructive breakup. Somefdhe larger debris have instead low
area-to-mass ratios and hence a collision can release a largmount of debris.

The spatial distribution of the debris must be analysed in oder to asses the risks of impact with
operative satellites. In Figure[I.11 and1.IP the distributon of the catalogued debris as of June 2003
is reported in histogram form. The debris in[LEQ are mainly cancentrated in the region between
300 to 800 km. Another crowded region can be found just abovehe [LEQ maximum altitude,
between 1,400 to 1,700 km[CMEO region is much less populatedpart the semi-synchronous ring.
orbit sees instead a larger number of objects. A more rece detail of the LEQ]distribution
is plotted in Figure L.I13. The number of debris has drasticdly increased after the Fengyun-1C
explosion.

In Figure .14 the distribution of catalogued objects versis eccentricity is reported. Most of the
satellites in orbit at the time have really low eccentricity, except a few satellites with the eccentricity
typical of a Molniya orbit.

The distribution of the satellites with respect to orbital p lane inclination is graphed in Figure
[LI5. The majority have high inclination since are in Sun-syichronous orbits or in constellation
designed for navigation. The low inclination can be mainly asociated to[GEQ satellites. It should
be noted that, under the e ect of Moon and Sun gravitational forces, the inclination can grow up
to 15 deg. For this reason, many debris that have inclinationbetween 0 deg and 15 deg in Figure
[I.13 are found in the geostationary ring.
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Size Distributions of Recent Major Breakup Fragments
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Figure 1.9: Cumulative size distributions of the four major breakup fragment clouds
since 2007 (this image is taken from[]8])
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Figure 1.11: Distribution of LEO catalogued objects with the semi-major axis of their
orbit, June 2003 (this image is taken from [9])
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Figure 1.12: Distribution of LEO catalogued objects with the semi-major axis of their
orbit, June 2003 (this image is taken from [[9])
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Figure 1.13: Distribution of catalogued objects with the semi-major axis of their orbit,
March 2007 (this image is taken from [[10])
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Figure 1.15: Distribution of catalogued objects with the inclination of their orbit,
June 2003 (this image is taken from[[9])

According to the general framework provided in Section§ TJand[L.3, it is clear how important is
avoiding the collisions between orbiting objects. In particular, combining the data regarding space
debris and satellite population the regions where the risk bimpact is higher can be identi ed. These
region are clearly the geostationary ring and LEQ, since bdt the number of active satellite and space
debris are high. In addition, both regions are commerciallyattractive, since these orbits are suitable
for communication, navigation, and surveillance satellies and the related services are already used
by millions of people. For this reason, a reduction of sateites in these orbits seems unfeasible
and hence collision avoidance manoeuvres are necessary. Aollision avoidance manoeuvre is a
manoeuvre performed by an active satellite with the aim of dereasing the probability of a collision.
Since the use of thrusters is usually required to perform anwidance manoeuvre, it can not be
performed by a retired satellite or a debris. Furthermore, this strategy will reduce available fuel
and satellite lifetime and so is usually applied only when tte risk of collision is high.

In order to predict the occurrence of a collision, aconjunction analysis must be made. This
means that the positions of the catalogued objects are obtaied over a certain time span and are
compared with the aim of identifying all close approaches. Tie uncertainties on the initial position
of the debris and objects are also taken into account when coputing the probability of a collision.

The high number of objects (more than 16,000) that must be cosidered during a conjunction
analysis makes this task really time consuming. Using ad-hoalgorithm all the possible combinations
of orbiting objects are screened, usually propagating the mital elements provided by Space-Track
database [11] on a time span of a week or two. Since a numericplopagation of all the object
positions would require a really long time, simplied analytical models are used. An accurate
analysis is then performed on the pairs of orbits that interect in the considered time span. If the
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probability of impact exceeds a certain threshold, an avoidnce manoeuvre is designed.

The aim of this work is to develop a tool that can identify dangerous situations in a more e cient
way. In this framework, the computation of the Minimal Orbit al Intersection Distance (MQID) can
be an attractive solution. The [MOID]provides information on the relative distance between two
orbits, since it represents the minimum distance between tw orbits. In addition, the points on the
two orbits among which the [MOIDlis found can be identi ed. In case the two orbits have & MOID
above an appropriate safety distance, no numerical integréon is necessary, since the two objects
will not collide in the considered time interval.

At present, the methods developed fol_MOID computation are gplied almost exclusively to
Keplerian orbits [12,[13,[14]. The Keplerian orbit, anyway, is not suitable to describe the motion of
an arti cial satellite of the Earth. The e ect of the perturba tions, in particular atmospheric drag
and Earth's asphericity in LEQ] and Moon and Sun gravitational attraction for a GEQlsatellite, can
change signi cantly the shape and orientation of the orbits. It is indeed necessary to describe the
orbital evolution when computing the MOIDlof a real object. |n this work, the procedure that are
necessary to perform this operation are developed. At rst,the [MOIDwill be computed considering
a mixed case, i.e. a perturbed and a Keplerian orbit. The cortsaint of having a Keplerian orbit will
then be removed and two general orbits will be considered. Té developed methods should hence
distinguish the orbits that intersect each other and possilly provide information on the relative
evolution of the two orbits.

The computed throughout this work are obtained by means of the minimisation of an
objective function, that is the square distance between paits of the two orbits. Despite in literature
many analytical, geometrical and numerical methods can bedund, this approach was preferred since
the use of the global optimizer COSY-GO allows further manipulation of the obtained solutions. In
particular, it will be shown how the obtained MOID kan be expanded through the use of Di erential
Algebra (DA) and hence study its variation with the uncertai nties on the orbital parameters. The
[DAltechniques will be also applied to the study of the evoluton of a cloud of debris through time.

The present work is hence organised as follows: in Chaptél 2 selection of appropriate models
for the computation of satellites and debris position is desribed. In Chapter [3 the main features of
the algorithm COSY-GO, as well as the characteristics of Di erential Algebra and Taylor's Models
on which this algorithm is based, are outlined. The implemered procedure forfMOIDI computation
together with some interesting test cases are reported in Clpter 4. Chapter [ comprises further
application of the models for position calculation that are made possible by the use of di erential
algebra. Such application comprises the handling of debri®rbital parameters uncertainties and
[MOID]lexpansion. In Chapter B the results achieved are summedip and some hints for future
developments are outlined.
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Analytical Models

In this chapter the selection of a model able to predict the tenporary evolution of the position of
an orbiting object is described.

At rst, a brief description of the arti cial satellite moti on is given, focusing on the perturbative
forces that can modify satellite or debris trajectory. For each class of orbits the main sources of
perturbation are outlined.

Then, the requirements concerning model implementation ag stated and the selection of analyt-
ical models is motivated. A description of the models availéle in literature is provided, highlighting
their validity and accuracy.

At last, three analytical models are selected and, for each re, the procedure to compute the
object position is given. Every implemented model has beenalidated through comparison with
numerical integration or using ad-hoc test cases. The mostalevant results are reported as well as
consideration on model accuracy and validity.

2.1 Arti cial satellite motion

The motion of a space debris or an arti cial satellite around the Earth has been a problem of wide
interest since the launch of Sputnik | in 1957. The general dation of the gravitational two-body
problem provides an easy way to compute the position of the tw bodies with respect to their
common centre of mass. When one of the two bodies mass is ordenf magnitude larger than the
other and the force exchanged by the two bodies depends on thiaverse square of their distance, the
two bodies problem is called \Kepler's problem”. The most massive body is calledprimary body,
while the smaller is the secondary body The equation of motion takes the form

d?r . GM m .
dt? r3 ’

whereG is the universal gravitational constant, M and m are the mass of the primary and secondary
body respectively, andr is the distance between them. In the case of an arti cial satdite of the
Earth (whose astronomical symbol is ), our planet is the primary body while the satellite can be
de ned as secondary body.

Since the Earth's mass is times bigger than satellite mass #h equation can be approximated as

GM
3 r = r; (2.2)

(2.1)

19
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where GM is Earth's gravitational parameter, and the common centre d mass lies in the
centre of mass of the primary body. For this reason, the vecto r describes the position of the
secondary body in a reference frame with the origin in the cene of mass of the Earth.

It can be shown that both mechanical energy and angular mometam are constant. Since angular
momentum remains constant in magnitude and direction it can be inferred that the trajectory
belongs to a plane called orbital plane. Using this propertyof the motion, it can be shown that the
possible trajectories are represented by the equations of eonic that has the form

al €

T 2.3
1 ecos '’ (2:3)

wherer is the orbit radius corresponding to the true anomaly , a is semi-major axis, ande is conic
eccentricity. The Earth's centre of mass lies in one of the fous of this conic. The semi-major axis
is a constant related to speci ¢ orbital energy' E through

a >E"

The eccentricity e is a constant that determines the shape of the conic and can ridbe negative.
When 0 e 1 the orbitis an ellipse, whene 1 a parabola, and whene 1 an hyperbola. The
true anomaly is the angle measured from the pericentre of the conic, thats the minimum value
of orbit radius. A perifocal reference P,Q,W ) frame can be de ned. This reference frame is Earth
centred, orbit based, and inertial. The P axis is in periapsis direction,W has the same direction of
angular momentum vector and the Q axis belongs to the orbital plane and is mutually orthogonal
to the other two vectors (Fig. E2.1)).

Figure 2.1: Perifocal reference frame

All information regarding the shape of the conic are speci @ with the parameters e and a,
and the position along the trajectory by . Three other parameters are necessary to identify the
orbital plane and the position of the pericentre with respec¢ to Earth Centered Intertial reference
frame (ECI). This reference frame is centred in Earth's cente of mass and is de ned by three unit
vector (1,J,K), wherel is in vernal equinox ( ) direction, the K axis is Earth's rotation axis and J
is in the equatorial plane and mutually perpendicular to the two others. The three parameters can
be de ned as the three angles that are necessary to perform atation from (1,J,K) to (P,Q,W).
The rotation sequence is given by the three angles

1Speci ¢ orbital energy is the sum of kinetic energy and poten tial energy divided by the reduced mass, that in the
case of the arti cial satellite can be approximated by satel lite mass
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around axis K
~ | around axis |
~ 1 around axis K W

where the two intermediate frames are identi ed by primed and double-primed vectors. The rst

angle is called longitude of the ascending nod®r Right Ascension of the Ascending Node[(RAAN)
as it orients the ascending node, i.e. where the orbits cross the equatorial plane upward. The
second angld is the orbit inclination which is the vertical tilt of the conic with respect to equatorial

plane, while the third, !, is the argument of the periapsisand is the angle on the orbital plane
between the ascending node and the conic periapsis (Fig.—3.2

Figure 2.2: Earth Centered Intertial reference frame (ECI) reference fame

The six quantities a, e, I, , !, are known asKeplerian elementsand can be used to obtain
the position of the satellite in the inertial reference frame and the[MOIDI Notwithstanding this,
Kepler's problem is an ideal case. In the reality there are dier forces that act on the satellite. These
forces are calledperturbations or disturbance forcessince they are orders of magnitude lower than
gravitational attraction. Despite their small magnitude, they can in uence the motion of arti cial
satellites or space debris: as a consequence the Keplerialerents are no more constants, but will
vary with time. The variation of the Keplerian elements are divided in

" secular, when vary linearly with time
" long period, when exhibit an oscillatory behaviour with a period larger than the orbital one
" short period, when variations have periods smaller than orbital period

Hereinafter the sources of perturbation are characterizedin order to understand which ones
must be retained or can be neglected when describing the math of an orbiting object.



22 Chapter 2. Analytical Models

2.1.1 Orbital perturbations

The equation (2.1) is enriched by the presence of a small terma, when considering perturbations

dr
pres r—3r ap: (2.4)
For each source of disturbance forces, a perturbative acceleration a, can be written [15], so the
expression of the total perturbative acceleration is givenby

n
ap ap; ;
i1
where n is the total number of perturbation sources, that can vary according to the environment
in which the object moves. In the following paragraphs the man disturbance forces acting on a
space debris orbiting the Earth are described, together wit their qualitative e ects on its Keplerian
elements.

Inhomogeneous gravity eld

The spherical gravity eld used for the primary body in Eq. (2.1 is an approximation [18]. Earth's
mass distribution is not uniform and, as an example, the equtorial radius is larger than the polar
one. The Earth's gravitational potential V , at an external point distant r from its centre of mass,
can be expressed in terms of spherical harmonics [17]

R " _ " .
Y} — 1 — J,P, sin' JomPr™ sin’'  cosm nm . (2.5)
r n 2 r m 1

where' and are geocentric latitude and longitude respectively,R is Earth's equatorial radius,
Jn, Jnm and ., are constants, while functionsP,™ sin' are associated Legendre's functions,
de ned by
2 m2
1 x N ILP 2.6)
2" n! dxn m
Constant J, are zonal harmonics coe cients and are related to asymmetry of north and south
hemispheres (e.g. attening of the poles) and divide the sphre into vertical strips since they
depend only on the latitude. The J,.,, constants are calledsectoral harmonics whenm  n and
tesseral harmonics whenm  n. Sectoral harmonic coe cients depend only on the longitude and
their graphical representation is a sphere divided into setors along meridians. Tesseral harmonics
coe cients, instead, depend both on latitude and longitude and as a result their representation is
a sphere divided into tessers.
The perturbing acceleration due to Earth is given by

P,™ x

a rv (2.7)

The e ects of the non-sphericity of Earth's gravitational e Id a ects all six Keplerian elements
and decrease if the orbit radius increases. Secular e ects agenerated only by even zonal harmonics,
while odd harmonic cause only periodic variations. Tessetaand sectoral harmonics generate only
periodic perturbations. As it can be inferred from Table [A.4, the zonal harmonic J, prevails on
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the others. Its main e ects are secular variation of the right ascension of the ascending node and
argument of pericentre! . The angles rate of variations are functions of orbit inclimation 1. When

| is below 90 deg the secular rate of is negative whereas wheh exceeds 90 deg is positive. The
secular rate of! depends on the sign of

F I 4 5sir? |

whose zeros are calledritical inclinations and are respectively 64.435 deg and 116.565 deg. When
| equals one of these inclinations the rate is null. When 6335 deg ! 116565 deg the secular
rate is negative, while is positive in the other cases. Theskehaviours have been exploited to design
particular orbits such as Sun-synchronous or Molniya.

The gravitational eld is conservative, hence semi-major xis has no secular variation since it is
related to orbital energy. All Keplerian elements exhibit long period and short period variations.

Synchronous (24 hours) and semi-synchronous (12 hours) aitb are characterized by a resonance
with tesseral and sectoral harmonics, since the orbital paod is related with Earth's rotation period
by a ratio 1:1 or 2:1. In particular, it has been demonstratedthe existence of two stable and two
unstable points for satellite that orbits in GEQJ The presence of these points is related to sectoral
harmonics, in particular J2.2 and hence are found at constant longitude. The two stable paits are
approximately at 70.8°E and 105.3W, while the two unstable points are at 14.7W and 165.3E.
As a result, a[GEQ satellite without an east-west station keging strategy will slowly drift from an
unstable point towards the nearest stable point. Tesseral ad sectoral harmonics can causen-daily
periodic oscillations, in particular in orbit semi-major axis.

Atmospheric drag

The atmosphere around the Earth interacts with the space debis, generating an aerodynamic force.
In the vast majority of the cases, the orbiting object is not designed to be a lifting body. For this
reason, the resulting force acts in a direction which is nedy opposite to debris velocity, hence can
be assumed to be equal to aerodynamic drag [1L8]. The atmosptie drag is usually written as

1
D 5 AV °Cp; (2.8)
in which is the atmospheric density at the local altitude, A is the cross-sectional areay is the
relative velocity between the object and the atmosphere, ad Cp is a dimensionless parameter,
called drag coe cient. This coe cient typically ranges fro m 1.5-3.0. Density can be modelled using

an exponential law, such as
h hgo

oe A (2.9)
where g is density at the reference altitudehg, H is a parameter called scale factor, and is the
local altitude.

If the atmosphere rotation is neglected the relative velody is directly the space debris velocity
along its trajectory. Instead, if the angular velocity ! 5 is considered, the relative velocityv, becomes

Va VvV lga 1 (2.10)

The perturbing acceleration due to atmospheric drag is giva by

1 1
ap, 5 Av2Cp ¢ 5B v 2y, (2.11)
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wherem is debris mass andB is the ballistic coe cient, de ned as

Cb A
m

B : (2.12)
The e ect of atmospheric drag is strongly related to body shage, dimensions and mass. Anyway,
identifying these parameters can be di cult, in particular for space debris[[1B]. Atmospheric drag
a ects satellites in LEGJand its e ect decreases rapidly with altitude. Since it is a non-conservative
force, it reduces the orbital energy and hence the semi-majoaxis. Eccentricity is also in uenced:
during perigee passage the drag decreases speed and so thegge is lower at the following passage.
The perigee height remains nearly constant until the apogeés low enough to be in uenced signi -
cantly by atmosphere. Below 200 km of altitude the perturbing acceleration causes the de-orbiting
of the space debris in a few days.
Periodic e ects occur in all orbital elements especially onl, and !.

Solar radiation pressure

The electromagnetic radiation generated by the Sun is abled exhert a force on space debris surfaces.
The solar radiation pressure can be written as

sr

Psr o (2.13)
where 4 is the mean solar ux and ¢y the speed of light. The photons interacts with object surfaes
and can be re ected specularly, adsorbed or diused. Each kid of interaction is associated to a
coe cient, ; for specular re ection, 5 for adsorbed radiation, and 4 for di used radiation. The
sum of these coe cients equals unity. The resulting force ca hence be divided into three parts:F¢
is the resulting force due to to specularly re ected photonsand has the same direction of surface
local normal ft, F is the force due to adsorbed photons and is parallel to the phton beam direction
8. The force due to di used radiation F4 is given by the sum of two terms, one in beam direction
and the other in surface normal direction.

Considering a surfaceA and given the angle between Sun's direction and surface normal the
three forces are given hy

Fa aPsrAcos 8 (2.14)

Fs 2spsAcod A (2.15)
2

Fg d Psr A COS 8 én : (2.16)

The sum of the three forces divided by space debris mass is thtelar radiation perturbing acceler-
ation [15].

A simpler expression for the perturbing force can be used uner the assumption that the majority
of the radiation is re ected along the direction of the vector r that connects the Sun with the
satellite. Given the space debris re ectivity coecient 0 Cgr 2, the perturbing acceleration due
to solar radiation pressure can be approximated by

PssACR T

Asr p . : (2.17)
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The e ect of solar radiation pressure becomes more complicad when orbiting in the proximity
of the Earth because of the presence of the Earth's shadow, #t can partially or totally hide the
Sun. Solar pressure in uences the eccentricity, in particlar for those satellites with large solar
arrays. This e ect is connected to Earth's revolution around the Sun and hence can be classi ed as
a long period perturbation with a period of one year. The pergee height can also be a ected, and
this can result in a reduced lifetime. Solar radiation pressre can exceed the e ect of atmospheric
drag above 500 km of altitude, depending on the area to mass tia of the satellite or debris.

Third body

The presence of a third body, e.g. the Sun or the Moon, generas an additional acceleration term
for each additional body

r r . r r .
P P (2.18)

azp

wherer andr are the distance between the satellite and Sun and Moon respégvely, while r
andr . are the distance between Earth and the other celestial body ad are functions of time.
This perturbation generates secular and long period variabns of , ! and M. The semi-major
axis, eccentricity and inclination are a ected only by periodic perturbation. The position of the
perigee and ascending node a ect these periodic perturbatits.

The inclination of a [GEO]satellite is a ected by luni-solar perturbation that generates a long-
period variations with a period of approximately 54 years ard an amplitude of 15 deg[[18].

2.2 Model requirements

In this section the requirements of an algorithm that can conpute space debris positions are outlined.
The prediction of future location of a satellite, a procedure which is also known agpropagation,
can be performed through three approachesanalytical, numerical, and semi-analytical.

Analytical theories use methods such as variation of paramters, averaging techniques and canon-
ical transformation to simplify the equations of motion when perturbations are present, since no
closed form solution of the motion can be obtained. Using the approach the Keplerian elements
can be expressed as functions of time, hence reducing the cpmtation of position to an evaluation
of known functions. However, simpli cations are necessaryto obtain an analytical solution and, as
a result, some coupling e ects are sometimes neglected or, isome cases, certain perturbations are
not considered.

The numerical methods, also referred to aspecial perturbations consist in integrating numeri-
cally the equations of motion. The advantage of these apprazhes is that all secular and periodic
perturbations are retained, as well as coupling e ects betwen perturbations. Special perturba-
tions are indeed more precise than analytical methods. Dege that, solving numerically perturbed
equations of motion requires longer times.

Semi-analytical methods have been developed to combine thepeed of analytical methods and
the accuracy of special perturbations. The short periodic ontribution are separated from long-
periodic and secular e ects, obtaining a system where three @up of equations are present: equa-
tions of motion for mean elements (Keplerian elements withat short period e ects), equations for
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short periodic coe cients (functions of the mean elements) and Fourier series (which allows the
construction of short-periodic motion in the elements given short-periodic coe cients). The result

is that the equation of motion written in mean elements can beintegrated with large time steps
(e.g. days).

The choice between these approaches is driven by COSY langga and COSY-GO global opti-
mizer. This language can manipulate code with DA Taylor serés expansion, as it will be explained
in details in Chapter B To take advantage of COSY features oty analytical solutions will be taken
into account in this work.

The requirements concerning perturbations that should be aalytically modelled can now be
formulated. In Fig. E3]the order of magnitude of third body, solar radiation pressure and main
harmonics of gravity potential perturbations are plotted. Drag acceleration has not been drawn
because it decreases rapidly with altitude and would not be isible on this scale.
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Figure 2.3: Order of magnitude of the main perturbations acting on spacedebris
orbits

Itis clear that the analytical model must retain at least the e ect of the rst zonal harmonic J,. Since
the majority of space debris are found i LEQ, the atmosphert drag should be taken into account
as well. Moon and Sun perturbations could be neglected fdr LB satellites but their importance
grows when distance from the Earth increases. Luni-solar peurbations must be modelled for
synchronous and super-synchronous orbits since their magnde overcomes zonal harmonics one.
Solar radiation pressure varies with the ratio A m, but remains constants with respect to orbit
altitude. It is therefore important to have reliable inform ation concerning shape and mass of the
debris, but these properties can in general be computed onlgtatistically, e.g. using a mean density
[19]. Most of space debris area-to-mass ratio ranges betwef0.01;10] nf/kg and the contribution of
solar pressure i LEQ is usually lower thanJ,. Anyway, above 20,000 km this contribution becomes
larger than the one of the rst zonal harmonic, if the ratio A m is near 10 nf/kg. An analytical
model for space debris with semi-major axis above that altiude should therefore consider e ects of
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solar radiation pressure.

2.3 Analytical models selection

In this section, after a brief description of analytical solutions available in literature, the propagation
models that ful | requirements stated in the former section are described. The algorithms have been
implemented in MATLAB ® and subsequently validated.

The rst analytical solution for the arti cial satellite mo tion was provided in the late 1950's
by Brower [20]. His solution was obtained using the Von Zeipks method [21] and considered only
perturbation up to the fth zonal harmonic. Another drag fre e solution was obtained by Kozail[22].
However, these solutions exhibit singularities for low valies of inclination and eccentricity [23] and
in both theories the expression of Keplerian elements are eracterized by tens of terms.

A similar model was developed by Aksnes [24, 25] that used Dalinay's variables (see§[A.5.7)).
The same author developed a really compact theory [26] usingill's variables (see §[A.5.2). The
latter theory is second-order (e.g. termJ? are retained as well as the interaction between zonal
harmonics), it does not have singularity in eccentricity, and fails only at critical inclination. The
zonal harmonics range fromJ, to Js and Kepler's equations is solved only once before applying
periodic perturbations. The errors in satellite positionsare limited to tens of metres during the rst
week of propagation.

A third order theory was developed by Kinoshita [27] and it includes all terms of Aksnes solution
and additional terms obtained by the interaction of J,, J3 and J4. With the development of symbolic
computation [28] more accurate theories have been develodd29].

A solution for the coupled e ect of zonal harmonics and atmosgheric drag was developed by
Brouwer and Hori [30]. They used an exponential density modeunder the hypothesis of a non-
rotating atmosphere. Since they used the same expansion ofrBuwer drag-free solution [20] there
are singularities for zero inclination and eccentricity. Another model that uses a power function for
density was developed by Lane and Cranford [31]. Their modetliminates division by e and sin | ,
but remains valid for small eccentricities and inclinations. Hoots [32[33] developed a model (Hoots
ANalytic Dynamic Ephemeris (HANDEY)) for zonal harmonics J,, J3 and J4 that does not exhibit
singularities and has the exibility of choosing the atmosphere model. This model best ts[LEQ
satellites orbit evolution. A comprehensive list of analytical models was given by Liu([34]. E orts
in developing new theories with the help of computer algebrasystems has been performed recently
by Xu et al. [35].

The e ects of solar radiation pressure and resonance due to sseral harmonics have been studied
in the past years but only analytical solutions for particular cases were found[136, 37, 38, 39].
For solar radiation pressure in particular the e orts were concentrated on semi-analytical models,
mainly because of the presence of Earth's shadow [40,141]. it body perturbation have also been
developed, in particular Hujsak [42] studied the problem ofboth Sun and Moon perturbations.
More recently Xu et al. [43] obtained a new analytical solutbn to the same problem.

In recent years, some e orts have been made to obtain a generablution comprehensive of all
sources of perturbations, anyway the number of terms that ae necessary for Keplerian elements
expansion becomes huge [44, 45]. A dierent approach has bearsed to create SGP4 analytical
orbit propagator, developed by NORAD. The solutions of Laneand Cranford and Hujsak were in
fact used to develop a comprehensive orbit propagatof [46,4. The revised version of SGP4]48, 49]
can be used to propagate the orbits of satellite froni LEO to sper-synchronous orbits. In addition,
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resonance e ects for 12 hours and 24 hours orbits can be comped, anyway in this model Earth's
atmosphere is non-rotating and a power scale density model ust be used.

Since the majority of space debris is concentrated il LEO it fas been decided to propagate the
orbits of space debris that have perigee below 6,000 km with ANDE Jalgorithm. At this altitude the
luni-solar acceleration are still one order of magnitude laer than J4 zonal harmonic perturbation
(Fig. 23).

The SGP4 model, instead, has been used for deep-space satefl and space debris (that have
a period larger than 225 minutes), in particular for satellites in [GEQ. The algorithm has been
simpli ed removing all terms related to atmospheric drag that can be neglected without any loss in
accuracy at that altitude.

The second-order theory by Aksnes was also implemented. Thicompact, non-singular theory
could be used for an operative satellite, under the hypothds that perturbing e ects of atmospheric
drag, solar radiation pressure, and luni-solar perturbatons are compensated with orbital manoeu-
vres while the zonal harmonics e ects are exploited to ful | mission objectives.

In the following sections the three analytical models are dscribed, following their implementa-
tion scheme. To consider critally inclined orbits Smith's correction was applied (see8[A.6).

2.3.1 Aksnes zonal harmonics solution

The present method was developed by Aksnes in 1971°]26]. In ih paragraph only the terms
necessary for position computation are reported.

Given the initial mean Keplerian elements @g, €, lo, lo Mo, 9 !0, ho o) the constants
in equation (2.19) are computed

c H cosl
= 0
G

s sinlg

G

1 e?
2
— (2.19)
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Jo, —
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Jj R 1°
J .J22 p !
The constants for periodic perturbation in equations (2.20) are computed during the initialization
step as well, together with their partial derivatives with r espect toc?, in equations (Z.21).
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Ay 16 3 -A;
3 . (2.20)

A, 1 152 5, 1 7% 1 5¢&
35

A = 1 9 1 5¢&
3 185

1



2.3. Analytical models selection 29

A, 5A; 2105 1 3¢ 1 5¢& '

4
AL AL
2.21
A, 5A, 15 35, 1 5¢& ' (221)
A;  5As %55 1 52 '
The constant rates for the variablesl, g and h are
3 1 4 4 2
o 1 3 1 3¢ 5 101 6c2 13¢* 55 182 5¢* €
(2.22)
16 1 6¢2 9¢* 15, 3 3062 35¢* €
3 1 4
g Mol 5¢2 o 25 43¢ 1 5¢2 25 126¢% 45¢t €
(2.23)
24 1 8¢ 15¢* 20 4 3 36¢° 49¢* 45 4, 1 142 21t €
3 1 )
h Scnol o 4 402 9 52 € 12 1 3¢
(2.24)
54,3 76 2 36
The mean values of the Delaunay's variable$, g and h are given by
h hy ht
g % 9t (2.25)
| 1o It;

wheret is time since epoch. Periodic perturbations are written usng Hill's variables, that can be
obtained from Delaunay's elements with [2.26)

E esinE I
rsin a sinkE
(2.26)
r cos acosE e
u g
The periodic variations of mean Hill's variables are listedin Eqs. (Z.24)-(Z2.31)
r 3_p2 81 32 1 1 lep cos A1 2€A; scosu
(2.27)

Aise€cosu 2  3A3s’elcos3u 2
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G 3_p2 81 3¢ 1 1 1&gy cos 2% 8s? cos 2u

2A,s?ey cOs2u A1 2eA; ssinu  A;sésinu 2 (2.28)

3Assed sin3u 3

H o (2.29)
u 3 241 5c2 | 16 1 62 1 3 1 1 g sin
41 3¢ 1 1eZ sin 2 4 2862 A,s?e} sin2u
4 4 106> A,s? e sin2u 8c% gy sin 2u
2 A,s? A, edsin2u 2 2A; 4Ai€ scosu
3 2 5 8
AL A€} > s 2A, A E 324 A1 (2.30)
1
A1€5 sg cosu 2A;s€ cosu 2 > A1 2A1€} secosu
1 3 3 3 3 3
EAlseO cosu 3 EAgS €y cos3u 6A3s°eZ cos3u 2
1
51 762 Azs 2A5c%s® e cos3u 3
h 1—% 24 [ 24¢ sin 12 sin2u 12¢eg sin 2u
4ey sin 2u A, A,s? €sin2u 2 A, A€ s (2.31)
1 1 3 3 .3
> A1 A€l s ! ecosu EAgS Ass® ecos3u 3

The perturbed values of Hill's variables are obtained by adihg the correspondent variations where
are function of time t. Longitude ~ and latitude ~, measured respectively from the Vernal

u,
point meridian and the equator, are obtained through the folowing steps
|  arccos H
G

'~ arcsin sinl cosu

cosl sinu

arctan —— h:
cosu

In case the inclination | is very small, the expression ofu and h became singular due tos ?!
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coe cients. For this reason, if s , the periodic perturbation are applied directly to latitud e and
longitude using Eq. (2.32)

sin'~ 3% A1 A€ e cos
(2.32)
T o h;
where terms factored bys ! are dropped in the addition of u and h.
The position in ECIlis obtained by means of
r ro; (2.33)
where
COs~ cos'~
0 sin ~ cos'~ (2.34)
sin '~

Model validation

The code derived from Asknes' analytical solution has beenalidated through two test-cases and
also compared to numerical solution. The rst test case is a Mlniya orbit. This family of orbits is
highly elliptical, is critically inclined ( | 634 deg orl 1166 deg), and has an orbital period
of half sidereal day (Fig.[2.4). The perturbative e ect of J, on the argument of perigee at such an
inclination can be neglected and henceé remains constant.

1

4

] 10
1 Tlkm] *

Figure 2.4: Molniya orbit (a, 26562 km,e, 0:73], 63434 deg, , 127 deg,
'y 80deg)
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The temporal variation of the argument of pericentre of a Molniya orbit obtained with Aksnes model
is plotted in Figure 2B The rate of variation is small and it is connected with the higher zonal
harmonics.
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Figure 2.5: Molniya orbit yearly variation of the argument of pericentr e!

The second test-case is a Sun-Synchronous orbit. The perthative e ect of the second zonal
harmonics is exploited to obtain a rate of 360 deg/year for tke orbit RAAN] This can be achieved
by choosing a proper inclination (usually around 90 deg) gien semi-major axis and eccentricity of
the orbit. The sun-synchronous orbit used for this validation is represented in Figurd Z.6.

-15000
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-5000

J [km] 10000 5000 I [km]

Figure 2.6: Sun-syncronous orbit @, 12952 km,e, 0:4,, 1518 deg, , 10
deg,!, 20deg)
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The behaviour of the right ascension of the ascending node f@n year is graphed in Figure[Z.Y. As
expected the RAAN variation is approximately 365 deg.
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Figure 2.7: Aksnes solution: Sun-synchronous orbit RAAN yearly variation

The same Sun-synchronous orbit of Figuré_2l6 was compared ta numerical solution obtained by
means of GMAT software [50]. The error between the two compugd position is graphed in Figure

2.8.
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Figure 2.8: Aksnes solution: di erence between analytical and numericapositions

The di erence between the two steadily solutions grows with ime, anyway the analytical solution
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shows good accordance with the numerical one in the consided time interval (1 year). The errors
of inclination, eccentricity, RAAN, argument of the pericentre and mean anomaly are reported in
Figure 2.9.
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Figure 2.9: Aksnes solution: dierences between numerical and analytial keplerian
elements
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2.3.2 HANDE

The following passages can be found in[33] and1B2], wheredhmathematical procedure for the for-
mulation of the analytical solution can be found as well. Ony the passages for position computation
are reported here. The rst step is the initialization of the method. To perform this operation the
mean Keplerian elements at epoch are required together witlsatellite ballistic coe cient B. The
aim of the initialization is computing the secular variations of the six Keplerian elements due to at-
mospheric drag as well as the derivatives of mean motion and eccentricity e. The rst derivatives
of mean motion and eccentricity are equal to the following inegrals, also calleddrag functions

fop > 3 Bn v 1 e 2ecos - cos I dM
(2.35)
1 1 ! 2cos e ecog
f2 — BV 2e cos 2 3cosl dMm ;
e;D 2 2 n 1 ecos 2
where! , is the rotational velocity of Earth atmosphere, 1 €2, isthe atmospheric density

at the satellite altitude above Earth surface, hence a funcion of true anomaly . The satellite
velocity v, with respect to atmosphere, is given by

na

! 12 .1 sin’l sinu
v — 1 € 2ecos ZF"" 3 cosl n—azﬁ — (2.36)

1 ecos

The integration is facilitated by the change of variables

3
M ———d
1 ecos

The integrals are evaluated using a 13-points Gauss-Legenel formula (see8§[B.2)). In this approach
there is no constraint on the choice of the density model, thacan be both mathematical (e.g power
density or power function) or tabulated. Also the higher-order derivatives are obtained numerically,
using a 7-points central di erence formula. Hence, values of, n, e, and e at the instants 3, 2,

as well as their values at epoch are required. Denoting meannamaly and eccentricity, as well
as their rst derivatives at epoch, with a subscript 0, the values at are

n Nog Npo
e e € :
Given the values ofn and eattime |, the derivativesn ande are obtained evaluating integrals

(2.359) with the updated values of mean motion and eccentridy. The values at the other instants

can be obtained using the same strategy. When all 7 values ofceentricity and mean motion are

available the derivatives e, e, e n, n and n can be computed using formulae in Section Bl1. To
compute n the formula for the third derivative should be employed, using the rst derivatives of n

attimes 3, 2,
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The secular variation of the other four Keplerian elements an be computed from the drag
functions

| 2

2 1 1 . r
fio 5 5BV Fa !sin | ?cos2 u dM (2.37)
2 1 1 I o re .
fi5 > EB v — cosl 2 sin  cos sinu cosu Mp dM (2.38)
1 1 ! r2
f 2 — ZBv -2 ' _sinu cosudMm 2.39
D 2 2 n a2 (2.39)
1 1 . .
fMZ;D > EB v 2esinE sin
(2.40)
la r2 2e .
—cosl — ——— cos sin f Mp dM ;
n a2 1 b
whereu I E is the eccentric anomalyr the orbit radius and
! r2 sin
Mp Bv 1 —Zcosl — sn
n a e

When e 0 the values of Mp becomes singular, due to arbitrary de nition of the location of
perigee in circular orbits. Since this term exactly vanishe in the sumM ! | numerical singularities
are avoided setting Mp Owhene 1 10 6.

For highly eccentric orbits density decreases rapidly awayfrom the pericentre. In this case the
integrals can be approximated by

1 1
I2—fd2—fd.

The value b can be computed by means of

ae 1l e r
cosb for r 2ae
ael e e r

cosb 1 for r 2ae;



2.3. Analytical models selection 37

with
r qAo Aiq A Asq® Asqt Asq®  AgdP

g al e R

Ao 31301240

A  6:1710434 10 2
A, 34111266 10 ¢
A; 87321429 10’
A,  1:1225340 10 °
As 7:1123451 10 13
Ae¢  1:7765750 10 1°;

where g is perigee height above Earth's mean surface in kilometresral r is the altitude change in
kilometres for a drop in density by a factor 100. This approximation avoids the under-estimation
of Keplerian elements secular rates that would occur compuhg numerically the integrals on the
whole domain X

The total secular rates of Keplerian elements due to zonal hanonics and drag are computed

using equations [2.41){2.44)

o f15 (2.41)
3 R 2 _ 3 R 4 .
o .5 gz - 4 Ssi? lo 7znol3 4 5sif g 12
43 . . . 45 |
Z?’smzlo 6o 1 gsmzlo 7 gsmzlo gsm“lo €
(2.42)
15 R ¢ 2 "
—nNglg — 16 62sirt | 49 sin” |
351074 o I 0 I 0
. 1 .
18 63sirf Iy %gsm4 lo €
3 R 2 3 R ¢ .
o f Z;D Enon o coslg énon2 o coslp 9 10sirf Ig
e 1 gsinz lo 6o 1 gsin2 lo (2.43)
15 R ¢ 3

“hods — coslg 4 T7sirfl 1 =
1604 pO 0 0 29(2)
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3 R 3
Mo fMZ;D Enng 0 E 1 ESIF\2 lo

3 R 4 3. 2 .

énOJZ2 ot s 43 1 Esmz lo 14 35sir? Iy

103 . . .

Tsm4 lo 2 5sin? I %gsm4 lo € (2.44)
23 5, 403 ., 4
— — Sin | —sin” |
8 8 O 64 o %

45 R 4

@no\h E 9(2) o 8 4OSIr12 lo '\:’:958”'{1 lo

The constants of the long-period periodic variation of the sculating Keplerian elements are com-
puted as well, since they depend only on the mean elements apech:

ep, Cie 2sin?lg (2.45)
ep, Cy Zsinlg (2.46)
||_pl Cle(z) sin |0 COS|0 (2.47)
lLp, Czepcoslg (2.48)

. 9, .
lip, Cp sinfly € Ee(z)sm2 lo

, (2.49)
1 R 1 . Ja
Sl -~ @siPly 1 5%
82 o 4 5sifl, 0 0 J2
. 35c0¢ 1o
! Coggsinlg ————— ! M 2.50
LP, 2€p 07 BsPl, (2.50)
C1€3cos| %, B 2; 2coslg sin® | 3 724 (2.51)
LP1 180S0 g2 BT g, 00080 0 J2 '
C, . 4
——————e¢psin | 15cosl _ ! 2.52
P2 A Beie 1, 0o 0 © 1 cosly (2:52)
M_p Ci ()Sin2 lo }Jz R— 2; e(Z) 1sin2 lo 75
! 8 Ppo 4 5sir? g
(2.53)
127 , 5083, .
—sin‘ | 13 ———e5sin® |
o S o & —gp ®sin lo
27 R 2e} ,tsin® g
M ly, = =00 >0 0 2.54
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1 .
Mip, Coep 1 4 sinlg M ; (2.55)

where the constantsC;, C,, M and | are de ned as

1. R ? 1 Ja
C, =J, — ————— 14 15sirf | =2 30 35sirf | 2.56
182 pg 4 5sirlg ° 32 0 (2.56)
1J; R
c, -3 I 2.57
2 23, Po ( )
m  Snlo fep 1 106
(2.58)
M 0 ifegp 1 106
4 1 .
I Co— o : iflg 1 106
sinlg 4 5sir? g (2.59)
I 0 iflop 1 10°6:
The last constants computed during initialization are
0 €0 €
— == (2.60)
0 0
0 1 2
— 5 & @& } (2.61)
0 0
1 7ng 0
D1 - = 3= 2.62
L3 3 3ng ; (2.62)
1 7ng 0
D.. - flo 40 2.63
L4 3 3ng ; (2.63)
D 1 280§ 7no 1Mo 0 4,0 g0 (2.64)
% 3 6 9 n% 3ng Ng o S 0 .
1 28n% 7ng 56np o 2 0
Do - =0 = =—_° 209 42 2.65
z 3 6 9 n% 3ng 3ng o S 0 ( )

The second step of the method consists in applying both secat and long period periodic variation
of the mean elements, through the equations

1 2
n Np Not =ngt

1 1
5 “not®  —=npt? (2.66)

6 24

ot (2.67)
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1 1 . .
e e et Eeot2 éeot3 ep, COS lsec COS!g  @p, Sinlge sinly  (2.68)
| lg lot Ip, cOSlgee COSL 1o  Ip, SiNlgee sSinlg (2.69)

0 ot Lp; SiN!gec COS!gec SiN!g cOS!o

3 R 2 (2.70)
Lp, COS!lgec cCOS!g Enon p— coslp Dj. 4t2 D». 4,[3
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1 1 1
M M M - 2 - 3 = 4 ——n 5
0 No ot znot 6I’lot 24not 120 ot
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Mip, SiN!gec COS lgee SiNlg COS ! g Mip, €OS!sec COS! g
3 R ? 3 ., ) 3
=NgJ — 1 —-sin“| Di. st Do 3t
5MoJ2 o 0o > 0 1 3 2, 3
! l'sec !Lp; SiN!gec COS! gec SIN! g CcOS! g I'tp, COS!gec COS!p (2.72)
From the primed variables computed above the following chage of variables are made
1
3
a — (2.73)
n
1 e? (2.74)
a 2 (2.75)
! (2.76)
2
a
- 2.77
1 ecos ( )
where is the true anomaly corresponding toM and e.
The osculating state is obtained adding short period variaton to primed variables
ror r
u u u
(2.78)
I I |
where
1. R? 3 . 2r e cos 1. R? |
r “Jo— 1 =sin®| 1 —JZT sin> | cos2u (2.79)

2°p 2 a 1 4
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1. R ? 3 e
ZJ, — 1 Zsin? | 1
u 2J2 0 > sin 1 cos
1. R 2 . .
=J, — 6 7sil sin2u 2 3
8 p (2.80)
5si® | sin 2! 2ecofl 3 2
R 2 . .
g>Jz — 4 5sif? | M E sin
4 p
1. R ?
I ZJZ T sinl cosl 3cos2 3e cos 2! e cos3 2! (2.81)
1. R ? . .
-J, — cosl 6 M e sin 3sin 2u
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The position in Earth centred inertial reference frame is gien by

rro; (2.83)
where
sin  cosl sinu cos cosu
0 cos cosl sinu sin  cosu : (2.84)
sinl sinu

Model validation

The HANDE algorithm was tested on two [LEQ]orbits to observe orbital decay. The orbit altitude
variation during a time interval of one year is plotted in Figure [Z7I0. The density model used for
this simulation is exponential, with a reference altitude d 550 km (Tab. [A.7).

The secular trend of semi-major axis variation was extractd from these data and compared with
a numerical simulation performed with numerical integrator HPOP embedded in STK software. The
density model selected in STK is Jacchia-Roberts [51]. Therends are compared in Figurd_2.711.

The analytical model under-estimates the orbital decay andthis is mainly due to the di erent
density representations. The di erence anyway is limited to a maximum of two kilometres in one
year. The e ect of the atmosphere rotation is negligible as a onsequence of satellite nearly polar
inclination. It can be noted anyway that the atmosphere deceases satellite lifetime for orbits with
inclination above 90 deg.

It is important to highlight that the di erence in semi-major axis between numerical and analyt-
ical solution, although small, could result in large position error. The mean anomaly displacement
between the numerical and analytical orbit increases quadatically with time and so the position
error.
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Another comparison of numerical and analytical semi-majoraxis trend for a[LEQ]eccentric orbit
is graphed in Figure[Z.12.
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Figure 2.12: HANDE: numerical and analytical semi-major axis variation (a,
766789 km, e, 01,1, 400deg, , 1010 deg,!, 1970 deg,B  0:02
m2/kg )

In this case, the dierence between the non-rotating analytical model and the numerical one is
limited to a few tens of metres. The atmosphere rotation play an important role at such inclination
since it is subtracted from satellite velocity and hence satllite lifetime is higher.

In Figure the RAAN variation on a time span of one year is eported. As expected, the
RAAN covers nearly 360 deg. HANDE can indeed represents botlthe perturbative e ect of zonal
harmonics and drag. The errors on semi-major axis are limitd to a few kilometres over one year,
whereas the errors on inclination, RAAN, and argument of peicentre are of the order of 103 rad.
The error on eccentricity is of 10 3. These di erences are of the same order of magnitude of Aksnes
solution. Anyway, as explained above, the mean anomaly is t@ble only on a time span of one
month, because of the phase displacement due to the small @r on semi-major axis.
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Figure 2.13: HANDE: Sun-synchronous orbit RAAN yearly variation (a, 696908
km e 0,1, 9779deg, , 10065deg,!, Odeg,B 0:02 mP/kg)

2.3.3 SGP4

The SGP4 method is described in detail in[[45] 48, 47, 42, 49]The method is optimized to work
with Two-Lines Elements (TLE) maintained by the NORAD and av ailable at Celes-Track [52] and
Space-Track [11] websites. The algorithm presented in thiparagraph is a simpli ed version of the
SGP4 algorithm. All terms related to atmospheric drag have keen dropped as well as e ects of 12
hour resonance. This version is thus intended to be used witlspace debris with orbital periods
larger than 225 minutes or orbiting in

The elements provided by the NORAD two line elements are writen using Kozai mean motion.
The rst step is to recover Brower mean motion through the equations
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where coe cient k; is related to second zonal harmonics and is de ned in Eq.[(AR).
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The next step is computing the secular e ects of Earth's zonalharmonics
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in which kj4 is related to fourth zonal harmonics and is de ned in Eq. (A.17). The secular e ects of
luni-solar perturbations are also computed during initialization. To compute these quantities the
orbital elements of Sun and Moon at epoch are required. Follwing the procedure in appendix(A.2
Moon's[RAAN] , inclination | , and argument of pericentre! are computed. Sun'TRAAN
and argument of pericentre! are treated as constants instead.

For both the Sun and the Moon the following coe cients are calculated
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where subscriptx stands for the considered perturbing body, while subscripD indicates the satellite
mean elements at epoch. The secular rate for each body are giv by
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whereC and C are lunar and solar perturbation coe cients and are listed in Sect. [AZ. For a
nearly geosynchronous satellite or debris, whose period iminutes is in the interval 120Q 1800, it
is necessary to calculate the functions of inclinationF |
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and eccentricity function G e
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The coe cients of the resonance terms are subsequently comyted:
ng
s1 3—3 F311 G310 Qa1 (2.109)
ag
ng
s2 6 — F220 G200 Q22 (2.110)
ag
ng
s3 9 e F330 G300 Q33 ; (2.111)

where Q coe cients are listed in Table A.6]
To compute the resonance e ect a humerical integration schera is required. The 1-day period
initial conditions are computed during initialization and are given by

iov Mo 'o o o (2.112)
Ni, No (2.113)
W M, M M , L, 1 (2.114)
Nip, s1SiN i, 31  s28iN2i, 22 s3siN3j, 33 (2.115)
L2 N2 (2.116)
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where o is Greenwich Sidereal Time [[GST) angle (Fig.L.2Z2) measuredteepoch. The formulae for
computation of [GST] are given in Section[A.].

Once all constants are de ned, the mean Keplerian elementsan be updated in order to nd
osculating elements. The secular variation due to zonal hanonics and luni-solar attraction is given

by
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The next step is computing resonance e ect of Earth gravity through numerical integration. The
equations to integrate with an Euler-Maclaurin scheme are

i i1 it i2 ot (2.123)
nNi nj 1 nj t ni2 t; (2.124)

where n is debris mean motion and is de ned as
M I G (2.125)

The time step t is 12h. At the rst step the values i, and n;, and their derivatives computed
during initialization are used. At each step the derivatives of ; and n; are updated with the
relations

i N io (2.126)
ni  siSin a1 s2Sin2 i 2 s3sin3 i a3 (2.127)
i n; 2 (2.128)
ni 2 i 2 51 Sin 31 2 5o S8in 2 22 3 53SiN3 33 . (2.129)

When ; and n; are obtained at the time of interest the mean motion and mean aomaly are given
by
n nj (2.130)
M sec i sec 'sec G (2.131)

where ¢ is Greenwich hour angle at timet.
The long-period periodic e ects of luni-solar perturbation can now be applied, knowing the mean
anomaly My of the body x at time t. The true anomaly of the perturbing body is approximated by

x My 2e¢sinMy (2.132)
De ning for both the Sun and the Moon
1. 1 1 .
=% ésm2 x 3 Fax Ssin x cos « ; (2.133)

the long period variation of the secular elements due to body written in non-singular variables
are
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where the subscriptsx on the right side of the equation are referred to the perturbng body. The
combined contribution for the two body are applied directly to secular elements wheri 0:2 rad

€ e € e (2.139)
I lsec | I (2.140)
M Msee M M (2.1412)

(2.142)
! ! sec ! cosl| ! cosl| cosl : (2.143)

It is important to underline that the long-period variation are usually non-null at epoch, as initial
elements are mean elements. To have zero values of long-pedi perturbation at initial time, and
hence initial perturbed values equal to mean Keplerian elerants, the initial values of long period
variation can be used as an o set and subtracted to quantities. When | 0:2 rad the perturba-
tions can not be applied directly as the presence of small digor leads to singular values. In this
case the Lyddane[23] modi cation is applied totRAAN and argument of pericentre, while the other
three elements are computed as above. The following quanti#s are computed when 0

sinl sin g sinl COS gec COS| sin g | | (2.144)

sinl cos sin | Sin gec COSl coOS gec | I ; (2.145)
whereas whenl 0, and are

sinl sin g sinl COS gec COSI| sin g | I (2.146)

sinl cos sin | Sin gec COS|l COS gec | I : (2.147)

Then the mean longitude L is computed

L M l'sec COS|  gec secSin | [ [
(2.148)
! cos| ! cos|
and the primed values of and ! are given by
arctan, — ! L M cosl : (2.149)

These passages are necessary because at zero inclination a@ecentricity the argument of pericentre
and right ascension of the ascending node are not de ned unigly.
Subsequently, the long-period periodic e ects of Earth's gavity are added, using the quantities

axn € cos! (2.150)
1 Aszgsin | 3 5cosl
IL —————— e cos! _— 2.151
L 8 kya 2 1 cosl ( )
. 1A30 sin |
a e sin! e 2.152
yN 1 ke 2 ( )

ILt M LIl ; (2.153)
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where a is the semi-major axis obtained with mean motionn and
2 2 .
e AN YN -

Short-period periodic perturbation due to Earth's gravity are added after solving Kepler's equa-

tionfor E ! . De ning
U IL+t (2.154)

the iteration equation for the solution of Kepler's equation is

E !, , E . E !, (2.155)
with
E 1 u achosE. ', anwsinE !, E ! (2.156)
1 ansinE ! awcosE !
E !, U:

Once the eccentric anomalyeE and the longitude U are known, the following quantities are calculated
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The short period perturbations at time t are given by
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and are added to primed elements with equations

2
for 1 Skt % 3c021 1 ‘ (2.169)
2 o

u u u (2.170)
(2.171)
I | : (2.172)

The position in Earth centred inertial reference frame is gven by
roro; (2.173)

where
sin cosl sinu cos cosu

0 cos cosl sinu sin  cosu ; (2.174)

sinl sinu

Model validation

The representation in[ECI frame of a geosynchronous orbit otained with SGP4 is given in Figure
2.14.

.4 I [km]

I [km]

Figure 2.14: SGP4: Geo-synchronous orbit §, 4216450 km,e, 0,1, 7:5 deg,
o 334deg,!, 20deg)

The mean anomaly daily variation of the orbit in Figure 2.14] is plotted in Figure Z15. As expected,
it equals 360 deg since the orbital period is approximately 2 hours.
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Another possible test is verifying the ground-track of two dightly inclined orbits. For a circular
orbit, the ground-track has a gure-eight shape, whereas fo a slightly eccentric orbit the ground-
track resembles a teardrop (Figurd_Z.16).

The HOT BIRD 6 geostationary satellites could be used as a tdscase for longitude drift due
to tesseral harmonics. This satellite was launched in Augus2002 in a slot at 1I°E. In January 2011
the satellite has drifted to 13°E. The longitude variation during this time span was computed with
the SGP4 code and is represented in FigureZ17.

Longitude
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Time since epoch [years]

(=]

Figure 2.17: SGP4: HOT BIRD 6 longitude drift ( a, 4216450 km,e, 5:65 10 4,
I, 0:0578 deg, , 2765 deg,!, 4:98 deg, epoch =JD 2452507.5)

The code was tested also in the stable points. In Figuré~Z18he longitude oscillates around the
longitude value of 70.8E.

The perturbations due to Moon and Sun attraction and Earth's J, zonal harmonics produce an
oscillation of orbit inclination. The inclination varies b etween 15 deg with a period of 54 years.
The yearly variation of inclination is approximately 0:85 deg. The code can reproduce this e ects
as shown in Figure[Z.19.

The simplied version of SGP4 for the geosynchronous orbit an indeed represent the main
characteristics of this kind of orbits. The model can comput position of the satellites with a
satisfactory accuracy, since the longitude shows good ageeent with real world data (Fig. E.17).
The model is accurate on a time span of one or two years, as theepturbative e ect of luni-solar
perturbation on the inclination are obtained as a gradient & epoch (Eq. (2.97)).
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Figure 2.18: SGP4: longitude behaviour near stable point at 70.8E (a, 4216450
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2.3.4 Conclusions

Three analytical models have been selected and implementedThe model derived from Aksnes'
solution, described in Section[Z311, considers only the peirbation due to the rst ve zonal
harmonics. The models shows good accordance with numericaimulation that considers the same
perturbations over a time span of one year. The model can be sl to compute the position of
satellites whose perigee is at an altitude at which the atmogheric drag can be neglected.

In Section 2322 HANDE model was described. It considers bt zonal harmonics and drag
perturbations. The model can predict the variation of the semi-major axis as well as the e ect of
drag on the other Keplerian elements. It is hence suitable fomodelling [LEQI satellites. Over long
time span, the propagation of position is less accurate. Theeason is the phase displacement that
arise from the error on semi-major axis. Over a tens of days,ven an error of a few hundreds metres
on semi-major axis can result in a displacement of tens of dege on mean anomaly.

A model for orbits was provided in Section[2.3.B. This moe&l showed good accordance
with real world data and can describe the main e ect of resonamge and luni-solar perturbations.

These models will be used in Chaptef4 to compute the MOID betwen perturbed orbits.
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Chapter 3

Di erential Algebra, Taylor Models
and COSY

The theory of di erential algebra presented in this chapter has been developed by Martin Berz in
the late 80's, and the short summary given in the followings tikes advantage of his bookModern
Map Methods in Particle Beam Physics[53].

Di erential Algebra (DA)ltechniques nd their origin in the a ttempt to solve analytical problem
by an algebraic approach. Historically, treatment of functions in numerics has been based on the
treatment of numbers, and the classical numerical algoritins are based on the mere evaluation
of functions at speci c points. DAltechniques are based on tle observation that it is possible to
extract more information on a function rather than its mere values. The basic idea is to bring
the treatment of functions and the operations on them to the mmputer environment in a similar
way as the treatment of real numbers. Referring to Figure[3l consider two real numbersa and
b. In order to operate on them in a computer environment, they ae usually transformed in their
Floating Point (EB) representation, a and b respectively. Then, given any operation in the set of
real numbers, an adjoint operation is de ned in the set of [EPl numbers such that the diagram
commutes. Consequently, transforming the real numbersa and b in their EPlrepresentation and
operating on them in the set of[EB numbers returns the same radt as carrying out the operation
in the set of real numbers and then transforming the result inits EPlrepresentation. In a similar
way, suppose two su ciently regular functions f and g are given. In the framework of di erential
algebra, the computer operates on them using their Taylor sees expansionsF and G respectively.
Therefore, the transformation of real numbers in their [EP representation is now substituted by
the extraction of the Taylor expansions off and g. For each operation in the function space, an
adjoint operation in the space of Taylor polynomials is de ned such that the corresponding diagram
commutes: extracting the Taylor expansions off and g and operating on them returns the same
result as operating onf and g in the original space and then extracting the Taylor expanson of the
resulting function. Di erential algebra can be e ectively im plemented in a computer environment.
In this way, the Taylor coe cients of a function can be obtain ed up to a speci ed ordern, along
with the function evaluation, with a xed amount of e ort. The Taylor coe cients of order n for
sums and product of functions, as well as scalar products wit reals, can be computed from those
of summands and factors; therefore, the set of equivalencdasses of functions can be endowed with
well-de ned operations, leading to the so-called Truncatel Power Series Algebra[(TPSA) [54/55].

Similarly to the algorithms for oating point arithmetic, t he algorithm for functions followed,

57
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T T
aab R — ab FP f; g EE— F; G
ab — a b f g — F G
T T

Figure 3.1: Analogy between the oating point representation of real numbers in
a computer environment (left gure) and the introduction of the algebra of Taylor
polynomials in the di erential algebraic framework (right gure).

including methods to perform composition of functions, to nvert them, to solve nonlinear systems
explicitly, and to treat common elementary functions [56,[5/]. In addition to these algebraic oper-
ations, also the analytic operations of di erentiation and integration have been developed on these
function spaces, de ning a di erential algebraic structure.

As [DAlrepresents the core of the algorithms developed in therame of this work, some useful
notes to get familiar with these techniques are given in the dllowing. In particular, the minimal
di erential algebra for 1-dimensional functions and their rst order expansion is explained in details,
and some hints on its extension to functions o¥ variables and ton-th order are given. An important
application of DAltechniques is then presented in Sectioi"Z.1], pertaining the solution of parametric
implicit equations. The validated extension of di erential algebra into the Taylor model method
concludes the chapter in Sectior_3.3.

3.1 The Minimal Di erential Algebra

The simplest nontrivial di erential algebra is here described. Consider all ordered pairs qo; o1 ,
with o and q; real numbers. The addition, scalar multiplication, and vedor multiplication are
de ned as follows:

Oo; Ch ro;ra G rfosth T
t otk t it oo (3.1)
Go;1  fosla Go losGo M1 G fo:

The ordered pairs with the arithmetic (B.I) are called 1D ;. The rst two operations are the familiar
vector space structure ofR?, whereas the multiplication is similar to that in the complex numbers;
except here 0;1 0;1 does not equal 1;0, but rather 0;0. The multiplication of vectors
is seen to have 1;0 as the unity element. The multiplication is commutative, associative, and
distributive with respect to addition. Together, the three operations de ned in 31) form an
algebra. Furthermore, they do form an extension of real numilers, as r; 0 s;0 r s;0 and
r0 s;0 r s;0, so that the reals can be included.

However ;D1 is not a eld, as ;1 has a multiplicative inverse in 1D, if and only if g 0.
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If @ O then
1 a
o I 3.2
If o is positive, then ;1 1D1 has a root
P —
Go; Qo Go; > @ (3.3)

as simple arithmetic shows.
One important property of this algebra is that it has an order compatible with its algebraic
operations. Given two elements gp; 1 and rg;ry in 1Dq, it is de ned

Oo; 1 rojrr. if @ ro or @ roandqg ri
Oo; th ro;ra if rojry Oo; O (3.4)
Oo; ro;rs if g roandaqn ry:

As for any two elements gp; n and ro;r1 only one of the three relation holds,1D is said totally or-
dered. The order is compatible with the addition and multiplication; for all ;b ; ro;r1 ; So;S1
1Dy, it follows  qo; on ro;ri Qo; Ch So; S1 ro;ri So;S1 ; and sp; st 060 O
Go:hh  So:S1 lo;f1 So;S1 -
The number d 0;1 has the interesting property of being positive but smaller than any
positive real number; indeed
00 01 r; 0 r: (3.5)

For this reasond is called an in nitesimal or a di erential. In fact, d is so small that its square
vanishes in;D1. Since forany q;qn  1D1

Qo; Ch 00 Oou @ d o (3.6)

the rst component is called the real part and the second compnent the di erential part.
The algebra in 1D; becomes a di erential algebra by introducing a map from 1D, to itself,
and proving that the map is a derivation. Dene :;D; 1D; by

Oo; O O : (3.7)
Note that
Oo; tu ro;ra Qo rfoyth r1 Om
(3.8)
0;n O;rq Go; 1 Fo;ra
and
Go;h  Tosra Q oo N ro O;p r1 ro o
Oy rosra 0;r1  Oou (3.9

Go; Qu fosr G u fosr

This holds for all qo; a1 ; ro;ra 1D1. Therefore is a derivation and (1D;; is a di erential
algebra.
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The most important aspect of 1D, is that it allows the automatic computation of derivatives.
As an example, assume to have two function$ and g; put their values and their derivatives at the
origininthe form f 0;f 0 and gO0;g O as two vectors in1D1; and consider the product

fo;f O g0;g 0 fo go0;f0 g0 f 0O goO: (3.10)

As can be seen, if the derivative of the productf g at O is of interest, it has just to be looked at
the second component of the resulting pair in [(3.ID); wheresthe rst component gives the value
of the product of the functions. Therefore, if two vectors cantain the values and the derivatives of
two functions, their product contains the values and the deivatives of the product function.

De ning the operation from the space of di erential functions to 1D, via

i f0o:f O: (3.11)
it holds
f g f g
(3.12)
f g f g
and
1lg 1 g 149 (3.13)

by using (3.2). This observation can be used to compute deratives of many kinds of functions
algebraically by merely applying arithmetic rules on1D 1, beginning from the value and the derivative
of the identity function. Consider the example

fx — (3.14)
X —
X
and its derivative ,
1x 1
f —_—! 3.15
X X 1x 2 (3.15)
The function value and its derivative at the point x 3 are
3 2
f —; f — A
3 10’ 3 25 (3.16)

Within the DA framework, evaluating the function (3.I4) at t he ordered pair corresponding to the
identity function, i.e. X X; 1, at the point 3, i.e. 3;1 3 d, yields

1 1
I 31 1 31 31 13 19
(3.17)
1 3 8100 3 2
103,89 10 9 9 100 25

As can be seen, after the evaluation of the function, the reapart of the result is the value of the
function at x 3, whereas the di erential part is the value of the derivative of the function at
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X 3. This is simply justi ed by applying the relations (Z12) and 3.13)

1 1
f x

X 1Xx X 1X
1 1

X 1x X 1 x (3.18)

f x
Since, for a realx, x x;1 x d,and f x f x;f x , apparently
f 3;f 3 f 3 d: (3.19)

The method can be generalised to allow the treatment of commm intrinsic functions, like trigono-
metric or exponential functions, by setting

g f g f or
(3.20)
g G g G .%hg G

By virtue of equations (3.1)) and (3.20) any function f representable by nitely many additions,
subtractions, multiplications, divisions, and intrinsic functions in 1D satis es the important rela-
tionship

f x f x: (3.21)

Note that f r d fr d f r resemblesf x X f x x f x, in which the
approximation becomes increasingly more re ned for smalle x.

3.2 The Dierential Algebra nDy

The algebra described in this section was introduced to comyte the derivatives up to an order n
of functions in v variables. Similarly as before, it is based on consideringhe spaceC" RY , i.e.
the collection of n times continuously di erentiable functions on RY. On this space an equivalence
relation is introduced. For f andg C" RY ,f ,gifandonlyiff O g0 and all the partial
derivatives of f and g agree at O up to ordern. The relation |, satis es

f p,f foral f C"RY;
f ng g nf foral f,g C"RY; and (3.22)
f ngandg nh f ,h forall f;g;h; C"RV:

Thus, | is an equivalence relation. All the elements that are relatd to f can be grouped together
in one set, the equivalence classf of the function f. The resulting equivalence classes are often
referred to as DA vectors or DA numbers. Intuitively, each of these classes is then specied by a
particular collection of partial derivatives in all v variables up to ordern. This class is called,D,.
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If the values and the derivatives of two functionsf and g are known, the corresponding values
and derivatives off gandf g can be inferred. Therefore, the arithmetics on the classesi,D,
can be introduced via

f g f g (3.23)
t f t f (3.24)
f g f g: (3.25)

k Pk — (3.26)
where
Pk X1;::1; Xk Xk (3.27)

projects out the k-th component of the identity function. It's easy to show that, forall k 1;:::;v
andforall f, g ,Dy,

Kk f g K f k0 (3.28)
k f g fxg kf g (3.29)
Therefore, , is a derivation for all k, and hence ,Dy; 1;:::; k is a dierential algebra.

The dimension of D, is now assessed. De ne the special numbedi as follows:
dk Xk - (3.30)

Observe that f lies in the same class as its Taylor polynomially of order n around the origin; they
have the same function values and derivatives up to orden. Therefore,

fooT (3.31)

Denoting the Taylor coe cients of the Taylor polynomial Tt of f asg,;.;,, it follows

Te X150000 Xy Gy X XY (3.32)
i1 jv n
with j »
l 1 v
VIING, s . 3.33
a9 G g xXEooox (3:33)
and thus
f Tf . . ql;;;;;jv lel XJVV
oo v (3.34)
Gy O A
j1 jv n
where, in the last step, the properties a b a b and a b a b have been used.

Therefore, the set 1;d¢ : k 1;2;:::;v generates Dy, as any element of,D, can be obtained
from 1 and the d¢ via addition and multiplication. Therefore, as an algebra, ,Dy has v 1
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generators, and the termsd’l1 d\’ form a basis for the vector spacg,Dy. It is shown in [53] that
the number of basic elements isn v ! nlv! | which is the dimension of,,D,.

Similarly to the structure D1, Dy can be ordered, and thedy, being smaller than any real
number, are in nitely small or in nitesimal. Furthermore, a xed point theorem for contracting
operators in,D, exists, which enables the evaluation of square roots, the autient, and the inversion
of Taylor polynomials through iterative processes based om nite number of steps [53]. Once the
function composition and the elementary functions, like trigonometric or exponential functions, are
introduced in ,D,, the derivatives of any function f belonging to C" RY can be computed up to
order n with a xed amount of e ort by applying

f Xqeiiiixy foxq i Xy f x1 di;iii;xy dy: (3.35)

The di erential algebra sketched in this section was implemated by M. Berz and K. Makino in the
software COSY INFINITY. The software and all the related documentations are available free of
charge for non-commercial use online at

http :  bt:paimsu.edu index_cosy.htm.

3.2.1 Solution of Parametric Implicit Equations

DA techniques can be e ectively used to identify the solution of parametric implicit equations.
Well-established numerical techniques (e.g. Newton's méiod) exist, which can e ectively identify
the solution of a classical implicit equation

fx O (3.36)

Without loss of generality, suppose an explicit dependencen a parameterp can be highlighted in
the previous function f , which leads to the parametric implicit equation

fx;p O (3.37)

Suppose the previous equation is to be solved, whose solutids represented by the functionx p
returning the value of x solving (3.347) for any value of the parameterp. Thus, the dependence of
the solution of the implicit equation on the parameter p is of interest. DA techniques can e ectively
handle the previous problem by identifying the function x p in terms of its Taylor expansion with
respect top. The DA-based algorithm is presented in the following for the solution of the scalar
parametric implicit equation (8:37); the generalisation to a system of parametric implicit equations
is straightforward.

The solution of (3.31) is sought, where su cient regularity is assumed to characterise the function
f,iie.f C 1 Thusx p satisfying

fxp;p O (3.38)

is to be identied. The rst step is to consider a reference vdue p° of the parameter p and to
compute the value of the solutionx® of the corresponding implicit equation by means of a classi

numerical method, e.g. Newton's method. The variablex and the parameter p are then initialized
as n-th order DA variables, i.e.,

(3.39)
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A DA-based evaluation of the function f in (8:37)) delivers the n-th order expansion off with respect
to x and p:

fo M xp: (3.40)

where M ¢ denotes the Taylor map for f . Note that the map has no constant part asx° is the
solution of the implicit equation for the nominal value of th e parameterp?; thus, f represents the
deviation of f from its reference value 0, resulting from deviations of and p from x° and p°. The
map (3.40) is then augmented by introducing identity map onp,i.e. p I, p , ending up with

f M
rox (3.41)
p I'p p
The n-th order map [B.41) is inverted using COSY INFINITY built-i n tools, obtaining
My ©f
X f (3.42)
p I'p p

As the goal is computing then-th order Taylor expansion of the solution manifold x p of (3.31),
the map (3.42) is evaluated for f 0:

M 0
X f (3.43)
p I'p
The rst row of map (3.43) delivers
X Mgt op; (3.44)
which is the n-th order Taylor expansion of the solution manifold, i.e.
X X p: (3.45)

For any value of p, the approximate solution of f x;p 0 can be easily computed by evaluating
the Taylor polynomial (825)at p p p°. Apparently, the solution obtained by means of (3.45) is
a Taylor approximation of the exact solution of equation (3317), the accuracy of the approximation
depending on the order of the Taylor expansion and the displeement p from the reference value
pC.

The procedure described above is necessary to compute theue anomaly , needed for the
evaluation of the short-period periodic terms of the analyical methods described in Sections 2311,
[2.3.2, and[Z.3.B. For this reason, in both Aksnes zonal harmics solution and[HANDE] Kepler's
equation

f E E esnE M O (3.46)

must be solved, whereas in SGP4 algorithm a slightly di erentformulation in the variable E !
is used:
fE ! M ayy CoskE ! ayy SINE ! E ! 0: (3.47)

Once the eccentric anomalykE is computed frome and M by means of one of the implicit equations
above, the true anomaly is given by

1 e E
2 arctan —tan — : 3.48
1 e 2 ( )
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The eccentric anomalyE and eccentricity e are in general both functions of timet.

If a pointwise evaluation of the space debris position at a spci ¢ time t is of interest, a classical
numerical method for the solution of implicit equations, eg. Newton's method, can be used to solve
e.g. Equation (3.46). Apparently, an explicit algebraic rdation between the satellite ephemerides
and the epoch would be particularly useful. This means an exiiit solution of Equation (8.48)
is to be identi ed in the form of a function E t . Thus, Equation (8.46) must be handled in the
parametric form

f E;t (0 (3.49)

Calling tg the epoch at which the Keplerian elements are referred, thelapsed time t t tgis
initialized as a DA variable

t ot to t (3.50)

at the beginning of one of the analytical methods describedn 231, [2.3.2, and[2338. A DA{
based evaluation of the equations necessary to compute sdauand long periodic variation of the
Keplerian elements is then performed. The obtained Taylor &pansions of the eccentricity and the
mean anomaly with respect to the epoch

et Me t
(3.51)
M t Mm t

are subsequently used to solve Kepler's equation and hencempute the corresponding eccentric
anomaly E. In Table Bl it is reported the map of the mean anomaly obtaired through DA-based
evaluation of Aksnes' solution.

Table 3.1: DA map of mean anomaly

I COEFFICIENT ORDER EXtPONEI\IIETS
1 1.194444497404006 0 0 0
2 0.1458375887357944E-03 1 1 0

On each row the coe cients of the Taylor series are reported together with the order of the expan-
sions and the exponents of the variables variations. In thiscase the mean anomaly is a function of
time t with only a linear term, notwithstanding the expansion was performed up to order 2.

Apparently, interest is not in a mere point value of E in this case, but rather in the Taylor
expansion of the solutionE with respect to the parameter t. Indeed, the explicit dependence ok
and M ont must be kept and Kepler's equations read

f E;t E et sihnE Mt 0 (3.52)
fE It M t It ayyv t cosE ! t
(3.53)
ayy t sinE !t E 't 0:

The solution of this parametric implicit equation is attain ed in terms of the Taylor expansion
E t M g t using the techniques illustrated above.
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As an example, given an eccentricitye 0:1 that is not a function of time, the Equation (8.46)
is solved numerically using the constant coe cient of the mean anomaly of Table[3.1. The obtained
eccentric anomaly isE 1:290543038384026 and it represents the zeroth-order coe ent of E
[DAlexpansion.

The eccentric anomaly is subsequently initialized as & DA vdable through

E E E: (3.54)

The equation (3.52) is then evaluated using map of the mean aheccentric anomaly and stored in
the second row of d_ DA vector. On the rst row, instead, the identity map of time variation t is
stored (see Eq[3.41). The obtained DA vector is reported in @ble[3.2

Table 3.2: DA direct map for solution of Keplerian equation

I COEFFICIENT ORDER EXtPONEI\IIETS
1 1.000000000000000 1 1 0
1 -.1458375887357944E-03 1 1 0
2 0.9723400936098562 1 0 1
3 0.4804927049000973E-01 2 1 1

The direct map of Table [32 can hence be inverted as in Equatio (8.42), obtaining the inverse
map listed in Table 3.3.

Table 3.3: DA inverse map for solution of Keplerian equation

EXPONENTS
I COEFFICIENT ORDER ) £
1 1.000000000000000 1 1 0
1 0.1499861927881281E-03 1 1 0
2 1.028446740571455 1 0 1
3 -1111657921288610E-08 2 2 0
4 -.1524514949712364E-04 2 1 1
5 -5226755882786295E-01 2 0 2

The variation of eccentric anomaly is obtained as in Equatim (8.43), evaluating the inverse map
with a DAlvector that has on the rst row the identity map of t and zero on the second row.

The variation E E t obtained by means of Eq. [3.4B) is listed in TableL34. It can e
noted that all terms involving the variable E have disappeared. Moreover the order ofE has a
linear term like the mean anomaly, but a quadratic term has agpeared.

The resulting eccentric anomaly is indeed obtained by addig to the order zero term E the
second row of DA vector in Table[3:3.
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Table 3.4: Evaluated [DAlinverse map

I COEFFICIENT ORDER EXtPONEI\IIETS

1 1.000000000000000 1 1 0
1 0.1499861927881281E-03 1 1 0
2 -1111657921288610E-08 2 2 0

Once E t is available, the Taylor expansions of the debris position ee readily obtained by
carrying out the remaining algebraic manipulations in the DA framework. The resulting DA map
of the variables can hence be evaluated in the surroundingsfdhe reference value, obtaining an
approximation of the function. Clearly, the accuracy of the expansions depends on the order of the
DA computation as well as on the size of the interval on the epoh, i.e, on t.

An example of expansion accuracy is plotted in Figuré_3]2. Tk expansions are centred in t.
The expansion is then evaluated at di erent times t 2000; 2000 sec. The obtained values
are subsequently compared with the positions computed poiwise at the same instants t t.
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Figure 3.2: HANDE: position accuracy for various order of expansion &, 1026320
km, e, 0:312,1, 1533 deg, , 20444 deg,!, 12640deg, t 30 days)

The error has a minimum in the expansion reference point and igpws rapidly when t increases.
The accuracy increases if the order is higher. In this case,hte 8-th order expansion can not be
distinguished from the one at 6-th order. The reason is that he coe cients above 6-th order are
too small and are thus truncated.

The expansion of the trajectory obtained with Aksnes' solution is plotted in ECIIreference frame
in Figure B.3. The polynomials evaluations are marked with across, whereas the punctual values
are circles connected with a dashed line. The reference pairs at the centre of the arc. It can be
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observed that the circles and the crosses coincide in the pxamity of the reference point, but they
diverge towards the extremities of the arc. The error for eabh component is graphed in Figure_3.4.
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Figure 3.3: Aksnes model: comparison of DA expansion and pointwise conmypation
of ECI position (a, 787814 km,e, 0:03,1, 1100deg, , 00 deg,!, 00
deg, t 150 days)

Position error [km]
=
o,
o
T
1

[
)
N
o
T
1]
=
=
1

---ermr)
"""" err K
10'15 Il Il Il Il Il Il Il Il Il
-1000 -800 -600 -400 -200 0 200 400 600 800 1000

Time [s]

Figure 3.4: Aksnes model: error between pointwise and DA evaluation fordi erent
times (ay 787814 km, g, 0:03, 1, 1100 deg, 0:0 deg, !, 0:0 deg,
t 150 days)
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The same plots were obtained with HANDE on the orbit of the satellite KOSMOS 2251 satellite,
using an expansion of 6-th order. The expansion and the poimtise computation in Figure[3.8 behave
similarly to the previous example, and the evaluated positon diverges in the last points of the arc.
The error between expanded and pointwise evaluations is repted in Figure 3.6.
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* DA expansion

==®--Pointwise comp.
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Figure 3.5: HANDE: comparison of DA evaluation and pointwise computation of ECI
position for KOSMOS 2251 @, 716863 km, e, 0:00174,1, 740deg, , 2180
deg,!, 1940 deg,B 0:02 m’/kg, t 30 days)

The same test was performed with the code SGP4, using[a_ GEO oith The pointwise evaluation
of the position and DA expansion are represented in Figuré_3]. The detail of the error for each
component of the position vector is plotted in Figure[338. The order of the expansion is 6.

A few considerations can be made analysing Figurds 3.2, 38,6, and[3.8. First of all, the size
of the interval for which the expansion is su ciently accurate is related to the orbital period. For a
[LEQI satellite like KOSMOS 2251 the maximum t can be equal to a few thousands seconds. The
position of a[GEQ satellite, instead, can be expanded usingt of a few hours. This behaviour is
formalised in Figure[3.9, in which the size of the interval isadimensionalized taking as a reference
the orbital period and by computing a proper reference lengh by setting 1. The error
approximately has the same magnitude and trend for di erent values of semi-major axis. The value
of t that assures the desired accuracy of the expansion can indgde de ned as a proper fraction
of the orbital period.

Even the eccentricity in uences the maximum t. When the satellite is at his perigee the
expansion is less accurate, since nonlinearities increasend smaller variations of time results in
larger advances of the satellite. On the contrary, when the atellite is at his apogee, t can be
larger. This behaviour is illustrated in Figure 3.10.

It is worth noting that the time t, in which the DA time expansion is centred, does not
in uences the accuracy of the expansion. In Figuré_3 111 the ecuracy of the expansion is plotted at
di erent time from reference time tg and it can be observed that the curves are nearly coincident.
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Figure 3.6: HANDE: error between KOSMOS 2251 pointwise position and DA &al-
uation for di erent times (a, 716863 km, e, 0:00174,1, 740 deg, , 2180
deg,!', 1940 deg,B 0:02 mP/kg, t 30 days).
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Figure 3.7: SGP4: comparison of DA evaluation and numerical computatian of ECI
position of a GEO satellite (a, 4216450 km, €, 5:65 10 4, lo 0:0578 deg,
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2765 deg,! ; 4:98 deg, epoch = JD 2452507.5, t  days)
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Figure 3.8: SGP4: error between GEO satellite pointwise position and DAevaluation
for dierent times (a, 4216450 km,e, 565 10 4, 1, 00578 deg, , 2765
deg,!, 4:98 deg, epoch =JD 2452507.5, t 200 days)
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Figure 3.9: Aksnes model: position accuracy for di erent semi-major axs. The curves
were adimensionalized, taking as a reference time the orlait period and computing the
reference length from the relation 1(gg 0:002,1, 6345deg, , 6699 deg,
'y 14000 deg, t 30 days)
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Figure 3.10: HANDE: position accuracy for an eccentric orbit, using 6-th order ex-
pansion (@, 1026320 km, e, 0:312,1, 1533 deg, , 20444 deg,!, 12640
deg, t 10 days)
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Figure 3.11: Aksnes model: position accuracy for dierent t. (a, 7878136 km
g 0:030,I, 11000 deg, , 0:0deg,!, 0:00 deg)



3.3. Taylor Models 73

3.3 Taylor Models

This section introduces the Taylor model (TM) method. Some rotes on Taylor Models are presented
rst based on the Ph.D. thesis of Kyoko Makino [58].

3.3.1 Dierential Algebra and Interval Arithmetic

While DA methods can provide the derivatives of functional dependencies and the expansion of
the solution of ODEs up to high orders, in a rigorous sense thefail to provide information about
the range of the function. A simple example that dramatically illustrates this phenomenon is the

function

if
fx 0 Tx 0 (3.55)

exp 1x° else,

which is shown in Figure[312.
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Figure 3.12: Function f x exp 1x? ifx 00 else, and its Taylor polynomial,
which vanishes identically.

The value of the function and all the derivatives at x 0 are 0. Thus the Taylor polynomial at
the reference pointx 0 is just the constant 0. In particular, this also implies that the Taylor
expansion off converges everywhere, but it fails to agree withf x everywhere butatx 0.

Rigorous bounds of the range of functions can be obtained imsad using the method of Interval
Arithmetic (IAYI[59]! Within the IAffamework, both extende d domains of numbers as well as
individual real numbers are represented via rigorous inclsions of oating point intervals. Arithmetic
operations are introduced on intervals such that, for any two real numbers in two di erent intervals,
a real arithmetic operation on the two real numbers always lads to a result that is contained in
the interval obtained from the corresponding arithmetic operation on the two intervals. Table 3.5
lists some elementary properties of interval arithmetic.

By evaluating a function in interval arithmetic, it is thus p ossible to carry rigorous bounds
information through the operations, and in the end obtain rigorous bounds of the function.
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Table 3.5: Elementary properties of interval arithmetic; 11 a;; b lo a by .

l1 I2 min ajap; a1lyp;yag; b1y ;max ajay; ajhy; bias; by

If O |1,1|1 1b1;1a1

However, while reasonably fast in practice, interval methals have some severe disadvantages,
which limits their applicability for complicated function s. First, the width of the resulting intervals
scales with the width of the original intervals; and second,arti cial blow-up usually occurs in
extended calculations. To illustrate the blow-up phenomermn with a trivial example, consider the
interval | a; b, which has the width b a. Compute the addition of | to itself and its subtraction
from itself:

I a;b a;b a ab b 2a;2b
I a;b a;b a;b b; a a bb a:

In both cases the resulting width is 2b a, which is twice the original width, although we know
that regardless of what unknown quantity x is characterized byl , certainly x x should equal zero.

The Taylor Models (TM) method is a method that combines the advantage of rigor of the interval
approach, while largely avoiding the blow-up problem through the use of DA techniques. The key
idea is to describe the bulk of the functional dependence though a Taylor polynomial, and bound
the deviation of the original function from the Taylor polyn omial by an interval. Therefore a[TM]
represent a hybrid between formula manipulation, interval methods, and methods of computational
di erentiation [60,! 61] and supply a more accurate enclosureof function over an interval a;b with
respect to[IAl (Figure B.13).

a b a b
IA ™

Figure 3.13: Comparison betweer IA and[TM
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An n-th order Taylor model of a multivariate function f thatis n 1 times continuously par-
tially di erentiable on the domain D, consists of then-th order multivariate Taylor polynomial P
expanded around a pointxg D representing a high order approximation of the functionf , and a
remainder error bound interval | for veri cation such that

x D; fx Px xo I (3.56)

Thus, the Taylor model P;l is a functional enclosure off over D. From Taylor's theorem (see
§[C.1), it is clear that the width of the remainder interval | (i.e., the accuracy of the functional
enclosure) can be chosen to scale with the domain size progimmal to x xo " ®. The practical
computation of P and | is based on Taylor model arithmetic, which carriesP and | through all
the operations comprising!l [59]. By choosing the sizex X small and the order n su ciently
high, the size of the remainder interval | can be kept very small in practice. The bulk of the
functional dependency is kept in the polynomial part P with point coe cients, and there is no
interval arithmetic-associated in ation that happens in t he polynomial part. Thus, the interval-
related overestimation is rather optimally suppressed wih the Taylor model method [6Z].

Altogether, the Taylor model approach has the following important properties:

1. The ability to provide enclosures of any function given bya nite computer code list by a
Taylor polynomial and a remainder bound with a sharpness tha scales with order (n + 1) of
the width of the domain.

2. The computational expense increases only moderately witorder, allowing the computation
of sharp range enclosures even for complicated functionalegpendencies with signi cant de-
pendency problem.

3. The computational expense of higher dimensions increasenly very moderately, signi cantly
reducing the \curse of dimensionality".

The implementation of the method in the code COSY In nity [58],[63] supports binary operations
and standard intrinsic functions, as well as the antiderivaive operation which widens the applica-
tions of the method. In the following section a few details cacerning Taylor Models operations are
given.

3.3.2 Operations on Taylor Models

In this section, tools that allow to e ciently calculate Tay lor models for all functions representable
on a computer are brie y described. Similarly to di erential algebra, the key is to begin with the
Taylor model for the identity function, which is trivial, an d then successively build up Taylor models
for the total function from its pieces. This requires methods to determine Taylor models for sums
and products from those of the summands or factors, as well asom intrinsics applied to functions
with known Taylor models.

For illustration purposes, details about how Taylor models can be rigorously summed are re-
ported hereafter. Let the functionsf;g : a;b RY R have Taylor models

T P sl and T Pgilyg ;



76 Chapter 3. Di erential Algebra, Taylor Models and COSY

which entails that

X ab; fx Ps x XxXo |y and

Then it is straightforward to obtain a Taylor model for f g; in fact, forany x a;b ,

f x g X Pt x XxXo |y Pg X Xo Iy
Pt X Xo Pg X Xo | f g

so that a Taylor model Ty 4 forf g can be obtained via

Thus we de ne

LIE S Pt Pyl Ty
and we obtainthat T,y T Pt g1+ ¢ isa Taylor model forf g. Note that the above
addition of Taylor models is both commutative and associatve. The procedure to multiply two
Taylor models is similarly introduced and it is detailed in [58].

Having introduced addition and multiplication, the comput ation of any polynomial of Taylor
models can be performed, which turns out to be crucial when iminsic functions are of interest. In
particular, the key idea behind the computation of Taylor models for intrinsic functions is to employ
Taylor's theorem of the function under consideration. As anexample, consider the exponential
function. Assume the Taylor model of the function f, T Pt ;1 , is already available.
Write the constant part of the function f around xg asc. , which agrees with the constant part of
the Taylor polynomial P ; , and write the remaining part as f ; that is,

fx cy fx:

A Taylor model of f is then T ; P.¢;1.¢ , where

P.ty X Xo Pyg X Xo Cj and l.g 1
Now we can write
expf x exp ¢y f x expcs exp f x
1 2 k
exp C 1 fx 20 f x W f x
1 Kk 1
T f x exp fx ;
where 0 1. Taking k n, wheren is the order of the Taylor model, the part
1 2 1 n
exp C 1 fx 5fx mfx

is a polynomial of f, of which we can obtain the Taylor model using addition and mutiplication
rules. The remainder part of expf x

exp C exp f x ; (3.58)
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will be bounded by an interval. The reader should refer to Makno's Ph.D. thesis [58] for further
details.

Similar procedures can be used to obtain Taylor models for dter elementary functions. Alto-
gether, it is now possible to compute Taylor models for any faction that can be represented in a
computer environment along with the mere evaluation of the finction by simple operator overload-
ing, in much the same way as the mere computation of derivaties and Taylor polynomials in the
DA framework, or interval bounds in interval arithmetic.

3.4 COSY-GO

In this section a few hints concerning interval based GlobalOptimization (GO) are given. After a
brief description of Taylor-model-based bounders, the mai characteristic of COSY-GO are outlined.

Veri ed GO heeds the determination of rigorous upper and lover bounds of the objective function
in order to implement a branch and bound method [64]. The comranly used interval approach has
excelled in solving this problem elegantly from both a formé& and an implementational viewpoint.
However, as outlined in Section3:311, there are situationsvhere the method has limitations for
extended or complicated calculations because of the depeadcy problem, which is characterized
by a cancellation of various sub-parts of the function that annot be detected by direct use of
interval methods. This e ect often leads to pessimism and somatimes even drastic overestimation
of range enclosure. Furthermore, the sharpness of intervalresulting from calculations typically
scales linearly with the sharpness of the initial discretiation intervals. For complicated problems,
and in particular higher dimensions, this sometimes signicantly limits the sharpness of the resulting
answer that can be obtained[[62].

The Taylor model approach enables the computation of fully nmathematically rigorous range
enclosures while largely avoiding many of the limitations & the conventional interval method [58].

The structure of Taylor models naturally represents a rich resource of information. In particular,
the coe cients of the polynomial part P of a Taylor model are closely related to derivatives. That
means when representing a functiorf by a Taylor model P;l on a computer, we also obtain the
local slope, Hessian and higher order derivatives almost ée. When a task is focused on range
bounding, those pieces of information become particularlyuseful.

While range bounding of Taylor Model with interval arithmet ic in the naive sense[[65] already
exhibits superiority over mere interval arithmetic and the more advanced centred form[[58], the
active utilization of those additional pieces of information in Taylor models has a lot of potential of
developing e cient range bounders. Based on this observatn, various kinds of Taylor-model-based
range bounders have been developed [66], and among them thenkar Dominated Bounder (LDB)
and the Quadratic Fast Bounder (QFB) are the backbones of Tayor model based veri ed global
optimizer COSY-GO.

The linear dominated bounder is based on the fact that, for Tgylor models with su ciently small
remainder bound, the linear part of the Taylor model dominates the behaviour; this is also the case
for range bounding. The linear dominated bounder utilizes he linear part as a guideline for iterative
domain reduction to bound Taylor models. Around an isolated interior minimizer, the Hessian of
a function f is positive de nite, so the purely quadratic part of a Taylor model P;l which locally
representsf , has a positive de nite Hessian matrix H. The quadratic fast bounder provides a lower
bound of a Taylor model cheaply when the purely quadratic pat is positive de nite. More details
on polynomial bounders are given in[[6/7].
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COSY-GO |66,[14] is a branch-and-bound optimization code employing local domain reduction
techniques exploiting the bounding performances assuredybTM methods. Should the global min-
imum of a su ciently regular scalar function f on a given domainA R™ wished to be evaluated,
the algorithm starts with an initial value for the global opt imum, the cuto value, and then pro-
ceeds on analysing at each step a subdomain for possible eliation or reduction. At each step the
following tasks are performed

1. A rigorous lower bound| of the objective function is obtained on the subdomain of inerest
using various bounding schemes hierarchically with the hop of showing that | lies above
the already established cuto value, which will allow elimination of the subdomain. A rst
assessment is made whether the remainder bound of the Taylanodel at hand is su ciently
small; if it is not, then the underlying function exhibits to o much detail for modelling by local
estimators, and the subdomain is split in the direction of fastest change of the function.

2. If the remainder bound is su ciently small, as a rsttestt he polynomial part of the objective
function is evaluated in interval arithmetic. When it fails to eliminate the box, the LDB
bounder is applied. If it also fails to eliminate the box, andif the quadratic part of the poly-
nomial representation of the objective function P is positive semi-de nite, the QFB bounder
is applied.

3. If the just studied subdomain of interest cannot be elimirated, but is seen to have a lower
bound close to the current cuto values, domain reduction techniques are brought to bear
based on the LDB and QFB algorithms to reduce the subdomain irsize. Once these methods
are applicable, they will allow to cut the subdomain of interest and rapidly reduce the active
volume.

4. The cuto value is updated using various schemes. First, he linear and quadratic parts of
the Taylor polynomial are utilized to obtain a potential cut o update. In particular, if the
quadratic part of the polynomial is positive de nite, the mi nimizer of the quadratic polynomial
is tested. If the quadratic part is not positive de nite, the minimizer of the quadratic part
in the direction of the negative gradient is tested. For objective functions of nontrivial cost,
as in the example at hand, also more sophisticated local seelres within and near the current
subdomain may be carried out.

The algorithm continues to reduce and examine the domain urit the minimum dimension allowed
is reached. The result of the optimization is the validated enclosure of the minimum of the problem.
COSY-GO has been used in this work with the aim of computing_ MADlbetween a Keplerian
orbit and a perturbed orbit. To achieve this result, the square distance between two points belonging
to the one of the two orbits respectively was used as objectas function. More details about this
application are given in the following chapter, and the mostrelevant results are reported.



Chapter 4

MOID of perturbed orbits

The aim of this chapter is to describe the procedure for Minimal Orbital Intersection Distance
(MGIDY computation and to illustrate the most relevant resu Its. Several methods for the com-
putation of MOID Ibetween two Keplerian orbits exists. In [68] the close approaches of pairs of
satellites are assessed analytically and the resulting e@tion is solved numerically. A similar but
more computationally e cient method is described in [69]. An algebraic solution to the problem
for two Keplerian elliptic orbits was provided in [L2].

The problem was also solved using a geometrical approach id3]. This method is divided into
two phases: rstly, it is determined whether the two Keplerian orbits intersect, using a geometrical
criterion. Subsequently, if there is any intersection, thecollision occurrence is analysed by means
of the orbital period, with the aim of obtaining the time of th e collision.

In [14] the[MOIDIis obtained by means of a global optimization performed with the code COSY-
GO (see8[3.4). Even in this case, the considered orbits are KeplerianThe objective function that is
processed by the global optimizer is directly the square oftte Euclidean distanced?. This distance
is computed taking into account two points on the rst and second orbit respectively. Since the two
orbits are Keplerian, the ve Keplerian elements a;, €, |;, i, and!; are constants and hencel is
a function of the true anomalies ; and » (Figure [4.7]).

Figure 4.1: Distance between two orbits: given the Keplerian elements foboth orbits,
the distance is univoquely determined by the pair (1, 2).

79
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The position of an object on a Keplerian orbit, written in ECI] reference frame, is computed
using the following equations

a 1 e,?
ri —
' 1 ecos |

r; cos j cos!; i sin j cosl; sin! i (4.1)
ri ra ri sin ; cosl!; i cos  cosli sin! i

e sinlj sin! i

It is important to notice that in this case the MOID is not time dependant: it is indeed a mere
geometrical property. The square distanced? is instead given by

2 2 2 2.
d r P ra i, MKy Mk, - (42)

A simple test-case can be fof MOID computation is represents in Figure 4.2.

4
x 10

J [km]

-15000 -10000 -5000 0 5000
I [ken]

Figure 4.2: MOID example: polar view of two Keplerian orbits (hp, 300 km,
hp,, 500km,e; 00,e& 04,17 1, 0deg, 3 o 0deg,!;7 !> 0deg)

It can be easily veri ed that the minimum distance is found in the pericentres of the two orbits and
is equal to 200 km. The result obtained with COSY-GO, using the objective function de ned in
Eq. @2), is listed in Table [4.1.
The method can indeed compute the correct true anomalies anénclosure of the minimum. The
sharpness of the intervals is related to the minimum box sizewhen the size of the residual domains
computed by the optimizer are smaller than this value the iteaations are stopped.

Anyway, as already observed in ChaptefR, the perturbationscan modify signi cantly the shape
and the orientation of the orbit. The analytical solutions for the arti cial satellite problem have
been therefore used to compute a more realistic MOID. Sincehe orbital elements vary with time
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Table 4.1: Example of MOID computed with COSY-GO

1 2 d
[deg] [deg] [km]

0:276292E-040:920974E-05 0:917059E-050:275118E-04 1999999999200.0000001

in these analytical models, the objective functiond? is not only a function of the two anomalies 1
and », but also of time t.

In Section [4.1 the Aksnes' solution is applied to the object 1while the object 2 travels on a
Keplerian orbit. This situation is similar to the one of an active satellite that performs station
keeping manoeuvres, whereas the rst object is uncontrolld.

In Section[4.2 HANDE solution is applied to the rst orbit ins tead of Aksnes' one. Similarly, in
Section[4.3 the rst orbit is geosynchronous and hence SGP4siused. Finally, in Section[4.4 both
orbit are perturbed. The chapter ends with Section[45 in whch the computed[MOID| is expanded
in terms of the Keplerian elements, e.g. semi-major axis andhclination. Using this DAImap the
uncertainties on the initial state of the debris can be takeninto account too.

4.1 MOID with one orbit perturbed by zonal harmonics

In this section it is described the procedure fof_MOID compugtion in the case that one of the
two orbit is perturbed by Earth's zonal harmonics. The variables associated to the perturbed orbit
will be indicated with a subscript 1. To compute the square dstance d? using Equation (@.2), the
positions of the two objects are needed. Since the second dris Keplerian, the position is a function

of the true anomaly , and can indeed be computed as outlined in Eq[C4]l1. The positio on the
rst orbit is instead obtained using Aksnes solution, descibed in Section[Z31. As highlighted in
the previous section, thel MOID is a geometrical informationand for this reason it is not correlated
to the real position of the object on the orbit. The equations that involves the mean anomaly and
true anomaly can hence be dropped. As a result, there is no ndeo solve Kepler's equation during
[MOIDlcomputation.

With respect to the case of two Keplerian orbits, the search @dmain becomes three-dimensional,
since the argument of the pericentre and the right ascensiomnf the ascending node are now time-
dependant. Given the Keplerian elements of both orbits at the same epoch, the square distance
can be computed after a proper initialization of the variables required by Aksnes' algorithm. After
this, the function d? can be computed for any triplet 1; »;t, belonging to the search domain,
following these steps:

" update the variablesg; and h; at time t using the secular ratesg; and hy,
compute the true longitudesu; @ randuy, o 2,

compute the longitude ~; and latitude ~; and the components of vectorr 1,
compute the components of vectorr,,

compute the square distanced?.
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It can be observed that the periodic perturbations are not aplied to the nal position. The
reason is that these terms are strictly connected to the lochposition on the orbit, i.e. 1, but are
also dependant on the timet. Since the value of the true anomaly is merely geometrical irthis
case, it can not be substituted directly in the equations forthe periodic perturbations. Anyway,
the periodic perturbations are usually small in amplitude, thus it is su cient to consider a safety
margin of a few kilometres on the[MOID to take into account these e ects. This means that even
small values ol MOID, e.g. 1.5 km, are worth of further analyical or numerical investigation, since
the occurrence of a collision can not be excluded. It is anywaimportant to notice that a safety
margin must be considered anyway, since uncertainties a ecthe initial orbital elements.

As already stated, the square distance is a function of the tw true anomalies ; and », and of
time t. The two angles are in the enclosure 180,180 deg, whereas the enclosure of timé& must
be related to model accuracy. Since Aksnes' solution showsogd accordance with numerical data
on the time span of one year (se&[2.3.1), the time is taken in the domain t 0;365 days. The
units are chosen in order to have a search space with the sameagnitude in each direction. Doing
so the sharpness of the remaining boxes of each variable igvsiar.

The obtained for a sun-synchronous and a Keplerian orli are reported. The Keplerian
elements of the considered orbits are listed in Tabl&4]2.

Table 4.2: MOID zonal test case: Keplerian elements at epoch

D Orbit Dynamical a o €0 lo 0 I'o
type model [km] - [deg] |[deg] [deq]

1 Sun-synchr. Aksnes'sol. 6878.136 0.0 96.99 110.0 70.0

2 MEOI Keplerian  11130.227 0.4 6.5 300 73.0

Th MOID]of the two unperturbed orbits, using Keplerian elements of Table [4.2, is equal to
1880083 km. The simulation took 116.736 seconds. According to tlk value, it would seem that
there is no probability of an impact to occur. Anyway, the orbital plane of the sun-synchronous
orbit rotates around an axis which is perpendicular to Earth's equatorial plane and, as a result, the
actual MOID]Ican be lower.

In Figure it is represented a view of the cubical search doain. Each point belonging to
one of the cube faces is coloured according to the local valug the square distance. The darker
zones are associated to high distance, whereas the lighteo tow distances. COSY-GO will split the
domain in smaller volumes, retaining only those in which theobjective function is below the cut-o
value of the current iteration. The iteration are stopped when boxes volumes are smaller than the
value provided by the user. The remaining boxes are listed inTable [4.3 whereas the associated
enclosure ofd? is found in Table @4. Since COSY-GO provides the validated eclosure of the
global minimum (see §[3.4), if this minimum is equal to zero the two bounds must be paitive and
negative respectively. This condition is veri ed in this case and hence the two orbits intersect in four
occasions. A numerical simulation or an evaluation of the ofect position at four intersection times
are indeed needed, in order to evaluate the occurrence of alsion. Because of the negative bound,
the square root ofd? enclosure will lead to alTM arithmetic failure. Anyway, in th is situation, the
information provided by the enclosure ofd? are su cient to state the the zero.

The graphical representation of the two orbits at the times listed in Table [4.3 are in the left
side of Figures 4.4 4.6 4]6, and_4l7. On the right side of elAd~igure, the contour plot of d? at the
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Table 4.3: MOID of one orbit perturbed by zonal harmonics: remaining boes

1 2 t

[deg] [deg] [days]
-40:9823329 -40:9823327 -26.0738536 -26:0738534 61:7190874 61:7190876
155990229 155990231 26.0738534 26:.0738536 119068571 119068573
118290326 118290328 -26.0738536 -26.0738534 260:826736 260826738
-39:780591% -39:7805913 26:0738534 26.0738536 318632662 318632664

Table 4.4: MOID of one orbit perturbed by zonal harmonics: enclosure ofd?

d2
[km ?]
-0.2225073858507204E-307, 0.5373688376571255E-020

intersection time are represented. These latter plots can b seen as slices of the volume in Fig."4.3

along planes at constant t. On each gure the corresponding MOID is represented with a coss.
The presented algorithm can compute the minimum distance btwveen two orbits, one of which

is perturbed by Earth's zonal harmonics. It has been also vered, through the presented example,

that the MOID Jcomputed with the approximation of Keplerian o rbits is not always su cient to
exclude the occurrence of an intersection. Anyway, since #[MOIDE computed using the Aksnes'

model can not be higher than the Keplerian[MOID, the latter can be used as the initial cut-o
value for the global optimizer COSY-GO.

Square distance

(t-1,) [days]

v, ldeel v, [deg]

Figure 4.3: 3D contour plot of square distance search domain boundaries



84 Chapter 4. MOID of perturbed orbits

Day 61.7}91 Day 61.7191 ﬁjsoa

. o 4

” 35

3

N 25

: - 2

k 15

/0 ksooo ;5

Tkm 10000 15000 k] 4150  -100  -50 50
(a) 3D representation (b) Contour plot of d? 1; »
Figure 4.4: MOID of one orbit perturbed by zonal harmonics: rst interse ction
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Figure 4.5: MOID of one orbit perturbed by zonal harmonics: second intesection
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Figure 4.6: MOID of one orbit perturbed by zonal harmonics: third inters ection
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Figure 4.7: MOID of one orbit perturbed by zonal harmonics: fourth inter section

4.2 MOID with one orbit perturbed by drag and zonal harmonics

In this section the procedure presented in Sectioi 4]l is eghded to the case of an orbit perturbed
also by atmospheric drag. The solution adopted to compute tle debris position on orbit 1 is
HANDE, described in[2:32. Given the mean Keplerian elemerst at epoch, the algorithm can be
initialized as usual, computing both secular and long-pemd periodic coe cients. As in the previous
case, the equations involving the mean anomaly are droppedFor any triplet 1; 2;t belonging
to the search domain, the procedure to compute thé MOID is thefollowing:

compute the values of the primed variablesn; t ,e; t ,I;t, ;t and!, t using Equations

(2.66)-(2.70) and (2.72),
" compute orbit radius r t; 1 by means of Eqs. [Z777){Z.117),

compute true longitudesu; o1 randuy ! 2,

compute the components of the position vectorr; with Egs. (£383) and (Z.84) using primed
variables,

compute the components of the vector, by means of Eq. [4.1),
"~ compute the square distanced® with Eq. (&£2).

Even in this case the short-period periodic perturbations, r, u, |1, and are not added, since
they are function of t and not of the geometrical position . The computed [MOID] must hence
take into account these possible variations with a proper stety margin.

The domain of the time from epoch variable was denedas t  0;365 days. The right bound
of the interval is larger than the time span on which the full HANDE]propagator is reliable, which
is approximately 20 days. This is justi ed since the total position error in HANDElis mainly due
to mean anomaly, whose equations are dropped.

The same case of Tablé4]2 is considered. The sun-synchrorsoarbit in this case is perturbed
also by atmospheric drag and hence it is expected that the_MdDk will di er from the one listed in
Table 4.3.
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In Figure the value of square distance on the boundariesfdhe search domain is represented
in grey scale. The contour lines, as expected, have the samafterns of Figure [4.3.

The obtained in this case are listed in table[4.5. The snulation lasted 222.745 seconds.
The enclosure of the true anomaly , are the same of the case of the previous section. Ttie MOID
even in this case is a really small value, of the order 1¢ km, and hence the two orbits intersects.
It is worth noting that when dealing with really small positi ve or null values, the objective function
can be bounded with an enclosure that comprises slight negate values.

Table 4.5 MOID of one orbit perturbed by drag and zonal harmonics: remaning
boxes

1 2 t

[deg] [deg] [days]
-321646977 -321646975 -26:.0738536 -26:0738534  64:2710642 64:2710644
173208207 173208209 26.0738534 26.0738536 123983661 123983663
155658008 155658010 -26.0738536 -26:0738534 271549212 271549214
6:05381392 6:05381398 260738534 26:0738536 331709477 331709479

Since the sun-synchronous orbit is 4 LEO, the e ect of drag on he rst orbit RAAN (that
increases with rate that is slightly lower than 1 deg/day) results in higher values of t, since more
time is needed to perform the same rotation. The e ect is also ombined to orbital decay, that
reduces semi-major axis and hence changes the position[of MIDs.

The orbits at the intersections and the slices of the search a@main of Figure[4.8 at the corre-
spondent instants of time are represented in Figure§ 419, 40,[4.11, and 4.IR. The patterns of the
contour plots are similar to the ones obtained with Aksnes' slution.

Square distance < 108

it-tg) [days]

\Jz [deg] Vl [deg]

Figure 4.8: 3D contour plot of square distance search domain boundaries
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Figure 4.9: MOID of one orbit perturbed by drag and zonal harmonics: rst intersec-
tion
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Figure 4.10: MOID of one orbit perturbed by drag and zonal harmonics: secad
intersection
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Figure 4.11: MOID of one orbit perturbed by drag and zonal harmonics: third inter-
section
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Figure 4.12: MOID of one orbit perturbed by drag and zonal harmonics: fourth
intersection

The algorithm presented in this section computes thé MOID béween an orbit perturbed by drag
and a Keplerian one. Through the comparison with the solution obtained in the previous section
with the same orbits, it was shown that the [MOID]computed with HANDE is more reliable for
[LEQIsince it captures the e ects of atmospheric drag.

4.3 MOID with one geosynchronous orbit

In this section the [MOID]computation between a Keplerian orbit and a geosynchronous orbit is
presented. This algorithm can be applied to study the chanceof impact in the geostationary
ring, taking into account e.g. a functional satellite and an uncontrolled one, that is no more able
to counter-act the perturbative e ects. Alternatively, the satellite on the Keplerian orbit can be
travelling on a Geostationary Transfer Orbit (GTQ), and it i s of interest the possibility of impact
with a debris in geosynchronous orbit. The procedure for thecomputation of the objective function
is similar to the one of the previous two cases, with the excdon that the position on orbit 1 is
computed by means of SGP4 propagator. Like before, the equinn related to mean anomaly are
dropped and the vectorrq is computed using the primed Keplerian elements at timet and the true
anomaly ;.

The test case presented in this section involves two geosyhmnous orbits. The Keplerian
elements of each orbit are listed in Tablé 4.6 and are represeed in Figure 4.13. The main di erence
among the two orbits its their inclination, whereas eccenticity and semi-major axis are nearly the
same.

Table 4.6: MOID SGP4 test case: Keplerian elements at JD 2455574.974

D Orbit Dynamical a o €0 ) 0 I'o
type model [km] - [deg] [deg] [deq]
1 GEO| SGP4 42164.504 5.6510 * 0.058 276.489 4.979

2 Geo-synchr.  Keplerian  42164.136 0.0 12.605 0.0 0.0
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Figure 4.13: GEO MOID: 3D representation of test case orbits

The values of the square distance on the boundaries of the se&h domain are represented in
Figure @14. Two stripes characterised by low values of theunction d? can be observed. On the
top face the contour lines identify clearly two local minima. This condition can be inferred also
observing the two orbits in Figure[4.13, in which the curves rearly coincide in two points, since they
have similar semi-major axis.

i 9
Square distance x 10

(t-t,) [days]

v, [ v, [°]

Figure 4.14: GEO MOID: contour plot of square distance on search domain bandaries

As a result, the number of intersections between the two orlis in the considered domain is
equal to 12268. This really high number is not surprising, gice an intersection is found at almost
every instant of time. It should be reminded that there is no mnnection with the real position of
the object on its trajectory and hence it is as if for each t the whole trajectories are considered to

1The two stripes are actually the same stripe, because of the periodicity of the true anomalies
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Day 93.8816 Day 93.8816

(t-1,) [days]

00 - 100

-150 -100 -50 g, 50 100 150 v, [deg]
v, [ v, [deg]
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Figure 4.15: GEO MOID: contour plots at t 938816
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Figure 4.16: GEO MOID: contour plots at t 94:7894

compute d?. The simulation took 12287.074 s in this case, since the nunaly of enclosures is higher
than in cases analysed in previous sections.

Two random [MOID$ are represented in Figured 4,76 an@4.16. Othe right side of each gure,
the domain is sliced with three planes parallel to the cube faes that cross each other in the con-
sidered[MOID| Observing the contour lines that surround the red cross, i.e. the.ZMOID, it can be
inferred that the intersections are nearly piled one on eactother.
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4.4 MOID of two perturbed orbits

The natural extension of the methods described in the previas sections is to consider both orbits
as perturbed. The case of two orbits under the e ect of zonal hanonics and a mixed case in which
one orbit is perturbed also by drag are analyzed in this sectin.

In the case of two orbits perturbed by zonal harmonics the posion on both orbits is computed
using the procedure outlined in Sectiorf41l. In the case of ég and zonal harmonics perturbations
the algorithm presented in Section[4.2 is used to compute thgosition on the rst orbit, whereas
the position on the second one is computed using again the peedure derived from Aksnes' solution
in Section[4.].

The two codes developed have been applied to the two orbits peesented in Figure[4.17.

I [km] I [km]

Figure 4.17: LEO and MEO orbits at epoch

The Keplerian elements of both orbits are listed in Table[4.Y The [MOIDIcomputed using the
Keplerian elements at epoch is equal to 566.078 km.

Table 4.7: MOID between two perturbed orbits: Keplerian elements at epch

D Orbit Dynamical a o €o ) 0 I'o B
type model [km] [1 [deg] [deg] [deg] [m  Z2/kg]

1 [EQ Aksnes'sol./ HANDE 6878.136 0.0 96.99 10.0 70.0 0.04

2 [MEQ Aksnes' sol. 11596.894 0.4 40.1 45.0 290.0 -

In the rst simulation both orbit 1 and 2 have been modelled considering only the perturbations
of zonal harmonics, i.e. using Aksnes' model. During the send simulation, instead, orbit 1 was
modeled using HANDE solution and hence atmospheric perturbtions were considered.
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The conditions in which the minimum distance between orbitsare reached are listed in tablé4.B.
On the rst row the MOID dbtained considering both orbits per turbed only by zonal harmonics is
listed. On the second row, instead, the result obtained withthe rst orbit perturbed also by drag
is reported. The enclosures of the square distancé® and distanced are listed in Table [£.9.

Table 4.8: MOID between two perturbed orbits, remaining boxes

1 2 t

[deg] [deg] [days]
-54:3726660 -54:3724426 -0:543159444E-040:543107579E-04 23245474Q 232454838
-63:8203287 -63:8202263 -0:819381290E-01-0:818336669E-01 262328629 262328701

Table 4.9: MOID between two perturbed orbits, remaining boxes

d? d
[km 2] [km]
63999999999391346400Q000000027399 79:999995710276480.00000715956220
100025031385704;71000250313873591 1000125082453246.00:0125259603010

In the rst case the obtained minimum distance is approximately 80 km, whereas in the second
case it is 100 km. The increment is due to orbital decaying of he[LEQ orbit. The computational
times were 165.022 s and 137.809 s respectively.

The conditions of minimum orbital distance are representedon the left side of Figures4.18 and
[42Z1. On the right side of both gures, the contour plot of the square distance on the domain
boundaries is represented.

The slices of the domain along the planes at constant times & represented in Figure$ 4.20 and
[423. The patterns of the two gures are similar, anyway the drag has changed the position of the
minimum.

In Figures[4.19 and[4.22 the search domain is sliced along plas parallel to domain boundaries
whose intersection is in(MOID coordinates. It can be obserw that in this case there is only a
lighter area that surrounds the minimum, since there is onlysituation in which the two orbits get
closer. Since the obtained value dfFMQOID is high in this casehere is no risk of impact between the
two objects. In addition, the e ect of drag on the rst orbit sl owly increases this value.

The described code can hence be used to perform analysis centing the occurrence of inter-
sections between two perturbed orbits. These codes increaghe combinations of orbits that can be
taken into account, since the constraint of using one Kepldan orbit is removed. As an example, it
is possible to consider a satellite whose orbital plane is tating and a LEQIdebris that is under the
e ect of atmospheric drag.
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Figure 4.18: MOID between two orbits perturbed by zonal harmonics
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Figure 4.19: MOID between orbits perturbed by zonal harmonics: 3D contou plot
along planes parallel to domain boundaries
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Figure 4.21: MOID between two orbits perturbed by zonal harmonics and dray
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4.5 DA expansion of MOID

The presented throughout this chapter are individuated by three intervals, each one as-
sociated to one of the variables of the square distance®. Anyway, the Keperian elements or,
alternatively, the position and velocity vectors at epoch, are a ected by uncertainties since they are
obtained by orbit determination. The three intervals are indeed in uenced by these uncertainties
and so is the square distance.

By means of[DA techniques, it is possible to obtain an expansin of the[MOIDIlin the uncertain
Keplerian elements. The expansion of the solution allows atatistical propagation of the uncertain-
ties with a mere evaluation of the polynomials, describing he deviation from the nominal Keplerian
elements at epoch with a Gaussian distribution [[/0]. It is irdeed possible to avoid a Monte-Carlo
analysis, with considerable reduction of computational time. In the following, the procedure for
[MQID]expansion is described.

Let us consider the[MOID computed using the nominal Keplerian elements. The mean values
of the enclosures of 1, », andt can be initialized asn-th order DA]variables and so the Keplerian
elements:

(4.3)

where s is an array that groups 1, 2 andt, whereasp is a vector that comprises ve Keplerian
elements, i.e.a, e, |, ,and !. Using these[DA variables the square distance is obtained flowing
the same steps that are necessary far MOID computation. ThifDAlbased evaluations ofd? delivers
its n-th order expansion with respect tos and p

@ f s;p : (4.4)

It is worth noting that the zero-order coe cient of the squar e distance must belong to the L MOID
enclosure. Using COSY INFINTY bult-in function for derivat ion, the deviation of d? from the
MOID]is given by means of

g rsd® Mg s p ; (4.5)
in which

rs _— — = (4.6)
The following map can hence be de ned

g Mdz S

0 N D 4.7)

The rst three rows of the map represent the gradients of the guare distance, computed in the
[MOID] along the three direction 1, » andt. The constant part of these gradients should be small,
since this point is a minimum of the function d?. The map can be inverted, obtaining:

s Mg ' g

D N 0 (4.8)
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The information regarding the deviation of the triplet ( 1, », t) from its reference point can be
obtained evaluating the map for g O:

S Mdz ! 0

D N 0 (4.9)

The rst three rows of the map in equation (£39) are the desiral deviations, and can be written as

s Mg, p; (4.10)

which is the n-th order Taylor expansion of the[MOIDItriplet ( 1, 2, t) as a function of the Keplerian
elements deviations, i.e.
S s p: (4.11)

This result can be used to evaluate the DA-based square distece d? , retrieving the dependence
of the MOID]from the deviation of the nominal Keplerian elements, and hence their uncertainties.

In Table &I the map resulting from the expansion ofd? is listed. To compute this map the
remaining boxes on the third row of Table[4:3 were consideredThese boxes are reported in Table
4.10.

Table 4.10: Reference remaining boxes for MOID expansion test case

1 2 t
[deg] [deg] [days]
118290326 118290328 -26.0738536 -26:0738534 260826736 260:826738

The orbits taken into account are thus the ones listed in Tabke[4.2. The square distance was
evaluated using the procedure of Section 411.

Table 4.11: Map of 3-th order MOID expansion in the variables a and |

I COEFFICIENT ORDER EXaPONENITS
1 0.1625767635287872E-07 0 0 0
2 0.1200801263978590E-10 1 1 0
3 0.4134544928646733E-09 1 0 1
4 0.3637978807091713E-11 2 2 0
5 0.1164153218269348E-09 2 1 1
6 -.8642673492431641E-06 2 0 2
7 -.2770983442701436E-10 3 3 0
8 0.3491071936423396E-05 3 2 1
9 0.1583054690854624E-03 3 1 2
10 0.5034525506198406E-01 3 0 3
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In this case the expansion is performed on semi-major axia and inclination 1. Evaluating this
map using the variations of semi-major axis a and inclination | from their nominal values, the
deviation of d? is obtained. Since the magnitude of the coe cients of the exm@nsion increase with
order in this case, it can be expected that the square distarewill vary considerably only with large
values of a and | .

In Figures [4.24,[4.25, and_4.26 the deviation 1, 5, and t from the mean values of cor-
responding remaining boxes are represented. The contour @is are obtained evaluating the three
polynomials of the variables ;, 2 andt obtained with Equation (£.10) on the domain a 20; 20
km and | 1:5;1:5 deg.

The true anomaly », is less a ected by the uncertainties on the nominala and |, since the
maximum deviation has a magnitude of a few degrees. On the omsite, the time of intersection t
and the true anomaly of the rst orbit are much more a ected. Th e reason is that the nominal orbit
1 is Sun-synchronous and hence a variation on semi-major axiand inclination changes the rates of
variation of the right ascension of the ascending node and gument of pericentre. As outlined is
Chapter[Z, these rates are directly connected to the inclinion of the orbit. It is not surprising that
the variation of true anomaly ; in Figure and time t in Figure is higher when moving
in a direction parallel to | axis.

On the contrary, the true anomaly » is more a ected by the variation of semi-major axis. The
contour levels in Figure[4.25 are parallel to the axis| in the central area of the plot, and hence
the direction of maximum variation is parallel to a axis.

n, variation [deg]

1.5
250
1 200
150
0.5
100
=
ﬁ 0 50
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e | o
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1.5 I ; ; E— E—
30 -15 -10 -5 5 10 15 20

Figure 4.24. Contour plot of 1 7-th order expansion in the variablesa and |
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Figure 4.25: Contour plot of 5 7-th order expansion in the variablesa and |
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Figure 4.26: Contour plot of t 7-th order expansion in the variablesa and |
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The updated values of 1, > and t obtained by means of MOID expansion are listed in Table
[412. These values can be compared with those listed in Tabld. 13, that groups the enclosures
computed with COSY-GO initializing semi-major axis and inclination as

& a a
(4.12)
n lo |I;
were a and | are the same variation considered in the corresponding MOIDexpansion.
Table 4.12: Values of ;, 5, and t at orbit intersection obtained through MOID
expansion
D a I 1 2 t
[km] [deg] [deg] [deg] [days]
1 -15 -0.12 140.315869373514 -25.0883017102153 264.468/4R5
2 -15 0.12 104.588479303045 -25.0883013063000 255.5%84%3
3 15 -0.12  132.563412339712 -27.0218382649598 266.2BV26RI1
4 15 0.12 97.1266099281829 -27.0218376510964 257.34&6662
5 2 1 -12.6932623707262 -26.1177917342817 228.6143523002
6 2 -1 -71.318128057237 -26.2780198640129 304.116603#041
7 -18 1.2  -30.4855505320096 -24.676274417113 222.231%683

Table 4.13: Remaining boxes obtained with perturbed Keplerian elemens at tg

a I 1 2 t
[km] [deg] [deg] [deg] [days]

-15  -0.12 140315861 140315863 -25:088303% -25:0883033 264463757 264463759
-15 0.12 104588470 104588472 -25:088303% -25:0883033 255598730 255598732
15 -0.12 132563419 132563421 -27.0218364 -27.0218362 266274235 266274237
15 0.12 97:1266150 97:1266152  -27.0218364 -27:0218362 257.34815Q 257:348152
2 1 -13032101% -13:0321013  -26:2023310-26:2023308 228518669 228518671
2 -1 -71:0143378 -71:0143376  -26:2023310 -26:2023308 304202362 304202364
-18 1.2 -31:3272880-31:3272877  -24:8862947-24:8862945 221993721 221993723

The values obtained from the expansion are comparable withiiose obtained by global optimiza-
tion. The di erence between the enclosures and the values olained through polynomial evaluation
increases as the variationa and | becomes larger.

The contour plot of the d®> map is plotted in Figure B.27. Since the variations of semi-rajor
axis and inclination are small, the magnitude of the square @tance variation is limited to 10
kmZ2. In the middle of the domain the function has a plateau, as thevariation of semi-major axis
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Figure 4.27: Contour plot of d? 7-th order expansion in the variablesa and |. The
red crosses represent the position of the evaluatdd MOIDsdted in Table[4.12

and inclination are not su cient to avoid the intersection. In the corner of the domain the function
rapidly grows. Actually the distance between orbits in that region is still null and thus the map is
becoming less accurate.

Taking into account the data in Tables 412 and[4.13, it is interesting to note that the accuracy
of the points on the plateau is higher than those of points 5 ad 7. In particular, the error increases
moving from point 6 to 5 and from 5 to 7, i.e. moving away from the plateau. Thus, the contour
plot of the square distance function provides information o the accuracy of thelMOID| expansion.

In the previous example the MOID was expanded using as a refence point the mean value of
the boundaries in Table[4I0. These points are not, in genetathe real MOIDs. The real MOID]
can be anyway retrieved using the mean values of the interval Instead of evaluating the inverse
map as in equation [4.9), the[DA vector g can be initialized as

g g O; (4.13)

where go is a vector that has, on each row, the the correspondent zerbtorder coe cient of the
map r sd? and 0 is a[DAl null vector. Through the polynomial evaluation

S Mdzlg

p I p p

the DAlvector s is obtained. This vector represents the variation of the vaiables ;, , and tto
be added to the mean values of the MOID enclosures in order toes d> 0.

Using the updated values of 1, », andt the procedure for[MOIDI| expansion is repeated from
the beginning. The 3th-order expansion ofd? obtained after this procedure is listed in Table[4.1%.
With respect to the map in Table 411 the coe cients up to rst order disappear. The zeroth-order
coe cient are null since the square distance is computed in he intersection point, whereas the rst
order coe cients are null since the polynomial is evaluatedin g O.

; (4.14)
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Table 4.14: Map of 3-th order MOID expansion in the variables a and | after initial
guess update

I COEFFICIENT ORDER EXaPONENITS

1 -.1303851604461670E-07 2 2 0
2 -.8940696716308594E-07 2 1 1
3 -.7450580596923828E-07 2 0 2
4 0.1280568540096283E-08 3 3 0
5 -.2357410266995430E-07 3 2 1
6 0.1026783138513565E-06 3 1 2
7 0.4377216100692749E-07 3 0 3

In Table BI85 the values obtained with the updated[MOID| exparsion are listed. Since the

enclosures of the variables 1,

2, and

t used to compute the[MOID expansion are tight the

di erences between values of Tabld 4,12 an@4.15 are really aat. As a consequence, the contour

plots of the deviation

4.28.

1,

2, and t from the mean values are the same of Figurds 4.P&,_4125, and

Table 4.15: Values of ;, », and t at orbit intersection obtained through updated
MOID expansion
D a | 1 2 t
[km] [deg] [deq] [deg] [days]
1 -15 -0.12 140.315860000742 -25.0883040100362 264.4¥86092
2 -15 0.12 104.588472601323 -25.0883029990453 255.59B6H6
3 15 -0.12 132.563418686739 -27.0218367017426 266.2BEEEP6
4 15 0.12 97.1266175399908 -27.0218356907520 257.34&0BRT
5 2 1 -12.6932546389250 -26.1177894045751 228.61435B890
6 2 -1 -71.3181355366740 -26.2780214885882 304.1166GRM97
7 -18 1.2 -30.4855482142236 -24.6762736357758 222.23003P1

The contour plot of the square function is represented in Figire 4.28. As in Figure[4.27 there
is a plateau in the middle of the domain and thus the same condierations can be made for the
evaluation of the error. Anyway, since the rst order coe ci ents of the map have disappeared after
the update of the reference value, the contour levels have drent shapes. It can be observed that
the evaluated square distance rapidly grows for a variationof inclination above 1 deg.

In this case the maximum deviation of the[MOIDIis of the order o 10 ° and hence lower than
the one in Figure[4.27, since the reference values are clogerthe real MOID]
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Figure 4.28: Contour plot of d? 7-th order expansion in the variablesa and | for
updated MOID. The red crosses represent the position of the wluated [MOID$ listed
in Table 415

The uncertainties on initial orbital elements can be manage directly during global optimization.
This implementation represents an alternative to[MOID|expansion. The number of variables taken
into account during MOID lcomputation can be increased, e.g.by adding semi-major axis. Anyway,
if the search interval associated to this new variables is sailer than the minimum box size, COSY-
GO will not split it during iterations. By rescaling properl y the domain within each objective
function evaluation, the enclosures of the square distancevill range from the minimum to the
maximum values associated to the semi-major axis variation At the end of the simulation, the
enclosure of the variables 1, », and t should include all the conditions in which the two orbits
intersects (or are at their minimum distance), because of tle variation within the scaled interval
associated to semi-major axis. This approach was tested onéplerian orbits but the LDBland QFB]
algorithm are at present not applicable to this kind of computation. The Naive TMland interval
box splitting criteria have thus been used.

A simple test-case is reported here. In Tabld"4.16 the Kepléan elements of the orbits of
IRIDIUM 33 and COSMOS 2251 satellites are reported.

Table 4.16: Keplerian elements of IRIDIUM 33 and COSMOS 2251 satellites

Orbit Dynamical a o €o ) 0 I'o
type model [km] [] [deg] [deg] [deq]

IRIDIUM 33 MEOQ] Keplerian 7155.136 1397590E-4 86.40 230.90 .@0
COSMOS 2251 [MEO Keplerian ~ 7168.636 1.743706E-3 74.00 219.9194.00

Satellite

The [MQID]obtained considering both orbit as Keplerian is reported in Table EI17.
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Table 4.17: MOID of IRIDIUM 33 and COSMOS 2251 satellites

1 2 d
[deg] [deg] [km]

135220535 135220531 3299717932997181  2:3000960352:300096195

Using these values, an expansion of tHe MOID for a variation bthe semi-major axis a 11
km and inclination | 0:1;0:1 deg is computed. The maximum and minimum values of ; and
» that are found in the domain are listed in Table [4.18.

Table 4.18: Enclosures of 1 and » on the domain a 1;1 kmand | 0:1;0:1
deg obtained with MOID expansion

1 2 d
[deg] [deg] [km]

135439928 134999344 32766793133:229362 1:2701124693:330493798

As expected the variation of the distance is a bit larger thanl km, since the variation of semi-
major axis variations is 1 km and the one of inclination is 0:1 deg.

Using the procedure described above, the enclosures of theue anomalies are computed by
scaling the search domain de ned outside the optimization gcle to their real values at each iteration.
The obtained enclosures of the angles; and , are listed in Table [4.19.

Table 4.19: Enclosures of 1 and » on the domain a 1;1 kmand | 0:1;0:1
deg obtained with modi ed MOID computation

1 2
[deg] [deg]

135483399 134956054 3272827133:288574

The obtained values are really close to the ones computed by eans of MQOID expansion. Un-
fortunately, the enclosure of the square distance in this l#ter case is not su ciently tight. Thus
the right and left bound of the variables are overestimated. The reason is connected to the Naive
[TM]and interval algorithms, that are less precise than[QFB and

In case that in next versions of COSY-GO the applicability of LDBland QFB]will be extended,
the implementation of this alternative approach should be breseen, since the results obtained are
comparable with those computed through[MOID expansion, wih the advantage of representing
validated enclosures of thé MOID and true anomalies.



Chapter 5

Debris clouds and orbital uncertainties

In Chapter @it was analyzed only the dependence from time of he Keplerian elements and the
position vector. Thus, only time was initialized as a[DAl variable. In Chapter [4 it was outlined
how the computed[MOIDE can be expanded in the Keplerian elemés obtaining a polynomial, e.g.
in the variables a and | . The evaluations of the polynomials of 1, » and t for the deviation of
a and | from their nominal values delivers the variations of the[MQOIDI from its reference values.
Having the Gaussian distribution of the Keplerian elements a statistical analysis of the[MOIDIcan
be indeed performed through a simple polynomial evaluation

The uncertainties on the initial orbital elements can be taken into account when performing
orbital propagation. The aim of this Chapter is to describe the procedure to obtain the[DA map of
the position vector. The most relevant results are also ouihed.

5.1 Analogies between debris cloud and orbital uncertainti es mod-
elling

To recover the expansion of the position vector, the Keple@n elements at reference epocky are
initialized as

& a Saa
€ € Se¢€
lo lo s |
(5.1)
0 o S
I'o o s !

|V|() Mo SM M ;

where sy is a proper scale factor, that can be related, as an exampleptthe 1- deviation from the
mean value of each variable.

The[DAlvariables obtained by means of Equation [5.1) can rephce the initial Keplerian elements
in the algorithms described in Sections 2.3]1[, 2.312, and 2.3. The position vector that is obtained
carrying out the whole algorithm is the desired map. In this case it is not necessary to initialize t
as a[DA variable, since it is of interest only the uncertainty on the position at a xed time.

105
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It is worth noting that the same procedure can be used to modethe evolution of a debris cloud.
As outlined in Section[1.3, the debris are generally originged by fragmentation of satellites or rocket
bodies. This means that after a break-up a certain number of dbris can be found in a small box
around the orbital position of the satellite. Thus, the original orbit or, alternatively, the orbit of
the larger object, can be taken as the reference amaster orbit. The position of the surrounding
debris can indeed be obtained evaluating thé DA map of the pason vector of the master orbit,
using the initial deviation of each debris from the Keplerian elements of the reference orbit. The
computation of the position uncertainties is indeed equivédent to the description of the evolution of
a cloud ofvirtual debris. The adjective virtual emphasises the fact that in this case there is actually
no cloud, but a single object.

If a real debris cloud has to be modelled, the scale factosy should be set according to the
maximum variation of the Keplerian elements of the debris cbud. These information are provided
in [4], where the data regarding each fragmentation are gatbred. Useful information concerning
object fragmentation are provided by the so called \Gabbard diagram", named after NORAD
employee John Gabbard. This scatter plot represents the pégee and apogee altitude of each debris
of the cloud against their orbital period. In the resulting \ X-shaped" diagram all perigee marker
are located in the bottom of the diagram whereas the apogee nnker are found in the upper part.
In the middle of the \X" the debris have the same semi-major axs of their parent. The debris
on the left have the same apogee altitude, but their perigee &s lowered due to a decrease in their
along-track velocity after the explosion. On the opposite,the debris on the right part have raised
their apogee after the increase of their along-track velogy.

In Figure K1 the Gabbard diagram of the debris cloud resulthg from Defense Meteorological
Satellite Program (DMSP) F11 satellite fragmentation is reported. At the time of the breakup (15
April 2004) the satellite was no more operative and the assegd cause of the breakup is a failure of
the propulsion system, probably related to the hydrazine reservoir that was on-board.

DSMSP F11 debris cloud
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Figure 5.1: Gabbard diagram of DMSP F11 satellite debris cloud 6 weeks &r breakup

The maximum variation of eccentricity and semi-major axis @an thus be recovered from this
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diagram, taking into account the perigee and apogee of eachethris and their orbital period.

The out-of-plane velocity resulting from a breakup inducesa variation of the orbital plane.
Anyway, since large values of v, are needed to change signi cantly node position and inclintion,
the variations of these two Keplerian elements are small.

The variation of argument of pericentre and true anomaly depend on the initial orbit eccentricity.
Anyway, it can be noticed that the variation of their sum u can be neglected because the variation
on and! are nearly opposite. Since all the considered analytical miels use the true longitude to
avoid singularities for circular orbits, the variation of both ! and M can be considered small. The
maximum variation of inclination, semi-major axis and eccentricity for the main debris cloud are
listed in [4].

In the following Sections the results obtained for the propaation of a cloud of debris are pre-
sented.

5.2 Orbit propagation through Aksnes' solution

The evolution of a debris cloud, whose reference objects hahe same orbital elements of DMSP
F11 satellite, has been studied by means of Aksnes' solutio(see 8[Z.3.7).

The reference orbital elements are listed in Tablé 5]1. Thes orbital elements are initialized as
[DAlvariables, using the scale factors listed in Tabld 5.2.

Table 5.1: DMSP F11, Keplerian elements at JD 2453110.9733

Orbit Dynamical a o €0 lo 0 'o Mo
type model [km] - [deg] [deg] [deg] [deg]

Sun-synchr. Aksnes'sol. 7218.692 0.001289 98.674 129.0083.867 346.285

Table 5.2: DMSP F11, [DAlvariables scale factors

Sa Se S| S Si Sm
[km] - [deg] [deg] [deg] [deg]
2 1E-2 0.3 0.1 0.1 0.1

The deviation for each Keplerian element is obtained by meas of a multivariate standard
Gaussian distribution. In the case of eccentricity the devation is properly scaled in order to avoid
negative eccentricities. Thus, given the map and deviationfrom the initial Keplerian elements, the
position of each debris cloud at di erent propagation times ae computed.

The debris cloud at time tq is represented in Figure 5.2(a). The initial volume occupiel by the
debris is very small at the beginning of the propagation. Thedebris slowly start to spread along
the orbit (Figure 5.2), due to phase displacement caused by icerences in semi-major axis. In a
few hundred days the debris are found on more than the half ofte orbit, with an increasing risk
of impact for the satellites ying nearby.
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Figure 5.2: DMSP F11, debris cloud evolution. The red curve is the nomin&orbit at
that instant.
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The accuracy of the propagation reduces signi cantly after 200 days, since the debris occupy
larger portions of the orbit. However, the initial debris box can be divided into many subboxes
and for each one a reference orbit can be de ned. In this way th deviation from the initial Kep-
lerian elements can be reduced. Thus, the loss in accuracy @mpensated with a small additional
computation e ort.

5.3 Orbit propagation through HANDE

In this section the propagation of a ctional debris cloud originated from IRIDIUM 33 satellite is
analyzed. The Keplerian elements for the reference orbit a listed in Table[5.3. The scale factor of
the [DAlvariables are reported in Table[5.4.

Table 5.3: IRIDIUM 33, Keplerian elements at JD 2454873.2056

Orbit Dynamical a o €o ) 0 'o Mo
type model [km] - [deq] [deg] [deq] [deq]

MEQ] HANDE 7155.136 1.39759E-4 86.399 230.901 165.545 MEL

Table 5.4: IRIDIUM 33, DA Variables scale factors

Sa Se S| S Si SMm
[km] - [deg] [deg] [deg] [deg]
3 1E-4 3 0.1 0.1 0.1

The evolution of the debris cloud is represented in Figurd 5. The displacement of the debris
from the initial Keplerian elements were obtained in the sane way of Section 5.2. In this case the
variation in the inclination is equal to 3 deg. As a result, the debris not only spread along the
orbit but also in a direction perpendicular to the orbital pl ane. This e ect is due to the di erent
RAAN angular rates between the debris. The di erences in between the debris ar e represented
in Figures[5.4 and[5.5 at initial time and after 250 days, respctively. On the y-axis of each gure
the semi-major axis is found. Wheras at timetg all points are concentrated in the initial box, after
250 days the values of the right ascension of the ascending de spreads from 80 to 200 deg. As
a result, the swarm of debris slowly distributes on a layer that surrounds the whole planet. Note
that the atmospheric drag reduces the semi-major axis of albebris of approximately by 4 km in
the considered time span.

In Figures 5.8 and[5.7 semi-major axis versus inclination iplotted. In this case the values of
inclination are nearly the same after 250 days.
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5.4 Orbit propagation through SGP4

The case of a GEO cloud is analyzed in this section. The refenee orbit is referred to satellite
GALAXY 15, a geostationary communincation satellite that was originally placed in a slot at
133W. On April 5, 2010, the satellite experienced a failure and tarted to drift eastward since
station keeping manoeuvres could not be performed anymore7l]. The satellite had three close
approaches with other GEO satellites prior its recovery, that was successful on 23 December, 2010.
The orbital elements of the satellite are listed in Table 5.5and the DA scale factors in Table 5.6.
In this simulation it is assumed that the satellite is still d rifting.

Table 5.5: IRIDIUM 33, Keplerian elements at JD 2455618.7482

Orbit Dynamical a o €0 lo 0 I'o Mg
type model [km] - [deg] [deg] [deg] [deg]
GEO. SGP4 42231.946 2.739E-4 0.145 74.484 237.431 190.869

Table 5.6: IRIDIUM 33, DA variables scale factors

Sa Se S| S Si Sm
[km] -  [deg] [deg] [deg] [deg]
3 1E-2 05 0.1 0.1 0.1

The evolution of the virtual debris is shown in Figure 5.8. The time needed for the debris
to spread along the trajectory is larger than in the previous cases, since the orbital period is
much larger. The main e ect are phase displacement and changein inclination due to luni-solar
perturbations. These e ects are recognisable if Figures 5.@nd 5.10 are compared. At timetg the
debris are grouped in a small box around the reference longitde (102.25W) and latitude (0.11°N).
After 250 days the value of longitude has changed and the dels longitudes are hence comprised
between 79W and 64°W. In addition, the inclination has raised of nearly 1 deg for all debris of the
cloud.
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Figure 5.8: GALAXY 15, debris cloud evolution. The red curve is the nominal orbit
at that instant.
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Chapter 6

Conclusions

In this chapter, after a brief summary of the work, the main results and objective reached are
critically analiyzed.

In Chapter 1 it was characterized the problem of space debrisIn particular, it was highlighted
that the region in which the higher concentration of debris is found are the most commercially
attractive and hence more populated by satellites. It was abo observed that the only natural
phenomenon that could help in reducing the amount of debris$ the atmospheric drag. Anyway,
its e ect is negligible above 600 km. For this reason mitigaton standards have been developed by
Space Organisations, with the aim of reducing the risks of impact, e.g identifying criteria for the
safe disposal of the satellite at their end-of-life. The imprtance of the prediction of impacts was
also stressed. In case a satellite and a debris or two satéds are found to be in collision routes a
proper avoidance manoeuvres can be designed. The goal of shivork was thus to develop a tool
that can detect orbital intersections through validated global optimization. It was also outlined
that the orbital perturbations should be taken into account since they can a ect considerably the
initial orbit shape and orientation.

In Chapter 2 the modelling of orbital perturbations was assessed. The main sources of pertur-
bation were identi ed, and three analytical models were setcted. The choice of these models was
driven by the kind of orbits that they can represent. The Aksnes' solution, described in Section
2.3.1, considers the perturbation generated by the rst ve zonal harmonics of the Earth. It can
thus be used to model the satellites that are found over LEO, vaere the e ect of atmospheric drag
is negligible and the zonal perturbations overcome the othesources of disturbance. To describe the
orbital evolution of a LEO satellite, the HANDE algorithm wa s selected and presented in Section
2.3.2. HANDE considers both zonal harmonics and atmospheti drag perturbations and has the
advantage of leaving to the user the choice of the atmosphemnodel. The last selected algorithm is
SGP4, that has been used to model the satellites in geostati@ry orbit. It considers zonal harmon-
ics up to degree four, luni-solar perturbation and resonane e ects. All three analytical propagators
were validated by comparison with numerical simulations orusing ad-hoc test cases.

Di erential Algebra (DA) and Taylor Models (TM) were describ ed in Chapter 3. It was described
how it is possible to obtain an approximation of the position by means of polynomials evaluation and
the characteristics of the expansions were analyzed for adnalytical models. The global optimizer
COSY-GO, based on TM, was described as well. This optimizer &s been used to compute the
MOID between orbits.

The MOID computation is tackled in Chapter 4. At rst, only on e of the two orbit was perturbed
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whereas the other one was Keplerian. Three codes where thugeloped, one for each analytical
solution that was selected in Chapter 2. Then, also the secahorbit was considered as perturbed.
The results obtained computing the position of both orbit by means of Aksnes' solution were
compared with the case in which the rst orbit was modelled through HANDE and the second
through Aksnes' model. It was demonstrated that the develogd codes can successfully compute
the MOID of perturbed orbits. In particular, it was proved th at the MOIDs computed considering
only Keplerian orbits are not reliable, since cases as the $4synchronous orbit can not be taken
into account. Intersections between orbits can occur evenfiat reference time the MOID is high.
It was also shown that the reduction of semi-major axis causg by atmospheric drag can in uences
the MOID through the example reported in Section 4.4. Using his approach it is indeed possible
to discriminate between orbits that can intersect or not under the e ect of orbital perturbations.
The advantage is that the time of computation is low if compared to numerical simulation, since
all the operations are reduced to evaluation of analytical &pressions. The numerical simulations
are needed only in case that two orbits have a MOID close to zex, since the MOID is related only
to the relative geometry of the two orbits. Thus, the position of the two objects at the time of
the intersections should be computed in order to assess thecourrence of a collision. Anyway, the
number of numerical propagations is drastically reduced, ce these are required only in case of
intersections.

The procedure for MOID expansion was presented in Section 8. It was demonstrated how it is
possible to obtain the dependence of the MOID from the variakbons of the initial conditions. This
allows to estimate the new coordinates in which the distancebetween the two orbits reaches its
minimum. In this way, it is possible to obtain the uncertaint ies on MOID given the uncertainties
on the initial parameters.

In Chapter 5 it was described how the DA allows the modelling é a debris cloud under the e ect
of orbital perturbations. It was also highlighted that the same procedure can be used to take into
account the uncertainties of the orbital elements. It has ben shown that the debris spreads along
the trajectory and it was outlined how the di erences in the rate of variation of RAAN between the
objects can disperse the cloud around the Earth. For the GEO bit it was found that the debris
distribute along the GEO ring and their inclination can change due to luni-solar perturbations.
Anyway, in the case of GEO the spreading of the debris occur ira longer period since the orbital
speed is lower.

The aim of predicting the intersections between two perturbed orbits was thus met. The test
cases reported in Chapter 4 demonstrated the capability of dscribing the most relevant e ect for
LEO and GEO. The computational time required, is limited to a few minutes for each simulation,
apart for the case of the GEO. Note that the optimization problem for GEO can be tackled in a
di erent way, by de ning the square distance as a function of time only. This approach, described
in the following Section would increase the performances ithe case that two orbits intersect many
times, but requires a more complex procedure for the validagd solution of Kepler's equation. As
an alternative, to reduce computational time it is possibleto compute the MOID considering both
orbit as Keplerian prior its calculation for perturbed orbi ts. In case the two Keplerian orbits already
intersects, the risk of impact is already present and thus a nmerical check of satellites position is
required.

In addition, the use of DA and TM enhances the capability of the developed tool. The possibility
of performing an expansion of the MOID is an important advantage, since it can cut down even more
the computational time, because all variations of MOID can be computed in fractions of second by
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mere polynomials evaluations.

6.1 Future developments

In this section the possible future developments of the workare outlined. As stated in Chapter
2 the e ect of the solar radiation pressure can overcome the dter sources of perturbation as the
area-to-mass ratio of the debris and the semi-major axis oftte orbit increase. This perturbation
should thus be modelled, especially in the case of orbits alwe the LEO region. In the present
work the analytical solutions that were selected take into acount zonal harmonics, atmospheric
drag, orbital resonance and luni-solar perturbations. Thereason of this choice is that the analytical
models for solar radiation pressure found in literature wee not suitable for general applications,
since they were obtained for speci c problems. Anyway, if gaeral models that take into account
this perturbation together with at least that of zonal harmo nics and/or drag is developed, their
inclusion in the code for MOID computation could represent ax important improvement. In that
case all the main sources of perturbation will be available ad hence the MOID would be even more
reliable.

Another important development would regard the computation of the MOID of a GEO orbit.
In this case the orbits are characterized by small variatiors of semi-major axis and inclinations, and
have low eccentricities. As reported in Section 4.3 the numbr of MOIDs is very high in this case
and computational time increases. The computation, anyway can be tackled in a quite di erent
way. Instead of considering all the pairs of true anomalies 1 and », the true anomalies can be
considered as functions of time as well, reintroducing the Isort period perturbations that were
dropped in Section 4.3. The square distance between the orsiin that case is a function of one
variable, time. Through a global optimization performed on a time interval of one or two years, the
instant at which the two objects are at the minimum distance can be identi ed. In this way the
risk of collision on the considered time span can be assessed@he computational time should be
reduced since even for two coincident orbits the number of dse approaches is reducéd

Further developments regards the modelling of debris clougdanalyzed in Chapter 5. In this work
only the deviation from the reference Keplerian elements wie considered. It is anyway possible to
take into account also the deviation from the reference balktic coe cient or area-to-mass ratio.
In Figure 6.1 it is represented a distribution of area-to-mass of debris originated from a collision
between two satellites. The distribution is computed follaving the procedure outlined in [19].

According to [19], it is also possible to compute statisticdly the increase of velocity resulting
from a collision or an explosion. The increase can then be udeto obtain the variations of the
Keplerian elements. These variation are indeed correlatedvhereas in the simulation performed in
Chapter 5 are considered as independent.

In case the two objects are at the same longitude the number of close approaches can be anyway really high.
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Appendix A

A.1 Greenwich sidereal time computation

In this section the algorithm for Greenwich Sidereal Time (GST) computation is described. Given
the Julian Date (JD) JDyt the centuries elapsed from 2000 January 01 12:00:00.0 UT cdoe
computed by mean of Eq. (A.1)

JDyt 245154%0

T Al
T 365250 (A1)
The GST in radians is obtained with the following expression
G 6:2 10 ®Tyr® 0:093104Tyr?
(A.2)

8766000 36000 8640184812866Tyt 6731054841,

where ¢ is Greenwich hour angle.

A.2 Moon and Sun ephemerides

In this section the procedure for the computation of Moon and Sun position is reported. These
passages are necessary for the computation of periodics lusolar perturbations in SGP4 algorithm
(see§ 2.3.3) and are taken from [48].

The solar elements [72], epoched at JD 2415020.0 (0.5 Janyat900), and referred to Earth's
equator are listed in tables A.1.

Table A.1: Sun's elements at epoch

No €o lo Mo 0 Mo C
[rad/min] [ [deq] [deg] [deq] [deq] [rad/min]

1.19459 10 ° 0.01675 23.44410 281.22080 0 358.47580 2.9864@ ©

The Moon's elements with subscript" are referred to the ecliptic plane and the variableu is the
longitude of the perigee. The values of these Keplerian eleemts are listed in table A.2.
The rst step is computing the Moon's RAAN referred to eclipt ic at time t, which is the time
elapsed from Moon's epoch to satellite epoch.

o o U (A.3)
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Table A.2: Moon's elements at epoch

No €0 lo. Uo. o Mo C
[rad/s] [] [deg] [deg] [deg] [deg] [rad/min]

1.58352 10 4 0.05490 5.14540 334.32955 4.52360 270.34200 4.79681

in which the secular rate . 9:2422029 10 # rad/day. The Moon's inlination with respect
to the equatorial plane is given by

cos| cosl cosly. sinl sinlg. cos . ; (A.4)
wheras the lognitude of the perigee referred to the ecliptids
Uo. Ug. t: (A.5)

The secular rate uy. 0:0019443680 rad/day. The lunar right ascension of the asceig node
referred to the equator is obtained by means of
sinlg.  sin

i . - A.
sin T (A.6)

cos 1 sin? . (A.7)

The following step is computing the quantity

. sinl sin .
sin - A.8
sin | (A-8)
cos cos cos . sin sin . cosl (A.9)
sin
arctan —— (A.10)
cos

and subsequently the Moon's argument of the pericentre
! . ; (A.11)

The computation of the Moon's Keplerian elements at the epoh of the space debris is concluded
with the computation of the mean anomaly

Me Mo n t; (A.12)

wheren is converted into rad/day.

The Keplerian elements of the Sun are supposed to be constasjtapart from the mean anomaly
Me that is computed in the same way of Eq. (A.12).

The procedure described above is performed only once durifgGP4 initialization. Only the fast
variable, i.e. the mean anomaly, must be updated at the timet at which the space debris position is
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evaluated. Ift is the time in seconds measured from debris epoch, the corygending mean anomaly
of the Sun and the Moon are given by

M Me nt (A.13)
M Me n t: (A.14)

In this case the mean motionsn and n are in rad/s.

A.3 Global Gravity Field Model EIGEN-51C

The Earth's gravity eld model used in this work is the EIGEN- 51C [73], developed in 2010 using
CHAMP and GOCE data. The equatorial Earth's radius R and Earth's gravitational parameter
according to this model are reported in table A.3.

Table A.3: EIGEN-51C Earth's constants

R 6.37813630010°  [m]
0.3986004461 10> [m3/s?]

The coe cients of the harmonic series expansion are availate at [74]. The rst ve zonal
harmonics coe cients used in all analytical models are lisied in Tab. A.4.

Table A.4: EIGEN-51C gravity eld zonal harmonics coe cients

n 2 3 4 5 6
Jn 1.082630 10 3 -2.532428 10 ®° -1.619907 10 ° -2.273001 10 7 5.407118 10 ’

In table A.5 the coe cients of the rst sectoral and tesseral harmonics are listed.

Table A.5: EIGEN-51C gravity eld tesseral and sectoral harmonics coecients

n 2 3 4
m 2 1 2 3 4

Jnm 1.815592 10 ® 3.463748 10 ® 3.744368 10 7 1.225020 10 7 1.050669 10 8
nm [rad] -0.521115 0.885152 -0.600012 0.193638 2.118817

In SGP4 the following coe cients related to the rst four zon al harmonics are de ned prior code
execution

1
ke 5 JoR? (A.15)
Aso  J3R® (A.16)
ki SR (A.17)
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The coe cients for numerical integration of synchronous orbit resonance are listed in table A.6.

Table A.6: SGP4 tesseral and sectoral constants

n 2 3

m 2 1 3

Qnm 1.7891679 10 & 2.1460748 10 ® 2.2123015 10
am [rad] 2.88431980 0.13130908 0.37448087

A.4  Atmospheric density model

The atmospheric density has been modeled throughout this widk with an exponential model, whose
formulation is in Eq. (A.18)

h hret

ref € H ] (A.18)

where h is satellite altitude. The reference density ¢ and altitude h,es as well as the scale height
H should be updated with altitude, in order to have a better corelation with real density. The
values of reference height and density at various altitude ee listed in table A.7.

h H
[km] [km] [kg/m 3]
0 8.4 1.225

200 375 2411010
350 54.8 6.6610 2
500 64.5 4.7610 13
550 68.7 2.1410 13
600 74.8 9.8910 4
650 84.4 47310 1
700 99.3 23610 4
750 121 1.2410 %4
800 151 6.9510 °

Table A.7: Density and scale height variation with altitude [75]

A.5 Transfomations of orbital elements

In this section the transformation between the orbital elements set used throughout this work are
reported. These sets of variables are introduced in order t@void the singularities that are typical
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of the classical Keplerian elementsd,e,l,! ,, M).

A.5.1 Delaunay's variables

The Delaunay's variables (,G,H ,l,g,h) are de ned as

L a
G L 1 &
H Gecos |
(A.19)
| M
g !
h
where (@,el,!,, M) are the Keplerian elements of the orbit. These rst three variables are related

to the angular momentum of the orbit, since:
“ L is the conjugate momentum to mean anomaly,
" G is the modulus of angular momentum vector,

" H is the projection of angular momentum vector on symmetry axs.

A.5.2 Hill's variables

The Hill's variables can be grouped in a set of six variablesr(,G,H ,r,u,h) and are de ned as

, esin
G
G al e
H Gcos|
(A.20)

al €

1 ecos
u !
h

where is the true anomaly and (a,e,l ,! , ) are Keplerian elements. The choice of the true longitude
u avoids singularities for circular orbits and the use ofr, H, and G avoids singularities at low
inclinations.
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A.6  Smith's correction

The critical inclination introduces singular terms in the analytical expressions of orbital elements.
The functions

F1 4 5sirfl (A.21)
Fl1 1 5col (A.22)
appear at the denominator of secular rates or long period péodic terms. If | 63435 deg or

I 116565 deg these functions are equal to zero. An approximationfahese terms is introduced
by Smith in the analytical propagator PPT3 [48, 33]. He de nes the inverse ofF | as

1 exp 100F2 |
1 P ifF O
— CF F (A.23)
F

0 else.

In this way the inverse (A.23) has its proper value away from he critical value of |, wheras the
exponential term dominates within a few degres from the singlarities. The maximum amplitude

of C F is 6.382. The functionC F exhibits poor convergence performances when expanded in
series. To avoid problems when performing DA computation tle function is thus written as

10

1
CF =1 exp F?2 1 exp 2"F? ; (A.24)

m 0
where 100 21 and the rst term is usually approximated as

12
1 nF2n
— 1 exp F? F 1"

F h o n 1!

(A.25)

The non-smoothed and the smoothed inverse of | are represented in Figure A.1.
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Figure A.1: Comparison between smoothed and non-smoothed inverse of Iff(



Appendix B

B.1 Numerical di erentiation formulae

In this section the fomulae for numerical di erentiation are reported [76]. All formulae are 7-points
central di erence with equally spaced intervals with amplitude h. The values of the functionf in
the reference points is indicated with a subscript zero, wheeas the values of the function in h,
2h and 3h are indicated with subscripts 1, 2 and 3 respectively.
The rst order derivative of the function is given by

f g Of , 45f ; 45f ; Of , f 5

f B.1
0 o0n (B.1)
Second order derivative is obtained from
2f 3 27f , 270f 1 490f, 270f , 27f , 2f 3
f O 180h2 : (B.2)
while third order derivative is
- f g 8f o, 13f ; 13f 4 8f , f 3. (B.3)

8h3

B.2 Numerical integration formulae

In this section the formula for Gauss-Legendre quadratures reported. Given an integral of the
kind

1
I > gf o;

it can be approximated numerically approximated using Gaus-Legendre formula
k
I 1 gf o b wi g bx ; (B.4)
2 2

where k is the total number of points x; in which the function is evaluated, and w; are their
associated weights [77].
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The values ofx; and w; for a 13-points formula are listed in table B.1.

Table B.1: Points and weights of 13-points Gauss-Legendre formula

Xi Wi

0 0.2325515532308739101945895
0.2304583159551347940655281 0.2262831802628972380220
0.4484927510364468528779129 0.2078160475368885023225
0.6423493394403402206439846 0.1781459807619457388300
0.8015780907333099127942065 0.1388735102197872384836
0.9175983992229779652065478 0.0921214998377284423844
0.9841830547185881494728294 0.0404840047653158723800




Appendix C

C.1 Taylor's Theorem

Theorem (Taylor): Suppose that a functionf : a;b RY R is n 1 times continuously
partially di erentiable on a;b : Assumexg a;b : Then for eachx a;b ; there is R with
0 1 such that

f x X Xo r f Xp

—7 X Xo r " xo X Xo

where the partial di erential operator h r k operates as
kI i k

k v
h r 7|V|hlll h{/ i

iq! 1 v
0 iy iy kT X1 Xv

Depending on the situation at hand, the remainder term also @an be cast into a variety of well-known
other forms. Taylor's theorem allows a quantitative estimate of the error that is to be expected
when approximating a function by its Taylor polynomial. Fur thermore, it even o ers a way to
obtain bounds for the error in practice, based on bounding tle n 1 st derivative, a method that
has sometimes been employed in interval calculations.

For notational convenience, we introduce a parameter to describe the details of a given Taylor
expansion, namely, the order of the Taylor polynomialn, and the reference point of expansiorxg.
For the purpose to derive bounds for the remainder, it is alsonecessary to include the domain
interval a;b on which the function is to be considered; altogether

n;xXo; a;b : (C.1)

Consider now a n 1 times continuously partially di erentiable function f : a;b RY Rand
write it as a sum of its Taylor polynomial P s of n-th order and a remainder” + as

fx Ps X Xo i X Xo;

where" + X X is continuous (even continuously di erentiable) on the doman interval and thus
bounded. Let the interval | 1+ be such that

X ab; "¢ X Xo lj:
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Then
X ab; fx Pgs x Xo |4 (C.2)

Because of the special form of the Taylor remainder termi' s , in practice the remainder usually
decreases asx  xo" 1. Hence, if x X is chosen to be small, the intervall + , which, from now
on, will be referred to as the interval remainder bound, can lecome so small that even the e ect of

considerable blow-up is not detrimental. The setP+ x Xxo | containing f consists of the
Taylor polynomial P+ X X and the interval remainder bound | + , and it rigorously bounds
the range of the function f over the interval a;b . The pair P ;1 + of a Taylor polynomial

P+ X Xo and an interval remainder bound| ; is said to be a Taylor model off if and only if
(C.2) is satis ed. In this case, the Taylor model is denoted ly

T Pl



Nomenclature

Time elapsed fromtg

Normal velocity variation
Tangential velocity variation
Acceleration

Velocity vector

Force

Perturbative acceleration
Position vector

Atmospheric density
Hour-angle

Distance between two points
Square distance between two points
Altitude above reference height

Reference time/epoch of Keplerian elements

Astronomycal symbols

Constants

nm

Vernal point
Earth
Moon

Sun

Tesseral harmonic coe cient
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[s]

[m/s]
[m/s]
[m/s?]
[m/s]
[N]
[m/s?]
[m]
[kg/m 3]

[s]

[m]
[m?]
[m]
[s]

[rad]
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Nomenclature

Earth gravitational constant
Moon gravitational constant
Sun gravitational constant
la Earth atmosphere angular velocity
sr Mean solar ux

Atmospheric density at reference altitude

o

Co Speed of light

G Universal gravitational constant
H Density scale height

hg Reference altitude

Jn Zonal harmonic coe cient

Jn:m Tesseral harmonic coe cient

M Earth mass

Psr Solar radiation pressure

R Earth radius

Delaunay variables

G Modulus of angular momentum vector

g Argument of pericentre

H Projection of angular momentum vector on symmetry axis
h Right ascension of the ascending node

L Conjugate momentum to mean anomaly

I Mean anomaly

Reference frames
(1,J,K) Earth Centered Intertial reference frame (ECI)

(P,Q,W) Perifocal reference frame

Hill variables

[m3/s?]
[m3/s?]
[m3/s?]
[rad/s]
[N/m/s]
[kg/m?3]
[m/s]
[m3/kg/s ?]
[m]
[m]

[ka]
[N/m 2]

[m]

[m?/s]
[rad]
[n?/s]
[rad]
[m?/s]

[rad]
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> T () -

=

Notation
a;b

X

exp(x)

Radial velocity

Modulus of angular momentum vector

Projection of angular momentum vector on symmetry axis
Right ascension of the ascending node

Orbit radius

True longitude

Interval bounded by a and b
DA variable

Time derivation

DA identity map

DA map

Gradient operator

Unity vector in x direction
Derivation with respect to x
Scienti ¢ notation (10 X)

Exponentiation €

Orbital elements

E

Speci ¢ orbital energy

True anomaly
Right Ascension of the Ascending Node (RAAN)
Argument of pericentre

Semi-major axis

Eccentric anomaly

Eccentricity

Inclination

Mean anomaly

[m/s]
[m?/s]
[n?/s]
[rad]
[m]

[rad]

[m?/s?]
[rad]
[rad]
[rad]
[m]
[rad]

[rad]
[rad]
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Nomenclature

n Mean motion

u True longitude

Satellite/debris parameters

a Adsorbed radiation coe cient

d Di used radiation coe cient

s Specular re ected radiation coe cient
A E ective area

Ballistic coe cient

Co Drag coe cient
Cr Re ectivity coe cient
m Mass

Coordinate systems variables
Geocentric longitude
Geocentric latitude
ECI longitude

' ECI latitude

Superscripts

Mean variable

Subscripts

0 Value at initial time tg
G Greenwich

sec Secular

uT Universal time

[rad/s]
[rad]

[rad]
[rad]
[rad]
[rad]



Acronyms

DA Dierential Algebra

DMSP Defense Meteorological Satellite Program
ECI Earth Centered Intertial reference frame
ESA European Space Agency

FP Floating Point

GEO Geostationary Earth Orbit

GO Global Optimization

GPS Global Positioning System

GST Greenwich Sidereal Time

GTO Geostationary Transfer Orbit

HANDE Hoots ANalytic Dynamic Ephemeris

IA Interval Arithmetic

IADC Inter-Agency Space Debris Coordination Committee
JD Julian Date

LDB Linear Dominated Bounder

LEO Low Earth Orbit

MEO Mean Earth Orbit

MOID Minimal Orbital Intersection Distance
NASA National Aeronautic and Space Administration
QFB Quadratic Fast Bounder

RAAN Right Ascension of the Ascending Node

TLE Two-Lines Elements
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136 Acronyms

TM Taylor Models
TPSA Truncated Power Series Algebra

UT Universal Time
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