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 ! ! "#$%&'()%* +,%),$- .,& /0$1%),$'( 2'&)'3(#-

 ! "#$$ %&" '!()*#+! ,!*- (./%'/*' 0!/.1*!( (1)2 /( 3!/% /%' 3!'#/% 0&* .2!

'#(.*#+1.#&% &0 / 04*4,4 X 5 6&#%.#%7 &1. 2&" .2!(! +/(#) )&%)!6.( )/% !/(#$- +!
!8.!%'!' 0*&3 .2! 31$.#,/*#/.! (!..#%7 .& .2! #%9%#.! '#3!%(#&%/$ )&%.!8.4 :!.

1( 0&)1( &% .2! 1%#,/*#/.! */%'&3 )1*,!( )/(! ;.2! 7!%!*/$#</.#&% .& 31$.#,/*#/.!

)1*,!( &* */%'&3 (1*0/)!( #( #33!'#/.!=4

 !"#

 ! )/$$ X "!/>$- #%.!7*/+$! #0 .2!*! !8#(.( / µX ∈ E (1)2 .2/.

E 〈X , y〉 = 〈µX , y〉 , ∀ y ∈ E. ;?4?=

@% .2#( )/(!5 µX '!9%!' #% ;?4?= #( )/$$!' .2! !86!).!' ,/$1! &0 X 4
A&3! !$!3!%./*- *!(1$.( 2&$'B

• µX #( 1%#C1!D

• #%.!7*/+#$#.- ;#4!45 E[||X ||] <∞= #36$#!( "!/> #%.!7*/+#$#.-D

• ||µX || < E||X ||4
@% .2! (6!)#/$ )/(! "2!% E = L2(T ) &%! )/% (2&" .2/.

µX (t) := E[X (t)] =
∫

Ω
X (ω, t)dP(ω), ∀ t ∈ R, ;?4E=

"2#)2 #36$#!( .2/. &%! )/% &+./#% .2! 01%).#&%/$ 3!/% (#36$- +- 6&#%.F"#(!

!,/$1/.#&%D %&.! .2/. .2! !86*!((#&% #% ;?4E= #( / '#*!). 7!%!*/$#</.#&% &0 .2!

1%#,/*#/.! */%'&3 ,/*#/+$!( '!9%#.#&% &0 .2! 3!/%4 G&*!&,!*5 .2#( 3/.2!3/.#)/$

'!9%#.#&% 7#,!( *#(! .& .2! "!$$H>%&"% !(.#3/.&* &0 .2! 3!/% .2*&172 #.( !36#*#)/$

,!*(#&%

X̄ =
1

n

n
∑

i=1

Xi, ;?4I=

"2#)2 #( / 6&#%.F"#(! (/36$! !(.#3/.&* &0 .2! 01%).#&%/$ 3!/%D .2! )&%(#(.!%)- &0

.2! !(.#3/.&* '!9%!' #% ;?4I= 0&* #%'!6!%'!%. /%' #'!%.#)/$$- '#(.*#+1.!' (/36$!(

#( 7#,!% #% J&*3/%% /%' K&>&(<>/ ;LIEM=4

N "!$$F>%&"% 6*&6!*.- &0 1%#,/*#/.! */%'&3 ,/*#/+$!( )&%(#(.( #% .2! 0/).

.2/. .2! 3!/% µX )/% +! !C1#,/$!%.$- '!9%!' /( µX :=
∫

Ω x(ω)dP(ω)5 &* /( .2!
(&$1.#&% ;1%'!* !8#(.!%)! /%' 1%#C1!%!((= &0 .2! 0&$$&"#%7 &6.#3#</.#&% 6*&+$!3

inf
x∈R

E[(x−X)2]. ;?4O=

P21(5 "! )/% 7#,! / 01*.2!* '!9%#.#&% &0 .2! 01%).#&%/$ 3!/% µX (t)5 0&$$&"#%7
.2! /%/$&7- "#.2 ;?4O=4

$!%#&'&(# )*)*+*  !"#$%&"' ($')*+ *,&!%*'-* .!!$/0%&"'1 %" %2* 3"##"4&'5 "06

%&/&7.%&"' 0+"8#*/

inf
χ∈E

E[d2(χ,X )] ;?4Q=

4&## 8* -.##*) 01%).#&%/$ 3!/% "3 %2* 39+9:9 X )*;'*) &' %2* &';'&%* )&/*'!&"'.#

3$'-%&"'.# <&#8*+% !0.-* (E, d)9

E?



 ! "#$$ %&' (#)*+)) ',! (!'-#$) &. ',! /!$-'#&%),#0 1!'"!!% ',! (!2%#'#&%) &.

',! 3!-% 4#5!% #% 67879: 678;9 -%( 678<9 ",!% E #) - 4!%!/#* =#$1!/' )0-*!: )#%*!
',#) #) %&' ',! .&*+) &. ',! 0/!)!%' (#))!/'-'#&%8 =&"!5!/: ',! !>+#5-$!%*! &. 678;9

-%( 678<9 *-% 1! 0/&5!% ",!% ',! #%2%#'! (#3!%)#&%-$ )0-*! "! -/! *&%)#(!/#%4 #)

L2(T ): -%( ',! *,&)!% 3!'/#* #) ',! %-'+/-$ %&/3 #% L2(T ): (+! '& ',! /!4+$-/#'?
&. ',#) )0-*!8

 ! ,-5! '& /!3-/@ ',-' ',! 0&#%'A"#)! (!2%#'#&% 678B9 &. ',! .+%*'#&%-$ 3!-%

),&+$( 1! +)!( *-/!.+$$?: (!!0$? *&%)#(!/#%4 ',! #30-*' &. ',#) *,&#*! &% ',!

-00$#*-'#&% -' ,-%(8 C% 0-/'#*+$-/: #' #) #30$#*#' #% ',#) (!2%#'#&% ',-' .+%*'#&%-$

(-'- ),&+$( 1! )3&&',!( 2/)': -%( &%$? -.'!/ - 0&#%'A"#)! 3!-% *-% 1! *&30+'!(D

#% .-*': #% *-)! &. /&+4, (-'- ',#) *&30+'-'#&% *-% 1! *&30$!'!$? %&%)!%)!8

C%(!!(: 5!/? &.'!% (-'- )3&&',#%4 #) %&' )+E*#!%' '& -*,#!5! - 3!-%#%4.+$ 0&#%'A

"#)! 3!-%D ',! +)! &. 678B9 '& -00/&F#3-'! 67879 #) %&' -00/&0/#-'!( -$)& #% ',!

0/!)!%*! &. 0,-)! 5-/#-1#$#'? -3&%4 (-'-: - )#'+-'#&% #% ",#*, "! *-% %&' -))#4%

'& !-*, 2F!( t ∈ T - 0/!*#)! 3!-%#%4 -3&%4 *+/5!): (+! '& ',! 5-/#-1#$#'? -$&%4
',! -1)*#))- ),&"!( 1? ',! *+/5!) 1!$&%4#%4 '& ',! .+%*'#&%-$ (-'-)!'8  ,!%

0,-)! 5-/#-1#$#'? #) 0/!)!%': &',!/ '!*,%#>+!) ),&+$( 1! 2/)' +)!( '& -$#4% (-'-:

-%( &%$? -.'!/ ',! .+%*'#&%-$ 3!-% *-% 1! 0/&0!/$? !)'#3-'!( ./&3 ',! )-30$!

6(!'-#$) &% -$#4%3!%' '!*,%#>+!) "#$$ 1! 4#5!% #% G!*'#&% 78B98

H#%-$$?: "! ),&+$( 3!%'#&% ',-' - /&1+)' 5!/)#&% &. ',! 3!-% *+/5! 6*-$$!(

 !"##$% #$&'9 #) (!2%!( #% H/-#3-% -%( I+%#J K7LM +)#%4 - .+%*'#&%-$ 5!/)#&% &.

',! %&'#&% &. (!0', 6)!! N&0!JAO#%'-(& -%( P&3& K<QM .&/ .+/',!/ (!'-#$)98 C%'!/A

!)'#%4$?: ',#) /&1+)' 5!/)#&% &. ',! )-30$! 3!-% ,-) -$/!-(? 1!!% +)!( #% 3-%?

+%)+0!/5#)!( *$-))#2*-'#&% -$4&/#',3): $#@! #% R-/*#-AS)*+(!/& -%( R&/(-$#J-

K;;M8

 !"#$%

C% ',! +%#5-/#-'! )!''#%4: &%! *-% (!2%! ',! 3!(#-% &. - /!-$ /-%(&3 5-/#-1$! X
-) ',! )&$+'#&% 6+%(!/ !F#)'!%*! -%( +%#>+!%!))9 &. ',! .&$$&"#%4 &0'#3#J-'#&%

0/&1$!3

inf
x∈R

E[|x−X|].
T,#) (!2%#'#&% #) *&,!/!%' "#', ',! (!2%#'#&% &. ',! 3!-% &. - +%#5-/#-'! /-%(&3

5-/#-1$! 4#5!% #% 678U98 C' #) #33!(#-'! '& !F'!%( ',#) #(!- '& ',! .+%*'#&%-$ *-)!:

1? /!0$-*#%4 6+%(!/ !F#)'!%*! &. - )&$+'#&%9 R "#', ',! #%2%#'! (#3!%)#&%-$ )0-*!

E: -%( ',! 3!'/#* | · | "#', d(·, ·): $!-(#%4 '& ',! .&$$&"#%4 (!2%#'#&%
&!'%#(#)% *+*+,+ ( )*+, "*' -,'%$! $.") $'/$ &)),#0 "*'1  *  2$ 3*++*4"'5 *06

 "#"7& "*' 0!*8+$#

inf
χ∈E

E[d(χ,X )] 678V9

4"++ 8$ /&++$% .+%*'#&%-$ 3!(#-% *3  2$ 39!9:9 X %$;'$% "'  2$ "';'" $ %"#$')"*'&+

3,'/ "*'&+ <"+8$! )0&/$ (E, d)9

W% !30#/#*-$ !)'#3-'#&% &. ',! .+%*'#&%-$ 3!(#-% Xmed #) 4#5!% 1? ',! )&$+'#&%

'& ',! .&$$&"#%4 -00/&F#3-'!( &0'#3#J-'#&% 0/&1$!3

inf
χ∈E

n
∑

i=1

d(χ,Xi), 678X9

;;



 !"  #$%&'( )*+ , %&*+ -+.,/$! # ! )+ 0$'!" -/ 

Xmed,S = argmin
χ∈S

n
∑

i=1

d(χ,Xi). 12345

67/, , %&*+  &&.$8/% (/$! $0 (7+ 0'!#(/$! * %+"/ ! %$(/- (+, (7+ "+-+*$&%+!(

$0 #*',(+./!9 &.$#+"'.+, */:+ k;%+"$/",< /! =7/#7 (7+ , %&*+ +,(/% (+ $0 (7+

0'!#(/$! * %+"/ !< . (7+. (7 ! (7+ %+ !< /, ',+"  ,  &.$($(>&+ 0$. (7+ #*',(+.,

1,++ ?+#(/$! 23@ 0$. 0'.(7+. "+( /*,53

 ! !" #$%&'(')*

A!+ $0 (7+ %$,( /%&$.( !( "+B!/(/$!, (7 ( 7 , ($ )+ 9/-+!<  *,$ /! (7+ %'*(/- ./;

 (+ ,+((/!9< /! $."+. ($ "+-+*$&  #* ,,/B# (/$! &.$#+"'.+< /, (7+ !$(/$! $0  !"#$

%&%'(3 C.$8/%/(> %+ ,'.+, )+(=++! % (7+% (/# * $)D+#(, &* >  % D$. .$*+ /!

 ** ,( (/,(/# * %+(7$",3 E! % !> ,/(' (/$!,<  #* ,,/# * !$.% # ! )+ ',+" ($ %+ ;

,'.+ (7+ #*$,+!+,, )+(=++! (=$ $)D+#(,3 ?/!#+ /!  B!/(+ "/%+!,/$! * +'#*/"+ !

,& #+ 1(>&/# **> R
p
5 (7+.+ /,  ! +F'/- *+!#+ )+(=++!  ** !$.%,< (7+ #7$/#+ /! (7+

% (7+% (/# * ,+!,+ $0 (7/, :/!" $0 %+ ,'.+ /, !$( #.'#/ *  & .( 0.$% &. #(/# *

#$!,/"+. (/$!, 1+393 #$%&'( (/$! * $!+,53 G$!,/"+./!9  ! /!B!/(+ "/%+!,/$! *

,& #+< /!,(+ "< (7+ +F'/- *+!#+ )+(=++! !$.%, 0 /*,  !" (7+ &.$)*+% )+#$%+,

#.'#/ *3 H-+! %$.+< */%/(/!9 $'.,+*-+, ($ #$!,/"+. (7+ ! ('. * %+ ,'.+ $0 &.$8;

/%/(> 1$. $0 (7+ "/,( !#+5 /!"'#+" )> (7+ !$.% /! (7+ #$!,/"+.+" I/*)+.( ,& #+

# ! )+#$%+ ($$ .+,(./#(/-+3 E! ,$%+ ,/(' (/$!,<  !" & .(/#'* .*> (7$,+ #$!,/";

+.+" /! G7 &(+. @< /(  &&+ ., (7 ( ,+%/J%+(./#,  .+ )+((+.  " &(+" (7 ! %+(./#,

($ %+ ,'.+ (7+ "/,( !#+  %$!9 0'!#(/$! * " ( K (7+ ,7 &+ $0 " ( < +8$9+!$',

/!0$.% (/$! $! (7+ #$,/"+.+"  &&*/# (/$!<  !" +-+!(' **> (7+ ,#$&+ $0 (7+ ,('">

# ! 7+*& ($ "./-+ (7+ ,+%/J%+(./# ,+*+#(/$!3

L+( ', B.,( .+# ** ,$%+ ) ,/# "+B!/(/$!,

 !"#$%$&# '('()( ‖·‖ %) * )+&%,-"!& "- )"&+ -"!&+. ) */+ F %0 *-. "-1( %02

34 ∀ (λ, x) ∈ R× F 5 ‖λx‖ = |λ| ‖x‖6

74 ∀ (x, y) ∈ F × F 5 ‖x+ y‖ ≤ ‖x‖+ ‖y‖4

M$(+ (7 (< /! 0 #(<  ,+%/J!$.% ‖·‖ /,  !$.%< +8#+&( 0$. (7+ 0 #( (7 ( ‖x‖ =
0 ; x = 03 ?/%/* .*><  ,+%/J%+(./# d # ! )+ "+B!+" ($ )+  %+(./# )'( ,'#7

(7 ( d(x, y) = 0; x = y3

 !"#$%$&# '('(*( d %) * )+&%,&+'!%/ "- )"&+ &+'!%/ ) */+ F %0 *-. "-1( %02

34 ∀ x ∈ F 5 d(x, x) = 06

74 ∀ (x, y, z) ∈ F × F × F 5 d(x, y) ≤ d(x, z) + d(z, y)4

N+ =/** !$= /!(.$"'#+ ,$%+ ,+%/J%+(./#, =7/#7 =/** )+ ',+" /! (7+ 0$**$=/!93

G$!,/"+.  0'!#(/$! * . !"$% , %&*+ X1, . . . ,Xn /"+!(/# **> "/,(./)'(+"  , (7+

03.3-3 X = {X (t), t ∈ T}3

@O



 !"#$"!%&#'( )*(!+ ,- ./01

 ! "#!$ "%&'()#*(#'+ ,('%#'(-!,. '/+ 0&#,,(0#& 1*(!0(2#& 3-"2-!+!', 4!#&$,(,

51346 (, 0-!,(7+*+7 #, # %,+8%& '--& 8-* 7(,2&#$(!9 7#'# (! # *+7%0+7 7("+!,(-!#&

,2#0+: ;-*+ *+0+!'&$. '/+ 134 "+'/-7 /#, <++! +='+!7+7 '- 8%!0'(-!#& 7#'#

#!7 %,+7 (! # )#*(+'$ -8 #22&(0#'(-!,. ,(!0+ (! '/(, 0-!'+=' '/(, 2->+*8%& '--&

/+&2, *+7%0(!9 '/+ 7("+!,(-! -8 '/+ ,2#0+ 8*-" (!?!('$ '- # ,%<,+' -8 ,+&+0'+7

0-"2-!+!',:

@/+ 7(,0%,,(-! #<-%' 8%!0'(-!#& 2*(!0(2#& 0-"2-!+!', 0#! <+ ,+' (! #!$

A(&<+*' ,2#0+. %,(!9 '/+ 7+?!('(-! -8 '/+ (!'+*!#& 2*-7%0' 〈·, ·〈 '/#' (, !#'%B

*#& (! '/+ 0-!,(7+*+7 ,2#0+: A->+)+*. '/(, 9+!+*#&('$ (, !-' !+0+,,#*$ '- '/+

,0-2+, -8 '/+ 2*+,+!' 7(,,+*'#'(-!C 8-* 8%*'/+* 7+'#(&, -! '/+ +,'("#'(-! -8 8%!0B

'(-!#& 2*(!0(2#& 0-"2-!+!', (! "-*+ 9+!+*#& ,2#0+, ,++ A-*"#!! #!7 D-E-,FE#

GHH. HIJ: K+ '/%, #,,%"+ '/+ 0-,(7+*+7 8:*:): X '- '#E+ )#&%+, (! '/+ (!?!('+

7("+!,(-!#& A(&<+*' ,2#0+ L2(T )C (! '/(, ,2#0+. '/+ <#,(, 0-"2-,+7 <$ 8%!0'(-!#&

2*(!0(2#& 0-"2-!+!',. '/#!E, '- D#*/%!+!LM-)+ 7+0-"2-,('(-!. (, # 0-"2&+'+

-*'/-!-*"#& <#,(, 5,++ N+**#'$ #!7 O(+% GIPJ 8-* '/+-*+'(0#& 7+'#(&,6: 4, &-!9 #,

E
[∫

T
X 2(t)dt

]

(, ?!('+. '/+ N134 5,++ Q#",#$ #!7 R(&)+*"#! GSIJ6 -8 '/+ 8:*:):

X #&&->, %, '- >*('+ '/+ 8-&&->(!9 +=2#!,(-!

X (t) = µX (t) +
∞
∑

q=1

(∫

T

X (s)νq(s)ds
)

νq(t), 5I:T6

>/+*+ µX (t) (, '/+ "+#! -8 '/+ *#!7-" 8%!0'(-! X . {ν1(t), ν2(t), . . .} #*+ '/+

-*'/-!-*"#& +(9+!8%!0'(-!,. #!7 {λ1, λ2, . . .} '/+ #,,-0(#'+7 +(9+!)#&%+,. -8 '/+

!%0&+%, -8 '/+ 0-)#*(#!0+ -2+*#'-* ΓX (s, t)

ΓX (s, t) = E [(X (s)− µX (s))(X (t)− µX (t))] . 5I:IU6

V#0/ 8%!0'(-! νq 7+'+0', #! -*'/-!-*"#& 7(*+0'(-! (! '/+ 8%!0'(-!#& ,2#0+ L2(T ).
+=2&#(!(!9 # 7+0*+#,(!9 2-*'(-! -8 )#*(#<(&('$ λqC '/+ W%#!'('(+,

∫

T
X (t)νq(t)dt #*+

0#&&+7  !"#$ . #!7 0-**+,2-!7 '- '/+ 2*-X+0'(-!, -8 '/+ *#!7-" 8%!0'(-! (! '/+

7(*+0'(-! -8 '/+ qth 2*(!0(2#& 0-"2-!+!': Y!0+ '/+ ?*,' Q +(9+!8%!0'(-!, /#)+

<++! ,+&+0'+7. #00-*7(!9 '- 2*-<&+"L7*()+! 0-!,(7+*#'(-!,. # '*%!0#'+7 )+*,(-!

-8 '/+ 2*+)(-%, +=2#!,(-! 5I:T6 -8 X 0#! <+ 9()+!

X̃(Q)(t) = µX (t) +

Q
∑

q=1

(∫

T

X (s)νq(s)ds
)

νq(t), 5I:II6

@/%,. >+ 0#! 7+?!+ # 2#*#"+'*(F+7 0&#,, -8 ,+"(L!-*", +='+!7(!9 '/+ 0&#,B

,(0#& L2
!-*" (! '/+ 8-&&->(!9 >#$

‖X‖FPCA
Q =

√

∫

T

(X̃(Q)(t))2dt =

√

√

√

√

Q
∑

q=1

(∫

T

X (t)νq(t)ds
)2

. 5I:IZ6

@/(, 7+?!('(-! &+#7, '- '/+ 8-&&->(!9 2#*#"+'*(F+7 8#"(&$ -8 ,+"(L"+'*(0,

dFPCA
Q (χi, χj) =

√

√

√

√

Q
∑

q=1

(∫

T

[χi(t)− χj(t)]νq(t)dt

)2

. 5I:IH6

Z[



 !"# "$%" Q &' (!" % ')!!"$&(* +%,%)#"#,- ./" ,%"$#, %  !"#"$ %&'&() )'-

&(0&1%"&(* "$# ,#'!2/"&!( 2#3#2 %" 4$&1$ "$# +,!.2#) &' 1!('&0#,#05  !"# %2'!

"$%"- &( +,%1"&1#- ΓX &' /(6(!4( %(0 "$# νq7' "!!5 8!4#3#,- "$# (/12#/' !9 "$#
1!3%,&%(1# !+#,%"!, 1%( .# #'"&)%"#0 9,!) &"' #)+&,&1%2 3#,'&!(

Γn
X (s, t) =

1

n

n
∑

i=1

[(χi(s)− χ̄(s))(χi(t)− χ̄(t))] , :;5;<=

%(0 "$# #&*#(9/(1"&!(' !9 Γn
X %,# 1!('&'"#(" #'"&)%"!,' !9 "$!'# !9 ΓX :'## >%,?

0!" ) &*+ @;;A 9!, 9/,"$#, 0#"%&2'=5 B"$#, %++,!%1$#' "! "$# #'"&)%"&!( !9 "$#

C%,$/(#(DE!3# 0#1!)+!'&"&!( %,# 1!(1#&3%.2#F '## 9!, #G%)+2# 8!,3%"$ %(0

C!6!'H6% @IIA5

 !"#$"!%&#'( )*(!+ ,- +!&#.*%#.!(

J *,#%" %03%("%*# !9 "$# +,#3&!/'2K 0&'1/''#0 '#)&D)#",&1 '"%(0' &( "$# 9%1" "$%"

&" &' (!" (#1#''%,K "! %''/)# % 1#,"%&( 2#3#2 !9 ')!!"$(#'' 9!, "$# 1!('&0#,#0

95,535F &( !"$#, 4!,0'- "$# &(L(&"# 0&)#('&!(%2 9/(1"&!(%2 '+%1# E $%' "! .# %

8&2.#," '+%1# ./" (##0' (!" "! .# % M!.!2#3 '+%1#5 N$#(- &('"#%0- "$# +,!.2#)

%" $%(0 :!,- )!,# !9"#(- "$# 1$!'#( ')!!"$&(* "#1$(&O/#= %22!4' /' "! %''/)#

E := Hp(T )- &5#5 χ ∈ Cp−1(T ) %(0 χ(p)(t) ∈ L2(T )- 9!, p ≥ 1- 4# 1%( ./&20 %
+%,%)#",&H#0 9%)&2K !9 '#)&D)#",&1' .#"4##( 1/,3#' .K 1!('&0#,&(* "$# 0&'"%(1#

.#"4##( !(# %)!(* "$#&, 0#,&3%"&3#' χ(1)(t), . . . , χ(p)(t)- 4$#,# 4&"$ χ(i)
4# $%3#

0#(!"#0 "$# i?"$ 0#,&3%"&3# !9 χ5

P!,# +,#1&'#2K- *&3#( "4! !.'#,3#0 1/,3#' χi %(0 χj - 4# 1!('&0#, "$# 9!22!4&(*

'#)&D)#",&1

dderivp (χi, χj) =

√

∫

T

(

χ
(p)
i (t)− χ

(p)
j (t)

)2
dt = ||χ(p)

i − χ
(p)
j ||L2(T ). :;5;Q=

M! 9%, 4# $%3# 1!('&0#,#0 "$# 1%'# !9 /(&3%,&%"# ,%(0!) 1/,3#'5 8!4#3#,-

"$&' '#)&D(!,) 1%( '",%&*$"9!,4%,02K .# *#(#,%2&H#0 "! "$# 3#1"!,&%2 9/(1"&!('

1%'#5 M/++!'# χ1, . . . ,χn "! .# "$# ,#%2&H%"&!( !9 % ,%(0!) '%)+2# 9,!) X =
{X (t), t ∈ T ⊂ R → R

d}5 R$#(- *&3#( "4! '%)+2# #2#)#("' χi %(0 χj - % (%"/,%2

*#(#,%2&H%"&!( !9 "$# '#)&D)#",&1 :;5;Q= &' "$# 9!22!4&(*

dderivp (χi,χj) =

√

√

√

√

d
∑

r=1

∫

T

(

χ
(p)
i,r (t)− χ

(p)
j,r (t)

)2
dt, :;5;S=

4$#,# χi,r(t) &' "$# r?"$ #2#)#(" !9 "$# d?0&)#('&!(%2 3#1"!, !9 9/(1"&!(' χi(t)-
9!, r = 1, . . . , d5

 !" #$%&'()*+, -('./0& 1/) 1%+2'*/+3$ 03'3

R$# )%&( +/,+!'# &( +#,9!,)&(* ,*!- )' &"&*.-#- :%2'! 1%22#0 /& & -)$()" & #0"=

&' L(0&(* "$# .#'" *,!/+&(* !9 % 1!22#1"&!( !9 !.T#1"' &("! '/.'#"'- !, U12/'"#,'V-

WQ



 !"#! $%&'() !*+*,%-%*'& "- &*+% &%-&%. /- *)!%$  *$0&1 )!% 2"+ *3 &'#! )%#!4

-"5'%& "& )* #(2&&"36 2 &2+7(% *3 02)2 "-)* !*+*,%-%*'& ,$*'7&1 &'#! )!2) )!*&%

 ")!"- )!% &2+% #('&)%$ 2$% +*$% #(*&%(6 $%(2)%0 )* *-% 2-*)!%$ )!2- *89%#)&

2&&",-%0 )* 0":%$%-) #('&)%$&1  ")!*') !2;"-, 2-6 2 7$"*$" <-* (%0,% 28*') )!%

)$'% '-0%$(6"-, #('&)%$"-, &)$'#)'$%.

=!"& &)2)%+%-)1 2()!*',! 5'")% !%'$"&)"#1 !%(7& '& )* %(28*$2)% &*+% 7$%("+4

"-2$6 #*-&"0%$2)"*-&

• )!"& #*-#%7)1  !"#! "& )!% 82&"& *3 2-6 '-&'7%$;"&%0 #(2&&">#2)"*- +%)!*01
0*%& -*) "+7(6 2-6 $%&)$"#)"*- *- )!% -2)'$% *3 )!% *89%#)& 3*$+"-, )!%

&2+7(%1 2-0 #2- )!'& 8% &)$2",!)3*$ 2$0(6 ,%-%$2("?%0 )* 2-6 "->-")% 0"4

+%-&"*-2( &72#%  !%$% 3'-#)"*-2( 02)2 )2<% ;2('%&@

• '-("<% )!% &'7%$;"&%0 &%))"-,1  % !2;% -* "-3*$+2)"*- *- )!% -2)'$% *3 )!%
,$*'7"-, &)$'#)'$%1  !"#! #2- *-(6 8% "-3%$$%0 3$*+ )!% *8&%$;%0 02)2@

• )* )!% &#*7%& *3 2-6 #('&)%$"-, +%)!*01 2-6 *89%#) #2- %5'";2(%-)(6 8%
0%&#$"8%0 86 2 &%) *3 ;2$"28(%&1 *$ 86 ")& $%(2)"*- )* 2(( *)!%$ *89%#)& "- )!%

&2+7(%.

A%-#%1 )!% >$&) $%(%;2-) #!*"#% )!2) 0%>-%& )!% #('&)%$"-, +%)!*0 "& )!%

 !"#$%! &' ()! *%&+, ,(- B*$ %5'";2(%-)(61 *3 )!% .,#("/0!C 8%) %%- )!% "-0";"0'2(

*89%#)& 8%"-, #('&)%$%0. =!% #('&)%$"-, +%)!*0 >-0& )!%- )!% 8%&) ,$*'7"-,

82&%0 *- )!% *7)"+"?2)"*- *3 2 +%2&'$%40%7%-0%-) #$")%$"*-. =!"& "+7("%& )!2)

)!% "->-")% 0"+%-&"*-2( -2)'$% *3 02)2 &!*'(0 -*) #!2-,% )!% #*+7(%D")6 *3 )!%

+%)!*01 7$*;"0%0  % #2- 0%&#$"8% 2(( )!% $%(2)"*-& 8%) %%- "->-")% 0"+%-&"*-2(

*89%#)& ;"2 2 7$*7%$ +%2&'$% *3 )!%"$ 7$*D"+")6.

E% &!*'(0 $%+2$<1 8') )!"& #*-#%7)  "(( 8% *3)%- 7*"-)%0 *') "- )!% 3*((* "-,1

)!2) )!"& #!*"#% #2- *-(6 #*+% 3$*+ &'89%#) +2))%$ #*-&"0%$2)"*-&. =!"& &")'2)"*-

"& &*+%!* &"+"(2$ )* )!% &7%#">#2)"*- *3 2 (*&& *$ #*&) 3'-#)"*- "- 7$%0"#)"*-

7$*8(%+& B&'7%$;"&%0 (%2$-"-,CF )!% #*&) 2&&*#"2)%0  ")! 2- "-2##'$2)% 7$%0"#)"*-

0%7%-0& *- #*-&"0%$2)"*-& *')&"0% )!% 02)2.

G-*)!%$ #*++*- "&&'% "- '-&'7%$;"&%0 #(2&&">#2)"*- "& )!% #!*"#% *3 )!%

+%)!*01 ".%. !"%$2$#!"#2( *$ -*)1 7$*)*)67%H82&%0 *$ -*). =!"& #!*"#% "& *3)%-

0$";%- 86 )!% 7'$7*&% *3 )!% 2-2(6&"&@ 3*$ "-&)2-#%1  !%- 2 !"%$2$#!"#2( +%)!*0 "&

'&%01 )!% *')7') *3 )!% 2-2(6&"& "& 2 )$%% 7$*;"0"-, )!% -%&)%0 ,$*'7"-, &)$'#)'$%

"- )!% #*-&"0%$%0 3'-#)"*-2( 02)2 &%)F )!% <-* (%0,% *3 )!"& &)$'#)'$% #2- 8%

'&%3'( 3*$ #('&)%$ "-)%$7$%)2)"*-. /- )!% 3*((* "-,1  %  "(( 2( 26& #*&"0%$ -*-H

!"%$2$#!"#2( 7$*)*)67%H82&%0 +%)!*0&1 0'% )* )!% 32#) )!2) )!% $*(% 7(26%0 86

)!% 7$*)*)67% "& *3)%- #$'#"2(F "-0%%01 )!% +%)!*0 7$*7*&%0 "- I!27)%$ J 3*$

7%$3*$+"-, 9*"-) #('&)%$"-, 2-0 2(",-+%-) *3 #'$;%&1 "& 82&%0 *- )!% 7*&&"8"(")6

)* 2(",-1 2) %2#! ")%$2)"*- *3 )!% +%)!*01 %2#! 3'-#)"*-2( 02)2 )* )!% 7$*)*)67% *3

")& #('&)%$. K*$%*;%$1 "- I!27)%$ L 2 +%)!*0 3*$ &72$&% #('&)%$"-, *3 3'-#)"*-2(

02)2 "& 0%&#$"8%01 "-  !"#! )!% "&&'% *3 &%(%#)"-, $%(%;2-) 3'-#)"*-2( 3%2)'$%& "&

#2$$"%0 *') ;"2 2- *7)"+"?2)"*- 7$*8(%+  ")! *89%#)";% 3'-#)"*- 82&%0 *- )!%

0"&)2-#% *3 %2#! #'$;% 3$*+ )!% 7$*)*)67% *3 ")& #('&)%$.

E%  "(( 0%&#$"8% "- )!% -%D) &'8&%#)"*-& ) * 7*&&"8(% #('&)%$"-, +%)!*0& 3*$

3'-#)"*-2( 02)21 *$","-2((6 0%;%(*7%0 "- )!% +'()";2$"2)% &%))"-,1 8') %D)$%+%(6

JM



 !"# $ %# &''"(&%$" )"#"*%+&,%$& #- . $/ $/" %!!* %0/"1 0%# 2" &#0+3("( &# $/"

2* %("* 4*%'"5 *6  4 &$"*%$&7" # #8/&"*%*0/&0%+ 0+31$"*&#) '"$/ (19 %#( $/": %*"

2%1"(  # $/" 1%'" &("%; "%0/ 0+31$"* &1 &("#$&<"( 5&$/ % !* $ $:!" =%+1 0%++"(

 !"#$% !9 "&$/"*  #"  4 $/" (%$%  * % #"5  2>"0$?9 %#( "%0/ 0+31$"* &#0+3("1

$/ 1"  2>"0$ 5/&0/ %*" 0+ 1"1$ $ $/" !* $ $:!"  4 $/%$ 0+31$"* $/%# $ %#:  $/"*

!* $ $:!"- @# !%*$&03+%*9 kA'"%# 0+31$"*&#) 4 * '3+$&7%*&%$" (%$% =5/ 1" )"#"*A

%+&,%$& # $ 43#0$& #%+ (%$% &1 ("10*&2"( &# 1321"0$& # B-C-B? &1 % 5"++8"1$%2+&1/"(

%+) *&$/'9 <*1$ !* ! 1"( &# $/" +%1$ 0"#$3*: 2: D%*$&)%# ECFG %#( 5&("+: 31"( &#

1$%$&1$&0%+ 0+%11&<0%$& # !* 2+"'1 4 * &$1 H"I&2&+&$:- J/" %+) *&$/' (&7&("1 % 1"$  4

n (%$% &# k 132)* 3!19 &$"*%$&7"+: %+$"*#%$&#) $/" 1"%*0/ 4 * $/" $"'!+%$"1  4 $/"

k 0+31$"*19 $/%$ '&#&'&," 5&$/&#A0+31$"* 7%*&%2&+&$:9 %#( $/" %11&)#'"#$  4 "%0/  4

$/" n (%$% $ $/" 0+31$"* 5/ 1" $"'!+%$" &1 $/" #"%*"1$- K3+$&7%*&%$" kA'"( &(

=)"#"*%+&,"( $ /%#(+" ' *" )"#"*%+  2>"0$1 $/%# '3+$&7%*&%$" (%$% &# 1321"0$& #

B-C-C? &1 % +"11 0 '!3$%$& #%++: &#$"#1&7" ' (&<0%$& #  4 $/" kA'"%# %+) *&$/'-

J/" '%&# (&L"*"#0" &#7 +7"1 $/" 5%: "%0/ 0+31$"* $"'!+%$" &1 "1$&'%$"(9 5&$/

$/" k $"'!+%$"1 1&'!+: 1"+"0$"( %' #) $/" n (%$%- J/": %*" 2 $/ "I$*"'"+:

! !3+%* &# $/" 0+31$"*&#) +&$"*%$3*"9 %#( $/": (&*"0$+: %11&)# "%0/  21"*7%$& # $ 

% )* 3!  * 0+31$"* 5&$/ 3$ *")%*( $ % !* 2%2&+&$: ' ("+ ("10*&2&#) $/" (%$%-

M * 2 $/ '"$/ (19 % !*"1!"0&<"( #3'2"*  4 0+31$"*1 k < n &1 0/ 1"#9 %#( "%0/

 #" &1 +%2"++"( 2: %# &#$")"* j ∈ {1, . . . , k}- N%0/  21"*7%$& # &1 %11&)#"( $  #"

0+31$"* 7&% $/" %11&)#'"#$ 43#0$& # C(i) = j9 $/%$ %11&)#1 $/" iA$/  21"*7%$& #

$ $/" jA$/ 0+31$"*-

 !"! #$%&'()%*+ k,-.*%

K%#: )"#"*%+&,%$& #1  4 $/" '3+$&7%*&%$" kA'"%# %+) *&$/' $ 43#0$& #%+ (%$%

/%7" 2""# !* ! 1"( &# $/" +&$"*%$3*"  # 43#0$& #%+ (%$% %#%+:1&1- M * "I%'!+"9

O/&'&,3 %#( K&,3$% EPFG9 J%*!": %#( Q&#%("$"* EFRG %#( J 631/&)" ! %$& EFSG

!* ! 1"1 % )"#"*%+&,%$& #  4 kA'"%# 0+31$"*&#) %+) *&$/'1 4 * 43#0$& #%+ (%$%9 %1

% 5%: $ 1 +7" $/" !* 2+"'  4 !*&#0&!%+ ! &#$1 "1$&'%$& #- @# T3"1$%AU+2"*$ 1

%#( M*%&'%# EBSG9 % * 231$ kA'"%# 0+31$"*&#) !* 0"(3*" &1 ("7"+ !"(9 2%1"(  #

$/" &("%  4 V&'!%*$&%+ $*&''&#)W9 5/&0/ !* 7"1 $ 2" 31"43+ 4 * /&)/ (&'"#1& #%+

(%$%- U# $/"* kA'"%# %+) *&$/' 4 * 43#0$& #%+ (%$% 0%# 2" 4 3#( &# T/& 3 %#(

X& EBCG9 5/"*" $/" "Y0&"#0:  4 $/" 0+31$"*&#) !* 0"(3*" &1 &'!* 7"( $/%#61 $ $/"

31"  4 % # #A!%*%'"$*&0 *%#( 'A"L"0$ ' ("+- @# !%*$&03+%*9 % ("$%&+"( ("<#&$& #

 4 43#0$& #%+ kA'"%# !* 0"(3*" %#( %# &#$* (30$& # $ &$1 0 #1&1$"#0: !* !"*A

$&"1 0%# 2" 4 3#( &# J%*!": %#( Q&#%$"("* EFRG- T #1&("* % 43#0$& #%+ (%$%1"$

{χ1, . . . , χn}9 13!! 1"( $ 2" % *"%+&,%$& #  4 $/" 43#0$& #%+ 1%'!+" X1, . . . ,Xn &#

$/" &#<#&$" (&'"#1& #%+ D&+2"*$ 1!%0" E-

M3#0$& #%+ kA'"%# 0+31$"*&#) %+) *&$/' &1 %# &$"*%$&7" !* 0"(3*"9 5/&0/ %+A

$"*#%$"1 % 1$"!  4 '$() !* %))+,-"!- 9 &# 5/&0/ %++ 03*7"1 %*" %11&)#"( $ % 0+31$"*9

%#( % 1$"!  4 '!- *.+/ +/!- +0'% +.-9 &# 5/&0/ % *"+"7%#$ 43#0$& #%+ *"!*"1"#$%$&7"

=$/" '!- *.+/? 4 * "%0/ 0+31$"* &1 &("#$&<"(- J/" !* 0"(3*" &1 &#&$&%+&,"( 5&$/ %

1"$  4 k 0"#$* &(19 0/ 1"# %$ *%#( ' %' #) $/" 03*7"1 &# $/" 1%'!+"9 %#( &$ &1

1$ !!"( %$ 0 #7"*)"#0" =&-"-9 5/"# 0+31$"* %11&)#'"#$1 ( # $ 0/%#)" 4* '  #"

&$"*%$& # $ $/" #"I$  #"?-

K *" !*"0&1"+:9 0 #1&("* $/" 1"$  4 0+31$"* 0"#$* &(1 %$ $/" 03**"#$ &$"*%$& #

CP



ϕ1, . . . , ϕk !" #$% &'()#%* +)),-".%"# )#%/ %+&$ &(*0% ,) +)),-"%1 #2 #$% &'()3

#%* 4$2)% &%"#*2,1 ,) "%+*%* +&&2*1,"- #2 #$% &$2)%" .%+)(*% 25 #$% /*26,.,#7

8%#4%%" #42 5("&#,2"+' 1+#+9 #$,) .%+)(*% 25 /*26,.,#7 8%#4%%" 28:%&#) ," E
,) #$% )%.,;.%#*,& d <$,) .%+") #$+# #$% &'()#%* +)),-".%"# ,) &$2)%" 0,+ #$%

52''24,"- &*,#%*,2"

C(i) = argmin
j∈{1,...,k}

d(χi, φj). => >?@

A,0%" #$% &'()#%* +)),-".%"#) C(i)B 52* i = 1, . . . , nB #$% ,1%"#,C&+#,2" 25

&%"#*2,1) ϕj(t) 52* j = 1, . . . , kB ,) /%*52*.%1 )2'0,"- #$% 52''24,"- 2/#,.,D+#,2"

/*28'%.

ϕj(t) = argmin
ϕ∈E

∑

i:C(i)=j

d(χi, ϕ)
2, => >E@

<$% )2'(#,2" #2 #$,) ,"C",#% 1,.%"),2"+' 2/#,.,D+#,2" /*28'%. 280,2()'7 1%/%"1)

2" #$% &$2,&% 25 #$% F,'8%*# )/+&% EB ),"&% #$,) &$2,&% ,"G(%"&%) #$% .%#*,& d
,"1(&%1 87 #$% "+#(*+' "2*. ," #$% &$2)%" )/+&% H$%" 4% &2"),1%* (L2, || · ||L2)B
,# ,) ,..%1,+#% #2 /*20% #$+# #$% )2'(#,2" #2 => >E@ ,) #$% /2,"#34,)% .%+"B +) ,#

4+) 1%C"%1 ," => I@B 25 #$% 28:%&#) 8%'2"-,"- #2 #$% &2"),1%*%1 &'()#%*

ϕj(t) =
1

Nj

∑

i:C(i)=j

χi(t), => >J@

4$%*% Nj = |{i : C(i) = j}|B 52* j = 1, . . . , k <$,) 5+&# 1%)&%"1) 1,*%&#'7 5*2.

#$% 1%C",#,2" 25 #$% 5("&#,2"+' .%+" -,0%" ," => K@ 

<$% ,"#%*%)#,"- 5+&# ,) #$+# #$% 2/#,.+' &$2,&% 52* #$% &%"#*2,1 +&&2*1,"- #2

=> >E@ ,) #$% /2,"#34,)% .%+" 25 #$% &'()#%* %'%.%"#) -,0%" ," => >J@ +')2 ," #$%

&+)% 4% +*% '22L,"- 52* #$% &%"#*2,1 ," #$% M282'%0 )/+&% H1
B 4,#$ #$% .%#*,&

-,0%" 87 #$% "+#(*+' "2*.

||χ||2H1(T ) =

∫

T

χ2(t)dt+

∫

T

(χ′)2(t)dt.

!" #$,) &+)% #$% /*225 ,) + ',##'% .2*% #*,&L7B +"1 ,# ()%) #$% %N(,0+'%"&% 8%#4%%"

#$% H1
"2*. +"1 #$% 52''24,"- 2"%

||χ||2equiv =
∫

T

(χ′)2dt+ χ2(t̄), => OP@

4$%*% t̄ ∈ T  <$% /*225 ,) +) 52''24) Q(% #2 #$% %N(,0+'%"&% 8%#4%%" #$% "2*.

," H1
+"1 #$% 2"% %6/*%))%1 87 => OP@B 4% $+0% #2 /*20% #$+# #$% /2,"#34,)%

.%+" 25 #$% &(*0%) 8%'2"-,"- #2 #$% j3#$ &'()#%* ,) #$% )2'(#,2" #2 #$% 52''24,"-

/*28'%.

argmin
ϕ∈H1

∑

i:C(i)=j

[

(χ2
i (t̄)− ϕ(t̄))2 +

∫

T

(χ′
i(t)− ϕ′(t))2dt

]

.

R24B #$% 28:%&#,0% 5("&#,2" ,) #$% )(. 25 #42 /2),#,0% #%*.)S $%"&%B 4% &+"

&2"),1%* #$%. )%/+*+#%'7 <$% .,",.,D%*) 25 #$% #42 #%*.) #+L%" )%/+*+#%'7 +*%

280,2() ,5 4% L%%/ ," .,"1 #$+# 4% L"24 #$% )2'(#,2" #2 => >E@ 52* E = L2(T )

OE



 !" #$% &% '()% d *+,%! -. #$% ! #() / !0)&1 +!"%%"2 #$% 3)'# 0!% +' &+!+&+4%"

-. 5$00'+!*

ϕj,1(t̄) =
1

Nj

∑

i:C(i)=j

χi(t̄),

6$+/% #$% '%50!" 0!% -. 5$00'+!*

ϕ′
j,2(t) =

1

Nj

∑

i:C(i)=j

χ′
i(t),

6$+5$ &% !'

ϕj,2(t) =

∫ t

tmin

ϕ′
j,2(x)dx =

∫ t

tmin

1

Nj

∑

i:C(i)=j

χ′
i(x)dx,

70)  // t ∈ T 8 9+! //.2 !0#% #$ # #$% 5$0+5% 07 #$% , /(% 07 t̄ +' 7)%%2 :)0,+"%" t̄ ∈ T 1
$%!5%2 -. 5$00'+!* t̄ = tmin2 6% 3! //. 0-# +! #$% */0- / &+!+&+4%)

ϕj(t) =
1

Nj

∑

i:C(i)=j

χi(tmin) +

∫ t

tmin

1

Nj

∑

i:C(i)=j

χ′
i(x)dx. ;<8=<>

?$% / '# '#%: 07 #$% :)007 50!'+'#' +! '$06+!* #$ # #$% :)0#0#.:% *+,%! -. #$%

%@:)%''+0! +! ;<8=<> +'2 +! 7 5#2  :0+!#A6+'% &% ! 07 #$% 5(),%' -%/0!*+!* #0 #$%

jA#$ 5/('#%)8 B(# #$+' 7 5# +' +&&%"+ #% +7 6% %@5$ !*% #$% 3!+#% '(&  !" #$%

+!#%*) / +! #$% '%50!" #%)&2  !" +7 6% ('% #$% 9(!" &%!# / ?$%0)%& 07 C /5(/('

ϕj(t) =
1

Nj

∑

i:C(i)=j

χi(tmin) +

∫ t

tmin

1

Nj

∑

i:C(i)=j

χ′
i(x)dx,

=
1

Nj

∑

i:C(i)=j

χi(tmin) +
1

Nj

∑

i:C(i)=j

∫ t

tmin

χ′
i(x)dx,

=
1

Nj

∑

i:C(i)=j

χi(tmin) +
1

Nj

∑

i:C(i)=j

[χi(t)− χi(tmin)],

=
1

Nj

∑

i:C(i)=j

χi(t).

 !"!" #$%&'()%*+ k,-./)(/

?$% 0:#+&+4 #+0! :)0-/%& #$ # *+,%' #$% 5)+#%)+0! #0 5$00'% #$% 5/('#%) :)0#0A

#.:%' +! 7(!5#+0! / kA&% !2 *+,%! +! ;<8<D>2 +' - '%" 0! 'E( )%" "+'# !5%'8 ?$+'

5 ('%' #$% :)05%"()% #0 / 5F )0-('#!%''  * +!'# 0(#/+%)' #$ # :)0"(5% ,%). / )*%

"+'# !5%'8 G06%,%)2 #$% 0!/. : )# 07 #$% 7(!5#+0! / kA&% ! :)05%"()% 6$+5$

 ''(&%' 'E( )%" "+'# !5%' +' #$% +"%!#+35 #+0! 07 5%!#)0+"'2 6$+5$ 5 ! -% &0"A

+3%" #0 $ !"/% #$% !0!H'E( )%" 5 '%8 90) j = 1, . . . , k2 6% /00F 70) #$% 5/('#%)

:)0#0#.:% '(5$ #$ #

φj(t) = argmin
ϕ∈E

∑

i:C(i)=j

d(χi, ϕ). ;<8==>

=I



 !"# "$%" "$# &! !'"%()#* φj(t) (& #+%,"-. "$# /0),"(!)%- 1#*(%) !/ !'2#,"& '#3
-!)4()4 "! "$# &%1# ,-0&"#56 %,,!5*()4 "! "$# *#7)("(!) 4(8#) () 9:;<=;

>$# %??5!+(1%"# &!-0"(!) "! "$(& ?5!'-#1 *#7)#& "$# /0),"(!)%- k31#*!(*
1#"$!*6 @$(,$ (& #+%,"-. %)%-!4!0& "! "$# k31#%) %-4!5("$16 #+,#?" /!5 "$#
()*#)"(7,%"(!) !/ "$# ?5!"!".?#&A "$(& &"#? !/  !"#$"% $"!&'$()*'$#& (& ?#5/!51#*

&!-8()4 "$# /!--!@()4 !?"(1(B%"(!) ?5!'-#1

φj(t) = argmin
ϕ∈S

∑

i:C(i)=j

d(χi, ϕ); 9:;CD=

"$0&6 #%,$ ,-0&"#5 1#*!(* φj 6 /!5 j = 1, . . . , k6 (& "$# &%1?-# /0),"(!)%- 1#*(%)
!/ "$# !'2#,"& '#-!)4()4 "! "$# ,-0&"#56 %,,!5*()4 "! "$# *#7)("(!) 4(8#) () 9:;E=;

F# 5#1%5G "$%" %-"#5)%"()4 '#"@##) 9:;:<= %)* 9:;CD= 5#?5#&#)"& % ?%5"(,0-%5

$#05(&"(, &#%5,$ &"5%"#4. /!5 "5.()4 "! &!-8#

min
C,{ij}kj=1

k
∑

j=1

∑

C(i)=j

d(χi, χij ),

@$(-# k31#%) %-4!5("$1 (& % @%. "! &!-8# "$# %)%-!4!0& ?5!'-#1 @("$ &H0%5#*

*(&"%),#&; I) "$# '!!G '. J%0/1%) %)* K!0&&##0@ LDMN 1%). &"5%"#4(#& %5#

?5!?!&#* /!5 &!-8()4 "$# &%1# ?5!'-#16 @$(,$ 5#-. !) "$# 5#*0,"(!) !/ "$# &%1#

,5("#5(!) '%&#* !) "$# #+,$%)4# '#"@##) "$# ,055#)" 1#*!(* %)* !)# !/ "$#

!'2#,"&;

 !" #$%&'( )*+,-.'-/

F# $%8# 20&" *#&,5('#* "$# 4#)#5%-(B%"(!)& "! "$# /0),"(!)%- ,%&# !/ "@! @#--O

G)!@) %-4!5("$1& /!5 ?#5/!51()4 0)&0?#58(&#* ,-%&&(7,%"(!) !/ 10-"(8%5(%"# *%"%;

P!@#8#56 "$# ,-0&"#5()4 !/ /0),"(!)%- *%"% &$!0-* )!" '# %??5!%,$#* @("$!0"

"%G()4 ()"! %,,!0)" % ?5!'-#1 !/ ,5("(,%- (1?!5"%),# () /0),"(!)%- *%"% %)%-.&(&6

!/"#) #),!0)"#5#* () "$# %??-(,%"(!)&; >$(& ?5!'-#1 (& "$# ?!&&('-#  $%*+$,& !&'

!/ "$# *%"%; Q%"% 1(&%-(4)1#)" ,!)&(&"& () "$# ?5#&#),# !/ % 8%5(%'(-(". %-!)4

"$# ,058#& %'&,(&&%6 @$(,$ (& !/"#) %),(--%5. "! "$# &,!?#& !/ "$# %)%-.&(&; R(1 !/

%-(4)1#)" ?5!,#*05#& (& ()*##* "! ,%?"05# "$# ?$%&# 8%5(%'(-(". &$!@) '. #%,$

,058# () "$# *%"%&#" @("$ % /0,"(!)6 ,%--#* -*./$&, 01&)'$#&6 @$(,$ ()8!-8#& %

"5%)&/!51%"(!) !/ "$# ,058# %'&,(&&% %,,!5*()4 "! % ?5!?#5 ,5("#5(!);

S%). 1#"$!*& /!5 ,058# %-(4)1#)" 9!5 ,058# 5#4(&"5%"(!)= $%8# '##) ?5!?!&#*

() "$# -("#5%"05#; T!5 #+%1?-#6 U%@"!) #" %-; LVDN %)* R-"1%) %)* W(--%55#%- L:N

*#%- @("$ "$(& ?5!'-#1 0&()4 &#-/31!*#--()4 )!)3-()#%5 5#45#&&(!) 1#"$!*&6 U()*3

&"5!1 %)* X%"#& LVMN *#8#-!? )!)3-()#%5 1(+#*3#Y#,"& 1!*#-&6 %)* J# %)* F%)4

LDEN 1#54# "$# %'!8# %??5!%,$#& () "$# 0)(/.()4 /5%1#@!5G !/ &#1(?%5%1#"5(,

)!)3-()#%5 1(+#*3#Y#,"& 1!*#-&;

R ?!&&('-# %??5!%,$ "! ,058# %-(4)1#)" ,!)&(&"& () 7)*()4 % )!)O-()#%5 "5%)&3

/!51%"(!) !/ "$# %'&,(&&% h(t), t ∈ T 6 (;#; "$# *#&(5#* @%5?()46 () !5*#5 "! -()#
0? (1?!5"%)" /#%"05#&6 %-&! ,%--#* +*&" *.2%6 @$(,$ %5# *#"#,"%'-# () %-- ,058#&;

>$(& ?5!,#*05# (& 1!&" &0("%'-# @$#) ()/!51%"(!) !) "$#&# /#%"05#&6 @$(,$ $%8#

% ?5#,(&# 1#%)()4 () "$# ,!)&(*#5#* %??-(,%"(!)6 (& ,!--#,"#* "!4#"$#5 @("$ "$#

DZ
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 !"#$% &'&( )*+,-% ./ 0*1%-%23 3+..24%5 678 $%9.$5!:"3; .: 24% < -%*5; ./ &=>

,*2!%:23; ?.24 4%*-24@ *:5 *A%92%5 ?@ 4%*$2 !394%+!9 5!3%*3%'

5*2*' B4!3 !3 %C*92-@ 24% 9*3% ./ 24% 678 $%9.$5!:"3 34.0: !:  !"#$% &'&( 24%

,!92#$% 34.03 24% /#:92!.:*- $%9.32$#92!.:; 1!* * +#-2!1*$!*2% 0*1%-%23 3+..24!:"

2%94:!D#% E3%% 24% 5%39$!,2!.: ./ 24!3 *:*-@3!3 !: )%92!.: &'F /.$ /#$24%$ 5%2*!-3G;

./ * 3*+,-% ./ &=> 678 2$*9%3 E< -%*5G' H@ !:3,%92!.: ./ 24% ,!92#$%; 0% *$%

*?-% 2. 5%2%92 * 9.++.: 34*,% /.$ *-- 6783; 94*$*92%$!I%5 ?@ 24% 2@,!9*- ,%*J3K

0*1%3 *-2%$:*2!.: ./ 24% ,4@3!.-."!9*- 678 2$*9%L 4.0%1%$; %*94 ,*2!%:2 4*3 4!3

.0: 4%*$2 ?%*2 2!+!:"; 5#% 2. ?!.-."!9*- 1*$!*?!-!2@ *:5 2. .24%$ 9-!:!9*- 9.:5!M

2!.:3 E2*94@9*$5!*; N?$!--*2!.:; . . .G; 04!94 5. :.2 *A%92 24% 34*,% ?#2 .:-@ 24%
/$%D#%:9@ ./ 24%3% ,%*J3K0*1%3' <:5%%5; 24% *-!":+%:2 ./ 24%3% 9#$1%3 9*: $%-@

.: * 3%2 ./ -*:5+*$J3; 04!94 "!1% 24% ,$%9!3% 2!+!:" ./ %*94 ,%*J *:5 0*1% 32*$2

*:5 %:5!:" !: 24% 678 2$*9%; *:5 04!94 *$% ,$.1!5%5 ?@ 24% 678 $%9.$5!:"

3@32%+L 24!3 !3 *: !+,.$2*:2 ,!%9% ./ !:/.$+*2!.: 0% 5. :.2 *-0*@3 4*1%; 04!94

9*: !:O#%:9% 24% 94.!9% ./ 24% +.32 3#!2*?-% *-!":+%:2 ,$.9%5#$%' P%2*!-3 .:

24% *:*-@3!3 ./ 24%3% 5*2* 0!-- ?% "!1%: !: )%92!.: &'F'

Q:5 04*2 !/ 0% 5. :.2 4*1% *:@ -*:5+*$JR Q 5!A%$%:2 -!:% ./ $%3%*$94 /.$

9#$1% *-!":+%:2; *51.9*2%5 ?@ S' T' U*+3*@; !3 /.--.0%5 ?@ U*+3*@ *:5 V!

WX=Y; U*+3*@ *:5 )!-1%$+*: WZ&Y; S*+%3 W[XY; \*I!3J* *:5 )$!1*32*1* W[]Y *:5

)*:"*--! %2 *-' WZXY' B4!3 2%94:!D#%; 5%39$!?%5 !: 3#?3%92!.: &'['^; !3 ?*3%5 .: 24%

5%N:!2!.: ./ * 3#!2*?-% +%*3#$% ./ 24% ,$.C!+!2@ ?%20%%: 9#$1%3; *:5 ,%$/.$+3

9#$1%3 *-!":+%:2 +*C!+!I!:" 24%!$ ,$.C!+!2@ ?@ +%*:3 ./ * _$.9$#32%3 ,$.9%5#$%'

B4% 20. ,.33!?-% *,,$.*94%3 2. ,%$/.$+ 9#$1% *-!":+%:2; -*:5+*$J3 *-!":+%:2

*:5 24% _$.9$#32%3 9.:2!:#.#3 *-!":+%:2 ,$.9%5#$% $%3,%92!1%-@; 0!-- ?% 5%2*!-%5

!: 24% :%C2 20. 3#?3%92!.:3'

 !"#$% &'^ 34.03 24% "$.024 9#$1%3 ./ =[ 94!-5$%: E[= ?.@3 *:5 XF "!$-3G /$.+

H%$J%-%@ 8$.024 )2#5@ 5*2* E3%% B#55%:4*+ *:5 ):@5%$ W>XYG' B4!3 !3 * 2@,!9*-

%C*+,-%; *:5 * ?%:94+*$J 5*2*3%2 /.$ /#:92!.:*- 5*2* *:*-@3!3; 9.:3!5%$%5 ?@ *

[&
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 !"#$% &'() *$+,-. /#$0%1 +2 34 /.!56$%7 2$+8 9%$:%5%; *$+,-. <-#6; 6=-= >5%2-?

=76 /+$$%1@+76!7" "$+,-. 0%5+/!-!%1 >$!".-?'

7#8A%$ +2 =#-.+$1 >1%% 2+$ %B=8@5% C=81=; =76 D! EF3GH <.%%.; %- =5' EIJH IIGH

C=81=; =76 <!50%$8=7 EJ&GH K=8%1 E4FGH L%5%1/= =76 M7+#% EN&GH *%$0!7! =76

*=11%$ E(OG =76 <=7"=55!  ! "#$ EJIH JNG?' D++:!7" =- -.% /+$$%1@+76!7" "$+,-.

0%5+/!-!%1H =51+ 6!1@5=;%6 !7  !"#$% &'(H !- !1 =@@=$%7- -.=- =55 /#$0%1 2+55+, =

1!8!5=$ /+#$1%P -.!1 !1 /.=$=/-%$!Q%6 A; = 1.=$@ @%=: +2 "$+,-. 0%5+/!-; A%-,%%7

&R =76 &J ;%=$1H -.% @#A%$-=5 1@#$-H =76 = 8!7+$ 0%5+/!-; @%=: A%-,%%7 ( =76

F ;%=$1H -.% 8!6S1@#$-' T+,%0%$H 6!U%$%7- /.!56$%7 .=0% -.%!$ "$+,-. 1@#$-1

=- 6!U%$%7- -!8%1H 1+8% -=:% 8+$% -!8% !7 -.%!$ 1@#$-1H +-.%$1 5%11H %=/. /.!56

2+55+,!7" .!1V.%$ @%$1+7=5 A!+5+"!/=5 /5+/:' L.#1H -+ 5%=$7 1+8%-.!7" =A+#- -.%

/+88+7 "$+,-. @=-.H !- !1 W$1- 7%/%11=$; -+ =5!"7 -.% A!+5+"!/=5 /5+/:1 +2 -.%

/.!56$%7H %5!/!-!7" -.% 0=$!=A!5!-; 6#% -+ -.% 6!U%$%7- -!8!7"1' L.!1 6=-=1%- ,!55

A% /+71!6%$%6 !7 -.% 7%B- X.=@-%$H =1 =7 %B=8@5% +2 = /=1% 1-#6; !7 ,.!/. @.=1%

0=$!=A!5!-; @5=;1 = /$#/!=5 $+5% !7 6%-%$8!7!7" -.% "$+#@!7" 1-$#/-#$% 1.+,7 A;

-.% /#$0%1'

 !"! #$%&'($ )( *%+,-%(. %*/0+-$+&

Y #"%&'"()H +$ 2%=-#$%H +2 = /#$0% !1 1+8% /.=$=/-%$!1-!/ -.=- +7% /=7 =11+/!=-%

,!-. = 1@%/!W/ =$"#8%7- 0=5#% t ∈ T ' L.%1% =$% -;@!/=55; 8=B!8=H 8!7!8=H +$
Q%$+ /$+11!7" +2 /#$0%1H =76 8=; A% !6%7-!W%6 =- -.% 5%0%5 +2 1+8% 6%$!0=-!0%1 +$

=- -.% 5%0%5 +2 -.% /#$0%1 -.%81%50%1' M7 -.% =@@5!/=-!+7 ,% 6%1/$!A% !7 -.% 7%B-

<%/-!+7H -.% @$+/%6#$% !1 %0%7 %=1!%$ 1!7/% 5=768=$:1 =$% /+55%/-%6 6#$!7" 6=-=

$%/+$6!7"'

Z% 1%- -.% @$+A5%8 +2 /#$0% =5!"78%7- !7 -.% "%7%$=5 2$=8%,+$: +2 %1-!8=-S

!7" = @+11!A5; 7+7[5!7%=$ -$=12+$8=-!+7 +2 -.% =A1/!11= h(t), t ∈ T H =76 !76!/=-%
.+, 5=768=$:1 /=7 .%5@ %1-!8=-!7" -.!1 -$=12+$8=-!+7' M76%%6H -.% =@@5!/=-!+7

!7 -.% 7%B- 1%/-!+7 1.+,1 .+, 0%/-+$[0=5#%6 2#7/-!+7=5 6=-= >\X*1 =$% 8#5-!S

0=$!=-% 2#7/-!+7=5 6=-= 6#% -+ -.% @$%1%7/% +2 N 5%=61? /=7 A% .=765%6 A; +A0!+#1

%B-%71!+71 +2 8%-.+61 2+$ 1/=5=$[0=5#%6 2#7/-!+71'

L.% 5=768=$: =5!"78%7- @$+/%6#$% $%]#!$%1 2+$ %=/. 2#7/-!+7=5 6=-= χiH i =

4(



1, . . . , n !"# $%#&!$'()!$*& *+ !"# ),-($--) .)/0#- ti,f  f = 1, . . . , F  )--*($)!#%

1$!" #)(" *+ !"# F +#)!02#-3 4"# 5*)/ $- !* (*&-!20(! ) !2)&-+*26)!$*& hi +*2

#)(" %)!) -0(" !")! !"# 2#5$-!#2#% (02.#-

χ̃i(t) := χi(hi(t)), i = 1, . . . , n

-"*1 #)(" *+ !"# F +#)!02#- $& !"# -)6# ),-($--) 7*$&!- t1, . . . , tF 3 4"# -* *,8

!)$&#% !2)&-+*26)!$*& hi 1$// ,# ()//#%  !"#$%& '(%)*$+% *+ !"# ),-($--)3

9&(# ) -#! *+ /)&%6)2:- $- 5$.#& +*2 #)(" (02.# !"# *&/; !)-: !* )((*67/$-"

$- !"# 2#-*/0!$*& *+ ) /$&#)2 -;-!#6 %#'&#% ,; !"# +*//*1$&5 2#<0$2#6#&!-= +*2 )//

i = 1, . . . , n

>3 hi(tmin) = tmin )&% hi(tmax) = tmax?

@3 hi(tf ) = ti,f  +*2 )// f = 1, . . . , F ?

A3 hi $- -!2$(!/; 6*&*!*&$( $3#3 s < t ⇒ hi(t) < hi(s)3

B# -"*0/% (/#)2/; ("**-# ) ,)-$- !* #C72#-- !"# 72*7#2 1)27$&5 !* -)!$-+; !"#

),*.# 6#&!$*&#% (*&-!2)$&!- #353 7$#(#D1$-# /$&#)2 +0&(!$*&- 7*/;&*6$)/- E8

-7/$&# ,)-$- . . .? !"$- ("*$(# %#7#&%- ,*!" *& !"# 7)2!$(0/)2 )77/$()!$*& )! ")&% 

)&% *& !"# %#52##- *+ +2##%*6 !"# ),*.# 2#<0$2#6#&!- /#).# !* !"# %#-(2$7!$*& *+

hi3

 !"!# $%& '()*(+,-&, *).-/.+)+, 01/2.3&.- 4()*&5+(&

4"# F2*(20-!#- '!!$&5 )772*)(" !* )/$5&6#&! (*&-$-!- $& '&%$&5 +*2 #)(" #/#6#&!

i = 1, . . . , n *+ !"# +0&(!$*&)/ -)67/# !"# (*&!$&0*0- !2)-+*26)!$*& *+ !"# ),-($--)

hi !")! 6):#- !"# (02.# !"# 6*-! -$6$/)2 !* ) -)67/# 72*!*!;7#3

G! ")- ,##& *2$5$&)//; %#.#/*7#% $& !"# 60/!$.)2$)!# -#!!$&5 )&% $&.*/.#- !"#

)/!#2&)!$*& *+ !1* -!#7-=

• 0-$&5 !"# %)!) !* #-!$6)!# ) 72*!*!;7# ϕ 1$!" 2#-7#(! !* 1"$(" !"# !2)&-+*28

6)!$*& *+ !"# ),-($--) hi +*2 #)(" *,-#2.)!$*& i = 1, . . . , n ()& ,# %#'&#%?

• #-!$6)!$&5 !"# !2)&-+*26)!$*& $!-#/+ !* 6):# )// (02.#- !"# 6*-! -$6$/)2 !*

ϕ3

G& !"# )77/$()!$*&- )- -055#-!#% $& H)6-); )&% I$ JKLM )&% N&#$7 ,* !-.

JO>M !"# 7*$&!81$-# -)67/# 6#)& *+ !"# 0&2#5$-!#2#% (02.#- $- 0-#% )- $&$!$)/

72*!*!;7# +*2 !"# #-!$6)!$*& *+ #)(" *,-#2.)!$*&P- 1)27$&5 +0&(!$*& h
(1)
i ? "#&(# 

ϕ(0)(t) = 1/n
∑n

i=1 χi(t)3
9&(# !"# '2-! -!#7 1)27$&5 +0&(!$*&- ").# ,##& #-!$6)!#% )& 07%)!#% 7*$&!8

1$-# -)67/# 6#)& *,!)$&#% )-

ϕ(1)(t) =
1

n

n
∑

i=1

χi(h
(1)
i (t)),

()& ,# (*670!#% )&% 0-#% )- ) 72*!*!;7# +*2 !"# (*670!)!$*& *+ ) 2#.$-#% .#2-$*&

*+ 1)27$&5 +0&(!$*&- h
(2)
i 3 G& !"$- .#2-$*& *+ !"# F2*(20-!#- )/$5&6#&! 72*(#%02# 

AA



 !"#$#%& ' #%# () )#*+!, -##+ .!% ' # /0+1'# .%!, h
(1)
i '! h

(2)
i & )(-2# ' # 2 1-3#

(- ' # "1%0(-3 ./-2'(!-) hi .%!, ' # 4%)' '! ' # )#2!-+ ('#%1'(!- '#-+) '! 5#

-#3*(3(5*# 6)## 71,)18 1-+ 9( :;<=& 71,)18 1-+ >(*$#%,1- :?@=AB

C- (-'#%#)'(-3 %#,1%D () ' 1'& (- 21)# *1-+,1%D) .!% ' # 2/%$#) (- ' # )1,E

0*# 1%# 0%!$(+#+ 6!% " #' #% ' #8 1%# !5$(!/)A& ' # '"! 0%!2#+/%#) .!% 2/%$#

1*(3-,#-' 21- 5# /)#+ (- )#%(#)F *1-+,1%D) ,18 5# 4%)' /)#+ '! 1*(3- ' # 2/%$#)

5#.!%# 2!,0/'(-3 ' # (-('(1* 0%!'!'80# ϕ
(0)
align(t)& " (2 () ' #- /)#+ '! (-('(1*(G#

' # H%!2%/)'#) 1*(3-,#-' 0%!2#+/%#B

I () 4''(-3 2%('#%(!- .!% 2/%$# 1*(3-,#-' () J/('# 3#-#%1*& 1-+ -##+) -!' '!

5# 51)#+ !- ' # 2/%$#) )1,0*# ,#1-F 1** -!'(!-) !. 2#-'%1*('8 21- 5# /)#+ (-

' # 21*2/*1'(!- !. ' # 0%!'!'80#B K!%#!$#%& "# ) 1** )## (- L 10'#% M  !" ' ()

0%!2#+/%# 21- 5# (-'#3%1'#+ "(' 1 0%!'!'80# 51)#+ 2*/)'#%(-3 0%!2#+/%#& '!

3($# 5(%' '! 1  !"#$ %&'($)*"#+ ,#- ,&"+#.)#$ /*!%)-'*)N (- ' () 21)#& ' # ,!)'

)/('15*# 2 !(2# .!% ' # 0%!'!'80# "(** +#0#-+ !- ' # 1+!0'#+ 2*/)'#%(-3 ,#' !+B

>## >#2'(!- MBM .!% ./%' #% +#'1(*)B

 !" #$%& %'()*+ ',& $-$.*%/% 01 2#3 4(56&% 7058,0.9

0:*

O- ' () )#2'(!- "# +#'1(* 1- 100*(21'(!- !. ' # 0%#$(!/)*8 +#)2%(5#+ ./-2'(!-1*

2*/)'#%(-3 1-+ 1*(3-,#-' 0%!2#+/%#) '! ' # 1-1*8)() !. PLQ 2/%$#)B I # D#8

0!(-' !. ' # 1-1*8)() 2!-)()') (- '/-(-3 1-+ '#)'(-3 1 %#1* '(,# 0%!2#+/%# " (2 

#-15*#) 1 )#,(R1/'!,1'(2 +(13-!)() !. ' # 01'(#-')S +()#1)#& -!' +#0#-+#-' !-

2*(-(21* 2!-)(+#%1'(!-)& 5/' 51)#+ !-*8 !- PLQ '%12#) ,!%0 !*!38B C) +#'1(*#+

(- ' # .!**!"(-3& 01'(#-') (-2*/+#+ (- ' # )1,0*# 1%# #(' #%  #1*' 8& !% 1T#2'#+ 58

%(3 'U*#.' V/-+*# V%1-2 V*!2D 67VVV 1-+ 9VVV %#)0#2'($#*8AF V/-+*# V%1-2 

V*!2D 6VVVA () 1 21%+(12 2!-+/2'(!- 15-!%,1*('8 )##- !- ' # PLQ& " (2 21/)#)

12'($1'(!- !. ' # *#.' 6%(3 'A $#-'%(2*# '! 5# +#*18#+& %#)/*'(-3 (- ' # !-# $#-'%(2*#

2!-'%12'(-3 *1'#% ' 1- ' # !' #%B

I # ,1(- 3!1* !. ' () "!%D () ' #- '! (+#-'(.8& .%!, 0/%#*8 )'1'()'(21* 2!-E

)(+#%1'(!-)& )0#2(42 PLQ 01''#%-) " (2 2!/*+ 5#-#4' .%!, 1- #1%*8 (-$1)($#

100%!12 B O-+##+& ' # (+#-'(421'(!- !. )'1'()'(21* '!!*) 21015*# !. 2*1))(.8(-3

2/%$#) /)(-3 ' #(% ) 10# !-*8 2!/*+ )/00!%' 1- #1%*8 +#'#2'(!- !.  #1%' .1(*/%#)&

-!' 51)#+ !- /)/1* 2*(-(21* 2%('#%(1B I # ./-2'(!-1* +1'1)#' "# 1%# 3!(-3 '! 1-E

1*8G# 6n = 198A () 1 )1,0*# !. ,/*'($1%(1'# ./-2'(!-1* +1'1 +#)2%(5(-3 01'(#-')S

PLQF +1'1 1%# #W'%12'#+ .%!, H7XKPIPX +1'1"1%# !/)#

 

& " (2 2!-'1(-) 1**

' # PLQ '%12#) %#2!%+#+ !- K(*1-#)# /%51- 1%#1 58 V9>) )(-2# ' # #-+ !. MYYZB

P12 %#2!%+(-3 (- H7XKPIPX +1'1"1%# !/)# 2!-)()') (- 8 2/%$#) 6!-# .!% #12 
PLQ *#1+A .!% #12 01'(#-'& " (2 %#0%#)#-')  ()U #% [K#+(1-\ 5#1' .!% ' 1' *#1+B

 

 !"#$%$" & !"'())* +,--./0(/ #1-/2(+( $-())0*3/041*'0/551 %(-()0/+6(01)1 4/--. $7)0/

"+8(4/-1(0*9 1+ / 80*:(3) +)/0)(4 12 ;<<= >1)? )?( /15 *6 +80(/412' )?( 12)(2+1@( ,+( *6 $AB

/+ 80(C?*+81)/- 41/'2*+)13 )**-D /24 *6 3*2+)0,3)12' / 2(> 4/)/E/+( *6 $AB+ >1)? 6(/),0(+

2(@(0 0(3*04(4 E(6*0( 12 /2F *)?(0 4/)/ 3*--(3)1*2 *2 ?(/0) 41+(/+(+G %?/2H+ )* )?( 8/0)I

2(0+?18+ *6 JK1(24/ !('1*2/-( $5(0'(2K/ L0'(2K/ &J!$L9D JEE*)) M/+3,-/0 /24 #*0)/0/

!/2'*21 $,0*8( +G0G-GD $AB 0(3*04(0 >1)? BN# )0/2+51++1*2 ?/@( E((2 12+)/--(4 *2 /-- O/+13

P16( N,88*0)+ &OPN+9 *6 #1-/2(+( ,0E/2 /0(/G

]^



 !"#!$#"% &''()(!*&+ (*,!"-&)(!* .&* /# .!++#.)#' (* )0# '&)&1&"#0!23#% 23#,2+

,!" 3(4*&+ 5"!.#33(*4 &*' &*&+63(37 )(-#3 !, 1&$#38 "#5!+&"(9&)(!* &*' '#5!+&"(9&:

)(!*% 10(.0 &"# +&*'-&";3 (*'(.&)(*4 !*3#) &*' !<3#) )(-#3 !, -&(* =>?3 ,#&:

)2"#3% &*' &* &2)!-&)(. '(&4*!3(3% #3)&/+(30#' /6  !")&"&:@&*4!*( A=@BCDE

 !

&+4!"()0-

 

% 10(.0 1# 23#' )! +&/#+ =>? )"&.#3 )! $&+('&)# )0# 5#",!"-&*.#3 !,

!2" 2*325#"$(3#' .+23)#"(*4 &+4!"()0-F

G#)&(+3 !* H2*'+# H"&*.0 H+!.;3 5&)0!+!46 &*' ()3 (-5&.) !* )0# 30&5# !,

=>? 3(4*&+ 1(++ /# )"#&)#' (* 32/3#.)(!* IFJFI% 10#"# &+3! 3!-# .+(*(.&+ '#)&(+3

&/!2) =>? 3(4*&+3 1(++ /# 4($#*F G&)& 5"#5"!.#33(*4% &*' )0# .0!3#* .2"$#3

&+(4*-#*) &*' .+23)#"(*4 -#)0!'3 &"# '#)&(+#' (* 32/3#.)(!* IFJFK% 10(+# (* 32/:

3#.)(!* IFJFL "#32+)3 !, )0# &*&+63(3 &"# '(3.233#'F M2")0#" '#)&(+3 !* )0(3 .&3#

3)2'6 .&* &+3! /# ,!2*' (* B#$&  ! "#$% NLJOF

 !"! #$%&'()&*(+,)-(*./0 *1+ 231+$% 2(*1&/ 2$)&4

=+#.)"!.&"'(!4"&506 (3 & )"&*3)0!"&.(. "#.!"'(*4 !, )0# #+#.)"(.&+ &.)($()6 !, )0#

0#&") !$#" )(-# .&5)2"#' &*' #P)#"*&++6 "#.!"'#' )0"!240 3;(* #+#.)"!'#3F C0#

=>? 1!";3 -!3)+6 /6 '#)#.)(*4 &*' &-5+(,6(*4 )0# )(*6 #+#.)"(.&+ .0&*4#3 !* )0#

3;(* )0&) &"# .&23#' 10#* )0# 0#&") -23.+# '#5!+&"(3#3 '2"(*4 #&.0 0#&") /#&)

Q,!" ,2")0#" .+(*(.&+ '#)&(+3% 3## R(*'3&6 NJSOTF U!1&'&63% )0# -!3) .!--!*+6

23#' .+(*(.&+ =>? 363)#-% )0# IK +#&' =>? 363)#-% .!*3(3)3 !, )0# ,!++!1(*4 IK

+#&'37 B% BB% BBB% &A@% &AR% &AM% AI% AK% AL% AJ% AV% AWX !, )0#3# IK +#&'3% !*+6

Y &"# *!) '#5#*'#*) !*# ,"!- &*!)0#"% '2# )! )0# .!*Z42"&)(!* !, -#&32"#-#*)

5!(*)3 !* )0# 5&)(#*)83 3;(*X 0#*.#% )0# =>? )"&.#3 &*&+69#' (* )0# ,!++!1(*4 1(++

.!*3(3) !, +#&'3 B% BB% AI% AK% AL% AJ% AV &*' AW !*+6F

M(4F IFL 30!13 & 3.0#-# !, )0# )65(.&+ 30&5# !, & 5063(!+!4(.&+ 3(*4+# /#&)%

"#.!"'#' !* =>? 4"&50 5&5#"X -&(* "#+#$&*) 5!(*)3% 3#4-#*)3 &*' 1&$#3 &"#

0(40+(40)#'F G#[#.)(!*3 (* )0(3 3(4*&+ &"# '#*!)#' (* &+50&/#)(. !"'#" 3)&")(*4

1()0 )0# +#))#" \% 10(.0 "#5"#3#*)3 &)"(&+ '#5!+&"(9&)(!*F C0# $#*)"(.2+&" '#5!+&":

(9&)(!* .&23#3 )0# ]@E .!-5+#P% &*' "#5!+&"(9&)(!* (3 "#35!*3(/+# ,!" )0# C:1&$#F

D)"(&+ "#5!+&"(9&)(!* !..2"3 '2"(*4 )0# ]@E .!-5+#P &*' 5"!'2.#3 32.0 & +!1

3(4*&+ &-5+()2'# )0&) () .&**!) /# '#)#.)#'% 1()0 )0# #P.#5)(!* !, 5063(!+!4(.&+

=>?3 Q3## E.0#" &*' !̂2*4 NW_OTF

H2*'+# /"&*.0 /+!.; 5&)0!+!46 Q&+3! .&++#' ,&3.(.+# (*`2"(#3T "#32+) (* &+)#"#'

5&)01&63 ,!" $#*)"(.2+&" '#5!+&"(9&)(!*F B* )0(3 .&3#% )0#"# (3 & +!33 !, $#*)"(.2+&"

36*.0"!*6% $#*)"(.2+&" '#5!+&"(9&)(!* (3 5"!+!*4#'% &*' )0#"# -&6 /# & .!""#:

35!*'(*4 '"!5 (* .&"'(&. !2)52)F M"!- & .+(*(.&+ 5#"35#.)($#% & @HHH )65(.&++6

.&23#3 5"!+!*4&)(!* !, )0# +&3) 5&") !, )0# ]@E .!-5+#P% 10(+# RHHH 1('#*3

)0# #*)("# ]@EF D*!)0#" 232&+ Z*'(*4 1()0 /2*'+# /"&*.0 /+!.; (3 &55"!5"(:

&)# C 1&$# '(3.!"'&*.#7 )0(3 -#&*3 )0&) )0# C 1&$# 1(++ /# '#[#.)#' !55!3()#

)0# )#"-(*&+ '#[#.)(!* !, )0# ]@E .!-5+#PF a*,!")2*&)#+6% 3!-# (*'($('2&+3

1(++ #P0(/() /!)0 +#,) &*' "(40) /2*'+# /"&*.0 /+!.;3% )023 30!1(*4 & 5"!,!2*'+6

&/*!"-&+ ]@E (*)#"$&+F

B* )0# ,!++!1(*4% 1# 1(++ ,!.23 !2" &*&+63(3 !* 30&5# -!'(Z.&)(!*3 (*'2.#'

!* )0# =>? )"&.#3 /6 HHH 5&)0!+!46% &*' 1# 1(++ (*$#3)(4&)# )0# 4"!25(*4

"

 !"#$"$ %$&'!&( )*"!+, -."./. (- #0, /,$1(&' +"!2(1," !3 )45 $/'!"(#06- $&1 7!6+!&,&#-

3!" 2$"(!*- 7/(&(7$/ $++/(7$#(!&-8 -,,  !!"#$$%%%&'()!*)*&+('.

LV



 !"#$% &'() *+,%-% ./ 0,% 012!+34 5,32% ./ 3 2,15!.4."!+34 5!6"4% 7%308 $%+.$9%9

.6 :;< "$32, 232%$' =3!6 $%4%>360 2.!6058 5%"-%605 369 ?3>%5 3$% ,!",4!",0%9'

50$#+0#$% !69#+%9 !6 0,% /#6+0!.634 93035%0 71 0,%5% 5,32% -.9!@+30!.65 >!3 3

2$.2%$ #5#2%$>!5%9 +4355!@+30!.6 0%+,6!A#%' B,% %C24.!030!.6 ./ 0,%5% -.$2,.D

4."!+34 -.9!@+30!.65 !6 0,% +4#50%$!6" 2$.+%9#$% ?!44 7% 0,% /.+#5 ./ 0,% /.44.?!6"

5#75%+0!.65'

 !"!# $%&% '())&*+,-. %/+-,(0,& %,1 2/%''+32%&+),

B,% 93035%0 +.-!6" /$.- EFG=:B:G 9303?3$%,.#5% +.65!505 ./ 0,% :;< 5!"D

6345 ./ n = 198 5#7H%+058 3-.6" ?,!+, 101 3$% I.$-34 369 97 3$% 3J%+0%9 71
KKK L49 FKKK 369 48 MKKKN' O5 -%60!.6%9 37.>%8 0,% 3!- ./ 0,!5 ?.$P !5

%C24.$!6" :;< +#$>%5 -.$2,.4."1' B,#58 0,% 735!+ 5030!50!+34 #6!0 !5 0,% -#40!D

>3$!30% /#6+0!.634 9303 ?,!+, 9%5+$!7%5 ,%3$0 9163-!+58 /.$ %3+, 230!%608 .6 0,%

%!",0 4%395'

Q.?%>%$8 !6 2$3+0!+% ?% ,3>% .641 3 6.!51 369 9!5+$%0% .75%$>30!.6 ./ 0,%

/#6+0!.6 9%5+$!7!6" :;< 0$3+% /.$ %3+, 230!%60' =.$%.>%$8 %3+, 230!%60 ,35 ,!5

.?6 R7!.4."!+34S 0!-%8 !'%' 0,% 53-% %>%60 ./ 0,% ,%3$0 9163-!+5 -31 ,322%6

30 9!J%$%60 0!-% -%35#$%-%605 /.$ 9!J%$%60 230!%605 L5%%  !"#$% &'& 369 9!5+#5D

5!.6N) 0,!5 !5 .641 -!54%39!6" /$.- 3 -.$2,.4."!+34 2.!60 ./ >!%?' B,%5% 0?.

>%$1 +.--.6 2$.74%-5 +36 7% 399$%55%9 $%52%+0!>%41 ?!0, 9303 5-..0,!6" 369

34!"6-%60'

 !"#$#%& &'((%)*+,

O 012!+34 322$.3+, 0. 2%$/.$- 9303 5-..0,!6"8 !'%' 0. $%+.50$#+0 0,% /#6+0!.634

/.$- ./ 0,% 9303 ?,!+, 3$% 6.!5!41 $%+.$9%98 2355%5 0,$.#", 0,% +,.!+% ./ 3 2$.2%$

/#6+0!.634 735!5' T3>%4%0 735%5 5%%- 5#!0374% /.$ .#$ 9303 7%+3#5% %>%$1 735!5

/#6+0!.6 !5 4.+34!U%9 7.0, !6 0!-% 369 !6 /$%A#%6+18 7%!6" 0,%$%/.$% 374% 0. +320#$%

:;< 50$.6" 4.+34!U%9 /%30#$%5 L2%3P58 .5+!4430!.65'''N' V6 23$0!+#43$ ?% #5% 3

W3#7%+,!%5 ?3>%4%0 735!5 ?!0, 10 >36!5,!6" -.-%605 L5%% W3#7%+,!%5 X&YZ /.$

([



0 400 800 1200

0
1
0
0

2
0
0

3
0
0

4
0
0

time (ms)

I

0 400 800 1200

0
2
0
0

4
0
0

6
0
0

8
0
0

time (ms)

II

0 400 800 1200

−
6
0
0

−
4
0
0

−
2
0
0

0
2
0
0

4
0
0

time (ms)

V
1

0 400 800 1200

−
8
0
0

−
6
0
0

−
4
0
0

−
2
0
0

0
2
0
0

time (ms)

V
2

0 400 800 1200

−
2
5
0
0

−
1
5
0
0

−
5
0
0

0
5
0
0

time (ms)

V
3

0 400 800 1200

−
5
0
0

0
5
0
0

1
0
0
0

1
5
0
0

time (ms)

V
4

0 400 800 1200

0
5
0
0

1
0
0
0

1
5
0
0

time (ms)

V
5

0 400 800 1200
0

2
0
0

4
0
0

6
0
0

8
0
0

1
0
0
0

time (ms)

V
6

 !"#$% &'() *+, -+.+ /0 .1% %!"1. 2%+-3 452+67 8/!9.3: +9- ,+;%2%. 0#96.!/9+2

%3.!<+.%3 452#%: 0/$ + 9/$<+2 3#5=%6.'

-%.+!23:> 5%6+#3% ,% +$% !9.%$%3.%- +23/ !9 -%$!;+.!;%3 /0 .1% ?@A .$+6%3 +9- .1#3

,% 9%%- + 5+3!3 3<//.1 %9/#"1 0/$ .1!3 8#$8/3%'

B1% ,+;%2%. 3<//.1!9" 8$/6%-#$% 6/93!3.3 !9 61+9"!9" /;%$ ./ ,+;%2%. -/C

<+!9> %3.!<+.!9" 5+3!3 6/%D6!%9.3 +9- .1%9 /5.+!9!9" + 3<//.1 %3.!<+.% /0 .1%

/$!"!9+2 3!"9+2 .1+973 ./ ,+;%2%. 5+3!3 %E8+93!/9' F3 !9 </3. 3<//.1!9" <%.1C

/-3 5+3%- /9 ,+;%2%. %E8+93!/9> !. !3 9%6%33+$G ./ -%+2 ,!.1 + "$!- /0 2J 8/!9.3>
J ∈ NH !9 .1% 0#$.1%$ +9+2G3!3 ,% .1#3 #3% /92G .1% 6%9.$+2 210 = 1024 /53%$;+.!/9
8/!9.3' B1%$% !3 9/ 2/33 /0 3!"9!I6+9. !90/$<+.!/9) .1% 8/$.!/9 /0 .1% 3!"9+2 /9

,1!61 ,% 0/6#3 .1% +9+2G3!3 6/9.+!93 +22 .1% !<8/$.+9. 0%+.#$%3 /0 .1% ?@A .$+6%'

 /$ .1!3 $%+3/9> ,% 61//3% 9/. ./ .#$9 ./ 9/9C-%6!<+.%- ,+;%2%.3> ,1!61 6/#2-

5% +882!%- +23/ ./ 9/9 -G+-!6 "$!- 5#. $%J#!$% + 2+$"%$ 6/<8#.+.!/9+2 %K/$.'

L!96% .1% %!"1. 2%+-3 4!'%' M> MM> N&> NO> NP> N(> NQ +9- NR: =/!9.2G -%36$!5%

.1% 6/<82%E 1%+$. -G9+<!6> ,1%9 3<//.1!9" .1%3% -+.+ !. !3 +88$/8$!+.% ./ #3%

+ .%619!J#% ,1!61 .+7%3 !9./ +66/#9. +22 .1% %!"1. 2%+-3 3!<#2.+9%/#32G' B1!3

1%283 !9 -%.%6.!9" 3!"9!I6+9. 0%+.#$%3> ,1!61 $%S%6. /9 </$% .1+9 /9% 2%+-3' B/

.1!3 +!< !9 T!"/2! +9- L+9"+22! UQVW + ,+;%2%. 5+3%- 3<//.1!9" .%619!J#% 0/$

PV



0 400 800 1200

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

time (ms)

I

0 400 800 1200
0

5
0

1
0
0

1
5
0

time (ms)

II

0 400 800 1200

−
5
0

0
5
0

1
0
0

time (ms)

V
1

0 400 800 1200

−
6
0

−
4
0

−
2
0

0
2
0

4
0

time (ms)

V
2

0 400 800 1200

−
3
0
0

−
2
0
0

−
1
0
0

0
1
0
0

time (ms)

V
3

0 400 800 1200

−
3
0
0

−
2
0
0

−
1
0
0

0
1
0
0

time (ms)

V
4

0 400 800 1200

−
1
0
0

−
5
0

0
5
0

1
0
0

time (ms)

V
5

0 400 800 1200

−
4
0

−
2
0

0
2
0

4
0

6
0

8
0

time (ms)

V
6

 !"#$% &'()  !$*+ ,%-+$./ 0-!+% 1!2%$%-,% 34 +5% %!"5+ /%.1* 6"$.78 .-1 9.:%/%+

%*+!;.+%* 34 +5% 0$*+ 1%$!:.+!:%* 6</#%8 43$ . -3$;./ *#<=%,+'

;#/+!:.$!.+% ,#$:%* !* 1%:%/3>%1) +5!* +%,5-!?#% !* #*%1 +3 3<+.!- +5% %*+!;.+!3-

34 8 1!;%-*!3-./ @AB *!"-./* .-1 34 +5%!$ 1%$!:.+!:%*'

C5#*D *+.$+!-" 4$3; +5% :%,+3$!./ $.9 *!"-./D 9% %*+!;.+% +5% :%,+3$!./ 4#-,E

+!3-

χi(t) = (Ii(t), IIi(t), V 1i(t), V 2i(t), V 3i(t), V 4i(t), V 5(t), V 6(t)),

.-1 !+* 1%$!:.+!:%*D 43$ %.,5 *#<=%,+ i = 1, . . . , n' F%% G!"3/! .-1 F.-".//! H(IJ
43$ . 1%+.!/%1 1%*,$!>+!3- 34 +5!* *;33+5!-" >$3,%1#$%K !-  !"#$% &'L $.9 1.+.

.-1 4#-,+!3-./ %*+!;.+%* 3<+.!-%1 9!+5 +5!* 9.:%/%+ *;33+5!-" >$3,%1#$% 43$ .

-3$;./ *#<=%,+ .$% *539-) 3<*%$:.+!3-* .$% -39 !- . 4#-,+!3-./ 43$;D *#!+.</%

43$ >%$43$;!-" ,/.**!0,.+!3-' C5% *;33+5!-" >$3,%1#$% !* %**%-+!./ ./*3 43$ .-

.,,#$.+% 1%$!:.+!:% $%,3-*+$#,+!3-D .* *539- !-  !"#$% &'(D 95%$% +5% %*+!;.+%

34 +5% 0$*+ 1%$!:.+!:% !* *#>%$!;>3*%1 +3 +5% 0$*+ ,%-+$./ 0-!+% 1!2%$%-,% 6!'%' .

$3#"5 !-1!,.+!3- 34 0$*+ 1%$!:.+!:% <%5.:!3#$8'

MN



 !"#$!%& !'()"$*"+

 ! "#$%&'(!)* +&!,(!!$+ &- .$,/&'- 0123 4(-,/&'-5) 678 /#5,$! !9': ;'/9 "95!$

5-+ 5<")&/(+$ %5#&5/&'-3 &1$1 $5,9 "5/&$-/ 95! &/! ':- ;&')'=&,5) /&<$3 !' /95/ /9$

!5<$ 4$5/(#$ '4 /9$ 678 #$,'#+&-= ,5- 5""$5# 5/ +&>$#$-/ /&<$! 5<'-= /9$ "5?

/&$-/1 @$ 5++#$!! /9$ "#';)$< '4 !$"5#5/&-= /9$!$ /:' A&-+! '4 %5#&5;&)&/&$! %&5 5

)5-+<5#A ;5!$+ 5)&=-<$-/ "#',$+(#$3 !&<&)5# /' /9$ '-$ +$!,#&;$+ &- !(;!$,/&'-

012101 B9$ )5-+<5#A! :$ 5#$ ='&-= /' (!$ 5#$ "#'%&+$+ ;* C'#/5#5?D5-='-& "#'?

,$+(#$3 5-+ &+$-/&4* /9$ E :5%$ FP
 !"#$

5-+ P
 %"#$

G3 /9$ HD. ,'<")$I FQRS
 !"#$

5-+ QRS
 %"#$

G 5-+ /9$ B :5%$ FT
 %"#$

GJ <'#$'%$#3 :$ +$,&+$+ /' 5++ '-$ <'#$

)5-+<5#A3 &-+&,5/&-= /9$ D "$5A '- /9$ K )$5+ FIpeakG3 ;$,5(!$ /9&! 4$5/(#$ &!
,)$5#)* +$/$,/5;)$ '- /9$ K )$5+ ;'/9 &- "9*!&)'=&,5) 5-+ &- "5/9')'=&,5) 678

/#5,$!1

.&-,$ 5)) /9$ )$5+! ,5"/(#$ /9$ !5<$ 9$5#/ +*-5<&,!3 ;&')'=&,5) /&<$ <(!/ ;$

/9$ !5<$J /9(!3 /9$ !5<$ )5-+<5#A! ,5- ;$ (!$+ /' #$=&!/$# 5)) /9$ )$5+!1 L'#

/9$ i?/9 "5/&$-/3 4'# i = 1, . . . , n3 :$ )''A 4'# 5 :5#"&-= 4(-,/&'- hi !(,9 /95/

hi(P !"#$) = P 0
 !"#$
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 %"#$
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 !"#$

hi(Ipeak) = Ipeak0
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 %"#$
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 %"#$
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 !"#$
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 %"#$
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'4 /9$ ,'##$!"'-+$-/ )5-+<5#A! 4'# 5)) /9$ "5/&$-/!1 B9$!$ %5)($! 5#$ #$"'#/$+
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<$/9'+')'=* 4'# ,(#%$ ,)(!/$#&-= 5-+ 5)&=-<$-/3 &- :9&,9 5M-$ :5#"&-= &! /9$

<'!/ !(&/5;)$ ,9'&,$G1

@$ /9(! ';/5&- /9$ #$=&!/$#$+ %$,/'#&5) 4(-,/&'-

Xi(t) = χi(hi(t)),

4'# $%$#* "5/&$-/ i = 1, . . . , n1 K- L&=(#$ 01Q ;'/9 (-#$=&!/$#$+ 5-+ #$=&!/$#$+ K
)$5+! 4'# 5)) /9$ 198 "5/&$-/! 5#$ !9':-1
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!)* ,$41.0$,$* :;< 67,9$. ,$#$9!)0 0/ /7, !)!#=.1. >?,.0 #1)$ /3 02$ 0!"#$@A 1) 02$

.$6/)* #1)$8 #!)*+!,-. .0!)*!,* *$91!01/).& (!)*+!,-. 9!#7$. !,$ ,$3$,,$* 0/ !
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K147,$ %&J' L,141)!# M #$!*. 3/, 02$ n 5!01$)0. >#$30@ !)* ,$41.0$,$* /)$. >,1420@&
N$,016!# #1)$. 1)*16!0$ 5/.101/) /3 +$!) #!)*+!,-. P 0

 !"#$

8 P 0
 %"#$

8 QRS0
 !"#$

8

Ipeak08 QRS0
 %"#$

8 T 0
 %"#$

&

M) 3!608 13 O$ 5$,3/,+ ! +7#019!,1!0$ 3P+$!). 6#7.0$,1)4 /) 1)0$,9!# #$)402.
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 %"#$

−P
 !"#$

8 QRS
 !"#$
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 %"#$

8 QRS
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 !"#$

!)* T
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)8
O102 02$ !1+ /3 1*$)013=1)4 02$ $Q1.01)4 3 4,/75. >R/,+!#8 STTT !)* (TTT 5!P
01$)0.@8 O$ /"0!1) 02$ ,$.7#0 .2/O) 1)  !"#$ %&E' 021. +$02/* 6/,,$60#= .$5!,!0$.

52=.1/#/416!# 0,!6$. 3,/+ 5!02/#/416!# /)$.8 "70 10 419$. )/ 1)3/,+!01/) /) 02$

5!02/#/4=& K/, 021. ,$!./)8 1) 02$ 3/##/O1)4 5!,!4,!52 O$ O1## 3/67. /7, !)!#=.1.
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6/).1*$,$* 0/4$02$, O102 0,!*101/)!# *1!4)/.016 0//#. "!.$* /) .$4+$)0 #$)402.&
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 !" #$ %&' ()(*+,!, !, %&' -'.'*#/"')% #$ ( /0#/'0 1*(,,!21(%!#) /0#1'-30'4 (5*'

%# -!,%!)63!,& %&' 60#3/!)6 ,%031%30' !)-31'- !) %&' ,("/*' #$ 789, 5+ %&'

/0',')1' #$ -!:'0')% /(%&#*#6!',4 #) %&' 5(,!, #$ %&' ,#*' ,&(/' #$ %&' 1#),!-'0'-

130.',; <&' -',10!/%!#) #$ %&' 1&#,') 1*(,,!21(%!#) /0#1'-30' !, %&' $#13, #$ %&'

/0',')% /(0(60(/&;

 , /0'.!#3,*+ -!,13,,'- !) ,35,'1%!#) =;>;=4 789 %0(1', (0' .'0+ 1#"/*'?

$3)1%!#)(* -(%(4 !) @&!1& -!:'0')% /#0%!#), #$ %&' -#"(!) 1() 5' ()(*+A'- !)

#0-'0 %# -'%'1% -!:'0')% /(%&#*#6!',; <&' "(!) $#13, #$ #30 ()(*+,!, ,%()-, !)

%&' !).',%!6(%!#) #$ BBB /(%&#*#6+4 @&!1& "(!)*+ '?/0',,', !) %&' 789 %0(1'

%&0#36& ( *')6%&')!)6 #$ %&' CDE 1#"/*'? ()- ( "#-!21(%!#) #$ %&' < @(.'F

@' @!** %&3, $#13, #30 1*(,,!21(%!#) ()(*+,!, #) %&' C<G,'6"')%; E!)1' 789

,!6)(*, &(.' 5'') (*!6)'-4 (** %&' %0(1', ,&#@ 0'*'.()% $'(%30', (% %&' ,("'

%!"' /#!)%,4 1#00',/#)-!)6 %# %&' 0'$'0')1' *()-"(0H, P 0
 !"#$

4 P 0
 %"#$

4 QRS0
 !"#$

4

Ipeak04 QRS0
 %"#$

4 T 0
 %"#$

F %&!, $(1% (**#@, 3, %# ,'*'1%4 $#0 (** %&' 130.', !) %&'

-(%(,'%4 #)*+ %&' /#0%!#) #$ 789 %0(1' 5'*#)6!)6 %# %&' !)%'0.(* [P 0
 %"#$

, T 0
 %"#$

]4
@&!1& !, 0'*'.()% %# #30 -!(6)#,%!1 /30/#,',; I) /(0%!13*(04 @' ,'*'1% #)*+ %&'

/#0%!#) #$ X(t) ,31& %&(% t ∈ T̃ := [P 0
 %"#$

, T 0
 %"#$

]4 @&'0' P 0
 %"#$

()- T 0
 %"#$

(0'

%&' .(*3', 0'/#0%'- !) %&' 20,% *!)'4 ,'1#)- ()- ,!?%& 1#*3"), #$ <(5*' =;=;

J' ()(*+A' %&' n /(%!')%, (11#0-!)6 %# ( $3)1%!#)(* kG"'() 1*3,%'0!)6 /0#G
1'-30'4 !) @&!1& (** %&' '!6&% *'(-, Xi(t) : T̃ → R

8
4 $#0 /(%!')%, i = 1, . . . , n4 (0'

,!"3*%()'#3,*+ 1*3,%'0'-; <# -'.'*#/ %&!, 1*3,%'0!)6 /0#1'-30' @' ,3//#,' %&(%

Xi(t) ∈ E ≡ H1(T̃ ;R8)F @' %&3, !-')%!$+ %&' !)2)!%' -!"'),!#)(* ,/(1' !) @&!1&
%&' $3)1%!#)(* ,("/*' X1, . . . ,Xn %(H', .(*3', @!%& %&' E#5#*'. ,/(1' H

1(T̃ ;R8)K
&')1'4 %&' "'%0!1 d1 1&#,') %# "'(,30' %&' /0#?!"!%+ 5'%@'') #5L'1%, !) %&'
,("/*' !, %&' "#,% )(%30(* !) %&!, ,/(1'4 %&' H1

)#0" || · ||H1(T̃ ;R8);

I) #0-'0 %# /'0$#0" 1#"/(0!,#),4 ()- %# %',% %&' 0#53,%)',, #$ #30 1*3,%'0!)6

/0#1'-30'4 @' 1#),!-'0 %@# "#0' @(+, %# "'(,30' %&' -!,%()1' 5'%@'') 789

%0(1',K %&',' %@# "'(,30', 1() 5' !)1*3-'- !) %&' /0'.!#3,*+ -',10!5'- $0("'G

@#0H #$ ,'"!M"'%0!1, 5(,'- #) -'0!.(%!.',F %&' ,'"!M)#0" !) %&' E#5#*'. ,/(1'

H1(T̃ ;R8)4 !;'; %&' L2
)#0" #$ %&' 20,% -'0!.(%!.',4 ()- %&' )#0" !) %&' N!*5'0%

,/(1' L2(T̃ ;R8)4 @&!1& !) %&' $#**#@!)6 @' @!** !)-!1(%' 0',/'1%!.'*+ @!%& d̃1 ()-
d2; <&',' %@# "'(,30', (0' 5#%& 1#),!-'0'- !) %&' 1*3,%'0!)6 /0#1'-30' )#%
#)*+ %# 1#"/(0' /'0$#0"()1', #$ "3*%!.(0!(%' $3)1%!#)(* kG"'() 3)-'0 -!:'0')%
,/'1!21(%!#), #$ %&' -!,%()1'4 53% (*,# %# &(.' () !),!6&% #) %&' 0#*' #$ 130.',

20,% -'0!.(%!.',F @' 1*(!" %&(% 5#%& %&' 789 %0(1' ()- !%, 20,% -'0!.(%!.' (0'

',,')%!(* %# -!,%!)63!,& "#0' ,!"!*(0 "#0/&#*#6!', $0#" *',, ,!"!*(0 #)',;

O#0 -'%(!*, #) %&' -',10!/%!#) #$ %&' $3)1%!#)(* kG"'() 1*3,%'0!)6 (*6#0!%&"4
()- #$ %&' #/%!"(* 1')%0#!- 1(*13*(%!#) @!%& 0',/'1% %# %&' 1&#,') "'%0!1, d14 d̃1
()- d24 @' 0'$'0 %# E'1%!#) =;P4 ,35,'1%!#) =;P;=; <&'0' (0' "()+ -!:'0')% !"/*'G
"')%(%!#), #$ $3)1%!#)(* kG"'() (*6#0!%&" !) %&' *!%'0(%30' #) $3)1%!#)(* -(%(

()(*+,!,4 ("#)6 @&!1& ,#"' /0#1'-30', !)%'60(%' -(%( (*!6)"')% !) %&' 1*(,,!21(G

%!#) ,%'/,; N'0'4 !),%'(-4 @' 1&#,' %# ,'/(0(%' 0'6!,%0(%!#) ()- 1*3,%'0!)6 !) %@#

,35,'Q3')% ,%'/, #$ %&' ()(*+,!,4 ,!)1' %&' *(%%'0 -#',)R% 3,' ()+ !)$#0"(%!#) 5'G

,!-' "#0/&#*#6+ #$ %&' 789 %0(1',4 @&!*' %&' $#0"'0 !, 5(,'- #) ( ,%0#)6 1*!)!1(*

!)-!1(%!#) /0#.!-'- 5+ *()-"(0H, ,3//*!'- 5+ %&' S#0%(0(GD()6#)! T7DI< E
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*'+ k,(+ - .!/0&+$%-" 1$#.+2/$+ .!+ $!3 2+1+-20 -#& #-!3 #- &'+ .'#%.+ #4 &'+

2%0& -.+5 6/&  !0# #- &'+ -/(6+$ #4 .!/0&+$0 k) 7+%-" &'+ -/(6+$ #4 .!/0&+$0  8

1$%#$% /-9-#:-5 :+  !0# .#-0%2+$  : 3 &# 0+!+.& &'+ #1&%( ! -/(6+$ #4 .!/0&+$0

k∗ ;% 0%!'#/+&&+ ; !/+0  00#.% &+2 &# &'+ <- ! .! 00%<. &%#- =0++ >&$/34 +&  !)

?@ABC) D- 1 $&%./! $5 &'+ 0%!'#/+&&+ 1!#& #4  <- ! .! 00%<. &%#- .#-0%0&0 %-  6 $

1!#& #4 &'+  !"#$%&''& ()"%& si5 #6& %-+2 4#$ + .' 1 &%+-& i = 1, . . . , n  0

si =
bi − ai

max{ai, bi}
,

:'+$+ ai %0 &'+  ;+$ "+ 2%0& -.+5  ..#$2%-" &# #-+ #4 &'+ .'#0+- (+&$%.0 d15 d̃1
 -2 d25 #4 &'+ i,&' 1 &%+-& &#  !! #&'+$ 1 &%+-&0  00%"-+2 &# &'+ 0 (+ .!/0&+$5

:'%!+

bi := min
l=1,...,k;l 6=C(i)

∑

j:C(j)=l d(Xi(t),Xj(t))

#{j : C(j) = l}
%0 &'+ (%-%(/(  ;+$ "+ 2%0& -.+ #4 &'+ i,&' 1 &%+-& 4$#(  -#&'+$ .!/0&+$5 :'+$+ d
%0 #-+ #4 &'+ .'#0+- (+&$%.0) E!+ $!3 si  !: 30 !%+0 6+&:++- −1  -2 15 &'+ 4#$(+$

; !/+ %-2%. &%-"  (%0.! 00%<+2 1 &%+-&5 :'%!+ &'+ ! &&+$  ;+$3 :+!! .! 00%<+2 #-+)

F#&+ &' &  1 &%+-& :'%.'  !#-+ .#-0&%&/&+0  .!/0&+$5 ' 0 0%!'#/+&&+ ; !/+ +G/ !

&# H5 6/& '+ %0 -#& .#-0%2+$+2 %- &'+ 0%!'#/+&&+ 1!#& 4#$ .'##0%-" k∗)

 !"!# $%&'()& *+, ,-&.'&&-/+

I%( #4 &'+  - !30%0 %0 &# 2+&+.& &'+ /-2+$!3%-" "$#/1%-" 0&$/.&/$+ %- #/$ 0 (1!+

#4 198 JEK &$ .+0) L+ &'/0 1+$4#$( .!/0&+$%-" #4 &'+ :'#!+ 2 & 0+& ;% &'+

(/!&%; $% &+ 4/-.&%#- ! k,(+ -  !"#$%&'( 1$+;%#/0!3 2+0.$%6+25 /0%-" &'+ 2%M+$,

+-& 2%0& -.+0 d15 d̃1  -2 d2) *'+ <- ! 0%!'#/+&&+ 1!#&0 #6& %-+2 63 .!/0&+$%-" &'+

0 (1!+ #4 198 JEK &$ .+0  ..#$2%-" &#  (/!&%; $% &+ 4/-.&%#- ! k,(+ - 1$#.+,

2/$+ :%&' 2%0& -.+ d1  -2 0+&&%-" k = 2, 3, 4, 5  $+ 0'#:- %- N%"/$+ H)@O  0 :+

. -  11$+.% &+ 4$#( &'+ 1%.&/$+5 &'+ "$#/1%-" 0&$/.&/$+ #6& %-+2 0+&&%-" k = 3
0++(0 &'+ 6+0& #-+5 6#&' %- &+$(0 #4 0%!'#/+&&+ 1$#<!+5  -2 %- &+$(0 #4 :$#-"

 00%"-(+-&0) I 0%(%! $ $+0/!& %0 #6& %-+2 (+ 0/$%-" &'+ 2%0& -.+ 6+&:++- ./$;+0

;% d̃1 #$ d2P '#:+;+$5 &'+ 1$#.+2/$+ 0++(0 &# 2+&+.& &'+ 6+0& "$#/1%-" 0&$/.&/$+

:'+- 6#&' &'+ ./$;+0  -2 &'+%$ 2+$%; &%;+0  $+ .#-0%2+$+2 %- &'+ 2%0& -.+) L+

&'/0 0+& k∗ = 3)

*'+ <- ! .! 00%<. &%#- #6& %-+2 :%&' &'%0 .'#%.+ #4 &'+ 2%0& -.+5  -2 0+&&%-"

k = 35 %0 0'#:- %- N%"/$+ H)Q5 :'+$+ &'+ :'#!+ 4/-.&%#- ! 2 & 0+& %0 .#!#/$+2

 ..#$2%-" &# .!/0&+$  00%"-(+-&0P + .' 1 -+! .#$$+01#-20 &#  2%M+$+-& !+ 2)

N$#( %-01+.&%#- #4 &'%0 1%.&/$+  2%M+$+-& 0' 1+ #4 JEK0  00%"-+2 &# 2%M+$+-&

.!/0&+$0 . - 6+ %((+2% &+!3  11$+.% &+25 +01+.% !!3 !##9%-"  & &'+ <- ! .+-&$#%20

=4/-.&%#- ! (+ -C #4 + .' "$#/15 2$ :- %- 6! .9 %- + .' 1 -+! #4 &'+ 1%.&/$+) L+

0' !! -#: ;+$%43 :'+&'+$ &'%0 2%M+$+-.+ %- &'+ JEK0 (#$1'#!#"3  .$#00 .!/0&+$0

%0 2/+ &# &'+ 2%M+$+-& 1 &'#!#"3)

>%-.+ :+ ' ;+  - %-2%. &%#- #4 &'+ 2%M+$+-& 1 &'#!#"%+0 #4 &'+ 1 &%+-&0 %-,

.!/2+2 %- &'+ 0 (1!+5 :+ . -  - !3R+ &'+ .#-4/0%#- ( &$%S  00#.% &+2 &# &'+ <- !

.!/0&+$  00%"-(+-&05 :%&' $+01+.& &# &'+ T#$& $ ,U -"#-%  !"#$%&'( .! 00%<. &%#-

VW
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!2$ *"1!/+$4 "8 !55#/3!1/*+ *, 0-#1/9!2/!1$ ,-+31/*+!# 3:0$!+ 3#-.1$2/+; !#;*:
2/1<0 1* .0**1<$4 !+4 2$;/.1$2$4 = :.$;0$+1 *, >)? 3-29$.@ A/1< 4/B$2$+1

3<*/3$. *, 1<$ 4/.1!+3$ "$1A$$+ >)?.( H1
+*20 C1*5D@ H1

.$0/:+*20 C3$+12$D

!+4 L2
+*20 C"*11*0D& E+ 1<$ #$,1 1!"#$@ 3#-.1$2 %@F@' 2$.5$31/9$#8 3*22$.5*+4 1*

*2!+;$@ ;2$$+ !+4 2$4 /+ G/;& %&H&
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CI*20!#@ 7JJJ !+4 KJJJD&  <$ 3*+,-./*+ 0!12/3$. *"1!/+$4 9/! 0-#1/9!2/!1$

,-+31/*+!# k:0$!+ A/1< 4/B$2$+1 3<*/3$. *, 1<$ 4/.1!+3$ "$1A$$+ 3-29$. C;/9$+
"8 d1@ d̃1 *2 d2D !2$ .<*A+ /+  !"#$ %&'& R$ 2$0!2S 1<!1 1<$ 6+!# 3#-.1$2 !../;+:
0$+1. !2$ "!.$4 *+ 1<$ .*#$ .<!5$ *, 1<$ .0**1<$4 !+4 2$;/.1$2$4 >)? 3-29$.

!+4 1<$/2 62.1 4$2/9!1/9$.@ !+!#8T$4 9/! ! -+.-5$29/.$4 3#!../63!1/*+ 52*3$4-2$&

J*1< 3<**./+; 1<$ H1
+*20 !+4 1<$ L2

+*20@ 1<$ 2$.-#1. .$$0 !552$3/!"#$@

!+4 .#/;<1#8 "$11$2 /+ 1<$ ,*20$2 3!.$( 1<$ 6+!# ;2*-5/+; .12-31-2$ 12!3$. *-1

U-/1$ 3*<$2$+1#8 1<$ 5!1/$+1. 4/.$!.$ 3#!../63!1/*+@ A/1< *+#8 ,$A 3!.$. A2*+;#8

!../;+$4& V*2$*9$2@ A$ 2$0!2S 1<$ /052*9$0$+1 /+ 1<$ 2$.-#1. *"1!/+$4 9/!

0-#1/9!2/!1$ ,-+31/*+!# 3:0$!+ A/1< 2$.5$31 1* 1<$ 2$.-#1. *, 3:0$!+ 3#-.1$2/+;
!#;*2/1<0 *+ /+1$29!# #$+;1<. C.$$  !"#$ %&FD( A$ !2$ +*A !"#$ +*1 *+#8 1* 4$1$31

5!1<*#*;/3!# .-"W$31.@ "-1 !#.* 1* 4/.1/+;-/.< "$1A$$+ 1<$ 1A* 4/B$2$+1 5!1<*#*:

;/$. 52$.$+1 /+ 1<$ 4!1!.$1&  <$ 2$.-#1 *"1!/+$4 9/! 0-#1/9!2/!1$ ,-+31/*+!# 3:
0$!+ 3#-.1$2/+; A/1< H1

.$0/:+*20@ /+.1$!4@ /. +*1 .* 5*./1/9$@ ./+3$ 3#-.1$2 %

!+4 F !55!2$+1#8 0$2;$ 5<8./#*;/3!# 12!3$. A/1< >)?. *, 5!1/$+1. !B$31$4 "8

7JJJ&

 <$ $B$31/9$+$.. *, 1<$ 3#-.1$2/+; 52*3$4-2$ /+ 4$1$31/+; 1<$ ;2*-5/+; .12-3:

1-2$ !0*+; 4!1! .-;;$.1. 1<$ 4$6+/1/*+ *, ! .$0/X!-1*0!1/3 4/!;+*.1/3 52*3$4-2$

"!.$4 *+ 1<$ 0-#1/9!2/!1$ ,-+31/*+!# k:0$!+ !#;*2/1<0( /+ ,!31@ 1<$ 6+!# 2$.-#1
*, *-2 3#-.1$2/+; 52*3$4-2$ /. ! .$1 *, k 3$+12*/4.@ 2$52$.$+1!1/9$ *, $!3< 3#-.1$2@
A</3< 3!+ "$ -.$4 !. 2$,$2$+3$ ./;+!#. 1* 3*05!2$ ! +$A >)? 12!3$& Y-55*.$ !

+$A >)? ./;+!# /. !9!/#!"#$( A$ 3*-#4 <!9$ !+ /00$4/!1$ </+1 *+ 1<$ +$A 5!:

1/$+1Z. 4/!;+*./. "8 .0**1</+; /1. >)? 12!3$@ 2$;/.1$2/+; /1 !+4 6+!##8 !../;+/+;

/1 1* 1<$ ;2*-5 3<!2!31$2/T$4 "8 1<$ +$!2$.1 3$+12*/4& E1 /. 1<-. /05*21!+1 1* $9!#:
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 !"#$ %&'( )$!* +,-.#!--,/.!0,1* .1-0 2/3-0 3145 !*6 -0!*6!36 6$7,!0,1* 2-$.1*6

3145 .1+890$6 17$3 :; 3$8$0,0,1*- 1< 0=$ .31-->7!#,6!0,1* 831.$693$ 7,! $?9!0,1*

2%&:'5&

6,-0!*.$ d1 d̃1 d2
+$!* costCV ;&%::@ABC ;&::DBADD ;&%:@AC%B

-06 6$7 costCV ;&%%%:BBC ;&%;A;E%% ;&%::;A@'

9!0$ 0=$  !"#$%""!&#%'!() #("' <13 0=,- 831.$693$F 4,0= 0=$ .=1,.$ 1< 0=$ 6,G$3$*0

<9*.0,1*!# 6,-0!*.$-&  1 0=,- !,+F 4$ 8$3<13+ ! #*(""+,%$!-%'!() %)%$."!"&

H$ 3!*61+#I .=11-$ !+1*J KLM- ! 03!,*,*J -$0 1< 80 N13+!# -9"O$.0-F 40
PQQQ- !*6 40 RQQQ-F <13 ! 010!# 1< ntraining = 160 .937$-& S +9#0,7!3,!0$

<9*.0,1*!# 3>+$!* .#9-0$3,*J ,- 8$3<13+$6 1* 0=$ -$#$.0$6 03!,*,*J -$0T 4$ 0=$*
.1*-,6$3 0=$ 3$+!,*,*J ntest = 38 .937$-F !*6 4$ !--,J* $!.= 1< 0=$+ 01 0=$

.#9-0$3 4=1-$ .$*031,6 ,- *$!3$3F !..136,*J 01 6,-0!*.$- d1F d̃1 !*6 d2& M,7$*
0=$ 8!0,$*0- 6,-$!-$ .#!--,/.!0,1*F 4$ .1+890$ +,-.#!--,/.!0,1* .1-0 9-,*J 0=$

<1##14,*J ,*6$U

costCV =
λ1 ·miscN + λ2 · (miscRN +miscLN ) + λ3 · (miscRL +miscLR)

ntest
,

2%&:'5

miscN "$,*J 0=$ *9+"$3 1< =$!#0=I 8!0,$*0- !--,J*$6 01 ! 8!0=1#1J,.!# .#9-0$3

 

F

miscRN !*6 miscLN 0=$ *9+"$3 1< 8!0,$*0- 3$-8$.0,7$#I !G$.0$6 "I PQQQ !*6

RQQQ 4=,.= !3$ !--,J*$6 01 0=$ .#9-0$3 1< =$!#0=I 8!0,$*0-F 4=,#$ miscRL !*6

miscLR 0=$ *9+"$3 1< 8!0,$*0- 4=1-$ KLM- !3$ 6$0$.0$6 !- 8!0=1#1J,.!#F "90

4=1-$ 8!0=1#1JI ,- 431*J&  =$ 8!3!+$0$3- λ1F λ2 !*6 λ3 !3$ +,-.#!--,/.!0,1*
4$,J=0-( 0=$I !3$ .=1-$* !..136,*J 01 0=$ -9JJ$-0,1* 1< 0=$ .#,*,.,!*-F 4=1 "$#,$7$

0=!0 !--,J*,*J ! QQQ 8!0,$*0 01 0=$ .#9-0$3 1< =$!#0=I 8!0,$*0- ,- !8831U,+!0$#I '

0,+$- +13$ -$3,19- 0=!* 03$!0,*J !- 8!0=1#1J,.!# ! *13+!# -9"O$.0F 4=,.= ,*6$$6

,- 041 0,+$- +13$ -$3,19- 0=!* !--,J*,*J ! PQQQ 8!0,$*0 01 0=$ RQQQ .#9-0$3

213 7,.$7$3-!5T ,* 136$3 01 6$0$3+,*$ 0=$ 7!#9$- 1< 0=$ 4$,J=0- 4$ ,*03169.$ !

<930=$3 3$?9$-0( costCV = 1 ,* 0=$ 413-0 .!-$F ,&$& 4=$* !## N13+!# -9"O$.0- !3$
.#!--,/$6 !- QQQ !*6 !## QQQ -9"O$.0- !3$ .#!--,/$6 !- N13+!#&  =,- #$6 01 0=$

.=1,.$- λ1 = 0.4270F λ2 = 1.7079 !*6 λ3 = 0.2135&
H$ 3$8$!0 0=,- 831.$693$ :; 0,+$-F .1+890,*J $!.= 0,+$ 0=$ +,-.#!--,/.!0,1*

.1-0 !..136,*J 01 $?9!0,1* 2%&:'5( 0=$ +$!* !*6 -0!*6!36 6$7,!0,1* .1+890$6

!#1*J 0=$ :; .31-->7!#,6!0,1* 3$8$0,0,1*- !3$ -=14* ,*  !"#$ %&'& K7$* ,< !## 0=$

6,-0!*.$- 8317,6$ J116 3$-9#0-F 4$ *10,.$ 0=!0 0=$ *13+ ,* 0=$ V,#"$30 -8!.$

H1(T̃ ;R8) -$$+- 01 J,7$ "$-0 3$-9#0-F 0=9- .1*/3+,*J 193 ,*,0,!# .#!,+( "10=
3$J,-0$3$6 .937$- !*6 /3-0 6$3,7!0,7$- !3$ *$$6$6 01 !..93!0$#I .1+8!3$ KLM-

+138=1#1JI&
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() D).*!+ *!( H)$7$!' D$()/*. H+.0")+!'  "*.)*<

VE



 !" #$% %!&'$#!() *( +,-$#!( .)/ 0, 1,%-"#2, $0! 344"!3-5,% $! $5, $,64&3$,

#1,($#7-3$#!( %$,4 #( $5, 4"!-,1'", 4"!4!%,1 #( +,-$#!( .).8 !2$3#(#(9 3 k:6,3(

3(1 3 k:6,1!#1 %4,-#7-3$#!( ! $5, #$,"3$#;, 4"!-,1'",) <5, %'2%,=',($ +,-$#!(

.)> #% 1,;!$,1 $! $5, 344&#-3$#!( ! $5, $0! 3&9!"#$56 ;,"%#!(% $! $5, ?,"@,&,A

B"!0$5 +$'1A 13$3%,$)

 !" #$%&' %() *+,-./0)' 1%2.%3.-./4

<5, ;3"#32#&#$A %5!0( 2A $5, -'";,% #( 3  '(-$#!(3& 13$3%,$ -3( 2, 1,-!64!%,1

#($! $0! -!64!(,($%C  !"#$ %"&'"(')'*+ 3(1 ", )'*-.$ %"&'"(')'*+) D,'"#%$#-3&&A8

453%, ;3"#32#&#$A #% $5, !(, $53$ 0, -34$'",8 3(1 ",6!;,8 05,( 0, 4," !"6 -'";,

3&#9(6,($8 05#&, 364&#$'1, ;3"#32#&#$A #% $5, !(, $53$ ",63#(% 36!(9 $5, -'";,%

!(-, $5,A 53;, 2,,( 3&#9(,1) E, 0#&& (!0 %4,-# A 3 4!%%#2&, 03A $! -34$'", 453%,

;3"#32#&#$A)

F!(%#1," 3( #(7(#$, 1#6,(%#!(3& %,6#G6,$"#-  '(-$#!(3& %43-, E8 3(1 3 -'";,

#( $5#% %43-, χ(t) : R → R
d
8 χ ∈ E) H&#9(#(9 χ1 ∈ E $! χ2 ∈ E 6,3(% 7(1#(9 3

03"4#(9  '(-$#!( h(t) : R → R8 ! $5, 32%-#%%3 t8 %'-5 $53$ $5, $0! -'";,% χ1 ◦ h
3(1 χ2 3", $5, 6!%$ %#6#&3" I0#$5 (χ ◦ h)(t) := χ(h(t))J) <5#% #% $5, $A4#-3&

%,$$#(9  !" $5, K"!-"'%$,% 344"!3-5 $! -'";, 3&#9(6,($ I%,, +,-$#!( L)/J)

<! 4"!4,"&A 1,7(, $5, 3&#9(6,($ 4"!2&,68 #$ #% $5'% (,-,%%3"A $! %4,-# A 3

%,6#G6,$"#- d(·, ·) !( E $53$ 6,3%'",% $5, 4"!M#6#$A 2,$0,,( $0! -'";,%8 3(1 3

-&3%% W ! 03"4#(9  '(-$#!(% h I%'-5 $53$ χ ◦h ∈ E8  !" 3&& χ ∈ E 3(1 h ∈ W J

#(1#-3$#(9 $5, 3&&!0,1 $"3(% !"63$#!(%  !" $5, 32%-#%%3) D,(-,8 3&#9(#(9 χ1 $!

χ2 3--!"1#(9 $! (d,W ) 6,3(% 7(1#(9 h∗ ∈W $53$ 6#(#6#N,% d(χ1◦h,χ2)) <5#%

4"!-,1'", 1,-!'4&,% 453%, 3(1 364&#$'1, ;3"#32#&#$A 0#$5!'$ &!%% ! #( !"63$#!(C

453%, ;3"#32#&#$A #% -34$'",1 2A $5, !4$#63& 03"4#(9  '(-$#!( h∗8 05#&%$ 364&#:

$'1, ;3"#32#&#$A #% $5, ",63#(#(9 ;3"#32#&#$A 2,$0,,( χ1◦h∗ 3(1 χ2) O!$, $53$

$5, -5!#-, ! $5, -!'4&, (d,W ) 1,7(,% 053$ #% 6,3($ 2A 453%, ;3"#32#&#$A 3(1

364&#$'1, ;3"#32#&#$A) <5, -5!#-, ! $5, %,6#G6,$"#- d(·, ·) #% 3 -"'-#3& 4!#($8

%#(-, $5, 0,&&:4!%,1(,%% 3(1 -!5,",(-, ! $5, !4$#6#N3$#!( 4"!2&,6 3%%!-#3$,1

$! -&'%$,"#(9 3(1 3&#9(6,($ 5,3;#&A 1,4,(1 !( #$% 1,7(#$#!() P3(A %,6#G6,$"#-%

 !" 6,3%'"#(9 $5, 4"!M#6#$A 2,$0,,(  '(-$#!(% 53;, 2,,( -!(%#1,",1 #( $5, &#$:

,"3$'", !(  '(-$#!(3& 13$3 3(3&A%#%8 3(1 0, 53;, 9#;,( 3 ='#-@ 9&3(-, !( %!6,

! $5, 4!%%#2#&#$#,% #( %'2%,-$#!( L)L).Q  !" 3 4"!7-#,($ 63$5,63$#-3& #($"!1'-$#!(

$! $5, #%%', %,, $5, 2!!@ 2A R,""3$A 3(1 S#,' TLUV)

O!$, $53$ $5, %36, 4"!2&,6 -3( ,='#;3&,($&A 2, 1,%-"#2,1 #( $,"6% ! 3 %,6#G

6,$"#- d(·, ·)8 !" #( $,"6% ! 3 #',')"&'*+ '/.$0 ρ(·, ·)Q $5, !(&A 1#W,",(-, 2,$0,,(

$5, $0! 344"!3-5,%8 #% $53$ 3&& 6#(#6#N3$#!( 4"!2&,6% 0#$5 ",%4,-$ $! d(·, ·)
2,-!6, 63M#6#N3$#!( 4"!2&,6% 0#$5 ",%4,-$ $! ρ(·, ·)) +3(93&&# ,$ 3&) TXY8 XZV

4"!4!%,1 $5,  !&&!0#(9 2!'(1,1 %#6#&3"#$A #(1,M 2,$0,,( $0!  '(-$#!(% χ1,χ2 ∈
E8 05,", E ≡ {χ : χ ∈ H1(R;Rd),χ′(t) 6= 0  !" t ∈ T ⊂ R, |T | > 0}

ρ(χ1,χ2) =
1

d

d
∑

p=1

∫

R
χ′
1p(t)χ

′
2p(t)dt

√

∫

R
χ′
1p(t)

2dt
√

∫

R
χ′
2p(t)

2dt
, I.)LJ

0#$5 χip #(1#-3$#(9 $5, p$5 -!64!(,($ ! χi8 χi = {χi1, . . . , χid}Q 9,!6,$"#-3&&A8

I.)LJ ",4",%,($% $5, 3;,"39, ! $5, -!%#(,% ! $5, 3(9&,% 2,$0,,( $5, 1,"#;3$#;,%

>[



 ! " # $ % &' ( #) *+*,'  ! χ1 -*. χ2/ 0"+ ,1 (&23+' -2+ '-4. , 5+ '4#4$-2

1"+* ,"+ 4*.+6 -''&#+' 4,' #-64#-$ 3-$&+ 78 ! 2 ,"+ '4#4$-24,9 4*.+6 .+:*+.

4* ;</7=> ,"4' "-))+*' 1"+* ,"+ ,1 (&23+' -2+ 4.+*,4(-$ +6(+), ! 2 '"4!,' -*.

.4$-,4 *'  ! ,"+42 ( #) *+*,'

ρ(χ1,χ2) = 1 ⇔ ! 2 p = 1, . . . , d, ∃θ0p ∈ R, θ1p ∈ R
+ :

χ1p(s) = θ0p + θ1pχ2p(s).
;</<=

0"+ (" 4(+  ! ,"4' '4#4$-24,9 4*.+6 ( #+' -$ *% 14," ,"+ ! $$ 14*% (" 4(+ ! 2 ,"+

($-'' W  ! 1-2)4*% !&*(,4 *'  ! ,"+ -5'(4''-

W = {h : h(t) = mt+ q 14," m ∈ R
+, q ∈ R} ;</?=

4/+/> ,"+ %2 &)  ! ',24(,$9 4*(2+-'4*% -@*+ ,2-*'! 2#-,4 *'/

0"+ ( &)$+ (ρ,W ) .+:*+. 4* ;</7= -*. ;</?= '-,4':+' ,"+ ! $$ 14*% )2 )+2,4+'>

,"-, 1+ .++# , 5+ #4*4#-$ 2+A&42+#+*,' ! 2 ( "+2+*(+B

7/ 0"+ '4#4$-24,9 4*.+6 ρ(·, ·) 4' 5 &*.+.> 14," #-64#&# 3-$&+ +A&-$ , 7/

C 2+ 3+2> ρ(·, ·) 4'

•  !"!#$%!B ρ(χ,χ)=1, ∀ χ ∈ E8

• &'((!) $*B ρ(χ1,χ2)=ρ(χ2,χ1), ∀ χ1,χ2 ∈ E8

• ) +,&$)$%!B

[

ρ(χ1,χ2)=1 ∧ ρ(χ2,χ3)=1
]

⇒ ρ(χ1,χ3)=1
∀ χ1,χ2,χ3 ∈ E/

</ 0"+ ($-''  ! 1-2)4*% !&*(,4 *' W 4' - ( *3+6 3+(, 2 ')-(+ -*. "-' - %2 &)

',2&(,&2+ 14," 2+')+(, , !&*(,4 * ( #) '4,4 * ◦/

?/ 0"+ 4*.+6 ρ(·, ·) -*. ,"+ ($-'' W -2+ ( *'4',+*, 4* ,"+ '+*'+ ,"-,> 4! ,1 

(&23+' χ1 -*. χ2 -2+ '4#&$,-*+ &'$9 1-2)+. -$ *% ,"+ '-#+ 1-2)4*% !&*(D

,4 * h ∈W > ,"+42 '4#4$-24,9 . +' * , ("-*%+

ρ (χ1,χ2) = ρ (χ1◦h,χ2◦h) , ∀ h ∈W. ;</E=

0"4' %&-2-*,++' ,"-, 4, 4' * , ) ''45$+ ,  5,-4* - :(,4,4 &' 4*(2+#+*,

 ! ,"+ '4#4$-24,9 5+,1++* ,1 (&23+' χ1 -*. χ2 59 '4#)$9 1-2)4*% ,"+#

'4#&$,-*+ &'$9 , χ1◦h -*. χ2◦h/

0 %+,"+2> </ -*. ?/ 4#)$9 ,"+ ! $$ 14*% )2 )+2,9

E/ F 2 -$$ h1 -*. h2 ∈W >

ρ (χ1 ◦ h1,χ2 ◦ h2) = ρ
(

χ1 ◦ h1 ◦ h−1
2 ,χ2

)

= ρ
(

χ1,χ2 ◦ h2 ◦ h−1
1

)

.

0"4' #+-*' ,"-, - ("-*%+ 4* '4#4$-24,9 5+,1++* χ1 -*. χ2  5,-4*+. 59

1-2)4*% '4#&$,-*+ &'$9 χ1 -*. χ2 -$ *% h1 -*. h2 2+')+(,43+$9> (-* -$' 

5+  5,-4*+. 59 1-2)4*% ,"+ ' $+ χ1  2 ,"+ ' $+ χ2 -$ *% h2 ◦ h−1
1  2 -$ *%

h1 ◦ h−1
2 /

C 2+ 3+2> ,"+ ( &)$+ (ρ,W ) .+:*+. 4* ;</7= -*. ;</?= '-,4':+' ,"+ -..4,4 *-$

-&64$4-29 )2 )+2,9

GH



 ! "#$ W d
%# $&# '#$ () *++ $,*-')(,.*$/(-' r : Rd −→ R

d
'01& $&*$

x = (x1, ..., xd) ∈ R
d 7−→ r(x) = (r1(x1), . . . , rd(xd)) ∈ R

d,

2/$& r1, . . . , rd ∈W ! 3&#-4 )(, *++ r1 *-5 r2 ∈W d,

ρ(r1(χ1), r2(χ2)) = ρ(χ1,χ2) .

6- 2(,5'4 $&# '/./+*,/$7 /-5#8 %#$2##- $2( 10,9#' /' 0-*:#1$#5 %7 '$,/1$+7

/-1,#*'/-; *<-# $,*-')(,.*$/(-' () (-# (, .(,# 1(.=(-#-$' () $&# 10,9#'!

 !"!" #$%&' ()*%+,%)- ./0'1 2#(.3

>(, χ ∈ E4 *''0.# $&# #8/'$#-1# () ϕ ∈ E *-5 () * =*,*.#$#, 9#1$(, θ =
(θ0,θ1, θ2, θ3) ?2/$& θ0 ∈ R

d
*-5 θ1 ∈ R

d,+
4 θ2 ∈ R, θ3 ∈ R

+
@4 '01& $&*$

χ(t) = θ0 + θ1 ·ϕ(θ2 + θ3t), ?A! @

2&#,# 2/$& · 2# 5#-($# $&# 1(.=(-#-$B2/'# .0+$/=+/1*$/(- () 9#1$(,' /- R
d
! 6)

#C0*$/(- ?A! @ &(+5'4 2# '&*++ '/.=+7 2,/$# χ ∈ D6E(ϕ)4 '/-1# $&# 1(-5/$/(- ?A! @

.#*-' $&*$ χ )*++' 2/$&/- *  !"#$ %&'"(%"&) *+,$- ?D6E@4 2/$& .!"(".)$(% )%.

 !"#$ ./('$ ϕ! >(, d = 14 D6E .(5#+' 2#,# /-$,(501#5 %7 "*2$(- #$ *+! FGHI!

>(, )0,$&#, 5#$*/+'4 '## J-#/= *-5 K*''#, FGLI!

D6E .(5#+' *,# '$,(-;+7 1(--#1$#5 2/$& $&# 1(0=+# (ρ,W ) 5#M-#5 /- ?A!N@

*-5 ?A!H@! 6-5##54

∃h ∈W : ρ(χ ◦ h,ϕ) = 1 ⇔ χ ∈ D6E(ϕ); ?A!O@

$&/' )(++(2' 5/,#1$+7 ),(. ?A!A@ *-5 ?A!H@! P($# $&*$4 $&*-Q' $( =,(=#,$7 G!4 $&#

,(+#' () χ *-5 ϕ 1*- %# '2*==#5!

P(24 1(-'/5#, * nB5/.#-'/(-*+ )0-1$/(-*+ 5*$*'#$ {χ1, . . . ,χn} ⊂ E4 '01&

$&*$ χi ∈ D6E(ϕ) )(, i = 1, . . . , nR $&#-4 $&# )(++(2/-; =,(=#,$7 )(++(2' /..#5/B

*$#+7S

O! >(, *++ χi,χj 4 2/$& i, j = 1, . . . , n4 ∃hi ∈W, hj ∈W '01& $&*$

ρ
(

χi ◦ hi,χj ◦ hj
)

= ρ (χi ◦ hi,ϕ) = ρ
(

χj ◦ hj ,ϕ
)

= 1 ∀ i, j = 1, . . . , n.

T#-1#4 /- $&# =,#'#-$ ),*.#2(,Q 2# 1*- 5#'1,/%# $&# '/$0*$/(- /- 2&/1& (-+7 =&*'#

9*,/*%/+/$7 ?*-5 -( *.=+/$05# 9*,/*%/+/$7@ /' =,#'#-$ /- $&# )0-1$/(-*+ 5*$*'#$ %7

*''0./-; *++ )0-1$/(-*+ 5*$* $( %# 5,*2- ),(. $&# '*.# '&*=# /-9*,/*-$ .(5#+!

 ! "#$%& '()*&+,$%- .%/ .($-%0+%& #1 1)%'&$#%.( /.&.

U# 2/++ -(2 /-$#;,*$# $&# =,#9/(0'+7 /-$,(501#5 ),*.#2(,Q )(, *+/;-.#-$ 2/$& *

=,($($7=# 1+0'$#,/-; .#$&(54 /- (,5#, $( 5#9#+(= *- /--(9*$/9# *==,(*1& $( V(/-$

1+0'$#,/-; *-5 *+/;-.#-$ () )0-1$/(-*+ 5*$*! W(-'/5#, $&# =,(%+#. () 1+0'$#,/-;

*-5 *+/;-/-; * )0-1$/(-*+ 5*$*'#$ {χ1, . . . ,χn} 2/$& ,#'=#1$ $( * '#$ () k $#.=+*$#

 N



 !"#$% ϕ = {ϕ1, . . . ,ϕk} &'()* {χ1, . . . ,χn} ⊂ E +,- ϕ ⊂ E ./ 01" $+ *

)$234+)$  !"#$ ϕj (, ϕ5 -$6,$ )*$ -12+(, 17 +))"+ )(1,

∆j(ϕ) = {χ ∈ E : sup
h∈W

ρ(ϕj ,χ◦h) ≥ sup
h∈W

ρ(ϕr,χ◦h), ∀ r 6= j}, j = 1, . . . , k.

&8/9.

:1"$1#$"5 -$6,$ )*$ 4+;$4(,< 7!, )(1,

λ(ϕ,χ) = min{r : χ ∈ ∆r(ϕ)}. &8/=.

>1)$ )*+) λ(ϕ,χ) = j 2$+,% )*+) )*$ %(2(4+"()? (,-$@ 1;)+(,$- ;? +4(<,(,< χ )1

ϕj (% +) 4$+%) +% 4+"<$ +% )*$ %(2(4+"()? (,-$@ 1;)+(,$- ;? +4(<,(,< χ )1 +,? 1)*$"

)$234+)$ ϕr5 '()* r 6= j/ A*!% ϕλ(ϕ,χi)
(,-( +)$% + )$234+)$ )*$  !"#$ χ  +,

;$ ;$%) +4(<,$- )1 +,- λ(ϕ,χ) +  4!%)$" '*( * χ %*1!4- ;$ +%%(<,$- )1/ B,-$$-5

χ ∈ SIM(ϕj) (234($% )*+) λ(ϕ,χ) = j/

 !"# $% &'$(' )#*+,!)#"- B7 )*$ k )$234+)$% ϕ = {ϕ1, . . . ,ϕk} '$"$ C,1',5

)*$,  4!%)$"(,< +,- +4(<,(,< )*$ %$) 17 n  !"#$% {χ1, . . . ,χn} '()* "$%3$ ) )1

ϕ '1!4- %(234? 2$+, )1 +%%(<, χi )1 )*$  4!%)$" λ(ϕ,χi) +,- +4(<, () )1 )*$

 1""$%31,-(,< )$234+)$ ϕλ(ϕ,χi)
5 71" i = 1, . . . , n/

D$"$ '$ +"$ (,)$"$%)$- (, )*$ 21"$  1234$@  +%$ 17 !,C,1', )$234+)$%/

 !"# $% .'&'$(' )#*+,!)#"- B, )*$ 3"$#(1!%4? -$% "(;$- %$))(,<5 )*$ 3"1;E

4$2 17  4!%)$"(,< +,- +4(<,(,< )*$ %$) 17 n  !"#$% {χ1, . . . ,χn} '()* "$%3$ ) )1 k
!,C,1', )$234+)$% 2$+,% 6,-(,< )*$ %14!)(1, &!,-$" $@(%)$, $ +,- !,(F!$,$%%.

)1 )*$ 71441'(,< 13)(2(G+)(1, 3"1;4$2

&(. 6,- ϕ = {ϕ1, . . . ,ϕk} ⊂ E +,- h = {h1, . . . , hn} ⊂W %! * )*+)

1

n

n
∑

i=1

ρ(ϕλ(ϕ,χi)
,χi◦hi) ≥

1

n

n
∑

i=1

ρ(ψλ(ψ,χi)
,χi◦gi), &8/H.

71" +,? 1)*$" %$) 17 k )$234+)$% ψ = {ψ1, . . . ,ψk} ⊂ E +,- +,? 1)*$" %$)

17 n '+"3(,< 7!, )(1,% g = {g1, . . . , gn} ⊂W 5

+,- )*$,5 71" i = 1, . . . , n5

&((. +%%(<, χi )1 )*$  4!%)$" λ(ϕ,χi) +,- '+"3 χi +41,< hi/

A*$ 13)(2(G+)(1, 3"1;4$2 &(. -$% "(;$% + %$+" * ;1)* 71" )*$ %$) 17 13)(2+4 k
)$234+)$%5 +,- 71" )*$ %$) 17 13)(2+4 n '+"3(,< 7!, )(1,%/ >1)$ )*+) )*$ %14!)(1,

(ϕ,h) )1 &(. *+% 2$+, %(2(4+"()?

1
n

∑n
i=1 ρ(ϕλ(ϕ,χi)

,χi◦hi) $F!+4 )1 I (7 +,- 1,4?

(7 () (% 31%%(;4$ )1 3$"7$ )4? +4(<, +,-  4!%)$" (, k <"1!3% )*$ %$) 17 n  !"#$%5 (/$/ (7

+,- 1,4? (7 )*$"$ $@(%)% h = {h1, . . . , hn} ⊂W +,- + 3+")()(1, P = {P1, . . . , Pk}
17 {1, . . . , n} (, k $4$2$,)%5 %! * )*+) ρ(χi◦hi,χj◦hj) = 1 71" +44 i +,- j ;$41,<(,<

)1 )*$ %+2$ $4$2$,) 17 P / J$ +!%$ 17 &8/K.5 )*(% (% $F!(#+4$,) )1 )*$ $@(%)$, $ 17

k  *+"+ )$"(%)( %*+3$  !"#$%5 ϕ1, . . . ,ϕk5 %! * )*+)

∀ i = 1, . . . , n, ∃ li ∈ {1, . . . , k} : χi ∈ LB:(ϕli
). &8/IM.

N8



 ! "#$% &'%( "#( )*"$+$,'"$)! *-)./(+ 0$1 $% %)/2(3 .4 %(""$!5 ϕλ(ϕ,χi)
≡ ϕli

6  "

%#)7/3 '/%) .( !)"(3 "#'"8 "#'!9% ") *-)*(-"4 :68 $; {ϕ1, . . . ,ϕk} '!3 {h1, . . . , hn}
*-)2$3( ' %)/7"$)! ") 0$18 "#(! '/%) "#( <7'!"$"$(% {ϕ1 ◦ g1, . . . ,ϕk ◦ gk} '!3

{

h1 ◦ gλ(ϕ,χ1)
, . . . , hn ◦ gλ(ϕ,χn)

}

'-( ' %)/7"$)! ") 0$18 ;)- '!4 {g1, . . . , gk} ⊂W 6

 ! )"#(- =)-3%8 $; =( #'2( ' %)/7"$)! ); "#( +'>$+$,'"$)! *-)./(+ 0$18 =( &'!

)."'$! '!)"#(- %)/7"$)! .4 %$+*/4 ='-*$!5 ('&# &/7%"(- 0$6(6 "#( ;7!&"$)!% .(?

/)!5$!5 ") "#( &/7%"(- '!3 "#( -(/(2'!" "(+*/'"( &7-2(1 '/)!5 '! '-.$"-'-4 '@!(

"-'!%;)-+'"$)! $! W 6 A)-()2(-8 "#$% %)/7"$)! $3(!"$B(% "#( %'+( &/7%"(-% 0$6(68 $%

'%%)&$'"(3 ") "#( %'+( *'-"$"$)! P = {P1, . . . , Pk} ); {1, . . . , n}16
C#( !)!?/$!('- )*"$+$,'"$)! *-)./(+ 0$1 $% !)" '!'/4"$&'//4 %)/2'./( $! $"%

&)+*/("( 5(!(-'/$"46 D7+(-$&'/ +("#)3% &'! .( *-)*)%(3 ;)- $"% %)/7"$)!8 ;)-

$!%"'!&( (+*/)4$!5 +$>$!5 ); 3$%&-("( '!3 &)!"$!7)7% )*"$+$,'"$)! '/5)-$"#+%6

E)//)=$!5 ' %"'"$%"$&'/ *(-%*(&"$2(8 =( #(-( *-(;(- ") 5$2( '! '**-)>$+'"( %)/7?

"$)! ") "#( )*"$+$,'"$)! *-)./(+8 $!"(5-'"$!5 ' &/'%%$&'/ ;7!&"$)!'/ k?+('! )-

k?+(3)$3 &/7%"(-$!5 '/5)-$"#+ 03(%&-$.(3 $! F(&"$)! G6H1 '!3 ' I-)&-7%"(% *-)?

&(37-( ;)- &7-2( '/$5!+(!" 03(%&-$.(3 $! F(&"$)! G6:16 C#( -(%7/"$!5 $"(-'"$2(

*-)&(37-( %$+7/"'!()7%/4 3('/% =$"# 0$1 '!3 0$$1 '/"(-!'"$!5  !"#$% ! &'!( &)*%+

 &,( - !#-8 *$.- !/ %--&0("!( - !#- '!3 %$&0("!( - !#- 0%(( JKL8 KMN ;)- ;7-"#(-

3("'$/%16  ! "#( "(+*/'"( $3(!"$B&'"$)! %"(* =( (%"$+'"( "#( %(" ); k "(+*/'"(%

'%%)&$'"(3 ") "#( k &/7%"(-% $3(!"$B(3 '" "#( *-(2$)7% '%%$5!+(!" '!3 '/$5!+(!"

%"(*O $! "#( '%%$5!+(!" '!3 '/$5!+(!" %"(*8 =( '/$5! "#( n &7-2(% ") "#( %(" );

"#( k "(+*/'"(% )."'$!(3 $! "#( *-(2$)7% "(+*/'"( $3(!"$B&'"$)! %"(*8 '!3 =(

'%%$5! ('&# ); "#( &7-2(% ") )!( ); "#( k &/7%"(-%6 P% =( %#'// %((8 "#( *-)*)%(3

&/7%"(-$!5 '!3 '/$5!+(!" *-)&(37-( '/%) &)!%$3(-% "#( *-)./(+ ); !)!?7!$<7(!(%%

); "#( %)/7"$)!8 .4 "'-5("$!5 ' %*(&$B& %)/7"$)! 2$' ' (,/"%$&1% &,( - !#6

 ! !" #$%&'()*+, -+. -$*,+/(+' *'()-'*0( 1)23(.%)(

Q(" ϕ[q−1] = {ϕ1[q−1], . . . ,ϕk [q−1]} .( "#( %(" ); "(+*/'"(% ';"(- $"(-'"$)! q−18 '!3

{χ1[q−1], . . . ,χn[q−1]} .( "#( n &7-2(% '/$5!(3 '!3 &/7%"(-(3 ") ϕ[q−1]6 P" "#( q"#
$"(-'"$)! "#( '/5)-$"#+ *(-;)-+% "#( ;)//)=$!5 %"(*%6

 !"#$%&! '(!)&'*+%&',) -&!#. E)- j = 1, . . . , k8 "#( "(+*/'"( ); "#( j"#
&/7%"(-8 ϕj [q]8 $% (%"$+'"(3 7%$!5 '// &7-2(% '%%$5!(3 ") &/7%"(- j '" $"(-'"$)! q−18
$6(6 '// &7-2(% χi[q−1] %7&# "#'" λ(ϕ[q−1],χi[q−1]) = j6  3('//48 "#( "(+*/'"( ϕj [q]

%#)7/3 .( (%"$+'"(3 '% "#( &7-2( ϕ ∈ E "#'" +'>$+$,(% "#( =$"#$!?&/7%"(- ")"'/

%$+$/'-$"4

ϕj [q] = argmax
ϕ∈E

∑

i:λ(ϕ[q−1],χi[q−1])=j

ρ(ϕ,χi[q−1]), 0H6GG1

$6(68 ϕj [q] %#)7/3 .( "#( (%"$+'"( ;-)+ "#( ;7!&"$)!'/ 3'"'%(" ); "#( ;7!&"$)!'/ +(?

3$'!8 )- E-&#(" +(3$'!8 '%%)&$'"(3 ") "#( %$+$/'-$"4 ρ '&&)-3$!5 ") "#( 3(B!$"$)!

5$2(! $! 0G6L16

/--'0)"!)& %)( %$'0)"!)& -&!#. C#( %(" ); &7-2(% {χ1[q−1], . . . ,χn[q−1]} $%

&/7%"(-(3 '!3 '/$5!(3 ") "#( %(" ); "(+*/'"(% ϕ[q] = {ϕ1[q], . . . ,ϕk [q]}R ;)- i =

S:



1, . . . , n,  !" i# ! $%&'" χi[q−1] () *+(,-".  / ϕλ(ϕ[q],χi[q−1]) *-.  !" *+(,-". $%&'"

χ̃i[q] = χi[q−1] ◦ hi[q] () *))(,-".  / $+%) "& λ(ϕ[q],χi[q−1]) ≡ λ(ϕ[q], χ̃i[q])0

 !"#$%&'$(&!) *(+,- 12 "& "*$! *))(,-3"- *-. *+(,-3"- ) "45 6" *+)/ 4"&#

2/&3 * -/&3*+(7* (/- ) "40 8- ." *(+5 2/& j = 1, . . . , k5 *++  !" Nj [q] $%&'") χ̃i[q]

*))(,-".  / $+%) "& j *&" 6*&4". *+/-,  !" 6*&4(-, 2%-$ (/- (h̄j [q])
−1

5 6!"&"

h̄j [q] =
1

Nj [q]

∑

i:λ(ϕ[q],χ̃i[q])=j

hi[q] 9:0;:<

/= *(-(-, χi[q] = χ̃i[q] ◦ (h̄j [q])−1 = χi[q−1] ◦ hi[q] ◦ (h̄j [q])−1
0 8-  !() 6*>5 * "*$!

( "&* (/-5  !" *'"&*," 6*&4(-, %-."&,/-" => $%&'") *))(,-".  / $+%) "& j ()  !"

(."- ( >  &*-)2/&3* (/- h(t)= t0 8-."".?

1

Nj [q]

∑

i:λ(ϕ[q],χi[q])=j

(

hi[q] ◦ (h̄j [q])−1
)

(t) = t, j = 1, . . . , k. 9:0;@<

A!" -/&3*+(7* (/- ) "4 ()  !%) %)".  / )"+"$ 5 *3/-, *++ $*-.(.* " )/+% (/-)  /

 !" /4 (3(7* (/- 4&/=+"35  !" /-"  !* +"*'")  !" *'"&*," +/$* (/-) /2  !" $+%) "&)

%-$!*-,".5  !%) *'/(.(-,  !" .&(2 (-, *4*& /2 $+%) "&) /&  !" ,+/=*+ .&(2 (-, /2  !"

/'"&*++ )" /2 $%&'")0 B/ "  !*  !" -/&3*+(7* (/- ) "4 4&")"&'")  !" $+%) "&(-,

) &%$ %&" $!/)"- (-  !" 3*C(3(7* (/- ) "45 (0"05 λ(ϕ[q], χ̃i[q]) = λ(ϕ[q],χi[q]) 2/& *++

i0
A!" *+,/&( !3 () (-( (*+(7". 6( ! * )" /2 (-( (*+  "34+* ")5 ϕ[0] ⊂ E5 *-.

6( ! {χ1[0], . . . ,χn[0]} = {χ1, . . . ,χn}5 *-. ) /44". 6!"-5 (-  !" *))(,-3"- *-.

*+(,-3"- ) "45  !" (-$&"3"- ) /2  !" )(3(+*&( > (-."C") *&" *++ +/6"&  !*- * DC".

 !&")!/+.0

 !" #$%&'()$ *+$,)*-.()*/,

E!(+)  !" *))(,-3"- *-. *+(,-3"- ) "4 *-.  !" -/&3*+(7* (/- ) "4 *&" +"))

 &/%=+")/3"5  !"  "34+* " (."- (D$* (/- ) "4 &*()") 3/&" ())%") 2&/3 *  !"/&" ($*+

*-. $/34% * (/-*+ 4/(- /2 '("60 8- 2*$ 5  !" (."- (D$* (/- /2  !"  "34+* " ϕj [q]5

*)  !" $%&'" ϕ ∈ E  !* 3*C(3(7")  !"  / *+ )(3(+*&( > 9:0;;<5 $*--/ =" "*)(+>

."*+ 6( !0 F/&  !() &"*)/-5 (- GHIJ 6" 4&/4/)".  / ") (3* "  !"  "34+* " ϕj [q]

*) * +/"))5 6( ! K*%))(*- L"&-"+ *-. *44&/4&(* " )3// !-")) 4*&*3" "&5 /2  !"

$%&'") *))(,-".  / $+%) "& j * ( "&* (/- q−1 9(0"0 *++ $%&'") χi[q−1] )%$!  !* 

λ(ϕ[q−1],χi[q−1]) = j<0 M"" GHIJ 2/& ." *(+) /-  !" (34+"3"- * (/-0 A!" *+,/&( !3

/= *(-". 6( !  !() )4"$(D$* (/- 2/&  !"  "34+* " (."- (D$* (/- ) "4 6*) -*3".

k !"#$ #%&'$!"$(5 (- *-*+/,> 6( !  !" 2%-$ (/-*+ k#3"*- $+%) "&(-, *+,/&( !3

.")$&(=". (- )%=)"$ (/- ;0:0;0 B/ "  !*  !" (."- (D$* (/- /2  !"  "34+* " '(* *

4/(- N6()" 2%-$ (/-*+ 3"*- /2  !" "+"3"- ) ="+/-,(-,  /  !" $+%) "& 6/%+. -/ 

=" * ,//. $!/($" 2/& k#3"*- *+(,-3"- *+,/&( !35 .%"  /  !" 2*$  !* 6!"-

$/34% (-,  !"  "34+* " * 4&/4"& *+(,-3"- 2/&  !" $%&'") !*) -/ =""- *$!("'".

>" ? * 3/&" ) *=+" 4&/$".%&" )%$! *) +/")) 4&/'(.") 2*& ="  "& ") (3* ")0

O-  !" / !"& !*-.5  !" 2*$  !*  !"  "34+* " () ") (3* ". => +/")) /2  !"

$%&'") *))(,-".  /  !" $+%) "&5 (-) "*. /2  !" $%&'"  !* 3*C(3(7"  !"  / *+
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 !"!#$%!&' ()*++,- %$! . /012& $201& $ 30  !2#. 2!$ 04 &5. $#60%!&5"* 70%.08.%-

. &!"$&!96 &5. &."3#$&. 2' #0.  04 &5. :1%8. $  !69./ &0 &5. :#1 &.% "!65& "$;.

&5!  &.3  .9 !&!8. &0 &5. 3%. .9:. 04 $90"$#01 /$&$*

<0% &5! %.$ 09- !9 =>?@ A. 3%030 ./ $9 $#&.%9$&!8.  3.:!B:$&!09 04 &5. &."C

3#$&. !/.9&!B:$&!09  &.3- &5$& :09 &!&1&. $ /!%.:& $33%0D!"$&!09 &0 &5. "$D!C

"!E$&!09 04 &5. &0&$#  !"!#$%!&' ()*++,* F9 3$%&!:1#$%- A. %. &%!:& &5.  .& 08.%

A5!:5 &5. "$D!"!E$&!09 ! :$%%!./ 01&- #!"!&!96 &5.  .$%:5 &0 419:&!09 04 &5.

 $"3#.G &5! ! .D$:&#' &5.  $". $33%0D!"$&!09 3%030 ./ !9 (+*H, 40% &5. :0"C

31&$&!09 04 &5. 419:&!09$# "./!$9  &$%&!96 4%0" $ 6!8.9 419:&!09$#  $"3#. ( ..

 12 .:&!09 +*+*+ 40% /.&$!# ,* I5. &."3#$&. ϕj [q] ! &51 . &!"$&./ $ &5. :1%8.

ϕ- $"096 $## :1%8. $  !69./ &0 :#1 &.% j $& !&.%$&!09 q−1 (!*.* $## :1%8. χi[q−1]

 1:5 &5$& λ(ϕ[q−1],χi[q−1]) = j,- &5$& "$D!"!E. &5. &0&$#  !"!#$%!&' ()*++,

ϕj [q] = argmax
χi[q−1]:λ(ϕ[q−1],χi[q−1])=j

∑

k:λ(ϕ[q−1],χk[q−1])=j

ρ(χi[q−1],χk [q−1]).

J0&. &5$& &5. k :1%8.  .#.:&./ $ &."3#$&. - !9 &5. &."3#$&. !/.9&!B:$&!09  &.3-

 5$##  ;!3 &5.  12 .K1.9& $  !69".9& $9/ $#!69".9&  &.3 $9/ 90%"$#!E$&!09  &.3*

I5. $#60%!&5" 02&$!9./ A!&5 &5!  3.:!B:$&!09 40% &5. &."3#$&. !/.9&!B:$C

&!09  &.3 A!## 2. 9$"./ k !"#$%# &'%()!")*- !9 $9$#06' A!&5 &5. 419:&!09$# kC
"./0!/ :#1 &.%!96 $#60%!&5" /. :%!2./ !9  12 .:&!09 +*)*)- $9/ A!&5 "1#&!8$%!$&.

kC"./0!/ :#1 &.%!96 /. :%!2./ 40% !9 &$9:. 2' L$14"$9 $9/ M01  ..1A =N>@ 0%

O$ &!. "* &'+ =)P- NQ@*

I5.  $". $9$#06'  166. & &5$& &5! 908.#  3.:!B:$&!09 04 &5. &."3#$&. !/.9C

&!B:$&!09  &.3 ! #.   .9 !&!8. &0 &5. 3%. .9:. 04 $90"$#01 /$&$* F9 3$%&!:1#$%-

&5. :0"3$%! 09 04 &5. :#1 &.%!96 %. 1#& 02&$!9./ A!&5 &5. &A0 $#&.%9$&!8. $#60C

%!&5" 8.% !09 - &5. kC".$9 $9/ &5. kC"./0!/ 8.% !09- "!65& !9/!:$&. $::!/.9&$#

$90"$#01 /$&$- $ A.  5$##  .. !9 &5. $33#!:$&!09 &0 %.$# /$&$ /. :%!2./ !9 &5.

40##0A!96  .:&!09 * 70%.08.%- &5$9; &0 &5. . $#&.%9$&!8.  3.:!B:$&!09 - A. A!##

5$8. &5. 30  !2!#!&' 04 5!65#!65&!96 &5. %021 &9.  04 01% $#!69".9& $9/ :#1 &.%!96

3%0:./1%. A5.9 /!R.%.9& $#60%!&5"  3.:!B:$&!09 $%. :09 !/.%./*

 !" #$%& %'()*+ ',& $-$.*%/% 01 2304', 5(36&%

F9 &5!  .:&!09 A. $33#' kC".$9 $9/ kC"./0!/ $#!69".9& &0 &5. $9$#' ! 04 $

2.9:5"$%; /$&$  .& !9 &5. 419:&!09$# /$&$ $9$#' ! #!&.%$&1%.S &5. PN 6%0A&5

:1%8. 4%0" T.%;.#.' U%0A&5 V&1/' ( .. I1//.95$" $9/ V9'/.% =HW@,* I5. .

/$&$ 5$8. 2..9 3%.8!01 #' :09 !/.%./ 2' $ 91"2.% 04 $1&50% ( .. 40% .D$"3#.

M$" $' $9/ X! =WP@- M$" $' $9/ V!#8.%"$9 =>+@- Y$". =NW@- $9/ %.4.%.9:. 

&5.%.!9,* F9 &5. 3%. .9& /! :1  !09 A. A!## 6!8.  0". !9&.%. &!96 !9 !65& 09 Z0!9&

:#1 &.%!96 $9/ $#!69".9& A!&5 %. 3.:& &0  0#. :#1 &.%!96 0%  0#. $#!69".9&*

I5. 5.!65& (!9 :", 04 &5. PN :5!#/%.9 !9 &5. /$&$  .& $%. ".$ 1%./ K1$%C

&.%#' 4%0" + &0 ) '.$% - $991$##' 4%0" ) &0 H '.$% $9/ 2!$991$##' 4%0" H &0 +H

'.$% * I5. 6%0A&5 :1%8. $%. . &!"$&./ 2' ".$9 04 "090&09!: :12!: %.6%. C

 !09  3#!9. ( .. M$" $' $9/ V!#8.%"$9 =>+@,- !"3#.".9&./ 1 !96 &5.  419:&!09

 !""#$%!"&"#"&' $8$!#$2#. !9 &5. ()* 3$:;$6. =>)@* <!61%. +*)  50A &5. . &!C

"$&./ 6%0A&5 :1%8. $9/ &5.!% /.%!8$&!8. - &5. 6%0A&5 8.#0:!&!. * X00;!96 $& &5.
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 !"#$% &'() *%+#,-+ ./ k01%23 2,!"31%3- ./ "$.4-5 6#$7%+8 /.$ 9:(; &) 2,!"3%<
"$.4-5 6#$7%+ =4!-5 +#>%$!1>.+%< %+-!12-%< -%1>,2-%+8 !3 ?,269@ 23< 6.$$%0

+>.3<!3" "$.4-5 7%,.6!-!%+ =4!-5 +#>%$!1>.+%< A$+- <%$!72-!7%+ ./ %+-!12-%< -%10

>,2-%+8 !3 ?,269@8 -."%-5%$ 4!-5 42$>!3" /#36-!.3+' B5% 6.,.$+ ./ 2,!"3%< 6#$7%+

23< 42$>!3" /#36-!.3+ <%>%3< .3 6,#+-%$ 2++!"31%3-'

"$.4-5 7%,.6!-!%+8 !- !+ 2>>2$%3- -52- -5% 65!,<$%3 /.,,.4 2 +!1!,2$ "$.4-5 6.#$+%8

?#- -52- %265 65!,< 52+ 2 >%$+.32, ?!.,."!62, 6,.69'

 !"#$% &'( +5.4+ (01%23 23< &01%23 2,!"3%< "$.4-5 6#$7%+8 -5% 6.$$%+>.3<0

!3" "$.4-5 7%,.6!-!%+ 23< 42$>!3" /#36-!.3+;  !"#$% &'& +5.4+ -5% 6.$$%+>.3<!3"

$%+#,-+ .?-2!3%< ?C k01%<.!< 2,!"31%3-' *%+#,-+ +%%1 D#!-% $.?#+- 4!-5 $%+>%6-

-. -5% <!E%$%3- 2,".$!-51 +>%6!A62-!.3+'

 !"#$% &'F8 ,%/-8 <!+>,2C+ !3 .$23"% =?,#%@8 -5% ?.G>,.-+ ./ -5% +!1!,2$!-C !30

<%G%+ ?%-4%%3 -5% .$!"!32, "$.4-5 6#$7%+ 23< -5%!$ 1%23 =1%<.!<@ 6#$7%8 !3<!0

62-%< 4!-5 H.$!"I8 23< -5% ?.G>,.-+ ./ -5% +!1!,2$!-C !3<%G%+ ?%-4%%3 -5% k01%23
2,!"3%< =k01%<.!< 2,!"3%<@ "$.4-5 6#$7%+ 23< -5%!$ %+-!12-%< -%1>,2-%+8 /.$

k = 1, 2, 3' B5% $!"5- >23%, ./  !"#$% &'F <!+>,2C+ -5% 6.$$%+>.3<!3" 1%23+ ./
+!1!,2$!-C !3<%G%+'  $.1 !3+>%6-!.3 ./ -5% +!1!,2$!-C !3<%G%+8 ?.-5 k01%23 23<
k01%<.!< 2,!"31%3- +#""%+- -5% >$%+%36% ./ J#+- .3% 652$26-%$!+-!6 6#$7%8 +!36%
-5% 65.!6% ./ k=2 !+ 3.- >2C%< .E ?C 2 $%2+.32?,% "2!3 !3 -5% +!1!,2$!-!%+'

K!36%8 .#- ./ -5% LF 65!,<$%38 FL 2$% ?.C+ 23< MN 2$% "!$,+8 4% 1!"5- 4.3<%$ !/

-5% 232,C+!+ >.!3-+ .#- +.1% <!E%$%36%+ 21.3" -5%1 =3.-!6% -52- 5%$% 4% 2$% 3.-

>%$/.$1!3" 23C +#>%$7!+%< 6,2++!A62-!.3 ./ ?.C+ 23< "!$,+@'  !"#$% &'N !+ .?-2!3%<

/$.1  !"#$% &'& =-.> >23%,+@ <!+>,2C!3" !3 ?,#% -5% (01%<.!< 2,!"3%< "$.4-5

6#$7%+ ./ ?.C+8 23< -5% 6.$$%+>.3<!3" "$.4-5 7%,.6!-!%+ 23< 42$>!3" /#36-!.3+8

23< !3 >!39 -5% .3%+ ./ "!$,+' B5% 42$>!3" /#36-!.3+ +5.4 2 >$%--C 3%2- +%>2$2-!.3

./ ?.C+ 23< "!$,+ !3 -5% >52+%; -5!+ 5!"5,!"5-+ -52- -5% ?!.,."!62, 6,.69+ ./ ?.C+ 23<
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 !"#$% &'&( )%*#+,* -. k/0%1-!1 2+!"30%3, -. "$-4,5 6#$7%*8 .-$ 9:;< &( 2+!"3%1
"$-4,5 6#$7%* =4!,5 *#>%$!0>-*%1 %*,!02,%1 ,%0>+2,%*8 !3 ?+269@ 231 6-$$%/

*>-31!3" "$-4,5 7%+-6!,!%* =4!,5 *#>%$!0>-*%1 A$*, 1%$!72,!7%* -. %*,!02,%1 ,%0/

>+2,%*8 !3 ?+269@8 ,-"%,5%$ 4!,5 42$>!3" .#36,!-3*' B5% 6-+-$* -. 2+!"3%1 6#$7%*

231 42$>!3" .#36,!-3* 1%>%31 -3 6+#*,%$ 2**!"30%3,'

"!$+* $#3 2, 1!C%$%3, *>%%1*8 231 !3 >2$,!6#+2$ ,52, ?-D* *,2$, ,- "$-4 +2,%$8 527!3"

42$>!3" .#36,!-3* 4!,5 *02++%$ !3,%$6%>,*8 231 "$-4 *+-4+%$8 527!3" 42$>!3"

.#36,!-3* 4!,5 *02++%$ *+->%*' B5% +%., >23%+ -.  !"#$% &'E 2+*- *5-4* ,52,8

-36% ,5% ?!-+-"!62+ 6+-69* -. ,5% 65!+1$%3 527% ?%%3 2+!"3%18 ,5% 5%!"5, -. ?-D*

*,-652*,!62++D 1-0!32,%* ,52, -. "!$+* .-$ 23D $%"!*,%$%1 ?!-+-"!62+ 2"%'  !32++D8

?-D* *%%0 2+*- ,- 527% 2 0-$% >$-3-#36%1 "$-4,58 %*>%6!2++D 1#$!3" >#?%$,D8 2*

5!"5+!"5,%1 ?D ,5%!$ 0-$% >$-0!3%3, "$-4,5 7%+-6!,D >%29' F++ ,5%*% .%2,#$%* 2$%

!3 6-0>+%,% 2"$%%0%3, 4!,5 ,5% $%*#+,* -?,2!3%1 ?D ;/0%23 2+!"30%3,8 45!65 2$%

1!*>+2D%1 !3  !"#$% &'G'

B2?+% &';( H%.,( $%*#+,* -. &/0%23 ?!72$!2,% 6+#*,%$!3" -. *+->%* 231 !3,%$6%>,* -.

,5% 42$>!3" .#36,!-3* -?,2!3%1 ?D ;/0%23 2+!"30%3,' )!"5,( $%*#+,* -. &/0%1-!1

?!72$!2,% 6+#*,%$!3" -. *+->%* 231 !3,%$6%>,* -. ,5% 42$>!3" .#36,!-3* -?,2!3%1 ?D
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max
w

wTa 9:3:<

'0"C#*  ! ‖ ‖2ℓ2 ≤ 1, ‖ ‖ℓ1 ≤ s, wj ≥ 0 ∀j,

2$#+# a ∈ R
p
()% & ' j. $ *!!+%&)( # $('  $# /!,,!2&)? #76+#''&!) aj =

1
2n

∑n
i=1

∑n
i′=1 di,i′,j−

∑k
h=1

1
2nh

∑

i,i′∈Ch
di,i′,j 1 /!+ j = 1, . . . , p3

L) E&"'$&+()& ()% H&  #) IJ:K () ()(,= &*(, '!,0 &!)  !  $# !6 &5&8( &!) 6+!".

,#5 9:3:< &' 6+#'#) #%1 2$&*$ &' "('#% !) N!/ . $+#'$!,%&)?3 O!+ x ∈ R ()% c ≥ 0,
%#G)#

S(x, c) = '&?)(x)(|x| − c)+

 ! "#  $# N!/ . $+#'$!,%&)? !6#+( !+@ /!+ #('# !/ )! ( &!) 2# (,,!2 /!+  $# !6#+( !+

S  ! "# (66,&#% *!56!)#) .2&'#  ! -#* !+' !/ R
p.

P:



 !"#"$%&%"' ()*)*  +%,$-%!.'% .'/ 0%&&1' 23(45)

 !" 1 ≤ s ≤ √
p, # $!%&'(!) '! *"!+%,- ./0/1 ($

 =
S(!+,∆)

‖S(!+,∆)‖ℓ2
,

23,", x+ 4,)!',$ '3, *!$('(5, *#"' !6 x ∈ R #)4 ∆ = 0 (6 '3#' ",$&%'$ () ‖ ‖ℓ1 ≤
s7 !'3,"2($,8 ∆ > 0 ($ 93!$,) '! :(,%4 ‖ ‖ℓ1 = s.

!"# $%&&' &' (")* %#*+,( )* -,.&*( *(%-)/"('&%0-%12 $%&3,#.  4546 7&+,1 3#

%#*(-(#1 -* - ,)8#-% .-9).):-()&8 $%&3,#. &;#% - 7&8;#9 1&.-)85 !"#8< =-%+*">

=+"8>!+7?#% !"#&%#. )* -$$,)#1  *## !)3*")%-8) @ABC '&% 1#(-),*65 D# *(%#** ("#

'-7( ("-( +8)7)(E 7&+,1 8&( 3# -7")#;#1F )81##1< ("# -+("&%* -**+.# ("-( ("#%#

#9)*(* - +8)G+# .-9).-, 1)*$&*)()&8 &' ("# 1-(- )8 ("# 7,+*(#%*5

 !" #$%&'()%*+ ,-*./0 1+$/'0.(%2

D# -). 8&0 -( '&7+**)8/ &8 ("# '+87()&8-, 7-*#5 H&8*)1#% - '+87()&8-, 1-(-*#(

χ : T → R< 0"#%# T )* - I&%#, *+3*#( &' R -81 χ ∈ L2(T ) 0)(" %#*$#7( (& -

.#-*+%# µ 1#J8#1 &8 ("# I&%#, *+3*#(* &' R -81 *+7" ("-( µ(T ) <∞  .&*( &'(#8

µ )* ("# K#3#*/+# .#-*+%#65 D# "#%# -**+.# ("-( 1-(- 8##1 8&( 3# -,)/8#1 &%

"-;# -%# -,%#-1E 3##8 -,)/8#12 '&% 1#(-),* &8 -,)/8.#8( $%&7#1+%#* *## H"-$(#%

L< -81 '&% - '&7+* &8 7,+*(#%)8/ -81 -,)/8.#8( &' '+87()&8-, 1-(- *## H"-$(#% B

 

5

 !"!# $%&'(&)*+,- .&))*/0

M&% '+87()&8-, 1-(- 0# 8##1 (& /);# - .#-8)8/ (& ("# 7&87#$( &' '#-(+%# *#,#7()&85

D"#8 1-(- -%# #,#.#8(* &' R
p, )8 )(* 7&.$,#(# /#8#%-,)(E '#-(+%# *#,#7()&8 .#-8*

J81)8/ - *+3*#( D &' ("# *#( &' p '#-(+%#*< *+7" ("-( D 7&8(-)8* &8,E ("&*#

("-( 1)*7%).)8-(# ("# .&*( 3#(0##8 7,+*(#%*F )8 $%)87)$,# &8# 7&+,1 )8*$#7( ("#

2p − 1 8&8 ;&)1 *+3*#(* &' ("# p '#-(+%#* -81 J81 -8 &$().+. *+3*#( 0"#%#< '&%

)8*(-87#< IHNN )* .-9).):#15 D# 7-8O( '&,,&0 (")* ,#-1 '&% '+87()&8-, 1-(-< *)87#

("# *#( &' '#-(+%#* T )* +*+-,,E - 7&8()8++.5

P&0#;#%< )8 ("# 7-*# &' J8)(# 1).#8*)&8-, 1-(-< '#-(+%# *#,#7()&8 )* #;#8(+-,,E

7-%%)#1 &+( 3E -8 &$().-, 0#)/"()8/ ;#7(&% w  Q%&$&*)()&8 L65 R8 ("# '+87()&8-,

*#(()8/ ("# %&,# &' ("# 0#)/"()8/ ;#7(&% )8 $#%'&%.)8/ '#-(+%# *#,#7()&8 7-8 3#

$,-E#1 3E - 0#)/"()8/ '+87()&8

w : T → R,

*-()*'E)8/ *&.# 7&8*(%-)8(* ("-( 0),, '&,,&0 -'(#% *#(()8/ ("# ;-%)-()&8-, $%&3,#.

("-( 1#J8#* -8-,E()7-,,E  &)9'(!)#% ;*#"$, k<-,#) =%&$',"()>0

 

 !" #$%&'"( %) *#+$*" ,'-*."$/01 +02 +'/10("0. %) )-0,./%0+' 2+.+ !+* 0%. 3". &""0 ,%04

*/2"$"2 /0 .!" '/."$+.-$" %0 )-0,./%0+' 2+.+ +0+'3*/*5 602""27 /.* (+.!"(+./,+' )%$(-'+./%0

,%-'2 $"*-'. /0 + -0/8"2 2"80/./%0 %) .!" ,'-*."$/01 #$%&'"( )%$ )-0,./%0+' 2+.+7 /0,'-2/01 &%.!

.!" *"'",./%0 %) + #$%#"$ '"9"' %) *#+$*/.3 )%$ .!" ,'-*."$/:+./%07 +02 .!" 2",%-#'/01 %) #!+*"

+02 +(#'/.-2" 9+$/+&/'/.37 .!" )%$("$ &"/01 +0,/''+$3 +02 .!" '+.."$ $"'"9+0. .% .!" *,%#"* %)

,'+**/8,+./%0

ST



 !" χ1, ..., χn #!$#!%!&" "'! ()&*"+,&-. /-"-%!" -&/ /!0&! "'! 1,"-. 2)3 ,(

24)-#!% ", 5!

TSS =
1

2n

n
∑

i,j=1

∫

T

(χi − χj)
2

6789:

6'!#! -&/ +& "'! (,..,;+&<= -.. +&"!<#-.% -#! "->!& ;+"' #!%$!*" ", "'! 3!-%)#!

µ:8 ?'!& /-"- .-5!.% -#! $-#"+"+,&!/ +&", "'! *.)%"!#% C1, ..., Ck, .!" "'! ?+"'+&

@.)%"!#% 2)3 ,( 24)-#!% 5!

WCSS =

k
∑

h=1

1

|2Ch|
∑

i,j∈Ch

∫

T

(χi − χj)
2 , 678A:

;'!#! |Ch| +% "'! *-#/+&-.+"B ,( "'! *.)%"!# Ch. C+&-..B /!0&! "'! D!";!!& @.)%"!#%
2)3 ,( 24)-#! -% "'! /+E!#!&*!

BCSS = TSS −WCSS.

1'! %"-&/-#/ kF3!-& -.<,#+"'3 (,# ()&*"+,&-. /-"- .,,>% (,# - $-#"+"+,& ,( "'!

/-"- .-5!.% "'-" %,.G!% "'! (,..,;+&< 3-H+3+I-"+,& $#,5.!3 6%!! 1-#$!B -&/ J+F

&-"!/!# KLMN (,# /!"-+.% ,& "'! 3-"'!3-"+*-. /!0&+"+,& ,( "'! ()&*"+,&-. kF3!-&:O

max
(C1,...,Ck)

∫

T







1

2n

n
∑

i,j=1

(χi − χj)
2 −

k
∑

h=1

1

|2Ch|
∑

i,j∈Ch

(χi − χj)
2







. 678P:

1'! &-")#-. <!&!#-.+I-"+,& ", %$-#%! kF3!-& *.)%"!#+&< +% "')% "'! (,..,;+&< G-#+F
-"+,&-. $#,5.!3O

max
w(x),(C1,...Ck)

∫

T

w(x)





1

2n

n
∑

i,j=1

(χi − χj)
2 −

k
∑

h=1

1

|2Ch|
∑

i,j∈Ch

(χi − χj)
2



 , 678Q:

%)5R!*" ", ‖w(x)‖2L2(T ) ≤ 1, ‖w(x)‖L1(T ) ≤ s, w(x) ≥ 0 µ− a.e.

?! %'-.. &,; /+%*)%% "'! *,&%"#-+&"% ,& "'! ;!+<'"+&< ()&*"+,& w8 C+#%" ;!
-%%)3! w ", 5!.,&< ", "'! *.,%!/ )&+"-#B 5-.. ,( L2(T )8 S&/!!/= +( "'! L2

&,#3 ,(

w ;!#! &," 5,)&/!/= "'! %,.)"+,& ", $#,5.!3 678Q: ;,)./ &," !H+%"O +& (-*"= <+G!&

- "!&"-"+G! %,.)"+,& w, ,&! *,)./ -.;-B% +&*#!-%! "'! G-.)! ,( "'! ()&*"+,&-. +&
678Q: 5B 3)."+$.B+&< w (,# -& +&*#!-%+&< *,&%"-&"8 T!&*! !G!#B $-#"+"+,& ,( "'!

/-"- .-5!.% ;,)./ 5! ,$"+3-.8

U,#!,G!#= w +% /!0&!/ ,& "'! %-3! /,3-+& T ,( "'! ()&*"+,&% 5!.,&<+&< ",

"'! /-"- %!" -&/ +" +% &,&&!<-"+G! -.3,%" !G!#B;'!#! ,& T V +/!-..B= +( - D,#!. %!"
B ⊂ T +% &," #!.!G-&" (,# *.)%"!# +/!&"+0*-"+,&= +8!8 /-"- -#! !4)-..B /+%"#+5)"!/

,& "'-" %!"= "'!& w(x) = 0 (,# x ∈ B8 W& "'! *,&"#-#B= +( - %)5%!" ,( T '-% - #,.!

+& "'! *.)%"!#+&<= "'!& w %',)./ 5! %"#+*".B $,%+"+G! ,& "'! %)5%!" -&/ -% 3)*'

<#!-"!# -% "'-" %!" +% +3$,#"-&" (,# $-#"+"+,&+&< "'! /-"-8

C+&-..B= "'! *,&%"#-+&" ,& w "'-" "#).B *'-#-*"!#+I!% "'! %$-#%+"B ,( "'!

3!"',/O L1
5,)&/!/&!%%8 X,"! "'-"= 5B TY./!#Z% +&!4)-.+"B=

‖w(x)‖L1(T ) =

∫

T

w(x) ≤
√

µ(T )‖w(x)‖L2(T ) ≤
√

µ(T ). 678L:

PA



 ! "# $%& '#"$& (")&#!"*#+, -+!&. $%& -*#!$/+"#$ *# $%& L1
#*/) *0 $%& 1&"2%$

03#-$"*# "! 1%+$ 2&#&/+$&! !4+/!"$5 "# $%& -,3!$&/"#26 7#(&&(. 0*/ s > 0 (&'#& $%&
!&$

Ws =
{

u ∈ L2(T ) : ‖u(x)‖L1(T ) ≤ s, ‖u(x)‖2L2(T ) ≤ 1, u(x) ≥ 0 µ− a.e.
}

,

896:;

+#( #*$& $%+$

Wt ⊂Ws, "0 0 < t < s. 896<=;

>5 ,&$$"#2

W =
⋃

s

Ws,

1%&/& $%& 3#"*# "! $+?&# *@&/ +,, s !3-% $%+$ 0 < s ≤
√

µ(T ). 1& *A$+"#

W =
{

u ∈ L2(T ) : u(x) ≥ 0 µ− a.e., ‖u(x)‖2L2(T ) ≤ 1
}

,

1%"-%. "# 4+/$"-3,+/. -*#$+"#! $%& #*#B!4+/!& !$+#(+/( kB)&+# !*,3$"*#6 C/*)
$%"! 1& (&(3-&. $%+$. $%& 2/&+$&/ "! s. $%& ,&!! !4+/!"$5 1",, /&!3,$ "# $%& '#+,
-,3!$&/"#2 +#( $%+$ $%& !*,3$"*# *0 #*#B!4+/!& !$+#(+/( kB)&+# -+# A& *A$+"#&(
+! + ,")"$"#2 -+!& *0 !4+/!& -,3!$&/"#26 D%&/&0*/&. $%& $3#"#2 4+/+)&$&/ s +!!3)&!
$%& /*,& *0 E"#(&F *0 !4+/!"$5G *0 $%& /&!3,$"#2 -,3!$&/"#26 D%"! %+44&#! A&-+3!&

$%& L1
#*/) -*#$/*,! $%& +)4,"$3(& +#( $%& &F$&#!"*#. *@&/ $%& (*)+"# T, *0 $%&

1&"2%$"#2 03#-$"*# w6

 !"!" #$%& '()*+,

H3/ )+"# /&!3,$ -*#-&/#"#2 $%& 4/*A,&) *0 !4+/!& -,3!$&/"#2 0*/ 03#-$"*#+, (+$+

!$+$&! $%+$ $%& !*,3$"*# $* $%& 03#-$"*#+, !4+/!& kB)&+# -,3!$&/"#2 4/*A,&) &F"!$!
+#( "! 3#"I3&6

 !"#$"% &'(')'  !" #$% &'()%* +, -.'/#%* k ≥ 1 0&1 .%# #$% 10#0 χ1, ..., χn )%

'&!,+*(.2 )+'&1%13 4$%& #$% /+.'#!+& #+ 5*+).%( 67389 %"!/#/ 0&1 !/ '&!:'%3

J& *)"$ $%& 4/**0 0*/ $%& !+?& *0 A/&@"$5. ,&+@"#2 "#!$&+( !4+-& $* +(( !*)&

-*#!"(&/+$"*#!K +,, $%& (&$+",! -+# A& 0*3#( "# C,*/"&,,* %# 0.3 L<MN6 D%&*/&) 96O6<

"! #*$ *#,5 ")4*/$+#$ A&-+3!& "$ 4/*@&! $%& 1&,,B4*!&(#&!! *0 $%& @+/"+$"*#+,

4/*A,&) 896P;. A3$ +,!* A&-+3!& "$! 4/**0 "! -*#!$/3-$"@&Q $%& 4/**0 "! A+!&( *#

$%& -*#!$/3-$"*# *0 + !&I3&#-& *0 !")4,& 03#-$"*#! wn. 1%"-% "! 4/*@&# $* -*#@&/2&

$* $%& !*,3$"*# w *0 $%& 4/*A,&) *0 !4+/!& -,3!$&/"#2 (&'#&( "# 896P;K "#(&&(. $%"!
!&I3&#-& *0 wnR! $&,,! 3! %*1 $* A3",( +# +,2*/"$%) 4&/0*/)"#2 !4+/!& 03#-$"*#+,

kB)&+# A5 "$&/+$"@&,5 !&+/-%"#2 0*/ + !*,3$"*# $* 4/*A,&) 896P;6

S*/&*@&/. 1& %+@& +# +!5)4$*$"-+, 0*/) 0*/ $%& *4$")+, 1&"2%$ 03#-$"*# "#

$%& 03#-$"*#+, !&$$"#2 "0 1& !,"2%$,5 !$/&#2$%&# $%& %54*$%&!&! *# $%& (+$+6

 !"#$"% &'('('

;%# χi</ )% ,'&-#!+&/ /'-$ #$0#= χi ∈ L2(T )> χi ∈ L∞(T )> ?!#$ ‖χi‖L∞(T ) ≤ M >

∀i = 1, . . . , n3 @'55+/%> (+*%+A%*> χi ∈ C(T ) ,+* %A%*2 i = 1, . . . , n3 B%C&%

b(x) :=
1

2n

n
∑

i,j=1

(χi − χj)
2 (x)−

k
∑

h=1

1

|2Ch|
∑

i,j∈Ch

(χi − χj)
2 (x), 896<<;

TT



 !"#! "$  %&& '%()%' *!+),$ *- *!% !./-*!%$%$ -) *!% χi0$ +)' b(x) ∈ L2(T )1
2!%)

w(x) = γb(x), 3-4 +) +//4-/4"+*% γ ∈ R
+.  !"#$%

&'()*+ ,- ,'. /0-/.0,1.+ -2 ,'. +-34,1-)5 6. 7() +(8 ,'(, 94)7,1-)(3 9.(,40.+

:.3.7,1-)5 ;1<.) ( 734+,.01); /0-=3.> ()? ( >.(+40. +/(7. (T,G, µ)5 >.()+ ,- @)?

+4=+.,+ Di5 i =.3-);1); ,- () 1)?.A +., I5 Di ⊂ G, ∀i ∈ I5 +47' ,'(, 12 6. 7(33

χ̄1, . . . , χ̄k ,'. >.() 24)7,1-)+ -2 ,'. k 734+,.0+5 6. '(<. ,'(, 2-0 .<.08 /(10 -2

24)7,1-)+ χ̄r ()? χ̄t5 r, t = 1, . . . , k 61,' r 6= t ()? 2-0 .<.08 x ∈ Di5 ,'.0. .A1+,

+.,+ Ar ()? At5 )-, 7-)).7,.?5 +47' ,'(, χ̄r(x) ∈ Ar ()? χ̄t(x) ∈ At"

91)(3385 -=+.0<. ,'(, &'.-0.> !"$"# 1+ (3+- 4+.243 1) 7(+. -2 +4/.0<1+.? 3.(0)B

1);" C)?..?5 ,'. 7(+. 1) 6'17' 6. (30.(?8 *)-6 6'17' 24)7,1-)+ =.3-); ,- ,'.

?1D.0.), 734+,.0+ 1+ ( +1>/3.0 -/,1>1E(,1-) /0-=3.>5 6'17' 1+ ( /(0,1743(0 7(+. -2

/0-=3.>  !"F%G *../1); ,'. 734+,.0 (++1;)>.),+ C1, . . . , Ck @A.?5 6. 1>>.?1(,.38

;., ,'. 01;', 6.1;', 24)7,1-) ?1+701>1)(,1); =.,6..) ,'. ;0-4/+"

 !"! #$ %&'()&%*' )+,-(%&./ %/0+'/'$&%$, 12$3&%-$)+ 40)(4' k5

/')$ 3+24&'(%$,

H. '.0. /0-/-+. ( /-++1=3. 1,.0(,1<. (3;-01,'> 1>/3.>.),1); 24)7,1-)(3 +/(0+.

kB>.() 734+,.01);" &'. 701,.01-) 4+.? 1) -40 (3;-01,'> 1+ ,'(, ( 6.1;', +'-43?

=. (++1;).? ,- ( +4=+., -2 ,'. ?->(1) =(+1); -) ,'. 1>/-0,()7. (++4>.? =8 ,'(,

/(0,1743(0 +4=+., 1) ,'. 73(++1@7(,1-)5 1"." ,'. 1)70.(+. 1) ,'. IJ:: ,'(, 1, 7-43?

;.).0(,." K-,. ,'(, 6. '(<. ,- >(A1>1E. -<.0 ,'. +., -2 6.1;',1); 24)7,1-)+ ()?

,'. +., -2 (33 /-++1=3. 734+,.0 (++1;)>.),+" &- ?- ,'1+5 6. @)? ,'. >(A1>4> -2

,'. -=L.7,1<. 24)7,1-)(3  !"F% -<.0 ,'. +., -2 (?>1++1=3. 24)7,1-)+5 '-3?1); @A.?

,'. 734+,.0 (++1;)>.),+5 ,'.) 6. +.(07' 2-0 ,'. >(A1>1E1); 734+,.0 (++1;)>.),+

'-3?1); @A.? ,'. 6.1;', 24)7,1-) w ()? /0-7..? 1) ,'1+ 6(8 1,.0(,1<.38" M)B

2-0,4)(,.385 ,'1+ *1)? -2 /0-7.?40. -)38 (++40.+ ,'(, ,'. <(34. -2 ,'. -=L.7,1<.

24)7,1-)(3 1+ 1)70.(+.? (, .<.08 +,./5 =4, 1, ?-.+ )-, (++40. ,'(, 6. (7'1.<. ,'.

;3-=(3 -/,1>4> 1)  !"F%"

&'. (3;-01,'> )..?+ () 1)1,1(3 7-)?1,1-) -) (C1, . . . , Ck)" &'.)5 (, .<.08 +,./5

1, ?1<1?.+ ,'. ?->(1) 1),- +4=+.,+5 ,081); ,- ?.,.7, ,'. 1),.0<(3 6'.0. ,'. ?1D.0B

.)7. =.,6..) ,'. 734+,.0+ 1+ 3-7(31E.?" N77-0?1); ,- ,'1+ ?1D.0.)7.5 1, =413?+ ,'.

>(A1>1E1); 6.1;',1); 24)7,1-) ()? @)?+ ,'. >(A1>1E1); 734+,.0 (++1;).>.),+"

 !"# $

C)1,1(31E. ,'. (3;-01,'> =8 7'--+1); (C1, . . . , Ck) ,- =. ,'. +-34,1-) -2 ,'.

24)7,1-)(3 kB>.() 734+,.01); 61,' ,'. +(>. ?(,("

 !"# n

O1<1?. ,'. ?->(1) D 1),- n +4=+.,+ Al -2 >.(+40.

µ(D)
n

()? =413? ,'.

>(A1>1E1); 6.1;',1); 24)7,1-) (+ ( /1.7.61+. 7-)+,(), 24)7,1-) -) ,'. n
+4=?->(1)+G

wn,α(x) = α
n

∑

l=1

clIAl
(x),  !"#!%

PF



 !"#" $!" %&"'%(")$* cl !+," $!" -&#./

cl =
1

µ(Al)





1

2n

n
∑

i,j=1

∫

Al

(χi − χj)
2 −

k
∑

h=1

1

|2Ch|
∑

i,j∈Ch

∫

Al

(χi − χj)
2



 ,012345

 !"#" Ch (* $!" h6$! %78*$"# %&.()9 -#&. $!" n−16$! *$": &- $!" +79&#($!.2
;+,()9 $!8* %&)*$#8%$"< $!" &:$(.+7  "(9!$()9 -8)%$(&)=  " *""> -&# $!"

&:$(.+7 %78*$"# +**(9).")$ $+>()9= +* w= $!" -8)%$(&) ?8*$ -&8)<2

@!(* ($"#+$(," :#&%"<8#" (* #8) 8)$(7 + *$&::()9 %#($"#(&)= A+*"< &) $!" <(B"#")%"

A"$ "") $!"  "(9!$()9 -8)%$(&)* %&.:8$"< +$ $ & *8A*"C8")$ *$":*= (* +$$+()"<=

&# 8)$(7 + .+D(.8. )8.A"# &- ($"#+$(&)* (* #"+%!"<2

 ! "#$% $&'()* &+% #,#-)$.$ /0 12/3&+ 4'25%$

E) $!(* *"%$(&)  " (778*$#+$" $!" #"*87$* &A$+()"<  ($! *:+#*" -8)%$(&)+7 %78*$"#6

()9 &) $!" 9#& $! %8#,"* ()%78<"< () $!" F"#>"7"G H#& $! I$8<G= + A")%!.+#>

<+$+*"$ -&# -8)%$(&)+7 <+$+ +)+7G*(*  !(%! (* +7*& :#&,(<"< () $!"  !" :+%>+9"

0*"" JKL= MNO52 P"  (77 !"#" <"":") $!" <(*%8**(&) &) $!" #&7" &- $!" $8)()9 :+6
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S0; Λ0(s) .$ (/% (1!% !)2)#3) '&-%' &$$#0.&(%+ (# (/% $.(% s ∈ S04 3/%1% S0 ⊂ S
&)+ S .$ & 5%&$!1&-'% $!-$%( #, R
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#, (/% 0#)$.+%1%+ &1%& 3/.0/ &1% .)(%1%$(.)7 ,#1 (/% $0#"%$ #, (/% &)&'8$.$9 :)
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& $"%0.*0 $(1!0(!1% #, $"&(.&' +%"%)+%)0%4 (/!$ #-(&.).)7 & 0#&1$% %$(.5&(% #,
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,!)0(.#)&' +.$(1.-!(.#)9 J!)0(.#)&' +.5%)$.#)&' 1%+!0(.#) #, '#0&' 1%"1%$%)(&(.;%$

.$ "%1,#15%+ .)  !"# & (# $%'%0( 1%'%;&)( ,!)0(.#)&' ,%&(!1%$ .) (/% +&(&9 6/%
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 !" #$%&'() *+ %,$ &(-*.'%,/

 ! "#$$ %&" !'()%* &% +,! *!+)#$- &. !)/, -+!( &. +,! 0)11#%1 2&3&%&# /$)--#4!3-

)$1&3#+,5 *!-/3#6!* +,3&71, +,! (-!7*&8/&*! -/,!5! #% 9#173! :;<; =&+! +,)+

+,! !'+3!5! 1!%!3)$#+> &. +,! (3&(&-!* )$1&3#+,5 5)?!- !)/, -+!( @!'#6$! +&

*#A!3!%+ -(!/#4/)+#&%- !B!%+7)$$> 5&+#B)+!* 6> +,! )(($#/)+#&% )+ ,)%*;

 !"!# $%&' #( )*+*,*- %&..&//0%-*,.

 ! "#$$ ,!3! 1#B! 5&+#B)+#&%- .&3 +,! +3!)+5!%+ &. -()+#)$ *!(!%*!%/! #% $)++#/!

*)+) B#) 2&3&%&# +!--!$$)+#&%-; C,#- /&5!- .3&5 ) /&%-#-+!%/> 3!-7$+ (3&B!* 6>

D!%3&-! EFGH #% +,! .3)5!"&3? &. -+&/,)-+#/ 1!&5!+3>;

I&%-#*!3 S ⊂ R
d
; C& 7%#B&/)$$> *!4%! ) 3)%*&5 +!--!$$)+#&% #+ #- %!/!--)3> +&

-!$!/+ ) -!+ &. (&#%+- s ∈ S )- %7/$!# .&3 +,! 2&3&%&# +!--!$$)+#&%; C,7-J $!+ Φn =
{Z1,Z2, . . . ,Zn} 6! ) -!+ &. n (&#%+- #% S -)5($!* .3&5 ) (3&(!3 *#-+3#67+#&% F
*!4%!* &% SK +,#- "#$$ 6! +,! -!+ &. %7/$!# &. +,! 2&3&%&# +!--!$$)+#&%; 9&3 !)/,
Zi ∈ ΦnJ *!4%! +,! (&$>,!*3&%

V (Zi|Φn) = {s ∈ S : d(s,Zi) ≤ d(s,Zj), .&3 )$$ Zj ∈ Φn, i 6= j}, L:;:M

+& 6! +,! /$&-!* 2&3&%&# /!$$ "#+, %7/$!7- Zi .&3 +,! 2&3&%&# +!--!$$)+#&% #%*7/!*

6> ΦnJ #;!; +,! -!+ &. s ∈ S $>#%1 )+ $!)-+ )- /$&-! +& ZiJ #% +,! -!%-! &. +,! 5!+3#/

d(·, ·)J )- +& )%> &+,!3 (&#%+ &. ΦnK +,! /&$$!/+#&% {V (Zi|Φn)}ni=1 .&35- ) 2&3&%&#

+!--!$$)+#&% &. S; C,!3! #- %& -+3&%1 3!-+3#/+#&% &% +,! /,&#/! &. +,! 5!+3#/ d(·, ·)J
67+ +,! 4%)$ +!--!$$)+#&% "#$$ /$!)3$> *!(!%* 6&+, &% +,! /,&#/! &. +,! 5!+3#/J

)%* &% +,! *#-+3#67+#&% F ; 2&3&%&# +!--!$$)+#&%- ,)B! 5)%> #%+!3!-+#%1 (3&(!3+#!-J
",#/, 5)?! +,!5 1&&* +&&$- .&3 ()3+#+#&%#%1 ) 1!%!3)$ *&5)#% L-!! N$$!3 EFOH

.&3 .73+,!3 *!+)#$- &% 2&3&%&# +!--!$$)+#&%- #% P7/$#*!)% -()/!-M; Q&"!B!3J +,!

5&-+ #%+!3!-+#%1 (3&(!3+> .&3 &73 (73(&-!- #- 7%*&76+!*$> )  !"#$%&# (3&(!3+>;

I&%-#*!3 +,! /&$$!/+#&% &. R!6!-17! 5!)-73)6$! -!+- {Al}Ll=1J Al ⊂ S .&3 l =
1, . . . , LJ )%* $!+ Vi = V (Zi|Φn)S 5&3!&B!3J $!+

An
l =

⋃

Zi∈Al

Vi,

6! )% )((3&'#5)+#&% &. Al 1#B!% 6> +,! 2&3&%&# /!$$- ",&-! %7/$!# 6!$&%1 +& Al;

C,! /&B!3)1! (3&(!3+> -+)+!- +,)+J .&3 l = 1, . . . , L, +,! -!+ An
l #- ) /&%-#-+!%+

!-+#5)+&3 &. +,! 7%?%&"% -!+ Al #% +,! -!%-! +,)+

µ(An
l ∆Al)

a.s.→ 0, n→ ∞, L:;FM

",!3!∆ *!%&+!- +,! ->55!+3#/ *#A!3!%/! 6!+"!!% +"& -!+- )%* µ #- +,! R!6!-17!
5!)-73!; C,! /&B!3)1! (3&(!3+> .&3 2&3&%&# +!--!$$)+#&%- !'(3!--!* #% L:;FM ,)-

6!!% (3&B!* 6> D!%3&-! #% EFGH 7%*!3 +,! 3!)-&%)6$! )--75(+#&% +,)+ +,! -7((&3+

&. F #%/$7*!- SJ )%* #+ 3!(3!-!%+- ) -+3&%1 $)" &. $)31! %756!3- #% +,! /&%+!'+
&. 2&3&%&# +!--!$$)+#&%-;

C,! /&B!3)1! (3&(!3+> L:;FM #- !--!%+#)$ .&3 +,! B)$#*#+> &. &73 )$1&3#+,5J -#%/!

#+ -+)+!- +,)+J ",!% +,! +!--!$$)+#&% 6!/&5!- $!-- )%* $!-- /&)3-!J -76-!+- &. +,!

*&5)#% S )--&/#)+!* +& +,! -)5! $)6!$ )3! "!$$ )((3&'#5)+!* 6> -7#+)6$! -!+-
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 ! " # $ % &'&(&$)*+ ,$-&&-. /%)0 1 2%&/ )  3# 4'1**%541)% $ 6# 7'&(. '&) )0&

4 ''&4)% $  ! *&)* {Al}Ll=1 7& -&5$&- 78 *&))%$9. ! # l = 1, . . . , L,

Al = {s ∈ S : Λ(s) = l},

/0&#& Λ : S → {1, . . . , L} %* 1 !3$4)% $ /0 *& #&*)#%4)% $ ) S0 %* Λ0.

 !"!" #$%& "' ()*+$,-*./ /-+./ 0%&0%1%*$.$,2%1

: $*%-&# )0& *%)31)% $ /0&#& T %* 1 7 3$-&- %$)&#21'  ! R 1$- 1 #&1'%;1)% $

χs : T → R  ! 1 !3$4)% $1' #1$- ( 21#%17'& %*  7*&#2&- %$ &140 *%)& s  ! )0&

'1))%4& S0. < '' /%$9 1 4 (6'&)&'8 $ $=61#1(&)#%4 166# 140. /& - $ ) (1>&

1**3(6)% $*  $ )0& -%*)#%73)% $ 9&$&#1)%$9 χs+ ?0& " # $ % )&**&''1)% $ 6# 2%-&*

1 61#)%)% $  ! S0 %$ #1$- ( $&%907 #0  -* 1$- %$-34&* 1 61#)%)% $ %$ )0& *1(6'&

 ! !3$4)% $1' -1)1 {χs}s∈S0 + < # &140 &'&(&$) Vi  ! )0& " # $ % )&**&''1)% $. /&

*3( 36 )0& %$! #(1)% $ 4 $)1%$&- %$ )0& *37=*1(6'& {χs}s∈Vi
78 &*)%(1)%$9 1

 !"#$%&"'( (&#'( )*+)*,*"$'$%-* )0# 390 1 (&)0 - )01) &@6' %)* *61)%1' -&6&$-&$4&

 ! $&%907 #%$9 -1)1+ ,$ )0& '%)&#1)3#&  $ *61)%1' *)1)%*)%4*. )0%* %* 41''&- ,+'$%'(

,.&&$/%"0 A*&& B1$&#C&& *$ '(1 DEF ! # !3#)0&# -&)1%'*G+ H& $ / -&*4#%7& 1$

166# 140 ) )0& &*)%(1)% $  ! !3$4)% $1' ' 41' #&6#&*&$)1)%2&*. 1- 6)&- %$ 1''
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' 41' 4&$)# %- A&+9+ 1 !3$4)% $1' (&-%1$  # (&1$. 1 ' 41''8 /&%90)&- 6 '8$ (%1'

#&9#&**% $ 43#2&. . . .G 4 3'- 7& 3*&- %$ 6'14&  ! %)+

< # i = 1, . . . , n, )0& !3$4)% $1' ' 41' #&6#&*&$)1)%2& gi  ! )0& *37=*1(6'&

{χs}s∈Vi
%* 4 (63)&- 1* 1 /&%90)&- (&1$ /%)0 1 J13**%1$ >&#$&'K
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∑
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s
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s %* 1 J13**%1$ /&%90) 4&$)&#&- %$ Zi 1$- -&4#&1*%$9 /%)0 #&*6&4) ) 
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,0! *!%(+@%,+)#- )3 ,0! <!( )# !%$0 -+,! )3 ,0! (%,,+$! S0; %# Ns +- % <*-,A)* !*

#!+108)*0)) )3 s ∈ S05 >0! 3/#$,+)# δ +- -/$0 ,0%, δ(l1, l2) = 1 +3 l1 = l2 %# 
O ),0!*&+-!5 >0! -,*!#1,0 )3 -"%,+%(  !"!# !#$! +- $)#,*)((! 8: ,0! "%*%2!,!*

β; % "0:-+$%( $)#-,%#, $0%*%$,!*+@+#1 ,0! +#./!#$! )3 #!+108)*+#1 -+,!- )# ,0!

*!%(+@%,+)# )3 ,0! <!( +# % "%*,+$/(%* -+,!N 0+10!* =%(/!- )3 β +2"(: % -,*)#1!*

-"%,+%(  !"!# !#$! G-!! P/#-$0 IQRL 3)* 2)*!  !,%+(- )# ,0+- 2) !(M5 6# ,0!

3)(()&+#1 -+2/(%,+)#-; &! -!, β ∈ {1
4 ,

1
2 , 1, 2, 4} %# L ∈ {2, 3, 4}5

S)# +,+)#%((: )# ,0! *!%(+@%,+)# )3 ,0! (%,!#, <!( ; +# !%$0 -+,! s )3 S0 &!

1!#!*%,! +# !"!# !#,(: % *%# )2 2/(,+=%*+%,! =!$,)* )3  +2!#-+)# p = 5 3*)2

% 2/(,+=%*+%,! T%/--+%#  +-,*+8/,+)#F ,0!  +-,*+8/,+)# )3 ,0! *%# )2 =!$,)*  !A

"!# - !'$(/-+=!(: )# ,0! -+,! (%8!(

Ys|(Λ0(s) = l) ∼ Np(µl, 2Ip).

U!#$! ,0! $)# +,+)#%(  +-,*+8/,+)# )3 ,0! !2+,,! -+1#%( 1+=!# ,0! (%8!(  +?!*-

)#(: +# ,0! 2!%# 3)*  +?!*!#, =%(/!- )3 ,0! (%8!(5 6# "%*,+$/(%*; 3)* L = 2
&! $0))-! µ1 = 0 %# µ2 = (−2,−1, 0, 1, 2) %- 2!%# =%(/!- 3)* ,0! !2+,,! 

<!( 5 H0!# L +#$*!%-!- ,) V &! %  µ3 = (−1.76, 1.81, 1.11, 0.796,−0.136) G!%$0
$)2")#!#, )3 µ3 0%- 8!!# +# !"!# !#,(: 1!#!*%,! 3*)2 % /#+3)*2  +-,*+8/,+)#

)# ,0! +#,!*=%( IAR;RLM5 W+#%((:; &0!# L = 4 &! %  µ4 = (0, 0, 0, 0, 2)5
>0! "%*%2!,!*- $)#,*)((+#1 ,0! %(1)*+,02 %*! <'! %- 3)(()&-N B = 50; k = L

%# n ∈ {1, 5, 10, 25, 50, 125, 250, 500, 1000, 2500}. >0! 4)*)#)+ ,!--!((%,+)#- %*!
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 !"#$% &'() *%+#,-+ ./ -0% 1$+- +!2#,3-!.4 +-#56) !4 -0% -.7 734%,+8 2!+9,3++!:

193-!.4 %$$.$ .;-3!4%5 <!3 =3""!4" >.$.4.! 9,3++!1%$+ 3,".$!-02 .<%$ 5!?%$%4-

90.!9%+ /.$ n 345 β @ 3<%$3"% .<%$ (A $%7,!93-%+ ./ -0% 7$.9%5#$%B %390 734%,

9.$$%+7.45+ -. 3 5!?%$%4- 4#2;%$ L ./ ,3;%,+ !4 -0% ,3-%4- 1%,5' C4 -0% ;.--.2

734%,+8 -0% $%+#,-+ ./ =3""!4" >.$.4.! 9,3++!1%$+ 3,".$!-02 !4 -%$2+ ./ 3<%$3"%

4.$23,!D%5 %4-$.76'

.;-3!4%5 ;6 #+!4" -0% E#9,!5%34 5!+-349% 345 ;6 5$3F!4" -0% +%- ./ 4#9,%! #4!:

/.$2,6 /$.2 S0. G0% n $%7$%+%4-3-!<%+ 3$% !5%4-!1%5 3+ F%!"0-%5 2%34+ F!-0

H3#++!34 !+.-$.7!9 F%!"0-+B 4. 5!2%4+!.43, $%5#9-!.4 !+ 7%$/.$2%5'  !43,,68 9,#+:

-%$!4" ./ -0% $%7$%+%4-3-!<%+ !+ .;-3!4%5 -0$.#"0 k:2%34+' G0% 143, 9,3++!193-!.4
237 !+ "%4%$3-%5 <!3 3 23I.$!-6 <.-% .4 9,#+-%$ 3++!"42%4-' *%+#,-+ 3$% %<3,:

#3-%5 !4 -F. F36+) ;6 2%34+ ./ -0% 2!+9,3++!193-!.4 %$$.$ $3-% F!-0 $%+7%9- -.

-0% -$#% $%3,!D3-!.4 ./ -0% 1%,58 345 ;6 2%34+ ./ -0% 3<%$3"% 4.$23,!D%5 %4-$.76

3++.9!3-%5 -. -0% 143, 9,3++!193-!.4' J.-% -03- .4,6 -0% ,3--%$ !+ 9.27#-3;,% !4

$%3, 377,!93-!.4+8 F0%$% -0% -$#% ,3-%4- 1%,5 ./ ,3;%,+ !+ #4K4.F4' L%49% 9.2:

73$!4" -0% -F. !45%M%+ F!-0!4 -0% 9.4-%M- ./ 3 +!2#,3-!.4 +-#56 !+ $%,%<34- /.$

5%9!5!4" F0%-0%$ -0% 3<%$3"% 4.$23,!D%5 %4-$.76 9.#,5 ;% !4-%$7$%-%5 3+ 3 7$.M6

./ -0% 2!+9,3++!193-!.4 %$$.$' G0% 143, %<3,#3-!.4 ./ -0% 3,".$!-02 !+ .;-3!4%5

;6 $%7%3-!4" %390 +!2#,3-!.4 (A -!2%+8 345 ;6 93,9#,3-!4" -0% 2%34 <3,#%+ ./

NA



 !"#$%""!&#%'!() *++(+ %), %-*+%.* "/%'!%$ *)'+(/01

2*"3$'" %+* !$$3"'+%'*, !) 4!.3+* 5161 7()"!,*+ '8* '(/ /%)*$" (9 '8* /!#'3+*:

"8(;!). '8*  *%)  !"#$%""!&#%'!() *++(+ 9(+ ,!<*+*)' -%$3*" (9 β %), n: %), 9(+
'8* )3 =*+ (9 ,!<*+*)' $%=*$" !) '8* $%'*)' &*$, *>3%$ '( L = 2, 3, 4 ?$*9': #*)'*+:
%), +!.8' /%)*$ +*"/*#'!-*$0@1 A('* '8%' '8* $! !'!). #%"* n = 50×50 = 2500 #(+B
+*"/()," '( '8* %//$!#%'!() (9 ?)()C"/%'!%$@ "'%),%+, kB *%) #$3"'*+!).1 4!+"':
#()"!,*+ '8*  *%)  !"#$%""!&#%'!() *++(+ ;!'8 +*"/*#' '( nD ;* %//+*#!%'* '8%':
9(+ %$$ L %), 9(+ $%+.* -%$3*" (9 β: '8* -%$3* (9 n  !)! !E!). '8*  !"#$%""!&B
#%'!() *++(+ !" "'+!#'$0 !) =*';**) '8* $! !'!). #%"*" n = 1 ?)( #$3"'*+!).@ %),
n = 2500 ?)()C"/%'!%$ #$3"'*+!).@1 F),**,: ;* )('!#* '8%'  !"#$%""!&#%'!() *++(+
!" 3)!9(+ $0 " %$$*+ ?;!'8 +*"/*#' '( n@ 9(+ $%+.*+ -%$3*" (9 βD 8*)#* '8* ! B
/+(-* *)' !)'+(,3#*, =0 '8* G%..!). H(+()(! #$%""!&*+" %$.(+!'8 !" "'+().*+

!) '8* /+*"*)#* (9 % "'+().*+ "/%'!%$ ,*/*),*)#* !) '8* $%'*)' &*$, (9 $%=*$": 9(+

%)0 n1 I(+*(-*+: 9(+ $%+.*+ -%$3*" (9 β, '8* /+(#*,3+* !)#+*%"!).$0 *J/$(!'" '8*
!)9(+ %'!() #%++!*, =0 )*!.8=(+!). ,%'% %), '8* (/'! %$ -%$3* (9 n ,*#+*%"*"
?! /$0!). () %-*+%.* =!..*+ H(+()(! *$* *)'"@1 7()-*+"*$0: ;8*) β ,*#+*%"*"
"/%'!%$ ,*/*),*)#* =*#( *" ;*%K*+: %), '8* /+(#*,3+* $((K" 9(+ $*"" #(%+"* '*"B

"*$$%'!()": *-*)'3%$$0 $*%,!). '( %) (/'! %$ n = 2500. L8*) '8*+* !" )( "/%'!%$
,*/*),*)#*: '8*+* !" )( )**, '( 3"* '8* G%..!). H(+()(! #$%""!&*+" %$.(+!'8 1

A(;: $((K %' '8* =(''( /%)*$" !) 4!.3+* 516D !) '8* "% * #(),!'!()" %"

%=(-*: ;* 8*+* +*/(+' '8*  *%) (9 '8* %-*+%.* )(+ %$!E*, *)'+(/01 2*#%$$ '8%':

#()'+%+0 '( '8*  !"#$%""!&#%'!() *++(+: )( !)9(+ %'!() () '8* '+3* $%'*)' &*$, (9

$%=*$" !" 3"*, ;8*) #( /3'!). '8!" "*#(), !),*J1 F' !" !)'*+*"'!). '( )('* '8%'

'8*"* /!#'3+*" %$"( /(!)' %' %  !)! 3 -%$3* 9(+ n: '8%' !" #$("* '( '8* (/'! %$
n ;!'8 +*"/*#' '( '8*  !"#$%""!&#%'!() *++(+: /+(-!,*, '8%' "/%'!%$ ,*/*),*)#*
!" "3M#!*)'$0 8!.81 N*)#*: !) +*%$ %//$!#%'!()": '8* %-*+%.* )(+ %$!E*, *)'+(/0

#%) .3!,* '8* "*$*#'!() (9 '8* '*""*$$%'!() ,! *)"!()1 F),**,: ()*  !.8' "3"/*#'

% -*+0 ;*%K "/%'!%$ ,*/*),*)#* !) '8* $%'*)' &*$, ;8*) '8* %-*+%.* )(+ %$!E*,

*)'+(/0 93)#'!() %""3 *" #()"!"'*)'$0 8!.8 -%$3*"1

 !"!# $%&'()*%+, #- +, *./ 0.+%0/ +1 *./ ,'&2/3 k +1 0('4*/34

F)  ("' +*%$ %//$!#%'!()": '8* )3 =*+ (9 $%=*$" !) '8* 3),*+$0!). $%'*)' &*$,

!" 3)K)(;): %), ()* 8%" '( !)!'!%$!E* '8* G%..!). H(+()(! #$%""!&*+" %$.(+!'8 

"/*#!90!). '8* )3 =*+ k (9 #$3"'*+" '8* %$.(+!'8 !" .(!). '( ,*'*#'1 F) '8!" "*#(),
"! 3$%'!() "'3,0: ;* &J '8* "/%'!%$ ,*/*),*)#* !) '8* $%'*)' &*$, =0 "*''!). β = 2
?% +*%"()%=$* -%$3* 9(+ '8* G%..!). H(+()(! #$%""!&*+" %$.(+!'8 '( =* *<*#'!-*@

%), ;* $*' n ∈ {1, 5, 10, 25, 50, 125, 250, 500, 1000, 2500} %), k ∈ {2, . . . , 7}. O$$
('8*+ /%+% *'*+" #()'+($$!). ,%'% .*)*+%'!() %), '8* %$.(+!'8 "/*#!&#%'!()" %+*

"*' '8* "% * %" !) P! 3$%'!() Q1

4!.3+* 515 !$$3"'+%'*" '8* +*"3$'" (9 '8!" "*#(), "! 3$%'!() "'3,01 F) '8* '(/

/%)*$" (9 '8* /!#'3+*: '8* -%$3*" (9 '8*  *%)  !"#$%""!&#%'!() *++(+ %+* "8(;):

9(+ ,!<*+*)' #8(!#*" (9 k: n: %), L1 R8* =(''( /%)*$" +*/+*"*)' '8* -%$3*"

(9 '8*  *%) %-*+%.* )(+ %$!E*, *)'+(/01 S%#8 #3+-* +*9*+" '( % ,!<*+*)' -%$3*

(9 k1 R8* #3+-* +*$%'!-* '( '8* #(++*#' #8(!#* k = L !" %$;%0" ,+%;) !) =$%#K1
L8*) k 6= L ;* )**, '( "/*#!90 % $%=*$  %'#8!). #+!'*+!() =*9(+* #( /3'!). '8*
 !"#$%""!&#%'!() *++(+1 R8!" !" ,()* =0 #8(("!). '8* /*+ 3'%'!() (9 '8* #$3"'*+

TQ
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 !"#$% &'&( )%*#+,* -. ,/% *%0-12 *!3#+4,!-1 *,#25( !1 ,/% ,-6 641%+*7 3!*0+4*8

*!904,!-1 %$$-$ -:,4!1%2 ;!4 <4""!1" =-$-1-! 0+4**!9%$* 4+"-$!,/3 -;%$ 2!>%$%1,

0/-!0%* .-$ n 412 k ? 4;%$4"% -;%$ @A $%6+!04,%* -. ,/% 6$-0%2#$%B %40/ 641%+

0-$$%*6-12* ,- 4 2!>%$%1, 1#3:%$ L -. +4:%+* !1 ,/% +4,%1, 9%+2' C/% :+40D +!1%

!1 %40/ 641%+ 0-$$%*6-12* ,- ,/% 0-$$%0, 0/-!0% k = L .-$ ,/% 1#3:%$ -. 0+#*8

,%$*' C/% :-,,-3 641%+* $%6$%*%1, ,/% 414+-"-#* 0#$;%* .-$ ,/% 3%41 4;%$4"%

1-$34+!E%2 %1,$-65'

+4:%+* F/!0/ 3!1!3!E%* ,/% %G,$4?2!4"-14+ %+%3%1,* !1 ,/% 0-1,!1"%105 ,4:+% -.

,$#% 412 4**!"1%2 +4:%+ .-$ %40/ 6!G%+'

H% 9$*, !1*6%0, ,/% :+40D 0#$;%*7 0-$$%*6-12!1" ,- k = L' H% 1-,!0% ,/4,
!1 ,/% ,-6 641%+* ,/%5 4$% #1!.-$3+5 +-F%$ ,/41 ,/% 0#$;%* -:,4!1%2 .-$ ;4+#%*

-. k 6= L' I-$%-;%$7 ,/% -6,!34+ n !1 ,%$3* -. 3%41 3!*0+4**!904,!-1 %$$-$

J,-6K 0-$$%*6-12* ,- ,/% n 3!1!3!E!1" ,/% 4;%$4"% 1-$34+!E%2 %1,$-65 J:-,,-3K'
L-F%;%$7 !1 $%4+ 466+!04,!-1* L !* #1D1-F1B .-$ 0/--*!1" n F% ,/#* 1%%2 ,-

0-1*!2%$ ,/% 0#$;%* -. ,/% 4;%$4"% 1-$34+!E%2 %1,$-65 -:,4!1%2 .-$ 2!>%$%1, ;4+#%*

-. k' M12%%27 ,/% :-,,-3 641%+* !1  !"#$% &'& */-F ,/4, .-$ 4+3-*, 4++ ;4+#%* -.

k7 ,/% n 3!1!3!E!1" ,/% 4;%$4"% 1-$34+!E%2 %1,$-65 !* !1 4 0+-*% 1%!"/:-$/--2
-. !,* -6,!34+ ;4+#% 4* -:*%$;%2 -1 ,/% :+40D 0#$;%*' H% 4+*- 1-,!0% ,/4, ,/!*

-6,!34+ ;4+#% 2-%* 1-, 0/41"% 3#0/ F!,/ L7 ,/#* *#66-$,!1" ,/% 0-1N%0,#$% ,/4,
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 !"#$% &'() *%+#,-+ ./ -0% +%1.23 +!4#,5-!.2 +-#36) 75,#%+ ./ θ .8-5!2%3 7!5

95""!2" :.$.2.! 1,5++!;%$+ 5,".$!-04 .7%$ 3!<%$%2- 10.!1%+ /.$ k= 523 >0%2 n =
125, 250, 500.

!- 3%?%23+ #2!@#%,6 .2 -0% +?5-!5, 1.$$%,5-!.2 +-$#1-#$% ./ -0% ,5-%2- ;%,3 A>0!10

!+ 1.2+-52- !2 5,, -0% +1%25$!.+ 1.2+!3%$%3 !2 B!4#,5-!.2 CD'

E +#8-,%$ .8+%$75-!.2 !+ 5,+. >.$-0 4%2-!.2!2"'  .$ k ≥ L= -0% 57%$5"%
2.$45,!F%3 %2-$.?6 1#$7%+ !21$%5+% >!-0 k #2!/.$4,6 /.$ $%5+.258,% 75,#%+ ./

n.  .$ 75,#%+ ./ k ,%++ -052 L, .2% 4!"0- .8+%$7% ,.>%$ 75,#%+ ./ -0% 57%$5"%
2.$45,!F%3 %2-$.?6' G%21%= !/ -0% 10.!1% ./ k !+ 85+%3 .2 -0% !2+?%1-!.2 ./ -0%
57%$5"% 2.$45,!F%3 %2-$.?6 1#$7%+= .2% 4!"0- 8% !23#1%3 -. +%,%1- 5 75,#% /.$ k
-05- !+ +45,,%$ -052 -0% 1.$$%1- .2%= %,!1!-!2" 5 ?5$+!4.2!.#+ 3%+1$!?-!.2 ./ -0%

,5-%2- ;%,3 ./ ,58%,+

 

'

H% -0#+ 3%%?%2 -0% 525,6+!+ /.$ -0% 10.!1% ./ k 86 1.4?#-!2" -0% !23%I θ
!2-$.3#1%3 !2 A&'JD' *%+#,-+ 5$% +0.>2 !2  !"#$% &'( /.$ 3!<%$%2- 75,#%+ ./ k 523
n = 125, 250, 500.H% 5??$%1!5-% 52 %,8.> 1.$$%+?.23!2" -. -0% 1.$$%1- 10.!1% ./

k = L !2 -0% -0$%% +1%25$!.+ L = 2, 3, 4. K0!+ !+ @#!-% !23%?%23%2- /$.4 -0% 75,#%

10.+%2 /.$ n= ?$.7!3%3 -0!+ 75,#% 8%,.2"+ -. 5 2%!"08.$0..3 ./ -0% .?-!45, n 5+
.8+%$7%3 .2 -0% 8,51L 1#$7%+ !2  !"#$% &'&' K0!+ +#??.$-+ -0% $.8#+-2%++ ./ .#$

5,".$!-04 >!-0 $%+?%1- -. -0% 10.!1% ./ n 523 -0% !3%5 -05- 1,5++!15, 4%-0.3+ /.$
10..+!2" k 152 +#!- 5,+. -. -0!+ /$54%>.$L'

 ! "#$% $&'()* +,'$&%-./0 .--#(.#/+% (#&#

H% 2.> !,,#+-$5-% 52 5??,!15-!.2 ./ .#$ 1,5++!;15-!.2 5,".$!-04 -. !$$53!521% 35-5=

15$$!%3 .#- -. !27%+-!"5-% -0% ?.++!8,% %I?,.!-5-!.2 ./ +.,5$ %2%$"6 !2 3!<%$%2-

5$%5+ ./ -0% ?,52%-' M2 ?5$-!1#,5$= ?.>%$ ?$.3#1-!.2 7!5 1.,,%1-.$+ -05- 5$% 58,%

-. -$51L -0% +#2 3!#$25, 1.#$+% !+ +-$.2",6 !2N#%21%3 86 +.,5$ !$$53!521% 523

5-4.+?0%$!1 1.23!-!.2+' M2 /51-= +.,5$ -0%$45, ?.>%$ %4?,.6+ .2,6 3!$%1- +#2,!"0-

523 !- !+ -0%$%/.$% 8%+- ?.+!-!.2%3 !2 5$%5+= +#10 5+ 3%+%$-+= +-%??% .$ +575225+=

>0%$% ,5$"% 54.#2-+ ./ 0#4!3!-6= /#4%+ .$ 3#+-= -05- 456 3%7!5-% -0% +#28%54+=

3. 2.- .11#$ A+%% *!10-%$ OPJQD'

 

 !"#$!% &$ '(! ')"!% *"+, &(!- '+$(#$ '(! '%".-+!%  !"##"$% &' ()*+$%,

RJ



 !"#$% &'() * +,-%.% /0 1-% 2/23#2!0/$. 4511!,% S0 ,/2+!6%$%6 !2 1-% !$$56!52,%
6515 5774!,51!/2 84%019: 526 5 +;21-%1!, +,-%.% /0 1-% ,;4!26$!,54 7$/<%,1!/2 =!1-

%>#54 5$%5+ #+%6 1/ 74/1 1-% ,45++!?,51!/2 .57+ 0/$ 1-!+ 5774!,51!/2'

 !"#$%&'#! !+ 5 .%5+#$% /0 +/45$ $56!51!/2 %2%$"; $%,%!@%6 /2 5 "!@%2 +#$05,%

5$%5 !2 5 "!@%2 1!.%' A1 !+ ,/../24; %B7$%++%6 5+ 5@%$5"% !$$56!52,% !2 C!4/=5113

-/#$+ 7%$ +>#5$% .%1%$ 7%$ 65; 8CD-E8.

2
65;99' D% ,/2+!6%$ (')*+& '!"#$%&'#!:

!'%': 1-% +/45$ !$$56!52,% .%5+#$%6 51 5 "!@%2 4/,51!/2 /2 %5$1- =!1- 5 +#$05,%

%4%.%21 7%$7%26!,#45$ 1/ 1-% +#2F%5.+: %B,4#6!2" 6!G#+% !2+/451!/2: !'%': 1-%

+/45$ $56!51!/2 1-51 !+ +,511%$%6 /$ $%H%,1%6 F; 51./+7-%$!, ,/.7/2%21+ !2 1-%

+C;' I!$%,1 !2+/451!/2 !+ %>#54 1/ 1-% +/45$ ,/2+1521 .!2#+ 1-% 51./+7-%$!, 4/++%+

6#% 1/ 5F+/$71!/2 526 +,511%$!2") =-!4% 1-% +/45$ ,/2+1521 @5$!%+ =!1- 1-% %5$1-3

+#2 6!+152,% 526 +/45$ ,;,4%+: 1-% 4/++%+ 6%7%26 /2 1-% 1!.% /0 65; 84%2"1- /0

4!"-1 751- 1-$/#"- 1-% 51./+7-%$% 6%7%26!2" /2 1-% +/45$ %4%@51!/2 52"4%9: ,4/#6

,/@%$: ./!+1#$% ,/21%21: 526 /1-%$ !.7#$!1!%+'

D% 1$; 1/ !6%21!0; 5$%5+ /0 1-% 7452%1 =-!,- 5$% /71!.54 =!1- $%+7%,1 1/ 1-%

7/+!1!/2!2" /0 +/45$ 7/=%$ ,/44%,1/$+ F; ,/2+!6%$!2" 75$5.%1%$+: =-!,- 6%7%26

/2 6!$%,1 !2+/451!/2: +#!1%6 0/$ +!J!2" F511%$!%+ /$ /1-%$ %2%$";K+1/$5"% +;+1%.+'

L;7!,54 +/45$ !2+/451!/2 75$5.%1%$+ 5$% 1-% ,'!',-, %.%'$%/$* '!"#$%&'#! #.*)

% +#!"*+-&'.*0(%1 2*)'#( 345: 1-% "#$%) )%('%&'#! (*6+'&" /*$#7 *82*+&*( .%$-*"

'!+'(*!& #! % 9#)':#!&%$ "-);%+* #.*) % +#!"*+-&'.*0(%1 2*)'#( 3<=9>,

2
5 526

1-% *?-'.%$*!& !-,/*) #; @ABCD@ #) EFGHI (%1" &9%& ,-"& /* "-22$'*( /1

&9* "&#)%J* /%+<-2 "1"&*, 3(%1"5' L-%; 5$% 0#44; 6%+,$!F%6 !2 1-% M*N* =%FK

+!1% 8M*N* OPQP9' R2/=4%6"% /2 1-%+% 75$5.%1%$+ !+ 6%+!$5F4% +!2,% #2#+#544;

,4/#6; ,/26!1!/2+ /,,#$$!2" /@%$ 5 2#.F%$ /0 ,/2+%,#1!@% 65;+ ,/21!2#544; 6$5=

$%+%$@% 7/=%$ 0$/. F511%$!%+ /$ +/.% /1-%$ +1/$5"% 6%@!,% 0/$ +/45$ +;+1%.+ 2/1

,/22%,1%6 1/ 52 %4%,1$!,54 7/=%$ "$!6' N1/$5"% 6%@!,%+ .#+1 F% 6%+!"2%6 1/ =!1-K

+1526 ,/21!2#/#+ F%4/=35@%$5"% ,/26!1!/2+ !2 @5$!/#+ $%"!/2+ /0 1-% "4/F%' S/$%

7$%,!+%4;: =% 5254;J% 1-% .5B!.#. 6%?,!1 F%4/= 5@%$5"% @54#% /0 +/45$ $56!51!/2

!2,!6%21 /2 5 -/$!J/2154 +#$05,% /@%$ 5 ,/2+%,#1!@%365; 7%$!/6 8CD-E.

2
9: =-!,-

!+ +1$!,14; $%451%6 1/ 1-% %>#!@54%21 2#.F%$ /0 MT3NUM /$ VW*XR 65;+: 526

=-!,- !+ 54+/ !2,$%5+!2" !2 1-% ./21-4; 5@%$5"% !$$56!52,% 8+%% 1-% M*N* =%F+!1%

YZZ[ 0/$ 6%15!4+ /2 5@5!45F4% 6515 +%1+9'  $/. 52 %2"!2%%$!2" 7/!21 /0 @!%=: 1-!+

>#521!1; !+ ,/2+!6%$%6 5+ 5 7$/B; /0 1-% F#G%$ %B1$5K,575,!1; 1-51 !+ 2%%6%6 1/ F%

!2+1544%6 !2 /$6%$ 1/ 0#4?44 1-% 7/++!F4% "57+ !2 %2%$"; +#774; 7$/@!6%6 F; +/45$

7/=%$ 74521+' L-%+% "57+: !2 5 75$1!,#45$ +!1% 51 5 75$1!,#45$ 1!.% /0 1-% ;%5$:

,52 F% 6#% 1/ #205@/$5F4% %2@!$/2.%2154 ,/26!1!/2+'  $/. 2/= /2: =% =!44 25.%

1-!+ >#521!1; /-K*) +%2%+'&1'

\&



 !"#$ %&'& (!)*+*' !, -.('!/* +) R
12
+)%.0.% 12 '$. *+'.* !, & *3&'+&4 4&''+(.5

6) .&($ *+'.7 '$. 89 :.&*"/.* (!//.*3!)% '! '$. -&4".* !, '$. :!)'$42 :&0+:":

.)./#2 %.;(+' <+'$ /.*3.(' '! '$. :!)'$42 &-./&#.5 =!'$ '$. :&0+:": &)% '$.

&-./&#. -&4".* &/. (!:3"'.% !-./ '$. 99 2.&/* '+:. 3./+!% ,/!: >"42 8?@A '! >").

9BBC5 D+'.* &/. 4!(&'.% !) & )!)E")+,!/: 4&''+(. S0 =
⋃

λ∈Z1;θ∈Z2
Aλθ7 <$./.

Z1 = {−180,−179, ..., 178, 179} &)% Z2 = {−66,−65, ..., 65}F .&($ .4.:.)' Aλθ

+* '$. 3!/'+!) !, '$. .&/'$ *"/,&(. <$+($ +* +)(4"%.% 1.'<..) '$. :./+%+&)* &'

4!)#+'"%. λ &)% λ + 1 +) %.#/..*7 &)% 1.'<..) '$. 3&/&44.4* &' 4&'+'"%. θ &)%
θ + 1 +) %.#/..*5 G$+* 4&''+(. +* !, (!"/*. )!)E")+,!/:7 &)% +)(4"%.* 47520
<!/4%<+%. )!)E3!4&/ %+*'/+('* H& )&+-. *($.:. !, '$. 4&''+(. +* *$!<) +) I+#"/.

J5KL5 6) .&($ *+'. !, '$. 4&''+(.7 <. !1*./-. '$. 1"M./ (&3&(+'2 Y ν
λ,θ ,!/ .&($

:!)'$ ν ∈ {July, . . . , June}5 N!/. 3/.(+*.427 '$. !1*./-.% O"&)'+'2 Y ν
λ,θ7 ,!/

λ ∈ Z1, θ ∈ Z2 &)% ν ∈ {July, . . . , June}7 +* !1'&+).%7 !)(. ;0.% & :!)'$7 "*+)#
!1*./-&'+!)* &4!)# 99 2.&/* ,/!: >"42 8?@A '! >"). 9BBC7 &*

Y ν
λ,θ = max

n̄∈{1,3,7,14,21,30}

[

n̄ ∗ ins ν − min
j=1,...,(nν−n̄+1)

n̄−1
∑

l=0

insνj+l,min

]

HJ5PL

<$./. ins ν
+* '$. &-./&#. :!)'$42 +)*!4&'+!) !-./ '$. 99 2.&/*7

ins ν =

∑2005
i=1983

∑nν

j=1 ins
ν
ij

22 ∗ nν
,

&)% '$. O"&)'+'2 insνij +* '$. *+'. &-./&#. +)*!4&'+!) +) '$. iQ'$ 2.&/7 i = 1983, . . . , 20057
&)% +) '$. jQ'$ %&2 !, '$. νQ'$ :!)'$7 ,!/ j = 1, . . . , nν 7 <$./. nν +* '$. '!Q
'&4 )":1./ !, %&2* +) '$. (!)*+%./.% :!)'$5 R) '$. !'$./ $&)%7 insνj,min ,!/

j = 1, . . . , nν +* '$. :+)+:&4 %&+42 +)*!4&'+!) !-./ '$. *&:. 99 2.&/*7

insνj,min = min
i=1983,...,2005

insνij .

G$. !1*./-&'+!) !, '$. &))"&4 3&''./) !, Y ν
λ,θ +) .&($ *+'. &' & #+-.) '+:. !, '$.

2.&/ #+-.* &33/!0+:&'.42 '$. &:!")' !, .)./#2 '$&' )..%* '! 1. *'!/.% +) & *!4&/

3!<./ 34&)' +) !/%./ '! *"((.**,"442 (!-./ ,!/ #&3* +) .)./#2 *"3342F '$. &33/!0Q

+:&'+!) +* %". '! '$. ,&(' '$&'7 <$+4. '$. )":1./ !, (!)*+%./.% (!)*.("'+-. %&2*

+) '$. (!:3"'&'+!) !, '$. :&0+:": :!)'$42 *!4&/ /&%+&'+!) %.;(+' *$!"4% -&/2

+) '$. %+*(/.'. *.' N ∩ [1;nν ]7 ,!/ ν = 1, . . . , 127 '$. 1"M./ (&3&(+'2 <. &)&42S.7
Y ν
λ,θ7 +* (!:3"'.% (!)*+%./+)# & *.' !, ($!+(.* ,!/ '$. )":1./ !, (!)*.("'+-. %&2*

n̄ +) '$. *.' {1, 3, 7, 14, 21, 30}7 &* !"'4+).% +) .O"&'+!) HJ5PL5 N!/.!-./7 &44 3!Q
4&/ *+'.* &/. .0(4"%.% ,/!: '$. (!)*+%./.% %&'& *.'7 *+)(. '$.2 &/. ($&/&('./+S.%

12 &' 4.&*' !). :!)'$ %"/+)# '$. 2.&/ HνL %"/+)# <$+($ +)*!4&'+!) +* *"($ '$&'
insνij ≡ insνj,min ≡ ins ν ≡ 0F '$"*7 '$. 1"M./ (&3&(+'2 !1'&+).% -+& HJ5PL +* )!'
3/!3./42 %.;).%5

N!/.!-./7 ,!/ .&($ *+'. <. !1'&+) & ,")('+!)&4 %&'": Yλ,θ(t) 12 *:!!'$+)#
{Y 1

λ,θ, . . . , Y
12
λ,θ} <+'$ & T&"**+&) U./).4 <+'$ 1&)%<+%'$ .O"&4 '! 85CF '$. (!4Q

4.('+!) !, '$.*. ,")('+!)&4 %&'&7 +)%.0.% 12 '$. *+'.* !, S07 +* '$. +)3"' !, '$.
=&##+)# V!/!)!+ (4&**+;./* &4#!/+'$:5

I!/ '$+* &334+(&'+!)7 <. ;0 '$. )":1./ !, 1!!'*'/&3 /.34+(&'.* '! B = 100 &)%
<. '.*' %+M./.)' -&4".* ,!/ '$. )":1./ n !, .4.:.)'* !, '$. V!/!)!+ '.**.44&'+!)

?C
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n = 300

n = 500

 !"#$% &'() *%+#,-+ ./ 01""!2" 3.$.2.! 4,1++!5%$+ 1,".$!-67 .2 8#9%$ 41:14!-;

<1-1 /$.7 -6%  !"#$%& '&(&)")*)+, $-.  )*$" /-&"+, .$($0$1&) !2 -6% ,%/- :12%,=

1>%$1"% 2.$71,!?%< %2-$.:; .8-1!2%< @!-6 <!9%$%2- 46.!4%+ ./ k 12< /.$ n =
100, 300, 500, 1000' A2 -6% $!"6- :12%,= >1,#%+ ./ -6% !2<%B θ !2-$.<#4%< !2 C&'DE
1++.4!1-%< -. -6% 521, 4,1++!541-!.2 @!-6 k = 2, . . . , 10= 12< /.$ n = 300 12<
n = 500'

12< -6% 2#78%$ k ./ 4,#+-%$+ !2!-!1,!?!2" -6% 4,#+-%$!2" 1,".$!-67' F6% n %,%7%2-+
1$% <$1@2 /$.7 1 #2!/.$7 <!+-$!8#-!.2 .2 S, -6% +#$/14% ./ -6% +:6%$% ./ <!17%-%$
%G#1, -. -6% %1$-6' F6% +%- ./ 2#4,%! /.$ -6% 3.$.2.! -%++%,,1-!.2 !+ -6%2 46.+%2

8; +%,%4-!2" -6% n +!-%+ 17.2" -6.+% !2 S0 2%1$%+- !2 -%$7+ ./ "%.<%+!4 <!+-124%
-. %146 ./ -6% n "%2%$1-%< %,%7%2-+' H% -6%2 #+% 1 I1#++!12 !+.-$.:!4 J%$2%, -.
41,4#,1-% ,.41, $%:$%+%2-1-!>%+= 12< @% 46..+% -6% 5$+- p = 3 /#24-!.21, :$!24!:1,
4.7:.2%2-+ -. :$.K%4- <1-1= +!24% -6%; %B:,1!2 1 :$.:.$-!.2 ./ -.-1, >1$!124%

-61- %B4%%<+ LMN'  !21,,;= /.$ 4,#+-%$!2" -6% n $%:$%+%2-1-!>%+ @% #+% kO7%12+
@!-6 -6% L2

+%7!P7%-$!4 !2<#4%< 8; -6% :$!24!:1, 4.7:.2%2-+'

A2  !"#$% &'(= /.$ <!9%$%2- >1,#%+ ./ n 12< k, -6% :%$/.$7124% ./ -6% 01""!2"
3.$.2.! 4,1++!5%$+ 1,".$!-67 !+ %>1,#1-%< 8.-6 !2 -%$7+ ./ 1>%$1"% 2.$71,!?%<

%2-$.:; C!'%'= +61$:2%++ ./ -6% !71"%E 12< !2 -%$7+ ./ -6% !2<%B θ <%52%< !2 C&'DE
C!'%'= <!9%$%24%+ 17.2" 4,#+-%$+E' A2 -6% ,%/- :12%, ./  !"#$% &'( -6% >1,#%+ ./ -6%

1>%$1"% 2.$71,!?%< %2-$.:; 1$% $%:.$-%<' F6% 5$+- /14- -. 8% 2.-!4%< !+ -61- /.$

7.+- >1,#%+ ./ k= n = 500 :$.>!<%+ 1 "..< 46.!4% -. .8-1!2 1 2%1- !71"%'  .$
+71,, >1,#%+ ./ k= n = 500 !+ 14-#1,,; 1 7!2!7#7 .>%$ -6% -%+-%< >1,#%+= 12< !-

!+ 6%24% 46.+%2 /.$ +%--!2" -6% 1,".$!-67' Q%4.2<,;= "!>%2 n = 500= .2% 412 +%%
-61-= !2 -%$7+ ./ 4,1++!541-!.2 +61$:2%++= "..< >1,#%+ ./ k +%%7 -6.+% 8%-@%%2 D

12< (' A2 :1$-!4#,1$= -@. ,.41, 7!2!71 1$% .8+%$>%< /.$ k = 3 12< k = 5'

F. /#$-6%$ !2>%+-!"1-% -6% 46.!4% ./ k= !2 -6% $!"6- :12%, ./  !"#$% &'( -6%

LR
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 !"#$% &'() *%+#,-+ ./ 01""!2" 3.$.2.! 4,1++!5%$+ 1,".$!-67 .2 8#9%$ 41:14!-;

<1-1 /$.7 -6%  !"#$%& '&(&)")*)+, $-.  )*$" /-&"+, .$($0$1&) 2.$71,!=%< +:1-!1,

%2-$.:; 71:+ 1++.4!1-%< -. -6% 4,1++!541-!.2 >!-6 k = 5 ?,%/-@ 12< k = 6 ?$!"6-@'
A.,.$+ /$.7 $%< -. >6!-% 4.$$%+:.2< -. B1,#%+ /$.7 C -. DE 6!"6%$ B1,#%+ !<%2-!/;

1$%1+ >6%$% 4,1++!541-!.2 !+ 7.$% #24%$-1!2'

B1,#%+ ./ -6% !2<%F θ <%52%< !2 ?&'G@ 1$% $%:.$-%< 1+ 1 /#24-!.2 ./ k /.$ ->.

B1,#%+ ./ n. H.-!4% -61- -6% +61:% ./ -6% "$1:6 !+ $.8#+- >!-6 $%+:%4- -. -6%

<!7%2+!.2 ./ -6% 3.$.2.! -%++%,,1-!.2' I6% :,.- +#""%+-+ k = 6 1+ -6% 71F!7#7
$%1+.218,% 2#78%$ ./ 4,#+-%$+' J$%1-%$ B1,#%+ ./ k 1$% 2.- :1!< .9 8; 1 +!"2!5412-
!7:$.B%7%2- !2 -6% <%+4$!:-!.2 ./ <1-1' K,!"6-,; +71,,%$ B1,#%+ /.$ k ?k = 4, 5@
+%%7 1<7!++!8,% 1+ >%,,L %B%2 -6.#"6 7!2.$ /%1-#$%+ 1$% :$.818,; ,.+-' 31,#%+

k = 2, 3 1$% <%52!-%,; 2.- +#""%+-%<' M2 -6% >6.,%L k = 5 12< k = 6 +%%7
-. 8% "..< 46.!4%+ /.$ .8-1!2!2" 1 +:1-!1,,; 2%1- 4,1++!541-!.2L >!-6 !7:.$-12-

<!9%$%24%+ 17.2" 4,#+-%$+' I6!+ !+ 4.25$7%< 8; !2+:%4-!.2 ./  !"#$% &'(L >6%$%

-6% ->. 71:+ ./ +:1-!1, 2.$71,!=%< %2-$.:; .8-1!2%< /.$ k = 5 12< k = 6 1$%
$%:.$-%< ?,%/- 12< $!"6- :12%,L $%+:%4-!B%,;@' 0.-6 :,.-+ +6.> 1 2%1- 4,1++!541-!.2L

%B%2 -6.#"6 -6% .2% 4.$$%+:.2<!2" -. k = 5 +%%7+ 7.$% $%,!18,%' N2  !"#$% &'O
-6% 521, 4,#+-%$+ .8-1!2%< >!-6 k = 5 12< k = 6 1$% $%:.$-%< .2 -6% P1$-6

+#$/14%' I6% ->. 4,1++!541-!.2+ <. 2.- 4.2-$1<!4- %146 .-6%$E .2 -6% 4.2-$1$;L

-6% ,1--%$ !+ 1 $%52%7%2- ./ -6% /.$7%$ +#::.$-!2" -6% $.8#+-2%++ ./ -6% .8-1!2%<

4,1++!541-!.2'

N2 :1$-!4#,1$L /.$ k = 5L -6% 01""!2" 3.$.2.! 4,1++!5%$+ 1,".$!-67 !<%2-!Q

5%+ <!9%$%2- 6.7."%2%.#+ 714$.Q1$%1+ >6!46 R :$!71 /14!% R +%%7 !2-%$:$%-18,%

!2 -%$7+ ./ -6% .8+%$B%< :6%2.7%2.2' S 4,!71-.,."!41, 121,;+!+L >6!46 !+ 8%Q

;.2< -6% +4.:%+ ./ -6!+ :1:%$L 4.#,< ./ 4.#$+% <%%:%2 -6%!$ %F:,121-!.2' N2<%%<L

-6% +17% 714$.Q1$%1+ 1$% 2.- 41:-#$%< 8; 4#+-.71$; #2+#:%$B!+%< 4,1++!541-!.2

:$.4%<#$%+L -61- <. 2.- -1T% !2-. :$.:%$ 144.#2- -6% +:1-!1, <%:%2<%24% 17.2"

<1-1' I6% 521, $%+#,-+ /.$ -6% 46.!4% ./ k = 5 1$% +6.>2 !2  !"#$% &'O 12<

&'DC ?,%/- :12%,+@' N2  !"#$% &'DC ?,%/- :12%,@ 1 +17:,% ./ ,.41, $%:$%+%2-1-!B%+ !+

+6.>2L %146 $%:$%+%2-1-!B% 4.,.$%< >!-6 1 ,18%, 4.$$%+:.2<!2" -. -6% 714$.Q1$%1

!- 8%,.2"+ -. ? !"#$% &'OL ,%/- :12%,@' I6% $%< 4,#+-%$ !+ 461$14-%$!=%< 8; 1 2.2Q

+%1+.21, :1--%$2L 12< 8; !2-%$7%<!1-% 1B%$1"% 8#9%$ 41:14!-; 1,.2" -6% ;%1$' N-

OU
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 !"#$% &'() *%+#,-+ ./ 01""!2" 3.$.2.! 4,1++!5%$+ 1,".$!-67 .2 8#9%$ 41:14!-;

<1-1 /$.7 -6%  !"#$%& '&(&)")*)+, $-.  )*$" /-&"+, .$($0$1&) 521, 4,1++!541-!.2

71: .8-1!2%< =!1 1 71>.$!-; =.-% .2 /$%?#%24!%+ ./ 1++!"27%2-@ 12< 8; +%--!2"

k = 5 A,%/-B .$ k = 6 A$!"6-B'

4.=%$+ C/$!41@ D!<<,%EF1+- 12< %?#1-.$!1, C7%$!41 12< !-+ :$%+%24% !+ 2.- %GE

:,1!2%< .2,; !2 -%$7+ ./ ,1-!-#<%'  $.7 H.$-6 -. I.#-6 J% 412 -6%2 !<%2-!/; /.#$

4,#+-%$+ J!-6 +%1+.21, :1--%$2+ <%:%2<!2" .2 -6% 6%7!+:6%$% 12< .2 -6% 1=%$1"%

8#9%$ 41:14!-; 1,.2" -6% ;%1$) 2.$-6E,.J A;%,,.JB@ 2.$-6E6!"6 A8,#%B@ +.#-6E6!"6

A=!.,%-B@ +.#-6E,.J A"$%%2B' K- !+ !2-%$%+-!2" -. 2.-% -61-@ J6!,% !2 -6% C7%$!41+

1,, 5=% 4,#+-%$+ 1$% :$%+%2-@ -6% 2.$-6E6!"6 12< +.#-6E6!"6 4,#+-%$+ 1$% 18+%2- !2

F#$.:% 12< C/$!41@ 12< -6% $%< 4,#+-%$ !+ 1,7.+- 18+%2- !2 C+!1'

L6% 71!2 <!9%$%24% .8-1!2%< 8; 46..+!2" k = 6 !+ -6% /14- -61- 1 2%J 4,#+-%$@

J6!46 +:#$-+ /$.7 -6% /.$7%$ +.#-6E6!"6 A=!.,%-B 4,#+-%$@ 1::%1$+ 1,.2" -6% %?#1E

-.$ A+%%  !"#$% &'(@ $!"6- :12%,B' L6!+ 4,#+-%$@ <%:!4-%< !2 .$12"%@ !+ 461$14-%$!M%<

8; 1 =%$; 6!"6 +%1+.21,!-; ./ -6% 8#9%$ 41:14!-; A+%%  !"#$% &'NO@ $!"6- :12%,B

-61- 71P%+ !- +-$.2",; #2+#!-%< /.$ %,%4-$!4!-; :$.<#4-!.2 8; +.,1$ :.J%$' C,,

.-6%$ 4,#+-%$+ $%71!2 #219%4-%< J6!,% 7.=!2" /$.7 k = 5 -. k = 6@ !2 :1$-!4#,1$
-6% $%< .2%' K2-%$%+-!2",;@ /$.7 12 %2"!2%%$!2" :.!2- ./ =!%J@ -6% $%< 4,#+-%$ !+

-6% .2% -61- +6.J+ 12 122#1, 8#9%$ 41:14!-; :1--%$2 J6!46 !+ .:-!71, !2 -%$7+

./ %,%4-$!4!-; :$.<#4-!.2 8; +.,1$ :.J%$) !- 2%%<+ -6% 7!2!71, 8#9%$ 41:14!-;

!2+-1,,1-!.2 A-6% 71G!71, 122#1, 2%%< /.$ %2%$"; !+ -6% ,.J%+- 17.2" -6% 5=%

<%-%4-%< :1--%$2+B@ 1++.4!1-%< -. 1 4.2+-12- $%,!18!,!-; 1,.2" -6% ;%1$'

 !" #$%&'()*$%

K2 -6!+ Q61:-%$ 1 2%J 7%-6.<@ -6% 01""!2" 3.$.2.! 4,1++!5%$+ 1,".$!-67@ J1+

:$.:.+%< -. <%1, J!-6 ,1$"% <1-1 +%-+ ./ "%.E$%/%$%24%< /#24-!.21, <1-1' L6!+ !+

1 :$.8,%7 2.- ,1$"%,; -$%1-%< +. /1$ !2 -6% ,!-%$1-#$% -61- :.+%+ 2%J 7%-6.<E

.,."!41, 461,,%2"%+' L6%+% 4.24%$2 /.$ !2+-124% -6% 612<,!2" 12< -6% +-1-!+-!41,

121,;+!+ ./ 6#"% +%-+ ./ 4.7:,%G <1-1@ .$ -6% !2-$!2+!4 <!R4#,-; ./ 7.<%,!2" 12<

%+-!71-!2" +:1-!1, <%:%2<%24% !2 1 6!"6E<!7%2+!.21, +%--!2"' F=%2 -6.#"6 -6%

(S
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 !"#$% &'()* +, -.% /%0- 12,%/3 2 4%- 50 0#,6-!5,2/ /562/ $%1$%4%,-2-!7%4 58-2!,%9

:!-. n = 500 !, 5,% 50 -.% !-%$2-!5,4 50 -.% 2/"5$!-.; 2,9 6/#4-%$%9 :!-. k = 5<
-.% 65/5$4 05$ -.% 1/5- 2$% 6.54%, 65.%$%,-/= :!-. -.% >,2/ 6/244!>62-!5, ;21 !,

 !"#$% &'? @/%0-A' +, -.% $!".- 12,%/3 -.% 42;% 4%- 50 0#,6-!5,2/ /562/ $%1$%4%,-2B

-!7%4 !4 6/#4-%$%9 :!-. k = 63 2,9 65/5$%9 65.%$%,-/= :!-. -.% >,2/ 6/244!>62-!5,
;21 !,  !"#$% &'? @$!".-A'

C2""!," D5$5,5! 6/244!>%$4 2/"5$!-.; !4 .%$% 1$%4%,-%9 24 2 6/#4-%$!," 1$56%9#$%3

!-4 $2-!5,2/% !4 ;#6. ;5$% "%,%$2/* -.% 2/"5$!-.;3 !0 4#!-28/= 4%-3 !4 7!$-#2//= 28/%

-5 ;2,2"% ;2,= E!,94 50 2,2/=4!43 %'"'3 9!;%,4!5,2/ $%9#6-!5,3 4#1%$7!4%9 6/24B

4!>62-!5,3 $%"$%44!5,3 %-6' +,9%%93 -.% ,2!7% !9%2 8%=5,9 -.% 2/"5$!-.; !4 4!;1/=

-5 @iA $%1/26% -.% 5$!"!,2/ 92-2 4%- :!-. 2 $%9#6%9 5,%3 65;154%9 8= /562/ $%1B
$%4%,-2-!7%4 50 ,%!".85$.5594 657%$!," -.% %,-!$% !,7%4-!"2-%9 2$%2< @iiA 2,2/=F%
-.% $%9#6%9 92-2 4%- 2665$9!," -5 -.% 1#$154% 50 -.% 2,2/=4!4< @iiiA $%1%2- -.%
2,2/=4!4 ;2,= -!;%4 05$ 9!G%$%,- $%9#6%9 92-2 4%-4 24456!2-%9 -5 9!G%$%,- 4%-4 50

,%!".85$.55943 -.#4 58-2!,!," ;2,= 9!G%$%,- :%2E 05$;#/2-!5,4 50 -.% 2,2/=4!4<

@ivA >,2//=3 82" -5"%-.%$ -.% :%2E 2,2/=4%4 -5 58-2!, 2 >,2/ 4-$5," 05$;#/2-!5,'

H.!4 211$526. 95%4 ,5- $%I#!$% 2, %J1/!6!- ;59%/!," 50 -.% 412-!2/ 9%1%,9%,6%

2;5," 92-23 :.!6. !4 !,4-%29 %J1/5$%9 8= ;%2,4 50 $2,95; /562/ 2""$%"2-!5, 50

,%!".85$!," 92-2' K% 4.5:%9 -.2-3 :.%, 412-!2/ 9%1%,9%,6% !4 ,5- ,%"/!"!8/%3

-.!4 211$526. !4 28/% -5 %J1/5!- -.% ;#-#2/ !,05$;2-!5, 62$$!%9 8= ,%!".85$!,"

92-2 2,9 -.#4 "%,%$2-!," 2 >,2/ 8554-%9 2,2/=4!4' +,9%%93 -.% >,2/ 2,2/=4!4 -#$,4

5#- -5 8% ,5- 5,/= ;5$% 1%$05$;!," -.2, -.% :%2E%$ 2,2/=4%4 !- !4 65;154%9 503

8#- 2/45 ;5$% %G%6-!7% -.2, 2, 2,2/=4!4 9!$%6-/= 1%$05$;%9 5, -.% 5$!"!,2/ 92-2

4%-' H.% 1$5154%9 211$526. !4 2/45 %L6!%,- 0$5; 2 65;1#-2-!5,2/ 1%$41%6-!7%3

4!,6% !- 2//5:4 -.% 4-2-!4-!62/ 2,2/=4!4 50 92-2 4%-4 -.2- :5#/9 8% #,-$26-28/% 8%B

62#4% 50 -.%!$ /2$"% 42;1/% 4!F%' +,9%%9 -.% C2""!," D5$5,5! 6/244!>%$4 2/"5$!-.;

$%1/26%4 2 4!,"/% 2,2/=4!4 50 2 .#"% 92-2 4%- 8= ;2,= 2,2/=4%4 50 4;2// 92-2 4%-43

-.2- 62, 1544!8/= 8% 62$$!%9 5, -.$5#". 12$2//%/ 1$5"$2;;!,"'

M$5828/=3 -.% ;2N5$ 0%2-#$% 50 -.% 2/"5$!-.; !4 !-4 .!". O%J!8!/!-=' +,9%%93 -.%

C2""!," D5$5,5! 211$526. 62, 8% ;59!>%9 2665$9!," -5 -.% 12$-!6#/2$ ,2-#$% 50

??



 !" #$%&'"( )*+"$ ,*-". ,/0 ,%*1 2%$ 0* "3#$"..,-" ,''). $0 ,%*4 ,*  !" #$"."* 

5%$6 5" /"*"$0 "+  !" $0*+%( *",/!&%$!%%+. &7 ("0*. %8 9%$%*%, (0#. 5, !

$0*+%( *):'",4 5" :$"0 "+  !" '%:0' $"#$"."* 0 ,-". &7 .#0 ,0' .(%% !,*/4 5"

:'). "$"+  !"( -,0 0 k;("0* 0'/%$, !(4 0*+ 5" 0//$"/0 "+  !" $".)' .  !$%)/! 0

(0<%$, 7 -% "1 =''  !"." .#":,>:0 ,%*. :0* &" (%+,>"+ 8%$ 0+0# ,*/  !" 0'/%$, !(

 %  !" #$%&'"( 0 !0*+4 5, !%) :!0*/,*/  !" $0 ,%*0'" (% ,-0 ,*/ , 1

= 6"7 #%,*  % %& 0,* 0 .)::"..8)' ,(#'"("* 0 ,%* %8  !" ?0//,*/ 9%$%*%,

:'0..,>"$. 0'/%$, !( 0##"0$"+  % &"  !" $,/! :!%,:" 8%$  !" *)(&"$ n ."  ,*/

 !" +,("*.,%* %8  !" 9%$%*%,  ".."''0 ,%*.1 @*+""+4 .,()'0 ,%*. .!%5  !0 5!"*

.#0 ,0' +"#"*+"*:" ,. .)A:,"* '7 . $%*/4  !"$" "3,. . 0 -0')" %8 n %# ,(,B,*/

 !" &,0.;-0$,0*:"  $0+";%C ,*  !" '%:0' $"#$"."* 0 ,-". .0(#'"1 D!,. %# ,(,B"+

,*8%$(0 ,%*;/0 !"$,*/ (03,(,B".  !" #%5"$ %8  !" 5"06 8%$()'0 ,%*. %8  !" 0*0';

7.,.1 @* "$". ,*/'74 5" 8%)*+  !0 0 *%-"' :$, "$,%* &0."+ %* 0 "* $%#7 ,*+"3 :%)'+

&" "3 $"("'7 "C": ,-" ,* 0##',:0 ,%*. 8%$ :!%%.,*/  !" -0')" %8 n. =  !"%$" ,:0'

. )+7 %*  !" :%**": ,%*. &" 5""* .#0 ,0' +"#"*+"*:" 0*+ +0 0 +,. $,&) ,%* %*

 !" %*" !0*+4 0*+  !" %# ,(0' +,("*.,%* n %8  !" 9%$%*%,  ".."''0 ,%*. %*  !"

% !"$4 ,. %8 #0$0(%)* ,(#%$ 0*:" 8%$ 0 +""#"$ )*+"$. 0*+,*/ %8  !"  !"%$" ,:0'

#$%#"$ ,". %8  !" 0'/%$, !(E , 5,'' &"  !" %&<": %8 8) )$" 5%$61

FGG



 !"#$%& '

 !"#$%&'($) $* +$,&# -.#."/$)(,

-(0. 1&''.%)2 *$% 3('4 1#&))()5

 ! "#$% &#'(")* +) ,)%-*$.) ' -'%) %"/,0 $! -$"0 (1'!!$!2

 

 !" # $%&'" () *&+

+(#("+,! $-  !( "-"'.#$# */ /&-, $*-"' )" " #0" $"''. )$# +$1& () *- " '"  $,(

!

2

3" " "+( %("#&+(# "'*-4  $%( 5(6(+. 78 %$-& (# /*+  9* 9((:#; */  !( &#( */

 !( <('(,*% %*1$'( 0!*-( -( 9*+: ",+*## " '"  $,( ,*6(+$-4  !( "+(" */ =$'"-

5> "'.;?  !(#( %("#&+(#@ -"%()  !"#$%@ +(/(+  *  !(  * "' -&%1(+ */ ,"''# )$"''()

1. %*1$'( 0!*-(# '*," () $- (",! 0"+ $,&'"+ #$ ( */  !( '"  $,(@ $- (",! ,*-#$)(+()

 $%( $- (+6"'2 A #&1#"%0'( */ +"-)*%'. #('(, ()  ('(0!*-$, 0"  (+-# $# #!*9- $-

B$4&+( 827C  !( %*# +('(6"- ,!"+", (+$# $, */  !(#( )" "@ "# $ $# (6$)(- /+*%

 !( 0$, &+(@ $#  !( 0+(#(-,( */ # +*-4 '*,"'$D() /(" &+(# '$:( 0(":#2 =*+(*6(+@

E+'"4 %("#&+(%(- # #!*9 " 4+(" 6"+$"1$'$ . ",+*## '*," $*-#C  !$# /", #((%#

-" &+"'@ #$-,( $-  !( #"%( '"  $,( "+( $-,'&)() 1* ! #$ (# +(/(++()  *  !( ,(- +( */

=$'"-@ "-) #$ (# +(/(++()  *  !( ,*&- +.#$)(2 <!( # +(-4! */ *&+ "-"'.#$# # "-)#

$- F-)$-4  !( %*# (G!"&# $6(@ "-) "  !( #"%(  $%( #.- !( $,@ )(#,+$0 $*- */

 !( #$4-"' ,*%0*-(- #@ "-) */  !($+ ", $*- 1* ! $-  $%( "-) #0",(2

<!( 4+(" ")6"- "4( $-  !( (G0'*$ " $*- */ E+'"-4 %("#&+(# $#  !"  !(. "+(

,*# '(## "-) /+(('. "6"$'"1'(  * "-. %*1$'( 0!*-( -( 9*+: 0+*6$)(+? -(6(+ !('(##@

 !( "-"'.#$# */ #&,! " :$-) */ )" " ,"- 4$6( $-#$4! *- )$H(+(- "#0(, # */  !(

&+1"- "+("  !(. "+( +(/(++()  *@ "-) ,"- 1( )(6('*0() 9$ ! 6"+$*&# #,*0(#C  !(

#(4%(- " $*- */  !( "+(" $- * )$# +$, # ,!"+", (+$D() 1. !*%*4(-(*&#  ('(0!*-$,

0"  (+-#?  !( $)(- $F," $*- */ " #( */ I+(/(+(-,( #$4-"'#J "1'(  * )(#,+$1(  !(

)$H(+(- 0"  (+-# */ & $'$D" $*- */  !( %*1$'( 0!*-( -( 9*+:?  !( )(#,+$0 $*- */

 !( $-K&(-,( */ (",!  ('(0!*-$, 0"  (+- $- (",! #$ ( */  !( '"  $,(@ 6$" 0+*L(, $*-

*/ +"9 )" " *-  !( #('(, () +(/(+(-,( #$4-"'#2

M( ,"- (G0(,  !" #0" $"' )(0(-)(-,( "%*-4 /&-, $*-"' )" "@ 9!(- ,"+(/&''.

(G0'*$ ()@ ,*&') !('0 1* ! $-  !( #(4%(- " $*- 0+*,()&+(@ "-) $-  !( $)(- $F,"N

 $*- */ +('(6"- /&-, $*-"' /(" &+(#2 M(  !&# 9"-  * 0(+/*+% " )" "O)+$6(- )$N

%(-#$*-"' +()&, $*- */ /&-, $*-"' )" " 9!$'( ",,*&- $-4 /*+ #0" $"' )(0(-)(-,(2

 

 !"! !#$ %&'#"$() &* +&,-$,./&,$ 0/ #/%$#%!  /12 3 4$5$%&6 7"!5/!8 2&5/"$%,/%& 0/ 9/5!,&

:7"!5);<

!

4=$ !,!5)(/( =!( >$$, %&,0'%"$0 /, %&55!>&#!"/&, ?/"= @!>/& 9!,*#$0/,/ !,0 2!&5& 4!A5/3

&5!"& *#&6  /B!#"/6$,"& 0/ 1#%=/"$""'#! $ 2/!,/C%!./&,$ : /12;8 2&5/"$%,/%& 0/ 9/5!,&<

7P7
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 !"#$% &'() * +,-./% 01 &2 $,340-/5 670+%3 8%/%.703!6 8!-% .,88%$3+'

90 87!+ ,!-: 87% ;,""!3" <0$030! ,/"0$!87- !4%, 6,3 =% %>./0!8%4) ,8 %,67 !8%$?

,8!03: , $,340- 8%++%//,8!03 01 87% ,$%, !+ "%3%$,8%4 ,34 /06,/ $%.$%+%38,8!@%+ 01

1#368!03,/ 4,8, ,$% 60-.#8%4' A!-%3+!03,/ $%4#68!03 !+ 87%3 ,67!%@%4 87$0#"7

87% !4%38!B6,8!03 01 $%/%@,38 ,34 !38%$.$%8,=/% =,+!+ 1#368!03+ C!3 87% 4%+6$!=%4

,../!6,8!03 D% D!// 603+!4%$ 8$%%/%8+: !'%': , 4,8,?4$!@%3 D,@%/%8+E: D!87 $%+.%68

80 87% 603+!4%$%4 /06,/ $%.$%+%38,8!@%+ +,-./%'  !3,//5: 8$%%/%8 =,+%+ .$0@!4%4

=5 4!F%$%38 !8%$,8!03+ ,$% .00/%4 ,34 $%0$4%$%4 C@!, , .$0.%$ =,+%+ -,867!3"

.$06%4#$%E 80 0=8,!3 , =%88%$ %+8!-,8% 01 87% B3,/ $%1%$%36% =,+!+'

97% G7,.8%$ !+ +8$#68#$%4 ,+ 10//0D+' H3 I%68!03 &'(: 87% "%3%$,/ .,$,4!"-

!38$04#6%4 !3 G7,.8%$ J 10$ 87% .$0=/%- 01 6/#+8%$!3" +.,8!,//5 4%.%34%38 1#36?

8!03,/ 4,8, !+ "%3%$,/!K%4 80 87% +60.%+ 01 87% .$%+%38 ,3,/5+!+ C4!-%3+!03,/ $%4#6?

8!03E' H3 I%68!03 &'L 87% 4,8,M4$!@%3 +8$,8%"5 10$ 4!-%3+!03,/ $%4#68!03: =,+%4

03 8$%%/%8 4%60-.0+!8!03: !+ =$!%N5 4%+6$!=%4' 97% =,+!+ -,867!3" .$06%4#$%

,40.8%4 80 ,/!"3 87% B B3,/ =,+%+ 0=8,!3%4 @!, ;,""!3" <0$030! !+ 4%8,!/%4 !3

I%68!03 &'O'  !3,//5: I%68!03 &'J +#-+ #. 87% ,40.8%4 +8$,8%"5 10$ 87% ,3,/5+!+ 01

8%/%.703!6 8!-% .,88%$3+: ,34 I%68!03 &'& !+ 4%@08%4 80 87% 4%8,!/%4 4%+6$!.8!03

01 87% 6,+% +8#45'

 !" #$%& '())*+) ,%$%+%* -.(//*01$/ 2% ( )1+1$(. '()3

)*+) ,%$%+%* /2$(21)4

97% ,++#-.8!03 01 , /,8%38 B%/4 01 /,=%/+ Λ0 : S0 → {1, . . . , L} =%!3" ,++06!,8%4
80 %,67 +!8% 01 87% /,88!6% S0 !+ 308 .$0.%$ 10$ 87% 603+!4%$%4 ,../!6,8!03' H34%%4:
!3 87% 603+!4%$%4 6!85 ./,33!3" ,../!6,8!03: 87% 60-./%>!85 01 87% 603+!4%$%4

,$%,: ,34 87% .%6#/!,$!8!%+ 01 +0-% +!8%+ D!87 $%+.%68 80 87% 087%$+ !3 8%$-+ 01

(2L



 !" #$%"&'"( %)*+,-. ,&" %# !)*!  !, , %"*/"+ , )#+ #0  !" &"*)#+ 0,)-%  # *)'"

)+ "&1&" ,$-" &"%2- %3 4" )+% ",( 1&"0"&  #  !)+5  #  !" #$%"&'"( 02+6 )#+,- %)*+,-

,%  !" &"%2- #0  !" 6#/$)+, )#+ #0 ()7"&"+ $,%)% 02+6 )#+%. 8!#%" 6#+ &)$2 )#+

 #  !" #$%"&'"( (, 2/ )% ()7"&"+ )+ ",6! %) "9 /#&"#'"&. 8" )//,*)+"  !" 6#+:
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 ,5)+* )+ # ,66#2+ ,-%#  !" %1, ),- ("1"+("+6" 8!)6! )% )+ &)+%)6 )+  !" %1,:
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0#& ,-- j = 1, . . . , J 3 4" &"/,&5  !,  &"-"" % ,&" '"&; 6-#%"  # 8,'"-" %. "'"+

 !#2*!  !"; ,&" +# , 8,'"-"  &,%0#&/9 )+(""(. )+  &""-" % 6#/12 , )#+.  !"

VWQ



 !"#$#% !&&'(!)* +, -+.#/  +%* &'+0)+&!$ )(-&(0#0%, !0!$1,+,2  *+)* +, *+#'!'3
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'#&'#,#0%!%+"#, +, /#,)'+6#/ (0 ! <0# #=5+,&!)#/ 7'+/ (4 )(--(0 !6,)+,,! &(+0%,

t = {tj}Jj=1 "+! ! &'(&#' #"!$5!%+(0 6!,+, >,## ?!-,!1 !0/ @+$"#'-!0 4(' /#%!+$,

ABCDE8
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F% #!)* $#"#$ (4 %*# %'##2 %*# -(,% ,+-+$!' "!'+!6$#, !'# 7'(5&#/ %(7#%*#' !0/

'#&$!)#/ 61 ! )(!',#G7'!+0#/  !" #$%&$'()2 !0/ 61 ! '#,+/5!$ *&+)%),-) #$%&$'()8
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/+-#0,+(0,8 I+J#'#0)# "!'+!6$#, !'# %*#0 ,%('#/2 !0/ (0$1 ,5- "!'+!6$#, !'#

&'()#,,#/ !% *+7*#' $#"#$, (4 %*# %'##8

K('# &'#)+,#$12 %*# !$7('+%*- +, +0+%+!$+L#/  +%* ! I+'!) 6!,+, B0 = [φ0,1|φ0,2|
· · · |φ0,J ]2  *#'# B0 +, %*# +/#0%+%1 -!%'+. +0 R

J
2!0/  +%* %*# ,#% (4 ('+7+0!$

"!'+!6$#, X
(0) := X8 9# /#0(%#  +%* X %*# /#,+70 -!%'+. (4 (5' 450)%+(0!$

,!-&$# χ1, . . . , χn /#,)'+6#/  +%* %*# #"!$5!%+(0 6!,+,M *#0)#2 Xij = χi(tj)2 4('
i = 1, . . . , n !0/ j = 1, . . . , J 8 9# )!0 !$,( +0/+)!%# %*# /#,+70 -!%'+. X  +%*

%*# 4($$( +07 0(%!%+(0 X = [X1| · · · |XJ ]2 +8#8 Xj ∈ R
n
4(' j = 1, . . . , J +, %*#

"#)%(' +0)$5/+07 %*# "!$5#, !,,5-#/ 61 %*# j3%* "!'+!6$# +0 %*# ,!-&$#2 !0/  #
)!0 +0/+)!%#  +%* x(0) = (s0,1, . . . , s0,J)

T
2  *#'# s0,j = tj 4(' j = 1, . . . , J %*# ,#%

(4 ('+7+0!$ "!'+!6$#,8 9# !$,( /#0(%#  +%* Σ̂(0) ∈ R
J×J

%*# ,!-&$# )("!'+!0)#

-!%'+.8 H*# +0+%+!$ ,#% (4 ,5- "!'+!6$#, +, J (0) = {1, . . . , J}8 N+0!$$12 ! ,+-+$!'+%1
-#!,5'# d̃ : Rn × R

n → R
+
6#% ##0 "!'+!6$#, +, )*(,#0 %( 7+"# %*# ,+-+$!'+%1

-!%'+. M̂ (0) ∈ R
J×J

2  *(,# #$#-#0%, !'# ,5)* %*!%

{M̂ (0)}ij = d̃(Xi,Xj), i, j = 1, . . . , J.

H*#02 %*# 4($$( +07 ,%#&, !'# '#&#!%#/ 4(' l = 1, . . . , LO

C8  !"# $%& $'( )(*$ *!)!+,- *.) /,-!,0+&* ,11(-#!"2 $( $%& *!)!3

+,-!$4 ),$-!5 M̂(l−1)
8 P#%

(αl, βl) = argmax
i,j∈J

M̂
(l−1)
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 +%* i < j2 !0/  *#'# -!.+-+L!%+(0 +, &#'4('-#/ (0$1 ("#' &!+', (4 ,5-
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'()#) c = cos(θl) s = sin(θl) $*+ θl ,- $ #".$.,"* $*/%) -01( .($. |θl| ≤ π/4

$*+ Σ̂
(l)

αlβl = Σ̂
(l)

βlαl = 0 2),*/ Σ̂(l) = RT
l Σ̂

(l−1)Rl& 3(,- .#$*-!"#4$.,"*

1"##)-5"*+- ." $ 1($*/) "! 2$-,- Bl = Bl−1Rl ." $ *)' +)-,/* 4$.#,6

X
(l) = X

(l−1)Rl $*+ ." $ 1($*/) "! 1""#+,*$.)- x(l) = RT
l x

(l−1)
& 75+$.)

.() -,4,%$#,.8 4$.#,6 M̂ (l)
." 2) .() "*) $--"1,$.)+ ." X

(l)
&

9&  !"#$%&'()"!#$)* +*+",($(& :--04) .($. .() ,*+,1)- αl
$*+ βl #)-5)1;

.,<)%8 1"##)-5"*+ ." .() =#-. $*+ -)1"*+ 5#,*1,5$% 1"45"*)*.- ,&)& ')

$--04) Σ̂
(l)

αlαl ≥ Σ̂
(l)

βlβl & >)=*) .() -04 $*+ +,?)#)*1) <$#,$2%)- $. %)<)% l 

sl $*+ dl $- .() αl
;.( $*+ βl;.( )%)4)*. "! .() <)1."# x(l)

 #)-5)1.,<)%8@
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∑
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∑
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diψi,
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1, . . . ,g

b
n}2 &1+.3+)&% !" +
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+.(!'$)*, $# $")'!%30&%2 9*$0* *+# )*& +$, !/ +(('&(+)$"( #&)# !/ 5+#$# /3"0)$!"#
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1 , . . . , ψ̃
[0]

J−1}5 $,*!) #(' $6$"%$-%' 1*$+0' -$0'07 8('!5 "#'+$#' 9!#"%

1*!6'+)'!1' #(' 2*%%*:"!) #:* -$0"1 0#';0 <1*!0"/'+ #(' l4#( "#'+$#"*!=>

?7  !"#$%&$' ('&)* @*+ '$1( -$0"0 3!/ #(' -'0# ,$#1("!)5 -. ;'+,9#$#"*!

*2 #(' 1*,;*!'!#05 #* #(' +'2'+'!1' -$0"0 {ψ̃[l−1]

1 , . . . , ψ̃[l−1]

J−1} $11*+/"!) #*

#(' ,'$09+' d̃(·, ·)7 A'!1'5 ∀ b = 1, . . . , B $ ;'+,9#$#"*! {kb,[l]1 , . . . , kb,[l]J−1}
"! #(' *+/'+ *2 -$0"0 29!1#"*!0 {ψb

k
b,[l]
1

, . . . , ψb

k
b,[l]
J−1

} "0 2*9!/ 091( #($# #('

/"0#$!1' #* #(' +'2'+'!1' -$0"0 $# #(' l4#( "#'+$#"*! "0 ,"!","&'/B

C7 +('"%,'"-$ ('&)* D$%19%$#' #(' 29!1#"*!$% ,'/"$! *2 #(' B +'*+/'+'/

-$0'0 $11*+/"!) #* #(' ,'$09+' d̃(·, ·)5 #(90 *-#$"!"!) $ +'2'+'!1' -$0"07

A'!1'5 #(' j4#( -$0"0 29!1#"*! "! #(' +'2'+'!1' -$0"0 $# #(' l4#( "#'+$#"*!5

ψ̃[l]

j 5 2*+ j = 1, . . . , J − 15 "0 "/'!#"2."'/ $0

ψ̃[l]

j = argmin
ϕ∈E

B
∑

b=1

d(ψb

k
b,[l]
j

, ϕ).

 ! #(' 0;'1"31 1$0'5 E ≡ L1(T ;RJ)5 d "0 #(' !$#9+$% !*+, "! #("0 0;$1'5

$!/ #(90 #(' 29!1#"*!$% ,'/"$! 1$! -' '0#",$#'/ $0 #(' ;*"!#E:"0' ,'/"$!

*2 #(' j4#( '%','!#0 *2 $%% #(' B -$0'05 $%")!'/ $# #(' 19++'!# $%")!,'!#

0#';7

8(' $%)*+"#(, "0 0#*;;'/ :('! #(' ;'+,9#$#"*! *2 #(' -$0"0 29!1#"*!0 "0 1*!0#$!#

"! #:* 09-0'F9'!# "#'+$#"*!0 2*+ $%% -$0'0 <!* 1($!)' "! #(' ,$#1("!)=7  2 #('

;'+,9#$#"*! "! #(' *+/'+ *2 -$0"0 '%','!#0 "! #(' $%")!,'!# 0#'; +',$"!0 0#$-%'

"! #:* 09-0'F9'!# +9!0 2*+ $%% -$0'05 "7'75 2*+ 0*,' l̄ :' ($6' kb,[l̄−1]

j ≡ kb,[l̄]j 2*+

$%% b = 1, . . . , B $!/ j = 1, . . . , J − 15 #(' 3!$% +'2'+'!1' -$0"0 "0 "/'!#"3.'/ $0

{ψ̃1, . . . , ψ̃J−1} ≡ {ψ̃[l̄]

1 , . . . , ψ̃
[l̄]

J−1}7

 !" # $%&%'() *'+,%-.'% /+' -%0%,01&$ '%)%2(&0 /.&,3

01+&() *(00%'&4 1& *'%4%&,% +/ ( 4*(01() -%*%&-%&,%

G' 1$! !*: )"6' #(' 3!$% ;+*1'/9+' 2*+ /'#'1#"!) $ ;+*;'+ /",'!0"*!$% +'/91#"*!

*2 29!1#"*!$% /$#$ "!/'H'/ -. $ %$##"1'7 8(' ;0'9/*1*/' 01(',' *2 #(' ;+*;*0'/

;+*1'/9+' "0 0I'#1('/ -'%*:7

?JK



 !"#$%&'() *+""%," -#$#,#% ./,0&%#,+! *+121)

*##&1&$+34

 !"#"$%"&' B( n) *+,,-' $ .'#/"0 d(·, ·) 1,/ 0,.23#"!4 #+' #'--'%%$#",!)

 !" b := 1 #! B $!

%#&' () 4'!'/$#' $ /$!5,. 6,/,!," #'--'%%$#",! ,1 #+' %$##"0'( ")')( "-,%$#'

!'"4+7,3/"!4 4/,32- ,1 5$#$( #, 0$2#3/' 2,#'!#"$% -2$#"$% 5'2'!5'!0'8

%#&' *) "5'!#"19 $ %,0$% /'2/'-'!#$#":' 1,/ '$0+ '%'.'!# ,1 #+' #'--'%;

%$#",! #, -3. 32 %,0$% "!1,/.$#",!< !'"4+7,3/"!4 5$#$ $/' .,-# %"='%9

5/$>! 1/,. #+' -$.' 13!0#",!$% 5"-#/"73#",!8

%#&' +) 2'/1,/. 13!0#",!$% 5".'!-",!$% /'530#",! ,1 %,0$% /'2/'-'!;

#$#":'- #, -'%'0# /'%':$!# 13!0#",!$% 1'$#3/'- "! #+' 5$#$ :"$ $ 2/,2'/

13!0#",!$% 7$-"-)

&,$  !"

 ""$2"+&%#,4

• - 5".'!-",!$% /'530#",! "- 5$#$?5/":'! $!

2'/1,/. ./%&% 0/#12-,3 :"$ @;.'5"$! 7$-'- $%"4!.'!# $%4,;

/"#+.( $00,/5"!4 #, $ 2/,2'/ -'."?.'#/"0 d̃< .$#0+ #+' 7$-"-

13!0#",!- $%,!4 7,,#-#/$2 /'2%"0$#",!-( #, ,7#$"! $ A!$% /'1'/'!0'

7$-"-)

&4%&

0,.23#' $ "& &"&,1& ./%-% 79 $:'/$4"!4 0,//'-2,!5"!4 7$-"-

13!0#",!- $%,!4 7,,#-#/$2 /'2%"0$#",!-)

• 2/,B'0# #+' >+,%' 13!0#",!$% 5$#$-'# ,! #+' /'1'/'!0' 7$-"-( #, ,7#$"!

%'/#-/4 %1!"&% 0/'%)

C+"- 2/,0'53/' $%%,>- #, 4$"! #>, A!$% /'-3%#-<

• $ /'1'/'!0' 7$-"- >+"0+ 'D2%$"!- /'%':$!# 13!0#",!$% 2$##'/!- 2/'-'!# "! #+'

5$#$-'#( >+"%' $%-, $00,3!#"!4 1,/ -2$#"$% 5'2'!5'!0'8

• $ -'# ,1 .$2-( ,!' 1,/ '$0+ /'1'/'!0' 7$-"- 13!0#",!( 4":"!4 #+' "!E3'!0'

,1 '$0+ 13!0#",!$% 2$##'/! "! '$0+ -"#' ,1 #+' %$##"0'( 79 2/,B'0#",! ,1 /$>

5$#$ ,! 7$-"- 13!0#",!-)

F,#' #+$# ,!%9 p < J − 1 7$-"- 13!0#",!- "! #+' /'1'/'!0' 7$-"- $/' A!$%%9

-'%'0#'5< #+' ,!'- >+"0+( $00,/5"!4 #, $ 4/$2+"0$% "!-2'0#",!( $/' 'D2%$"!"!4 "!;

#'/2/'#$7%' 1'$#3/'- "! #'/.- ,1 !'#>,/= 3-'/ 7'+$:",3/) G,/',:'/( #+"- 4/$2+"0$%

-'%'0#",! 0$! 7' ':$%3$#'5 $!5 -#/'!4#+'!'5 79 0,!-"5'/"!4 #+' -0,/'- :$/"$!0'<

,!%9 #/''%'#- >+,-' $--,0"$#'5 -0,/'- :'0#,/ +$- :$/"$!0' +"4+'/ #+$! $ 4":'!

#+/'-+,%5 >"%% 7' 0,!-"5'/'5)  ! ,3/ $22%"0$#",!( ,!%9 #/''%'#- 0+$/$0#'/"&'5 79

+"4+ :$/"$!0' -0,/'- :'0#,/- +$5 $ 2/'##9 !'$# "!#'/2/'#$#",!( $!5 >+'/' #+'/'1,/'

"!0%35'5 "! #+' $!$%9-"-)

@HI



 !"#$% &'() *+, -. /0% "%-"$+,0!1+2 $%"!-3 !3 40!10 /0% 2+//!1% -. 5$2+3" 6%+7#$%7

#7%8 !3 /0% +3+297!7 -. *!2+3 6%/$-,-2!/+3 +$%+ !7 2-1+/%8 :2%./ ,+3%2;< +38 + =--6

-3 *!2+3 #$>+3 +$%+ 1-37!8%$%8 !3 7#>7%1/!-3 &'&'( :$!"0/ ,+3%2;< >-/0 ->/+!3%8

?!+  !!"#$$%&"'()**)+,(-*%

 ! "#$% $&'()* &+% #,#-)$.$ /0 -/1#- &%-%2+/,.1 &.3%

2#&&%4,$

@3 /0!7 2+7/ 7%1/!-3< 4% 8%71$!>% /0% 1+7% 7/#89 40!10 6-/!?+/%8 /0% "%3%$+2!=+/!-3

-. /0% A+""!3" B-$-3-! 7/$+/%"9 /- 8!6%37!-3+2 $%8#1/!-3 ,#$,-7%7' C!6 -. /0%

,$%7%3/ 7/#89 !7 /- "+!3 !37!"0/ -3 /0% #$>+3 7/$#1/#$% -. + 1!/9 :*!2+3;< +38

/0#7 /- ,%$.-$6 + 1!/9 ,2+33!3" +3+297!7 -. /0% 1!/9 !/7%2.< /0$-#"0 /0% +3+297!7

-. 6->!2% ,0-3% /$+D1 ,+//%$37 +2-3" /!6%' @3 ,+$/!1#2+$< 4% 1-37!8%$ 6%+7#$%7

+2-3" /!6% -. /0% /-/+2 6!3#/%7 -. 1+227 8!+22%8 !3 E%2%1-6 6->!2% ,0-3%7 3%/4-$F

%?%$9 G#+$/%$ -. 0-#$< -3 %+10 7!/% -. + 2+//!1% 1-?%$!3" /0% 40-2% +$%+ -. *!2+3

:@/+29;' E0% 71-,%7 -. /0% +3+297!7 +$% ?+$!-#7) 7,+/!+2 7%"6%3/+/!-3< .#31/!-3+2

8!6%37!-3+2 $%8#1/!-3< +38 /0% 8%/%1/!-3 -. /0% %H%1/ -. %+10 .#31/!-3+2 ,+//%$3

-3 /0% 7,+/!+2 8!7/$!>#/!-3 -. /0% 7!"3+2< /- !8%3/!.9 8!7/$!1/7 10+$+1/%$!=%8 >9 +

0-6-"%3%-#7 /%2%,0-3!1 ,+//%$3'

 ! !" #$%&'()( *+ ,)&%$ ,-./*0*&).%$ #/-%

@3 /0!7 I$7/ ,+$/ -. /0% +3+297!7< 4% 1-37!8%$ 8+/+ -3 + 2+//!1% S0 1-6,-7%8 >9
N0 = |S0| = 65450 7!/%7< 275 !3 /0% JK5 8!$%1/!-3 +38 238 !3 /0% LKM 8!$%1/!-3N
/0% 7!/% sNW < 40!10 !7 2-1+/%8 !3 /0% %O/$%6% LKJ ,-7!/!-3< 0+7 "%-"$+,0!1

1--$8!3+/%7 (45.7333◦ N, 8.83455◦ E)< +38 /0% 8!6%37!-3 -. %+10 7!/% !3 S0 !7
308.96 6%/$%7 JK5 +38 231.72 6%/$%7 LKM :40!10 6%+37 + /-/+2 +$%+ 1-?%$%8 >9
/0% 2+//!1% -. 84.96× 55.15 F6 P JK5 × LKM;' C 6+, -. /0% "%-"$+,0!1+2 $%"!-3

1-7!8%$%8 !3 /0% +3+297!7< !3 40!10 7!/%7 -. /0% 2+//!1% S0 +$% 2-1+/%8< !7 70-43 !3
 !"#$% &'( :2%./ ,+3%2;'

@3 %+10 7!/% -. /0!7 2+//!1%< %?%$9 G#+$/%$ -. 0-#$ + G#+3/!/9 3+6%8  !"#$%

!7 $%1-$8%8 .$-6 *+$10 18th< (QQR< QQ)S& +6< /!22 *+$10 31st< (QQR< (T)U& ,6
:.$-6 3-4 -3< 4% 4!22 1+22 T /0!7 /!6% !3/%$?+2;' 5$2+3" !7 + 6%+7#$% -. /0% /-/+2

SQR



0 50 100 150 200

0
5

1
0

1
5

2
0

2
5

Local representatives of telephonic time patterns
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