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n(N,A,u)
N

A = A1 × ⋯ × An Ai

i a = (a1, . . . , an) ∈ A
u = (u1, . . . , un) ui ∶ A ↦ R

i

C D
c
d

c d
C D

(N,A,V, T, ι,ρ,χ,u)
N i ∈ N
A Ai ⊆ A

i a ∈ A



V Vi ⊆ V
i

T w ∈ V ∪ T
w0

ι ∶ V → N

ρ ∶ V → ℘(A) ι(w)
w

χ ∶ V ×A→ V ∪T
w a

w

u = (u1, . . . , un)
ui ∶ T → R

L1 R1

L2 R2

l1 r1

1.1

1.2

2.1

1 1

1 1

1 1 0 0

i.j j i
L1,R1,L2,R2 l1, r1

L1 R1L2 R1R2



Vi,h

i h
h

h

(N,A,V, T, ι,ρ,χ,
u,H)

(N,A,V, T, ι,ρ,χ,u)

H = (H1, . . . ,Hn) Vi = ⋃h∈Hi
Vi,h

w,w′ ∈ Vi,h ρ(w) = ρ(w′)
ρ(h) ρ(w)

w ∈ Vi,h

Vi,h



σ = (σ1, . . . ,σ∣N ∣)
σi i σi(a)

a ∈ Ai σi

h ∈Hi

ρ(h) ∑a∈ρ(h) σi(a) = 1

l1 r1
L1 1,1 1,1
R1 1,1 1,1

L2

l1 r1
L1 1,1 1,1
R1 1,1 0,0

R2

σ1 =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

σ1(L1) = 1.0
σ1(R1) = 0.0
σ1(L2) = 0.0
σ1(R2) = 1.0

σ2 =
⎧⎪⎪⎨⎪⎪⎩
σ2(l1) = 0.8
σ2(r1) = 0.2

i p ∈ Pi

Pi ⊆ P i P
a ∈ Ai

h ∈ Hi

π = (π1, . . . ,π∣N ∣) πi i
πi(p) p ∈ Pi



∑p∈Pi
πi(p) = 1 i

Ui

1
h = 1.1

h = 1.2 R1L2

l1 r1
L1L2 1,1 1,1
L1R2 1,1 1,1
R1L2 1,1 1,1
R1R2 1,1 0,0

π1 =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

π1(L1L2) = 0.5
π1(L1R2) = 0.0
π1(R1L2) = 0.0
π1(R1R2) = 0.5

π2 =
⎧⎪⎪⎨⎪⎪⎩
π2(l1) = 0.8
π2(r1) = 0.2

l1 r1
L1∗ 1,1 1,1
R1L2 1,1 1,1
R1R2 1,1 0,0

π1 =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
π1(L1∗) = 0.5
π1(R1R2) = 0.0
π1(R1R2) = 0.5

π2 =
⎧⎪⎪⎨⎪⎪⎩
π2(l1) = 1.0
π2(r1) = 0.0



q ∈ Qi i
a ∈ Ai Qi ⊆ Q

i Q
q = L1

q = R1

q∅
q ∈ Qi

h ∈ Hi q′
q q′ = q∣a q′

a ∈ ρ(h)
x = [x1, . . . ,x∣N ∣] xi i

xi(q) q ∈ Qi

h ∈ Hi

xi(q) q h
xi(q′) q′ q h

xi(q) = ∑a∈ρ(h)∶q∣a∈Q xi(q∣a) h ∈ Hi

Fi ⋅ xi = fi Fi

fi{−1,0,1} i xi

vi vi,h vi,h
i h

ι(h) = i i
Ui

q ∈ Qi a ∈ Ai



q∅ l1 r1
q∅
L1 1,1
R1

R1L2 1,1
R1R2 1,1 0,0

x1 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0
1
1
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
x2 =

⎡⎢⎢⎢⎢⎣
1
1
0

⎤⎥⎥⎥⎥⎦

F1 ⋅ x1 = f1 F2 ⋅ x2 = f2
F1 =

⎡⎢⎢⎢⎢⎣
−1 0 −0 0 0−1 1 −1 0 0
0 0 −1 1 1

⎤⎥⎥⎥⎥⎦ , f1 =
⎡⎢⎢⎢⎢⎣

1
0
0

⎤⎥⎥⎥⎥⎦
F2 = [ −1 0 0−1 1 1

] , f2 = [ 1
0
]

a ∈ A q ∈ Q a(q)
q q(a) a

σi(a) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
xi(q∣a)
xi(q) xi(q)

xi

πi

xi

σi

h ∈ Hi q ∈ Qi

h σi(a) a ∈ ρ(h)
q′ = q∣a σi(a(q′)) = xi(q′)

xi(q) xi(q) > 0

σi

πi



σi

πi(p) = ∏
a∈p∶p∈P

σi(a) ∀p ∈ Pi

xi(q) = ∏
a∈q∶q∈Q

σi(a) ∀q ∈ Qi

πi

σi(a) = ∑
p∈P ∶a∈p

πi(p)
πi

xi(q∣a) = ∑
p∈P ∶a∈p

πi(p)



li(a, ϵ) >
0 a ∈ Ai

lim
ϵ→0

li(a, ϵ) = 0 ϵ li(ϵ)
i

σ(ϵ)
σ σi(a, ϵ) ≥ li(a, ϵ) a ∈ Ai

lim
ϵ→0

σ(ϵ) = σ

li(q, ϵ) > 0
q ∈ Qi lim

ϵ→0
li(q, ϵ) = 0 ϵ

x(ϵ) x
xi(q, ϵ) ≥ li(q, ϵ) a ∈ Qi lim

ϵ→0
x(ϵ) = x

Θ =
Θ1 ×⋯Θ∣N ∣ θ
Θi i

Θ−i i

ui = ui(θ,σi,σ−i) θ ∈ Θi

ui = ui(θ, θ′,σi,σ−i) θ ∈ Θi θ′ ∈ Θ−i



θ ∈ Θi

Λθ λ Λi

i θ ∈ Θi

ωi,θ ∑θ∈Θi
ωi,θ = 1 λ ∈ Λθ

ωi,θ,λ∑λ∈Λθ
ωi,θ,λ = ωi,θ

λ
λ ∈ Λθ λ ⟨i, θ,λ⟩

θ
θ ∈ Θi θ ⟨i, θ⟩

σλ

λ
θ ∈ Θi σθ = ∑λ∈Λθ

σλ ⋅ ωλ

i σi = ∑θ∈Θi
σθ ⋅ ωθ

λ
i σ̂−iλ−i λ

λ i

σ̂θ
λ θ ∈ Θ−i

ω̂θ
λ ωθ



θ1.1, θ1.2, θ1.3
ω1.1,ω1.2,ω1.3 ω1.1 + ω1.2 + ω1.3 = 1

λ1.1.1,λ1.1.2 θ1.1 ω1.1.1 + ω1.1.2 = ω1.1

λ1.2.1 θ1.2 ω1.2.1 = ω1.2

λ1.3.1 θ1.3 ω1.3.1 = ω1.3

i π−i =(π1, . . . ,πi−1,πi+1, . . . ,πn)
i π = (πi,π−i)

i
π−i π∗i Ui(π∗i ,π−i) ≥ Ui(πi,π−i)

πi

π = (π1, . . . ,
πn) i πi

π−i



w ∈ Vi,h

Vi,h

µi = (µi(1), . . . , µi(w)) w ∈ Vi,h h ∈ Hi

i µi(w) i
w ∈ Vi,h h

µi ∑w∈Vi,h
µi(w) = 1

h ∈ Hi µ = (µ1, . . . ,µ∣N ∣)(µ,σ)

(µ,σ)
σi

µi

µi

σ−i



µ σ
σ(ϵ) σ µ(ϵ)

σ(ϵ) lim
ϵ→0

µ(ϵ) = µ

(σ1(L1) = 1,σ1(L2) = 1,σ2(l1) =
1), (σ1(L1) = 1,σ1(R2) = 1,σ2(l1) = 1), (σ1(R1) = 1,σ1(L2) =
1,σ2(l1) = 1), (σ1(R1) = 1,σ1(R2) = 1,σ2(l1) = 1)

π π(ϵ)
π πi(p, ϵ) ≥ li(p, ϵ) πi π−i(ϵ)

ϵ ≤ ϵ ϵ > 0
li(ϵ)

σ
σ(ϵ) σ

σi,a(ϵ) ≥ li(a, ϵ) σi σ−i(ϵ)
ϵ ≤ ϵ ϵ > 0

li(ϵ)

xi(ϵ) xi(q, ϵ)



q ∈ Qi li(ϵk) ϵk

li(ϵ)
q, q′ ∈ Qi q′ q

k li(q′, ϵk)
k li(q, ϵk)

σ σ(ϵ)
σ σi(a, ϵ) ≥ li(a, ϵ) σi σ(ϵ)

ϵ ≤ ϵ ϵ > 0
σi

σ−i(ϵ) σi(ϵ)
li(ϵ)

(σ1(L1) =
1,σ1(L2) = 1,σ2(l1) = 1), (σ1(R1) = 1,σ1(L2) = 1,σ2(l1) = 1)(σ1(R1) = 1,σ1(R2) = 1,σ2(l1) = 1)

σ2(l1, ϵ)
R2 σ2(l1, ϵ) < 1

L2(σ1(L1) = 1,σ1(L2) = 1,σ2(l1) = 1)
σ1(L2, ϵ)

R1 σ1(L2, ϵ) < 1
L1

li(q, ϵk)
q xi(ϵk) xi(q, ϵk)



a, a′ i
a li(a, ϵ) ≤ ϵ ⋅ li(a′, ϵ)

R r W w(σ1(O) = 1,σ1(R) = 1,σ2(m) = 1,σ2(r) = 1), (σ1(M) =
1,σ1(R) = 1,σ2(o) = 1,σ2(r) = 1) (σ1(M) =
1,σ1(R) = 1,σ2(m) = 1,σ2(r) = 1)



O M

o m

om

1
2

1
2

r wr w R W R W

1.1

2.1

2.2 1.2

N

1
2

σ̂−i i
σ−i

σ̂i ∑a∈ρ(h) σ̂i(a) = 1
h ∈Hi σ̂ = (σ̂1, . . . , σ̂∣N ∣)

(σ, σ̂)
i σi σ̂−i
i σ̂−i σi

(σ, σ̂) σ
σ̂ σ̂



PNP

NP

FP

P FNP
R ⊆ Σ∗ × Σ∗

p
x y (x, y) ∈ R ∣y∣ ≤ p(∣x∣)

R x ∈ Σ∗
y ∈ Σ∗ (x, y) ∈ R yFNP FPFNP

T FNPFNP FP FP ⊆ T FNP ⊆FNP
R T FNP

T FNP PLS PPAPPP PPAD

PPAD



PPAD

PPAD

≠
Π PPAD I

S(I) ∣I ∣
I Π
x0 ∈ S(I)

I, x x ∈ S(I)
succI(x) ∈ S(I) predI(x) ∈ S(I)

predI(x0) = x0 succI(x0) ≠ x0 predI(succI(x0))= x0

G = (S(I),E)
E = {u, v∣u ≠ v, succI(u) = v, predI = u}

I G x0+ = 1
PPAD

S P n
S(P (0n)) ≠ 0n = P (S(0n)) x ∈ {0,1}n
P (S(x)) ≠ x S(P (x)) ≠ x ≠ 0n

PPAD



G (N,S,X,P,R,γ)
S s ∈ S N

i ∈ N X
Xi,s ⊆ X i

s xi ∈ Xi,s i P
ps,s′ ∶ ×i∈NXi,s → [0,1]

s s′ R
rs ∶ ×i∈NXi,s → R

γ ∈ (0,1)
1

us s ∈ S 1 −us

2 us

us(x1,x2) = rs(x1,s, x2,s) + ∑s′ ps,s′(x1,s, x2,s) ⋅ us′(x1,x2)
xi i xi,s

i s (N,S,X,P,R,
γ) Xi,s

ps,s′ rs

s ps,s′ x1 ∈X1,s

x2 ∈X2,s i s
cs

S S = S1 ∪ S2 Si cs = i
ps,s′(xcs) = ∑m

k=0 ps,s′,k ⋅(xcs)k rs(x1, x2) = ∑m
k=0∑m

j=0 rs,k,j ⋅ (x1)k ⋅ (x2)j m
ps,s′,k rs,k,j ∈ R

(σ1,σ2) σi,s
i s
Xi,s(σ∗1,σ∗2)

us



−us s

ϵ(σ1,σ2) ϵ us −us

s ϵ
ϵ ϵ = 0

ϵ
ϵ

Φi φi(a)
Φi a πi(a) = φi(a)∣Φi∣

a πi

ϵ
π′i πi

π′i

πi



π′i ϵπ′i ∈ (0,1)
ui(πi, ϵπ

′
i + (1 − ϵ)πi) > ui(π′i, ϵπ′i + (1 − ϵ)πi)

ϵ ∈ (0, ϵπ′i)

π1(p, t + 1) = π1(p, t) ⋅ eTp ⋅U1 ⋅π2(t)
πT

1 (t) ⋅U1 ⋅π2(t)
π2(p, t + 1) = π2(p, t) ⋅ πT

1 (t) ⋅U2 ⋅ ep
πT

1 (t) ⋅U2 ⋅π2(t)

π̇1(p) = π1(p) ⋅ [(ep −π1)T ⋅U1 ⋅π2]
π̇2(p) = π2(p) ⋅ [πT

1 ⋅U2 ⋅ (ep −π2)]
ep p

Q

Q Qt+1(s, a) a
s t + 1 Qt(s′, a′) s′

a s a′ s′



Qt+1(s, a) = (1 − α)Qt(s, a) + α(r(s, a) + γmax
a′ Qt(s′, a′)) ,

r(s, a) s
a α γ

Qt(s, a) ∈ [mins′,a′ r(s′, a′)
1 − γ ,

maxs′,a′ r(s′, a′)
1 − γ ] ∀s ∈ S, a ∈ A.

Q
Q

Qt+1(p) = (1 − α)Qt(p) + α(r(p) + γmax
p′ Qt(p′)),

r(p) p Ui(p, p−i)
p−i

Qt(p) ∈ [minπ Ui(π)
1 − γ ,

maxπ Ui(π)
1 − γ ] ∀p ∈ P.

πi(p, t) = eτQt(p)
∑p′∈Pi

eτQt(p′) ,

τ Q

τ
T



π̇1(p, t) = ατπ1(p, t) ⋅ [(ep −π1(t))T ⋅U1 ⋅π2(t)]
+ απ1(p, t) ⋅ ∑

p′∈P1

π1(p′, t) log(π1(p′, t)
π1(p, t) )

π̇2(p, t) = ατπ2(p, t) ⋅ [π1(t)T ⋅U2 ⋅ (ep −π2(t))]
+ απ2(p, t) ⋅ ∑

p′∈P2

π2(p′, t) log(π2(p′, t)
π2(p, t) ) ,

ατπi(p, t)⋅[(ep−πi(t))T ⋅Ui⋅π−i(t)]
απi(p, t) ⋅∑p′∈Pi

πi(p′, t) log(πi(p′, t)
πi(p, t) )





P FNP

PPAD



NPNP
NP



PPAD

PPAD

P

P

PPAD



Q

≥ 2p≥ 2p≥ 2p≥ 2p≥ 2p≥ 2p≥ 2p≥ 2p











(µ,σ)(µ,σ)
σ µ

µ σ

(µ,σ)
σ µ

w ∈ V
a ∈ ρ(w) χ(w,a) ∈ T χ(w,a)

Ω(a)
a w a ∈ ρ(w)

σ
µ

h Vι(h),h
σι(h) µι(h)(w)

w ∈ Vι(h),h

◻
µ σ

σ(ϵ) µ(ϵ)
σ(ϵ) µ ϵ

σ(ϵ)



verifySequentialRationality(µ,σ)
h w ∈ Vι(h),h

ι(h)
w ∈ Vι(h),h

w ui(w) =∑a∈ρ(w)Ω(a) ⋅ ui(χ(w,a)) i
ι(h)

a′ σι(h)(a′) > 0 a′ /∈
argmaxa∈ρ(h)∑w∈Vι(h),h µι(h)(w) ⋅ uι(w)(χ(w,a))

w′ ∈ Vι(h),h
w′

w′ ui(w′) =∑a∈ρ(w′) σι(w′)(a) ⋅ ui(χ(w′, a)) i

path(w0,w) path(w0,w)(w′, a) a ∈ ρ(w′) w0

w

(µ,σ)
λ ∶ A → N

a ∈ A
λa = 0⇐⇒ σi(a) > 0 ∀a ∈ Ai, i ∈ N

∑
a∶∃w′′,(w′′,a)∈path(w0,w)

λa = arg min
w′∈Vi,h

∑
a∶∃w′′,(w′′,a)∈path(w0,w

′)
λa ⇐⇒

µi(w) > 0 ∀w ∈ Vi,h, h ∈Hi, i ∈ N

∑a∶∃w′′,(w′′,a)∈path(w0,w) a
w w0



σi(a, ϵ) = {c(ϵ, h) ⋅ σi(a) ⋅ ϵλa σi(a) > 0
c(ϵ, h) ⋅ ϵλa

a ι(h) h c(ϵ, h)
µ σ

σ(ϵ) µ(ϵ)
σ(ϵ) µ ϵ

(µ,σ)
µ(ϵ) σ(ϵ)

µ ϵ → 0

(µ,σ)
µ(ϵ) σ(ϵ)

µ ϵ

µi(w, ϵ) =
∏(w′,a)∈path(w0,w)

σι(w′)(a, ϵ)
∑

w′′∈Vι(h),h∶w∈Vι(h),h
∏(w′,a)∈path(w0,w′′)

σι(w′)(a, ϵ)
µi(w, ϵ) ∣path(w0,w)∣ ∣Vι(h),h∣

limϵ→0 µi(w, ϵ) c(ϵ, h)
c(ϵ, h) = 1

∑
a∈ρ(h)∶σι(h)(a)>0

σι(h)(a) ⋅ ϵλa + ∑
a∈ρ(h)∶σι(h)(a)=0

ϵλa



c′(ϵ, h) = 1

c(ϵ, h)
ψw = ∏(w′,a)∈path(w0,w)

ϵλa

φw = ∏(w′,a)∈path(w0,w)∶σι(w′)(a)>0
σι(w′)(a)

C ′w = ∏(w′,a)∈path(w0,w),w′∈Vι(h),h
c′(ϵ, h)

c′(ϵ, h) ϵ µi(w, ϵ)

µi(w, ϵ) =
ψw ⋅ φw ⋅ 1

Cw

∑
w′′∈Vι(h),h∶w∈Vι(h),h

Ew′′ ⋅ φw′′ ⋅ 1

Cw′′

=

ψw ⋅ φw ⋅ ∏
w′′∈Vι(h),h∶w∈Vι(h),h,w′′≠wCw′′

∑
w′′∈Vι(h),h∶w∈Vι(h),h

⎛
⎝ψw′′ ⋅ φw′′ ⋅ ∏

w′′′∈Vι(h),h∶w∈Vι(h),h,w′′′≠w′′Cw′′′
⎞
⎠

limϵ→0 µi(w, ϵ)
c′(ϵ, h) ϵ

ϵ c′(ϵ, h)
A ⋅ϵB
A ⋅ϵB

B > B limϵ→0 µi,w(ϵ) = 0
B = B limϵ→0 µi,w(ϵ) = A

A

B < B ◻



(µ,σ)
min∑

a∈A
λa

λa = 0 ∀a ∈ A ∶ σi(a) > 0, i ∈ N
λa − sa = 1 ∀a ∈ A ∶ σi(a) = 0, i ∈ N

γw0 = 0
γw′ + λa − γw = 0 ∀w,w′ ∈ V, a ∈ A ∶ w = χ(w′, a)

γw − νh = 0 ∀h ∈Hi,w ∈ Vi,h ∶ µi(w) > 0, i ∈ N
γw − νh − tw = 1 ∀h ∈ Vi,h, µi(w) = 0, i ∈ N

λa ∈ N ∀a ∈ A
sa ≥ 0 ∀a ∈ A
tw ≥ 0 ∀w ∈ V

γ ν s t

γw0

w0 γw
w
γw w

γw′ w′
w′ w

γw w µi(w) > 0
νh

µi(w) = 0 γ

νh

∑a∈A λa
◻NP



Ξ
ΞT

Ξ
Ξ′ Ξ{Ξ′1,Ξ′2}

∀k ⎛⎝ ∑
j∶ξkj∈Ξ′1

ξkj − ∑
j∶ξkj∈Ξ′2

ξkj
⎞
⎠ ∈ {−1,0,1}

ξkj Ξ

M ⋅ y = b y ≥ 0 λ ∈ N∣A∣

M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C 0 0 0 0
C ′ 0 0 −I 0
D E 0 0 0
0 G K 0 0
0 G′ K ′ 0 −I

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,y =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ
γ
ν
s
t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
1
0
0
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

C ⋅λ = 0
C ′ ⋅λ − I ⋅ s = 1
D ⋅λ +E ⋅ γ = 0
G ⋅ γ +K ⋅ ν = 0
G′ ⋅ γ +K ′ ⋅ ν − I ⋅ t = 1

M

M

M {−1,0,1}
M



C C ′ G G′ 1 1

D I

E 1 −1
K K ′ −1
Λk k M
∆j j M

C 0 0 0 0 Λ1

C ′ 0 0 −I 0 Λ2

D E 0 0 0 Λ3

0 G K 0 0 Λ4

0 G′ K ′ 0 −I Λ5

∆1 ∆2 ∆3 ∆4 ∆5

M ′ M mkj M
M ′

{M ′
1,M

′
2}

M
∆4 ∆5

{∆1 ∪∆2 ∪∆3} M

M ′
{M ′

1,M
′
2}

∀k
⎛⎜⎜⎜⎝

∑
j∶mkj∈M ′

1∩{∆1∪∆2∪∆3}
mkj − ∑

j∶mkj∈M ′
2∩{∆1∪∆2∪∆3}

mkj

⎞⎟⎟⎟⎠
∈ {−1,0,1}

mkj ∈ M ′ ∩ {∆1 ∪∆2 ∪∆3}
M ′ ∩ {∆4 ∪∆5} M1 M2



{∆4 ∪∆5} −1 −1
M1 M2

r M ′ ∩ {∆4 ∪∆5}
k −1 k M ′

1

M ′
2

k = k −1
r M ′

2 ∑j∶mkj∈M ′
1
mkj −∑j∶mkj∈M ′

2
mkj = 0

k = k 1
r M ′

1 ∑j∶mkj∈M ′
1
mkj −∑j∶mkj∈M ′

2
mkj = 0

k = k 0
r M ′

1 M ′
2∑j∶mkj∈M1

mkj −∑j∶mkj∈M ′
2
mkj ∈ {−1,1}

k r ∑j∶mkj∈M ′
1
mkj−∑j∶mkj∈M ′

2
mkj ∑j,mkj∈M ′

1∩{∆1∪∆2∪∆3}mkj−∑j,mkj∈M ′
2∩{∆1∪∆2∪∆3}mkj{−1,0,1}

◻
M {∆1∪∆2∪∆3}
{∆1 ∪∆2 ∪∆3}
{∆1 ∪∆2 ∪∆3}

M ′
1 M ′

2

M ′ ∩ {∆2 ∪∆3} M ′
1 M ′ ∩∆1

M ′
1 M ′

2

Λ4 Λ5

M ′
1

M ′ ∩∆1 M ′
1 M ′

2

M ′ ∩ {∆2 ∪∆3} M ′
1

∆1 {−1,0,1}



G G′ 1 K
K ′ −1 Λ4 Λ5

M ′ ∩∆1 M ′
1 M ′

2 M ′
1

∆2 Λ3{−1,0,1} E−1
D

∆1 M ′
1 M ′

2

Λ3

Λ1 Λ2 C C ′{∆1 ∪∆2 ∪∆3} ◻{∆1 ∪∆2 ∪∆3}
M {∆1 ∪∆2 ∪∆3}

M ◻

(µ,σ)
µ σ

M

b{z∣Mz = b} z

µ
λ µ σ(ϵ)

µ(ϵ) σ(ϵ)
µ ϵ

◻



verifyConsistency(µ,σ)

λ

σ(ϵ) λ
µ(ϵ) σ(ϵ)

limϵ→0µ(ϵ) ≠ µ

(µ,σ)
(µ,σ)
σ

µ
µ σ ◻

SEcertifying(µ,σ)
(µ,σ)(µ,σ)

NP

σ = (σ1(L1)= 1,σ1(L2) = 1,σ1(R3) = 1,σ2(l1) = 1,σ2(r2) = 1,σ2(l3) = 1)



1.1

2.1

1.2 1.3

2.2

2.3

8,6 7,1 5,8 4,5 0,0 6,1 7,1 2,0 0,1 4,5 3,1 5,8 9,1 0,6 6,4 1,1

8,0

L1 M1 R1

l1 l1r1 r1

L2 L2R2 R2 L3 L3R3 R3

l2 l2 l2 l2r2 r2 r2 r2l3 l3 l3 l3r3 r3 r3 r3

1 0

1 0 1 0

0 0 0 0 0 1 0 1

w0

w1 w2

w3 w4 w5 w6

w7

w8

w9

w10

w11

w12

w13

w14

(µ,σ) σ
µ σ

µ

µ

λL1 = λL2 = λR3 = λl1 = λr2 = λl3 = 0
λM1 − sM1 = λR1 − sR1 = λR2 − sR2 = λR3 − sR3 = 1

λr1 − sr1 = λl2 − sl2 = λr3 − sr3 = 1
γw0 = γw0 + λM1 − γw1 = γw0 + λR1 − γw2 = 0

γw1 + λl1 − γw3 = γw1 + λr1 − γw4 =
γw2 + λl2 − γw5 = γw2 + λr2 − γw6 = 0
γw3 + λL2 − γw7 = γw3 + λR2 − γw8 =
γw4 + λL2 − γw9 = γw4 + λR2 − γw10 = 0



γw5 + λL3 − γw11 = γw5 + λR3 − γw12 =
γw6 + λL3 − γw13 = γw6 + λR3 − γw14 = 0

γw3 − ν1.2 = γw5 − ν1.3 = γw1 − ν2.1 = γw12 − ν2.2 = γw14 − ν2.3 = 0
γw4 − ν1.2 − tw4 = γw6 − ν1.3 − tw6 = 1
γw2 − ν2.1 − tw2 = γw7 − ν2.2 − tw7 =

γw8 − ν2.2 − tw8 = γw11 − ν2.2 − tw11 = 1
γw9 − ν2.3 − tw9 = γw10 − ν2.3 − tw10 = γw13 − ν2.3 − tw13 = 1

γw0 + λM1 − γw1 = 0 γw0 = 0 γw1 = λM1

γw0 + λR1 − γw2 = 0 γw0 = 0 γw2 = λR1

γw1 − ν2.1 = 0 γw1 = λM1 ν2.1 = λM1

γw2 − ν2.1 ≥ 1 γw2 = λR1 ν2.1 = λM1

λR1 ≥ 1 + λM1

λL2 = λl1 = 0 γw1 + λl1 − γw3 = γw3 + λL2 − γw7 = 0
γw1 = λM1 γw7 = λM1

λR3 = λl1 = 0 γw2 + λl2 − γw5 = γw5 + λR3 − γw12 = 0
γw12 − ν2.2 = 0 γw2 = λR1 λR1 = ν2.2

γw7 − ν2.2 ≥ 1 γw7 = λM1 λR1 = ν2.2
λM1 ≥ 1 + λR1

σ = (σ1(M1)= 1,σ1(L2) = 1,σ1(R3) = 1,σ2(l1) = 1,σ2(l2) = 1,σ2(r3) = 1)
µ



1.1

2.1

1.2 1.3

2.2

2.3

8,6 7,1 5,8 4,5 0,0 6,1 7,1 2,0 0,1 4,5 3,1 5,8 9,1 0,6 6,4 1,1

8,0

L1 M1 R1

l1 l1r1 r1

L2 L2R2 R2 L3 L3R3 R3

l2 l2 l2 l2r2 r2 r2 r2l3 l3 l3 l3r3 r3 r3 r3

1 0

1 0 1 0

1 0 1 0 0 0 0 0

w0

w1 w2

w3 w4 w5 w6

w7

w8

w9

w10

w11

w12

w13

w14

(µ,σ) σ
µ σ

µ

λM1 = λL2 = λR3 = λl1 = λl2 = λr3 = 0
λL1 − sL1 = λR1 − sR1 = λR2 − sR2 = λL3 − sL3 = 1

λr1 − sr1 = λr2 − sr2 = λl3 − sl3 = 1
γw0 = γw0 + λM1 − γw1 = γw0 + λR1 − γw2 = 0

γw1 + λl1 − γw3 = γw1 + λr1 − γw4 =
γw2 + λl2 − γw5 = γw2 + λr2 − γw6 = 0
γw3 + λL2 − γw7 = γw3 + λR2 − γw8 =
γw4 + λL2 − γw9 = γw4 + λR2 − γw10 = 0
γw5 + λL3 − γw11 = γw5 + λR3 − γw12 =
γw6 + λL3 − γw13 = γw6 + λR3 − γw14 = 0

γw3 − ν1.2 = γw5 − ν1.3 = γw1 − ν2.1 = γw7 − ν2.2 = γw9 − ν2.3 = 0
γw4 − ν1.2 − tw4 = γw6 − ν1.3 − tw6 = 1



γw2 − ν2.1 − tw2 = γw8 − ν2.2 − tw8 = γw11 − ν2.2 − tw11 = 1
γw12 − ν2.2 − tw12 = γw14 − ν2.3 − tw14 =
γw10 − ν2.3 − tw10 = γw13 − ν2.3 − tw13 = 1

λa = 1 a ∈ Ai σi(a) = 0

T FNP
T FNP

◻

σ = (σ1,σ2)



σ1(ϵ) lim
ϵ→0

σ1(ϵ) = σ1 σ2

σ1(ϵ) ϵ ≤ ϵ ϵ

σ2(ϵ) lim
ϵ→0

σ2(ϵ) = σ2 σ1

σ2(ϵ) ϵ ≤ ϵ ϵ

σi(ϵ)

xi(ϵ)
xi(ϵ) σi(ϵ)

xi(ϵ) σi ϵ
xi(ϵ)

ϵ
ϵ

xi(q, ϵ)
ϵ xi(q, ϵ) = ∑k xi(q, ϵk) ⋅ ϵk xi(q, ϵk)

ϵk

xi(q, ϵ)
xi(q, ϵk) k = 0

xi(q, ϵ) = [ xi(q, ϵ0) xi(q, ϵ1) xi(q, ϵ2) . . . ]
xi(q, ϵ) ≥ 0 ϵ≥

≥ y y ≥ 0
y

> y y > 0
y

y



xi(q, ϵ) ϵ
xi(q, ϵ) ≥ 0

xi(ϵ)
ϵ

xi(q, ϵ) > 0 q ∈ Q
σ =(σ1,σ2) x1(ϵ) x2(ϵ)

σ = (σ1,σ2) (σ1,σ2)
i ∈ N

Fi ⋅ xi(ϵ) = fi
xi(ϵ) > 0

FT−i ⋅ v−i(ϵ) −UT−i ⋅ xi(ϵ) ≥ 0

(FT−i ⋅ v−i(ϵ) −UT−i ⋅ xi(ϵ))q = 0 ∀q ∈ Q−i ∶ σ−i(a(q)) > 0
lim
ϵ→0

xi(q∣a, ϵ)
xi(q, ϵ) = σi(a) ∀a ∈ Ai ∶ xi(q, ϵ) > 0

vi xi

xi(ϵ)

xi(ϵ)



σ−i xi(ϵ) ϵ > 0

−i
q −i

xi(ϵ) σi ϵ

ϵ → 0
xi(q) xi(q)

xi(ϵ)
σi(ϵ) lim

ϵ→0
σi(ϵ) = σi σ−i

σi(ϵ) i ∈ N(σ1,σ2) ◻

xi(ϵ) x′i(ϵ) xi(ϵ)
x′i(ϵ) k xi(q, ϵk) = α ⋅

x′i(q, ϵk) α > 0 q ∈ Q
xi(ϵ) x′i(ϵ)

xi(ϵ) x′i(ϵ)

(σ1,σ2)



xi(q, ϵk) = 0 q k ∈ {0, . . . , ∣Qi∣}

k
k − 1

k xi(ϵk)
xi(ϵ) ≥ 0

xi(ϵ) xi(ϵ)

findPerturbedStrategy(σ1,σ2, i)
xi(q, ϵk) = 0 q k ∈ {0, . . . , ∣Qi∣}

i

xi(ϵ)
i

xi(ϵ)
k = 0 xi(ϵ0) σi xi(q, ϵ0) = ∏

a∈q σi(a)

FT−i ⋅ v−i(ϵ0) −UT−i ⋅ xi(ϵ0) ≥ 0
(FT−i ⋅ v−i(ϵ0) −UT−i ⋅ xi(ϵ0))q = 0 ∀q ∈ Q−i ∶ σ−i(a(q)) > 0

xi(ϵ0) σ−i σi

xi(ϵ0) xi(ϵ0)
xi(ϵ0) ≥ 0

σ



k ≥ 1 k = 1
xi(ϵ)

max ∑
∀k′<k,xi(q,ϵk′)=0

xi(q, ϵk)

Fi ⋅ xi(ϵk) = 0
xi(q, ϵk) ≥ 0 ∀q ∈ Qi ∶ xi(q, ϵk′) = 0,∀k′ < k
xi(q, ϵk) ≤ 1 ∀q ∈ Qi

xi(q∣a, ϵk) = σi(a) ⋅ zh
∀h ∈Hi, q ∈ Qi ∶ a ∈ ρ(h),
∀a′ ∈ ρ(h), xi(q∣a′, ϵk′) = 0,∀k′ < k

zh ≥ 0 ∀h ∈Hi

(FT−i ⋅ v−i(ϵk) −UT−i ⋅ xi(ϵk))q ≥ 0
∀q ∈ Q−i ∶ ∀k′ < k,
(FT−i ⋅ v−i(ϵk′)−
UT−i ⋅ xi(ϵk′))q = 0

(FT−i ⋅ v−i(ϵk) −UT−i ⋅ xi(ϵk))q = 0 ∀q ∈ Q−i ∶ σ−i(a(q)) > 0

k

xi(ϵ)
xi(ϵ) ≥ 0 xi(q)ϵk) ≥

0 xi(q, ϵ)
k′ < k xi(q, ϵk) ≥ 0

k′ < k
1

ϵk



xi(ϵ)
xi(q∣a, ϵ)
xi(q∣a′ϵ) a a′

h σi

xi(q∣a, ϵ)
zh a ∈ ρ(h)
xi(q∣a, ϵk) a ∈ ρ(h) zh∑

a∈ρ(h)σi(a) = 1

xi(q, ϵk) lim
ϵ→0

xi(q∣a,ϵk)
xi(q,ϵk) = σi(a)
xi(ϵ)

q σ−i(a(q)) > 0 −i
q

k′ < k q
v−i,h k′ < k

q

k

xi(q, ϵk) xi(q, ϵk′) = 0 k′ < k
xi(q, ϵ)

xi(q, ϵk) = 0 q

xi(ϵ)
xi(ϵ)



xi(ϵ) σ−i
xi(ϵ)

k = 0

k ≥ 1
xi(ϵ) k − 1

k
k′ ≥ k

xi(ϵ) xi(ϵ)
xi(ϵ) k −i

xi(ϵ)
xi(ϵ) k−1

k

k = 0
k ≥ 1

xi(ϵ)

◻



k xi(q, ϵk) k′ < k

∣Qi∣ ◻

◻

σ

σ

◻

σ = (σ1(M1)= 1,σ1(L2) = 1,σ1(R3) = 1,σ2(l1) = 1,σ2(l2) = 1,σ2(r3) = 1)

q∅ l1 r1 l1l2 l1r2 r1l3 r1r3
q∅
L1 8,0 8,6
M1 8,6
R1

M1L2 8,6 7,1 0,0 6,1
M1R2 5,8 4,5 7,1 2,0
R1L3 0,1 4,5 9,1 0,6
R1R3 3,1 5,8 6,4 1,1

F1 F2

x1(ϵ)



x1(M1, ϵ
0) = x1(M1L2, ϵ0) =

1

L3
M1 M1L2 x1(L1, ϵ1) =

x1(R1, ϵ
1) = x1(M1R2, ϵ

1) = x1(R1R3, ϵ
1) = 1 x1(M1, ϵ

1)= −2 x1(M1L2, ϵ1) = −3

L3 x1(L3, ϵ2)= 1 x1(R3, ϵ
2) = −1
x1(ϵ) q∅

L1 M1 R1 M1L2 M1R2 R1L3 R1R3

ϵ0 0 1 0 1 0 0 0
ϵ1 1 −2 1 −3 1 0 1
ϵ2 0 0 0 0 0 1 −1

lim
ϵ→0

σ1(ϵ) → σ1

σ2 σ1(ϵ)
x2(ϵ)

q∅
l1 r1 l1l2 l1r2 r1l3 r1r3

ϵ0 1 0 1 0 0 0
ϵ1 0 0 0 0 0 0

x2(ϵ)
l1l2

M1

L1
l1r2

σ2(ϵ) σ1

σ



1.1

2.1

1.2 1.3

2.2

2.3

8,6 7,1 5,8 4,5 0,0 6,1 7,1 2,0 0,1 4,5 3,1 5,8 9,1 0,6 6,4 1,1

8,0

L1 M1 R1

l1 l1r1 r1

L2 L2R2 R2 L3 L3R3 R3

l2 l2 l2 l2r2 r2 r2 r2l3 l3 l3 l3r3 r3 r3 r3

w0

w1 w2

w3 w4 w5 w6

w7

w8

w9

w10

w11

w12

w13

w14

σ
σ

σ = (σ1(L1)= 1,σ1(L2) = 1,σ1(R3) = 1,σ2(l1) = 1,σ2(l2) = 1,σ2(r3) = 1)
x1(ϵ) q∅

L1 M1 R1 M1L2 M1R2 R1L3 R1R3

ϵ0 1 0 0 0 0 0 0
ϵ1 −5

4 1 1
4 1 0 0 1

4
ϵ2 0 0 0 −1

2
1
2 1 −1

x2(ϵ) q∅
l1 r1 l1l2 l1r2 r1l3 r1r3

ϵ0 1 0 1 0 0 0
ϵ1 −1 1 −2 1 0 1
ϵ2 0 0 0 0 1 −1

σ



T FNP
T FNP

◻

≥
≥ y1,y2 y1 ≥

y2 y1 ≥ y2

k1 k y1,k ≠ 0
k2 k y2,k ≠ 0

k1 = k2 = k y1,k = y2,k
y2 ≥ y1

q → h′

q h′

σ = (σ1,σ2)

(4.13), (4.14), (4.16), (4.17)



v−i,h(ϵ) ≥ ∑
h′∶q→h′

v−i,h′(ϵ) + (UT−i ⋅ xi(ϵ))q
∀h ∈H−i, q ∈ Q−i ∶ a(q) ∈ ρ(h)

i ∈ N

≥ ≥

≥≥
≥
v−i,h

◻

(σ1,σ2)

v−i,h(ϵk) ≥ ∑
h′∶q→h′

v−i,h′(ϵk) + (UT−i ⋅ xi(ϵk))q
∀h ∈H−i, q ∈ Q−i ∶ a(q) ∈ ρ(h),

v−i,h(ϵk′) = ∑
h′∶q→h′

v−i,h′(ϵk′) + (UT−i ⋅ xi(ϵk′))q = 0,
∀k′ < k

≥≥◻



σ

σ

◻

NP

NP

P



P P
P PNP NP
P PP NPP NPP NPNPP P

NPNPP P

NP NP

NP

NP



PPAD



PPAD



ϵ ≥ 0
q xi(q∣a) ≥ ϵ ⋅ xi(q) q ∈ Qi a ∈ Ai

q∣a ∈ Qi ϵ

xi(q∣a) ≥ ϵ ⋅ xi(q)
ϵ→ 0

xi(q∣a) ≥
ϵ ⋅ xi(q) ϵ

q∅
q∣a q

σi(a) = xi(q∣a)
xi(q) ≥ ϵ

a

◻

i−i
max
xi

xT
i ⋅Ui ⋅ x−i
Fi ⋅ xi = fi
xi ≥ 0

xi(q∣a) ≥ ϵ ⋅ xi(q) xi(q∣a) − ϵ ⋅ xi(q) ≥ 0 q
a

Ri(ϵ) ⋅ xi ≥ 0



Ri(ϵ) ϵ Ri(ϵ)

R1(ϵ) R2(ϵ)

R1(ϵ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0−ϵ 1 0 0 0−ϵ 0 1 0 0
0 0 −ϵ 1 0
0 0 −ϵ 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, R2(ϵ) =

⎡⎢⎢⎢⎢⎢⎣
1 0 0−ϵ 1 0−ϵ 0 1

⎤⎥⎥⎥⎥⎥⎦

max
xi

xT
i ⋅Ui ⋅ x−i
Fi ⋅ xi = fi

Ri(ϵ) ⋅ xi ≥ 0
x̃i = Ri(ϵ) ⋅ xi

x̃i ≥ 0 x̃i

Ri(ϵ)
ϵ ≥ 0 Ri(ϵ) R−1i (ϵ)

R−11 (ϵ) R−12 (ϵ)

R−11 (ϵ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

12 0 0 0 0
ϵ2 1 0 0 0
ϵ2 0 1 0 0
ϵ2 0 ϵ 1 0
ϵ2 0 ϵ 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, R−12 (ϵ) =

⎡⎢⎢⎢⎢⎢⎣
1 0 0
ϵ 1 0
ϵ 0 1

⎤⎥⎥⎥⎥⎥⎦
xi x̃i i

max
x̃i

x̃T
i ⋅R−Ti (ϵ) ⋅Ui ⋅R−1−i x̃−i

Fi ⋅R−1i (ϵ) ⋅ x̃i = fi
x̃i ≥ 0



−T
min
vi

fTi ⋅ vi

R−Ti (ϵ) ⋅ FT
i ⋅ vi ≥ R−Ti (ϵ) ⋅Ui ⋅R−1−i x̃−i

vi

Fi ⋅R−1i (ϵ) ⋅ x̃i = fi ∀i ∈ {1,2}
R−Ti (ϵ) ⋅ FT

i ⋅ vi −R−Ti (ϵ) ⋅Ui ⋅R−1−i (ϵ) ⋅ x̃−i ≥ 0 ∀i ∈ {1,2}
x̃i ≥ 0 ∀i ∈ {1,2}

x̃T
i ⋅ (R−Ti (ϵ) ⋅ FT

i vi −R−Ti (ϵ) ⋅Ui ⋅R−1−i (ϵ) ⋅ x̃−i) = 0 ∀i ∈ {1,2}

RT
i (ϵ) RT

i (ϵ)

z ≥ 0
w ≥ 0
w =Mz + b

wT z = 0
z,w ∈ Rn M

n×n b ∈ Rn (wi, zi)
wT z = 0



(wi, zi)
b

z = 0,w = b

z0 ∈ R+ w = Mz +
dz0 + b d = 1

wT zT z0
w I −M −d b

w
b

z0
wk bk

z0 wj wk

(wk, zk)
z0

argmink{bk/tk,j ∶ tk,j > 0} tk,j
j

tk,j j

M b



∀z ≥ 0 zTMz ≥ 0
∀z ≥ 0 zTMz = 0 Mz = 0 zTb ≥ 0

z =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x̃1

x̃2

v+1
v−1
v+2
v−2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
f1−f1
f2−f2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −R−T1 (ϵ)U1R
−1
2 (ϵ) R−T1 (ϵ)FT

1−R−T2 (ϵ)UT
2 R−11 (ϵ) 0 0−F1R

−1
1 (ϵ) 0 0

F1R
−1
1 (ϵ) 0 0

0 −F2R
−1
2 (ϵ) 0

0 F2R
−1
2 (ϵ) 0

−R−T1 (ϵ)FT
1 0 0
0 R−T2 (ϵ)FT

2 −R−T2 (ϵ)FT
2

0 0 0
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M

ϵ M



argmin
k
{ bk(ϵ)
tk,j(ϵ) ∶ tk,j(ϵ) > 0}

tk,j(ϵ) j
ϵ

tk,j(ϵ)
ϵ bk(ϵ)

tk,j(ϵ) ϵ

bk(ϵ) tk,j(ϵ)
bk(ϵ)
tk,j(ϵ)

bk(ϵ)
tk,j(ϵ)

b′k(ϵ)
tk′,j(ϵ)

bk′(ϵ) ⋅ tk,j(ϵ) > bk(ϵ) ⋅ tk′,j(ϵ)
tk,j(ϵ),

tk′,j(ϵ) > 0

arg min
k
{ bk(ϵ)
tk,j(ϵ) ∶ tk,j(ϵ) > 0}

tk,j(ϵ) tk,j(ϵ)
k

ϵ
tk,j(ϵ)



ϵ tk,j(ϵ)
M

M
M

x1,x2 ∈ Rn

x1 min x2 − x1 > 0

δ = [δ1 δ2 . . . δn] δ

Y I
w =Mz +b w =Mz +b + Y δ

δ → 0

Y δ
b

wT zT z0 δT

w I −M −d b Y



arg min
k
{ [bk yk,1 . . . yk,n]

tk,j
∶ tk,j > 0}

yk,j Y j

M

b
Σ = (δ, ϵ)

δ < ϵk k δ > 0
ϵ

δ ϵk

ϵ
δ δ

δ ϵ ck(δ, ϵ)
k ck(δ, ϵ) =∑i∑j c

k
i,jδ

iϵj cki,j
Σ ck(ϵ, δ) < 0 ↔ ∃m,m′ ∶ (∀i < m,∀j, cki,j =

0) ∧ (i =m,∀j <m′, cki,j = 0) ∧ (i =m,j =m′, cki,j < 0)

arg min
k⎧⎪⎪⎨⎪⎪⎩

[bk(ϵ0) . . . bk(ϵγ) yk,1(ϵ0) . . . yk,1(ϵγ) yk,2(ϵ0) . . . yk,n(ϵγ)]
tj,k(ϵ) ∶

tj,k(ϵ) > 0
⎫⎪⎪⎬⎪⎪⎭

γ ϵ



ϵ
U1 U2

M b

x̃T
1 (−R−T1 (ϵ)U1R

−1
2 (ϵ) −R−T1 (ϵ)U2R

−1
2 (ϵ))x̃2 ≥ 0 ∀x̃1, x̃2 ≥ 0

x̃T
1 R
−T
1 (ϵ)(−U1−U2)R−12 (ϵ)x̃2 ≥ 0

x̃T
1 R
−T
1 (ϵ) R−12 (ϵ)x̃2

U1

U2

x̃i = 0
v+i = v−i Mz ≥ 0 ◻

U1 U2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0−1 0 0
0 0 0−1 0 0
0 −1 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



R−T1 (ϵ)U1R
−1
2 (ϵ) R−T2 (ϵ)U2R

−1
1 (ϵ)

U1 =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−ϵ − 4ϵ2 −ϵ2 −2ϵ2−1 0 0−4ϵ −ϵ −2ϵ−1 0 0−3ϵ −1 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

U2 =
⎡⎢⎢⎢⎢⎢⎣
−ϵ − ϵ2 − 3ϵ3 −1 −ϵ − 3ϵ2 −1 −3ϵ−ϵ2 0 −ϵ 0 −1−2ϵ2 0 −2ϵ 0 −2

⎤⎥⎥⎥⎥⎥⎦

PPAD

PPAD

PPADPPAD PPADPPAD PPAD ◻
ϵ σi(a)

a

li(a, ϵ)
q′ = q∣a xi(q′) ≥ li(a, ϵ) ⋅ xi(q)

l1(ϵ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

4ϵ2

2ϵ
ϵ

3ϵ3

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, l2(ϵ) = [ ϵ23ϵ ]



R1(ϵ) R2(ϵ)

R1(ϵ) =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0−4ϵ2 1 0 0 0−2ϵ 0 1 0 0
0 0 −ϵ 1 0
0 0 −3ϵ3 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, R2(ϵ) =

⎡⎢⎢⎢⎢⎢⎣
1 0 0−ϵ2 1 0−3ϵ 0 1

⎤⎥⎥⎥⎥⎥⎦

ϵ



p(ϵ)
d p(ϵ) = ∑d

i=0 aiϵd−i

p = [ a0 a1 . . . ad−1 ad ]



l ∈ {2, . . . ,9}
b ∈ {2,3}

β ∈ {0,0.5,1} β = 0

β = 1
ν ∈ {0,0.5,0.8} ν = 0

ν = 1

{+,−,∗, /}



λ ∈ {0,0.5,1} λ = 0
λ = 1

l b λ

β = 0.0, ν = 0.0 β = 0.0,ν = 0.5 β = 0.0, ν = 0.8
β = 0.5, ν = 0.0 β = 0.5,ν = 0.5 β = 0.5, ν = 0.8
β = 1.0, ν = 0.0 β = 1.0,ν = 0.5 β = 1.0, ν = 0.8

β
β = 1

l = 9 b = 3
l = 8 b = 2 β = 0
ν λ

l b λ = 1
λ = 0

{2,3}



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0 ν = 0



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0 ν = 0.5



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0 ν = 0.8



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0.5 ν = 0



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0.5 ν = 0.5



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 0.5 ν = 0.8



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 1 ν = 0



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 1 ν = 0.5



l b λ ∣S1∣ ∣S2∣ ∣H1∣ ∣H2∣ > 30′

β = 1 ν = 0.8



PPADPPAD
PPADPPAD
PPAD
PPAD



Fixi ≥ fi ∀i ∈ {1,2}
−Fixi ≥ −fi ∀i ∈ {1,2}

FT
i v+i − FT

i v−i −Uix−i ≥ 0 ∀i ∈ {1,2}
xi ≥ 0 ∀i ∈ {1,2}
v+i ≥ 0 ∀i ∈ {1,2}
v−i ≥ 0 ∀i ∈ {1,2}

xT
i ⋅ (FT

i v+i − FT
i v− −Uix−i) = 0 ∀i ∈ {1,2}

vi

i v+i v−i vi = v+i −v−i
Ui

z =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1

x2

v+1
v−1
v+2
v−2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
b =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
f1−f1
f2−f2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −U1 FT
1 −FT

1 0 0−UT
2 0 0 0 FT

2 −FT
2−F1 0 0 0 0 0

F1 0 0 0 0 0
0 −F2 0 0 0 0
0 F2 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
U1 U2

NPNP = NP PPAD



PPAD

xi(ϵ) ≥ li(ϵ) li(ϵ)
xi x̃i(ϵ)+ li(ϵ) x̃i(ϵ) ≥ 0

ϵ = [ϵ1 ϵ2 . . . ϵ∣q∣] q
q

a li(ϵ) Liϵ
Li ∣Qi∣ × ∣q∣ xi x̃i + Liϵ

wT zT z0 ϵT δT

w I −M −d b E Y

E =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U1L1

UT
2 L2−F1L1

F1L1−F2L2

F2L2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦



E
Y

arg min
k
{ [bk ek,1 . . . ek,n′ yk,1 . . . yk,n]

tk,j
∶ tk,j > 0}

ek,j E j

l1(ϵ) l2(ϵ) li(q, ϵ) = ϵ∣q∣ ∣q∣
q

ϵ

PPAD

PPAD

PPAD



ϵ ϵ
ϵ ≤ ϵ ϵ



û
u∗

ûs = 0
s ∈ S ϵ

ϵ

ûs = 0 s ∈ S
[û,σS1

2 ] = 1 û[û,σS1
1 ] = 1 û[û,σS2
1 ] = 2 û[û,σS2
2 ] = 2 û
σ1 = (σS1

1 ,σS2
1 ) σ2 = (σS1

2 ,σS2
2 )

u (σ1,σ2)
u∗1 = 1 σ2 = (σS1

2 ,σS2
2 )

u∗2 = 2 σ1 = (σS1
1 ,σS2

1 )
max{∥u∗1 − u∥∞, ∥u − u∗2∥∞} ≤ ϵ

S1

s ∈ S2

ûs s ∈ S1

ûs



1

1 1 1

1

1 min ∑
s∈S1

us

Ex2∼σ2,s [rs(x1, x2)] + γ ∑
s′∈S1

us′ ⋅ ps,s′(x1)+
γ ∑

s′∈S2

ûs′ ⋅ ps,s′(x1) ≤ us ∀s ∈ S1, x1 ∈X1,s

σ2,s X2,s ∀s ∈ S1

E[⋅] ⋅ (6.1)
x1 ∈ X1,s 1

σS1
2,s us

s ∈ S1 S2 ûs

us ûs s ∈ S1

1

1 max
⎛
⎝∑s∈S2

zs − γ ⋅ ∑
s′∈S1

Ex2∼σ2,s[ps,s′(x2) ⋅ ûs′]⎞⎠
∑s∈S2

Ex2∼σ2,s[1s=s′ − γps,s′(x2)] = 1 ∀s ∈ S2−zs −Ex2∼σ2,s[rs(x1, x2)] ≥ 0 ∀s ∈ S2, x1 ∈X1,s

σ2,s X2,s ∀s ∈ S2

zs 1s=s′ s = s′
1

x2 ∈ X2,s 1 σS1
1,s

S1

S2 2 2

1 1



σS2
1,s σS2

2,s us

S2 ûs s ∈ S1 us ûs s ∈ S2

ϵ
ϵ

(σ1,σ2) σ1 =(σS1
1 ,σS2

1 ) σ2 = (σS1
2 ,σS2

2 )

E x1 ∼ σ1,s
x2 ∼ σ2,s

[rs(x1, x2) + γ∑s′∈S us′ ⋅ ps,s′(x1)] = us ∀s ∈ S1

E x1 ∼ σ1,s
x2 ∼ σ2,s

[rs(x1, x2) + γ∑s′∈S us′ ⋅ ps,s′(x2)] = us ∀s ∈ S2

i σ−i

1 2 1

1 min∑
s∈S

us

Ex2∼σ2,s [rs(x1, x2)] + γ ∑
s′∈S

us′ ⋅ ps,s′(x1) ≤ us

∀s ∈ S1, x1 ∈X1,s

Ex2∼σ2,s [rs(x1, x2) + γ ∑
s′∈S

us′ ⋅ ps,s′(x2)] ≤ us

∀s ∈ S2, x1 ∈X1,s

2 u∗1
1 u∗2

2 u us ϵ(σ1,σ2) maxi{∥u∗i −u∥∞}



ϵ ≤ ϵ

ϵ

1 2

ûs û′s û′′s û′s ≤ û′′s ≤ u∗s u∗s
s ∈ S u′s

i û′s u′′s i

û′′s u′s ≤ u′′s ≤ u∗s
ûs = 0 s ∈ S

ûs

ûi
s ≠ u∗s

ϵ ϵ ◻

(σ1,σ2)

1

1 2 2 (6.1) rs
ps,s′

E[⋅]



us − m∑
k=0

m∑
j=0

rs,k,j ⋅ (x1)k ⋅ (∫
X2,s

σ2,s(x2) ⋅ (x2)jdx2)
− γ ∑

s′∈S
u′s ⋅ m∑

k=0
ps,s′,k ⋅ (x1)k ≥ 0 ∀s ∈ S1, x1 ∈X1,s

∫X2,s
σ2,s(x2) ⋅ (x2)jdx2 µ2,s,j

j σ2,s

us − m∑
k=0

m∑
j=0

rs,k,j ⋅ (x1)k ⋅ µ2,s,j

− γ ∑
s′∈S

us′ ⋅ m∑
k=0

ps,s′,k ⋅ (x1)k ≥ 0 ∀s ∈ S1, x1 ∈X1,s

µ2,s µ2,s,j j ∈ {0, . . . ,m}
1

1 min ∑
s∈S1

us

us − m∑
k=0

m∑
j=0

rs,k,j ⋅ (x1)k ⋅ µ2,s,j − γ ∑
s′∈S

us′ ⋅
⋅ m∑
k=0

ps,s′,k ⋅ (x1)k ∈ P+(x1 ∈X1,s) ∀s ∈ S1

µ2,s ∈M(X2,s) ∀s ∈ S1

P+(x1 ∈X1,s) x1

X1,s M(X1,s)
X1,s



u = [u1 u2 . . . u∣S∣]T
[x]m = [(x)0 (x)1 (x)2 . . . (x)m]T

RT
s ⋅ [x]m = m∑

k=0
rs,k ⋅ (x)k

uT ⋅ PT
1,s ⋅ [x]m = ∑

s′∈S1

us′ ⋅ m∑
k=0

ps,s′,k ⋅ (x)k

ûT ⋅ P̂T
1,s ⋅ [x]m = ∑

s′∈S2

ûs′ ⋅ m∑
k=0

p̂s,s′,k ⋅ (x)k
H

H ∶
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3⋮

a2n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
&→
⎡⎢⎢⎢⎢⎢⎢⎢⎣

a1 a2 . . . an
a2 a3 . . . an+1⋮ ⋮ ⋱ ⋮
an an+1 . . . a2n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
H∗

H∗ ∶
⎡⎢⎢⎢⎢⎢⎢⎢⎣

a1,1 a1,2 . . . a1,n
a1,2 a2,2 . . . a2,n⋮ ⋮ ⋱ ⋮
a1,n a2,n . . . an,n

⎤⎥⎥⎥⎥⎥⎥⎥⎦
&→
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a1,1
2a1,2

a2,2 + 2a1,3⋮
an,n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

L1 = [ Im×m
01×m ] , L2 = [ 01×m

Im×m ]
X1,s = [0,1] s ∈ S 1

min ∑
s∈S1

us

H∗(Zs + 1

2
(L1WsL

T
2 +L2WsL

T
1 ) −L2WsL

T
2 )

− us −Rsµi,s − γ(P1,su + P̂1,sû) = 0 ∀s ∈ S1



1

2
(LT

1H(µi,s)L2 +LT
2H(µi,s)L1)
−LT

2H(µi,s)L2 ⪰ 0 ∀s ∈ S1

Zs,Ws ⪰ 0 ∀s ∈ S1H(µi,s) ⪰ 0 ∀s ∈ S1

µi,s,0 = 1 ∀s ∈ S1H(µ′i,s) ⪰ 0 ∀s ∈ S1

H(µi,s) −H(µ′i,s) ⪰ 0 ∀s ∈ S1

µ′i,s = [µi,s,1 µi,s,2 . . . µi,s,m+1] Ws Zs⪰ 0

1

µi,s,m+1

µi,s,h σi,s
Ψi,s xi,s,h h

Ψi,s

i, s µi,s,h xi,s,h σi,s

⎡⎢⎢⎢⎢⎢⎢⎢⎣

µ0 µ1 ⋯ µm
2 +1

µ1 µ2 ⋯ µm⋮ ⋮ ⋱ ⋮
µm

2 +1 µm
2 +2 ⋯ µm

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎢⎢⎣

b0
b1⋮

bm−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= −
⎡⎢⎢⎢⎢⎢⎢⎢⎣

µm
2 +1

µm
2 +2⋮

µm+1

⎤⎥⎥⎥⎥⎥⎥⎥⎦



bj

xh

xm + bm−1 ⋅ xm−1 + ... + b1 ⋅ x + b0 = 0.
σ(xh) xh

m∑
h=1

σ(xh) ⋅ xj
h = µj 0 ≤ j ≤m − 1

σ2 1 1

min∑
s∈S

us

us − ∑
h∈Ψ2,s

σ2,s,h

m∑
k=0

m∑
j=0

rs,k,j ⋅ (x1)k ⋅ (x2,s,h)j−
γ ∑

s′∈S
u′s ⋅ m∑

k=0
ps,s′,k ⋅ (x1)k ∈ P+(X1,s) ∀s ∈ S1

us − ∑
h∈Ψ2,s

σ2,s,h

m∑
k=0

m∑
j=0

rs,k,j ⋅ (x1)k ⋅ (x2,s,h)j−
γ ∑

h∈Φ2,s

∑
s′∈S

u′s
m∑
k=0

ps,s′,k ⋅ (x2,s,h)k ∈ P+(X2,s)σ2,s,h ∀s ∈ S2

R
T
s ⋅ [xs]ds = ∑

h∈Ψ2,s

σ2,s,h

m∑
k=0
⋅ m∑
j=0

rs,j,k ⋅ (x2,s,h)j ⋅ (x1)k

uT ⋅ PT
s ⋅ [xs]ds = ∑

h∈Ψ2,s

σ2,s,h ∑
s′∈S

u′s
m∑
k=0

ps,s′,j ⋅ (x2,s,h)k ⋅ (x1)0



Xs = [0,1]

min∑
s∈S

us

H∗(Zs + 1

2
(L1WsL

T
2 +L2WsL

T
2 )−

L2WsL
T
2 ) − us −Rs − γPsu = 0 ∀s ∈ S1

H∗(Zs + 1

2
(L1WsL

T
2 +L2WsL

T
2 )−

L2WsL
T
2 ) − us −Rs − γP su = 0 ∀s ∈ S2

Ws, Zs ⪰ 0 ∀s ∈ S

Ws Zs

2

d
n

fσ1,σ2
s f s(σ1,σ2)



fσ1,σ2
s = E x1 ∼ σ1,s

x2 ∼ σ2,s

fs(x1, x2)
r⋅(⋅, ⋅)

p⋅,⋅(⋅)
r̃⋅(⋅, ⋅) p̃⋅,⋅(⋅)
∥rs(⋅, ⋅) − r̃s(⋅, ⋅)∥∞ ≤ δ ∀s ∈ S
∥ps,s′(⋅) − p̃s,s′(⋅)∥∞ ≤ ρ ∀s, s′ ∈ S

ϵs
ϵ s

G s(σ̃1, σ̃2) ũs(⋅, ⋅) −ũs(⋅, ⋅)
ϵs ϵs ≤ 2δ

us(⋅, ⋅) −us(⋅, ⋅)
σ∗1 σ2

σ1 ũσ̃1,σ̃2
s −

ũσ1,σ̃2
s ≥ 0

ϵs = u
σ∗1 ,σ̃2
s − uσ̃1,σ̃2

s = rσ∗1 ,σ̃2
s − rσ̃1,σ̃2

s

≤ r
σ∗1 ,σ̃2
s − r̃σ∗1 ,σ̃2

s + r̃σ̃1,σ̃2
s − rσ̃1,σ̃2

s

≤ ∣rσ∗1 ,σ̃2
s − r̃σ∗1 ,σ̃2

s ∣ + ∣r̃σ̃1,σ̃2
s − rσ̃1,σ̃2

s ∣
≤ ∥rs(⋅, ⋅) − r̃s(⋅, ⋅)∥∞ + ∥r̃s(⋅, ⋅) − rs(⋅, ⋅)∥∞≤ 2δ

◻
ps m

p̃s m ρ

rs
r̃s rs



ρ = 0
s l(s)

s
uσ1,σ2
s

ũσ1,σ2
s s (σ1,σ2)

ρ = 0 G
s (σ1,σ2)

u(⋅, ⋅)
ũ(⋅, ⋅) δ 1−γl(s)+1

1−γ ∥uσ1,σ2
s −

ũσ1,σ2
s ∥∞ ≤ δ 1−γl(s)+1

1−γ

∥uσ1,σ2
s − ũσ1,σ2

s ∥∞ ≤ ∥rσ1,σ2
s − r̃σ1,σ2

s ∥∞+γ∥∑
s′
pσc
s,s′ (uσ1,σ2

s′ − ũσ1,σ2

s′ ) ∥∞
≤ δ + γmax

s′ ∥uσ1,σ2

s′ − ũσ1,σ2

s′ ∥∞

s s ∥uσ1,σ2
s − ũσ1,σ2

s ∥∞ ≤
δ∑l(s)

i=0 (γ)i = δ 1−(γ)l(s)+1
1−γ ◻

ρ = 0 G
s (σ̃1, σ̃2)

s ũ(⋅, ⋅) −ũ(⋅, ⋅)
ϵs ϵs ≤ 2δ 1−γl(s)+1

1−γ
u(⋅, ⋅) −u(⋅, ⋅)

s′ s
σ∗2(σ2)

σ2

s
us(⋅, ⋅) ũs(⋅, ⋅)



ϵs = u
σ∗1,σ̃2
s − uσ̃1,σ̃2

s

≤ u
σ∗1,σ̃2
s − ũσ∗1,σ̃2

s + ũσ̃1,σ̃2
s − uσ̃1,σ̃2

s≤ 2∥us(⋅, ⋅) − ũs(⋅, ⋅)∥∞
≤ 2δ

1 − γl(s)+1
1 − γ

◻

ρ = 0 G
ϵ ≤ lim

l(s)→+∞2δ
1 − γl(s)+1

1 − γ = 2δ

1 − γ
ϵ < 1 2δ + γ < 1

Φ(s) = ∑s′∈ (s) ũσ̃1,σ̃1

s′ − ∑s′∈ (s) ũσ̃1,σ̃1

s′(s) (s) qs
s′ s (s)⌊qs/2⌋ ũσ̃1,σ̃2

s′ (s)⌊qs/2⌋ ũσ̃1,σ̃2

s′ Φ =maxs{Φ(s)}
uσ1,σ2
s

ũσ1,σ2
s s (σ1,σ2) δ = 0
ρ > 0

δ = 0 G
s (σ1,σ2)

u(⋅, ⋅)
ũ(⋅, ⋅) δ 1−γl(s)+1

1−γ ∥uσ1,σ2
s −

ũσ1,σ2
s ∥∞ ≤ δ 1−γl(s)+1

1−γ



∥uσ1,σ2
s − ũσ1,σ2

s ∥∞ ≤ ∥rσ1,σ2
s − r̃σ1,σ2

s ∥∞+γ∥∑
s′
(pσc

s,s′u
σ1,σ2

s′ − p̃σc
s,s′ ũ

σ1,σ2

s′ ) ∥∞
= γ∥∑

s′
(pσc

s,s′u
σ1,σ2

s′ − pσc
s,s′ ũ

σ1,σ2

s′ )
+∑

s′
(pσc

s,s′ ũ
σ1,σ2

s′ − p̃σc
s,s′ ũ

σ1,σ2

s′ ) ∥∞
≤ γ∥∑

s′
pσc
s,s′ (uσ1,σ2

s′ − ũσ1,σ2

s′ ) ∥∞
+γ∥∑

s′
(pσc

s,s′ − p̃σc
s,s′) ũσ1,σ2

s′ ∥∞
≤ γmax

s′ ∥uσ1,σ2

s′ − ũσ1,σ2

s′ ∥∞ + γρΦ(s)
≤ γρΦ + γmax

s′ ∥uσ1,σ2

s′ − ũσ1,σ2

s′ ∥∞

s s ∥uσ1,σ2
s − ũσ1,σ2

s ∥∞ ≤
γρΦ 1−(γ)l(s)+1

1−γ ◻
δ = 0 G

s (σ̃1, σ̃2)
s ũ(⋅, ⋅) −ũ(⋅, ⋅)
ϵs ϵs ≤ 2γρΦ 1−γl(s)+1

1−γ
u(⋅, ⋅) −u(⋅, ⋅)

s
s

ϵs = uσ∗1,σ̃2
s − uσ̃1,σ̃2

s≤ 2∥us(⋅, ⋅) − ũs(⋅, ⋅)∥∞
≤ 2γρΦ1 − (γ)l(s)+1

1 − γ
◻



δ = 0 G
ϵs ≤ lim

l(s)→+∞2γρΦ
1 − (γ)l(s)+1

1 − γ = 2γρΦ

1 − γ
ϵ < 1 γ(1 + 2ρΦ) < 1

δ,ρ ≥ 0
G s(σ̃1, σ̃2) s

ũ(⋅, ⋅) −ũ(⋅, ⋅) ϵs

ϵs ≤ 2(δ+γρΦ)1−(γ)l(s)+11−γ
u(⋅, ⋅) −u(⋅, ⋅)

G

ϵs ≤ lim
l(s)→+∞2(δ + γρΦ)1 − (γ)l(s)+1

1 − γ = 2(δ + γρΦ)
1 − γ

< 1 2δ +
γ(1 + 2ρΦ) < 1

ϵ̃ G̃G
G s ϵ̃(σ̃1, σ̃2) G̃ ϵ∗ G

ϵ∗ ≤maxs{ϵs} + ϵ̃
ϵ



∣S∣ ∈ {2,4,10,20,30,40,50} m ∈ {2,5,10,15,
20} rs,k,j[−1,1] ri,0,0 ri,0,0 =m ⋅ (m+
1)/2[0,1] × [0,1] ps,s′,i

ps,s′,i ≥ 0∑s′ ps,s′,i = 1
maxs{us} = 1 mins{us} = 0

ϵ
m

ϵ ∣S∣
ϵ m

ϵ m = 20 ϵ m = 2

m ϵ [10−5,10−4]

i i i

1∣S∣ m∣S∣ = 50 m = 20
ϵ

ϵ

δ



1 2 3 4 5 6 7 8 9
10−5

10−4

10−3

10−2

10−1

100

iterations

ε v
al

ue

 

 

m=2
m=5
m=10
m=15
m=20

ϵ

0 5 10 15 20 25 30 35 40 45 50
0

1

2

3

4

5

6

number of states |S|

co
m

pu
te

 ti
m

e 
[s

]

 

 

m = 20
m=15
m=10
m=5
m=2

m δ

n δ ≈ 10−5 n m = 20
δ ≥ 10−2

ϵ



n
m

⋅10 −
1

⋅10 −
2

⋅10 −
5

⋅10 −
5

⋅10 −
5

∑
nj=

1
α
j ⋅exp(∑

2i=
1
β
i,j ⋅(x

i −
γ
i,j ))

⋅10 −
1

⋅10 −
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⋅10 −
4

⋅10 −
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5

∑
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α
j ⋅sin(∑
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i x

i ∈D
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q p
eq ep eq

q′ q′ ≠ q q′
q′ = q

L1 R1

l r

L3 R3L2 R2

1.1

2.1

1.31.2

2 , 4

3 , 1 3 , 3 2 , 1 4 , 2

xT
1 (t) = [ 1 1

3
2
3

1
3

1
3 0 2

3 ] xT
2 (t) = [ 1 1 0 ]



x1(t) x2(t)
t+1

xT
1 (t+1) = [ 0 1

3 0 1
2

1
6 0 0 ] xT

2 (t+1) = [ 1
2

1
2 0 ]

xi(q∅, t +
1) ≠ 1 i ◻

eq

eq
gq xi(t)

x1(q, t + 1) = x1(q, t) ⋅ gT
q (x1(t)) ⋅U1 ⋅ x2(t)
xT
1 (t) ⋅U1 ⋅ x2(t)

x2(q, t + 1) = x2(q, t) ⋅ xT
1 (t) ⋅U2 ⋅ gq(x2(t))
xT
1 (t) ⋅U2 ⋅ x2(t)

gq

1
q

q

0

gq(xi(t))
gR1R3(x1(t))

gq(xi(t))

gR1R3(x1(t))T = [ 0 0 0 0 0 0 0 ]



generate gq(xi(t))
gq(xi(t)) = 0
xi(q, t) ≠ 0

q′ ∈ Qi q′ ⊆ q
gq(q′,xi(t)) = 1

q′′ ∈ Qi q′′∩q = q′ q′′ = q′∣a∣ . . . a ∈ ρ(h), q /→
h
gq(q′′,xi(t)) = xi(q′′,t)

xi(q′,t)
gq(xi(t))

q

1 gq(q′,xi(t)) gq(xi(t))
q′ ⊆ q q′ q

gR1R3(x1(t))T = [ 1 0 1 0 0 0 1 ]
xi(q′′,t)
xi(q′,t) gq(q′′,xi(t))

gq(xi(t)) q′ ⊆ q q′ = q′′ ∩ q q′′
q′′ = q′∣a∣ . . . a ∈ ρ(h) q /→ h

q′ q q′′ q′
q

gR1R3(x1(t))T = [ 1 0 1 1
2

1
2 0 1 ]

q gq(xi(t))
q xi(q, t) =
0 t

gq(x1(t))



gq∅ gL1 gR1 gR1L2 gR1R2 gR1L3 gR1R3

q∅ 1 1 1 1 1 1 1
L1

1
3 1 0 0 0 0 0

R1
2
3 0 1 1 1 1 1

R1L2
1
3 0 1

2 1 0 1
2

1
2

R1R2
1
3 0 1

2 0 1 1
2

1
2

R1L3 0 0 0 0 0 1 0
R1R3

2
3 0 1 1 1 0 1

(x1(t),x2(t)) (x1(t+1),x2(t+1))

xi(q∅, t) = 1 i

xi(q, t) = ∑a∈ρ(w) xi(q∣a, t) q a
w w = h(q∣a) i

t

xi(q∅, t + 1) = 1
xi(q, t + 1) = ∑

a∈ρ(w)
xi(q∣a, t + 1)

gq∅(x1(t)) =
x1(t) 7.4

xi(q, t) ⋅ gT
q (xi(t)) ⋅Ui ⋅ x−i(t)
xT
i (t) ⋅Ui ⋅ x−i(t) =
= ∑

a∈ρ(w)
⎛
⎝xi(q∣a, t) ⋅ g

T
q∣a(xi(t)) ⋅Ui ⋅ x−i(t)
xT
i (t) ⋅Ui ⋅ x−i(t)

⎞
⎠



xi(q, t) ⋅ gT
q (xi(t)) = ∑

a∈ρ(w)
(xi(q∣a, t) ⋅ gT

q∣a(xi(t)))

q′ q′
gq(q′,xi(t)) = 0

gq(q′,xi(t))
gq(xi(t)) q′ ⊆ q

gq(q′,xi(t)) = 1 q′ ⊆ q
q∣a q q′ ⊆ q ⊂ q∣a

gq∣a(q′,xi(t)) = 1
xi(q, t) ⋅ gq(q′,xi(t)) = ∑

a∈ρ(w)
(xi(q∣a, t) ⋅ gq∣a(q′,xi(t)))

xi(q, t) ⋅ 1 = ∑
a∈ρ(w)

xi(q∣a, t) ⋅ 1
◻

gq(q′′,xi(t))
gq(xi(t)) q′ ⊆ q q′ = q′′ ∩ q q′′ = q′∣a′∣ . . .

a′ ∈ ρ(h) q /→ h

q′′ gq(q′′,xi(t)) = xi(q′′,t)
xi(q′,t)

a q∣a ⊄ q′′
q∣a ⊂ q′′ gq∣a(q′′,xi(t)) = xi(q′′,t)

xi(q′,t)
a gq∣a(q′′,xi(t)) =

xi(q′′,t)
xi(q∣a,t) a∗ gq∣a∗(q′′,xi(t))

q∣a ⊄ q′′
xi(q, t) ⋅ gq(q′′,xi(t)) = ∑

a∈ρ(w)
(xi(q∣a, t) ⋅ gq∣a(q′′,xi(t)))

xi(q, t) ⋅ xi(q′′, t)
xi(q′, t) = ∑a∈ρ(w)

(xi(q∣a, t) ⋅ xi(q′′, t)
xi(q′, t) )



q∣a ⊂ q′′

xi(q, t) ⋅ gq(q′′,xi(t)) = ∑
a∈ρ(w)

(xi(q∣a, t) ⋅ gq∣a(q′′,xi(t)))
xi(q, t) ⋅ xi(q′′, t)

xi(q, t) = xi(q∣a, t) ⋅ xi(q′′, t)
xi(q∣a, t)

◻
◻

πi

σi

{a1, . . . , am} ⊆ Ai

∑
p∈P ∶a1,...,am∈p

πi(p) = ∏
a∈⋃m

j=1 q(aj)
σi(a)

p = a1, . . . , an
πi(p) = σi(a1) ⋅ ⋯ ⋅ σi(an)
p ∈ P {a1, . . . , am} ∈ p

a a ∉ {a1, . . . , am}



a ∈ ⋃m
j=1 q(aj) a

p {a1, . . . , am}

∑
p∈P ∶a1,...,am∈p

πi(p′) =
σi(a) ⋅ m∏

j=1
σi(aj) ⋅ ∑

p∈P ∶a1,...,am∈p
(σi(am+2) ⋅ ⋯ ⋅ σi(an))

a ∉ ⋃m
j=1 q(aj) P ′ ⊆ P

p ∈ P ′ a′ ∈ ρ(h)
a ∈ ρ(h)

∑
a∈ρ(h)

σi(a) = 1 ∀h ∈H

∑
p∈P ∶a1,...,am∈p

πi(p) =
m∏
j=1

σi(aj)⋅ ∑
p∈P ∶a1,...,am∈p

(σi(am+2) ⋅ ⋯ ⋅ σi(an))⋅ ∑
a∈ρ(h)

σi(a) =
m∏
j=1

σi(aj) ⋅ ∑
p∈P ∶a1,...,am∈p

(σi(am+2) ⋅ ⋯ ⋅ σi(an))

∑
p∈P ∶a1,...,am∈p

πi(p) = ∑
p∈P ∶a1,...,am∈p

σi(a1) ⋅ ⋯ ⋅ σi(an)
a

a1, . . . , am a ∈ ⋃m
j=1 q(aj)



∑
p∈P ∶a1,...,am∈p

πi(p) =
= ∏

a∈⋃m
j=1 q(aj)

σi(a) ⋅ ∑
p∈P ∶a1,...,am∈p

σi(am+k) ⋅ ⋯ ⋅ σi(an)

∑
p∈P ∶a1,...,am∈p

πi(p) = ∏
a∈⋃m

j=1 q(aj)
σi(a)

◻

πi(t) i

xi(t) πi(t)
xi(q∣a, t) ⋅ gT

q∣a(xi(t))
∑p∈P ∶a∈p (πi(p, t) ⋅ eTp ) a ∈ Ai q ∈ Qi q∣a ∈ Qi

x̃p(t)
ep(t)

xi(q∣a, t) ⋅ gT
q∣a(xi(t)) = ∑

p∈P ∶a∈p
(πi(p, t) ⋅ x̃p(t)T ) ∀a ∈ Ai

a q q∣a ∈ Qi

a q

xi(q∣a, t) = 0 ∑p∈P ∶a∈p πi(p, t) = 0

xi(q∣a, t) ≠ 0



gq∣a(q′,xi(t)) gq∣a(xi(t))
x̃p(q′, t) x̃p(t) q′ ⊆ q∣a
x̃p(q′, t) = 1 p ∈ P a ∈ p

gq∣a(q′,xi(t)) = 1
xi(q∣a, t) ⋅ gq∣a(q′,xi(t)) = ∑

p∈P ∶a∈p
(πi(p, t) ⋅ x̃p(q′, t))

xi(q∣a, t) ⋅ 1 = ∑
p∈P ∶a∈p

(πi(p, t) ⋅ 1)

gq∣a(q′′,xi(t)) gq∣a(xi(t))
x̃p(q′′, t) x̃p(t) q′′ q′′ ∩ q = q′

q′′ = q′∣a′∣ . . . a′ ∈ ρ(h) q /→ h
x̃p(q′′, t) = 1 p ∈ P a, a(q′′) ∈ p

gq∣a(q′′,xi(t)) =
xi(q′′,t)
xi(q′,t)

xi(q∣a, t) ⋅ gq∣a(q′′,xi(t)) = ∑
p∈P ∶a∈p

(πi(p, t) ⋅ x̃p(q′′, t))
xi(q∣a, t) ⋅ xi(q′′, t)

xi(q′, t) = ∑
p∈P ∶a,a(q′′)∈p

(πi(p, t) ⋅ 1)

xi(q∣a, t) ⋅ xi(q′′, t)
xi(q′, t) = ∏a′∈q∣aσi(a

′, t) ⋅ ∏a′∈q′′ σi(a′, t)∏a′∈q′ σi(a′, t)
q′ ⊆ q∣a q′ ⊆ q′′

xi(q∣a, t) ⋅ xi(q′′, t)
xi(q′, t) =

∏
a′∈q∣a/q′

σi(a′, t) ⋅ ∏
a′∈q′

σi(a′, t) ⋅ ∏
a′∈q′′/q′

σi(a′, t) =
∏

a∗∈⋃a′∈{a,a(q′′)} q(a′)
σi(a∗, t)



∑
p∈P ∶a,a(q′′)∈p

πi(p, t) = ∏
a∗∈⋃a′∈{a,a(q′′)} q(a′)

σi(a∗, t)

◻

(π1(t),π2(t))(π1(t + 1),π2(t + 1))
(x1(t),x2(t))(x1(t + 1),x2(t + 1))

(π1(t),π2(t)) (x1(t),x2(t))(π1(t+ 1),π2(t+ 1)) (x1(t+ 1),x2(t+ 1))
(x1(t),x2(t))(π1(t),π2(t))

i

xi(q∣a, t) = ∑
p∈P ∶a∈p

πi(p, t) ∀a ∈ Ai

xi(q∣a, t + 1) = ∑
p∈P ∶a∈p

πi(p, t + 1) ∀a ∈ Ai



xi(q∣a, t) ⋅ g
T
q∣a(xi(t)) ⋅Ui ⋅ x−i(t)
xT
i (t) ⋅Ui ⋅ x−i(t) =

= ∑
p∈P ∶a∈p

(πi(p, t) ⋅ eTp ⋅Ui ⋅π−i(t)
πT

i (t) ⋅Ui ⋅π−i(t)) ∀a ∈ Ai

xT
i (t) ⋅Ui ⋅ x−i(t) = πT

i (t) ⋅Ui ⋅π−i(t)

xi(q∣a, t) ⋅ gT
q∣a(xi(t)) ⋅Ui ⋅ x−i(t) =
= ∑

p∈P ∶a∈p
(πi(p, t) ⋅ eTp ⋅Ui ⋅π−i(t)) ∀a ∈ Ai

∑p∈P ∶a∈p (πi(p, t) ⋅ eTp )
xi(q∣a, t) ⋅ gT

q∣a(xi(t)) ◻

ẋ1(q, t) = x1(q, t) ⋅ [(gq(x1(t)) − x1(t))T ⋅U1 ⋅ x2(t)]
ẋ2(q, t) = x2(q, t) ⋅ [x1(t)T ⋅U2 ⋅ (gq(x2(t) − x2(t))]

(x1(t),x2(t)) (x1(t + ∆t),x2(t + ∆t))

xi(q∅, t) = 1 i

xi(q, t) = ∑a∈ρ(w) xi(q∣a, t) q a
w w = h(q∣a) i



t

xi(q∅, t +∆t) = 1
xi(q, t +∆t) = ∑

a∈ρ(w)
xi(q∣a, t +∆t)

gq(x1(t)) =
x1(t) 7.15

xi(q, t) ⋅ [(gq(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t)] =
= ∑

a∈ρ(w)
(xi(q∣a) ⋅ [(gq∣a(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t)])

xi(q, t) ⋅ gT
q (xi(t)) = ∑

a∈ρ(w)
(xi(q∣a, t) ⋅ gT

q∣a(xi(t)))

q′ gq(q′,xi(t)) =
0 ◻

(π1(t),π2(t))(π1(t +∆t),π2(t +∆t))
(x1(t),x2(t))(x1(t +∆t),x2(t +∆t))

(π1(t),π2(t)) (x1(t),x2(t))(π1(t +∆t),π2(t +∆t)) (x1(t +∆t),x2(t +∆t))
(x1(t),x2(t))(π1(t),π2(t))

i



xi(q∣a, t) = ∑
p∈P ∶a∈p

πi(p, t) ∀a ∈ Ai

xi(q∣a, t +∆t) = ∑
p∈P ∶a∈p

πi(p, t +∆t) ∀a ∈ Ai

xi(q∣a, t) ⋅ [(gq∣a(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t)] =
= ∑

p∈P ∶a∈p
(πi(p, t) ⋅ [(ep −πi(t))T ⋅Ui ⋅π−i(t)]) ∀a ∈ Ai

xT
i (t) ⋅Ui ⋅ x−i(t) = πT

i (t) ⋅Ui ⋅π−i(t)

xi(q∣a, t) ⋅ gT
q∣a(xi(t)) ⋅Ui ⋅ x−i(t) =
= ∑

p∈P ∶a∈p
(πi(p, t) ⋅ eTp ⋅Ui ⋅π−i(t)) ∀a ∈ Ai

∑p∈P ∶a∈p (πi(p, t) ⋅ eTp )
xi(q∣a, t) ⋅ gT

q∣a(xi(t)) ◻



J =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ẋ1(qi, t)
∂x1(qj , t)

∂ẋ1(qi, t)
∂x2(ql, t)

∂ẋ2(qk, t)
∂x1(qj , t)

∂ẋ2(qk, t)
∂x2(ql, t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∀qi, qj ∈ Q1,

qk, ql ∈ Q2

gq(xi(t))
gq(xi(t))

q′′ q′ xi(q′, t) = 0

xi(q′, t) = 0
t

xi(q′) = 0 q′
xi(q′) ≠ 0

gq(xi(t))

q′′
q′

gq(xi(t),x−i(t))

generate gq(xi(t),x−i(t))
gq(xi(t),x−i(t)) = 0

q′ ∈ Qi q′ ⊆ q
gq(q′,xi(t),x−i(t)) = 1
q′′ ∈ Qi q′′ ∩ q = q′ q′′ = q′∣a∣ . . . a ∈ ρ(h), q /→ h

xi(q′, t) ≠ 0
gq(q′′,xi(t),x−i(t)) = xi(q′′,t)

xi(q′,t)
q′′ = q∗∶a(q∗)∈ρ(h)E[Ui(q∗,x−i)]

gq(q′′,xi(t),x−i(t)) = 1
gq(xi(t),x−i(t))



gq

gq(xi(t),x−i(t))
xi(q′′,t)
xi(q′,t)

∂ẋ1(qi, t)
∂x1(qj , t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(gqi(x1(t),x2(t)) − x1(t))T ⋅U1 ⋅ x2(t)+
x1(qi, t)⋅⎡⎢⎢⎢⎢⎣(

∂gqi(x1(t),x2(t))
∂x1(qj , t) − ei)

T ⋅U1 ⋅ x2(t)
⎤⎥⎥⎥⎥⎦

i = j

x1(qi, t)⋅⎡⎢⎢⎢⎢⎣(
∂gqi(x1(t),x2(t))

∂x1(qj , t) − ej)
T ⋅U1 ⋅ x2(t)

⎤⎥⎥⎥⎥⎦
i ≠ j

∂ẋ1(qi, t)
∂x2(ql, t) = x1(qi, t) ⋅ [(gqi(x1(t),x2(t)) − x1(t))T ⋅U1 ⋅ el]
∂ẋ2(qk, t)
∂x1(qj , t) = x2(qk, t) ⋅ [eTj ⋅U2 ⋅ (gqk(x2(t),x1(t)) − x2(t))]

∂ẋ2(qk, t)
∂x2(ql, t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(t)T ⋅U2 ⋅ (gqk(x2(t),x1(t)) − x2(t))+
x2(qk, t)⋅
[x1(t)T ⋅U2 ⋅ (∂gqk(x2(t),x1(t))

∂x2(ql, t) − ek)]
k = l

x2(qk, t)⋅
[x1(t)T ⋅U2 ⋅ (∂gqk(x2(t),x1(t))

∂x2(ql, t) − el)] k ≠ l

x−i(t) q ∈ Qi xi(q, t) = 0

xT
1 (t) = [ 1 1 0 0 0 0 0 ] xT

2 (t) = [ 1 1 0 ]
gR1L3(x1(t),x2(t)) R1L2 R1R2

x2(t)
gq(xi,x−i) (xi,x−i)



gq(xi,x−i)

gq(xi,x−i)

q ∈ Qi xi(q, t) = 0
x−i(t)

q′ ⊆ q
q′′ q′′ ∩q = q′ q′′ = q′∣a∣ . . .

a ∈ ρ(h), q /→ h x−i(t)
q′′

q′′ x−i(t)
gq(xi(t),x−i(t))

gq(xi(t),x−i(t)) g′q(xi(t),x−i(t))
xi(q, t) = 0

∂ẋi(q,t)
∂ẋi(q,t)

(gq(xi(t),x−i(t)) − xi(t))T ⋅U1 ⋅ x−i(t) =
(g′q(xi(t),x−i(t)) − xi(t))T ⋅Ui ⋅ x−i(t)

gT
q (xi(t),x−i(t)) ⋅Ui ⋅ x−i(t) = g′Tq (xi(t),x−i(t)) ⋅Ui ⋅ x−i(t)

gq(xi(t),x−i(t)) g′q(xi(t),x−i(t))



◻



Q

Q Q

Q



Q
Q

Q

Q

1.1

2.22.1

1.2

0.75 , 0.75 0 , 0

0.5 , 1 0 , 0 0 , 0 1 , 0.5

L1 R1

l1 r1 r2l2

R2L2 R2L2

Q



Q

α τ(t)

xi

xi

inf sets to evaluate
h

q a(q) ∈ ρ(h) xi

h
q xi

q inf sets to evaluate h

QQ

Q
x

q∣a xi(q∣a) = 1
Qt+1(q∣a) = (1 − α(t))Qt(q∣a) + α(t)(r(q∣a) + γ max

a′∈ρ(h)∶
a∈ρ(h)

Qt(q∣a′))



sequence form pure strategy(xi)
xi = 0
xi(q∅) = 1
inf sets to evaluate = {h ∶ ∃a ∈ ρ(h),q∅∣a ∈ Qi}

inf sets to evaluate ≠ ∅
h ∈ inf sets to evaluate

q a(q) ∈ ρ(h) xi

xi(q) = 1
inf sets to evaluate = inf sets to evaluate∪{h′ ∶ ∃a ∈
ρ(h′), q∣a ∈ Qi}
inf sets to evaluate = inf sets to evaluate ∖ {h}

xi

r(q∣a) = xT
i (t) ⋅Ui ⋅ x−i(t).
Q

xi(q∣a, t) = xi(q, t) ⋅ eτ(t)Qt(q∣a)
∑a′∈ρ(h)∶a∈ρ(h) eτ(t)Qt(q∣a′) .

Q

Q

Q
Q Q

ϵ



Q learning for sequence form

t = 0
q ∈ Q

Qt(q) [minxUi(x)
1 − γ ,

maxxUi(x)
1 − γ ]

q∣a ∈ Q
xi(q∣a, t) = xi(q, t) ⋅ eτ(t)Qt(q∣a)

∑a′∈ρ(h)∶a∈ρ(h) eτ(t)Qt(q∣a′)

i ∈ {1,2}
xi = sequence form pure strategy(xi)

q∣a xi(q∣a) == 1Qt+1(q∣a) = (1 − α(t))Qt(q∣a) + α(t)(r(q∣a) +
γmaxa′∈ρ(h)∶a∈ρ(h)Qt(q∣a′))

q∣a ∈ Q
xi(q∣a, t) = xi(q, t) ⋅ eτ(t)Qt(q∣a)

∑a′∈ρ(h)∶a∈ρ(h) eτ(t)Qt(q∣a′)
t = t + 1
maxq∈Q ∣Qt+1(q) −Qt(q)∣ < ϵ
x

τ

τ



τ

1 − γ ⋅ (max
π

Ui(π) −min
π

Ui(π)) ≥ log(maxp∈Pi πi(p, t)
minp∈Pi πi(p, t) ) .

Qt(p) = log (C ⋅ πi(p, t))
τ

,

C

C ∈ ⎡⎢⎢⎢⎢⎣
eτ ⋅minπ Ui(π)

1−γ
πi(p, t) ,

eτ ⋅maxπ Ui(π)
1−γ

πi(p, t)
⎤⎥⎥⎥⎥⎦ ∀p ∈ Pi

C ∈ ⎡⎢⎢⎢⎢⎣
eτ ⋅minπ Ui(π)

1−γ
minp∈Pi πi(p, t) ,

eτ ⋅maxπ Ui(π)
1−γ

maxp∈Pi πi(p, t)
⎤⎥⎥⎥⎥⎦ .

eτ ⋅minπ Ui(π)
1−γ

minp∈Pi πi(a, t) ≤
eτ ⋅maxπ Ui(π)

1−γ
maxp∈Pi πi(p, t) .

◻
τ

τ

1 − γ ⋅ (max
x

Ui(x) −min
x

Ui(x)) ≥
log(maxq∣a∈ρ(h) xi(q∣a, t)

minq∣a∈ρ(h) xi(q∣a, t) ) ∀h ∈H.



◻
x

π
maxxUi(x) = maxπ Ui(π) minxUi(x) = minπ Ui(π)

πi(p) = ∏
q∣a∶a∈p

xi(q∣a)
xi(q) .

maxp∈Pi πi(p, t)
minp∈Pi πi(p, t) =

maxp∈Pi (∏q∣a∶a∈p xi(q∣a, t))
minp∈Pi (∏q∣a∶a∈p xi(q∣a, t)) =

∏
h∈H

maxq∣a∈ρ(h) xi(q∣a, t)
minq∣a∈ρ(h) xi(q∣a, t) ≥

maxq∣a∈ρ(h) xi(q∣a, t)
minq∣a∈ρ(h) xi(q∣a, t) .

π
x

τ

1 − γ ⋅ (max
π

Ui(π) −min
π

Ui(π)) =
τ

1 − γ ⋅ (max
x

Ui(x) −min
x

Ui(x)) ≥
log(maxp∈Pi πi(p, t)

minp∈Pi πi(p, t) ) ≥
log(maxq∣a∈ρ(h) xi(q∣a, t)

minq∣a∈ρ(h) xi(q∣a, t) )∀h ∈H,

x
π x

τ

1 − γ ⋅ (max
x

Ui(x) −min
x

Ui(x)) =
log(maxq∣a∈ρ(h) xi(q∣a, t)

minq∣a∈ρ(h) xi(q∣a, t) ) , ∀h ∈H



h ∈H maxq∣a∈ρ(h) xi(q∣a, t)
minq∣a∈ρ(h) xi(q∣a, t) > 1

log(maxq∣a∈ρ(h) xi(q∣a, t)
minq∣a∈ρ(h) xi(q∣a, t) ) =

τ

1 − γ ⋅ (max
π

Ui(π) −min
π

Ui(π)) < log(maxp∈Pi πi(p, t)
minp∈Pi πi(p, t) ) .

◻

ẋi(q∣a, t) = ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t)

+ xi(q∣a, t)(τ̇(t)Qt(q∣a) + τ(t)Q̇t(q∣a)
− ∑

a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) (τ̇(t)Qt(q∣a′) + τ(t)Q̇t(q∣a′)))

Q̇t(q∣a) = α(t)
⎛⎜⎜⎝r(q∣a) + γ max

a′∈ρ(h)∶
a∈ρ(h)

Qt(q∣a′) −Qt(q∣a)
⎞⎟⎟⎠ .

Q̇t(q∣a)



ẋi(q∣a, t) = ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t) + xi(q∣a, t)α(t)⎛⎝τ̇(t)Qt(q∣a)

+ τ(t)(r(q∣a)+ γ max
a′∈ρ(h)∶
a∈ρ(h)

Qt(q∣a′)−Qt(q∣a))− ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) ⋅

⋅(τ̇(t)Qt(q∣a′)+τ(t)(r(q∣a′)+γ max
a′′∈ρ(h)∶
a′∈ρ(h)

Qt(q∣a′′)−Qt(q∣a′)))⎞⎠.

∑a′∈ρ(h)∶a∈ρ(h) xi(q∣a′, t) = xi(q, t)

max
a′∈ρ(h)∶
a∈ρ(h)

Qt(q∣a′) − ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) γ max

a′′∈ρ(h)∶
a′∈ρ(h)

Qt(q∣a′′) = 0

ẋi(q∣a, t) = ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t)

+ xi(q∣a, t)α(t)⎛⎝τ̇(t)Qt(q∣a) + τ(t)(r(q∣a) −Qt(q∣a))
− ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) (τ̇(t)Qt(q∣a′)+τ(t)(r(q∣a′)−Qt(q∣a′)))⎞⎠.

r(q∣a) = gT
q∣a(xi(t)) ⋅Ui ⋅ x−i(t)



ẋi(q∣a, t) = ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t) + xi(q∣a, t)α(t) (τ̇(t)Qt(q∣a)

+τ(t) (gT
q∣a(xi(t)) ⋅Ui ⋅ x−i(t) −Qt(q∣a)) − ∑

a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) ⋅

⋅ ⎛⎝τ̇(t)Qt(q∣a′) + τ(t)(gT
q∣a′(xi(t)) ⋅Ui ⋅ x−i(t) −Qt(q∣a′))⎞⎠.

∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) ⋅ gT

q∣a′(xi(t)) ⋅Ui ⋅ x−i(t) =

gT
q (xi(t)) ⋅Ui ⋅ x−i(t)

ẋi(q∣a, t) = ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t) + xi(q∣a, t)α(t)

⋅ ⎛⎝τ(t)((gq∣a(xi(t)) − gq(xi(t)))T ⋅Ui ⋅ x−i(t)) − τ(t)Qt(q∣a)
+τ̇(t)Qt(q∣a)− ∑

a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) (τ̇(t)Qt(q∣a′)−τ(t)Qt(q∣a′))⎞⎠.

xi(q∣a′, t)
xi(q∣a, t) =

eτ(t)Qt(q∣a′)
eτ(t)Qt(q∣a)

q, a, a′
∑a′∈ρ(h)∶a∈ρ(h) xi(q∣a′, t)

xi(q, t) = 1 q



− τ(t)Qt(q∣a) + τ(t) ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) Qt(q∣a′)

= τ(t) ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) (Qt(q∣a′) −Qt(q∣a))

= ∑
a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) log(xi(q∣a′, t)

xi(q∣a, t) )

ẋi(q∣a, t) =
xi(q∣a, t)

⎡⎢⎢⎢⎢⎣α(t)τ(t) ((gq∣a(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t))

+ (α(t) + τ̇(t)
τ(t)) ∑

a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q, t) log(xi(q∣a′, t)

xi(q∣a, t) )
⎤⎥⎥⎥⎥⎦+

ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t) .

q = q∅ ẋi(q∅, t) = 0
xi(q∅, t) = 1 t q = q∅

ẋi(q∅∣a, t) =
xi(q∅∣a, t)

⎡⎢⎢⎢⎢⎣α(t)τ(t) ((gq∅∣a(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t))

+ (α(t) + τ̇(t)
τ(t)) ∑

a′∈ρ(h)∶
a∈ρ(h)

xi(q∣a′, t)
xi(q∅, t) log(xi(q∅∣a′, t)

xi(q∅∣a, t) )
⎤⎥⎥⎥⎥⎦.



ẋi(q∅∣a, t) ẋi(q, t) ⋅ xi(q∣a, t)
xi(q, t)

q

ẋ1(q∣a, t) =
x1(q∣a, t)

⎡⎢⎢⎢⎢⎣α(t)τ(t) ((gq∣a(x1(t)) − x1(t))T ⋅U1 ⋅ x2(t))

+ (α(t) + τ̇(t)
τ(t)) ∑

h∶∃a∗∈q∣a
a∗∈ρ(h)

∑
a′∈ρ(h)

x1(q∣a′, t)
x1(q, t) log( x1(q∣a′, t)

x1(q∣a∗, t))
⎤⎥⎥⎥⎥⎦

ẋ2(q∣a, t) =
x2(q∣a, t)

⎡⎢⎢⎢⎢⎣α(t)τ(t) (x1(t)T ⋅U2 ⋅ (gq∣a(x2(t)) − x2(t)))

+ (α(t) + τ̇(t)
τ(t)) ∑

h∶∃a∗∈q∣a
a∗∈ρ(h)

∑
a′∈ρ(h)

x2(q∣a′, t)
x2(q, t) log( x2(q∣a′, t)

x2(q∣a∗, t))
⎤⎥⎥⎥⎥⎦.

xi(q∣a, t)α(t)τ(t)((gq∣a(xi(t)) − xi(t))T ⋅Ui ⋅ x−i(t))

xi(q∣a, t)(α(t) + τ̇(t)
τ(t)) ∑

h∶∃a∗∈q∣a
a∗∈ρ(h)

∑
a′∈ρ(h)

xi(q∣a′, t)
xi(q, t) log( xi(q∣a′, t)

xi(q∣a∗, t)) .

α(t)



τ(t)
τ(t)

τ(t)

Q

(π1(t),π2(t))(π1(t +∆t),π2(t +∆t))
(x1(t),x2(t))(x1(t +∆t),x2(t +∆t))

(π1(t),π2(t)) (x1(t),x2(t))(π1(t +∆t),π2(t +∆t)) (x1(t +∆t),x2(t +∆t))

t

π1(t) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
π1(L1∗, t) = 0.5
π1(R1L2, t) = 0.25
π1(R1R2, t) = 0.25

π2(t) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

π2(l1l2, t) = 0.25
π2(l1r2, t) = 0.25
π2(r1l2, t) = 0.25
π2(r1r2, t) = 0.25



xT
1 (t) = [ 1 0.5 0.5 0.25 0.25 ]

xT
2 (t) = [ 1 0.5 0.5 0.5 0.5 ]

t+1 τ(t) = 1
α(t) = 1

π1(t + 1) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
π1(L1∗, t + 1) = 0.3960
π1(R1L2, t + 1) = 0.2800
π1(R1R2, t + 1) = 0.3240

π2(t + 1) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

π2(l1l2, t + 1) = 0.2859
π2(l1r2, t + 1) = 0.2649
π2(r1l2, t + 1) = 0.2332
π2(r1r2, t + 1) = 0.2160

xT
1 (t + 1) = [ 1 0.5042 0.4958 0.2297 0.2661 ]

xT
2 (t + 1) = [ 1 0.5592 0.4408 0.5168 0.4832 ]

◻

τ(t)

τ

τ
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P



PPAD

n ∞
n



(σ, σ̂)
i θ λ

i σλ σ̂−iλ λ
i

i σ̂−iλ σλ′
λ λ′ i −i

(σ, σ̂)
i θ λ

i σλ σ̂−iλ λ i

i σ̂−iλ σ−i
σλ σ−i λ i

i σi i

λ
σλ

a a ∈ Ai

i

a ∈ Ai σ̂−ii,a



σ̂−ia σ̂−ii,a a

(σ, σ̂)
i θ

λ

i σi(a) > 0 a ∈ Ai a

σ̂−ia
a ∈ Ai i σ̂−ia σ−i(σi,σ−i)

(σ, σ̂)
i θ λ

i σλ σ̂−iλ λ

i σ̂−iλ λ−i ∑θ∈Θ−i σ̂θ
λ ⋅ ω̂θ

i σ̂−iλ σ−i
λ i σ−i−i



1.1

2.22.1

1.2 1.3 1.4 1.5

θ1.1, θ2.1 2,3 3,5 6,4 4,6 2,4 3,3 4,6 2,3

θ1.1, θ2.2 2,6 3,6 6,2 4,4 2,3 3,5 4,4 2,7

θ1.2, θ2.1 3,3 1,5 3,4 5,6 2,4 7,3 2,6 4,3

θ1.2, θ2.2 3,6 1,6 3,2 5,4 2,3 7,5 2,4 4,7

L1 R1

l1 r1 r2l2

L2 R2 L3 R3 R4L4 R5L5

θ1.1, θ2.1

θ1.2, θ2.1



U2

U1

A

D

C

B

3

4

5

6

3 4 5 6

U2

U1

A

D

C

B

E

F

G

3

4

5

6

3 4 5 6

U2

U1

A

C
B D

3

4

5

6

3 4 5 6 7

U2

U1

A

C
B D

3

4

5

6

3 4 5 6 7

U1 U2 ∎
ωλ = .5▲

ωλ =
.5 ωλ = .5⧫



(σ1,σ2) (σ′1,σ′2) (α ⋅σ1 + (1−α) ⋅σ′1,α ⋅
σ2 + (1 − α) ⋅σ′2) α ∈ [0,1]

(x1,x2)
q ∈ Qi xi(q) > 0[q] = {q′ ∈ Qi∣x̂−iq′ = x̂−iq }

xi x∗i (q∅) = 1 x∗i
q∅

x∗i (q) = xi(q)∑q′∈[q] xi(q′) q ∈ [q]
q ∈ [q] x̂−iq

x̂−iq ,∀q ∈ [q] [q]
Pr([q]) = ∑q′∈[q] xi(q′) xi(q) = x∗i (q) ⋅Pr([q])

q ∈ Qi ◻

(∑k α1,k ⋅ σ1,k,∑k α2,k ⋅ σ2,k) ∑k αi,k = 1 αi,k ≥ 0



σi,k i k

αi,k = ∑σλ=σi,k
ωλ

ωλ

xλ x̂−iλ x̂θ′
λ xθ xθ,q x̂−iθ,q

x̂θ′
θ,q



PPAD

q∣a ∈ Q−i q∣a
q′ ∈ Qi

h ∈ H−i a ∈ ρ(h)
q∣a ∈ Q−i f(q∣a) ⊆

Qi h ∈ H−i a ∈ ρ(h)
xλ(q′) ⋅

xλ′(q∣a) ⋅ (x̂−iλ (q∣a) − xλ′(q∣a)) = 0 q′ ∈ f(q∣a) λ
i λ′ −i

sλ(q) sλ(q) = 1
q ∈ Qi λ

sθ(q) sθ(q) = 1 q
θ

si(q) si(q) = 1 q
i

x̂−iλ (q∣a) −
xλ′(q∣a) ≤ M ⋅ (2 − sλ(q′) − sλ′(q∣a)) xλ′(q∣a) − x̂−iλ (q∣a) ≤
M ⋅ (2 − sλ(q′) − sλ′(q∣a)) q′ ∈ f(q∣a) M

∣Θi∣ = 1 i



vλ(h) ≥ ∑
h′∈Hi(q∣a)

vλ(h′) + ∑
q′∈Q−i

ui(θ, q∣a, q′) ⋅ x̂−iλ (q′)
∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi,λ ∈ Λθ

vλ(h) ≤ ∑
h′∈Hi(q∣a)

vλ(h′)+
∑

q′∈Q−i
ui(θ, q∣a, q′) ⋅ x̂−iλ (q′) +M(1 − sλ(q∣a))

∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi,λ ∈ Λθ

x̂−iλ (q∣a) ≥ ∑
λ′∈Λθ′ ,θ′∈Θ−i

xλ′(q∣a) −M ⋅ (2 − sλ(q′) − s−i(q∣a))
∀i ∈ N, q ∈ Q−i, q′ ∈ f(q∣a),λ ∈ Λθ, θ ∈ Θi

x̂−iλ (q∣a) ≤ ∑
λ′∈Λθ′ ,θ′∈Θ−i

xλ′(q∣a) +M ⋅ (2 − sλ(q′) − s−i(q∣a))
∀i ∈ N, q ∈ Q−i, q′ ∈ f(q∣a),λ ∈ Λθ, θ ∈ Θi

xλ(q∅) = ωλ ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi

xλ(q) = ∑
a∈ρ(h)

xλ(q∣a) ∀i ∈ N,λ ∈ Λθ, q ∈ Q,h ∈Hi,q, θ ∈ Θi

x̂−iλ (q∅) = 1 ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi

x̂−iλ (q) = ∑
a∈ρ(h)

x̂−iλ (q∣a) ∀i ∈ N,λ ∈ Λθ, q ∈ Q,h ∈Hi,q, θ ∈ Θi

sλ(q) ≥ xλ(q) ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi, q, ∈ Qi



si(q) ≥ sλ(q) ∀i ∈ N,λ ∈ Λθ, q ∈ Qi, θ ∈ Θi

si(q), sλ(q) ∈ {0,1} ∀i ∈ N, q ∈ Qi, θ ∈ Θi,λ ∈ Λθ

xλ(q), x̂−iλ (q) ≥ 0 ∀i ∈ N, q ∈ Qi, θ ∈ Θi,λ ∈ Λθ

vλ(h) h
λ

x̂−iλ h

x̂−iλ (q) λ
x−i

2 − sλ(f(q)) − s−i(q) = 0 q
xλ

x̂−iλ
sλ(q) = 1 q

λ si(q)
i q

θ, q xθ,q

vθ,q

x̂−iθ,q
∣Θi∣ = 1 i

vθ,q∣a(h) ≥ ∑
h′∈Hi(q∣a)

vθ,q∣a(h′) + ∑
q′∈Q−i

ui(θ, q∣a, q′) ⋅ x̂−iθ,q∣a(q′)
∀i ∈ N, q ∈ Qi, h ∈Hi(q), θ ∈ Θi, a ∈ ρ(h)



vθ,q∣a(h) ≤ ∑
h′∈Hi(q∣a)

vθ,q∣a(h′)+
∑

q′∈Q−i
ui(θ, q∣a, q′) ⋅ x̂−iθ,q∣a(q′) +M(1 − sθ,q∣a(q∣a))
∀i ∈ N, q ∈ Qi, h ∈Hi(q), θ ∈ Θi, a ∈ ρ(h)

x̂−iθ,q(q′∣a) ≥ ∑
θ′∈Θ−i

xθ′(q′∣a) −M ⋅ (2 − sθ,q(q′′) − s−i(q′∣a))
∀i ∈ N, q ∈ Qi, q

′′ ∈ f(q′∣a), q′ ∈ Q−i, θ ∈ Θi

x̂−iθ,q(q′∣a) ≤ ∑
θ′∈Θ−i

xθ′(q′∣a) +M ⋅ (2 − sθ,q(q′′) − s−i(q′∣a))
∀i ∈ N, q ∈ Qi, q

′′ ∈ f(q′∣a), q′ ∈ Q−i, θ ∈ Θi

xθ,q′(q∅) = ωθ ∀i ∈ N, θ ∈ Θi, q
′ ∈ Qi

xθ,q′(q) = ∑
a∈ρ(h)

xθ,q′(q∣a) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi, h ∈Hi,q

xθ(q∅) = ωθ ∀i ∈ N, θ ∈ Θi

xθ(q) = ∑
a∈ρ(h)

xθ(q∣a) ∀i ∈ N, θ ∈ Θi, q ∈ Qi, h ∈Hi,q

x̂−iθ,q′(q∅) = 1 ∀i ∈ N, θ ∈ Θi

x̂−iθ,q′(q) = ∑
a∈ρ(h)

x̂−iθ,q′(q∣a) ∀i ∈ N, θ ∈ Θi, q ∈ Qi, h ∈Hi,q

sθ,q′(q) ≥ xθ,q′(q) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi



si(q) ≥ sθ,q′(q) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi

si(q), sθ,q′(q) ∈ {0,1} ∀i ∈ N, q, q′ ∈ Qi, θ ∈ Θi

xθ(q), xθ,q′(q), x̂−iθ,q′(q) ≥ 0 ∀i ∈ N, q, q′ ∈ Qi, θ ∈ Θi

vθ,q(h) h
θ q

h x̂−iθ,q
xθ,q x−i

xθ,q

ωθ

xθ

x̂−iθ,q sθ(q) = 1
θ q

si(q) = 1 i q

x̂θ′
λ θ′ ∈ Θ−i

i ω̂θ θ ∈
Θ−i

vλ(h) ≥ ∑
h′∈Hi(q∣a)

vλ(h′) + ∑
q′∈Q−i

ui(θ, θ′, q∣a, q′) ⋅ x̂θ′
λ (q′)

∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi,λ ∈ Λθ, θ
′ ∈ Θ−i

vλ(h) ≤ ∑
h′∈Hi(q∣a)

vλ(h′)+
∑

q′∈Q−i
ui(θ, θ′, q∣a, q′) ⋅ x̂θ′

λ (q′) +M(1 − sλ(q∣a))
∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi,λ ∈ Λθ, θ

′ ∈ Θ−i



x̂θ′
λ (q∣a) ≥ xλ′(q∣a) −M ⋅ (2 − sλ(q′) − sλ′(q∣a))∀i ∈ N, q ∈ Q−i,λ ∈ Λθ, θ ∈ Θi,λ

′ ∈ Λθ′ , θ′ ∈ Θ−i, q′ ∈ f(q∣a)

x̂θ′
λ (q∣a) ≤ xλ′(q∣a) +M ⋅ (2 − sλ(q′) − sλ′(q∣a))∀i ∈ N, q ∈ Q−i,λ ∈ Λθ, θ ∈ Θi,λ

′ ∈ Λθ′ , θ′ ∈ Θ−i, q′ ∈ f(q∣a)

xλ(q∅) = ωλ ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi

xλ(q) = ∑
a∈ρ(h)

xλ(q∣a) ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi, q ∈ Q,h ∈Hi,q

∑
θ∈Θi

ω̂θ = 1 ∀i ∈ N

x̂θ′
λ (q∅) = ω̂θ ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi,θ

′ ∈ Θ−i

x̂θ′
λ (q) = ∑

a∈ρ(h)
x̂θ′
λ (q∣a)

∀i ∈ N,λ ∈ Λθ, θ ∈ Θi, q ∈ Q,h ∈Hi,q, θ
′ ∈ Θ−i

sλ(q) ≥ xλ(q) ∀i ∈ N,λ ∈ Λθ, θ ∈ Θi, q, ∈ Qi

sλ(q) ∈ {0,1} ∀i ∈ N, q ∈ Qi,λ ∈ Λθ, θ ∈ Θi

xλ(q), x̂θ′
λ (q), ω̂θ ≥ 0 ∀i ∈ N, q ∈ Qi,λ ∈ Λθ, θ ∈ Θi, θ

′ ∈ Θ−i



λ

s(q) q

x̂θ′
θ,q∣a θ′ ∈

Θ−i i
ω̂θ θ ∈ Θ−i

vθ,q∣a(h) ≥ ∑
h′∈Hi(q∣a)

vθ,q∣a(h′)+ ∑
q′∈Q−i

ui(θ, θ′, q∣a, q′)⋅x̂θ′
θ,q∣a(q′)

∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi, θ
′ ∈ Θ−i

vθ,q∣a(h) ≤ ∑
h′∈Hi(q∣a)

vθ,q∣a(h′)+
∑

q′∈Q−i
ui(θ, θ′, q∣a, q′) ⋅ x̂θ′

θ,q∣a(q′) +M(1 − sθ,q∣a(q∣a))
∀i ∈ N, q ∈ Qi, h ∈Hi(q), a ∈ ρ(h), θ ∈ Θi, θ

′ ∈ Θ−i
x̂θ′
θ,q(q′∣a) ≥ xθ′(q′∣a) −M ⋅ (2 − sθ,q(q′′) − sθ′(q′∣a))
∀i ∈ N, q ∈ Qi, q

′ ∈ Q−i, q′′ ∈ f(q′∣a), θ ∈ Θi, θ
′ ∈ Θ−i

x̂θ′
θ,q(q′∣a) ≤ xθ′(q′∣a) +M ⋅ (2 − sθ,q(q′′) − sθ′(q′∣a))
∀i ∈ N, q ∈ Qi, q

′ ∈ Q−i, q′′ ∈ f(q′∣a), θ ∈ Θi, θ
′ ∈ Θ−i

xθ,q′(q∅) = ωθ ∀i ∈ N, θ ∈ Θi, q
′ ∈ Qi

xθ,q′(q) = ∑
a∈ρ(h)

xθ,q′(q∣a) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi, h ∈Hi,q



xθ(q∅) = ωθ ∀i ∈ N, θ ∈ Θi

xθ(q) = ∑
a∈ρ(h)

xθ(q∣a) ∀i ∈ N, θ ∈ Θi, q ∈ Qi, h ∈Hi,q

∑
θ∈Θi

ω̂θ = 1 ∀i ∈ N

x̂θ′
θ,q′(q∅) = ω̂θ′ ∀i ∈ N, θ ∈ Θi, θ

′ ∈ Θ−i

x̂θ′
θ,q′(q) = ∑

a∈ρ(h)
x̂θ′
θ,q′(q∣a)
∀i ∈ N, θ ∈ Θi, θ

′ ∈ Θ−i, q ∈ Qi, h ∈Hi,q

sθ,q′(q) ≥ xθ,q′(q) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi

sθ(q) ≥ sθ,q′(q) ∀i ∈ N, θ ∈ Θi, q, q
′ ∈ Qi

sθ(q), sθ,q′(q) ∈ {0,1} ∀i ∈ N, q, q′ ∈ Qi, θ ∈ Θi

xθ(q), xθ,q′(q), x̂θ′
θ,q′(q), ω̂θ ≥ 0

∀i ∈ N, q, q′ ∈ Qi, θ ∈ Θi, θ
′ ∈ Θ−i

s(q) q



(σ, σ̂) P

◻

(σ, σ̂) σ P

λ
λ

◻

∣Λ1∣ = ∣Λ2∣ = 1

O(2∣Q1∣+∣Q2∣) #P



ω

#USCEs
O(2∣Q1∣+∣Q2∣ + 2log2(#USCEs)⋅(∣Λ1∣+∣Λ2∣))

log2(#USCEs) ∣Q1∣ ∣Q2∣
O(2∣Q1∣⋅∣Λ1∣+∣Q2∣⋅∣Λ2∣)

ϵ

ẋλ(q, t) =
xλ(q, t) ⋅

⎡⎢⎢⎢⎢⎣ ∑q1∈Q1

∑
q2∈Q2

⎛
⎝ ∑λ′∈Λ2

xλ′(q2, t) ⋅ u1(q, q2) ⋅ gq(q1, t)⎞⎠
− ∑

q1∈Q1

∑
q2∈Q2

⎛
⎝ ∑λ′∈Λ2

xλ′(q2, t) ⋅ u1(q1, q2) ⋅ xλ(q1, t)⎞⎠
⎤⎥⎥⎥⎥⎦∀λ ∈ Λ1, q ∈ Q1



ẋλ(q, t) =
xλ(q, t) ⋅

⎡⎢⎢⎢⎢⎣ ∑q1∈Q1

∑
q2∈Q2

⎛
⎝ ∑λ′∈Λ1

xλ′(q1, t) ⋅ u2(q1, q) ⋅ gq(q2, t)⎞⎠
− ∑

q1∈Q1

∑
q2∈Q2

⎛
⎝ ∑λ′∈Λ1

xλ′(q1, t) ⋅ u2(q1, q2) ⋅ xλ(q2, t)⎞⎠
⎤⎥⎥⎥⎥⎦∀λ ∈ Λ2, q ∈ Q2

θ1.1, θ2.1

x1 = (x1(L1) = x1(L1R2) = x1(L1L3))
x2.1 = (x2.1(l1) = x2.1(r1) = 1)
x2.2 = (x2.2(l1) = x2.2(r2) = 1)
x2.3 = (x2.3(l2) = x2.3(r1) = 1)
x2.4 = (x2.4(l2) = x2.4(r2) = 1)

xx.y y x

x2 = (x2(l1) = x2(l2) = x2(r1) = x2(r2) = 1

2
)



(x1,x2)∣Λ1∣ = ∣Λ2∣ = 1 (x1,x2) ◻

◻

J



J =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ẋλ1

∂xλ1

⋯ ∂ẋλ1

∂xλn

∂ẋλ1

∂xλ′1
⋯ ∂ẋλ1

∂xλ′m⋮ ⋮ ⋮ ⋮
∂ẋλn

∂xλ1

⋯ ∂ẋλn

∂xλn

∂ẋλn

∂xλ′1
⋯ ∂ẋλn

∂xλ′m

∂ẋλ′1
∂xλ1

⋯ ∂ẋλ′1
∂xλn

∂ẋλ′1
∂xλ′1

⋯ ∂ẋλ′1
∂xλ′m⋮ ⋮ ⋮ ⋮

∂ẋλ′m
∂xλ1

⋯ ∂ẋλ′m
∂xλn

∂ẋλ′m
∂xλ′1

⋯ ∂ẋλ′m
∂xλ′m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
λ1, . . . ,λn ∈ Λ1,λ

′
1, . . . ,λ

′
m ∈ Λ2

∂ẋλi

∂xλj

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ẋλi(a1)
∂xλj(a1) ⋯ ∂ẋλi(a1)

∂xλj(an)⋮ ⋮
∂ẋλi(am)
∂xλj(a1) ⋯ ∂ẋλi(am)

∂xλj(an)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

λi,λj ∈ Λk

i = j
λi ∈ Λk

λj ∈ Λk′ , k ≠ k′

0
λi,λj ∈ Λk

i ≠ j

θ1.1, θ2.1



x∣y∣ x
y x1(R1) = x1(R1R4) = x1(R1L5) =

1, x2(l1) = x2(r2) = 1

R1R2L3R4L5 l1r2 −2∣16∣,−1∣8∣,0∣7∣ −3∣2∣,0∣1∣
L1R2L3R4L5 l1r2 −1∣16∣,0∣7∣,1∣8∣ −1∣2∣,0∣1∣
R1R2L3R4L5 l1l2 −1∣16∣,0∣15∣ 0∣1∣,3∣2∣
L1L2L3L4L5 r1l2 −4∣8∣,−3∣8∣,−2∣8∣,0∣7∣ 1∣2∣,0∣1∣

θ1.1, θ2.1

0.5



L1R2L3R4L5 r1l2 −4∣8∣,−3∣8∣ − 2∣8∣, 1
2 ∣1∣, 32 ∣1∣,2∣1∣

R1R2L3R4L5 −1∣8∣,0∣14∣,1∣8∣,3∣8∣
L1R2L3R4L5 r1r2 −4∣8∣,−2∣32∣,−1∣8∣, −3

2 ∣1∣,−1∣1∣,
R1R2L3R4L5 0∣14∣ 1

2 ∣1∣
L1R2L3R4L5 l1r2 −2∣16∣,−1∣24∣,0∣14∣, −2∣1∣,−3

2 ∣1∣,
R1R2L3R4L5 1∣8∣ −1

2 ∣1∣

θ1.1, θ2.1

(x1,x2)

λ1.1,λ1.2



xλ1 = Lj xλ2 = Rj j

xλ(L)/xλ(R)
xλ(R)/xλ(L)
100 102 104 106 108







Q







i
a
w
h
N
A
Ai i
V
Vi i
T
H
Hi i

Vi,h h i
ι
ρ
χ
ui i
ϵ

σi i
σi,a a i

σi(ϵ) i ϵ
σi,a(ϵ) a i ϵ

σ
σ(ϵ)

µi −
µi,w i w

µ
q

q∅∣q∣ q
Q
Qi i
xi i

xi,q q i
xi(ϵ) i ϵ

xi(ϵk) ϵk xi(ϵ)
xi,q(ϵ) q i ϵ

xi,q(ϵk) ϵk xi,q(ϵ)
vi i

vi,h vh h i
li(ϵ) i ϵ

li,q(ϵ) i q
λ

λa a
Ui i
Fi i



Θ = Θ1 ×Θ2

Θi i
Θ−i

i
θ

ui(θi,σi,σ−i) i
ui(θi, θ−i,σi,σ−i) i

Λi i
Λθ θ ∈ Θi

λ
ωθ θ ∈ Θi

ωλ λ ∈ Λθ θ ∈ Θi

σλ λ
σθ = ∑λ∈Λθ

σλ ⋅ ωλ θ ∈ Θi

σi = ∑θ∈Θi
σθ ⋅ ωθ i

σ̂−iλ λ i −i
σ̂θ

λ λ i θ ∈ Θ−i
ω̂θ

λ λ i ωθ

σa a ∈ Ai

σ̂−ia a ∈ Ai−i
xλ λ
xθ θ ∈ Θi

xθ,q θ ∈ Θi q ∈ Qi

x̂−iλ λ i−i
x̂θ′
λ λ i

θ′ ∈ Θ−i
x̂−iθ,q θ ∈ Θi q ∈ Qi−i
x̂θ′
θ,q θ ∈ Θi q ∈ Qi

θ′ ∈ Θ−i
ω̂θ i θ ∈ Θ−i
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