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Abstract

Fin dall’inizio della crisi di liquidita dell’estate 2007 la base tra tassi di interesse
con differenti tenori sottostanti é diventata non piu trascurabile. In questo nuovo
scenario si é resa necessaria la costruzione di diverse curve, una per ogni tenore
significativo. Un importante problema emerso in questo mondo multi-curva é la
costruzione della struttura a termine dei tassi nella prima sezione. Il contributo
principale di questa tesi é 'ottimizzazione della costruzione dei Depositi Sintetici
usati per risolvere questo problema.

L’idea (seguendo I'approccio presentato in F.M. Ametrano, M. Bianchetti 2013,
[1]) é quella di usare le quote di mercato disponibili basate sul tasso di tenore x-mesi
e 'equivalente OIS (costruito sulle stesse date) in modo da ottenere una base tra il
tasso OIS e quello di tenore x-mesi. A questo punto si assume una forma funzionale
per la base e si determinano i parametri risolvendo un sistema di equazioni. La
funzione cosi ottenuta pud essere utilizzata per calcolare il valore della base nelle
date desiderate. Sommando il valore della base all’istante t con la quota di un OIS
con scadenza t si ottiene il valore del Deposito Sintetico in t.

Per avere una buona approssimazione della shape della base é determinante
la scelta dello strumento di mercato da utilizzare per il primo pillar, quello con
scadenza x-mesi spot. L’unica quotazione disponibile ¢ il valore del fixing che peré
non é elastico ai cambiamenti del mercato. La soluzione presentata in questo lavoro
é quella di estrapolare il valore della base per il suddetto pillar a partire dai valori
precedentemente calcolati per i pillars successivi.

L’algoritmo proposto, qui applicato al caso (concreto) del mercato dell’euro, é
attualmente implementato in Banca IMI ed é disponibile open source all’indirizzo:
www.githhub.com/paolomazzocchi/quantlib.



Since the liquidity crisis of summer 2007, the basis spread between interest rates
with different tenor became no longer negligible. In this new scenario the need of a
lot of new curves, one for each significant interest rate tenor, emerged. This work
shows how to construct a good yield curve term structure in this multi-curves
world.

A very important problem emerged in this new situation is the construction of
the curves in the very first section. The main contribution in this thesis is on the
construction of Synthetic Deposits, used to solve this problem. The idea (following
the approach as F.M. Ametrano, M. Bianchetti 2013, [1]) is to use the market
available quotes based on x-Months tenor rate and the equivalent OIS (build on
the same set of dates) in order to obtain a OIS-x months basis. Then we assume a
functional form of that basis and we determine the values of the parameters solving
a system of equations. In that way we obtain a function for the basis and we can
use it to determine its value for desired dates. Knowing that value, if we want to
obtain a Synthetic Deposit till t (t<x) we sum the value of the basis at t with the
spot OIS till t.

In order to obtain a better approximation of the basis, it is fundamental to
choose the correct instruments, especially for the first pillar, the one with maturity
x-months spot. On market we can find the index fixing, but this remains constant
for all the day; this is a big problem, since the market situations during a day
can change dramatically. The solution here proposed to solve this problem is to
calculate the value of the basis for the following pillars and then to extrapolate the
value for the first one using a smooth interpolation. The concrete EUR market
case is worked out.

The implementation of proposed algorithm is actually used in Banca Imi and
is available open source at https://www.githhub.com/paolomazzocchi/quantlib,
branch thesis.



Introduzione

Per prezzare derivati di tasso di interesse é necessario modellare la loro struttura
a termine, costruire cioé la cosiddetta yield curve. Nonostante cibé, gran parte
della letteratura assume l’esistenza di tale curva come data; la sua costruzione é
spesso trascurata e viene considerata pii una questione di arte che una scienza.
La sua grande importanza per6 risulta evidente quando si vuole prezzare un qual-
siasi derivato di tasso: una struttura a termine errata, infatti, produrrd dei prezzi

sbagliati.

Fin dalla crisi di liquidita dell’estate del 2007, il basis spread tra tassi di interesse
con differenti tenor (per esempio un tasso tremestrale e uno semestrale) divenne
non piu trascurabile ed emerse dunque la necessita di costruire pitl curve: una per
ogni tenor siginificativo. Lo scopo di questa tesi é quello di mostrare come fare
per costruire una buona struttura a termine per i tassi di interesse in un mondo

multi-curva, usando un approccio tale da risolvere le nuove problematiche emerse.

La nascita di questo nuovo scenario ha portato alla luce alcune problematiche
nella procedura tradizionalmente utilizzata; innanzitutto la presenza di molte pia
curve, ognuna delle quali basata su un unico tenor, implica la necessitd di aver
molte pit quote di mercato disponibili. Questa é una diretta consequenza del
Homogeneous Instruments Selection Criteria: per costruire una curva dobbiamo

selezionare solo strumenti basati sullo stesso tasso sottostante, quello caratteristico
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della curva desiderata.

Per risolvere questo problema é spesso necessario costruire interest rate swap
(IRS) con tasso floating desiderato partendo dalle quotazioni di mercato disponibili
dei basis swap. Possiamo trovare due differenti tipi di quotazioni per i basis swap:
come due IRS tasso fisso contro variabile (tipica del mercato EURO) o come un
unico IRS tasso variabile contro un altro tasso variabile pit spread. Se conosciamo
le quotazioni di un IRS con tasso variabile con tenore x-mesi e di un IRBS tasso
variabile x-mesi contro tasso variabile y-mesi, possiamo costruire un nuovo IRS
caratterizzato da tasso variabile con tenore y-mesi. Nella sezione 2.4 ricavo le
formule necessarie per compiere queste operazioni in tutte le differenti situazioni
di mercato, con esempi concreti per lo yen giapponese (JPY) e il dollaro americano
(USD).

Al fine di ottenere pii quote di mercato possiamo anche costruire degli stru-
menti sintetici, cioé non direttamente quotati dal mercato ma ricavabili sfruttando
le quotazioni disponibili. Ovviamente il modo pit semplice per ottenere questi val-
ori é quello di interpolare direttamente le quotazioni disponibili. Questo approccio
perd é molto debole, in quanto pué funzionare bene solo se sono in un mercato
nel quale ho gid un buon numero di valori e sto usando una buona interpolazione.
Per questo motivo bisogna stare molto attenti ad utilizzare questa soluzione; nella
sezione 3.1 mostro un caso nel quale invece questo metodo pué essere utile.

Un altro grande problema emerso nel mondo multi-curva riguarda la costruzione
delle curve nella prima sezione. Infatti, usando I’ Homogeneous Instruments Se-
lection Criteria, lo strumento con maturity minore quotato, basato sullo stesso
tasso sottostante della curva, é il fixing dell’indice di riferimento (per esempio Eu-
ribor per il mercato EURO). Usando tale strumento riusciamo a fissare il valore
del discount factor, di tale curva, alla data di maturity di tale prodotto. Per
questo motivo, non abbiamo nessuna informazione per modellare in modo migliore

la shape della curva nella parte precedente (quella compresa tra oggi e la maturity
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del fixing). Per completare questa zona, I'unica cosa che possiamo fare é usare
un interpolazione, ma questo pud produrre dei cattivi risultati, specialmente in un
mercato con grandi tensioni. Inoltre, questo effetto diventa tanto pia grave, tanto
pit il tenore del tasso sottostante la curva, e quindi la maturity del primo pillar,
aumenta: la curva sul tasso 6-mesi avra una sezione maggiore senza pillar rispetto
alla curva 1-mese.

Tutto ci6 risulta evidente se andiamo ad osservare i forward rate calcolati su
quella curva. Se costruiamo in maniera scorretta la prima sezione, sovrastimando o
sottostimando i discount factor, dovremo aggiustare in maniera coerente i successivi
discount in maniera tale da fittare i dati di mercato disponibili, propagando in tal
modo gli errori. Questo errore pud diventare veramente significativo in mercati
molto liquidi, dove pochi basis point possono fare la differenza.

Il contributo principale di questa tesi riguarda la costruzione di una classe ver-
amente importante di strumenti sintetici: i Depositi Sintetici. Tali strumenti pos-
sono essere utilizzati per risolvere questo problema. L’idea (seguendo I’approccio
spiegato in F.M. Ametrano, M. Bianchetti, 2013) é quella di utilizzare le quote di
mercato disponibili basate sul tasso con tenore x-mesi e gli equivalenti OIS (costru-
iti sullo stesso insieme di date) in modo da ottenere il valore di una base OIS-x
mesi per alcune specifiche date. A questo punto assumiamo una forma funzionale
per tale base e ne determiniamo i coefficienti risolvendo un sistema di equazioni.
In tal modo otteniamo una funzione per la base che possiamo utilizzare per cal-
colarne il valore a ogni data desiderata, per esempio t, con t < x. Conoscendo
tale quota possiamo ottenere il valore del nostro deposito sintetico con scadenza t
semplicemente sommando la base a un OIS con maturity t.

Il problema di questo approccio é nella selezione delle quote di mercato per fis-
sare il valore della base nel primo pillar, quello con maturity x mesi sulla curva con
tenore x mesi. Per ottenere una migliore approssimazione della base per scadenze

inferiori al primo pillar, infatti, abbiamo bisogno di fissare il suo valore a x mesi.
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Con tale scadenza sul mercato possiamo trovare il fixing dell’indice, ma questa
quota ha il problema che, come dice il nome, viene fissato una volta al giorno e poi
il suo valore resta costante durante tutto ’arco della giornata. Questo é un grande
problema in quanto durante la giornata la situazione del mercato potrebbe cam-
biare significamente e questo valore si troverebbe a non essere piu rappresentativo
della situazione attuale. La soluzione qui proposta per risolvere questo problema
é quella di calcolare il valore della base nei pillar di mercato successivi, usando gli
strumenti pia liquidi disponibili, e poi estrapolare il valore della base per il primo
pillar usando un interpolante smooth. In questo modo, sommando tale valore con
quello di un OIS ( con partenza spot e maturity x mesi) otteniamo la miglior
approssimazione possibile in tempo reale del valore di un ipotetico fixing.

Questo nuovo metodo é attualmente implementato nel calcolo delle curve di
tasso per Banca IMI usando la libreria quantlib, [12], [13], [14], [15].

I benefici di questo approccio sono evidenti analizzando i tassi forward calcolati
usando la curva; tutto questo si riperquote in un miglioramento nel pricing dei
derivati di tasso.

Questo lavoro é organizzato nel seguente modo. Nel primo capitolo presento
I’algoritmo di bootstrap analizzando i diversi tipi di interpolazione utilizzabili e il
loro effetto sulla curva. La scelta di un corretto interpolante é infatti fondamentale
per ottenere dei buoni tassi forward e delle sensitivity corrette.

Nel capitolo 2 analizzo gli effetti della crisi del 2007 e il perché essa ha con-
dotto alla nascita di un mondo multi-curva, caratterizzato da una unica curva di
discounting e pitu curve di forwarding. Inoltre in questo capitolo affronto il prob-
lema della costruzione di nuovi IRS, con tasso floating desiderato, partendo dalla
quotazione delle basi.

Nel terzo capitolo spiego nel dettaglio ’algoritmo utilizzato per la costruzione
dei Depositi Sintetici, riportando anche un esempio concreto nel caso del mercato

Euro.



Nell’ultimo capitolo costruisco tutte le curve significative nel mercato FEuro
(ON,1M,3M,6M,1Y) usando la metodologia presentata in questa tesi e mostrando

i vantaggi che tale approccio porta ad esse.



Introduction

Pricing complex interest rate derivatives requires modelling the future dynamics
of the yield curve term structure. Nevertheless most of the literature assumes the
existence of the yield curve as given; its construction is often neglected as it is
considered more a question of art than a science. But its construction it is very

important, since an incorrect term structure will fail to produce good prices.

Since the liquidity crisis of summer 2007, the basis spread between interest rates
with different tenor became no longer negligible and therefore emerged the need of
a multi-curves framework. The scope of this work is to show how to construct a
good yield curve term structure for a multi-curves world, using an approach that

solve the problematic emerged with this new market situation.

The new framework brought to light some problems in the construction proce-
dure; first of all the presence of a lot of different curves implies the need of much
more market quotes; this is direct consequence of the Homogeneous Instruments
Selection Criteria: to build a curve we must select only instruments based on the
same underlying rate. This criteria implies the need of a lot of market quotes for

every important interest rate tenor (usually ON,1M ,3M ,6M,1Y).

To solve this task it is often necessary to build interest rate swap with the
desired underlying floating rate starting from available market quotes of basis swap.

We can find two different type of quotations for interest rate basis swap: as two

8



IRS fixed vs. floating (EURO market) or as one IRS with two floating legs. If we
know the quotations of an IRS with floating rate with tenor x-Months and of an
IRBS x-Months vs y-Months floating rates we can build a new IRS vs y-Months
rate. In section 2.4 I explained the formula for doing this calculation for every

different market situations available, with concrete examples for Japanese Jen and

US Dollar.

To obtain more quotes we can even build Synthetic instruments. Obviously, the
simplest method is by using an interpolation on available market quotes; using a
proper interpolation type we can obtain good results. The big inconvenient of this
method is that we can use it only if we have sufficient market quotes that allows
us to obtain good interpolated values, I will show in section 3.1 when this method
can be used.

Another very important problem, that emerged after the credit crisis, is the
construction of the curves in the very first section. In fact, using the Homogeneous
Instruments Selection Criteria, the shorter (in term of maturity date) quoted con-
tracts that we can find on the market, based on the same underlying rate as the
one of the curve, is the index fixing with the same tenor. Therefore using that
product we can only fix the value of our discount factor curve at its maturity date.
So we do not have any information to fit in a better way the real shape of our
curve below the first pillar, to complete that region we can only use interpolation,
but this can produce very bad results. Obviously this effect becomes more relevant
with longer tenor, for example the 6M-ibor curve have a bigger section without
pillars (six months) than the 1M one.

The effect of these bad result is evident if we observe the forward rates of
that curve. If we construct in a incorrect way the first section, overestimating or
underestimating the discount factor of that curve in that region, we have to adjust
in a coherent way the following ones in order to reprice the market instruments,

obtaining wrong results. These imply pricing errors that can be very significant in
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a very liquid market.

The main contribution in this work is on the construction method of a very
important class on synthetic instruments, the Synthetic Deposits, that we can use
to solve this problem. The basic idea (following the approach as F.M. Ametrano,
M. Bianchetti 2013 [1]) is to use the market available quotes based on z-Months
tenor rate (6 Months in the previous example) and the equivalent OIS (build on
the same set of dates) in order to obtain a OIS-z months basis for a specific dates
(the same dates of the market a-tenor instruments). Than we assume a functional
form of that basis and we determine the values of the parameters solving a system
of equations. In that way we obtain a function for the basis and we can use it to
determine its value for desired dates. Knowing that value, if we want to obtain a
Synthetic Deposit till ¢ (¢ < x) we sum the value of the basis at ¢ with the spot
O1S till ¢.

The problem of this approach is on the selection of the market quotes to fix the
OI1S-z months basis for the first pillar. In order to obtain a better approximation
of the basis for maturities below the curve rate tenor, we need to fix the value of the
basis at x Months. On market we can find quoted the index fixing, but this value
is fixed one time a day and then it remains constant for all the day. This is a big
problem, since the market situations during a day can change dramatically, leading
to an incorrect yield curve. Another instruments that we can find is the z Months
Deposits rate, but since these contracts are unsecured, are not representative of
the ibor index. The solutions here proposed to solve this problem is to calculate
the value of the basis for the following pillars and then extrapolate the value for
the first one using a smooth interpolation. In this way, adding this value to the
corresponding OIS quotation (the OIS that has spot start and maturity spot +x
Months), we can obtain the best proxy of the real time fixing value, what we were

looking for.

This new approach is now implemented in the construction of the interest rate
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yield curves for Banca IMI using Quantlib ([12],[13],[14],[15]).

In chapter 3 I explain this procedure in details, using a concrete example in
EURO market.

The benefits of this approach are evident. Using Synthetic Deposits we really
fit in a better way the first section of the curve and this effect produce a better
forward rates build on that curve and a better pricing of financial instruments.

The thesis is organized in the following way; in the first chapter I present the
bootstrap algorithm with a focus on the different interpolations type. One can
think that the interpolation type is not fundamental, but choosing a wrong inter-
polant can generate very bad forward rates leading to incorrect delta sensitivities.

In chapter 2 I show the crisis effect on the market and I explain why it became
really important to build different curves for forwarding and one unique curve for
discounting and which rate is the correct one to discount cash flows. Besides, in
this chapter, I explain the correct way to build IRS with different floating rates
using the market quotations of interest rate basis swap, focusing on the different
way used on market to quote them.

In chapter 3, the central one, I explain the procedure used to build a synthetic
instruments, with a concrete examples in EURO market.

In the next chapter I build the interest rate yield curve for all important tenor
in EURO market (ON,1M,3M,6M,1Y"), showing the benefits that synthetic instru-

ments bring to them.
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Chapter 1

Yield Curve Construction

Pricing of all interest rate derivatives requires modelling the future dynamics of
the zero rates (yield) curve term structure. So it is very important to find the
best way to construct it, since an incorrect yield curve term structure will fail to
produce good prices.

There are lot of different ways to build the curve but they can divided into two

classes:
e Best Fit

o FEzact Fit (Bootstrapping)

1.1 Best fit vs. Exact fit algorithms

As we said before, the algorithms for constructing yield curve can be divided into
two big classes, Best fit and FEzact fit; the logic behind each class is very different.
We start showing how it works a best fit algorithm. Best fit algorithm assumes

a functional form for the term structure and then it calibrates its parameters in
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1 — Yield Curve Construction

order to minimize the repricing error of a specific set of financial instruments chosen
for the construction of the curve.

This algorithm is very popular due to the smoothness of the curve, calibration
easiness and intuitive financial interpretation of functional form parameters; at the
same time this approach presents a big inconvenient: the repricing of the financial
instruments is not perfect and this could be a problem in a very liquid market,
where a little difference in prices can be very important. (we have a liquid market
when the spread between bid and ask is very little)

The second class of algorithms, Fzact fit, are often preferred. They followed a
different logic; as first step we have to choose a set of N financial instruments with
different maturities (usually we choose the more liquid instruments quoted for each
maturity) creating a corresponding time grid of N points (pillars). The algorithm
then works in order to exactly reprice the instruments selected. It proceeds in
an incremental way, extending the yield curve step-by-step with the increasing
maturity of the ordered instruments selected; this procedure is called bootstrap
approach. In this way we obtain a set of N values; in order to obtain the yield
curve values we need to interpolate on the boostrapping grid. We stress the fact
that often the interpolation is done during bootstrapping and not just after that
and so the two operations are highly correlated. We will later show how this

interaction works.

1.2 Interpolation

As we have seen so far, bootstrapping algorithm works in a iterative way; in order
to find the discount factor at a specific date we often need to know the values of
other discount factors for some previous dates.

With this approach there could be a problem: imagine that we have an IRS

with a set of payment dates, but we do not have all the discount factors for every
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1 — Yield Curve Construction

date. How can we calculate the discount factors that we need, if we can not find
financial instruments on the market that let us calculate the missing values? In
this case we use an interpolation scheme to complete information. For this reason
interpolation is done during bootstrapping and not only after that (for obtain the
curve for off-pillars grid).

It is important to remember the relation between zero and instantaneous for-

ward rates:

D(0,t) = e~ et = ¢~ Jo Sinse d (1.1)

As we can see, discount factors have an exponential decay, this complicates the
interpolation as all the curves obtained through different interpolation methods are
very similar. So at first glance it makes sense to interpolate on log discounts. The
smoothness of a rate curve is to be measured on the smoothness of its forward rate,
since anything else is obtained through its integration, therefore being smoother by
construction. Therefore it makes sense to use a smooth interpolation on forward
rates.

Interpolations methods can be divided in to two big categories:

e local methods: they use only the neighborhoods points of the desired one to

interpolate;

e global method: they use all the available points.

1.2.1 Linear on Log Discount Factors

This is the easiest and the most common interpolation method. This method is
very stable and trivial to implement and is usually a base method one implements
in a system before any others.

Suppose that we have ¢ which is not equal to any of the ¢; in our bootstrapping
grid. First of all we determine i such that ¢; < t < t;41, this interpolation uses

only two values in order to obtain D(¢o,t): therefore it is a local method.
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1 — Yield Curve Construction

Knowing that:

D(to,t;) = e(=7m04) = D, (1.2)

D(to,tip1) = el"rier it = D,y (1.3)
Using the Linear interpolation on Log Discount Factors we have for In(D;):

t—t, tiyr—t
In(Diy1) + ——— In(D;) (1.4)

In(Dy) = ——
( t) ti—l—l — ti ti+1 - ti

If we want to obtain the zero rate r¢, using (1.1), we have:

1 t—t; tix1 —t

rp=—=- ( In(Djyq) + ln(Di)> (1.5)
tit1 — ¢ tit1 — t;

For the instantaneous forward rate fi,s¢, using (1.32):

. - g _ _IH(DZ) — ln(DiJrl)
fznst - 8t (Tt t) - ti-t,-l — tz (16)

Observing equation (3.15) we see that linear interpolation on log discount factors
generates piecewise flat forward rates, constant over every time interval (¢;,%;+1),

withi=0:m — 1.

1.2.2 Linear on Zero Rates

Another very popular local interpolation method is the linear interpolation on zero

rates, in formula:
t—t; tig1 —t

- Fii1 r 1.7
it T i — o
Using this method, for the forward rate we obtain:
2% —t; tigr — 2t
inst = ————T; —_—; 1.8
fznst ti+1 — tz i+1 ti+1 — tz 7 ( )

In this case we have that the forward rate are still not continuous, but now are
not constant over one time interval (¢;,¢;+1). Linear interpolation on zero rates

generates seesaw forward rates.
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1 — Yield Curve Construction

1.2.3 Cubic Splines Interpolations on Log Discounts

We now want to interpolate our points with a cubic spline function. It is a global
method as it use all values that we have.

Suppose that we know the value of D; for every t;, 1 < i < n, and we want
to construct a cubic interpolant on log discount factor. We want to determine the

coefficients a;, b;, ¢;,d;, for 1 <i <n—1,t; <t <t;41, such that:
ln(Dt) =a; + bi(t — ti) + Ci(t — ti)2 + di(t — ti)s (1.9)

We can calculate the derivatives of this function:

In(Dy) = b; + 2¢;(t — t;) + 3d;(t — t;)? (1.10)
ln(Dt)” = 201‘ + Gdl(t — ti) (111)
In(D,)" = 6d; (1.12)

We have a set of constraints common to all cubic splines interpolation methods:
e the interpolating function meets the given data, for 1 <7 <n — 1:
a; = In(Dy,) (1.13)
And:
an-1+bn—1(tn—tn_1)+cn1(tn—tn_1)?+dn_1(tn—tn_1)* =In(Dy,) (1.14)
¢ the interpolating function is continuous, for 1 <i <n — 2:
ai +bi(tiyr —ti) +ciltivs —t)* + di(tipn — t:)® = ainy (1.15)

e the entire function is differentiable, for 1 <i <n — 2:
b; + 261'(251'4,_1 — ti) + Sdi(ti_;,_l — ti)2 = bi+1 (116)
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1 — Yield Curve Construction

By requiring differentiability of the interpolating function we obtain that the for-

ward rate function is continuous, since:
finst = ln(Dt)/ =b;, + QCi(t — ti) =+ 3dz(t — ti)Q (1.17)

We have constructed a system of 3n — 4 equations, but we have 4n — 4 unknowns,

so we need to determine n more constraints.

Natural Cubic Spline Method

The natural cubic spline method defines the new constraints by requiring that
the interpolant is twice differentiable and the second derivative at each endpoint

(t=14=n)is0:

Ci+3di(ti+1—t,‘)zci+1, iflgign—Z
=0 (1.18)
Cn—1+ 3dn71(tn - tnfl) =0

By solving the previous system plus this additional constraints we can determine

all the coefficients of the interpolant function.

Hyman Filter on Natural Cubic Spline interpolation

Cubic spline interpolation methods suffer of well-documented problems, such as
spurious inflection points, excessive convexity, lack of locality and wide oscillation
that can generate negative forward rates.

In order to solve these problems Hagan and West (see [4]) have developed a new
scheme based on positive preserving forward interpolation: the spline is constructed
to preserve appropriate properties, principally among these the geometry of the
inputs: the curve is locally monotone and convex if the inputs show the analogous
discrete properties; the curve is guaranteed to be positive if all the inputs are

positive.

17



1 — Yield Curve Construction

Our preferred solution is to apply the Hyman monotonic cubic filter to the
natural spline cubic interpolation of log discounts. The Hyman filter (see [9])
ensures that in regions of local monotony of the input, for example three increasing
or decreasing values, the interpolating cubic remains monotonic. If the function
is already monotonic, the Hyman filter leaves it unchanged, preserving all of its
original features.

We consider the same nodes as before, equation (1.9), and we define mesh sizes

and gradients:

hi = tiq —ti (1.19)
_ ln(Dti+1) _ ln(Dti)
= 3

m; (1.20)

Now we can study the monotony of our input data:

m;—1m; > 0, the curve is locally monotone at ¢;; ( )
1.21

m;_1m; < 0, the curve is not locally monotone at ¢;;

If the curve is not locally monotone it has a turning point and therefore we define
b; = 0 (remember that b; is the value of the first derivative of the interpolated
function at t;). Otherwise we calculate the value of b; solving the system for
monotonic cubic natural spline interpolation. Than we apply the Hyman filter
to this value. It is shown in Hyman (1986) (see [9]) that the monotonicity is
preserved if the first derivative values satisfy the De Boor-Schwartz constraints,
this is realized by applying the following filter on the first derivative values ([9],
equation 2.3):

min(max (0, b;),3 min(m;_1,m;)), if is locally increasing in i;
by = (1.22)

max(min(0, b;),3max(m;_1,m;)), if is locally decreasing in ;

Near the boundary we set: mg = mq and m,, = m,_1.

18



1 — Yield Curve Construction

In case of C? interpolants the Hyman filter ensures monotonicity at the expenses
of the second derivative of the interpolant which will no longer be continuous in
the points where the filter has been applied.

We prefer to interpolate on discount factor instead of zero rates because only
the first are well defined in ty and so we have a good starting point for our curve.
Besides the Hyman monotonic natural cubic interpolation on log-discounts ensure
positive rates and smooth forward rates: they are C! and C° only when the filter
is really applied.

Hagan and West in their paper use a particular example that show that all cubic
methods produce negative forward rate; but, as we can see, using Hyman monotonic
natural cubic interpolation on log-discounts we obtain non negative forward rates,

contradicting Hagan and West result.

Term | Zero Rate | Discount Factor | Forward Rate
0.1 8.10% 0.99193272
1 7.00% 0.93239382 6.8778%
4 4.40% 0.83861798 3.5333%
9 7.00% 0.53259180 9.0800%
20 | 4.00% 0.44932896 1.5455%
30 3.00% 0.40656966 1.0000%

The red line (figure 1.1) is the forward rate curve obtained using the Hyman
filter, as we can see it is positive for every ¢t and the minimum value is of the order:
1-1076

Using global interpolation schemes inside bootstrapping procedure have some
problems. During bootstrap the shape of the part of the yield curve already boot-
strapped is altered by the addition of further pillars. To solve this task usually we
work in an iterative way: we do a first bootstrap using local interpolation scheme

and then we altered one pillar at time using again bootstrapping algorithm but
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Figure 1.1. Hagan and West stress case

with a global interpolation scheme, until convergence is reached within a given
precision. Obviously the performance of the algorithm is lowered but we obtain a

better yield curve.

1.3 Standard Rate Curve

We now construct the Standard Rate Curve. This yield curve was the only one that
was build before the credit crunch of 2007 and so it follows the classical approach
for the construction.

First we need to make some assumptions that were considered true in a single

curve world:

e The Interbank credit and liquidity issues do not matter for pricing, Banks
are considered default free and LIBOR rates are a good proxy for risk-free

rates;

o Basis swap spreads are negligible;
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1 — Yield Curve Construction

e The collateral do not matter for pricing and for discounting are used LIBOR

rates.

Knowing all of these assumptions we can start to select the instruments that we
use for bootstrapping our curve.

We are dealing now with a pre-crisis world, so all the rates are on a unique curve
and we not have to distinguish between financial instruments that have different
underlying tenors.

Therefore for selecting the instruments needed, we only use the Liquidity Cri-
teria. In fact, we observe on the market which products are more traded for each
maturity and we select them. In this way we obtain a set of the most liquid interest
rate instruments with increasing maturities.

We now take a look at the EURO Market. For the short-term period, usually
up to the start date of the first IMM future quoted, we use Interbank Deposits. For
the medium-term period we have IMM futures on 3M Euribor, typically we use 6
or 8 contracts, up to two years. Sometimes we use the first serial contract quoted,
that shows a good liquidity especially when it starts before the first IMM.. For
the remaining part of the curve we use Interest Rate Swaps (IRS) based on 6M
Euribor.

Summing up, we have:
o Deposits: ON,TN,SN,SW,1M,..(up to the first IMM future);
o Futures: 6 or 8 IMM contracts plus 1 or 2 serial (2/3 years);
e Interest Rate Swaps:2Y,3Y,..60Y.

After we have selected instruments we can build the curve using the bootstrapping
algorithm, we still have to choose the type of interpolation that we want to use;
the classical market approach for standard curve is to use a linear interpolation on

zero rates.
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1 — Yield Curve Construction

With all of these elements we finally have constructed the standard interest yield
curve and we can now use it for pricing interest rate derivatives, for discounting

cash-flows and for compute the forward rates.
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Chapter 2

Multicurve world

2.1 Cirisis effect

I Unfortunately the single curve approach it is not valid anymore.

Since August 2007 the credit and liquidity crisis started to show its effects. The
basis spreads quoted on the market explode and become no longer negligible; in
particular interest rate basis swaps spreads characterized by different underlying
tenors had a strong increase, reflecting the increased liquidity risk and the cor-
responding preference of financial institutions for receiving payments with higher
frequency, quarterly instead of semi-annually for example. (figure 2.1).

There are also other indicator of the changes in the interest rate market; the In-
terbank Deposit rate (based for example on EURIBOR) and the Overnight Indexed
Swap (OIS) with the same maturity start to diverge (figure 2.2).

Libor rates with different tenors displayed different portions of credit/liquidity

spread which increased with tenors; this meant that rolling OIS rates for a longer

1All market data are taken from Bloomberg trading platform and Thomson Reuters Eikon
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Figure 2.1. Euro 3M vs. 6M Basis Swap 5Y

term, 1M, 3M, 6M,is different than payed a single 1M, 3M, 6M month roll. (figure
2.3)

Even the common relation between FRA and the forward rates implied by
consecutive Deposits end (equation 1.16). A single curve could not be used to

estimate forward rates with different tenors. (figure 2.4)
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Figure 2.2. left:EURIBOR 3M vs OIS 3M right: EURIBOR 6M vs OIS 6M
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Figure 2.3. Euribor vs OIS Spread

The consequence of all of these changes is that we now have a sort of segmenta-
tion of interest rate market into sub-areas. One single curve is not enough anymore
to account for forward rate of different tenor, such as 1M,3M,6M,12M, character-
ized by different internal dynamics, liquidity and credit risk premia, reflecting the
different views and interests of the market players.

Therefore we construct N different curves, based on N different tenors. We

denote the curve in form of a continuous term structure of discount factors:
CP ={T — Da(to,T),T > to} (2.1)

Where the superscript D stands for discount factor curve, ty is the reference
date for the curve, typically today or spot date, D,(to,T) is the price at time tg
of the zero coupon bond build on that curve and such that D(7,T) = 1 and the
index z indicates the curve tenor, usually x = {ON,1M,3M ,6 M ,12M}.

The relation (1.32) is still valid inside the same curve, in formula:

t
*f fz,inst do
to

Dy (to,t) = e (=t — ¢ (2.2)

Therefore we can construct the curve on zero rates or instantaneous forward
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2 — Multicurve world

rates:

Cr ={T = r3(t0, 7). T = to} (2.3)
Cf ={T — fu(to,T),T > to} (2.4)

An important criteria for the selection of the instruments used for building yield-
cuves is the Homogeneous Instruments Selection: to construct a x-tenor curve we
must select only contracts based on z-tenor rate; for example, if we are building
the Euribor 6 M curve we only use interest rate derivatives with underlying Euribor
6M.

A key-point is still unresolved. Since the no-arbitrage theory is valid, two
identical future cashflow of whatever origin must display the same present value.
For this reason we need to find a unique discounting curve. Between 2007 and
2010 at least two different practices could be encountered on the market: the old
"pre-crisis" approach, using the standard yield curve, that can be justified with
the principle of maximum liquidity, and the ON curve, justified with no risky and
collateralized counterparties. Since mid 2010 a common approach has emerged, as

explain in section 2.2.
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Figure 2.4. Quoted FRA vs. implied forward rate
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2.2 Collateralizing and discounting

An important consequence of the credit risk was that the market become more

sensitive to the pricing of counterparty default in swap transactions.

The market came to realization that all term interbank fixing rates (Libor)
included some element of credit or liquidity premium. The only curve that did
not suffer of these effects was the OIS curve, where fixing were based on central
bank overnight collateralized accommodation rates. For this reason the ON rate is
considered the best proxy for the risk-free rate and a good candidate for discounting

purpose.

In addition, after the credit crunch interest rate derivatives quoted on OTC
market, start to be collateralized. Today all major financial institutions oper-
ating in interest rate market are covered by mutual collateral agreements. As
a consequence, the market quotations of FRAs and Swaps reflect collateralized
transactions and so we have to consider it for constructing our yield curves and
for choosing the correct discounting curve. Therefore, we have to consider the
rate at which the collateral balances, deposit at the clearing houses, earn interests.
Generally, because off daily collateral calls, this rate is the overnight rate, such
as EONIA, FED FUNDS, SONIA, TONAR, ... . For all of these reasons, the

overnight curve seems to be correct choice for discounting.

A fundamental event for moving to OIS discounting occurred in June 2010,
when the London Clearing House (LCH.Clearnet), the most important clearing
house, announced that:

"LCH.Clearnet Ltd (LCH.Clearnet), which operates the world’s leading interest
rate swap (IRS) clearing service, SwapClear, is to being using the overnight index
swap (OIS) rate curves to discount its $218 trillion IRS portfolio. Previously, in
line with market practice the portfolio was discounted using LIBOR. After extensive

consultation with market participants, LCH. Clearnet has decided to move to OIS to
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2 — Multicurve world

ensure the most accurate valuation of its portfolio for risk management purposes’.

We now explain, using an example, why the rate at which the collateral balances
earn interests is the correct rate for discounting. Assume that we have an Interest
rate swap with schedule like in section 2.6, n floating flows (IRSi0q:) and m fixed
flows (IRSfizeqa). Our IRS is collateralized, so we have to post an amount equal

to:

C = —min(NPV(t),0) (2.5)

Where (D(to,t;) is the discount factor for ¢;):

NPV (t ZIRsﬂoat D(to, t; ZIRSfmd( ) - D(s0, ;) (2.6)

j=1
So we have to post collateral only if our contract is out of the money; obviously
we have to update this amount every day in case of daily collateral call.

Assume we want to invest the amount posted (C) in order to exactly match
the cash-flows of the swap. Since this amount C earns interest at OIS rate, to

replicate swap’s flows we have to post an amount C' equals to:

C= ZIRSfloat( ) DOIS to, ZIRszmed( ) DO[S(‘SO)sJ) (27)

=1 =1

We have replicated our I RS using the posted collateral; in order to avoid arbitrage

free profit, this quantity, must be equal to the NPV of IRS:

ZIRSfloat( i) - Dors(to,ti) ZIRszzed( i) - Dors(so,5;)

- = (2.8)
= IRSfiat(t:) - D(to, t:) ZIRSfmd( ) - D(s0, ;)
=1 7j=1

Therefore: D(to,t;) = Dors(to,t:)
For all these considerations the correct discounting curve for all collateralized

products is the OIS yield curve.
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2.3 Exogenous vs Endogenous Bootstrapping

In a multicurve we need to define an Ezxogenous yield curve boostrapping, since the
discocunt factor that we use into the pricing formulas of bootstrapping instruments

are not taken from the curve itself, but from the discounting OIS curve.

In a single curve environment instead the same curve was used both for discount

and for calculate the forwarding rate, Endogenous discounting.

This difference is evident in the boostrapping formula for IRS. Since IRS are
collateralized instruments, we cannot discount cashflows using the current curve,
but we need to use OIS curve. In formula (Ly(ti—1,t:) = fo(ti—1,t) = fa,(i-1,9)
and D, (to,t:) = Dy (0,)):

LIRS _ S (fatim1.0) - Tim1,i - Don,0,4))

1 L 2.9
2i=1(Tj—15 - Don,(0)) 29

Suppose that we know all the discount factor of the ON-curve, and the term struc-
ture off f, till ¢,—1 and we want to determine f,(t,—1,t,). Inverting the previous

formula:

S (riB5 T 1 jDon 0.5)) — S (fultion, t)Tim1,iDon,0.4)
DON,(O,n)T'n—l,’rL

f.’r,(n—l,n) =
(2.10)

In terms of discount factor on z-curve:

D.’r,(O,n) =
Don,0,n) Dz, 0,n-1)
S (FERS T iDon,0.)) — Yoret (fa(i-1.0)Ti—1.:D0oN0,0)) + Dono,m)

(2.11)

We will show in chapter 6 the difference that we obtain using and Exogenous

discounting instead of endogenous ones.
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2.4 Swap from basis

The born of the multicurve world implied the need of a lot of market instruments
for every tenor for which we want to build a yield curve. This consideration is a
direct consequence of the Homogeneous Instruments Selection criteria (as explained
in section 4.1).

Usually we can find quoted on market only RS based on one floating rate
(Libor) tenor, z-Months for example; if we want to build a good y-Months curve
we need to find a way to calculate the correct quotations of y-Months IRS: this
is possible using market quotations of Basis Swap, x vs. y Months.

We now show how this is possible. We have to remember section 2.6.2, where
we defined the two different kinds of quotations for IRBS: as two IRS or as one
IRS.

2.4.1 IRBS as two IRS (EURO Market)

This is the most simple situation, since the value of the basis is quoted as the
difference between two I RS fixed rates.

Imagine that we want to determine the value of an IRS based on z-Months
tenor rate with maturity n years. We know the value of an I RS with same maturity
but underlying with tenor y-Months (réRS ) and the value of an IRBS z vs. y

months with maturity n years (sfchS ). Using equation (2.33):

IRS _ IRS _ _IRS
i (2.12)

Example

We now take a look to a concrete example in EURO market. Here we can find
quoted TRS vs. 6M Euribor and TRBS 3M vs 6 M and we want to determine the
values of TRS vs. 3M Euribor.
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Bid (bps) Ask (bps) Mid (bps)

10,3
10,8
11,2
11,65
12,1
12,45
12,55
12,45
12,3
12,05
11,8

11,3
11,8
12,2
12,65
13,1
13,45
13,55
13,45
133
13,05
12,8

10,8
11,3
11,7
12,15
12,6
12,95
13,05
12,95
12,8
12,55
12,3

Tenor IRS vs 6M Bid (%) = Ask (%) Mid (%) Tenor|  IRBS 3Mvs6M
1Y |EURABGEIV=ICAP | 0,281 | 0321 | 0,301 1Y |EUR3EGEIY=ICAP
18M |EURABBE1SBM=ICAP| 0,283 0,333 0,308 18M  |EUR3EBEISM=ICAP
2 EURABBE2Y=ICAP 0,307 0,347 0,327 2 EUR3EBE2Y=ICAP
3y EURABBE3Y=ICAP 0,373 0,413 0,393 3y EUR3EBE3Y=ICAP
af EURABBEAY=ICAP 0,473 0,513 0,453 4y EUR3EBEAY=ICAP
5Y EURABGESY=ICAP 0,596 0,636 0,616 5Y EUR3EGESY=ICAP
6Y EURABBEBY=ICAP 0,734 0,774 0,754 &Y EUR3EGEGY=ICAP
rid EURABBETY=ICAP 0,879 0,919 0,899 7 EUR3EGEFY=ICAP
BY EURABBEBY=ICAP 1,023 1,063 1,043 a8y EUR3EGESY=ICAP
sY EURABGESY=ICAP 1,157 1,197 1,177 gy EUR3EGESY=ICAP
10Y |EURABBELOY=ICAP 1,279 1,319 1,299 10¥  |EUR3EBEIOY=ICAP
Figure 2.5. left: ICAP quotations

of IRBS 3M vs 6M (07/08,/2014)

Using data from figure (4.5) and equation (4.12) we can determine the quota-

of IRS vs 6M Euribor right: ICAP quotations

tions of the desired IRS (figure 4.6).

Tenor IRS vs 3M Mid (%)
1y EURAB3ELY=ICAP 0,193
18M |EURABIEISVEICAR | 0,195
2Y EURAB3EZY=ICAP 0,21

EN EURAB3E3Y=ICAP 0,2715
4 |EURAB3EAY=ICAP 0,367
5Y EURAB3ESY=ICAP 0,4865
6Y  |EURAB3EGY=ICAP | 0,6235
7Y EURAB3ETY=ICAP 0,7695
aYy EURAB3EBY=ICAP 0,915
9y |[EURAB3ESY=ICAP | 1,0515
10Y  |EURAB3ELOY=ICAP 1,176

Figure 2.6. IRS vs 3M Euribor from basis

2.4.2 1IRBS as single IRS

The second case is more complicated. In this situation IRBS rate is not quoted
as a simple difference between two IRS rate. We can distinguish between two
different situations: when the basis swap spread is on the floating leg of the IRS
for which we want to determine the fixed rate, or when is on the floating leg of

the TRS for which we know the fixed rate. We explain in the following lines the
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meaning of this difference.

From now on we use this notation for IRS:
FixzedLeg| FloatingLeg (2.13)

Where "||" indicates that the two legs are in equilibrium.

First case

We now consider the first situation. We want to determine the fixed rate of an

IRS with underlying tenor z. We know IRBS z vs. y, sLZBS and the fixed rate

.,y
of IRS vs. y tenor rate, r}f5 (z < y). We have:
Fiz,||Float
Y Y (2.14)
Float, + spread| Float,
And we want to determine:
Fix,| Float, (2.15)

In formula (4.14) we have that the second legs of the two swaps are identical and

so the two first legs must be identical:
Fizy||Float, + spread (2.16)

We have obtained an I RS a little bit different from (4.10), but it has the floating
leg that we need plus a spread. We can so use a formula for bootstrapping that
consider the spread.

Remembering equation (2.19), we have for IRS, (n floating leg dates and m
fixed leg dates):

s _ 2im[Ly(tion ti) - i - Dlto, 1)) (2.17)
v o . :
Z]‘:l[TJ—l»] - D(s0, 55)]

And for TRS,, still unknown (H floating leg dates and K fixed leg dates):

LIRS _ Zthl[Lm(th—lath) - Th—1,h - D(to,tp)]
‘ > [7h 1,k - D(so, 1))

32
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So for TRS (4.16) we have:

1rS _ SonealLa(thorsth) + $uy] - Tho1n - D(to, th)
v >itilmim1y - D(so, 55)]

Using last equation we can determine the value of the floating leg of I RS, and

r (2.19)

so we can finally determine the value of the fixed leg:

H
LIRS _ re 8 [Tj—15 - D(to,t5)) = Sy >open [Th—1,n - D(to, th)]

w S [Ttk - D(so, 58] (2.20)

Knowing the fixed rate we can use equation (4.10) or (4.11) to bootstrap our

curve.

Example

We now take as example the JPY (Japanese Yen) market. Here we can find quoted
only TRS vs. 6M Libor. Nevertheless we need to construct the 3M Libor yield
curve and so we have to find the correct quotations of TRS vs. 3M Libor. For-
tunately, market quotes 3M vs. 6M IRBS and so we can apply the previous
formula. We show the calculation for 4 years IRS vs. 3M.

As first step we need to find the correct market conventions of the instruments

the we use:

e IRS vs. 6M Libor: the contract has 2 spot day; the fixed leg has "semian-
nual" frequency and day counter "Actual/365 (fized)", the floating leg has the
same frequency but "Actual/360" day counter. To determine the schedule of

payments the contract follows Modified Following rule.

e IRS vs. 3M Libor: has the same conventions as the previous contract but

the floating leg has now "quarterly" frequency.

In figure (4.7) we show the payments schedule, the year fraction and the dis-
count factors that we need. The market quotation of IRS vs. 6M Libor, at
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07/08/2014, is equal to
S3M,6M = 0,0625%

Fixing Dates

IRS
T6M

Accrual Start Date

Accrual End Date | Tepread TfioateM

TrixeM

Discounting

3m gio, 07-ago-2014| lun, 11-ago-2014| mar, 11-nov-2014| 0,2556 0,999835476
o 6M | ven, 07-nov-2014| mar, 11-nov-2014| mer, 11-feb-2015| 0,2556| 0,5041| 0,5041|0,999690698
am lun, 08-feb-2015| mer, 11-feb-2015| lun, 11-mag-2015| 0,2472 0,999544421
12M | gio, 07-mag-2015| lun, 11-mag-2015| mar, 11-ago-2015| 0,2556| 0,4959| 0,4959|0,999418318
15M | wven, 07-ago-2015 mar, 11-ago-2015 mer, 11-nov-2015 0,2556 0,999295293
18M| lun, 09-nov-2015| mer, 11-nov-2015| gio, 11-feb-2016| 0,2556| 0,5041| 0,5041|0,999166216
el 21M | mar, 03-feb-2016| gio, 11-feb-2016| mer, 11-mag-2016| 0,2500 0,999032646
24M | lun, 09-mag-2016| mer, 11-mag-2016| gio, 11-ago-2016) 0,2556| 0,4986| 0,4986|0,998892408
27M | mar, 09-ago-2016( gio, 11-ago-2016( ven, 11-nov-2016( 0,2556 0,998751489
o 30M| mer, 09-nov-2016| ven, 11-nov-2016| lun, 13-feb-2017| 0,2611| 0,5096| 0,5096|0,998601157
33M| gio, 03-feb-2017| lun, 13-feb-2017| gio, 11-mag-2017| 0,2417 0,998449368
36M | mar, 09-mag-2017| gio, 11-mag-2017| ven, 1l-ago-2017| 0,2556| 00,4904 0,4904|0,998268377
39M | mer, 09-ago-2017| ven, 11-ago-2017| lun, 13-nov-2017| 0,2611 0,998052387
P 42M | gio, 09-nov-2017| lun, 13-nov-2017| lun, 12-feb-2018| 0,2528| 0,5068| 0,5068|0,997798202
45M | gio, 08-feb-2018| lun, 12-feb-2018| ven, 11-mag-2018| 0,2444 0,9974545341
48M | mer, 09-mag-2018| ven, 11-mag-2018| lun, 13-ago-2018| 0,2611| 0,4986| 0,4986|0,997091627

Figure 2.7. JPY basis swap calculation (07/08/2014)

= 0,2125% and the TRBS 3M vs 6M quotation is

Using equation (4.20) we can determine the correct quotation of our swap:

IRS
TsM

=0,1491%.

Second case

We now analyze the second scenario. We want to determine the fixed rate of the

ITRS with underlying tenor y (x < y). We know IRBS z vs. y quotation, s

and the value of IRS vs. = months Libor, 7179

We know:

Fiz,||Float,

Float, + spread| Float,

We want to determine:

Fiz,|| Float,
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2 — Multicurve world

The situation is different from the previous one, since we don’t have two equal
legs. Anyway, using the z-Months yield curve, we can find the fixed rate of an I RS
fixed vs. z-Months Libor plus spread (since we know the quotations of z-Months

IRS we are able to construct the z-Months Libor curve):
Fix| Floaty + spread (2.23)

In formula (IRS vs z-Months Libor has H floating date and M fixed date):

1rs  Som[La(the1,th) + Suyl - The1n - Dlto, th)
fiz T M
> j=1lmi-15 - D(s0,5;)]

r (2.24)

Where L, (t;—1,t;) is the floating rate calculated using x-Month yield curve.

The floating leg of the last RS is identical to the second swap in (4.21), so the
fixed rate that we determined in (4.23) is equal to the quotation of an RS with
underlying tenor equal y-Months, the RS that we are looking for:

Fix = Fiz, (2.25)

Fiz,||Float, (2.26)

We have to remember that the first floating rate could be fixed; if we are pricing
our swap after the daily publication of the Libor fixing, we know the first rate and
so we don’t have to estimate it using the yield curve.

We have:

LI (tg,t1) — Ly(to, t1), if fixing has occurred
5 | e ttooh) = Lalio,0) (2.27)

0, if fixing has not occurred

We now insert this value in equation (4.24)

i _ S La(tno1tn) +0+ 50y] - Tuo1n - Dlto, th)
T M
> j=1lmi-1,5 - D(s0, 5;)]

(2.28)
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2 — Multicurve world

Example

To explain this scenario we consider USD (U.S. Dollar) market. The market quotes
only IRS vs. 3M Libor and IRBS 3M vs. 6M, therefore to build 6 M tenor yield
curve we need to determine quotations of IRS vs. 6M Libor. We now calculate
the value of 4 years TRS vs. 6M.

We fix the market conventions of the instruments:

e IRS vs. 3M Libor: the contract has 2 spot day; the fixed leg has "annual"
frequency and day counter "Actual/360", the floating leg has "quarterly" fre-
quency and the same day counter. To determine the schedule of payments

the contract follows Modified Following rules.

e IRS vs. 6M Libor: has the same conventions as the previous contract but

the floating leg has now "semiannual" frequency.

Fixing Dates  Accrual Start Date Accrual End Date Trioer3am Trixam Discount Factor Libor 3M S3a wsear

3M | gio, 07-ago-2014| lun, 11-ago-2014| mar, 11-nov-2014| 0,2556 0,999743611 0,2331%| 0,0880%
7 6M | ven, 07-nov-2014| mar, 11-nov-2014| mer, 11-feb-2015| 0,2556 0,999454954( 0,2504%| 0,0880%
9N lun, 09-feb-2015| mer, 11-feb-2015| lun, 11-mag-2015| 0,2472 0,995018973( 0,3110%| 0,0880%
12M| gio, 07-mag-2015( lun, 11-mag-2015| mar, 11-ago-2015| 0,2556| 1,013% 0,998220085( 0,4576% 0,0880%
15M| ven, 07-ago-2015| mar, 11-ago-2015| mer, 11-nov-2015| 0,2556 0,996912634( 0,6600%| 0,0880%
7 18M| lun, 08-nov-2015( mer, 11-nov-2015| gio, 11-feb-2016| 0,2556 0,995084512( 0,8854%| 0,0880%
21M| mar, 09-feb-2016( gio, 11-feb-2016| mer, 11-mag-2016| 0,2500 0,992733685( 1,1250% | 0,0880%
24M | lun, 05-mag-2016| mer, 11-mag-2016| gio, 11-ago-2016| 0,2556| 1,0167| 0,989708028| 1,3806%| 0,0880%
27M | mar, 09-ago-2016| gio, 11-ago-2016| ven, 11-nov-2016| 0,2556 0,986067628( 1,6419%| 0,0880%
a5 30M | mer, 09-nov-2016| ven, 11-nov-2016| lun, 13-feb-2017| 0,2611 0,981760083( 1,8858%| 0,0880%
33M| gio, 09-feb-2017| lun, 13-feb-2017| gio, 11-mag-2017| 0,2417 0,977304178( 2,0974%| 0,0880%
36M | mar, 05-mag-2017| gio, 11-mag-2017| ven, 11-ago-2017| 0,2556| 1,0139| 0,572164496| 2,2823%| 0,0880%
39M | mer, 09-ago-2017| ven, 11-ago-2017| lun, 13-nov-2017| 0,2611 0,966526042 2,4483%| 0,0880%
7 42M | gio, 09-nov-2017( lun, 13-nov-2017| lun, 12-feb-2018| 0,2528 0,960762473( 2,5877%| 0,0880%
45M | gio, 08-feb-2018| lun, 12-feb-2018| ven, 11-mag-2018| 0,2444 0,954965445| 2,6986% | 0,0880%
A8M | mer, 09-mag-2018| ven, 11-mag-2018| lun, 13-ago-2018| 0,2611] 1,0134 0,948596429( 2,7879%/| 0,0880%

Figure 2.8. USD basis swap calculation (07/08/2014)

Using 3M yield curve we can calculate the forward rate of the floating leg of
IRS vs. 3M Libor. Adding IRBS spread to this leg we determine the fixed rate
as (4.23). In figure (4.8) is shown the payments schedule of 4 years IRS vs. 3M
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2 — Multicurve world

plus spread.
Using equations (4.28) we determine the fixed rate, %% = 1,5655%.

37



Chapter 3

Synthetic Bootstrapping

Instruments

A Synthetic bootstrapping instrument is an instrument that is not directly quoted
on the market, but we are able to build starting from others quoted instruments.
We need to define these products because they help us to build a yield curve
in a better way, covering that maturity for which we cannot find liquid quoted
instruments.

We can at least define three types of synthetic financial instruments:

o Synthetic Interpolated /Extrapolated Instruments;
e Synthetic Deposits;

e Synthetic FRA;
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3 — Synthetic Bootstrapping Instruments

3.1 Synthetic Interpolated/Extrapolated Instru-

ments

This first type of synthetic instruments is the easiest one. This situation occurs
when we have some missing contracts in "between"; for example, if we cannot find
quoted on the market the 3 years IRS but we need its quotation, we can directly
determine it using an interpolation on quoted IRS. Obviously there are a lot of
interpolation types, but we prefer to use a smooth one, such as monotonic cubic

natural spline as defined in section (1.2.3).

This approach, quite rough, is useful when we do not want to trust too much
in our bootstrapping procedure; therefore we prefer to obtain more data directly

from market quotations and than apply the bootstrap algorithm.

In fact we are shifting the interpolation to the beginning; instead of interpolate
during bootstrapping procedure (on discount factor, log discount factor, zero rates
and so on) we interpolate at the very beginning, directly on market quotes, and
then we apply the bootstrap algorithm. In doing this operation we have to pay
attention to the result; interpolating on market quotes can generate very bad FRA
rates, with jumps and angles; so the choice of the interpolator type must be done in
an accurate way. Remark that we still use interpolation during bootstrap to obtain
a continue curve, but we have more pillars now and, therefore, the interpolation

during the algorithm here will have less impact.

With the same logic we can obtain synthetic bootstrapping instruments by
extrapolation of market quotes. In this way we can obtain IRS quotes after the
last maturity that we can find on broker’s page. Therefore we are able to construct
a longer curve using more pillars instead of directly extrapolate the resulting yield

curve.
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3 — Synthetic Bootstrapping Instruments

Example

We now explain this procedure using an example. We observe the ICAP quota-
tions of the EURO IRBS 3M Euribor vs. 6M Euribor, and we use a cubic spline

interpolation for obtain the missing quote.

Tenor Matu: ¥ date Istrument BID ASK MID Interp
&M lun, 26-gen-2015|EURSE6E6M |Not Quoted |Not Quoted| #N/A |10,0000
iy lun, 27-1lug-2015EUR3E6EELY 10,05 11,05|10,5500/10,5500
i5M lun, 26-o0tt-2015EURSEGELSM|Not Quoted Not Quoted| #N/A |10,8250
18M lun, 25-gen-2016EUR3E6ELEM 10,60 11,60|11,1000/11,1000
21M lun, 25-apr-2016EURSE6EZ1M|Not Quoted |Not Quoted| #N/A |11,2750
2Y lun, 25-1ug-2016|EUR3E6EZ2Y 10,95 11,95(11,4500|11,4500
3Y mar, 25-1lug-2017|EUR3EEE3Y 11,55 12,55/12,0500|12,0500
4y mer, 25-1lug-2018|EUR3EEE4Y 12,05 13,05|12,5500(|12,5500
5Y gio, 25-1ug-2018 | EUR3E6EESY 12,40 13,40|12,9000/12,3000
6Y lun, 27-1lug-2020|EUR3EGE6Y 12,45 13,45|12,9500(|12,9500
7Y lun, 26-1lug-2021 EUR3E6EETY 12,35 13,35|12,8500(|12,8500
8Y lun, 25-1ug-2022 EUR3E6EESY 12,20 13,20|12,7000|12,7000
9y mar, 25-1lug-2023|EUR3EEE9Y 12,00 13,00|12,5000/12,5000
io0¥ gio, 25-1ug-2024|EUR3E6ELOQY 11,70 1z2,70|12,2000/12,2000
11¥ ven, 25-1lug-2025|EUR3E6ELLY 11,35 12,35|11,8500|11,8500
12¥ lun, 27-1lug-2026 EUR3E6ELZY 10,85 11,95/11,4500(|11,4500

13Y | lun, 26-lug-2027|EURSEEELSY|Not Quoted|Not Quoted| #N/A (11,0008
14Y |mar, 25-1lug-2028|EURSEEE14Y[Not Quoted|Not Guoted| #N/A [10,5504
15Y | mer, 25-lug-2029|EUR3EEELSY 2,60 10,60(10,1000(10,1000
16Y |gio, 25-lug-2030|EURSEEELEY|[Not Quoted|Not Quoted| #N/& | 9,7602
17Y | ven, 25-lug-2031|EURSEEELTY|Not Quoted|Not Quoted| #N/& | 9,420%2
18Y | lun, 26-lug-2032|EUR3EEELSY|Not Quoted|Not Quoted| #N/& | 39,0787
19Y | lun, 25-lug-2033|EUR3EEELSY[Not Quoted|Not Quoted| #N/& | 8,7398
20Y |mar, 25-lug-2034|EUR3EEE20Y 7,90 2,90| 2,4000| 8,4000
21Y |mer, 25-lug-2035|EURSEEE21Y|Not Quoted|Not Quoted| #N/& | 8,1%01
22Y |wven, 25-lug-2036|EURSE6E22Y|Not Quoted|Not Guoted| #N/A | 7,9797
23Y | lun, 27-lug-2037|EUR3EEE23Y[Not Quoted|Not Quoted| #N/A | 7,7626
24Y | lun, 26-lug-2038|EUR3EEE24Y[Not Quoted|Not Guoted| #N/A | 7,5593
25Y | lun, 25-lug-2039|EUR3EEE25Y 6,85 7,85 7,3500| 7,3500
26Y |mer, 25-lug-2040|EURSEEE26Y[Not Quoted|Not Guoted| #N/A | 7,2093
7Y | gio, 25-lug-2041|EUR3EEE27Y[Not Quoted|Not Guoted| #N/A | 7,0629
8Y |wven, 25-lug-2042|EURSE6E28Y|Not Quoted|Not Quoted| #N/a | 6,8301
29Y | lun, 27-lug-2043|EURSEEE29Y[Not Quoted|Not Guoted| #N/A | 6,7225

30Y | lun, 25-lug-2044|EUR3EEE30Y 6,15 7,15| &,6500| &, 6500
35Y | lun, 26-lug-2049|EURSEEE3SY[Not Quoted|Not Quoted| #N/A& | &,1500
20Y | lun, 27-lug-2054|EUR3EEE40Y 5,15 6,15| 5,6500| 5,6500
50Y |wven, 25-lug-2064|EUR3EEESOY 4,60 5,60 5,1000| 5,1000
§0% |mer, 25-lug-2074|EUR3SEGEGOY 4,20 5,20| 4,7000| £,7000

Figure 3.1. ICAP EUR IRBS quotations (25/07/2014) and interpolated value
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3 — Synthetic Bootstrapping Instruments

3.2 Synthetic Deposits

Synthetic Deposits are very important for the construction of the first part of the
yield curve. Using them we can fit in a better way the real shape for the short end
term.

The problem of the construction of synthetic deposits emerged after the credit
crunch, when one curve was not sufficient anymore and we started building multiple
curves, one for every significant tenor (1M, 3M, 6M, 1Y).

Imagine that we are building the Euribor 6M yield curve. The first instrument
that we can find on the market, with that underlying, is the 6M Euribor fixing.
This product has maturity 6 Months and allow us to fix the discount factor on the
curve at that date. But, for example, if we want to insert the 1.X7 FRA, using the
bootstrap equation, we need to know the discount factor at 1M. Obviously we can
obtain this value using an interpolation between the starting value of the curve
(D(to,to) = 1) and the discount factor obtained using the fixing. This will lead to

bad result for at least two reasons:

« the value used to calculate the discount factor at 6 months, the Euribor fixing,

does not change during the day, being inelastic with market movements.

« the interpolation used to obtain the discount factor at one month can lead to
a result significantly different from the market expectations, especially during

a crisis period.

Another reason that justify this approach is that if we are building the yield
curve for zero rate instead of discount factor, we do not know the starting value of
our curve (we do not know 7(0)). The only way to obtain it is to use a backward
extrapolation from the first market pillar that can be inconsistent with the real
shape, typically the OIS-z Months Euribor basis.

We now fix the notations:
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3 — Synthetic Bootstrapping Instruments

e z= underlying tenor;

o t&'= fixing date;

e to= settlement date;

e t1= start date;

e to= maturity date;

e 7= year fraction between tg and t¢1;

e To= year fraction between ¢y and ts;

o F,(tk:t;,ty) = forward rate between t; and to, fixed in tJ;

o if t1 = tg, Fp(tl;t1,t2) = ru(t2), with the r.h.s term of last equation in-
dicating the zero rate with tenors z, starts at settlement date and ends at

t2;
e f(t) = instantaneous forward rate.

To construct Synthetic Deposits we need to use the relation between zero/forward

rates and instantaneous forward rates:

Fo(tF sty t9) - 7 (b, 1) = / C a(s)ds (3.1)

We can now substitute the term inside the integral with the ON instantaneous
forward rate plus a ON-x spread:
tg t2
fz(s)ds = / [forn(8) + d.(s)]ds (3.2)
t1 tl
The meaning of this operation is that we want to obtain the short term part of
the z-months tenor yield curve (for maturity shorter than z-months) as a shift of

the OIS curve; we take this curve and we apply a shift, that can be parallel or of
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3 — Synthetic Bootstrapping Instruments

greater order, in order to match the available market quotes based on z-months

tenor, such as Deposits, Futures, FRAs. Substituting (3.1) in (3.2):

ta
Fa:(t0F3t1at2) To(t1,t2) = fz(s)ds

ty

= /tIQ[fon(tl,S) +5z(s)]d‘s (3.3)

= Fon(tg;tlatZ) : Ton(tlatQ) + Az(tlth)

= Fous(t8st1, 1) - Tois(t1, t2) + Ay(ty, t2)

Where 7o, (t1,t2) is the day-counter of the ON-Curve and 7,;5(t1,t2) is the OIS
day-counter; the last equality follows directly from the definition of OIS rate.

Knowing the OIS curve and the basis, we can determine the deposit rate with
underlying tenor x for maturity less than z-Months using equation (3.3) (t; =

settlement date):
r2eP (t9) 7, (B, t2) = Tois (ta)Tois (t1, t2) + Ay(t1, t2) (3.4)

The real problem is to determine the value of the basis; in fact, using market
quotes, we can determine its value only for ¢, greater then z-Months; but, to
calculate the Synthetic Deposit that we need we have to find its value for shorter
maturity. To solve this task we approximate the ON-z basis with a polynomial of

degree n (usually till n = 2):
62(8) = au + BuTon(to, 8) + YaTon(to, 8)* + ... (3.5)

The meaning of this approximation is that we want to approximate the basis in
at least 3 different way: using a flat function, using a linear function or using a

quadratic function.
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Integrating between ¢; and t2 we obtain:

Ax(tlatQ) = aw(Ton(thtZ) - Ton(t07t1))+

4580 (Ton (0,27 = Ton(t0,01)%) (3.6)
+ %’)’z(Ton(t07t2)3 - Ton(thtl)?)) + ...
Ag(ti,te) = Z[C% ) (Ton(t07t2)i — Ton(to, tl)i)] (3.7)
=1

Where: ¢1 = ay, ca = Bz, €3 = Yoy ---

Using a sufficient number of market quotes we can determine the value of the
coefficients solving a system of n equations in n unknowns (we need n market
quotes for a n degree approximation).

As we said, to find the basis we use the ON curve and the market available

quotes on Euribor/Libor with tenor  Months, such as:
o Euribor/Libor Fixing value;
o Futures on Euribor/Libor  Months;
o FRA on Euribor/Libor x Months.
o IRS on Euribor/Libor  Months.

If we want to obtain a n degree polynomial for the basis we need to select a set
of n market instruments with different maturities. After that, we determine the
difference between that quotes and equivalent OIS contracts (insisting on the same
set of dates) built using ON curve.

For what we have said till now, use the Euribor fixing is not a good idea,
especially in a market that show high volatility. An alternative solution is to use
the market quotations of deposits, but since these contracts are unsecured, are not

representative of the ibor index. For this reason we adopt a different approach.
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We calculate the OIS-z Euribor basis using market instruments without the fixing
value. Here we can have two different scenery.

If the available contract are FRA or Futures the procedure is easy since the
quotations is the forward rate that we need (for interest rate futures we find on
market the quotation in term of price, but we can obtain the rate as 100 - Future
price).

If we cannot find quoted FRA or Interest rate Futures based on tenor z, but
only interest rate swap (IRS) or basis swap (IRBS) the procedure is more compli-
cated. In fact in this situation we have to obtain x tenor forward rate from IRS
quotations. To complete this operation correctly we need to know the IRS quota-
tions for maturities equal to at least 22 months and 32 months, because since we
still do not have build the curve for x rate we are not able to estimate the forward
rates (remember that the first floating rate is equal to the fixing value). If we only
have the quotations of TRB.S we need to build RS using the approach as section
24.

Now using equations (2.10) on IRS with maturities 2z months we can obtain
Fon(to + x,to + 22) rate; since IRS are collateralized product we have to use the
OIS discounting as explain in section 2.3. Using the same procedure we can obtain
Fon(to + 2z, to + 32).

Knowing these forward rate we can extrapolate the value of the basis in corre-
spondence of the Euribor fixing using a smooth interpolation. In these way we can
obtain a more real value of the basis for x months pillar, aligned with the market
movements.

For example, considering the 6M curve, we want to approximate the basis with

a cubic polynomial; so, we need to select the first 3 market FRA:
o FRAgn(t1,t2): Fopr(th, ta,ta + ) with to = start date, to + 2 = end date;

o FRAgn(t3,t1): Fopr(th, t3,t3 + ) with t3 = start date, t3 + 2 = end date;
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o FRAgn(ts5,t6): Fonr(th,ta,ts + x) with t4 = start date, t4 + = = end date;
Using ON Curve we construct these 3 rates:
o Fois(td ta,ta + x) with to = start date, to + = = end date;
o Fois(td ts3,t3 + x) with t3 = start date, t3 + = = end date;
o Fois(t) ts,ty + x) with 4 = start date, ¢4 + = = end date;
We can determine the value of Agyy:

Aonr(t1,t2) = Fom(t o, ta + @)1 (ta, to + ) — Fois(t8  t2, to + ) Tois (t2, t2 + )
Aeni(ts,ts) = Forr (tE  tats + 2)Tu(ts, ts +x) — Fois (88 ta,ts + 2)Tois (t3, t3 + )
Aonr(ts,te) = Fom (8 tasta + @) 70 (ta, ta +x) — Fois(t8  ta, ta + ) Tois (ta, ta + )

Using these three values we extrapolate the basis for t1 (1 = to+x), Asnr,ex(to,t1)-

We finally obtain the following system of 3 equations in 3 unknowns: «, 3,:

Agntex(to, t1) = aTon,1 — Ton,0) + %5(7377,,1 - Tgn,O) + %V(Tgn,l - TSn,o)
AGM(t27 to + (E) = a(Ton,2+E - TOn,2> + %ﬂ(Tc?n,Qer - Tgn,Z) + %’V(Tgn,2+x - Tgn,2)
Dgnr(ts,tz +x) = a(Ton,3+ﬂc - Ton,?») + %ﬁ(Tgn;H-w - Tgn,S) + %’Y(Tgn,S-‘rI - T§n73)

Solving the system we determine the value of the coefficients; with that value we

can build all the synthetic deposits using equation (3.4) for every ¢ < tg + «:

TSynthDepo (t) — Tois (t)Tois (th t) Aw (t07 t) (3 8)
z Tz(to,t) Tm(to,t)
If the day-count convention of the underlying of the xz-Months tenor curve is the
same as the OIS, as in this case, we can simplify equation (3.8):

Ay (to,t)

rEPE) = ra(t) + 250
x I’

(3.9)
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Example

We now take a look at a numerical example. We want to calculate synthetic
deposits for 6-Months Euro yield curve. On the market we can find quoted FFRA

that cover the time interval from now till 2 years.

Euribor6MLastFixing | Fri, 15-Aug-2014 | Mon, 16-Feb-2015| 0,2990%| 0,0521%) 0,2469%
EUR1xTF Mon, 15-Sep-2014 | Mon, 16-Mar-2015|0,2940%| 0,0526%| 0,2414%
EUR2x8F Wed, 15-0ct-2014 | Wed, 15-Apr-2015| 0,2920%| 0,0496% ) 0,2424%
EUR3x9F Mon, 17-Nov-2014 | Mon, 18-May-2015| 0,2920%| 0,0459%| 0,2461%
EUR4x10F Mon, 15-Dec-2014| Mon, 15-Jun-2015| 0,2890%| 0,0406% | 0,2484%
EUR5x11F Thu, 15-Jan=-2015| Wed, 15-Jul-2015|0,2870%| 0,0363%| 0,2507%
EUR6x12F Mon, 16-Feb-2015| Mon, 17-Aug-2015| 0,2850%| 0,0297%| 0,2553%
EUR7x13F Mon, 16-Mar-2015| Wed, 16-Sep-2015| 0,2850%| 0,0229%| 0,2621%
EURBx14F Wed, 15-Apr-2015| Thu, 15-0Oct-2015| 0,2880%| 0,0198%| 0,2682%
EUR9x15F Fri, 15-May-2015| Mon, 16-Nov-2015|0,2910%| 0,0183%) 0,2727%
EUR10x16F Mon, 15-Jun-2015| Tue, 15-Dec-2015| 0,2950%| 0,0210%| 0,2740%
EUR11x17F Wed, 15-Jul-2015| Fri, 15-Jan-2016| 0,3030%| 0,0233%| 0,2797%
EUR12x18F Mon, 17-Aug-2015| Wed, 17-Feb-2016| 0,3100%| 0,0263%| 0,2837%
EUR13x19F Tue, 15-Sep-2015| Tue, 15-Mar-2016| 0,3160%| 0,0325%| 0,2835%
EUR14x20F Thu, 15-0ct-2015| Fri, 15-Apr-2016| 0,3260%| 0,0394%| 0,2866%
EUR15x21F Mon, 16-Nov-2015| Mon, 16-May-2016| 0,3360%| 0,0465%| 0,2895%
EUR16x22F Tue, 15-Dec-2015| Wed, 15-Jun-2016| 0,3460%| 0,0536%| 0,2924%
EUR17x23F Fri, 15-Jan-2016| Fri, 15-Jul-2016| 0,3570%| 0,0608% | 0,2962%
EUR18x24F Mon, 15-Feb-2016| Mon, 15-Aug-2016| 0,3690%| 0,0681%| 0,3009%

Figure 3.2. Market data at 13/08/2014, 18.00

We can now plot the trend of 6M Euribor forward rate and 6M forward OIS to

see which is the shape of their difference.

As we can see (Figure 3.3) the basis show a linear shape in the beginning; but
the first point is not aligned with the following three points. This difference is due
to the fact that the first point is obtained using the fixing of 6M Euribor. Therefore
as we explain before, it is better to extrapolate the basis for the first pillar using
the following 2 or 3 values and a monotonic natural spline interpolation, obtaining:

0.1205%

For Euro Market we have: 7,5 = "Actual/360", t6pr = "Actual/360", 1o, =
"Actual /365 (fized)'.
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Figure 3.3. Left: Synthetic FRA, Right: interpolated basis shape
If we want a quadratic approximation we have:

0.1205% = 0.5068 - o + 0.1284 - 5 + 0.0434 - v
0.1215% = 0.4986 - o + 0.1667 - 5 + 0.0660 - ~ (3.10)

0.1226% = 0.4986 - a + 0.2076 - 8 + 0.0968 - ¢

Euriboré6MLastFixing Fri, 15-Aug-2014|Mon, 16-Feb-2015| 0,2990% 0,0521% 0,1537%| 0,0268%] 0,1269%

EUR1x7F Mon, 15-Sep-2014 | Mon, 16-Mar-2015] 0,2930% 0,0526% 0,1481%| 0,0266%] 0,1215%
EUR2X8F Wed, 15-Oct-2014 | Wed, 15-Apr-2015 0,2920% 0,0496% 0,1476% 0,0251% 0,1226%

Figure 3.4. Basis ON — 6M calculation (13/08/2014 18.00)
In matrix formula:
0.5068 0.1284 0.0434| |« 0.1205%
0.4986 0.1667 0.0660| - |3| = [0.1215% (3.11)
0.4986 0.2076 0.0968| |v 0.1226%

Solving the system we determine the value of the coeflicients; we obtain: o =
0.2009%, B8 = 0.2429%, v = —0.2900%.

For linear approximation we have:

0.5068 0.1284) |of 0.1205%

- (3.12)
0.4986 0.1667| |3| [0.1215%
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Figure 3.5. Different shapes of Basis for 6M Deposits (13/08/2014 18.00)

And we obtain: a = 0.2187%, 8 = 0.0749%.
In flat approximation:

0.5068 - o = 0.1205% (3.13)

And we obtain: a = 0.2377%.
We can now calculate the value of the synthetic deposits using equation (3.8).
Since in this case the day counter of 6M Euribor and of OIS are identical we can

use equation (3.9).

Maturity Date

1D Fri, 15-Aug-2014 | Mon, 18-Aug-2014 0,2744% 0,2560% 0,2392%
iw Fri, 15-Aug-2014| Fri, 22-Aug-2014 0,2704% 0,2524% 0,2365%
2w Fri, 15-Rug-2014| Fri, 29-Aug-2014 0,2714% 0,2541% 0,2396%
3w Fri, 15-Rug-2014| Fri, 05-Sep-2014 0,2944% 0,2778% 0,2648%
iM Fri, 15-Aug-2014 | Mon, 15-Sep-2014 0,2904% 0,2748% 0,2637%
2M Fri, 15-Aug-2014 | Wed, 15-0Oct-2014 0,2915% 0,2789% 0,2726%
3M Fri, 15-Aug-2014 | Mon, 17-Nov-2014 0,2861% 0,2769% 0,2744%
4aM Fri, 15-Rug-2014|Mon, 15-Dec-2014 0,2867% 0,2803% 0,2799%
5M Fri, 15-Aug-2014| Thu, 15-Jan-2015 0,2853% 0,2821% 0,2826%
6M Fri, 15-Rug-2014| Mon, 16-Feb-2015 0,2870% 0,2870% 0,2870%

Figure 3.6. Value of synthetic 6M Deposits (13/08/2014 18.00)
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Figure 3.7. 6M Synthetic Deposits value for different types of approx-
imations (13/08/2014 18.00)

The difference between these 3 approaches is bigger for very short maturities
and decreases over time, reaching 0 at the last point (figure 3.7). This is a conse-
quence of the fact that the integral between tg and ¢y + = of the basis is equal for

all of the approximation types.

It is interesting to observe that in figure 3.3, using the interpolated value, the
basis has an increasing shape; for analyze in a better way this aspect is better to
take a look to the term structure of this basis. To perform this analysis we need
to know ON and 6M term structure: imagine that are known (in chapter 6 is

explained how to build them).

Observing figure 3.8 we can see that the basis has an increasing behavior till
the end of 2018. This is not a good news, in fact it means that the market expects
for this period a preference for the very short term investment, tied to overnight
index. This behavior lead to a rise in longer term rate, like 6M, and so to a
larger basis; this is the typical consequence of a crisis situation, where the fear of
losing investment reduces lending for long periods. In normal situations this basis

decreases till reaching 0, without hump.
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Figure 3.8. 6M vs OIS 6M basis (13/08/2014 18.00)

3.3 Synthetic FRA

Other important synthetic instruments are Synthetic FRA. We use them to obtain
a better shape of the yield curve if we cannot find enough quoted FRA on the

market.

At a first glance one can think that he can solve the problem by generating
synthetic interpolated /extrapolated instruments. The real problem is that usually
if we want to calculate synthetic FRA is because we have few market data and so

interpolation can generate big error.

The best approach is to use the value of the quoted FRAs plus IRS vs z-Months
Libor/Euribor to construct a short yield curve (up to 3/4 years), often we even use
synthetic deposits . We use that curve to obtain implicit FRAs from IRS quote.
After that, we compare market FRAs and the values of FRAs implied by IRS

quotation, obtained using the curve, with the corresponding OIS rates based on
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the same set of dates: in this way we determine the OIS-x Months basis spreads:
Basisg(t) = Fy(t,t + @) — Fois(t, t + ) (3.14)

We now fix a set of desired synthetic pillar dates and we interpolate the basis
onto such time grid using an appropriate smooth interpolator, such as monotonic
cubic natural spline. After that, using ON-curve we determine values of OIS
rates based on the same set of dates; summing the value of the OIS rate and the

corresponding basis value we determine the value of Synthetic FRA.

FJvmh At 4 2) = Fig(t,t + 2) + Basis, (1) (3.15)

Example

We show now as example the calculation to obtain 12M Euribor Synthetic FRA.
On the market we can find quoted only 12X24 FRA.

To calculate the basis we use 5 market instruments:
e 1Y Synthetic Deposit;
e 12X24 FRA;

o 3Y,4Y,5Y IRS vs 12M Euribor (we construct them using IRBS as shown in

section 2.4).

Maturity Date

Deposit 1Y 0,00479 Fri, 15-Aug-2014 Mon, 17-Aug-2015| 0,4790%| 0,0410%| 0,4380%
FRA 12x24 0,00501 Mon, 17-Aug-2015 Wed, 17-Aug-2016| 0,5010%| 0,0473% 0,4537%
IRS 3Y (vs 12M Euribor) 0,00549 Fri, 15-Aug-2014 Tue, 15-Aug-2017| 0,6437%| 0,1703%| 0,4734%
IRS 4Y (vs 12M Euribor) 0,00636 Fri, 15-Aug-2014 Wed, 15-Aug-2018| 0,8860%| 0,3793%( 0,5067%
IRS 5Y (vs 12M Euribor) 0,0075 Fri, 15-Aug-2014 Thu, 15-Aug-2019| 1,1943%| 0,6686%| 0,5257%

Figure 3.9. Basis OIS — 12M calculation (13/08/2014 18.00)
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Using a smooth interpolation (in this case we use monotonic cubic natural
spline) we can determine the shape of the basis curve over the time interval between

the first date, 11 August 2014, and 13 August 2018.
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Figure 3.10. Left: Synthetic FRA, Right: interpolated basis shape
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Fixing 12M Fri, 15-Aug-2014 Mon, 17-Aug-2015| 0,0410%| 0,4380% 0,4790%
Synthetic FRA 1x13 Mon, 15-Sep-2014 Tue, 15-Sep-2015 0,0377% 0,4393% 0,4770%
Synthetic FRA 2x14 Wed, 15-0ct-2014 Thu, 15-0ct-2015| 0,0340% 0,4406% 0,4747%
Synthetic FRA 3x15 Mon, 17-Nov-2014 Tue, 17-Nov-2015| 0,0319% 0,4420% 0,4740%
Synthetic FRA 4x16 Mon, 15-Dec-2014 Tue, 15-Dec-2015| 0,0299% 0,4433% 0,4731%
Synthetic FRA 5x17 Thu, 15-Jan-2015 Fri, 15-Jan-2016| 0,0291% 0,4446% 0,4737%
Synthetic FRA 6x18 Mon, 16-Feb-2015 Tue, lé-Feb-201e| 0,0276% 0,4460% 0,4736%
Synthetic FRA 7x19 Mon, 16-Mar-2015 Wed, 16-Mar-2016| 0,0268% 0,4472% 0,4740%
Synthetic FRA 8x20 Wed, 15-Apr-2015 Fri, 15-Apr-2016| 0,0286% 0,4484% 0,4770%
Synthetic FRA 9x21 Fri, 15-May-2015 Mon, 16-May-2016| 0,0323% 0,4497% 0,4820%
Synthetic FRA 10x22 Mon, 15-Jun-2015 Wed, 15-Jun-2016| 0,0366% 0,4510% 0,4876%
Synthetic FRA 11x23 Wed, 15-Jul-2015 Fri, 15-Jul-2016| 0,0412% 0,4523% 0,4935%
FRA 12x24 Mon, 17-Aug-2015 Wed, 17-Aug-2016| 0,0473%| 0,4537% 0,5010%
Synthetic FRA 13x25 Tue, 15-Sep-2015 Thu, 15-Sep-2016| 0,0539% 0,4549% 0,5088%
Synthetic FRA 14x26 Thu, 15-0ct-2015 Mon, 17-0ct-2016| 0,0620% 0,4562% 0,5182%
Synthetic FRA 15x27 Mon, 16-Nov-2015 Wed, 16-Nov-2016 0,0707% 0,4576% 0,5283%
Synthetic FRA 16x28 Tue, 15-Dec-2015 Thu, 15-Dec-2016| 0,0792% 0,4589% 0,5381%
Synthetic FRA 17x29 Fri, 15-Jan-2016 Mon, 16-Jan-2017| 0,0887% 0,4603% 0,5490%
Synthetic FRA 18x30 Mon, 15-Feb-2016 Wed, 15-Feb-2017| 0,0984% 0,4619% 0,5602%
Synthetic FRA 19x31 Tue, 15-Mar-2016| Wed, 15-Maz-2017| 0,10803| 0,46343[ 0,5713%
Synthetic FRA 20x32 Fri, 15-Apr-201é Tue, 18-Apr-2017 0,1197% 0,4651% 0,5849%
Synthetic FRA 21x33 Mon, 16-May-2016| Tue, 16-May-2017| 0,1310%| 0,46708[ 0,5980%
Synthetic FRA 22x34 Wed, 15-Jun-2016 Thu, 15-Jun-2017| 0,1433% 0,4689% 0,6122%
Synthetic FRA 23x35 Fri, 15-Jul-2016 Mon, 17-Jul-2017| 0,1567% 0,4710% 0,6278%
Swap/Impl FRA 24x36 Mon, 15-Aug-2016 Tue, 15-Aug-2017| 0,1703%| 0,4734% 0,6437%
Synthetic FRA 25x37 Thu, 15-Sep-201é Fri, 15-Sep-2017| 0,1850% 0,4759% 0,6609%
Synthetic FRA 26x38 Mon, 17-Oct-2016 Tue, 17-0ct-2017| 0,2008% 0,4787% 0,6796%
Synthetic FRA 27x39 Tue, 15-Nov-2016 Wed, 15-Nov-2017( 0,2157% 0,4814% 0,6971%
Synthetic FRA 28x40 Thu, 15-Dec-2016| Fri, 15-Dec-2017| 0,2317%| 0,48423[ 0,7159%
Synthetic FRA 29x41 Mon, 16-Jan-2017 Tue, 16-Jan-2018| 0,2493%| 0,4873%| 0,7367%
Synthetic FRA 30x42 Wed, 15-Feb-2017| Thu, 15-Feb-2018| 0,2664%| 0,4%025[ 0,7566%
Synthetic FRA 31x43 Wed, 15-Mar-2017 Thu, 15-Mar-2018| 0,2828% 0,4930% 0,7757%
Synthetic FRA 32x44 Tue, 18-Apr-2017 Wed, 18-Apr-2018( 0,3032% 0,4962% 0,7995%
Synthetic FRA 33x45 Mon, 15-May-2017 Tue, 15-May-2018| 0,3199% 0,4988% 0,8187%
Synthetic FRA 34x46 Thu, 15-Jun-2017 Fri, 15-Jun-2018| 0,3395% 0,5016% 0,8411%
Synthetic FRA 35x47 Mon, 17-Jul-2017 Tue, 17-Jul-2018| 0,3602% 0,5044% 0,8645%
Swap/Impl FRA 36x48 Tue, 15-Aug-2017 Wed, 15-Aug-2018| 0,3793%| 0,5067% 0,8860%
Synthetic FRA 37x49 Fri, 15-Sep-2017 Mon, 17-Sep-2018| 0,4010% 0,5090% 0,9100%
Synthetic FRA 38x50 Mon, 16-Oct-2017 Tue, 16-0ct-2018| 0,4217%| 0,5111% 0,9328%
Synthetic FRA 39x51 Wed, 15-Nov-2017 Thu, 15-Nov-2018 0,4429% 0,5130% 0,9559%
Synthetic FRA 40x52 Fri, 15-Dec-2017 Mon, 17-Dec-2018| 0,4655% 0,5148% 0,9803%
Synthetic FRA 41x53 Mon, 15-Jan-2018 Tue, 15-Jan-2019| 0,4878% 0,5165% 1,0043%
Synthetic FRA 42x54 Thu, 15-Feb-2018 Fri, 15-Feb-2019| 0,5117% 0,5180% 1,0298%
Synthetic FRA 43x55 Thu, 15-Mar-2018 Fri, 15-Mar-2019| 0,5340% 0,51%4% 1,0533%
Synthetic FRA 44x56 Mon, 16-Apr-2018 Tue, 16-Apr-201%| 0,5602% 0,5208% 1,0810%
Synthetic FRA 45x57 Tue, 15-May-2018 Wed, 15-May-2019| 0,5848% 0,5220% 1,1068%
Synthetic FRA 46x58 Fri, 15-Jun-2018 Mon, 17-Jun-2019| 0,6130% 0,5233% 1,1363%
Synthetic FRA 47x59 Mon, 16-Jul-2018 Tue, 16-Jul-2019 0,6403% 0,5245% 1,1648%
Swap/Impl FRA 48x60 Wed, 15-Aug-2018|  Thu, 15-Aug-2018| 0,66868| 0,5257%| 1,1943%
Figure 3.11. Synthetic FRA till 5 years (13/08/2014 18.00), bold: FRA

from market quotes
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Chapter 4

EURO Interest Rate Curve

4.1 ON (Discounting) Curve

!The construction of the O N-curve follows the old single curve approach. The only
real difference is the selection of the instruments: we have to choose homogeneous

quoted products, based on the same underlying rate (Fonia in this case); we use:
e« ON,TN,SN Deposits

e forward EONIA OIS on ECB dates, up to 6M; they cover the time interval

between two consecutive ECB Meeting dates;

o OIS on EONIA from short maturity (SW,2W,..) up to 30Y, 50Y, 60Y, de-

pending on the quotations available.

Note that the first three instruments are based on Euribor 1D tenor and not
on EONIA; in this way we are introducing an inconsistency, but it is very small

and we need these deposits to cover the very short term of the curve.

LAll the curves are constructed using Quantlib, see [12],[13],[14],[15]
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An important property of ON rates is that they are relatively constant between
the Monetary Policy Meeting Dates relevant to each currency, (see [22]); these
meeting fix the short-term accommodation policy rates and overnight interest rates
follow the direction of this policy. Forward OIS on ECB Dates reflect these market
expectations and it is very important to use these quotations for building our curve
in the first section.

The construction of the ON curve can be divided into at least 2 section, where

different approaches should be used to bootstrap the curve:

e Short Dated Region: in this region the effect of expected rate change on
Meeting Dates predominates. In this section we observe a piece-wise constant
curve, with possible jump behavior in rates around Meeting Dates. Rates can
also show this behavior in other dates, typically at month, quarter and year
ends or on dates where there are large structural flows. This behavior must

be treated carefully to avoid errors.

e Long Dated Region: in this section the curve show the typical behavior and

so we can use the traditional bootstrapping process.

Since this curve is used for both discounting and pricing, as we said, we follow
the old approach; i.e. we build the curve using an endogenous discounting.

For building ON-Curve, usually, two different kinds of interpolations are used:
linear on log discount or monotonic cubic natural spline on log discount. The first
one is usually used for pricing purpose in the short term section of the curve (for
example to obtain the quotation of OIS up to 1-2 years) and the second one for
discounting or long term pricing.

We now build an ON yield curve using instruments like in figure 4.1. We cover
the time interval between September and April using the FCB forward OIS. For
that reason our curve will be piece wise constant in that interval, so as we said

before, we use a linear interpolation on log discount factor for the first 2 years.
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Selected Discount
Earliest Date Latest Date Bate

Instruments Factor
EUROND mer, 1l3-ago-2014| gio, l4-ago-Z014|0,0400%|0,533338B83
EURTHD gio, 14-ago-2014| ven, l5-ago-Z014|0,0400%|0,533337778
EURSHD ven, 1l5-azgo-2014| lun, l8-ago-Z014|0,0400%|0,535554444
EURECNSWH wven, 15-ago-2014| ven, Z2Z-ago-2014|0,0360%|0,339530778
EURECNZW wen, 15-ago-2014| ven, 2S-ago-2014|0,0370%|0,3995333839
EURECHN3W wven, 15-ago-2014| ven, 05-set-2014|0,0600%|0,399962779
EURECHNIM wven, 15-ago-2014| lun, 15-set-2014|0,0560%|0, 399949558
EURECBOISSEP14 | mer, 10-set-2014( mer, 0B-ott-2014|0,0550%|0,5953511418
EURECBOISOCT14 | mer, 0B-ott-2014( mer, 1Z2-nov-2014|0,0430%|0,993863618
EURECBOISHNOV14 | mer, 12-nov-2014( mer, 10-dic-2014|0,0540%|0,9938276825
EURECBOISDEC14 | mer, 10-dic-2014( mer, Z2B-gen-Z2015|0,0480%|0,993762307
EURECBOISJIANIS | mer, Z28-gen—-2015( mer, 1l1-mar-Z015|0,0650%|0, 393656458
EURECBOISMARIS | mer, 11-mar—-Z2015( mer, Z2Z-a2pr—-2015|0,0350%| 0, 399645673
EURECNSH ven, 15-ago-2014| ven, 15-m=g-Z015|0,04E80%|0,5396€33911
EURECN10M ven, 15-ago-2014| lun, 15-giu-Z015|0,0450%|0,5396€17323
EURECN11M ven, 15-ago-2014| mer, 15-lug-Z015|0,0430%|0,533538993
EURECNLY wven, 15-ago-2014| lun, 17-ago-2015|0,0410%|0,339573981
EURECN1SM wven, 15-ago-2014| lun, 16-nov-2015|0,0360%|0,399539374
EURECN1EM wven, 15-ago-2014| lun, 15-feb-201&|0,0360%|0, 399449032
EURECNZ 1M wen, 15-ago-2014| lun, 16-mag-201&|0,0390%|0, 399304817
EURECNZY wen, 15-ago-2014| lun, 15-ago-201&|0,0440%| 0,39510452
EURECN3Y wven, 15-ago-2014| mar, 15-ago-2017|0,0860%|0,9973582984
EURECN4Y ven, 15-ago-2014| mer, l5-ago-Z018|0,1550%|0,5335681745
EURECNSY ven, 15-ago-2014| gio, 15-ago-Z01%|0,Z600%|0,586871544
EUREONEY wven, 15-ago-2014| lun, 17-ago-Z020|0,3920%|0,376235933
EURECNTY wven, 15-ago-2014| lun, l&-ago-2021|0,5350%|0,362443313
EURECNEY wen, 15-ago-2014| lun, 15-ago-2022|0,&810%|0, 9456531446
EURECNSY wen, 15-ago-2014| mar, 15-ago-2023|0,8180%|0,327067675
EURECN10Y wven, 15-ago-2014| gio, 15-ago-2024|0,3440%|0,307127934
EURECN1LY wven, 15-ago-2014| ven, 15-ago-2025|1,0580%| 0,E8640431
EURECN1ZY wven, 15-ago-2014| lun, 17-ago-202&|1,1610%|0,565106405
EURECN1EY wen, 15-ago-2014| mer, 15-ago-202%|1,4000%|0,502324044
EURECNZOY wven, 15-ago-2014| mar, 15-ago-2034|1,#140%|0,711032761
EURECHNZEY wen, 15-ago-2014| lun, 15-ago-203%|1,7050%|0,&37130505
EURECN20Y ven, 15-ago-2014| lun, l5-ago-Z044|1,7450%|0,575573613
EURECN40Y ven, 15-ago-2014| lun, 17-ago-Z054|1,8110%|0,465205268
EURECNS0Y ven, 15-ago-2014| ven, l5-ago-Z064|1,8370%|0,373B837863
EURECHNE0Y wven, 15-ago-Z2014| mer, 15-a2go-2074|1,8610%|0,307752193

Figure 4.1. On Yield Curve, instrument selected and discount factor

(13/08/2014 18.00)

This type of interpolation is not correct for longer maturities; in fact, using
that, we obtain ON forward rate constant for long time interval, like for example 5
years in the last section of the curve, where we have pillars every five years at least

(we have 20Y OIS and the next one is 25Y OIS). Therefore for maturities longer
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Figure 4.2. On Yield Curve, linear vs spline interpolation, long term
(13/08/2014 18.00)
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Figure 4.3.  On Yield Curve, linear vs spline interpolation, short term
(13/08/2014 18.00)

than 2 years we use a monotonic cubic natural spline interpolation on log discount
factor. This difference is shown in figure 4.2 for the long term and in figure 4.3 for

the short term.
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4.2 6M Curve

We now analyze the construction of the 6M Euribor yield curve for discount factor,
Ch ;. For building this curve we need to use synthetic deposits as defined in chapter
3; in fact, the first pillar insisting on Euribor 6M is the index fixing or the 6M
deposit, that have both maturity six months from evaluation date. So, as we said
in section 5.2, if we want to determine the correct discount factors for shorter
maturity we need to introduce synthetic instruments.

Their utility became evident when we want to use in our bootstrapping proce-
dure F'RAs that start before 6M months. Since we cannot find quoted on market
instruments that insists on 6M Euribor and have maturity shorter than 6 Months,
we cannot fix the discount factor on that curve in the very first section. So we can
only calculate their values using interpolation. If we want to use FFRA we need to
know the discount factor on that curve at F'RA start date. If not, this contract
will fix two discount factor, loosing a lot of precision.

Therefore, for example if we want to insert 127 FRA we need to know 1M
Synthetic Deposit rate, for 39 FRA we need to know 3M Synthetic Deposit
rate and so on. We now show using a numerical example, the difference that we

obtain if we use them or not.

Example

Imagine that we want to insert 127 FRA:

tF =13/08/14;

t1 = 15/09/14;

ty = 16/03/15;

o 712 = 0.502778 (Actual/360)
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o rI2A =0.2930%.

Using the approach explained in section 3.2 (see example) we obtain for 1M

Synthetic Deposit:

tt =13/08/14;

. to=15/08/14;

. t; =15/00/14;

o 79,1 = 0.086111 (Actual/360)
o ToP (1) = 0.2637%.

Using the value of the deposit we can calculate the discount factor on 6M yield
curve at ti:
1

Denr(to, t1) = ——o—— = 0.99977298 (4.1)
1+ Tenm 70,1

Using equation 3.3 we can now determine the discount factor at to:

Denr(to, t1)

Den (to, t2) = 1+ FEAL
1x7 s

= 0.99830234 (4.2)

We now show the difference that we obtain without using Synthetic Deposit.
In this situation the first pillar that we have is the Euribor 6M fixing (ren =
0.2990%), that allow us to fix the discount factor at its maturity, t5 = to+6M. For
this reason the only way to obtain the discount factor at t; is by using interpolation
between ¢, where we set Dgps(to,t0) = 1, and ¢3. Using a Monotonic cubic natural

spline on log discount we obtain:
DI (1, 41) = 0.999732077 (4.3)

We can see that the two discount factor at t;, the one obtained using syn-

thetic instrument and the one interpolated, are different. This difference will be

60



4 — EURO Interest Rate Curve

propagated when we calculate the discount factor at ¢5; in this situation we have:

Denr(to, t1)

DIerP (0 o) = —2MA0 L ().99826150 4.4
6M ( 0 2) 1+ T’fﬁAﬁg ( )

With a difference:
Denr (to, t2) — D™ (to, t2) = —4.0839 - 1077 (4.5)
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Figure 4.4. Top: 6M forward rates without Synthetic Deposits, Bottom: 6M
forward rates using Synthetic Deposits

One could think that this is a negligible error, but this is not true. The effect
of this difference become really important when the strip of FRAs ends and the
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market available instruments become less dense (for the first 2 years we have at
least one instrument quoted for every months, after that we can only find one
interest rate swap for every year). In fact, without using Synthetic Deposits, we
had overestimated the discount factors in all the market FRAs interval, so to
match the first interest rate swap they have to show a sudden slowdown. The
effect of this slowdown is evident if we analyze the forward rate: to match it, they

must show a sudden decrease. All of these consequence are evident in figure 4.4.
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Figure 4.5. Difference (bps) in 6M forward rate obtained using Endogenous
Discounting and Exogenous Discounting (13/08/2014 18.00)

We can now select the instruments for building 6M yield curve:

e Synthetic Deposit: SN, 1W,.5M,6M , usually we only insert the instruments
that we need for calculate in a better way the discount factor for FFRA, as

shown in the example above. (1M Deposit if we want to use 127 FRA...);

e FRA insisting on 6M Euribor, typical we use them to cover the time interval

till 2 years;

e IRS vs. 6 M Euribor for the medium and the long term section of the curve,

market quotations are available usually till 50 or 60 years.
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Figure 4.6. 6M forward rate obtained using Endogenous Discounting and Exoge-

nous Discounting (13/08/2014 18.00) between 31/08/2021 and 31/08/2030, the

time interval

in which we have the biggest differences

2,70%
2,20% /\\._/_
\_/-_

1,70% /

1,20% /

0,70% //

0,20% : : ; : : : : : : : ‘ ‘
o“c'& o“ﬁ’ o*""ﬁ?2 o“&% eé"??, o""'?;b o‘f@ o“a;b o“ﬁ oz‘"?;b Q“G& o“gb% o"‘é\%

Figure 4.7. 6M forward rates curve (13/08/2014 18.00)

When we want to insert I RS we have to pay attention to the fact that we have

to use an Frogenous Discounting, as explain in section 2.3. In figure 4.5 and 4.6 is

showed the difference between the 2 approaches.
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Selected Discount
Earliest Date Latest Date
Instruments Factor
EURIMD SY¥NTH&M ven, 15-ago-2014| lun, 15-set-Z2014|0,Z748%|0,533783423
EURZMD SYNTH&M ven, 15-ago-2014| mer, 15-ott-2014|0,2786%|0,53353153¢
EUR3SMD SYNTH&M ven, 15-ago-2014| lun, 17-nov-2014|0,2764%|0,3332785803%
EUR4AMD S¥YNTHEM ven, 15-ago-2014| lun, 15-dic-2014|0,2796%|0,593053364
EURSMD_S¥NTH&M ven, 15-ago-2014| gio, 15-gen-zo015|o0,2820%|0, 398802335
EUREMD SYNTH&M ven, 15-ago-2014| lun, 16-feb-2015|0,2865%|0,598529873
EUR1xTF lun, 15-set-Z014| lun, 16-mar-Z015(0,2930%|0, 998284686
EURZxBF mer, 15-ott-2014| mer, 15-apr-Z015|0,25920%|0,598058181
EUR3xSF lun, 17-nov-Z014| lun, 18-mag-Z015(0,2510%|0,93972810863
EUR4x10F lun, 15-dic-Z014| lun, 15-giu-Z015(0,2E8390%|0,997595821
EURSx11F gioc, 15-gen-2015]| mer, 15-1lug-2015|0,2880%|0,537368774
EUREx1ZF lun, 1&-feb-2015| lun, 17-ago-Z015(0,2850%|0, 997093228
EURTx13F lun, 1é-mar-2Z015| mer, 16-set—-Z015(0,2840%| 0,93%683772
EUREx14F mer, 15-apr-2015| gio, 15-ott-z015|o0,2870%|0, 396604218
EURSx1SF ven, 15-mag-Z015| lun, l&-nov-2015|0,Z910%|0,59&343882
EURLOx1EF lun, 15-giu-Z015| mzr, 15-dic-Z015(0,25950%|0,9981020832
EURL1x17F mer, 15-lug-2015| ven, 15-gen-Z201&|0,23030%| 0,3358BZ&57
EUR1Zx1BF lun, 17-ago-Z015| mer, 17-feb-Z01&(0,3100%|0, 935515888
EUR13x1SF mar, 15-set-2015| mar, 15-mar-201&|0,3170%|0,595250938
EUR14xzZ0F gio, 15-ott-2015| ven, 15-apr-201&|0,3260%|0,5943955411
EUR1SxZ1F lun, 1é-nowv-2015| lun, 16-mag-Z01&(0,3360%|0, 394654236
EURL1ExZZF mar, 15-dic-2015| mer, 15-giu-201&|0,3450%|0,594358227
EUR1TxZ3F ven, 15-gen-201&| wen, 15-1ug-201s|0,3560%|0,594037524
EURLIExZ4F lun, 15-f£feb-Z01&| lun, 15-ago-Z01&|0,3680%|0,9936865595
EURRBEESY ven, 15-ago-20l4| mzr, 15-ago-Z2017|0,3800%|0,588740207
EURRBEE4LY ven, 15-ago-20l4| mer, 15-ago-Z201B8|0,4690%|0,581458595%8
EURRBEESY ven, 15-ago-2014| gio, 15-ago-201%|0,5840%|0,571300254
EURRBEESY ven, 15-ago-2014| lun, 17-ago-2020(0,7220%|0,557601104
EURRBEETY ven, 15-ago-2014| lun, 16-ago-2021|0,86€80%|0,540933025
EURRBEEEY ven, 15-ago-Z014| lun, 15-ago-Z202Z|1,0130%|0,52Z1835182
EURRBEESY ven, 15-ago-20l4| mer, 15-ago-2023|1,1430%|0,501075907
EURREEELODY ven, 1l5-ago-20l14| gic, 15-ago-2024|1,2720%|0,B872357329%
EURRBEELIZY ven, 15-ago-2014| lun, 17-ago-202&|1,4730%|0,834883448
EURRBEELSY ven, 15-ago-2014| mer, 15-ago-202%|1,€560%|0, 770751572
EURRBEEZOY ven, 15-ago-2014| mar, 15-ago-2034|1,8780%|0,&73338308
EURRBEEZSY ven, 15-ago-2014| lun, 15-ago-203%|1,3450%|0,c064268048
EURRBEE30Y ven, 15-ago-2014| lun, 15-ago-2044|1,3660%|0,546235648
EURRBEE3SY ven, 15-ago-2014| lun, 16-ago-204%|1,3860%|0,430745521
EURABGE40Y ven, 15-ago-2014| 1un, 17-agn-zo054|z,0060%|0, 439574373
EURRBEESOY ven, 15-ago-Z0l4| ven, 15-ago-Z20e€4|Z,0150%|0,35735Z3&2
EURREEEE0Y ven, 1l5-ago-20l4| mer, 15-ago-2074|Z,0280%|0,285145753

Figure 4.8. 6M Yield Curve, instruments selected and discount factor
(13/08/2014 18.00)

With all of these considerations we can finally build 6M Euribor yield curve.
We use instruments as in figure 4.8 and we use a Monotonic Cubic Natural Spline

on Log Discount.
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4.3 3M Curve

The third curve that we study is the 3M Euribor yield curve, built on discount
factor, CI);. Its construction is similar to the previous one, but we have some
critical points.

On market we can find quoted the following financial instruments that insist

on the desired interest rate tenor:
o FRA;
o Interest Rate Futures;
« Basis Swap 3M vs 6M.

Like the 6M yield curve, to cover the very first section of the curve, before
3M pillar, we use Synthetic Deposits. We build them following the same approach
as the 6M yield curve, as explained in section 3.2. In this case to determine the
value of the basis we use the Euribor 3M fixing, the first serial Future (it ends
before the first IMM and so it is liquid) and the first IMM future; if the basis in
correspondence of the Euribor fixing is not align with the other we extrapolate its
value from the other available quotes, following the example in section 3.2. We can
now find the value of the coefficients of the basis, «, 3, and their different shapes
in case of flat, linear or quadratic approximation (figure 4.9).

Knowing the functional form of the basis we can calculate the values of synthetic
deposits using equations 3.8.

After that we can find quoted Interest Rate Futures; IMM Futures are very
liquid instruments and we use them to build our curve. Usually we consider a strip
of 8 IMM futures (usually the eight contract is the last sufficient liquid one), to
cover the first 2 years; sometimes it is convenient to insert the first serial contract,

that can be liquid, especially when it ends before the first IMM contract.
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Figure 4.9. Different shapes of Basis for 3M Deposits (13/08/2014 18.00)

Since today even F'RA are collateralized, the convexity adjustment between

Futures and FFRA can be neglected.
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Figure 4.10. 3M forward rates for the first 2 years

After the strip of Interest Rate Future, we need to find I RS vs 3M Euribor to
complete our curve for maturities longer than 2 years. Unfortunately we cannot

find quoted such RS and so we need to construct them using TRBS 3M vs 6M
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and ITRS vs 6M as shown in section 2.4.1.

Once we obtain the quotes of IRS vs 3M Euribor we can bootstrap yield curve
using an Exogenous discounting like for 6 M.

For the construction of the curve we use instruments like figure 4.11, using a

monotonic cubic natural spline interpolation on log discounts.

Selected Discount
Earliest Date Latest Date BEate
Instruments Factor

EURIMD SYNTH2M | wven, 15-ago-2014| lun, 15-set—-2014| 0,2047%| 0,6 3993824
EURZMD SYNTH2M | wven, 15-ago-2014| mer, 15-ott—-2014| 0,2022%| 0, 393658
EUR3MD SYNTH2M | wven, 15-ago-2014| lun, 17-nov-2014( 0,1570%| 0, 39348¢
EURFUT3MI4 mer, 17-set-2014| mer, 17-dic-2014| 0,1525%( 0,33332¢
EURFUT3MZ4 mer, 17-dic-2014|mar, 17-mar-2015| 0,1825%| 0,33887
EURFUT3MHS mer, 18-mar-2015| gio, 1B-giu-2015| 0,1775%( 0,958413
EURFUT3MMS mer, 17-giu-2015| gio, 17-s3et—-2015| 0,1725%| 0,937377
EURFUT3MUS mer, lé-set-Z015| mer, le-dic-2015| 0,1825%| 0,937522
EURFUT3MZS mer, lé-dic-Z015| mer, le-mar-201&| 0O,2075%( 0, 9369595
EURFUT3MHE mer, lé-mar-Z01&| gic, le-giu-201&| 0O,2325%( 0,936407
EURFUT3MMe mer, l15-giu-Z01le| gic, l5-set-201&| 0O,2€75%| 0,935733
EURRB3EZY wven, l15-=ago-2Z014|mar, l5-ago-2017| O0,2570%(0,99232%5
EURRB3E4Y wven, l15-ago-Z014|mer, lS5-ago-2018| 0,3430%(0,98&383
EURRB3ESY wven, l15-ago-2014| gic, l5-ago-2013| 0O,4550%(0,977502
EURRB3E&Y wven, 15-ago-Z2014| lun, 17-ago-2020| 0,5%20%( 0,3&8501
EURRB3ETY wven, 15-ago-Z2014| lun, l&é-ago—-2021| 0,7380%| 0,934543
EURRB3EBY wven, 15-ago-Z2014| lun, 15-ago-202Z| 0,B850%| 0,93118¢
EURRB3ESY wven, 15-ago-Z2014| mar, 15-ago-2023| 1,0240%(0,911103
EURRB3EL1OY wven, 15-ago-Z2014| gio, 15-ago-2024| 1,1500%( 0,889992
EURRB3ELZY wven, 15-ago-2014| lun, 17-ago-Z20Z&| 1,3€50% 0,848l
EURRB3ELSY wven, 15-ago-Z2014| mer, 15-ago-202%| 1,5950%| 0O,78202
EURRB3EZOY wven, 15-ago-Z2014| mar, 15-ago-2034| 1,7930%|0,&30175
EURRB3EZSY wven, 15-ago-Z2014| lun, 15-ago-203%| 1,B8710%| 0, 816515
EURRB3E30Y wven, 15-ago-2014| lun, 15-ago-2044| 1,8590%| 0,555808
EURRB3E40Y wven, 15-ago-2014| lun, 17-ago-2054| 1,34350%( 0O,4477%
EURRB3ESOY wven, 15-ago-2014| ven, 15-ago-20&4| 1,3€40%(0,384545
EURRB3E&DY wven, 15-ago-2014| mer, 15-ago-2074| 1,5810%|0,235024

Figure 4.11. 3M Yield Curve, instruments selected and discount factor
(13/08/2014 18.00)
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Figure 4.12. 3M forward rates, long run (13/08/2014 18.00)

4.4 1M Curve

We now take a look to 1M Euribor yield curve.

Like the previous curves, for the very first part we use Synthetic Deposits. Since
here we cannot find quoted the 1M FRA, we have to obtain their implicit values
using quoted IRS vs. 1M Euribor. We can find them with maturities starting
from 2M (the one that we need). Therefore we can use the approach as explained

in section 3.2 to obtain the implicit FFRA quotations.

After that we can use the quoted market ITRS vs. 1M Euribor up to 1Y they
have an annual fixed leg and a monthly floating leg; are collateralized instruments

and so we use an exogenous discounting using OIS yield curve.

For the medium and long term section of the curve we can not find quoted
on market other 1M Euribor financial instruments. Therefore we need to build
interest rate swaps starting from the quotations of 1M vs. 3M Euribor IRBS, the
market quotes that instruments even for long maturities (up to 60Y years). These

basis are quoted as two IRS, the classical EURO Market approach, and so we
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build IRS vs. 1M Euribor using the same method as the one used for 3M yield
curve. Even for these instruments we use an exogenous OIS discounting.

We show the pillars used in figure 4.12.

Discount
Instruments Earliest Date Latest Date Rate
Factor
EURSND SYNTHIM | wen, 15-ago—2014| lun, l8-ago-2014|0,0758% 0,95993937
EURSWD S¥YNTHIM | wven, 15-ago—2014| ven, ZZ-ago-Z2014|0,0714%|0, 959386117
EURZWD S¥YNTHIM | wven, 15-ago—2014| ven, Z5-ago—-2014|0,0720%|0,35337Z001
EURIMD SYNTHIM | ven, 15-zago-2014( lun, 15-set-2014|0,0300%(0,5959922506

EURZHLS wen, 15-ago-2014| mer, 15-ott-2014|0,0870%|0, 339852403
EURSHLS wven, 15-ago—-2014| lun, 17-nov-2014|0,0850%|0,933778098
EUR4K1S wen, 15-2go-2014| lun, 15-dic-2014|0,0850%|0,935712015
EURSH1S wen, 15-2go-2014| gio, 15-gen-2015|0,0850%|0, 939638858
EUREH1S wen, 15-ago-2014| lun, 16-feb-2015|0,0840%|0, 339568492
EURTHLS ven, 15-ago—2014| lun, 16-mar-2015|0,0840%|0,935503212
EUREH1S wen, 15-2go-2014| mer, 15-2pr-2015|0,0820%|0, 999448757
EURSHLS wen, 15-ago-2014| ven, 15-mag-2015|0,0800%|0, 339333632
EURLOX1S wven, 15-ago-2014| lun, 15-giu-2015|0,0790%|0,939333237
EUR11X1S wen, 15-ago-2014| mer, 15-1ug-2015|0,0750%|0, 333274735
EUR1ZX1S ven, 15-ago-2014| lun, 17-ago-2015|0,0780%|0, 339205206

EURABIEBASISZY | wen, 15-ago-2014| lun, 15-ago-201&|0,0500%|0,338202024
SURABIEBASISEY | wen, 15-ago-2014|mar, 185-ago-2017[0,1410%|0,s535773583
EURABIEBASIS4Y | ven, 15-ago-2014|mer, 15-ago-2018[0,2130%| 0,93127584
EURABIEBRSISSY | wen, 15-z2go-2014| gis, 15-ago-201%[0,3240%(0, 383309314
EURABIEBASISEY | wen, 15-ago-2014| lun, 17-ago-2020|0,4570%|0, 872840823
EURABIEBASISTY |wen, 15-ago-2014| lun, 1&-ago-2021|0,8010%|0,s558547831
EURABIEBASISSY | wen, 15-2go-2014| lun, 15-ago-2022|0,7470%|0, 241476038
EURABIEBASISSY | wven, 15-ago-2014|mar, 15-ago-2022|0,s8880%|0,s22428412
EURABIEBASIS1OY | wven, 15-ago-2014| gic, 15-ago-2024|1,0120%|0,302278534
SURABIEBASIS1ZY | wven, 15-ago-2014| lun, 17-ago-202&|1,2310%|0,&5387502%
EURABIEBRSISISY | wen, 15-z2go-2014| mer, 15-ago-202%[1,4700%|0, 758512721
EURABIEBASISZ0Y | wven, 15-ago-2014|mar, 15-ago-2034[1,8810%|0, 705159341
EURABIEBASISZSY | wven, 15-ago-2014| lun, 15-ago-203%|1,7630%|0,831417323
EURABIEBASTIS30Y | wen, 15-2go-2014| lun, 15-ago-2044[1,2080%|0,570084408
EURABIEBASIS40Y | ven, 15-ago-2014| lun, 17-ago-2054|1,s8820%|0, 480422082
EURABIEBASISSOY | wen, 15-ago-2014| ven, 15-ago-2084[1,5310%|0,375866011
SURABIEBASTISE0Y | wven, 15-ago-2014| mer, 185-ago-2074|1,%140%|0, 204083782

Figure 4.13. 1M Yield Curve, instruments selected and discount factor
(13/08/2014 18.00)
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Figure 4.14. 1M forward rates, long run (13/08/2014 18.00)

4.5 12M Curve

The last curve that we build for EURO is the 12M Euribor yield curve. It is

bootstrapped using the Euribor 12M market instruments.

Based on that tenor we can find quoted only some FRA, usually only 12224,
and TRBS 12M vs. 6M; for these reason we need to build a lot of synthetic

instruments in order to have sufficient pillars to build a good curve.

For the first section we use synthetic deposits. Here we must pay attention;
since we have quoted only the 12M Euribor fixing and the 12224 FRA we can only
build a linear or a flat ON-12M basis (figure 4.15) using the approach as section
3.2. With this basis we can calculate the values of Synhtetic Deposit for different
maturities before 12M. Like the previous situations, we use only Synthetic Deposit

that we need in order to match 12M FRA.

Deposits are not the only synthetic instruments that we need. To build a better
curve for the first years we need even synthetic FRA. We construct them using

the approach explain in section 3.3 (the correct values are shown in figure 5.11).
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Figure 4.15. Flat and Linear basis for 12M Deposit (13/08/2014 18.00)

We use them to cover the first 3 years.

The medium and long term structure of the curve is obtained using 12M ITRS);
we construnct them using RS vs. 6M Euribor and ITRBS 12M vs. 6M as
explained in section 2.4.1.

The pillars used are shown in figure 4.16.
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Figure 4.16. 12M forward rates, long run (13/08/2014 18.00)
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Selected

Instruments

EUR3MD_SYNTHLY ven, 15-2go-2014| lun, 17-now-2014[0,4835%| 0,33873512
EUREMD_SYNTHLY ven, 15-ago-2014| lun, 18-feb-2015|0,4863%|0, 337507188
EURSMD_SYNTHLY wen, 15-2go-2014| ven, 15-mag-2015|0,4240%|0, 356343083
EUR1¥D_SYNTHLY ven, 15-ago-2014| lun, 17-=2go-2015|0,4730%| 0,33514053
EUR3x15F_SYNTHIY | lun, 17-now-2014|mar, 17-now-2018|0,4740%|0, 3335682302
EURGx18F_SYNTHIY | lun, 18-£eb-2015|mar, 1&-feb-2018|0,4736%| 0,33274027
EURSxZ1F SYNTHIY |wven, 15-mag-2015| lun, 16-mag-201&|0,4520%|0,391471274
EUR1Zx24F lun, 17-2go-2015|mer, 17-ago-201&|0,5010%|0,3590087523
EUR15x27F_SYNTHLY | lun, 1&-now-2015|mer, 16-now-2018|0,5283%|0, 388665183
EUR18x30F_SYNTHLY | lun, 15-feb-201&| mer, 15-feb-2017|0,5802%| 0,38713157
EURABIZEBASISSY | ven, 15-2go-2014|mar, 15-ago-2017|0,5430%|0,383707346
EURABIZEBASIS4Y | ven, 15-2go-2014|mer, 15-ago-2018|0,6380%|0, 3745435514
EURABIZEBASISSY | wen, 15-2go-2014| gic, 1S5-ago-2013|0,7500%|0,363285336
EURABIZEBASISEY | ven, 15-2go-2014| lun, 17-ago-2020|o0,8870%|0, 348208427
EURABIZEBASISTY | ven, 1B5-2go-2014| lun, 16-ago-2021|1,0310%| o0,33034747
EURABIZEBASISEY | wen, 15-2go-2014| lun, 1S-ago-2022[1,1720%|0,3510318573
EURABIZEBASISSY | ven, 15-2go-2014|mar, 15-ago-2023|1,3040%|0,888780826
EURABIZEBASIS10Y |wven, 15-ago-2014| gio, 1S5-ago-2024|1,4230%| o0,s8646203
EURABIZEBASISLZY |wven, 15-2go-2014| lun, 17-ago-2028[1,6210%|0,821151173
EURABIZEBASIS1SY |wven, 15-2go-2014|mer, 15-ago-2023|1,82z0%|0, 756954832
EURAB1ZEBASISZOY |ven, 15-2go-2014| mar, 15-ago-2034[1,s850%|0, 658085433
EURAB1ZEBASISZSY |wen, 1B5-2go-2014| lun, 185-ago-2033|z,0410%|0,533486104
EURABIZEBASISE0Y |wen, 15-2go-2014| lun, 1S-ago-2044|2,0830%|0,533337087
EURAB1ZEBASIS40Y |ven, 15-2go-2014| lun, 17-ago-2054|z,0830%|0, 4284733951
EURABIZEBASISE0Y |wen, 15-ago-2014| ven, 15-ago-2064|z,0880%|0,347307316
EURABIZEBASISE0Y | ven, 15-2go-2014| mer, 15-ago-2074[2,0550%|0,280273705
Figure 4.17. 12M Yield Curve, instruments selected and discount fac-

tor (13/08,/2014 18.00)
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Conclusion

The born of the multi-curve world has complicated dramatically the procedure to
obtain a good estimation of the forward rates, used to calculate the prices of all

financial instruments.

I reviewed the classical pricing formula of the interest rate derivatives in order to
adapt them to this new market situations; the presence of a collateralized product
imposes to find a correct exogenous discounting curve, in order to avoid arbitrage.
Besides I obtain the formula to calculate IRS with different underlying tenor using

interest rate basis quotations.

In particular the core of this thesis is to give a solutions to obtain a better
approximation of the first section of the curve, below the maturities of the first
pillar used. This can be achieved by using Synthetic Deposits built using the
OIS quotations and the OIS-x months tenor basis. To obtain a good Synthetic
Deposits we need to calculate in an accurate way this basis, choosing the correct

instruments.

As we have seen in chapter 4, with a real market situations, using the construc-
tion here proposed we can really obtain a better, smooth forward rates curve that

can be used for pricing purpose without errors.
The method proposed in this thesis is very stable even in complicate market
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Figure 4.18.
curve obtained using fixing value, Right:
Synthetic Deposits with fixing value

3M Euribor forward rates Curve on 04/09/2014. Left: yield
yield curve obtained calculating
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Figure 4.19.
curve obtained using fixing value, Right:
Synthetic Deposits with fixing value

6M Euribor Forward rates Curve on 04/09/2014. Left: yield
yield curve obtained calculating

situations. A good example of how this approach works in a good way is what hap-
pened on 4*" of September. Around 14 p.m., therefore after the daily publications
of the Euribor fixings, ECB announced a cut in interest rates. Immediately on the
market we saw a sudden decrease in FRA interest rate futures and IRS quotations,
following the ECB decision. In this new market scenario only the Euribor fixing
maintained the same quotation.

If we were building our curves using the Euribor fixing values or even if we
were using it to calculate Synthetic Deposits, we would have obtained a very bad
forward rate (as we can see in figure 4.18 for Euribor 3M forward rate curve and
figure 4.19 for Euribor 6M forward rate curve).

Instead, adopting the approach here explained we can model a significantly

better forward rate curve, since this method is very elastic with market suddenly
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Figure 4.20. 3M Euribor Forward rates Curve on 04/09/2014, with Synthetic
Deposits calculated using the approach explained in this thesis. (Note the the
serial futures quoted are not liquid, that is why they are not aligned with other
market’s quote)
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Figure 4.21. 6M Euribor forward rates Curve on 04/09/2014, with Synthetic
Deposits calculated using the approach explained in this thesis

changes, as we can see in figure 4.20 for Euribor 3M and in figure 4.21 for Euribor
6M.
All the C' + + code and Excel workbook used to obtain this results are available

as open source at [16] on branch thesis.
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Appendix A

Rate Conventions

When we are dealing with interest rates it is very important to know in which way

they are measured. Therefore, we need to know:
e compounding;
e day-count convention;
e calendar;
e business-day convention;

o evaluation date and settlement date.

A.1 Compounding

The most popular conventions are: simply compounding, periodic compounding,

continuously compounding.

e Simply compounding: it is the simplest way for compounding, in fact in this

case there is no compounding at all. Imagine that you have a notional amount
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A — Rate Conventions

N held during the period between ¢, the start date, and to, the end date,
that yields an interest rate r. In this case at date t5 our notional will have

earned a simply compounded cash coupon equal to:
CashAmount(ta) = N - (1 4+ 1 - Ay) (A1)

Where: At = tg — tl

1
(I+7-(ta—t1))

D(ty,ty) = (A.2)

Periodic compounding: in this case the interest rate is compounded m times
per year; therefore in this case at date to, if you have an annual nominal

interest rate r, the notional N will have earned a cash coupon equal to :

o\ meAg
CashAmount(tz) = N - (1 + E) (A.3)
1
(1+5)

Continuous compounding: this compounding can be thought of as making
the compounding period infinitesimally small, achieved by taking the limit
as m goes to infinity. In this case at date t5, with an interest rate r, the

notional N will have earned a cash coupon equal to:
CashAmount(ty) = N - e (A.5)

D(ty,tp) = e~ "5 (A.6)

A.2 Day-count convention

Very often it is necessary to compute cash amounts for time periods less then a

year, for example from date £; to date t5. In this case it is very important to define

a year fraction between the 2 dates, we denote it as:

T1,2 = year fraction
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In the market we can find a lot of different conventions, the most used are (d; =

number of days of the first date, do = number of days of the second date):

o Actual/360 : where Actual is the number of days between the two dates.

dy —dy
360

Actual /360 =

o Actual/365 (fired): where Actual is defined as before and 365 is used even in

a leap year.
do — dy
365

Actual /365( fized) =
e 30/360: where the numerator is obtained as:
360 - (Yo — Y1) +30 - (My — M) + (dg — d)

with Y = year, M = month, d = day.
The date adjustment rules are the following:
— if d; is 31 then change d; to 30;

— if do is 31 then change ds to 30.

360 - (Ya — Y1) 4+ 30 - (My — M) + (ds — dy)
360

30/360 =

A.3 Calendar

Banks and stock exchange are not open every day for business, so we need to
define a set of dates in which two legal entities agree to exchange cash flows, the so
called business calendar. We can find different calendar depending on which area
we are dealing with. For EURO currency, for example, we have TARGET (Trans-
European Automated Real-time Gross settlement Express Transfer) calendar, for
GBP (Great Britain Pound) we have London Stock Exchange Calendar with a

different set of holidays and so on.
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A.4 Business Day Conventions

Till now we have seen that when we are calculating an interest rate cash coupon
we need to define the day count convention and the calendar, but there is another
specification that we need in order to complete our calculation. For example,
imagine that you have an Interest Rate Swap (IRS) with maturity one year that
pays four cash flows, one every three months; some of these future payment dates
might not fall on a business day in our calendar. In this situation we need a rule to
determine the correct payment date. We introduce the business day conventions,

the most commons are:

o Following (defined by the International Swaps and Derivatives Association

(ISDA)): choose the first business day after the given holiday;

o Modified Following (ISDA): choose the first business day after the given hol-
iday, unless it belongs to a different month; in that case choose the first

business day before the given holiday;
o Preceding (ISDA): choose the first business day before the given holiday;

o Modified Preceding (ISDA): choose the first business day before the given
holiday, unless it belongs to a different month; in that case choose the first

business day after the given holiday;

e Unadjusted: use the given date even if it is an holiday.

A.5 Evaluation Date and Settlement Date

The Settlement Date is the date in which our investment starts to earn interests.
Very often this date is different from the Fvaluation Date, or Fizing Date the date

in which we trade our contract.
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For example in EURO Market the Settlement Date is 2 business days after the
Evaluation Date; so if today we invest for 1 month with a rate r, our investment
starts to accrue interest not immediately, but in 2 business days after today; the

maturity date will be 1 month after the Settlement Date.

A.6 Types of interest rates

A.6.1 Spot Rate (Zero-Coupons rate) and Forward Rate

The n — year Spot Rate 1y, or Zero Rate zy, is the rate of interest earned on an
investment that start at settlement date, and lasts for n years. All payments are
done at maturity date, there are no intermediate payments (Zero coupons).

The m x n Forward Rate is the rate implied by current Zero Rates for periods of
time in the future, in this case from m years to n years. From now on, we consider
that rates are continuously compounded.

Before 2007 !, all interest rates were on a unique curve and so we could calculate
an implied forward rate starting from two spot rates. For example, if we had 2
interest rates one from ty to t; that we denote as r1, and the other one from ¢ty to
ta, ro we could calculate the t; x to forward rate. Using the no arbitrage theory,
we know that investing 1 unit of money between today, to = 0, and ¢35 at spot rate
ro, Investment;, must be equal to invest 1 unit till ¢; at rate r; and then reinvest

that amount till ¢5 at forward rate fixs, Investments.

Investment, (ty) =1-¢™" (A7)

Investmenty(ty) = 1 - et . efixz(t2=t) (A.8)

Inow we are in a multi-curves world and interest rates with different tenors, for example 3M

or 6M, stay on different curves. This point will be shown in section: ...
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Using no arbitrage theory:
Investment, (t2) = Investments(ta) = CashAmount(ts) (A.9)

We can now equal the two Cash-flow obtaining:
1.2t = 1.t pfixa-(ta—t1)

r2-t2 ri-ti+fixe-(ta—t1)

e =e
(A.10)
ro -ty =711t + fixa - (t2 —t1)
- Tg-tg—?“1~t1
f1><2 - (t2 — tl)
Or using the discount factor:
1 D(0,t1)
= -1 A1l
Jre (t—t1) (D(O,t2)> (A.11)

If we are dealing with Zero Rates that are simply compounded we have, instead of

(1.13) and (1.14):

Investmenty(ta) = 1- (14 rq - to) (A.12)

InvestmentQ(tg) =1- (1 +7ry- tl) . (1 + f1><2 . (tz - tl)) (A13)
In this case, for forward rate we obtain:

1-(4rg-ta)=1-(147r1-t1)- (14 fixe- (t2 —t1))
1 (1+r2-t2 _1> (A.14)

oo == T
Using Discount factor:
1 D(0,t1)
= . —1 A.15
o=ty (B ) (A1)

Obviously if we consider t; = 0, we obtain a forward rate that start today and

ends at to; this is equivalent to the spot rate till to: 1o = foxo.

81



A — Rate Conventions

A.6.2 Instantaneous Forward Rate

We now consider the forward rate for a very short time interval, from ¢ to t 4 dt

(ry is continuously compounded). Using equation (1.17):

1 D(0,t)
ft><(t+dt) Tt -In <D(07t‘|'dt)> (A'16)

ftx(t+ar) is the Instantaneous Forward Rate, from now on fi,s:
e—nt
dt - finst =1n (e—rt+dt(t+dt)> (A.17)
We can simplify the previous equation, obtaining:
dt - finst = T¢4dt (t + dt) - Ttt = Tt+dtt + Tt+dtdt — ’I"tt (Alg)

Taking the limit as dt — 0, we can use the Taylor Expansion on terms ry4q4¢ -t and

Tiyar - dt. Neglecting terms of order dt? or higher, we have:

Tt4dt - t= Ttt + T;tdt (Alg)

Tt+dt * dt = ’I’tdt (A20)

Using (1.25) and (1.26) into (1.24), we obtain:

dt - finst = ret +rytdt +redt — it (A.21)
= rytdt + redt (A.22)
=d(t-r) (A.23)

1
finst = % . d(t : Tt) (A24)

The Instantaneous Forward Rate, finst, is the forward rate that it is applicable to
a very short time in the future starting from ¢.
Taking the integral in equation (1.25) we can determine the relationship between

spot rate and instantaneous forward rate:

1t
re = */ finst do (A.25)
tJo
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In terms of discount factor:
D(0,t) = e (ret) — o7 fo Finse do (A.26)

Equation (1.29) will be very helpful for the construction of the interest rate curve.

We can observe that:

 using equation (1.28) we can see that r; is the average of f;,s over the time

interval [0, t];

o if rates are non negative, D(0,t) and In(D(0, t)) are monotone non increasing

functions of ¢ such that 0 < D(0,t) <1 V.
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Appendix B

Financial Instruments

B.1 Deposits

Interbank Deposits are unsecured loans made by a bank to another bank. Deposits
are standard money market zero coupon contracts, where the Lender pays at start
day (settlement day) a notional amount N to the Borrower and he receives back
the notional amount N plus the interest earned over the period that goes from
settlement date to maturity date. When we are studying Deposits we have to take

care of 3 important dates:

e Fizing date (t{') or today: the date in which we fix the interest rate that will
be applied on our Deposit;

o Settlement Date or Spot Date (to): the date in which our Deposit starts to

accrue interest;

o Maturity Date (t1): the date in which the contract ends and the notional

plus the interests earned are paid back.
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The interest rate applied is annual and it is simply compounded; it is called
Deposit rate and we denote it as 2 7°.

The payoff of this contract at maturity date (¢1) is:
Depoy, (1) = N - (1 +710%70.1) (B.1)

Where 79,1 is the year-fraction between ty and ¢;.
If we want to compute the value today (t{') of this Deposit we have to discount

this unique cashflow to today:
Depoy, (t§) = D(tF  t1) - Depoy, (t1) = N (B.2)

. D . — 1
since ry, "’ = r; (the Zero-Rate), we had: D(t{,¢1) = (et

These contracts are quoted and exchanged on the Interbank OTC (Over The
Counter) market for various currencies and maturities, that usually do not go
beyond the year.

The first 2 maturities are a bit different from the others:

e OwverNight (ON): it is a Deposit that starts today, at Fizing Date (tf), lasts

for one day, and ends tomorrow (tJ'+1);

o Tomorrow-Next (TN): this contract starts tomorrow (tJ'+1), lasts for one
day, and ends the day after tomorrow (t§'+2); for example in EURO market,
where settlement date is today plus 2 business days, this contract starts

tomorrow (the next business day after today) and ends at settlement date.

After that we have Spot-Next (SN) that is a regular contract: starts at Spot Date,
or settlement date (tp), lasts for one day, and ends the day after (tgp + 1). The
following Deposits are denoted with their maturity, e.g. SW (Spot Week), 1M (1
Month), 3M (3 Months) and so on.

The Business Day Convention is Following for maturities shorter then 1 month

and Modified Following for longer maturities.
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B.2 LIBOR / EURIBOR

LIBOR is the acronym for London Interbank Offering Rate and it is the rate at
which prime banks are prepared to make large wholesale deposits with other prime

banks.

LIBOR (computed by the British Bankers Association, BBA) is calculated as
an average of daily quotes provided by a panel of banks for several tenors and
currencies. In calculations, the highest and lowest 15 of all the quotes collected are

eliminated. The Rates are announced once a day at around 11:45 a.m. London

time by ICE Benchmark Administration (IBA).

Until 2012, there were 15 tenors in 10 currencies (AUD, CAD, DKK, EUR,
JPY, NZD, GBP, SEK, CHF, USD), but recently the BBA has cut back to 42
Libor rates. Now Libor is published for 5 currencies (EUR, JPY, GBP, CHF,
USD) and only 7 tenors are covered (ON-SN, 1W, 1M, 2M, 3M, 6M, 1Y).

For Euro market there is another index, more important than LIBOR, the
EURIBOR. Euribor is calculated as Libor by a panel of European banks and
covers maturities from 1W to 1Y. Rates are pubblished at 11:00 a.m. Central

Europe time (CET) with a spot lag of 2 business days.

Currency Name Maturities | Convention | Spot Lag
GBP LIBOR ON-12M ACT/365 0
EUR LIBOR ON-12M ACT/360
USD LIBOR ON-12M ACT/360 2
JPY LIBOR SN-12M ACT/360 2
CHF LIBOR SN-12M ACT/360 2
EUR | EURIBOR 1W-12M ACT/360 2
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B.3 Overnight Index

Overnight Indezes are indexes related to interbank lending on a one day horizon.
They differ from LIBOR index for the same maturity in calculation methodology.
In fact Overnight Indezes are calculated as a weighted average of all overnight
unsecured lending transactions in interbank market, undertaken by a specific panel
of banks. Hence, Overnight Indexes are an average of effective rates used in markets
and so it is usually available in the evening of the start period date or in some cases

at the end period date.

For the main currency we have:

e FONIA: is the acronym of Euro OverNight Index Average, is calculated by
European Central Bank and published every day at 19:00 (CET) of the start
date. The day-count convention is Act/360;

e FED FUNDS: the effective rate is calculated by Federal Reserve Bank of
New York between 7:30 and 8:00 (local time) of the period end date. The

day-count convention is Act/365;

e SONIA: is the acronym of Sterling OverNight Index Average, it is calculated
as an average of all unsecured overnight cash transactions brokered in Lon-
don by WMBA member firms between midnigth and 16:15 (CET) with all
counterparts in a minimum deal size of GBP 25 million. The rate is published

every evening at 17:00 (CET). The day count convention is Act/365;

e TONAR: is the acronym of Tokyo OverNight Average Rate, the rate is pub-
lished by the Bank of Japan at 10:00 (JST) of the end date; a provisional
result is published on the evening of the start period date. The day count
convention is Act/365.
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B.4 Forward Rate Agreements (FRA)

A Forward Rate Agreements (FRA) is a contract that fixes a rate r'F4 that will
be applied on a deposit, with notional N, that starts at future date ¢; and ends
at a later date to. The assumption underlying the contract is that the borrowing
or lending would normally be done at LIBOR. These contracts are traded and
exchanged OT'C. Usually all payments are done at date t; where the FRA pays
the discounted payoff that we will have in ¢5, the difference between an investment
of N from t; to to at 74 and the same investment at underlying interest rate
fixing, usually LIBOR or EURIBOR: (L(t1,t2) = LIBOR rate between ¢;, start
date, and t3)

payof f(t1) = N - (L(t1,t2) — r"74) . D(ty, 1) (B.3)

rFRA is determined such that the NPV of the contract in ¢, (today) is equal

to 0; so we have to compute the present value of the unique cashflow received in

t22
NPV (tg) = N - (L(t1, t2) — r74) “T(1,2) - D(to,t2) =0 (B.4)
Solving the equation in respect of %4 we have:
L(ty, ty) = r7R4 (B.5)

We can conclude that rf£4

interest rate (LIBOR).

is a forecast of the fixing value of the underlying

B.5 Future

Interest Rate Futures are exchange traded contracts equivalent to the OTC market

FRA. They are margined every day; this means that any profit and loss is regulated
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through daily marking to market, reducing credit risk and transaction costs. For
all of this reasons, Futures contracts are very liquid.

The most traded contracts are the so called IMM Futures; these financial in-
struments insist on 3 months LIBOR (or EURIBOR) and expire on the third
Wednesday every March, June, September and December, the IMM Dates. The
first front contract is the most liquid interest rate instrument, with longer expiry
contracts having decent liquidity up to about the 8-th contract (2 years from to-
day). Futures that expire in the upcoming months not covered by quarterly IMM
contracts are called Serial Futures. In this case only the first one is quite liquid,
especially when it expires before the first IMM contract.

Futures are quoted in terms of prices instead of rates (we denote Futures rate

as rI'UT)

. The relationship between price and rate is:
Price = 100 — rFUT (B.6)

The contract size is fixed and is equal to 1.000.000 units of currency. The
Futures rate can vary only of a whole amount of basis point (bps) or 0.01 in future
price. So, knowing the daily change in our future quote, we can determine how
much we have to pay or we receive with daily margining. The interests accrue on

1.000.000 invested for 3 months (7 = 0.25) at r¥UT is equal to :
1.000.000 - 0.25 - rF'UT = 250.000 - rFUT (B.7)
Since 1bps = 0.01% = 0.0001, we have:
250.000 - 1bp = 25 (B.8)

A change of 1bp in Future quote corresponds to a contract price change of 25 units
of currency. Hence, at the end of the day we check the difference in terms of bps
in the quote of our contract between yesterday and today close (Ay,s) and we pay
or receive (it depends on the position that you have on this contract) a quantity

equal to: 25 - Ayps.
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B.5.1 FRA vs. FUTURE

At a first glance it seems that Future and FRA are the same contract: they fix a rate
that will be applied on a future investment. In a world where interest rates vary
unpredictably forward and futures prices are no longer the same. This difference
is a consequence of the daily marking to market mechanism of the Future.

We explain this difference using an example. Imagine that we are an investor
long an a futures; if forward and spot rates are correlated, when the Future’s rate
increases, meaning that the Future’s price decreases, we will have a loss because of
daily marking to market , but at the same time we will finance such loss at lower
spot rate. On the opposite, when the Future’s rate decreases, meaning that the
Future’s price increases, we will have a profit, and we will invest it at higher spot
rate.

This mean that if we have a portfolio short on a futures and long on a FRA we
create an arbitrage. For this reason the Future rate needs to be higher than the
forward rate:

rFUT = pFRA 4 Convexity (B.9)

This Convexity adjustment must take care of the volatility of the forward rates
and their correlations with spot rates. A common method for the estimation is

based on the Ho-Lee interest rate model:
dr(t) = 0(t)dt + odW (¢) (B.10)

Where 0(t) is a deterministic function of time, o is a constant and W (t) is a Wiener

process. Since r(t) = —In(D(¢,T))/t, using Ito’s lemma, we have:
dD(t,T) =r(t)D(t, T)dt — o(T — t)D(t, T)dW (¢) (B.11)

Substituting in equation (1.15) and using Ito’s lemma again, we obtain:

Ty — )2 — *(Ty — 1)
2(Ty — Ty)

0.2( 2
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Since W (t) has 0 mean, the expected change of the forward rate between 0 and

T; is the integral of equation (B.12) in the same time interval:

02T1T2
2

/Tl df (T, T) = (B.13)
0

As we said Ty f(T1,T1,T2) = r(T3), so the expected value of the forward rate
at T} is equivalent to the expected spot rate at T7; therefore in 0 the forward rate

2 . . .
#. Since the future is equivalent to

is equal to the expected spot rate minus
the expected spot rate, because of daily marking to market, it is greater than the
forward rate of the quantity (B.13).

Today even FRAs are often margined and usually the convexity adjustment is

not use anymore.

B.6 Interest Rate Swaps (IRS)

Interest Rate Swaps (IRS) are OTC contracts in which two counter-parties agree to
exchange two streams of cashflows typically tied to a floating LIBOR or EURIBOR
rate, L(t;_1,1;), versus a fixed rate r/#°. IRS can be seen as a set of consecutives

FRA: on a number of future dates a fixed interest rate, r!#S

, will be exchanged
for a floating interest rate (LIBOR). The payments dates of the floating rate and
the fixed rate can be different, in that case we still can see IRS as a portfolio of
FRA, part of them with a null fixed or floating rate (those with single-direction
payment). All payments are based on the same notional N and are settled at the
end of each period.

An IRS is characterized by two schedule of payments, one for the floating rate,

the so called floating leg, and one for the fixed rate, the fized leg:
o floating leg dates = {tg,t1, ..., tn };

o fized leg dates = {80, 51, -, Sm };
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with: tg = sg and t,, = s
The coupon payoffs in one time interval, between ¢; and ¢;_; for the floating leg
and between s; and s;_; for the fixed leg, evaluated at the end date of the period,

are (with notation IRS.4(evaluation-date; start-date, end-date, rate)):

IRSf10at(tsstio1,ti, L) = N - L(ts_1,ts) - Ti—1 (B.14)

IRSfimed(sj; 5j717 Sj,TIRS) =N- TIRS *Tj—1,55 (B15)

The fixed interest rate of the contract, /%% is calculated such that the NPV

of the contract at tg is equal to 0, so:

NPV (to) =Y IRSfioar(ti—1; tir ti, L(ti, ti—1)) - D(to, t:)

i=1

m (B.16)
— Z IRSfiaced(Sj; 5j—17 Sj, ’I‘IRS) . D(So, Sj) = 0
j=1
Solving for r/#5 we can find the correct rate, called Swap fair rate.
o (L(ti—1,ti) - i1 - D(tos ti
,’,,IRS _ Zz:l( ( 1 ) Ti—1, ( 0 )) (Bl?)

Yiei(Tim1,5 - D(so0, 85))

B.6.1 Overnight Indexed Swap (OIS)

An Overnight Indexed Swap is a particular IRS where the floating leg is tied to
the overnight rate. Payments of the floating leg are not done every day, but at
specific coupon dates, the fixed leg dates, and therefore the floating rate is daily
compounded over that period. The fixed rate for OIS is normally a simple rate
with interest at maturity date, for OIS shorter than 1 year, and it is an annual
rate for longer maturities.

The floating leg is:

IRSJ(“)[égt(tﬁtiflztiy RON@Z‘,l,ti)) =N- RON(tifl,ti) : TZQJ{Z‘ (B18)
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Since RO (t;_1,1;) is daily compounded, with M indicating the number of business

days between t;_1 and t;, we have (t;_1, = t;_1, ti—1,, = t;):

M
1+R0N( ti—1,13) - H 1+TON ti— 1p— 17t1 1k) lO]I/k 1,0— 1k) (B.19)
RON . - ON ON 1 B
(tl*ht H L+r l 1p— 17t’b 11,) Ti— Tp_q,i— lk) ( 20)

OIS rate we proceed like a simple IRS contract. We calculate

For determine the r
the NPV of the swap and we impose that his value in t( is equal to 0.
Since over-night rate is now regarded as a better proxy for the risk-free rate

than the LIBOR, we can use it even for discounting; therefore with equation (A.15):

Y (BON(tioa,ti) - 72N - Dlto, 1)) = Y _(D(to, tim1) — D(to, t:))
i=1 i=1 (B.21)
=1— D(to,tn)

This is the telescopic property of floating leg of the OIS. Using this result:

oIS _ 1 — D(to,tn)

- Y (72N - Dto, i) (B.22)

r

B.6.2 Basis Swap

Interest Rate Basis Swaps (IRBS) are contracts in which two counterparties agree
to exchange two streams of cash flows tied to two floating Libor rates with different
tenors, for example 3M Libor vs 6M Libor. Before credit crunch, their values were
of the order of few basis points and they were usually neglected: receive 3M Libor
and than reinvest the amount for other 3 Months, or receive 6 M Libor rate were
substantially the same thing: the different credit risk between these two operations

were neglected.
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IRBS are fundamental element for long term multiple-curve bootstrapping
because we can use them for imply levels of non quoted I RS on different underlying
tenors.

On the market we can find two different types of quotation:
o IRBS as two IRS (typical of EUR market);

o IRBS as single IRS (other market);

IRBS as two IRS

In this case we construct our ITRBS as a portfolio of two fixed vs floating IRS,
with the same fixed leg schedule and floating leg tied to two different Libors (with
tenors & and y months). We indicate the schedules of payments as before:

o fized leg dates = S = {s¢, 1, ..., Sm };

o floating leg x dates = T* = {tZ,t7,...,t- };

Ny

o floating leg y dates = TY = {t§,t¥,...,t% };

With: ¢ =t} =s, and t§ =15 = so
We have, for the swap with tenor x:
IRSf1oat.2(to; T%, Ly) = N - Z ) T4y, D(to, tF)) (B.23)
i=1
IRSfizea,x(to; $,mi%) = N - > " (rIRS 1y kD(to, 51)); (B.24)
k=1
And for the swap with tenor y:
IRS fioat y (to; TY, L) NZ (tY_ ) 71,5, D(to. %)) (B.25)
IRSfmed7y<t0,S TIRS =N Z IRS Tk—l,kD<t075k))§; (B.26)
k=1
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If we want to obtain a floating vs floating swaps as a difference between these two
swaps, our IRBS need to have a fixed rate such that cancel the net effect of the
two fixed legs:

IRS}izearrps(to, S, B%) =

(B.27)
[RSfl’I‘Pd r(t07 S TIRS) IRSfimed,y (t07 Sv Ty )
Since the fixed leg schedule is the same for all the swaps:
Z(TIRBST]'—L]'D(SO, 55)) = Z((TiRS — 7y 5)7j_1,;D(s0,55)) (B.28)
j=1 j=1

Therefore IRBS spread is quoted as the difference between the two fixed rates:

pIRBS — (IRS _ . IRS (B.29)

Or:
TIRBS _ IRSﬂOllt@(to; va Lz) - IRSfloat,y(tO; Tya Ly)
N1 (Te—1,6D(to, sx))

(B.30)

IRBS as a single IRS

In this second case our I RBS is a single floating vs floating swap, with legs indexed
to two different Libors.

We have two streams of payment dates:
o floating leg x dates = T® = {t§,t7, ..., 1} };
o floating leg y dates = TV = {tg,t{, ...t} };

With: =t and t§ = t{

We analyze the two legs:

TRSf1oat.2(t0; T®, Ly) = N - Z )Ty, D(to, 7)) (B.31)
IRSf10at.y(to; TY, Ly) NZ (t_1, t)7(-1,5), D(to, 1Y) (B.32)
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To obtain that the ITRBS has null initial cost we need to insert a constant interest

IRBS

rate r in leg y (usually we insert this spread in the leg that has a floating rate

with shorter tenor, here y < x):

Ny
IRS,(to; TY, L,, r'#B%) = N Z((Ly(tg_l, )+ 8B 7 1y, D(to, 1Y) (B.33)
j=1

Canceling N PV (to) we can determine 7/ %55

JIRBS _ IRS f10at,2 (to; T7, Ly) = IRSi0at.y(to; T, Ly) (B.34)
N 3521 (mG-1,4), D(to, 15))
The difference in r/#B5 between the two different quotations is:
[IRBS _ > e (1,1 D (to, 51)) . pIRBS (B.35)

> (T(-1.9), Dltos 1))
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