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ABSTRACT

In this Ph.D. thesis, fatigue crack growth in presence of plastic strains is discussed.
This work has the aim to provide an accurate description of short crack propagation
starting from defects, in order to develop elastic-plastic crack propagation models that
can be included in a damage tolerant design frame.

In the first part of the work, a general overview of the propagation models present in
the literature is provided. Particular attention is given to models that describe propaga-
tion in regions in which plastic strains are present, together with an accurate description
of crack closure phenomenon.

In the second part of the work, the general formulation of the effective cyclic J- inte-
gral is discussed and applied to assess fatigue life of notched specimens. In this section,
the effects of crack closure and temperature on short crack propagation are discussed
and analyzed with the state-of-the-art models present in the literature.

In the third chapter, an experimental campaign is developed to observe crack propa-
gation in presence of a plastic strain gradient. The activity is performed to check short
crack propagation in conditions similar to those experienced by real components, such
as turbine disks. A crack propagation model, obtained taking into account numerical
simulations of material cyclic response, is presented and discussed. The assessment
results are employed to highlight the limits of actual crack closure models.

Accordingly, the focus is shifted to the development of an innovative technique,
based on digital image correlation, employed to measure crack opening levels. The
technique is applied on single crystal specimens, made of a Ni-based superalloy, Haynes
230. A regression algorithm is developed to extract crack propagation driving forces
from the displacement registered around the crack tips. These results are employed to
measure the extent of the irreversibility present at the tip and are compared to those
numerically calculated, obtained considering a single crystal plasticity code.

Finally, the experimental method based on DIC is applied to LCF. Experimental
measurements are implemented in a ∆Jeff -based model. The model is employed to
describe crack propagation in presence of very high plastic strains, like those experi-
enced by pipelines. The effects of material transient response on fatigue life assessment
are discussed, together with the effects of the defect shape on crack opening and closing
levels.
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INTRODUCTION

0.1 THESIS MOTIVATION

Nowadays, gas turbines and other components employed for power generation are sub-
jected to several load cycles during their lifetime, since they are switched on and turned
off several times each day, in order to meet the peak loads requested by users. High
plastic strain can be present in these components, since high loads, applied to the struc-
tures during start-ups and turn-offs, can generate yielding in certain regions, such as
near notches.

In order to take into account these conditions, state-of-the-art procedures consider fa-
tigue life assessment as a crack propagation problem. Fatigue crack growth is usually
described taking into account material elastic-plastic behavior and crack growth rates
are described as a function of elastic-plastic parameters, such as the applied plastic
strain range or the cyclic J-Integral.

These models, however, present several limits. First, there are simplified equations
based on fatigue load cycles calculated by adopting Masing’s hypothesis, a feature that
does not take into account transient phenomena, such as ratchetting and mean stress re-
laxation. Then, they consider the effects of crack closure, but opening levels are usually
calculated by adopting analytical models, known to be valid only under fully reversed
loadings.

These conditions represent the motivation and the starting point of this Ph.D. thesis,
which aims to study crack propagation in plastic zones. In this work the attention is
mainly focused on the effects of crack closure and material cyclic behavior and to the
possibility to apply the general formulation of ∆J in fatigue life assessment for com-
ponents subjected to LCF conditions.
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0.2 THESIS STRUCTURE

• Chapter 1: Literature review. An overview of fatigue crack growth mechanisms
is provided, with emphasis on models that describe crack propagation in plastic
regions. The influence of crack closure is discussed, together with a description
of the experimental techniques employed to measure opening and closing levels.
In the final part of the chapter, a non contact technique, based on computer vision,
is presented and its application to fatigue crack growth is discussed.

• Chapter 2: Short crack propagation in the LCF regime at Room and High Tem-
perature. An experimental campaign is developed in order to check the effects
of high temperature in short crack propagation. Experimental results are com-
pared to the assessments provided by short crack propagation models present in
the literature.

• Chapter 3: Short crack propagation in the dovetail attachment of a compressor
disk. An experimental campaign is performed to check crack propagation in pres-
ence of a plastic strain gradient. Experimental results are employed to develop
a model capable of describing crack propagation when elastic shakedown condi-
tions are present.

• Chapter 4: Fatigue crack growth in Ni-based superalloy single crystals. Fatigue
crack growth in single crystals of a Ni-based superalloy is investigated. An inno-
vative technique based on digital image correlation is employed to extract the ef-
fective stress intensity factor ranges from the displacement fields measured around
crack tips. The extracted ∆K are employed to evaluate the extension of the plas-
tic zones surrounding the tips. Experimental results are then compared to those
numerically calculated considering a single crystal plasticity code.

• Chapter 5: Short crack propagation in line pipes material under severe loading
conditions. An experimental campaign is developed to check crack propagation
in presence of very high plastic strains in large scale specimens. Fatigue lives
of notched specimens are assessed by implementing the crack propagation model
based on the effective J-Integral range. The ∆J formulation is modified in order
to take into account the geometry of large scale specimens, whereas experimental
da/dN − ∆J curves from small scale specimens and measured closure levels on
large scale specimens are employed to evaluate crack growth rates.
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CHAPTER1
Literature review

1.1 FATIGUE LIFE DESIGN

Unexpected failure of railway axles, designed to withstand loads higher than those
registered during in-service conditions, introduced in the XIX century the concept of
fatigue design. Since then, fatigue crack growth mechanisms have been intensively
investigated and different fatigue life assessment procedures have been proposed.

Lately, damage tolerant design has become the state of the art of fatigue design, es-
pecially for aeronautic applications [6,7]. According to this design frame, it is assumed
that a crack is present in the component and it can grow during in-service operations.
Fatigue life is then assessed by calculating the number of cycles necessary for a de-
fect to propagate and cause the failure of the component. Such an approach, integrated
with an adequate inspection plan, has proven to be cost efficient and to increase overall
safety.

It is widely recognized that the accuracy of the fatigue life assessed following a
damage tolerant frame strongly depends on the model adopted to describe crack propa-
gation. Crack growth models present in the literature can be divided into two different
categories, depending on the applied loading conditions: models describing high cycle
fatigue (HCF) propagation and low cycle fatigue (LCF) crack growth can be found.

In the first case, these models consider that the plastic zone surrounding the crack tip
has a limited extension and it is relatively small respect to the dimensions of the cracked
body. For this category of defects, usually referred as ’long cracks’, an approach based
on Linear Elastic Fracture Mechanics (LEFM) is applicable and crack growth rates can
be related to the stress intensity factor, ∆K.

In the second category, crack propagation occurs in zones where plastic strains are
present: this usually happens near notches or when the crack length is small respect to
the plastic zone present at the tip. In such a condition, also referred as ’short crack’
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Chapter 1. Literature review

propagation, experimentally observed crack growth rates are higher than those pre-
dicted by LEFM. Therefore, an approach based on Elastic-Plastic Fracture Mechanics
(EPFM) is necessary: several models based on the applied plastic strain range, ∆εp, or
the cyclic J-Integral, ∆J , have been proposed in the literature and have been included
in several procedures.

In this section, an overview of state of the art of fatigue crack growth is provided,
considering both HCF and LCF conditions.

1.2 FATIGUE CRACK GROWTH IN HIGH CYCLE FATIGUE AND THE ROLE
OF CRACK CLOSURE

When the plastic strains are confined in a small region ahead of the crack tip, crack
growth rates, da/dN , are related to the applied stress intensity factor range, ∆K,
through the Paris equation [8], as proposed in Eq. 1.1.

da

dN
= C (∆K)n (1.1)

First large experimental campaigns [9], conducted on servo-hydraulic load frames,
showed a marked dependence of material constants (C and n) to the applied load-ratio.
In particular, experimental observations showed that higher load-ratios usually implied
higher crack growth rates, as shown in Fig. 1.1a.

(a) (b)

Figure 1.1: Crack propagation curves, for 2024-T3 aluminum alloy at different stress ratios. a) Crack
growth rates as function of ∆K; b) Crack growth rates as function of ∆Keff [1].

In 1970, Elber [10] observed that a crack stays closed for a part of the fatigue load
cycle, even if the applied stress is positive in tension. This phenomenon, also known as
plasticity induced crack-closure, cannot be explained by the theory of elasticity and it
is due to the plastic strains acting at the tip. During propagation, a plastically deformed
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1.2. FATIGUE CRACK GROWTH IN HIGH CYCLE FATIGUE AND THE ROLE OF CRACK
CLOSURE

area is generated at the tip, leaving a plastic wake along the crack length: this zone,
characterized by residual compressive stresses, is the one responsible for crack-closure,
since crack tip opening is possible only when the applied stress overcomes this residual
stress field. Taking into account only the portion of ∆K after crack opening, Elber
was able to remove the load-ratio effect, demonstrating plasticity induced crack-closure
main role and that only a parameter, which he defined effective stress intensity factor
range (∆Keff ), can be used in crack growth rates prediction (Fig.1.1b).

Several other different mechanisms responsible for crack-closure have been rec-
ognized (i.e. roughness-induced, trasformation-induced, oxidation induced and many
others [11]), which play a significant role especially in the near-threshold region or
during in-plane shear propagation.

1.2.1 Crack closure measurements

After the introduction of ∆Keff , many experimental methods have been developed to
empirically evaluate crack-closure levels. All the experimental procedures described in
the literature can be classified in two main categories, usually referred as ’global’ and
’local’ compliance methods. All the measurements based on Clip-Gages at the crack
mouth or on Back Face Strain Gages [12] belong to the first category, whereas local
strain measurements, obtained with dedicated strain-gages positioned in the vicinity or
across the crack tip belongs to the second one. Examples of this methods are presented
in [3, 13, 14].

The state-of-the-art procedures employed for crack-closure evaluation are reported
in Fig. 1.2: the global load-strain method, proposed in [12], is reported in Fig. 1.2a,
whereas the compliance offset method [15] is presented in Fig. 1.2b. Local compliance
methods are proposed in the two remaining plots. In Fig. 1.2d the load cycle at the tip
(Fig. 1.2c) is amplified into a load-strain offset one, for a more accurate measurement
of crack-closure levels [16].

Talking about the ’global’ methods, the opening load is evaluated by observing that
the load-strain curve is linear when the crack stays open and becomes non-linear when
it starts closing. Considering the compliance offset method, the crack is conventionally
open when the line assumes a value of compliance offset equal to a fixed offset criterion
(a level of 2% is usually employed). Regarding the ’local’ methods, the original proce-
dure proposed in [16] was modified by Toyosada and Niwa [17], for the evaluation of
the opening and closing points of the cycle, Pop and Pcl respectively. Pcl is evaluated as
the flexing point of the unloading branch of the hysteresis offset curve, whereas Pop is
the point of the loading branch of the curve which has the same slope registered at the
closing point, as shown in Fig. 1.2d.

In the literature, more than these mainly adopted methods can be found. Among
them it is worth to remember those based onto optical interferometry [18], thermogra-
phy [19], ultrasonic measurements [20] and digital image correlation [2]. A review of
digital image correlation techniques is reported in Section 1.5.
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(a) Load-strain curve by global method
[12]

(b) Compliance offset method [15]

(c) Load-strain cycle by ’local method’, adopting
strain gages [16]

(d) Load-strain offset cycle [16]

Figure 1.2: Experimental crack-closure measurements.

1.2.2 Analytical models for crack closure evaluation

The wide amount of data present in the literature was employed to develop analytical
models for the estimation of crack opening levels. In his original work, Elber [10]
proposed the adoption of a reduction factor, U , which represents the percentage of the
total stress intensity factor during which the crack stays open (Eq.1.2).

U =
∆Keff

∆K
=

∆σeff
∆σ

⇒ da

dN
= C (∆Keff )

n = C (U ·∆K)n (1.2)

One of the most adopted equations to describe U is the formulation proposed by Schi-
jve, which is shown in Eq.1.3 and depicted in Fig.1.3 [21].

U = 0.55 + 0.35R + 0.12R2 (1.3)

This equation is valid in the −1 ≤ R ≤ 0.54 range and highlights the fact that
at high R the reduction factor tends to 1, meaning that the crack during the fatigue
cycle always stays open, whereas, during a test performed under fully-reversed loading
conditions, the crack stays open only for 32% of the applied load range.

The state of the art, for crack-closure evaluation, is represented by the analytical
model proposed by Newman [5]. The reduction in ∆K is calculated according to
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Figure 1.3: ∆K reduction factor as a function of the applied load ratio R.

Eq.1.4, where R is the applied stress ratio and f is the ratio between the opening stress,
σopen, and the maximum applied stress, σmax, evaluated according to Eq. 1.5.

∆Keff =
1− f
1−R

∆K (1.4)

f =
σopen
σmax

=

{
max (R,A0 + A1R + A2R

2 + A3R
3) , if R ≥ 0

A0 + A1R, if − 2 ≤ R < 0
(1.5)

where the coefficients are evaluated as:

A0 =
(
0.825− 0.34α + 0.05α2

) [
cos

(
π

2

σmax
σ0

)]1/α

A1 = (0.415− 0.071α)
σmax
σ0

A2 = 1− A0 − A1 − A3

A3 = 2A0 + A1 − 1

(1.6)

In this set of equations, α is the costraint factor and σmax/σ0 is the ratio between the
maximum applied stress and the flow stress.

Several formulations of σ0 have been proposed. Newman [5] originally suggested to
assume σ0 as the average of the ultimate tensile strength, Rm, and the yielding stress,
σY . Savaidis [22] demonstrated that satisfactory results can be achieved by replac-
ing Newman’s proposal with the value of the cyclic yield stress. It has been demon-
strated [23] that the adoption of σmax/σ0 as a constant produces acceptable results for
positive stress ratios, where the effect of this parameter on the crack opening function
is relatively small.

Models based on ∆K-controlled propagation and crack closure evaluation have
been implemented in several fatigue assessment codes, which belong to the so-called
’Damage-tolerant’ design. An approach based on ∆K-based propagation can be em-
ployed far all those components in which the applied plastic strains are negligible, such
as railway axles. An example of this assessment procedure is presented in [24].

5



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 6 — #26 i
i

i
i

i
i

Chapter 1. Literature review

1.3 FATIGUE CRACK GROWTH IN LOW CYCLE FATIGUE

Traditional procedures based on ∆K cannot be applied in LCF, since defects usually
grow in zones (i.e. near notches) where high plastic strains are present, violating LEFM
main assumptions [25]. In the literature, two different approaches have been proposed
in order to describe crack propagation in such a condition. The first one is based on
EPFM: according to this approach, the stress intensity factor range, ∆K, is replaced
in the Paris equation by a different parameter, the cyclic J-Integral, ∆J , in order to
characterize the different strain condition present at the tip. On the other part, phe-
nomenological models have been developed. According to this models, crack propaga-
tion under LCF conditions can be described as a function of the applied plastic range.
In this section an overview of the two different approaches is provided.

1.3.1 Models based on the cyclic J-Integral

Trying to find a parameter capable of describing the strain field around the tip during
short crack propagation, Dowling [26] extended Rice’s path independent J-Integral [27]
to the cyclic case, proposing to modify the Paris relationship [8], by replacing the stress
intensity factor range, ∆K, with ∆J .

According to Dowling [28], ∆J is calculated by replacing, in the analytical formu-
lation of J , the applied stresses and strains, with the equivalent stress and strain ranges.
This means that ∆J is calculated by replacing the monotonic σ - ε curve, expressed as
reported in Eq. 1.7, with the equivalent ∆σ - ∆ε one, neglecting the unloading part of
the fatigue cycle.

ε = εel + εpl =
σ

E
+

(
σ

ki

)1/ni

(1.7)

Dowling’s formulation also implies that ∆J and J have the same main properties:
it can be assumed that the cyclic J-Integral is the sum of an elastic and a plastic compo-
nent. Starting from the works of Shih [29] and Shih and Hutchinson [30], Dowling [31]
demonstrated that, in the cyclic case, the elastic part is function of the applied stress
range, ∆σ, whereas the plastic component is a function of ∆εp, the plastic strain range.
In Eq. 1.8, the general formulation of ∆J is reported: the elastic part of the cyclic
J-integral not only depends on the applied stress range, but also on a constant, Y, which
takes into account the geometry of the cracked component and on a, the crack length. It
is also worth remarking that the elastic component is a function of the loading condition
present at the tip: when plane stress conditions are considered, E ′ is replaced by E, the
Young’s modulus, whereas E ′ = E/ (1− ν2) in case of plane strain.

∆J = ∆Jel + ∆Jpl = Y 2 ∆σ2

E ′
πa+ g (ni) ∆σ∆εpπa (1.8)

On the other hand, the plastic component of ∆J depends on a function, g (ni), which
takes into account material inelastic behavior, since it depends on ni, the exponent of
the cyclic stress/strain curve. Several formulations of g (ni) have been proposed. The
most employed formulations of g (ni) are reported in Eq. 1.9 [31], where it can be noted
that the plastic correction function also depends on the loading conditions present at the
tip.

6
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g(ni) =

{
1√
ni
, plane stress

3
4
√
ni
, plane strain

(1.9)

In the literature, several models based on ∆J have been proposed to describe crack
propagation in the LCF regime. Polak [32] was able to analyze the early propagation
phase in an austenitic-ferritic duplex stainless steel by applying a ∆J-based model, un-
derlining the possibility to adopt cyclic J-integral models to describe short crack prop-
agation. Harkegard [33] applied the J-integral model to assess fatigue life of specimens
subjected to fully reversed strains in the LCF regime. In order to obtain conservative
estimates, Harkegard considered a da/dN−∆J curve obtained from crack propagation
data at R=0: this was done in order to include the effects of crack closure.

Apart approaches based on ∆J , it has been recognized that plasticity induced crack
closure plays an important role even in LCF. Crack closure effects were implemented in
∆J calculations by McClung and Sehitoglu [4,34] together with Seeger and Vormwald
[3, 35]. The reduction of the J-Integral range was quantified by lessening stress and
plastic strain ranges, considering only the portion of the load cycle in which the crack
stays open.

Crack opening levels were calculated adopting the model proposed by Newman [5]
for long cracks (see Eq. 1.5), where Sop for a given R depends on the constraint factor
and the ratio σmax/σflow. In these models, a value of α equal to 1 was usually taken
into account, whereas different formulations of σ0 have been proposed. In their works,
Vormwald and Seeger [3, 35] proposed to modify Newman’s original formulation by
replacing the yield stress with the corresponding cyclic yield stress. On the other part,
even McClung and Sehitoglu [4] suggested to modify the value of σ0: not only they
replaced the yield stress with the corresponding cyclic yield stress, but also replaced
the ultimate tensile strength with the ultimate stress, calculated according to Eq. 1.10,
where ki and ni are the values of Eq. 1.7 that describe the cyclic stress/strain curve.

σu =
ki · nni

i

1 + ni
(1.10)

Lately, Zerbst et al. [36, 37] proposed to apply the J-Integral calculation adopted in
engineering fracture assessment [38, 39]. In particular, from the elastic stress intensity
factor range, ∆J is evaluated as a function of the yielding parameter Lr = σmax/σref
and then ∆Jeff is calculated adopted the same concepts as Seeger & Vormwald. An-
other application of this model to short crack case and fatigue can be found in [40].
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1.4 PHENOMENOLOGICAL MODELS BASED ON THE APPLIED STRAIN
RANGE

Trying to follow a more phenomenological approach, several authors assumed that
crack propagation, in the LCF regime, is a function of the applied plastic range, ∆εp.
The main contribution in this field is the work published by Tomkins [41], who related
crack growth rates to the plastic strain range through an exponential law. Tomkins pro-
posal is reported in Eq.1.11, in which εap is the applied plastic strain amplitude, a is the
crack length and kg0 and d are material constants.

da

dN
= kg0ε

d
apa (1.11)

Following these assumptions, Polak [42,43] was able to correctly assess fatigue life
of specimens containing a micro-notch, deriving model parameters from the traditional
Manson-Coffin curve constants.

A different formulation is the model proposed by Skelton [44], included in the
British R5 procedure [45]. According to this model, the growth of short cracks in
regions of cyclic plasticity can be described by an high strain fatigue crack growth law,
given by:

da

dN
= B′aQ (1.12)

where B′ is a constant determined at unit crack depth and it is related to the total strain
range and Q is a material constant, usually equal to 1. In the R5 standard, it is suggested
that a conservative estimate of B′, for tests performed in air, can be calculated as:

B′ = 2.61 · 104 ·∆ε2.85 (1.13)

An interesting feature of this model is that it can be modified in order to divide
the propagation process into nucleation and growth, following what proposed in Eq.
1.14, where amin, the critical length which separates nucleation from growth, is equal
to 0.2 mm.

da

dN
=

{
B′aQmin, a ≤ amin

B′aQmin, a > amin
(1.14)

It is worth remarking that, in this models, the effects of crack closure are neglected,
meaning that they assume a crack fully open for the entire fatigue cycle. It should be
noted, however, that the models based on Tomkins assumptions present a limit, since
they are able to correctly predict crack growth rates and fatigue life only when a marked
plastic strain range is present, while unconservative estimates are provided when the
plastic part of the strain range tends to zero [46].
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1.5 NON-CONTACT TECHNIQUES FOR LOCAL CRACK CLOSURE MEA-
SUREMENTS

In the past, a variety of experimental techniques based on extensometers or strain gages
has been employed to measure the phenomenon of crack closure. In section 1.2.1, a
brief overview of these techniques is provided. Nowadays, the continuous advancement
in computer vision has opened the way to the introduction and the development of new
non-contact techniques, such as digital image correlation (DIC). In this section, a brief
overview of DIC is provided, together with its application to fatigue crack growth.

1.5.1 Digital image correlation

DIC was originally developed in the early 1980s at the University of South Carolina
[47–50], with the idea to measure full-field in-plane displacements and displacement
gradients of a strained body. The main concept of this technique is that displacements
can be calculated by comparing the position of the features present in two images of a
target surface.

Technically speaking, the correlation software tracks the position of the pixels of a
set of digital pictures. The first picture of the set is usually taken at zero load and it
is referred as reference or undeformed image, while the other picture, usually acquired
when the body is externally loaded, is usually referred as deformed. Since it is impossi-
ble to uniquely define the position of each pixel of the reference image in the deformed
image, the correlation algorithm tracks the changes in position of small groups of pix-
els, called subsets. An example of how the correlation algorithm works is shown in
Fig. 1.4, in which it is also highlighted the impossibility to track the displacement of
single pixels.

Figure 1.4: Image correlation between a reference and a deformed image. The single pixel tracking is
impossible, whereas subset tracking allows the calculation of the displacements.

The dimension of the subset is a critical parameter for the correlation software. In
order to achieve better results, subset dimension should be as small as possible, but it
should also guarantee an accurate identification of the subset in the deformed picture.

9
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It is evident that this strongly depends on the dimension of the features present on the
measurement surface.

In order to improve the accuracy of the measurements, the target surface should be
accurately prepared. The best results are usually obtained by adopting a random speckle
pattern, which corresponds to a group of pixels on the gray scale (from 0, black, to 255,
white) in the images acquired with a monochrome digital camera. The pattern can
be applied by adopting different techniques, depending on the required measurement
accuracy. In particular, the dimension and the distribution of the speckles on the target
surface influence the accuracy and the resolution of the measured displacements. It has
been proved [2] that the refined speckle pattern, obtained with an airbrush and black
paint, gives satisfactory results in the measurements of displacements around crack-tips
with high magnifications.

Another parameter which influences the quality of the measurement is subset spac-
ing, which is the distance, expressed in pixels, between the centers of each subset. This
spacing usually ranges from 3 to 10 pixels, with the former value providing a field with
an higher number of readings, whereas the latter gives back a smoother field.

DIC can be employed following two different procedures: in the literature Ex-Situ
and In-Situ DIC techniques can be found. In the first case, both the reference and the
deformed images are acquired at zero load and out of the load frame. These displace-
ment fields can be used to measure the residual strain field that remains on the target
surface after the test. This procedure is useful to observe the evolution of local strain
and phenomena such as slip and twinning at very high magnifications, since it allows
the acquisition of the image with optical microscopes, that guarantee the adoption of
high magnification, but cannot be used for real-time acquisition [48, 51, 52], a feature
that makes Ex-Situ DIC not suitable for fatigue applications. In the second situation,
the images are acquired during the experiment, when the specimen is mounted in the
load frame, and the displacement fields can be measured in real time. This feature is
interesting for fatigue, since it is useful to analyze the evolution of the displacement
field around a crack during a fatigue cycle, allowing the measurement of crack open-
ing and closing levels. In the next section, the application of In-Situ DIC to fatigue is
discussed.

1.5.2 DIC setup for fatigue crack growth analysis

In-Situ DIC has been vastly employed for fatigue crack growth analysis, in particular
to study the effects of crack-closure, since it allows the observation of the displace-
ment and strain fields around a crack tip during a fatigue load cycle. In Fig. 1.5, a
schematic of the experimental setup for a stress-controlled fatigue test is proposed: the
load applied to the specimen is monitored by a load cell, which sends the signal to a
computer. The computer not only controls the applied stress amplitude, but also a dig-
ital mono-chrome camera, responsible for picture acquisition. One interesting feature
of this setup is that this configuration allows not only the acquisition of several pictures
during each fatigue cycle, but also the measurement of the stress at which each picture
is taken.

In order to characterize crack propagation, during a fatigue test, several pictures are
acquired for each fatigue cycle. By applying the correlation algorithm, an accurate
measurement of the evolution of the displacement field acting at the tip is possible. Ex-

10
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Figure 1.5: Experimental setup for the In-Situ DIC methodology.

perimental data can be analyzed by adopting two different techniques. By tracking the
relative displacements of the crack flanks, crack opening and closing levels can be ex-
tracted and an estimate of crack closure evolution during propagation can be obtained.
On the other part, the study of the singularity present at the tip can be employed to
evaluate crack propagation driving forces. In the following sections, a review of these
two techniques is provided.

1.5.3 Crack-closure characterization with two-points digital extensometers

The first application of DIC in fatigue is derived from the experimental techniques dis-
cussed in section 1.2.1. This method consists in applying a series of two point digital
extensometers along a crack, in order to measure the relative displacements of the two
crack flanks. Extensometers are placed perpendicular to the crack plane, in order to di-
rectly measure opening as the difference between the vertical displacements measured
on the upper and the lower crack flank. An example of the disposition of the virtual
gages along a crack is reported in Fig. 1.6.

Figure 1.6: Experimental crack-closure measurements with two point digital extensometers [2]: virtual
displacement gages position along the defect.

This technique, originally presented in [53, 54], is useful to measure crack opening
levels and to calculate the effective stress intensity factor ranges, following Elber’s
proposal [10, 55]. In Fig. 1.7, a schematic of the evolution of crack flanks profiles
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during a fatigue cycle is provided, showing that DIC can be successfully applied to
measure crack opening levels.

Figure 1.7: Evolution of crack flanks displacements during a fatigue cycle [2].

Two points digital extensometers can be also employed to study mixed-mode crack
propagation: when a crack experiences a combined Mode I+II load, the difference
between the horizontal displacements registered on the two flanks can be used to study
the effects of sliding. Sangid et Al. [56] successfully applied this technique to study
crack opening/sliding levels for a crack subjected to mixed mode loading (Mode I+II)
in a 316L steel single crystal.

1.5.4 Stress intensity factor ranges extraction from the displacement field

The second approach is based on the original proposal of McNeill et Al. [57], who ex-
tracted KI from the crack tip displacement field measured with DIC in a c-specimen.
This technique, usually referred as full-field regression, allows the extraction of K by
fitting the experimental displacements with the equations provided by continuum me-
chanics.

In order to correctly extract K, the analytical expression of the singular field pro-
posed by Williams [58] was modified to take into account the effects of rigid body
rotations and translations [2, 57]. Therefore, the vertical displacement field around a
crack tip subjected to mode I opening in an isotropic body can be written as:

v =
kI
µ

√
r

2π
sin

(
θ

2

)[
1

2
(k + 1)− cos

(
θ

2

)]
− 1

2µ

(
ν

1 + ν

)
Trsin (θ) +

+ Arcos (θ) +B

(1.15)

where µ is the shear modulus, k = (3− ν) / (1 + ν), T is the T-stress and A and B
are the terms related to rigid rotation and translation. This formulation was obtained
considering a cylindrical coordinate system with the origin in the crack-tip, as depicted
in Fig 1.8.

Carroll et al. [2] applied the regression technique to fatigue. In order to extract the
values of ∆K, they acquired several pictures of the crack during each fatigue cycle and
calculated the displacements starting from the picture taken at the minimum applied

12



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 13 — #33 i
i

i
i

i
i

1.5. NON-CONTACT TECHNIQUES FOR LOCAL CRACK CLOSURE MEASUREMENTS

Figure 1.8: Crack tip coordinate system.

load: this allowed the extraction of the effective stress intensity factor range, ∆Keff ,
since the crack-closure effect was inherently included in the displacements measured
by DIC.

In Fig. 1.9a, a comparison between the experimental and the analytical vertical
displacements is provided, showing that DIC is capable of measuring the singularity
present at the tip and that the experimental field can be correctly fitted by the analytical
one. Moreover, analyzing the evolution of ∆K during a single stress/strain cycle, it is
also possible to evaluate the crack opening levels, as shown in Fig. 1.9b.

(a) (b)

Figure 1.9: Experimental crack-closure measurements with full-field regression [2]: a) comparison
between regressed and experimental vertical displacement field; b) individuation of Kopen during a
fatigue load cycle.

Recently, Yoneyama et Al. [59] were able to apply the regression algorithm during
mixed mode propagation and to extract ∆KI and ∆KII , whereas Pataky et Al. [60]
were able to analyze fatigue crack growth both at room and high temperature in Haynes
230 polycrystals.
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CHAPTER2
Short crack propagation in the LCF regime at

Room and High Temperature

2.1 INTRODUCTION

Fatigue life assessment in presence of defects (inclusions, inhomogeneities, ..) is im-
portant for fatigue life design of massive components like turbine rotors and disks,
which are subjected to LCF conditions. Residual life of a component subjected to
cyclic loading in Low Cycle Fatigue (LCF) regime can be assessed considering a crack
propagating from the first load cycle, together with an appropriate crack growth model.
Traditional approaches based on Linear Elastic Fracture Mechanics (LEFM) cannot
be applied in LCF, since defects usually grow in zones where high plastic strains are
present, such as near notches, violating LEFM main assumptions.

In this work, fatigue crack growth in the LCF regime is investigated on three differ-
ent quenched and tempered steels, usually employed for turbine disks and shafts. The
main aim of this chapter is to develop a model capable of describing fatigue life in the
range of 10000 cycles, the average number of start-ups and shut-downs experienced by
gas turbines before maintenance inspections, taking into account environmental effects,
such as temperature.

The chapter is divided into three different sections:

• In the first part of the chapter, a series of experiments performed under constant
strain amplitude loading is discussed. Two different specimen geometries are
tested: the results of the experiments performed on smooth cylindrical specimens
are analyzed in order to evaluate the εa - N curves, whereas the tests performed
on specimens with a 0.4 mm deep semi-circular defect are employed to observe
short crack propagation.
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• In the second part of the chapter, state-of-the-art crack propagation models are
discussed. Models that describe crack propagation in terms of the applied plas-
tic strain range are compared to those based on elastic-plastic fracture mechanics.
In particular, several models based on the cyclic J-Integral range are presented,
together with a discussion on the implementation of crack closure in ∆J calcula-
tions.

• In the third and final section, experimental results are analyzed with the previously
discussed models. Experimentally measured crack growth rates are compared to
the reference curves obtained from tests performed on standard C(T) specimens.
The effects of the temperature, together with those related to the applied mean
strains, are discussed. Finally, a crack propagation model, which takes into ac-
count not only the effects of temperature, but also the transient behavior of crack
closure, is implemented and checked, providing satisfactory results in terms of
fatigue life assessment.

2.2 EXPERIMENTS

2.2.1 Test details

Fatigue crack growth behavior in LCF regime was investigated on three quenched and
tempered CrMo steels adopted for manufacturing turbine disks and rotors. Steel #1,
a bainitic steel, was tested at room temperature, since it is usually employed at low
temperature, whereas steel #2 and steel #3 were tested at high temperature (490 and
500◦C respectively), because they are commonly used for turbine disks. Steel #2 is a
different bainitic steel, whereas steel #3 is a ferritic-martensitic steel.

All LCF tests were performed using a MTS 810 servo-hydraulic testing machine.
An high temperature longitudinal extensometer with a 12 mm long gage was employed
and temperature was obtained with induction heating. In Fig. 2.1a, the experimental
setup for high temperature testing is shown. LCF tests were carried out at a frequency
of 0.5Hz.

(a) (b)

Figure 2.1: LCF experimental tests: a) experimental setup for HT LCF tests; b) micro-notch shape and
orientation (defect depth 400µm).
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For each steel, two series of tests were carried out. In the first series, cylindrical
specimens with a diameter of 8 mm and a gauge length of 20 mm were tested under
constant strain amplitude loading at different amplitude levels, with a fixed strain ratio
R = -1: Manson-Coffin curves were obtained from these datasets. In the second series,
the same kind of tests were carried out on specimens containing artificial semicircu-
lar micro-notches, obtained by Electrical Discharge Machining (EDM): 400 µm depth
notches were employed (Fig. 2.1b). Two additional experimental campaign were per-
formed on steel #3 to confirm experimental observations. A new series of specimens,
with an artificial defect of 100 µm, was tested at 350◦C with a fixed strain ratio R = -1.
Another batch of specimens was tested at 500◦C with a fixed strain ratio R = 0.25 to
check the influence of the applied mean strain on crack growth rates.

(a) (b)

Figure 2.2: Plastic replica technique for crack length measurements during fatigue tests: a) replica
preparation on the fracture surface, during a test interruption; b) surface crack propagation observed
on a plastic replica, high temperature (defect depth 400 µm).

Crack propagation in LCF experiments was measured using the plastic replicas tech-
nique. This method consists in applying on the specimen surface, during a test inter-
ruption, a thin foil of acetate. The acetate is then moistened with acetone, sprayed on
the plastic foil with the needle of a syringe, as shown in Fig. 2.2a. At this point, the
acetate sheet softens and assumes the shape of the fracture. After acetone evaporation,
the foil regains his consistency and can be removed from the fracture surface. Finally,
the replica can be placed on a slide under a microscope lens to analyze crack shape
and length. An example of a so-obtained replica at high temperature is presented in
Fig. 2.2b, where, starting from the artificial defect, the surface crack propagation can
be observed. An important assumption made during this analysis is that cracks main-
tain a semi-circular shape during propagation: this was confirmed during specimens
inspection after the end of the tests, since the fracture surfaces of the broken specimens
exhibited a semicircular fatigue crack. Experimental crack length was plotted against
cycles: da/dN data were then derived by the secant method and models parameters
calculation was based on these growth rate data.

In order to obtain reference da/dN - ∆K curves, a series of fatigue crack growth
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tests was performed on compact tension (C(T)) specimens. These experiments were
carried out following the constant amplitude (CA) procedure proposed in the ASTM
E647 standard. Initially, a stress ratio R = 0 was employed to evaluate the propagation
curve necessary for Harkegard’s model. A load ratio equal to 0.7 was then employed to
obtain closure-free propagation curves. During all the experiments, the load frequency
was fixed at 0.5 Hz, the same frequency adopted for LCF testing. A summary of the
different series of experiments is shown in Table 2.1.

Table 2.1: Summary of the experimental tests.

Material T [◦C] Test method Test control R
LCF - smooth specimens Strain −1

Steel #1 20 LCF - specimens with 400 µm defects Strain −1
FCG - C(T) specimens Load 0− 0.7

LCF - smooth specimens Strain −1
Steel #2 490 LCF - specimens with 400 µm defects Strain −1

FCG - C(T) specimens Load 0− 0.7

500 LCF - smooth specimens Strain −1
500 LCF - specimens with 400 µm defects Strain −1

Steel #3 500 LCF - specimens with 100 µm defects Strain 0.25
350 LCF - specimens with 100 µm defects Strain −1

350 - 500 FCG - C(T) specimens Load 0− 0.7

2.2.2 Strain life diagrams

All the experimental results at R = -1 are reported in Fig. 2.3a for steel #1, in Fig.
2.3b for steel #2 (T = 490◦C) and in in Fig. 2.3c for steel #3 (T = 500◦C). Solid
black dots represent tests performed on smooth specimens, whereas other data points
show the results of tests conducted on micro-notched specimens. The number of cycles
to fracture, Nf , is the number of cycles necessary to reach a load drop of 25%, corre-
sponding to a final crack length af = 3mm. Notched specimens were tested at four
different strain levels, identified in Figs 2.3a, b and c. Due to confidentiality issues,
experimental results are presented in normalized form.

As it can be observed, micro-notches cause a marked drop in fatigue life, therefore
it s a very important to have engineering tools for life assessment of engineering com-
ponents. The different models for crack growth under LCF will then be discussed in
terms of their ability to predict the ε−N diagram for specimens with ao = 400µm.
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Figure 2.3: Low Cycle Fatigue tests results. a) Steel #1, room temperature; b) Steel #2, T = 490◦C; c)
Steel #3, T = 500◦C.
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2.3 CRACK GROWTH ANALYSIS

2.3.1 Analytical approach based on plastic strain range

Crack growth rates in LCF can be described as a function of the applied plastic ampli-
tude, εap. The main contribution in this field is the work published by Tomkins [41],
who related crack growth rates to εap with an exponential law. According to this model,
the increase of defect size during propagation follows the exponential law proposed
in Eq. 2.1, where a is the crack length observed at the N-th cycle, ai is the initial
crack length and kg is a non-dimensional parameter which depends on the applied strain
range.

a = ai exp (kgN) (2.1)

Crack growth rates can be calculated by deriving Eq. 2.1 with respect to N : Eq. 2.2
shows that crack growth rates are proportional not only to the defect size, but also to kg.
Tomkins proposed the formulation of kg proposed in Eq. 2.2, where kg0 and d are two
material-related constants that can be calculated considering the Coffin-Manson curve
obtained from smooth specimens testing.

da

dN
= kga with kg = kg0 ε

d
ap ⇒

da

dN
= kg0 ε

d
apa (2.2)

Fatigue lives obtained at different strain ranges can be calculated by integrating Eq.
2.2, considering crack propagation from an initial length, a0, to the final one measured
at failure, afin. Following this consideration, the number of cycles to failure, Nf , can
be expressed as shown in Eq. 2.3:

da

a
= kg0 ε

d
ap dN ⇒

∫ afin

a0

da

a
=

∫ Nf

0

kg0 ε
d
ap dN ⇒ Nf =

1

kg0 εdap
ln

(
afin
a0

)
(2.3)

Nf can be calculated even by rewriting Coffin-Manson law, as proposed in Eq. 2.4:

εap = ε
′

f (2Nf )
c ⇒ Nf =

1

2

(
εap
ε
′
f

)1/c

(2.4)

Starting from Eq. 2.3 and Eq. 2.4, kg0 and d can be calculated, as shown in Eq. 2.5.

d = −1/c, kg0 = 2(ε
′

f )
1/c ln

(
afin
a0

)
(2.5)

Material constants determination is related to the choice of a0 and afin. In this work,
the initial defect length a0 was chosen equal to 20 µm, since it is the average dimension
of the inclusions present in the considered family of alloys. The defect final size, afin,
was chosen equal to 3 mm, since it is the average crack size measured after the end of
fatigue tests.

2.3.2 Elastic-plastic facture mechanics approach

Cyclic J-integral formulation

The cyclic J-integral, ∆J , can be described as the sum of an elastic and a plastic com-
ponent [31]. The elastic part, considering plane strain conditions, can be calculated
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starting from LEFM [61]:

∆Je =
∆K2 (1− ν2)

E
=

(Y∆σ
√
πa)

2
(1− ν2)

E
= Y 2 ∆σ2 (1− ν2)

E
πa =

= 2πY 2
(
1− ν2

)
∆Wea

(2.6)

where Y is a factor that accounts for crack geometry, a is the crack length, ∆σ is the ap-
plied stress range, E is the Young’s modulus and ν is the Poisson’s ratio. Consequently,
∆Je is a function of ∆We, the elastic strain energy density, evaluated as proposed in
Eq. 2.7 and depicted in Fig. 2.4.

∆We =
∆σ2

2E
(2.7)
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Figure 2.4: Elastic and plastic strain energy densities employed in ∆J calculations.

The evaluation of the plastic part of the J-Integral range, ∆Jp, follows the same
path. Dowling postulated that ∆Jp is proportional to ∆Wp, the plastic strain energy
density [62], depicted in Fig. 2.4.

In these calculations, material plastic behavior is described by a pure power harden-
ing law, as expressed in Eq. 2.8.

∆ε =
∆σ

E
+ 2

(
∆σ

2ki

)1/ni

(2.8)

Therefore, ∆WP can be calculated as expressed in Eq. 2.9, where it is shown that the
plastic strain energy density is a function of ni, the hardening exponent, ∆σ and ∆εp,
the plastic strain range.

∆Wp =
∆σ∆εp
1 + ni

(2.9)

Thus, ∆Jp can be written as:

∆Jp = 2πY 2f (ni) ∆Wpa (2.10)

where f (ni) is a function that takes into account crack geometry and material elastic-
plastic behavior. Several formulations of f (ni) are proposed in [30] and in [31]. Fol-
lowing these observations, the general formulation of ∆J can be written as:

∆J = ∆Je + ∆Jp = 2πY 2a
[(

1− ν2
)

∆We + f (ni) ∆Wp

]
(2.11)
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Eq. 2.11 shows that ∆J is a function of both elastic and plastic strain energy density,
a feature that makes the J-integral range a parameter capable of measuring the char-
acteristic crack-tip strain field. This means that, in elastic-plastic fracture mechanics,
∆J can play the same role of the stress intensity factor range, ∆K, in LEFM [62].
Moreover, following this description, ∆J can be computed directly from the hysteresis
loops, by fitting the upper branch of the stress/strain fatigue cycle with the Ramberg-
Osgood equation, as shown in Fig. 2.4. This definition is in line with the Z − integral
concept presented in [63].

The ∆J formulations proposed by Polak [32] and Harkegard [33] are here reported.
For the given geometry, Polak modified Eq. 2.11, proposing the formulation:

∆J =
∆K2

E
+ 1.72g (ni)σaεaa (2.12)

where σa and εa are stress and strain amplitudes, ∆K is the stress intensity factor range
and g (ni) is evaluated as [30]:

g (ni) = (1− ni)
(

3.85

√
1

ni
(1− ni)− πni

)
(2.13)

Even Harkegard’s formulation is derived directly from Eq. 2.11 and, for the given
geometry, is expressed as:

∆J = Y 2πa∆σ (∆εe + 2∆εp) (2.14)

Effective cyclic J-Integral formulation

Starting from Dowling’s proposal [26], effective elastic-plastic J-Integral range is cal-
culated by considering the part of the stress/strain cycle in which the crack stays open.
Two different proposals, formulated by Vormwald and Seeger [3,35] and McClung and
Sehitoglu [4, 34] can be found in the literature.

In these models, crack opening stress is calculated from Newman’s equations (see
section 1.2.2 [5]). Experimental results, reported in [3, 34], showed that, during LCF
propagation, a satisfactory estimate of crack opening levels can be obtained by consid-
ering plane stress (i.e. α = 1), since significant out-of-plane constraint is less likely
under general yielding [34]. The cyclic flow stress, a parameter necessary for the cal-
culation of crack opening stress in Newman’s model, is estimated as the average of the
cyclic yield stress and the ultimate strength [64].

The main difference between the models is the evaluation of crack opening and
closing levels. Vormwald and Seeger [3], observed that, during LCF propagation,
crack opening and closing occurs at the same strain level. Therefore, according to
this model, σcl, the crack closing stress, is lower than σopen. This implies that, accord-
ing to Vormwald and Seeger, the effective stress range should be calculated as proposed
in Eq. 2.15:

∆σeff = σmax − σcl (2.15)

where σmax is the stress peak value.
Following these experimental observations, the part of the stress-strain cycle con-

sidered for ∆J-calculation is represented by the hatched area in Fig. 2.5a, where a
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2.3. CRACK GROWTH ANALYSIS

summary of the significant points of Vormald and Seeger′s model is also depicted. For
the given geometry, ∆Jeff can be evaluated as [3]:

∆Jeff = a

[
1.24

∆σ2
eff

E
+

1.02
√
ni

∆σeff∆εp,eff

]
(2.16)

where a is crack length, E is Young’s modulus, n′ is the exponent of the cyclic stress-
strain curve, ∆σeff and ∆εp,eff are, respectively, the effective stress range and the
effective plastic strain range. ∆εp,eff is calculated as proposed in Eq.2.17, where ∆σeff
is computed as reported in Eq. 2.15.

∆εp,eff = ∆εeff −
∆σeff
E

(2.17)
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Figure 2.5: Definition of the significant part of the stress/strain cycle for ∆Jeff . a) Seeger and
Vormwald [3]. b) McClung and Sehitoglu [4].

On the other hand, McClung and Sehitoglu assumed that crack opening and closing
occur at the same stress level: this means that the portion of the fatigue cycle considered
in ∆J-calculations is represented by the hatched area of Fig. 2.5b. For the given ge-
ometry, McClung and Sehitoglu [4] proposed the formulation shown in Eq.2.18, where
h (ni) is calculated according to Eq.2.19 [30] and ∆σeff = σmax − σopen.

∆Jeff = 1.25a

[
∆σ2

eff

E
+
h (ni)

π
∆σeff∆εp,eff

]
(2.18)

h (ni) = 3.85 (1− ni)
√

1/ni + πni (2.19)

Effective J-Integral formulation based on the limit load theory

According to european SINTAP/FITNET procedure, elastic-plastic J-Integral is related
to the elastic stress intensity factor, through a function, f (Lr), which describes the
yielding status of the ligament:

f (Lr) =

[
E · εref
Lr · σY

+
L3
r · σY

2 · E · εref

]
(2.20)
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Chapter 2. Short crack propagation in the LCF regime at Room and High Temperature

where Lr is the ratio between the applied load and the load which causes section plastic
collapse, E is Young’s modulus, σY is the cyclic yielding stress and εref is the strain at
which yielding occurs.

The relationship between elastic-plastic J-integral and elastic stress intensity factor
range is shown in Eq. 2.21:

J =
K2

E
[f (Lr)]

−2 (2.21)

Eq. 2.20 has been modified [40] to take into account cyclic loading and crack-
closure, substituting Lr with ∆Lr, as proposed in Eq. 2.22:

∆Lr =
∆σeff
2σY

=
σmax − σcl

2σY
(2.22)

Following these changes, the effective J-integral range can be calculated as:

∆Jeff =
∆K2

eff

E
[f (∆Lr)]

−2 (2.23)

where, for the given geometry,

∆Keff = 2
1.12

π
∆σeff

√
πa (2.24)

Data analysis and comparison of the models

In order to extract the effective J-integral range, all the experimental datas were ana-
lyzed considering experimental stresses and strains extracted from the stabilized stress/s-
train loop, taken at Nf/2. The upper branch of the fatigue load cycle was fitted with
the Ramberg-Osgood equation proposed in Fig. 2.4: this allowed the direct estimation
of ∆J from the hystheresis loops, following Dowling’s initial proposal.

The different models have then been compared in terms of description of the esti-
mated da/dN − ∆J (or da/dN − ∆Jeff data) and their ability to predict the ε − N
diagram for specimens with defects. In particular, for the differently estimated da/dN
curves, life prediction for micronotched specimens have then been calculated as:

Nf =

∫ af

ao

1

da/dN
da (2.25)

assuming ao = 400µm (cracks grew from the micronotches almost from the first load
cycle) and af = 3mm (average crack depth for the broken specimens).

2.4 RESULTS AND DISCUSSION

2.4.1 LCF tests at Room Temperature

Experimental results for steel # 1 were compared with those provided by Tomkins’
model in Fig. 2.6, where crack growth rates are plotted against crack lengths: the
model correctly predicts crack growth rates only when high plastic strains are present
(Fig. 2.6a), whereas loses accuracy at low strains (Fig. 2.6b). This is related to the
main assumptions of the model, since it considers only the plastic part of the applied
strain range. The same observations can be made considering fatigue life assessment, as
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2.4. RESULTS AND DISCUSSION

proposed in Fig. 2.6c: the model proposed by Tomkins provides conservative estimates
only at high strain amplitudes, providing unconservative assessments when the plastic
strain amplitude tends to zero. This means that a fatigue life assessment, obtained
considering ∆εp-based models, is conservative only in presence of high plastic strains
and not in the range of 10000-20000 cycles, which is the target for turbine disks.
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Figure 2.6: Fatigue crack growth analysis based on Tomkins model, steel #1 at room temperature:
a) Comparison between experimental and predicted crack growth rates, high strain amplitude; b)
Comparison between experimental and predicted crack growth rates, low strain amplitude; c) Fatigue
life prediction for micronotched specimens (a0 = 400 µm).

At this point, experimental data-points were analyzed considering the propagation
models based on ∆J . In Fig. 2.7a experimental results are reported in terms of crack
growth rates for steel #1, considering Polak’s formulation (Eq. 2.12). This model intro-
duces a large scatter, a feature present even when Harkegard’s formulation (Eq. 2.14) is
considered (Fig. 2.7b): this is due to the fact that models based on the cyclic J-integral
range neglect the effects of crack closure during propagation.

The experimental points, obtained considering Polak’s and Harkegard’s formula-
tions, can be fitted by a modified Paris law (Eq. 2.26):

da

dN
= c ·∆Jm (2.26)

where c andm parameters were estimated by a least squares interpolation of experimen-
tal data points. Fatigue life was estimated from Eq. 2.26 adopting these parameters.
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Chapter 2. Short crack propagation in the LCF regime at Room and High Temperature

The results in terms of fatigue life prediction, obtained considering Polak’s formula-
tion, are represented in Fig. 2.7c by a light gray line: the scatter observed in Fig. 2.7a
is responsible for the unconservative assessment, in particular for those tests performed
at high strain ranges whose experimental growth rate data are higher than the average
da/dN −∆J curve.

Much better results could be obtained with Harkegard’s model. In details, in order
to obtain conservative estimates, the author [33] suggested to consider the crack prop-
agation curve obtained testing fracture specimens at R = 0 (the dark grey line in Fig.
2.7b). As it can be seen, this propagation curve is an upper bound for the experimental
data-points. This means that a fatigue life prediction based on Harkegard’s formulation
(the dark gray line in Fig. 2.7c) is conservative for all the considered strain ranges.
Such an approach, however, provides very conservative results (in a factor 3) at low
strain levels.
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Figure 2.7: Fatigue crack growth analysis based on ∆Jtot, steel #1 at room temperature: a) Crack
growth rates vs. ∆Jtot according to Polak; b) Crack growth rates vs. ∆Jtot according to Harkegard;
c) Fatigue life prediction for micronotched specimens (ao = 400µm).

At this point, crack propagation models based on ∆Jeff (Eq. 2.16 and Eq.2.18) were
implemented. Models were modified to take into account that, in the early propagation
stage, cracks are open even at the minimum applied load. This phenomenon, observed
in [34], is due to the transient build-up of crack-closure and can be implemented by
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2.4. RESULTS AND DISCUSSION

considering the model by McEvily [65] as proposed in [40]. This model describes
crack opening load, as dependent on crack advance as:

σopen,tr = σmin + (σopen − σmin) {1− exp [−kop (a− ao)]} (2.27)

where kop is a material dependent constant and ao is initial notch size. This parameter
was estimated interpolating experimental data and it has resulted to be close the value
obtained in [40].
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Figure 2.8: Fatigue crack growth analysis based on ∆Jeff , steel #1 at room temperature: a) Crack
growth rates vs. ∆Jeff according to Vormwald; b) Crack growth rates vs. ∆Jeff according to
Sehitoglu; c) Crack growth rates vs. ∆Jeff according to Zerbst; d) Fatigue life prediction for mi-
cronotched specimens (ao = 400µm).

Final results for steel #1 in terms of crack growth rates, obtained considering ∆Jeff
(Eq. 2.16 and Eq. 2.18), are reported in Fig. 2.8a and b: experimental points tend to
move on a single line and a much smaller scatter is observed. In the same pictures,
experimental results are compared with the reference da/dN −∆Keff curve, obtained
testing C(T) specimens at high load ratio (R = 0.7). As it can be seen, experimental
points are very close to the da/dN −∆Keff curve: this is due to the fact that models
based on ∆Jeff consider and remove crack closure effects.

The same trend can be observed when the formulation proposed by Zerbst (Fig. 2.8c)
is considered, even if a bigger scatter is introduced. Because of this, only the formu-
lations proposed by Vormwald and Sehitoglu were considered for the prediction of
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Chapter 2. Short crack propagation in the LCF regime at Room and High Temperature

the ε − N curve for micronotched specimens. Fatigue life assessments are reported
in Fig. 2.8d, in which the dashed lines represent the estimates obtained considering
Eq. 2.18, whereas the continuous ones represent the assessment obtained by adopt-
ing Eq. 2.16. The model proposed by Vormwald and Seeger provides more accurate
estimates and it is able to correctly predict the slope of the R = 0.7 curve in the da/dN -
∆Jeff diagram: because of this, in the following calculations, only Vormwald and
Seeger’s model will be considered. It is also worth remarking that the predicted ε−N
curve, due to the improvement offered by Eq. 2.27, is very close to experimental results
(both considering da/dN−∆Jeff average interpolation or da/dN−∆Keff curve) also
at very low strain amplitudes, where ∆εp becomes negligible. This means that ∆Jeff
models are able to describe well fatigue life also in the region, very interesting for engi-
neering applications like turbines whose target life is 10000-20000 cycles, a condition
in which Tomkins’ model provides unconservative estimates.

At this point, Vormwald’s model was employed to estimate fatigue life of smooth
cylindrical specimens. Assuming an initial defect size of 20µm, the average size of
the inhomogeneities present in unnotched specimens and also the initial crack length
employed in Tomkins calculations, and considering the experimentally obtained c and
m constants, the model was able to correctly assess fatigue life even in case of smooth
specimens, as shown in Fig. 2.9.

10
0

10
1

10
2

6

7

8

10

20

2N
f
 / 2N

f,ref

ε a
/ 

ε a
,r

e
f

 

 
R=−1 Smooth specimen

Coffin−Manson
∆ J

eff
, Vormwald, a

i
 = 20 µ m

Figure 2.9: Fatigue life prediction for smooth specimens with ∆Jeff (Eq.2.16).

2.4.2 LCF tests at High Temperature

The analysis of fatigue crack growth at room temperature underlined the fact that the
model proposed by Tomkins accurately describes crack growth rates and provides con-
servative fatigue life assessments only when high plastic strain are present. The same
observations can be made even at high temperature: considering steel #2, experimen-
tally measured crack growth rates are in good agreement with those analytically cal-
culated, only when high strain amplitudes are applied (Fig. 2.10a), whereas wrong
estimates are obtained when low strain amplitudes are considered (Fig. 2.10b). Conse-
quently, the model is not capable of providing conservative fatigue life predictions when
the applied plastic strain amplitude tends to zero, as shown in Fig. 2.10c. The same
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trend can be observed even for steel # 3: this means that Tomkins’ model is consistent,
providing the same trend in fatigue life assessment, even if different temperatures are
considered. The model, however, is not suitable for the loading conditions investigated
in this chapter, since it provides wrong estimates when a target life of 20000-30000
cycles is considered.
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Figure 2.10: Fatigue crack growth analysis based on Tomkins formulation, steel #2 at T = 490 ◦C:
a) Comparison between experimental and predicted crack growth rates, high strain amplitude; b)
Comparison between experimental and predicted crack growth rates, low strain amplitude; c) Fatigue
life prediction for micronotched specimens (a0 = 400 µm).

At this point, experimental data-points obtained at HT were analyzed following the
EPFM approach, considering only the model based on ∆Jeff (Eq. 2.16), since it has
proven to be very precise. Experimental results for steel #2 and #3 are shown in Figs
2.11 and 2.12. At high temperature, fatigue crack growth rates measured in notched
specimens do not match with those observed in C(T) testing, as shown in Figs 2.11a
and 2.12a. A marked speed increment is evident for all the considered models, meaning
that fatigue life prediction based on da/dN −∆Keff curves can lead to unconservative
results, as shown in Figs. 2.11b and 2.12b, where fatigue life estimates are reported.

The presence of the speed increment was confirmed even by the tests performed at
R = 0.25 on steel #3 at 500◦C (Fig. 2.13a): experimental data points obtained testing
specimens with an applied mean strain, lie on the same line of those tested at R = -1.
This confirms the enhanced crack growth at 500◦C.

Another series of tests at 350◦C were carried out on steel #3, in order to check a
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Figure 2.11: Fatigue crack growth analysis for steel #2, T = 490◦C. a) Crack growth rates against
effective J-Integral range, Vormwald; c) Fatigue life prediction for micronotched specimens (ao =
400µm), Vormwald.
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Figure 2.12: Fatigue crack growth analysis for steel #3, T = 500◦C. a) Crack growth rates against
effective J-Integral range, Vormwald; c) Fatigue life prediction for micronotched specimens (ao =
400µm), Vormwald.

possible temperature dependence of the crack growth rates increment. Results for the
new series are shown in Fig. 2.13b: the da/dN −∆Jeff data are only slightly higher
than the ∆Keff curve, but the growth enhancement tends to disappear and it is much
lower than the scatter of the data.

The fact that at high levels of ∆J the growth rate of small cracks is higher than
the one of long cracks was already noted by Earthman [66] in LCF tests similar to the
present results (steel similar to #3 tested at 600 ◦C), who attributed it to an increased
contribution of plastic deformation at the crack tip. Fractographic analyses of crack
surface give a more robust explanation for the registered speed increment: in Fig. 2.14,
a comparison between low temperature (350◦C) and high temperature (500◦C) fracture
for steel #3 is shown. As it can be seen, at 500◦C several micro-cracks are present, prop-
agating from defect main body. Moreover, at high temperature, the material presents
a damaged area ahead of the crack tip, meaning that, at high temperature, the mate-
rial is damaged even before crack propagation. The shape of the fracture surface at
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Figure 2.13: Additional tests for steel #3: a) tests at R = 0.25, T= 500◦C; b) tests at R = -1, T= 350◦C.

500◦C shows that the crack doesn’t follow a straight pattern, but propagates in weak
regions at grain boundaries for steel #3 [67]. After testing, the specimens surface was
mechanically polished, in order to remove the superficial oxide layer: as it can be seen
in Fig. 2.14c, the micro cracks present around the main crack body are not present only
in the oxide layer, but propagate even under the surface. Crack growth rates increment
is then significant at 500◦C because of this damage mechanism ahead of the crack tip:
this possibly explains why the enhanced growth rate is temperature dependent. Oppo-
sitely, experiments on long cracks for a steel with the same composition as #3 [68] have
shown that crack surface oxidization at high temperature tends to increase the closure
level (respect to an inert atmosfere) and to increase ∆Kth.

Fractographic observations confirmed a similar damage mechanism also for steel #2,
as shown in Fig. 2.15, even though the patterns of microcracking looks to be different.
The crack tends to follow a steeply pattern and, all around the crack main body, several
micro cracks, extending both in the horizontal and vertical direction, are present, as
depicted in Fig. 2.15a. The presence of this pattern, which can be related to stress biax-
iality or thermal fatigue, was present even in the case of the specimens tested without
replica interruptions, meaning that the thermal load cycles were not the main cause of
this phenomenon. At this point, the oxide layer was removed from the specimen sur-
face, in order to check if the damage mechanism was a surface one. In Fig. 2.15b, crack
profile after oxide removal is reported. It is worth remarking that the stepway pattern
is present even under the oxide layer, meaning that this damage mechanism does not
occur only on specimens surfaces, possibly explaining the observed increment in crack
growth rates.

It is of some importance also to remark that Harkegard’s model, which usually pro-
vides conservative results (see Fig. 2.7c), underestimates the life at the higher strain
amplitudes both for steel #2 and steel #3 (see dashed grey line in Figs 2.11b and
2.12b). This confirms the systematic crack growth acceleration at evidenced by the
da/dN−∆Jeff graphs and the need of incorporating this enhanced short crack growth
into life prediction.
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(a) (b)

(c)

Figure 2.14: Comparison between fracture surfaces at different temperatures, steel #3. a) Steel # 3,
T=350◦C; b) Steel # 3, T = 500◦C; c) Steel # 3, T = 500◦C after surface polishing.

(a) (b)

Figure 2.15: Comparison between fracture surfaces at different temperatures, steel #2. a) Steel # 2,
T=490◦C; b) Steel # 2, T = 490◦C, after surface polishing.
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2.4.3 Correction of growth rate for damage at the crack tip

Summarizing results on steel #3, an average speed factor sf could be expressed as:

sf =
(da/dN)exp

(da/dN)R=0.7

(2.28)

where da/dNexp is the experimental growth rate and da/dNR=0.7 is the growth obtained
from long crack at R = 0.7. In particular data were interpolated with Eq. 2.26 power
law and the sf factor was evaluated on the interpolating curve at the mean value of
∆Jeff range (its scatter was similarly evaluated from 5% and 95% percentiles of the
experimental data). The sf factor is shown in Fig. 2.16, where it is clear that the
enhanced growth rate can be neglected for temperatures below 300◦C (the scatter at RT
was taken from data of steel #1).

The meaning of this speed factor is that, for a correct life estimation based onto
∆Jeff , the growth rate effective curve (the da/dN−∆Keff curve) should be multiplied
by sf .

0 20 100 200 350 500 550
0

1

2

3

T [ºC]

s
f

Figure 2.16: Speed increment factor against testing temperature together with 90% scatter band (5%−
95% percentiles): the grey area corresponds to the scatter evaluated at RT for steel #1.

2.5 CONCLUSIONS

In this chapter, the methods for predicting LCF fatigue life in presence of micro-defects
for three Q & T CrMo rotor steels have been investigated. LCF tests at different tem-
peratures were carried out on different cylindrical specimens: smooth samples were
employed for Coffin-Manson curve evaluation, whereas notched specimens were used
to measure crack growth rate.

Two different approaches were implemented and checked against experimental crack
growth rates and predictions of the ε − N diagram. The first approach, based on the
work published by Tomkins, showed that models, which consider crack propagation
as a function of the applied plastic strain range, give conservative estimates only when
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the plastic part of the total applied strain is important, whereas unconservative assess-
ments are provided when the applied plastic strain range tends to zero. This means that
models based on ∆εp can be used to assess fatigue life only when very high strains are
present.

A second approach, based on elastic-plastic fracture mechanics, was considered.
Five different J-integral models (two based onto ∆J and the other three onto ∆Jeff )
were implemented and checked against experimental crack growth rates and predictions
of the ε−N diagram. The da/dN −∆J data obtained with the formulation proposed
by Polak were affected by a large scatter. This scatter was then responsible for inaccu-
rate fatigue life predictions, in particular when high plastic strains were applied. Even
Harkegard’s model provided scattered data, but the proposed growth curve (obtained
from da/dN − ∆K data at R = 0) gave a conservative description of the growth rate.
In terms of ε−N diagram, such an approach provided conservative results, especially
at low strain amplitudes.

Taking into account crack-closure effects, ∆Jeff -based models were able to con-
dense the growth rate onto a single da/dN − ∆Jeff curve. At room temperature this
propagation curve matched with the one obtained from tests conducted on compact
tension specimens at R = 0.7. At high temperature a marked speed increment was
observed. An accurate analysis of the fracture surfaces showed that a peculiar damage
mechanism, which consists of a diffuse cracking ahead of the crack tip, was present
at high temperature. The phenomenon was temperature dependent, since experimental
tests performed at lower temperatures did not show the same damage mechanism. The
presence of this damage ahead of short cracks makes it necessary to adopt a suitable
crack growth rate correction factor, otherwise the models would provide unconservative
life estimates at high temperature.
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CHAPTER3
Short crack propagation in the dovetail

attachment of a compressor disk

3.1 INTRODUCTION

In this chapter, fatigue crack growth in the blade attachment of a compressor disk of
a turbogas machine is investigated. Nowadays, gas turbines are widely adopted, since
they require very short times to reach the base-load condition, a situation that makes
them the preferable choice for the energy industry: because of this, turbogas are usually
employed to meet the peak loads requested by users; as a consequence, each plant com-
ponent withstands, in its lifetime, several start-up and shut-down cycles, up to 10000
cycles without significant maintenance actions. This cyclic loading may induce plastic
deformations in some critical regions of the components, such as near notches.

Talking about the design of massive turbine components, such as disks and shafts,
it is also necessary to consider that, due to the technological processes (forging and
machining) and fretting damages, micro-defects and damages can be present inside the
components. Accordingly, the correct approach to face the design problems of these
massive components is the ‘Flaw Tolerant’ approach.

It should also be considered that, before service, each machine is usually tested at a
speed significantly higher than the nominal one, in order to test each component with
a significant safety margin. The initial overload may cause yielding in critical regions,
such as notches. In this situation, the material response, registered during nominal in-
service conditions, is consequently different form the response of a component loaded
only at nominal conditions, without first having endured an overload.

Taking into account all these observations, an experimental and numerical activity
was performed. The main aim of this work is to discuss the effects of a plastic strain
gradient during the fatigue crack growth of short cracks. The results presented and
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Chapter 3. Short crack propagation in the dovetail attachment of a compressor disk

discussed in this chapter are summarized into three different sections:

• In the first part, the results of a numerical simulation of the compressor disk of
a gas turbine are presented. In particular, the stress field present in the dovetail
attachment of the blades is investigated. Material elastic-plastic behavior is con-
sidered: both isotropic and kinematic hardening are taken into account during the
simulations, in order to provide a correct estimation of the evolution of the stress
field during cycling.

• In the second part of the work, the procedure followed to design a companion
specimen is discussed. The companion specimen is a sample designed to repro-
duce, in its thickness, the plastic strain gradient observed in the most critical part
of the component, considering only a single axial force. The advantages of em-
ploying this new specimen geometry are related to the fact that testing this config-
uration is a cost efficient solution, since it avoids the use of full scale disks.

• In the third and final part of the chapter, the experimental results obtained testing
the companion specimens are reported and compared to the numerical results cal-
culated by applying a modified crack propagation model, based on the effective
stress intensity factor ranges.

3.2 COMPANION SPECIMEN DESIGN

3.2.1 Numerical analysis of the stress field acting at the dovetail attachment of
the compressor disk of a gas turbine.

In this section, the description of the numerical model, implemented to describe the
stress field acting at the root of the blade attachment of a compressor disk, is presented.
The FEM solver employed for calculations was Abaqus/CAE, release 6.12. The model
used during this analysis is reported in Fig. 3.1a: in order to reduce computation time,
all the present symmetries were taken into account. This allowed to consider only a
small angular section of the total geometry, equivalent to 1/33th of the disk. Talking
about boundary conditions, radial symmetry conditions were applied on the symmetry
planes, whereas a contact constraint was imposed between the blade and the disk. Con-
tact was modeled considering the small sliding formulation, in order to reduce numeri-
cal issues. Contact normal behavior was modeled with the hard− contact formulation
implemented in Abaqus, whereas tangential behavior was considered by adopting a
friction coefficient equal to 0.3. The only load considered in the model was the one
associated to rotational body forces.The mesh was refined around the attachment, as
shown in Fig. 3.1b, in order to increase the accuracy of the model: 10-nodes quadratic
tetrahedral elements were adopted, with a minimum element size equal to 2 mm.

In order to correctly represent material cyclic response at the first overyielding loads,
material cyclic behavior was modeled using a combined cyclic elastic-plastic model,
which considered both isotropic and kinematic hardening. Isotropic hardening was
assumed through the Voce equation [69], while kinematic hardening was modeled with
the non-linear Chaboche model [70] considering 5 backstresses.

The load steps were set to reproduce the real load condition of the disks, considering
rotational body forces, consequence of the rotational speed, as the main load. The first
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1 
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Cyclic 
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U3=0 

Contact 
interaction 

(a) (b)

Figure 3.1: Finite element analysis of the compressor disk of a gas turbine. a) FEM model with boundary
conditions; b) Refined mesh at the root of the blade attachment.

step, as in Fig 3.2, implements the overspeed due to the spinning test (O→A→B),
whereas the following cycles reproduce two start-ups and shut-downs performed at
nominal speed (B→ AI → BI).
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Figure 3.2: Load steps implemented for representing the initial overspeed (spinning test) followed by
nominal speed cycles.

The results of the FEM analysis of the disk are shown in Fig. 3.3. Due to con-
fidentiality issues, all the results are presented in a normalized form. The first cycle,
performed with an increased rotational speed, induces a plastic strain field at the root
of the blade attachment, as depicted in Fig. 3.3a. During unloading, the yielding con-
dition is not met: because of this, residual compressive stresses are present at the end
of the first cycle, as shown in Fig. 3.3b. The presence of the local stress field induces a
shakedown condition [71]: the following cycles, performed at nominal speed, exhibit a
completely elastic behavior.
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Figure 3.3: FEM results of the disk sector: a) Stress-strain behavior, b) Plastic strain field after the first
unloading.

3.2.2 Companion specimen

To experimentally reproduce the stress-strain field experienced in the blade attachment,
a notched specimen was designed (Fig. 3.4). The conditions required for the specimen
geometry were the following: it had to reproduce the same equivalent plastic strain,
PEEQ, field induced by the cycle performed during the spinning test and the maximum
principal stress, σmax, experienced by the disk in the following two cycles, considering
a stress ratio, R, equal to 0. In order to fulfill these requirements, several geometries
were checked. Good agreement was obtained considering a specimen with a semicir-
cular notch with a 9 mm radius onto a 30mm x 18 mm rectangular section. The final
geometry used for testing is depicted in Fig. 3.4. The comparisons between the numer-
ical results of the disk and of the companion specimen, in terms of PEEQ and σmax, are
reported in Fig. 3.5a and Fig. 3.5b. The specimen geometry best reproduces the plastic
gradient and the principal stress in the 30 mm deep direction. However, differences in
terms of triaxiality between the disk and the companion specimen can be present.

Figure 3.4: Specimen geometry and EDM micronotch orientation. All dimensions are expressed in
millimeters.

38



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 39 — #59 i
i

i
i

i
i

3.2. COMPANION SPECIMEN DESIGN

0 2 4 6 8
0

0.5

1

1.5

2

2.5
x 10

−3

Depth/Depth
ref

P
E

E
Q

/P
E

E
Q

re
f

 

 
Specimen

FE Disk Results

(a)

0 1 2 3 4 5 6
−0.5

0

0.5

1

step

σ
m

a
x
/σ

m
a
x
,r

e
f

 

 
FE Disk Results

Specimen

(b)

Figure 3.5: FEM analysis of the companion specimen. a) Equivalent plastic strain field; b) Maximum
principal stress field.

3.2.3 Stabilized hysteresis loops at the root of the specimens notch

Three different loading conditions were investigated, as shown in Fig. 3.6a. The first
case consisted in an overload cycle, performed with a rotational speed higher than the
nominal one, followed by two cycles performed at nominal speed. In the following, this
condition, which reproduces the in-service conditions of the disk, will be referred to as
OL+BL. In the second condition (afterwards referred to as BL), cycles were only per-
formed at the nominal rotational speed, whereas in the third case (hereinafter referred
to as OL) only overload cycles were considered. In the OL and BL load cases, 100
start-up and shut-down cycles were simulated, in order to check material stress/strain
transient behavior.

The results of the FE analysis, performed considering the OL+BL case, are shown
in Fig. 3.6b. As expected, the elastic shakedown condition is reached. The following
cycles remain elastic and exhibit a stress ratio R very close to -1, because of the high
residual strains present, generated by the initial overload. Even in the BL condition
(Fig. 3.6c), the material experiences elastic shakedown, soon after the first load cycle.
Due to the modest plastic strain present after the first load and the consequent low
residual stresses, the stabilized load cycle is close to a stress ratio R = 0. In the OL case,
the elastic shakedown condition is reached after some initial mean stress relaxation, as
depicted in Fig. 3.6d: the 100th cycle is stabilized and exhibit a stress ratio equal to -1,
as in OL+BL case.
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Figure 3.6: Results of the FE analysis: a) Load conditions considered b) with first overload (OL+BL),
c) only nominal speed (BL), d) only overload (OL).

3.3 FATIGUE EXPERIMENTS PERFORMED ON COMPANION SPECIMENS

In order to simulate the presence of a defect, a small semi-circular electrical discharge
machining (EDM) micronotch was introduced at the deepest point of the semicircular
notch, as depicted in Fig. 3.4. Considering the typical resolution [72] of the magnetic
particle inspection (MPI) technique commonly adopted for inspecting rotor disks (to-
gether with ultra-sonic (US) scans), the depth of the defect was set to a0 = 0.4 mm (a
detail of the micronotch is shown in Fig. 3.7).

Six uniaxial fatigue tests were performed, two for each of the three load cases con-
sidered. A 250 kN servo-hydraulic load frame was employed for testing. Tests were
performed under load control with a frequency of 0.5 Hz. Each test was regularly in-
terrupted to measure crack length, adopting the plastic replica technique discussed in
Chapter 2 and depicted in Fig. 3.8. This technique allowed the measurement of the
surface crack length 2c, as shown in Fig. 3.8b. In Fig. 3.9a the crack advancement, in
terms of surface crack length c vs. number of cycles N , is reported. Crack growth rates
were calculated by applying the secant method.

Experimental results, in terms of crack growth rates are shown in Fig. 3.9b, in
which it can be observed that the rates registered during BL experiments almost doubled
those experienced in the OL+BL. This fact shows the beneficial effect of the residual
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Figure 3.7: Companion specimen with defect and strain gauges

(a) (b)

Figure 3.8: The plastic replica technique; a) Plastic replica preparation; b) Measurement of the surface
crack from the replica under a microscope.

stress field generated during the spinning tests. Talking about the OL case (load cycles
corresponding to start-ups up to overspeed), registered crack growth rates were higher
than those observed in the previous cases, approximately three times faster than those
experienced during the OL+BL experiments.

All the samples were equipped with four strain gauges (gage length equal to 2.5mm),
to check specimen alignment and to record the force-strain response of the material
in the 9 mm notch root during the test, as shown in Fig. 3.7. All the gauges were
positioned in order to measure axial strains. Experimental results, obtained from one
of the two tests performed under OL+BL loading conditions, are shown in Fig. 3.10:
experimental data, in terms of load vs. strain at the root of the notch, confirm the

41



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 42 — #62 i
i

i
i

i
i

Chapter 3. Short crack propagation in the dovetail attachment of a compressor disk

0 0.2 0.4 0.6 0.8 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

N/N
ref

c
/c

re
f

 

 

OL+BL

BL

OL

(a)

10
−3

10
−5

10
−4

d
c
/d

N
 /
 d

c
/d

N
re

f

c/c
ref

 

 

OL+BL

BL

OL

(b)

Figure 3.9: Experimental results. a) Crack length evolution during the tests; b) Crack growth rates vs
surface crack length.

shakedown condition that had been numerically predicted. It was not possible to make
this comparison for all the specimens and for the entire duration of the tests, because of
early gauge failures due to the high strains present.
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Figure 3.10: Experimentally registered force/strain behavior during a OL+BL test.

After the end of the tests, each specimen was broken in liquid nitrogen to observe the
shape of the fatigue crack. An example of the fracture surface is reported in Fig. 3.11.
The average aspect ratio, a/c, measured at the end of the fatigue tests, was 0.9 for all the
specimens. This value was different from the initial shape factor, which was equal to 1
(semicircular EDM micronotch). The change in crack shape, registered during fatigue
propagation, was due to the different value of ∆K applied at the deepest point of the
crack and at the specimen surface. The relationship between a and c was calculated
considering that the ratio between a and c changes linearly during the propagation,
from 1 (beginning of the test), to 0.9 (test termination). Consequently, the experimental
measurement of the surface crack length c allowed the direct estimation of the crack
depth a during propagation experiments.
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Figure 3.11: Fracture surface after the end of a fatigue test.

3.3.1 Nucleation

An EDM micronotch with a depth of 0.4 mm can be modeled as a short crack [73].
The elastic shakedown condition implies that the short cracks are subjected to fully
elastic load cycles. This means that specimens fatigue life can be treated as an initial
nucleation/incubation and a consequent propagation problem [74].

In this work, it was assumed that nucleation is the minimum surface crack length
necessary to have a unique stable crack front around the initial defect, as schematically
depicted in Fig. 3.12. By means of microscopic observations (at the specimen surface
and at the bottom of the micronotch), the minimum crack advance for a stable propa-
gation for the initial defect has been estimated between 50 and 80 µm, different for the
three load cases:

∆cnuc = ∆anuc = 65± 15µm (3.1)

Figure 3.12: Schematic of crack formation from the artificial defect.

3.4 FATIGUE CRACK GROWTH

3.4.1 Stress intensity factor calculations

According to Feng and Gross [75], shakedown problems of cracked structures can be
modeled in terms of the stress intensity factor K. Accordingly, the value of the SIF at
crack tip has been calculated through a suitable weight function (WF). In particular, the
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stress intensity factor K at the deepest point A of the crack (as shown in the detail of
Fig. 3.7) was expressed as:

KA =

∫ a

0

ha (x, a)σ (x) dx (3.2)

where ha (x, a) is the WF by Wang and Lambert [76] for the tipA of a semielliptical
surface crack in a finite thickness plate. Similarly, the Stress Intensity Factor K at the
surface point C (as depicted in the detail of Fig 3.7) of the crack was:

KC =

∫ a

0

hc (x, a)σ (x) dx (3.3)

where hc (x, a) is again the WF for tip C of a surface semi-elliptical crack [76]. This
WF was chosen because of the modest curvature of the notch with respect to crack size:
a comparison with a series of elastic FEM analyses onto semicircular cracks showed
good predictions by Eq. 3.2 and 3.3.

In order to apply Eqs. 3.2 and 3.3, it was necessary to fit the stress distributions,
calculated from the numerical analysis performed on the companion specimen, with
appropriate polynomial functions. In this phase, the final cycle (corresponding to load
steps A′ and B′) was considered. Starting from this polynomials, it was possible to
accurately calculate the values of Kmax and Kmin (corresponding to points A′ and B′

respectively).

3.4.2 Crack closure implementation

At this point the effects of crack closure were considered. Following the suggestions
reported in [77], the load ratio R was substituted by the applied K-ratio:

R =
Kmin

Kmax

(3.4)

Consequently, even the definition of the closure factor f , was modified, as originally
proposed in [78]:

f =
Kop

Kmax

(3.5)

so that
∆Keff = Kmax −Kop =

1− f
1−R

∆K (3.6)

Finally, the crack growth rate at crack tips A and C was described as [10]:

da

dN
= c07 (∆Keff )

n07 (3.7)

where C07 and n07 are the parameters of the effective crack propagation curve, obtained
testing the material at a load ratio R equal to 0.7. These parameters were obtained
following the requirements proposed in the ASTM E647 standard.

The closure factor, f , was calculated through Newman’s expressions [79], as re-
ported in Eq. 1.5. The analytical model by Newman, which was developed for a
through crack, provides satisfactory results even for semi-elliptical surface cracks, as
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described in [3] and [34]. Such an approach is also adopted to evaluate closure lev-
els for surface cracks in the short crack propagation model proposed in the European
SINTAP / FITNET Procedure [39]. Because of the complexity of the geometry of the
specimen, the normalized stress σmax/σ0 has been replaced with the normalized Stress
Intensity parameter Kmax/K0, as proposed in [78] and [80]:

f = function (K0, Kmax, α) (3.8)

where K0 is the flow stress intensity factor, as in [78] and [81], and α is the constraint
factor, whose value will be discussed below. Different expressions have been proposed
to define σ0 [4, 5, 22], but because of the very high level of σmax, in this work it was
calculated assuming Newman’s original formulation [5]:

σ0 =
Rm +Rp,02

2
(3.9)

3.4.3 Constraint factor calculation

In order to determine the constraint factor, the plastic zone at the crack tip of a crack
propagating from the EDM notch was estimated by a series of FEM analyses. In par-
ticular, considering a semi-circular crack on the symmetry plane, only one fourth of the
specimen with the EDM micronotch was modeled, together with different prospective
crack sizes, as shown in Fig. 3.13. The analyses were performed by employing the
same solver and the same cyclic plasticity model previously discussed. The constraint
factor α at Pmax was calculated as [82]:

α =

∫
A0
σndAn

σ0A0

(3.10)

where σn is the stress in the n − th yielded element of the plastic zone, An is the
projected area of the same element on the ligament and A0 is the projected area of the
whole plastic zone on the ligament.

(a) (b)

Figure 3.13: FEM model for the calculation of constraint factor α: a) Refined mesh at the crack tip, b)
Plastic zone at the crack tip at the maximum load (stabilized cycle).
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The analyses have been carried out for different crack depths and for all the three
load cases. In Tab. 3.1 results in terms of α, for the OL+BL case, are reported. The in-
fluence of the parameter α on life prediction is generally low, as depicted in Fig. 3.14,
in which the OL+BL case was considered. Consequently, in the crack growth simu-
lations an average value ᾱ was considered, to correctly represent the constraint factor
during the entire crack propagation.

Table 3.1: Constraint factor - α - calculated through FE analyses for the OL+BL load case.

a/aref α

0.17 1.38
0.3 1.49
0.6 1.65

ᾱ = 1
n

∑n
i=1 αi 1.51
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Figure 3.14: Influence of the constraint factor α on the life prediction in OL+BL case.

3.4.4 Results and discussion

A propagation algorithm was implemented to iteratively calculate crack advancement
for the two crack tips from initial crack length:

astart = cstart = a0 + ∆anuc (3.11)

and then: {
ai+1 = ai + da = ai + da

dN
∆N

ci+1 = ci + dc = ci + dc
dN

∆N
(3.12)

The comparisons between prediction and experimental data (expressed in terms of
the estimated crack depth) are shown in Fig. 3.15a (crack growth rate) and Fig. 3.15b
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(crack depth). In crack growth calculations, the predicted aspect ratio was approxi-
mately 0.92, close enough to the average experimental value.

Crack propagation model is capable of correctly estimating both the OL+BL and
the OL case, whereas it is very conservative when the BL condition is considered. The
difference between predicted and experimental fatigue life, in the BL case, is equal to
40%.

This behavior can be explained by considering that Newman’s f factor, as discussed
in [83], is not very precise when Kmax is similar to the limit value K0: this condition
occurs in the BL case, where the plastic strain field is very low and the maximum value
of σmax is close to the limit value σ0, resulting in less accurate predictions. In OL+BL
and OL cases, the residual compressive stress fields in the elastic-shakedown condition
significantly decreases the value of Kmax reached during the cyclic load, with respect
to the BL case, reducing the value of Kmax/K0 and thus increasing the accuracy of
Newman’s analytical model.
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Figure 3.15: Crack growth model results: a) crack growth rates; b) crack length.

Moreover, it is worth remarking that the ∆K cycles registered under OL+BL condi-
tions are less severe than the ones observed in the BL case, since in the first case a stress
ratio similar to R=-1 is observed, whereas in the BL situation a stress ratio equal to 0 is
applied to the crack (this effect can be appreciated also from Fig. 3.6). This is the most
likely reason of the difference registered in propagation lifetime between the OL+BL
and BL conditions, which is approx. 50% greater in the former case, respect to the
latter. The accuracy of the results presented in this section, however, is mainly related
to the correct estimation of the applied stress ratio applied to the crack. In particular, it
was found that the analytical model proposed by Newman provides satisfactory results
only at R= -1, the loading conditions found in the OL and OL+BL cases.

On the other hand, a fatigue life assessment of OL and OL+BL cases, performed
considering Masing’s hypotheses, would have provided very conservative results, since
it would have considered a positive load ratio (R ≥ 0). In particular, the adoption of
Harkegard’s formulation [84,85] to the OL case would have provided very conservative
results, since it would have considered crack growth rates three or four times faster than
the ones experimentally observed.
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3.5 CONCLUSIONS

In this chapter, fatigue crack growth of short cracks in presence of a plastic strain gradi-
ent was investigated. In the first part of the chapter, a numerical model of a compressor
disk was implemented, in order to evaluate the stress field acting at the dovetail at-
tachment of the blades. The analysis highlighted the fact that an elastic shakedown
condition is reached at the bottom of the blade attachment: this means that all the cy-
cles performed after the spinning tests are fully elastic.

At this point, a companion specimen was designed, in order to reproduce the stress
condition registered at the root of the blade attachment. The companion specimen
allowed the analysis of three different loading conditions. In the first case (OL+BL),
the loading conditions considered for the disk simulation were employed: an initial
overload followed by cycles performed at nominal load were considered. In the second
case (BL) the strain field of a disk subjected to cycles performed at nominal speed was
considered (BL), whereas, in the third situation (OL), the effects of a series of cycles
performed considering only the overload condition were evaluated (OL).

A series of crack growth tests were performed on the companion specimens. Spec-
imens contained, at the root of the notch, a 0.4 mm deep EDM micro notch, in order
to simulate the presence of a potential defect. Before testing, four strain gages were
applied at the root of the 9 mm-deep notch, in order to measure the local strains and to
check specimen alignment. Experimental results, in terms of strain/stress cycles, were
compared to those numerically calculated, showing good agreement. Moreover, the
experiments showed that the residual stress field induced by the OL cycle was able to
significantly increase the fatigue life of the notched specimens, since the crack growth
rates measured during the tests performed under the BL conditions were almost the
double of those registered during the experiments performed considering the OL+BL
case. As expected, the experimental campaign also underlined the fact that the most
critical condition considered is the OL one, since the experimental rates were almost
three times higher than those registered in the OL+BL case.

A crack propagation algorithm, based on Newman’s closure function, was devel-
oped in order to assess fatigue life. Crack propagation was described in terms of the
effective stress intensity ranges, calculated from the numerical models by applying a
WF method. The analytical model proposed by Newman was modified, to take into
account the effect of the non-uniform stress field: the ratio between σmax and σ0 was
replaced in the model by the equivalent K-ratio. The modified model was able to cor-
rectly describe both the OL and the OL+BL conditions, whereas it provided a very
conservative estimate when the BL condition was considered. This was related to the
fact that, for the latter situation, the registered value of Kmax/K0 was approaching the
value of 1, a condition in which the Newman’s usually provides bad closure estimates.

48



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 49 — #69 i
i

i
i

i
i

CHAPTER4
Fatigue crack growth in Ni-based superalloy single

crystals

4.1 INTRODUCTION

The continuous research for sustainable and efficient energy has led to the renewed
interest in nickel-based alloys in the power generation industry. In particular, nickel
based superalloys exhibit good resistance to creep and corrosion, properties that make
them the preferable choice for components working in aggressive conditions.

A further enhancement in materials properties can be obtained by not only changing
the alloying elements, but also the crystal structure. In order to increase creep prop-
erties, single crystals are the most adopted structure for components such as turbine
blades, since such a structure does not include polycrystalline grain boundaries. Grain
boundaries are the location in which voids, responsible for creep failure, originate and
grow.

On the other hand, the adoption of single crystal components requires an accurate
design, since single crystals exhibit a marked anisotropic behavior and crack propaga-
tion occurs along directions related to the crystal slip plane orientations.

In this chapter, fatigue crack growth in single crystals of a commercially available
nickel based superalloy, Haynes 230, is investigated at room temperature in order to
remove environmental effects, such as oxidation. The main focus of this research is
to accurately analyze fatigue crack growth in order to implement Haynes 230 single
crystals into a damage tolerant design.

The chapter is divided into four different parts:

• In the first part of the chapter, the experimental procedure adopted for testing
Haynes 230 single crystal specimens is discussed. Experimental results, obtained
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Chapter 4. Fatigue crack growth in Ni-based superalloy single crystals

testing two different crystal orientations, are presented. The influence of crystal
orientation is discussed in terms of crack propagation direction.

• In the second part of the paper, the displacement field acting at the crack tip during
propagation is measured with digital image correlation. Crack opening and sliding
levels are evaluated from the relative displacements of the crack flanks. A regres-
sion algorithm, based on the analytical K-field, is modified to take into account
the effects of crystal anisotropy and it is employed to extract crack propagation
driving forces.

• In the third section, the effective stress intensity factor ranges are employed to
measure the strain irreversibility at the crack tip. An anisotropic yield criterion is
employed to measure the extension of the cyclic plastic zone for the two different
crystal orientations.

• In the final part of the chapter, a numerical model, which takes into account single
crystal plasticity, is implemented. Cyclic plastic zones are evaluated from FEM
results and compared to those calculated from the regressed stress intensity factor
ranges. Good agreement, both in terms of shape and extension, is found, underlin-
ing the capability of the presented regression algorithm to describe fatigue crack
growth in single crystals.

4.2 EXPERIMENTS

4.2.1 Material and fatigue testing

Commercially available Haynes 230 was used for testing. Haynes 230 is a nickel-based
superalloy, which exhibits good corrosion and creep resistance due to the addition of
chromium, molybdenum and tungsten. Haynes 230 chemical composition is provided
in Table 4.1.

Table 4.1: Chemical composition (%wt) of Haynes 230.

Al B C Co Cr Cu Fe La Mn
0.35 0.005 0.1 0.16 22.14 0.04 1.14 0.015 0.5
Mo Ni P S Si Ti W Zr
1.25 bal. 0.005 0.002 0.49 0.01 14.25 0.01

Single crystals were obtained from a seed, adopting the Bridgman technique in vac-
uum: initial crystal orientation was determined using electron backscatter diffraction
(EBSD): at this point slices parallel to {1 1̄ 0} were cut. The choice of this plane is
due to the fact that it contains both of the crystallographic orientations of interest, i.e.
[0 0 1] and [1 1 1].

Single edge notch tension specimens were employed for the experimental campaign.
Notches were made by electrical discharge machining (EDM). The specimens width,
gage length and notch depth were 3, 8 and 0.5 mm, respectively; the [1 1 1] oriented
specimen thickness was 1.3 mm, whereas the [0 0 1] oriented crystal was 1.09 mm
thick. A schematic of the specimen geometry is shown in Fig. 4.1. Tensile properties of
the two orientations of interest, obtained from monotonic tests on untouched specimens,
are shown in Table 4.2.
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Table 4.2: Selected tensile properties of Haynes 230 alloy specimens

Crystallographic Yield stress, Elastic modulus
orientation 0.2% offset [MPa] [GPa]

[0 0 1] 274 137
[1 1 1] 428 330

2.5 mm 
3 mm 

+ 

+ 

8 
m

m
 

a c 

1 mm 

Figure 4.1: The experimental setup and a schematic of specimen geometry. a) Camera and lens; b) light
source; c) specimen.

Before testing, specimens were prepared by mechanically polishing the surface to a
mirror finish with abrasive paper, up to a grit of P2400. A speckle pattern, necessary
for digital image correlation, was then applied onto each specimen using black paint. In
order to obtain a refined speckle pattern, necessary for high quality measurements, an
airbrush with a 0.18 mm wide nozzle was employed for painting. Images were acquired
by a digital camera, whose resolution and maximum frame rate were, respectively, 1600
by 1200 pixels and 15 fps. A magnification of 2.7X, obtained using an adjustable lens
with a 12X magnification range and a 2X adapter, was employed during the tests. This
setup allowed a resolution of 0.63 µm/pix. The experimental setup is shown in Fig.
4.1. Tests were performed with a cyclic frequency of 5 Hz on a servo-hydraulic load
frame with a fixed load ratio R equal to 0.05. [1 1 1] oriented specimen was subjected
to a cyclic load with a stress range of 181 MPa. The stress range was reduced to 133
MPa for the [0 0 1] crystal, since this orientation exhibited a lower yield stress.

Image acquisition and the servo-hydraulic load frame were controlled by a com-
puter, which recorded images and their applied loads, measured by a 7.5 kN load cell.
After crack initiation, measurement cycles were run periodically at a rate of 0.25 Hz
to obtain a greater number of images per cycle, providing the possibility of a more
accurate fatigue cycle analysis.

After the end of the fatigue test, EBSD was performed on the specimens, in order to
verify their orientations. For the [0 0 1] oriented specimen, the normal was determined
to be [4 3̄ 0] and the transverse direction was [3 4 0], The [1 1 1] specimen had a normal
direction of [0 1̄ 1] and thus the transverse orientation was [2 1̄ 1̄]. A schematic of
the two specimens indicating the loading directions in the crystal frame is shown in
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Fig. 4.2. (1 1 1) slip planes are shown in cyan, whereas crack propagation planes are
represented in purple.

Figure 4.2: A schematic of the samples in the crystal frame showing the loading directions. (1 1 1) slip
planes in cyan and crack propagation planes in purple.

Crack propagation is due to the irreversibility of slip, which is also responsible for
inelastic deformations. In single crystals, fatigue crack growth strongly depends on
crystal orientation, which determines the number of slip systems active during propaga-
tion and the plane in which the crack extends [86]. In particular, dislocations are emitted
from the crack tip during loading and are not fully reversed during unloading [87], leav-
ing marks on the specimen surface, usually referred as slip-plane traces. These features
can be observed during propagation when high plastic strains are present, i.e. when the
ligament is small respect to defect size, and can be used to confirm the crystal orien-
tation given by EBSD. On the surface of the [0 0 1] oriented crystal it was possible to
observe these traces, that extend from the crack plane at an angle of 54◦, as depicted in
Fig. 4.3. This angle is in agreement with the crystal orientation given by EBSD, since it
corresponds, with an error of 0.4◦ (54◦ instead of 54.4◦), to the analytically calculated
traces of the (1 1 1) and (1̄ 1̄ 1) slip planes.

Figure 4.3: Slip plane traces analysis: a) surface of the [0 0 1] oriented crystal after the end of fatigue
testing; b) analytical slip plane traces calculated from EBSD crystal orientation.
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4.2.2 Digital image correlation procedure

The experimental displacements measured by DIC are the starting point for the analysis
presented in this chapter. DIC compares the differences in the speckle pattern light in-
tensity between reference and deformed images to determine the displacements. Square
group of pixels, called subsets, are tracked in order to get the best correlation between
the images. A description of the correlation algorithm is reported in Section 1.5.1.

DIC analysis was performed using a commercially available image correlation soft-
ware (Vic 2D produced by Correlation Solutions). The first picture of each measure-
ment cycle, taken at the minimum applied stress, was used as the reference image for
that cycle. Full field images were correlated to get horizontal and vertical displace-
ments. This means that during calculations points before and beyond crack tip were
considered. Displacements were calculated using square subsets, whose maximum
dimensions were 51 by 51 pixels. These displacements were employed to evaluate
stress intensity factor ranges, ∆K, following the procedure discussed in Section 4.2.3.
An example of the vertical displacement field, registered for each of the two analyzed
specimens, is reported in Fig. 4.4.

Figure 4.4: Examples of vertical displacements of each specimen, calculated by digital image correla-
tion a) [0 0 1] oriented single crystal specimen at R=0.05 and ∆σ=133 MPa. b) [1 1 1] specimen at
R=0.05 and ∆σ=181 MPa.

Two-point virtual extensometers were employed to measure crack opening/sliding
loads. This feature tracks two subsets, one on each side of the crack flanks, as shown
in Fig. 4.5a. Several virtual extensometers were placed on the length of the crack
flanks, in order to get an accurate displacement profile during cyclic loading. In order
to get the pure vertical (∆v) and horizontal (∆u) displacements, virtual extensometers
were placed perpendicular to the flanks. Once rotated to the crack coordinate system
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(Fig. 4.5c, the difference in the vertical crack tip displacements, ∆v = vupper − vlower,
was employed to describe Mode I opening, whereas the horizontal crack tip displace-
ments, ∆u = uupper − ulower, were used to describe Mode II crack sliding.

Crack tip 
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Figure 4.5: a) An example of virtual-extensometers disposition on the [1 1 1] specimen; b) A schematic
showing the displacements measured by extensometers; c) Coordinate system for measuring crack
opening and sliding displacements and for extracting ∆Keff .

4.2.3 Effective stress intensity factor ranges extraction

The adoption of DIC allows the determination of a full displacement field, which can
be used to evaluate crack propagation driving forces without geometric considerations.
A nonlinear least-squares regression can be used to determine effective stress intensity
factor ranges and how they change during a load cycle. The procedure described in [88]
was adopted.

During measurement cycles, test frequency was slowed down and the entire loading
and unloading parts of the cycle were recorded. These displacements were the starting
points for ∆KI , ∆KII and T-stress calculations. For a mixed-mode loaded crack, the
crack-tip displacements for an orthotropic material are described by Eq. 4.1 and 4.2,
as [89, 90]. In this set of equations, horizontal and vertical displacements, together
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with material elastic constants, are referred to the local crack tip coordinate system, as
shown in Fig. 4.5c.

u =KI

√
2r

π
Re

{
1

µ1 − µ2

[
µ1p2

√
cosθ + µ2sinθ − µ2p1
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+KII
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×
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√
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√
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(4.2)

where Re stands for the real part of a complex number,

pi = a11µ
2
i + a12 − a16µi (4.3)

qi = a1wµi +
a22

µi
− a26 (4.4)

KI and KII are the Mode I and Mode II stress intensity factors, T is the T-stress, A
is the rigid body rotation, Bu and Bv are rigid body translations in the horizontal and
vertical directions, r and θ are the polar coordinates considering the origin at the crack
tip and aij are the elastic constants of nickel, as reported by Hertzberg in [91]. µ1 and
µ2 are the two complex conjugate roots from Eq. 4.5 for which the imaginary parts are
positive.

a11µ
4 − 2a16µ

3 + (2a12 + a66)µ2 − 2a26µ+ a22 = 0 (4.5)

In Eq. 4.2, the vertical displacements responsible for Mode I opening are perpendicular
to the crack surface. Because of this, both the horizontal and vertical displacements ob-
tained from DIC and the compliance tensor were rotated with respect to the crack prop-
agation angle. An algorithmm was written to solve every displacement using Eq.4.1
and 4.2, to obtain the desired parameters (KI ,KII ,T ,A,Bu,Bv), using a non linear least
square regression. The last two terms of Eq. 4.1 and 4.2 were employed to remove
rigid motion and rotation from K evaluation.

4.3 RESULTS

4.3.1 Crack closure measurements

Horizontal and vertical displacements were recorded for each virtual extensometer dur-
ing fatigue cycles. Since no Mode II sliding was observed in the [0 0 1] specimen, only
vertical displacements around the crack tip were observed. The measured vertical dis-
placements for a crack size of 1.23 mm are provided in Fig. 4.6a. The crack starts
opening at 10% of the maximum applied load, starting from the notch. At this point
the crack tip still stays closed. The crack tip opening is evident only at 19.8% of the
maximum applied stress.

The crack opening displacement profiles for the [111] single crystal specimen are
shown in Fig. 4.7a and b. In this case both vertical and horizontal displacements are
expected, since the crack grows at an angle. In Fig. 4.7a, vertical displacements are
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Figure 4.6: Virtual extensometers for the [0 0 1] oriented specimen. a) The vertical crack opening
displacement profiles of the [0 0 1] single crystal specimen at R=0.05 and ∆σ=133 MPa with a
measured crack length of 1.23 mm. b) Crack opening levels for the [0 0 1] oriented crystal.

displayed: the crack starts opening from the notch at nearly 20% of the maximum load,
but crack tip opening becomes evident only at 39.6%. Mode II displacement profiles
are depicted in Fig. 4.7b: the crack starts opening at 10% of the maximum applied
load, starting from the notch. At this point the crack tip is still closed. The crack tip
starts opening at 19.8% of the applied load, whereas it appears fully open at 26.4% of
the maximum applied stress.

Using the crack opening displacement profiles, the crack closure phenomena in both
Mode I and II were measured and summarized in Fig. 4.6b for the [0 0 1] oriented
crystal, whereas the results of the [1 1 1] oriented specimen are reported I Fig. 4.7c. The
study of horizontal and vertical displacements allows for the quantification of the crack
opening and sliding. The results of both the specimens tested shows that cracks were
closed for approximately 20% of the loading cycle. Since in the [1 1 1] oriented crystal,
the crack propagated perpendicular to the loading axis, only pure Mode I was observed,
as shown in Fig. 4.6b: crack opening level was constant during the propagation and was
about 20% of the maximum applied load. The testing on [1 1 1] oriented crystal allowed
the study of mixed mode propagation, since the crack grew at an angle. As depicted in
Fig. 4.7c, the crack exhibited a Mode I opening at about 40% of the maximum applied
loading, whereas Mode II sliding was observed at approximately 20%.

56



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 57 — #77 i
i

i
i

i
i

4.3. RESULTS

0 20 40 60 80 100 120 140 160 180

0

0.2

0.4

0.6

0.8

1

1.2

Distance behind crack tip [µm]

Ve
rti

ca
l d

is
pl

ac
em

en
t [
µ

m
]

[1 1 1] Single Crystal
R = 0.05
a = 1.614 mm
6m = 181 MPa

0 20 40 60 80 100 120 140 160 180

0

0.2

0.4

0.6

0.8

1

1.2

Distance behind crack tip [µm]

H
or

iz
on

ta
l d

is
pl

ac
em

en
t [
µ

m
]

[1 1 1] Single Crystal
R = 0.05
a = 1.614 mm
6m = 181 MPa

100%!

79.2%!

52.8%!

36.3%!
39.6%!

30%!
0%!

62.7%!

100%!

79.2%!

52.8%!

36.3%!
26.4%!
19.8%!
13.2%!
0%!

(a) (b) 

x! x!

1.2 1.4 1.6 1.8 2 2.2 2.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Crack Length [mm]

C
ra

ck
 O

pe
ni

ng
/S

lid
in

g 
Le

ve
l (
m

op
en

/m
m

ax
) [1 1 1] Single Crystal

R = 0.05
6m = 181 MPa

Mode I

Mode II

(c) 

Figure 4.7: Virtual extensometers for the [1 1 1] oriented specimen. a) The vertical crack opening
displacement profiles of the [1 1 1] single crystal specimen at R=0.05 and ∆σ=181 MPa with a
measured crack length of 1.614 mm. b) The horizontal crack sliding displacement profiles of the
[1 1 1] single crystal specimen at R=0.05 and ∆σ=181 MPa with a measured crack length of 1.614
mm. c) Crack opening levels for the [1 1 1] oriented crystal.
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4.3.2 Effective stress intensity factor ranges and Paris curve calculations

The regression analysis calculates all the variables necessary to fit the displacements
around the crack tip during a fatigue crack growth cycle, using Eqs. 4.1 and 4.2. These
displacements will be referred to as the regressed displacements. The experimentally
obtained displacements have been compared to those calculated by regression to show
technique accuracy. In Figs. 4.8 and 4.9 the blue contours represent the displacements
experimentally measured, whereas the regression displacements are represented by red
lines. The crack tip position is described by a black mark and crack profile is rep-
resented by a solid black line. Crack tip position was chosen in order to minimize
the mean square error between regressed and experimental displacements, since the
presence of the speckle pattern made it difficult to find the exact tip location. This pro-
cedure does not invalidate the accuracy of stress intensity factor ranges measurements,
because a few pixels error in positioning implies an error in crack tip estimation of only
few microns. For each sample tested, a selected fatigue cycle is shown at the maximum
applied load. When the regression was applied on the [0 0 1] specimen, the Mode II
stress intensity factor was nearly zero, mainly because of the absence of the shear com-
ponent, due to the fact that the crack grew in a plane perpendicular to the applied load
direction. In Fig. 4.8 the vertical displacements for the [0 0 1] oriented specimen are
depicted, showing good agreement between theory and experiments.

Figure 4.8: Comparison of experimentally measured and regression vertical displacement contours in
micrometers for the [0 0 1] oriented single crystal. The crack length is 0.775 mm with a corresponding
∆KI regression value of 10.78 MPa

√
m.

The specimen with the [1 1 1] orientation was employed for the mixed mode prop-
agation study: in Fig. 4.9a and b vertical and horizontal experimental displacements
are compared to those provided by regression. The asymmetry in the horizontal dis-
placement field underlines the presence of Mode II sliding. As in the previous case, the
displacement fields obtained from regression are in good agreement with those experi-
mentally measured.
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(a) (b) 

Figure 4.9: Comparison of experimentally measured and regression a) horizontal and b) vertical dis-
placement contours for the [1 1 1] oriented single crystal. The crack is 1.46 mm long with corre-
sponding regression values for ∆KI of 9.3 MPa

√
m and ∆KII of 9.4 MPa

√
m.

The most general expression for combining ∆KI and ∆KII has the form [92]:

∆Ktot =

√
(∆KI)

2 + α (∆KII)
2 (4.6)

where α is the ratio of the energy release rates, =, for mode II and I respectively,
calculated as proposed in Eqs. 4.7 and 4.8 [89]. In this study the values of α varied
from 1.11 to 2.06.

=I = −π∆KI

2
a22Im

[
∆KI (µ1 + µ2) + ∆KII

µ1µ2

]
(4.7)

=II =
π∆KII

2
a11Im [∆KII (µ1 + µ2) + ∆KIµ1µ2] (4.8)

Since the majority of the propagation occurred in the steady state region of crack
growth, also known as region II propagation, the experimental data were fit to the Paris
law, Eq. 4.9, and the constants C and n are given in Table 4.3.

da

dN
= C

[
(∆KI,eff )

2 + α (∆KII,eff )
2]n/2 (4.9)

In Fig. 4.10 experimental points obtained from regression for the two experiments
performed are compared to the results obtained from polycrystal testing, provided
by [88]. Despite the different crystallographies, the material shows a common trend,
demonstrating the importance of crack-closure in crack propagation. Haynes 230 shows
a good fatigue crack growth resistance, compared to other Ni-based superalloys, such
as Inconel 718, which exhibits an higher exponential coefficient n (≈4) [93]. The
Data-Fitting coefficients proposed in Table 4.3 are in agreement with those reported
in literature [60, 94] and demonstrate that fatigue crack growth in Haynes 230 at room
temperature is similar to crack propagation in a traditional steel (n ≈3).
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Figure 4.10: Fatigue crack growth results for polycrystalline and single crystal Haynes 230 specimens
at room temperature.

Table 4.3: Effective Paris Law fits from fatigue crack growth tests of Haynes 230 alloy. Crack growth
rates measured in mm/cycle and stress intensity factor ranges in MPa

√
m.

Specimen C n
[0 0 1] single crystal 1.79 10−9 2.91
[1 1 1] single crystal 8.04 10−10 3.48

Data-fitting 1.55 10−9 2.96

4.4 STRAIN IRREVERSIBILITY AT THE CRACK-TIP

4.4.1 Cyclic plastic zones from extracted stress intensity factor ranges

The extraction of the effective stress intensity factor ranges allowed for the direct es-
timation of the stress fields acting at the crack tip. Starting from these fields, it was
possible to determine the shape and the dimension of cyclic plastic zones [89]. The
stresses were computed as:

σx = KI√
2πr

(FIx + tFIIx)

σy = KI√
2πr

(FIy + tFIIy)

τxy = KI√
2πr

(FIxy + tFIIxy)

(4.10)

and the F terms in Eq. 4.10 were calculated as shown in Eqs. 4.11 and 4.12, where
t = KII/KI .
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FIx = Re
[
µ1µ2
µ1−µ2

(
µ2√

cosθ+µ2sinθ
− µ1√

cosθ+µ1sinθ

)]
FIy = Re

[
1

µ1−µ2

(
µ1√

cosθ+µ2sinθ
− µ2√

cosθ+µ1sinθ

)]
FIxy = Re

[
µ1µ2
µ1−µ2

(
1√

cosθ+µ1sinθ
− 1√

cosθ+µ2sinθ

)]
(4.11)



FIIx = Re
[

1
µ1−µ2

(
µ22√

cosθ+µ2sinθ
− µ21√

cosθ+µ1sinθ

)]
FIIy = Re

[
1

µ1−µ2

(
1√

cosθ+µ2sinθ
− 1√

cosθ+µ1sinθ

)]
FIIxy = Re

[
1

µ1−µ2

(
µ1√

cosθ+µ1sinθ
− µ2√

cosθ+µ2sinθ

)]
(4.12)

Since the single crystal exhibits anisotropic behavior, Hill’s extension of the von
Mises’ yield criterion was used [95]. The yield criterion in quadratic form is expressed
as proposed in Eq. 4.13:

E (σy − σz)2 +G (σz − σx)2 +H (σx − σy)2 + 2Lτ 2
xy + 2Mτ 2

xz + 2Nτ 2
yz = 1 (4.13)

where E, G and H are coefficients that characterize the anisotropy in the normal
directions and L, M and N are the coefficients that characterize the shear anisotropy.
These parameters can be calculated according to Eq. 4.14, where X , Y and Z are the
yield stresses in the principal directions and S is the shear yield stress. Assuming plane
stress since the specimens are thin, σz = τxz = τyz = 0, Eq. 4.13 reduces to Eq. 4.15.

2E = − 1
X2 + 1

Y 2 + 1
Z2

2G = 1
X2 − 1

Y 2 + 1
Z2

2H = 1
X2 − 1

Y 2 + 1
Z2

2N = 1
S2

(4.14)

(G+H)σ2
x − 2Hσxσy + (E +H)σ2

y + 2Nτ 2
xy = 1 (4.15)

To find the plastic zone, Eq. 4.10 is substitute into Eq. 4.15 and solved for the plastic
zone radius, rp. As suggested by Rice [96], cyclic plastic zone radius, ∆rp is evaluated
approximately as one quarter of the monotonic rp, given in Eq. 4.16.

∆rp =
1

4
rp =

∆K2
1,eff

8π
[(G+H) (FIx + tFIIx)

2 − 2H (FIx + tFIIx) (FIy + tFIIy) +

+ (E +H) (FIy + tFIIy)
2 + 2N (FIxy + tFIIxy)

2]
(4.16)
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Chapter 4. Fatigue crack growth in Ni-based superalloy single crystals

During measurement cycles, many images were acquired allowing for the observa-
tion of the evolution of stresses and strains around the crack tip. The cyclic plastic zone
was evaluated according to Eq. 4.16, using the stress intensity factor ranges obtained
from regression, while strains were evaluated using DIC. Strains were calculated from
the partial derivatives of the displacement fields using Lagrange strain tensor equations.
In order to obtain smooth results, displacements were locally approximated with a first-
order polynomial. The strains inside the plastic zones are shown in Fig. 4.11 for the
loading portion of a fatigue cycle up to maximum load for each specimen tested during
this study. The [0 0 1] crystal case, presented in Fig. 4.11a and b, showed a symmetric
plastic zone, since the specimen is under pure Mode I loading. In contrast to the round
polycrystalline shape obtained considering isotropic behavior, the anisotropic cyclic
plastic zone for a pure Mode I loaded crack showed two marked lobes extending from
the crack tip towards the crack flanks. At 50% of the maximum applied load, the cyclic
plastic zone area is only 0.00307 mm2, as shown in Fig. 4.11a. The maximum cyclic
plastic zone is shown in Fig. 4.11b and its area is 0.0332 mm2. In this condition strains
around the crack tip are very concentrated and greater than 1%.

The presence of Mode II loading in the [1 1 1] case caused the cyclic plastic zone
shape to be asymmetric. The cyclic plastic zone exhibits two different lobes: the upper
one extends at an angle of 87◦ respect to the horizontal, whereas the lower one is at 77◦.
At 50% of the maximum applied load (Fig. 4.11c), the cyclic plastic zone extension
was 0.0104 mm2, whereas the maximum area registered was 0.2410 mm2 (Fig. 4.11
(d)). This is eight times bigger than the one measured in the [0 0 1] case. Even in this
case the strains measured around the crack tip were larger than 1%. The presence of
sliding also influenced the strain field, which is asymmetric. An high strain zone started
from the crack tip and covered the area in which the crack will propagate, together with
a secondary strain area which stayed at 64◦ under the crack tip.

Cyclic plastic zones in single crystals can be described following several additional
methods. In particular, a model based on double slip was employed to describe the
effects of crystallographic orientations on the size and shape of the plastic zone in
[97]. Haynes 230 being an FCC material, it has been demonstrated that [1 1 1] oriented
crystals can have up to 6 active slip systems and the number of active systems in a [0 0 1]
orientation can be 8. Taking into account the presence of significant slip, the adoption
of a continuum model, such as Hill’s yield criterion, and its results should only be used
as an initial estimation. In the following paragraph the plastic zones obtained from
FEM simulation considering single crystal plasticity are proposed and discussed.
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Figure 4.11: Cyclic plastic zones calculated according to Hill’s criterion and vertical contours in mi-
crometers for the two considered orientations. a) and b) : [0 0 1] oriented specimen with a crack
length of 0.95 mm with an applied load equal to 50% and 100% of the maximum load, respectively.
The cyclic plastic zone area, A∆Rp , at the maximum load is equal to 0.03320 mm2. c) and d) :
[1 1 1] oriented specimen with a crack length of 1.66 mm with an applied load equal to 50% and
100% of the maximum load, respectively. A∆Rp

at the maximum load is equal to 0.2410 mm2
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Chapter 4. Fatigue crack growth in Ni-based superalloy single crystals

4.4.2 Cyclic plastic zones from numerical simulations with single crystal plastic-
ity

Inelastic deformation and crack propagation in single crystals are related to the irre-
versibility of slip. An accurate analysis of the area surrounding the crack tip should
take into account single crystal mechanical behavior and an approach based on contin-
uum mechanics, like the one presented in the previous section, should be taken only
as a preliminary result. In this section, a brief analysis of the crystal plasticity model
adopted for plastic zone evaluation is given, together with the numerical results ob-
tained for the two tested crystal orientations.

The kinematical theory of crystals is mainly due to the initial work of Taylor [98]
and the mathematical formulations by Hill [99], Rice [100], Hill and Rice [101] and
Asaro, Needleman and Peirce [102]. In this framework the crystal deforms by two
distinct mechanisms:

• plastic deformation, which consists of material shearing relative to a crystal lattice;

• elastic deformation of the lattice and material together.

In crystal plasticity theory, the deformation gradient F is not given by the sum of an
elastic and a plastic part, but is evaluated as the product of the deformation gradient
associated to elastic loading, F ∗, and of the deformation gradient that takes into account
inelastic strains, F p, adopting the multiplicative decomposition originally proposed by
Lee [103]:

F = F ∗ · F p (4.17)

The main assumption of this model is that inelastic deformation is solely due to
plastic shearing in crystallographic slip systems, as proposed in Eq. 4.18, where s(α)

and m(α) are respectively, the slip direction and the normal to slip plane of the α-th slip
system, and γ̇(α) is the associated slip rate.

Ḟ p · F p−1 =
∑
α

γ̇(α)s(α)m(α) (4.18)

The crystalline slip is modeled to obey Schmid’s law: the slipping rate γ̇ in each
α-th slip system is related to the external applied stress through the Schmid stress, τ ,
which is the resolved shear stress when the elastic deformations can be neglected, as

γ̇(α) = a

(
τ (α)

g(α)

)z
(4.19)

where a is a constant, g(α) is a variable describing the current strength of the α-th
slip system and z is the rate sensitivity exponent. The increment in the yield strength
of each slip system follows what is proposed in Eq. 4.20, where hαβ is the hardening
matrix.

ġ(α) =
∑
α

hαβγ̇
(β) (4.20)

The diagonal terms of the hardening matrix are called self-hardening moduli, whereas
the extra-diagonal terms are defined as latent hardening moduli. Pierce, Asaro and
Needleman proposed a simple form for the self-hardening moduli [102]:
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hαα = h0sec h
2

∣∣∣∣ h0γ

τs − τ0

∣∣∣∣ (4.21)

where there is no sum on α and h0 is the initial hardening modulus, τ0 is the yield
stress which equals the initial value of the current strength g(α)(0), τs is the stress
where large plastic flow initiates, and γ is the Taylor cumulative shear strain on all slip
systems:

γ =
∑
α

∫ t

0

∣∣γ̇(α)
∣∣ dt (4.22)

The latent hardening moduli are considered as a fraction of the self-hardening mod-
uli, as expressed in Eq. 4.23.

hαβ = qhαα (α 6= β) (4.23)

In the case of this study the value of the constant q is assumed to be equal to zero, so
no interaction between the slip systems is considered. Single crystal plasticity behavior
is implemented in a commercially available software (Abaqus by Dassault Systemes) in
terms of a UMAT external subroutine. A description of the subroutine is given in [104].

Numerical models implementing crystal plasticity were developed for the two tested
crystal orientations. Material constants, necessary to simulate material inelastic behav-
ior, were obtained by fitting experimental tensile stress/strain curves obtained from un-
notched Haynes 230 single crystals. In particular, a numerical model was implemented
to simulate the tensile test performed on the [1 1 1] oriented crystal. Material constants
were chosen in order to fit the experimental curve (Fig. 4.12a). At this point, a new
model representing the [0 0 1] crystal was implemented and checked with the constants
obtained from the [1 1 1] model. Numerical results are in good agreement with those
experimentally obtained, as shown in Fig. 4.12b. Material constants obtained following
this procedure are reported in Table 4.4.
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Figure 4.12: Comparison between experimental and numerical results of Haynes 230 single crystal
tensile behavior. a) [1 1 1] oriented crystal; b) [0 0 1] oriented crystal.
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Chapter 4. Fatigue crack growth in Ni-based superalloy single crystals

Table 4.4: Coefficients employed for FEM simulations.

a z h0 τs τ0
0.001 10 155 130 80

At this point, models of the cracked specimens were implemented. Simulations
were performed on 2D-models and plane stress was assumed, since the specimens are
thin. Crack lengths considered in these simulations were the same as those analyzed
in the previous section in order to make a comparison between the two. In Fig. 4.13, a
schematic of the model employed for the simulation of the [0 0 1] oriented crystal is re-
ported. Only the part of the specimen which stays between the two clamps is modeled.
The upper clamp is modeled by neglecting the horizontal and the vertical displacements
of the upper edge of the model. The force is then applied to the model through a ref-
erence point, which constrains the vertical and horizontal displacements of the lower
edge of the model. Horizontal and rotational degrees of freedom of the reference point
are then neglected, in order to avoid horizontal translations and rotations. In order
to increase model accuracy, 8-nodes quadratic elements were adopted and an element
dimension of 5 µm around the crack-tip was considered.

Printed using Abaqus/CAE on: Sat Oct 18 20:46:01 ora legale Europa occidentale 2014u1 = u2 = 0 

Refined mesh around 
the crack tip 

RP 
x 

F 

u1 = ur = 0 1 

2 

Figure 4.13: FEM model for the simulation of the cyclic plastic zone of the [0 0 1] oriented single crystal.

Since in the considered plasticity model there is no explicit yielding, the extension
of the plastic zone was evaluated considering Hill’s anisotropic yield criterion. Eq. 4.16
was employed during these calculations. The cyclic plastic zone was obtained consid-
ering ∆rp = 1/4rp, as suggested by Rice [96].

In Fig. 4.14a the results obtained for the [0 0 1] oriented crystal are presented. Re-
spective to the cyclic plastic zone obtained from DIC displacements, the plastic zone
presents a similar shape. In this case the lobes extending towards the cracks flanks are
smaller. As expected, the plastic zone shape is symmetric, since no Mode II was ex-
perienced during the test, and its size is smaller, 0.0116 mm2 versus the 0.0307 mm2

measured according to DIC. The vertical strains measured by DIC inside the cyclic
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Figure 4.14: Cyclic plastic zone calculated from single crystal plasticity simulation. a) [0 0 1] specimen
with a 0.96 mm long crack. Cyclic plastic zone extension, A∆rp , is equal to 0.0116 mm2. b) [1 1 1]
specimen with a 1.66 mm long crack. Cyclic plastic zone extension, A∆rp , is equal to 0.1455 mm2.

plastic zone are in agreement with the numerical results, as strains are rapidly decreas-
ing moving from the crack- tip. The maximum shear stress measured at the crack-tip is
324 MPa.

As observed in the previous section, the cyclic plastic zone obtained from numer-
ical simulation for the [1 1 1] orientation is also asymmetric, as shown in Fig. 4.14b:
following the same pattern, the main lobe of the plastic zone extends in the upper part
of the specimen. The farthest point from the crack tip is at 62◦ from the horizontal.
The angle calculated by FEM analysis is smaller than the one provided by Hill’s crite-
rion. The same observations can be made with the small lobe, which extends under the
crack-tip at 67◦. The cyclic plastic zone calculated by FEM extends for 0.1455 mm2

around the crack-tip and, confirming what observed in the [001] case, is smaller than
the one calculated from experimental displacements. The cyclic plastic zones obtained
from FEM for the two different orientations have a different extension, confirming the
observations obtained analyzing the experimentally measured zones. The maximum
shear stress is calculated at the tip and is 357 MPa.

4.5 CONCLUSIONS

In this study, fatigue crack growth at room temperature in Haynes 230 single crystals
was analyzed. In particular, several different techniques were employed:

• Stress intensity factor ranges (Modes I and II) were calculated with a least-squares
regression technique, starting from the displacements measured by DIC. Results
were compared with those obtained from polycrystalline experiments, displaying
a similar behaviour.
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• Crack tip opening/sliding displacements were measured by observing the relative
displacements of the crack flanks with two-point virtual extensometers. Both the
cracks opened at 20% of the maximum applied load. During mixed mode propa-
gation Mode II sliding was observed before Mode I opening.

• Anisotropic Hill’s yield criterion was adopted to obtained an initial estimate of the
cyclic plastic zone around the crack tip. Results were compared with the strains
measured by DIC. The cyclic plastic zone calculated for the [0 0 1] specimen was
eight times smaller than the one observed for the [1 1 1] orientation.

• Numerical simulations were carried out to calculate the plastic zone around the
crack tip, considering single crystal plasticity. The results showed good agreement
with the measured strains for the same effective K-loads. Consistent with the
experimental results, the cyclic plastic zone around the crack tip of the [1 1 1] was
greater than the one observed in the [0 0 1] case, underlining the importance of
∆KII in cyclic plastic zone shape and size.
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CHAPTER5
Short crack propagation in line pipes material

under severe loading conditions

5.1 INTRODUCTION

In this chapter, fatigue crack growth in line pipes material is investigated. Line pipes are
employed in challenging harsh environments, where they have to sustain severe loading
conditions. Especially when working in arctic-like environments, line pipe materials
can be subjected to plastic straining cycles due to thermal cycling between service
and shutdown and to occasional large plastic deformations induced by ice scouring in
shallow water [105–107].

Fatigue properties (fatigue strength and life) can be conservatively predicted, as-
suming the presence of small shallow cracks with a depth corresponding to the NDT
detection limit [108].

From this background, the effect of severe strain cycles onto line pipe steel was an-
alyzed as propagation of prospective flaws in the very short LCF regime. Experimental
results allowed the development of a crack propagation model for materials subjected
to severe strain cycles.

The different phases of the experimental activity were:

• Short crack propagation on small scale specimens. In this phase, specimens with a
net section of 12 mm x 7 mm were cyclically loaded. Semi-circular defects, whose
depth was 400µm, were used for testing. These experiments were performed in
order to check both material cyclic behavior and the crack propagation model
presented in Chapter 2;

• Crack closure measurement during short crack propagation. An experimental
technique was developed to measure crack opening and closing levels and checked
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conditions

on a new series of experiments performed on small scale specimens. These tests
were employed to evaluate the accuracy of Newman’s analytical model and to
extract the da/dN - ∆Jeff curve;

• Short crack propagation on large scale specimens. Crack closure levels were mea-
sured during fatigue tests performed on specimens with a net section of 43 mm x10
mm. In this phase, 0.7 mm deep and 7 mm wide notches were considered, in order
to check crack propagation with constraint levels similar to those of pipelines. A
specimen with a 1.4 mm deep defect was also tested, in order to analyze crack
propagation under more severe loading conditions;

• Fatigue life assessment of large scale specimens. Fatigue lives of notched spec-
imens were assessed by implementing a crack propagation model based on the
effective J-Integral range. ∆J formulation was modified in order to take into ac-
count the geometry of large scale specimens, whereas the experimental da/dN -
∆Jeff curve evaluated from small scale testing, together with the closure levels
measured on large scale specimens, was employed to evaluate crack growth rates
evolution.

5.2 EXPERIMENTS ON SMALL SCALE SPECIMENS

5.2.1 LCF conditions

An activity carried out on heavy wall linepipes [105–107] identified a critical cycling
sequence. Cycling has been defined as the superposition of one strain ramp in material
plastic regime, up to 1%, superposed to a sub-cycling at 0.5% of the total strain, for a
limited number of cycles (≈200). These multi-plastic straining cycles aim at reproduc-
ing situations that can occur during pipeline life in artic-like environments.

In order to set-up a crack propagation model for prospective flaws in linepipes sub-
jected to severe straining cycles, two series of tests on small scale specimens were
carried out:

• strain cycles from 1% to 0.5%;

• strain cycles at R = -1 with εa = 0.35%.

The latter test condition was chosen as a reference condition, since a good performance
of the ∆Jeff model was obtained under fully reversed strain cycles.

In Fig. 5.1, material cyclic behavior, recorded during the experiments performed
under the two different strain conditions, is reported. As it can be seen, material exhibits
a transient behavior. In particular, mean stress relaxation is observed during the tests
performed at R = 0.5, as depicted in Fig. 5.1a, where it is also shown that, at the end of
the test, the applied mean stress tends to zero.
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Figure 5.1: Hysteresis loop evolution during LCF testing. a) Test performed at R = 0.5 and εa = 0.0025
mm/mm; b) Test performed at R = -1 and εa = 0.0035 mm/mm.

5.2.2 Specimen preparation

An experimental campaign was carried out to observe crack propagation in specimens
containing artificial notches. 0.4 mm deep semi-circular defects, obtained by Electrical
Discharge Machining (EDM), were employed during the experiments. The geometry of
the specimens used for testing is reported in Fig. 5.2a, where artificial defect shape and
orientation are also shown. Tests were performed on a MTS Landmark servo-hydraulic
load frame: a longitudinal extensometer, with a 10 mm long gauge, was employed to
control the applied strain amplitudes. The experimental setup is shown in Fig. 5.2b.

12 mm 

7 
m

m
 

(a) (b)

Figure 5.2: LCF testing under severe loading conditions. a) Specimen geometry and micro-notch shape
and orientation (depth 400 µm); b) Experimental setup with the digital camera employed to observe
crack propagation during the experiment.

Before testing, specimens were precracked, in order to obtain a sharp fatigue crack.
Precracking was deemed necessary, in order to remove crack nucleation time from the
experiments. The compression pre-cracking constant amplitude (CPCA) technique,
originally proposed by Newman [109], was employed in this phase. According to this
technique, after compression pre-cracking the crack has the same size of the plastic
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zone generated around the notch during the first compressive load cycle. Because of
this, a numerical analysis of one quarter of the specimen was performed to calculate
the load that causes a plastic region of 100 µm, the desired size of the precrack. It was
found that a remote compressive stress of 400 MPa generates a 120 µm-wide plastic
zone around the notch, as depicted in Fig. 5.3a. Because of this, specimens were
precracked in compression, with a fixed load ratio equal to 0 and a stress amplitude
equal to 200 MPa. It was observed (Fig. 5.3b) that all the specimens, after precracking,
exhibited an average 100 µm long defect extending from both the sides of the EDM
notch, confirming the numerical observations.

notch 

120 µm 

notch 

(a)

50 µm 

(b)

Figure 5.3: Compression precracking. a) Plastic zone around the notch, FEM calculations with an
applied compressive stress of 400 MPa; b) Fatigue pre-crack after 500000 cycles.

5.2.3 Fatigue tests

Four samples were cyclically loaded: constant strain amplitude tests were performed
under the loading conditions described in section 5.2.1. One specimen was tested at
R = −1, whereas the other three were loaded at R = 0.5, the most demanding in-
service condition. All the tests were performed with a frequency of 0.5 Hz and were
interrupted when a surface crack length equal to 2 mm was reached.

A fifth specimen was tested at R = 0.5: this test was interrupted after 200 cycles, in
order to analyze the fracture surface in the early propagation stage. A SEM analysis of
the fracture of this specimen is reported in Fig. 5.4a, where it can be seen that the crack
initially propagates in the direction of the plastic zone generated by the first strain step.

Crack length was measured during tests interruptions by adopting two different tech-
niques: defect size was initially measured with the plastic replica technique discussed
in chapter 2: an example of the fracture surface is presented in Fig. 5.4b. The so-
obtained crack lengths were then compared to those measured from the pictures ac-
quired by an HD digital camera, whose resolution was 1600x1200 pixels. After the
end of the first test, crack length was measured only from the digital images, since this
technique provided satisfactory results and it allowed to reduce the time required for
testing. A magnification of 15X, obtained using an adjustable lens with a 6.5X mag-
nification range and a 10X adapter, was employed during the experimental campaign.
This setup allowed a resolution of 2 µm/pix.

After the end of the tests, specimens were broken in liquid nitrogen in order to
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50 µm 

Precrack 

(a)

200 µm 

Surface crack length, 2a 

(b)

(c)

Figure 5.4: Fracture surfaces during fatigue crack growth. a) Fracture surface in the early propagation
stage; b) Surface crack propagation on a sample surface, observed on a plastic replica; c) Fatigue
crack surface after the end of the experiment.

observe the final shape of the defect. Since all the specimens exhibited a semi-circular
fatigue crack, as shown in Fig. 5.4c, it was assumed that the aspect ratio remained
constant during propagation (i.e. a/c = 1 = const.). Therefore, the defect size, a,
was calculated as one half of the surface defect size, 2c, and experimental crack growth
rates, da/dN , were then derived by applying the secant method.

5.2.4 Test results

Experimental results were analyzed considering the model based on ∆Jeff proposed in
Chapter 2. Eq. 2.16 [3, 35] was adopted, since it has been demonstrated to introduce the
smallest scatter and to be consistent at room temperature. Effective J-Integral ranges
were extracted from stress/strain hysteresis loops. In order to take into account material
initial behavior, a feature that becomes important in very low cycle fatigue, the stress
and strain amplitudes, necessary for ∆Jeff calculations, were extracted from the cycle
at which the crack length was measured. This allowed a more correct estimation of
the effective J-Integral range, since the material, during the tests, presented a transient
behavior, as shown in Fig. 5.1.

Crack closing and opening levels were calculated according to the model proposed
by Newman [5], considering a constraint factor α equal to 1, whereas the flow stress,
σ0, was calculated following Vormwald’s formulation [3], as expressed in Eq. 5.1,
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where R′p,02% is the cyclic yield stress and Rm is the ultimate tensile strength.

σ0 =
1

2

(
R′p,02% +Rm

)
(5.1)
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Figure 5.5: Fatigue crack growth analysis based on ∆Jeff [3]. Crack opening and closing levels
calculated according to Newman [5].

In Fig. 5.5 experimental crack growth rates are plotted against ∆Jeff and are com-
pared to the trend line from da/dN - ∆Keff data obtained from a C(T) specimen tested
at an high stress ratio (R = 0.7). As it can be seen, experimental data-points do not lie
on the ∆Keff curve.

Two possible reason were identified as responsible for a crack growth much higher
than the predictions:

• A damaged zone ahead of crack, suggested by the appearance of intense plastic
deformation during propagation (Fig. 5.6);

• A non correct evaluation of the closure levels.

200 µm 

Precrack 

Damaged area 

Figure 5.6: An image of the fracture taken with the optical microscope during a fatigue test.
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A numerical analysis with the Gurson, Tvergaard and Needleman (GTN) model
[110, 111] was performed to investigate the possible nucleation, growth and coales-
cence of small voids near the crack tip. The results of this investigation, provided in
Appendix A, showed that the plastic strains present ahead of the tip are not responsi-
ble for the growth acceleration, since they are not high enough to initiate the damage
mechanism in the crack tip region. Because of this, the attention was shifted on crack
closure. A wrong estimate of crack opening and closing levels can change the value
of the effective stress and strain ranges, implying a reduction of the calculated ∆Jeff :
because of this, a new experimental campaign was performed in order to evaluate crack
closure levels. The results of this analysis are reported in the following section.

5.3 CRACK CLOSURE MEASUREMENTS IN LCF WITH DIGITAL IMAGE
CORRELATION

An experimental campaign was performed in order to measure crack opening and clos-
ing levels during short crack propagation. Crack closure was characterized with digital
image correlation. Four experiments were conducted on the specimen geometry pre-
sented in Fig. 5.2a: the first two tests were performed at R = -1, whereas the remaining
two were cyclically loaded at R = 0.5, considering the strain amplitudes discussed in
Section 5.2. The final surface crack length, necessary to consider a test as concluded,
was increased to 4 mm, in order to acquire more data-points. Before testing, specimens
were prepared by manually polishing the surface to a mirror finish with abrasive pa-
per, up to a grit of P2500. A speckle pattern, necessary for digital image correlation,
was painted onto each specimen with an airbrush, following the procedure discussed
in Chapter 4. During test interruptions, necessary to measure crack advancement, a
fatigue load cycle was manually performed in order to acquire several pictures of the
crack. The displacement field was then calculated by correlating the images taken
during the fatigue cycle with the reference image, which was the first picture of each
measurement cycle, taken at the minimum applied strain.

In the literature, DIC has been widely adopted to evaluate crack closure. All the
presented techniques, however, were implemented considering crack propagation dur-
ing HCF, when LEFM conditions can be assumed: the full field regression algorithm
[2, 59, 60, 88] presented in Chapter 4, for example, can be employed only when the
plastic zone around the tip is small compared to the crack itself, since it fits experimen-
tal displacements with the analytical K-field, calculated considering material elastic
behavior. On the other hand, it is important to develop a method to measure crack
opening and closing levels when low cycle fatigue is considered, since it has been
proved [3, 4, 34, 64] that crack closure plays an important role even in elastic-plastic
propagation. Because of this, several techniques based on two-points digital exten-
someters and on strain gauges were applied. Experimental results are discussed in the
following sections.

5.3.1 Virtual extensometers

In order to evaluate closure levels, the technique based on two-points virtual extensome-
ters discussed in Chapter 4 was implemented, as shown in Fig. 5.7a. Such a technique,
however, did not provide satisfactory results. In particular, it was not possible to eval-
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uate crack opening and sliding levels, since the measured crack-opening displacement
(COD) provided an hysteresis loop, as shown in Fig. 5.7b, where the measurements
provided by a virtual extensometer positioned 50 µm behind the tip are presented.

notch

crack tip

vertical displacement contours

virtual COD

(a)

0 1 2 3 4 5
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0.4

0.6

0.8

COD [µm]

σ
 /
 σ

re
f

(b)

Figure 5.7: Crack closure measurements with two-point digital extensometers. a) Disposition of the
extensometer on the two crack flanks; b) Force vs COD plot. The extensometer was positioned 50
µm before crack tip.

5.3.2 Virtual strain gauges

A different technique was implemented in order to evaluate crack closure. In one of
their works [3], Vormwald and Seeger proposed an experimental technique to measure
crack opening and closing levels during constant strain amplitude tests. This technique
consists in placing a strain gage as close as possible to a fatigue crack: the so-measured
local stress/strain cycle is compared with the global one, which is the fatigue cycle
measured by the external extensometer, which controls test execution. Crack opening
and closing levels can be estimated as the points in which local and global hysteresis
loops start to differ. The difference between global and local behavior is related to the
change of specimen compliance: when the crack stays closed, the zone surrounding the
fracture behaves in the same way of those parts far from the defect, whereas it looses
stiffness when the crack starts opening. In particular, when the crack stays open, the
strains locally measured are smaller than those remotely recorded, since the gage stays
in the strain shadow of the crack.

In this work, crack closure effects were experimentally investigated through a sim-
ilar approach, but using an innovative technique based on DIC. Initially, a 300 µm-
wide series of virtual strain gages was positioned under the EDM notch, as proposed
in Fig. 5.8a. The gauges were set to read axial strains, following Vormwald’s original
proposal. The measurements provided by the virtual gage are compared to the remote
strains measured by the extensometer in Fig. 5.8b: this approach does not provide any
result, since that part of the specimen does not carry any load. Trying to obtain a cor-
rect estimate, the strain gauge was moved in the cyclic plastic zone, very near to the
crack tip, as depicted in Fig. 5.8c: the strains evaluated in this zone are depicted in
Fig. 5.8d, where it can be seen that even in this case it is not possible to assess opening
and closing levels, due to the high strains present near the tip.

76



i
i

“"Tesi dottorato"” — 2015/1/13 — 9:09 — page 77 — #97 i
i

i
i

i
i

5.3. CRACK CLOSURE MEASUREMENTS IN LCF WITH DIGITAL IMAGE CORRELATION

Notch 

Strain gauge 

(a)

4 5 6 7 8 9 10

x 10
−3

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

ε [mm/mm]

σ
 /
 σ

re
f

 

 

Global

Local

(b)

Cyclic plastic zone 

Strain gauge 

Notch 

(c)

−5 0 5 10 15 20

x 10
−3

−1  

−0.8

−0.6

−0.4

−0.2

0   

0.2 

0.4 

0.6 

0.8 

1   

ε [mm/mm]

σ
 /
 σ

re
f

 

 

Global

Local

(d)

Figure 5.8: Crack closure measurements in LCF with DIC. a) Virtual strain gauge position, Vormwald’s
proposal [3]; b) local stress/strain loop measured under the EDM notch; c) Virtual strain gauge
position near crack-tip. d) local stress/strain loop measured in the cyclic plastic zone.

In order to get an accurate measurement, the virtual strain gauge was moved be-
tween the cyclic plastic zone and the notch (Fig. 5.9a): the strain values measured in
this zone can be used to calculate crack opening and closing levels, as it can be seen in
Fig. 5.9b. Moreover, the method showed to be consistent: a 50 µm change in the hori-
zontal position of the strain gauge did not affect the recorded closure levels, confirming
the extracted closure values.

This technique, however, present a limitation, related to the applied loading con-
ditions: the presence of high strain implies a great vertical displacement of the mea-
surement surface. This means that the magnification employed for image acquisition is
limited by the vertical travel of the defect during the fatigue cycle and that only a small
portion of the area surrounding the tip can be monitored. During the experiments, it
was found that for the current setup the maximum allowable magnification, satisfactory
for DIC measurements, is 30X, which corresponds to a resolution of 1 µm/pix.

At this point, the technique was applied to the experiments, positioning the virtual
strain gauges at 150 µm from crack-tip, since it was found that this position provides
best results: an example of the crack closure measurements, obtained during small
scale testing, is provided in Fig.5.10a and b. Crack opening and closing levels can be
easily recognized and occur at the same strain level. These observations confirm the
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Figure 5.9: Crack closure measurements in LCF with DIC. a) Virtual strain gauge position adopted for
crack closure estimates; b) comparison between local and global hysteresis loops and opening and
closing levels identification.

measurements presented by Vormwald [3] and the validity of his concept.
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Figure 5.10: Crack closure measurements in LCF with DIC on small scale specimens. a) comparison
between local and global hysteresis loops and opening and closing levels identification for tests
conducted at R = -1; b) comparison between local and global hysteresis loops and opening and
closing levels identification for tests conducted at R = 0.5.

5.3.3 Results

Experimental results were compared to those obtained considering Newman’s analyt-
ical model. As it can be seen in Fig. 5.11a, the model, when R = -1 tests are con-
sidered, correctly estimates the value of the effective stress range, providing a small
error (≈ 5%). On the other part, greater errors are present when tests with a mean
strain are considered (Fig. 5.11b). In particular, for those tests performed at R = 0.5,
the model underestimates the value of ∆σeff : this implies that a procedure based on
Newman’s formulation underestimate the applied effective J-Integral range. In order
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to verify if the model can be improved, a different formulation of the flow stress was
implemented [22]: the value of σ0, calculated according to Eq. 5.1, was replaced by
the cyclic yield stress. This new formulation, represented in Fig. 5.11 by a dashed line,
offer a small improvement, since it increases the value of ∆σeff in both the considered
conditions, but it still provides wrong estimates when tests with an applied mean strain
are considered.
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Figure 5.11: Comparison between experimental and analytical effective stress amplitudes, small scale
specimens. a) R = -1, εa = 0.0035 mm/mm; b) R = 0.5, εa = 0.0025 mm/mm.

In Fig. 5.12, experimentally observed crack growth rates are plotted against the
effective J-Integral ranges, calculated considering the effective stress and strain ampli-
tudes measured with DIC: all the experimental points collapse on a single curve, which
has the same trend of the da/dN - ∆Keff curve obtained testing a C(T) specimen at
high load ratio (R = 0.7).
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Figure 5.12: Fatigue crack growth analysis based on ∆Jeff [3]. a) Crack opening and closing levels
calculated according to Newman; b) Crack opening and closing levels calculated from DIC measure-
ments.
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5.4 FATIGUE CRACK GROWTH IN LARGE SCALE SPECIMENS

5.4.1 Experiments

The experimental analysis of fatigue crack growth on small scale specimens under-
lined the capability of ∆Jeff based models to accurately describe crack propagation
under severe loading conditions. At this point, larger specimens were tested, in order
to check the propagation model when artificial defects with a constraint similar to that
estimated for linepipes are present. A schematic of the specimen used for testing, to-
gether with the shape and the orientation of the artificial defect, is presented in Fig.
5.13a. The defects adopted in this phase were 7 mm wide, whereas two different depth
were considered: initially, four specimens containing a 0.7 mm deep notch were fatigue
tested, whereas a final experiment was performed on a specimen with a 1.4 mm deep
defect. Two different ranges of artificial defect dimensions were chosen to evaluate the
constraint change effect during propagation. In the following part of this chapter, this
geometry will be referred as large scale.

43 mm 

10
 m

m
 

7 mm 

0.
7 

m
m

 

(a) (b)

Figure 5.13: LCF testing on large scale specimens. a) Schematic of the large scale specimen, together
with micro-notch geometry and disposition. b) The specimen mounted in the 250 kN load frame.

Before testing specimen were prepared following the procedure discussed in the
previous section: initially, specimens were mechanically polished, painted and then
precracked in compression. At this point, specimens were tested in a 250 kN servo
hydraulic load frame. A longitudinal extensometer, with a 20 mm long gage, was
employed to control the applied strain amplitude. Experimental setup is shown in
Fig. 5.13b. Specimens were cyclically loaded adopting the same levels discussed in
Section 5.2. Two tests for each loading condition were performed on the samples con-
taining 0.7 mm deep defects, whereas the specimen with the greater defect was tested
at R = 0.5.

5.4.2 Results

Crack opening and closing levels were measured according to the technique presented
in Section 5.3. In Fig. 5.14 two selected fatigue load cycles, employed for crack closure
analysis, are reported. A measurement cycle obtained from R = -1 testing is reported
in Fig. 5.14a: the experimental technique is cabaple of measuring the crack opening
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level, but the method looses accuracy when the descending part of the hysteresis loop
is considered. The same observations can be made considering the measurement cycle
obtained from R = 0.5 testing (Fig. 5.14b). This can be related to the fact that DIC
allows to measure crack opening and closing levels only on the surface of the speci-
mens. It can be assumed that the plane stress condition occurs for these external points,
whereas the remaining part of the crack front is experiencing a stress condition similar
to plane strain. This means that crack opening and closing levels are different along
the crack front. In particular, the plane stress condition implies that surface points tend
to open and close at stresses higher than those registered for the central points of the
crack. Consequently, during unloading, the external points are the first to experience
crack closing: in these conditions, measurements are disturbed by the stress fields gen-
erated by the contact occurring in those zones where plane strain condition is present.
This feature is not present in the small scale specimens, since the crack front is smaller
and it can be assumed that all the point lying on the crack front experience the same
opening and closing levels.
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Figure 5.14: Crack closure measurements in LCF with DIC on large scale specimens. a) comparison
between local and global hysteresis loops and opening and closing levels identification for tests
conducted at R = -1; b) comparison between local and global hysteresis loops and opening and
closing levels identification for tests conducted at R = 0.5.

In order to evaluate the values of ∆σeff , it was assumed that crack closing occurred
at the same strain level registered at opening, following what was experimentally ob-
served on the small scale specimens and Vormwald’s hypotheses. Experimental results,
expressed in terms of ∆σeff/∆σ, are reported in Fig. 5.15, where, for both the load-
ing conditions investigated, it can be observed that the measured values of ∆σeff are
higher than those recorded during small scale testing. This is related to the fact that
the constraint condition registered in the large scale specimen geometry is more severe
than the one of the small scale specimen. In particular, it can be noted that the ratio
between ∆σeff and ∆σ is very close to 1, meaning that the crack stays open for almost
the entire fatigue cycle.

After the end of the tests, two specimens were broken in liquid nitrogen, to ob-
serve the final shape of the fatigue crack and to highlight the difference in propagation
between the superficial and the deepest points of the crack. In Fig. 5.16a the crack
observed after the fatigue test conducted at R = 0.5 on the sample with the 1.4 mm deep
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Figure 5.15: Comparison between experimental and analytical effective stress amplitudes, large scale
specimens. a) R = -1, εa = 0.0035 mm/mm; b) R = 0.5, εa = 0.0025 mm/mm.

defect is reported. The experiment was interrupted when the surface crack length, 2c,
was equal to 13.14 mm. The final crack depth, measured after breaking the specimen
in liquid nitrogen, was equal to 4.73 mm. The crack shape is completely different from
the initial notch geometry. In particular, a canoe shape defect can be observed: this
is due to the fact that, on the surface, crack propagation occurs at slower rates, since
crack opening and closing levels are higher because of the plane stress condition acting
in these regions. The same shape was observed even for the specimen tested at R = -1,
presented in Fig. 5.16b: this test was stopped after a limited number cycles, in order
to observe the aspect ratio in an intermediate condition, between the beginning and the
end of the test. The specimen exhibits a 2.97 mm deep crack, whereas crack width is
equal to 9.9 mm.

1 mm

c

a

a / c = 0.72

(a)

1 mm

c

a

a / c = 0.6

(b)

Figure 5.16: Fracture surface of two large scale specimens after the end of the test. a) Initial defect
depth 1.4 mm, R = 0.5; b) Initial defect depth 0.7 mm, R = -1.

It is worth remarking that the aspect ratio of the defect is changing during the test,
because of the different crack growth rates experienced at the different points along
crack flanks. An intermediate aspect ratio, a/c, of 0.6 was calculated for the specimen
stopped before the end of the test, whereas the crack of the specimen stopped at the
target number of cycles exhibited an a/c equal to 0.73. The different crack growth
rates along the crack front, together with the small number of specimens tested, made
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5.4. FATIGUE CRACK GROWTH IN LARGE SCALE SPECIMENS

it impossible to obtain a relationship between a and c. This neglected the possibility to
obtain a graph like the one proposed in Fig. 5.12.

5.4.3 Analysis of constraint

The observation of the crack shape after the experiments underlined the fact that the
constraint factor, α, is changing along the crack front. In order to evaluate the loading
condition present at the crack deepest point and to evaluate opening and closing levels
according to Newman’s analytical model, a FEM model was developed to calculate α.
The FEM model employed for calculations is reported in Fig. 5.17: original crack pro-
file (Fig. 5.16b) was approximated with an ellipse, as proposed in Fig. 5.17a. 8-nodes
linear 3D elements were employed during the analysis: mesh was refined around the
crack front, with a minimum element size of 50 µm. In order to reduce computa-
tional time, all the present symmetries were considered: this allowed to model only one
quarter of the large scale specimen, as shown in Fig. 5.17b, in which boundary condi-
tions are also depicted. Normal displacements were neglected on the symmetry planes,
whereas the external force was applied on a reference point, connected to the model
by a coupling costraint. Reference point, during the simulation, had all the degrees of
freedom constrained, except of U3, the axial direction.
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Figure 5.17: Numerical analysis of the large scale specimen. a) Mesh refinement along the crack front;
b) boundary conditions; c) Plastic zone around the crack front, crack deepest point.
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According to Newman [82], the constraint factor can be calculated as:

α =

∫
A0
σndAn

σ0 · A0

(5.2)

where σn is the value of the stress in the n-th element of the plastic zone surrounding
the tip, An is the area of the n-th element of the total plastic zone A0 and σ0 is the flow
stress, calculated following Vormwald’s proposal (Eq. 5.1). Numerically, the integral
of Eq. 5.2 can be computed as:

α =

∫
A0
σndAn

σ0 · A0

≈
∑

i σni · Ai
A0σ0

= 1.47 (5.3)

where σn is the value of the stress calculated along the third direction and Ai is the area
in which the total plastic zone was divided, in which the stress was supposed constant
and equal to the nodal value. It was found that, for the given geometry, α = 1.47.

At this point it was possible to calculate the analytical values of the effective stress
ranges. In Fig. 5.15, analytical values are compared to those experimentally measured.
In this case, only the formulation of the flow stress proposed by Savaidis was consid-
ered. In order to observe the influence of the constraint factor on the crack opening
levels, three different values of α were considered. In particular, α = 1 (plane stress)
and α = 2.5 (plane strain) were taken into account, together with the value of the con-
straint factor numerically calculated. The plane stress condition is the most demanding
one, since it implies the highest value of ∆σeff , whereas the plane strain condition is
the one that exhibits the smallest values of the effective stress ranges. This behavior is
not in line with the experimental results, since it was observed that the opening loads
measured during small scale testing (α = 1) were higher than those recorded during
large scale tests: this means that the loading conditions considered in this study exceeds
the limits of validity of the analytical model proposed by Newman.

It is also worth remarking that the effective stress ranges measured during the exper-
iments were comparable to the total total stress range, since crack opening levels were
close to the applied minimum stress. From an engineering point of view, this means
that a crack propagation model based on total stress and strain amplitudes can be im-
plemented and provide satisfactory results. These experimental observations, together
with the da/dN -∆Jeff curve calculated in section 5.3, were employed in the following
section to provide a tool capable of assessing fatigue lives of large scale specimens.

5.5 FATIGUE LIFE ASSESSMENT FOR LARGE SCALE SPECIMENS

Tests performed on small scale specimens provided the da/dN - ∆Jeff curve neces-
sary for fatigue life assessment, whereas the crack closure measurements performed
on large scale specimens allowed an accurate estimation of the effective stress ranges
experienced by the defect during propagation. This information, together with a correct
formulation of ∆Jeff range can be used to estimate the fatigue life of the large scale
specimens.

This section is divided into two different parts. In the first, the analytical formulation
of ∆J is modified in order to take into account the geometry of large scale specimens.
At this point, the formulation is checked with a numerical model, in order to validate
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5.5. FATIGUE LIFE ASSESSMENT FOR LARGE SCALE SPECIMENS

the so-obtained equation. Finally, fatigue life of two specimens is assessed considering
two different propagation models. A model based on the total ∆J , interesting from
an engineering point of view, is implemented and its estimates are compared to those
proposed by the model which considers ∆Jeff .

5.5.1 ∆J formulation for large scale specimens

The general formulation of ∆J can be espressed as:

∆J = ∆Jel + ∆Jpl = Y 2πa

(
∆σ2

E ′
+ h (ni) ∆σ∆εpl

)
(5.4)

where Y is the geometric factor, ∆σ is the applied stress range, h (ni) is a function that
takes into account the effects of plastic strain, ∆εpl is the plastic strain and

E ′ =

{
E, plane stress

E/ (1− ν2) , plane strain
(5.5)

.
The concept of ∆J was proposed by Dowling [26, 31], who extended to fatigue the

line integral originally introduced by Rice [27]. Cyclic J-Integral was implemented by
replacing remote stress and strain with the remote stress and strain amplitudes cycli-
cally applied to the cracked component. This feature, together with the fact that J is a
line integral that can be computed only considering monotonic loadings, neglects the
possibility to extract the value of ∆J from numerical simulations. Because of this, in
this work the values of Y and h (ni) were calculated by considering a numerical model
of a large scale specimen monotonically loaded.

The FEM model reported in Fig. 5.17 was modified and employed for calculations:
the geometric factor Y was calculated by considering material elastic behavior. For the
given geometry, a value of 0.86 was obtained for the crack deepest point. This value
differs less than 5% from the value provided by Newman-Raju equations [112].

Material elastic-plastic behavior was introduced, in order to evaluate an estimate of
h (ni). Material inelastic behavior was modelled by adopting a power hardening law,
as proposed in Eq. 5.6, where the Ramberg-Osgood equation is reported.

ε = εel + εpl =
σ

E
+

(
σ

ki

)1/ni

(5.6)

During the simulation, the value of the applied force, F , was monotonically increased,
in order to evaluate the trend of J . It was found that Eq. 5.4 best fits numerical results
when the formulation of h (ni) proposed in Eq. 5.7 is adopted, as shown in Fig. 5.18.
This equation, originally proposed in [113], was calculated considering plane strain
conditions and it further confirms that the crack deepest point, during fatigue crack
propagation, experiences a stress condition similar to plane strain.

h (ni) =
3

4
√
ni

(5.7)

Following these observations, Eq. 5.4 was modified in order to take into account
the geometry of the large scale specimen, as proposed in Eq. 5.8, where plane strain
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Figure 5.18: Numerical analysis of the large scale specimen for J validation: comparison between
numerical and analytical results, expressed in terms of J vs applied force.

conditions are assumed.

∆J = a

(
2.12

∆σ2

E
+

1.75
√
ni

∆σ∆εpl

)
(5.8)

5.5.2 Fatigue life estimates

In this section, fatigue life of two broken specimens is assessed. The estimate is ob-
tained by calculating the number of cycles necessary for the crack deepest point to
propagate from the initial depth, a0, measured after precracking, to the final defect size,
af , measured after breaking the samples in liquid nitrogen.

An iterative procedure was implemented, in order to take into account material initial
transient behavior. This was necessary because the values of ∆σ and ∆εpl, during
initial fatigue cycles, are very different from those recorded in the stabilized hysteresis
loop. Moreover, this allowed the extraction of ∆J directly from the stress/strain cycles,
following original Dowling’s proposal [26]. The steps considered in each iteration of
the procedure are the following:

• calculation of the experimental stress and plastic strain amplitudes at the i − th
load cycle, together with the strain power exponent ni;

• evaluation of the applied ∆Ji;

• computation of the i− th crack increment as:

dai = c (∆Ji)
m · ˆdN, with ˆdN = 1 (5.9)

where c and m are the constants that describe the closure-free propagation curve
of the small scale specimens, shown in Fig. 5.12b.

• crack length update:
ai = ai−1 + dai (5.10)

Two different formulation of ∆J were employed during calculations. Since the
experimentally measured crack opening levels were very low, comparable to the min-
imum applied load, an initial model that considered ∆Jtot was adopted. According to
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this formulation, the total part of the stress and plastic strain ranges are considered in
∆J calculations. Fatigue life assessment obtained considering ∆Jtot is represented in
Fig. 5.19 by blue dashed lines. As expected, this formulation provides, for both the
experiments, conservative results. This feature makes the model very interesting from
an engineering viewpoint, since it provides consistent results with a relatively simple
formulation, making it the preferrable choice for industrial applications.

As a further step in the analysis, the model based on ∆Jeff was implemented. This
model follows the formulation proposed by Vormwald [3], described in Chapter 2. In
order to calculate the effective J-Integral range, ∆σ and ∆εpl where replaced in Eq. 5.8
with the effective stress and plastic strain ranges, calculated as proposed in Table 5.1.
Since it was not possible to evaluate crack closing levels, it was assumed that closing
occurs at σcl, the stress level in which, during unloading, the strain at crack opening,
εop, is reached, following what was experimentally observed on small scale specimens.

Table 5.1: Stress and strain components for ∆Jtot and ∆Jeff formulations.

∆Jtot ∆Jeff

∆σ = ∆σtot ∆σ = ∆σeff = σmax − σcl

∆εpl = εmax − εmin − ∆σtot

E ∆εpl = εmax − εop − ∆σeff

E
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Figure 5.19: Fatigue life assessment for the two broken specimens. The cross represents the experimen-
tal point, whereas the dashed and continuous lines are, respectively, the results of the simulations
performed considering the models based on ∆Jtot and ∆Jeff . a) Test performed at R = -1; b) Test
performed at R = 0.5.

Fatigue life assessment, obtained consideringt ∆Jeff is represented in Fig. 5.19 by a
continuous blue line. As it can be seen, the model tends to be unconservative when the
first sample is considered (Fig. 5.19a). This is due to the fact that, in our calculations,
the opening and closing levels were kept constant during the propagation, whereas it
has been proved [65] that even crack closure is a transient mechanism. In particular,
it was observed that a crack, in the early propagation stage, stays open for the whole
load cycle. This observation, together with the fact that the first test was interrupted
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after a very small number of cycles, explains the cause of the small error in fatigue life
estimation. On the other hand, the fatigue life assessment for the second test, obtained
considering ∆Jeff and proposed in Fig. 5.19b, provides more accurate results, reduces
the safety margin and probes that the opening levels measured with DIC are correct.

5.6 CONCLUSIONS

Fatigue crack growth under severe loading conditions was investigated for a linepipe
steel. A preliminary experimental campaign was performed on specimens containing
400 µm deep semi-circular defects, in order to observe fatigue crack growth. Two
different loading conditions were investigated. Specimens were initially tested with a
fixed strain ratio, R, equal to -1, with an applied strain amplitude, εa, equal to 0.0035
mm/mm, to check the ∆Jeff -based model presented in chapter 2. At this point the
strain ratio was changed to 0.5 and εa to 0.0025 mm/mm, in order to check crack prop-
agation with the selected straining conditions. Experimental results were analyzed in
terms of crack growth rates and were compared to those obtained testing a C(T) speci-
men at high stress ratio (R = 0.7). It was observed that experimental crack growth rates
were higher than those measured during long crack testing. Therefore, a new series of
experiments was performed on the same specimen geometry, in order to check crack-
closure. An innovative experimental technique, based on digital image correlation, was
employed to measure crack opening levels. The technique consisted in applying a vir-
tual strain gauge under the defect: crack opening and closing levels were evaluated as
the points in which the stress/strain cycle measured by the virtual gauge differed from
the remote one, measured by the extensometer which controlled the strain amplitude
applied to the specimen.

DIC-based measurements showed that the analytical opening levels, calculated with
the model proposed by Newman, were higher than those experimentally observed: this
means that the value of ∆Jeff calculated with the model underestimated the real crack
propagation driving force. At this point, the propagation model was modified to take
into account measured crack closure levels: experimental data points shifted on the
da/dN - ∆Jeff obtained from C(T) testing.

A different specimen geometry was then taken into account. Specimens with a 43
mm x 10 mm net section were tested with the same loading conditions applied on the
small specimens, in order to check crack propagation in presence of greater defects. In
this phase, 0.7 and 1.4 mm deep defects were considered. Crack opening levels were
measured during propagation, with the same technique employed for the small speci-
mens. Smaller crack opening levels were observed: this was related to the difference in
the constraint factor between the two considered geometries.

Finally, the crack propagation model was employed to assess fatigue life of the large
scale specimens: ∆J equation was modified in order to take into account the geometry
of the large scale specimens. A numerical model was employed to confirm the proposed
formulation, showing that, for the large scale geometry, the plastic part of the J-integral
can be modelled considering a plane strain condition.
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CHAPTER6
Concluding remarks

The primary objective of this Ph.D thesis was the study of short crack propagation in
components for the energy industry, such as turbine disks, blades and pipelines. These
components, during their in-service lifetime, are usually designed to withstand a lim-
ited number of load cycles. Gas turbines, for example, are vastly chosen to produce
the energy necessary to meet the load peaks requested by users: this means that, during
their lifetime, they are subjected to several start-ups and shut-downs, which correspond
to several load cycles. Because of this, they are usually designed considering a target
of 10000 cycles. The same observations can be made for pipelines: due to the high
demand of oil resources, these products have to deal with very complex exploitation
fields. In particular, these tubes are subjected to high pressures and to elevated changes
in temperature, which imply that, during their in-service operations, they have to with-
stand a series of severe load cycles in presence of very high strains. It is evident that
fatigue life design of these components should take into account the presence of high
plastic strains, meaning that fatigue cracks, during cycling, propagate in plastic regions.

Because of this, the activity developed in this thesis was focused on the study of
crack propagation in presence of plastic strains. Experimental campaigns were devel-
oped in order to observe crack propagation in specimens that simulated the stress/strain
conditions present in the most critical parts of the components, such as the blade at-
tachments of turbine disks. Experimental results were compared to those provided
by analytical models which considered short crack propagation in the LCF regime.

In Chapter 2, an experimental campaign was developed to check the effects of high
temperature on short crack propagation. Experimental results were analyzed by apply-
ing a model based on ∆Jeff . The analytical formulation of ∆J was modified, following
Dowling’s original proposal, in order to evaluate the cyclic J-Integral directly from the
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Chapter 6. Concluding remarks

hysteresis loops. This new formulation allowed the extraction of ∆J even for those ma-
terials that do not exhibit Masing’s behavior and for those loading conditions that imply
the presence of a mean stress. It was found that models based on ∆J cannot be applied
on short crack propagation above a given temperature, since there are damage mecha-
nisms present at the crack tip. Therefore, it was necessary to include an acceleration
factor in the calculations, in order to provide conservative assessments.

In Chapter 3, the necessity to accurately describe material cyclic response was high-
lighted by the analysis of short crack propagation in presence of a plastic strain gradi-
ent. This activity was performed in order to observe short crack propagation in loading
conditions similar to those experienced by turbine disks. A numerical analysis, which
considered material elastic-plastic behavior, was performed in order to check the stress
field present at the root of blade attachments, the most critical parts of the disk. It
was found that the particular in-service conditions induced, in this part of the disk, an
elastic shakedown response. This condition was also observed during the experiments
and implied that a formulation based only on the stress intensity factor ranges could
be adopted, since the plastic term of ∆Jeff equation was nearly zero, being the fatigue
cycle fully elastic (∆K =

√
∆J · E). It was found that the propagation model was

able to describe crack propagation only when the load cycle registered at the root of the
notch was fully reversed. The reasons of the wrong estimates, obtained when a mean
stress was present, were related to the analytical model adopted to measure crack open-
ing levels: the model proposed by Newman, usually employed in these calculations, is
not suitable for loading conditions with an applied mean load.

Because of this, an innovative experimental technique, based on digital image cor-
relation, was developed to measure crack opening loads. In Chapter 4, this technique
was adopted to measure crack opening and sliding levels during Mixed Mode (I+II)
propagation in single crystals. The material used for testing was a Ni-based super-
alloy, Haynes 230. Moreover, a regression algorithm was applied in order to extract
crack propagation driving forces from the displacement field measured around crack
tips. The measured stress intensity factor ranges were employed to evaluate the cyclic
plastic strain zones present around the tip. In order to validate the presented tech-
nique, a numerical model, which considered single crystal plasticity was developed.
Numerically calculated plastic zones were compared to those experimentally extracted,
showing good agreement in terms of shape and extension.

The technique presented in Chapter 4 was applied to LCF in Chapter 5. In this
chapter, an experimental activity was performed to check crack propagation under se-
vere loading conditions, like those experienced by pipelines for undersea applications.
Experimental results, depicted in Fig.6.1, showed that crack opening levels were com-
pletely different from those calculated considering Newman’s analytical model. At
this point, measured crack opening levels were implemented in the crack propagation
model based on ∆Jeff . It was found that, in order to obtain conservative assessments,
material cyclic response had to be accurately modeled, underlining, another time, the
necessity to include material transient behavior in calculations.

The work presented in this thesis can be further developed in two different lines.
First of all, new analytical models and computational methods for opening levels eval-
uation should be developed, since it is evident that the model proposed by Newman
is not suitable for LCF at R 6= 0 , because it does not take into account effects such
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Figure 6.1: Comparison between crack opening levels calculated according to Newman and experimen-
tal measurements at R = -1. Grey points represent results presented in [3], whereas red points are
those experimentally measured in this work.

as ratchetting and it is able to predict closure levels only when fully reversed loading
is considered. Numerical techniques, such as those presented in [114, 115], can be
considered.

Finally, another possible development is the study of short crack propagation in
Haynes 230 polycrystals, following the techniques discussed in Chapter 2. Being
Haynes 230 an alloy designed for high temperature applications, it is expected that,
during short crack propagation tests at high temperature, the alloy does not exhibit
the damage mechanisms highlighted in chapter 2 during propagation in quenched and
tempered steels. This could open to more precise prediction models of Ni-based super-
alloys in turbine disks and blades, because higher operating temperatures are needed
for new power generation turbines.

The crack closure measurements, performed on single crystals, can also be em-
ployed to develop predictive models for components that present a single crystal struc-
ture, such as turbine blades. They can also be used as a starting point for the im-
plementation of models that predict closure levels in polycrystals, considering grain
interaction.
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APPENDIXA
Analysis of damage with the GTN model

In order to provide a possible explanation of the higher crack growth rates registered
during fatigue tests performed on the line pipe steel, fracture surface was investigated.
The surface analysis, reported in Fig.5.6, underlined the fact that a damaged area is
present ahead of the tip. In particular, it can be observed that the damaged area extends
from the horizontal precrack and has a triangular shape. This damage mechanism can
be related to the very high plastic strains present around crack tip: in particular, it was
supposed that the strain field acting at the tip during the first load can initiate a process
of nucleation, growth and coalescence of small voids. Because of this, a numerical anal-
ysis based on the Gurson, Tvergaard and Needleman (GTN) model was implemented.
In the following sections a brief overview of the constitutive model is provided, together
with the results obtained from FEM models of the cracked specimens.

A.1 The GTN model for void nucleation, growth and coalescence simu-
lation

The initial formulation of the GTN model is due to Gurson [110], who developed a
constitutive model for porous ductile media based on a rigid-plastic material behavior
and the upper bound theorem of plasticity. Tveergard [116, 117], after detailed phe-
nomenological studies of the bifurcation behavior of materials containing periodical
distributions of voids, refined the constitutive Gurson’s model by modifying its original
yield function, including three additional parameters (q1, q2 and q3):

Φ =
σ2
M

σ2
y

+ 2q1f
∗cosh

(
q2

3σh
2σy

)
−
(
1 + q3f

∗2) = 0 (A.1)

where σM is the von Mises stress of the deviatoric part of the macroscopic stress tensor,
σij , σh is the macroscopic hydrostatic stress, σy is the current flow stress of the fully
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dense material matrix and f ∗ is the effective void volume fraction.
The plastic strains are derived from Eq. A.1; the presence of the first invariant of the

stress tensor in the yield condition results in non-deviatoric plastic strains:

ε̇plij = λ̇
∂Φ

∂σij
= λ̇

(
1

3

∂Φ

∂σh
I +

3

2σM

∂Φ

∂σMS

)
(A.2)

where I is the identity matrix, S is the deviatoric part of σij and λ̇ is the non-negative
plastic flow multiplier.

The matrix flow stress, σy, is calculated by imposing equality between the rates of
macroscopic and matrix plastic work:

σij ε̇
pl
ij = (1− f ∗)σy ˙̄εpl (A.3)

where ˙̄εpl is the average effective plastic strain rate of the material. It can be noted that
this formulation gives the same results of the von Mises one, in the limiting case of
zero porosity (f ∗ → 0) and that, on the other hand, f ∗ = 1 implies that the material
is fully voided and has no stress carrying capacity. In his work, Tvergaard [116, 117]
originally suggested the values of q1 = 1.5, q2 = 1 and q3 = q2

1 . The concept of f ∗, the
effective void volume fraction, was introduced by Needleman and Tvergaard [111], to
better predict the effects of coalescence. It is calculated starting from the void volume
fraction, f :

f ∗ =


f, f ≤ fc

fc + f∗u−fc
fF−fc

(f − fc) , fc < f < fF

f ∗u , f ≥ fF

(A.4)

where f denotes the current void volume fraction, fc is a critical value at which f ∗

starts to deviate from f , fF is the value of void volume fraction at which the material
is no longer capable of carrying stress andf ∗u is the value of f ∗ at fracture and can be
calculated as:

f ∗u =
q1 +

√
q2

1 − q3

q3

(A.5)

To complete the constitutive model, the total change in void volume fraction is ex-
pressed as the contribution of two different processes, the growth of existing voids and
the nucleation of new voids. Mathematically this can be expressed as:

ḟ = ḟgrowth + ḟnucleation (A.6)

Assuming that the growth of the existing voids is based on the law of conservation of
mass, ḟgrowth can be written as:

ḟgrowth = (1− f) ε̇plkk (A.7)

where ε̇plkk is the trace of the macroscopic plastic strain rate tensor. Void nucleation
based on plastic straining can be computed as:

ḟnucleation = A ˙̄εpl (A.8)
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A.2. Numerical simulations of tensile behavior of a line pipe steel

where the parameter A follows a normal distribution [118], described according to
Eq. A.9, where εN is the mean value of the nucleation strain, sN is the standard devia-
tion and fN is the volume fraction of the nucleated void. According to the GTN model,
voids are nucleated only in tension.

A =
fN

sN
√

2π
exp

[
−1

2

(
ε̄pl − εN
sN

)2
]

(A.9)

The GTN model describes material behavior with eight parameters (εN , sN , fN , q1,
q2, q3, fc, fF ). An additional parameter, f0, can be added to the model. This parameter
is introduced in the model to take into account the presence of voids in the material
even before loading. In the following section, the GTN model was applied to simulate
stress/strain behavior of a cylindrical specimen subjected to axial loading, in order to
check if the model can correctly describe the stress/strain behavior of the considered
line pipe steel.

A.2 Numerical simulations of tensile behavior of a line pipe steel

At this point, two different numerical simulations of a cylindrical specimen were de-
veloped in order to check if the GTN model can accurately describe material behavior
not only in terms of stress/strain response, but also in terms of failure mechanisms.

In the present work, the model was implemented by considering the set of parame-
ters reported in Table A.1.

Table A.1: GTN model parameters.

q1 q2 q3 εN sN fN fc fF f0

1.5 1 2.25 0.3 0.1 5·10−4 0.02 0.1817 1.5·10−4

The first model considered during calculations is shown in Fig. A.1a, where the
applied boundary conditions are depicted. 20 µm long quadratic axial-symmetric el-
ements were used in the reduced section of the specimen. In Fig. A.1b, numerical
results, in terms of von Mises stress, are reported: the model, at the end of the sim-
ulation, is capable of predicting necking, which occurs in the reduced section of the
specimen.

In Fig. A.1c the 3D model employed for calculations is reported. In order to reduce
computation time, only one eighth of the specimen was modeled. Even in this case
the chosen element size, in the reduced section, was 20 µm. In Fig. A.1d the results
registered at the end of the simulation are reported: necking is correctly predicted even
during 3D simulation.

A comparison between the numerical stress/strain curves and the one experimentally
obtained is reported in Fig. A.2: GTN model is capable of predicting the value of the
ultimate tensile strength , even if the simulated curves present a more marked softening.
it is worth remarking that both 2D axial-symmetric and 3D simulations provide the
same results. Because of this, a new numerical model was implemented. The geometry
of the small scale specimen was modeled. A crack was introduced in the model, in
order to simulate the conditions present during the first strain ramp of the fatigue tests.
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Appendix A. Analysis of damage with the GTN model
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Figure A.1: Numerical models employed for monotonic stress/strain simulation. a) Boundary condi-
tions of the axial-symmetric model; b) Numerical stress distribution at necking in the 2D model; c)
Boundary conditions of the 3D model; d) Numerical results for the 3D geometry at necking.
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A.3. FEM simulation of the cracked small scale specimen

Numerical results, together with a discussion of the FEM model employed, are reported
in the following section.
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Figure A.2: Comparison between experimental and numerical stress/strain curves.

A.3 FEM simulation of the cracked small scale specimen

The numerical analyses of the monotonic stress/strain curve of the pipeline steel under-
lined the capability of the GTN model to describe material behavior, in particular when
the material start softening. The following step was to apply GTN equations on a FEM
model representing the specimens after compression precracking, in order to check if
the damaged area observed around the crack after the first load cycle could be related
to void nucleation and growth. The grid employed for calculations is depicted in Fig.
A.3a: only one half of the specimen was considered, in order to reduce computational
time. A semi-circular crack, whose depth was 0.5 mm, was modeled in order to simu-
late the defect after precracking. Mesh was refined around the crack front: the size of
the elements in this area was 20 µm. An axial displacement of 0.12 mm, necessary to
apply a remote strain of 0.01 mm/mm, was applied to the model, in order to simulate
the initial strain ramp.

Numerical results, in terms of equivalent plastic strain, are depicted in Fig. A.3b,
whereas the damage, expressed in terms of f ∗, is reported in Fig. A.3a: the model
predicts that an increase in void volume fraction is present around the tip, but it is equal
to 2.5·10−4, a value which is very far from fF , the value at which the material is no
longer capable of carrying stress. Moreover, the zone in which the damage initiation is
present is very small, around 60 µm.

The numerical analysis based on the GTN model highlighted the fact that the speed
increment is not related to a damage mechanism acting at the tip: this means that the
difference between short and long crack propagation expressed in Fig. 5.5 is related to
a different factor, crack closure.
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Appendix A. Analysis of damage with the GTN model

(a)

200 µm

(b)

Figure A.3: 3D model of the 0.5 mm deep semi-circular crack. a) Void volume fraction after the first
load. b) Equivalent plastic strain (PEEQ) distribution around the crack front.
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