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1

Introduction

Multiphase flows are ubiquitous in science and applications. For this reason, the
study of reliable mathematical models and the design of accurate numerical so-
lutions for their approximations are crucial challenges.

In this chapter we briefly introduce the phase-separation problem and its
modelization with the Cahn-Hilliard (CH) equation. In particular, we will focus
our attention on the role of boundary conditions, discussing the so called dynamic
boundary conditions that take into account the interactions of the two mixtures
with the wall of the box containing the two-phase fluid. Finally, we discuss the
choice of employing discontinuous Galerkin (DG) discretization for the Cahn-
Hilliard problem.

1.1 Phase separation process

Let us consider a melted binary alloy. If the temperature is still above the critical
threshold T, of the alloy, there exists only a mixed phase and the configuration
is stable. When the alloy is cooled down to T < T, there happens a partial
nucleation: the initial homogeneous mixture is rapidly split into small growing
subregions rich of a single component (cf. Figure 1.1). This process is known as
spinodal decomposition. At the same time of the development of the subregions,
it takes place the coarsening phenomena: the current shaped structures slowly
aggregate themselves in bubble-like regions and grow.

According to the theoretical point of view, the stationary state, if it exists,
is often composed by few big regions of pure components. The final pattern
depends on the mean of the concentration of the phases, their initial patterns
and the type of boundary condition imposed. With the aid of the phase diagram
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Figure 1.1: Snapshots of phase separation process taken. In the figure is repre-
sented the concentration of a phase of a chemical compound at some time-step

of Cahn-Hilliard problem (taken

from [24]).

in Figure 1.2 we can more formally summarize what happens when the alloy is
cooled down [15]. Above the coexistence (blue) curve, the two phases form a
stable homogeneous composite. Otherwise, in the zone below, there are allowed
heterogeneous distributions. On the other hand, the spinodal (red) curve divides
the unstable configuration (below) from the stable mixtures with respect to small
perturbation, called metastable configuration (above).
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Figure 1.2: The different phase status in function of the temperature.

1.2 The Cahn-Hilliard equation

One of the most utilized model for phase separations is the Cahn-Hilliard equation
introduced by Cahn and Hilliard in 1958 [46] where it is assumed that there exists
a tiny diffused interface (separating the different phases) where the phases can
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coexist. The Cahn-Hilliard equation is a time dependent non-linear equation of
the fourth order. One of its simplified version reads as

Ou+ A(V*Au — ¢(u)) = 0, (1.1)

where v > 0 is a given constant known as the interface parameter related to the
thickness of the interface and ¢(-) is the derivative of a suitable potential ®(-).

More frequently, the Cahn-Hilliard equation is stated making explicit the
chemical potential w = ¢(u) — y*>Au:

w = ¢(u) — y*Au. (1-2)

{&u — Aw =0,

The solution u, also called order-parameter, is defined such that u(z,t) ~ 1
if and only if, at time ¢, phase 1 is present at the point x € €2, and, respectively,
u(z,t) &~ —1 if and only if phase 2 is present at the point z € Q at time ¢.

An important role in (1.2) is played by the choice of the potential ®. A
common choice for @ is represented by the Helmholtz free energy density which
takes into account the different phase status in function of the temperature T
and the critical threshold 7, and reads as follows

NEgT. NEgT 1— 1
- ke B (1= s) In(Fo) + (1+5) In(——

d(s) (1—s%)+

), 0<T < T,
(1.3)
for s € (—1,1), being kp the Boltzmann constant and /N the molecular density.
This type of free energy forces the solution u to belong to the interval I = (—1,1)
(cf. Figure 1.3). However, this potential is very difficult to handle, especially in
numerical simulation, due to its singularities in +1. For this reason it is com-

monly replaced by the smooth polynomial free energy

D(s) = }1(32 —1)% seR.
In the following we will always consider the smooth polynomial free energy. This
approximation of the physical potential does not guarantee that u belongs to I,
but it keeps the double-well behaviour.
The equation (1.1) can be easily derived from the minimization over the time
of the following energy functional

]E(u):/g<g|Vu|2+®(u)>, (1.4)

where €2 is a smooth enough domain of the problem. In fact, minimizing the
energy E(-) over the time yields the mass balance law

Ou+V-J=0in Q.
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Figure 1.3: Comparison between the logarithmic potential (with 7, = 10/7 and
T = 1) and the polynomial potential.

The Cahn-Hilliard equation is obtained by defining the flux J as

J=-V (5E(“)> =V (¢(u) — y*Au) .

ou

The interface parameter v is usually taken in the range of 1073 — 1072
This number plays an important role because it is proportional to the maximum
thickness in which the two phases coexists (cf. Figure 1.4): the interface thickness
J is about 7.5 (see, e.g., [49]).
In numerical simulations, small values of v requires higher spatial resolution:
typically at least 8-10 elements are needed across the interfacial region (see, e.g.,
[33])-

Figure 1.4: Example of tiny layer in which the two phases coexists and its thick-
ness 0.

As discussed above when we described the phase separation process, the Cahn-
Hilliard problem exhibits two characteristic time lengths: the former is related
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to the early aggregation of the spinodal decomposition and the latter to the long
time behaviour of the solution. Those time lengths are very different (cf. Figure
1.1) and it is very difficult to precisely capture the behaviour of the solution with
a fixed choice of the time-step. Explicit numerical discretizations require severe
time-step restrictions of the form At ~ h*. Recently, adaptive time schemes has
been proposed to deal with this restriction (see, e.g., [42]).

We conclude this brief overview mentioning that the Cahn-Hilliard equation
is not only used to model phase-separation processes, but, suitable modifications
have been applied in several fields like: liquid-liquid interface [55], solidification
processes [20, 58], dendritic flow [47, 51], microstructure evolution in solids [39],
thin films [64], irregular structure of Saturn’s rings [66]. More recent applications
are model foams [38], biofilms [52], inpainting in binary images [14, 19], wound
healing and tumor growth [50] and the study of spatial distribution of mussels
[54].

1.3 Boundary conditions

As it is typical in modelling physical phenomena with PDEs, the choice of ap-
propriate boundary conditions plays a crucial role. A common choice for the
Cahn-Hilliard problem is to impose homogeneous Neumann condition for the
chemical potential w. This can be justified by a physical point of view; in fact,
if we integrate the first equation of (1.2) over Q and we apply the divergence
theorem we obtain

i u =0,
dt Jo
and, consequently, the conservation of the mean concentration of w.

As far as the boundary condition for u, homogeneous Neumann condition is
typically employed. This choice forces the gradient of u to be parallel with respect
to I' = 0€). However, since this is a strong assumption that in real application it
is not always satisfied, physicist have recently introduced a new type of boundary
condition that takes into account the interaction of the mixture with the walls of
the box containing the fluid. Those conditions are called dynamic since they are
characterized by the explicit presence of the time derivative d;u. In the sequel,
we briefly sketch the derivation of the dynamic boundary conditions. Following
[21], we introduce the new total free energy as

]E(u):/g<§|Vu|2+®(u)> dx+/r(%lvpu|2+%\u|2+\ll(u)) ds, (1.5)

where o4, A\; > 0 and W is the antiderivative of a regular enough function ). The
first integral in (1.5) represents the bulk energy (like in (1.4) ), while the second
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is related to the surface energy. Evaluating the first variation of the total energy
E(u) with respect to u and testing it with a smooth enough function v we obtain

<5E<U> | U> _ /Q (=7?Au + é(u)) v da+ / (—ouAru + At + 7 pu + 1b(u)) 2 ds.

ou r

Assuming that on I' the density relaxes proportionally to the part of the flux
belonging to the border, the dynamic boundary condition reads as

A 1

O-S S
Aou = WAFU — O, — WU — ﬁw(u) onT,

with A > 0.

1.4 DG methods

The design of efficient and reliable numerical schemes for the discretization of
the Cahn-Hilliard equation is the object of an intensive research activity (see,
e.g. [34, 35, 40, 65] and [57] where dynamic boundary condition are employed).
However, due to the fact that the solution of the Cahn-Hilliard equation exhibits
large variation in its gradient, discontinuous Galerkin methods have been recently
proposed as a numerical strategy to obtain accurate simulations (see [49, 68]).
The discontinuous Galerkin method are a non-conforming technique for solving
differential equations introduced for the first time in 1973 by Reed and Hill for
hyperbolic equations [60]. They combine features of the finite element and the
finite volume framework, approximating the discrete solution with discontinuous
basis functions. The communication between the basis functions of different
elements takes place by the introduction of suitable penalization terms on the
jumps (i.e., the difference of the function values defined from adjacent elements
on the common interface). Recently, those methods became largely utilized and
they also extended to elliptic and parabolic problems. They are also applied to
a very wide variety of problems. The DG methods have several advantages like

e They can be easily designed for any order of accuracy: the basis functions
can be locally built on each element.

e They work on complicated geometry and boundary conditions. They can
also allow hanging nodes in the triangulation.

e They exhibit at least (k + 3)—th order of accuracy (and often k 4 1—th)
in L? norm of the error, where k is the maximum degree of the piecewise
polynomial functions used. That order is independent of the structure of
the meshes.

e They are suitable for hp—adaptivity.
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e They are local in data communications: every element needs to communi-
cate only with their neighbours. This implies that the methods have high
performances with parallel computing.

The major drawback of DG approach is that, since we work with discontinuous
functions, we globally have more degrees of freedom and the size of the problem to
be solved becomes larger. Despite this fact, hp—adaptivity is a powerful feature
that has the chance to reduce the computational cost making the DG methods
competitive with classical finite element methods.

1.5 Notations

Throughout the entire thesis, we write z < y to signify x < Cy, where C' is a
generic positive constant whose value, possibly different at any occurrence, does
not depend on the discretization parameters. Moreover, we use x ~ y to state
the equivalence between z and y, i.e., Ciy < x < Csy, for C;, C5 independent
on the discretization parameters.

This thesis is devoted to the design of a new DG approximation of CH equation
with dynamic boundary conditions. To achieve this goal we focus on a set of sub-
problems that represent crucial steps towards the achievement of the final goal.
In particular, Chapter 2 is devoted to the introduction of discontinuous Galerkin
on elliptic surface problems in which we present the surface high-order discretiza-
tion for the principal discontinuous methods present in literature. In Chapter 3
we present and analyze a parabolic problem with dynamic boundary conditions
in symmetric interior penalty (SIPG) framework. In Chapter 4 we explore sev-
eral classical multigrid techniques to improve the efficiency of the solution of the
algebraic problems stemming from the DG approximation of the Cahn-Hilliard
equation. In Chapter 5 we introduce a new set of smoothers and we analyze their
performances using local Fourier analysis (LFA). Chapter 6 is devoted to the DG
approximation of the Cahn-Hilliard problem with dynamic boundary conditions.
Finally, Appendix A contains well-known multigrid schemes and useful results to
solve non-linear problems.






2

High order discontinuous Galerkin
methods for elliptic problems on surfaces

In this chapter we present and analyze a unified framework for high order DG
methods on surfaces following the approach taken in [27]. The results contained
in this chapter have been already presented in [2].

2.1 Model problem

The notation in this section closely follows the one used in [31]. Let I" be a
compact, oriented, C*°, two-dimensional surface without boundary which is em-
bedded in R3, and let d(-) denote the signed distance function to I' which we
assume to be well-defined in a sufficiently thin open tube U around I'. The orien-
tation of I is set by taking the normal v of I' to be in the direction of increasing
d(-), i.e.,

v(€) = Vd(E), €€T.

We denote by 7(-) the projection onto I'; i.e., w : U — T is given by
m(x) =2 —d(z)v(z) where v(z) = v(m(x)). (2.1)

In the following, we assume that there is a one-to-one relation between points
x € U and points £ = 7(z) € I'. In particular, (2.1) is invertible in U. We denote
by

PE) =1-v(§)@v(E), ST,

the projection onto the tangent space T¢I on I' at a point £ € I', where ® denotes
the usual tensor product.
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Remark 2.1 [t is easy to see that
Vr=P—dH, (2.2)

where H = V?2d [31, Lemma 3.

For any function n defined in an open subset of U containing I" we define its
tangential gradient on I' by

Vrn=Vn—(Vn-v)v=PVp,
and the Laplace-Beltrami operator by
Arn = Vr - (Vrn).
For an integer m > 0, we define the surface Sobolev space
H™T)={u € L*T) : D*uc L*(I)V |a| <m}.

We endow the Sobolev space with the standard seminorm and norm

1/2

m 1/2
fulimy = | S 1Dl | ||uHHm<r>=(Z|ulimr>> :
k=0

|a|=m
respectively, cf. [69].

Let f € L*(T') be a given function, we consider the following model problem:
Find v e HY(T) such that

/Vpu -Vrv+uv dA = / fv dA Vv e HY(T). (2.3)
r r

We denote by respectively dA and ds the two and one dimensional surface mea-
sures over I'.  Throughout the chapter, we assume that v € H*(I"), s > 2.
Existence, uniqueness and regularity of such a solution are shown in [8].

2.2 High order DG approximation

We now follow the high order surface approximation framework introduced in
[28]. We begin by approximating the smooth surface I" by a polyhedral surface
I';, C U composed of planar triangles K » whose vertices lie on I', and denote by
'7N71 the associated regular, conforming triangulation of I',, i.e., I'y, = Uf(heffh IN(h.

We next describe a family T'f of polynomial approximations to I' of degree
k > 1 (with the convention that I} = I';). For a given element [N(h € ’771, let
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{¢F}1<i<n, be the Lagrange basis functions of degree k defined on K n correspond-

ing to a set nodal points z1, ..., z,, . For z € l?h, we define the discrete projection
7w, 'y = U as

ng

k
m(x) =Y () dh(x).
j=1
By constructing 7 elementwise we obtain a continuous piecewise polynomial map
on I'y,. We then define the corresponding discrete surface I'f = {m(z) : z € T}

and the corresponding regular, conforming triangulation 7, = {m(Kn)} g, 7. -

We denote by & the set of all (codlmensmn one) intersections €, of elements in
771, ie., e, = K NnK; ., for some elements K K e 7@ Furthermore, we denote by
he, the length of the edge €, € Eh For any e, € Sh, the conormal nh to a point
x € €, is the unique unit vector that belongs to T, K h* and that satisfies

nf(z)-(x—y) >0 Vye K} NBz),

where B.(z) is the ball centered in x with (small enough) radius € > 0. Analo-
gously, one can define the conormal n, on €, by exchanging K, with K, . It is
important to notice that, with the above definition,

nZ # —n,

in general and independently of the surface approximation %k (see Figure 2.1).
Flnally, we denote by v, the outward unit normal to I'} and define for each
K n € E the discrete projection P, onto the tangential space of I'¥ by

Pu(z) =1 — u(z) @ wp(z), = € Ky,
so that, for v;, defined on T'¥,
Vrﬁvh = Pthh.

Let K C R? be the (flat) reference element and let F = mp 0 Fp @ K —
[A(h C R? for IA(h € ’7A7“ where Frp, + K — [?h is the classical affine map from the
reference element K to K, n - We define the isoparametric DG space associated to
% by

Spi = {x € LA(I}) - Xlg, = xo° Ff;,j for some y € P¥(K) VK, € ’ﬁ}

For v, € §hk we adopt the convention that v,jf is the trace of vj, on €, = K ;[ NK hn

taken within the interior of K ,jf, respectively. In addition, we define the vector-
valued function space

Sk = {7 e [L2TN)? : Tlg, = VFI:(hT (7‘ o ngi) for some 7 € [PF(K)]? VK, € ﬁ}
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Figure 2.1: Example of two elements in 7,, and their respective conormals on the
common edge €.

Here, VF' refers to the (left) pseudo-inverse of VF | i.e.,
Kh h
-1
-1 _ T R T
VF = (VFLVF; ) VFL.

Note that PhVFf;T = VFIA;T, ie, T € f]hk = 7T€ TCCF’fL almost everywhere.
h h
This result straightforwardly implies that n € Sy, = Vr'gﬁ € Xpk. Indeed, by
definition of Sy, there exists € P*(K) such that = y o F[Azl and it holds
h

Vren = PV (x o Ff;}j) = PhVFf;hT(vX o Ff;j) = VFF;Z’(VX o Flgi). (2.4)

Then, the result follows by taking 7 = Vy in (2.4).

2.2.1 Primal formulation

Rewriting (2.3) as a first order system of equations and following the lines of [7],
we wish to find (up,0p) € Spr X Xpi such that

/A Op - Wh dAhk:_/A uhvrﬁ-wh dAhk—i-/A uwh-nf(h dShk,
Kh Kh 8Kh

/; Op * Vpﬁvh + URp U, dAhk = N fhvh dAhk + /A g - nf(h Up, dShk,
Ky oKy,

Ky,

for all wy € ihk, vy € §hk, where dAy, and dsy, denote the two and one
dimensional surface measures over I'f, respectively, and the discrete right-hand
side f, € L*(I'}) will be related to f in Section 2.3.1. Here u = u(uy) and
o = 0(up,on(up)) are the so called numerical fluxes which determine the inter-
element behaviour of the solution and will be prescribed later on. In order to
deal with these terms, we need to introduce the following discrete surface trace
operators:
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Definition 2.1 Suppose there is an element numbering for all l?h € 7A71 For
g€l 7 L2((3Kh) {q} and [q] are given by

{a} =5 (q +q7), ld=a"—q oneneé.
For ¢,n € [HRhEﬁLQ(aKh)]B, {p;n} and [¢;n] are given by

(i) = 26"t — o), Gl =0t @t 4o n ondnebh (25)
We now state a useful formula which holds for functions in
H'(Th) = {vlg, € H'(Ky) : YKy € To}.
Its proof is straighforward and therefore is omitted.
Lemma 2.1 Let ¢ € [H'(T;)]® and o € H'(T;). Then we have that

S [ vong, d= 0 [ lomnlw) + o] do

Kh 7—h ehegh

We then prooced as in [7] and integrate again by parts the first equation, sum
over all elements, and apply Lemma 2.1. We then obtain

Z /:\ Op - Wh dAhk: Z /\ Vpﬁuh-wh dAhk

~ ~ JK ~ =~ JK,
KneTh g KneTh "

+ Z/ u — upl{wp; np} + {u — upHwp; np dsuk,

eneéy,
(2.6)
Z /A ah-Vrﬁvh+uhvh dAhk: Z /A thh dAhk
Kh€7-h K IA(h€7A'h K
+ Z / {O' nh} Uh] [0’ nh]{vh}> dShk,
ehegh
(2.7)

for every wy, € ihk and v, € §hk.

We now introduce the local DG lifting operators rg, : L*(€;,) — She and
lz, : L*(€5,) — Xpx which satisfy

/k Tgh(qb) *Th dAhk = —/ ¢{Th;nh} dspx vTh € ihlm
ry €n
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/k le,(q) - T dApk = —/ q[mh;mp) dspe V7 € S
Tk 2

€h

The existence of such operators follows from standard arguments. Moreover,
notice that for any edge €, the support of the operators rg, (-) and Iz, (-) is
confined to the two nelghbormg elements sharing the edge ¢,. We then set ry, :
LQ((C;}L) — Ehk and lh (Sh) — Ehk, glven by

rh(¢) = Z T€h<¢>7 lh(¢) = Z lgh(¢)

/e\hégh é\hEgh

Using Athese, we can write o, solely in terms of u,. Indeed, on each element
K}, € T;, we obtain from (2.6) that

on = on(un) = Vprup — rp([u(un) — un]) — ln({ulun) —un}). (2.8)

Note that (2.8) does in fact imply that o}, € ihk as Vrﬁuh € ihk and rp,, [, € ihk
by construction. Taking w, = Vrﬁvh in (2.6), substituting the resulting ex-
pression into (2.7) and using (2.8), we obtain the primal formulation: Find
(up,on) € Sik X S such that

Aﬁ(uh,vh) = Z /A fhvh dAnk Y, € §hk‘7 (29)

S JK
KneTn h
where

A’fl(uh, Uh) = Z /A Vrz’u,h : szvh -+ UKV dAhk

Kn€Th Kn

+ Z / u— up {vrk?}h,nh} {G:np}on]) dsnx
eneé

+ Z / ({u — up} Vpkvh,nh] [0;np]{vn}) dsp. (2.10)
ehegh

2.2.2 Examples of surface DG methods

For the following methods we introduce the penalization coefficients 7z, and Sz,
defined as

Ne, =, Be, = ak:thhl, (2.11)

where o > 0 is a parameter at our disposal.
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2.2.2.1 Surface Bassi-Rebay method

To derive the surface Bassi-Rebay method, based on [10], we choose

= {uh}a

’/LL\+ = {Uh},
= —{Jh;nh}n;.

a,
8’+ = {ah;nh}n;, 8_

By (2.8) we obtain o, = Vprup, + ru([ug]). From the definition (2.5) we have
{o5nn} = {oninn} = {Vreun;nn} + {ra([un]); nn},

which implies

> [ @i ds

€h

é\hEEh
= /A{Vr;guh;nh}[vh] dswc+ Y /A {ra([un]); nn}vn] dsn
€h€§h ch €h€§h cn
= > [ {Vrsun; na}vn] dswe— > [ rn([un]) - 7 ([0n]) dApk.
enedn =" Kn€Th K
Therefore, making use of the fact that {u — up} = 0, [u — up] = [us] and

[0;n,) = 0, we have that

Ai(“h, Uh) = 2.
KL€Th
_ Z /gh <{Vr‘ﬁuh; nh}[?)h] + {Vrlﬁvh; nh}[uh]> dspk- (212)

€h68h

<Vrﬁuh . Vrﬁvh + upvp, + Th([uhD . Th([vh])) dAhk

Ky,

2.2.2.2 Surface Brezzi et al. method
For the surface Brezzi et al. method, based on [18], we choose

u = {up}, u” = {up},

ot = {on+nere,([un));nntng, 67 = —{on + g7, ([unl); natny,

The method is similar to that of Bassi-Rebay, but with an additional term. In-
deed,
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/{O’ Tlh} ’Uh dShk

ehegh
= 3 [ {on e ) Hon] e
€he§h €h
= Z /{Vrkuh,nh} ) dsnk + Z /{Th up) + ne, e, ([unl); non ton] dsu
ehegh ehEgh
= / {Vrsun; na}vn] dsue— > [ rr([un)) - ra([vn]) dApk
ehegh Kheffh K
= 3 [ o)) v (o)
KhG'Th
Then
Az(uh,vh): Z /A Vrﬁuh-vpﬁvh+uhvh dA
]?héﬁ Kn
— Z / {Vrkuh,nh}[vh]—i—{Vth,nh}[uh] dShk
ehégh h
+ ) /A rr([un]) - rn[vnl) + ne,re, ([un]) - 7, ([vn]) dAp. (2.13)
- JEK,
KreTy,

2.2.2.3 Surface IP method

To derive the surface TP method, based on [30, 9, 6], we choose the numerical
fluxes u and @ as follows:

i = {u), i = {u),
5+ = ({vrguh; ) — B, [uh])n:, 5= ({Vrguhé na} — o, [uh])n;-

Substituting them into (2.10), we obtain

Aﬁ(uh,vh): Z / Vrkuh Vrkvh—kuhvh dAhk+ Z / ﬁeh Up, [U}J dShk

~ ~ Ky,
K}Leﬁb ehegh

N Z / [un{Vrs vn; nn} + [Uh]{vrkuh,nh}) dspk (2.14)

en GEh

which is exactly the surface IP method considered in [27].
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2.2.2.4 Surface NIPG method

For the surface NIPG method, based on [63] (or equivalently the Baumann-Oden
method in [13] with £, = 0), we choose

ut = {un} + [un), u” = {unt — [wnl,

ot = ({Vrguh; nn} — Be, [uh])n;, o == ({Vfﬁu’“ i} — fa, [uh])nh'

We may derive the surface NIPG bilinear form in a similar way as for the surface
IP method.

2.2.2.5 Surface ITPG method

For the surface IIPG method, based on [25], we choose the numerical fluxes u
and ¢ as follows:

NF_ _l’_ /\7_ —
ut =y, U =y,

ot = ({Vrguh; nut — Ba, [uh])n;, 0 == ({VFZW = e, [“h])n;'

Here again, we may derive the surface IIPG bilinear form in a similar way as for
the surface IP method.

2.2.2.6 Surface Bassi et al. method

For the surface Bassi et al. method, based on [11], we choose

at = {un}, u- = {up},

7 = (Tegun-t s i Yok, & = = ((Fegun -+ 3, (nl)i o) Y

The resulting bilinear surface form can be easily obtained using the contributes
of the surface IP and surface Brezzi et al. bilinear forms.

2.2.2.7 Surface LDG method

Finally for the surface LDG method, based on [23], the numerical fluxes are
chosen as follows:

ut ={un} = 0nf[un), = {un} — 00y [u),

ot = ({ah; nn} — Be,[un] + 9'"Z[Uh3 ”h])”;’

o =— ({ah;nh} — Bay [un] + H'nﬁ[gh;nh])”h’
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where 6 is a (possibly null) uniformly bounded vector of R? that does not depend
on the discretization parameters. We see that {u—uy,} = —60-n; [up] and [a—uyp] =
—[up]. So, from (2.8), we obtain:

o= ({Vrguh; i} {rn(unl);nn} + {0-n b ([un]);nn} — Be, [un]
+ 9'”2<[Vrguh; ) + [ ([un]); ma] + [0 T ([un]); nd))ﬂﬁ,

and in a similar way o~. Then

> / {G;nn Y vn] dsp

ehegk

= > | ((Tryumsmnd o] + [Vrguns a6 on] = B, lun][en]) ds

e
ehEEk h

_ Z /A (Th([uh]) +9-n;{lh([uh])) : (Th([vh]) _;_g.nzlh([vh])) dAys,
~ ~ JK,
Kp€Th
and the surface LDG form can be written as

Al (un, vp)

= Z /A Vrﬁuh : Vrﬁvh + upvy dAhk
I?heﬁ K
- Z / Up, {ka Vh; nh} {Vpk Up; nh}[vh] dShk

ehESh

+ ) / ( [V ek uns np)0-ng; [on] — 00 [up] [Vrsvns i) + Bs, [uh][vh]) dspi

eh Ggh

5 [ (i + 0t - (i) + 0 () e
KpeTn " 0"

(2.15)

Remark 2.2 In the flat case, for which we have n = —n; , all of the surface
DG methods yield the corresponding ones found in [7].

Remark 2.3 Notice that for all of our choices of the numerical fluxes u and o,
we have that [u] = 0 and [o;n,] = 0. In addition, they are consistent with the
corresponding fluzes in the flat case given in [7].
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2.3 Technical tools

In this section we introduce the necessary tools and geometric relations needed
to work on discrete domains and prove boundedness and stability of the bilinear
forms, following the framework introduced in [31].

2.3.1 Surface lifting

For any function w defined on I'f we define the surface lift onto I by

w'(€) = w(z(¢)), £€T,

where, thanks to the invertibility of (2.1), () is defined as the unique solution

of
z(§) = m(z) + d(z)v(§).

In particular, for every K, € Ty, there is a unique curved triangle K¢ = W(IA( n) C
I'. We may then define the regular, conforming triangulation 7;° of " given by

U &

0 o7
K, €Ty,

The triangulation ﬁe of I' is thus induced by the triangulation Tn of ['¥ via the
surface lift operator. Similarly, we denote by ef = (e;,) € éﬁ the unique curved
edge associated to €. The function space for surface lifted functions is chosen to
be given by R R
Sty ={x € L*(T') : x =X’ for some X € Spi}.

We define the discrete right-hand side f;, such that fh = f. We also denote by
w=* € Sy, the inverse surface lift of some function w € Shk satisfying (w=%)" = w.
As an extension of the results shown in [31, 29], for v, defined on '}, we have
that

Vigon = Py(I = dH) PV, (2.16)

Furthermore, let d, be the local area deformation when transforming K n to K £
ie.,

S dAp = dA,

and let 0z, be the local edge deformation when transforming ¢, to €}, i.e.,
5gh dShk = ds.

Finally, let

1
Ry = < P(I —dH)Py(I — dH)P.
h
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As a consequence of (2.16) we have that

/l;k szﬁuh . Vpﬁ’l)h + upvy, dApk = /l;Rthui . VF’UfL + 6, 1uf;’0ﬁ dA. (2.17)

h

2.3.2 Geometric estimates

We next prove some geometric error estimates relating I' to T'¥.

Lemma 2.2 Let I be a compact smooth connected and oriented surface in R and
let T% be its piecewise Lagrange interpolant of degree k. Furthermore, we denote
by n* the unit (surface) conormals to respectively éJhH ~. Then, for sufficiently
small h, we have that

1| ooy < s (2.18a)

11 = Onll oo gy S A, (2.18b)

[V = vnll oo rty S B, (2.18¢)

1P — Bl ooty S B*H, (2.184)

1 =0, ll e s,y S R (2.18e)

sup [ R?hHLoo(af(h) < hH (2.18f)
KeTy,

In* = PnﬂLw@) < W (2.18g)

where Rg, = 7 P(I —dH)P,(I — dH).
€h

Proof. Proofs of (2.18a)-(2.18d) can be found in [28, Prop. 2.3 and Prop. 4.1].
The proof of (2.18f) will follow exactly the same lines as (2.18d) once we have
proven (2.18e). Let e, K be the reference segment [0,1] and the (flat) reference
element, respectively, and let Kh, Kh and Kf be elements in T, T% and T,
respectively, such that Wk(Kh) = Kh and W(Kh) = Ke. Let also L. be the
inclusion operator that maps e into an edge of K and let L f(h(K ) = K h-

A tangent on an edge €, C IA(h in TF is given by 7, = V(m o Lg o L.).

Figure 2.2: Mappings used in the proof of Lemma 2.2.

Analogously, a tangent on the surface lifted edge € C K fin T is given by

7 = Vr7,. We denote by 7, and T respectively the unit tangents of €, and e,
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and let A\ = ||7]|;2. We will now prove estimate (2.18¢e). Let dx be the Lebesque
measure on the reference interval e. We then have

dShk =\ dX7

ds = /||(V7m)T - Vrrle dx = AW |[(Va7a)T - Vaza e dx = [|[VaTule dsp.

—_——
5,
Having characterised dg, , we wish to show that
1 — OR* < ||VaTy||e < 1+ CRFL
Making use of (2.2) and (2.18a), we have that
Va7l < |Vl Falle < |P — dH|jp <14 ChF. (2.19)

Next, to provide a lower bound for ||V77,]|;2, we consider
T—1, = (Vm — P71, = M(V7 — Py)Th.
Recalling the definition of the projection matrices P and P, we have that
I — Thllie < AP — Py) — dH ||2|[Talli2 < XCHF.
Using the reverse triangle inequality, we obtain
VATl = 7o = Iralle — 7 = 7lle = A1 - CRY)  (2.20)
and, dividing by A and using (2.19), we obtain the sub-optimal estimate
1 — Ch* < ||V <14 ChFF (2.21)
The lower bound 2.21 can be improved in an iterative way as follows. We consider
NIVEzlle = 72 = 1Pralle — [P — 7l (2.22)
Then, using again the reverse triangular inequality, we have that
[Pulle = MIPThlle = ATl = 17 = PTalle) = AL =7 = PTall2).  (2.23)

Since 7, n, v form an orthonormal basis of R® and recalling that P maps vectors
into the tangential space of I (hence have null normal component), we get

A1 = ||7 = P7plle) = M1 = ||1 = (7, PTy)T — (n, PTp)nl|;2)

(== 7))l = [[(n, Tw)lli2)

> A
> N1 = [T =7l = (0, 7)) (2.24)
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Now

Vr -
-7
|VaTh || &

so using (2.21) and a Taylor expansion argument, it is easy to see that

=T = (P,

[Te, —Tet e S B*. (2.25)
To deal with the last term of (2.24) we note that

_ _ _ _ _ _ Vﬂ'?h
= (T x = X T) = X ————).
(n7 Th) (T V’ Th) (V, Th T) (V7 Th Hvﬂ_?hHlQ

Then, using the sub-optimal lower bound (2.21) and a Taylor expansion argu-
ment, we get

Vﬂ'?h 1

— = — V?hXVﬂ'?hS I/?hXVﬂ‘?h .
V7732 HV’/TThle( ’ INICE )

(I/, ?h X

Using the definition of P and (2.2), we have that
VT, = (P — dH)?h =Tp — (I/ . ?h)l/ — dHT},. (2.26)

Now, using (2.26), we can write
(V, ?h X Vﬂ'?h) = (V, ?h X (?h — (?h . l/)V — dH?h)) = —(l/,?h X dH?h).

Hence,
I, Tidllie S Nl poe | (v, 7o HTR) [z S R (2.27)

Combining (2.27) and (2.25) with (2.24) we obtain that
| P72 > A1 — ||(1 = (7, PTp))T — (n, PTp)n|2) > A1 — CR*).  (2.28)
For the second term in the right-hand side of (2.22), notice that
|7 — Pryllie = |V7rmn — P2 = ||[dH T2 < ACRFTL (2.29)

We are now ready to improve the lower bound in (2.21). By making use of (2.29)
and (2.28) in (2.22), we get

|VaTh|e > 1 — ChFH? (2.30)

which proves (2.18e).
To prove (2.18g), we need to first prove the following auxiliary estimates:

(7, )| S B, (2.31)
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11— (n,ny)| < B (2.32)
We start showing (2.31). Using the property of the cross product, we get

(Tynn) = (Tovn X Th) = (Wn, Th X T) = (vp, Th X VITh). (2.33)
Replacing (2.26) in (2.33), we obtain
(Tynp) = (Tn = T)|(Th,v X vy) — (U, Th X dHTY,).
Taking the absolute value and using (2.18a), (2.18¢c) and (2.25), we find
(7, mn)| < R2HHL 4 CRFHL < pF+L
In order to prove (2.32), we start showing that the following holds
|(v,n1)| < A" (2.34)
Indeed, using again the properties of the cross and scalar products, we obtain:
(v, n)| = [(vovn X Tu)| = [(vn, Tn X V)| = (04, Tw X (v = )| S B

Since the vector ny, is of unit length, there exist a(x),b(z), c(x) € R satisfying
a® + b* + ¢ = 1 such that
ny = a7 + bn + cv,

where a = (7, ny), b = (n,n,) and ¢ = (v,ny,). Hence, using (2.31), (2.34) and a
Taylor expansion argument, we get

b=4+V1—a%—c =41+ 0(h%*) =414+ O(h?).

The inequality (2.32) follows by assuming that the mesh size h of 75, is cho-
sen small enough so that b = 1 + O(h?*). Finally, writing Pn;, = (7, Pnj,)T +
(n, Pny)n, we obtain (2.18g), i.e.,

||TL — PnhHLoo(gh) = ||n — (?, Pnh)?—i— (n, Pnh)nHLoo(gh)
< |1 = (n, Pr)| + [(7, Pnn)|
= [1 = (n,np)| + (T, n)| = O(WF*1). m

2.3.3 Boundedness and stability

We define the space of piecewise polynomial functions on I'j, as
§hk = {% - L2(Fh) : %|f(h - Pk(fN(h) \V/IN(}L - '771}

We recall the following useful result from [28]:
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Lemma 2.3 Let v € Hj(IA(h), j > 2, and let v = vom,. Then, for h small
enough, we have that

H,UEHLQ(IA(,‘;) ~ollzaz,y ~ 10l 2z, (2.35a)
IV gy ~ g0y ~ 198l (2.350)
HD%QUHLQ(&) S Z ||D§nUZHL2(f<;;), (2.35¢)

1<m<j
D8, ¥l ez S D 1DF] 2k, (2.35d)
1<m<j

We will also need the following inverse and trace inequalities. The following result
is adapted from [22, Thm 3.2.6].

Lemma 2.4 Let [,m be two integers such that 0 <1 < m. Then,
[Onl gm0y S 1" 08l i,y Y0n € She
Lemma 2.5 Let w € H2(I?h), I?h € 7~Z Then, for each €, € 8%;“ it holds that

@182y S B 10 ) + IV @z, -

Moreover, combining Lemma 2.5 and Lemma 2.4 we get the following result for
polynomial functions:

Lemma 2.6 For each I?h € 77” it holds that

1025,y S @], Yoy € Shi,

(Kn)
with €, C 0K,

Finally, we prove the following trace inequality:
Lemma 2.7 For sufficiently small h, we have that

1V 0|2 < B[V @2 Vil € Shr.

L2(0Ky) ~ L2(Ky)

Proof. Defining d;, = ds/ dsp and dz, e, = dspk/ dsni, using (2.18e) and a
Taylor expansion argument, we obtain

0z
’1 _6€h‘>é\h’ = ‘1 - g =

h

< K2

~

- 1+ O(h?)
14 O(h#+1)
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Now let @), € Spi be such that @), = @, o 7. From (2.21) and (2.22) in [28] we
have that

Vg @u(me(@)| S Vi, (@) (2:36)

for each ¥ € T'y, provided h is sufficiently small. Applying Lemma 2.6 we get

1
[ Vel ds S G190l
oK,

Surface lifting the left-hand side to T'¥, making use of (2.36) and using (2.35b)
for the right-hand side we have that

1 "
/am |vrkwh| 5eh—>e; dsne S ﬁHvF’;whHm(f{h)'

We thus obtain, using (2.18e),

(1= Ch*)||Vrynll7 ||vrkwh||

L2(0Ky) S h L2(Ky)’

which yields the desired result for h small enough. m
In order to perform a unified analysis of the surface DG methods presented
in Section 2.2.2; we introduce the stabilisation function

Z Beh/ up][vn] dspx, (2.37a)

6h€5h

> e / re, ([un]) - e, ([vn]) dAnk, (2.37b)

ehGSh

Sh(up, vp) =

for uy, v, € §hk, cf. also Table 2.1.

Method Stabilisation function Sy(-, )
IP [30]
NIPG [63]
1IPG [25]
LDG [23]
Brezzi et al. [18]
Bassi et al. [11]

(2.37a)

(2.37D)

Table 2.1: Stabilisation function of the DG methods considered in our unified
analysis.
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The next result, together with Lax-Milgram, guarantees that there exists a
unique solution wuy, € Sy of (2.10) that satisfies the stability estimate

lunllpe S [1fnll2xy, (2.38)
where the DG norm || - ||pg is given by
lunllbe = lunlly + lunl?, Yun € Su, (2.39)
with
Huhth - Z ||uh||H1 Kh
Kh€7-h
and

unl = Su(un, un),

where Si(+,-) depends on the method under investigation and is defined as in
(2.37a)-(2.37b).

We will now consider boundedness and stability of the bilinear forms A% (-, -)
corresponding to the surface DG methods given in Table 2.1. We first state some
estimates required for the analysis of the surface LDG method.

Lemma 2.8 For any vy, € §hk,

allre, ([waD 172y S Balllonllliza,)
allte, (D ey S Bailllonllliza,)

on each ey € &y,.

Proof. The thesis straighforwally follows using the same arguements as in [4,
Lemma 2.3] and recalling that here the average and jumps operators appearing
in the definition of the local lifting operators are defined in a slightly different
way than [4, Lemma 2.3]. =

Lemma 2.9 The bilinear forms A% (-,-) corresponding to the surface DG methods
giwen in Table 2.1 are continuous and coercive in the DG norm (2.39), i.e

A (un, vn) S lunllpallonllpe,  Aj(un, un) 2 lluallbe,
for every up,v, € §hk. For the surface IP, Bassi et al. and IIPG methods,

coercivity holds provided the penalty parameter o appearing in the definition of
Bz, or me, in (2.11) is chosen sufficiently large.
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Proof. For all the methods stabilized with S}, (-, -) defined as in (2.37a), Lemma 2.7
implies that

Z / Up, {prh,nh} dShk< Z ) 1/2 ‘ . —1/2{V1—\kvh,nh}‘ 12
e
ehegh eheé‘h h
_1
S > azunleal Vesonll oz,
I?hE?:h
_1
S o 2 uplenllonlln, (2.40)

where the hidden constant depends on the degree of the polynomial approxima-
tion but not on the penalty parameters fz, . Otherwise, if S,(-,-) is given as in
(2.37b), we observe that for up, v, € Sy, we have that

Z / up]{Vrron;np} dspe = Z /A r([un]) - Viron dApg

K
en Egh Kh En "

and, making use of the fact that 7z, only has support on K U K , Where 0K N 0K ho=
ah?

@iy, =1 Y 0@y S D Ira @B, (241

€n CaKh en Ca}?h

where the last step follows recalling that the support of 7, () is limited to the
two neighboring elements sharing the edge ej,. Hence, applying Cauchy-Schwarz,
we obtain

_1
Z ||77€h Th([uh])HB (K1) ||77@,L Fkvh||L2(f<h) Sa” 2 uplnl|vnll 1, (2.42)
Kh€7—h

where the hidden constant depends on the degree of the polynomial approxima-
tion but not on the penalty parameters 7, . For the surface LDG method, using
Lemma 2.8, Lemma 2.7 and the L>(I'¥) bound on 6, we obtain

_1
S« 2||5||L°°(F§)||VF§LUh||L2([?h)|Uh|*,h7

/A [sz}juh; nh]Q-n;{ [v] dspk

€h

/f{ ra([un]) - 1 (-7 [un]) dsux

S 04_1||5”L°<>(F§)|Uh| ; *,hs

and, in a similar way, the remaining quantities. Continuity then follows from
Cauchy-Schwarz and the above estimates. We next show coercivity of the DG
bilinear forms. For the surface NIPG method, stability follows straightforwardly
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from the Cauchy-Schwarz inequality. For the surface LDG method, we have that

Ay(unsun) 2wl -2 3
en

[uh] {szuh; nh} ‘ dShk

/e\hEg}]:

- 2”5”1:00(1“',3) Z /A
€h

[un] [V ns ]| s+ a2

Eheé',’j

For the other methods involving Sy (-, -) defined as in (2.37a) we obtain

A ) lunZ -2 Y /
€h

[ {Vrguns mn}| dsue -+ unl2,

@heg’}f

otherwise, if Sy (+,+) is given as in (2.37b), we have that

Abtan, ) =l -2 Y0 [

~ ~ K,
RpeTit ="

u(funl) - Vegun| dAuc+ funf?.

The result follows by making use of the corresponding boundedness estimates,
using using Cauchy-Schwarz inequality and Young’s inequalities and choosing the
penalty parameter « sufficiently large. m R

We now define the DG norm for functions in S}, as follows:

||u§z||2DG,Z = Hqu”%h + |Ui|ih Yuj, € §ﬁka (2.43)
with
A SU T .
KpeTy
and

[l = Si(up, ),

where S (-, -) is given by

€
Spup,v) = ¢

for ul, vl e SL,.
Lemma 2.10 Let uy, € Sy satisfy (2.38). Then u} € §,€k satisfies

||U;;||DG,E N ||f||L2(F)» (2.45)

for h small enough.
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Proof. We first show that for any function v, € §hk, for sufficiently small h,

i llpe.e < llonllbe- (2.46)
The | - |17, component of the DG norm is dealt with in exactly the same way as
in [28]. For the | - |2, component of the DG norm we have that

/ [vp]? dspi = L (55[1}2]2 ds and /k rn (o)) |2 dApx = / 5gl\rh([vh])q2 dA,
en e ry T

h

which straightforwardly yields (2.46). Making use of the discrete stability esti-
mate (2.38) and noting that, by Lemma 2.8, || ful|r2(rx) < | fill 2y = 1 ez,
we get the desired result. m

For each of the surface DG bilinear forms given in Table 2.1, we define a
corresponding bilinear form on I' induced by the surface lifted triangulation 7,
which is well defined for functions w,v € H*(T) + §,€k For the surface IP bilinear
form (2.14), we define

A(w,v) = Z pr Vrv 4 wv dA — Z / HVru;n} + [v{ Vrw;n} ds

ReeT! ot car /o

+ / 0z, Ba [w][v] ds, (2.47)

ehegf

where n™ and n~ are respectively the unit surface conormals to K ﬁ+ and K f;_ on
e € & For the Brezzi et al. bilinear form (2.13), we define

A(w,v) = Z Vrw - Vrv 4+ wv dA

KLeT}t K
+ 30 [ (e (0 6 D) (o) A
KleT! ki
- Z / H{Vru;n} + [v[{Vrw;n} —5€_hlﬁgh[w][v] ds. (2.48)

eell " th
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For the surface LDG bilinear form (2.15), we define

A(w,v) Z /Kf Vriw - Vv + wv dA — Z / HVrv;n} — {Vrw;n}v] d

RieT)t e cEf
+ Z /e ( pr n)0-ni" v ]—5&19-ni+[w][vpv;n] +5€_hlﬁgh[w}[v]> ds
" AZ o (o) + 00 (7)) (™ + O (7))
ReeTe”

(2.49)

The corresponding bilinear forms for the other surface DG methods can be
derived in a similar manner. Since we assume that the weak solution u of (2.3)
belongs to H*(T") they all satisfy

Z fv dA,  Vve H)+ S5, (2.50)

Finally, we require the following stability estimate for A(:,-), which follows
by applying similar arguments as those found in the proof of Lemma 2.9.

Lemma 2.11 The bilinear forms A(-, -) induced by the surface DG methods given
in Table 2.1 are coercive in the DG norm (2.43), i.e

||7~Ui€||%c,e S A(w£7w£) (2.51)

for all wi, € :S’\f;k if, for the surface IP, Bassi et al. and IIPG methods, the
penalty parameter a appearing in the definition of Bz, or ne, in (2.11) is chosen
sufficiently large.

2.4 Convergence
We now state the main result of this chapter.

Theorem 2.1 Let u € H¥(T) and uy, € Sy denote the solutions to (2.3)
and (2.9), respectively. Let n = 0 for IIPG, NIPG formulations and let n = 1

otherwise. Then,
lu =yl 2y + Pl = upllpee S Pl 2y + el g )

provided the mesh size h is small enough and the penalty parameter « is large
enough for the surface IP, Bassi et al. and IIPG methods. Here the hidden con-
stant depends, in particular, on the signed-distance function d and its first/second
derivatives.
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In order to prove Theorem 2.1 we collect some useful technical results.
For @ € H2(T'%), we define the interpolant I : CO(T¥) — S, by

I¥@ = I (@ o my),
where E’f : CY(Ty) — §hk is the standard Lagrange interpolant of degree k. We
also define the interpolant I} : C°(I") — S}, by

IFw =IF(wor).

Lemma 2.12 Let w € H™(I") with 2 < m < k+ 1. Then for i =0,1,

k m—i
lw— Tjw Hi(KE) Sh ||w||Hm(f<f;)-
Proof. The proof follows easily by combining standard estimates for the La-
grange interpolant on I'y, with Lemma 2.3. See [28] for further details. m

Lemma 2.13 Let w € H™(I") with 2 < m < k+ 1. Then, for sufficiently small
h, we have that

lw — Tywl )+ W2V (w = Tiw)]|7 < PP fwlf

2
Proof. Fix an arbitrary element [A(f; € 7A;f We then define w € Hm(f(h) and
w € H™(K},) such that w = W o and w = @ o 7.

Using Lemma 2.5 on l~(h € '771 we get

T~ 1 T~
/~ Ve, (0—L@)[* dsp S (E/~ |V, (W—I;w)|? dAh1+h/
6] Ky

Kp, Ky,

V2, (@R dAw ).

Applying a classical interpolation result for the right-hand side (see, for example,
Theorem 6.4 in [16]), we obtain

[ 1Vn @ TP dsa S 1t
0

~ H™(Kp)
7 (Kn)

Then, lifting the left-hand side on T'f as in Lemma 2.7 and using (2.35b) with
(2.35d) we have

(1- Oh2)/ V(@ — D) dsue S B2 @]2,0 2 -

oR h (Kn)
h

In the same way, we lift the left-hand side onto I' and use (2.35b) with (2.35d):

(1= CPM (1 = C1?)||Vr(w — Tiw)]] S P wll e

L2(9KE) ~ 4y
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Similarly, using again Lemma 2.5 for w — _7,’1“{17, we obtain

IO 1 SO SO
/ |w — I,’fw[Q dsp; < (—/ |w — I;fw|2 dAy; + h/ |V, (w— I,lfw)IQ dAh1>.
o, h Jg, &

Then, using interpolation estimates on K n we get

2 < p2m-1
/aKh|w ]hw| dsp; S h |w|Hm(Kh)

Finally, doing as before the lifting of the left-hand side on I'f¥ and then on T' and
using (2.35a) with (2.35b), we get the claim for i small enough. m

These interpolation estimates allow us to derive the following boundedness
estimates for A(-,-):

Lemma 2.14 Let u € H™(I') and w € H*(I") with 2 < m,n < k+ 1. Then, for
all vj, € Shk, we have that

A(u = Iyu, v,) S B Hlull e o[04 | e, (2.52)

A — Ifu,w — Iiw) S ™72 | g oy || w] e ry- (2.53)

Proof. Since u € H™(I') C C%(T) for m > 2 and IFu € C°(T) , by the continuity

of the inverse surface lift operator, we have [(u — IFu)~*] = 0 on each ¢, € &,.
Then, by definition of 75, and [z, , we obtain

e, ([(w = TEw) ™ DIy = e ([ = L) D32y = 0

Following the proof of Lemma 2.9, it is easy to obtain (2.52) and (2.53) from
Lemma 2.12 and Lemma 2.13. =

For the first term on the right-hand side of (2.57), we require the following
perturbed Galerkin orthogonality result:

Lemma 2.15 Let u € H*(I'), s > 2, and uy, € Spe denote the solutions to (2.3)
and (2.9), respectively. We define the functional E), on Sy, by

Ep(vy) = A(u — uj, v).

Then, for all considered surface DG methods apart from LDG, Ej can be
written as

En(vh) = Z (R, — P)Vruj, - Vrog + (6,1 = 1) upoy, + (1 =6, ") foy, dA

+Z uh ({Vrupin} — {65 Pu(I — dH)PVrop;np}) d

o
ehegh

+CZ/ u) ({Vrup;n} — {5A1Ph(l dH)PVruj;ny}) ds (2.54)

eretl h
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where Ry, is given as in Lemma 2.2 and

—1 in NIPG and Baumann-Oden cases,
(=140 in IIPG case,

1 otherwise.

The functional corresponding to the surface LDG method can be written as

Ey(vy) =(2.54) + Y [ 6500} vp] ([Vrup;n] — [Pu(I — dH)PVrug;np]) ds
ehegf h
+ Z 5A19 ny lug) ([Vevpsn] — [Po(I — dH)PVrvp;ng)) ds.
eresl g

(2.55)

Furthermore, for all surface DG methods it holds

| En ()] S W Fllz2oy ol pee. (2.56)

Proof. The proof is similar to that of Lemma 4.2 in [27] which considered
a piecewise linear approximation of the surface. The expression for the error
functional Fj, is obtained by first noting that the solution u of (2.3) satisfies
(2.50) and then considering the difference between (2.50) and (2.9):

I?hén

— Z ée(l—éhl)fvﬁdA.

KieT,

Alu,vh) — A5 (up, vp) = Z fvh dA — Z /f( fron dApy

By lifting A (up, v,) onto T in a similar fashion to what has been done in (2.17)
and using the definition of A(-,-) we get, after algebraic manipulations, relation
(2.54). The estimate (2.56) is then obtained by making use of the geometric
estimates in Lemma 2.2. In particular, following the proof of Lemma 4.2 in [27],
we preliminary get

1
|En(vp)] S 1R — Pl ooy llug Ipe.ellvh pa.e + H(;— — 1| ooy U Il vh]Ipcye

1 = Sl 2 rl[vhllpe.e + max||n — Pl oo ety [l Ipe el v Ipe,e
h ehegh

+ |||l ooy 1un Ipe.el|vp Ipa,e-

Then Lemma 2.2 and the stability estimate (2.45) yields the claimed bound. =
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Remark 2.4 Note that the error functional Ey in Lemma 2.15 includes all of
the terms present in the high order surface FEM setting (see [28]) as well as
additional terms arising from the surface DG methods.

Proof of Theorem 2.1. The proof will follow an argument similar to the one
outlined in [7]. Using the stability result (2.51), we have that

(2.57)
where ¢ € gﬁk Choosing the continuous interpolant ¢ = I¥u, using the error
functional estimate (2.56) and the boundedness estimate (2.52), the right-hand
side of (2.57) can be bounded by

2k = i S BuTu = uf) + AU = u, T — uf)
S P Lzl I = uf g, + BE Jull s oy T = ufllbee

which implies
15w = willpe.e S BE(f ey + lullaeqy).
Recalling that u — IFu € C°(T), using Lemma 2.12 we obtain

lu — UfbHDG,é < lu = Iiulpee + 5w — ullpe S hk(”f”LZ(r) + [[ull zrerry)-

This concludes the first part of the proof. In the case of n = 1, to derive the L?
estimate, we first observe that the solution z € H?(T') to the dual problem

—Arz+4z=u—u, (2.58)

satisfies

2l S e — vl 2(ry- (2.59)
Then, using the symmetry of the bilinear form A(-, -), we have that
lu = wp | Zay = (u = upu = up)r = Alz,u —up)

= Alu—ub, 2) = Alu — ul, 2 — IF2) + Ep(IF2). (2.60)

Using (2.56), a triangle inequality and the interpolation estimate in Lemma 2.12,
we obtain

\En(152)| S B fllieaoy MR 2 ey S B F ey l|2) 2
Hence, using (2.59),

|En(I52)| S B fllzay llu — gl 2y
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Making use of the continuity of IFz — 2 and IFu — u, the symmetry of the bilinear
form A(-,-), Lemma 2.14 and the stability estimate (2.59) we get

Alu —up, 2z — IF2) = Az — IFz,u — u})
S Az — IFz, IFu —uh) + Az — Iz, u — Ifu)
< Bzl 175w — whllpe.e + B 2 e lull e iy
< Bzl (1w — ullpe.e + lu = uhllpe.e + R el a2y el g ey

< (W ull s oy + hllw = whlle.o)llw — | rry.
Combining these estimates with (2.60) yields
lu = uplZay S (Bllu = upllpe.e + B (L ey + llull e @) e = upllzam),

which gives us the desired L? estimate and concludes the proof. In the case of
n = 0, we can trivially obtain the (sub-optimal) bound for the error in the L2
norm from bounding it by the error in the DG norm. =

2.5 Numerical experiments

We show results for the IP method, cf. Section 2.2.2.3, implemented using DUNE-
FEM, a discretization module based on the Distributed and Unified Numerics
Environment (DUNE), [12, 26]. For the initial mesh generation we use the Com-
putational Geometry Algorithms Library (CGAL) (see [61]). We consider the
following test problem

—Aru+u = f, (2.61)

on the unit sphere I' = {z € R®> : |||z = 1}, choosing f so that the exact
solution is u(xy,xq, x3) = cos(2mxy) cos(2mxsy) cos(2mxs). Figure 2.3 shows the
DG approximate solutions obtained with £ = 1 and k£ = 4 DG approximation
orders. In Table 2.2 we report the computed errors measured in the DG norm
(2.43) as well as the computed converge factors for linear (k = 1), quadratic
(k = 2), and quartic (k = 4) DG/surface approximation orders. The same
results obtained measuring the error in the L? norm are shown in Table 2.3. The
numerical results validate the theoretical estimates of Theorem 2.1.
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Figure 2.3: Paraview plots of the linear (right) and quartic (left) DG approxima-
tions of (2.61) on a mesh consisting of 623 elements.

N. elements h k=1 k=2 ‘ k=4
632 0.220 | 5.0766 1.4205 4.7121e-2
2528 0.110 | 2.6427 | 0.94 | 3.8696e-1 | 1.88 | 3.2585¢-3 | 3.85

10112 0.056 | 1.3151 1.01 | 9.8648e-2 | 1.97 | 2.0765e-4 | 3.97
40448 0.028 | 6.5361e-1 | 1.01 | 2.4795e-2 | 1.99 | 1.3051e-5 | 4.00
161792 0.014 | 3.2596e-1 | 1.00 | 6.2087e-3 | 2.00 - -
647168 0.007 | 1.6282¢-1 | 1.00 - - - -

Table 2.2: Computed errors measured in the DG norm (2.43) and computed
convergence factors for the DG approximation of (2.61) with linear (k = 1),
quadratic (k = 2), and quartic (k = 4) approximation orders.

N. elements h k=1 k=2 ‘ k=4
632 0.220 | 1.7146e-1 3.6978e-2 7.7900e-4
2528 0.110 | 5.2882¢-2 | 1.70 | 4.9040e-3 | 2.91 | 2.6808¢e-5 | 4.86

10112 0.056 | 1.4605e-2 | 1.86 | 6.1000e-4 | 3.00 | 8.4834e-7 | 4.98
40448 0.028 | 3.7830e-3 | 1.95 | 7.5856e-5 | 3.01 | 2.6582e-8 | 5.00
161792 0.014 | 9.5800e-4 | 1.98 | 9.4598e-6 | 3.00 - -
647168 0.007 | 2.4100e-4 | 1.99 - - - -

Table 2.3: Computed errors measured in the L? norm and computed convergence
factors for the DG approximation of (2.61) with linear (k = 1), quadratic (k = 2),
and quartic (k = 4) approximation orders.
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Discontinuous Galerkin approximation of
parabolic problems with dynamic
boundary conditions

In this chapter we present and analyze a DG approximation in SIPG framework
of a parabolic problem with dynamic boundary conditions. To carry out the
analysis we preliminary consider a suitable stationary problem with generalized
Robin boundary conditions (see [48]). Several numerical experiments assess the
validity of the theoretical analysis. The results presented in this chapter are
contained in [3].

3.1 Basic notation

In this section we introduce some notation and the functional setting. Let D C R?
be an open, bounded, polygonal domain with boundary I' = dD. On D we define
the standard Sobolev space H*(D), s > 0, equipped with the usual inner scalar
product (-, ) gs(p), the usual seminorm || . py and the norm ||-|| z=(p), cf. [1]. For
s = 0 we will write L?(D) in lieu of H°(D). We next introduce on I" the Laplace-
Beltrami operator and the Sobolev surface spaces. We introduce the projection
matrix P =T—n®n = (d;; — nin;)7,;_;, where n is the outward unit normal to
D, and a® b = (a;b;);; is the dyadic product, and ¢;; is the Kroneker delta. We
define the tangential gradient of a (regular enough) scalar function v : I' — R as
Vru = PVu. The tangential divergence of a vector-valued function A : I' — R?
is defined as divr(A) = Tr((VA)P), where Tr(-) is the trace operator. With the
above notation, we define the Laplace-Beltrami operator as Aru = divp(Vru).
We next introduce the following Sobolev surface space, cf. [31]:

H(T) ={ve H*YT) : Vv e [HHD))}, 5> 1,

37
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with the convention that H°(T') = L*(T'), L*(T") being the standard Sobolev
space of square integrable functions (equipped with the usual inner scalar product
(-,-)r and the usual induced norm ||-|[z2(ry). We endow the space H*(I") with the
following surface seminorm

2 s

and the following norm

ey =4/ o]

In [48, Lemma 2.4] is proved that the above norm is equivalent to the usual sur-
face norm present in literature [53], which is defined in local coordinates after a
truncation by a partition of unity.

[v] 2y 0y Yo e HY(T), s> 1.

For a positive constant A, we next introduce the space
H(Q, ') ={ve H*(D): Avp € H*(D)}, s> 1,

and endow it with the norm

1/2

[l

H$(Q,D) = (HUH%IS(D) + )‘||“|F| %S(D))

We also set
L3(D,T) = {v € L*(D) : \yr € L*(')},

equipped with the norm

lullzz oy = 3/l gy + Al

To ease the notation, when A = 1, we will omit the subscript.

3.2 The stationary problem

Let Q = (a,b) X (¢,d) C R? be a rectangular domain and let 'y, T’y be the union of
the top and bottom/left and right edges, respectively. We consider the following
Laplace problem with generalized Robin boundary conditions:

—Au = f, in €,
Ou = —au+ BAru+ g, on I'y, (3.1)
periodic boundary conditions, on I's,

where a, 3 are positive constants, and f € L?(2), g € L?(I';) are given functions.
Defining the bilinear form a(u,v) : H'(Q,T;) x HY(Q,T;) = R as

a(u,v) = (Vu, Vo) 2 + B(Vru, Vo) 2,y + a(u, v) 2y,
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the weak formulation of (3.1) reads: find v € H'(Q,T';) such that
a(u,v) = (f,v) 2@ + (9,v) 2(r) Yo € HY(Q,T). (3.2)
The following result shows that formulation (3.2) is well posed.

Theorem 3.1 Problem (5.2) admits a unique solution u € H*(Q,T1) satisfying
the following stability bound:

lullz2ry) S 1 fllz2) + ll9llz2@y)- (3.3)

Moreover, if f € H*%(Q) and g € H*2(T'y), s > 2, then u € H*(Q, ') and

Null s,y S I fls—2) + |9l zs-2y)- (3.4)

Proof. The existence and uniqueness of the solution are proved in [48, Theorem
3.2]. The proof of the regularity results is shown in [48, Theorem 3.3-3.4]. The
same arguments used in [48, Theorem 3.3-3.4] apply also in our case thanks to
periodic conditions. m

Remark 3.1 We observe that the forthcoming analysis holds in more general-
shaped domains and/or more general type of boundary conditions provided that
the exact solution of the differential problem analogous to (3.2) satisfies a stability
bound of the form of (3.3).

3.2.1 Discontinuous Galerkin space discretization

In this Section we present a discontinuous Galerkin (DG) approximation of prob-
lem (3.2).

Let 7T, be a quasi-uniform partition of {2 into disjoint open triangles K such that
Q = Uger, T. We set h = max{diam(K), K € T,}. For s > 0, we define the
following broken space

H(Ty) = {v e L*Q) : vk € H(K,0K), K € Ty},

where, as before, H°(T;,) = L*(T). For an integer p > 1, we also define the finite
dimensional space

VP ={veL*Q): vk € PP(K), K€ T} CH T,

for any s > 0. An interior edge e is defined as the non-empty intersection of the
closure of two neighboring elements, i.e., € = K, NK,, for K1, Ko € T;,. We collect
all the interior edges in the set £). Recalling that on T'y C 9 we impose periodic
boundary conditions, we decompose I'y as ['y = T'; UT,, cf. Figure 3.1 (left),
and identify T'y with Ty, cf. Figure 3.1 (right). Then we define the set £ > of the
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periodic boundary edges as follows. An edge e € 5,1: 2ife=0K N 8F+, where
K* € T, such that OK* C I'S| cf. Figure 3.1 (right). We also define a boundary
edge er, as the non-empty intersection between the closure of an element in 7,
and 'y and the set of those edges by 5,5 '. Finally, we define a boundary ridge
r as the subset of the mesh vertexes that lie on I'y, and collect all the ridges r
in the set Rgl. Clearly, the corner ridges have to be identified according to the
periodic boundary conditions (cf. Figure 3.1, right). The set of all edge will be
denoted by &, i.e., & = EPUE ' UE .

Iy

Iy

Figure 3.1: Example of a domain €2 and an admissible triangulation 7}, (left). On
the right, we highlight the edges e € 5,5 2 with red lines.

For v € H*(Ty), s > 1, we define

2 2 2
H(T) — Z [0l ) » ‘“Vﬂsw;l): Z v

KeTy, er, 6551

2
Hs(epl) :

v

Next, for each e € & U 5,1;2 we define the jumps and the averages of v € H(T})
as )

[le = (@")n; + (07)n,and - {o}e = (0" +07),
where v* = v+ and nZ is the unit normal vector to e pointing outward of K=.
For each e € 8,5 ' we define

We=vene, A{vle=wve, veH (T).

Analogously, for each r € R;* and v € H'(T,), we set
1
W]y = (" ()] + (7)), and - {vl = ST (r) + 07 (1),

where, denoting by e* the two edges sharing the ridge r, v*(r) = vje= (r) and nF is
the unit tangent vector to I'; on r pointing outward of e*. The above definitions
can be immediately extended to a (regular enough) vector-valued function, cf.
[7]. To simplify the notation, when the meaning will be clear from the context,
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we remove the subscripts from the jump and average operators. Adopting the
convention that

(vwle, = Y (0w, Emgn = Y ()

eeép

for regular enough functions v,w, £, 7, we introduce the following bilinear forms
Bu(v.w) = S (Yo, Vw)ie — (o], {Veob)eg — (], {To})ep + (o], [w])gg
o — ([ AVwh)grs — (], {V0})gra + (o], [w])ers
and
(o, w) = (Vr0, Vrw)grs — (o], {Vrw)gry — (], {Vro})grs + ol [w]) e,

for all v,w € H*(T,). Here o = &, | being a positive constant at our disposal.
We then set

Ap(u,v) = By(u,v) + a (u,v) 2,y + B by(u, v). (3.5)

The discontinuous Galerkin approximation of problem (3.1) reads: find uy, € V}’
such that

An(un,vn) = (fon) 2 + (9, v8) 2y Yor € V). (3.6)

In the following we show that the bilinear form Ay (-, -) is continuous and coercive
in a suitable (mesh-dependent) energy norm. To this aim, for w € H*(T}), we
define the seminorm

2
wll|g, = lwlin g, +olllwll, (e0ueT™ II{Vw}Ile(goug
and the norm
2=z, + allwlZam,
[[|wl]|
2
+ Blwlp ey +50H[w]HiQ(R H{er}HLQ(R (3.7)

where we adopted the notation

lwllfa@y = D lwlise, — lwlfmry = D lwlizg

e€&n e€R£1

Reasoning as in [6], it is easy to prove the following result.
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Lemma 3.1 It holds
Ap(v,w) Slllllwllle Yo, w € H*(Tp). (3.8)
Moreover, for u large enough, it holds
Il S An(v,0) Vo e V. (3.9)

Proof. Let us first prove (3.8). The term Bj(-, ) can be bounded by Cauchy-
Schwarz inequality as in [6]. Also the term by(-,-) can be handled using the
Cauchy-Schwarz inequality:

(v, w)| = |(Vro, Vew)grs = (], {Vrw}) e
([l (T} + ([ ]
< (1B erny + oI rn, + 2T} )

1 1/2
2
(s ey + ol 2, e, + SIHTrwHE )

and (3.8) follows employing the definition (3.7) of the norm ||| - |||..
We now prove (3.9). As before the term By(+,-) can be bounded as in [6]: using
the classical polynomial inverse inequality [22] we obtain

2
11013, S 10k + ORI g0 r2) S Brlv,v)

for all v € V. The term by(+,-) can be estimated as follows:

(0,0) 2 [0l erry = 2[([2], AV r0hgra | + ol 0], r

Employing the arithmetic-geometric inequality we get:

(2] AV o}

S ||0-1/2 [U] HL2(R£1) H {U_l/QVFU} HLZ('Rzl)

1 2 -1 2
< o0l s, + e TR0l s
for a positive € > 0. Finally, estimate (3.9) follows using the polynomial inverse
inequality

h|[{Vrv}|? Yo e VP

L2(RF1 ~ |U|H1(5F1)

and choosing p sufficiently large. m

The following result shows that problem (3.6) admits a unique solution and
that the Galerkin orthogonality property is satisfied. The proof is straightforward
and we omit it for sake of brevity.
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Lemma 3.2 Assume that p is sufficiently large. Then, the discrete solution wuy,
of problem (3.6) exists and is unique. Moreover, formulation (3.6) is strongly
consistent, 1.e.,

Ap(u —up,v) =0  Yoe VP (3.10)

For v € H*(,T1), s > 2, let I"v be the piecewise Lagrangian interpolant
of order p of u on Tj,. Note that (/)u)r, interpolates u on the set of degrees of

freedom that lie on 5,5 '. By standard approximation results we get the following
interpolation estimate.

Lemma 3.3 For allv € H*(Q,T'y), s > 2, it holds

llo = Zyollle S A2 o]

HS(Q,Fl)'
Proof. Using the definition (3.7) of ||| - ||| norm and that I!v(r) = v(r) for all
r e Rzl, we get
2
o = 220l = lllo = Zolll3, + allo — LollZagey + 810 = Lol e,y (31)

Expanding the first term at right-hand side and using the multiplicative trace
inequalities
_ 2
WliZae, S A0 + RVl )

12 2
HVUH%%&L) Sh V] 5y + R [v]g2@)
cf. [62], we get

2

2
o = Lollls, = [v = Lol q) + olllo = Lol o)

1 h 2
+ {0 = MR e

_ 2 2
<h 2||U _ I;}UH%Q(Q) + }1} — Igv}Hl(Q) + h? ‘U — ]ZIJU‘HQ(Q)'

Using standard interpolation estimates [59] we get the thesis. m
Now we show that the discrete solution wuy of (3.6) converges to the weak
solution of (3.2).

Theorem 3.2 Let u € H*(Q,T1), s > 2, be the solution of the problem (3.2)
and let up, be the solution of the problem (3.6). Then,

lu = unll 2@y + hlllu = unll]e S H™REPE ]

Hs(Q,'1)s

provided pu is chosen sufficiently large.
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Proof. By the triangular inequality we have
1w = unllls < [llw = Lulll + 1113w = up]..

We first bound the second term on the right-hand side. Combining the Galerkin
orthogonality (3.10) with the continuity and the coervicity estimates (3.8)-(3.9),
we obtain:
|||]£Lu —upl|]? < Ah(];}u — Uy, ]Zlfu — up)

= .Ah(];}u —u, I;fu —up) + Ap(u — up, Igu — up)

S pu = [y w — ulf]..
Therefore,

1125w = un] |l S M1 Tyu = allls,

and
[ = unllls S Ilw— Ll

Then, using Lemma 3.3, we get

[Ilw = un[]« S R E712 ]

Hs(Q.T1)- (3.12)

For the L? error estimate, we consider the following adjoint problem: find ¢ such
that

—A( =u— uy, in €,
anC = —Oéc + BAFC + (u - uh)7 on F17

As u —uy, € L*(Q,T;), using Theorem 3.1 yields an unique ¢ € H?*(Q,T)
satisfiying the following stability estimate

||C||H2(Q,F1) N HU - Uh||L2(Q,F1)-

Using Lemma 3.3 with p = 1, we get

11¢ = 1<l S PlClmzry S hllw = unll 2@ (3.13)
Since Ay(+, ) defined in (3.5) is symmetric, it is easy to see that it holds
Ah(Xa C) = (U — Up, X)LZ(Q) + (U — Up, X)LQ(Fl) VX € HQ(E) (314)

Next, choosing x = u —uy, in (3.14) and employing (3.10) together with (3.8), we
find
Ju— Uh”?ﬁ((z,rl) = Ap(u—up, ()
= An(u—uy, ¢~ Q)
S e = unlllI¢ = Ll

The thesis follows using (3.12) and (3.13). =
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3.3 The parabolic problem and its fully-discretization

In this section we employ the result obtained in the previous sections to present
and analyze a a DG space semi-discretization combined with an backward Euler
time advancing scheme for solving the following parabolic problem:

du =Au+ f, inQ, 0<t<T,

Oowu =—au+ Aru—Au+g, only, 0<t<T, (3.15)
periodic boundary conditions, only, 0<t<T, '
Ujg=0 = Uo, in ﬁ,

where T > 0, «, B, A are positive constants and f, g, ug are (regular enough) given
data. The weak formulation of (3.15) reads: For any t € (0,T], find u such that:

{(atu, D)z + AOus g + alu0) = (L) + @ 0wy (g4

Ult=0 = U,
for any v € H'(Q,T).

It is possible to prove the following result dealing with the existence and
(higher) regularity of the weak solution of (3.15).

Theorem 3.3 Ifuy € H*(Q, 1), f € HY(0,T; L*(Q)) and g € H*(0,T; L*(Ty))
and the following compatibility conditions holds

1. up = Aug + f(0,-) € L*(Q),
2. wyy, = BArug — dpug — aug + g(0, ) € L*(T),
then problem (3.15) admits a unique solution u with
we C([0,T]; H*(Q,T1)) N CH([0, T); L3(2,T1)) N HY(0,T; Hy(Q,T1)).

Moreover, if ug € H?™(Q;T), & ¢ HY(0,T; H*™2%-2(Q)) and

yra
% € HY0,T; H2m_2k—2(F1)),d}or kE=0,....m—1, and the following higher
order compatibility conditions hold for k=1,...,m
3wt = Aul Y 4 L f(0, ) € LX)
4o gy = BApuY = 0,0 Y — auf[ Y 4 (0, ) € LA(TY),
where we set u§0) = u; and u&?ﬂl = Uy, , 1 holds for k=10,...,m—1
d*u

€ C([0,T); H*™ *(Q,T1)) N CH0,T; Hy"*72(Q, 1))
N HY0,T; HI™2F1(Q, T))). (3.17)

Atk
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Proof. As the proof follows standard steps (see, e.g., [36, Chapter 7.1]), we only
sketch the main steps of the argument.

1. Construction of the discrete space. Let {e;};>1 be an orthonormal basis of
L?(2) such that

/Vei-Vz:)\i/eiz Vze HY(Q), i>1,
Q Q

i.e., \; and e; are respectively the eigenvalues and eigenfunctions of the weak
form of eigenvalue problem —Ae = Ae with homogeneous Neumann and periodic
boundary conditions on I'; and Iy, respectively. Reordering {e;};>1 such that
A1 = 0, it is easy to see that there holds

/Vei‘Vej:(), for i # j and /]Vef:)\i>0, for ¢ > 1.
Q Q

Let V* =span{e; : i = 1,...,n}, n > 1, and let uf be the L?*(2)- projection of ug
on V™. Since the domain is regular, the eigenfunctions e; belong to H?(12).

2. Finite-dimensional approximation of (3.16). We introduce the following finite
dimensional problem: find ™ € H'(0,T; V") such that, for ¢t € (0,T),

{(aﬂt", 2)r20) + AOw™, 2) r2ry) + a(u”, z) = (f, 2)2) + (9, 2) L2(0y), (3.18)

n _n
U™ |t=0 = Uq),

for all z € V" In the sequel we prove that problem (3.18) admits a unique
solution in H(0,T; V™). We write

w(t) = 3wt

The problem (3.18) is equivalent to find u(t) = (uy(t), ..., u,(t))T € H'(0,T;R")
such that, for each t € (0,7),

{Mu(t) + Au(t) = F(t),
u(0) = (ug,1, -, )"

where, for 2,7 =1, .., n,
Mij = ]\4Q + /\Mrl = 5ij -+ )\(ei7€j)L2(F1)a

Ay = ale;, €5), Fy = (f,ei)r2@ + (9,€) 2y, ug,; = (Uo, €;)r2()-

Since the matrix M is semi-positive definite, we see that M is positive defi-
nite. In addition, F(¢) € L*(0,T;R") and A : R — R" is Lipschitz continuous.
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Therefore, by standard existence theory of ordinary differential equations, there
exists a unique solution u(t) for a.e. 0 <t <T.

3. Energy estimates. Taking z = " in (3.18) and using Cauchy-Schwarz inequal-
ity, we obtain

d n n n n
& (I By ) + 198" Baga) + allu 3y + BIVeu2aqr,

dt
S ||Un||%§(§z,r1) + ||f||%2(9) + ||9H%2(r1) (3.19)

for a.e. t € [0,T]. Using the differential form of Gronwall’s inequality, data
regularity and Lemma 3.4 we obtain

max [[u”(t)]| 2

Jnax. 20 S ||UDH%§(Q,F1) + ”fH%Q(O,T;LZ(Q)) + |’9|’%2(0,T;L2(r1)) <C.

Integrating (3.19) in [0, 7' and employing the above inequality together with data
regularity and Lemma 3.4 we get

||Un||L2(o,T;H;(Q,F1)) N ||U0||%§(Q,r1) + ||f||%2(0,T;L2(Q)) + ||g||%2(O,T;L2(F1)) <C.

On the other hand, taking z = d;u™ in (3.18), integrating in ¢ and using Cauchy-
Schwarz inequality, we obtain, for every 7 € (0, T,

1 T n 1 n «Q n /8 n
3 | 1007 By + 1900y + 10 ey + 51V ey

< SIVuEBay + SIlaey) + 5 Ve

1 T 9 1 T 9
3 [ Wl + 35 [ Mol

where the right-hand side of the above inequality can be bounded using Lemma
3.4 and data regularity.

Moreover, differentiating (3.18) with respect to t and setting @ = Jyu" we
get for any t € [0, 7]

(6tl~bn, Z)LZ(Q) + /\(atﬂ", Z)L2(1"1) + a(ﬂ”, Z) = (8tf7 Z)Lz(Q) + (8,59, Z)L2(F1), (320)
for all z € V™. Testing (3.20) with z = 4", it is easy to show that it holds
t t
n||2 n 2 2
o0+ [ 1000 OEar &5 S [ 10 ds

t
+ [ 100, ds + 100" Oy, (3:21)



48 3. DG approximation of parabolic problems with dynamic bcs

Taking ¢ = 0 in (3.18), testing with z = 9,u™(0), integrating by parts and em-
ploying Cauchy-Schwarz inequality we obtain

10" O)1Z2 @y S 1" OV 2ery) + 10, L2y + 1900, ) Z2 ey

whose right-hand side can be bounded by resorting to compatibility conditions,
Lemma 3.4 and data regularity.
Hence, collecting all the above results, we get

u € C0,T]; HY(Q,T2) 1 OO0, T L3(9,T1)) 1 H' (0, T HA(Q,T)).
4. Emistence of the solution u. Resorting to subsequences {uy, }7°, of {um}oo_;,
passing to the limit for m — oo and using standard arguments it is possible to
prove that there exists a solution u to problem (3.16) with

w e C(0,T); Hy(Q, 1)) N CH(0, T L(R, Th)) N H' (0, T; Hy(Q, Ty)).

5. Uniqueness of the weak solution. Let u; and uy be two solutions of weak
problem (3.16) and set w = u; — uy. By definition, taking z = w, we get from

(3.16)

d
= (130, + V013200 + allwllag,) + BIVrwli, =0,

dt
that implies w = 0, or u; = uy for a.e. 0 <t <T.
6. Improved regularity. Rewriting (3.16) as

a<u7v) = (fv U)L2(Q) + (g, U)LQ(Fl)a

where f = f — du € L*(0,T,L*(Q)) and § = g — du € L*(0,T, L*(Ty)). Em-
ploying Theorem 3.1 we get u(t) € H3(Q,T) for a.e. 0 <t < T.

7. Higher reqularity. We prove (3.17) by induction. From the above discussion
the result holds true for m = 1. Assume now the validity of (3.17) for some
m > 1, together with the associated higher order compatibility and regularity
conditions. Differentiating (3.15) with respect to ¢, it is immediate to verify that
o = Oyu verifies

ou  =Au+f, nQ 0<t<T,

ot =—atu+ Aru—Au+g, only, 0<t<T, (3.22)
periodic boundary conditions, only, 0<t<T, ’
{ij—o = o, in Q,

where f = 0,f, § = ,q, Gip = £(0,)+ Aug in Q and G| = SArug — Opug — ug+
g(0,-) onT'. Since the pair (f, g) satisfies the higher order compatibility conditions
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for £k = 1,...,m then the pair (f, g) satisfies the same type of compatibility
conditions for £k =1,...,m — 1. Hence, it follows for k =0,...,m —1

dka
€ C(0TH ™ #(,T) NCH0, T 20,1

N HY0,T; Hy™ 24, T))) (3.23)

which immediately implies the validity of (3.17) for k =0,...,m. =
The following result has been proof in [41, Lemmas 4.4 and 4.5].

Lemma 3.4 Let 2 € Z = {z € H*(Q) | 0,2 = 0 on T'1}. If 2, is the L*(Q2)-
projection of z on V", then

120 = 2l 1 @ry) — 0 when n — oo. (3.24)

Let Voo = U, V,,. Moreover, Z and Vy, are dense in H}(Q;T).

Employing the DG notation introduced in Section 3.2.1, the space semi-
discretization of problem (3.15) becomes: Find u;, € C°([0,T]; V) such that,
for any t € (0,77,

(Ogun, Vi) L2y + A(Optun, vp) L2(ryy + An(un, vn) = (f, vn) 2 + (9 V) 20y
Uhjt=0 = Uno,
(3.25)
for any v, € V), where uyg € V) is the L*-projection of ug into V}P. The following
result shows the existence of a unique solution u; of problem (3.25).

Theorem 3.4 The semi-discrete problem (3.25) admits a unique local solution.

Proof. As the proof is standard, we only sketch it. Let {¢;}_; be an orthogonal
basis of V. The semi-discrete problem (3.25) is equivalent to solve, for any
t € (0, 7], the following system of ordinary differential equations

(Opup, @5) L2y + A(Opun, 5) L2(ry) + An(un, &5) = (f, j)r2) + (9, 05) L2(0y)
Uh|t=0 = Uno;

(3.26)

for j =1,..., N. Setting up, = S, ¢i(t)¢s, (3.26) can be equivalently written as

Me(t) + Ac(t) = F(t),
o (3.27)
c(0) =c”,
where c(t) = (ci(t));cicns € = () 1<icny With up = SV Py, and, for i,j =

1,.. N,
AZ] = A(gbla ¢]), Ml] = (QS’M ¢J)L2(Q) + )‘(gbzv ¢])L2(F1)7
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Fy=(f, ¢i)20) + (9, i) r2(ry)-
Since the matrix M is positive definite and F(t) € L?(0,T;RY) invoking the
well-known Picard-Lindelof theorem yields the existence and uniqueness of a lo-
cal solution ¢ € H'(0,Ty;R), ie., u, € HY0,Ty; V) C C°0,Tn;VP) with
Ty € (O,T] ]
The next result shows the stability of the semi-discrete solution of (3.25).

Lemma 3.5 Let uy, be the solution of (3.25). Then it holds

T
e Egry + [ Musllde S
T
lonalBgary + [ (11 + ol )t (329

Proof. Choosing v;, = uy, in (3.25) and using (3.9) we get

1d
5 gz ory + Munlll2 S (11l + Mg llzn) llunllzz@r,)-

Using the arithmetic-geometric inequality and the Poincaré-Friedrich inequality
for functions in the broken Sobolev space H'(Ty), i.e.,

2 1/2
lonllzz@ S Clonlimy + 10, o)) Vo € HTR),

1/2
lvrllzey S (|vh|12ql(g}1:1) + ||[Uh]||3z£1) , Vo, € H'(Th),
cf. [17], we obtain
d
dt
The thesis follows integrating between 0 and T and noting that

lunllZ2 @ryy + unlllZ S 1 F1Z2) + 90 Z2r,)- (3.29)

Huhouii(g,rl) N HuoHii(Q,Fl)

because uyg is the L?-projection of ug into VP =

Finally, we consider the fully discretization of problem (3.16) by resorting to
the Implicit Euler method with time-step At > 0. Let ¢, = kAt, 0 < k < K,
with K = T/At, and denote by uf, k > 0, the approximation of uy,(t3). The fully-
discrete problem reads as follows: given u) = up, find uﬁ“ eVl 0 <k < K-
1, such that

k+1 k k+1 k
u — U u — U
<hTh, ’Uh) + A (%, Uh) -+ Ah(Ui—H, Uh)
L 12(@) L 12(T)
= (f(trs1), vn) o) + (9(trsr), vn) L2y (3.30)

for all v, € V).
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3.4 Stability and error estimates

This section is devoted to show that the solution of problem (3.30) converges with
optimal rate to the continuous solution of (3.15). We first prove the following
stability result.

Lemma 3.6 Let f* = f(tx) and ¢* = g(ty), k =1,..., K. Then it holds

K
ek s ary + AL S I

k=1

K
S lunalizary + 803 (17 e + Iy ) (330

k=1

Proof. We choose v, = u}™ in (3.30). Using (3.9), the identity

I ST ST 2
(= = :2) = 3lal? = 5ol + 5= — ol
and the Cauchy-Schwarz inequality, we obtain

||uh+1||L2(QF1) ||UhHL2 @y +llurtt = U];LHQL?(QH) + At [y ]2

S A 2@ lluk ez + 119" ez luk ez ey)) -
Employing Young’s inequality, Poincaré-Friedrich inequality and summing over

k we get the thesis. m
We next state the main result of this section.

Theorem 3.5 Let u € C([0,T]; H*(Q,T1)) N HY(0,T; L3(,T1)), s > 2, be the
solution of (8.16) and let uy, be the solution of (3.30). If Oy € L*(0,T; H*(Q,T4)),
02w € L*(0,T; L*(Q,T1)) and u) satisfies
[|uo — Ug”Li(Q,ﬁ) N (Th)» (3.32)
then
|u® — HLz(Q I <p2min(s.ptl) <HUKH?{§(Q,F1) + lluollFrs ey

T
+ [0, dt)

T
a8 [ opult) iy, d
0
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and

K K
u’ —upll]i < in(s—1, u
At k ]}i 2 < h2m1 (s—1,p) At k2
k=1 k=1

HS(Q.I')

T
+ B uolgory + [ o)
0

2
H:(Q.T)) dt)
T
o [0t iy, o
where u* = u(ty), k=1,..., K.
Proof. We first define the elliptic projection P : H*(Q,T;) — VP as
Ap(Pw —w,vp) =0 Yo, € VP, (3.33)

where Ay (-, ) is defined as in (3.5). We note (see Theorem 3.2) that P satisfies
the bound

1Pw — w200, + hll[Pw = wll]. $ K™D fw]

H(T1); (3.34)

for all w € H*(Q,Ty), s > 2. We next write u* — uf = (u¥ — PuF) + (PuF — uf)
and start to focus on the second term. Considering problem (3.25) at time t51,
we easily get

Puk+1 _ Puk Pukﬂ _ Puk
(T, ’Uh) + )\ <T, Uh) —+ ./4 ( k+1 ’Uh)
L2(Q) L2(T1)

= (f(te), vn)r2@) + (9(tk), vn) 2y — (B on)r2i) — ME op) 12y,
(3.35)
3.35

for all v, € VP, where

1
EkJrl = 8tu(tk+1) — E<P k+1 Pu )

Subtracting (3.30) from (3.35), we get that ef = Pu* — u} satisfies

< ]ZH e ) ei“ — ¢} (eF k+1 n)
; Un +)\(—7'Uh> + Ap ; Uh
— —(Ek+l,vh)L2( Q) — )\(Ek-H )LQ(Fl)

for all v, € V. Then, reasoning as in the proof of Lemma 3.6 , we obtain

lex ||L2 (Q,T1) +Atz |||€h||| ||6h||L2(QI‘1) +At2||Ek”L2 Q) (3.36)

k=1 k=1
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We bound the first term on the right-hand side of (3.36) using (3.32) and (3.34):

HeguLi(Q,Fl) = || Pug — UhOHLg(Q,rl)
< [[Puo — woll z2(ry) + lluo — wnoll 22 0.1y

< RmEPED g || s 7 - (3.37)

In order to bound the second term on the right-hand side of (3.36) we observe
that it holds:

k+1 _ k k-i-l_Pk-i-l_ k_Pk
Ek+1 (Gtu(tkﬂ) u A u )+< u ) (u U’)

t
1 trt1 thrl
—— [ -n) et dt+—/ Oy(ult) — Pu(t)) dt
tg

where we employed Taylor’s formula. Therefore, employing the commutation of
the operators P and 0t, we have

2

1 tet1
o v (t —t),) B2u(t) di
L2(9,)
1 tet+1 2
+ 5 (Opu(t) — Pou(t))dt

Li(ﬂzpl)

Using the Cauchy-Schwarz inequality we get

‘ / - (t —t1,) OFu(t) dt

ty

L2(Q,1)

Tkt 1/2 let1 1/2
< (/ (t — tx)” dt) (/ 107w ()12 o) dt>
tr 22

3/2 et 2 2 2
saen ([T yar, @)
tg

Hence,

1 2

l41
2 2 2
. <A1 / 102u(t)]12: o1 .

Li(Q,Fl) 12

trt+1
/ (t —t1,) OFu(t) dt
ti
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Employing dyu € L*(0,T; H*(Ts)), s > 2, and (3.34), we obtain

/ " Glt) — POt

tk

Li(erl)

tet1 1/2 trt1 1/2
<([Tara) ([ 1000 - Poaliar, @)
ti tx

1/2 s 2 v
< At (/ |0yu(t) — Patu(t)||L§(Q,r1) dt)

tg
1/2
2
H3 Q) dt> .

) trt+1
< A2t ( / ()]
Lk

Hence,

1 tet1 2
— / (Opu(t) — Poyu(t))dt

At [[ /¢, L2(Q,)

) tet1
S thm(S’pH)/ Hatu(t)H%Ji(Q,rl) dt. (3.38)

tg

Finally, summing over k£ we get

K
A IEM s o (3.39)
k=1

T T
< a8 [ 1O gary @+ n0r [0 o, d
0 0

which concludes the bound for ef. Finally, the thesis follows employing the
triangle inequality and the bounds (3.36)-(3.37) together with (3.34)-(3.39). m

3.5 Numerical experiments

In this section we present some numerical results to validate our theoretical es-
timates. In the first two examples (cf. Sections 3.5.1 and 3.5.2) we consider a
test case with periodic boundary conditions and validate our theoretical error
estimates. In the last example (cf. Section 3.5.3) we show that our theoretical
results seem to hold in the case of more general boundary conditions, provided
the exact solution of problem (3.15) is smooth enough.

3.5.1 Example 1

We consider problem (3.15) on = (0,1)? and choose f and g such that u =
e 191 — cos(2mz)) cos(4my) is the exact solution.
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We have tested our scheme on a sequence of uniformly refined structured trian-
gular grids with meshsize h = \/5/ 26 ¢ = 2,...,7. In those sets of numerical
experiments we have measured the error e(T") = u(T') — u,(T') at the final obser-
vation time 7" = 0.001 in the ||-||z2(q) and ||-|| z2(r,) norms. We have also measured
the quantity (At Sr  |[|€¥]|2)"/2, being F = uF — u} .

In the first set of experiments we used piecewise linear elements (p = 1) and the
following parameters: o = 10, At = 107°, A = 10, 3 = 5 o = 2. The computed
errors and the corresponding computed convergence rates are reported in Table
3.1. We have repeated the same set of experiments employing piecewise quadratic
elements (p = 2); the results are reported in Table 3.2. From the results shown
in Table 3.1 and Table 3.2, it is clear that the expected convergence rates are
obtained.

] () | rate [ e(T) ]z, | rate | (AtSr [[[FE)72 ] rate
\/5/22 1.836048e-01 - 1.908256e-01 - 2.281359e-01

\/5/23 5.455936e-02 | 1.75 | 5.035380e-02 | 1.92 1.186343e-01 0.94
\/5/24 1.451833e-02 | 1.91 | 1.278655e-02 | 1.98 5.939199e-02 1.00
\/5/25 3.688202e-03 | 1.98 | 3.208881e-03 | 1.99 2.962468e-02 1.00
\/5/26 9.258142¢-04 | 1.99 | 8.028862¢-04 | 2.00 1.480150e-02 1.00
\/5/27 2.316573e-04 | 2.00 | 2.006754e-04 | 2.00 7.399580e-03 1.00

Table 3.1: Example 1. Computed errors, p = 1, ¢ = 10, At = 107, T' = 0.001,
A=10, =5 and a = 2.

W] (D) | rate [ e(T) o, | rate | (AtSr [[[HE)72 ] rate
\/5/22 2.470397e-02 - 1.751588e-02 - 5.281897e-02 -
\/5/23 3.027272e-03 | 3.03 | 2.232268e-03 | 2.97 1.405198e-02 1.91
\/5/24 3.827204e-04 | 2.98 | 2.822643e-04 | 2.98 3.602372e-03 1.96
\/5/25 4.797615e-05 | 3.00 | 3.539247e-05 | 3.00 9.081101e-04 1.99
\/5/26 5.992844e-06 | 3.00 | 4.421683e-06 | 3.00 2.276766e-04 2.00
\/5/27 7.507474e-07 | 3.00 | 5.632338e-07 | 2.97 5.593742e-05 2.02

Table 3.2: Example 1. Computed errors, p = 2, ¢ = 10, At = 107, T' = 0.001,
=10, =5 and a = 2.

3.5.2 Example 2

In the second example, we explore the dependencies of the error on the time-step
At. To this aim, we set f and ¢ as in Section 3.5.1. In Table 3.3 we report the
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computed errors and convergence rates obtained with piecewise linear elements
(p = 1) and the following parameters: k =7, 0 = 10, T = 0.1, A = 10, 5 = 5,
a=2h=+2 /27 and vary the time integration step At. The numerical results
are in agreement with the theoretical estimate.

At le(T)|| 2@ | rate | ||e(T) |2, | rate
0.1 x 2% | 2.682138e-02 | - 8.678953e-02 | -
0.1 x 271 | 1.487984e-02 | 0.85 | 4.905898¢-02 | 0.82
0.1 x 272 | 7.889826e-03 | 0.92 | 2.630006e-02 | 0.90
0.1 x 273 | 4.050365e-03 | 0.96 | 1.360794e-02 | 0.95
0.1 x 27* | 2.028095¢-03 | 1.00 | 6.881036e-03 | 0.98
0.1 x 27° | 9.897726e-04 | 1.03 | 3.415646e-03 | 1.01
0.1 x 27% | 4.664660e-04 | 1.08 | 1.656678e-03 | 1.04

Table 3.3: Example 2. Computed errors, k =7, p=1, 0 =10, T = 0.1, A = 10,
S =5and a=2.

3.5.3 Example 3

Finally, we consider problem (3.15) on = (0,1)? with homogeneous Dirichlet
boundary conditions applied on I'; and dynamic boundary conditions on I'y. In
this case we choose f and ¢ such that u = #(1 — cos(2mx)) cos(my) is the exact
solution. In Table 3.4 we report the computed errors and computed convergence
rates at the final time 7" = 0.1. Those results have been obtained with piecewise
linear elements (p = 1) and with the following choice of parameters: o = 10,
At =0.001, A =10, =5 and a = 2. We have ran the same set of experiments
employing piecewise quadratic elements (p = 2); the computed results are shown
in Table 3.5. The results reported in Table 3.4 and Table 3.5 clearly confirm the
theoretical rates of convergence even in the cases of Dirichlet boundary conditions
instead of periodic ones, at least whenever the exact solution is sufficiently smooth
(see Remark 3.1).
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h | lle(M)lle@ | rate | [le(D)llzr,) | rate | (At [[JM][D)2 | rate
V2/2% | 9.185918¢-03 | - 1.111234e-02 | - 1.347859e-01 -
V2/23 | 2.704819¢-03 | 1.76 | 2.849404¢-03 | 1.96 6.413467e-02 1.07
V2/2* | 7.279868e-04 | 1.89 | 7.169369¢-04 | 1.99 3.155837e-02 1.02
V2/2% | 1.875124e-04 | 1.96 | 1.797070e-04 | 2.00 1.571196e-02 1.01
V2/20 | 4.745622e-05 | 1.98 | 4.501545¢-05 | 2.00 7.847606e-03 1.00
V2/27 | 1.192746e-05 | 1.99 | 1.127502¢-05 | 2.00 3.922783e-03 1.00

Table 3.4: Example 3. Computed errors, p = 1, 0 = 10, At = 0.001, T = 0.1,
A=10, =5 and a = 2.

b | el | rate | [e(T) [y | rate | (AtS 2 [[eH][2)7 | rate
\/5/22 1.239177e-03 - 1.607590e-03 - 2.589798e-02 -
\/5/23 1.543449e-04 | 3.01 | 2.189412e-04 | 2.88 6.771702e-03 1.93
\/5/24 1.911957e-05 | 3.01 | 2.788057e-05 | 2.97 1.715537e-03 1.98
\/5/25 2.386211e-06 | 3.00 | 3.496808e-06 | 3.00 4.307186e-04 1.99
\/5/26 2.990873e-07 | 3.00 | 4.364171e-07 | 3.00 1.079691e-04 2.00
\/5/27 3.777961e-08 | 2.98 | 5.420558e-08 | 3.01 2.621607e-05 2.04

Table 3.5: Example 3. Computed errors, p = 2, 0 = 10, At = 0.001, T = 0.1,

A=10, =5 and a = 2.
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Fast solution techniques for the
Cahn-Hilliard problem

In this chapter we present a numerical comparison of several multigrid techniques
for the efficient solution of the fully discretized Cahn-Hilliard equation.

4.1 Problem discretization

Let Q@ C R% d = 2,3, be an open bounded domain and define I' = 9. The
Cahn-Hilliard equation reads as: Find u:Q x [0,T] = R, T > 0, such that

Ou+ A(Y*Au — @' (u)) =0 in Q x (0,7T],
O = 0p(Au) =0 on I' x (0,77, (4.1)
u(-,0) = o) in 0,
where 0;n = %, Opn = g—z and v > 0 is a given constant called interface parame-
ter. This parameter is usually assumed to be small, e.g. in the range 1073 — 1072

We rewrite (4.1) in a mixed form, introducing the chemical potential w = ®'(u)—
Y2 Au: Find u,w: Q x [0,T] = R, T >0, such that

Ou—Aw =0 in Q x (0,77,

w=®(u) —y?*Au  in Q x (0,T], (4.2)
Ohtt = Opw =0 on T x (0,7), '
u(+,0) = ug(-) in Q.

29
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In the following, the free energy ¢(-) is taken as the quartic polynomial

d(s) = ;1(1 — s%)2 (4.3)

As shown in [56], this is a good approximation of the (more general) logarithmic
potential (1.3). We point out that (4.3) is easier to be treated than (1.3) from
the numerical point of view since it does not have singularities in +1 that can be
source of numerical instabilities when the modulus of the solution is near to 1.

4.1.1 Space-time discretization of the Cahn-Hilliard equa-
tion

We begin by stating the weak formulation of the Cahn-Hilliard problem (4.2):
For any t € (0,T), find {u(-,t),w(-,t)} € H(Q) x H'(Q), such that

(Opu, n)2(0) — (Aw, 77)L2 @ =0 vn € H'(),

(w,m)r2(@) = (&' (W), Mr2@) — YV (Au,n)r2@) Vne HI(Q),  (44)
u(-,0) = ug ()GHQ(Q),

where

HY(Q) ={ve H*(Q):0,v =0o0nT}.

Let T, be a shape-regular partition of the domain €2 and let V)’ be the test
and trial space of piecewise discontinuous polynomial functions of order p > 1,
defined on Tj, i.e.

VP ={veL*Q):vxg P’ VK €T}
We also define
H™Q,Ty) ={w e L*Q) : wxg € H'(K) VK € Tp}.

We denote by &) the set of interior edges (or faces) of the triangulation 7;, and
by &, the set of the edges (or faces) belongs to I'. We also define &, = &) U Ef.

Let us to introduce some notation about jump and average operators. For
each e € & there exist K and K* € T, such that € = K N JK*, and, similarly,
for each e € & there exists a K € Tj, such that € = K N 9. Then, for each
e € & we define

'T|K —+ T\K*
{T}\e:Ta [T]le:T\K‘nK — T|k+ ' g,

Vg + Ui+
{v}e = % W] = vgnk + vgenk,

and for e € &
{T}|6 = T|K7 [U]|e = Un‘Ka
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where v and 7 are a scalar and a vector-valued smooth enough functions, re-
spectively. In the following, to improve the readability, we remove the subscript
index.

We introduce the bilinear form By (-,-) : V' x V¥ — R defined as

Bh(v,w) = Z (VU, Vw)Lz(K)

KeTy
= ({Vo}, [wh)raeg) = ([o], {Vwh) paey) + o ([l [w])paeg),  (4:5)

where (-, ) z2(g0) = Zeeg}o(-, ‘)r2(e)- We also define the DG norm ||-[|p¢ on V} as

1
lonlba = D IVwnlZage + ~I{VwnHlzeg) + ol lwnlllzaey).
KeTy,

The parameter o is taken as

min(h g ,hg*)

0’|€:Wl ifGGg,I;,

2
{0|e _ pmax(pk pr+)] if e € £,
hk

where © € RT and pg, hg are the polynomial degree and the diameter of the
element K, respectively.

The bilinear form By (-, ) satisfies the following properties [49]:
e Consistency: let v € H3(Q) such that (v,1)72) = 0. Then we have
By (v, wy) = (—Av, wp) r2(q) Ywy, € VP
e Continuity: For all v,w € H*(Q,T;,), it holds
|Br(v, w)| S [[v]lpellwllpe;
e Coercivity: If p is large enough, there holds

lWlibe < Bu(v,v) Vv e VY.

We define the discontinuous Galerkin space semi-discretization of the Cahn-
Hilliard problem (4.2) as: For any t € (0,7, find {up(-,t), wp(-,t)} € VI x VI,
t € (0,7, such that

(Ogtun, M) L2(02) + Br(wh, mp) r2(0) = 0 Vi, € Vi,
(wh, M) £2(0) = (' (un), ) 2 + VB (wn, mn) 2 Vi € Vi, (4.6)
up(+,0) = yue(-) € Vy,



62 4. Fast solution techniques for the Cahn-Hilliard problem

where the orthogonal projector IIj, : L*(Q2) — V}? is defined as
(v =T, xn)r2() =0 Vxi € V2. (4.7)

We now introduce the fully discretization of problem (4.2). Let 0 = ty <
t1 < ... <ty =T be a partition of [0, 7], with step size At, i.e., t, = to + nAt,
n=0,..N.

There are several type of time-discretization method for (4.6). The first
method that we present is the backward Euler method (cf. [49]). In this case the
fully discrete problem reads as follows: For 1 <n < N, find {u},w}} € V' x V!
such that

Spu, Xn) r2() + Br(wy, xn) =0 Vxn € VI,
wi, xn)rz@) = (' (W), xn) 2 + V2 Br(ult, xn) 2@y Yxn € Vi, (4.8)
U?L = Ilyug € V]f),

—~

where

up — uﬁ‘l
At
To numerically solve (4.8), we linearize it using the Newton’s method (cf.

Appendix A.1).

Applying the Newton’s method to the function

dup = 1<n<N.

F(u) = ¢'(u) — v*Au — w,

we obtain
2 k 2 k k k
lim i A<u( ) + 65“) + A(u( )) + ¢,<u( ) + 65”) - ¢/(u( )) _ nyAu(k)—gb,(u(k))"‘w,
e—0 €
hence,

—")/2Au(k+1) + u(k+1)¢//(u(k)) _ u(k)<b”(u(k)) - ¢/(u(k)> +w.

Using the definition of ¢ we get
—2Au*TY g B D (302 1) = 2(u®)? 4 w.

Therefore, after the Newton linearization, the numerical solution of (4.8) be-

: K 1,k 1k+1 1E+1
comes: For k = 0,1,..K, given u}f = up™ and u}™"", find u} ™"yt

that satisfy

(UZJrl,kJrl _v Xh) AL Bh(wZ“”““,Xh) =0 Yxn € V;f’
(wz+1,k+l7 xn) = 72 Bh(uz+1,k+l’ ) (4.9)
4 <3u2+1,k+1(u2+1,k)2 — oY — UZH’kaXh) Yxn € V2.
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Another type of time-discretization for Cahn-Hilliard problem is the convex-
splitting proposed in [5]. In this case, the fully discretization of problem (4.2)
reads as: For 1 <n <N, find {u}},w;} € V}' x V such that

(0puit, xn) r2(0) + Br(wy, xn) =0 Vxn € Vi,
(Wi, X)r2e) = (W) = up " xn)r2) + V2Br(w), xn) 2y Vxn € Vi, (4.10)
u% =IT,ug € Vhp,

We can linearize the above formulation proceeding as before. Then we obtain:
, K 1 1 1
Fork=0,1,..K, given u}l = u"" and uj " * find uZ’k+ ,wZ’kJr such that

AP n Xh) + AL By (@ ) = 0 Vxn € VY,

(wp M) =7 Bluy ™ ) (4.11)
+ (SuZ“’kH(uZH’k)Q — 2(uz+1’k)3 — UZ’k,Xh> Vxn € V.

For both linearized formulations, we set u) ™ = uZ’K. The number K is
commonly taken equal to 3 as suggested in [49].

4.1.2 Numerical examples

In this section we consider four test cases taken from [49] and we report the
numerical results obtained by employing backward Euler (4.8).

4.1.2.1 Example 1

In the first example we choose At = 0.01, v = 0.01, © = 10 and

0.95 if 9(x —0.5)24 (y —0.5)2 < L,
uo(2,y) = { -0.95 othe(rwise. ) ( ) ’
In Figure 4.1 we report the numerical solutions computed employing piecewise
linear (p = 1) and quadratic (p = 2) elements on a mesh made of 8192 triangles
on different time snapshots.
From the theoretical point of view, at each time steps the energy functional
(1.4) decreases. This behaviour is represented in Figure 4.1 by the length reduc-
tion of the layer in which the two phases coexist.

4.1.2.2 Example 2

In the second example we set At = 1073, v = 0.01, u = 10 and consider a
cross-shaped initial datum. In Figure 4.2 we report the result performed on the
same mesh employed in Example 1. As in Example 1, the pattern of the solution
minimizes the energy functional (1.4) and, therefore, the length of the interface
layer. Indeed, for ¢ > 0, this layer becomes circular.
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Figure 4.1: Example 1. Computed solutions with p = 1 (top) and p = 2 (bottom)
polynomial approximation degrees. From left to right we report the solution at
time ¢t = 0,0.01,0.1, 1.0.

Figure 4.2: Example 2. Computed solutions with p = 1 (top) and p = 2 (bottom)
polynomial approximation degrees. From left to right we report the solution at
time ¢t = 0,0.001,0.01,0.1.
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4.1.2.3 Example 3

The third example regards the spinodal decomposition: the separation of a mix-
ture of two or more components to bulk regions, like the rapidly cooling down
of an alloy at high-temperature. The initial piecewise constant datum is chosen
uniform randomly with amplitude 0.9. In Figure 4.3 it can be seen the expected
behaviour of a spinodal decomposition dynamic. Indeed, the two phases are
rapidly unmixing into growing subregions.

(a)p=1

Figure 4.3: Example 3. Computed solutions with p = 1 polynomial approxima-
tion degree with random initial datum. From left to right we report the solution
at time ¢ = 0,0.0001, 0.001, 0.01.

4.1.2.4 Example 4

In this test case we consider the Cahn-Hilliard equation (4.1) and choose the data
such that the exact solution is given by

u(zx,y,t) = cos(t) cos(mzx) cos(my).

We choose At = 0.001, v = 0.1 and g = 10. In Table 4.1 are shown the computed
errors as a function of the mesh size h measured in the L>(0,7; H'(Q2)) and
L>=(0,T; L*(2)) norms employing p = 1 elements.

h | L®(0,T; HY(Q)) rate L>(0,T;L*(Q)) rate
1/8 0.254617 - 0.026940 -
1/16 0.102218 1.31 0.008124 1.73
1/32 0.045502 1.16 0.002124 1.93
1/64 0.021994 1.05 0.000537 1.98

Table 4.1: Computed errors and corresponding convergence rates (y = 0.1, p =
10, At =0.001, T = 0.1, p=1).

The computed results are in agreement with the theoretical estimates presented
in [49]: linear and quadratic rates are observed in the L*°(0,7; H'(Q)) and
L>(0,T; L*(2)) norms, respectively.
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4.2 Multigrid-based solution algorithms

In the rest of this chapter we discuss several numerical startegies to solve the
system of non-linear equations arising from the fully DG disctretization of the
Cahn-Hilliard problem like the one reported in (4.8) and (4.10). To ease the
presentation, we refer to these systems of non-linear equations as to the solution
of the following problem: find wu; such that

Ah(uh) = fh» (412)

where, for simplicity, we omit the temporal superscript. A general iterative algo-
rithm for a problem of the form (4.12) reads as in Algorithm 1.

Algorithm 1 Solution of (4.12)
Set k =0 and u%o);

repeat
ugﬁl) = solver(fy, uék), h);
k=k+1;

until stopping criterion

u, = llglk) .

The stopping_criterion can be taken as a test on the residual, i.e.,
I = 1A ) = full < e

or as a criterion on the absolute value of the difference of successive iterations,
ie.,

k k
lui ™ — uP) < e,

with 0 < ¢ < 1.

The module solver will be the core of the algorithm and it is composed by
an iterative scheme that improves the approximate solution. In the following
numerical experiments we employ the latter criterion with ¢, = 1076. Since
the Cahn-Hilliard equation is a non-linear problem we implement two different
strategies in the routine solver: a classical multigrid procedure applied to the
Newton linearization of the problem, namely Newton multigrid strategy (NMG),
or a non-linear multigrid procedure, namely Fully Approximation Scheme (FAS).
We refer to Appendix A for some useful result on Newton and linear multigrid
method that will be used through the chapter.

4.3 FAS algorithm

The generic FAS iteration to solve problem (4.12) reads as described in Algo-
rithm 2.
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Algorithm 2 u}*“=FAS(f},,u,h)

Pre-smoothing: Apply v, smoothing steps to obtain u} © from up;
Compute the defect: rj, = f), — A, (u}));
Restrict the defect: ro, = I ry;
Restrict the approximation: uy, = I ub";
Compute fgh =Top + Agh(u%);
if 2h is the coarsest mesh size then

Linearize and solve Agy(vay) = fop;
else

VghIFAS(th,UQh,Qh);
end if
Compute the coarse grid correction: ey, = va, — Ugp;
Interpolate the correction: e, = I eq;

C

Correct the approximation: uf = u}, “ + ey;
Post-smoothing: Apply v» smoothing steps to obtain u}®¥ from uj,.

If we have to solve a non-linear problem, as in the Cahn-Hilliard case, the smooth-
ing steps consist in vy or vy applications of an iterative solver applied to the lin-
earized problem. In Algorithm 2 I?" and I 2l are suitable prolongation operators
whereas I}, is a restriction operator. In particular, in our case, we define I?" to
be the full-weighted prolongation operator, 17, as the transpose of I?", and I 2h
such that it enforces in a weak sense the state equality between the coarse and
fine levels, i.e., I?* = (M?")"'N?" where M?" is the mass matrix on the coarse
grid and (N*"); = [, opt¢ldx (cf. [37]).

We test the FAS algorithm by solving (4.8) on = (0,1)% using a sequence
of uniform structured triangular meshes with h = v/2/2" n = 1,...,6. In all
the simulation we used as the finest level the grid with h = v/2/2% and we set
11 = v = v and used piecewise linear element (p = 1). We use as a pre- and
post-smoother the symmetric Gauss-Seidel algorithm. In the first example, we
consider as initial datum the discontinuous cross-shaped function

0 { 0.95 if = belongs to the cross, (4.13)

Yn =1 -0.95 elsewhere,

cf. Figure 4.4 (a).

Where not specified, we assume the time-step At = 107°, the residual stopping
criterion (4.14) with e = 1075 and v = 6.

First of all we test the dependency of the number of iterations needed to achieve
convergence on the number of the pre- and post-smoothing iterations. In Ta-
ble 4.2 we report the iteration counts for the first 10 discrete time steps. As
expected, the faster scheme in terms of number of FAS iterations are the ones
with the larger values of v. However, large values of v has a negative effect on
the computational cost.
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(a) Example 1 (b) Example 2 (c¢) Example 3
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Figure 4.4: Initial data u)) for the test case 1-5.

y Discrete time values t,, = tg + nAt, n =1,2,...,10.
n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10

5 34 27 24 23 22 22 21 20 20 20
6 31 25 23 21 20 20 19 19 18 18
7 29 24 21 20 19 18 18 17 17 16
8 27 22 20 19 18 17 17 16 16 15
9 26 21 19 18 17 16 16 15 15 15
10 25 20 18 17 16 16 15 15 14 14
11 24 20 18 16 16 15 15 14 14 13

Table 4.2: Number of FAS iterations at different snapshots using different number
v of smoothing steps with initial datum ) defined in (4.13).

In Table 4.3 we explore the dependency of the FAS algorithm on the number
of levels. More precisely, in Table 4.3 we report the FAS iteration counts at
different time-step t, = to + nAt and employing a variable number of levels.
We observe that, as expected, the best performance is the one achieved by the
two-grid scheme. However, we recall that in this case solving the problem on the
coarse level is more expensive than in the other cases.

Next, we investigate the performance of the FAS solver when varying the initial
datum. To this aim, in Table 4.4 we report the number of FAS iterations needed
to solve (at different time steps) problem (4.8) with the following initial data:

a) the cross-shape v defined in (4.13), cf. Figure 4.4 (a);
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Number Discrete time values t,, = to + nAt, n=1,2,...,10.
oflevels | n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10
5 31 25 23 21 20 20 19 19 18 18
4 31 25 23 21 20 20 19 19 18 18
3 31 26 23 21 21 20 19 19 18 18
2 28 23 20 19 18 18 17 16 16 16

Table 4.3: Number of FAS iterations at different snapshots using v = 6 and
different number of levels with initial datum u defined in (4.13).

b) random initial datum ) with max |uy| < 0.01, cf. Figure 4.4 (b);
¢) random initial datum ) with max|u,| <1, , cf. Figure 4.4 (c);
d) u) =25((1 — z)y(1 —y)) — 1, cf. Figure 4.4 (d);

e) ul = cos(2mz) cos(2my), cf. Figure 4.4 (e);

We observe that the number of FAS iterations decreases as n grows up, at least
for the first phase of the Cahn-Hilliard problem. This is, for example, the case
of the first three data: the discontinuous initial data becomes more regular for
increasing values of ¢, and the corresponding number of FAS iterations decreases.
Afterwards the spinodal decomposition, where the solution changes faster its
shape, the successive coarsening phase requires less FAS iterations because the
solution changes very slowly due to the different time-length of the process.

Type Discrete time values t, = to + nAt, n=1,2,...,10.
n=1|{n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10
case a 31 25 23 21 20 20 19 19 18 18
case b 23 12 9 8 7 6 6 5 5 4
case ¢ 35 24 21 19 17 16 14 13 13 13
case d 24 21 22 21 21 21 21 20 20 20
case e 20 17 16 16 16 16 16 15 15 15

Table 4.4: Number of FAS iterations at different snapshots using v = 6, 5 levels
and with initial data u) showed in Figure 4.4.

Finally, we perform some experiments to study the dependency of the FAS al-
gorithm on the size of the time-step. We collect the results in Table 4.5. As
expected, we observe that the number of iterations needed to perform a single
time-step decreases when a smaller value of At is employed. In fact, smaller val-
ues of At imply that the searched solution is closer to the solution at the previous
time-step.
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At Discrete time values t,, = tg +nAt, n=1,2,...,10.
n=1|{n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10

103 37 31 27 24 22 21 20 19 19 19
1074 31 25 23 21 20 20 19 19 18 18
107° 25 23 20 18 17 16 15 15 14 14
10—6 16 16 15 15 14 13 13 13 12 12
107 8 7 7 7 7 7 7 7 7 6
108 3 3 3 3 3 3 3 3 3 3

Table 4.5: Number of FAS iterations at different snapshots using v = 6 and
different time-step At with initial datum u} defined in (4.13).

4.4 Newton-Multigrid solver

The Newton-Multigrid (NMG) algorithm, reported in Algorithm 3, solves the
linearization of the problem with the MG method that is described in details in
Appendix A.2.

Algorithm 3 u}*"=NMG(f},,up,h)

Linearize problem (4.12) to obtain the linear problem A%"v;, = fii";

Set © = 0 and uglo) = uy;
repeat .
w " = MG, w, h);
1=1+4+1;
until stopping criterion

new (4)

llh :uh .

For the stopping criterion there will be several different choices. The classical
one is test the normalized residual, i.e.,

7| = || flim — Al < e 7|, with 0 < €5 << 1. (4.14)

A possibility to recover the quadratic convergence of inexact-Newton strategy
can be reached satisfying the following condition

17p () (@D =) + P < il )], (4.15)

The behaviour of the inexact Newton method is well known in literature (see
Appendix A.1). Setting 7; as

MNmazx Z:Oa
. ~ 7 1—1 . ~
n = 4 i (a3 12/l ) i >1and yn?, <01,
. ~ 1 1—1 ~ . ~
M0 (T, max (3 ([ 12/ V1%, A02.)) @ > 1 and 72, > 0.1,
(4.16)
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with v = 0.9 and 9,4, = 0.9999, guarantees the second order of convergence for

NMG, cf. [32].

We perform several numerical experiments to study the performance of NMG
algorithm. In all the subsequent tables, we employ the notation x/y where x
refers to the total number of MG cycles to perform a single time-step and y is
the total number of Newton linearizations performed to satisfy the inner criterion
within the Newton algorithm. In all the following experiments we set 1y = vy = 6.
We test the NMG algorithm by solving (4.8) on € = (0,1)? using the same set
of meshes defined for the FAS examples. In the first test case we consider (4.13)
as initial datum, cf. also Figure 4.4 (a). We also set At = 107% and p = 1. In
Table 4.6 we report the computed results employing the adaptive criteria (4.15).
As in the FAS case, it seems that using fewer levels requires less iterations to
satisfy the stopping condition.

In Table 4.7 we study the relation between the number of multigrid iterations
and Newton linearizations needed to satisfy the stopping criteria (4.14) on the
normalized residual with different values of the tolerance and different number
of levels. We point out that using smaller values of the tolerance requires more
Newton linearization but smaller number of multigrid iterations.

Number Discrete time values t,, =ty + nAt, n=1,2,...,10.

oflevels | n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10

5 40/20 | 34/11 | 31/8 | 29/7 | 28/7 | 26/7 | 25/7 | 24/7 | 24/7 | 23/7
4 40/20 | 34/11 | 31/8 | 29/7 | 28/7 | 26/7 | 25/7 | 24/7 | 24/7 | 23/7
3 39/19 | 33/11 | 30/7 | 27/7 | 26/7 | 25/7 | 24/7 | 23/7 | 23/7 | 22/7
2 20/17 | 24/10 | 22/7 | 20/7 | 19/7 | 19/7 | 18)7 | 17/7 | 177 | 17/7

Table 4.6: Number of NMG iterations at different snapshots using different num-
ber of levels. We employ the adaptive stopping criterion (4.15) with 7 defined by
(4.16) with initial datum u) defined in (4.13)

Discrete time values t,, = to + nAt, n=1,2,...,10.
n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9 | n=10
10=% | 105/4 | 87/4 76/4 65/3 61/3 59/3 56/3 55/3 53/3 51/3
1075 | 83/4 65/4 56/4 50/3 46/3 43/3 41/3 39/3 37/3 36/3
107* | 67/10 | 51/8 44/9 39/8 37/9 34/8 32/9 30/9 29/8 27/8
1073 | 53/16 | 42/16 | 36/15 | 32/15 | 30/16 | 27/15 | 26/14 | 24/13 | 23/14 | 22/13
1072 | 44/23 | 36/22 | 31/22 | 28/21 | 26/20 | 25/20 | 24/19 | 23/19 | 23/19 | 22/19
1071 | 40/29 | 34/29 | 30/27 | 28/26 | 27/26 | 25/24 | 24/23 | 23/22 | 23/22 | 22/22

Table 4.7: Number of NMG iterations at different snapshots using 5 levels with
initial datum u defined in (4.13). We employ (4.14) as a stopping criterion using
different values of €,.

We also test the performance of the NMG algorithm depending on the choice of
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the initial datum. In Table 4.8 we report the results where we employed the same
initial data employed in Table 4.4.

Type Discrete time values t,, = to + nAt, n=1,2,...,10.
n=1|n=2|n=3|n=4|n=5|n=6 | n=7|n=8|n=9|n=10
case a | 40/20 | 34/11 | 31/8 | 29/7 | 28/7 | 26/7 | 25/7 | 24/7 | 24/7 23/7
case b | 30/11 | 18/7 14/6 11/5 10/5 8/4 7/3 7/3 6/3 6/3
case ¢ | 47/24 | 35/13 | 30/7 | 27/7 | 24/7 | 22/7 | 21/7 | 20/7 | 19/7 18/7
case d | 28/13 | 28/9 28/9 | 28/8 | 28/8 | 27/8 | 27/8 | 27/7 | 287 28/7
case e | 25/13 | 23/7 | 23/7 | 22/7 | 21/7 | 21/7 | 20/7 | 20/7 | 20/7 20/7

Table 4.8: Number of NMG iterations at different snapshots using 5 levels and
with initial data u)) showed in Figure 4.4. We employ (4.14) as a stopping criterion
using different values of e; = 1076.

We notice that, for each initial condition, the number of Newton linearizations
and multigrid iterations needed to satisfy the stopping criterion decreases as t,
increases, at least for the time interval considered here. In Table 4.9 we collect
the number of iterations needed to perform the first 10 time-steps with different
values of At. By comparing those values with the ones reported in Table 4.5 we
notice that, for smaller values of At, the number of FAS and NMG cycles are
similar. On the other hand, for larger values of At, the NMG solver needs a
larger number of linearizations and MG cycles.

At Discrete time values t,, = to + nAt, n=1,2,...,10.
n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8|n=9|n=10
1073 | 58/23 | 52/7 | 45/7 40/7 | 36/7 32/7 30/7 29/7 27/6 27/6
107* | 40/20 | 34/11 | 31/8 29/7 28/7 26/7 25/7 24/7 24/7 23/7
1075 | 28/17 | 26/14 | 23/11 | 22/10 | 20/9 19/8 18/8 18/8 18/8 17/8
106 | 17/13 | 17/13 | 16/12 | 15/11 | 15/11 | 14/10 | 14/10 | 14/10 | 13/10 13/9
10=7 8/8 7/7 7/7 /7 /7 7/7 7/7 /7 /7 6/6
108 3/3 3/3 3/3 3/3 3/3 3/3 3/3 3/3 3/3 3/3

Table 4.9: Number of NMG iterations at different snapshots using 5 levels and
different values of At with initial datum u} defined in (4.13). We employ (4.14)

as a stopping criterion using different values of e, = 1075,
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Collective block Gauss-Seidel smoothers

5.1 Motivation

This chapter is devoted to the introduction and testing of a new set of smoothers
to accelerate the convergence of the FAS algorithm, cf. Algorithm 2. To validate
the performance of the new class of smoothers we will employ the Local Fourier
Analysis (LFA) approach, cf. [67].

From Algorithm 2, it is clear that at each FAS iteration we have to approx-
imate the solution of a non-linear problem by an inexact Newton-like algorithm
which requires vy + 15 iterations of a classical linear smoother (e.g., Jacobi or
Gauss-Seidel). This indeed represent the bottleneck of the whole algorithm.
Therefore, to accelerate the convergence of the FAS algorithm in the follow-
ing we incorporate and test different type of smoothers called collective block
Gauss-Seidel smoothers.

The main difficulty in constructing effective smoothers is how to group to-
gether the degrees of freedom in such a way the resulting blocks guarantee that
the convergence is as fast as possible. The local blocks that we consider in the
following are composed by the (DG) degrees of freedom associated to one or
more elements (element-wise blocks) or by the degrees of freedom across one or
more interfaces (interface-wise blocks). Moreover, we recall that in discontinuous
methods the boundary conditions are always imposed weakly. For this reason we
will introduce suitable “ghost” points for any boundary degree of freedom such
that the smoother can deal with the boundary unknowns as internal points.

Remark 5.1 All the following results can be extended to higher-order odd poly-
nomial as in [44].

73
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5.2 Definition of the smoother for linear prob-
lem

As a first step, we will introduce and test our smoothers on a one dimensional
simplify (toy) model problem, namely the diffusion-reaction equation:

—u"4+au =f inQ,
u =0 onlp, (5.1)
O,u =0 only,

where @ > 0 and where I'p N Ty = 0 and T'p UTy = 09Q. Moreover, in the case
of a =0, we set I'p # () to guarantee the uniqueness of the solution.

Let T, be a uniform partition of {2 into disjoint open intervals K such that
Q= Ulefi. Let h be the mesh-size of the partition 7;, and &, be the set of all
points e of Ty,. Furthermore, we define by & the set of all internal points, i.e.,

E=1{ec & : endQ =0},
and by S}I;D the set of Dirichlet points, i.e.,

8,?’3 ={ee€& : enlp#0D}.
We set V! as

Vil ={v, € L*(Q) : (vn)x € P'(K) VK € Tp}.
The DG approximation of problem (5.1) reads as: Find uj, € V;! such that
By (un, vp) + a (un, o) r2@) = (f, vn)22(0) Yo, € V),

where By(+, ) is defined as

By, (v, wy,) = Z v wydx

KeT, VK

= > ({vhehwnlie + {wi}ielonle = olonliclwnlie) - (5.2)

e€€0UE, P

Let n = dim(V}}')/2 and let {¢;}i—1. 2, be an admissible set of basis function
for V;l. We define the stiffness and the mass matrices by

Sij = Bi(¢i, &) and M;; = (¢i; 5) 12(02), 0<i4,j<2n. (53)
Writing

2n
up = E Ui s,
i1
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problem (5.1) becomes: Find w € R*" such that
Au =f, (5.4)
with u = [uy, ..., us,)" and A= (S + aM).

We now present some collective block Gauss-Seidel smoothers for the linear

system (5.4). Let us suppose to number from left to the right the elements K and
the interface points e of T,. We also define I as the set of all degrees of freedom
of the space V.
The first collective smoother that we consider is based on element-wise blocks.
Let s > 1 the number of elements involved in a single smoother block. For any
i=1,..,n—s+ 1 we define [,(K;) C I as the set of degrees of freedom that
belong to the elements K;, K;i1,..., Ki1s_1, cf. Figure 5.1 (left) for a sketch in
the case s = 1,2, 3.

L(K;)

I I. .I I I I
K;
I (K;)
e
K; Kit1
I3(K;)

SRR R .

Il (67,)

I .I. I I I I
€;
Ix(ei)
e
€; €it+1
I3(e;)

e e} .

Ki Kit1Kit2 €i €itl €i42

Figure 5.1: Examples of the sets I,(K;) (left) and Is(e;) (right) for s = 1,2, 3.

Then, at each iteration for i = 1,...n—s+1, we update (sequentially) only the
unknowns uy, (g,) associated to the degrees of freedom in I,(K;). More precisely,
for fixed values of i between 1 and n — s + 1, we subdivide the set [ into three
subsets I;(K;), I(K;), I7(K;), where I (K;) (I} (K;)) is the set of degrees of
freedom that belong to the elements K; with j < i (j > i + s, respectively), cf.
Figure 5.2 for s = 2.

With the above notation, system (5.4) can be rewritten as

Az ) Ars oy Araorray || W) fiz i
I (KI5 (K;) Ar (), 1052 AIS(Ki),I;"(Ki) unk) | = | Jru)
AI;*(Ki),I;(Ki) AI;(Ki),IS(Ki) IF (), I () Urk (k) fli(m)
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K; Kin
TR PR PRt RSO T MU N
! ! L I J I | I I

I) (K;) L(Ki) I (K;)
Figure 5.2: Example of the sets I, (K;), L(K;), I} (K;).

Then, for each i« = 1, ..., n — s + 1, we update the unknowns uy, (x,) as
described in Algorithm 4, where the element-wise collective Gauss-Seidel (ECGS)
algorithm is reported.

Algorithm 4 (One iteration of the FCGS algorithm for Laplace problem)
u" = FCGS(u,s)
fori=1,...,. n—s+1do
Solve A, (k)1 (k) Uro(ri) = Frory = Ap oy () Wiz (i)

ALK I ) UL (k)
Update u = [ui,(Ki), U7 () uZJr(Ki)]
end for

Set u™" = u;

We can proceed in an analogous manner and grouping the unknowns in
an interface-wise manner, to obtain the interface-wise collective Gauss-Seidel
(ICGS). More precisely, in this case we define I;(e;) as the set of degrees of
freedom that belong to the interface e;, e€;11, ..., €;1s-1 and, as before, we di-
vide the remaining degrees of freedom into two sets called I (e;) as shown in
Figure 5.3.

€i €i41
o] s s o= o= = = uls ]
1 L UL 1 1 1

Iy (e:) In(es) I (e)
Figure 5.3: Example of the sets I (e;), Lx(e:), 15 (e;).

As before, for any i = 1, ...,n—s+2, we update only the unknowns associated
to the degrees of freedom in I5(e;) as described in Algorithm 5.

In the next section we generalize the EC'GS and ICGS smoothers to the
case where the system of equations result from a fully discretization of the CH
equation.
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Algorithm 5 (One iteration of the ICGS algorithm for Laplace problem)
u" = ICGS(u,s)
fori=1,...,.n—s+2do
Solve Ap,(e;).ru(er) Wraer) = Froter) = Aren s ten) Wrr(e) = Araen i (e0) Wrs (en)>
Update u = [u?;(Ki)’ ﬁz(Ki), uiJr(Ki)]T.
end for
Set u™" = u;

5.3 Definition of the smoothers for the CH prob-
lem

Let us consider the one dimensional Cahn-Hilliard problem. Let 2 C R and let
T > 0 be the final time. The Cahn-Hilliard problem in one dimension reads as:
For any t € (0,T), find {u(-,t),w(-,t)} € H(Q) x HY(Q), such that

ou = w" in  x (0,77,
w =ud—u—7*" inQx(0,T], (5.5)
O, = 0w =0 on 08 x (0,77, ’
u(,0) = uo(:) in Q.

The discontinuous Galerkin semi-discretization of problem (5.5) reads as: For
any t € (0,T], find {up(-,t),wp(-,t)} € V;} x V)1, such that

(O, M) 22y + Br(wh, mn) = 0 Vi, € V),
(Wh, M) 12(0) = ((up)? — Up, M) L2(Q) + V2B (un,mn) Y, € V), (5.6)
up (-, 0) = Hpuo(-),

where the projection operator 11(-) is the one dimensional counterpart of (4.7)

and By(-,-) is defined as in (5.2) with £, = 0.

Let 0 =ty < t; < ... <ty =T be the uniform partition of [0, 7] with time-
step At = T'/N. Then, we consider the fully-discretization of the problem using
the one dimensional version of implicit Euler method (4.8) and convex-splitting
method (4.10).

An equivalent form of the one dimensional implicit Euler discretization (4.8)

of Cahn-Hilliard problem reads as: Find v = [u”, WT}T € R?™2" such that
Av + L(v) =1, (5.7)
where

A M/ At S
T \S-M -M )
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L(V) == [0, ceey 0, (U,i, ¢1)L2(Q)7 ceey (U?L, ¢2n)L2(Q)]T and f = [Mll/At, O, ceey 0]

On the other hand, the one dimensional fully discretized problem with convex-
splitting method becomes: Find v € R*™2" such that it satisfies (5.7) with

Ao M/At S
- 725 -M )
L(v) =[0,...,0, (U}, §1) 12()s -y (U, P2n) r2e)]" and £ = [Mu/At, Mu].

Next we introduce the matrix form for the linearized Cahn-Hilliard problem.
To apply the Newton linearization to the one dimensional version of (4.9) and
(4.10), we define the matrix

02”X2" ‘ 02n><2n
- 3 2 ’ ) o 3 2 o 3
L(v) = 0, ., (3(un) ¢1: ¢1)r2@) . (3(un) <Z52' b1)r2()

(3(uh)2¢1;¢2n)L2(Q) (3(uh)2¢2n.7¢2n)L2(Q)

and the vector

Uv); = (2(un)’, 6j)r2(9)
for 7 = 1,...,2n. An iteration of the linearized Cahn-Hilliard problem reads as:
Let v be an approzimate solution of problem (5.7), find v € R**" sych that

(A + i(v)) v =f+i@), (5.8)

where A and f are defined depending on the time-discretization scheme used.
The linear system (5.8) can be associated to the weak formulation of the
following prototype problem

{ vbu’ =, (5.9)

—cv" +dv—u =g,

where b,c € R*, d € R and f, g are suitable functions. In particular, we have
the following correspondences: b represents the time-step At, ¢ is the interface
parameter 42 and d can be interpreted as a linearization parameter.

Assumption 5.1 Let the solution of Cahn-Hilliard problem (4.2) belong to the
interval [—1,1].

This condition is reasonable, especially when the initial datum is random uni-
formly distributed with amplitude less than 1. With the Assumption 5.1, the
parameter d belongs to [—1,2] when we use the implicit Euler time discretiza-
tion, otherwise, in convex-splitting case, d belongs to [0, 3]. We remark that also
the discrete solution belongs to the corresponding interval if the time-step utilized
is small enough.
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Next, we extend the Gauss-Seidel smoother to the linearized Cahn-Hilliard
problem (5.8). The two main changes are the collective strategy and the local
linearization. The collective approach handle, at the same time, all the variables
referred to the block of degrees of freedom.

.....

.....
.....

Figure 5.4: Example of components (red points) of the operator A + L(¥) that
composed the local matrix of the smoother.

To simplify the notation, for i = 1,....n — s+ 1, we define
I(K;) = L(Ki) U (I(K;) + 2n)

i.e., Vi (k) = U7 (k) W1, (k- In & similar manner, we define the set IF(K;) and
we extend all the definition for e;, i =1,....n — s + 2.

Since we have a non-linear problem at each iteration ¢ we solve the local problem
after the Newton linearization. The element-wise and interface-wise smoothers for
Cahn-Hilliard problem (5.5) read as in Algorithm 6 and Algorithm 7, respectively.

Algorithm 6 (One iteration of the ECGS algorithm for Cahn-Hilliard problem)
v = FCGS(v,s)
fort=1,....n—s+1do
Solve Aj (k) L) Vi =ty = AL ) Vis (<)
— ALk, I (<) VI

T -7 T T '
”;(Ki)’vfs(m)’vi;*(m)] :

Update v = [v
end for
Set v = v;

5.4 LFA approach

We want to investigate the efficiency of the proposed smoothers employing the
LFA approach. For the sake of simplicity, we will consider the simplest case
of non-overlapping blocks, i.e., s = 1. The LFA is usually employed for linear
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Algorithm 7 (One iteration of the ICGS algorithm for Cahn-Hilliard problem)
v = [CGS(v, s)
fori=1,...,.n—s+2do
Solve A () Iy Vi

= ffs(ei) - Ais(ei),f.:(ei) Vis(e)

Ts(es) I3 (&) Vit(e)

ei)

Update v =[vi v
end for

Set v = v;

system of equations, but in our case, the discretized Cahn-Hilliard equation lead
to a non-linear system of equations. Nevertheless, within the FAS algorithm
it is necessary to solve a linearized version of the original problem. Thus, the
application of the LFA approach makes sense in this framework.

We point out that the LFA technique is performed supposing that {2 = R and
it has been meshed with a uniform triangulation Z, = {jh : j € Z}. Before
presenting the LFA approach we have to introduce the infinite-matrix A; known
as Toeplitz matrix and some useful properties.

5.4.1 Fourier analysis for a block-Toeplitz matrix A

Let Ay be a infinite block-Toeplitz matrix of the form

dp A_1 aA_92 Aa_j

ai

az  ap aj ap

where (A1)m; = am—; € R? x R?, m,j € Z. We define the basis of elementary
modes as e, 9(jh) = " for all § € T, = [—m/h,n/h] and the space of the trial
and test piecewise linear functions by X}. The discrete Fourier transform of a
Toeplitz operator Ay, is defined by

A\h(g) = Z ake_ikhe VO € Ty,
kEZ
It has been proved in [44] that the following identity holds:
Z anmseno(jh) = An(B)eng(mh) VO € Ty,

JEZ
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We denote by W, (#) the matrix of eigenvectors w(6) of ;1;(9) and by A, (0) the
diagonal matrix composed by the eigenvalues of Ay(6), i.e.,

—

An(0)Wi(0) = Wi(8)An(6).
Setting (W, ® eng)(jh) = Wi(0)e " we have

A(Wi ® eng) = An(0)(Wi @ eng) = (W @ eng) An(0). (5.10)
Therefore, the eigenvectors of A, are the columns w(6f)epg(mh) of (W) @ epp)

and the eigenvalues of A, and Zl\h(ﬁ), 0 € T}, are the same.

For a linear system

with a Aj, Toeplitz matrix, we consider the iterative algorithm
X" = x" - B, (Ax" —f),

where Bj is an approximate inverse of A,. We define the amplification matrix
by N7 = I — B, Ay. Decomposing Ay, as

Ay=L+D+U,

where L, D and U are the strictly block-lower, block-diagonal and strictly block-
upper parts of Ay, respectively, the Fourier transform of the Gauss-Seidel ampli-
fication operator becomes

N3(6) = —(D + L)'
It easy to prove that the Fourier transform of L, D and U are given by
L=Le®  D=pD, U=Ueé"
respectively.

Remark 5.2 If Ay, is a Toeplitz matriz then Ni is a Toeplitz matriz as well [45].

Next, we recall the structure of the SIPG Toeplitz stiffness matrix with penalty
parameter p. From (5.3) and the definition (5.2) of the DG bilinear form B, we
obtain the blocks corresponding to the stencil of element-wise stiffness matrix .S,
and the element-wise mass matrix Mj,:

1{—1/2 l—p|lp O0-1/2 0 ]

Sh=lslsolsl =71 07 im0 wl1Ze —1p2

1/3 1/6
Mh:[mo]:h[l/ﬁ 1/3}

and
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Similarly, for the interface-wise approach the stencils for the matrices S and
M, are defined by

1] —-1/2 0 1-— —1/2 0
S, = [81\80\5—1} _ = [ / H M / ]

Rl 0 —1/2|1—-p p 0 —1/2
and
0 1/61/3 0 0 O
Mh:[ml‘m‘]‘m‘l]:h[o (/) (/) 1/3]1/6 0}’
respectively.

5.4.2 Spectral analysis

In this section, our aim is to analyze the action of the proposed smoothers search-
ing the eigenvalues of Ni by computing the eigenvalues of its Fourier transform

N?Z(0) and using the relation (5.10). In particular, we want to verify that the

spectral radius p(f) of the amplification matrix N7 () is always less than or
equal to 1, for any 6 € Tj. In the classical smoothing framework, when the spec-
tral radius of the iteration matrix is equal to 1 the method does not converge.
On the other hand, the LFA allows the eigenvalue A(6) associated to the choice
0 = 0 to have modulus equal to 1, i.e. |[A(f)| = 1, because this is associated
to the boundary conditions and therefore does not affect the convergence of the

scheme. Finally, we want to check that the smoothing factor of N(6), defined as
maxy /an<|g|<=/h |A(0)], is sufficiently small. These two requirements are necessary
to guarantee that the associated collective algorithms are good candidates to be
employed as smoothers in multigrid methods.

In the following numerical experiments, we perform the analysis of three different
problems evaluating the discrete Fourier operators with 6 defined in

2\ m
= (-1+= )= k=0,1,...,10* T,.
@h {( +104) h, k 0, , R 0 }C h

5.4.2.1 Example 1

In the first example we consider problem (5.1) with a = 0 (A, = S;,) and proceed
as in [45]. In Figure 5.5 we collect the spectrum of the amplification matrix N}’
for the ECGS and ICGS iteration matrices varying the penalty parameter p. In
Figure 5.5 the high frequencies are denoted by '+’ whereas the low frequencies
by 'o’. The corresponding computed smoothing factors are reported in Table 5.1.
The results are independent of the mesh-size h and p(f) < 1, for any 6 € O,

5.4.2.2 Example 2

We have repeated the same set of experiments as before considering problem (5.1)
with a # 0, that is A, = S, + aM},. Figure 5.6 shows the computed spectrum



5.4. LFA approach 83
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(e) p =10 - ECGS (f) =10 - ICGS

0.5¢ 0.5¢

-0.5¢
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Figure 5.5: Example 1. Spectrum of N3(6) for the ECGS (left) and ICGS
(right) iteration matrices employing different choices of the penalty parameter
p = 1,5,10. High frequencies are denoted by '+ whereas lower frequencies by

)0

(0)
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i | ECGS ICGS
1 [ 044721 0.44721
5 | 0.65879 0.44721
0081220 0.44721

—_

Table 5.1: Example 1. Smoothing factor for the ECGS and ICGS iteration
matrices as a function of y = 1,5, 10.

for a = 1 and varying the mesh size h = 107%, k = 1,2, 3,4, and the penalty
parameter y = 1,5, 10. From these results it seems that for h — 0 the spectrum
of N(6) tends to the corresponding one of Example 1.

The analogous results obtained by fixing h = 0.1 and varying both a = 10*,
k=1,....,5aswell u = 1,5, 10 are shown in Figure 5.7. The computed smoothing
factors relative to those two sets of experiments are summarized in Table 5.2.

h w | ECGS ICGS a | p | ECGS 1CGS
1 | 0.44662 0.44655 1 ]0.44132 0.43829
1071 | 5 | 0.65793 0.44543 10 | 5 | 0.65029 0.42963

—_

0| 0.81166 0.44543 0 ] 0.80683 0.42964
1 10.44721 0.44721 11 0.39392 0.36280
1072 | 5 | 0.65878 0.44720 102 | 5 | 0.58082 0.29595
0 | 0.81220 0.44720 0] 0.76085 0.29728
1 10.44721 0.44721 1 ]0.18429 0.15789
1073 | 5 | 0.65879 0.44721 103 | 5 |0.24950 0.07317

—_

—_
—_

10 | 0.81220 0.44721 10 | 0.47031 0.05432
1 ]0.44721 0.44721 1 10.02829 0.02753
107 | 5 | 0.65879 0.44721 10* | 5 | 0.03066 0.03414

10 | 0.81220 0.44721 10 | 0.12396 0.10094

Table 5.2: Example 2. Smoothing factor for the FCGS and ICGS iteration
matrices as a function of ;= 1,5,10. Weset a =1 and h = 107%, k =1,2.3,4
(left), h = 0.1 and @ = 10*, k = 1,2, 3,4 (right).

5.4.2.3 Example 3

Here we consider the linearized Cahn-Hilliard problem (5.9). In this case the
matrix A, has the following form

0 M, bS),
h— CSh+th —Mh .

We investigate how the spectrum of the resulting amplification matrix depends
on both the discretization parameter h as well as the coefficient pu, b, ¢, d.



5.4. LFA approach 85

0.5¢

0 O O O

[Saksak=a=y
[l

0.5¢
O,

-0.50 % h = 1071
°h=10"2
°h=10"3
© h=10"1 ‘ ‘ ‘

-1 -0.5 0 0.5 1
(e) p =10 - ECGS
0.5¢
O,

-0.5§ o h = 10—1 -0.5 o h =
°© h=10"2 °h=
°h=10"3 °h=

h=10"% ‘ ‘ ‘ > h =
-1 -0.5 0 0.5 1 -1

Figure 5.6: Example 2 (a = 1). Spectrum of N (6) for the ECGS (left) and
ICGS (right) iteration matrices employing different choices of the penalty pa-
rameter 4 = 1,5,10 and mesh size h = 107%, k& = 1,2, 3,4. High frequencies are
denoted by 4’ whereas lower frequencies by "o’
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0.5¢ 0.5}
or ot
R 05 © & 102
o °a= 103
0 °a= IOi1
o ‘ © a = 10° )
-1 -1
0.5¢ 0.5
or ot
o a=10 o aq=10
-0.5f o q= 102 -0.5( o q = 102
°q =103 °q=103
a=10? ©a=10?
° a=10° ‘ ‘ ‘ ° a =10 ‘
-1 -0.5 0 0.5 1 -1 -0.5 0

(f) =10 - ICGS

1 05 0 05 1
Figure 5.7: Example 2 (h = 0.1). Spectrum of N(6) for the ECGS (left)
and ICGS (right) iteration matrices employing different choices of the penalty

parameter ¢ = 1,5,10 and a = 10*, k = 1,...,5. High frequencies are denoted
by '+’ whereas lower frequencies by ’o’.
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Let us first consider the implicit Euler discretization for the Cahn-Hilliard
problem, i.e., the parameter d belongs to [—1,2]. More precisely, we consider the
discrete set of values J;p = {—1+ 3k/100, £k =0,1,...,100}. Performing several
numerical experiments, we see that negative values of d € Jrg can yield spectral
radius values larger than one. Then, the LFA approach does not guarantee that
our set of smoothers works. .

Next, we analyze the eigenvalue spectra of N (6) for d € [0,3], i.e., the values
corresponding to the convex-splitting choice for time discretization (see (4.10) ).
Also in this case, we take d in a finite set Jog = {3k/100, k= 0,1,...,100}. In

Figure 5.8 we report the spectrum of the amplification matrix N} corresponding
to the EC'GS and ICGS smoothers varying the penalty parameter p = 1,5,10
and different values of d € Jgog. Here we set h = 0.1, b = 0.1, ¢ = 0.01. The
analogous results obtained with b = 0.001 and b = 10~° are shown in Figure 5.9
and Figure 5.10, respectively.

In Figure 5.10-5.12 are showed the eigenvalue spectra in function of the mesh-size
h and the penalization term p setting ¢ = 0.01 and b = 107°.

The smoothing factors of N; () varying both h,u,b,c are summarized in Ta-
ble 5.3. From these results we can conclude that a critical behaviour seems to

h o u b c | ECGS ICGS
00 1 0.1 001 |0.45002 0.45101
01 5 01 0.0l |0.65917 0.45006
0.1 10 0.1 0.0l |0.81230 0.45005
0.1 1 0.001 0.0l |044750 0.44759
0.1 5 0.001 0.0l |0.65883 0.44750
0.1 10 0.001 0.01 |0.81221 0.44750
000 1 0.1 0.0l |044724 0.44725
000 5 0.1 00l |0.65879 0.44724
0.00 10 0.1  0.01 | 081220 0.44724
0.0 1 0.1 0.0001] 047311 0.48724
0.1 5 0.1 0.0001]0.66233 0.47680
0.1 10 0.1 0.0001 | 0.81311 0.47668
0.0l 1 0. 0.0001 | 0.44750 0.44759
0.0l 5 0.1 0.0001|0.65883 0.44750
0.00 10 0.1 0.0001 | 0.81221 0.44750

Table 5.3: Example 3. Smoothing factor for the FCGS and ICGS iteration
matrices as a function of h, u, b, c.

take place when ¢ — 0, i.e., when the interface parameter goes to zero. In this
case, the smoothing factor of the amplification matrix N} increases. On the other
hand, when b (i.e., At) and h tend to zero the behaviour of the smoothing factor
seems to be similar to the one observed in Example 1. Moreover, from these
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Figure 5.8: Example 3 (h = 0.1, b = 0.1 and ¢ = 0.01). Spectrum of N7 (6) for the
ECGS (left) and ICGS (right) iteration matrices employing different choices of
the penalty parameter ;= 1,5, 10. High frequencies are denoted by '+’ whereas
lower frequencies by "o’
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Figure 5.10: Example 3 (h = 0.1, b = 107° and ¢ = 0.01). Spectrum of ](7\;?(8)
for the ECGS (left) and ICGS (right) iteration matrices employing different
choices of the penalty parameter ;o = 1,5,10. High frequencies are denoted by
+7 whereas lower frequencies by ’o’.
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Figure 5.11: Example 3 (h = 0.03, b = 107° and ¢ = 0.01). Spectrum of ](7\;?(8)
for the ECGS (left) and ICGS (right) iteration matrices employing different

choices of the penalty parameter ;o = 1,5,10. High frequencies are denoted by
+7 whereas lower frequencies by ’o’.
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Figure 5.12: Example 3 (h = 0.01, b = 107° and ¢ = 0.01). Spectrum of ](7\;?(8)
for the ECGS (left) and ICGS (right) iteration matrices employing different

choices of the penalty parameter o = 1,5,10. High frequencies are denoted by
+7 whereas lower frequencies by ’o’.
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results, the ICGS approach seems to preferable to the ECGS one.

5.5 Two-level analysis

In this section we extend the LFA to the two-level method obtained considering
also a coarse correction. To this aim we introduce the (nested) coarse triangula-
tion Tz of  with H = 2h and the corresponding DG space X};. To introduce
the two-level operator we require:

e The Toeplitz matrices A;, and Ay on the fine and the coarse levels, respec-
tively;

e The prolongation operator I% : X} — X} such that (I%vy)(x) = vy (z)
for all x € R\ Zj, and for all vy € X1

e The restriction operator I/7 : X} — X}, defined as the transpose of the
prolongation operator, i.e., It = (I%)T.
With the above notations, the coarse grid correction matrix is defined as
NECC =1 — IR AZ TR A,

Following [44], we introduce the operator Pt : [(*(Zg)]? — [(*(Z)])? and RY .
[2(Z1,))? — [(*(Zy)]? defined as

h oy _ ) ve(Hj/2), if j even,
(Prve)(jh) = { 0, otherwise,

and
(Ri!vi)(GH) = vi(2jh).

Then, there exist two Toeplitz operator Py, Ry, : [(*(Z,)])* — [(*(Z,)]? such that
the prolongation and restriction operators can be written as I% = P, P! and
I# = RI'Ry,. Since we want to work on both the fine and coarse, we introduce a
different notation for the Fourier transformation:

. . . . v (0)
vi(0), 0 €Ty is equivalent to write ( on(0+ 7 /1) ) , 0eTy,

where the space of the frequencies on the coarse level is defined as
T T T T
=[5 )
i H H 2h’ 2h
From [43], can be proven that

—_—

v (0) = (PuPpve)(0) =

N | —
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and
T 6) = (R Ra) €)= [Ra@). Foo +n/m)] | g |6 et

Now, with the above notation, we are able to write the Fourier transform of the
amplification operator of the coarse-grid correction as

—

NGO(0) = (T ThLy T L)
B I 0 B 1/3;(9) I -1
- ( 0 I) (732<9+7r/h> ) .
o« ( Rn(0) Ru(0+7/h) ) ( Lhée) fh(eiw/h) )

for 6 € Ty, cf. [44]. Then, the amplification error for the two-level operator
reads as

My" = (N7 Ny “C(Ny)™,

where, as before, v, 5 denote the number of pre- and post-smoothing iterations.
In the following, we study the behaviour of the spectrum of M’ with v; = 0
and vy = 1.

5.5.1 Example 1

We consider the same test case as the one considered in Section 5.4.2.1.

In Figure 5.13 we report the computed spectrum of the operator M as a func-
tion of the penalization parameter p employing both the ECGS and ICGS
smoothers. The corresponding spectral radius is reported in Table 5.4. We
clearly observe that EC'GS smoother does not guarantees the convergence of the
two-level schemes except for y = 1, whereas the scheme is convergent for any u
if the IC'G'S smoother is employed.

i | ECGS 1CGS
1 [0.99999 0.99999
5 | 2.04100 0.33333
0| 2.52247 0.33333

—_

Table 5.4: Example 1. Spectral radius of M;'* as a function of the penalization
parameter p = 1,5, 10.
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Figure 5.13: Example 1. Spectrum of ]\/LLT\L(H) employing both ECGS (left) and
ICGS (right) smoothers for different values of the penalty parameter u = 1,5, 10.
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5.5.2 Example 2

Here we consider the same test case of Section 5.4.2.2. In Figure 5.14 we re-
port the spectrum of M'* for different mesh size h = 107%, k = 1,2,3,4, an
different choices of the penalization parameter p = 1,5,10. These results have
been obtained employing both FCGS and ICGS smoothers. The corresponding
computed spectral radii are summarized in Table 5.5.

h | u| ECGS ICGS
1 | 0.99556 0.99118
101 | 5 | 2.03617 0.33222
10 | 2.52018  0.33223
1 10.99994 0.99990
102 | 5 | 2.04097 0.33332
10 | 2.52244  0.33332
1 0.99999 0.99999
103 | 5 | 2.04100 0.33333
10 | 252247 0.33333
1 0.99999 0.99999
104 | 5 | 2.04100 0.33333
10 | 2.52247 0.33333

Table 5.5: Example 2. Spectral radius of M'* as a function of the penalization
parameter ;= 1,5,10 and h = 107%, k =1,2,3,4.

From these results we can conclude that the ECGS smoother does not guar-

antee the convergence of the two level-method, whereas the two-level algorithm
is always convergent if the ICGS is employed.
In Figure 5.15 we report the analogous results shown in Figure 5.14 but in this
case we fix h = 0.1 and let vary the coefficient @ = 10¥, k = 1,...,5. As before,
the ICGS smoother guarantees that all the eigenvalues of ML are contained in
the unit circle, independently of the value of a, and larger values of a accelerate
the convergence rate.

5.5.3 Example 3

Here we have repeated the experiments shown in Section 5.4.2.3 employing the
two-level algorithm. In Figure 5.16 we report the computed spectrum with the
following choices of parameters A = 0.1, b = 0.1 and ¢ = 0.01. The analogous
results obtained with b = 1075 are shown in Figure 5.17, whereas in Figure 5.18
are shown the computed spectra obtained with h = 0.01, b = 10~> and ¢ = 0.01.

The corresponding computed spectral radii are summarized in Table 5.5. As
in Example 2, the convergence of the two level-method is not guaranteed when
the ECGS smoother is employed (at least for ¢ > 1). On the other hand,
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Figure 5.14: Example 2 (¢ = 1). Spectrum of ]\/4;{7(0) employing both ECGS
(left) and ICGS (right) smoothers for different values of the penalty parameter
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Figure 5.15: Example 2 (h = 0.1). Spectrum of ]\/4;{\L(0) employing both ECGS
(left) and ICGS (right) smoothers for different values of the penalty parameter
pu=1,510 and different a = 10*, k =1, ..., 5.
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ICGS smoother with p > 1 guarantees the convergence of the associated two
level-method.

h b c | ECGS ICGS
00 1 0.1 0.0 |0.99993 0.99970
0.1 5 01 001 |2.04368 0.33338
0.1 10 0.1 001 | 252362 0.33349
0.0 1 0.0l 0.0l |1.00000 1.00000
0.1 5 0.001 0.0l |2.04128 0.33333
0.1 10 0.001 0.01 |2.52259 0.33334
00l I 0.1 0.0l |1.00000 1.00000
000 5 0.1 0.0l |2.04103 0.33333
0.0l 10 0.1 0.0l |2.52248 0.33333
0. 1 0. 0.000I]0.99985 0.99970
0.1 5 0.1 0.0001]2.06091 0.33670
0.1 10 0.1 0.0001 | 2.53075 0.33971
0.0 1 0. 0.0001 | 1.00000 1.00000
0.0l 5 0.1 0.0001]|2.04128 0.33333
0.0l 10 0.1 0.0001 | 2.52259 0.33334

Table 5.6: Example 3. Spectral radius of M ” as a function of the mesh size h,
the penalization parameter u, b and c.

5.5.4 Damping parameter

In this section, we want to improve the rate of convergence of the two-level method
with the ICG.S smoother by introducing a suitable damping parameter . With
such a modification the amplification error for the two-level operator becomes

My = (1= a)I + a(N;)” Ny OO (N)".

The optimal damping parameter o that minimizes the spectral radius of M ;;F Lis
given by
2
2 - (Amm - )\max)’
where \,,;, and A\, are respectively the largest and the smallest real eigenvalues
of ML,

Given as the numerical experiments reported in Section 5.5 highlighted a
similar behaviour of the two-level method independently of the kind of problem
under investigation, in the following we will consider as “optimal value” for «
the one computed for the Example 1 (cf. Section 5.5.1), which is reported in
Table 5.7 for two choices of the penalization parameter p = 5, 10.

=
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Figure 5.16: Example 3 (h = 0.1, b = 0.1 and ¢ = 0.01). Spectrum of ]\//[?(8)
employing both ECGS (left) and ICGS (right) smoothers for different values of
the penalty parameter p = 1,5, 10.
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Figure 5.17: Example 3 (h = 0.1, b = 107 and ¢ = 0.01). Spectrum of ]\//[?(8)
employing both ECGS (left) and ICGS (right) smoothers for different values of
the penalty parameter p = 1,5, 10.
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(b) p=1-ICGS

1

05 0 05 1 15 2 2f
Figure 5.18: Example 3 (h = 0.01, b= 10" and ¢ = 0.01). Spectrum of ]\//[?(8)

employing both ECGS (left) and ICGS (right) smoothers for different values of
the penalty parameter p = 1,5, 10.



5.6. Numerical results 103

u=>5 u=10
a | 09282 0.9331

Table 5.7: Example 1. Optimal damping parameter for the two-level operator
ML (ICGS smoother).

We have repeated the same tests that gave rise to the numerical outputs
reported in Table 5.5 and Table 5.6 and we have employed as smoother the ICGS
method with damping parameter given in Table 5.7. The results are reported in
Table 5.8 and Table 5.9, respectively. Comparing these results with the analogous
ones presented in Table 5.5 and Table 5.6, we notice that the convergence rates
are clearly improved.

Table 5.8: Example 2. Spectral radius of M }T L as a function of the penalization
parameter = 5,10 and h = 107%, k =1,2,3,4 (ICGS smoother).

h w=>5 =10
10-1 [ 0.23663 0.24318
1072 | 0.23753 0.24404
1073 | 0.23754 0.24405
1074 | 0.23754 0.24405

h b c p=>5 pu=10
0.1 0.1 0.01 | 0.23823 0.24488
0.1 0.001 0.01 | 0.23760 0.24413
0.01 0.1 0.01 | 0.23760 0.24413
0.1 0.1 0.0001 | 0.25580 0.26524
0.01 0.1 0.0001 | 0.23760 0.24413

Table 5.9: Example 3. Spectral radius of M, }T L as a function of the mesh size h,

the penalization parameter p, b, ¢ (ICGS smoother).

5.6 Numerical results

In this section we report some 1D numerical experiments where we applied FAS
algorithm employing the smoothers presented in Section 5.2 and Section 5.3 to
solve problems (5.1) and (5.5), respectively. In the case of problem (5.1) FAS
algorithm reduces to the usual MG algorithm. For this set of numerical experi-
ments, we set © = 10 and we consider a sequence of nested structured grids with
hy=2"% k=1,2,...
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In the following we will test only the ICGS smoothers with s = 1,2,3 (cf.
Figure 5.1), since it is the one that exhibits better convergence properties.

5.6.1 Test case 1

We consider problem (5.1) on Q = (0,1) with a = 1, f(z) = 472 cos(2mz) +
cos(2mx) and homogeneous Neumann boundary conditions. The exact solution
is given by u(x) = cos(27mx).

We explore the behaviour of the residual at each smoothing iteration using
as initial guess ug(x) = (cos(3wx) + cos(107mx) + cos(2¥3/4nx))/3 for each grid
k. In Figure 5.19 we report the behaviour of the L2-norm of the residual varying
the grid (k = 4,6,8) and the classical Gauss-Seidel smoother. Comparing the
two cases with the same computational cost per iteration (ICGS with s = 1
and Gauss-Seidel) we obtain that our proposed smoother dumps the error faster,
especially for the first iterations.

We now perform the same set of experiments using MG algorithm as a solver.
In particular, we set v; = v, = 3 and we employ two-level, W-cycle (using 3
grids) and V-cycle (using k = 2 as the coarsest grid) schemes.

In Figure 5.20-5.22 we report the behaviour of L?-norm of the residual for each
scheme versus the work unit (WU), i.e., the computational cost of one relaxation
on the fine grid. Moreover, for each scheme, we perform the same numerical
experiments employing the Gauss-Seidel as a smoother.

In all the considered multigrid methods that employing I/CGS smoother, the
algorithm converges and the number of iterations to satisfy the convergence crite-
rion (||r]| < 1077) seems independent on the level. Otherwise, in the Gauss-Seidel
case, the convergence is very slow and it depends on the size (i.e., on the level)
of the problem.

5.6.2 Test case 2

Here we consider the same set of experiments of Section 5.6.1 applied to the
one dimensional version of (4.10). In particular, choosing f = ¢g = 0, using
different grid level k& = 4,...,10 and setting ug(x) = (cos(3mx) + cos(10mx) +
cos(283/4mx))/3 as initial data, we perform a single iteration in time solving the
problem only for ¢t = t;. We also set At = 1073 and v = 0.1.

In Figure 5.23 we report the behaviour of the L?-norm of the residual on
different grids when the IC'GS smoother is used as a solver with s =1, 2, 3.

In Figures 5.24-5.26 are shown the results of the L?-norm of the residual in
terms of WU when FAS is employed with two-grid, V-cycle and W-cycle schemes,
respectively.

Also in this case, all the algorithms converge and the number of iterations to
satisfy the stopping condition seems independent of the level and similar to the
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(a) grid level k = 4 (b) grid level k = 6
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Figure 5.19: Test case 1. L?>-norm of the residual versus the number of smooth-
ing steps for the IC'GS smoother with s = 1,2,3 comparing with Gauss-Seidel
smoother.

ones of Section 5.6.1. The comparison between the FAS using the proposed set
of smoothers and the FAS with Gauss-Seidel smoother is under investigation.
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Figure 5.20: Test case 1. L?-norm of the residual versus the WU for the two-level
scheme using IC'GS smoother with s = 1,2,3 comparing with two-level scheme
using Gauss-Seidel smoother.
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Figure 5.21: Test case 1. L?-norm of the residual versus the WU for the W-cycle
scheme using IC'GS smoother with s = 1,2, 3 comparing with W-cycle scheme
using Gauss-Seidel smoother.
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Figure 5.22: Test case 1. L?-norm of the residual versus the WU for the V-cycle
scheme using IC'G'S smoother with s = 1,2, 3 comparing with the V-cycle scheme
using Gauss-Seidel smoother.
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(a) grid level k =4 (b) grid level k = 6
10° ‘ ‘ 10° :
s=1 s=1

—s=2 —s=2
—s=3 —s=3

107° | 110

-10 . . -10 . . . .
10 0 5 10 1510 0 10 20 30 40 50

(c) grid level k =8

10
s=1
—s=2
1072 —s=3]
10
10°°%
10° ‘ ‘ ‘ ‘
0 20 40 60 80 100

Figure 5.23: Test case 2. L2-norm of the residual versus the number of smoothing
steps for the ICGS smoother with s = 1,2, 3.



110 5. Collective block Gauss-Seidel smoothers
(a) s=1 (b) s=2
10° 10°
k=4 k=4
—-—k=5 —-—k=5
——k=6 ——Kk=6
0 k=7 || 0 k=7 |
10 k=8 10 k=8
—-—k=9 ——k=9
—-—k=10 —-—k=10
107° | 107°
10 -10
10 0 10 15 20 2510 0 5 10 15 20

Figure 5.24: Test case 2. L?-norm of the residual versus the WU for the two-level
scheme using IC'GS smoother with s = 1,2, 3.
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Figure 5.25: Test case 2. L?-norm of the residual versus the WU for the w-cycle
scheme using IC'GS smoother with s = 1,2, 3.



112 5. Collective block Gauss-Seidel smoothers
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Figure 5.26: Test case 2. L?-norm of the residual versus the WU for the V-cycle

scheme using IC'GS smoother with s = 1,2, 3.
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Discontinuous Galerkin discretization of
the Cahn-Hilliard problem with dynamic
boundary conditions

This chapter is devoted to the discontinuous Galerkin discretization of the Cahn-
Hilliard problem with dynamic boundary conditions. Several numerical experi-
ments are reported to compare the behaviour of the discontinuous Galerkin so-
lutions with the conforming results with the results present in literature [21]
obtained by employing a conforming approach.

6.1 Continuous problem

Let Q = (a,b) x (¢,d) C R? be a rectangular domain and let T be its boundary.
More precisely, let I';, T’y be the union of the top and bottom/left and right edges,
respectively (see Figure 3.1).

We consider the following Cahn-Hilliard problem with dynamic boundary
conditions:

(D — Aw =0 in Q x (0,77,
w = ¢(c) — y*Ac in Q x (0,7,
Opc = —ac + BArc — gs(c) — Noe  on T'y x (0,7, (6.1)
Opw =0 on I'y x (0,77,

| periodic boundary conditions on I'y x (0,77,

with A, o, 3,7 > 0. The functions ¢, g, belong to C*(R,R) and satisfy the stan-
dard dissipativity assumptions:

liminf ¢'(v) > 0, liminfgl(v) >0 Vv eR. (6.2)

|v]—00 |v]—o0
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The function ¢(-) represents the derivative of the Cahn-Hilliard free energy ®(-)
and it is usually taken as ¢(c) = ¢ — c.

Since we deal with (classical and not isoparametric) discontinuous Galerkin
elements, we set {2 as a polygonal domain. More general domains can be treated
by resorting to isoparametric techniques (cf. high order methods for surfaces in
Chapter 2). This aspect will be object of further investigations.

We have introduced periodic condition on some edges of 0f2 (cf. Figure 3.1)
to model an infinite slab domain as in [21]. All the following theoretical results
still hold employing dynamic boundary conditions on entire 0f).

For a positive constant A, we introduce the space

Hi(Q.T) = {ve H(Q): oy, € HT)}, s> 1,

and endow it with the norm
) 1/2

%{s(m + AMluyr, | ?{s(r)

s@ry = (llul

We also set
L3(Q,T) ={v e L*(Q): dyp, € L* (1)},

equipped with the norm

lullzz o = 3/ lulZaqq) + M 3,

To ease the notation, when A\ = 1, we will omit the subscript.

The weak formulation of the Cahn-Hilliard problem with dynamic boundary
condition reads: Find {c,w} € H}(Q,T1) x H'(Q) such that
(Ore, ) 20y + (Vw, V)2 = 0 Vn € H(Q), (6.3)
(w, X)r2@) = (6(c), X)22(@) +7°(Ve, VX) L2y
+ B(Vre, Vix) 2y + ale, X)r2ry)
+ (9s(c)s X)z2ry) + AOec, X) r2(ry) Vx € Hy(Q,T1). (6.4)

6.2 DG discretization

Let T, be a quasi-uniform partition of {2 into disjoint open triangles K such that
Q = Uger, K. We set h = max{diam(K), K € T,}. For s > 0, we define the
following broken Sobolev space

H(T) = {v € LX) o € H(K,0K), K € Tal,

where H°(T;,) = L*(T,). For an integer p > 1, we also define the finite dimen-
sional space

VP ={veL*Q): vk € P(K), K€ Ty} CH (T,
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for any s > 0. An interior edge e is defined as the non-empty intersection of
the closure of two neighbouring elements, i.e., € = K; N K,, for K1, K, € Tp.
We collect all the interior edges in the set £ as we did in Chapter 3. Recalling
that on I'y C 02 we impose periodic boundary conditions, we decompose I'y as
[y =Ty UTy, cf. Figure 3.1 (left), and identify 'y with I'y, cf. Figure 3.1 (right).
Then we define the set 5}; 2 of the periodic boundary edges as follows. An edge
ec&?ife=0K N OK ', where K* € T;, such that K+ C 'S, of. Figure 3.1
(right). We also define a boundary edge e as the non-empty intersection between
the closure of an element in 7, and I'; and the set of those edges by 5}5 '. Finally,
we define a boundary ridge r as the subset of the mesh vertexes that lie on I'y,
and collect all the ridges r in the set Rgl. Clearly, the corner ridges have to be
identified according to the periodic boundary conditions, cf. Figure 3.1 (right).
The set of all the edges will be denoted by &, i.e., & = &)U 5,1;1 U 5,1;2.

Using the bilinear forms B(-, -) and A(-, -) introduced in Section 3.2.1, we can
state the DG approximation as: Find {c,,w,} € V¥ x VP such that

(Och, @) 12(0) + Bu(wy, ¢) = 0, (6.5)
(wn, X)r2(0) = An(cn, X) + (0(cn), X) 2
+ (gs(en)s X)2(ry) + A(Oechy X) r2(ry)s (6.6)

for all ¢, x € V.

Remark 6.1 If a solution {c,w} of (6.3)-(6.4) belongs to H}(Q,T1) x H?(Q)
then the pair {c,w} solves the DG formulation (6.5)-(6.6).

We also recall the results proved in Lemma 3.1:
Lemma 6.1 There hold

Bu(v,w) S olllslllwllls, — Yv,w € H(T),
An(v,w) SPlLRllle Yo,w € HA(T).

Moreover, for u large enough, there hold

llelll3, < Ba(o,v) Vo ey,
el S An(e,) Vo e V.

Next we introduce the fully discretization of problem (6.1). Let {t,})_, be a
partition of [0, T] with step size At, i.e., t, =nAt, n=0,...,N.

The Cahn-Hilliard problem with dynamic boundary conditions discretized
with implicit Euler scheme reads as follows: Forl <n < N, find {u},w}} € VF x VP
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such that
(Oup,, @) 2y + Br(wy, @) = 0,
(wy, X)z2) = Anlcy, x) + (o(ch), X) L2 (@)

+ (9s(cp)s X)2(ry) + ANOichs X) 2(ry), (6.7)
for all ¢, x € VI, where
o U=
(5tuh:T, 1<n<N\.

ADDDDDD

6.3 Numerical experiments

In this section we present some numerical experiments that describe the typical
behaviour of the solution of the Cahn-Hilliard problem with dynamic boundary
conditions using piecewise linear elements (p = 1). To validate our results, we
compare the computed discrete solutions with the ones presented in [21] obtained
with conforming linear finite elements. To this aim, we assume that ¢(v) =
v¥ —v/2 and g,(v) = kv — hg, with ks > 0 and h, € R. The parameter hy # 0
describes the possible preferential attraction of one of the two components by the
wall, whereas the parameter k; governs the interaction between the components
at the wall. In all the following simulations, we take as initial value an uniformly
distributed random datum of amplitude +0.01.

6.3.1 Example 1

Let us consider the problem (6.1) on the domain 2 = (0,80) x (0,10). We
build the triangulation 7, by dividing the slab into 256 x 50 rectangles and by
dividing every rectangle along the same diagonal into two triangles. We set
a+ks =1 hy, =0, XN=10, 8 = 0.1, v = 1 and the time step At = 0.1.
We report some snapshots of the computed solution with linear discontinuous
elements in Figure 6.1 (left). To compare the obtained results, we report in
Figure 6.1 (right) the corresponding snapshots of the conforming linear finite
element solution computed in [21].

The behaviour of the two computed solutions is similar: the mixture develop
into bubble-like domains and, since hy = 0, we do not have any preferable com-
ponent attracted by the walls.

6.3.2 Example 2

Let now consider Q = (0,80) x (0,40) and the triangulation 7, obtained by
dividing the slab into 400 x 200 rectangles and by dividing every rectangle along
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a) DG discretization ) FE discretization

Figure 6.1: Example 1. Snapshot of the computed solutions using DG discretiza-
tion (left) and FE discretization (right) taken from [21]. From top to bottom we
report the computed solutions at time ¢ = 10, 100, 250.

the same diagonal into two triangles. In Figure 6.2 are reported the computed
results with o + k; = —4, hy, =0, A =10, =5, v =1 and At = 0.01.

(a) DG discretization (b) FE discretization

el S
@

A S,
Figure 6.2: Example 2. Snapshots of the computed solutions using DG discretiza-

tion (left) and FE discretization (right) taken from [21]. From top to bottom we
report the solutions at time ¢t = 0.25 and ¢ = 0.5.

In both figures the length scale on the dynamic boundary is larger than the
typical length scale in the bulk. We can also note that the surface structures
develop into the bulk.

6.3.3 Example 3

In the last example, we set the domain (2 as a disk of radius 80 centered at
(0,0) from which we have cut off a disk of radius 40 and centered at (20,0).
The triangulation 7}, is taken such that the exterior boundary is divided into 600
intervals and the internal boundary into 400 intervals. The above triangulation
Ty, define a discrete domain €2, different from €). In this case we imposed dynamic
boundary condition on the entire 0f2.
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In Figure 6.3 and Figure 6.4 are reported the results with a+k; = —4, A = 10,
B=5v=1, At =0.01 and hy, = 0 and h, = 0.001, respectively.

(a) DG discretization (b) FE discretization

Figure 6.3: Example 3. Snapshot of the computed solutions at time ¢ = 0.5 using
DG discretization (left) FE discretization (right) taken from [21], with hy = 0.

(a) DG discretization (b) FE discretization

Figure 6.4: Example 3. Snapshot of the computed solutions at time ¢ = 0.5 using
DG discretization (left) FE discretization (right) taken from [21], with hs = 0.01.

We observe, in both cases, a classical behaviour of the Cahn-Hilliard solution
in the bulk. In Figure 6.3, the pattern of the solution on the boundary is similar
to Example 6.2, with none preferable component attracted to the boundary. On
the other hand, in Figure 6.4, when the parameter hy is different to zero, a phase
is more attract than the other to the boundary. In fact, we see that the internal
and external boundary are occupied by negative (white) values that represent the
first phase.
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Appendix

In this section we recall the main ingredients of the Newton method (Appendix
A.1) and of the multigrid scheme (Appendix A.2).

A.1 Newton method

The Newton method is numerical method to approximate the solution of non-
linear equation of the form ” Find x* € Q such that F(z*) = 07, where F' : Q — R
is a (regular enough) function and  C R¥. The following result holds:

Theorem A.1 Let F: Q — R and let x* € Q such that F(z*) = 0. Moreover,
we assume that the Jacobian Jp : Q — RY xRN of F is Lipschitz continuous and
non-singular in x*. Then, there exists 6 such that, if xo € Bs(z*), the Newton
sequence {x;};>1 with

a* D) = 20 4 5y,

{J(x(k))éx = —F(z™),

converges quadratically to x*. Here Bs(x*) is the ball centered in x* and with
radius 9.

Remark A.1 The term Jp(x®))dx = VF|,w - 6x represents the directional
derivative of F to dz, evaluated in z®.

Each Newton iteration requires the solution of a linear system. It is easy to see
that is not necessary (nor possible in the finite arithmetic of calculators) to solve
exactly the linearized system: if the solution of the non-linear system and the
linearized one are quite different, we do not get any improvement to obtain an
accurate solution of the latter problem.
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Therefore we introduce the inexact Newton method that reads as: for each iter-
ation find s; such that

1 (i) si + F () || < sl | F ()l (A1)
where 7; > 0.It holds the following result:

Theorem A.2 Let F': Q — R and let x* € Q such that F(z*) = 0. Moreover,
we assume that the Jacobian Jp : Q — RN x RNof F is Lipschitz continuous
and non-singular in x*. Then there exist 6 and 7 such that if vo € Bs(x*) and
{n:} € [0,7], then the inexact Newton sequence {x;};>1 that satisfy

1Tp(@)s; + F(aO) | < mil | F (2@,
Tip1 = Ti + S,

converges linearly to x*. Moreover, if n; < K,||F(z;)||, for some K, > 0, the
convergence is quadratic.

A.2 Multigrid schemes

We now introduce the classical linear multigrid for the solution of linear system of
equations Apu;, = f),. Algorithm 8 shows one iteration of the V-cycle algorithm.

Algorithm 8 u}*"=MG(f,,u,h)

Pre-smoothing: Apply v; smoothing steps to obtain u} © from up;
Compute the defect: r, = f), — Ayu}’;
Restrict the defect: 1y, = I2ry,;
if 2h is the coarsest meshsize then

Solve AQhegh = Top,
else

EQh:MG<th,u2h,2h);
end if
Interpolate the correction: e, = I eq;

(&

Correct the approximation: uf = u} “ + ey;
Post-smoothing: Apply v, smoothing steps to obtain v}, from uyj,.

In Algorithm 8, 1y and v, are non negative integers and represent the number
of pre- and post-smoothing iterations, respectively. The linear operators I?" :
Vi, — Vo, and Ié‘h : Vo, — V), are the restriction and the prolongation operators,
respectively. They are essential to transfer the information between the levels
within the multigrid iteration. Using nodal basis functions and nested grids, I%,
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is the matrix that represents any coarse basis functions in terms of the fine basis
functions, i.e., (I},)i; = (aj;) where

2h h
o7 = Z G P -
J

An equivalent definition is a;; = qﬁf"(a:?), where x;‘ denote the node associated
to the j-th fine basis function, i.e.,

{d)?(x?) 1 ifi=,

¢} (SC;Z) =0 otherwise.

The full-weighted restriction operator I?" is defined as (I%,)T. The matrix A, is
the discretization of the original problem on the coarse grid.
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