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ABSTRACT 

 
Performance Analysis and Hardware Implementation of Discrete Fractional Fourier 

Transform (DFrFT) and Fast Fourier Transform (FFT) based Orthogonal Frequency Division 

Multiplexing (OFDM) System in presence of Carrier Frequency Offset (CFO) and Symbol 

Timing Offset (STO) in terms of Symbol Error Rate (SER, performance parameter) are 

investigated in this Thesis. In this Thesis, the SER analysis has been done for FFT -based 

OFDM system in presence of CFO and STO and for FrFT -based OFDM system in presence 

of CFO. The expressions of SER in the presence of CFO and STO are derived for FFT -based 

OFDM system in additive white Gaussian noise (AWGN), flat fading Rayleigh channel and 

frequency selective fading Rayleigh channel for BPSK and QPSK modulation schemes. 

Further, the expression of SER in the presence of CFO has been derived for Fractional 

Fourier Transform (FrFT) -based OFDM system in AWGN, Flat fading Rayleigh channel and 

frequency selective fading Rayleigh channel for BPSK and QPSK modulation schemes. 

Enumerative results of each SER expression are given and verified by comparing them to 

simulated results. In this Thesis, SER expressions in presence of CFO and STO have been 

derived first time for QPSK in AWGN, flat fading Rayleigh channel and frequency selective 

fading Rayleigh channel for FFT -based OFDM system. Also the expression of SER in the 

presence of CFO has been derived first time for FrFT -based OFDM system in AWGN, Flat 

fading Rayleigh channel and frequency selective fading Rayleigh channel for BPSK and 

QPSK modulation schemes. 

Second part of thesis concerns with hardware implementation using MATLAB and Simulink. 

First in this the real-time Simulink model of proposed FrFT -based OFDM system in 

presence of CFO and STO is prepared. After IFrFT/FrFT kernel is converted to fixed point 

design using the fixed point tool of MATLAB and then the HDL coder tool follow for 

generating the VHDL and Verilog code using the Zed-board (zynq-7000) and also performing 

logic synthesis. Finally, the HDL verifier tool is used for FPGA-in-loop both transmitter and 

receiver blocks respectively. In this work hardware implementation of FrFT -based OFDM in 

frequency selective fading channel is proposed for the first time. Our proposed FrFT -based 

OFDM model improves SER by large extent as compared to FFT -based OFDM system with 

different modulation schemes and also different channel environments.  

 



Software used for the analytical and simulated verification is MATLAB R2014a/2015a. 

Using this software, all the SER expressions were plotted and analytical results were 

perfectly matched with simulated results. For the hardware implementation used Xilinx board 

Zynq®-7000 (xc7z020) with MATLAB 2015a including Xilinx support package.  

In this thesis, the comparative results between FrFT -based OFDM and FFT -based OFDM 

systems are shown. Through the analysis of results, it is found that in AWGN, flat fading 

channel and frequency selective fading channel the performance (in terms of SER) of FrFT -

based OFDM system has been improved than FFT -based OFDM system. 

This whole Thesis consists of five chapters in which chapter 1 organised as: origin of OFDM 

along with Thesis Objective and Contribution are addressed, after that motivation, 

advantages/ disadvantages and applications. Chapter 2 is organised as: historical development 

of OFDM system along with literature survey on performance analysis of FFT -based OFDM 

system, and discussion of system model in presence of CFO and STO with mathematical 

formulation of transmitter, channel and receiver. The exact closed form BER and SER 

expressions for FFT -based OFDM systems with CFO and STO are analysed. Numerical 

results are given to verify the accuracy of the derivations. The chapter is concluded by giving 

some final remarks. Chapter 3 is organised as: literature survey on performance analysis of 

FrFT -based OFDM system in presence of CFO. The exact closed form BER and SER 

expressions for FrFT -based OFDM systems with CFO are analysed for BPSK and QPSK 

modulation schemes AWGN, frequency flat Rayleigh fading channel and frequency selective 

Rayleigh fading channel. Numerical results are given to verify the accuracy of the 

derivations. The chapter is concluded by giving some final remarks. 

Chapter 4 is organised in three sections: first discusses about the fixed point design and 

historical development of cordic theory. After that, by using the “HDL coder” the HDL code 

is generated and also optimize the code through the HDL workflow Advisor. Finally, FPGA- 

in-loop co-simulation is run with the Xilinx ZYNQ SoC FPGA by using the HDL Verifier 

Toolbox, for Verification of HDL code by putting in FPGA-in-loop. Lastly, chapter 5 will 

conclude the report and tells us about further scope of this work.  

 

                                                                                

 



ABSTRACT 

 
In questo lavoro di tesi si considera l’analisi delle prestazioni e l’implementazione hardware 

di sistemi di modulazione con multiplazione di frequenza a portanti ortogonali (OFDM) 

basati sull’impiego della trasformata discreta frazionaria di Fourier (DFrFT) e della 

trasformata discreta di Fourier veloce (FFT). Nello studio si considera il tasso di errore sul 

simbolo (SER) e quello sul bit (BER) in presenza di scostamenti della fase di campionamento 

(STO) e/o della frequenza della portante (CFO). In particolare, l'analisi del tasso d’errore per 

l’OFDM basato su FFT è fatto per il caso in cui è presente sia CFO che STO mentre per 

l’OFDM basato su FrFT si considera la sola presenza di CFO. Le espressioni di SER sono 

state ottenute per il canale con rumore additivo gaussiano bianco (AWGN) e per canale con 

affievolimento di Rayleigh selettivo e non selettivo in frequenza per schemi di modulazione 

BPSK e QPSK. I risultati numerici ottenuti per ogni espressione di SER sono verificati 

mediante confronto con i risultati ottenuti per simulazione. Le espressioni in forma chiusa per 

il SER in presenza di CFO e STO sono state derivate prima volta nel caso di QPSK per 

canale AWGN e di canale con affievolimento di Rayleigh sia selettivo che non selettivo in 

frequenza per il sistema OFDM basato su FFT. Anche nel caso di FrFT l'espressione di SER 

in presenza di CFO sono state derivate prima volta nel caso di modulazione BPSK e QPSK 

per canale AWGN e di canale con affievolimento di Rayleigh sia selettivo che non selettivo in 

frequenza. 

La seconda parte del lavoro di tesi riguarda l’implementazione hardware mediante l’utilizzo 

di MATLAB e Simulink. In tale sviluppo si considera dapprima la costruzione del modello 

Simulink per la simulazione in tempo reale del sistema OFDM basato su FrFT in presenza di 

CFO e STO. Successivamente il kernel IFrFT/FrFT è convertito in rappresentazione in 

virgola fissa utilizzando il Fixed Point Tool di MATLAB e, successivamente, l’HDL Coder 

Tool viene impiegato per generare il codice VHDL e Verilog da trasferire sulla scheda 

ZedBoard (zynq-7000) e per la sintesi di logica. Infine, viene utilizzato lo strumento HDL 

Verifier per la co-simulazione FPGA-in-loop sia del trasmettitore che del ricevitore. In questo 

ambito l’implementazione hardware del sistema FrFT-OFDM è stato affrontato per la prima 

volta. E’ importante osservare che un sistema OFDM basato sull’impiego della FrFT migliora 

sensibilmente il rispetto a quello basato su FFT con schemi di modulazione diversi e anche 

ambienti di canale diverso. 

 



Il software utilizzato per la verifica analitica e simulata è MATLAB R2014a/2015a. Mediante 

tale software tutte le espressioni di SER analitiche sono state verificate mostrando 

un’aderenza perfetta con risultati ottenuti dalla simulazione. Nell'implementazione si è 

utilizzato l’hardware Xilinx Zynq®-7000 (xc7z020) e i relativi supporti di Xilinx in 

MATLAB 2015a. 

L’intero lavoro di tesi si compone di cinque capitoli organizzati come segue:  

v   Capitolo 1: origini del sistema OFDM, obiettivi del lavoro di tesi e contributi 

originali;  

v   Capitolo 2: evoluzione storica del sistema OFDM con indagine bibliografica relativa 

all'analisi delle prestazioni di sistemi OFDM basati su FFT e introduzione del modello 

del sistema in presenza di CFO e STO. Derivazione in forma chiusa delle espressioni 

di BER e SER per sistemi OFDM basati su FFT in presenza di CFO e STO. 

Presentazione di risultati numerici per verificare l'esattezza delle derivazioni 

matematiche.  

v   Capitolo 3: analisi bibliografica dei metodi impiegati per l'analisi delle prestazioni di 

sistemi OFDM basati su FrFT in presenza di CFO. Derivazione in forma chiusa delle 

espressioni matematiche per il calcolo del BER e del SER in presenza di CFO per 

modulazioni BPSK e QPSK  su canali AWGN e soggetti ad affievolimento di 

Rayleigh selettivi e non selettivi in frequenza. Confronto tra risultati analitici e 

simulativi. Il capitolo è concluso dando alcune osservazioni finali. 

v   Capitolo 4, organizzato in tre sezioni: in primo luogo si discute il progetto in virgola  

fissa design e lo sviluppo storico della teoria CORDIC. Successivamente, utilizzando 

l’HDL Coder si genera e ottimizza il codice HDL. Infine, si illustra come è stata 

realizzata la cosimulazione FPGA-in-Loop con FPGA Xilinx ZYNQ SoC mediante il 

tool HDL Verifier.  

v   Capitolo 5: si illustreranno le conclusioni e i possibili sviluppi futuri di questo lavoro. 

 

                                                                                

 



CONTENTS 

Certificate ………………………………………………………………………………….……...i 

Acknowledgement ……………………………………………………………………………….ii 

Declaration by Scholars ………………………………………………………………………..iii 

List of Abbreviations …………………………………………………………………………...iv 

List of Symbols ………………………………………………………………………………….vii 

List of Tables ……………………………………………………………………………….…....ix 

List of Figures ……………………………………………………………………………….…...x 

Abstract (English and Italian)………….…………………………………………………xii-xiv 

 

1. INTRODUCTION AND MOTIVATION 1-9 

 1.1. Introduction 2-6 

  1.1.1  Origin of OFDM 2-3 

  1.1.2   Thesis Objective and Contributions 3-6 

 1.2. Motivation 6-7 

 1.3 Advantages & Disadvantages of OFDM based on FFT/FrFT	   7-8 

 1.3. Application 8 

 1.4 Organization of Thesis 9 

    

2. AN EXACT SER ANALYSIS OF FFT-BASED OFDM 10-43 

 2.1. Historical Development Of OFDM 13 

 2.2. Literature Survey On Performance Analysis Of FFT -Based OFDM  14-16 



 2.3. System Model In Presence of CFO and STO 16-21 

  2.3.1.  Transmitter Model 17 

            2.3.1.1.  Cyclic Prefix or Guard Band Insertion 18 

  2.3.2.  Channel Model 19-20 

          2.3.2.1.  AWGN Channel 19 

           2.3.2.2.  Frequency selective Rayleigh Channel 19-20 

  2.3.3.  Receiver Model 20-21 

 2.4. BER Analysis of OFDM in Presence of CFO and STO 22-38 

  2.4.1. BPSK Modulation 22-28 

                  2.4.1.1   AWGN Channel 22-23 

           2.4.1.2    Rayleigh Flat Fading Channel 23-24 

             2.4.1.3   Rayleigh frequency selective fading channel 24-28 

  2.4.2.  QPSK Modulation 28-35 

             2.4.2.1   AWGN Channel 28-30 

             2.4.2.2    Rayleigh Flat Fading Channel 30-31 

             2.4.2.3     Rayleigh frequency selective fading channel 31-35 

 2.5. Discussion of Simulated Results 38-39 

 
2.6. Summary of BER Expression for FFT -based OFDM 39-44 

  v   Expressions of BER in presence of CFO given by Dharmawansa et 

al.[37]  
39-40 

  2.6.1.  AWGN Channel 39 

             2.6.1.1 BPSK modulation 39 



             2.6.1.2  QPSK modulation 39 

  2.6.2.  Flat Fading channel 40 

            2.6.2.1 BPSK modulation 40 

            2.6.2.2 QPSK modulation 40 

  2.6.3.  Freq. Selective Fading channel 40 

             2.6.3.1 BPSK modulation 40 

  v   Expressions of BER in presence of CFO given by A. Chaturvedi et 

al [39] 
40-41 

  2.6.4.  BPSK in Rayleigh flat fading channel 40 

  2.6.5.  BPSK in frequency selective fading channel 41 

  v   Expressions of SER in presence of CFO given in A. Hamza et al.[53]  41-42 

  2.6.6.  QPSK in frequency selective fading channel 41 

  2.6.7.  QPSK in flat fading channel 42 

  v   Expressions of BER in presence of CFO and STO given by A. K. 

Chaturvedi et al. and Y. Wang et al. [44, 45] 
42-43 

  2.6.8.  BPSK in AWGN channel 42 

  2.6.9.  BPSK in Rayleigh flat fading channel 42 

  2.2.10.  Freq. Selective Fading channel 43 

  v   Proposed SER Expressions in presence of CFO and STO given by A. 

Kumar section [2.4.2]: 
43-44 

  2.6.11.  QPSK in AWGN channel 42 

  2.6.12.  QPSK in Rayleigh flat fading channel 42 

  2.2.13.  QPSK in Freq. Selective Fading channel 43 



	  

3. AN EXACT SER ANALYSIS OF FrFT-BASED OFDM 44-68 

 3.1. Literature Survey on Performance Analysis of FrFT -based OFDM  47-48 

 3.2. BER Analysis of FrFT -based OFDM in Presence of CFO  48-65 

  3.2.1. BPSK Modulation 49-54 

                  3.2.1.1   AWGN Channel 49-50 

           3.2.1.2    Rayleigh Flat Fading Channel 50-51 

             3.2.1.3   Rayleigh frequency selective fading channel 51-54 

  3.2.2.  QPSK Modulation 54-60 

             3.2.2.1   AWGN Channel 54-56 

             3.2.2.2    Rayleigh Flat Fading Channel 56-57 

             3.2.2.3     Rayleigh frequency selective fading channel 57-60 

 3.3. Discussion of Simulated Results 65-66 

 
3.4. Summary of BER Expression for FrFT -based OFDM 66-67 

  v   Proposed Expressions of BER/SER in presence of CFO for FrFT -

based OFDM given by A. Kumar et al. [50, 51, 53]: 
67-68 

  3.4.1.  AWGN Channel 67 

             3.4.1.1 BPSK modulation 67 

             3.4.1.2  QPSK modulation 67 

  3.4.2.   Freq. Selective Fading channel 67-68 

            3.4.2.1 BPSK modulation 67 

            3.4.2.2 QPSK modulation 68 

    



4. HARDWARE IMPLIMATATION  69-90 

 4.1. Introduction 71 

 4.2. Fixed Point Design  71-79 

  4.2.1.  CORDIC Theory and Survey 71-75 

  4.2.2.   CORDIC Algorithms 75-78 

             4.2.2.1  CORDIC Trigonometric Algorithms 75-77 

                     4.2.2.1  Sine and cosine 75-76 

                     4.2.2.2 Inverse Sine and cosine 76-77 

             4.2.2.2  CORDIC Algorithms for Hyperbolic Function  77-79 

 4.3. Simulink HDL Coder Tools 79-87 

  4.3.1.  Target- independent HDL Code Generation also optimizing HDL 

code 
79-82 

  4.3.2 Synthesis and Analysis of HDL Code 82-85 

  4.3.3  Model Validation 85 

 4.3.4 Advantages and Disadvantages of HDL coder design 86 

 4.4. HDL Varifier Tools 87-89 

4.4.1  FPGA-in-the-Loop varification Using Zed Board using simulink 88 

           4.4.1.1  Transmitter Blocks 89 

           4.4.1.2 	  Receiver Blocks 89 

 4.5. Real-time transmission of a video signal 90-91 

 

 

 



	  

5. CONCLUSION & FUTURE SCOPE               92-99  

 5.1. Conclusion               92-95 

 5.2 Future Plan     95-99 

 

REFERENCES 

 



 

 

CHAPTER-1 

 

 
INTRODUCTION AND MOTIVATION 

 

Topics: 

 

 

1.1. Introduction 

 

 1.1.1   Origin of OFDM 

 

 1.1.2   Thesis Objective and Contributions 

 

1.2. Motivation 

 

1.3. Advantages & Disadvantages of  FFT/FrFT  based- OFDM 
 
	  

1.4. Application 

 

1.5. Organization of Thesis 



	  

	  

Dipartimento di Elettronica, Informazione e Bioingegneria 
Politecnico di Milano, P.zza L. da Vinci, 32, 20133 Milano, Italy.	  	  

	  
	  

2	  
	  

CHAPTER-1  INTRODUCTION AND 
MOTIVATION  

 

This chapter consists of: the introduction of OFDM along with Thesis objective and 

contribution, the research motivation along with Advantage/Disadvantage, the applications of 

OFDM technique and the organization of thesis. 

1.1.     INTRODUCTION  

  Orthogonal frequency division multiplexing (OFDM) is one of the multi-carrier 

modulation (MCM) techniques that transmit signals through multiple carriers. These carriers 

(sub-carriers) have different frequencies and they are orthogonal to each other. Orthogonal 

Frequency Division Multiplexing based on Fast Fourier Transform (FFT -based OFDM) has 

drawn major attention in broad band wireless communication due to its various advantages 

like less complex equalizer, high data rate, efficient bandwidth utilization and robustness 

against multi-path fading channel etc. [1-5]. It has been adopted by many wireless 

communication standards, IEEE 802.11 standard. The carrier frequency can go up to as high 

as 2.4 GHz or 5 GHz. Researchers tend to pursue OFDM operating at even much higher 

frequencies nowadays [6-10]. For example, the IEEE 802.16 standard proposes yet higher 

carrier frequencies ranging from 10 GHz to 60 GHz and terrestrial digital video broadcasting 

(DVB-T) system [11-14]. 

    1.1.1  Origin of OFDM 

   It is well known that Chang et al. [15] proposed the original OFDM principles in 

1966, and successfully achieved a patent in January of 1970. Later on, Saltzberg et al. [18] 

analysed the OFDM performance and observed that the crosstalk was the severe problem in 

this system. Although each subcarrier in the principal OFDM systems overlapped with the 

neighbourhood subcarriers, the orthogonality can still be preserved through the staggered 

QAM technique. However, the difficulty will emerge when a large number of subcarriers are 

required. In some earlier OFDM applications [6-8], the number of subcarriers can be chosen 

up to 34. Such 34 symbols will be appended with redundancy of a guard time interval to 

eliminate inter-symbol interference (ISI) [9-14]. However, more subcarriers should be 

required and the modulation, synchronization and coherent demodulation would induce a 

very complicated OFDM requiring additional hardware cost. In 1971, Weinstein and Ebert 

et al. [18] proposed a modified OFDM system in which the discrete Fourier Transform (DFT) 
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INTRODUCTION AND MOTIVATION 

was applied to generate the orthogonal subcarriers waveforms. Their scheme reduced the 

implementation complexity significantly, by making use of the inverse DFT (IDFT) modules 

and the digital-to-analog converters. In their proposed model, baseband signals were 

modulated by the IDFT at the transmitter and then demodulated by DFT at the receiver. 

Therefore, all the subcarriers were overlapped with others in the frequency domain, while the 

DFT modulation still assures their orthogonality, as shown in Fig. 1.1.1 

 

 

 

 

 

 

 

 

 

 

Fig. 1.1.1 Frequency spectrum of OFDM subcarrier signals 

 

Cyclic prefix (CP) was first introduced by Peled and Ruiz et al. [4] for OFDM systems. In 

their scheme, conventional null guard interval is substituted by cyclic extension for fully-

loaded OFDM modulation. As a result, the orthogonality among the subcarriers was 

guaranteed. With the trade-off of the transmitting energy efficiency, this new scheme can 

result in a phenomenal ICI reduction. In 1980, Hirosaki et al. [24] introduced an equalization 

algorithm to suppress both ISI and ICI. In 1985, Cimini et al. [6] introduced a pilot-based 

method to reduce the interference emanating from the multipath and co-channels. In 1989, 

Kalet et al. [5] suggested a subcarrier-selective allocating scheme. He allocated more data 

through transmission of “good” subcarriers near the centre of the transmission frequency 

band, these subcarriers will suffer less channel distortion. In the 1990s, OFDM system was 

exploited for high data rate communications.  

   1.1.2  Thesis Objective and Contribution 

  After the careful literature survey and study of OFDM system, the foremost research 

area of multicarrier system performance analysis is of my keen interest. In such a context for 
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my M.S. Thesis I undertook the Thesis “Performance Analysis and Hardware Implementation 

of FrFT/FFT based- OFDM System”. The FrFT is a generalization of the ordinary FFT that 

allows for more flexibility in applications. I started focusing on hardware implementation of 

FrFT -based OFDM system and also analyse performance of FrFT/FFT -based OFDM system 

in presence of CFO and STO and derived SER expression for QPSK in case of frequency 

selective fading channel for FrFT -based OFDM system in presence of CFO. Among main 

contributions I extended work done in [44 and 45] for QPSK modulation scheme in the 

presence of CFO and STO for AWGN, flat fading and Frequency selective fading channel 

and also present the SER expression for FrFT -based OFDM in presence of CFO for BPSK 

and QPSK in AWGN, Flat fading and frequency selective fading channel.  

Second part of thesis is hardware implementation of FrFT -based OFDM system, In this, first 

prepare real time Simulink model of proposed FrFT -based OFDM system in presence of 

CFO and STO. After that by converting IFrFT/FrFT kernel to fixed point design using 

MATLAB “Fixed point tool” we can generate fixed point code from floating point with the 

help of fixed point advisor, Fixed-Point Advisor uses either the design or simulation 

minimum and maximum from the floating-point data to propose the initial fixed-point 

scaling. Using the Fixed-Point Tool’s scaling function, we analyse, refine, and optimize 

scaling for relevant blocks in the model that we initially scaled using Fixed-Point Advisor. 

We use the data type override feature to collect the dynamic range of signals in double 

precision. The Fixed-Point Tool uses this information to propose a more suitable fixed-point 

scaling for each block, based on the number of available bits. FPGA implementation uses 

fixed-point representation, and the follow the HDL coder tool, HDL Coder provides two 

types of linkage between the model and generated HDL code. Code-to-model and Model-to-

code are hyperlinks that let user to view the blocks or subsystems from which the code was 

generated and generated code for any block in the model, respectively. HDL Coder also 

provides Embedded MATLAB Function Block which automatically generates HDL code 

from an m-file. Embedded MATLAB Function Block also employs fixed-point arithmetic by 

using the Fixed-Point Toolbox. 

After the generation and optimization of HDL coder our next goal is to synthesis the HDL 

code through the Zed Board with Vivado® Design Suite. The Vivado® Design Suite 

development environment enables a rapid product development for software and hardware 

because after the synthesis resources requirements for the design can be found. During the 

synthesis several steps are performed. 
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After the synthesis the last step is model validation. The validation process starts in the 

software simulation domain by verifying the design at a high level of abstraction. This allows 

us to benefit from the acceleration of much of the design yielding dramatically faster 

simulation iterations. As each block is verified at the RTL level in the context of our full-chip 

design, its synthesised/gate-level equivalent can be moved over into the physical FPGA, after 

that use the HDL verifier tool for FPGA in loop both Transmitter and Receiver block 

respectively. During this work, First time proposed hardware implementation of FrFT -based 

OFDM in Frequency selective fading channel. Our proposed FrFT -based OFDM model 

improved SER by large extent as compare to FFT -based OFDM system with different 

modulation schemes for different channel environments. Moreover, literature survey in 

Generalized Frequency Division Multiplexing (GFDM) in 5th Generation Non-Orthogonal 

Waveforms for Asynchronous Signalling (5GNOW) based on GFDM. 

In this thesis, the comparative results between FrFT -based OFDM and FFT -based OFDM 

systems are shown. Through the Analytical as well as simulation analysis of results, it is 

found that in AWGN, Flat fading channel and frequency selective fading channel the 

performance (in terms of BER/SER) of FrFT -based OFDM system has been improved with 

respect to FFT -based OFDM system. 

Summary of Performance Analysis Proposed in this Thesis: 

 

 
FFT-OFDM

BPSK 

AWGN 
[sect. 2.4.1.1]

Rayleigh Flat 
fading 

including 
higher CFO 

[sect. 2.4.1.2]

Frequency 
selective 

fading with 
higher CFO 

[sect. 2.4.1.3]

QPSK

AWGN
[sect. 2.4.2.1]

Rayleigh Flat 
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including 
higher CFO

[sect. 2.4.2.2] 

Frequency 
selective 

fading with 
higher CFO 

[sect. 2.4.2.3] 

Figure- 1.1.2.1  SER Analysis for FrFT based- OFDM in presence of CFO and STO	  
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1.2.     MOTIVATION 

Before going to the discussion let’s have a brief review of prior techniques.  

•   The main limitation of FDMA and TDMA are the capacity (the number of users, 

which can be accommodated without interference). 

•   The CDMA technique has been developed mainly for capacity reasons. 

•   CDMA techniques can potentially accommodate more users than either TDMA or 

FDMA. 

•   W-CDMA is a 3G wireless standard, evolved from CDMA to support the 

wideband services at data rate higher than 2 Mbps. 

•   The wide band signal like DS-CDMA (Direct Sequence CDMA) has a problem of 

frequency selective multipath fading. 

•   Frequency selective multipath fading is common in “Urban and Indoor 

Environment” and it is significant source of performance degradation. 

•   The performances degrades more if the number of users increases. 

•   It is observed that the narrow band signals are less sensitive to ISI and frequency 

selective fading. 

Therefore, orthogonal multi-carrier modulation combined with CDMA has been used to solve 

the problem. 

 It is obvious that a parallel system is capable of carrying more information than a cascaded 

system, simply because it uses a variety of frequency bands. However, the significant 

advantage of OFDM is that it is robust in frequency selective channels, which results from 

	  
	  

Figure- 1.1.2.2  SER Analysis for FrFT -based OFDM in presence of CFO 	  
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either multipath fading or other communication interferences. In order to deal with frequency 

selective fading, the transmitted OFDM signals are divided into many sub-channels so that 

those sub-channels can be considered frequency flat approximately as the number of the 𝑁 

sub-channel is large enough. Hence the OFDM signals will suffer less channel distortion than 

the conventional modulated signals. 

Under OFDM modulation, the symbol duration becomes N times longer. For example, if the 

input data rate is 20Mbps, then, the symbol duration is 50 ns, however, in an OFDM system 

with 128 subcarriers, the symbol duration could become 6.4 us. If these two kinds of symbols 

are modulated and transmitted through a channel with a particular rms value say, rms = 60 ns, 

it is clear that the system with a longer symbol duration would perform better. In practice, the 

DVB-T standard suggests to use 2,048 subcarriers, or 8,192 subcarriers. In these cases, the 

symbol duration can be even increased by several thousand times. 

During the literature survey of OFDM, the main reference of FrFT -based OFDM system was 

[54], where it is shown that in presence of CFO an OFDM system based on Fractional 

Fourier Transform (FrFT) allows a better tolerance to ICI than that based on the use of FFT. 

The FrFT is a generalization of the ordinary FFT that allows for more flexibility in 

applications. In presence of CFO  and STO an OFDM system based on FrFT allows a better 

tolerance to ICI and also ISI than that based on the use of FFT. As it is known, 

synchronization is a major issue of OFDM system. So, for reducing the impact of 

synchronization errors, new method based on localization of chirp training signal in FrFT 

based- OFDM have been proposed in [46] for STO and CFO estimation. The FrFT has 

already been established as a superior tool for locating the chirp signal in fractional Fourier 

domain given in [46].  

1.3.     ADVANTAGES & DISADVANTAGES OF OFDM  BASED ON FFT/FrFT 

1.3.1  Advantages 

•   High spectral efficiency. 

•   Efficient implementation using FFT. 

•   Low sensitivity to time synchronization error. 

•   OFDM has improved quality of narrow band interference. 

•   Can easily adapt to severe channel conditions without complex equalization. 

•   Robust against ISI and multipath Fading channel. 

•   FrFT -based OFDM less sensitive to CFO and STO.  
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•   FrFT -based OFDM less sensitive to Doppler frequency spreading. 

•   Forward error correction is employed to accurate for sub-carrier that super 
form deep fades.  

•   Use of FrFT more Robust against ISI and multipath Fading channel as 

compare to FFT based- OFDM. 

1.3.2   Disadvantages 

•   Sensitive to frequency synchronization problem. 

•   Sensitivity to CFO at the receiver. 

•   Sensitivity to STO at the receiver. 

•   High High Peak-to-Average Power Ratio (PAPR), requiring linear 

transmitter circuitry, which suffers from poor power efficiency. 

•   FrFT -based OFDM increase the  computational complexity.  

1.4.   APPLICATION 

          After the IFFT/FFT technique was introduced, the implementation of OFDM became 

more convenient. Generally speaking, the OFDM applications may be divided into two 

categories-wired and wireless technologies. In wired systems such as Asymmetric Digital 

Subscriber Line (ADSL) and high speed DSL, OFDM modulation may also be referred as 

Discrete Multitone Modulation (DMT). In addition, wireless OFDM applications may be 

shown in numerous standards such as IEEE 802.11 [10].  

•   IEEE 802.11a/g, IEEE 802.16a [10]. 

•   Asymmetric Digital Subscriber Line (ADSL) services [10]. 

•   Digital Audio Broadcasting (DAB) [10]. 

•   Digital Terrestrial Television Broadcasting: DVB-T in Europe, ISDB in Japan  

•   4G, IEEE 802.11n, IEEE 802.16, and IEEE 802.20 [10]. 

•   Generalized Frequency Division Multiplexing (GFDM) in 5th Generation 

Non-Orthogonal Waveforms (5GNOW) based on GFDM [47]. 

•   Aspects of timing and frequency synchronization for LTE-A system. 

OFDM was also applied for the development of Digital Video Broadcasting (DVB) in 

Europe, which was widely used in Europe and Australia. In the DVB standards, the number 

of subcarriers can be more than 8,000, and the data rate could go up as high as 15Mbps. At 

present, many people still work to modify the IEEE 802.16 standard, which may result in an 

even higher data rate up to 100Mbps.  
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1.5.   ORGANIZATION OF THESIS 

           Chapter 2 contains two section: section 1, contain the system model of FFT -based 

OFDM system in presence of CFO and STO and the mathematical formulation of transmitter, 

channel and receiver. It also contains the ICI coefficient of OFDM system. Section 2, contain 

an exact SER analysis of FFT -based OFDM system in presence of CFO and STO for BPSK 

and QPSK modulation in AWGN, frequency flat Rayleigh fading channels and frequency 

selective Rayleigh fading channels.  

Chapter 3 contains 2 sections: section 1, contain the system model of FrFT -based OFDM 

system in presence of CFO. It also contains the ICI coefficient of FrFT -based OFDM 

system. Section 2 contain, SER analysis of FrFT -based OFDM system in presence of CFO 

has been derived for BPSK and QPSK modulation schemes are analysed for AWGN, 

frequency-flat Rayleigh fading channels and Frequency selective Rayleigh fading channels.  

Chapter 4, contain the Hardware implementation of FrFT -based OFDM system in presence 

of CFO and STO. In this, first prepare real time Simulink model of  FrFT -based OFDM 

system in presence of CFO and STO. After that converts IFrFT/FrFT kernel to fixed point 

design and follow the HDL coder tool and also perform logic synthesis, after that use the 

HDL verifier tool for FPGA-in-loop.  

Finial chapter 5 is organised as: section 1, contain the project report is concluded regarding 

the Performance Analysis and Hardware Implementation of FrFT/FFT -based OFDM System 

in presence of CFO and STO. Section 2,  contain the further scope of this work is decided 

through a literature survey based on “Performance Analysis and Hardware Implementation 

of FrFT/FFT -based OFDM System in presence of CFO and STO”.  
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CHAPTER-2    AN EXACT SER ANALYSIS OF 
FFT-BASED OFDM  

 

In this chapter, historical development of OFDM system along with literature survey on 

performance analysis of FFT -based OFDM system, and discussion of system model in 

presence of CFO and STO with mathematical formulation of transmitter, channel and 

receiver. The exact closed form bit error rate (BER) and symbol error rate (SER) expressions 

for FFT -based OFDM systems with CFO and STO are analysed. Starting from BER 

performances of BPSK given in [44, 45], proposed SER expressions are given for QPSK 

modulation schemes for AWGN, flat Rayleigh fading channel and frequency selective 

Rayleigh fading channel. Numerical results are given to verify the accuracy of the derivations. 

The chapter is concluded by giving some final remarks. 
 

2.1.   HISTORICAL DEVELOPMENT OF OFDM 

       Taking a brief discussion about the historical development of OFDM (milestones in 

history). Through this initially developed OFDM, attentions of researches moved towards the 

performance analysis of OFDM system. So firstly, summarizing the beginning of OFDM. 

Table-2.1:  Summary of OFDM 

1965  P. A. Bello et al. [13]        
          Initial multicarrier (MCM) system  
                   KINEPLEX  [13-14] 1967 M. Zimmerman et al. [14] 

1968 R.W. Chang et al.  [15] 
MCM employing overlapped band limited orthogonal 
signals. 

1967 Saltzberg  et al. [18] 
MCM system employing orthogonal time staggered 
QAM.  

1971 S.B. Weinstein  et al. [20] 
OFDM became more popular after the use of  DFT to 
generate the orthogonal subcarriers 

1980 J.S. Chow et al. [21] 
Suggested the use of DFT based OFDM for high 
speed modems 

1980 Hirosiki et al. [24] 
Suggested  a system for Saltsberg O-QAM OFDM 
system  

1985 Cimini et al. [25] 
Analytical and simulated results on the performance 
of OFDM modems  

1988-
1995 

ETSI DAB standard [41]  
first OFDM based standard for digital broadcasting 
system 
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AN EXACT SER ANALYSIS OF  
FFT-BASED OFDM  

2.2.   LITERATURE SURVEY ON PERFORMANCE ANALYSIS OF FFT     

-BASED OFDM SYSTEM  

          After the historical development of OFDM system moving towards the problem 

formulation on performance analysis of OFDM system. Two methods were available for the 

analysis of the resultant degradation in performance. Firstly, the statistical average of the ICI 

could be used as a performance measure.  Secondly, the BER caused by CFO and STO could 

be approximated by assuming the ICI to be Gaussian. So that I have taken the performance 

analysis of OFDM system in presence of CFO and STO in terms of BER. The performance 

analysis in different channel environments (flat fading, frequency selective fading, etc.) with 

CFO has been done by different authors in [32-40].	  Furthermore, the effect of CFO and STO 

combined was considered in [44-45]. Before moving towards the problem formulation, I 

would like to discuss  the brief summary of performance analysis of FFT -based OFDM 

system given by many authors. 

“Probability of Error Calculation of OFDM Systems with Frequency Offset” by K. 

Sathananthan and C. Tellambura [35], 2001. In [35], a precise numerical techniques is 

given for calculating the effect of the CFO on the BER in an OFDM system. The subcarriers 

are modulated with binary phase shift keying (BPSK) and the analysis workout as using a 

series due to Beaulieu. For QPSK and 16-QAM cases, they used an infinite series expression 

for the error function in order to express the average probability of error in terms of the two-

dimensional characteristic function of the ICI. The results are derived for the average 

probability of error in case of BPSK, QPSK and 16-QAM modulation techniques. In same 

work a gaussian approximation is proposed for the approximate SNR degradation. 

Later, in 2005 a “BER of OFDM Systems Impaired by Carrier Frequency Offset in Multipath 

Fading Channels” was given by Luca Rugini and Paolo Banelli [36]. This paper contains an 

analytical approach to evaluate the error probability of OFDM system subject to CFO in 

frequency selective channel, characterized by Rayleigh and Rician fading. By properly 

exploiting the Gaussian approximation of the ICI, it is shown that BER for an uncoded 

OFDM system with quadrature amplitude modulation (QAM) can be expressed by the sum of 

a few integrals, whose number depends on the constellation size, each integral can be 

evaluated numerically. In Rayleigh fading, by using a series expansion that involves 

generalized hyper geometric functions, each integral can be evaluated. This letter has 
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basically proposed the result for QAM technique by assuming different channel environments 

Rayleigh fading and Rician fading.  

Further in 2007 a “Effects of Receiver Windowing on OFDM Performance in the Presence of 

Carrier Frequency Offset” discussed by Norman C. Beaulieu and Peng Tan [34] was 

published. The paper has a derived expression of an exact BER expression for an OFDM 

system with windowing reception, and it is found that performance of OFDM in terms of 

BER is improved using window family. 

In 2009 a paper on “an Exact Error Probability Analysis of OFDM Systems with Frequency 

Offset” was given by Prathapasinghe Dharmawansa, Nandana Rajatheva, and Hlaing 

Minn [37]. The paper also comprises all the work related to performance evaluation, done till 

then. Characteristic functions and Beaulieu series [37] have been used to derive exact BER 

expressions in the presence of ICI. They have followed the procedure presented in 

Sathananthan and Tellambura [35] and Rugini and Banelli [36] with different 

mathematical insight to derive the exact closed form BER/SER expressions for OFDM with 

ICI over AWGN, frequency selective and flat fading channel. They have not considered the 

Gaussian approximation of the ICI, instead they have shown that the probability density 

function of ICI is a mixture of Gaussian densities with properly selected parameters. In 2010 

a letter was published on Closed Form BER Expressions for BPSK OFDM Systems with 

Frequency Offset by R. Uma Mahesh and A. K. Chaturvedi [39]. This letter addresses the 

performance  degradation caused  by  the  presence  of CFO  in OFDM systems. In this paper 

they have modified the result given in [37]. The results in [37] was analysed for lower values 

of CFO and there was a difference between analytical and simulated results for higher values 

of CFO. In this paper the modification is done for higher values of CFO for flat and 

frequency selective Rayleigh fading channels. 

Very few literatures studied on the combined effects of STO and CFO in OFDM system for 

BER evaluation. Some recent work shows about BER performance considering both CFO 

and STO are [44, 45]. Due to high sensitivity of OFDM systems to synchronization errors, 

they treated the ICI introducing by residual frequency and timing offsets. By Following with 

the result of [45], R. Uma Mahesh and A. K. Chaturvedi derived BER expression with 

frequency and fractional timing offsets over AWGN and flat Rayleigh fading channels [45]. 

This approach is convenient to analyse BER, but its the computational complexity grows 

exponentially. Furthermore, In [44] by exploiting CHF and Beaulieu series, evaluated BER 
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expressions of BPSK impaired by residual frequency and timing offsets over frequency 

selective Rayleigh fading channel. 

Later on A.  Hamza,  et al. [52] gave the first time Closed Form SER Expressions for QPSK 

OFDM Systems CFO in Rayleigh Fading Channel. This paper considers the two dimensional 

PDF and CHF for deriving the SER expression.  

Table 2.2: Summary of performance Analysis of FFT -based OFDM system. 

 

2.3.    SYSTEM MODEL 

          The basic principle of OFDM is to split a high data rate stream into a number of lower 

data rate streams and then to transmit these streams in parallel using several orthogonal sub-

carriers. By using this parallel transmission, the symbol duration increases and the relative 

amount of dispersion in time caused by multipath delay spread decreases. If 1/T is the symbol 

rate of the input data to be transmitted then the symbol interval in the OFDM system is 

1990 Cases et al.  [27] Gave analytical and experimental results of OFDM 
system  

1991-

1993 
Hara et al. [29-31] 

Rayleigh frequency selective fading channel Bit Error 
Rate Performance for Multicarrier Modulation Radio 
Transmission 

1995 T. Pollet et al.  [32] BER sensitivity of OFDM to carrier frequency offset 
& wiener phase noise  

2001 K. Sathananthan et al. [35] Calculated the probability of Error  of OFDM Systems 
with Frequency Offset [35] 

2005 Luca Rugini, et at. [36] 
Analytical approach to evaluate the error probability of 
OFDM systems in presence of CFO for frequency 
selective channels 

2009 P. Dharmawansa et al. [37] Gave an exact error probability  analysis of OFDM  
systems with frequency offset  

2010 A. Chaturvedi et al. [39] Given closed form BER expressions for BPSK OFDM 
systems with frequency offset  

2012 R. Mahesh et al. [45] BER analysis of BPSK OFDM systems with CFO and 
STO in AWGN and Flat fading 

2012 Y. Wang, et al. [44] BER analysis of BPSK OFDM systems with CFO and 
STO over frequency selective  fading channels 

2014 A.  Hamza,  et al. [52] Closed Form SER Expressions for QPSK OFDM 
Systems CFO in Rayleigh Fading Channel 
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increased to 𝑁𝑇. For reducing the inter-symbol interference, a guard band is inserted between 

successive OFDM symbols. The block diagram representation of Fast Fourier Transform 

(FFT) based- OFDM system with 𝑁	  subcarrier is shown in Figure-2.3.1. It consists of a 

transmitter segment, then channel part followed by the receiver segment. The description 

about each segment is included below. 

	  
Figure-2.3.1. OFDM System Model 

2.3.1.   Transmitter Model 

      The input data stream bits are encoded into continuous signals by the encoder, which 

is first block of the transmitter. Data encoding can be done by using any of the digital 

modulation techniques viz. M-QAM, M-PSK, or M-FSK. After that 𝑁 such symbols are 

transferred by the serial-to-parallel converter. These complex parallel data symbols 

{𝑋 𝑘 , 𝑓𝑜𝑟	  𝑘 = 1,2, … , 𝑁} are fed into the IFFT block. After taking 𝑁 point IFFT, the last g 

samples are appended at the front (the cyclic prefix addition) to form	  𝑥 𝑚 . These complex 

parallel data symbols are then modulated by a group of orthogonal sub-carriers, which satisfy 

the following condition of orthogonality- 

  

Encoder
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M-QAM 

etc)

Decoder
(M-PSK, 

M-QAM etc)

output bit
stream

S/P N-Point
IFFT

Add
Cyclic 
Prefix 
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Input bit
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White Gaussian Noise
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Equalizer
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1
𝑇2

𝑒456789	  𝑒4567:9𝑑𝑡 =

=>

?

	  1, 𝑘 = 𝑚	  
	  0, 𝑘 ≠ 𝑚	    

 (2.3.1.1) 

where 𝑓B = 𝑘 𝑇2 , for	  	  𝑘 = 0, 1, 2⋯ ,𝑁 − 1 and 1/𝑇2	  	  is the minimum sub-carrier spacing 

required. The baseband OFDM signal transmitted during 𝑖9J	  block can be written as – 

𝑥 𝑖, 𝑡 = 	  
1
𝑁

𝑋 𝑖, 𝑘 𝑒456789, 0 ≤ 𝑡 ≤ 𝑇
LMN

BO?

 

(2.3.1.2) 

where 𝑇2	  	  is the useful duration of one OFDM symbol, 𝑓B = 𝑘 𝑇2 	  	  is the sub-carrier 

frequency of the 𝑘9J	  sub-carrier 𝑋 𝑖, 𝑘 	  	  is the complex data symbol of 𝑖9J	  block modulated 

on 𝑘9J	  sub-carrier and 𝑁 is the total number of sub-carriers. It is assumed that the complex 

data symbols are un-correlated.  

𝐸 	  𝑋 𝑖, 𝑘 𝑋∗ 𝑖, 𝑘 	   = 	  1, 𝑘 = 𝑚	  
	  0, 𝑘 ≠ 𝑚	                                           (2.3.1.3) 

where 𝑥∗(. )	  represents the complex conjugate of	  	  𝑥(. ). The discrete form of the baseband 

OFDM signal 𝑥 𝑖, 𝑡 	  	  in (2.3.1.2) can be expressed as- 

𝑥 𝑖,𝑚 =	  
1
𝑁

𝑋 𝑖, 𝑘
LMN

UO?

𝑒
456	  V	  U

L 	  , 𝑚 = 0, 1, 2………… ,𝑁 − 1 

(2.3.1.4) 

It is clearly visible from (2.3.1.2.4) that the transmitted signal is the IFFT of the complex 

input data symbols 𝑋(𝑖, 𝑘)	  and hence it can be easily and efficiently generated using inverse 

fast Fourier transform (IFFT) as shown in Fig-2.3.1 Similarly, the FFT can be used at the 

receiver side for demodulation. 

 2.3.1.1  Cyclic Prefix or Guard Band Insertion  

          A guard band interval is usually inserted between successive OFDM symbols to 

avoid the ISI caused by the delay spread of multipath channel. If a guard band interval is 

inserted without any signal transmission then the ISI can be eliminated almost completely. 

But a sudden change in waveform contains higher spectral components, resulting into ICI. 

Therefore the guard interval insertion technique with cyclic prefix is generally used to avoid 
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ICI. In this method, the OFDM symbol is cyclically extended in the guard time. Due to cyclic 

prefix (CP) insertion, the transmitted signal is extended to 𝑇W = 𝑇X + 𝑇 and can be expressed 

as- 

𝑠(𝑖, 𝑡) = 𝑥 𝑖,𝑚 𝑔9(𝑡 − 𝑚𝑇)
LMN

VOML\]

 

(2.3.1.1.1) 
where  𝑔9(. ) representing the raised cosine filter for the pulse shaping at the transmitter side,  

𝑇 is the sampling period  and 𝑁^_	   is the length of guard interval or cyclic prefix (CP) plays 

an important role in the performance of OFDM system. If the length of the guard interval 

(CP) is set shorter than the maximum delay of a multipath channel, the tail part of an OFDM 

symbol affects the head part of the next symbol, resulting in the ISI. On the other hand a long 

CP increases the overhead of the system.  

2.3.2.   Channel Model 

    2.3.2.1   AWGN Channel 

                   AWGN is often used as a channel model in which the only impairment to 

communication is a linear addition of wideband or white noise with a constant spectral 

density (expressed as watts per hertz of bandwidth) and a Gaussian distribution of amplitude. 

The model does not account for fading, frequency selectivity, interference, nonlinearity or 

dispersion. However, it produces simple and tractable mathematical models which are useful 

for gaining insight into the underlying behaviour of a system before these other phenomena 

are considered. 

The AWGN channel is represented by a series of outputs 𝑌a at discrete time event index 𝑖. 𝑌a  

is the sum of the input 𝑋a  and noise 𝑤a , where	  𝑤a  is independent and identically distributed 

and drawn from a zero-mean normal distribution with variance 𝜎W5. The 𝑤a are further 

assumed to not be correlated with the 𝑋a 

𝑤a = 𝒩(0, 𝜎W5)                                              (2.3.2.1.1) 

    2.3.2.2   Frequency selective Rayleigh Channel 

                  Now the effects of multipath fading channel	  	  ℎ 𝜏, 𝑡  (channel impulse response) 

have been considered here with the 𝑛9J	  sample of OFDM symbol. The 𝐿-path tap-delay line 

model with frequency selective fading channel has been taken as in [38]. 
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 The impulse response	  ℎ 𝜏, 𝑡 	  can be expressed as- 

ℎ 𝜏, 𝑡 = ℎ 𝑙, 𝑡 𝛿 𝑡 − 𝜏U

UMN

UO?

 

(2.3.2.2.1)  

where 	  ℎ 𝑙, 𝑡 	  and 𝜏U are the complex amplitude (or tap coefficient) and propagation delay of 

the 𝑙9J	  path, respectively and 𝛿 𝑡 	  is the Dirac function. The tap coefficients	  {ℎ 𝑙, 𝑡 	  ,

𝑓𝑜𝑟	  𝑙 = 0, 1, 2⋯ , 𝐿 − 1}	  are modeled as zero mean complex Gaussian random variables 

having variances	   𝜎U5 	  𝑤𝑖𝑡ℎ	  𝜎?5 + 𝜎N5 +⋯+ 𝜎kMN5 = 1. If substitute 𝐿 = 1 then ℎ 𝜏, 𝑡  

become the flat fading channel. 

2.3.3.   Receiver Model 

             After considering the effect of multipath fading channel ℎ 𝜏, 𝑡 ,	   the 𝑖9J	  received 

signal 𝑟 𝑖, 𝑡 	  can be expressed as- 

𝑟 𝑖, 𝑡 = ℎ 𝑙, 𝑡
kMN

UO?

𝑠 𝑖, 𝑡 − 𝜏U𝑇 + 𝑤(𝑡) 

(2.3.3.1)  

where 𝑤 𝑡 	  represents the Additive White Gaussian Noise at the receiver with two sided 

power spectral density of	  	  Ll
5
	  , where 𝑁m is the noise power. If the length of CP is more than 

the maximum delay spread of multipath channel and if the STO and CFO are correctly 

estimated and compensated the received is impaired only by the channel. However, because 

of presence of estimation errors, time varying Doppler shift and oscillators drift, there exists 

residual timing and frequency offsets. Therefore, after removing the cyclic prefix, the 

received discrete time signal before the DFT block can be represented as- 

𝑟 𝑖, 𝑛 = 𝑒
456	  △o	  p

L ℎ 𝑙, 𝑡
kMN

UO?

𝑥(𝑖,𝑚)𝑔(𝑛 −𝑚 − 𝜏U −△ 𝜃)
LMN

VO?

+ 𝑤(𝑛) 

(2.3.3.2) 
where △ ε =△ f	  T is the carrier frequency offset △ f  normalized to sub-carrier spacing N

t
 , △ θ 

represent residual normalized timing offsets and g(. ) denotes the raised cosine impulse 

response which satisfies the Nyquist condition, and 𝑤(𝑛)  is the zero-mean complex AWGN 

with variance 𝑁? . By taking the DFT of the received signal and substituting (2.3.3.2) we the 

received signal is given to the FFT block.  
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The output of FFT can be expressed as- 

𝑌 𝑙 =
1
𝑁

𝑟(𝑖, 𝑛)𝑒
M456Up

L

LMN

pO?

 

   (2.3.3.3) 

After the substituting the value of 𝑟(𝑖, 𝑛) from the equation (2.3.3.2) in to the equation 

(2.3.3.3)-  

𝑌 𝑙 =
1
𝑁

𝑒
456	  △o	  p

L ℎ 𝑙, 𝑡
kMN

UO?

𝑥(𝑖,𝑚)𝑔(𝑛 −𝑚 − 𝜏U −△ 𝜃)
LMN

VO?

+ 𝑤(𝑡) 𝑒
M456Up

L

LMN

pO?

 

(2.3.3.4) 

what is the effect on the 𝑙9J sub-carrier of a symbol transmitted on the 𝑘9J sub-carrier. If 𝑘	   =

	  𝑙, then signal will be orthogonal and desired signal will be received. If 𝑘	   ≠ 𝑙, then signal 

will be non-orthogonal and interference signal will be generated. The received signal can be 

rewritten as- 

𝑌 𝑙 = 𝑋 𝑘 𝐻 𝑘 𝑆 𝑙 + 𝑋 𝑙 𝐻 𝑙 𝑆 𝑙 − 𝑘 + 1 + 𝑤(𝑙)
LMN

UO?,
UyB

 

 (2.3.3.5) 

where 𝑤(𝑛)	  is the AWGN component in time domain,  𝐻(𝑘)	  denotes the frequency response 

of the multipath fading channel at the 𝑘9J	  sub-channel is defined as-  

𝐻 𝑘 = ℎ 𝑙, 𝑡 𝑒
M45	  6	  B	  z{

L

kMN

UO?

 

(2.3.3.6) 
and 𝑆 𝑙 − 𝑘 + 1  denotes the ICI coefficient define as- using trigonometric identity- 

𝑒4|pL
pON 	  = 	  

}~�(��� )

}~�(|/5)	  
	  𝑒4|~where 𝑒4|~ term doesn’t affect power.   

After further simplification the ICI coefficient can be written as- 
 

𝑆(𝑘) = }~�	  � B�△o

�	  }~� � 8�△�
�

𝑒46 NM�� B�△o 𝑔(△ 𝜃)                                (2.3.3.7) 

The equation (2.3.3.7) describes the ICI coefficient at the receiver. If non-orthogonal 𝑘 ≠ 𝑙 , 

the received signal (2.3.3.5) contains three terms: first term is desired signal, second term is 

ICI signal and third term is noise signal. By substituting	  	  𝐻(𝑘) = 1 the output of FFT -based 

OFDM system in fading channel will be similar to the output in AWGN channel [44] 

Interference term occurs only if non-orthogonal sub-carrier term (𝑘 ≠ 𝑙) will be present. 
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2.4.   BER ANALYSIS OF OFDM IN PRECENCE OF CFO AND STO 

             We assume equiprobable message symbols and consider error rates for the first 

subcarrier. Before starting the main analysis, an important identity is presented between 

product and sum of cosines as- 

cos 𝜙B =
1

2�MN cos 𝝓=𝑒B =
1
2� 𝑒4𝝓��8 + 𝑒M4𝝓��8

5���

BON

5���

BON

�

BON

 

 
(2.4.1) 

where 𝝓 = 𝜙N, 𝜙5, 𝜙� …… .𝜙� =, 𝑒B	  is	  𝑘9J column of 𝑀×2�MN	  matrix	  𝐸�. The 𝑘�� column 

of 𝐸� is essentially the binary representation of the number 2� − 𝑘,	  where zeros are replaced 

by -1. The matrix 𝐸�  for the value of 𝑀	   = 	  4 can be written as- 

E¡ =

1
1
1
1

	  	  	  1
	  	  	  1
	  	  	  1
−1

	  	  	  1
	  	  	  1
−1
	  	  	  1

	  	  	  1
	  	  	  1
−1
−1

	  	  	  1
−1
	  	  	  1
	  	  	  1

	  	  	  1
−1
	  	  	  1
−1

	  	  	  1
−1
−1
	  	  	  1

	  	  	  1
−1
−1
−1

 

The identity in (2.4.1) can be verified very easily by repeatedly applying the identity 

(𝑐𝑜𝑠𝐶	  𝑐𝑜𝑠𝐷 ≡ N
5
	   𝑐𝑜𝑠 𝐶	   + 𝐷 + 𝑐𝑜𝑠 𝐶	   − 𝐷 ) to the product of two cosine terms taken at a 

time, in the left side of (2.4.1). 

2.4.1.   BPSK Modulation 

2.4.1.1   AWGN Channel 

                  For BPSK modulation 𝑋(𝑘) ∈ {1, −1} and the first subcarrier with the transmitted 

symbol 1 is considered here. Since the constellation is purely real, only the real part of 

(2.3.3.5) will be considered. Following [37], we obtain the CHF of the real part of 𝑌(1),

ℜ(𝑌 1 ), written as- 

𝜑ℜ © N 𝜔 = 𝐸 𝑒4«ℜ © N  

(2.4.1.1.1) 
Substituting the value of  𝑌(1)	  from (2.3.3.5) in to the eq. (2.4.1.1.1)- 

𝜑ℜ © N 𝜔 = 𝑒4«ℜ ¬ N . 𝑒4«(N). 𝑒4«ℜ ¬ U 	  
LMN

UO5
UyB

 

(2.4.1.1.2) 
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Now, it can be simplified as- 

𝜑ℜ © N 𝜔 = 𝑒4«ℜ ¬ N M«
�®¯�
5 	  𝑐𝑜𝑠 𝜔ℜ 𝑆 𝑙

LMN

UO5
UyB

 

(2.4.1.1.3) 
The above equation can be further simplified by using trigonometric identity (2.4.1) as- 

𝜑ℜ © N 𝜔 =
1

2LMN 𝑒𝑥𝑝 𝑗𝜔𝜃B −
𝜔5𝜎W5

2 +
5���

BON

𝑒𝑥𝑝 𝑗𝜔𝛽B −
𝜔5𝜎W5

2  

(2.4.1.1.4) 
where 𝜃B 	  = ℜ 𝑆(1) +	  𝑺=𝑒B , 𝛽B = ℜ 𝑆(1) − 𝑺=𝑒B 	  and	  𝑺 = 𝑆 2 , 𝑆 3 , . . . 𝑆(𝑁) =,	  𝐸LMN	  

is	   of	   dimension	   𝑁	   − 1 ×2LM5. It is obvious that (2.4.1.1.4) represents the CHF of a 

mixture of Gaussian density function. Since the hypotheses are binary, an error occurs if 

ℜ 𝑌(1) < 0. Now, the bit error probability can be written as- 

𝑃º 𝜉 =
1

2LMN 𝑄 2𝛾	  𝜃B + 𝑄 2𝛾	  𝛽B

5���

BON

 

(2.4.1.1.5) 
where 𝛾 = 𝐸º/𝑁?, 𝑄(𝑥) is the Gaussian 𝑄 function. One should note that in our case of 

interest 𝐸º = 1 and 𝜎W5 = 𝑁?/2	  with 𝑁? being the noise power spectral density. 

2.4.1.2   Rayleigh Flat Fading Channel  

                  In the Rayleigh flat fading channel, the conditional bit error probability can be 

written by using (2.4.1.1.5) as- 

𝑃º 𝜉|𝐻 =
1

2LMN 𝑄 2𝛾	  𝜃B 𝐻 + 𝑄 2𝛾	  𝛽B 𝐻
5���

BON

 

(2.4.1.2.1)  
where 𝐻  denotes the absolute value of 𝐻. Now, the unconditional bit error probability is 

calculated as in [38, eq. 8.102]- 

𝑃º 𝜉 = 𝑃º 𝜉|𝐻 𝑃 𝐻
¿

?

𝑑 𝐻  

(2.4.1.2.2) 
where |𝐻| has a Rayleigh distribution given by 𝑃(|𝐻|) 	  = À

®Á
� 𝑒𝑥𝑝

À �

5®Á
� . After applying the 

following Craig’s formula- 

𝑄 𝑥 =
1
𝜋 exp −

𝑥5

2𝑠𝑖𝑛𝜓 𝑑𝜓,	  	  	  	  	  	  	  𝑥 > 0

6
5

?

 

(2.4.1.2.3) 
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Individually, putting 𝑄- function from (2.4.1.2.1) into (2.4.1.2.3) and after performing some 

algebraic manipulations, The bit error probability written as- 

𝑃º 𝜉 =
1
2 −

1
2L 	  

2𝜎Æ5𝜃B5𝛾
1 + 2𝜎Æ5𝜃B5𝛾

+
2𝜎Æ5𝛽B5𝛾

1 + 2𝜎Æ5𝛽B5𝛾
	  

5���

BON

 

(2.4.1.2.4) 

However, closed form analytical BER expressions for CFO were given the first time in [37]. 

The BER expression derived in [37] is correct for all values of CFO for AWGN channel, the 

same is not true for flat and frequency selective channels. This is because the expressions 

have been derived assuming the argument of 𝑄 function in the expressions (7) of  [37] to be 

positive. This is not true for higher values of CFO, leading to a mismatch between the 

theoretical and actual BER. The same is true also for system model based on the CFO and 

STO. So by considering the argument of 𝑄 function is +	  ive as well as –	  ive so by following 

the same derivation approch for + ive argument of 𝑄 function as well as −	  ive argument of 𝑄 

function, After some mathematical manipulation an exact BER expression is written as- 

𝑃º 𝜉 =
1
2 −

1
2L 	   𝑠𝑔𝑛 𝜃B

2𝜎Æ5𝜃B5𝛾
1 + 2𝜎Æ5𝜃B5𝛾

+ 𝑠𝑔𝑛 𝛽B
2𝜎Æ5𝛽B5𝛾

1 + 2𝜎Æ5𝛽B5𝛾
	  

5���

BON

 

(2.4.1.2.5) 

where 𝑠𝑔𝑛(. ) denotes the signum function. 

2.4.1.3   Rayleigh Frequency Selective Fading Channel 

                   Here, 𝐿 sample-spaced tap-delay-line model is assumed for the frequency 

selective channel. Furthermore, the channel is assumed to be quasi-static. The received 𝑘9J 

subcarrier written as- 

𝑌 𝑘 = 𝑋 𝑘 𝐻 𝑘 𝑆 𝑘 + 𝑋 𝑙 𝐻 𝑙 𝑆 𝑙 − 𝑘 + 1 + 𝑤 𝑘 ,	  	  	  𝑘 = 	  1, 2, . . . , 𝑁
L

UO5	  
UyB

 

(2.4.1.3.1) 

where	  𝐻 𝑘 	  is the channel response in frequency domain and 𝐻 1 ,𝐻 2 , . , 𝐻 𝑁 = = 𝐹kℎ 

with ℎ = ℎN, ℎ5, … , ℎk =, and 𝐹k denotes the first L columns of the 𝑁	  ×	  𝑁 discrete Fourier 

transform (DFT) matrix, defined by 𝐹k[𝑝, 𝑞] = 𝑒
�Ì�Í	   ]�� Î��

� . For BPSK modulation 

𝑋(𝑘) = {+1,−1}, the first subcarrier is considered with the transmitted symbol 𝑋(1) = 	  1.  
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Then (2.4.1.3.1) can be written as- 

𝑌 1 = 𝐻 1 𝑆 1 + 𝐻 𝑙 𝑆 𝑙 + 𝑤 1
L

UO5

 

                                                                     (2.4.1.3.2) 
The decision variable can be formed as ℜ 𝐻(1)	  𝑌(1) ,	  where 𝐻(1)	  denotes the complex 

conjugate of 𝐻(1)	  . Now, we can rewrite the equation (2.4.1.3.2) in terms of the decision 

variable written as- 

ℜ 𝐻(1)	  𝑌(1) = 𝐻(1) 5	  ℜ 𝑆(1) + ℜ 𝐻(1)	  𝐻 1 	  𝑆 𝑙 + ℜ 𝐻(1)	  𝑤(1)
L

UO5

 

                          (2.4.1.3.3) 
After following the same approach given in [37] the  conditional CHF of (2.4.1.3.3) will be 

written as- 

𝜑
ℜ À(N)	  ©(N)

À N 	  𝑯
𝜔 =.. 

𝐸 	  	  𝑒𝑥𝑝 𝑗𝜔 𝐻(1) 5	  ℜ 𝑆(1) . 𝑒𝑥𝑝 𝑗𝜔ℜ 𝐻(1)	  𝐻 1 	  𝑆 𝑙 	  . 𝑒𝑥𝑝
−𝜔 𝐻(1) 5𝜎Æ5

2

L

UO5

 

                              (2.4.1.3.4) 

where 𝑯 = 𝐻(2)	  𝐻(3)… . . 𝐻(𝑁) =.	  Following the same line of arguments as before, we can 

rewrite the conditional CHF of the random variable ℜ 𝐻(1)	  𝑌(1) 𝐻(1),𝑯  as- 

𝜑
ℜ À(N)	  ©(N)

À N 	  𝑯
𝜔 =.. 

𝐸 	  	  𝑒𝑥𝑝 𝑗𝜔 𝐻(1) 5	  ℜ 𝑆(1) . 𝑐𝑜𝑠 𝜔ℜ 𝐻(1)	  𝐻 1 	  𝑆 𝑙 	  . 𝑒𝑥𝑝
−𝜔5 𝐻(1) 5𝜎Æ5

2

L

UO5

 

(2.4.1.3.5) 

After further simplification, by using (2.4.1) identity, it can be written as- 

𝜑
ℜ À(N)	  ©(N)

À N 	  𝑯
𝜔 = 	  	  𝑒𝑥𝑝 𝑗𝜔 𝐻(1) 5	  ℜ 𝑆(1) 	  . 𝑒𝑥𝑝

−𝜔5 𝐻(1) 5𝜎Æ5

2 .. 

…𝐸
1

2LMN exp 𝑗𝜔𝐻 1 	  𝐻 1 	  𝑆 𝑙 + exp −𝑗𝜔𝐻 1 	  𝐻 1 	  𝑆 𝑙
5���

UO5

	  	  	  	   

             (2.4.1.3.6) 
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After some mathematical manipulations, it can be written as-  

𝜑
ℜ À(N)	  ©(N)

À N 	  𝑯
𝜔 = 𝑒𝑥𝑝

−𝜔5 𝐻(1) 5𝜎Æ5

2 	  . .. 

. .
1

2LMN
𝑒𝑥𝑝 𝑗𝜔 𝐻 1 5	  ℜ 𝑆 1 + ℜ 𝐻 1 	  𝐻 1 𝑆=𝑒B

5���

BON

	  	  	  	  	  +𝑒𝑥𝑝 𝑗𝜔 𝐻(1) 5	  ℜ 𝑆(1) − ℜ 𝐻 1 	  𝐻 1 𝑆=𝑒B

 

(2.4.1.3.7) 

where 𝑒B being a diagonal matrix with 𝑑𝑖𝑎𝑔	  (. ) indicating as diagonal matrix and 𝜎p5 =

	   𝐻(1) 5𝜎Æ5	  . It is obvious that (2.4.1.3.7) represents the CHF of a mixture of Gaussian 

densities. Now, an error occurs if  ℜ 𝐻(1)	  𝑌(1)/𝐻 1 	  𝑯 ≤ 0 . Thus, the conditional BER 

can be written as- 

𝑃ºℜ À(N)	  ©(N)
À N 	  𝑯

𝜔 =
1

2LMN 𝑄
𝐻 1 5	  ℜ 𝑆 1 + ℜ 𝐻 1 	  𝐻 1 𝑆=𝑒B

𝜎p
…

5���

BON

 

+𝑄
𝐻 1 5	  ℜ 𝑆 1 − ℜ 𝐻 1 	  𝐻 1 𝑆=𝑒B

𝜎p
 

(2.4.1.3.8) 
By following [37], the unconditional BER can be calculated as- 

𝑃º 𝜉 = 𝑃º 𝜉|𝐻 1 ,𝑯 	  𝑓 𝑯
À N

𝑯
𝐻 1 	  𝑑𝑯	  𝑓À N 𝐻 1 𝑑𝐻 1  

                                                         (2.4.1.3.9) 
where the conditional density function 𝑓 𝑯

Ñ �

𝑯
À N

 is Gaussian with mean 𝐸	  (𝑯|𝐻(1))	  and 

covariance	  𝐶 𝑯 𝐻(1) 	   is defined by [37]- 

𝐸	   𝑯 𝐻 1 = 𝐻 1 𝐶À N À N
MN 𝐶𝑯À N                                     (2.4.1.3.10a) 

𝐶𝑯|À N = 𝐶𝑯𝑯 − 𝐶 N À N
MN 𝐶𝑯À N 𝐶𝑯À N

À                                   (2.4.1.3.10b)                                         

with 𝐸 ・  and 𝐻 ・  representing as the statistical expectation and the Hermitian transpose 

operation respectively. The matrix	  𝐶𝑯𝑯	  	  is obtained from the frequency domain channel 

covariance matrix defined as- 𝐶 = 𝐸{ 𝐻(1)𝑯= = 𝐻(1)	  𝑯À  and it can also be written as   

𝐶 = 𝐹k𝐶J𝐹kÀ where 𝐶J is the time domain channel covariance matrix. The integral form 

(2.4.1.3.9) involves multidimensional integration. So, the evaluation of the multidimensional 

integral in (2.4.1.3.9) is an arduous task. Hence, the following alternative formulation was 

proposed which avoids much of the complexity associated with (2.4.1.3.9).  
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Let us consider the random variable 𝑏B = ℜ 𝐻(1)𝑆=𝑯 , the conditional random 

variable	  𝑏B|𝐻(1) is Gaussian with mean and variance to be determined. Using (2.4.1.3.10), it 

can be obtained as- 

𝐸 	  𝑏B|𝐻(1) = 𝐻 1 5𝐶À N À N
MN ℜ 𝑆(𝑘)=𝐶𝑯À N 	   = 𝐻 1 5𝑧B 

                                                             
(2.4.1.3.11) 

𝑣𝑎𝑟 𝑏B|𝐻(1) =
1
2 𝐻 1 5	  𝑆(𝑘)=𝐶𝑯|À N 𝑆(𝑘) =

1
2	   𝐻 1 5𝑎B 

                                                                   (2.4.1.3.12) 

where	  𝑏B = ℜ 𝐻 1 𝑆B =	  𝐻 ,	  	  𝐶𝑯À N = 𝐸 𝑯	  𝐻 1 	  and	  	  𝐶𝑯À N = ℱkℎ	  ℱkÀ = 𝐶𝑯𝑯 −

𝐶À N À(N)
MN 𝐶𝑯À(N)	  𝐶𝑯À(N)À 𝐶𝑯𝑯. Hence, we can say that 𝑏B|𝐻(1)	  	  is a Gaussian random variable 

with mean and variance given by 𝐻(1) 5𝑎B	  	  and	  	   À(N)
�º8

5
  respectively.  

Now, (2.4.1.3.8) can be written as- 

𝑃º 𝜉|𝐻 1 ,𝑯 =
1

2LMN 𝑄
𝐻 1 5	  ℜ 𝑆(1) + 𝑧B

𝜎p
+ 𝑄

𝐻 1 5	  ℜ 𝑆(1) − 𝑧B
𝜎p

5���

ÖON

 

          

                           (2.4.1.3.13) 

After rearranging the arguments of the Q functions, it can be written as- 

𝑃º 𝜉|𝐻 1 ,𝑯 =
1

2LMN 𝑄 𝜇�B + 𝜆B𝑦B + 𝑄 𝜇MB − 𝜆B𝑦B

5���

ÖON

 

(2.4.1.3.14) 

where 𝜇�B =
À N �	  ℜ ¬(N) �Ú8

®�
, 𝜇MB =

À N �	  ℜ ¬(N) MÚ8
®�

, 𝜆B =
º8
5®�

 and 𝑦B =

5
º8
	   Ú8M À N �À(B)

À N
	  . Furthermore, 𝑦B|𝐻(1) is a Gaussian random variable with zero mean and 

unit variance. Averaging (2.4.1.3.14) with respect to the conditional Gaussian random 

variables 𝑦B|𝐻(1),	  we can written as - 

𝑃º 𝜉|𝐻 1 ,𝑯 =
1

2LMN 𝑄
𝐻 1 	  ℜ 𝑆(1) + 𝑎B

𝜎 1 + 𝑏B
2𝜎5

+ 𝑄
𝐻 1 	  ℜ 𝑆(1) − 𝑎B

𝜎 1 + 𝑏B
2𝜎5

5���

ÖON

 

                                        (2.4.1.3.15) 
Now, averaging (2.4.1.3.15) over the Rayleigh random variable |𝐻(1)| with pdf 𝑃 𝑯 =
𝑯
®Á
� 𝑒𝑥𝑝

𝑯 �

5®Á
� 	  	   the unconditional BER can be obtained as – 
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𝑃º 𝜉 =
1
2 −

1
2L

𝛾 ℜ 𝑆(1) + 𝑎B 5

1 + 𝛾 ℜ 𝑆(1) + 𝑎B 5 + 𝑏B
+

𝛾 ℜ 𝑆(1) − 𝑎B 5

1 + 𝛾 ℜ 𝑆(1) − 𝑎B 5 + 𝑏B

5���

ÖON

 

                  (2.4.1.3.16) 

where the modified parameters 𝑎B and 𝑏B are given as 𝑎B 	  = 	  𝑺=𝐶𝑯𝑯(𝟏)	  and 𝑏B 	  = (𝑺=𝐶𝑯𝑯 	  −

	  𝐶𝑯𝑯(𝟏))	   respectively. 

However, the BER expression derived in [37] is  not correct for all values of CFO for 

frequency selective channels. This is because the expressions have been derived assuming the 

argument of Q function in the expressions (34) of [37] to be positive. This is not true for 

higher values of CFO, leading to a mismatch between the theoretical and actual BER. The 

same is true also for system model in presence of CFO and STO. So for, an accurate BER 

considering the argument of Q function is +ive as well as – ive so by following the same 

derivation approch for + ive argument of Q function as well as − ive argument of Q function. 

After some mathematical manipulation an exact BER expression is-   

PÞ ξ =
1
2 −

1
2� FN

γ ℜ S(1) + aã 5

1 + γ ℜ S(1) + aã 5 + bã
+ F5

γ ℜ S(1) − aã 5

1 + γ ℜ S(1) − aã 5 + bã

5å��

æON

 

(2.4.1.3.17)  
where 𝐹N  denotes the 𝐹N = 𝑠𝑔𝑛 𝑆 1 + 𝑎B 	  and	  𝐹5 = 𝑠𝑔𝑛 𝑆 1 − 𝑎B 	   
 

2.4.2.   QPSK Modulation 

    2.4.2.1   AWGN Channel 

                    With loss of generality we consider the first subcarrier with the transmitted 

symbol 𝑋(1) = 	  1 + 	  𝑗 with 𝑋(𝑘) = {±1 ± 𝑗} and the received signal is written as-  

𝑌 1 = 𝑋 1 𝑆 1 + 𝑆(𝑙)𝑋(𝑙)
L

UO5

 

(2.4.2.1.1) 
The probability of a correct decision is the probability that 𝑌(1) +𝑊(1) lies inside D1 (the 

first quadrant of the complex plane) and it is written as- 

𝑝 𝑌 1 + 𝑤 1 ∈ 𝐷N 𝑋 1 = 1 + 𝑗, 𝑌 𝑘 = 𝑄
−ℜ(𝑌(𝑘))

𝜎 𝑄
−ℑ(𝑌(𝑘))

𝜎  

(2.4.2.1.2) 
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where ℑ(𝑧) is the imaginary part of 𝑧. The average correct symbol decision probability is 

obtained by averaging (2.4.2.1.2) over Y  for which the required pdf of 𝑌(1)  is derived 

below. Since the variable 𝑌(1)  is two dimensional and 𝑋 1 = 1 + 𝑗, its two dimensional 

CHF can be written as- 

𝜑 𝜔ê, 𝜔ë = 𝑒𝑥𝑝 𝑗 𝜔êℜ 𝑆(𝑙) + 𝜔ëℑ 𝑆(𝑙) ×
𝑐𝑜𝑠 𝜔êℜ 𝑆 𝑙 + 𝜔ëℑ 𝑆 𝑙
	  ×𝑐𝑜𝑠 𝜔êℑ 𝑆(𝑙) − 𝜔ëℜ 𝑆(𝑙)

L

UO5

 

(2.4.2.1.3) 

Now, more compact version of (2.4.2.1.3) can be written using the vector notations as- 

𝜑 𝜔ê, 𝜔ë = 𝑒𝑥𝑝 𝑗𝜎= 𝑆ìN + 𝑆íN × 𝑐𝑜𝑠 𝜎= 𝑆ì U 	  ×𝑐𝑜𝑠 𝜎= 𝑆í U
L

UO5

 

(2.4.2.1.4) 

where 𝜎 = 𝜔ê	  	  𝜔ë
=, 𝑆ì U = ℜ 𝑆 𝑙 + ℑ 𝑆 𝑙 = and 𝑆í U = ℜ 𝑆 𝑙 − ℑ 𝑆 𝑙 = for 

all 𝑙 = 1, 2, . . . , 𝑁.	  Then, using (2.4.1) identity the above eq. is written as- 

𝜑 𝜔ê, 𝜔ë = 𝑒𝑥𝑝 𝑗𝜎= 𝑆ìN + 𝑆íN ×
1

25 LM5 𝑐𝑜𝑠 𝜎=𝑆ì𝑒B 	  ×𝑐𝑜𝑠 𝜎=𝑆í𝑒p

5���

BON

5���

pON

 

(2.4.2.1.5)  

where 𝑆ì = { 𝑆ì 5	  	   𝑆ì �	  . . . 𝑆ì L}, 𝑆í = { 𝑆í 5	  	   𝑆í �	  . . . 𝑆í L}, 𝑒B and 𝒆p are column 

vectors taken from more general matrix 𝐸LMN.  

By using Euler’s relationship with some rearrangements of terms, eq.(2.4.2.1.5) written as-  

𝜑 𝜔ê, 𝜔ë = 𝑒𝑥𝑝 𝑗𝜎= 𝑆ìN + 𝑆íN ×
1

25 LM5
𝑒M4®�¬ï�8 + 𝑒4®�¬ï�8

	  	  	  	  	  	  +𝑒M4®�¬ð�� + 𝑒4®�¬ð��

5���

BON

5���

pON

 

(2.4.2.1.6) 

After further simplification the above eq. written as- 

𝜑 𝜔ê, 𝜔ë =
1

25 LM5 𝑒4®�ñ� + 𝑒4®�ñ� + 𝑒4®�ñò + 𝑒4®�ñó
5���

BON

5���

pON

 

(2.4.2.1.7) 

where	  	  	  	  	  	  	  	  	  	  𝐺1 = 𝑆ì N − 𝑆í N + 𝑆ì𝑒B + 𝑆í𝑒p	  , 𝐺2 = 𝑆ì N − 𝑆í N + 𝑠𝑆ì𝑒B − 𝑆í𝑒p 

	  	  	  	  	  	  	  	  	  𝐺3 = 𝑆ì N − 𝑆í N −	  𝑆ì𝑒B + 𝑆í	  𝑒p	  and	  𝐺4 = 𝑆ì N − 𝑆í N − 𝑆ì𝑒B − 𝑆í𝑒p 
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The Fourier transform of (2.4.2.1.7) will gives the two dimensional probability density 

functions written as- 

𝑃 ℜ 𝑢 , ℑ 𝑢 =
1

25 LM5 𝛿 ℜ 𝑌 − ψã� 1,𝑚 𝛿 ℜ 𝑌 − ψã� 2,𝑚
¡

VON

5���

BON

5���

pON

 

           (2.4.2.1.8) 

where 𝜓Bp[𝑝, 𝑞] is the (𝑝, 𝑞)9J element of the 2	  ×4 matrix 𝛹 defined as 𝛹	   =

	  (𝐺1	  	  𝐺2	  	  𝐺3	  	  𝐺4) and 𝛿(𝑥) is the Dirac delta function.  

Averaging (2.4.2.1.8) with respect to the pdf given in (2.4.2.1.2) yields the SER expression 

written as- 

𝑃º 𝜉 = 1 −
1

25 LMN 𝑄 − 2𝛾	  ψã� 1,𝑚 𝑄 − 2𝛾	  ψã� 2,𝑚
¡

VON

5���

BON

5���

pON

 

                                     (2.4.2.1.9) 
where 𝛾 = øù

Lú
= N

5	  
ø¯
Lú

, 𝑄(𝑥) is the Gaussian 𝑄 function. One should note that in our case of 

interest 𝐸º = 1 and 𝜎W5 = 𝑁?/2	  with 𝑁? being the noise power spectral density. 

     2.4.2.2   Rayleigh Flat Fading Channel 

                 The conditional symbol error rate expression written as- 

𝑃º 𝜉| 𝐻 = 1 −
1

25 LMN 𝑄 − 2𝛾	  ψã� 1,𝑚 	   𝐻 𝑄 − 2𝛾	  ψã� 2,𝑚 𝐻
¡

VON

5���

BON

5���

pON

 

(2.4.2.2.1) 
where |𝐻| is Rayleigh distributed random variable. Now, for finding the unconditional bit 

error rate, the evaluation of integral will be encountered. After averaging (2.4.2.2.1), it can be 

solved using [38,eq. 4.8], [38,eq. 5.102] and [38,eq. 5.6] to give the SER.  

𝑃º 𝜉 =
3
4 −

1
2 LMN

2𝜎û5𝜓Bp5 1,𝑚 	  𝛾
1 + 2𝜎û5𝜓Bp5 1,𝑚 	  𝛾

	  
¡

VON

5���

BON

5���

pON

.. 

× 1 −
1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψã� 1,𝑚
ψã� 2,𝑚

	   1 +
1

2𝜎û5𝜓Bp5 1,𝑚 	  𝛾
 

+
2𝜎û5𝜓Bp5 2,𝑚 	  𝛾

1 + 2𝜎û5𝜓Bp5 2,𝑚 	  𝛾
	   1 −

1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψã� 2,𝑚
ψã� 1,𝑚

	   1 +
1

2𝜎û5𝜓Bp5 2,𝑚 	  𝛾
 

(2.4.2.2.2) 
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However,  the analytical SER expression given in the (2.4.2.2.2) is not correct  for all value 

of CFO because the expressions have been derived in eq.(20) of [37] assuming the argument 

of 𝑄 function positive. This is not true for higher values of CFO, leading to a mismatch 

between the theoretical and actual SER. So for, an accurate SER expression, considering the 

argument of 𝑄 function is +ive as well as – ive so by following the same derivation approch 

for + ive argument of 𝑄 function as well as- ive argument of  𝑄 function.  

After some mathematical manipulation an exact SER expression written as-  

 

𝑃º 𝜉 =
3
4 −

1
2 LMN 𝑠𝑔𝑛

ψã� 1,𝑚
ψã� 2,𝑚

2𝜎û5𝜓Bp5 1,𝑚 	  𝛾
1 + 2𝜎û5𝜓Bp5 1,𝑚 	  𝛾

	  
¡

VON

5���

BON

5���

pON

.. 

× 1 −
1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψã� 1,𝑚
ψã� 2,𝑚

	   1 +
1

2𝜎û5𝜓Bp5 1,𝑚 	  𝛾
+ 𝑠𝑔𝑛

ψã� 2,𝑚
ψã� 2,𝑚

… 

. .
2𝜎û5𝜓Bp5 2,𝑚 	  𝛾

1 + 2𝜎û5𝜓Bp5 2,𝑚 	  𝛾
	   1 −

1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψã� 2,𝑚
ψã� 1,𝑚

	   1 +
1

2𝜎û5𝜓Bp5 2,𝑚 	  𝛾
 

(2.4.2.2.3) 

 

    2.4.2.3   Rayleigh Frequency Selective Fading Channel 

                    After the 𝑵-point FFT at the receiver, the signal observed on the 𝒌𝒕𝒉 sub-carrier 

in the presence of CFO and STO can be expressed as- 

 

𝒀 𝒌 = 𝑿 𝒌 𝑯 𝒌 𝑺 𝒌 + 𝑿 𝒍 𝑯 𝒍 𝑺 𝒍− 𝒌 + 𝟏 )	  
𝑵M𝟏

𝒍O𝟎,	  	  	  𝒍y𝒌	  

	  +𝒘(𝒌)

𝑹(𝒍)

 

(2.4.2.3.1) 
where	  𝑋 𝑘 	  is the symbol transmitted over the 𝑘9J sub-carrier, 𝑆 𝑘  is the inter-carrier 

interference (ICI) coefficient, 𝑤 𝑘 	  is the additive white Gaussian noise (AWGN) with 

variance	  	  𝜎5 = 𝑁m/2 and 𝐻 k 	  is the channel frequency response for the 𝑘 + 1 9J sub-

carrier. By adopting a matrix notation, let ℎ = 	   ℎN, ℎ5 … , ℎk = be the 𝐿×1 vector of time-

domain channel coefficients, where ∙ t denotes the transpose operation. The vector 

containing the coefficients of frequency-domain channel for all the sub-carriers can be 

expressed as	   𝐻 1 , 𝐻 2 ,… ,𝐻 N t = ℱ*h, where ℱ*	  	  is the 𝑁×𝐿 matrix obtained by taking 
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the first columns of 𝑁×𝑁	  FFT matrix given is equation (2.3.3.7). Considering QPSK 

modulation, where symbols are drawn from the set	   ±1 ± 𝑗 , as in [37] we assume that 

symbol	  	  𝑋 1 = 1 + 𝑗 is transmitted on the first subcarrier. The equalized signal on the first 

sub-carrier is-  

𝐻 1 	  𝑌 1 = 	   𝐻 1 5𝑋 1 𝑆 1 + 𝐻 1 𝐻 𝑙 𝑋 𝑙 𝑆 𝑙
L

UO5

+ 𝐻 1 𝑤 1  

(2.4.2.3.2) 

where 𝐻 1  is the complex conjugate of	  𝐻 1 , The probability of making a correct decision 

is given by the probability that 𝐻 1 	  𝑌 1 = 𝐻 1 	  𝑅 1 + 𝐻 1 	  𝑤 1  lies inside the first 

quadrant	  𝐷N of the complex plan. The probability of making a correct decision conditioned to 

transmission of symbol 1 + 𝑗	  on the first subcarrier is given by- 

𝑃 𝐻 1 	  𝑌 1 ∈ 𝐷N	  |𝑋 1 = 1 + 𝑗, 𝐻 1 	  𝑅 1 	  = 𝑄 −
ℜ 𝐻 1 	  𝑅 1

𝜎À
𝑄 −

𝔍 𝐻 1 	  𝑅 1
𝜎À

 

(2.4.2.3.3) 

where	  ℜ c  and 𝔍 c  denotes the real and the imaginary part of complex number	  c 

respectively, and	  σÀ = 𝐻 1 	  σ. The conditional probability of correct decision is obtained 

by averaging (2.4.2.3.3) over the probability density function (PDF) of 𝐻 1 R 1  which is 

obtained from the characteristic functions (CHF) as reported in what follows. Since 

𝐻 1 𝑅 1  is a complex random variable its CHF is two-dimensional (2-D) and, as shown in 

[53], it is given by- 

φ ω2,ω3 =	  e4 À ? � 56 ℜ } N M𝔍 } N �57	   𝔍 } N 	  �	  ℜ } N …	  	  	   

×	   𝑐𝑜𝑠 𝜔êℜ 𝐻 1 𝐻 1 𝑆 𝑙 + 𝜔ë𝔍 𝐻 1 𝐻 1 𝑆 𝑙
L

UO5
× 𝑐𝑜𝑠 𝜔ê𝔍 𝐻 1 𝐻 1 𝑆 𝑙 − 𝜔ëℜ 𝐻 1 𝐻 1 𝑆 𝑙  

(2.4.2.3.4) 
where	  𝑯 = 𝐻 2 ,… ,𝐻 𝑁 =

. Following the mathematical derivation reported in [53], the 

2-D PDF resulting from the inverse Fourier transform of (2.4.2.3.4) can be written as- 

𝑝 ℜ 𝐻 1 𝑅 1 , ℑ 𝐻 1 𝐻 1 =
1

25LM5	  	  	  	   × 

𝛿 ℜ 𝐻 1 𝑅 1 − 𝐻 1 5	  𝐷ì +	  𝛾B,p 1,𝑚 …
¡

VON

5���

pON

5���

BON

	  	  	  	  	  	   

 ×	  𝛿 ℑ 𝐻 1 𝑅 1 − 	   𝐻 1 5𝐷í +	  𝛾B,p 2,𝑚 	  	  	  (2.4.2.3.5) 



	  

Department di Elettronica, Informazione e Bioingegneria 
Politecnico di Milano, P.zza L. da Vinci, 32, 20133 Milano, Italy.       

	  
	  

33	  
	  

	  

AN EXACT SER ANALYSIS OF  
FFT-BASED OFDM  

where δ . 	  is the Dirac delta function, D; = ℜ S 1 − ℑ S 1 , 	  D< = ℜ S 1 +

ℑ S 1  and γã,� p, q  is the p, q  entry of the 2×4	  matrix of Γ defined as Γ =

Γ; + Γ< 	  	   −Γ; − Γ< 	  	   Γ; − Γ< 	  	   −Γ; + Γ<  with matrices- 

𝛤ì = ℜ 𝐻 1 𝑒B=𝛬𝛽 	  	  	  	  	  ℑ 𝐻 1 𝑒p=𝛬𝛽
=
, 

𝛤í = 	  ℑ 𝐻 1 𝑒B=𝛬𝛽 	  	  	  	  − ℜ 𝐻 1 𝑒p=𝛬𝛽
=
, 

where Λ = diag S 2 , S 3 , … , S N  and zeros are replaced with −1s. The analytical 

expression of the probability of symbol error given H 0 ,𝐇  can be obtained by subtracting 

(2.4.2.3.5) to 1 and averaging over (2.4.2.3.3) as- 

PD ξ|H 1 ,𝐇 = 1 −	  
1

25�M5	  	   Q
− H 1 5	  S; +	  γã,� 1,m

σE
…	  

¡

FON

5å��

�ON

5å��

ãON

 

×Q
− H 1 5	  S< +	  γã,� 2,m

σE
	  	  	  (2.4.2.3.6) 

The probability of symbol error can be calculated from the integral- 

PD ξ = PD ξ|H 1 pE N H 1 dH 1
.

E N
	   

(2.4.2.3.7) 
where pE N (H 1 ) is the probability density function of the Rayleigh distribution and 

PD ξ|H 1 = 1 −	  
1

25�M5	  	   Q
− H 1 	  S; +	  ϑã,� 1,m

σ 1 +
vã,� m 	  
2σ5

¡

FON

5å��

�ON

. .
5å��

ãON

 

×𝑄
− 𝐻 1 	  𝑆í +	  𝜗B,p 2,𝑚

𝜎 1 +
𝑣B,p 𝑚 	  
2𝜎5

 

(2.4.2.3.8) 
By following the same approach reported in [53], the conditional probability of symbol error 

PD ξ|H 1 	  in (2.4.2.3.8) has been evaluated using the mean H 1 5ϑã,� i, m 	  and the 

variance H 1 5vã,� m /2	   of the conditional Gaussian random variable	  γã,� i, m |H 1 .  
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The term ϑã,� i, m  is the entry i, m  of the 2×4	  matrix W = W; +W< 	  	   −W; −

W< 	  	   W; −W< 	  	   −W; +W<  with 

W; = CE N E N
MN ℜ eãtΛC𝐇E N 	  	  	  	  	  ℑ eãtΛC𝐇E N

t
, 

W< = CE N E N
MN 	  ℑ e�tΛC𝐇E N 	  	  	  	  − ℜ e�tΛC𝐇E N

t
, 

where	  𝑪𝐇𝐇 N 	  is the channel autocovariance matrix given in [53]. The term 𝑣B,p 𝑚 	  is the 𝑚-

th element of the	  1×4	  vector 𝐯 = (𝑣N	  𝑣5	  𝑣�	  𝑣¡), where 𝑣a = 𝛏a=𝚲𝑪𝐇À N 𝚲𝛏a, 𝛏N = 𝐞B+𝐞B, 

𝛏5 = −𝐞B−𝐞B, 𝛏� = 𝐞B−𝐞B, 𝛏¡ = −𝐞B+𝐞B. The probability of symbol error for QPSK 

resulting from computation of (2.4.2.3.7) is- 

𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶À N À N 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶À N À N 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶À N À N 	  𝜌
2 + 𝜌𝜑B,p 𝑚 + 𝐶À N À N 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶À N À N 	  𝜌

2 + 𝜌𝑣B,p 𝑚 + 𝐶À N À N 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶À N À N 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶À N À N 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

(2.4.2.3.9) 

where 𝜌 = 𝐸W 𝑁? is the signal-to-noise ratio and 𝜓B,p 𝑖,𝑚  is the	  (𝑖, 𝑚)9J entry of the 2×4 

matrix 𝚿 = 𝐃⨂𝟏N×¡ +𝐖, in which ⨂ is the Kronecker product and 𝟏N×¡ is a 1×4 vectors 

of 1s, and D = D;	  	  	  	  	  D< 	  	  t. 𝐶À N À N = 2σ5 in (2.4.2.3.9) we get the probability of symbol 

error expression of QPSK for conventional OFDM system given by eq. (16) of [53].  

In case of flat fading channel, the coefficients	  𝐻(𝑘)  is a constant value 𝐻(1) with 𝜎Æ5 = 	  0.5   

and 𝐶	  is a matrix of all ones. As a result, 𝜈B,p[𝑚] 	  = 0 for all values ofs 𝑚 and the 

coefficients represented as- 

W; = CE N E N
MN ℜ eãtΛ1�MN	   	  	  	  	  	  ℑ eãtΛ1�MN

t
, 

W< = CE N E N
MN 	  ℑ e�tΛ1�MN 	  	  	  	  − ℜ e�tΛ1�MN

t
, 

After substituting the above value, the performance in Rayleigh flat fading channel can be 

written as- 
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𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶À N À N 	  𝜌
2 + 𝐶À N À N 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶À N À N 	  𝜌
2 + 𝐶À N À N 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶À N À N 	  𝜌

2 + 𝐶À N À N 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶À N À N 	  𝜌
2 + 𝐶À N À N 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

                (2.4.2.3.10) 

 

 

	  
Fig. 2.4.1.1  BER expression of FFT based- OFDM system in presence of CFO and             

STO for BPSK in AWGN channel with 𝑁 = 16.	  
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Fig. 2.4.1.2  BER expression of FFT based-OFDM system in presence of CFO and                  
STO for  BPSK in Flat fading channel with 𝑁 = 16.	  

 
	  	  	  	  	  	  	  	  Fig. 2.4.1.3  BER expression of FFT based- OFDM system in presence of CFO and STO 

for BPSK in Frequency selective fading channel with 𝑁 = 16	  and	  𝐿 = 2. 
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       Fig. 2.4.2.1  SER expression of FFT based- OFDM system in presence of CFO and STO      

for QPSK in AWGN channel with 𝑁 = 16.	  

	  
 Fig. 2.4.2.2  SER expression of FFT based- OFDM system  in presence of CFO                        

and STO for QPSK in Flat fading channel with 𝑁 = 16. 
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  Fig.2.4.2.3   SER expression of FFT -based OFDM system in presence of CFO and STO 

for QPSK in frequency selective fading channel with 𝑁 = 16 and 𝐿 = 2 
 

2.5.     DISCUSSION OF SIMULATED RESULTS 

            Fig. 2.4.1.1 presents BER of an FFT -based OFDM system in presence of CFO and 

STO with N = 16 for BPSK modulation schemes over AWGN channel. The simulation 

results agree with our analytical results in (2.4.1.1.5). The BER performance of an FFT -

based OFDM system with BPSK modulation scheme and N = 16 over Rayleigh flat fading 

channel is shown in Fig. 2.4.1.2. The accuracy of the newly derived BER expressions in 

(2.4.1.2.5) for BPSK modulation is thus verified by the simulation results. Careful inspection 

of the BER formulas reveals that the computational complexity increases exponentially with 

the number of subcarriers. Fig. 2.4.1.3 shows the BER performance of an FFT -based OFDM 

system in presence of CFO and STO with 𝑁	   = 	  16 subcarriers and number of multipath	  𝐿 =

2  for BPSK modulation schemes over frequency selective Rayleigh fading channel, where 

the analytical results  given  with different value of CFO and STO in (2.4.1.3.17) is perfectly 

match with simulation result. Fig. 2.4.2.1 presents the SER performance of an  FFT -based 

OFDM system in presence of CFO and STO with N =16 subcarriers  for QPSK modulation 
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scheme over the AWGN channel  with different value of CFO and STO. where the analytical 

results  given  with different value of CFO and STO in (2.4.2.1.9) is perfectly match with 

simulation results. Fig. 2.4.2.2 shows the analytical SER results for the frequency flat 

Rayleigh fading channel for QPSK modulation scheme in presence of different values of 

CFO and STO. where the analytical results  given  with different value of CFO and STO in 

(2.4.2.2.3) is perfectly match with simulation result. Fig. 2.4.2.3 shows the analytical SER 

results for the frequency selective Rayleigh fading channel with 𝑁 = 	  16  and	  𝐿 = 2	  for 

QPSK modulation scheme in presence of CFO and STO. where the analytical results  given  

with different values of CFO and STO in (2.4.2.3.10) is perfectly match with simulation 

result.  

2.6.   SUMMARY OF BER EXPRESSION FOR FFT -BASED OFDM  

v   Expressions of BER in presence of CFO given by Dharmawansa et al. [37]: 

Analytically validated results of probability of symbol error rate of BPSK and QPSK over 

AWGN channel, flat fading channel and frequency selective fading channel with different 

values of CFO with 𝑁 = 8, 𝜎û5 = 0.5, 𝛾 = 𝐸º/𝑁m, 𝑄(𝑥) is the Gaussian Q-function. In this 

case, 𝐸º = 1 and 𝜎W5 = 𝑁?/2  is assumed with 𝑁? as noise power spectral density. 

   2.6.1.  In AWGN Channel 

        2.6.1.1  BPSK modulation: 

𝑃º =
1

2LMN 𝑄 2𝛾	  𝜃B + 𝑄 2𝛾	  𝛽B

5���

BON

	   

(2.6.1.1.1) 
where 𝑆 = 𝑆5, 𝑆�, ……… . , 𝑆L =,	   𝜃B = 𝑆N + 𝑆=𝑒B , 	  𝛽B = 𝑆N − 𝑆=𝑒B  and 𝑒B is 𝑘9J column 
of E�MN matrix  dimension of  (N-1) 	  ×2�M5 [37]. 

      2.6.1.2  QPSK modulation: 

𝑃º 𝜀 = 1 −
1

25LM5 	   𝑄 − 2𝛾	  	  ΨBp 1,𝑚 ×𝑄 − 2𝛾	  	  ΨBp 1,𝑚
¡

VON

5���

pON

5���

BON

 

(2.6.1.2.1) 
where	  𝛹Bp[p, q]	  is the (𝑝, 𝑞)9J	  element of the 2	  ×	  4 matrix of 𝛹 is defined as 𝛹 =

	  (𝐺1	  𝐺2	  𝐺3	  𝐺4) and 𝛿(𝑥) the Dirac delta function and G1, G2, G3 and G4 [37]. The other 

parameters used in eq.( 2.6.1.2.1)  are given in [37]. 
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2.6.2.  In Flat Fading channel  

         2.6.2.1  BPSK modulation: 

𝑃º 𝜀 =
1
2 −

1
2L	  

2𝛾𝜃B5	  	  𝜎û5

1 + 2𝛾𝜃B5	  	  𝜎û5
	   + 	  

2𝛾𝛽B5	  	  𝜎û5

1 + 2𝛾𝛽B5	  	  𝜎û5
	  

5���

BON

 

(2.6.2.1.1) 
The parameter which is used in eq.( 2.6.2.1.1)  is given in [37]. 

2.6.2.2   QPSK modulation: 

𝑃º 𝜀 =
1
2 	  −

1
2LMN	   

×

	  	  

2𝛾ΨBp5 1, 𝑚 𝜎û5

1 + 2𝛾ΨBp5 1, 𝑚 𝜎û5
	  	   	   1 −

1
𝜋
arctan

Ψã� 1, 𝑚
Ψã� 2, 𝑚

	   1 +
1

2𝛾ΨBp5 1, 𝑚 𝜎û5

+
2𝛾ΨBp5 2, 𝑚 𝜎û5

1 + 2𝛾ΨBp5 2, 𝑚 𝜎û5
	  	   	   1 −

1
𝜋
arctan

Ψã� 2, 𝑚
Ψã� 1, 𝑚

	   1 +
1

2𝛾ΨBp5 2, 𝑚 𝜎û5

¡

VON

5���

pON

5���

BON

	  	   

(2.6.2.1.2) 
The parameters used in eq. (2.6.2.1.2) are given in [37]. 

   2.6.3.   In Frequency Selective Fading channel 

       2.6.3.1  BPSK modulation: 

𝑃º 𝜀 =
1
2
	  −

1
2LMN	  

𝛾 ℜ(𝑆N + 𝑎B) 5

1 + 𝛾 ℜ(𝑆N + 𝑎B) 5 + 𝑏B
+ 	  

𝛾 ℜ(𝑆N − 𝑎B) 5

1 + 𝛾 ℜ(𝑆N − 𝑎B) 5 + 𝑏B
	  

5���

BON

 

         (2.6.3.1) 
where 𝑎B 	  = 	  𝑺=𝐶𝑯𝑯(𝟏)	  and 𝑏B 	  = (𝑺=𝐶𝑯𝑯 	  −	  𝐶𝑯𝑯(𝟏))	   respectively. The other parameters 
used in eq. ( 2.6.3.1) are given in [37]. 

v     Expressions of BER in presence of CFO given by A. K. Chaturvedi et al. [39]: 

   2.6.4.   BPSK in Rayleigh flat fading channel 

𝑃� =
1
2 −

1
2L	   𝑠𝑔𝑛 𝜃U

2𝛾𝜃U5	  𝜎û5

1 + 2𝛾𝜃U5	  𝜎û5
	   + 	  𝑠𝑔𝑛 𝛽U

2𝛾𝛽U5	  𝜎û5

1 + 2𝛾𝛽U5	  𝜎û5
	  

5���

BON

 

 (2.6.4.1) 
The parameters used in eq. ( 2.6.4.1) are given in [39].   
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2.6.5.   BPSK in frequency selective fading channel: 

𝑃º 𝜀 =
1
2
	  −

1
2LMN	  

𝐹N
𝛾 ℜ 𝑆N + 𝑎B 5

1 + 𝛾 ℜ 𝑆N + 𝑎B 5 + 𝑏B
+ 	  𝐹5

𝛾 ℜ(𝑆N − 𝑎B) 5

1 + 𝛾 ℜ(𝑆N − 𝑎B) 5 + 𝑏B
	  

5���

BON

 

(2.6.5.1) 

where 𝐹N = 𝑠𝑔𝑛 	   𝑆 1 + 𝑎B 	  and	  𝐹5 = 𝑠𝑔𝑛 𝑆 1 − 𝑎B . The parameters used in           

eq.( 2.6.5.1) are given in [39]. 

v   Expressions of SER in presence of CFO given by A.  Hamza et al. [53]: 

   2.6.6.   QPSK in frequency selective fading channel 

𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶[ ? [ ? 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶[ ? [ ? 	  𝜌
2 + 𝜌𝜑B,p 𝑚 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶[ ? [ ? 	  𝜌

2 + 𝜌𝑣B,p 𝑚 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶[ ? [ ? 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

(2.6.6.1) 

where 𝜌 = 𝐸W 𝑁? is the signal-to-noise ratio and 𝜓B,p 𝑖,𝑚  is the	  (𝑖, 𝑚)9J entry of the 2×4 

matrix 𝚿 = 𝐃⨂𝟏N×¡ +𝐖, in which ⨂ is the Kronecker product and 𝟏N×¡ is a 1×4 vectors of 

1s, and D = D;	  	  	  	  	  D< 	  	  t. The term vã,� m 	  is the m-th element of the	  1×4	  vector 𝑣 =

(𝑣N	  𝑣5	  𝑣�	  𝑣¡), where 𝑣a = 𝜉a=𝛬𝐶[|[ ? 𝛬𝜉a, 𝜉N = 𝑒B+𝑒B, 𝜉5 = −𝑒B−𝑒B, 𝜉� = 𝑒B−𝑒B, 𝜉¡ =

−𝑒B+𝑒B and 𝐶[ ? [ ? = 2𝜎5. The other parameters used in eq.( 2.6.6.1) are given in [52]. 
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   2.6.7.   QPSK in Flat fading channel 

𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶[ ? [ ? 	  𝜌
2 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶[ ? [ ? 	  𝜌
2 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶[ ? [ ? 	  𝜌

2 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶[ ? [ ? 	  𝜌
2 + 𝐶[ ? [ ? 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

(2.6.7.1) 
 

The parameters used in eq.( 2.6.7.1) are defined above. 

v   Expressions of BER in presence of CFO and STO given by A. K. Chaturvedi et al. and 
Y. Wang et al. [44 and 45]: 

 2.6.8.   BPSK in AWGN Channel 

𝑃º(𝑘) =
1

2LMN 𝑄 2𝛾	  𝜃B + 𝑄 2𝛾	  𝛽B

5���

BON

 

(2.6.8.1) 
 

The BER is given by the average of the above expressions over all 𝑁 subcarriers. 

𝑃� =
1
𝑁	   𝑝º(𝑘)

L

ÖON

 

(2.6.8.2) 
 

The parameters used in eq.( 2.6.8.2) are defined above. 

2.6.9.   BPSK in Flat fading channel 

𝑃�(𝑘) =
1
2 −

1
2L	   𝑠𝑔𝑛 𝜃U

2𝛾𝜃U5	  𝜎û5

1 + 2𝛾𝜃U5	  𝜎û5
	   + 	  𝑠𝑔𝑛 𝛽U

2𝛾𝛽U5	  𝜎û5

1 + 2𝛾𝛽U5	  𝜎û5
	  

5���

BON

 

(2.6.9.1) 

The Parameters used in eq. (2.6.9.1) are defined above. 
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2.6.10.   BPSK in frequency selective fading channel 

𝑃º_WB 𝜀 =
1
2 − 𝜔? 2𝜎\5 + 𝜎êp75 	   𝑛𝑎p𝐾N 𝑛𝜔? 2𝜎\5 + 𝜎êp75

p∈Lú

 

(2.6.10.1) 

where 𝐾1	  (. ) is the one order modified Bessel function of the second kind. The other 

parameters used in eq.( 2.6.10.1) are given in [44].  

 

v   Proposed SER Expressions in presence of CFO and STO given by A. Kumar et al. 
section [2.4.2]: 

2.6.11.   QPSK in AWGN Channel 

 

𝑃W 𝜉 = 1 −	  
1

25LM5	  	   𝑄 − 2𝛾	  𝛾B,p 1,𝑚 	  	   ×𝑄 − 2𝛾	  𝛾B,p 2,𝑚 	  
¡

VON

5���

pON

	  
5���

BON

 

 
(2.6.11.1) 

The Parameters used in eq.(2.6.11.1) are given in section [2.4.2.1]. 

2.6.12.   QPSK in Flat fading channel 

𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶À ? À ? 	  𝜌
2 + 𝐶À ? À ? 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶À ? À ? 	  𝜌
2 + 𝐶À ? À ? 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶À ? À ? 	  𝜌

2 + 𝐶À ? À ? 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶À ? À ? 	  𝜌
2 + 𝐶À ? À ? 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

 (2.6.12.1) 
The Parameters used in eq.(2.6.12.1) are given in section [2.4.2.2]. 
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2.6.13.   QPSK in frequency selective fading channel 

𝑃W 𝜉 = 	  
3
4 −	  

1
25LMN	  	  

𝐶À ? À ? 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶À ? À ? 	  𝜌𝜓5B,p 1,𝑚

¡

VON

5���

pON

5���

BON

… 

	  	  	  	  𝜓B,p 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶À ? À ? 	  𝜌
2 + 𝜌𝜑B,p 𝑚 + 𝐶À ? À ? 	  𝜌𝜓5B,p 1,𝑚

	  	  𝜓B,p 2,𝑚  

+	  
𝐶À ? À ? 	  𝜌

2 + 𝜌𝑣B,p 𝑚 + 𝐶À ? À ? 	  𝜌𝜓5B,p 2,𝑚
… 

𝜓B,p 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶À ? À ? 	  𝜌
2 + 𝜌𝑣B,p 𝑚 + 𝐶À ? À ? 	  𝜌𝜓5B,p 2,𝑚

	  	  𝜓B,p 1,𝑚  

(2.6.13.1) 
The Parameters used in eq.(2.6.13.1) are given in section [2.4.2.3]. 
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CHAPTER-3 
     AN EXACT SER ANALYSIS OF 

FrFT-BASED OFDM  

In this chapter, literature survey on performance analysis of FrFT -based OFDM system in 

presence of CFO. The exact closed form bit error rate (BER) and symbol error rate (SER) 

expressions for FrFT -based OFDM systems with CFO are analysed. Also, an exact closed form 

BER/SER expression is proposed for FrFT -based OFDM system in presence of  CFO given in 

[50]-[52] for BPSK and QPSK modulation schemes AWGN, frequency flat Rayleigh fading 

channel and frequency selective Rayleigh fading channel. Numerical results are given to verify 

the accuracy of the derivations. The chapter is concluded by giving some final remarks. 

3.1.   LITERATURE SURVEY ON PERFORMANCE ANALYSIS OF FrFT 

-BASED OFDM SYSTEM  

            Orthogonal frequency division multiplexing (OFDM) is a promising technology for 

broadband wireless communication systems due to its low complexity equalization capability 

in frequency selective fading channel and its adaptability/scalability to the channel condition. 

By definition, OFDM expects the subcarriers to be orthogonal. But,  the  factors  such  as  carrier  

frequency  mismatching, time variations due to Doppler shift or phase noise usually eliminate  

the  orthogonality  of  the  subcarriers.  This gives rise to ICI which degrades the performance 

of OFDM systems significantly [32]. 

By following J. Zhang and Z. Wang [54], where it is shown that in presence of CFO an OFDM 

system based on FrFT allows a better tolerance to ICI than that based on the use of FFT. The 

FrFT is a generalization of the ordinary FFT that allows for more flexibility in applications. 

Starting from the BER expressions given in [37, 39, 53] for FFT -based OFDM, the goal was to 

derive analytical expressions of BER for FrFT -based OFDM and also to verify the theoretical 

results shown by simulation. [50]-[52]. 

In 2013 a paper on “Closed form relations for ICI and BER in FrFT -based OFDM system” was 

given by A. Kumar et al. [50]. The paper comprises of BER expressions for BPSK and QPSK 

in AWGN and also ICI analysis for FrFT -based OFDM system.  

Later on A. Kumar et al. [51] gave the “Exact BER analysis of FrFT-based OFDM system over 

frequency selective Rayleigh fading channel with CFO” in 2013. This paper includes PDF and 

CHF for deriving the BER expression for BPSK in frequency selective Rayleigh fading channel 

for FrFT -based OFDM system. 
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Later on A.  Hamza et al. [53], gave the Closed Form SER Expressions for QPSK OFDM 

Systems CFO in Rayleigh Fading Channel. This paper includes two dimensional PDF and CHF 

for deriving the SER expression. I also extend the performance of FrFT -based OFDM system 

in presence of CFO and derived SER expression for QPSK in case of frequency selective fading 

channel [52] and also compare the result of FrFT -based OFDM system with FFT based- OFDM 

system. 

Table 3.1: Summary of performance Analysis of FrFT -based OFDM system 

 

3.2.   BER ANALYSIS FOR FrFT -BASED OFDM IN PRECENCE OF CFO 

          The input bit stream is encoded into complex data symbols by the encoder, which is first 

block of the transmitter. Data encoding can be done by using any type of digital modulation 

techniques viz. QPSK, QAM or FSK. After that,	  𝑵 such data symbols are applied to serial-to-

parallel converter. These complex parallel data symbols are then fed to the IDFrFT block. After 

taking N-point IDFrFT. 

The kernel of IDFRFT, 	  𝐹$% 𝑚, 𝑘 	  is defined as- 

	  𝐹$% 𝑚, 𝑘 = *+,%-./0*%
1

	  𝑒
34567869:;<

6 𝑒
34=6>69:;<

6 𝑒
46?5=
@                       (3.2.1) 

were 𝑇* and 𝑢 are the sampling intervals in the time and fractional Fourier domain, respectively. 

The Fractional Fourier domain makes an angle 𝛼 = 𝑎×	  𝜋/2	   with the time-domain, where, 𝑎	  	  is 

a real number varies from 0 to 1. Since, at 𝛼 = 𝜋/2, 𝑖. 𝑒	  . 𝑎 = 1 FrFT converts into its 

counterpart FT, therefore FrFT -based OFDM also converts into FFT -based OFDM at this 

angle parameter. 

2013 A. kumar  et al. [50] 
Closed form relations for ICI and BER in FrFT based 
OFDM system 

2013 A. kumar  et al. [51] 
Exact BER analysis of FrFT -based OFDM system over 
frequency selective Rayleigh fading channel with CFO 

2014 A.  Hamza,  et al. [52] Closed Form SER Expressions for QPSK OFDM Systems 
CFO in Rayleigh Fading Channel 

2015 A. kumar  et al. [53] Exact SER Analysis of FrFT-based QPSK over Frequency 
Selective Rayleigh Fading Channel with CFO 

2010 J. Zhang et al. [54] ICI analysis for FrFT -based OFDM systems to frequency 
offset in time frequency selective fading channel 
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After considering the effects of multipath fading channel and passing through multipath 

channel then removing the cyclic prefix, the DFrFT of received signal has been taken. The 

kernel of IDFRFT, 	  FM 𝑞, 𝑛 	  is defined as- 

	  𝐹% 𝑞, 𝑛 = *+,%$./0*%
1

	  𝑒
4P67869:;<

6 𝑒
4Q6>69:;<

6 𝑒
346?PQ

@                       (3.2.2) 

After the 𝑵-point DFrFT at the receiver, the signal observed on the 𝒒𝒕𝒉 sub-carrier in the 

presence of CFO, which can be expressed as [51]- 

𝑌 𝑞 = 𝛽 𝑞 𝑋 𝑞 𝑆 𝑞, 𝑞 + 𝛽 𝑘 𝑋 𝑘 𝑆 𝑞, 𝑘
1$Z

[\],[^_
` _

+𝑊 𝑞 ,	  	  	  	  	  	  𝑞 = 0,… ,𝑁 − 1,	  	  	  	  (3.2.3)
 

where	  𝑋 𝑘 	  is the symbol transmitted over the (𝑘 + 1)ij sub-carrier, 𝑆 𝑞, 𝑘  is the inter-carrier 

interference (ICI) coefficient, 𝑊 𝑞 	  is the additive white Gaussian noise (AWGN) with 

variance	  	  σl = 𝑁0/2 and 𝛽 𝑘 	  is the channel frequency response for the 𝑘 + 1 -th sub-

carrier. By adopting a matrix notation, let 𝒉 = 	   ℎZ, ℎl … , ℎn o be the 𝐿×1 vector of time-

domain channel coefficients, where ∙ o denotes the transpose operation. The vector containing 

the coefficients of frequency-domain channel for all the sub-carriers can be expressed 

as	   𝛽 0 , 𝛽 1 ,… , 𝛽 𝑁 − 1 o = 𝓕n𝒉, where 𝓕n	  	  is the 𝑁×𝐿 matrix obtained by taking the 

first columns of 𝑁×𝑁	  DFrFT matrix defined in [54].  

The ICI coefficient is defined as- 

𝑆 𝑞, 𝑘 =
1
𝑁 𝑒$.

lst,
1 𝑒$.

u6$,6 ov
6 wxy %

l 𝑒.
_6$[6 z6 wxy %

l 𝑒.
ls u[$,_

1

1$Z

u\]

1$Z

,\]

	  	  
 

(3.2.4) 

where	  𝑇*	  and	  𝑢	  are the sampling intervals in time-domain and fractional Fourier domain 

respectively, 𝛼 is the angle parameter of the DFrFT kernel,	  𝜀	   = ∆𝑓𝑇z is the carrier frequency 

offset ∆𝑓 normalized to sub-carrier spacing 1/	  𝑇z, being	  𝑇z	  the useful period of one OFDM 

symbol. 

3.2.1.   BPSK Modulation 

3.2.1.1  AWGN Channel 

                For BPSK modulation 𝑋(𝑘) ∈ {1, −1} and the first subcarrier with the transmitted 

symbol 1 is considered. Since the constellation is purely real, only the real part of (3.2.3) will 
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be considered. Following [37], we obtain the characteristic function (CHF) of the real part of 

𝑌(1), ℜ(𝑌 1 ), as- 

𝜑ℜ � Z 𝜔 = 𝐸 𝑒.�ℜ � Z                                   (3.2.1.1.1) 

Substituting the value of  𝑌(1)	  from (3.2.3) in to the eq. (3.2.1.1.1)- 

𝜑ℜ � Z 𝜔 = 𝑒.�ℜ � Z,Z . 𝑒.��(Z) 𝑒.�ℜ � Z,[ 	  
1$Z

[\l
[^�

 

(3.2.1.1.2) 
Now, it can be simplified as- 

𝜑ℜ � Z 𝜔 = 𝑒.�ℜ � Z,Z $�
6�86
l 	  𝑐𝑜𝑠 𝜔ℜ 𝑆 1, 𝑘

1$Z

[\l
[^�

 

(3.2.1.1.3) 
This can be further simplified by using (2.4.1) as- 

𝜑ℜ � Z 𝜔 =
1

21$Z 𝑒𝑥𝑝 𝑗𝜔𝜃[ −
𝜔l𝜎*l

2 +
l@36

[\Z

𝑒𝑥𝑝 𝑗𝜔𝛽[ −
𝜔l𝜎*l

2  

(3.2.1.1.4) 

where	  𝜃[ 	  = ℜ 𝑆 1,1 +	  𝑺o𝑒[ ,	  𝛽[ = ℜ 𝑆 1,1 − 𝑺o𝑒[  and 𝑺 = 𝑆 1,2 , …… . . . , 𝑆(1, 𝑁) o 	  	  	  	  	  	  	  	  	  

	  𝐸𝑁−1	  is	  of	  dimension	   𝑁	   − 1 ×21$l. It is obvious that (3.2.1.1.4) represents the CHF of a 

mixture of Gaussian density function.  

Since the hypotheses are binary, an error occurs if ℜ 𝑌(1) < 0. Now, the bit error probability 

can be written as- 

𝑃� 𝜉 =
1

21$Z 𝑄 2𝛾	  𝜃[ + 𝑄 2𝛾	  𝛽[

l@36

[\Z

 

                                                                                    (3.2.1.1.5) 

where 𝛾 = 𝐸�/𝑁], Q(x) is the Gaussian Q function. One should note that in our case of interest 

𝐸� = 1 and 𝜎l 	  = 	  𝑁]/2	  with 𝑁] being the noise power spectral density.  

3.2.1.2   Rayleigh Flat Fading Channel 

              In the Rayleigh flat fading channel, the conditional bit error probability can be written 

by using (3.2.1.1.5) as- 

𝑃� 𝜉| 𝛽 =
1

21$Z 𝑄 2𝛾	  𝜃[ 𝛽 + 𝑄 2𝛾	  𝛽[ 𝛽
l@36

[\Z

 

(3.2.1.2.1)  
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where |𝛽| denotes the absolute value of 𝛽. Now, the unconditional bit error probability is 

calculated as in [38,eq. 8.102]- 

𝑃� 𝜉 = 𝑃� 𝜉| 𝛽 𝑃 𝛽
£

]

𝑑 𝛽 	  	   

                                                                  (3.2.1.2.2) 
where |𝛽| has a Rayleigh distribution given by 𝑃(|𝛽|) 	  = ¥

�¦
6 𝑒𝑥𝑝

¥ 6

l�¦
6 . After applying the 

given Craig’s formula- 

𝑄 𝑥 =
1
𝜋 exp −

𝑥l

2𝑠𝑖𝑛𝜓 𝑑𝜓,	  	  	  	  	  	  	  𝑥 > 0

s
l

]

 

(3.2.1.2.3) 
Individually, putting 𝑄- function and after performing some algebraic manipulations, the bit 

error probability is written as- 

𝑃� 𝜉 =
1
2 −

1
21 	  

2𝜎`l𝜃[l𝛾
1 + 2𝜎`l𝜃[l𝛾

+
2𝜎`l𝛽[l𝛾

1 + 2𝜎`l𝛽[l𝛾
	  

l@36

[\Z

 

(3.2.1.2.4) 
Above expressions have been derived assuming the argument of 𝑄 function is positive. This is 

not true for higher values of CFO, leading to a mismatch between the theoretical and actual 

BER. The same is true for complete system model based on the CFO and STO. So, an accurate 

BER expression derive, by considering the argument of 𝑄 function is +ive as well as - ive. 

After some mathematical manipulation an exact BER expression is written as-  

𝑃� 𝜉 =
1
2 −

1
21 	   𝑠𝑔𝑛 𝜃[

2𝜎`l𝜃[l𝛾
1 + 2𝜎`l𝜃[l𝛾

+ 𝑠𝑔𝑛 𝛽[
2𝜎`l𝛽[l𝛾

1 + 2𝜎`l𝛽[l𝛾
	  

l@36

[\Z

 

(3.2.1.2.5) 
where 𝑠𝑔𝑛(. ) denotes the signum function. 

3.2.1.3   Rayleigh Frequency Selective Fading Channel  

                Considering the BPSK modulation scheme	  𝑋 𝑘 	  𝜖	   +1,−1 , symbol	  	  𝑋 0 = +1 is 

transmitted on first subcarrier. After multiplying by the conjugate of	  β 0 , represented as 

𝛽 0 ,	  and taking the real part ℜ[. ] 	  only – 

	  ℜ β 0 	  𝑌 0 = 	   𝛽 0 lℜ 𝑆 0,0 + 	  ℜ β 0 𝛽 𝑘 𝑋 𝑘 𝑆 0, 𝑘
1$Z

[\Z

+ β 0 𝑊 0  
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              (3.2.1.3.1) 
By using the identity (2.4.1), the conditional characteristic function (CHF) 

of	  ℜ	   β 0 Y 0 β 0 , β 	  can be written as – 

𝜑ℜ ± ] ² ] ± ] ,± 𝜔 = 𝐸 	  	  𝑒𝑥𝑝 𝛽 0 lℜ 𝑆 0,0 . .. 

	  × 𝑒𝑥𝑝 𝑗𝜔ℜ β 0 𝛽 𝑘 𝑋 𝑘 𝑆 0, 𝑘 	  . 𝑒𝑥𝑝
−𝜔l𝜎¥l

2

1$Z

[\Z

 

(3.2.1.3.2) 

After further simplification the above equation is written as- 

𝜑ℜ ± ] ² ] ± ] ,± 𝜔 = 	  
1

21$Z 𝑒𝑥𝑝 𝛽 0 lℜ 𝑆 0,0 ×𝑒𝑥𝑝
−𝜔l𝜎¥l

2 .. 

× 	   𝑒𝑥𝑝 𝑗𝜔ℜ β 0 𝜷	  𝑆[o + 𝑒𝑥𝑝 −𝑗𝜔ℜ β 0 𝜷	  𝑆[o
l@36$Z

[\]

 

(3.2.1.3.3) 
where	  𝜷 = 𝛽 0 , 𝛽 2 , . , 𝛽 𝑁 − 1 o, 𝜎¥l = 𝛽 0 l𝜎l	  and	  𝑆[ = 𝑑𝑖𝑎𝑔 𝑆 0,1 , . , 𝑆(0, 𝑁 −

1) 𝑒[ where 𝑒[	   is the (𝑘 + 1)ij	   column of	  𝑁×21$Z matrix 	  𝐸1$Z	  . Here,	  𝑑𝑖𝑎𝑔	   . 	  denotes the 

diagonal matrix. Error will occur only if	  ℜ 𝛽(0)𝑌(0)/𝛽(0)𝛽 < 0.  

 

 

Using the CHF defined in (3.2.1.3.3), the conditional bit error probability can be written as- 

𝑃� 𝜉|𝛽 0 , 𝜷 =
1

21$Z 𝑄
𝛽 0 lℜ 𝑆 0,0 + ℜ β 0 𝜷	  𝑆[o

𝜎¥

l@36$Z

´\]

… 

+	  𝑄
𝛽 0 lℜ 𝑆 0,0 − ℜ β 0 𝜷	  𝑆[o

𝜎¥
 

(3.2.1.3.4) 

Unconditional BER 𝑃�  can be determined as –  

𝑃�(𝜉) =
	  

𝑃� 𝜉|𝛽 0 , 𝜷 	  𝑃𝜷|¥ ]

.

¥

𝜷|𝛽 0 	  𝑑𝜷	  𝑃¥ ] 𝛽 0 	  
.

¥ ]

𝑑𝛽 0  

(3.2.1.3.5) 
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where	  𝑃 µ
µ ¶

¥
¥ ]

 is conditional PDF with mean E(𝛃 β(0))	  and covariance	  C𝛃 ± ] 	  [(27) of 

37],	  𝐸 . 	  representing the statistical expectation. Since,	  𝑃�(𝜉) involves 𝑁 dimensional 

integration, therefore, it will be difficult to evaluate. Hence, converting this multidimensional 

integration into many single dimensional integration by averaging 

𝑃� 𝜉 𝛽 0 , 𝛽 	  over	  p±/±(]) β/β(0)  in (3.2.1.3.5) written as- 

𝑃�(𝜉) = 𝑃� 𝜉|𝛽 0
.

¥ ]

𝑃¥ ] 𝛽 0 𝑑𝛽 0  

  (3.2.1.3.6) 
where	  P(ξ β(0))	  is defined as – 

𝑃� 𝜉|𝛽 0 =
1

21$Z 𝑄
𝛽 0 ℜ 𝑆 0,0 + 𝑧[

𝜎 1 + 𝑎[
2𝜎l

l@36$Z

´\]

𝑄
𝛽 0 ℜ 𝑆 0,0 − 𝑧[

𝜎 1 + 𝑎[
2𝜎l

 

(3.2.1.3.7) 
Here P(ξ β(0)) has been evaluated using mean and variance of the conditional random 

variable	   b½/β(0) 	  defined as [37] – 

𝐸	   𝑏𝒌 β(0) = 𝛽 0 l𝐶±(])±(])$Z ℜ 	  𝑆[o𝐶𝛃± ] 	   = 𝛽 0 l𝑧[                      (3.2.1.3.8a) 

𝑣𝑎𝑟 𝑏𝒌 𝛽(0) = Z
l
𝛽 0 l𝑆[o𝐶𝛃|¥ ] 𝑆[ =

Z
l
𝛽 0 l𝑎[                          (3.2.1.3.8b) 

where	  b½ = ℜ	   β	   0 (S½)Ä	  β ,	  	  C±± ] = E β	  β 0 	  and	  C ± ± ] = ℱÇh	  ℱÇÉ = C±± −

C± ] ± ]
$Z C±± ] 	  	  C±± ]

É 	  C±±.	  Var	  (. ) and . É denotes the variance and Hermitian matrix 

respectively. Rearranging (3.2.1.3.7) by using definition of polar form of 𝑄-function and 

making the change of variable as	   β(0) l 2	  σl → γ γ and using the definition PDF of 

Rayleigh distribution in terms of γ, 𝑃� can be written as- 

𝑃�(𝜉) =
1

𝜋21$Z 	  	  

𝑒𝑥𝑝 −
𝛾 ℜ 𝑆 0,0 + 𝑧[ l

𝛾 1 + 𝑎[
2𝜎l 𝑠𝑖𝑛l𝜃

	  𝑃Ï(𝛾)𝑑𝛾
£

]

	  

+ 𝑒𝑥𝑝 −
𝛾 ℜ 𝑆 0,0 − 𝑧[ l

𝛾 1 + 𝑎[
2𝜎l 𝑠𝑖𝑛l𝜃

	  𝑃Ï(𝛾)𝑑𝛾
£

]

s
l

]

l@36$Z

[\]

 

(3.2.1.3.9) 
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The	  𝑀Ï 𝑠Z 	  and	  𝑀Ï 𝑠l 	   are the scaled Laplace transform of PDF 𝑝Ï 𝛾  which can also be 

termed as the moment generating function of this PDF [(2.8) of 38]. Solving (3.2.1.3.9) by 

using the definition of moment generating function for Rayleigh fading channel and 

multiplying γ in numerator and denominator, 𝑃�(𝜉) can be obtained as – 

𝑃�(𝜉) =
1
2 −

1
21

𝛾C±Ñ±Ñ ℜ 𝑆 0,0 + 𝑧[ l

1 + 𝛾 C±Ñ±Ñ ℜ 𝑆 0,0 + 𝑧[ l + 𝑎[

	  	  	  	  	  	  	  	  	  	  	  +
𝛾C±Ñ±Ñ ℜ 𝑆 0,0 − 𝑧[ l

1 + 𝛾 C±Ñ±Ñ ℜ 𝑆 0,0 − 𝑧[ l + 𝑎[

l@36

[\Z

 

(3.2.1.3.10)  
Substituting 𝛼 = 𝜋 2 in	  𝑆 𝑞, 𝑘 	  and (𝐶¥Ñ¥Ñ = 2𝜎l) in (3.2.1.3.10), it will convert into BER 

expression of BPSK for conventional OFDM system. This is in conformity of the fact that FrFT 

-based OFDM will be a generalization of conventional OFDM system. But, above result is not 

suitable for all the values of CFOs because, at the higher value of CFO the argument of Q- 

function is found negative [37]. By changing the order of integration, (3.2.1.3.7) can be solved 

for negative argument of 𝑄- function. Hence, for all CFOs, 𝑃� can be obtained as- 

𝑃�(𝜉) =
1
2 −

1
21

𝐴Z
𝛾2𝜎l ℜ 𝑆 0,0 + 𝑧[ l

1 + 𝛾 2𝜎l ℜ 𝑆 0,0 + 𝑧[ l + 𝑎[

+𝐴l
𝛾2𝜎l ℜ 𝑆 0,0 − 𝑧[ l

1 + 𝛾 2𝜎l ℜ 𝑆 0,0 − 𝑧[ l + 𝑎[

l@36

[\Z

 

(3.2.1.3.11)  
where	  𝐴Z = 𝑠𝑔𝑛 ℜ	   𝑆 0,0 + 𝑧[ 	  and	  	  𝐴l = 𝑠𝑔𝑛 ℜ	   𝑆 0,0 − 𝑧[ 	  . 

3.2.2.   QPSK Modulation 

 3.2.2.1  AWGN Channel 

              As usual we consider the first subcarrier with the transmitted symbol 𝑋(1) = 	  1 + 	  𝑗 

with 𝑋(𝑘) = {±1 ± 𝑗} and the received signal is defined as-  

𝑌 1 = 𝑋 1 𝑆 1,1 + 𝑆(1, 𝑘)𝑋(𝑘)
1$Z

[\Z

 

(3.2.2.1.1) 

The probability of a correct decision is the probability that 𝑌 1 +𝑊(1) lies inside D1 (the 

first quadrant of the complex plane) and it is given as- 
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𝑝 𝑌 1 +𝑊 1 ∈ 𝐷Z 𝑋 1 = 1 + 𝑗, 𝑌 𝑘 = 𝑄
−ℜ(𝑌(𝑘))

𝜎 𝑄
−ℑ(𝑌(𝑘))

𝜎  

(3.2.2.1.2) 

where ℑ(𝑧) is the imaginary part of 𝑧. The average correct symbol decision probability is 

obtained by averaging (3.2.2.1.2) over 𝑌	  for which the required pdf of 𝑌(𝑘)  is derived below. 

Since the variable 𝑌(𝑘)  is two dimensional and 𝑋 1 = 1 + 𝑗, its two dimensional CHF can 

be written as - 

𝜑 𝜔Ö, 𝜔× = 𝑒𝑥𝑝 𝑗 𝜔Öℜ 𝑆(1, 𝑘) + 𝜔×ℑ 𝑆(1, 𝑘) 	  .. 

×	   𝑐𝑜𝑠 𝜔Öℜ 𝑆 1, 𝑘 + 𝜔×ℑ 𝑆 1, 𝑘 ×𝑐𝑜𝑠 𝜔Öℑ 𝑆(1, 𝑘) − 𝜔×ℜ 𝑆(1, 𝑘)
	  

1$Z

[\Z

 

(3.2.2.1.3) 
Now, more compact version of (3.2.2.1.3) can be written using the vector notations as- 

𝜑 𝜔Ö, 𝜔× = 𝑒𝑥𝑝 𝑗𝜎o 𝑆ØZ + 𝑆ÙZ × 𝑐𝑜𝑠 𝜎o 𝑆Ø � 	  ×𝑐𝑜𝑠 𝜎o 𝑆Ù �
1$Z

[\Z

 

(3.2.2.1.4) 

where 𝜎 = 𝜔Ö	  𝜔×
o, 𝑆Ø � = ℜ 𝑆 1, 𝑘 + ℑ 𝑆 1, 𝑘 o and 𝑆Ù � = ℜ 𝑆 1, 𝑘 −

ℑ 𝑆 1, 𝑘 o for all 𝑘 = 1, 2, . . . , 𝑁.	  Then, using (2.4.1) to express (3.2.2.1.4) as- 

𝜑 𝜔Ö, 𝜔× = 𝑒𝑥𝑝 𝑗𝜎o 𝑆ØZ + 𝑆ÙZ ×
1

2l 1$l 𝑐𝑜𝑠 𝜎o𝑆Ø𝑒[ 	  ×𝑐𝑜𝑠 𝜎o𝑆Ù𝑒,

l@36

[\Z

l@36

,\Z

 

(3.2.2.1.5) 

where 𝑆Ø = { 𝑆Ø l	  	   𝑆Ø Ú	  . . . 𝑆Ø 1}, 𝑆Ù = { 𝑆Ù l	  	   𝑆Ù Ú	  . . . 𝑆Ù 1}, 𝑒[ and 𝒆, are column 

vectors taken from more general matrix 𝐸1$Z.  

 

By using Euler’s relationship with some rearrangements of terms, (3.2.2.1.5) can be written as- 

𝜑 𝜔Ö, 𝜔× = 𝑒𝑥𝑝 𝑗𝜎o 𝑆ØZ + 𝑆ÙZ ×
1

2l 1$l
𝑒$.�7�ÜÝ= + 𝑒.�7�ÜÝ=

	  	  	  	  	  	  +𝑒$.�7�ÞÝP + 𝑒.�7�ÞÝP

l@36

[\Z

l@36

,\Z

 

(3.2.2.1.6) 

It can be further written in simple form as- 

𝜑 𝜔Ö, 𝜔× =
1

2l 1$l 𝑒.�7ßÑ + 𝑒.�7ß6 + 𝑒.�7ßà + 𝑒.�7ßá
l@36

[\Z

l@36

,\Z

 

(3.2.2.1.7) 
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where	  	  	  	  	  𝐺1 = 𝑆Ø Z − 𝑆Ù Z + 𝑆Ø𝑒[ + 𝑆Ù𝑒,	  , 𝐺2 = 𝑆Ø Z − 𝑆Ù Z + 𝑠𝑆Ø𝑒[ − 𝑆Ù𝑒,  

               𝐺3 = 𝑆Ø Z − 𝑆Ù Z −	  𝑆Ø𝑒[ + 𝑆Ù	  𝑒,	  and	  𝐺4 = 𝑆Ø Z − 𝑆Ù Z − 𝑆Ø𝑒[ − 𝑆Ù𝑒, 

The Fourier transform of (3.2.2.1.7) will give two dimensional PDF written as- 

𝑃 ℜ 𝑢 , ℑ 𝑢 =
1

2l 1$l 𝛿 ℜ 𝑌 − ψ½æ 1,𝑚 𝛿 ℜ 𝑌 − ψ½æ 2,𝑚
ç

u\Z

l@36

[\Z

l@36

,\Z

 

           (3.2.2.1.8) 
where 𝜓[,[𝑝, 𝑞] is the 𝑝, 𝑞 ij element of the 2	  ×4 matrix 𝛹 defined as 𝛹	   =

	  (𝐺1	  	  𝐺2	  	  𝐺3	  	  𝐺4) and 𝛿(𝑥) is the Dirac delta function. Averaging (3.2.2.1.8) with respect to 

the pdf given in (3.2.2.1.2) yields the SER written as- 

𝑃� 𝜉 = 1 −
1

2l 1$Z 𝑄 − 2𝛾	  ψ½æ 1,𝑚 𝑄 − 2𝛾	  ψ½æ 2,𝑚
ç

u\Z

l@36

[\Z

l@36

,\Z

 

                                     (3.2.2.1.9) 

In the absence of ICI (i.e. 𝜀= 0), 𝛹	  can be expressed as 𝜓 = Z
Z
Z
Z
Z
Z
Z
Z 	  . since, 𝑆(𝑘) = 0 for all k 

≠1 and 𝑆(1) = 1.  

3.2.2.2  Rayleigh Flat Fading Channel 

              The conditional symbol error rate can be expressed as- 

𝑃� 𝜉| 𝛽 = 1 −
1

2l 1$Z 𝑄 − 2𝛾	  ψ½æ 1,𝑚 	   𝛽 𝑄 − 2𝛾	  ψ½æ 2,𝑚 𝛽
ç

u\Z

l@36

[\Z

l@36

,\Z

 

(3.2.2.2.1) 

where |𝛽| is Rayleigh distributed random variable. Now, for finding the unconditional bit error 

rate, the evaluation of integral will be encountered. After averaging (3.2.2.2.1), it can be solved 

using [38,eq. 4.8], [38,eq. 5.102] and [38,eq. 5.6] to give the SER.  

𝑃� 𝜉 =
3
4 −

1
2 1$Z

2𝜎êl𝜓[,l 1,𝑚 	  𝛾
1 + 2𝜎êl𝜓[,l 1,𝑚 	  𝛾

	  
ç

u\Z

l@36

[\Z

l@36

,\Z

.. 

× 1 −
1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψ½æ 1,𝑚
ψ½æ 2,𝑚

	   1 +
1

2𝜎êl𝜓[,l 1,𝑚 	  𝛾
 

+
2𝜎êl𝜓[,l 2,𝑚 	  𝛾

1 + 2𝜎êl𝜓[,l 2,𝑚 	  𝛾
	   1 −

1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψ½æ 2,𝑚
ψ½æ 1,𝑚

	   1 +
1

2𝜎êl𝜓[,l 2,𝑚 	  𝛾
 

(3.2.2.2.2) 
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However,  the analytical SER expression given in the (3.2.2.2.2) is not correct  for all values 

of CFO because the expressions have been derived assuming the argument of 𝑄 function 

positive. This is not true for higher values of CFO, leading to a mismatch between the 

theoretical and actual SER. So for, an accurate SER expression derive by considering the 

argument of 𝑄 function is + ive as well as – ive. 

After some mathematical manipulation an exact SER expression written as-  

𝑃� 𝜉 =
3
4 −

1
2 1$Z 𝑠𝑔𝑛

ψ½æ 1,𝑚
ψ½æ 2,𝑚

2𝜎êl𝜓[,l 1,𝑚 	  𝛾
1 + 2𝜎êl𝜓[,l 1,𝑚 	  𝛾

	  
ç

u\Z

l@36

[\Z

l@36

,\Z

.. 

× 1 −
1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψ½æ 1,𝑚
ψ½æ 2,𝑚

	   1 +
1

2𝜎êl𝜓[,l 1,𝑚 	  𝛾
+ 𝑠𝑔𝑛

ψ½æ 2,𝑚
ψ½æ 2,𝑚

… 

2𝜎êl𝜓[,l 2,𝑚 	  𝛾
1 + 2𝜎êl𝜓[,l 2,𝑚 	  𝛾

	   1 −
1
𝜋 𝑎𝑟𝑐𝑡𝑎𝑛

ψ½æ 2,𝑚
ψ½æ 1,𝑚

	   1 +
1

2𝜎êl𝜓[,l 2,𝑚 	  𝛾
 

(3.2.2.2.3) 

3.2.2.3   Rayleigh Frequency selective Fading Channel 

              Considering QPSK modulation, where symbols are drawn from the set	   ±1 ± 𝑗 , as 

in [37] we assume that symbol	  	  𝑋 0 = 1 + 𝑗 is transmitted on the first subcarrier. The 

equalized signal  on the first sub-carrier is- 

𝛽 0 	  𝑌 0 = 	   𝛽 0 l𝑋 0 𝑆 0,0 + 𝛽 0 𝛽 𝑘 𝑋 𝑘 𝑆 0, 𝑘
1$Z

[\Z

+ 𝛽 0 𝑊 0 	  	  	  	  	  	  	  (3.2.2.3.1) 

where 𝛽 0  is the complex conjugate of	  𝛽 0 . The probability of making a correct decision is 

given by the probability that 𝛽 0 𝑌 0 = 𝛽 0 𝑅 0 + 𝛽 0 𝑊 0  lies inside the first 

quadrant	  𝐷Z of the complex plan. Following the same approach of [53], the probability of 

making a correct decision conditioned to transmission of symbol 1 + 𝑗	  on the first subcarrier 

is given by- 

𝑃/ 𝛽 0 𝑌 0 ∈ 𝐷Z	  |𝑋 0 = 1 + j	  , 𝛽 0 𝑅 0 = Q −
ℜ 𝛽 0 𝑅 0

𝜎¥
	  Q −

𝔍 𝛽 0 𝑅 0
𝜎¥

 

           (3.2.2.3.2) 

where	  ℜ c  and 𝔍 c  denotes the real and the imaginary part of complex number	  𝑐 respectively, 

and	  𝜎¥ = 𝛽 0 	  σ. The conditional probability of correct decision is obtained by averaging 

(3.2.2.3.2) over the probability density function (PDF) of 𝛽 0 𝑅 0  which is obtained from the 



	  

Dipartimento di Elettronica, Informazione e Bioingegneria 
Politecnico di Milano, P.zza L. da Vinci, 32, 20133 Milano, Italy.	  

	  
	  

58	  
	  

	  
	  

AN EXACT SER ANALYSIS OF  
FrFT -BASED OFDM  

CHF as reported in what follows. Since 𝛽 0 𝑅 0  is a complex random variable its CHF is 

two-dimensional (2-D) and, as shown in [53], it is given by 

𝜑 𝜔Ö, 𝜔× = 𝑒𝑥𝑝 𝑗 𝛽 0 l 𝜔Ö ℜ 𝑆 0,0 − 𝔍 𝑆 0,0 + 𝜔×	   𝔍 𝑆 0,0 	  + 	  ℜ 𝑆 0,0  

×	   cos 𝜔Öℜ 𝛽 0 𝛽 𝑘 𝑆 0, 𝑘 + 𝜔×𝔍 𝛽 0 𝛽 𝑘 𝑆 0, 𝑘
1$Z

[\Z

	  

×cos 𝜔Ö𝔍 𝛽 0 𝛽 𝑘 𝑆 0, 𝑘 − 𝜔×ℜ 𝛽 0 𝛽 𝑘 𝑆 0, 𝑘 	  

(3.2.2.3.3) 

where	  𝛃 = 𝛽 1 ,… , 𝛽 𝑁 − 1 o
. Following the mathematical derivation reported in [53], the 

2-D PDF resulting from the inverse Fourier transform of (3.2.2.3.3) can be written as- 

𝑝 ℜ 𝛽 0 𝑅 0 , ℑ 𝛽 0 𝑅 0 	  =
1

2l1$l	  	  	  	   	   ..	  	  	  	   

𝛿 ℜ 𝛽 0 𝑅 0 − 𝛽 0 l	  𝐷Ø +	  𝛾[,, 1,𝑚
ç

u\Z

l@36

,\Z

l@36

[\Z

 

×𝛿 ℑ 𝛽 0 𝑅 0 − 	   𝛽 0 l𝐷Ù +	  𝛾[,, 2,𝑚  
(3.2.2.3.4) 

where 𝛿 . 	  is the Dirac delta function, 𝐷Ø = ℜ 𝑆 0,0 − ℑ 𝑆 0,0 , 	  𝐷Ù = ℜ 𝑆 0,0 +

ℑ 𝑆 0,0  and 𝛾[,, 𝑝, 𝑞  is the 𝑝, 𝑞  entry of the 2×4	  matrix of 𝚪 defined as 𝚪 =

𝚪Ø + 𝚪Ù 	  	   −𝚪Ø − 𝚪Ù 	  	   𝚪Ø − 𝚪Ù 	  	   −𝚪Ø + 𝚪Ù  with matrices 

𝚪Ø = ℜ 𝛽 0 𝐞[o𝚲𝛃 	  	  	  	  	  ℑ 𝛽 0 𝐞,o𝚲𝛃
o
, 

𝚪Ù = 	  ℑ 𝛽 0 𝐞[o𝚲𝛃 	  	  	  	  − ℜ 𝛽 0 𝐞,o𝚲𝛃
o
, 

where 𝚲 = diag 𝑆 0,1 , 𝑆 0,2 , … , 𝑆 0, 𝑁 − 1  and 𝐞[ is an 𝑁×1 vector corresponding to 

the binary codeword of the number 21$Z − 𝑘, where zeros are replaced with −1s. The 

analytical expression of the probability of symbol error given 𝛽 0 , 𝛃  can be obtained by 

subtracting (3.2.2.3.2) to 1 and averaging over (3.2.2.3.4) as- 

𝑃* 𝜉|𝛽 0 , 𝛃 = 1 −	  
1

2l1$l	  	   𝑄
− 𝛽 0 l	  𝑆Ø +	  𝛾[,, 1,𝑚

𝜎¥

ç

u\Z

l@36

,\Z

l@36

[\Z

 

×𝑄 $ ¥ ] 6	  �Þ-	  Ï=,P l,u
�µ

	  	     (3.2.2.3.5) 
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The unconditional probability of symbol error can be calculated from the integral  

𝑃* 𝜉 = 𝑃* 𝜉|𝛽 0 𝑝¥ ] 𝛽 0 𝑑𝛽 0
.

¥ ]
	   

(3.2.2.3.6) 

where 𝑝¥ ] (𝛽 0 ) is the probability density function of the Rayleigh distribution and 

𝑃* 𝜉|𝛽 0 = 1 −	  
1

2l1$l	  	   𝑄
− 𝛽 0 	  𝑆Ø +	  𝜗[,, 1,𝑚

𝜎 1 +
𝑣[,, 𝑚 	  
2𝜎l

. .
ç

u\Z

l@36

,\Z

l@36

[\Z

 

×𝑄 $ ¥ ] 	  �Þ-	  ö=,P l,u

� Z-
÷=,P 5 	  
6ø6

         (3.2.2.3.7) 

By following the same approach reported in [53], the conditional probability of symbol error 

𝑃* 𝜉|𝛽 0 	  in (3.2.2.3.7) has been evaluated using the mean 𝛽 0 l𝜗[,, 𝑖,𝑚 	  and the variance 

𝛽 0 l𝑣[,, 𝑚 /2	   of the conditional Gaussian random variable	  𝛾[,, 𝑖, 𝑚 |𝛽 0 .  

The term 𝜗[,, 𝑖,𝑚  is the entry 𝑖, 𝑚  of the 2×4	  matrix 𝐖 = 𝐖Ø +𝐖Ù 	  	   −𝐖Ø −

𝐖Ù 	  	   𝐖Ø −𝐖Ù 	  	   −𝐖Ø +𝐖Ù  with 

𝐖Ø = 𝐶¥ ] ¥ ]
$Z ℜ 𝐞[o𝚲𝑪𝛃¥ ] 	  	  	  	  	  ℑ 𝐞[o𝚲𝑪𝛃¥ ]

o
 

𝐖Ù = 𝐶¥ ] ¥ ]
$Z 	  ℑ 𝐞,o𝚲𝑪𝛃¥ ] 	  	  	  − ℜ 𝐞,o𝚲𝑪𝛃¥ ]

o
 

where	  𝑪𝛃|¥ ] 	  is the channel autocovariance matrix given in [37]. The term 𝑣[,, 𝑚 	  is the 𝑚-

th element of the	  1×4	  vector 𝐯 = (𝑣Z	  𝑣l	  𝑣Ú	  𝑣ç), where 𝑣+ = 𝛏+o𝚲𝑪𝛃|¥ ] 𝚲𝛏+, 𝛏Z = 𝐞[+𝐞[, 

𝛏l = −𝐞[−𝐞[, 𝛏Ú = 𝐞[−𝐞[, 𝛏ç = −𝐞[+𝐞[. The probability of symbol error for QPSK 

resulting from computation of (3.2.2.3.6) is – 
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𝑃* 𝜉 = 	  
3
4 −	  

1
2l1$Z	  	  

𝐶¥ ] ¥ ] 	  𝜌
2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l

[,, 1,𝑚

ç

u\Z

l@36

,\Z

l@36

[\Z

… 

	  	  	  	  𝜓[,, 1,𝑚
1
2 +

1
𝜋 	  atan

𝐶¥ ] ¥ ] 	  𝜌
2 + 𝜌𝜑[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l

[,, 1,𝑚
	  	  𝜓[,, 2,𝑚  

+	  
𝐶¥ ] ¥ ] 	  𝜌

2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l
[,, 2,𝑚

… 

𝜓[,, 2,𝑚
1
2 +

1
𝜋 	  atan

𝐶¥ ] ¥ ] 	  𝜌
2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l

[,, 2,𝑚
	  	  𝜓[,, 1,𝑚  

(3.2.2.3.8) 
where 𝜌 = 𝐸* 𝑁] is the signal-to-noise ratio and 𝜓[,, 𝑖,𝑚  is the	  (𝑖, 𝑚)ij entry of the 2×4 

matrix 𝚿 = 𝐃⨂𝟏Z×ç +𝐖, in which ⨂ is the Kronecker product and 𝟏Z×ç is a 1×4 vectors of 

1s, and D = D%	  	  	  	  	  D& 	  	  Ä. Substituting α = π 2 in	  S q, k 	  and 𝐶¥ ] ¥ ] = 2σl in (3.2.2.3.8) 

we get the probability of symbol error expression of QPSK for conventional OFDM system 

given by eq. (16) of [53]. This is in conformity of the fact that FrFT based OFDM is a 

generalization of conventional OFDM system.  

 

 

 

 

 

 

 

 

 

 

 
   Fig. 3.2.1.1.1  BER/SER comparison between FFT and FrFT -based OFDM system in 

                        presence of CFO BPSK/QPSK in AWGN channel with N = 8 
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      Fig. 3.2.1.1.2  BER expression of FrFT based-OFDM system in presence of  

            CFO BPSK channel  in AWGN with	  N = 8. 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 

 
        Fig. 3.2.2.1.1 BER expression of FrFT based-OFDM system in presence of CFO 

           QPSK in AWGN channel with	  N = 8. 
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          Fig. 3.2.1.2.1 BER expression of FrFT based- OFDM system in presence of  

                    CFO BPSK in Flat fading channel with 𝑁 = 8 

 
          Fig. 3.2.2.2.1 BER expression of FrFT based- OFDM system in presence of  

                   CFO QPSK in Flat fading channel with 𝑁 = 8. 
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   Fig. 3.2.1.3.1 BER for BPSK in FrFT-OFDM over frequency selective Rayleigh 
fading channel with 𝑁 = 8 sub-carriers and 𝐿 = 2 taps. 

  
 

   Fig. 3.2.1.3.2 BER for BPSK in FrFT-OFDM over frequency selective Rayleigh 
fading channel with	  𝑁 = 8 sub-carriers and	  𝐿 = 2 taps  

                            for different values of 𝛼. 
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      Fig. 3.2.2.3.1 SER for QPSK in FrFT-OFDM over frequency selective Rayleigh          

fading channel with 𝑁	   = 	  16 sub-carriers and 𝐿	   = 2	  taps. 

 
 Fig. 3.2.2.3.2 SER for QPSK in FrFT-OFDM over frequency selective Rayleigh        

fading channel with 𝑁	   = 16 sub-carrier and 𝐿 = 5	  taps. 
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3.3.   DISCUSSION OF SIMULATED RESULTS 

           Fig. 3.2.1.1.1 BER/SER Comparison between FFT and FrFT -based OFDM system  in 

presence of CFO BPSK/QPSK in AWGN channel with	  𝑁 = 8. The results show that at 𝛼 = s
l
, 

FrFT -based OFDM system performs similar to one based on  FFT. Fig. 3.2.1.1.2 shows the 

analytical BER results for AGWN channel with 𝑁 = 	  8	  for BPSK modulation scheme in 

presence of CFO for FrFT -based OFDM system. The analytical results  given  with different 

values of CFO in (3.2.1.1.5) is perfectly match with simulation result. Fig. 3.2.2.1.1 shows the 

analytical BER results for AGWN channel with 𝑁 = 	  8	  for QPSK modulation scheme in 

presence of CFO for FrFT -based OFDM system. where the analytical results  given  with 

different values of CFO in (3.2.2.1.9) is perfectly match with simulation result. Fig. 3.2.1.2.1 

shows the analytical BER results for Flat fading channel with 𝑁 = 	  8	  for BPSK modulation 

scheme in presence of CFO for FrFT -based OFDM system. where the analytical results  given  

with different values of CFO in (3.2.1.2.5) is perfectly match with simulation result. Fig. 

3.2.2.2.1 shows the analytical BER results for Flat fading channel with 𝑁 = 	  8	  for QPSK 

 
     Fig. 3.2.2.3.3  SER for QPSK in FrFT-OFDM over frequency selective Rayleigh 

fading channel with 𝑁	   = 8	  sub-carriers and 𝐿 = 	  2 taps  
                                 for different values of 𝛼. 
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modulation scheme in presence of CFO for FrFT -based OFDM system. where the analytical 

results given with different values of CFO in (3.2.2.2.3) is perfectly match with simulation 

result. Fig. 3.2.1.3.1 shows the analytical BER results for frequency selective Rayleigh fading 

channel with 𝑁 = 8 sub-carriers and 𝐿 = 2 taps, for BPSK modulation scheme in presence of 

CFO for FrFT -based OFDM system. where the analytical results  given  with different values 

of CFO in (3.2.1.3.11) is perfectly match with simulation result. Fig. 3.2.1.3.2 shows the 

analytical BER results for frequency selective Rayleigh fading channel with 𝑁 = 8 sub-carriers 

and 𝐿 = 2 taps, for BPSK modulation scheme in presence of CFO for FrFT -based OFDM 

system. where the analytical results  given  with different values of FrFT angle parameter 𝛼 

with CFO=0.15 is perfectly match with simulation result. Fig. 3.2.2.3.1 shows the analytical 

SER results for frequency selective Rayleigh fading channel with 𝑁 = 16 sub-carriers and 𝐿 =

2 taps, for QPSK modulation scheme in presence of CFO for FrFT -based OFDM system. 

where the analytical results  given  with different values of CFO in (3.2.2.3.8) is perfectly match 

with simulation result. Fig. 3.2.2.3.2 shows the analytical SER results for frequency selective 

Rayleigh fading channel with 𝑁 = 16 sub-carriers and 𝐿 = 5 taps, for QPSK modulation 

scheme in presence of CFO for FrFT -based OFDM system. where the analytical results  given  

with different values of CFO is perfectly match with simulation result. Fig. 3.2.2.3.3 shows the 

analytical SER results for frequency selective Rayleigh fading channel with 𝑁 = 8 sub-carriers 

and 𝐿 = 2 taps, for QPSK modulation scheme in presence of CFO for FrFT -based OFDM 

system. where the analytical results  given with different values of 𝛼 and single value of 

CFO=0.1 is perfectly match with the simulation result.  From this we can say that some values 

of α.  Performance of FrFT -based OFDM system is better than FFT -based OFDM system. 

This study confirms that FrFT -based OFDM system prevails because its BER can be controlled 

by varying FrFT order under the effect of CFO. This study confirms that FrFT -based OFDM 

system prevails because its BER can be controlled by varying FrFT order under the effect of 

CFO.  

3.4.   SUMMARY OF BER EXPRESSION FOR FrFT-BASED OFDM  
          In this chapter, BER expression derived for FrFT -based OFDM system in presence of 

CFO for BPSK and QPSK modulation schemes in AWGN, Flat and Rayleigh Frequency 

selective fading channel. The performance of BPSK and QPSK modulation schemes are 

considered with the new mathematical formulation introduced here for frequency flat, AWGN 

channels and frequency selective channel. At 𝛼 = 𝜋/2	  FrFT -based OFDM system is 
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equivalent to one based on FFT, and some values of 𝛼, performance of FrFT -based OFDM 

system is better than FFT -based OFDM system. This study confirms that FrFT -based OFDM 

system prevails because its BER can be controlled by varying FrFT order under the effect of 

CFO.  

However, it is obvious that the analytical expressions are easy to evaluate when the number of 

subcarriers are sufficiently low (i.e. N = 8, 16, 32). For fairly high number of subcarriers, the 

exponential computational complexity associated with the analytical results suggests the use 

of simulation based approach to find the approximate BER/SER values. This is a trade-off 

between computational efficiency and analytical exactness of our approach.  

v   Proposed Expressions of BER/SER in presence of CFO for FrFT based- OFDM given 

by A. Kumar et al. [50, 51, 53]: 

3.4.1.   In AWGN Channel 

        3.4.1.1  BPSK modulation: 

𝑃� 𝑘 =
1

21$Z 𝑄 2𝛾	  𝛽[ + 𝑄 2𝛾	  𝛿[

l@3Ñ

[\Z

 

(3.4.1.1.1) 
The parameters used in eq.(3.4.1.1.1) are given in [50]. 

        3.4.1.2  QPSK modulation: 

𝑃� 𝜀 = 1 −
1

2l1$l 	   𝑄 − 2𝛾	  	  Ψ[, 1,𝑚 ×𝑄 − 2𝛾	  	  Ψ[, 1,𝑚
ç

u\Z

l@36

,\Z

l@36

[\Z

 

(3.4.1.2.1) 

The parameters used in eq.( 3.4.1.2.1) is define [50]. 
 

3.4.2.   In frequency selective fading channel 

         3.4.2.1  BPSK modulation: 

𝑃� 𝜀 =
1
2
	  −

1
21	  

𝐴Z
𝛾2𝜎l ℜ 𝑆(0,0) + 𝑧[ l

1 + 𝛾 ℜ 𝑆(0,0) + 𝑧[ l + 𝑎[
+ 𝐹l

𝛾 ℜ 𝑆 0,0 − 𝑧[ l

1 + 𝛾 ℜ 𝑆 0,0 − 𝑧[ l + 𝑏[
	  

l@36

[\Z

 

(3.4.2.1.1) 
where 𝐴Z = 𝑠𝑔𝑛 	   𝑆 1 + 𝑎[ 	  and	  𝐴l = 𝑠𝑔𝑛 𝑆 1 − 𝑎[ . The other parameters used in 

eq.(3.4.2.1.1) are given in [51]. 
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 3.4.2.2 QPSK modulation: 

𝑃* 𝜉 = 	  
3
4
−	  

1
2l1$Z	  

	  
𝐶¥ ] ¥ ] 	  𝜌

2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l[,, 1,𝑚

ç

u\Z

l@36

,\Z

l@36

[\Z

… 

	  	  	  	  𝜓[,, 1,𝑚
1
2
+
1
𝜋
	  atan

𝐶¥ ] ¥ ] 	  𝜌
2 + 𝜌𝜑[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l[,, 1,𝑚

	  	  𝜓[,, 2,𝑚  

+	  
𝐶¥ ] ¥ ] 	  𝜌

2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l[,, 2,𝑚
… 

𝜓[,, 2,𝑚
1
2
+
1
𝜋
	  atan

𝐶¥ ] ¥ ] 	  𝜌
2 + 𝜌𝑣[,, 𝑚 + 𝐶¥ ] ¥ ] 	  𝜌𝜓l[,, 2,𝑚

	  	  𝜓[,, 1,𝑚  

(3.4.2.2.1) 
where 𝜌 = 𝐸* 𝑁] is the signal-to-noise ratio and 𝜓[,, 𝑖, 𝑚  is the	  (𝑖, 𝑚)ij entry of the 2×4 matrix 𝚿 =

𝐃⨂𝟏Z×ç + 𝐖, in which ⨂ is the Kronecker product and 𝟏Z×ç is a 1×4 vectors of 1s, and D =

D%	  	  	  	  	  D& 	  	  Ä. The term v½,æ m 	  is the m-th element of the	  1×4	  vector v = (vZ	  vl	  vÚ	  vç), where v1 =

ξ1ÄΛC±|± ] Λξ1, ξZ = e½+e½, ξl = −e½−e½, ξÚ = e½−e½, ξç = −e½+e½. Substituting α =

π 2 in	  S q, k 	  and C± ] ± ] = 2σl in (3.5.2.2.1) we get the probability of symbol error expression of 

QPSK for conventional OFDM system given in [37]. This is in conformity of the fact that FrFT based 

OFDM is a generalization of conventional OFDM system. 
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CHAPTER-4 
   HARDWARE 

IMPLEMENTATION   
                        

This chapter contains three sections: first discusses about the fixed point design and 

Historical development of cordic theory. After that, by using the “HDL coder” the HDL code 

is generated and also optimize the code through the HDL workflow Advisor. Finally, FPGA 

in the Loop co-simulation is run with the Xilinx ZYNQ SoC FPGA by using the HDL 

Verifier Toolbox, for Verification of HDL code by putting in FPFA in LOOP. 
 

4.1.    INTRODUCTION 

        The current trend toward hardware intensive signal processing has uncovered a relative 

lack of understanding of hardware signal processing architectures. Many hardware efficient 

algorithms exist,  among these algorithms there is a set of shift-add algorithms collectively 

known as Coordinate Rotation Digital Computer (CORDIC) for computing a wide range of 

functions including certain trigonometric, hyperbolic, linear and logarithmic functions and 

explain commonly used functions that may be accomplished using a CORDIC architecture 

and how the algorithms work. In this chapter focused on the hardware implementation of 

FrFT based- OFDM system in FPGAs by following the HDL coder and HDL verifier tool. 

4.2.    FIXED POINT DESIGN 
4.2.1  Cordic Survey and Theory 

         The digital signal processing landscape has long been dominated by microprocessors 

with enhancements such as single cycle multiply-accumulate instructions and special 

addressing modes. While these processors are low cost and offer extreme flexibility, they are 

often not fast enough for truly demanding DSP tasks. The advent of reconfigurable logic 

computers permits the higher speeds of dedicated hardware solutions at costs that are 

competitive with the traditional software approach. Unfortunately, algorithms optimized for 

these microprocessor based systems do not usually map well into hardware. While hardware-

efficient solutions often exist, the dominance of the software systems has kept those solutions 

out of the spotlight. Among these hardware efficient algorithms there is a class of iterative 

solutions for trigonometric and other transcendental functions that use only shifts and adds to 

perform operations. The trigonometric functions are based on vector rotations, while other 

functions such as square root are implemented using an incremental expression of the desired 

function. The trigonometric algorithm is called CORDIC. The incremental functions are 
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performed with a very simple extension to the hardware architecture. The CORDIC 

algorithms generally produce one additional bit of accuracy for each iteration. 

The trigonometric CORDIC algorithms were originally developed as a digital solution for 

real-time navigation problems. The original work is credited to Jack Volder [48 and 49]. 

Extensions to the CORDIC theory based on work by John Wahher [55] and others provide 

solutions to a broader class of functions. The CORDIC algorithm has found its way into 

diverse applications including the 8087 math coprocessor, radar signal processors [56] and 

robotics. CORDIC rotation has also been proposed for computing Discrete Fourier [48], 

Discrete Cosine [48] and Chirp-Z [49] transforms. 

All of the trigonometric functions can be computed or derived from functions using vector 

rotations. Vector rotation can also be used for polar to rectangular and rectangular to polar 

conversions, for vector magnitude, and as a building block in certain transforms such as the 

DFT. The CORDIC algorithm provides an iterative method of performing vector rotations by 

arbitrary angles using only shifts and adds. The algorithm, credited to Volder [48], is derived 

from the general rotation transform- 

𝑥" = 𝑥𝑐𝑜𝑠𝛼 − 𝑦 sin 𝛼                                            (4.2.1.1) 

𝑦" = 𝑦𝑐𝑜𝑠𝛼 + 𝑥 sin 𝛼                                            (4.2.1.2) 

Which rotates a vector in a Cartesian plane by the angle α.	  These can be rearranged so that- 

𝑥" = 𝑐𝑜𝑠𝛼	  [𝑥 − 𝑦	  𝑡𝑎𝑛𝛼]                                         (4.2.1.3) 

𝑦" = 𝑐𝑜𝑠𝛼	  [𝑦 + 𝑥	  𝑡𝑎𝑛𝛼]                                         (4.2.1.4) 

However, if the rotation angles are restricted so that tan (𝛼) =	  ±289, the multiplication by the 

tangent term is reduced to simple shift operation. Arbitrary angles of rotation are obtainable 

by performing a series of successively smaller elementary rotations. If the decision at each 

iteration	  𝑖 is which direction to rotate rather than whether or not to rotate, then the cos (𝛿9) 

term becomes a constant. Then the iterative rotation can now be expressed as- 

𝑥9=> = 𝐾9	  [𝑥9 − 𝑦9. 𝑑9	  289]                                         (4.2.1.5) 

𝑦9=> = 𝐾9	   𝑦9 + 𝑥9. 𝑑9	  289                                          (4.2.1.6) 

where 𝐾9 = cos 	  (tan8> 289) = 1/ 1 + 28H9  and	  	  𝑑9 = ±1. Removing the scale constant 

from the iterative equations yields a shift-add algorithm for vector rotation. The product of 

the 𝐾9’𝑠 can be applied elsewhere in the system or treated as part of a system processing gain. 

That product approaches 0.6073 as the number of iterations goes to infinity. Therefore, the 
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rotation algorithm has a gain 𝐴K	  of approximately 1.647. The exact gain depends on the 

number of iterations and obeys the relation  

𝐴K = 1 + 2−2𝑖

K

 

(4.2.1.7) 

The angle of a composite rotation is uniquely defined by the sequence of directions of the 

elementary rotations. That sequence can be represented by a decision vector. The set of all 

possible decision vectors is an angular measurement system based on binary arctangents. 

Conversions between this angular system and any other can be accomplished using a look-up. 

A better conversion method uses an additional adder-subtract or that accumulates the 

elementary rotation angles at each iteration. The elementary angles can be expressed in any 

convenient angular unit. Those angular values are supplied by a small lookup table (one entry 

per iteration) or are hardwired, depending on the implementation. The angle accumulator 

adds a third difference equation to the CORDIC algorithm- 

𝑍9=>	   = 𝑍9 − 𝑑9 	  tan−1(2−𝑖)                                       (4.2.1.8) 

Obviously, in cases where the angle is useful in the arctangent base, this extra element is not 

needed, the CORDIC rotator is normally operated in one of two modes. The first, called 

rotation by Volker [48] rotates the input vector by a specified angle (given as an argument). 

The second mode, called vectoring which rotates the input vector to the 𝑥-axis while 

recording the angle required making that rotation. In rotation mode, the angle accumulator is 

initialized with the desired rotation angle. The rotation decision at each iteration is made to 

diminish the magnitude of the residual angle in the angle accumulator. The decision at each 

iteration is therefore based on the sign of the residual angle after each step. Naturally, if the 

input angle is already expressed in the binary arctangent base, the angle accumulator may be 

eliminated. For rotation mode, the CORDIC equations are- 

𝑥9=> = 𝑥9 − 𝑦9. 𝑑9	  289                                           (4.2.1.9) 
 

𝑦9=> = 𝑦9 + 𝑥9. 𝑑9	  289                                          (4.2.1.10)  
 

𝑍9=>	   = 𝑍9 − 𝑑9 	  tan8>(289)                                     (4.2.1.11) 
 

where 𝑑9 = −1	   if 𝑍9 < 0,+1 Otherwise. Which provides the following result- 

𝑥	  K = 𝐴K[𝑥P cos 𝑍P − 𝑦P sin 𝑍P]                                    (4.2.1.12) 

𝑦	  K = 𝐴K[𝑦P cos 𝑍P + 𝑥P sin 𝑍P]                                   (4.2.1.13) 

𝑍	  K = 0                                                      (4.2.1.14) 
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𝐴K = 1 + 2−2𝑖

K

 

                     (4.2.1.15) 

In the vectoring mode, the CORDIC rotator rotates the input vector through whatever angle is 

necessary to align the result vector with the 𝑥-axis. The result of the vectoring operation is a 

rotation angle and the scaled magnitude of the original vector. The vectoring function works 

by seeking to minimize the 𝑦 component of the residual vector at each rotation. The sign of 

the residual 𝑦 component is used to determine which direction to rotate next. If the angle 

accumulator is initialized with zero, it will contain the traversed angle at the end of the 

iterations. In vectoring mode, the CORDIC equations are- 

𝑥9=> = 𝑥9 − 𝑦9. 𝑑9	  289                                           (4.2.1.16) 

𝑦9=> = 𝑦9 + 𝑥9. 𝑑9	  289                                            (4.2.1.17) 

𝑍9=> = 𝑍9 − 𝑑9 	  tan−1(2−𝑖)                                           (4.2.1.18) 

where 𝑑9 = +1	   if 𝑥9 < 0,−1 Otherwise and 𝑥K = 𝐴K 𝑥PH + 𝑦PH, 𝑦K = 0, 	  𝑍K = 𝑍P +
tan8>( 𝑦P/𝑥P) and 𝐴K = 1 + 2−2𝑖K  

The CORDIC rotation and vectoring algorithms as stated are limited to rotation angles 

between −Q
H
 and Q

H
.  This limitation is due to the use of 2°	  for the tangent in the first iteration. 

For composite rotation angles larger thanQ
H
, an additional rotation is required. Volder et al. 

[4] describes an initial rotation Q
H
. This gives the correction iteration- 

𝑥" = 𝑑. 𝑦                                                  (4.2.1.19) 

𝑦" = 𝑑. 𝑥                                                   (4.2.1.20) 

𝑍" = 𝑍 + 𝑑. Q
H
                                              (4.2.1.21) 

where 𝑑 = +1	  if 𝑦 < 0,−1 otherwise. There is no growth for this initial rotation. 

Alternatively, an initial rotation of either 𝜋 or 0 can be made, a voiding the reassignment of 

the 𝑥 and 𝑦 components to the rotator elements. Again, there is no growth due to the initial 

rotation- 

𝑥" = 𝑑. 𝑥                                               (4.2.1.22) 

                  𝑦" = 𝑑. 𝑦                                               (4.2.1.23) 

𝑍" = 𝑍 If 𝑑 = +1 or 𝑍 − 𝜋	  if 𝑑 = −1, 𝑑 = −1	  If 𝑥 < 0,+1 otherwise 
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Both reduction forms assume a module 2π representation of the input angle. The style of first 

reduction is more consistent with the succeeding rotations, while the second reduction may be 

more convenient when wiring is restricted, as is often the case with FPGAs. 

The CORDIC rotator described is usable to compute several trigonometric functions directly 

and others indirectly. Choice of initial values and modes permits direct computation of sine, 

cosine, arctangent, vector magnitude and transformations between polar and Cartesian 

coordinates. 

4.2.2  Cordic Algorithms 

4.2.2.1   Trigonometric Cordic Algorithms 

   4.2.2.1.1  Sine and Cosine 

                    The rotational mode CORDIC operation can simultaneously compute the sine 

and cosine of the input angle. Setting the y component of the input vector to zero reduces the 

rotation mode result - 

𝑥	  K = 𝐴K[𝑥P cos 𝑍P]                                       (4.2.2.1.1.1) 

𝑦	  K = 𝐴K[𝑥P 	  sin 𝑍P]                                      (4.2.2.1.1.2) 

By setting 𝑥P equal to 1/𝐴K, the rotation produces the unscaled sine and cosine of the angle 

argument 𝑍P. The sine and cosine values modulate a magnitude value using the look up table 

requires a pair of multipliers to obtain the modulation. The CORDIC technique performs the 

multiply as part of the rotation operation, and therefore eliminates the need for a pair of 

explicit multipliers. The output of the CORDIC rotator is scaled by the rotator gain. If the 

gain is not acceptable, a single multiply by the reciprocal of the gain constant placed before 

the CORDIC rotator will yield unscaled results. It is worth noting that the hardware 

complexity of the CORDIC rotator is approximately equivalent to that of a single multiplier 

with the same word size. 

A logical extension to the sine and cosine is a polar to Cartesian coordinate transformer. The 

transformation from polar to Cartesian space is defined as- 

𝑥	   = 	  𝑟𝑐𝑜𝑠𝜃                                                (4.2.2.1.1.3)	  

𝑦	   = 	  𝑟	  𝑠𝑖𝑛𝜃                                               (4.2.2.1.1.4) 

As pointed out above, the multiplication by the magnitude comes for free using the CORDIC 

rotator. The transformation is accomplished by selecting the rotation mode with 𝑥P = polar 

magnitude, 𝑍P= polar phase and 𝑦P = 0. The vector result represents the polar input 
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transformed to Cartesian space. The transform has a gain equal to the rotator gain, which 

needs to be accounted for somewhere in the system. If the gain is unacceptable, the polar 

magnitude may be multiplied by the reciprocal of the rotator gain before it is presented to the 

CORDIC rotator. 

4.2.2.1.2  Inverse Sine and Cosine 

                In most cases, if a function can be generated by a CORDIC, its inverse can also 

be computed. Unless the inverse is calculable by changing the mode of the rotator, its 

computation normally involves comparing the output to a target value. The CORDIC inverse 

is illustrated by the Arcsine and Arccosine function. The Arcsine and Arccosine can be 

computed by starting with a unit vector on the positive 𝑥 axis, then rotating it so that its 𝑦 

component is equal to the input argument. The arcsine is then the angle subtended to cause 

the 𝑦 component of the rotated vector to match the argument. The decision function in this 

case is the result of a comparison between the input value and the y component of the rotated 

vector at each iteration- 

𝑥9=> = 𝑥9 − 𝑦9. 𝑑9	  289                                  (4.2.2.1.2.1) 

𝑦9=> = 𝑦9 + 𝑥9. 𝑑9	  289                                  (4.2.2.1.2.2) 

𝑍9=> = 𝑍9 − 𝑑9 	  tan−1(2−𝑖)                                (4.2.2.1.2.3) 

where 𝑑9 = +1	   if 𝑦9 < 𝑐, −1 Otherwise and 𝑐 = input argument 

Rotation produces the following formula- 

𝑥K = 	   𝐴K. 𝑥P H − 𝑐H                                     (4.2.2.1.2.4) 

𝑦K = 𝑐                                                     (4.2.2.1.2.5) 

𝑍K = 𝑍P + arcsin	  (𝑐/(𝐴K. 𝑥P))                             (4.2.2.1.2.6) 

𝐴K = 1 + 2−2𝑖	  K                                      (4.2.2.1.2.7) 

The arcsine function as stated above returns correct angles for inputs -1 < 	  (𝑐/(𝐴K. 𝑥P)) < 1, 

although the accuracy suffers as the input approaches +1 (the error increases rapidly for 

Inputs larger than about 0.98). This loss of accuracy is due to the gain of the rotator. For 

angles near the 𝑦-axis, the rotator gain causes the rotated vector to be shorter than the 

reference (input), so the decisions are made improperly. The gain problems can be corrected 

using a “double iteration algorithm [49] at the cost of an increase in complexity. The 

Arccosine computation is similar, except the difference between the 𝑥 component and the 
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input is used as the decision function. Without modification, the arccosine algorithm works  

only for inputs less than 1/𝐴K, making the double iteration algorithm a necessity. The 

Arccosine could also be computed by using the arcsine function and subtracting 𝜋/2 from the 

result, followed by an angular reduction if the result is in the fourth quadrant. 

4.2.2.2    Cordic Algorithm for Hyperbolic Functions 

       The close relationship between the trigonometric and hyperbolic functions suggests 

the same architecture can be used to compute the hyperbolic functions. While, there is early 

mention of using the CORDIC structure for hyperbolic coordinate transforms [48]. The 

CORDIC equations for hyperbolic rotations are derived using the same manipulations as 

those used to derive the rotation in the circular coordinate system. For rotation mode these 

are- 

𝑥9=> = 𝑥9 − 𝑦9. 𝑑9	  289                                           (4.2.2.2.1) 

𝑦9=> = 𝑦9 + 𝑥9. 𝑑9	  289                                          (4.2.2.2.2) 

𝑍9=> = 𝑍9 − 𝑑9 	  tan−1(2−𝑖)                                     (4.2.2.2.3) 

where 𝑑9 = −1	   if 𝑍9 < 0,+1 Otherwise. This provides the following result- 

𝑥	  K = 𝐴K[𝑥P cosh 𝑍P − 𝑦P sinh 𝑍P]                                   (4.2.2.2.4) 

𝑦	  K = 𝐴K[𝑦P cosh 𝑍P + 𝑥P sinh 𝑍P]                                    (4.2.2.2.5) 

𝑍	  K = 0                                                     (4.2.2.2.6) 

𝐴K = 1 + 2−2𝑖K = 0.80                                           (4.2.2.2.7) 

In vector mode  𝑑9 = +1	   if 𝑦9 < 0,−1 Otherwise, then the rotation produces- 

𝑥K = 𝐴K 𝑥PH − 𝑦PH                                              (4.2.2.2.8) 

𝑦K = 0                                                       (4.2.2.2.9) 

𝑍K = 𝑍P + tanh8>(	  
Z[
\[
	  )                              (4.2.2.2.10) 

𝐴K = 1 − 2−2𝑖K                                     (4.2.2.2.11) 

The elemental rotations in the hyperbolic coordinate system do not converge. However, it can 

be shown [48] that convergence is achieved if certain iterations (𝐼 = 4, 13, 40, 𝑘, 3𝑘 + 𝑙) are 

repeated. 
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The other trigonometry functions can be derived from the CORDIC functions- 

𝑡𝑎𝑛𝛼 = b9Kc
debc

, 𝑡𝑎𝑛ℎ𝛼 = b9Kgc
debgc

, 𝑒𝑥𝑝𝛼 = 𝑠𝑖𝑛ℎ𝛼 + 𝑐𝑜𝑠ℎ𝛼, 𝑙𝑛𝛼 = 2 tanh8> Z
\

  

where 𝑥 = 𝛼 + 1	  and𝑦 = 𝛼 − 1. 

Embedded MATLAB Function Block also employs fixed-point arithmetic via fixed point 

function (fi) function that is in Fixed-Point Toolbox. By using this tool, we can select the 

value of “word length”, “fractional length” and the “signed or unsinged” for the fi function.  

Fig. 4.2.1 Fixed-Point Tool 	  For Proposing Fractional Length For Given Word Length 
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Using MATLAB “Fixed point tool” we can generate fixed point code from floating point 

with the help of fixed point advisor, Fixed-Point Advisor uses either the design or 

simulation minimum and maximum from the floating-point data to propose the initial fixed-

point scaling. Using the Fixed-Point Tool’s scaling function, we analyse, refine, and 

optimize scaling for relevant blocks in the model that we initially scaled using Fixed-Point 

Advisor. We use the data type override feature to collect the dynamic range of signals in 

double precision. The Fixed-Point Tool uses this information to propose a more suitable 

fixed-point scaling for each block, based on the number of available bits. Individual blocks 

can be locked down to prevent them from being modified by the tool. automatic scaling 

with individually scaled blocks and accept or reject the proposed scaling for each signal. 

FPGA implementation use fixed-point representations 

4.3.    HDL Coder Tool 

         Hardware implementation of FrFT based- OFDM system in this transmitter and receiver 

implementation is presented and simulated. The design is developed using Simulink and the 

RTL code is generated by the Mathworks HDL coder. We wondered how HDL Coder 

compares with “high-level synthesis” tools currently on the market. Indeed, much like high-

level synthesis tools, HDL Coder is converting un-timed algorithms (captured in MATLAB) 

to specific, timed microarchitectures in HDL. High-level synthesis tools do that and quite a 

bit more including user-controlled architectural exploration, flexible memory generation, and 

interface synthesis. However, HDL Coder offers control over the most commonly used data 

path optimizations like pipelining, resource sharing, and loop unrolling. HDL Coder also 

offers both manual and automatic floating- to fixed-point conversion. That capability alone 

will expedite many design flows, as getting bit-widths optimized for your desired dynamic 

range is a bit of a tricky art all in itself.  

4.3.1    Target- Independent HDL Code Generation and Optimization 

               Simulink HDL Coder is high level design tool which generates synthesizable HDL 

codes, such as VHDL and Verilog, from HDL code from Matlab function, Simulink models 

and State flow finite state machines. Simulink HDL coder also provides interfaces to combine 

manually written HDL codes. It supports both FPGA and ASIC implementations. It is able to 

generate the corresponding testbench. Working together with Mathworks HDL verifier, it is 

also capable to verify the design and do FPGA-in-the-loop simulation. Assisted by its 

workflow adviser, users can easily generate the HDL codes by simple configuration. 
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Furthermore, HDL coder provides options on loop optimization and streaming optimization. 

Multichannel designs are also supported. According to the type of the high level model, the 

workflow of the HDL coder has two types: Matlab workflow and Simulink workflow. 

A user uses Simulink HDL Coder via the following steps- 

1)   First creates a Simulink design or the mat lab function to simulate a desired 

application 

2)   If the simulation requirements are met, then runs the Simulink HDL Coder 

compatibility checker for the designs’ suitability for HDL code generation 

3)   The co-simulates the design within Simulink using Zed board with zynq software 

support package with following setting  

 
Fig. 4.3.1.1 Workflow Advisor For configure the The Zed Board 
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4)   If Simulink design is compatible to generate HDL code, then runs Simulink HDL 

coder to generate HDL files for the design as well as a testbench in either Verilog or 

VHDL which are bit-true and cycle accurate  

5)   Now, by using testbench and HDL simulation tools to test the generated design 

6)    If the user is satisfied with the design, then export HDL codes to synthesis and 

layout tools for real hardware implementation. Simulink HDL coder also generates 

required scripts for the synthesis tools. 

Code Generation file give more flexibility for generating the overall or some part of the 

design by specifying some of the properties of certain blocks in the beginning, saving them in 

persistent form and reusing them if desired in the future designs. A code generation control 

file is simply Matlab (.m) file and currently supports selection and action statements. A user 

selects a group of blocks within a model, block type and location need to be defined, with 

selection commands. By choosing different implementation methods for the blocks which 

might include optimization for speed and/or area and specifying the stages for generation of 

Output pipeline stages. A code generation control file is attached to the design and executed 

when code generation process is invoked. If no specifications are provided, a default code 

generation file is created. 

Simulink HDL coder provides a detailed code generation report which eases for the 

traceability of hundred lines of codes generated automatically. Simulink HDL coder provides 

two types of linkage between the model and generated HDL code. Code-to-model and 

Model-to-code are hyperlinks, let user to view the blocks or subsystems from which the code 

was generated and generated code for any block in the model respectively.  

Simulink HDL Coder also provides Embedded MATLAB Function Block which 

automatically generates HDL code from a MATLAB (.m) file. Embedded MATLAB 

Function Block also employs fixed-point arithmetic via fi function that is in Fixed-Point 

Toolbox.  
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Fig. 4.3.1.2 HDL Code Generation Using Zed Board 

 

               

4.3.2    Synthesis and Analysis of HDL code 

  The Synthesis and Simulation Design tool provides an overview of designing Field 

Programmable Gate Array (FPGA) devices using a Hardware Description Language (HDL). 

After the generation and optimization of HDL coder our next goal is to synthesis the HDL 

code through the zed board with Vivado® Design Suite, The Vivado® Design Suite 

environment enables a rapid product development for software, hardware and systems 

engineers because after the synthesis we can find the resources requirement for this design. 

During the synthesis, several steps perform. In this I will discuss the result of each step for 

both FrFT and IFrFT kernel. 
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v   Report RTL Partitions IFrFT Block :  

 
Start RTL Hierarchical Component Statistics 
Hierarchical RTL Component report  
Module IFRFT- 
 
+---Multipliers:  
                 21x43 Multipliers: = 1      
                 15x35 Multipliers: = 15     
                 15x33 Multipliers: = 15     
+---Muxes:  
    2 Input     21 Bit        Muxes: = 34     
    2 Input     18 Bit        Muxes: = 27     
    2 Input     17 Bit        Muxes: = 2      
    2 Input     16 Bit        Muxes: = 40     
    3 Input     16 Bit        Muxes: = 2      
    2 Input     15 Bit        Muxes: = 6      
    2 Input     14 Bit        Muxes: = 2      
    2 Input     13 Bit        Muxes: = 1      
    2 Input     12 Bit        Muxes: = 1      
    2 Input     11 Bit        Muxes: = 2      
    2 Input     10 Bit        Muxes: = 1      
    2 Input      9 Bit        Muxes: = 1      
    2 Input      8 Bit        Muxes: = 1      
    2 Input      7 Bit        Muxes: = 1      
    2 Input      6 Bit        Muxes: = 1      
    2 Input      5 Bit        Muxes: = 1      
    2 Input      4 Bit        Muxes: = 1      
    2 Input      3 Bit        Muxes: = 1      
    2 Input      2 Bit        Muxes: = 5      
    3 Input      1 Bit        Muxes: = 1      
    2 Input      1 Bit        Muxes: = 1      
 
Report Check Net list:  
+------+------------------+-------+---------+-------+------------------+ 
|      |Item              |Errors |Warnings |Status |Description       | 
+------+------------------+-------+---------+-------+------------------+ 
|1     |multi_driven_nets |      0|        0|Passed |Multi driven nets | 
+------+------------------+-------+---------+-------+------------------+ 

Start Writing Synthesis Report 
 
Report BlackBoxes:  
+-+--------------+----------+ 
| |BlackBox name |Instances | 
+-+--------------+----------+ 
+-+--------------+----------+ 
 
Report Cell Usage:  
+------+--------+------+ 
|      |Cell    |Count | 
+------+--------+------+ 
|1     |CARRY4  |  2756| 
|2     |DSP48E1 |    18| 
|3     |LUT1    |  1950| 
|4     |LUT2    |  3701| 
|5     |LUT3    |  4662| 
|6     |LUT4    |  3055| 
|7     |LUT5    |  2408| 
|8     |LUT6    |  1646| 
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+------+--------+------+ 
Report Instance Areas:  
+------+---------------------+-----------------+------+ 
|      |Instance             |Module           |Cells | 
+------+---------------------+-----------------+------+ 
|1     |top                  |                 | 20196| 
|2     |  u_MATLAB_Function4 |MATLAB_Function4 | 20028| 
+------+---------------------+-----------------+------+ 
---------------------------------------------------------------------------
------ 
Finished Writing Synthesis Report: Time (s): cpu = 00:00:57; elapsed = 
00:01:00. Memory (MB): peak = 860.461; gain = 729.453. 
 
 
v   Report RTL Partitions FrFT Block :  
 
Start RTL Hierarchical Component Statistics 
Hierarchical RTL Component report  
Module FrFT- 
+---Multipliers:  
                 21x43 Multipliers: = 1      
                 15x32 Multipliers: = 30     
+---Muxes:  
    2 Input     21 Bit        Muxes: = 34     
    2 Input     18 Bit        Muxes: = 27     
    2 Input     17 Bit        Muxes: = 2      
    3 Input     16 Bit        Muxes: = 2      
    2 Input     16 Bit        Muxes: = 40     
    2 Input     15 Bit        Muxes: = 6      
    2 Input     14 Bit        Muxes: = 2      
    2 Input     13 Bit        Muxes: = 1      
    2 Input     12 Bit        Muxes: = 1      
    2 Input     11 Bit        Muxes: = 2      
    2 Input     10 Bit        Muxes: = 1      
    2 Input      9 Bit        Muxes: = 1      
    2 Input      8 Bit        Muxes: = 1      
    2 Input      7 Bit        Muxes: = 1      
    2 Input      6 Bit        Muxes: = 1      
    2 Input      5 Bit        Muxes: = 1      
    2 Input      4 Bit        Muxes: = 1      
    2 Input      3 Bit        Muxes: = 1      
    2 Input      2 Bit        Muxes: = 5      
    3 Input      1 Bit        Muxes: = 1      
    2 Input      1 Bit        Muxes: = 1      
 
Report Check Net list:  
+------+------------------+-------+---------+-------+------------------+ 
|      |Item              |Errors |Warnings |Status |Description       | 
+------+------------------+-------+---------+-------+------------------+ 
|1     |multi driven_nets |      0|        0|Passed |Multi driven nets | 
+------+------------------+-------+---------+-------+------------------+ 
 
Start Renaming Generated Instances 
Report BlackBoxes:  
+-+--------------+----------+ 
| |BlackBox name |Instances | 
+-+--------------+----------+ 
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Report Cell Usage:  
+------+--------+------+ 
|      |Cell    |Count | 
+------+--------+------+ 
|1     |CARRY4  |  2664| 
|2     |DSP48E1 |    34| 
|3     |LUT1    |  1666| 
|4     |LUT2    |  3602| 
|5     |LUT3    |  4422| 
|6     |LUT4    |  3015| 
|7     |LUT5    |  2376| 
|8     |LUT6    |  1676| 
+------+--------+------+ 
 
Report Instance Areas:  
+------+---------------------+-----------------+------+ 
|      |Instance             |Module           |Cells | 
+------+---------------------+-----------------+------+ 
|1     |top                  |                 | 19455| 
|2     | u_MATLAB_Function3 |MATLAB_Function3 | 11037 | 
+------+---------------------+-----------------+------+ 
 
Finished Writing Synthesis Report: Time (s): cpu = 00:00:55; elapsed = 
00:00:58. Memory (MB): peak = 859.145; gain = 727.422 
--------------------------------------------------------------------------- 
 

4.3.3    Model Validation 

                After the synthesis the last step is model validation  

 
Fig. 4.3.2.1 Annotate Model With Synthesis 
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4.3.4   Advantages and Disadvantages of HDL coder Design 

4.3.4.1 Advantages Of Simulink HDL Coder Design Tool 

•   Simulink HDL coder users to realize hardware directly from Simulink designs  

•   Simulink HDL coder provides Code Generation Control Files options that a user 

can specify the properties of certain blocks including different implementation 

methods and pipeline stages, save and reuse these control files 

•   Simulink HDL coder provides a detailed code generation report from code-to-

model and model-to-code and lets user to add text annotations in different ways 

•   Simulink HDL coder user insert distributed pipeline using Embedded MATLAB 

Function Blocks. Inserting pipeline lets user to gain higher clock rates using 

pipeline registers with the price of increasing latency 

 

 

4.3.4.2  Disadvantages Of Simulink HDL Coder Design Tool 

•   Not all the Simulink built-in blocks are supported. Code Generation Control 

Files are under development, therefore provides access to some certain blocks 

with certain capabilities 

•   Embedded MATLAB Function Block has its own limitations and do not support 

all the operations such as nested functions and use of multiple values in the left 

side of an expression. HDL compatibility checker that provided is only capable 

of processing a basic compatibility checks on this block. 
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Summary of the the Fixed-point tool and the HDL coder tool box: 
Matlab	  file	  

	  

	  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.4.     HDL Verifier tool 

          In this part, discussed about the HDL verifier tool after completion of the HDL coder 

tool. Mathworks announced “HDL Verifier Tool” which provides FPGA-based hardware-in-

the-loop capabilities. This allows execution of the algorithm and evaluating to be done at 

hardware speeds, allowing a much more exhaustive set of stimulus and test data to be 

applied. From the MATLAB or Simulink and go directly to synthesizable, simulatable HDL, 

Verification of the 
Floating-Point Design 

Transformation of 
floating point design into 

fixed point design 

Verification of the fixed 
point design through 

MATLAB simulations 

Generation of RTL HDL 
code for the design 

Verification of the RTL 
model 

Analysis of the 
input MATLAB design 

Synthesis, 
Implementation and 

Verification of the model 
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and then to an FPGA-based hardware-in-the-loop prototype platform. HDL Coder can re-

generate HDL, and you’re back in the evaluation part of the loop quickly. This should 

dramatically accelerate the iteration loop for algorithmic designs or subsystems - particularly 

those that are data path-oriented (such as signal processing.) Auto-generation of HDL 

generally makes synthesis and timing closure.  

Mathworks has partnered with Xilinx, has actually automated the flow, and supports a 

number of FPGA development boards for the hardware-in-the-loop function. All of this 

partnering means that you can use the most popular FPGAs and development boards, along 

with the most popular simulation engines, and enjoy the new capabilities of HDL Coder and 

HDL Verifier. 

For hard-core custom chip designs, teams may still often end up doing hand-coded 

optimization of their HDL code. However, for most prototyping and FPGA work, HDL 

Coder should provide an express lane from algorithm to implementation, and it should allow 

us to try a lot more variations and iterations on our design before settling in on our favorite. It 

should also make the path from algorithm to verified hardware much more deterministic.  

4.4.1    FPGA-in-the-loop verification using Xilinx (Zed board) 

               Hardware-in-the-Loop (HIL) has seen extensive use to test algorithms in embedded 

systems. More recently, HIL has become increasingly popular in the design of complex ICs 

and embedded system for all kinds of electronics. As FPGAs increase in capacity and 

performance, they more closely resemble custom ICs in terms of their capabilities, and HIL 

has become a necessary verification strategy for modern FPGAs. Let's consider a typical 

usage scenario. We start in the software simulation domain, verifying the design at a high 

level of abstraction. This allows us to benefit from the acceleration of much of the design 

yielding dramatically faster simulation iterations. As each new block is verified at the RTL 

level in the context of our full-chip design, its synthesized/gate-level equivalent can be 

moved over into the physical FPGA. Using this technology – combining conventional 

simulation with physical hardware and an appropriate debugging environment – it is possible 

to very quickly detect, isolate, identify, and resolve bugs, irrespective of where they 

originated in the FPGA design flow. 
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Fig. 4.4.1.1 FPGA-In-LOOP IFrFT kernel 

 

 
Fig. 4.4.1.2 FPGA-In-LOOP FrFT kernel 
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4.5.   Real-time transmission of a video signal 

         An example of a real time Simulink model implementing an FrFT based- OFDM 

system for the transmission of a video signal over a frequency selective Rayleigh fading 

channel in presence of CFO is considered. The video signal is captured from webcam and 

FPGA-in-loop is used to accelerate the processing at the transmitter and receiver. In this case 

the students can directly observe the improved quality of the reconstructed video signal at the 

output of the receiver in case of FrFT based- OFDM system in comparison to an FFT based 

ones. The model of the implemented system is shown in Fig. 4.5.2. The demonstration of the 

simulation speed improvement is the main goal of this lab. 

	  
Capture	  Video	  From	  Webcam	  

	  
Receive	   Video	   at	   𝛼 = 𝜋/2	   (FFT	   based	   -‐‑
OFDM)	   for	   SNR=40	   dB	   at	   𝜀 = 0.1.	   BER=.	  
00235.	  

	  
Receive	  Video	  at	  𝛼 = 1.584	  (FFT	  based	  -‐‑
OFDM)	   for	  SNR=40	  dB	  at	  𝜀 = 0.1.	  BER=.	  
000318.	  

	  
Receive	  Video	  at	  𝛼 = 1.578	   (FFT	  based	   -‐‑	  
OFDM)	   for	   SNR=40	   dB	   at	   𝜀 = 0.1.	   BER=.	  
000618.	  

Fig. 4.5.1 Example of captured and reproduced video signals in case of an                            
FrFT based- system and an FFT based- system. 
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Fig. 4.5.2 Model for real-time video capture simulation 
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CHAPTER-5 
 CONCLUSION & 

FUTURE SCOPE 
 

This chapter is organised as: In first section, the Thesis report is concluded regarding the 

Performance Analysis and Hardware Implementation of FrFT/FFT -based OFDM System in 

presence of CFO and STO. In second section, the further scope of this work is decided through 

the problem formulation after making a literature survey thoroughly based on “Performance 

Analysis and Hardware Implementation of FrFT/FFT -based OFDM System in presence of 

CFO and STO”. And efficient hardware implementation of FrFT because implementation 

complexity is a major problem of FrFT. The use FrFT is also in Generalized Frequency 

Division Multiplexing (GFDM) in 5th Generation Non-Orthogonal Waveforms for 

Asynchronous Signalling (5GNOW) based on GFDM. After discussing the further scope of 

this work, future plan can easily be formulated. 

5.1.     CONCLUSION 

    OFDM is a special case of wideband multicarrier modulation in which multiple symbols 

are transmitted in parallel using different sub-carriers with overlapping frequency bands that 

are mutually orthogonal. An equivalent wideband frequency bandwidth is separated into a 

number of narrowband signals. The time dispersion caused by multipath delay is reduced 

because the symbol duration of a narrowband signal will be larger than that of a wideband 

transmission scheme. The overlapping multicarrier techniques can implement the same number 

of channels as conventional FDM system but with a reduced amount of bandwidth. In 

conventional FDM, adjacent channels are separated using guard band.  

In OFDM, each subcarrier has integer number of cycles within a given time interval T, and the 

number of cycles by which each adjacent subcarrier differs is exactly one. This implementation 

adds orthogonality to the subcarriers. Because of these inherent properties (orthogonal 

subcarriers) it saves the bandwidth during the transmission. In OFDM system the bandwidth is 

divided into N slots and then data rate is increased by N-times.  

In 3rd generation WCDMA and OFDM was used. Just because of these OFDM (multicarrier 

system) a large number of high data rate applications became possible like- 

•   DAB 

•   HDTV 

•   Wireless LAN networks 
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CONCLUSION & FUTURE SCOPE	  

•   IEEE 802.16 Broadband Wireless Access System 

•   Multimedia applications e.g. video games etc. 

 The subcarriers are data modulated using phase shift keying or quadrature amplitude 

modulation. The amplitude spectrum of each modulated subcarrier using either PSK or QAM, 

narrowband channels where N is the number of sub-carriers. However, if the delay spread is 

longer than the symbol duration, multipath will affect performance. A guard time is introduced 

to eliminate ISI caused by delay spread. As a rule, the guard time is usually two to four times 

larger than the expected delay spread. To reduce ICI, OFDM symbols are cyclically extended 

into the guard interval. An OFDM symbol will have an integer number of cycles in the FFT 

interval as long as the delay is less than the guard time.  

It is well known that synchronization is a major issue of OFDM systems based on the use of 

FFT. It has already been established that an OFDM system based on the use of the FrFT, a 

generalization of the Fourier transform with 𝛼. where ‘𝛼′ is FrFT angle parameter at 𝛼 = 𝜋/2 

FrFT become FFT, are less affected by synchronization errors in comparison to OFDM systems 

based on the use of FFT.  

The impact of synchronization issues can also be higher in future wireless cellular system, 

where the use of non-proportional subcarrier spacing will be required to accommodate the 

necessary bandwidth. As a consequence, orthogonality is destroyed and ICI among the sub-

carriers and ISI will arise. 

Our main objective was Performance Analysis and Hardware Implementation of FrFT/FFT -

based OFDM System in presence of CFO and STO. First of all, a careful literature survey was 

done based on the FFT -based OFDM in presence of CFO and STO system.  

v  FFT-OFDM system 

During the literature survey the  paper [ 44 and 45]  has been followed where the proposed  work based 

on the BER evaluation of FFT based- OFDM system in presence of CFO and STO, have been 

summarised till 2015 with considerations the  BPSK modulation techniques in AWGN as well as  fading 

environment(multi path channel). So, in [44, 45] the following results have been discussed and all results 

existing in this article [44, 45] are verified correctly by us. The results are following- 

v   BER expression for BPSK modulation  in following environments- 

•   AWGN channel 

•   Flat fading channel 

•   Frequency selective fading channel 
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By following the above system mode in this thesis work, proposed SER expressions for QPSK 

modulation technique in presence of CFO and STO. 

v   QPSK modulation in following environments - 

•   AWGN channel 

•   Flat fading channel 

•   Frequency selective fading channel 

 

Ø   FrFT -based OFDM system 

After taking literature review on FFT -based OFDM system, we moved towards the thoroughly 

literature review on the FrFT -based OFDM system. During the literature review the latest 

research paper based on “performance evaluation of FrFT -based OFDM system” [54] in 2010 

was taken in which it is found that only ICI expression has been derived in FrFT -based OFDM 

system. In the literature BER expression [50, 51] are given first time, and also continued to 

analyze performance of FrFT -based OFDM system in presence of CFO and derived SER 

expression for QPSK in case of frequency selective fading channel [52]. Now, BER/SER 

expression is derived for the FrFT -based OFDM system with different modulation schemes 

with different channel environments. 

These results are following- 

v   BER expression for BPSK modulation scheme in following environments- 

•   AWGN channel 

•   Flat Fading channel 

•   Frequency Selective Fading channel 

 

v   QPSK modulation in following environments - 

•   AWGN channel 

•   Flat fading channel 

•   Frequency selective fading channel 

 

Till now, above results are derived successfully and simulated also. It is also verified that FrFT 

-based OFDM system performs similar to FFT -based OFDM at 𝛼 = 𝜋/2 and performs better 

than it for other values of 𝛼. The FrFT -based OFDM system (with different values of ‘α’) 

provides better BER and ICI than DFT based OFDM system.  
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Based on these results, some paper were published and summited listed below-  

1.   S. Kumari, S. Kr. Rai, A. Kumar, H. D. Joshi, A. Kr. Singh, R. Saxena: “Closed form 

relations for ICI and BER in FRFT-OFDM system”, in Proc. Int. Advance Comp., 

pp. 708-712, 2013. 

2.   S. Kumari, S. Kr. Rai, A. Kumar, H. D. Joshi, A. Kr. Singh, and R. Saxena: “Exact 

BER analysis of FRFT-OFDM system over frequency selective Rayleigh fading 

channel with CFO”, Elect. Lett., vol. 49, no.13, pp. 1299-1301, Sept. 2013. 

3.    A. Kumar, M. Magarini, H. D. Joshi, and R. Saxena: “Exact SER Analysis of FrFT-

based QPSK OFDM system over Frequency Selective Rayleigh Fading Channel 

with CFO”, submitted to Electron. Lett., May 2015. 

4.   I extended work done in [44] for FFT-based QPSK OFDM in the presence of both 

carrier frequency offset (CFO) and symbol timing offset (STO), We intend to submit 

results to in “IEEE Transactions on wireless communications. 

Through above discussions our proposed work is concluded. By, studying thoroughly our 

proposed work, the further scope of this work can be decided easily. Now, in next section the 

future plan or further scope of this work will be discussed. 

5.2.      FUTURE SCOPE 
 

             Further, in FFT -based OFDM and FrFT -based OFDM system the future work can be 

planned separately based on the literature review. 

Ø   FFT –based OFDM system 

After studying [44, 45], further work on “performance evaluation of FFT –based OFDM 

system in presence of CFO and STO” can be planned as- 

v   BER expression of QAM modulation scheme- 

•   AWGN channel  

•   Flat fading channel 

•   Frequency selective fading channel. 

In wireless communication, QAM modulation techniques is being used. So, BER evaluation of 

QAM modulation technique is very important. 
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Ø   FrFT -based OFDM system 

After studying [54], further work can be proposed based on “performance Analysis of FrFT -

based OFDM system in presence of CFO and STO”. These work can be:- 

v   BER expression for BPSK modulation scheme in following environments- 

•   AWGN channel 

•   Flat Fading channel 

•   Frequency Selective Fading channel 

v   BER expression of QPSK modulation scheme- 

•   AWGN channel 

•   Flat Fading channel 

•   Frequency fading channel 

v   BER expression of QAM modulation scheme- 

•   AWGN channel 

•   Flat Fading channel 

•   Frequency Fading channel  

These above results have not been given yet. So, anyone can take step from here for further 

“performance Analysis of OFDM system.” Apart from these many scopes are there based on 

the performance evaluation. If anyone is interested in Error Control Coding subject then the 

performance can be improved to a better extent by using different coding system. So, a better 

scope is there by using coding system. 

v   One important aspect with this work “Hardware Implementation of FrFT” 

Future wireless systems will be based on configurable MCM techniques. Software defined 

radio approach seems the most promising solution to implement reconfigurable MCM where 

many DSP operations. 

It is well known that synchronization is a major issue of OFDM systems based on the use of 

FFT. It has already been established that an OFDM system based on the use of the FrFT, a 

generalization of the Fourier transform with 𝛼. where 𝛼 is FrFT angle parameter at 𝛼 = 𝜋/2 

FrFT become FFT, are less affected by synchronization errors in comparison to OFDM systems 

based on the use of FFT.  

The impact of synchronization issues can also be higher in future wireless cellular system, 

where the use of non-proportional subcarrier spacing will be required to accommodate the 
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necessary bandwidth. As a consequence, orthogonality is destroyed and ICI among the sub-

carriers and ISI will arise.  

A solution recently investigated to address this problem consists in abandoning strict 

orthogonality among subcarriers, partially or altogether, and controls the impairments instead. 

To this aim, the concept of flexible non-orthogonal multicarrier waveforms has come into 

existence. In such a context several multicarrier schemes are currently being evaluated as 

candidate air interface of next generation wireless communication systems. Among these, filter 

bank multi-carrier (FBMC), generalized frequency division multiplexing (GFDM), unified 

frequency multi-carrier (UFMC), filtered-OFDM are brought up and being actively studied to 

meet the diverse demands of different scenarios.  

In the future we can do efficient implementation of an FrFT -based OFDM system in order to 

verify the improved tolerance to ICI and ISI. We will consider the adaptation to FrFT of all 

major synchronization algorithms developed for FFT -based OFDM systems. We will also 

analyze performance with different modulation techniques over different channel 

environments including multiple-input multiple-output (MIMO) channels.  

There are many more problems and scope of innovation in future mobile systems to improve 

the performance of systems based on the use of non-orthogonal multicarrier waveforms. The 

main hypothesis of this proposal is that the underlying design principles-synchronism and 

orthogonality of the physical layer of mobile radio systems constitute a major obstacle for the 

envisioned service architecture. Hence, there is a clear motivation for an innovative and in part 

disruptive re-design of the physical layer from scratch. In this project we will explore the 

inherent trade-offs between possible relaxation in orthogonality and synchronism and their 

corresponding impact on performance versus the required signal processing capabilities. The 

project proposal will focus on implementation aspects of emerging MCM technologies suitable 

for future wireless multicarrier systems. 

One of the main future scope of this work is the development of a flexible software defined air 

interface based on MCM and the increase of the simulation speed by FPGA in the loop. This 

will allow for the definition of the fundamental building blocks and the related parameters 

including spectrum, bandwidth, multiple access schemes, waveform, and so on. The 

implementation of the considered MCM technique will be tested by using FPGA in the loop 

co-simulation in the case where the transmitted signal will be acquired form a generic USB 

webcam.  
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	  Future Lab Activity:  

Lab Activity 1: Efficient Implementation of the GFDM 

Abstract: In 5GNOW several multicarrier schemes are currently being evaluated candidates for 

physical layer of next generation of mobile communication system, namely Generalized 

Frequency Division Multiplexing (GFDM), Universal Filtered Multicarrier (UFMC), Filter 

Band Multicarrier (FBMC) and Bi-orthogonal Frequency Division Multiplexing (BFDM). 

Among these, GFDM has been proposed as air interface of 5G networks. GFDM is based on 

the modulation of independent blocks, where each block consists of a number of sub-carriers 

and sub-symbols with a single CP, so that the spectral efficiency improves as compared to 

OFDM. In this lab activity focus on Hardware implementation of GFDM using MATLAB with 

Zed-board. First prepare the Simulink model of GFDM after that using “Fixed Point Tool” 

along with fixed point advisor generate the efficient fixed point model and then by using the 

“HDL coder” generate the HDL code and also for optimizing the code through the HDL 

workflow Advisor and finally FPGA in the Loop co-simulation with the Xilinx ZYNQ SoC 

FPGA by using the HDL Verifier Toolbox. 

Lab Activity 2: GFDM Base Transceiver Implementation In presence of CFO and STO  

Abstract: Generalized Frequency Division Multiplexing (GFDM) base transceiver in presence 

of CFO and STO design as proof-of-concept for a new waveform with low implementation 

complexity. The implementation is based on the MATLAB along with Zed-board hardware 

platform. GFDM is investigated within 5GNOW as a candidate 5G waveform.  In this lab 

activity focus on Hardware implementation of complete receiver with equalization and 

synchronization of both CFO and STO using MATLAB with Zed-board. First prepare the 

complete Simulink model in presence of CFO and STO along with synchronization algorithms 

using FrFT.  After that using “Fixed Point Tool” along with fixed point advisor generate the 

efficient fixed point model and then by using the “HDL coder” generate the HDL code and 

also for optimizing the code through the HDL workflow Advisor and finally FPGA in the Loop 

co-simulation with the Xilinx ZYNQ SoC FPGA by using the HDL Verifier Toolbox. 

Lab Activity 3: Implementation of FBMC and UFMC 

Abstract: In this activities focused on basic transceiver functionalities of Universal Filtered 

Multi-Carrier (UFMC), Universal Filtered OFDM (UF-OFDM) and Filter Band Multicarrier 

(FBMC). UFMC is investigated within 5GNOW as a candidate 5G waveform. Hardware 
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implementation of FBMC and UFMC using MATLAB along with Zed-board. In this lab 

activity focus on Hardware implementation of GFBMC and UFMC using MATLAB with Zed-

board. First prepare the Simulink model then after that using “Fixed Point Tool” along with 

fixed point advisor generate the efficient fixed point model and then by using the “HDL coder” 

generate the HDL code and also for optimizing the code through the HDL workflow Advisor 

and finally FPGA in the Loop co-simulation with the Xilinx ZYNQ SoC FPGA by using the 

HDL Verifier Toolbox. 

Lab Activity 4: Real-time transmission of a video signal through FrFT- based 5GNOW 

system in presence of CFO and STO 

Abstract:  An example of a real time Simulink model implementing an FrFT-based 5GNOW 

system for the transmission of a video signal over a frequency selective Rayleigh fading 

channel in presence of CFO and STO is considered. The video signal is captured from webcam 

and FPGA-in-loop is used to accelerate the processing at the transmitter and receiver. In this 

lab activity we can directly observe the improved quality of the reconstructed video signal at 

the output of the receiver in case of FrFT-based 5GNOW system. 
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