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“The best thing about being a statistician is that you get to play in
everyone’s backward”

John Wilder Tukey
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Abstract

This work focuses on inferential methods for functional data. An overview about
inferential methods able to select the statistically significant intervals of the domain is
provided, especially focusing on permutation solutions. The Interval Testing Proce-
dure properties are explored through simulations. The investigation of the Smooth-
ing effects on the inferential analysis is all-important. A simulation study is con-
ducted where the Interval Testing Procedure is compared with Benjamini-Hochberyg,
Bonferroni-Holm and Bonferronit multiple testing procedures. The chosen metrics
are the Family Wise Error Rate, the Rejection Rate of the False null hypotheses, the
Rejection Rate of the True null hypotheses and the Power. The hypothesis testing
problem is the two-sided distributional comparison between two independent popula-
tions of functions. The differences between populations in terms of mean are localized
in an interval located in the center of the domain. The B-spline basis expansion is
used throughout the simulations. Both the Regression and Smoothing splines meth-
ods are considered. The parameters of interest related to Smoothing are the order
of the basis elements, the number of basis elements and the smoothing parameter.
The parameters of interest determining the data set are the number of evaluations,
the standard deviation of the additive Normal noise and the number of statistical
units. It is of relevant interest to explore the differences in terms of the ability to
make true discoveries between the Interval Testing Procedure and the Benjamini-
Hochberg procedure, knowing that the former procedure controls the Family Wise
Error Rate on intervals and the latter procedure ensures only a weak control of the
Family Wise Error Rate. Best practices can be deduced from the simulation results
such as the optimality of the cubic splines with a sufficiently high number of basis
elements for the Interval Testing Procedure in the case of discontinuos functional
data. In these scenarios, the performances of the Interval Testing Procedure and
the Benjamini-Hochberg procedure are equivalent in terms of the Rejection Rate of
the False null hypotheses. The Rejection Rate of the False null hypotheses is a more
precise measure of the ability to make true discoveries than the Power. Finally, in
general for Interval Testing Procedure it is better to choose the number of basis ele-
ments relatively high. The code for the simulations has been implemented in R. The

fdatest R package has been used modifying the source code. The most important



update is the implementation in C of the combining matrix construction which is
the most computationally expensive task in the Interval Testing Procedure algorithm
for the Two-population framework. The used implementation of the Interval Test-
ing Procedure directly works on an object of the functional data class. Hence, the
Smoothing is entrusted to the user avoiding subjective choices which had to be taken
automatically in the original version of fdatest. These features involve a significant

gain in terms of execution time and a simplification of the interface.

Keywords: Functional Data Analysis, Inference, Interval Testing Procedure,

Permutation Tests, Domain Selection, B-splines, fdatest R package



Sommario

Questo lavoro si focalizza sui metodi inferenziali per dati funzionali. Viene data
una visione d’insieme riguardo ai metodi inferenziali in grado di selezionare gli in-
tervalli del dominio statisticamente significativi, in particolare concentrandosi su
soluzioni permutazionali. Le proprietd dell’ Interval Testing Procedure vengono es-
plorate per via simulativa. Lo studio degli effetti dello Smoothing sull’analisi in-
ferenziale é di primaria importanza. Uno studio di simulazione viene effettuato
dove I'Interval Testing Procedure viene confrontata con le correzioni di molteplic-
itd Benjamini-Hochberg, Bonferroni-Holm e Bonferroni. Le metriche scelte sono il
Family Wise Error Rate, il Tasso di Rifiuto delle ipotesi nulle False, i1 Tasso di Rifiuto
delle ipotesi nulle Vere e la Potenza. 1l test di ipotesi & il confronto distribuzionale
bilatero tra due popolazioni indipendenti di funzioni. Le differenze tra le popolazioni
in termini di media sono localizzate in un intervallo situato nel centro del dominio.
L’espansione in base B-spline é usata in tutte le simulazioni. Vengono considerati
entrambi i metodi Regression splines e Smoothing splines. 1 parametri di interesse
legati allo Smoothing sono 'ordine degli elementi della base, il numero degli elementi
della base e lo smoothing parameter. 1 parametri di interesse che determinano il data
set sono il numero di valutazioni, la deviazione standard del rumore Normale addi-
tivo ed il numero di unita statistiche. E di rilevante interesse esplorare le differenze
in termini dell’abilita di effettuare vere scoperte tra I'Interval Testing Procedure e la
procedura Benjamini-Hochberg, sapendo che la prima procedura controlla il Family
Wise Error Rate per intervalli e la seconda procedura garantisce solo un controllo
debole del Family Wise Error Rate. Dai risultati delle simulazioni si possono dedurre
best practices come 'ottimalita delle spline cubiche con un numero sufficientemente
elevato di elementi della base per I'Interval Testing Procedure nel caso di dati fun-
zionali discontinui. In questi scenari, le prestazioni dell’ Interval Testing Procedure e
della procedura Benjamini-Hochberg sono equivalenti in termini del Tasso di Rifiuto
delle ipotesi nulle False. 11 Tasso di Rifiuto delle ipotesi nulle False costituisce una
misura piu precisa dell’abilita di effettuare vere scoperte rispetto alla Potenza. In-
fine, in generale per I'Interval Testing Procedure & meglio scegliere il numero degli
elementi della base sufficientemente elevato. Il codice per le simulazioni & stato imple-

mentato in R. Il pacchetto R fdatest & stato usato modificandone il codice sorgente.



L’aggiornamento pit importante & I'implementazione in C della costruzione della
combining matrix che & 'operazione pin costosa nell’algoritmo per 1’Interval Test-
ing Procedure nel caso del confronto distribuzionale tra due popolazioni di funzioni.
L’implementazione usata dell’ Interval Testing Procedure opera direttamente su un
oggetto della classe functional data. Pertanto, lo Smoothing & affidato all’utente
evitando scelte soggettive che dovevano essere prese in automatico nella versione
originale di fdatest. Queste caratteristiche comportano un significativo guadagno in

termini di tempo d’esecuzione ed una semplificazione dell’interfaccia.

Parole chiave: Analisi Dati Funzionali, Inferenza, Interval Testing Procedure,

Test di Permutazione, Domain Selection, B-splines, pacchetto R fdatest
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Introduction

The statistical analysis of functions is a noteworthy research area commonly
called Functional Data Analysis (Ramsay and Silverman), 2002; Silverman and Ram-
sayl 2005; (Cuevas, 2013)). The observed functions are conceived as elements of a
functional space which is typically Hilbert separable. A well-known example is given
by the space of the square integrable functions L?. Other types of spaces have
been also considered such as the metric spaces (Ferraty and Vieu|, [2006; [Ferraty
and Romain, 2011). Several results have been obtained as far as concerns the data
description (e.g., Smoothing methods) and the data exploration (e.g., Functional
Principal Component Analysis). Many techniques are available and well-established
(De Boor}, 2001} [Silverman and Ramsay, 2005} Schumaker, 2007)).

On the contrary, Inference is a recent and challenging topic in Functional Data
Analysis. Inferential methods have been proposed specifically for the Functional
Analysis of Variance problem in Zhang (2013) and under parametric and/or asymp-
totic assumptions in Horvath and Kokoszkal (2012). In the case of functional data,
the classical parametric assumptions (e.g., homoscedasticity, normality) can be un-
realistic or assumed for mere convenience. Moreover, the normality assumption is
not verifiable in the Functional Data Analysis framework. In fact, it implies that
the projections of the functional data over every element of the functional space is
normally distributed (Tarpey and Kinateder, 2003). Alternatively, we can opt for
nonparametric methods. The nonparametric inference is generally based on permu-
tation tests (Corain et al., 2014)) or on bootstrap techniques (Hall and Tajvidil, [2002;
Hall and Keilegom, [2007)).

The overwhelming majority of nonparametric and parametric available methods
for hypothesis testing in Functional Data Analysis are global and, hence, if the null
hypothesis is rejected, they are not able to impute such a rejection on a particular
part of the domain. The selection of the intervals where the null hypothesis is false is
a desired property (domain selection), especially in applications. The methodologies
proposed in [Pini and Vantini| (2013)) (Interval Testing Procedure) and in Pini and
Vantini (2015al) (Interval-wise test) guarantee the selection of the significant domain
intervals. The same holds for the test proposed in [Vsevolozhskaya et al.| (2014)) for a

set of a priori selected sub-intervals.



Introduction

From a methodological point of view, we focus on the study of inferential meth-
ods provided with the domain selection property in the Functional Data Analysis
framework. Additionally, we want to explore the Interval Testing Procedure proper-
ties through a simulation study. Therefore, in this work we use the permutation tests
since in the Interval Testing procedure the Nonparametric Combination methodol-
ogy is applied; the Nonparametric Combination is a fundamental theoretical tool for

multiple testing in the permutation approach (Pesarin and Salmasol, 2010).

The Interval Testing Procedure, as a first step, requires the discretization of the
data through an appropriate basis expansion. The univariate permutation tests are
expressed in terms of the basis coefficients. Then, from the univariate p-values,
the multivariate tests, expressed in terms of the coefficients and associated with the
family of all possible consecutive hypotheses, are performed using the Nonparametric
Combination methodology. Finally, with a maximization operation on the p-values
obtained from the previous step, the univariate p-values are adjusted. The Interval
Testing Procedure is characterized by an interval-wise control of the Family Wise
Error Rate (i.e., the control of the Family Wise Error Rate is guaranteed for every
set of consecutive true null hypotheses). Such a control is intermediate between the
strong control (i.e., the control of the Family Wise Error Rate is guaranteed for all
possible sets of true null hypotheses) and the weak control (i.e., the control of the
Family Wise Error Rate is guaranteed only when the set of the true null hypotheses
is composed by all null hypotheses).

A permutation test is essentially based on a family of transformations which
preserve the likelihood under the null hypothesis (admissible permutations) and on
a suitable test statistic which is stochastically larger under the alternative hypothesis
than under the null hypothesis. The p-value of the test is given by the proportion
of permuted scenarios in which the test statistic evaluated on the permutations is
greater than or equal to the value of the test statistic applied on the observed data.
Since the set of all possible permutations is often too large to be explored in its
entirety, only a subset of the permutations is explored through a Conditional Monte
Carlo algorithm. The permutation tests are conditional procedures of inference. The
conditioning is on a set of sufficient statistics under the null hypothesis. This kind of
conditioning and the assumed existence of likelihood-invariant transformations under
the null hypothesis (exchangeability condition under the null hypothesis) imply the
independence of the permutation tests from the likelihood model associated with the
population distribution. A fundamental property implied by these conditions is the
exactness of the permutation tests (Pesarin and Salmasol, 2010)).

The purpose of the simulation study is the evaluation of the Interval Testing
Procedure performances with particular interest in Smoothing effects on the inferen-
tial analysis. The Interval Testing Procedure is compared with the multiple testing

procedures Benjamini-Hochberg (Benjamini and Hochbergl 1995), Bonferroni-Holm
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(Holml, 1979)) and Bonferroni based on the coefficients of the same basis expansion.
The selected metrics are the Family Wise Error Rate (i.e., the probability of reject-
ing at least one null hypothesis among the hypotheses to be accepted), the Rejection
Rate False null hypotheses (i.e., the expected rate of rejected null hypotheses among
the hypotheses to be rejected), the Rejection Rate True null hypotheses (i.e., the
expected rate of rejected null hypotheses among the hypotheses to be accepted) and
the Power (i.e., the probability of rejecting at least one null hypothesis among the
hypotheses to be rejected).

It is of relevant interest to explore the differences in terms of the ability to make
true discoveries between the Interval Testing Procedure and the Benjamini-Hochberg
procedure, knowing that the former procedure controls the Family Wise Error Rate
on intervals and the latter procedure ensures only a weak control of the Family Wise
Error Rate.

The hypothesis testing problem chosen for the simulations is the two-sided dis-
tributional comparison between two independent populations of functions (unpaired
case). The tested types of synthetic data set are populations of constant and step
functions (data set const-step) and populations of constant and tricube functions
(data set const-tricube). For each data type, the differences of the two populations
in terms of mean (fixed deterministic effect) are localized in an interval located in
the center of the domain. We have chosen these types of data set for the totally
different degree of regularity that distinguishes them; the data set const-step is not
regular since it exhibits discontinuities and, instead, the data set const-tricube is
rather regular since the tricube kernel belongs to C°. In order to avoid fictitious
differences in terms of true discovery rate, we have imposed that the L? distance
between the means of the first population composed by constant functions and of
the second population is the same for the data sets consi-step and const-tricube.

The B-spline basis expansion is used throughout the simulations. Both the Re-
gression and Smoothing splines methods are considered. The parameters of interest
related to Smoothing are the order m of the B-spline basis elements, the number
of basis elements p and the smoothing parameter A (Smoothing parameters). The
parameters determining the data set are the number of evaluations ng,q;, the stan-
dard deviation o,,ise of the additive Normal noise and the number of statistical units

Nunits (Data parameters).
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In brief, the purpose of the simulation study is the evaluation of the Inter-
val Testing Procedure performances compared with the multiple testing procedures

Benjamini-Hochberg, Bonferroni-Holm and Bonferroni ones by varying:
e The data set type (const-step or const-tricube)

e The parameters m and p, A (Smoothing parameters), Neyar and Opoise; MNunits

(Data parameters)

e The Smoothing method: Regression or Smoothing splines using the B-spline

basis expansion

The performances of the methods are evaluated by means of the metrics Family Wise
Error Rate, Rejection Rate False null hypotheses, Rejection Rate True null hypotheses
and Power.

The code for the simulations has been implemented in R 3.2.0 using fdatest 2.1
and fda 2.4.4 packages (Team, [2015; Pini and Vantini, 2015b; Ramsay et al., 2014]).
Smoothing has been performed using fda package. fdatest package has been used for
applying the Interval Testing Procedure in the Two-population framework using the
B-spline basis expansion.

The p-values obtained with the Interval Testing Procedure are stored in p X p
matrix called combining matrix which is the input of the p-values adjustement phase.
p is the number of the univariate p-values and it coincides with the number of basis
elements. The construction of the combining matrix is the most computationally
expensive task in the Interval Testing Procedure algorithm for the Two-population
framework. It costs p?.

Hence, the fdatest source code has been conveniently modified. In order to im-
prove the execution times, the construction of the combining matrix has been imple-
mented in C. It has been used the .C interface to R. The new implementation has
provided a speedup over the original implementantion equal to around 60x. This
result is useful both for simulations, where the Interval Testing Procedure must be
applied several times for each value of the parameter under analysis, and for scenarios
where it is reasonable to choose a high number of basis elements p.

Finally, the used implementation of the Interval Testing Procedure directly works
on an object of the functional data class. Therefore, the Smoothing is performed by
the user avoiding subjective choices which had to be taken automatically in the
original version of fdatest.

Chapter [1] provides an overview about Inference in the Functional Data Analysis
Framework focusing on methods characterized by the domain selection property.
The Interval-wise test (Pini and Vantini, 2015) and the Vsevolozhskaya-Greenwood-
Holodov test (Vsevolozhskaya et al., 2014) are explained.
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In Chapter [2] the adopted methodologies in the simulation study are illustrated.
The multiple testing procedures Bonferroni, Bonferroni-Holm and Benjamini-Hochberg
are briefly described. Then, the working principle of the Interval Testing Procedure
is explained for the Two-Population, Multi-Population, One-Population frameworks.
Finally, a brief discussion about the Smoothing splines method is reported.

Chapter |3] describes the simulation setting. More details are provided about the
tested data sets and the evaluation metrics.

In Chapter [ the simulation results are reported and discussed. The presentation
of the simulation results is divided in two parts determined by the Smoothing pa-
rameters (m and p for Regression splines, A for Smoothing splines) and by the Data
parameters (Nepqr and Opoise, Munits). M and p are the order and the number of the
B-spline basis elements, respectively. A is the smoothing parameter. neyq and opoise
are the number of evaluations and the standard deviation of the additive Normal
noise, respectively. nynits is the number of statistical units.

Finally, a discussion about the main simulation study results is reported and

possible future developments are suggested.



Chapter 1

State of the Art

1.1 Introduction

In recent decades great progress has been made in the Functional Data Analysis
(FDA) framework, i.e., the statistical analysis of functions (Silverman and Ramsay,
2005; [Ferraty and Vieul, 2006; Ferraty and Romain, |2011; |Cuevas|, 2013)). Several
methods have been developed for Smoothing (i.e., the conversion from observed data
to functional data) and dimensionality reduction (e.g., functional principal compo-
nents analysis) or more in general for exploratory analysis (Ramsay and Silverman),
2002; [Silverman and Ramsay, [2005). In FDA, the statistical units belong to a func-
tional space which is typically a Hilbert separable space. For instance, the well-known
L? space is Hilbert separable and it constitutes the natural extension of Euclidean
Geometry. So far, the methods mentioned are essentially used for the description of
the data.

Nowadays one challenging area is the inference in FDA. Inference in the FDA
framework poses several methodological problems. For instance, it can be shown that
a probability density function does not exist for a generic functional space (Delaigle
and Hall, [2010). On the contrary, it is possible to define a cumulative distribution
function for random functions but this notion is scarcely useful, especially from a
practical point of view.

Moreover, it is often common that the inferential tools of the Multivariate Anal-
ysis are not straightforwardly generalizable in the FDA framework since the number
of features is by far bigger than the number of statistical units. A representative ex-
ample is the Hotelling’s theorem. This theorem holds only if the number of features
is lower than the number of units which is obviously not the case in FDA (Hotelling),
1931). The Hotelling’s theorem is the most used tool for testing the mean of normal
populations in the multivariate framework.

One way to deal with these issues is the use of methods based on parametric as-

sumptions and/or asymptotic results (Horvath and Kokoszka, |2012). This approach,
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however, implies assumptions (e.g., homoscedasticity, normality and random sam-
pling) that could be difficult to justify or unrealistic. Furthermore, the normality
assumption implies that the projections of the functional data over every element
of the functional space must be normally distributed (Tarpey and Kinateder, 2003]),
condition practically impossible to verify even if a basis expansion is used. For these
reasons, it could be more convenient to take into account nonparametric methods

such as permutation tests (Corain et al. 2014; [Hall and Keilegom), 2007)).

A permutation test is essentially based on a family of transformations which
preserve the likelihood under the null hypothesis Hy (i.e., it is satisfied the so called
exchangeability condition under the null hypothesis) and on a suitable test statistic
T which is stochastically larger under the alternative hypothesis H; than under Hy.
The family of transformations depends on the assumptions of independence in the

model.

Under the null hypothesis Hy, the information content provided by an admis-
sible (i.e, likelihood-invariant) permutation coincides with the information content
provided by the observed data. Hence, if the null hypothesis Hy is true, the differ-
ence between the test statistic applied on the observed data Tp and the test statistic
applied on a permutation of the observed data 7™ is small. In theory under the null
hypothesis Hy, we can compute the discrete distribution of the test statistic applied
on the permuted data T* exploring in toto the set of all possible permutations of the
observed data. The p-value of the test is given by the proportion of permuted sce-
narios in which the test statistic evaluated on the permutations T* is greater than or
equal to the value of the test statistic applied on the observed data Ty . In practice,
the set of all possible permutations is often too large to be explored in its entirety.
Hence, only a subset of the permutations is explored through a Conditional Monte
Carlo (CMC) algorithm whose function is to simulate, under the null hypothesis Hy,
the distribution of the test statistic applied on the permuted data 7. The CMC
algorithm is reported in [2.2.1.4]

In general, the permutation tests are conditional procedures of inference. The
conditioning is on a set of sufficient statistics under the null hypothesis. In most prac-
tical situations, the conditioning is on the observed data set which is often the unique
sufficient and minimal function of the sample in a nonparametric framework. This
kind of conditioning and the assumed exchangeability with respect to groups under
the null hypothesis (i.e., in general there exist likelihood-invariant transformations
under the null hypothesis) imply the independence of the permutation tests from
the likelihood model associated with the population distribution. A fundamental
property implied by these conditions is the exactness of the permutation tests. If the
exchangeability condition under the null hypothesis is violated, then the permutation
tests are not exact. If it is difficult to obtain approximate permutation solutions,

an alternative solution is the use of nonparametric bootstrap techniques which re-
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quire less assumptions but at the same time they are provided with less theoretical
properties such as, for instance, the exactness (Pesarin and Salmasol, 2010)).

From a review on the literature, it has been found that the overwhelming majority
of nonparametric and parametric methods for hypothesis testing in FDA are global
in the sense that they test a null hypothesis globally on the whole domain of the
functions. If the null hypothesis is rejected, they are not able to impute such a
rejection on a particular part of the domain. An example of such kind of tests is
illustrated in Corain et al. (2014}, where the global distributional comparison between
two populations of functions is performed basing inference on the Nonparametric
Combination (NPC). NPC is a fundamental theoretical tool for multiple testing in
the permutation framework and it constitutes an important part of the Interval
Testing Procedure (Pini and Vantini, [2013). Moreover, with this methodology it is
possible to solve hypothesis testing problems where the number of statistical units are
smaller than the number of features and the univariate tests are possibly dependent.
These features are fundamental in the FDA framework.

The NPC methodology is applied in the following procedures:

e The permutation and combination based time-to-time method (time-to-time

analysis).

e The permutation and combination by derived variable approach (the derived

variables are the coefficients of a basis expansion).

In the time-to-time method, the global hypothesis is decomposed in a number of sub-
hypotheses equal to the number of measurements. It is assumed that the statistical
units share a common domain where the evaluations are uniformly distributed. In the
derived variable approach the rationale is the same. Thanks to the NPC, the global
hypothesis is decomposed in a number of sub-hypotheses equal to the dimension of
the basis expansion used. With the NPC, a global test that combines the information
given by the univariate tests associated with the sub-hypotheses is obtained.

Another example of global test model-based is given by the functional Hotelling’s
theorem (Pini et al., |2015). The finite-dimensional approximation of the functional
Hotelling’s T2 coincides with the high-dimensional p-asymptotic counterpart pro-
posed in [Secchi et al| (2013) where p is the number of features; this approximation
is computable in closed form; it does not require the resolution of an optimization
problem.

The use of a global test could be scarcely useful from a practitioner point of
view. For instance, suppose to have two sets of functions. The aim is to test if the
populations differ in distribution. Hence, the null hypothesis is the equality between
the population distributions. If a global test is applied and the null hypothesis is
rejected, it is not possible to localize the intervals of the domain which are sources of

distributional difference. The selection of the intervals where the null hypothesis is
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false is a desired property for practitioners. If with a procedure it is possible to select
the significant intervals of the domain, the procedure used is said to be endowed with
the domain selection property which can be seen as the functional counterpart of the
feature selection.

The methodologies proposed in [Pini and Vantini| (2013)) (Interval Testing Proce-
dure) and in |Pini and Vantini (2015a)) (Interval-wise test) guarantee the selection of
the significant domain intervals. The same applies for the test proposed in [Vsevolozh-
skaya et al| (2014) for a set of a priori selected sub-intervals (discretization of the
domain).

The ITP, as a first step, requires the discretization of the data through a suitable
basis expansion. The univariate permutation tests are expressed in terms of the basis
coefficients. From the univariate p-values, the multivariate tests, expressed in terms
of the coefficients and pertaining the family of all possible consecutive hypotheses,
are performed using the NPC methodology. Finally, with a maximization operation
on the p-values obtained from the previous step, the univariate p-values are adjusted.
The ITP is characterized by a control on intervals of the Family Wise Error Rate
FWER (i.e., the probability of rejecting at least one null hypothesis belonging to the
set of the true null hypotheses). Controlling the FW E'R on intervals means that the
control of the FW E'R is guaranteed for every set of consecutive true null hypotheses.
Such a control is intermediate between the strong control (i.e., the control of the
FWER is guaranteed for all possible sets of true null hypotheses) and the weak
control (i.e., the control of the FW ER is guaranteed only when the set of the true
null hypotheses is composed by all null hypotheses). The ITP is explained in Chapter
and its properties are explored through simulations. The simulation setting and
the simulations results are reported in Chapter [3]and Chapter [4] respectively.

In the next sections the Interval-wise test and the Vsevolozhskaya-Greenwood-

Holodov test are described in more detail.

1.2 Interval-wise Testing for Functional Data

1.2.1 Introduction

The Interval-wise test is a nonparametric procedure able to select the significant
intervals of the domain, i.e., the intervals where the null hypothesis is rejected (Pini
and Vantini, 2015a). Unlike the Interval Testing Procedure (ITP) (Pini and Vantini|
2013) and the Vsevolozhskaya-Greenwood-Holodov test (VGH test) (Vsevolozhskaya
et al.l |2014), this procedure does not require the discretization of the data by means
of a basis expansion as required by the ITP and the discretization of the domain by
specifying a priori a partition of the domain as required by the VGH test. Therefore,

the Interval-wise test is a totally data-driven inferential procedure.
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We assume that the functional data belong to the Hilbert space L?. The hallmark
of the Interval-wise test is the introduction of the unadjusted p(t) and adjusted
p (t) p-value functions, where t is a generic time instant (it can be a position or a
frequency or more in general a continuos independent variable). A point-wise p-value
function is not trivially defined in L? since in this functional space each function is an
equivalence class defined on the equivalence relation infinitely often with respect to
the Lebesgue measure. By thresholding the unadjusted p-value function p (t) with a
fixed significance level «, we select the significant intervals of the domain controlling
the point-wise error rate, i.e., given any point of the domain where the null hypothesis
is not violated, the probability of wrongly selecting it as significant is controlled. By
thresholding the adjusted p-value function p (t) with a fixed significance level a, we
select the significant intervals of the domain controlling the interval-wise error rate,
i.e., given any interval of the domain where the null hypothesis is not violated, the
probability of wrongly selecting it as significant is controlled. Moreover, the p-value
functions p () and p (¢) are consistent. In detail, the unadjusted p-value function p (t)
is point-wise consistent, i.e., given any point of the domain where the null hypothesis
is violated, the probability of selecting it as significant goes to one as the sample size
goes to infinity and the adjusted p-value function p(t) is interval-wise consistent,
i.e., given any interval of the domain where the null hypothesis is almost everywhere
violated the probability of selecting it as significant goes to one as the sample size

goes to infinity.

In the following, in order to clarify how the Interval-wise test works, we detail
its basic steps in the Two-Population framework. The Interval-wise test procedure
can be easily extended to more general frameworks such as the Multi-Population

framework.

1.2.2 Interval-wise test in the Two-Population framework

We want to test the difference in terms of mean between two functional popu-
lations. We observe the functional data y;; € L? (D) where j = 1,2 (population
index), ¢ =1,..., n; (unit index) and D = (a, b) C R. The hypotheses of the global
test are:

Hy : p11 = po against Hy @ py # po (1.1)

where the equality pq = po is intended in the L? sense, i.e.,

= = /D(u1(t)—u2(t))2dt=0

10
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Interval-wise testing

Let I C D = (a, b) C R be any interval of the domain. The hypotheses of the

partial test on I are:
H{ : pf = b against Hi : g # pih (1.2)

We denote with p! the p-value of the functional test ((1.2). The restriction on I of
the chosen test statistic T is used to evaluate p!. The choice of the test statistic for
is not unique and it is not necessary to opt for a permutation solution. In the
permutation framework, a natural choice is the test statistic proposed in [Hall and
Tajvidi (2002) given by

L@ ®) -7 )2 dt 5 = Tl

T
1| 1|

where 7; (t) = Z:Z;lif“(t) for j =1,2.

An exact permutation test for the test on I can be obtained by evaluating the
test statistic 77 over all possible permutations of the observed data over the sample
units. It is implictly assumed that the two populations are independent (unpaired
case). If this assumption is not satisfied, then the permutations of the observed data
over the sample units are not likelihood-invariant transformations under the null
hypothesis Hé and, hence, the exchangeability condition under the null hypothesis
H@’ , which is necessary for the exactness of the partial test, is violated. If the two
populations are dependent (paired case), we have to restrict the set of the permu-
tations over the sample units. Under Hé , the exchangeability is just between and
within couples. In both cases, the p-value p! of the test is the proportion of
the test statistics evaluated on the permuted data T'* greater than or equal to the

test statistic evaluated on the observed data TOI .

The multiplicity correction would involve a family of infinite tests whose cardi-
nality is the cardinality of the continuum. Despite this, in practice the number of
tests is limited by the number of functional evaluations ne,q at disposal. For sake
of simplicity, we assume that the statistical units are evaluated on the same grid. In
detail, denote with {¢;};<’s' € D the common set of points where the observed data
{y;i};2, € L*(D) with j = 1,2 (population index) are sampled. We suppose that,
the generic unit y;; assume the same value y;; (t5) in the interval [ty, tx4+1). In the
particular case k = neyq, we have the degenerate interval coincident with the point
tneval- We perform a permutation test for every interval of the form [tx, tx41) and
also for all possible their unions constituted by consecutive intervals (interval-wise
testing) using the sum of the related univariate tests statistics (direct combination

approach; [Pesarin and Salmasol| 2010)). The number of possible unions of consecutive

11
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intervals are limited by the number of evaluations neyq. However, the number of
tests remains high excluding the scenarios with very low number of evaluations neyq;-
Therefore, it does not generally make sense to use classical multiple testing proce-
dures such as Bonferroni-Holm (Holm| [1979) or Benjamini-Hochberg (Benjamini and
Hochberg; [1995) since the adjusted p-values obtained with these procedures tend to
be unitary due to the high number of tests.

Definition of the p-value functions

From the results of the previous step, we define the unadjusted p-value function
p (t) and the adjusted p-value function p (¢) and we report in detail their theoretical
properties.

The unadjusted p-value function p (t) is given by

p(t) = limsup p'
I—t
where the notation I — ¢ means that the extremes of the intervals I converge to ¢.

The adjusted p-value function p (¢) is given by

~ 1
p(t) = supp
(=24
The unadjusted p-value function p (¢) is provided with a control of the point-wise
error rate, i.e, fixed the significance level «, for every ¢t € D such that it exists an

interval I C D that includes ¢ and with associated null hypothesis Hé true, we have

P({p(t) <a}) <a

The adjusted p-value function p (t) is provided with a control of the interval-wise

error rate, i.e, fixed the significance level o, we have
VICD:Hlistrue=P({Vtel, p(t) <a}) <

It can be proved (Pini and Vantini, 2015a) that, for almost every t € D (i.e., in-
finitely often with respect to the Lebesgue measure), the unadjusted p-value function
p (t) coincides with the p-value of the univariate permutation test given by lzm p!
where I — t means that the extremes of the interval I converge to t. Consequently,
since each univariate permutation test is assumed to be exact, fixed the significance
level a, for almost every t € D such that it exists an interval I C D that includes ¢

and with associated null hypothesis Hé true, we have

P{p(t) <a}) =a

12
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Furthermore, both the unadjusted p-value p(¢) and the adjusted p-value p(t)
functions are consistent. In detail, the unadjusted p-value function p (t) is point-

wise consistent, i.e., fixed the significance level «, we have

Vt € D subject to AI CD:t € I and HY is true =P ({p(t) <a}) "=°1
where n = nq + no.
The adjusted p-value function p(¢) is interval-wise consistent, i.e., fixed the sig-

nificance level o, we have

n—o0

VI C D subject to J C I : HY is true =P ({Vte I, p(t)<a})"=71

It is worth noticing that such theoretical properties hold in general, and not
only in the Two-population framework. In general, the assumptions required for the

validity of the theoretical properties of the p-value functions are:
e The test statistic T" is real-valued.

e The test of Hé against H{ is ezact, i.e.,

VIgDzHéistrue :P({plga}):a

e The test of Hé against H{ is consistent, i.e.,

n— o0

VIQD:Héisfalse :>P({p]§a}) — 1

where n = ni + n9 is the sample size.

Domain Selection

The intervals of the domain presenting a significant mean difference between
the two populations are selected by thresholding the p-value functions computed
in the previous step. In detail, the significant intervals of the domain obtained by
controlling the point-wise (interval-wise) error rate are selected by thresholding the
p-value function p (¢) (p(¢)) with the chosen significance level .

It is worth mentioning that, in the same way as the Interval Testing Procedure,
the adjustement is such that the control of the interval-wise error rate proper of p ()
is guaranteed for every interval and for the complementary set of the interval itself
(recycled version of the p-values adjustement implementation; for details refer to
Pini and Vantini, |2013).

13
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1.3 Vsevolozhskaya-Greenwood-Holodov test

1.3.1 Introduction

The Vsevolozhskaya-Greenwood-Holodov test (VGH test) is an inferential pro-
cedure for pairwise comparison of population means in the Functional Analysis of
Variance framework (Vsevolozhskaya et al. 2014)

The VGH test is divided in two parts: firstly, the significant intervals are selected
from a a priori specified partition of the domain; then, pairwise comparisons between
population means are performed for the significant intervals previously identified. In
order to control the Family Wise Error Rate FW ER, the closure multiple testing
procedure is applied (Marcus et al., [1976).

1.3.2 Methodological aspects
Functional Analysis of Variance model

The Functional Analysis of Variance (FANOVA) model is described by the equa-

tion:

yji (8) = ;i () + €5 (1) (1.3)
where 1 (t) is the functional mean of group j at time ¢t with j = 1,..., k (population
index), i« = 1,..., n (unit index), t € D = [a, b] and ¢;; (t) is the additive noise

function. Each €;; (¢) has null mean and it is an independent Normal stochastic
process. The hypotheses of the FANOVA model (1.3)) are:

Hy:pi(t) =...=pux (t) against Hy - Ji,j € {1,...,k} and It € D p; (t) # p; (t)
(1.4)

Selection significant intervals

Firstly, the common domain D = [a, b] is a priori divided in m mutually ex-
clusive sub-intervals of the form [a;, b;], such that [a, b] = U, [a;, b;]. Then, the
null hypothesis Hy is tested on every sub-interval. The test statistic used 7; is the
numerator of the test statistic of the global (i.e, the differences are detected for the
entire domain D and not for specific intervals) test proposed in [Shen (2004), which
is for the i-th interval:

P b > U100 e IO A U R

L S (e () — iy () (kD)

where k is the number of groups and, for sake of simplicity, the experiment is assumed
to be balanced, i.e., ny = ... = nx = n. In the same way as the Snedecor F

test statistic in the classical analysis of variance framework, the numerator and the

14
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denominator of the test statistic (1.5)) are measures of the variability between groups
and within groups, respectively. The test statistic (1.5]) is the functional counterpart
of the Snedecor F' test statistic.

The combining function chosen is the sum of the univariate test statistics:

A p-value for the global null hypothesis Hy (all marginal null hypotheses are true;

the i-th marginal null hypothesis H([)“i’ bil

is the equality between the means of the
populations in the interval [a;, b;]) can be based on parametric assumptions (i.e., it is
known the distribution of 7' under the global null hypothesis Hy) or on a permutation
approach.

Afterwards, the closure multiple testing procedure is applied (Marcus et al.,
1976)), i.e., the null hypothesis is tested on every possible union of sub-intervals.
The null hypothesis H(Eai’ bl i rejected if all tested hypotheses implying H([)ai’ b are
rejected. This procedure guarantees a strong control of the Family Wise Error Rate
FWER on the intervals a priori selected and on their unions.

The closure multiple testing procedure is computationally intensive if the number
of sub-intervals m is high, since it implies the execution of 2™ — 1 tests. If the
computational cost is too high, a possible solution consists in the use of shortcut
versions of the closure procedure. In |Vsevolozhskaya et al. (2014) several shortcut
versions of the closure procedure are proposed: adjustement based on the ordered test
statistics shortcut, adjustement based on the ordered unadjusted p-values shortcut
and adjustement obtained combining the first two shortcuts. For details refer to
Vsevolozhskaya et al.| (2014).

Via a simulation study, a comparison has been made between these shortcuts and
the closure procedure without modifications. It has been performed a permutation
test based on the test statistics {T;}",, where m = 5 intervals have been chosen.
In each interval, 1000 permutations have been sampled. The experiment has been
repeated 1000 times. It has been observed that the third shortcut (combination of
the adjustement based on the ordered test statistics shorcut and of the adjustement
based on the ordered unadjusted p-values shortcut) is the best one in terms of the
ratio between the adjusted p-values underestimated (i.e., not adjusted enough) and
the total number of p-values (all null hypotheses were true). Moreover, the type I
error rates under the shortcut with best performances and the closure procedure are
coincident.

Another issue is the fact that the VGH procedure and all associated shortcuts

become very conservative if m is high.
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Pairwise comparisons in the significant intervals

At this stage, the aim is to identify the pairs of functional means that are different

in the significant intervals previously selected. The steps are:

16

e For the generic significant interval [a;, b;], where there is statistical evidence

to affirm that the means of the populations differ, the (unadjusted) p-value
associated with the null hypothesis of no difference among the generic pair of
population means is initialized to the adjusted p-value associated with the test

on the interval [a;, b;].

For every pair of populations, compute the pairwise statistics

b;
A A MR CICRV IO

j€{h, g}

where h and g are the identifiers of the populations to be compared (h,g €
. Wyt . 2jeqn, ot (D)
(Lo, kY, iy (1) = =22 and i (1) = S0t 0 00,

n

For every pair of populations, perform the standard permutation test, i.e., the
p-value associated with test comparison between the populations with identifier

h and g, is given by

wo MU 2UNT)

p,
’ \X|Y’

where Ui(h’ 9)

is the statistic applied on the generic likelihood-invariant under
the null hypothesis permutation and |xy| is the cardinality of the set of all
likelihood-invariant under the null hypothesis permutations. Finally, the family
of p-values obtained for every pair-wise comparison are adjusted by means of

the closure multiple testing procedure applied to every possible set of groups.



Chapter 2

Methodology

2.1 Introduction

Inference is one of the most challenging research topic in Functional Data Anal-
ysis (FDA). In particular, we are interested in inferential methods provided with
the domain selection property, i.e., the ability to select the statistically significant
intervals of the domain. The domain selection property can be seen as the func-
tional counterpart of the feature selection property. At the same time, we require a
control on false positives. More precisely, both the Interval Testing Procedure (Pini
and Vantini, |2013) and the Interval-wise test (Pini and Vantini, 2015a)) control the
Family Wise Error Rate FWER (i.e., the probability of rejecting at least one null
hypothesis belonging to the set of the true null hypotheses) on intervals(i.e., the con-
trol of the FW ER is guaranteed for every set of consecutive true null hypotheses).
The Vsevolozhskaya-Greenwood-Holodov test (Vsevolozhskaya et al., [2014) controls
the FW ER on the intervals a priori chosen and on their unions. The Interval-wise
test and Vsevolozhskaya-Greenwood-Holodov test are explained in Chapter

In order to deal with inferential problems in the FDA framework, several paramet-
ric and/or asymptotic solutions have been proposed (Horvath and Kokoszka, 2012).
Alternatively nonparametric methods can be used. Nonparametric methods require
less assumptions (for example, normality and homoscedasticity). For instance, it is
possible to adopt permutation solutions (Corain et al.l 2014)).

We have opted for the nonparametric permutation approach since the Interval
Testing Procedure, whose performances are explored in simulations (refer to Chapter
and Chapter, is based on the Nonparametric Combination (NPC), a methodology
for multiple testing in the permutation framework (Pesarin and Salmaso (2010)).
In detail in simulations, it is performed the adjustment of the univariate p-values
associated with a suitable set of permutation tests by using the Interval Testing

Procedure. For general concepts about the permutation approach refer to Chapter

itk
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2. Methodology

In this work we analyze the performances of the Interval Testing Procedure by car-
rying out a comparison with the multiple testing procedures Bonferroni, Bonferroni-
Holm (Holm), [1979)) and Benjamini-Hochberg (Benjamini and Hochberg), [1995]).

We denote with « the significance level which is the probability of I error type,
i.e, the rejection of the null hypothesis Hy when the null hypothesis Hy is true. In
hypothesis testing, the multiple testing procedures are used in order to avoid the
inflation of the I error type. In general if we choose the same significance level a for
every univariate test, it is not guaranteed a control of the I error type with probability
« for the set of all univariate tests. In order to obtain this kind of control, we need
to apply a multiple testing procedure whose effect is a significance level reduction
for each univariate test with respect to the starting significance level . A decrease

of the significance level « involves an increase of the univariate p-values.

In the following, we describe the multiple testing procedures Bonferroni, Bonferroni-
Holm, Benjamini-Hochberg and Interval Testing Procedure. In the Bonferroni pro-
cedure, every unadjusted p-value is multiplied by the number of tests performed
n (adjusted p-values larger than 1 are set to 1). Equivalently, we reject the null

hypothesis of the univariate test with unadjusted p-value pypnqq; if it holds

Punadj <

3|e

(2.1)

where « is the significance level and n is the number of tests. The control of the
Family Wise Error Rate FW ER provided by the procedure Bonferroni is strong (i.e.,
the control of the FW ER is guaranteed for all possible sets of true null hypotheses).

The Bonferroni-Holm procedure is a Bonferroni sequentially rejective multiple
testing procedure. The statistical power (i.e., the probability of rejecting at least one
null hypothesis belonging to the set of the false null hypotheses) of the Bonferroni-
Holm procedure is greater than or equal to the statistical power of the Bonferroni
procedure. At the same time in the same way as the Bonferroni procedure, the
Bonferroni-Holm procedure is provided with the strong control of the Family Wise

Error Rate FW ER. n denotes the number of tests. Firstly, we perform the univariate

tests saving their p-values p!,...,p". Then, we order these p-values in ascending
order and we denote them with p(), ..., p(™ with associated null ordered hypotheses
H(gl), e Hén). We apply to the first p-value pW in the unadjusted p-values ordering

the Bonferroni procedure for n tests (scaling factor of the significance level a equal to
nin ([@2.1)). If the test is not significant (i.e., we obtain p™®) > %), we don’t reject the

current null hypothesis Hél)

and the null hypotheses associated with the subsequent
tests HO(Q), e Hén), and the procedure stops. If the test is significant (i.e., we obtain
pM) < ®), the second p-value in the unadjusted p-values ordering p? is adjusted
with the Bonferroni procedure for n — 1 tests and the rationale is the same as in

the previous step. In general if the null ordered hypotheses Hél), H((]Q), ceey H(()ifl)
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2.1. Introduction

have been rejected, the i-th p-value p( is adjusted with the Bonferroni procedure for
n—(i — 1) tests (scaling factor of the significance level o equal to n— (i — 1) in (2.1)).

If the test is not significant (i.e., we obtain pld) > %), we don’t reject the current

null hypothesis Héi) and the null hypotheses associated with the subsequent tests
Hé”l), cen H[()n)7 and the procedure stops. If the test is significant (i.e., we obtain
p) < %), we reject the current i-th test and the same procedure is performed

= n—(i—1 '
i+1) or the procedure stops

for the next p-value in the unadjusted p-values ordering p
if p@ is the last p-value in the ordering of the unadjusted p-values.
The Benjamini-Hochberg procedure is a sequentially rejective multiple testing

procedure. The steps of the Benjamini-Hochberg procedure are:

e Perform the univariate tests and save their corresponding p-values p!,..., p™.
Order these p-values in ascending order obtaining the set of p-values pM o p)
with associated null ordered hypotheses Hél), R Hon).

e Set a desired value ¢ for the False Discovery Rate FFDR (i.e., the mean value
of the proportion of rejected true null hypotheses or equivalently the expected
rate of false discoveries). Denoting with V' and R the random variables number

of false discoveries and number of rejections respectively, this metric is given

by
v
FDR=E |—=
i
e Search the largest p-value p in the set p .., p™ such that it is satisfied the
constraint
p<k (g)
n

where k is the position of p in the set pM o p)

e The p-value p and the p-values smaller than it are significant, i.e., we reject
the set of ordered null hypotheses Hél), R Hék).

The Benjamini-Hochberg procedure controls the FDR, i.e, FDR < ¢ for every
possible configuration of true null hypotheses.

The Interval Testing Procedure, as a first step, requires the discretization of
the data through a suitable basis expansion. The univariate permutation tests are
expressed in terms of the basis coefficients. From the unadjusted p-values, the mul-
tivariate tests, expressed in terms of the coefficients and pertaining the family of all
possible consecutive hypotheses, are performed using the NPC methodology. Finally,
with a maximization operation on the p-values obtained from the previous step, the
univariate p-values are adjusted. The Interval Testing Procedure is characterized by
a control of the Family Wise Error Rate FW ER on intervals (i.e., the control of
the FWER is guaranteed for every set of consecutive true null hypotheses). Such

19



2. Methodology

a control is intermediate between the strong control and the weak control (i.e., the
control of the FW ER is guaranteed only when the set of the true null hypotheses is
composed by all null hypotheses).

The Interval Testing Procedure is explained in a more detailed fashion in the next
section. Finally, a brief discussion about the Smoothing splines method is reported.

In this work we have used both the Smoothing B-splines and the regression B-splines.

2.2 The Interval Testing Procedure

Firstly, the Interval Testing Procedure (ITP) is presented for the two populations
case, i.e. for testing differences in mean between two functional populations (Two-
population framework). At a later stage, its extensions to the multiple populations
and one population frameworks are described (Multi-population and One-population
frameworks). For the ITP extension to functional linear models with functional

responses and parameters and scalar covariates refer to Pini (2014).

2.2.1 The ITP in the Two-Population Framework

Let y = {y11,--+, Ynyl, Y12s---, Yny2} be the data set, where nj (ng) is the

number of elements belonging to the first (second) population and
Yij ELQ(T)v i=1,...n5 =12 T = (a, b)
Denote with n = nq 4+ ng the total number of statistical units. The hypotheses are:

d
Hy: Y1 2 Y, against Hy : Y, # Yy (2.2)

where Y7 and Ys are two random functions. The two samples are drawn from these

random functions, i.e.,
{yhit, Yy, 5 =12
Depending on the assumptions on Y; and Y5, we have two possible cases:
1. Unpaired case, i.e. Y7 and Ys are independent.
2. Paired case, i.e. Y7 and Y5 are dependent.
We here describe the ITP for testing in both cases. The steps of the ITP are:
1. Use of a basis expansion.

2. Joint permutation univariate tests (expressed in terms of the basis coefficients).

3. Interval-wise combination and adjustment of the univariate p-values obtained

from the previous step.
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2.2. The Interval Testing Procedure

2.2.1.1 Basis Expansion

First of all, a suitable basis expansion has to be chosen. Let {gb(k)}izl be the

basis, where p is the tunable finite dimension of the functional space. Hence, we have

c o ®) (1) (2.3)

M@

y’L]
k=1

P
Every statistical unit y;; (¢) is identified by the coefficients {cl(f)}k v

In the unpaired case, the model is

k k) did ~(k k iid ~(k
BB R e® W e ke {1, p)
and C%k) and Cék) are independent. In the paired case we have ny = ng, and the

model is
(cﬁ’il 4’5’) ,...,(cil’?l, cg;g) i (ka)7 (Jg’“), Vke{l,..., p}

Here we use the B-spline basis expansion, and two methods are available for

Smoothing:

e Regression splines. The observed data are smoothed by means of a linear com-
bination of the form whose coefficients are generally computed according
to a least squares approach. In the case of the B-spline basis expansion, the
tunable parameters are the number of basis elements p and the order m. Unlike

the method Smoothing splines, no penalty term is used.

e Smoothing splines. For a discussion about this Smoothing method refer to

Section 2.3

2.2.1.2 Joint Permutation Univariate Tests

p univariate permutation tests for the coefficients of the basis expansion are
performed. The hypotheses (2.2) are reformulated in terms of the basis coefficients:

, N d X
Hék) : ka) 4 C’ék) against ka) : C{k) #+ Cék), Vke{l,..., p} (2.4)

Hence, the global testing problem is decomposed in p univariate sub-problems.
The k-th univariate permutation test is essentially based on a family of transforma-
tions which preserve the likelihood under the null hypothesis H(()k) (i.e., exchangeabil-
ity under the null hypothesis) and on a suitable test statistic which is stochastically
larger under ka) than under Hék). In general the family of transformations depends
on the assumptions of independence between the two populations. The choice of the

test statistic T is determined by the type of test and by the basis expansion used.
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2. Methodology

In this framework it is reasonable to choose as a test statistic the modulus of the
difference between the population sample means for both the paired and unpaired
cases. It is implicitly assumed that, if there is a distributional difference between the
two populations, this difference is due to a fixed or random effect (i.e., the means of
the populations are different) which is either positive or negative (not both).

In the unpaired case, the family of likelihood-invariant transformations under
H(gk) is composed by any permutation over the sample units of the basis coeflicients.
Instead, in the paired scenario we have to restrict the set of the permutations over the
sample units. Under Hék), the exchangeability is just between and within couples.
If it is used a test statistic of type T (Y) = S1 (Y1) — S2 (Y2) where S; are symmetric
functions having the same form (e.g., sample means), the permutations between
couples are ineffective. Hence, in these cases only the permutations within couples
are considered. It is worth observing that the permutations of the coefficients must
be jointly performed since, in general, the coefficients {cgf)}:ﬂ are dependent with
respect to index k. The underlying dependence relations are implicitly taken into
account by the permutation approach due to its nonparametric nature.

Therefore, from tests , we obtain p univariate p-values which have to be
adjusted to take into account the multiplicity. The adjustement can be made using
classical multiple testing procedures such as the Bonferroni, Bonferroni-Holm (Holm),
1979). These multiple testing are applicable since the data have been discretized by
means of a basis expansion. In the ITP, the adjustement is performed in a different

way in order to take into account the structure of the functional data.

2.2.1.3 Interval-wise Combination and Correction of the Univariate Tests

At this stage, we need to construct suitable combinations of the univariate test
statistics in order to obtain an interval-wise control of the Family Wise Error Rate
FWER (i.e., the probability of rejecting at least one null hypothesis belonging to
the set of the true null hypotheses). This task is carried out combining the p uni-
variate test statistics by means of multivariate nonparametric combinations, i.e., the
Nonparametric Combination (NPC) methodology is applied (Pesarin and Salmasol,
2010). The NPC is a theoretical tool that is used to obtain multivariate permutation
tests by combining the results of possibly dependent univariate permutation tests.
The method will be described in for the global hypothesis testing problem
Hy : ﬁzleYﬁ) 4 Cék) against Hy : UzleYﬁ) ;ﬁ Cék). For a rich literature about
NPC refer to |Pesarin and Salmaso| (2010). In the ITP the same procedure described
in is applied for each set of subsequent basis coefficients obtaining a family
of tests with their associated p-values (Interval-wise Combination).

Lastly for k € {1,..., p}, the k-th ITP adjusted p-value is obtained calculating

the maximum p-value over the p-values of the previous tests with null hypothesis
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2.2. The Interval Testing Procedure

implying Ho(k) (Correction of the Univariate Test). We get the significant components
by applying to the adjusted p-values a threshold equal to the significance level a.

The ITP is an inferential procedure provided with a control of the Family Wise
Error Rate FW ER on any interval of components. As a result also the weak control
of the FWER (i.e., the control of the FWER is guaranteed only when the set of
the true null hypotheses is composed by all null hypotheses) and the control of the
Component Wise Error Rate CW ER (i.e., the probability of rejecting a true null
hypothesis) are guaranteed, since these are control of the FW ER on particular inter-
vals: the entire set of components (global test) and the single component (marginal
test), respectively. The procedures Bonferroni and Bonferroni-Holm (Holm, (1979))
are provided with a strong control of the FW ER (i.e., it is guaranteed the control of
the FW ER for all possible sets of true null hypotheses). Since the multiple testing
procedure Benjamini-Hochberg (Benjamini and Hochberg, 1995) controls the False
Discovery Rate FDR (i.e., the mean value of the proportion of rejected null hypothe-
ses that are true or equivalently the expected rate of false discoveries), this procedure
is only provided with a weak control of FW E R since, if all null hypotheses are true,
then the metrics FW ER and F'DR coincide.

The interval-wise control of the FW ER is a desired property in the FDA frame-
work since the functional basis are characterized by an ordered structure. For in-
stance, with the B-spline basis we have localization in space and the TP can be used
to select the significant intervals of the domain (intervals where there is statistical
evidence to affirm that the population distributions are different). For example, with
the Fourier basis we have localization in frequency and the ITP can be used to select
the significant band of frequencies in a data-driven fashion.

It can be proved that the "interval” power (i.e, the probability of rejecting at
least one Hék) when at least one of the sub-hypotheses is false) of the ITP is greater
than the ”interval” power of the Closed Testing Procedure (CTP), i.e the procedure
whose tests are all possible multivariate tests which are 2P — 1 and its k-th adjusted
p-value is obtained by computing the maximum p-value over the p-values of all
tests whose null hypothesis implies Hék) (Marcus et al,|1976). The CTP guarantees
the strong control of the FW ER. However, its computational cost is unaffordable
in the functional framework due to the too large number of tests required. The
“interval” power of the I'TP is smaller than the "interval” power of the Global Testing
Procedure (GTP), i.e., the procedure whose test is the global one; the p-value of
the global test is obtained from the formula which constitutes the final step of
the NPC application described in [2.2.1.4] The GTP provides only a weak control
of the FW ER and, in case of rejection unlike the I'TP and CTP, it does not give
any information about how the data differ in distribution. For details refer to [Pini
and Vantini (2013) in which these theoretical properties are proved, and a simulation

study is reported.
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2.2.1.4 Details on the implementation

In applications, the set of possible permutations is often too large to be explored
in its entirety. Hence, only a subset of the permutations is explored through a

Conditional Monte Carlo (CMC) algorithm whose steps are:

Algorithm 2.1 Conditional Monte Carlo for sampling the distribution of the test
statistic T" applied on permuted data under the null hypothesis Hy

1. Evaluate the test statistic on the observed data Ty = T (V).

2. Repeat these steps B times: sample a permutation of the observed data Y;*
and calculate the test statistic on the permuted data T = T (Y;*).

3. Compute the p-value of the test as the proportion of permuted scenarios in
which the test statistic evaluated on the simulated permutations is greater
than or equal to Tp:

#{Ty = To}

\ =
B

In the following, the working principle of the NPC is detailed for the Two-
Population framework. For ease of notation, the unit index for the second population
starts from nj + 1 where n; is the number of statistical units of the first population.

The hypotheses of the global test are:

d
Hy: ﬂilefk) 4 Cék) against Hy : U£:10£k) # Cék) (2.5)
Let Tél), ey Tép) be the values assumed by the test statistic T applied on the

sets of the observed coeflicients

(k) (k) (k) (k) p
{Cll ce 7Cn117 Cn1+1,2’ oy Cn1+7zg,2}k:1
Let Tb(l)*, e Tb(p)* be the values assumed by the test statistic 17" applied on the sets

of the coefficients jointly permuted

P
(k)* (k)x (k) (k)%
& ..., C C ..., C

{ R L5 RO L Y

7rn1+l 7Tn1+n2 k=1
where <7T§b), ey Tr,(f’l), 71'S? Ly 7r7(1b1) +n2) is a likelihood-invariant random permu-
tation of the unit indexes (1,..., ni,..., n1+n2) and b € {1,..., B} (B is the

number of iterations of the CMC algorithm and it coincides with the number of per-
mutations sampled). Denote with f/l(k) the empirical marginal survival function of
the test statistics T computed in Tl(k)* withl €{0, 1,..., B}and k € {1,..., p}.
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i}l(k) is given by

k)* k)*
o Tha({ st
Ll = B+l ,ZG{O, 1;'--7B}7k€{17""p} (26)

N[

. p
Note that {L(()k)} are the univariate p-values (empirical survival function eval-

uated in the realizations of the test statistic applied on the observed coefficients).

Then, we calculate the quantities
Tt = (B0 ) TP = (Y, BP) e, B)

where v : [0, 1)’ — R is a combining function, i.e., a continuous non-increasing
function which is symmetric on its arguments and attains its maximum value when
at least one argument tends to zero. An example is given by the Fisher omnibus

combining function ¥ gisper : [0, 1]" — R whose analytical expression is:
n
wFisher =2 Z lOg (xl)
i=1

Finally, we compute the p-value associated with the global test (2.5)):

IAJ(()IM . Zf:l ; ({Tq(l,..., O To(l,..., p)}) 4 % .

The formulas and are theoretically justified by the following result:
conditioned to the observed data, every point in the space of likelihood-invariant
permutations is equally likely. Under the null hypothesis Hp, a random admissi-
ble permutation and the observed data provide the same information content (ex-
changeability under Hy). Therefore under Hy, conditioning on the available data
is equivalent to conditioning on the set of admissible permutations. The admissible
permutations are the transformations of data which are likelihood-invariant under
Hy.

The terms 1/2 and 1 added respectively to numerator and denominator of the
estimators (2.6)), involve survival function estimates in the open interval (0,1).
In this way the transformations by inverse cumulative distribution function of con-
tinuous distribution are well defined and continuous. But since these transformations
can be not required for the analysis and B is generally chosen sufficiently big, this

modification of the classical empirical survival estimator is irrelevant in practice.
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2.2.2 The ITP in more general Hypothesis Testing problems

The ITP can be extended to different hypothesis testing problems. Specifically,
we illustrate the basic elements of the ITP in the framework of testing difference
between more than two populations (Multi-population framework), and in the case

of testing the center of symmetry of one population (One-population framework).

2.2.2.1 The ITP in the Multi-Population Framework

We have g > 2 sets of functions y = {yn,..., Ynils -y Ylgs---s yngg} and we

want to perform the following test:

d
HozYliYgi...iYgagamzstﬂl:Ell, se{l,...,g}: V1 #Y;

where {y;;}:7, i Y;, j € {1,...,9}. Under the null hypothesis Hy, the g popu-
lations share the same distribution. Under the alternative hypothesis Hi, it exists
at least one couple of populations with different distributions. First of all, we need
to compute for each statistical unit the p coefficient of its basis expansion (2.3).
Consequently, we have for the k-th basis component the vector

k) = <cgli),..., R cg;),..., cgz)g), kEe{l,..., p}

nil»

and it holds
k k) ,
Cz(j)““c](* jed{l,..., gbiie{l,..., n;}

We denote with n the total number of statistical units. The sub-hypotheses on basis

coefficients are:

d
Hék) : ka) 4 Cék) 4. .4 C’!gk) against Hl(k) = Ci(k) + Cj(»k), ke{l,..., p}

The set of permutations likelihood-invariant under the null hypothesis is deter-
mined by the model assumptions. In the independent case (Functional Analysis of
Variance), the family of transformations are the simple permutations of units. In
the dependent case (Functional Repeated Measurements), the likelihood-invariant
transformations are the within and between permutations of the observed units.

In the unpaired scenario, we can use the Fisher’s test statistic for the univariate
test:

_(k)* —(k)* 2
¥y (& =) )
nr k)x* (k) _
?:1 > ity (Cz(‘j) —c® ) (9=1)
(2.8)
where 6§k)* is the sample mean of the permuted coefficient belonging to the popula-

T(cﬁ)*,..., B cee cglg)*,..., c(k)*) =

ni1l>» Ngg
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tion j. &#* is the sample mean of the permuted coefficients and it coincides with the
sample mean of the observed coefficients ¢*). These quantities are said to be per-
mutationally equivalent. The concept of permutational equivalence can be exploited
in order to simplify the analytical expression of the test statistic used obtaining a
gain in terms of computational cost (Pesarin and Salmaso, [2010).

In the paired scenario, we can use the Hotelling’s 72

) ) Ngg

1?2 (cﬁ)*, cey B cg;)*, cey c(k)*> =mn (Aé(k)*>/ (AS:A,>_1 (Aé(k)*>

where A € RU~DX9 ig g contrast matrix, e*)*

is the vector of the sample means
of the k-th permuted coeflicients and S} is the sample variance-covariance matrix
of the permuted coefficients. Observe that , are the test statistics used in
the classical parametric tests. It occurs in permutation tests that the test statistic
coincides with the test statistic of the parametric counterpart. This is a sound
characteristic of the permutation tests since it permits a direct comparison between

the permutation procedures and the parametric methods.

2.2.2.2 The ITP in the One-Population Framework

Let y = {y1,..., yn} be the data and we have y1,..., yn "y € R, We want to

test the center of symmetry of the functional population Y, i.e., we want to verify if
there is statistical evidence to claim that the center of symmetry of the population

Y is equal to a function ug. The hypotheses are:
Hy:E[Y] = po against Hy : E[Y] # po

As a first step, we have to consider the basis expansions of the data y and of the
mean under the null hypothesis po:
~ ) ~ 0
yi ()= ¢ 0" (1), po(t) = e o™ (t)
k=

1 k=1
Consequently, for each unit and for ug we have p coefficients. In particular, we have
k i.5.d
cg ),...,cgk) oW ke{1,..., p}
Afterwards, the functional hypotheses are expressed in terms of the coefficients:

Hék) : center [C(k)} = c(()k) against ka) : center [C(k)] #* c[()k)

In order to find a set of likelihood-invariant transformations under the null hypoth-

esis, the distribution from which y is sampled is assumed to be symmetric. If the
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mean of the population distribution exists, it is equal to the center of symmetry
and, hence, the previous test is also a test for the mean. In this framework, the
likelihood-invariant transformations are the reflections of the function y; with re-
spect to pug. These transformations, in terms of the basis coefficients, coincide with
the simultaneous reflections through {c(()k)}p of all coefficients {cgk)}p of the
same unit i € {1,..., n}. The test statistic clige:p%ends on the basis expansigglllsed. If
the B-spline basis is used, a reasonable choice is a suitable divergence test statistic
between the sample mean of the transformed k-th coefficients associated with the

data y and the k-th coefficient associated with the mean under the null hypothesis

Kot *
T(k)* _ |Z?=1 Cs

n

k
_H[(‘_))‘7 k= 17"'7 b
If the mean does not exist, other empirical measures of the center of symmetry

can be used such as the median or an existing trimmed mean.

2.3 Smoothing splines

A peculiar aspect of the Functional Data Analysis (FDA) is the possibility to ex-
tract information from the derivatives of the functions. Thus, the Smoothing should
be done carefully in order to obtain an accurate reconstruction of the desired deriva-
tives combining linearly the derivatives of the basis elements with the coefficients
associated with the original functions.

This aim can be achieved with the Smoothing splines method. In this framework,
the number of the basis elements p is equal to the maximum value coinciding with
the number of evaluations n.,q (interpolation). A penalization is imposed in order
to avoid overfitting. The cost function chosen for the simulations is the Residual

Sum of Squares with penalization on the second derivative which is given by:

Neval

RSS( N =Y {u—f@)+a [ { @) a (2.10)
=1

where A is the smoothing parameter, neyq is the number of evaluations, {y;} <t
are the observed data and f is the unknown function. The data fitting is evaluated
with the term 32N {y; — f (2:)}>. The term X [ {r (t)}2dt penalizes the second
derivative (curvature). In a Bayesian perspective the penalty term can summarize
the a priori information. If A = 0, f is the interpolating spline. If A = oo, the second
derivative of f must be zero and, hence, we are considering the least squares line fit.

It can be proved that the function f minimizing the Residual Sum of Squares
RS'S belongs to a finite dimensional space (in general RSS is defined on a functional
space with infinite dimension), it is unique and it can be obtained in closed form.

This solution is given by the natural (null second and third derivatives at the end-
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2.3. Smoothing splines

points) cubic splines with knots in the evaluation points {z;};<4*" of the observed
data (Friedman et al. 2001).

Therefore, A is the unique parameter that requires tuning. However, it could be
interesting to control if different trends of the tested procedures can be observed by

violating one hypothesis of this functional minimization result.
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Chapter 3

Simulation setting

3.1 Introduction

The purpose of the simulation study is the evaluation of the Interval Testing
Procedure (ITP) performances. A comparison is carried out with the Benjamini-
Hochberg (BH) (Benjamini and Hochbergl 1995)), Bonferroni-Holm (BFH) (Holm)
1979) and Bonferroni (BF) multiple testing procedures. The ITP, BH, BFH, BF
procedures are described in Chapter

The evaluation metrics are:

e The Family Wise Error Rate FW ER, i.e., the probability of rejecting at least
one null hypothesis among the hypotheses to be accepted.

e The Rejection Rate of the False null hypotheses p, i.e., the expected rate of
rejected null hypotheses among the hypotheses to be rejected,

e The Rejection Rate of the True null hypotheses «, i.e., the expected rate of
rejected null hypotheses among the hypotheses to be accepted.

e The Power 7, i.e., the probability of rejecting at least one null hypothesis
among the hypotheses to be rejected.

For a description of these metrics refer to Section

It is of relevant interest to explore the differences in terms of the ability to make
true discoveries between the I'TP and the BH, knowing that the former procedure
controls the FW E'R on intervals and the latter procedure ensures only a weak control
of the FWER, i.e., the control of the FW ER is guaranteed only when the set of
the true null hypotheses is composed by all null hypotheses.

The tested types of synthetic data set are:

1. Populations of constant and step functions (data set const-step).

2. Populations of constant and tricube functions (data set const-tricube)
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3.1. Introduction

For each type of data set, the differences of the two populations in terms of mean
(fixed deterministic effect) are localized in the interval denoted by [Rinf, hsup|. For
details about the data generation mechanism refer to Section [3.2]

Both the Regression and Smoothing splines methods are used. In detail, we have
used both the Smoothing B-splines and the Regression B-splines.

The parameters included in the simulation study and related to Smoothing are:
e Order m of the B-spline basis elements.
e Number of basis elements p.

e Smoothing parameter A\. In the Smoothing splines method, A is the unique
parameter that requires tuning (for details about Smoothing splines method
refer to Section . Regarding the regression splines method, the regularity of
the Smoothing is determined by the order m (the degree of the basis elements is
m —1). By augmenting m, we obtain a more regular functional approximation
of the observed data.

The other selected parameters, which determine the data set, are:

e Number of evaluations n.,q. The statistical units share the same domain D

where the evaluations are uniformly distributed.
e Standard deviation o5 Of the additive Normal noise.
e Number of statistical units nynits-

Hence, the aim of the simulation study is the evaluation of ITP performances com-
pared with the BH, BFH and BF ones by varying:

e The data set type (const-step or const-tricube)

e The parameters of interest m and p, A (Smoothing parameters), ne,q and

Onoise; Munits (Data parameters)

e The Smoothing method: Regression or Smoothing splines using the B-spline

basis expansion

The performances of the methods are evaluated by means of the metrics Family Wise
Error Rate FW E R, Rejection Rate False null hypotheses p, Rejection Rate True null
hypotheses v and Power .

The hypothesis testing problem chosen for the simulations is the two-sided dis-
tributional comparison between two independent populations of functions (unpaired
case). The populations differ in distribution in the interval [hin ¢, hsup] C D = [0, 2]

for a fixed effect (difference in mean) where D is the domain. With the same notation
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3. Simulation setting

of Chapter [2| y;; (t) is the statistical unit ¢ in the population j at instant ¢, with
j=1,2i=1,..., nj.

Fori=1,..., n;, we have
id.d ii.d
Yi1l ~ Y1, Y2 ~ Yo

and Y7 and Y3 are independent random functions. The hypothesis testing problem
is:
d . d
Hy: Y1 =Y against Hy : Y1 # Y5

The B-spline basis expansion is used throughout the simulations. Hence, each sta-
tistical unit y;; is identified by the set of the coefficients {cgf)}:_l associated with
the B-spline basis elements.

The univariate p-value A\, with k = 1, ..., p, is obtained using the permutation

solution based on:

e The test statistic T = |n—11 Yoiticin— n% Y2, ciol. In this setting, it is rea-
sonable to choose the test statistic T because the means of the population
distributions are different in the interval [Rinf, hgup| (T is stochastically larger

under the alternative hypothesis with respect to the null hypothesis).

e The family of transformations likelihood-invariant under the null hypothesis is
composed by the permutations over the sample units of the basis coefficients

(exchangeability condition under the null hypothesis).

The univariate p-values {\;}}_; are approximated through the Conditional Monte
Carlo (CMC) algorithm whose number of iterations B is set to 1000 if not specified.
The CMC algorithm is described in

Finally as far as concerns the I'TP, the Interval-wise Combination and Correction
of the univariate tests are performed using the Nonparametric Combination (NPC)
methodology with Fisher combining function (Pesarin and Salmasol [2010). The
control of the Family Wise Error Rate FW ER is guaranteeed on intervals. For
details about the ITP and the NPC refer to Chapter [2]

The code for the simulations has been implemented in R 3.2.0 using fdatest 2.1
and fda 2.4.4 packages (Team, [2015; Pini and Vantini, 2015b; Ramsay et al., 2014]).
Smoothing has been performed using fda package. fdatest package has been used for
applying the Interval Testing Procedure in the Two-population framework using the
B-spline basis expansion.

The p-values obtained with the Interval Testing Procedure are stored in p x p
matrix called combining matrix which is the input of the p-values adjustement phase.
p is the number of the univariate p-values and it coincides with the number of basis

elements. The construction of the combining matrix is the most computationally
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3.2. Data sets

expensgive task in the Interval Testing Procedure algorithm for the Two-population
framework. It costs p?.

Hence, the fdatest source code has been conveniently modified. In order to im-
prove the execution times, the construction of the combining matrix has been imple-
mented in C. It has been used the .C interface to R. The new implementation has
provided a speedup over the original implementantion equal to around 60x. This
result is useful both for simulations, where the Interval Testing Procedure must be
applied several times for each value of the parameter under analysis, and for scenarios
where it is reasonable to choose a high number of basis elements p.

Finally, the used implementation of the Interval Testing Procedure directly works
on an object of the functional data class. Therefore, the Smoothing is performed by
the user avoiding subjective choices which had to be taken automatically in the
original version of fdatest.

In the subsequent sections more details are provided about the tested types of
data set const-step and const-tricube and the adopted metrics FWER, p, v, m. The

simulation results are reported in Chapter [4]

3.2 Data sets

The synthetic data sets chosen for the analysis are:

1. Population constituted by constant functions and population constituted by
step functions (data set const-step). The support of the step is [hinf, hsup)

and its value vog is a fixed deterministic effect.

2. Population constituted by constant functions and population constituted by
tricube functions (data set const-tricube). The tricube functions are consti-
tuted by a symmetric tricube kernel with support [hinf, heup]. We denote

with vor the maximum value of the tricube kernel.

We have chosen these types of data set for the totally different degree of regularity
that distinguishes them; the data set const-step is not regular since it exhibits dis-
continuities in the jump points; on the contrary, the data set const-tricube is rather
regular since the tricube kernel belongs to C?. The parameters with subscript or
superscript CS are associated with the data set const-step. The parameters with
subscript or superscript C'T" are associated with the data set const-tricube

The value assumed by each constant function is sampled from a Normal distri-
bution with mean p;04e1 = 0 and standard deviation o,,04¢; = 0.15. Then, a local
Normal noise with mean finesc = 0 and standard deviation opise is added to each
constant function. In the same way, the constant component is computed for the

elements belonging to the non-constant population where in scenarios with data set:
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3. Simulation setting

1. const-step, for each unit the fixed effect vog is added in [Rinf, houp)-

2. const-tricube, for each unit the tricube symmetric kernel with maximum value
ver is added with mid point of its support [Rinf, hsup) coincident with the mid
point d of the domain D.

For sake of simplicity and without loss of generality, we assume that the interval
[Pinf, hsup), where the null hypothesis Hy (populations share the same distribution)
is false, is symmetric with respect to the mid point d of the domain D and it is the
same in both scenarios with data set const-step and const-tricube. Hence, we have
that hz(’;;? = hf;ﬁ = hipy and h%‘% = hg}; = hsup. Instances of the data sets of type

const-step and const-tricube with null standard deviation of noise o,;se are reported

in Figure 3.1}

const-step const-tricube
| 0‘0 0‘5 110 1‘5 2.‘0 | 0‘0 0‘5 1.‘0 1‘5 2‘0

Figure 3.1: Data sets const-step and const-tricube with o055 = 0

In order to avoid fictitious differences in terms of true discovery rate, we impose
that the L? distance between the means of the first population composed by constant
functions Y7 and of the second population Y53 is the same for the data sets const-step

and const-tricube, i.e., we have to satisfy the constraint:

[ @) e e a-

inf h@”f

hsup

E LT -E YT ar (3.1)
where E [YICS] = lmodel = 0, E [YICT] = lmodel = 0 (mean values of the pop-

ulations composed by constant functions associated with data sets const-step and

const-tricube, respectively), E [YQCS] = vog and

E [YCT] = per (8) = ver (1 - [tP)° L({Jt] < 1}) (3.2)
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por is the tricube kernel with maximum value vor. If we center the tricube kernel
in the origin as in the expression (3.2)), we have that

x T

t: =
d—hinf  heup—d’

z € [hinf — d, hsyp — d]

where d — hiyf = hgup — d since the tricube kernel has support [hi,f, hsyp) and it is
symmetric with respect to d. The constraint (3.1) can be expressed in the following
way:

hsup—d

hsup 9 hsup*d 9 9
| wesar= [ wes)dt = s (e~ hinp) = [ (er () de
hinf h’inffd hinffd

Finally, the parameters h,f, hsup, ’U%«S, U%T must satisfy the following equation:

hsup—d

3\ 2
x
sl ) =it [ ((1-15F) | @ 6y
d — hing
hinf_d
Observe that, since E [YICS ] =E [YFT} = lmodel = 0, the constraint 1) is equiv-
alent to impose that the L? norms of the means of the data sets const-step and

const-tricube coincide.

3.3 Metrics

We here introduce the metrics that will be used in the simulation study to com-
pare the procedures ITP, BH, BFH and BF. We consider a multiple testing problem,
where the number of tests is equal to the number of basis elements p. We denote with
po the number of true null hypotheses. If the extremes of the interval [hinr, Rsup)
(where Hy is false) and the number of basis elements p are fixed, pg depends only on
the order m of the B-splines. The notation used for hypothesis testing is reported
in Table B.11

Table 3.1: Notation for Hypothesis Testing

Accept Hy Reject Hy Total

True null hypotheses U V Do
False null hypotheses T S P —Dpo
p—R R p

We denote with ngqs, the number of independent data sets generated. A seed has
been fixed to 14091990 for reproducibility of the simulated data sets. The significance

level o has been always set to the standard value 0.05.
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3. Simulation setting

The metrics and their empirical counterparts are:

e Family Wise Error Rate FW ER, i.e., the probability of rejecting at least one
null hypothesis among the hypotheses to be accepted:

S oidata ({E!l cA: pf < a})

Ndata

FWER=P({V >0}); FWER =

where A = A (m, p, hinys, hsup) is the set constituted by the identifiers of the
basis coefficients with null hypothesis true, pf is the p-value associated with
the coefficient with identifier [ when the i-th data set is used.

e Rejection Rate of the False null hypotheses p, i.e., the expected rate of rejected
null hypotheses among the hypotheses to be rejected:
_Els] X

b —DPo Ndata

where s; is the number of true discoveries when the i-th data set is used.

e Rejection Rate of the True null hypotheses 7, i.e., the expected rate of rejected
null hypotheses among the hypotheses to be accepted:
E[V] 2o o

;Y=
Do Ndata

’Y:

where v; is the number of false discoveries when the i-th data set is used.

e Power 7, i.e., the probability of rejecting at least one null hypothesis among

the hypotheses to be rejected:

T=P{S>0}); &= Srae [ ({3 e C:pi < al)

Ndata

where C'= C (m, p, hing, hsup) is the set constituted by the identifiers of the
basis coefficients with null hypothesis false, pf is the p-value associated with
the coefficient with identifier [ when the i-th data set is used.

In the explored scenarios, the populations share the same distribution in the union of
intervals [0, hinf) U (hgup, 2]. Due to the ITP p-values adjustment implementation
(recycled version of the family composed by the interval-wise tests explained in Pini
and Vantini, 2013)), this set for the ITP can be considered as a single interval. Con-
sequently, since the I'TP is characterized by an interval-wise control of FWER, in
[0, hing) U (hsup, 2] this procedure controls the FWER. For a detailed explanation
of the ITP working principle refer to Section

The selected metrics assume values in [0, 1]. Therefore, in order to quantify the

maximum variability of the estimated metric, we can use the Normal approximation
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3.3. Metrics

of the confidence interval for the Binomial proportion which is given by:

oyt (-9

where f is the metric approximation, « is the significance level, Z1-g is the
(1 — %)—quantile of the standard Normal distribution. This choice is reasonable
because ngqtq is generally chosen sufficiently big in a simulation. If £ is close to 0 or
1, we are not generally interested in quantifying the variability of the estimate with
greater accuracy. These scenarios are not appealing for the simulations. However if n
is not big and/or £ tends to assume the minimum or the maximum values, different
confidence intervals can be used such as, for instance, the Wilson and Clopper-
Pearson confidence intervals. With a = 0.05, we obtain the following upper bound

for the variability of the estimate:

1 - A 1 5 S 1 1 1
Zl—“\/ 5 (1 - 5) < 2\/ 5 (1 - f) < 2\/ - = \/ = Oestimate
2 Ndata Ndata Ndata 4 Ndata

Therefore, if ngq, = 100, we have oestimate = 0.1. If ngerq = 1000, the upper bound

1S Oestimate = 0.032, which is an acceptable value for the simulations.
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Chapter 4

Simulation results

4.1 Introduction

In simulations, the used procedures are:
e Interval Testing Procedure (ITP).

e Benjamini-Hochberg (BH).

e Bonferroni-Holm (BFH).

e Bonferroni (BF).

These procedures are explained in Chapter

The parameters of interest related to Smoothing are:
e Order m of the B-spline basis elements.
e Number of basis elements p.
e Smoothing parameter .
The other selected parameters, which determine the data set, are:

e Number of evaluations ne,q. The statistical units share the same domain

D = [0, 2] where the evaluations are uniformly distributed.
e Standard deviation 0,5 Of the additive Normal noise.
e Number of statistical units nymnits-
The tested types of synthetic data are:
1. Populations of constant and step functions (data set const-step).

2. Populations of constant and tricube functions (data set const-tricube)
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4.1. Introduction

Instances of the data sets of type const-step and const-tricube with null standard
deviation of noise gesc are reported in Figure The parameters with subscript
or superscript C'S (CT) are associated with the data set const-step (const-tricube).
The generation mechanism of these data types is described in Section [3.2]

The considered hypothesis testing problem is the two-sided distributional com-
parison between two independent populations of functions (unpaired case). The
populations differ in distribution in the interval [Rinf, heup] C D = [0, 2] for a fixed
effect (difference in mean) where D is the domain. The hypothesis testing problem
and its solution in the permutation framework are explained in Chapter

In order to evaluate the performances of the used procedures, we use the following
metrics in detail defined in Section [3.3}

e Family Wise Error Rate FW ER, i.e., the probability of rejecting at least one
null hypothesis among the hypotheses to be accepted.

e Rejection Rate False null hypotheses p, i.e., the expected rate of rejected null
hypotheses among the hypotheses to be rejected.

e Rejection Rate True null hypotheses 7, i.e., the expected rate of rejected null
hypotheses among the hypotheses to be accepted.

e Power 7, i.e., the probability of rejecting at least one null hypothesis among

the hypotheses to be rejected.

The presentation of the simulation results is divided in two parts determined by the
Smoothing parameters (m and p for Regression splines method, A for Smoothing
splines method) and by the Data parameters (neyq and oneises Munits). m and p
are the order and the number of basis elements of the B-splines, respectively. \ is

the smoothing parameter. neyq and opeise are the number of evaluations and the

const-step const-tricube
'T- i T T T T T SI i T T T T T
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

Figure 4.1: Data sets const-step and const-tricube with g,05c = 0
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4. Simulation results

standard deviation of the additive Normal noise, respectively. nypits is the number
of statistical units. We assume that the number of statistical units of the first
population n; coincides with the number of statistical units of the second population
ng. Hence, we have ny = no = nynits-

Summarizing, the main purpose of the simulation study is the evaluation of the

ITP performances compared with the BH, BFH and BF ones by varying:
e The data set type (const-step or const-tricube)

e The parameters of interest m and p, A (Smoothing parameters), ney,q and

Onoises Munits (Data parameters)

e The Smoothing method: Regression or Smoothing splines using the B-spline

basis expansion

The performances of the methods are evaluated by means of the metrics Family Wise
Error Rate FW E R, Rejection Rate False null hypotheses p, Rejection Rate True null
hypotheses v and Power 7.

Moreover, it is of relevant interest to explore the differences in terms of the ability
to make true discoveries between I'TP and BH, knowing that the former procedure
controls the FW E'R on intervals and the latter procedure ensures only a weak control
of the FW ER, i.e., the control of the FW ER is guaranteed only when the set of
the true null hypotheses is composed by all null hypotheses.

In all simulations, the significance level o« has been set to the standard value
0.05 and a seed has been set to 14091990 for reproducibility of the simulated data
sets. The selected values of the parameters hipn ¢, hsup, vos (height of the step) and
vor (maximum value of the tricube kernel) guarantee that the L? distance between
the means of the first population composed by constant functions and of the second
population is the same for the data sets const-step and const-tricube.

For details about the hypothesis testing problem considered, the types of data
tested, the parameters of interest, the evaluation metrics and in general the simula-
tion setting, consult Chapter [3]

Throughout the whole chapter as far as concerns the adopted metrics, the sub-
scripts I'TP, BH, BFH and BF are associated with the Interval Testing Procedure,

Benjamini-Hochberg, Bonferroni-Holm, Bonferroni procedures, respectively.
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Simulations with Smothing parameters variable

In the first part of this simulation study we investigate the performances of I'TP
depending on the Smoothing parameters. In Section we consider Regression B-
splines, and focus on parameters order m and number of basis elements p. In Section
we consider instead Smoothing B-splines, and focus on the smoothing parameter
A

4.2 Regression Splines parameters variable

4.2.1 Introduction

In this exploratory analysis we want to evaluate the performances of the Interval
Testing Procedure (ITP) by varying the order of the B-splines m and the number of
basis elements p. In monographs it is possible to find several methods for Smoothing
(Silverman and Ramsayl, [2005; [Friedman et al., 2001) whereas the opposite is true
for the effects on performances due to Smoothing. Hence, the exploration of the
parameters m and p is interesting in itself, particularly for practitioners who are not
used to deal with basis expansions.

The ability to make true discoveries is often seen only as a function of the number
of statistical units even if there are other potentially relevant parameters such as,
for instance, m and p. Another important and unknown parameter related to the

ability to make true discoveries is the size of the effect to be detected.

4.2.1.1 Values of the parameters

The common parameters in both scenarios with data set const-step and const-

tricube are:
e Order B-splines: m € {1, 2,..., 10}.
e Number basis elements: p € {10, 20,..., 100}.
e Number statistical units: nyyts = n1 = no = 30.

e Number evaluations: neyq = 100. The evaluations are uniformly distributed
in the domain D = [0, 2].

e Standard deviation additive Normal noise: oy0i5¢ = 0

e Number generated data sets: ng.:, = 1000. The data sets are independent and

they are the same for each pair (m, p).
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The values of the remaining parameters are:

o Wi =hiL = hing =05

inf

o hS2¥ = h§T = hgyy = 1.5

sup — "Ysup —

o Height of the step (fixed effect) with support [hing, hsup): vos = 0.15

e Maximum value of the tricube kernel with support [Rinf, hsupl: vor = 0.22

4.2.1.2 Degenerate cases

The results for the cases with p = 10 are degenerate for high m in the sense that
we observe high and fictious values of the Power. By increasing the order m, the
supports associated with the elements of the basis expansion B-spline expand. In the
extreme case {m = 10, p = 10}, all p supports of the basis elements have non-empty
intersection with the interval [h,f, hgup| where the null hypothesis is false. Hence,
it is correct to reject all p null hypotheses associated with the basis coefficients.

Therefore, a test with Smoothing parameters m and p chosen in this way is similar
to a global test. At the same time, if the ITP is used with low p and high m, we
are not taking advantage of its domain selection property from which it is possible
to identify the intervals of the domain which are sources of distributional difference.
Consequently, by augmenting m, the Power functions 7 with p = 10 increase and the
unitary value is essentially reached by all procedures (see Figure . This Power w

improvement is fictious and similar observations hold for the cases with p = 20.

Power p=10

—— ITP

BH
o BFH
—o— BF

T T T T T T ]
1 2 3 45 6 7 89

m

Figure 4.2: Power 7 as a function of the B-spline order m with number of basis
elements p = 10. The data type is populations of constant and step functions.
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In the following we report the heat maps alternated with a selection of the stan-
dard graphics (i.e., metric as a function of m with fixed p or vice versa) and general
comments about the observed patterns and the encountered problems. In the stan-
dard graphics, we do not report the cases with p = 10 since, as discussed previously,
these scenarios are degenerate for high m. For completeness, all the standard graph-
ics divided according to the type of data (const-step and const-tricube) are reported
in Appendix [A]

4.2.2 Results

We have chosen to present the simulation results by means of suitable heat maps
which represent the values of a metric by varying both parameters m and p. If
need be, the heat maps are alternated with a selection of the standard graphics (i.e.,
metric as a function of m with fixed p or vice versa).

For each data type (const-step or const-tricube) and metric (Family Wise Er-
ror Rate FW ER, Rejection Rate False null hypotheses p, Rejection Rate True null
hypotheses 7, Power 7), we have a plot with four subgraphs; each subgraph is the
representation through an heat map of a metric for one of the tested procedures (In-
terval Testing Procedure (ITP), Benjamini-Hochberg (BH), Bonferroni-Holm (BFH),
Bonferroni (BF)).

When needed, contour lines are added to ease the comparison between the differ-
ent graphics. In heat maps the bright white is associated with the maximum value 1
and the red is associated with the minimum value 0. In heat maps of FW ER and v,
the squares white opaque are associated with not available numbers, corresponding
to the cases when all null hypotheses are false; in these scenarios FW ER and -y are
not defined. By means of the heat maps, a direct comparison between the scenarios

with data sets const-step and const-tricube can be achieved.

4.2.2.1 Family Wise Error Rate

In Figure 4.3| on page 45| we report the heat maps of FWER of ITP, BH, BFH,
BF.

Firstly, as expected, FW ERppr and FW ERpryg assume lower values than FW ERpg
and FWERrp. The results obtained with BF and BFH are very similar in both
scenarios with data sets const-step and const-tricube.

ITP controls the FWER (net of the upper bound of the metric estimate vari-

ability Oestimate () = Oestimate = \/n;m =~ 0.032; for details refer to Section .
In particular, considering the cases with data type const-step, FW ER;rp assumes

larger values for the set of orders {2, 3, 4} and for high p. In contrast, in scenarios
with data set const-tricube, FW ER;rp tends to be globally smaller and we observe

low variability of this metric.
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BH does not control the FFW E R with both data sets const-step and const-tricube.
In scenarios with data set const-step, FW ERpp is greater than « essentially in all
extreme cases (low p and high m, low p and low m, high p and high m, high p and
low m). The difference FW ERpy — « is maximized if the cubic splines are used
with very high p, especially with the interpolating spline (p™** = ngyuq; = 100). In
the case of data set const-tricube, we observe less variability of the FW ERpy and
FWERpy > « for low p and high m and for high p and small m (in the former
region FW ERpy attains its maximum).

The fact that, in scenarios with data set const-step, for ITP and BH there is more
variability of the FW E'R is coherent with the low degree of regularity of the data type
const-step. Since the data set const-step is discontinuous, the assumption of intrinsic
regularity of the datum typical of the Functional Data Analysis is violated. Hence,
Smoothing is a critical phase in this case as we will see in the next paragraphs. The
same observations hold for the Rejection Rate False null hypotheses p, particularly
for ITP.

In Figure [4.4] we report the FW ER as a function of p with the most used orders
in applications m € {1, 2, 3, 4} and in scenarios with data type const-step. Firstly
for m = 1, FWERrp < « for every p. This relation holds for the orders m €
{1, 6, 7, 8, 9, 10}. For m € {2, 3, 4, 5}, the ITP controls the FWWER net of the
upper bound of the metric estimate variability oestimate (for details refer to Section
. What it is interesting to observe is that FW ERrp is maximized if the cubic

B-gplines are used and the same holds for pyrp as we will see in the next paragraphs.
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4.2. Regression Splines parameters variable

const-step FWER

Figure 4.3: Heat maps of the Family Wise Error Rate FW ER as a function of p and
m for the procedures Interval Testing Procedure (ITP), Benjamini-Hochberg (BH),
Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets const-step (popula-
tions of constant and step functions) and const-tricube (populations of constant and
tricube functions). In heat maps the bright white is associated with the maximum
value 1 and the red is associated with the minimum value 0. The squares white
opaque are associated with not available numbers, corresponding to the cases when

all null hypotheses are false; in these scenarios FW ER is not defined.
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FWER m=1 FWER m=2
030 1—— ITP 030 N
BH
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Figure 4.4: Family Wise Error Rate FW ER as a function of the number p of B-
spline basis elements with orders m = 1, 2, 3, 4. The data type is populations of
constant and step functions.

4.2.2.2 Rejection Rate False null hypotheses

In Figure [4.5] on page 9] we report the heat maps of the Rejection Rate False
null hypotheses p. Consider the scenarios with data set const-step. In general prrp
assumes maximum values for the orders m € {2, 3, 4, 5} and for high p. In partic-
ular for m € {3, 4} and for all p, ITP is less conservative than BFH and BF (see
Figure on page [L07).

From contour lines of prrp for m € {2, 3}, we see that the trend of prrp as
a function of p is characterized by oscillations which could be due to Smoothing
approximations of the step functions near the points h;,r and hg,p,, where the jumps
are situated (see the Figure on page . Since using the basis B-spline we
obtain localization in space, these approximations can influence in a marked way
the p-value univariate estimate. Indeed, in order to obtain the i-th adjusted p-value
(associated with the i-th test/coefficient), the maximum is searched in the collection

of p-values (concerning sets of consecutive coefficients) whose associated tests have

null hypothesis implying H, (i), where H(SZ) is the null hypothesis of the test with
the i-th unadjusted p-value. For details about the ITP p-values adjustement phase
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4.2. Regression Splines parameters variable

refer to For instance, suppose that the step functions are smoothed with
rounded up values near h;,y and inside [hjnf, hsup| Where the null hypothesis is
false. The p-values associated with this region can be relatively high. Consequently,
due to the nature of the ITP p-values adjustment phase which takes into account the

structure of the functional data, this set of p-values might distort the adjustment of
2

the p-values near in space. In scenarios where the noise power o ...

is not null, this
distortion phenomenon called “edge effect” could be less marked.

With the other procedures by construction, the p-values adjustment phase should
not be noticeably affected by overestimates or underestimates of localized sets consti-
tuted by univariate p-values. The procedures BH and BFH are sequentially rejective
multiple testing procedures characterized by the initial univariate p-values ordering
step. Hence, these procedures treat separately each unadjusted p-value without ex-
ploiting the B-spline basis ordered structure (in space) as the ITP does. Essentially
the same observation holds for the procedure BF with the difference that this proce-
dure operates directly on the significance level with a scaling factor coincident with
the number of univariate tests performed; the univariate p-values are adjusted in the
same way independently from the properties of the data set.

The ITP reaches its optimum for m = 4 and for p relatively high. In these cases,
the results of the procedures ITP and BH are very similar (see Figures and .
Hence, if a functional datum has discontinuities, for the I'TP the best choice would
seem the use of the cubic splines with a sufficiently high number of basis elements.

It can be proved that for the Smoothing splines method the optimal splines (min-
imizer of the Residual Sum of Squares with penalization on the second derivative)
are natural (null second and third derivatives at the endpoints) and cubic with knots
coincident with the sampling points of the observed data (for details refer to Section
. Therefore, even if we have used the Regression splines method in this simu-
lation, it is reasonable that the cubic splines are optimal in terms of the localized
biases that might appear in correspondence of the jump points hjn s and hgy, (this

phenomenon is called “edge effect”). We do not have biases at the endpoints since all
2

s ise 1s null.

the statistical units are constant at the edges and the power of noise o
As noted for FWER in scenarios with data set const-step, the Smoothing is

critical, particularly for I'TP.
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It is interesting to observe that the unitary order is optimal for BH and it is
exactly the opposite for ITP, BFH and BF (see Figure on page . BH is on the
whole the procedure with the best performances for both cases with data set const-
step and const-tricube. ppp is increasing in p except for the scenarios with unitary
order m. In this case ppy is approximately constant. ppp gradually decreases by
reducing both the order m and the number of basis elements p. We observe the same
tendency in scenarios with data sets const-tricube with a slower decay.

The results obtained with BF and BFH are very similar. Furthermore, for these
procedures the scenarios with data sets const-step and const-tricube do not present
particular differences.

For low p and low m the performances of BF and BFH are similar to the ones
of the ITP. From the standard graphics in Figure on page [10§ we note that,
for p greater than a certain value roughly equal to half of the maximum possible
value p"* = neyq = 100, we have prrp > pprpp(pr)- A similar situation occurs if
the data type is const-tricube although the differences between the procedures I'TP,
BFH and BF are less evident (see Figure on page .

This latter fact can be explained in terms of the properties of the data set const-
tricube. Indeed, the tricube kernel has most part of its mass concentrated in the
middle of [hinf, hsup] (support tricube kernel and region where the null hypothesis
is false). Consequently, the false null hypotheses associated with the central part
of [hing, hsup) are often rejected by all procedures. Therefore, regarding these null
hypotheses, it is difficult to observe significant differences among I'TP, BF and BFH.
Moreover, the kernel tricube has few mass at the endpoints of its support. This prop-
erty constitutes a disadvantage for the I'TP since this procedure tends to maximize
the true discovery rate in the middle of [hi,f, hsyp), minimizing it at the borders (as
already discussed in [Pini and Vantini, 2013)).

In scenarios with data type const-tricube, for all procedures the performances are
generally worse than in scenarios with data type const-step. Moreover, if the data
type is const-tricube, the best order m is the unitary one as can been seen in Figure
on page 51 (all graphics are reported in Figure on page . In particular
observe the slope change of p: when the order m is low the slope of p is roughly null;

by increasing m, the curves p tend to be increasing in p.
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const-step Rejection Rate False Null Hypotheses

const-tricube Rejection Rate False Null Hypotheses
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Figure 4.5: Heat maps of the Rejection Rate False null hypotheses p as a function of
p and m for the procedures Interval Testing Procedure (ITP), Benjamini-Hochberg
(BH), Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets const-step
(populations of constant and step functions) and const-tricube (populations of con-
stant and tricube functions). In heat maps the bright white is associated with the
maximum value 1 and the red is associated with the minimum value 0.
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Figure 4.6: Rejection Rate False null hypotheses p as a function of the number p of
B-gpline basis elements with cubic splines. The data type is populations of constant
and step functions.
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Figure 4.7: Rejection Rate False null hypotheses p as a function of the order m
B-spline basis with the interpolating spline (p = 100). The data type is populations
of constant and step functions.
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Metricp m=1

I
20 40 60 80 100

Figure 4.8: Rejection Rate False null hypotheses p as a function of the number p
of B-spline bagis elements with constant splines. The data type is populations of
constant and step functions.

Metricpm=1 Metricpm=4

Metricpm=9 Metricp m=10

Figure 4.9: Rejection Rate False null hypotheses p as a function of the number p of
B-gpline basis elements with orders m = 1, 4, 10. The data type is populations of
constant and tricube functions.

ol



Simulations with Smoothing parameters variable

4.2.2.3 Rejection Rate True null hypotheses

In Figure 4.10] on page [53| we report the heat maps of the Rejection Rate True
null hypotheses v. Similarly to the FW ER, ypr and vprpg assume lower values than
~vrrp and ypg. Furthermore, in most cases the approximation ygr = vprg =~ 0 is
valid for both data sets const-step and const-tricube. vppr(pr) is positive only for
p = 10 and for some low values of the order m, and, however, its values are very
small.

In scenarios with data set const-step, the function vypp is maximized for values
of the order m approximately in the set {3, 4, 5} and for relatively high p coherently
with the observations pertaining the FW ER. For really high orders and indepen-
dently from p, yrp is minimized. For very low orders and independently from p,
~vrrp assumes intermediate values. Regarding the procedure BH, by augmenting p
and by decreasing m, it can be noted that vy tends to increase. vpp is maximized
for low p and high m; in the other cases yppy assumes lower values.

In scenarios with data type const-tricube, we have that v;rp is maximized in a
greater set of orders m € {2, 3, 4, 5} for every number of basis elements and for
really high m and for any reasonable values of p (p > n1 = na = nynits = 30). The
trend of ypp is similar to the one of yrpp except for the fact that the set of orders
where ypp is maximized is constituted by more elements (roughly m € {1,..., 6}).
In this set we also observe less variability of vpp, excluding few peaks.

However, from the heat maps of «, it is difficult to detect particular tendencies and
to observe differences among the tested procedures due to the low values assumed
by this metric. In addition, unlike the FW ER, this metric is not theoretically
conserved by the inspected methods. It is only possible to detect the regions where
v is optimized in order to have essentially a set of rules of thumb about how to choose
in principle the Smoothing parameters m and p for each procedure and for each data
type.

In scenarios with data set const-step, from the standard graphics in Figure[A.5on
page , we can observe that except for the quadratic and cubic splines (m = 3,4),
the following ordering holds

YBF = YBFH < YITP < VYBH

and, in contrast, for m € {3, 4} the performances of ITP and BH are equivalent. It
is worth to mention that at the same time p;rp is coherently maximized for m = 3,4

and p relatively high.
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Figure 4.10: Heat maps of the Rejection Rate True null hypotheses v as a function of
p and m for the procedures Interval Testing Procedure (ITP), Benjamini-Hochberg
(BH), Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets const-step
(populations of constant and step functions) and const-tricube (populations of con-
stant and tricube functions). In heat maps the bright white is associated with the
maximum value 1 and the red is associated with the minimum value 0. The squares
white opaque are associated with not available numbers, corresponding to the cases

when all null hypotheses are false; in these scenarios v is not defined.
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4.2.2.4 Power

In Figure 4.11] on page [55| we report the heat maps of the Power 7. Considering
the scenarios with data set const-step, we observe that the BH globally provides the
best performances.

The order m = 1 is suboptimal for I'TP, BF and BFH. By increasing m in the
set {1, 2, 3, 4}, the power improves for all procedures. Furthermore, with the cubic
splines mpp essentially assumes unitary values (see Figure on page .

If the data type is const-tricube, the Power does not provide interesting informa-
tion about the tested procedures. Indeed, the curves 7w assume very high values in
all cases. The causes are multiple. The tricube kernel mass is mostly concentrated
in the middle of its support [hinf, hsup|, reaching higher mean values with respect
to the ones of data set const-step. Therefore, it is reasonable that the Power can be
not particularly informative since it is likely that in many instances at least one false
null hypothesis is rejected by all procedures. Specifically in the simulation setting
chosen and in general by construction, the Rejection Rate False null hypotheses p

measures in a more precise way the rate of true discoveries.
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const-step Power

const-tricube Power
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Figure 4.11: Heat maps of the Power 7 as a function of p and m for the procedures In-
terval Testing Procedure (ITP), Benjamini-Hochberg (BH), Bonferroni-Holm (BFH),
Bonferroni (BF) and for the data sets const-step (populations of constant and step
functions) and const-tricube (populations of constant and tricube functions). In
heat maps the bright white is associated with the maximum value 1 and the red is
associated with the minimum value 0.
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Figure 4.12: Power 7 as a function of the number p of B-spline basis elements with
orders m =1, 2, 3, 4. The data type is populations of constant and step functions.

In all scenarios we have observed that the performances of BFH are better than
expected. Indeed, also for high p, BFH is not highly conservative. This result could
be a consequence of the fact that, by construction of the univariate permutation
tests, the set of attainable p-values estimated with the Conditional Monte Carlo
algorithm is discrete (the Conditional Monte Carlo algorithm is described in . In
particular, the probability that a p-value is estimated as 0 is greater than zero. If a
p-value is 0, the adjustment of the p-value itself is ineffective. The same applies to
the procedure BF.

It is worth to observe that for the procedures BH and BFH, the effective number
of tests is less than p. In fact, being both populations constant for = ¢ [hinr, Rsup);
the p-values associated with the basis elements with null intersection between their
supports and [Rinf, hsyp) are roughly constant. Consequently since the first step for
these procedures is the ordering of the univariate p-values, in practice every set of
constant or very similar p-values is considerable as a single p-value.

In conclusion, it is possible to note that for the I'TP it is better to choose p
relatively high. In particular, this is true also for high m in this simulation. If few

basis elements and a low order are chosen, the procedures BF and BFH constitute
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an equivalent alternative to ITP. For that reason, if the ITP is used, it could be
convenient to choose the number of basis elements as high as possible. Moreover, we
have observed that for functional data with discontinuities the best choice for the
ITP would seem the use of the cubic splines with a sufficiently high number of basis
elements. Finally in the scenarios with data set const-tricube, it is suggested to keep

low the order and it is not necessary to choose a high number of basis elements.

4.3 Smoothing Splines parameter variable

4.3.1 Introduction

The Smoothing B-splines are studied in the following simulations. We consider
also the Smoothing B-splines since they constitute an important tool usable for a
representation of the derivatives with specific constraints expressed in terms of a
penalty function. We investigate here how the smoothing parameter A affects the
performances of the different procedures.

The objective function chosen here is the Residual Sum of Squares RSS with

penalization on the second derivative (curvature) given by:

RSS (f, A Z{yl— (1)} +A/{f’(t)}2dt (4.1)

It can be proved that the minimizer f,,; of is given by the natural cubic splines
with knots coincident with the evaluation points of the observed data. For details
refer to Section 2.3] For exploratory reasons an hypothesis of this optimization
result can be on purpose violated. For instance, in simulations with non-null ¢,,;se
the B-splines are not natural.

Firstly, two simulations with number of independent data sets generated ngqtq
equal to 1000 and null standard deviation of the additive Normal noise 0y,;s¢ have
been performed. In the first simulation, the set of knots is different from the grid
associated with the observed data while they coincide in the second simulation.
Secondly, since in most cases the Smoothing analysis is conceived for the reduction
of outer errors (measurement errors), we have considered also scenarios with opeise

positive and variable where ng., is equal to 500 for each tested value of oy,pise.

4.3.2 First simulation with o,,,;,c =0

Before the Smoothing, the observed datum is interpolated with natural splines. In
a first moment, the number of samples in output after interpolation has been chosen
equal to 2 - Neyqer, Where neyq is the number of evaluations for each statistical unit
uniformly distributed in the domain D = [0, 2|. Then, the Smoothing is performed

using the basis B-spline. The number of basis elements p is coincident with the
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Simulations with Smoothing parameters variable

number of samples at disposal 2 - Ny (Smoothing splines methods) and m is set to
4 (cubic splines). Therefore, the knots are located in the grid {SEZ}?L :12'"5’“” composed
by uniformly distributed values in [0, 2]. This grid is different from the original one
({xl}fvz 7 eve! composed by uniformly distributed values in [0, 2]). One assumption
of the result mentioned in about the minimization of the cost functional RSS
is violated: the knots are placed in the starting evaluation points {xz}f\; 7 evel. The
other hypotheses are satisfied: the splines are natural and cubic. Since in the explored
scenarios the standard deviation of noise oy,ise 18 zero and the statistical units are
constant at the endpoints, the interpolation preprocessing does not involve issues.

The parameters for the data set const-step are:

o hi5 =05
o WGy =15

o Fixed effect (height of the step with support [hinf, hsup)): vos = 0.15

The parameters for the data set const-tricube are:

o h{L =05
o WSk =15

e Maximum value of the symmetric tricube kernel with support [Ring, Rsup):
vor = 0.22

h.CS hCT hCS hCT

infr "Winfr "Psupy "“sup>

and Smoothing B-splines frameworks. The remaining parameters are:

vos and vor are chosen in the same manner in Regression

® N = N2 = Nypits = 30

e Number evaluations uniformly distributed in the common domain D = [0, 2]:

Neval = 50

The values of the smoothing parameter are:

A€ [10_10, 1] with 100 uni formly distributed samples

Family Wise Error Rate

The results in terms of the Family Wise Error Rate FW ER are reported in
Figure .13l The procedure BH does not control the FW ER. Moreover, FW ERpy

assumes larger values in scenarios with data set const-step.

It seems that also the procedures ITP, BFH and BF do not control the FW ER.

1

N obtained

Denote with oestimate the upper bound of the estimate variability
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from the Normal approximation of the confidence interval for the Binomial proportion
with @ = 0.05 (for details refer to Section . Actually, the values of A\ such that

1

Ndata

FWER; — a >

= Oestimate ~ 3%, S € {ITP, BF, BFH}

are very high and meaningless. A functional data reconstruction with A too big
distort the estimate of the p-values and consequently also the computed metrics.
This effect is more marked if the regularity of data is low as in scenarios with data
set const-step which is discontinuous. Hence, we can confirm that, for reasonable
values of the smoothing parameter A, the procedures I'TP, BF and BFH control the
FWER. It has been chosen such a wide set of values for the smoothing parameter

A for an exploratory purpose.
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Figure 4.13: Family Wise Error Rate FW ER in simulations with o;,ps¢ = 0 and
Ndata = 1000 doubling n., with interpolation.

Rejection Rate False null hypotheses

The Rejection Rate False null hypotheses p is reported in Figure Indepen-
dently from the data set type, it holds

pBF & PBFH, PBH > ps, S € {ITP, BF, BFH}
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In scenarios with data set const-step, we observe:

e For \ approximately lower than 1075, we have the following ordering:

PBF = pBFH < pITP < PBH

The slope of the curves p is around 0 except for p;rp in the last part of the

interval (10*10, 10*5) where prrp itself starts to decrease. Therefore, we have

low variability in this range of the smoothing parameter A.

e For )\ approximately greater than 107°, the functions p are decreasing with
parabolic trend. The results of the procedures ITP and BFH (BF) are similar.

If the type of data set is const-tricube, we point out:

e The region [10_15, 5\} (:\ ~ 1073), where the curves p have slope around 0

(also ITP differently from the scenarios with data set const-step), is longer with

respect to the scenarios with data set const-step. There is a global maximum

of ppg near A = 1072, For A > ), the functions p are decreasing.

e For every value of the smoothing parameter A, the performances obtained with
the procedures ITP and BFH (BF) are very similar.

These results are coherent with the nature of the data sets tested. With the discon-

tinuous data set const-step, it is reasonable that strong penalties (high A) demote the

performances, particularly for the I'TP. This effect is less evident for data set const-

tricube since this kind of data is more regular (the tricube kernel belongs to C°). In

particular, ppp is maximized for a set of high values of the smoothing parameter A.
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Figure 4.14: Rejection Rate False null hypotheses p in simulations with o;,ise
and nger, = 1000 doubling ne,q with interpolation
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Rejection Rate True null hypotheses

The results in terms of the Rejection Rate True null hypotheses «y are reported in
Figure Consider the scenarios with data set const-step. For A\ approximately

lower than A = 1073, we observe the ordering

YBF = YBFH < YITP < YBH

and the functions -y are approximately constant.

If A > \, we note:

1. The curves vs with s € {BF, BFH, BH} are increasing. In particular, this

trend characterizes the function vgg.

2. We have the following ordering:

YBF < YBFH < YITP <K YBH

3. The function yyrp attains its minimum values roughly for a set of high values
of A\; moreover, in this set the performances of I'TP are very similar to the ones
obtained by the procedures BF and BFH.

If the data type is const-tricube, we observe:

1. Tt exists an interval (10*10, :\) in which the curves v have zero slope. This
interval is more extended with respect to the one identified in the framework
with data set const-step; this observation is valid also for p and 7 and it is

coherent with the regularity of the tested types of data set.

2. Similarly to the cases with data type const-step, we have the ordering

YBF < YBFH < YITP <K YBH

3. For A > ), the results are essentially comparable to the ones obtained with data
set const-step except for few differences: ypy assumes smaller values with data

set const-tricube and the set of minimum values of yr7p is more pronounced.
The trend of FW ER is similar to the one characterizing the Rejection Rate True null

hypotheses v without the set of minimum values obtained for high A, particularly in

scenarios with data type const-step.
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Figure 4.15: Rejection Rate True null hypotheses v in simulations with g,055c = 0
and ngqre = 1000 doubling ne,q with interpolation

Power

The Power 7 is reported in Figure Firstly, we note that the results obtained
with the procedures BFH and BF are coincident.

For the data set const-step, except for really large values of A\, we have the

ordering;:

TBF R TRFH S TiTP < TBH

For very high values of A, we have
TBF = MTBFH = TITP

Moreover, it exists a common A\ ~ 10~2 where 7gp, TrH, Trrp are locally maxi-

mized.

In scenarios with data set const-tricube, we observe that the curves 7w have ap-
proximately unitary values until A = 1072. Due to the nature of the data set const-
tricube, the Power 7 could be an imprecise index since the mass of the tricube kernel
is mainly concentrated in the middle of the interval [hi,f, hsup] where Hy is false.
Therefore, it is plausible that at least one false null hypotheses is rejected by all

procedures. For A > 1072, the functions are decreasing and in particular

TpH > ms with s € {ITP, BF, BFH}
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Figure 4.16: Power 7 in simulations with oppi5e = 0 and ngqtq = 1000 doubling neqyq;
with interpolation

4.3.3 Second simulation with o, =0

For comparison and check, we performed a simulation with the same parameters
as the previous one without doubling the number of evaluations neyq; (Nevar is directly
set to 100). In this way, the grid of interpolated data with natural splines is coincident
with the grid associated with the original data. Therefore, the hypotheses of the cost

functional minimization result reported in Section [2.3] are satisfied.

Family Wise Error Rate

The results in terms of the Family Wise Error Rate FFW ER are reported in Figure
.17 Consider the scenarios with data set const-step. Contrary to the preceding

simulation, we observe:

e The procedure BH does not control the FW ER also for low values of the
smoothing parameter A; this trend is not distinctive of v even if the control for

this metric is not guaranteed.

e Taking into account the variability of the metric estimate, it can be seen that
the ITP, BFH and BF control the FW ER for almost every A. In particular
roughly for A < 1072 we have

1

FWER; (N <a+
( ) v Ndata

=« + Ocstimate, S € {ITP, BFH, BF}

e For all procedures, we note a set of minimum values of the FW ER approxi-
mately in the interval (10’77 10’3). This trend is less marked for the ITP, in
particular with respect to BH.
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Figure 4.17: Family Wise Error Rate FW ER in simulations with o4 = 0 and
Ndata = 1000 without doubling ne,q with interpolation

Rejection Rate False null hypotheses, Rejection Rate True null hypotheses

and Power

The Rejection Rate False null hypotheses p, Rejection Rate True null hypotheses
v and Power 7 are reported in the Figure 4.18|

In scenarios with data type const-step, an important difference with respect to
the previous simulation is that, in terms of p and for low values of A, the results of the
procedures I'TP and BH are analogous. The same applies for v and 7; in particular for
the Power 7 the statement includes also the procedures BFH and BF. In particular,
for low A, the power is unitary for all procedures. This outcome is reasonable since
the data set const-step is not regular, being discontinuous. Moreover, the standard
deviation of noise opise 18 zero.

The performance improvement of the ITP could be explained referring to the
result mentioned in about the minimization of the cost functional . In the
previous simulation, the interpolation has been performed doubling the number of
initial evaluations ne,q. Hence, the grid for Smoothing was {:El}fi :12'"6”‘” composed
by uniformly distributed values in [0, 2]. Consequently one assumption of the pre-
viously mentioned result is violated: the knots are placed in the starting evaluation
points {xz}f\i 7wt composed by uniformly distributed values in [0, 2]. The ITP
seems the most influenced procedure by this hypothesis violation among the tested
procedures. This may be due to the fact that the ITP explores the ordered structure
in space of the B-spline basis components. Each adjusted p-value is determined by
the multivariate p-values with null hypothesis of the associated test implying the
null hypothesis related to the adjusted p-value itself. It should be remembered that
the tests are expressed in terms of the basis coefficients. We have an univariate test

for each coefficient. Moreover, since the B-spline basis expansion is used we have
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4.3. Smoothing Splines parameter variable

localization in space and, hence, there could be a strong relationship between the
functional reconstruction and the trend of the adjusted p-values. In some cases, we
have observed a parabolic shape of the I'TP adjusted p-values with few of them be-
low the significance level o among the p-values associated with false null hypotheses.
Thefore, in general for the ITP the Smoothing would seem crucial.

Regarding the cases with data set const-tricube, there are not important differ-

ences compared to the previous simulation.
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Figure 4.18: Rejection Rate False null hypotheses p, Rejection Rate True null
hypotheses v and Power 7 in simulations with o055 = 0 and ngq:, = 1000 without
doubling n,q with interpolation
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4.3.4 Simulations with o,,,,;. > 0 variable

The problem of the biased functional estimates obtained with Smoothing at the
endpoints of the domain (phenomenon called “edge effect”) is generally solved using
the natural and cubic splines with knots coincidents with the sampling points of
the observed data assuming that the cost function is (4.1)). However, since we are
interested in the comparison among the tested procedures and the statistical units
are constant at the endpoints of the domain, we have not used the natural splines for
an exploratory purpose. Hence, the Smoothing is directly performed on the discrete
data with order m = 4 (cubic splines) and the knots are placed in the original grid.

The values of the smoothing parameter A and of the standard deviation of noise

Onoise are:

A€ [10_7, 1] with 25 uni formly distributed samples; o € {0.01, 0.03, 0.06, 0.09}

The other parameters are fixed in the same way as in the previous simulation.

4.3.4.1 Family Wise Error Rate

The results in terms of the Family Wise Error Rate FW ER are reported in Fig-
ure Firstly independently from the data type, we observe that the procedure
BH does not control the FW ER for high A. It is the same for low A when oppise
is sufficiently high (oy0ise > 0.06) which is reasonable since the Smoothing is funda-
mentally conceived for the reduction of measurement errors. As noted in the previous
simulations, there exists an interval where FW ERpy < « and, in accordance with
the regularity of the data tested, it is more extended on the right side if the data
type is const-tricube.

Taking into account the variability of the estimate, it can be stated that [TP, BF
and BFH control the FW ER in scenarios with data set const-step (excluding high
values of \) and const-tricube (for all A).

In general, the FW ER is higher in scenarios with data set const-step, in partic-
ular for FW ERgg.
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Figure 4.19: Family Wise Error Rate FW ER in simulations with 0,05 > 0 variable

and ngq, = 500 for each tested value of oppise
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4.3.4.2 Rejection Rate False null hypotheses

The Rejection Rate False null hypotheses p is reported in Figure [£.20] Consider
the cases with data set const-step. BH is the procedure with the best performances.
By increasing op,ise, the curve ppy tends to be characterized by a parabolic trend
with maximum values for intermediate A. On the contrary, pyrp is always maximized
for low A and it is decreasing in A\. By increasing opoise, prrp decays in A more slowly.

In general, the following ordering holds:

PBF = PBFH < prrp < PBH

Differently from the previous simulation, for low A the performances of ITP and
BH are not equivalent, probably because the splines are not natural. Furthermore,
we note the same trend of ppp for the curves ppry and ppr.

As far as concerns the scenarios with data set const-tricube, in the first place we
observe that the results of the procedures ITP, BF and BFH are similar; the unique
cases in which some differences can be observed are for low A and high 0y,pise- The
tendency of the functions prrp, prm, ppr is characterized by a first region where
the slope is approximately zero (except for low A and high o,4se) followed by a
last part (high A and hence strong penalties) where it can be observed a decay. The
same basically holds for the procedure BH except that there exists a set of maximum

values of ppy for very high ) independently from the power of noise o2,
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Figure 4.20: Rejection Rate False null hypotheses p in simulations with o,5i5¢ > 0
variable and ng,.t, = 500 for each tested value of 0,0ise
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4.3.4.3 Rejection Rate True null hypotheses

The results in terms of the Rejection Rate True null hypotheses v are reported
in Figure [4.21] We observe that:

e By increasing opese and for small and intermediate A, the curves =y decrease.
This result is reasonable since the univariate p-values generally increase by

augmenting the standard deviation of noise g,ise-

e The following ordering holds:
YBF ® YBFH < VITP < VBH

e yrrp is minimized for high A with performances comparable to the BFH and
BF procedures. The set of the minimum values is more pronounced in scenarios

with data set const-tricube.

e The functions vpm, YBFH, YBF are increasing and they tend to assume larger
values if the data type is const-step. In particular, the maximum values as-
sumed by the function yppy are markedly larger in scenarios with data set

const-step. Except for really high A, the curves yprp, 7pr assume null values.
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Figure 4.21: Rejection Rate True null hypotheses v in simulations with o,0ise > 0
variable and ng,.t, = 500 for each tested value of 0,0ise
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4.3.4.4 Power

The Power 7 is reported in figure Figure .22] Despite the data type, we have
TBF = TBFH = TITP-

In scenarios with data set const-step, the functions 7wypp, Tpry, Tpr are decreas-
ing and this is less evident increasing opeise- On the contrary, mppy is decreasing only
for really high A. In the other cases BH is constant independently from o,,055c. Fur-
thermore, BH is the most powerful procedure.

For the data type const-tricube, the functions 7 are constant with unitary value
except for very high X\. For very high A (independently from the power of noise
a?wise), the functions 7 are decreasing with mpy > 75 with s € {ITP, BF, BFH}.

Varying the standard deviation of noise 0,0;s¢, does not lead to particular trend

differences.
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Figure 4.22: Power 7 in simulations with op4se > 0 variable and ng.:q = 500 for
each tested value of 0,pise-

73



Simulations with Data parameters variable

In general it is possible to note that, in terms of p, the I'TP is the procedure
most prone to degradation of the performances due to violations of the assumptions
of the cost functional minimization result briefly mentioned in £.3.1] In detail, the
violated assumptions are the placing of the knots in the evaluation points of the
observed data (first simulation with 0,05 = 0) and the use of the natural splines
(simulations with 0,45 > 0 variable). This result should not be interpreted as a
negative fact. Instead, it is an useful result regarding the use of the ITP. If we know
a theoretical result such as the one reported in Section for Smoothing splines
method or guidelines tailored for a particular Smoothing method, for I'TP it would
seem strongly recommended the application of these results.

On the other hand, in the simulation with parameters m and p (respectively
the order and the number of the B-spline basis elements), we have observed that
the tuning of the parameters m and p is critical. In fact, for functional data with
discontinuities the best choice in terms p for the I'TP would seem the use of the cubic
splines with a sufficiently high number of basis elements. This result was not easily
predictable a priori because we expected that the unitary order would have been
the best one for the functional reconstruction of a step, as it has been for the BH
method.

Finally based on the obtained results, the learned message is that for the ['TP it is
highly recommended to apply, if available, theoretical results or best practices for the
used Smoothing method. Alternatively, it is possible to use the purely nonparametric
inferential procedure Interval-wise test (Pini and Vantini, 2015a) which does not

require the use of a basis expansion (for details refer to Section [L.2]).

Simulations with Data parameters variable

In the second part of this simulation study we investigate the performances of
ITP depending on the Data parameters. In Section [4.4 we focus on parameters
number of evaluations n.,, and standard deviation of the additive Normal o,0;se-

In Section [4.5] we focus on parameter number of statistical units nynits-

4.4 Number of evaluations n.,,; and standard deviation

of noise o0,,;;, variable

4.4.1 Introduction

In the previous simulations, we have analyzed the performances of the tested
procedures by varying the Smoothing parameters which are arbitrarily tunable in
applications. However, we are also interested in exploring how the performances

depend on Data parameters, even if they could not be controllable in real situations.
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4.4. Number of evaluations Ne,q and standard deviation of noise 0,ise variable

In this simulation, the variable parameters are the number of functional evaluations
Neval and the standard deviation of the additive Normal noise op,ise-

For each value of neyar, ndate independent data sets are generated from the const-
step and const-tricube models, where for each statistical unit ne,, evaluations are
uniformly distributed in the domain D = [0, 2]. Then, for each value of 0y4ise and
for each data set, a local Normal noise with zero mean and standard deviation o,;se

is added independently to each point.

4.4.1.1 Values of the parameters

The common parameters in both scenarios with data set const-step and const-

tricube are:
e Number functional evaluations: ne,q = {50, 100, ..., 500}.

Standard deviation additive Normal noise: opeise = {0, 0.022,..., 0.2}.

e Number statistical units: nynits = n1 = ny = 30.

B-spline order: m = 4.

Number basis elements: p = 50.
e Number data sets generated: ngu:, = 1000.

In scenarios with data set const-step, the parameters are:

° hgﬁc =0.5
o W =15

o vog = 0.15

In scenarios with data set const-tricube, the parameters are:

o Wil =05
o WS =15
o vor = 0.22

In the following we report the heat maps that, if need be, are alternated with a
selection of the standard graphics (i.e., metric as a function of 0,,ise With fixed neyq;
or vice versa) and general comments about the observed trends. For completeness,
all the standard graphics divided according to the type of data (const-step and const-
tricube) are reported in Appendix [B]
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Simulations with Data parameters variable

4.4.2 Results

The simulation results are presented by means of suitable heat maps which repre-
sent the values of a metric by varying both parameters oppise and neyq;. In this way a
direct comparison between the scenarios with data sets const-step and const-tricube
can be achieved.

For each data type (const-step or const-tricube) and metric (Family Wise Error
Rate FW ER, Rejection Rate False null hypotheses p, Rejection Rate True null hy-
potheses v, Power 7), we have a plot with four subgraphs. Each subgraph is the
representation through an heat map of a metric for one of the tested procedures (In-
terval Testing Procedure (ITP), Benjamini-Hochberg (BH), Bonferroni-Holm (BFH),
Bonferroni (BF)). In heat maps the bright white is associated with the maximum
value 1 and the red is associated with the minimum value 0. When needed, contour

lines are added to ease the comparison between the different graphics.

4.4.2.1 Family Wise Error Rate

In Figure 4.23| on page we report the heat maps of the Family Wise Error
Rate FWER. Independently from the data type, the functions FWERpF and
FW ERpry globally assume lower values than FW ER;rp and FW ERpy. More-
over, the results provides by BFH and BF are basically coincident and FW ERprp(pr)
assumes higher values in noisy scenarios.

In general for each procedure, the trend of the FW ER is independent from the
data type.

BF, BFH and ITP control the FIWER in all cases (net of the upper bound of
the estimate variability cestimate (1) = Oestimate = \/mlzm ~ 0.032; for details refer
to Section . The control of the FW ER provided by the [TP is on intervals. This
kind of control of the FW ER is intermediate between the strong (typical of the BF
and BFH) and the weak ones. By construction of the ITP adjustment p-values phase

(recycled version of the family composed by all possible interval-wise tests explained
in Pini and Vantini, |2013)), the union of intervals [0, Ay ¢) U (hsup, 2], where the null
hypothesis is true, can be considered as a unique interval.

As expected, BH does not control the FW ER (it controls the False Discovery
Rate, implying only a weak control of the FWER). The trend of FW ERpy as a
function of g,,0ise is parabolic, and by augmenting ne,q;, the points where FW ERpy

1s maximized increase.
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4.4. Number of evaluations Ne,q and standard deviation of noise 0,ise variable

From Figures we note that it exists a value of the standard deviation
of noise G,0ise above which the FWER of the ITP is lower than the one of BF
and BFH procedures. By augmenting neyqi, it can be observed that &,,4se increases.
FW ERrp is non-increasing in ope;se and, on the contrary, FWERprp, FW ERpp
are non-decreasing in opeise-

In the simulation study in |[Pini and Vantini, [2013| regarding the Component Wise
Probability of Rejection (i.e, the Component Wise Error Rate for components with
true null hypothesis and the Component Wise Power for components with false null
hypothesis), it has been observed that, if it is identified a significant interval with
the procedure BH, no distinction is generally made among the different components.
Instead, the ITP maximizes the true discoveries in the middle of a significant interval
and it presents a true discovery rate decays at the borders of the significant interval
itself. This property is due to the capability of the ITP to explore the ordered
structure of the basis expansion used.

We noted that, by augmenting g,0ise, the univariate p-values and consequently
also the adjusted p-values increase. Due to the ability of the ITP to exploit the
ordered structure in space of the B-spline basis expansion, this trend of the p-values
can involve the decreasing of the FW ERrp when the power of noise afwl-se is aug-
mented. On the contrary for BH, for comparable values of neyq and oppise, there
could be difficulties in its ability to detect uniformly a significant interval and, conse-
quently, we observe a parabolic trend of the curve FW ERpp as a function of 0,,0ise
with maximum value increasing in neyq-

When ,,0is¢ 1s high, it is better to have few evaluations ng,q; for BH in terms of
FWER. In contrast, by increasing oyeise, the curve FW ERrp is non-increasing

for every neyal-
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Figure 4.23: Heat maps of the Family Wise Error Rate FW ER as a function of 0p4ise
and N,q for the procedures Interval Testing Procedure (ITP), Benjamini-Hochberg
(BH), Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets const-step
(populations of constant and step functions) and const-tricube (populations of con-
stant and tricube functions). In heat maps the bright white is associated with the
maximum value 1 and the red is associated with the minimum value 0.
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Figure 4.24: Family Wise Error Rate FW ER as a function of the standard deviation
of noise gy,0ise With number of evaluations ne,, = 50, 150, 250, 500. The data type
is populations of constant and step functions.
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Figure 4.25: Family Wise Error Rate FW ER as a function of the standard deviation
of noise oppise with number of evaluations ne,q = 50, 150, 250, 500. The data type
is populations of constant and tricube functions.
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4.4.2.2 Rejection Rate False null hypotheses

In Figure[4.26on page[8I]we report the heat maps of the Rejection Rate False null
hypotheses p. In general for each procedure and for each data type, p is characterized
by constant values for low opse, and by a decay fo intermediate and high o,04se-
By increasing neyq the region presenting constant values of p tends to be enlarged.

Consider the scenarios with data set const-step. From the countour lines (more
clearly from Figure on page [82), it is possible to observe the following ordering:

PBF < PBFH < pITP < PBH

For very high values of g,4is¢, the performances of all procedures are comparable.
For high 0ppise, we have prrp = ppy > ps, s € {BFH, BF}. By increasing Neyqis
the interval of the form [0, Gp0ise], where the difference ppr — prrp is positive, tends
to expand.

The ITP has good performances for low neye and low oppise- In particular for
Onoise € (0, 0.04), the point where p;pp is maximized is neyq; = 100 (see Figure
on page . In these scenarios, we have that the performances of ITP and BH
are equivalent and in general the slope of the curves p are roughly null. Instead by
augmenting opeise, the curves p tend to be more and more increasing in neyq;. For
high opise, the procedures with the best performances are I'TP and BH, and the
results obtained with these procedures are equivalent.

In scenarios with data set const-tricube, for low o,0;se, differently from the sce-
narios with data set const-step, BFH provides higher values of p than ITP. However,
for high op04se the procedures with the best performances are still ITP and BH. The
results obtained with these procedures are comparable, in particular for very high
Onoise- Finally, in general the BH procedure provides the best results.

The quantity % can be interpreted as the ratio between the Power of Signal
and the Power of Noise (Sound to Noise Ratio SNR). When o0,,4is¢ is low, the SNR
is high also for low neyq and all procedures are characterized by good performances.
On the contrary, starting from a certain value of oppise, the SNR is increasing in
Newal and all procedures provide better performances by augmenting the number of
evaluations neyq;. Interpreting the results in terms of SNR is an equivalent way to
look at the slope changes of the curves p by varying the parameters of interest neya;
and op0ise; for low values of 0,,0ise, independently from n.,4;, the slope of the curves
p is roughly zero and p assumes high values; for intermediate and high 0,,0ise, the

curves p are non-decreasing in neyq and they generally assume lower values.
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Figure 4.26: Heat maps of the Rejection Rate False null hypotheses p as a function
of Tpoise and neyq for the procedures Interval Testing Procedure (ITP), Benjamini-
Hochberg (BH), Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets
const-step (populations of constant and step functions) and const-tricube (popula-
tions of constant and tricube functions). In heat maps the bright white is associated
with the maximum value 1 and the red is associated with the minimum value 0.
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Figure 4.27: Rejection Rate False null hypotheses p as a function of the standard
deviation of noise 0,0ise With number of evaluations ne,q fixed. The data type is
populations of constant and step functions.
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Figure 4.28: Rejection Rate False null hypotheses p as a function of the standard
deviation of noise o,u;5e With number of evaluations ne,q = 50, 150, 250, 500. The
data type is populations of constant and tricube functions.
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4.4. Number of evaluations Ne,q and standard deviation of noise 0,ise variable

4.4.2.3 Rejection Rate True null hypotheses

In Figure 4.29| on page [84] we report the heat maps of the Rejection Rate True
null hypotheses . For both data types const-step and const-tricube, ygrg and ygpr
assume very low values around 0 and, for every neyq, Yrrp and yppg are decreasing
in opoise- The decay of the curves vyrp and ypp observable by increasing opgise is
slower by augmenting neyq, trend coherent with the high values of p obtained for
low and intermediate opeise and for sufficiently high mne,q. Moreover, the functions
yrrp and vpg decrease by diminishing both neyq and opeise-

In scenarios with data set const-step from Figure on page it can be
observed that it exists a value of the standard deviation of noise G,,;se dependent
from neyq beyond which the ITP outperforms BH. By increasing neyq, in the same
way as p, Onoise tends to increase. For all graphics see Figure on page [128|

We observe the same tendencies in scenarios with data set const-tricube. From
the graphics in Figure on page [85| by increasing the power of noise afmse, the
improvement - absolute and with respect to BH - of the ITP performances is dis-
cernible. In particular, for high o,ise, we have yi7p = ypr = vpryg =~ 0. This
trend is interesting for I'TP since, in the same cases, the performances in terms of p
of the ITP and BH are comparable. By increasing ne,qi, Yrrp as a function of oppise

decreases more slowly. For all graphics refer to Figure [B.14] on page [137]
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Figure 4.29: Heat maps of the Rejection Rate True null hypotheses v as a function
of Tpnoise and neyqr for the procedures Interval Testing Procedure (ITP), Benjamini-
Hochberg (BH), Bonferroni-Holm (BFH), Bonferroni (BF) and for the data sets
const-step (populations of constant and step functions) and const-tricube (popula-
tions of constant and tricube functions). In heat maps the bright white is associated
with the maximum value 1 and the red is associated with the minimum value 0.
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Figure 4.30: Rejection Rate True null hypotheses v as a function of the standard
deviation of noise 0,45 With number of evaluations n.,, = 50, 250, 450, 500. The
data type is populations of constant and step functions.
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Figure 4.31: Rejection Rate True null hypotheses v as a function of the number of
evaluations n.,, with fixed standard deviation of noise oy,i5e = 0,0.04,0.09,0.013.
The data type is populations of constant and tricube functions.
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4.4.2.4 Power

In Figure 4.32] on page [87] we report the heat maps of the Power w. Firstly, we
observe that the general tendencies of the curves mpr and mpppy are very similar for
both data types const-step and const-tricube.

Consider the scenarios with data set const-step. For neyq € (50, 100), from the
countour lines we observe the ordering myrp < mpr = mprpg = mwpy. The trend of
curves 7, similarly to p, is characterized by constant values for low op4ise (region 1),
and by a decay for intermediate and high 0,ise (region 2).

For neyar > 100 except for mpy whose trend remains unchanged, the functions
mrrp, Tgrg and wpr are parabolas with maximum values obtained for intermediate
Onoise- Additionally, it holds 7mrp < 7pp = wprpy < wpy and, in particular,
TrH(BF) < TBH for oW 0ppise.

From the simulation results concerning the parameters order m and number p
of the B-spline basis elements (consult Section , we expect that the positive
difference mppp(pr)y — mrTp vanishes for p sufficiently high. Indeed in the simulation
with parameters m and p, we observed that for the I'TP it is better to choose the
number of basis elements p sufficiently high and the cubic splines (m = 4). In this
simulation we have used the cubic splines and p has been always chosen equal to 50
which is rather low considering that the minimum and the maximum tested values
of Neyar are nZ})Z} = 50 and nl;)27 = 500.

Finally, the results of all procedures are comparable when o5 is very high.
When neyq is very high, the curves 7 are parabola with small curvature; hence, 7
have slope roughly null. For all graphics see Figures

In scenarios with data type const-tricube, independently from 7., and for low
Onoise, the values of the Power are essentially unitary. The trend of « for all proce-
dures is characterized by constant values for low oy,4ise (region 1) and by a decay for
intermediate and high o0,,4;s¢ Where we have the ordering myr7p < mpr = 7"pry <
wpg (region 2). By augmenting neyq, it can be observed an enlargement of region
1, 7 tends to decrease more slowly in region 2 and the results of all procedures are
more and more similar. For all graphics see Figures [B.15]

In several simulations we observed that, by construction of the simulation setting
with data type const-tricube and by definition of the Rejection Rate False null hy-
potheses p and of the Power 7, 7 is less precise in evaluating the true discoveries rate
and interesting than p. Finally, in the same way as p, we observe that the results of

2
7 can be interpreted in terms of the Sound to Noise Ratio SN R given by —gval

noise
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Figure 4.32: Heat maps of the Power 7 as a function of g,,055¢ and neyq; for the proce-
dures Interval Testing Procedure (ITP), Benjamini-Hochberg (BH), Bonferroni-Holm
(BFH), Bonferroni (BF) and for the data sets const-step (populations of constant and
step functions) and const-tricube (populations of constant and tricube functions). In
heat maps the bright white is associated with the maximum value 1 and the red is
associated with the minimum value 0.
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4.5 Number of statistical units n,,;s variable

4.5.1 Introduction

In this study the Data parameter of interest is the number of statistical units
Nunits- We assume that the the number of statistical units is the same for the two
populations which could be of type const-step (populations of constant and step
functions) or const-tricube (populations of constant and tricube functions).

Ndate independent data sets are generated with maximum number of statistical

max

e, among the tested values of nypirs. For each tested value of nypirs and for

units n

each generated data set, the first nyp;s functions of the current data set are selected.

4.5.2 Results

The common parameters in both scenarios with data sets const-step and const-

tricube are:

e Number statistical units: nynits = n1 = ne € {10,..., 100}.

Order B-spline basis: m = 4.

e Number basis elements : p = 40.

e Number functional evaluations: n.,q = 150. The functional evaluations are
uniformly distributed in the domain D = [0, 2].

e Standard deviation additive Normal noise: 0,055 = 0.05

e Number data sets generated: ngq, = 1000.

In scenarios with data set const-step, the parameters are:

o hi5 =106
° hg;j, =14
e vos =0.13

In scenarios with data set const-tricube, the parameters are:

o Wil =06
o KGL =14

® VoT = 0.19
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4.5. Number of statistical units nynits variable

Family Wise Error Rate

The results in terms of the Family Wise Error Rate FW E R are reported in Figure
M.33] In the first place, we observe that BH does not control the FW ER. In scenarios
with data set const-step and for all values of ny,ts, we have FW ERpy > o = 0.05;
FW ERppg is markedly non-decreasing; the same trend can be observed in scenarios
with data set const-tricube even if it is less marked. Coherently with the theory, the
contrary holds for ITP, BF and BFH.

For both data types const-step and const-tricube, we have the ordering

FWERpr < FWERprg < FWER;rp < FWERBH
If the data set is const-step, we note:
1. The difference FW ERprp — FW ERpr > 0 is negligible.

2. FWERprp, FW ERpr are essentially non-decreasing. However, FW ERprp

and FW ERpp assume low values.
If the data set is const-tricube, we observe:

1. FWERpry = FW ERpp and the difference FW ERrp — FW ERpry(pr) is

greater with respect to the scenarios with data set const-step.

2. FWERprr and FW ERpFr have null slope and assume values near 0.
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Figure 4.33: Family Wise Error Rate FW ER tuning the number of statistical units
Nunits 11 the first simulation
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Rejection Rate False null hypotheses

The Rejection Rate False null hypotheses p is reported in Figure .34l Firstly,
the results obtained with the procedures BFH and BF are coincident.

For all procedures the performances are worse with data set const-tricube, espe-
cially for ITP. The tricube kernel has the most part of the mass concentrated in the
middle of its support [Rinf, heup] where the null hypotheses is false. Therefore, it
turns out that the I'TP is disadvantaged since it tends to maximize the true discov-
eries in the middle of [hj,f, hsup] and the contrary holds at the edges of the same
interval (consult the simulation study in |Pini and Vantini, 2013)). However, for nynts
sufficiently big, the performances of ITP and BFH (BF) are equivalent. Furthermore,

we observe that BH provides the best performances:
pBH > ps, s € {ITP, BFH, BF}

In scenarios with data type const-step, it exists a value of ny,:;s beyond which
the ITP outperforms the BF and BFH. Moreover, the performances of ITP and BH

are comparable in the set nynis € (50, 70).
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Figure 4.34: Rejection Rate False null hypotheses p tuning the number of statistical
units nynies in the first simulation

Rejection Rate True null hypotheses

The results in terms of the Rejection Rate True null hypotheses v are reported
in Figure [4.35] In scenarios with data set const-step, the following ordering holds:

R YBF = VYBFH < 7YITP < VBH

When the data set type is const-tricube, unlike the cases with data set const-step,

the results of the procedures ITP and BH are very similar.
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4.5. Number of statistical units nynits variable

In general v;rp and vpg tend to be non-decreasing with minimum assumed for

Nunits = 20. The ITP performances are better in scenarios with data set const-step.
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Figure 4.35: Rejection Rate True null hypotheses v tuning the number of statistical

units nynies in the first simulation

Power

The Power 7 is reported in Figure [.36] There are no particular differences

between the cases with data set const-step and const-tricube.

For all procedures, by increasing nqynits, this metric rapidly reaches the unitary

value, especially if the data type is const-tricube. The results obtained with the

procedures BH, BFH and BF are essentially coincident and they are better than the

ones of the ITP.
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Figure 4.36: Power 7 tuning the number of statistical units 7m,,+s in the first simu-

lation
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In conclusion, we observe that the number of statistical units is not a critical
parameter in the sense that good performances in terms of Rejection Rate False Null
hypotheses and especially Power are achieved by all methods with moderate values
of this parameter. Particularly significant patterns of the evaluation metrics have

not been observed.
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Conclusions

The general research interest of this thesis has been the Inference in the Func-
tional Data Analysis framework. In detail, the attention has been focused on infer-
ential methods provided with the domain selection property, i.e., methods able to
select the statistically significant intervals of the domain.

The contribution of this thesis has been the exploration of the Interval Testing
Procedure properties through a suitable simulation study. In short, the aim of the
simulation study was the evaluation of the Interval Testing Procedure performances
compared with the Benjamini-Hochberg, Bonferroni-Holm and Bonferroni ones by

varying:

e The data set type: populations of constant and step functions (data set const-

step) and populations of constant and tricube functions (data set const-tricube).

e The parameters of interest: the order m and the number p of B-spline basis
elements, and the smoothing parameter A (Smoothing parameters); the number
of functional evaluation n.,, and the standard deviation of the additive Normal

noise Tpeise, and the number of statistical units nynics (Data parameters).

e The Smoothing method: Regression or Smoothing splines using the B-spline

basis expansion

The performances of the methods have been evaluated by means of the metrics
Family Wise Error Rate, Rejection Rate False null hypotheses, Rejection Rate True
null hypotheses and Power. The fundamental matter was the measure of the ability to
make true discoveries between Interval Testing Procedure and Benjamini-Hochberg,
knowing that the former procedure controls the Family Wise Error Rate on intervals
and the latter procedure ensures only a weak control of the Family Wise Error Rate.
We have adopted a simulation approach because we wanted to gain insights into the
use of the B-spline basis expansion considering both the Regression and Smoothing
splines methods in quite different scenarios with data type const-step and const-
tricube. We have chosen these types of data set for the totally different degree of
regularity that distinguishes them.

93



Conclusions

The code for the simulations has been implemented in R using fdatest and fda
packages. The construction of the combining matrix is the most computationally
expensive task in the Interval Testing Procedure algorithm for the Two-population
framework. In order to improve the execution times, the construction of the com-
bining matrix has been implemented in C, and this result has been integrated in the
fdatest source code. In this way a speedup over the original implementantion equal
to around 60x has been obtained. This result is useful both for simulations, where
the Interval Testing Procedure must be applied several times for each value of the
parameter under analysis, and for scenarios where it is reasonable to choose a high
number of basis elements p. Finally, the used implementation of the Interval Testing
Procedure directly works on an object of the functional data class. Therefore, the
Smoothing is entrusted to the user avoiding subjective choices which had to be taken

automatically in the original version of fdatest.

We have observed that for functional data with discontinuities, for Interval Test-
ing Procedure the best choice would seem the use of the cubic splines with a suffi-
ciently high number of basis elements. In these scenarios, the performances of Inter-
val Testing Procedure and Benjamini-Hochberg are equivalent in terms of Rejection
Rate Fulse null hypotheses. This result shows that for Interval Testing Procedure
the choice of the order and of the number of basis elements can be a critical and
manageable problem. Indeed, the optimality of the cubic splines for Interval Testing
Procedure was not easily predictable a priori because we expected that the unitary
order would have been the best one for the functional reconstruction of a step, as
it has been for the Benjamini-Hochberg procedure. However, in several simulations
we observed that the Rejection Rate False null hypotheses is, essentially due to its
definition and to the simulation setting, a more precise measure of the ability to
make true discoveries than the Power. In general we have also noted that for Inter-
val Testing Procedure it is better to choose the number of basis elements relatively

high, to avoid losing information a priori.

If we consider the more regular data set const-tricube, the performances in terms
of Rejection Rate False null hypotheses of all tested procedures are generally worse
than in the cases with data set const-step. This result has been observed in all types
of simulations and it is probably due to the non-uniform distribution of the tricube
kernel mass which is mostly concentrated in the center of the support of the tricube
kernel itself (the null hypothesis is false in the support of the tricube kernel). The
best order is the unitary one (constant splines) for all procedures. In general with
data set const-tricube, it is suggested to keep low the order and it is not necessary to
choose a high number of basis elements in order to achieve optimality in terms of the
ability to make true discoveries (metrics Rejection Rate False null hypotheses and
Power). Also this result was difficult to predict a priori. We expected that higher

orders would have been optimal due to the regularity of the tricube kernel.
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In general for Interval Testing Procedure, we have noted that the Smoothing
must be performed carefully. At the same time, we have seen that suitably chosing
the order and the number of basis elements, it is possible to achieve performances
equivalent to the ones obtained with Benjamini-Hochberg procedure in terms of
ability to make true discoveries. For instance in scenarios with data set const-step,
chosing the cubic splines and the number of basis elements sufficiently high the
performances of Interval Testing Procedure and of Benjamini-Hochberg procedure
are equivalent in terms of Rejection Rate Fualse null hypotheses.

The evaluation of the Smoothing effects on the inferential analysis is an open
issue. Indeed, analytic expression of functional data is rarely directly available.
More often, we only observe possibly noisy point-wise evaluations of data. Hence, a
Smoothing method has to be applied, even if a basis expansion is not theoretically
required by the adopted inferential procedure such as, for instance, the Interval-wise
test proposed in Pini and Vantini| (2015a)). In Functional Data Analysis, the ap-
proach called in |Zhang and Chen| (2007) “Smoothing first, then estimation” is widely
adopted. The data used for the analysis are reconstructions of the underlying func-
tional data obtained with a Smoothing method. In the work of Zhang and Chen
(2007), the authors report mild conditions under which the information loss, due to
substitution of the underlying functional data with their reconstructions obtained
with the Local Polynomial Kernel Smoothing method, is negligible. In [Vsevolozh-
skaya et al. (2014), authors affirm that a low quality approximation of the observed
data with smooth functions can entail a loss of statistical power and they report
general Smoothing guidelines which are contributions from other works (Rice and
Wu, 2001; (Griswold and Gomulkiewicz, 2008]). In|Corain et al. (2014])), it is claimed
that understanding how the application of the Smoothing method affects the perfor-
mances of the testing procedures is an open and challenging issue about which little
is known. In |Melas et al.| (2014)) the unique adressed topic is the optimal choice of

the number of empirical Fourier coefficients for comparison of regression curves.

The main problem of the Smoothing is that general aspects are difficult to argue
since there is always a certain degree of subjectivity. For example, the results pre-
sented in [Zhang and Chen| (2007) are general only in the Local Polynomial Kernel
Smoothing framework. The usual approach is to follow best practices tailored for
a specific Smoothing method. The best practices can be obtained via an analytical
study or by a simulation study.

A possible future development is the study of the Interval Testing Procedure
properties by means of an analytical study in the B-spline basis expansion frame-
work, or of an another simulation study in a new Smoothing framework such as
a Kernel Smoothing method. Another future development could be the design of
purely inferential methods such as the Interval-wise test (Pini and Vantini, 2015al)

which does not require the discretization of the data by means of a basis expansion.
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Finally, it could be interesting to compare the Interval Testing Procedure us-
ing the B-spline basis expansion with the Vsevolozhskaya-Greenwood-Holodov test
(Vsevolozhskaya et al., 2014)). The Vsevolozhskaya-Greenwood-Holodov test does
not require the discretization of the data by means of a basis expansion. Hence in
order to have a fair comparison, the supports of the basis elements for the Interval
Testing Procedure must be similar to the intervals selected a priori in Vsevolozhskaya-
Greenwood-Holodov test. In most cases this task is not straightforward, except for
constant B-splines. In this case, the supports of the basis elements can be eas-
ily chosen coincident with an arbitrary set of equal-sized intervals selected a priori.
Moreover the number of basis elements must be carefully tuned. If it is too high,
the Vsevolozhskaya-Greenwood-Holodov test is disadvantaged in terms of the ability
to make true discoveries since it is based on the closure multiple testing procedure
(Marcus et al., |1976). At the same time if it is too low, the Interval Testing Procedure
is disavantaged since from simulations we have observed that it is generally better
to choose the number of basis elements relatively high for this method. However,
these extreme cases can be considered for exploratory reasons. The Interval-wise test
and the Vsevolozhskaya-Greenwood-Holodov test are compared in |[Pini and Vantini
(2015al).

As far as concerns the simulations with smoothing parameter (Smoothing splines
method) based on the obtained results, the learned message is that for the Interval
Testing Procedure it is highly recommended to apply, if available, theoretical results
or best practices for the used Smoothing method. Alternatively in order to bypass
partially the handling of the Smoothing, it is possible to apply the purely nonpara-
metric inferential procedure Interval-wise test (Pini and Vantini, [2015a), which does

not require the use of a basis expansion.

Regarding the simulations with parameters the standard deviation of noise and
the number of evaluations, in general for each procedure the trend of the Family Wise
Error Rate is independent from the data type. As expected, Benjamini-Hochberg
method does not control the Family Wise Error Rate. In particular, we have observed
a parabolic trend of the Family Wise Error Rate as a function of the standard
deviation of noise and, by augmenting the number of evaluations, the points where
this metric is maximized increase. Bonferroni, Bonferroni-Holm and Interval Testing
Procedure methods control the Family Wise Error Rate in all cases (in few cases net
of the upper bound of the estimate variability which has been obtained using the
Normal approximation of the confidence interval for a Binomial proportion with the
standard significance level o = 0.05). It exists a value of the standard deviation of
noise above which the Family Wise Error Rate of Interval Testing Procedure is lower
than the one of Bonferroni and Bonferroni-Holm procedures. The Family Wise Error
Rate of Interval Testing Procedure is non-increasing in the standard deviation of noise

and the contrary holds for Bonferroni and Bonferroni-Holm procedures. However,
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the values of the Family Wise Error Rate of Bonferroni and Bonferroni-Holm are
generally lower than the Family Wise Error Rate of Interval Testing Procedure and
of Benjamini-Hochberg. When the standard deviation of noise is high, it is better to
have few evaluations for Benjamini-Hochberg. In contrast, by increasing the standard
deviation of noise, the Family Wise Error Rate of Interval Testing Procedure is non-

increasing for every value of the number of evaluations.

In general for each procedure and for each data type, the Rejection Rate False
null hypotheses is characterized by constant values for low standard deviations of
noise, and by a decay for intermediate and high standard deviations of noise. By
increasing the number of evaluations, the region presenting constant values tends to
be enlarged. This predictable trend can be interpreted in terms of the quantity %
which can be seen as the ratio between the Power of Signal and the Power of Noise
(Sound to Noise Ratio SNR). When the standard deviation of noise is low, the SNR is
high also for low number of evaluations, and all procedures are characterized by good
performances in terms of the number of true discoveries. On the contrary, starting
from a certain value of the standard deviation of noise, the SNR is increasing in the
number of evaluations, and all procedures provide better performances in terms of the
number of true discoveries by augmenting the number of evaluations. Interpreting
the results in terms of SNR is an equivalent way to look at the slope changes of
the Rejection Rate False null hypotheses by varying the standard deviation of noise
and the number of evaluations. For low values of the standard deviation of noise,
independently from the number of evaluations, the slope of the Rejection Rate False
null hypotheses is roughly zero and this metric assumes high values; for intermediate
and high standard deviations of noise, the Rejection Rate False null hypotheses is
non-decreasing in the number of evaluations, and this metric assumes lower values.
Also the parabolic trend of the Family Wise Error Rate of Benjamini-Hochberg as a
function of the number of evaluations can be interpreted in terms of the ratio ”237”‘”

In scenarios with data set const-step, the Rejection Rate False null hypotiTLLZ;;s
of Bonferroni-Holm is higher than the Rejection Rate Fualse null hypotheses of Bon-
ferroni. In simulations with parameters the order and the number of B-spline basis
elements, the performances of these procedures were generally very similar probably
for the null standard deviation of noise. Bonferroni-Holm and Bonferroni are more
conservative than Interval Testing Procedure and Benjamini-Hochberg. The inter-
val Testing Procedure provides good performances in terms of Rejection Rate False
null hypotheses with respect to Benjamini-Hochberg for high values of the standard
deviation of noise. The Interval Testing Procedure has good performances in terms
Rejection Rate False null hypotheses also for low values of the standard deviation of
noise and of the number of evaluations. In scenarios with data set const-tricube, for
low standard deviations of noise, differently from scenarios with data set const-step,

Bonferroni-Holm provides higher values of the Rejection Rate False null hypotheses
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than Interval Testing Procedure. However, for high standard deviations of noise
the procedures with the best performances in terms of Rejection Rate False null hy-
potheses are still Interval Testing Procedure and Benjamini-Hochberg. The results
obtained with these procedures are comparable, in particular for very high values of
the standard deviation of noise.

Benjamini-Hochberg generally provides the best results in terms of Rejection
Rate False null hypotheses. However in terms of this metric, the difference between
Interval Testing Procedure and Benjamini-Hochberg is not very marked, especially in
scenarios with high values of the standard deviation of noise. Furthermore, contrarily
to Interval Testing Procedure, Benjamini-Hochberg does not control the Family Wise
Error Rate on intervals.

Finally, in general in scenarios with high standard deviations of noise, the Interval
Testing Procedure is characterized by good performances as far as concerns both the
Family Wise Error Rate and the Rejection Rate Fulse null hypotheses.

For both data types const-step and const-tricube, the Rejection Rate True null
hypotheses of Bonferroni-Holm and Bonferroni are essentially null as expected for
their conservative nature. Independently from the number of evaluations, for Interval
Testing Procedure and Benjamini-Hochberg the Rejection Rate True null hypotheses
is decreasing in the standard deviation of noise. The decay of the Rejection Rate
True null hypotheses for Interval Testing Procedure and for Benjamini-Hochberg,
observable by increasing the standard deviation of noise, is slower by augmenting the
number of evaluations. This trend is coherent with the high values of the Rejection
Rate False null hypotheses obtained for low and intermediate standard deviations of
noise and for sufficiently high values of the number of evaluations.

In scenarios with data set const-step similarly to the Family Wise Error Rate, it
exists a value of the standard deviation of noise beyond which the Interval Testing
Procedure outperforms Benjamini-Hochberg in terms of Rejection Rate True null
hypotheses. We have observed the same tendencies in scenarios with data set const-
tricube. By increasing the power of noise, the improvement - absolute and with
respect to Benjamini-Hochberg - of Interval Testing Procedure performances in terms
of Rejection Rate True null hypotheses is discernible. In particular it is worth to note
that, for high standard deviations of noise, the Rejection Rate True null hypotheses is
essentially null for Interval Testing Procedure, and, as expected, also for Bonferroni
and Bonferroni-Holm. This trend is interesting for Interval Testing Procedure since,
in the same cases, the performances in terms of Rejection Rate False null hypotheses
of this procedure and of Benjamini-Hochberg are comparable.

In terms of Power, the general tendencies of Bonferroni and Bonferroni-Holm
are very similar for both data types const-step and const-tricube. In scenarios with
data set const-step, the characteristic patterns of Power and of Rejection Rate False

null hypotheses are essentially similar. Moreover, the Interval Testing Procedure is
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generally outperformed by the other procedures. However from simulations with
parameters the order and the number of B-spline basis elements, we expect that the
performances in terms of Power of Interval Testing Procedure and Bonferroni-Holm
(Bonferroni) would have been similar chosing an higher number of basis elements.
Indeed based on the simulation results with parameters the order and the number
of basis elements, for Interval Testing Procedure it is better to choose the cubic
splines and the number of basis elements rather high. In this simulation we have
used the cubic splines and the number of basis elements has been always chosen equal
to 50 which is rather low considering that the minimum and the maximum tested
values of the numbers of evaluations are 50 and 500. Finally, the results in terms of
Power of all procedures are comparable for high values of the standard deviation of
noise. In scenarios with data type const-tricube, independently from the number of
evaluations and for low standard deviation of noise, for all procedures the Power is
essentially unitary except for a decay of this metric for very high standard deviations
of noise. Finally contrarily to the simulations with parameters order and number
of the B-spline basis elements, we have observed that the data type has not been

relevant.

As far as concerns the simulation with parameter the number of statistical units,
particular patterns of the Family Wise Error Rate have not been observed. The
Benjamini-Hochberg procedure does not control the Family Wise Error Rate in both
scenarios with data consi-step and const-tricube. The contrary holds for the other

tested procedures.

In scenarios with data type const-step, it exists a value of the number of sta-
tistical units beyond which the Interval Testing Procedure outperforms Bonferroni
and Bonferroni-Holm in terms of Rejection Rate False null hypotheses. In terms of
this metric, the results obtained with Bonferroni-Holm and Bonferroni are very sim-
ilar. Moreover, the performances in terms of Rejection Rate Fualse null hypotheses of
Interval Testing Procedure and Benjamini-Hochberg are very similar for relatively
high values of the number of statistical units. For all procedures the performances in
terms of Rejection Rate False null hypotheses are worse with data set const-tricube,
especially for Interval Testing Procedure. The tricube kernel has the most part of
the mass concentrated in the middle of its support where the null hypotheses is false.
Therefore, it turns out that the Interval Testing Procedure is disadvantaged since it
tends to maximize the true discoveries in the middle of this support and the con-
trary holds at the edges of the same interval (simulation study in Pini and Vantini
2013). However, for sufficiently high numbers of statistical units, the performances
in terms of Rejection Rate False null hypotheses of Interval Testing Procedure and
of Bonferroni-Holm (Bonferroni) are equivalent. Benjamini-Hochberg provides the

best performances in terms Rejection Rate False null hypotheses.

In scenarios with data set const-step, for Bonferroni-Holm and Bonferroni the Re-
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jection Rate True null hypotheses is essentially null. The Interval Testing Procedure
is more conservative than Benjamini-Hochberg. Instead in scenarios with data type
const-tricube, the results of Interval Testing Procedure and Benjamini-Hochberg are
similar in terms of Rejection Rate True null hypotheses.

In general for Interval Testing Procedure and Benjamini-Hochberg, the Rejection
Rate True null hypotheses tends to be non-decreasing. In terms of this metric, the
Interval Testing Procedure performances are better in scenarios with data set const-
step.

In terms of Power, there are no particular differences between the scenarios with
data type const-step and const-tricube. For all procedures, by increasing the number
of statistical units, this metric rapidly reaches the unitary value, especially if the
data type is const-tricube.

In conclusion, we observe that the number of statistical units is not a critical
parameter in the sense that good performances in terms of Rejection Rate False Null
hypotheses and especially Power are achieved by all methods with moderate values
of this parameter. Particularly significant patterns of the evaluation metrics have

not been observed.

100



Bibliography

Y. Benjamini and Y. Hochberg. Controlling the false discovery rate: a practical and
powerful approach to multiple testing. Journal of the Royal Statistical Society.
Series B (Methodological), pages 289-300, 1995.

L. Corain, V. B. Melas, A. Pepelyshev, and L. Salmaso. New insights on permutation
approach for hypothesis testing on functional data, volume 8. Springer, 2014.

A. Cuevas. A partial overview of the theory of statistics with functional data. Journal
of Statistical Planning and Inference, 147:1-23, 2013.

C. De Boor. A practical guide to splines, revised edition, vol. 27 of applied mathe-

matical sciences, 2001.

A. Delaigle and P. Hall. Defining probability density for a distribution of random
functions. The Annals of Statistics, pages 1171-1193, 2010.

F. Ferraty and Y. Romain. The Ozford Handbook of Functional Data Analaysis.
Oxford University Press, 2011.

F. Ferraty and P. Vieu. Nonparametric functional data analysis: theory and practice.

Springer Science & Business Media, 2006.

J. Friedman, T. Hastie, and R. Tibshirani. The elements of statistical learning,

volume 1. Springer series in statistics Springer, Berlin, 2001.

C. K. Griswold and N. Gomulkiewicz, R.and Heckman. Hypothesis testing in com-
parative and experimental studies of function-valued traits. Evolution, 62(5):1229-
1242, 2008.

P. Hall and I. Keilegom. Two-sample tests in functional data analysis starting from
discrete data. Statistica Sinica, 17(4):1511, 2007.

P. Hall and N. Tajvidi. Permutation tests for equality of distributions in high-
dimensional settings. Biometrika, 89(2):359-374, 2002.

S. Holm. A simple sequentially rejective multiple test procedure. Scandinavian

journal of statistics, pages 65-70, 1979.

101



Bibliography

L. Horvath and P. Kokoszka. Inference for functional data with applications, volume
200. Springer Science & Business Media, 2012.

H. Hotelling. The generalization of student’s ratio. Ann. Math. Statist., 2(3):360-
378, 08 1931. doi: 10.1214/a0oms/1177732979. URL http://dx.doi.org/10.
1214/aoms/1177732979.

R. Marcus, P. Eric, and K. R. Gabriel. On closed testing procedures with special
reference to ordered analysis of variance. Biometrika, 63(3):655-660, 1976.

V. B. Melas, A. Pepelyshev, P. Shpilev, L. Salmaso, L. Corain, and R. Arboretti. On
the optimal choice of the number of empirical fourier coefficients for comparison

of regression curves. Statistical Papers, pages 1-17, 2014.

F. Pesarin and L. Salmaso. Permutation tests for complex data: theory, applications
and software. John Wiley & Sons, 2010.

A. Pini. Global and component-wise distribution-free inference for functional data:

methods and applications. PhD thesis, Politecnico di Milano, December 2014.

A. Pini and S. Vantini. The interval testing procedure: inference for functional data

controlling the family wise error rate on intervals. MOX-Report, 13:2013, 2013.
A. Pini and S. Vantini. Interval-wise testing for functional data. MOX-Report, 2015a.

A. Pini, A. Stamm, and S. Vantini. Hotelling’s 72 in functional Hilbert spaces.
MOX-Report, No. 6 31/2015, 2015.

Alessia Pini and Simone Vantini. fdatest: Interval Testing Procedure for Functional
Data, 2015b. URL http://CRAN.R-project.org/package=fdatest. R package

version 2.1.

J. O. Ramsay and B. W. Silverman. Applied functional data analysis: methods and
case studies, volume 77. Springer New York, 2002.

J. O. Ramsay, Hadley Wickham, Spencer Graves, and Giles Hooker. fda: Functional
Data Analysis, 2014. URL http://CRAN.R-project.org/package=fda. R package

version 2.4 .4.

J. A. Rice and C. O. Wu. Nonparametric mixed effects models for unequally sampled

noisy curves. Biometrics, pages 253-259, 2001.
L. Schumaker. Spline functions: basic theory. Cambridge University Press, 2007.

P. Secchi, A. Stamm, S. Vantini, et al. Inference for the mean of large p small n data:
A finite-sample high-dimensional generalization of hotelling’s theorem. FElectronic
Journal of Statistics, 7:2005-2031, 2013.

102


http://dx.doi.org/10.1214/aoms/1177732979
http://dx.doi.org/10.1214/aoms/1177732979
http://CRAN.R-project.org/package=fdatest
http://CRAN.R-project.org/package=fda

Bibliography

J. Shen, Q.and Faraway. An f test for linear models with functional responses.
Statistica Sinica, 14(4):1239-1258, 2004.

B. W. Silverman and J. O. Ramsay. Functional Data Analysis. Springer, 2005.

T. Tarpey and K. K. J. Kinateder. Clustering functional data. Journal of classifica-
tion, 20(1):093-114, 2003.

R. Core Team. R: A Language and Environment for Statistical Computing. Vienna,
Austria, 2015. URL https://www.R-project.org/.

0. Vsevolozhskaya, M. Greenwood, D. Holodov, et al. Pairwise comparison of
treatment levels in functional analysis of variance with application to erythrocyte
hemolysis. The Annals of Applied Statistics, 8(2):905-925, 2014.

J. Zhang. Analysis of variance for functional data. CRC Press, 2013.

J. Zhang and J. Chen. Statistical inferences for functional data. The Annals of
Statistics, 35(3):1052-1079, 2007.

103


https://www.R-project.org/

Appendix A

Graphics of the evaluation metrics
as a function of the Regression

Smoothing parameters

Since the explored parameters are m and p, the number of possible dimensions
is two. In order to identify typical trends, it is interesting to observe a metric as a
function of p by maintaining m fixed and vice versa.

In the following for completeness we report all the standard graphics (i.e., metric
as a function of p with fixed m or vice versa) divided according to the data type
(populations of constant and step functions const-step or populations of constant

and tricube functions const-tricube).

A.1 Graphical results data set const-step

In Figures [A.T] [A.2)it is reported the FW ER as a function of p with m fixed and
as a function of m with p fixed, respectively.

In Figures[A.3] it is reported the Rejection Rate False null hypotheses p as
a function of p with m fixed and as a function of m with p fixed, respectively.

In Figures it is reported the Rejection Rate True null hypotheses v as
a function of p with m fixed and as a function of m with p fixed, respectively.

In Figures it is reported the Power 7 as a function of p with m fixed

and as a function of m with p fixed, respectively.
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A.1. Graphical results data set const-step
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Family Wise Error Rate FW ER as a function of the number p of B-

spline basis elements with order m fixed. The data type is populations of constant
and step functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing

parameters
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Figure A.2: Family Wise Error Rate FW ER as a function of the order m B-spline
basis with number basis elements p fixed. The data type is populations of constant

and step functions.
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Figure A.3: Rejection Rate False null hypotheses p as a function of the number p of
B-spline basis elements with order m fixed. The data type is populations of constant
and step functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing
parameters
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Figure A.4: Rejection Rate False null hypotheses p as a function of the order m

B-spline basis with number basis elements p fixed. The data type is populations of
constant and step functions.
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A.1. Graphical results data set const-step
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Figure A.5: Rejection Rate True null hypotheses v as a function of the number p of
B-spline basis elements with order m fixed. The data type is populations of constant
and step functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing
parameters
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Figure A.6: Rejection Rate True null hypotheses v as a function of the order m
B-spline basis with number basis elements p fixed. The data type is populations of
constant and step functions.
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A.1. Graphical results data set const-step
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Figure A.7: Power m as a function of the number p of B-spline basis elements with
order m fixed. The data type is populations of constant and step functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing
parameters
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Figure A.8: Power 7 as a function of the order m B-spline basis with number basis
elements p fixed. The data type is populations of constant and step functions.
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A.2. Graphical results data set const-tricube

A.2 Graphical results data set const-tricube

In Figures it is reported the FWER as a function of p with m fixed
and as a function of m with p fixed, respectively.

In Figures it is reported the Rejection Rate False null hypotheses p
as a function of p with m fixed and as a function of m with p fixed, respectively.

In Figures [A.13] it is reported the Rejection Rate True null hypotheses ~
as a function of p with m fixed and as a function of m with p fixed, respectively.

In Figures [A.15] it is reported the Power 7 as a function of p with m fixed

and as a function of m with p fixed, respectively.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing

parameters
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Figure A.9: Family Wise Error Rate FW FER as a function of the number p of B-
spline basis elements with order m fixed. The data type is populations of constant

and tricube functions.
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A.2. Graphical results data set const-tricube
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Figure A.10: Family Wise Error Rate FW ER as a function of the order m B-spline
basis with number basis elements p fixed. The data type is populations of constant
and tricube functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing
parameters
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Figure A.11: Rejection Rate False null hypotheses p as a function of the number
p of B-spline basis elements with order m fixed. The data type is populations of
constant and tricube functions.
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A.2. Graphical results data set const-tricube
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Figure A.12: Rejection Rate False null hypotheses p as a function of the order m
B-spline basis with number basis elements p fixed. The data type is populations of
constant and tricube functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing

parameters
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Figure A.13: Rejection Rate True null hypotheses 7y as a function of the number p of
B-spline basis elements with order m fixed. The data type is populations of constant

and tricube functions.
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A.2. Graphical results data set const-tricube
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Figure A.14: Rejection Rate True null hypotheses v as a function of the order m
B-spline basis with number basis elements p fixed. The data type is populations of
constant and tricube functions.
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A. Graphics of the evaluation metrics as a function of the Regression Smoothing

parameters
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Figure A.15: Power 7 as a function of the number p of B-spline basis elements with
order m fixed. The data type is populations of constant and tricube functions.

120



A.2. Graphical results data set const-tricube
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Figure A.16: Power 7 as a function of the order m B-spline basis with number basis
elements p fixed. The data type is populations of constant and tricube functions.
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Appendix B

Graphics of the evaluation metrics

as a function of 0,5 and n,,,;

Since the explored parameters are gnpise and Teyqr, the number of possible di-
mensions is two. In order to identify typical trends, it is interesting to observe a
metric as a function of gppse by maintaining fixed ne,q; and vice versa.

In the following for completeness we report all the standard graphics (i.e., met-
ric as a function of opeise With fixed neyq or vice versa) divided according to the
data type (populations of constant and step functions const-step or populations of

constant and tricube functions const-tricube).

B.1 Graphical results data set const-step

In Figures [B.1] it is reported the FW ER as a function of o,0ise With neyer
fixed and as a function of neyq With 0,05 fixed, respectively.

In Figures [B.3] [B.4] it is reported the Rejection Rate False null hypotheses p
as a function of oy,pi5e With neyq fixed and as a function of neyq With o055 fixed,
respectively.

In Figures it is reported the Rejection Rate True null hypotheses v as
a function of gyise With neyq fixed and as a function of neye With opeise fixed,
respectively.

In Figures[B.7] it is reported the Power 7 as a function of oy,pi5¢ With neyar

fixed and as a function of neyq With 0,05 fixed, respectively.
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B.1. Graphical results data set const-step
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Figure B.1: Family Wise Error Rate FW E'R as a function of the standard deviation
of noise gpeise With number of evaluations ne,q; fixed. The data type is populations

of constant and step functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.2: Family Wise Error Rate FW ER as a function of the number of evalua-
tions neyqrwith fixed standard deviation of noise op0ise- The data type is populations

of constant and step functions.
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B.1. Graphical results data set const-step
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Figure B.3: Rejection Rate False null hypotheses p as a function of the standard
deviation of noise oppise With number of evaluations ne,q fixed. The data type is
populations of constant and step functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.4: Rejection Rate False null hypotheses p as a function of the number
of evaluations ne,qwith fixed standard deviation of noise g,05c. The data type is
populations of constant and step functions.
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B.1. Graphical results data set const-step
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Figure B.5: Rejection Rate True null hypotheses v as a function of the standard
deviation of noise oppise with number of evaluations ne,q fixed. The data type is
populations of constant and step functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.6: Rejection Rate True null hypotheses v as a function of the number
of evaluations ne,qwith fixed standard deviation of noise g,05c. The data type is
populations of constant and step functions.
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B.1. Graphical results data set const-step
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Figure B.7: Power m as a function of the standard deviation of noise gy4i5c With

number of evaluations ne,q fixed. The data type is populations of constant and step
functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.8: Power 7w as a function of the number of evaluations neyqwith fixed
standard deviation of noise o,esc- The data type is populations of constant and
step functions.
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B.2. Graphical results data set const-tricube

B.2 Graphical results data set const-tricube

In Figures it is reported the FWER as a function of 0,pise With neya
fixed and as a function of neyq With 0,05 fixed, respectively.

In Figures B.11} it is reported the Rejection Rate False null hypotheses p
as a function of oy,pi5e With Ny fixed and as a function of Ny With o055 fixed,
respectively.

In Figures it is reported the Rejection Rate True null hypotheses ~
as a function of oppise With neyer fixed and as a function of neye with opeise fixed,
respectively.

In Figures [B.15] it is reported the Power 7 as a function of o,p55¢ With neyq

fixed and as a function of neye With o,0ise fixed, respectively.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.9: Family Wise Error Rate FW ER as a function of the standard deviation
of noise gyeise With number of evaluations ne,q; fixed. The data type is populations
of constant and tricube functions.
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B.2. Graphical results data set const-tricube
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Figure B.10: Family Wise Error Rate FW ER as a function of the number of evalua-
tions neyqrwith fixed standard deviation of noise oppise- The data type is populations

of constant and tricube functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl

Metric p Ngyai =50 Metric p ngya = 100 Metric p neya = 150

T T T T T T T T T T T T T T T T T T T T T
0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18

Gnoise Gnoise Onoise
Metric p ngya =200 Metric p Ngya =250 Metric p ngya =300

T T T T T T T T T T T T T T T T T T T
0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18

Ghoise Gnoise Gnoise
Metric p ngya =350 Metric p ngya =400 Metric p Ngya = 450

T T T T T T T T T T T T T T T T T T T T T T T T T T T
0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18 0 0.04 0.09 0.13 0.18

Ghoise Ghnoise Gnoise

Metric p Ngya =500

T T T T T T T T T
0 0.04 0.09 0.13 0.18

Gnoise

Figure B.11: Rejection Rate False null hypotheses p as a function of the standard
deviation of noise oppise With number of evaluations ne,q fixed. The data type is
populations of constant and tricube functions.
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B.2. Graphical results data set const-tricube
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Figure B.12: Rejection Rate False null hypotheses p as a function of the number
of evaluations ne,qwith fixed standard deviation of noise g5 The data type is
populations of constant and tricube functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.13: Rejection Rate True null hypotheses v as a function of the standard
deviation of noise oppise With number of evaluations ne,q fixed. The data type is
populations of constant and tricube functions.
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B.2. Graphical results data set const-tricube
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Figure B.14: Rejection Rate True null hypotheses v as a function of the number
of evaluations ne,q with fixed standard deviation of noise g,0i5c. The data type is
populations of constant and tricube functions.
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B. Graphics of the evaluation metrics as a function of 0ppise and Neygl
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Figure B.15: Power 7 as a function of the standard deviation of noise oppise With

number of evaluations ne,q fixed. The data type is populations of constant and
tricube functions.
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B.2. Graphical results data set const-tricube
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Figure B.16: Power 7 as a function of the number of evaluations ne,q with fixed
standard deviation of noise g,esc. The data type is populations of constant and
tricube functions.
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