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Abstract

Recommender systems are software tools which analyze di�erent source of data

in order to predict the rating or preference that a user would give to an item. They

are divided in two main families: Collaborative Filtering and Content-Based Fil-

tering approaches. Collaborative algorithms compute recommendations analyzing

the history of users' ratings, while Content-based methods rely on items' content,

described as set of features.

Hybridization methods try to combine the best features of both approaches. In

general, Collaborative algorithms have better performances, due to the fact that they

consider the users' behavior, which is fundamental for recommendation problems.

However, there are cases in which they are not applicable, such as in the new-item

problem. In fact, when a new item is added into a system, no ratings are present for

it and the only way to perform meaningful recommendations is adopting a Content-

based approach.

The goal of this thesis is to explore a new way of combining content and collab-

orative data. Usually, item side information are used to enhance pure collaborative

models. In this work, the inverse approach was used to develop the Content Based

Collaborative algorithm (CBC). CBC is a content based approach which considers

the relative importance that the various features of an item have in a system. To do

so, numerical weights are assigned to items' features and to their relations with every

user of the system. In order to learn these parameters, collaborative data are used.

The advantages of CBC with respect to other content based techniques are the use of

past users' ratings to compute weights' values and the di�erent importance given to

features when computing items' similarities. As all content based approaches, CBC

is applicable both in a normal recommendation scenario and in a new-item problem.





Sommario

I sistemi di raccomandazione sono strumenti software che analizzano dati prove-

nienti da diverse fonti al �ne di predire il voto o la preferenza che un utente darebbe a

un prodotto. Essi sono suddivisi in due famiglie: Collaborative Filtering e Content-

Based Filtering. Gli algoritmi collaborativi calcolano le raccomandazioni analizzando

lo storico dei voti degli utenti, mentre i metodi Content-based si a�dano al contenuto

dei prodotti, descritto da un insieme di caratteristiche.

Gli algoritmi ibridi provano a combinare le migliori caratteristiche di entrambi

gli approcci. In generale, gli algoritmi collaborativi hanno prestazioni superiori,

in quanto essi considerano il comportamento degli utenti che è fondamentale per

problemi di raccomandazione. Nonostante ciò, ci sono delle situazioni in cui essi

non possono essere applicati, come ad esempio nel problema del new-item. Infatti,

quando un nuovo prodotto (item) viene aggiunto in un sistema, non sono presenti

voti ad esso correlati e l'unico modo di fare raccomandazioni sensate è a�darsi a un

approccio di tipo content.

L'obiettivo della tesi è esplorare un nuovo modo di combinare dati di tipo col-

laborativo con dati di tipo content. Di solito, le informazioni sul contenuto di un

prodotto sono usate per migliorare modelli puramente collaborativi. In questo la-

voro, l'approccio inverso è stato usato per sviluppare l'algoritmo Content Based

Collaborative (CBC). CBC è un algoritmo content based che considera l'importanza

relativa che le varie caratteristiche di un prodotto hanno all'interno di un sistema.

Per fare ciò, pesi numerici sono assegnati alle caratteristiche dei prodotti e alle re-

lazioni che esse hanno con ogni singolo utente. Per apprendere questi parametri,

vengono sfruttati dati collaborativi. I vantaggi di CBC rispetto ad altri algoritmi

content based sono l'uso dei voti passati degli utenti per calcolare il valore dei pesi

e la diversa importanza data alle caratteristiche di un prodotto quando le misure

di similarità sono calcolate. Come tutti gli approcci content based, CBC è applica-

bile sia un un normale scenario di raccomandazione e sia in un problema di new-item.
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Introduction

Recommender systems are software tools which analyze di�erent source of data

in order to predict the rating or preference that a user would give to an item. Hybrid

recommender systems are algorithms which integrate di�erent source of data to make

recommendations. The goal of this thesis is to explore a new design approach for

hybrid algorithms, using collaborative data to enhance the performances of a content

based method. This has been done developing a new hybrid technique: Content

Based Collaborative (CBC).

In general, recommender systems can be divided in two families, characterized

by the source of data used to make inferences. The two data structures used in

Recommender Systems are the User Rating Matrix (URM) and the Item Content

Matrix (ICM). The URM is a sparse data structure containing for each user-item

pair the rating value of that user for that item. Rating values come from an ordered

set, for example integers in the range [1,5]. The URM is sparse because most entries

are unknown. Oppositely, the ICM contains information about items in the system

represented as item-feature pairs indicating if a certain feature is present in that item

or not. The goal of a Recommender System is to generate predictions for the blank

entries of the URM.

The �rst family of Recommender Systems is Collaborative Filtering (CF) which

exploits past users preferences to compute predicted ratings. CF is based on the idea

that people who agreed in their evaluation of certain items in the past are likely to

agree again in the future. For example, a person who wants to see a movie might

ask for recommendations from friends. The recommendations of some friends who

have similar interests are trusted more than recommendations from others. This

information is used in the decision on which movie to see. CF algorithms work only

on the URM.

A �rst CF class is represented by neighborhood-based methods, which are cen-

tered on computing the relationships between items or, alternatively, between users.

The item oriented approach computes a user's rating for an item based on ratings of

similar items by the same user. A product's neighbors are other items that tend to

get similar ratings when rated by the same user. For example, consider the movie

The Matrix. Its neighbors might include science �ction movies and Keanu Reeves

1



Introduction

movies, among others. To predict a particular user's rating for The Matrix, an

item-oriented approach would look for the movie's nearest neighbors that this user

actually rated. On the other hand, a user-oriented approach identi�es like-minded

users who probably complement each other's ratings.

Matrix Factorization models (MF) are an alternative CF approach that tries to

explain the ratings by characterizing both items and users on a certain number of

factors inferred from the ratings patterns in the URM. For movies, the discovered

factors might represent obvious dimensions such as drama versus comedy or com-

pletely meaningless latent features. For users, each factor measures how much a user

likes a movie based on that particular latent feature [10].

The second family of Recommender Systems is Content Based Filtering (CBF).

The CBF approach creates a pro�le for each item to characterize its nature. For

example, a movie pro�le could include attributes regarding its genre, actors, director

and so forth. Such information are gathered in the ICM, usually as binary item-

feature values. CBF approaches try to recommend items that are similar to those

that a user liked in the past. To compute similarities among items, the item pro�les

contained in the ICM are used. For example, if a user liked many science �ction

movies in the past, he will probably likes The Matrix as well.

Generally, CF algorithms have better performances than CBF ones. In fact,

collaborative information on ratings are very valuable in a Recommender System,

because they capture important relations among users that CBF ignore. Moreover,

CF is domain free, since there is no need to known the underlying structure of

items to make predictions. This is a big advantage in some scenarios in which it

is hard to gather a signi�cant number of items' content information. On the other

hand, CF cannot deal with cold-start problems. Cold start is a potential problem

in Recommender Systems that concerns the issue that the system cannot make any

predictions for users or items about which it has not yet gathered su�cient ratings.

For example, when a new movie is inserted in a system, it does not have any related

ratings and CF methods fail (new-item problem). CBF is the only reasonable choice

to handle with cold-start problems, when content information are available.

Hybrid techniques try to use both collaborative and content data to build recom-

mender algorithms of higher quality. Di�erent hybridization approaches are present

in the literature. A very popular way of combining data is to design CF algorithms

enhanced with content based information, often referred as side information. An

example of such approach can be found in Sparse Linear Methods with Side Infor-

mation (SSLIM) [11]. SSLIM is an extension of SLIM, which is a pure collaborative

model that learns from the URM how similar are items among them. In SSLIM,

these similarities are computed taking into account also content information. In

this way, the SLIM performances are enhanced adding useful information about the

items' structure. Another relevant hybrid model is Factorization Machines (FM). FM

2
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is a generic factorization model which extends the concept of Matrix Factorization

introduced in CF [13].

In this thesis, a new design approach for hybridization has been studied, to

overcome some limitations of both CF and CBF approaches. Consider again, for

example, the case of a user who liked many science �ction movies and suppose that

the majority of them were produced in the USA. A typical CBF approach would

consider in the same way the two recurrent content features (science �ction and

USA) and it will probably suggest to that user both science �ction movies and

movies produced in the USA, including among them also drama or comedies that

probably are not interesting for the user. This problem comes from the fact that

item features have di�erent relevances and they should not be considered equally

important when computing item similarities. Regarding the example, it is obvious

that the movie genre is usually more important than the country of production in the

movies domain. At the same time, a huge amount of existing movies is produced in

the USA, so this information is not relevant to determine how similar are two items.

Suppose, instead, that the user Alex liked mostly movies produced in Argentina. In

this case, the country of production should be considered more relevant for Alex,

even if it is generally not the case. From this real example, two conclusions can

be drawn. Firstly, in a given domain there are features that are generally more

relevant than others, like in the case of genre and country of production for movies.

Secondly, within the same domain certain users might give more importance to some

features than others, like Alex for which the country of production (Argentina) is

more relevant. CBF equally considers the various item features and it fails to address

both these problems.

The second limitation of CBF and CF concerns the cold-start new-item problem.

As explained above, when a new-item is added into a system, CF approaches cannot

be applied and thus CBF algorithms are used. They will compare items to individu-

ate similarities among them exploiting only items' content information. However, in

many cases some collaborative data are present in the system and they might provide

useful insights that pure CBF approaches ignore. Moreover, as already mentioned

above, past users' behaviors represent a valuable source of data that generally leads

to high performances. From these considerations, it can be noticed how collabora-

tive data should be used in some way to drive content based recommendations, even

though they cannot represent the only source of information for this kind of problem.

To overcome these limitations, the Content Based Collaborative (CBC) algorithm

has been designed. CBC is a content based technique enhanced with collaborative

information which computes weighted similarities among items. In particular, CBC

uses a set of weights that give a general degree of importance to each feature and

properly model user-feature relations. In this way, the weights can be combined to

compute more precise and personalized similarities scores. Considering the example,

3
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CBC will give an higher general importance to the genre attribute rather than to

the country of production. At the same time, CBC will assign an high score to

the interaction <Alex,Argentinian-movies>, introducing a personalized user-feature

term. CBC learns the weights from both content information and collaborative data.

In this way, pure content based performances are enhanced.

A similar approach to CBC present in the literature is User-Speci�c Feature-

Based Similarity Models (UFSM) [7]. UFSM e�ectively exploits collaborative and

content data to build a CBF-enhanced algorithm. However, it does not take into

account the features' weighting introduced by CBC.

To sum up, CBC is an enhanced content based approach which takes into ac-

count the di�erent importances that features have in a system. Moreover, CBC

e�ectively exploits collaborative data while keeping the same �exibility of content

based approaches. In fact, CBC can be applied both to normal cases and cold-start

new-item problems, like a pure content based technique. In this thesis, the mathe-

matical model of CBC will be presented and two di�erent optimized versions of CBC

will be developed. Finally, a performance analysis of CBC will be carried out and

the improvements with respect to CBF methods will be proved.

Structure of the thesis: In chapter 1, an overview of some state-of-the-art rec-

ommender algorithms is provided. In particular, di�erent kinds of hybrid approaches

will be described along with popular collaborative and content-based methods. In

chapter 2, the two datasets used in this thesis and their normalization are described.

In chapter 3, the testing methodology is explained, followed by a brief summary of

the evaluation metrics adopted. In chapter 4, CBC is extensively described. More-

over, two versions of CBC are presented. In chapter 5 and 6, the results of the work

are presented. In each chapter, a version of CBC is compared with other popular

techniques and the overall performances are compared.
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Chapter 1

Algorithms: state of the art

In this chapter, an analysis of some relevant recommender algorithms in the

state-of-the-art is reported. First of all, an introduction to recommender systems

is presented with a characterization of the most relevant existing methods for the

scope of this thesis. Then, a brief introduction to popular optimization criteria and

learning methods is reported, in order to clarify how algorithms carry out di�erent

recommendation tasks. In the �nal part, some relevant hybrid, collaborative and

content based algorithms are described.

1.1 Recommender Systems

Nowadays recommender systems play a fundamental role in commerce and busi-

ness.

Every day users express their preferences on di�erent kind of items either ex-

plicitly or implicitly. The task of a recommender system is to predict the rating

or preference that a user would give to an item, analyzing historical data, item

characteristics or both. The most popular recommender systems predict ratings for

movies, music, books and products in general. In particular, a recommender algo-

rithm is characterized by a prediction function from which a score for a user-item

pair is computed.

A �rst characterization of recommender systems is based on the addressed prob-

lem. Some algorithms predict the actual rating that a user would give to items,

solving a rating prediction problem. To do so, accuracy metrics such as Root Mean

Square Error (RMSE) are optimized. Other methods try to provide users with lists

of relevant items. Such problem is known as item recommendation problem. In this

case, metrics such as precision and recall are considered and di�erent optimization

functions are optimized (e.g. Bayesian Personalized Ranking).

In general, there exist two basic approaches to build a recommender algorithm

that di�er in the source of data used to implement the rating prediction function.
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1. Algorithms: state of the art

The most popular class of algorithms is Collaborative Filtering (CF). CF algo-

rithms are based on the assumption that people who have similar tastes will like the

same kinds of items in the future. Collaborative methods work on the User Rating

Matrix (URM), which is a sparse user-item matrix containing ratings given by users

to items of the system. Examples of CF algorithms are neighborhood-based algo-

rithms, which measure the users or items similarities within the URM, using metrics

such as Pearson correlation or cosine similarity and Matrix Factorization techniques

(MF), which decompose the URM as product of two low-rank matrices. CF algo-

rithms have generally good performances. However, one of the biggest drawbacks

of CF methods is that they are not able to handle with cold-start problems, which

happen when a system cannot draw any inferences for users or items about which it

has not yet gathered a su�cient number of ratings.

The second most common recommender systems approach is Content Based Fil-

tering (CBF). The basic assumption of this class of algorithms is that users prefer

items similar to the ones liked in the past. For this purpose, CBF methods compute

item-item similarity scores analyzing the Item-Content-Matrix (ICM), which is an

item-feature matrix containing the content description of items as set of features.

For example, a movie can be described with its actors and director and a book can

be characterized by its number of pages and authors. The most widely-used CBF

methods build the similarity matrix with a neighborhood-based approach similar to

CF methods. Afterwards, ratings are predicted combining users ratings pro�les and

item similarities. In general, CB algorithms do not perform as good as CF ones, due

to the fact that they do not exploit users preferences. However, CB methods are

particularly e�ective when dealing with the cold-start new-item problem, since they

do not need past ratings to perform predictions.

Figure 1.1: User Rating Matrix and Item Content Matrix in Recommender Systems

The main di�erence of the two classes of recommender algorithms is in the type of

information they leverage. Several hybrid approaches have been developed in order

to e�ectively combine the two approaches.

Factorization Machines are a generic approach that exploit factorization tech-
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1.2. Optimization criteria

niques to mimic many existing models [13]. FM combine good performance of fac-

torization approaches and generality of feature engineering, as explained in section

1.6.1.

Other popular methods exploit content data (as known as item-side informa-

tion) to enhance collaborative systems, such as in Sparse Linear Methods with Side-

Information (SSLIM) [11]. SSLIM is a set of algorithms which learn a sparse ag-

gregation coe�cient matrix based on both user-item rating pro�les and item side

information. This matrix is then used as item similarity matrix to perform recom-

mendations.

Finally, a di�erent method is representing a new research trend in hybrid recom-

mender systems. Instead of using side information to improve collaborative systems,

the inverse approach is taken, obtaining a CBF algorithm enhanced through collabo-

rative data. In this way, the algorithm maintains the bene�ts of CBF approaches and

can deal with the new-item problem. Moreover, it can take advantage from the rele-

vance of collaborative information and signi�cantly improve pure CBF performances.

Few examples of such systems are present in the literature. The most relevant for

this thesis is User-speci�c Feature-based item-Similarity Models (UFSM) [7]. UFSM

is a method for top-n recommendation of new-items which exploits collaborative

data to learn multiple global item similarity functions.

1.2 Optimization criteria

Usually, algorithms optimize di�erent criteria in order to meet some detailed

needs. In some cases, even the same algorithm can be modeled to address di�erent

tasks. In this section, the two optimization criteria used in this thesis are shortly

introduced: Root-Mean-Square Error for rating prediction and Bayesian Personalized

Ranking for item prediction.

1.2.1 Root-Mean-Square Error

The Root Mean Squared Error (RMSE) is an optimization criterion used to ad-

dress the problem of rating prediction.

RMSE measures the di�erence between predicted ratings and observed ones. Its

minimization can be performed either on the training set or on a validation set.

Mathematically

RMSE =

√
1

N

∑
u,i

(r̃u,i − ru,i)2

In terms of minimization problem, where θ is the set of parameters to found

7



1. Algorithms: state of the art

min
θ

√
1

N

∑
u,i

(r̃u,i(θ)− ru,i)2

In general, a regularization term is introduced in order to keep the model learned

as simple as possible

min
θ

√
1

N

∑
u,i

(r̃u,i(θ)− ru,i)2 + λθ||θ||2

where λθ controls the importance of such regularization term.

1.2.2 Bayesian Personalized Ranking

Bayesian Personalize Ranking (BPR) is an optimization criterion �rstly intro-

duced in [14]. It addresses the problem of item recommendation, that is the task

of providing users with personalized rankings on a set of items. Thus, while RMSE

focuses on single numeric ratings accuracy, BPR computes item scores for each user,

focusing on optimizing their ranking. BPR works in implicit-feedback scenarios.

The goal of BPR is to provide a user with a personalized total ranking >u⊂ I2

of all items. The Bayesian formulation of the problem is to maximize the following

posterior probability

p(θ| >u) ∝ p(>u |θ)p(θ)

where

∏
u∈U

p(>u |θ) =
∏

(u,i,j)∈DS

p(i >u j|θ)

and Ds is the set of all triples u,i,j such as user u prefers item i to item j

DS :=
{

(u, i, j)|i ∈ I+
u ∧ j ∈ I\I+

u

}
To perform the maximization, an individual probability that a user really prefers

item i to j has to be de�ned

p(i >u j|θ) := σ(x̂uij(θ))

where σ is the logistic sigmoid function

σ(x) :=
1

1 + e−x

and x̂uij is the relation between item i and item j with respect to user u; usually

x̂uij = r̃ui − r̃uj .
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1.3. Learning methods

Now it is possible to state the minimization problem as1

min
θ
−

∑
(u,i,j)∈DS

ln (σ (x̂uij(θ))) (1.1)

Introducing a regularization term to control the complexity of the parameters,

the function becomes

min
θ
−

∑
(u,i,j)∈DS

ln (σ (x̂uij(θ))) + λθ||θ||2

1.3 Learning methods

Optimization problems are usually solved with gradient techniques. However,

a critical point in Recommender Systems is the dimensionality of data. Therefore,

many approximated methods to minimize an error function have been developed in

order to better handle a huge amount of data. They di�er with respect to correctness

of the result and performance. In this section, some of the most popular techniques

are brie�y introduced.

1.3.1 Gradient descent

The basic minimization technique is gradient descent. Gradient descent updates

the parameter of the function taking steps proportional to the negative of the function

gradient at the current point.

For example, considering equation 1.1, a generic update step would be

θ ← θ + α
∑

(u,i,j)∈DS

δ

δθ
ln (σ (x̂uij(θ)))

Gradient descent is easy to understand and to implement. Moreover, it is guar-

anteed that the direction taken in a given step is going to decrease the overall value

of the loss function. However, it has some big limitations:

• at each step the gradient has to be computed for all the entries of the training

set, which is usually very large; therefore, it leads to a slow convergence

• it is hard to �nd the best update step α: a small value leads to slow convergence

while a big one can cause the procedure to overstep local minima

1Note that 1.1 is expressed as minimization problem in order to keep the same convention
adopted for RMSE.
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1. Algorithms: state of the art

1.3.2 Stochastic gradient descent

To overcome the convergence speed problem, a stochastic version of gradient

descent has been developed [3].

SGD is a drastic simpli�cation of gradient descent. Instead of computing the

exact gradient of a function at a given point, SGD randomly picks a sample point

(or a relatively small subset of points) at each iteration and considers the gradient

with respect to it. Then, the update procedure is exactly as in gradient descent.

For example, considering the function 1.1 a generic iteration of SGD where a

random training sample (u, i, j) is chosen would lead to the following update step

θ ← θ + α
δ

δθ
ln (σ (x̂uij(θ)))

As stated in [3], it has been proven that in general settings SGD leads to con-

vergence. A very important feature of SGD is its speed. In fact, considering the

function above, in a normal gradient descent approach all the training cases should

be considered, while in SGD just one (or a portion) of them is used. This is a very

big improvement when large-scale machine learning systems are considered and this

is the case in Recommender Systems.

However, SGD has some limitations:

• at each iteration, the direction of the partial gradient decreases the objective

function only locally with respect to the considered points. There is no guar-

antee that the overall loss function is actually decreased in the right direction.

Thus, SGD can lead to local minima and it might not converge to the best

solution

• the procedure is very sensitive with respect to the way training samples are

randomly picked. In general, it strongly depends on the kind of optimization

performed and several approaches should be explored

• as well as in gradient descent, it is not straightforward tuning the update step

α

Despite of its limitations, SGD is one of the most used minimization techniques in

Recommender Systems.
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Algorithm 1.1 BPR optimization with SGD

1. procedure LearnBPR(Ds, θ)

2. initialize θ

3. repeat

4. draw (u, i, j ) from Ds

5. θ ← θ+α
(

e−x̂uij

1+e−x̂uij
· δδθ x̂uij − λθ · θ

)
6. until convergence

7. return θ

8. end procedure

α is the learning rate and λθ are regularization parameters. Triples u, i, j are ran-
domly chosen with replacement.

1.3.3 Alternating Least Squares

Alternating Least Squares (ALS) is an optimization approach widely used in

Matrix Factorization (MF) techniques [20].

The main idea is to turn a non-convex problem into a quadratic one, �xing each

time an unknown variable. For example, a typical MF technique factorizes a user-

rating matrix into two low-rank matrices of user-factors (pu) and item-factors (qi).

The RMSE optimization problem for such model would be

minimize
θ

√
1

N

∑
u,i

(pTu qi − ru,i)
2

ALS approach consists of �rst �xing pu and solve the remaining quadratic prob-

lem for qi, then �xing qi and solve the problem for pu and so on. The main bene�t

of ALS is the possibility of easily parallelize the procedure, since the two problems

are independent.

1.4 Collaborative Filtering Algorithms

In this section, a list of relevant Collaborative Filtering methods is presented.

1.4.1 Global e�ects

The global e�ects approach was �rstly proposed by Bell and Koren in [2]. In its

general form, it can be modeled as collaborative, content-based or hybrid algorithm,

depending on how the e�ects are modeled. In its most popular de�nition of equation

1.2, it has the behaviour of a collaborative approach.
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1. Algorithms: state of the art

The algorithm is based on the assumption that there may be large user and item

e�ects on a dataset (systematic tendencies for some users to give higher ratings than

others and for some items to receive higher ratings than others).

The proposed strategy is to estimate such e�ects sequentially one at a time,

using at each step residuals from the previous one. For example, in the �rst step

the actual training ratings are used to estimate the �rst e�ect, while in the second

step the residuals of them are used as ground truth. If in the step j the e�ect e(j) is

learned

r
(j+1)
u,i = r

(j)
u,i − e

(j)

where r
(0)
u,i = ru,i.

Several e�ects can be de�ned. Beyond the ones suggested above, some other

relational e�ects might be estimated such as relations between user and time infor-

mation, user and and movie average rating and so on (the table 1 in [2] contains

some examples).

An easy but e�ective example of rating prediction function is

r̃u,i = µ+ bi + bu (1.2)

where three e�ects are sequentially learned

• the dataset overall mean of the ratings µ

• the user vector bu containing the user-wise mean of the residual ratings

• the item vector bi containing the item-wise mean of the residual ratings

Such e�ects where applied by Bell and Koren on the Net�ix dataset and the following

results were obtained

e�ect RMSE improvement

µ 1.1296 -

bi 1.0527 0.0769

bu 0.9841 0.6860

Table 1.1: Global E�ects score variation

The global e�ects approach is very easy and customizable. However, the e�ects

have to be carefully chosen and also the order of estimation plays an important role

in the �nal result.

For example, the simple example above is a very good baseline rating estimator

but it is not applicable in new-item or new-user scenarios.
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1.4. Collaborative Filtering Algorithms

1.4.2 Bayesian Personalized Ranking Matrix Factorization

The Matrix Factorization approach optimized using the BPR function is �rstly

introduced in [14].

The basic matrix factorization technique estimates the rating matrix X as the

matrix product of two low-rank matrices W : |u| × k and H : |i| × k as

X̂ = W ·HT

where k is the number of latent factors of the approximation. Thus, the rating

prediction formula can be seen as the product of a user term and an item term

x̂u,i =< wu, hi >=
∑
k

wu,khi,k

The BPR version of MF aims to minimize the BPR loss function described in

1.1. In this scenario, the value x̂uij is computed as

x̂uij =
∑
k

wu,khi,k −
∑
k

wu,khj,k =
∑
k

wu,k(hi,k − hj,k)

The derivatives with respect to each model parameter are

δ

δwu,k
x̂uij = (hi,k − hj,k)

δ

δhi,k
x̂uij = wu,k

δ

δhj,k
x̂uij = −wu,k

Finally, in order to learn the model parameters a learning method has to be

applied. In [14], a stochastic gradient descent approach is used. The triples u, i, j to

optimize at each step are randomly chosen in order to have a small probability to

pick the same user-items combination in consecutive steps. Moreover, a bootstrap

sampling approach with replacement is performed. The algorithm has the same

structure of 1.1.

1.4.3 Asymmetric SVD

Asymmetric SVD is a collaborative item-based algorithm developed by Yehuda

Koren and winner of the Net�lx Prize [9].

A rating for a user-item pair is predicted as
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1. Algorithms: state of the art

r̃u,i = bu,i + qTi

|Ru|− 1
2

∑
j∈Ru

(ru,j − bu,j)xj


where

bu,i = µ+ bu + bi

The �rst part of the formula computes the so-called global e�ects: µ is the global

mean of the ratings in the dataset while bu e bi are respectively the distance of user

ratings and item ratings from µ, computed as user wise and item wise mean on

ru,i − µ.
In the second part of the formula, qi and xj are the vectors containing the latent

factors of items i and and |Ru| is the cardinality of the set of ratings expressed by

the user u.

The optimization criterion is RMSE and a gradient descent technique is applied

considering at each iteration a random set K of couples user-item. A regularization

factor is added to penalize high values for the parameters.

minimize
q,x,b

∑
(u,i)∈K

ru,i − µ− bu − bi − qTi
|Ru|− 1

2

∑
j∈Ru

(ru,j − bu,j)xj

2

+

+λ

b2u + b2i + ||qTi ||2 +
∑
j∈Ru

||xj ||2


1.5 Content-Based algorithms

The last part is dedicated to Content-Based approaches. For the scope of this

thesis, the most popular neighborhood-based CBF method has been used.

1.5.1 Content-based kNN

The Content-Based k-Nearest Neighbours [12] is a basic pure content-based al-

gorithm. It builds an item similarity matrix from the ICM and exploits it to predict

ratings. Because of its independence from past ratings, it has been so far the most

general model to predict in a new-item scenario.

Generally, the model is built using the ICM normalized with the TF-IDF method,

explained in section 2.1.2.

The algorithm is based on the assumption that users will tend to similarly rate

items that have a lot of features in common. For this reason, the model is built

selecting the top-k similar items to compute the predicted score. Typical values of
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1.6. Hybrid Algorithms

k are not very big, in order to actually collect the most similar item pairs. For this

project, the values 50, 80 and 100 have been tested.

There are several similarity measures that can be used to build the model. In

this work, the cosine similarity has been adopted. It computes the similarity score

as follows

sim(i, j) =
fi fj

||fi || · ||fj ||

where fi is the vector of features of item i and ||fi || is its Euclidean norm. If the

number of feature is k

sim(i, j) =

∑
k fi,kfj,k√∑

k f
2
i,k ·

√∑
k f

2
j,k

The similarity between items i and j is the cosine of the angle between the vectors

fi and fj .

After that the similarity scores are computed and the top-k list for each item is

collected, the predicted ratings can be estimated as 2

r̃u,i =

∑
j∈Ru ru,jsim(i, j)∑
j∈Ru sim(i, j)

The main drawback of content-based algorithms is in the fact that they miss

collaborative information which usually lead to better performance. In fact, collab-

orative �ltering algorithms perform in average better than content-based ones. On

the other hand, they are very powerful in cold-start new-item scenarios.

1.6 Hybrid Algorithms

In this section, three representative hybrid algorithms are presented, specifying

their applicability and how they predict user-item scores.

1.6.1 Factorization Machines

Factorization Machines (FM) are a generic tool capable of miming several fac-

torization techniques.

In FM, a generic prediction problem can be described by a design matrix X ∈
Rn×p where the ith row xi ∈ Rp of X describes one sample data with p real-valued

variables and where yi is the prediction target of the ith sample. An example of a

2In the formula it is assumed that all the items in the user pro�le are present in the top-k
of item i. Obviously, it can also not be the case. The correct condition for the summation is
j ∈ Ru ∧ j ∈ topk(i)
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1. Algorithms: state of the art

problem is the one in �gure 1.2, where collaborative information (user and movie

columns) and some other additional data are represented.

Figure 1.2: FM design matrix example

FM learns a model which includes all nested interactions up to a certain order

between the p input variables using factorized interaction parameters. In this work,

models up to order 2 have been used:

ỹ(x) := wo +

p∑
j=1

wjxj +

p∑
j=1

p∑
j′=j+1

xjxj′
k∑

f=1

vj,fvj′,f (1.3)

where k is the dimensionality of the factorization and the model parameters

θ = {wo, w1, ..., wp, v1,1, ...vp,k} are

wo ∈ R,w ∈ Rp, V ∈ Rp×k

The �rst part of the FM model contains the global bias and the unary interac-

tions of each input variable with the target. The second part contains all pairwise

interactions of input variables that are modeled with a factorized parametrization

wj,j′ ≈< vj , vj′ >=
∑k

f=1 vj,fvj′,f , which allows FM to learn reliable parameters

even in highly sparse datasets.

The generality of FM is in the fact that the design matrix can be composed in

di�erent ways and the values can be tuned in order to give more importance to some

columns and less to others.

Within this work FM optimized for RMSE have been used. Thus, the following

minimization problem is solved

min
θ

∑
(x,y)

(ŷ(x|θ)− y)2

As well as in other models, learning the parameters in FM can be done using

di�erent techniques. Within the software framework used in this thesis (libFM , also

introduced in [13]), three methods are implemented: SGD, ALS and Markov Chain

Monte Carlo Inference (MCMC). The default one suggested in [13] is MCMC.
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1.6.2 Sparse Linear Methods with Side Information

Sparse Linear Methods with Side Information (SSLIM) is a set of collaborative

algorithms which incorporate side information in Sparse Linear Methods (SLIM) to

improve performances [11].

In SLIM, a predicted rating for user u and item i is computed as a sparse aggre-

gation of the scores for the items already rated by u.

r̃u,i = mT
u si

Thus, the algorithm approximates M (in [11] M denotes the URM) as

M ∼M · S

where S is a n×n matrix of aggregation coe�cients and n is the number of items

in the system. The matrix S is learned as

min
S
L(S) S ≥ 0, diag(S) = 0

In [11], the loss function used for minimization is RMSE

min
S

1

2
||M −MS||2F +

β

2
||S||2F + λ||S||1 S ≥ 0, diag(S) = 0 (1.4)

where β and λ are respectively the l2 and l1 regularization parameters.

SSLIM approaches extend SLIM incorporating the matrix of side information F

(in [11] F denotes the ICM) into the minimization procedure in several ways in order

to improve recommendations. In particular, the simplest SSLIM method is collective

SLIM, where the matrix S satis�es both these constraints

M ∼M · S F ∼ F · S

Thus, the optimization problem becomes

min
S

1

2
||M −MS||2F +

α

2
||F − FS||2F +

β

2
||S||2F + λ||S||1 S ≥ 0, diag(S) = 0

where α is used to control the importance of F into the learning process.

It can be noticed how the last minimization step can be achieved substituting

the matrix M in equation 1.4 with M ′ = [M,
√
αF ]T .

1.6.3 UFSM

User-speci�c Feature-based item-Similarity Models (UFSM) is a method for top-n

recommendation of new items given binary user preferences [7].
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UFSM exploits preference information across all users to learn multiple global

item similarity functions and learns user-speci�c weights that determine the con-

tribution of each global similarity function in generating recommendations for each

user.

UFSM predicts a rating for a user-item pair as follows

r̃u,i =
∑
j∈R+

u

simu(i, j)

where simu(i, j) is the user-speci�c similarity function given by

simu(i, j) =

l∑
d=1

mu,dgsimd(i, j)

where l is the number of global similarity functions and mu,d is a scalar weight

that determines how much the dth global similarity function contributes to u's simi-

larity function.

UFSM can be optimized both for rating prediction and item recommendation.

In the former, RMSE is used as loss function, while in the latter BPR is minimized.
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Chapter 2

Dataset

In this chapter the two datasets used in this thesis are presented. For each of

them is reported the domain of interest and its source and it is explained how data

were cleaned and normalized. At the end, the two �nal matrices URM and ICM

obtained are presented and further statistics about them are reported in appendix

B.

2.1 HetRec2011-Movielens

2.1.1 Source of Data

The dataset has been downloaded from the Movielens repository.

It links the movies of the MovieLens dataset with their corresponding web pages

at Internet Movie Database (IMDB) and Rotten Tomatoes movie review system.

The dataset is released in the framework of the 2nd International Workshop on

Information Heterogeneity and Fusion in Recommender Systems [4].

Here some statistics of the original dataset are presented

• 2113 users

• 10197 movies

• 855598 ratings

• 20 genres

• 4060 directors

• 95321 actors

• 72 countries

• 13222 tags
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2.1.2 Normalization and cleaning

First of all, all the users who did not rate any movies and all the movies having

no ratings were removed. Moreover, only the movies having both collaborative and

content information were considered, removing the others. Once the �nal URM was

obtained, the ICM was �ltered maintaining only the features of the movies present

in the URM.

Then users, movies and features were mapped with unique consecutive integer

identi�ers, in order to easily handle the data as sparse matrices.

Furthermore, the ICM was �ltered and normalized in many ways for several

reasons.

First of all, the number of di�erent features is huge. Since it is both hard and

useless considering all of them, it was selected a subset of approximately 40.000

features. In particular, the features appearing in less than 10 movies were removed.

Then, two versions of the ICM were created. A binary version, containing triples

item-feature-feature_value, where feature_value is 1/0 if a feature is present/not

present in the movie. The second version of the ICM was created starting from the

�rst version and applying the normalization technique called TF-IDF.1

Term Frequency - Inverse Document Frequency is a function used in Information

Retrieval that says how important a term is in a collection of documents. In this

case, terms are features and documents are movies.

For a generic item-feature couple, the TF-IDF normalized value is computed as

(tf − idf)k,i = tfk,i · idfk

• tfi,k indicates the importance of the feature k within the movie i and the value

is computed as

tfk,i =
nk,i
|di|

where ni,k is the number of occurrences of k in i (0/1 for booleans features, an integer

for discrete features) and |di| is the dimension of the document i in terms of number

of features

• idfk says how important a feature is within the collection of movies. Its value

is computed as

idfk = log
|M |

|{m : k ∈ m}|
1The tf-idf version was actually built considering the original occurrences of features in the

dataset. It means that 1 was used for actors, genres, directors and countries while a discrete
number for tagging information. Notice that this cardinality information provided by the dataset
is missing in the binary version of the ICM.
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2.2. RecSys-Polimi-IMDB

where the numerator is the total number of movies while the denominator is the

number of movies having the feature k.

After having cleaned and �ltered the data, the following two matrices were used

as input for testing the algorithms

users 2113

items 10109

ratings 855598

density 4%

Table 2.1: Hetrec URM

As the majority of datasets used in the Recommender Systems world, the URM

is very sparse. For this reason, an important information to consider is its density,

computed as

densityurm =
|ratings|

|users| ∗ |items|

items 10109

features 4230

feature assignments 125177

density 0,29%

Table 2.2: Hetrec ICM

In the same way, the density of the ICM is interesting because it gives an idea of

how much content information are present for the items of the system. ICM density

is computed as

densityicm =
feature assignments

|items| ∗ |features|

Finally, an implicit version of the URM was built starting from the explicit one,

converting all the ratings above 3.5 as 1s and the remaining as 0s. Notice that doing

so implies that no di�erence exists between not rated and not liked items. The

implicit URM is used as input for algorithms addressing item recommendation.

2.2 RecSys-Polimi-IMDB

2.2.1 Source of data

The second dataset used for the analysis was built by the research group in

Recommender Systems of Politecnico of Milan fetching data from the IMDB. Even
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2. Dataset

though the source of data is similar, there are some signi�cant di�erences with the

previous datasets.

The main di�erence is about the rating scale. In fact, these movies were rated

within the range [0,10] with just integer rating values allowed. Also, how it will

be better clari�ed later, the dimensionality and sparsity of data change signi�cantly

with respect to the previous dataset.

Here some statistics of the original data are presented

• 556704 users

• 73091 items

• 1778049 ratings

• 29605 directors

• 83908 actors

• 24 genres

• 184 countries

• 108 years of production

2.2.2 Normalization and cleaning

The normalization and cleaning procedure was more complicated than the one

for the Hetrec dataset. In fact, the sparsity and dimensionality of this dataset are

huge. In order to speed up the tests and remove less relevant information, some

�lters were applied to both collaborative and content data. Before doing so, the

rating scale was converted in the equivalent [0,5] version.

First of all, the users who rated less than 15 movies and the movies having less

than 10 ratings were removed. Moreover, only the movies having both collaborative

and content information were considered, removing the others. Once the �nal URM

was obtained, the ICM was �ltered maintaining only the features of the movies

present in the URM and removing those features present in less than 15 items.

After this procedure, the overall dimension of the dataset was signi�cantly smaller.

Removing highly non relevant information allowed an easier and faster analysis.

As well as before, users, movies and features were mapped with unique consecu-

tive integer identi�ers and two version of the ICM were constructed.

The �rst is the binary version, which says if a feature is present or not in a movie.

The second one was obtained applying the procedure TF-IDF described in 2.1.2.

The �naly summary of URM and ICM is the following
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users 8918

items 10707

ratings 618791

density 0,65%

Table 2.3: RecSys-Polimi URM

items 10707

features 4294

feature assignments 78012

density 1,7%

Table 2.4: RecSys-Polimi ICM

Again, an implicit URM was constructed using the same threshold value of the

previous dataset (3.5).
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Chapter 3

Evaluation

In this chapter, it is exposed how the thesis results were achieved. Firstly, the

dataset splitting in training and test set is clari�ed. Afterwards, the interpretation

of results on the test set is explained in both rating prediction and item recommen-

dation tests. Then, a brief section is dedicated to the systematic approach used for

comparing the various algorithms. Finally, a list of the evaluation metrics analyzed

is provided.

3.1 Methodology and Evaluation

3.1.1 Splitting

The goal of this project is to design an algorithm (CBC) which has the same

applicability of a content-based approach. For this reason, the recommendation

results were analyzed both in a

• pure collaborative case, where the training set contains ratings for tested items

• new-item case, where no ratings for tested items are present in the training set

Figure 3.1: URM split
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As illustrated in �gure 3.1, the URM was divided in three parts: A and B were

used for training the model and C to test it. To perform the desired simulations,

two di�erent training set were produced:

• training set A+B for pure collaborative experiments

• training set A for new-item experiments

The test matrix C was obtained randomly choosing 10% of users and 10% of items

from the original URM. All the users who had no relevant items in the test set were

removed from it.

3.1.2 Testing

In this section, it will be described how the model and the various algorithms

were evaluated using the test set constructed as described in section 3.1.1.

Figure 3.2: Test set sample

The �gure 3.2 represents three sample rows of the test set, each one corresponding

to a user.

The blank entries are items that were not rated and therefore their value in the

test matrix is zero. The red crosses represents items relevant for the users, which

have a rating greater than a given threshold (e.g. for ratings in the range [1,5] the

threshold value is 3.5). Finally, the blue symbols are items which were rated less

than the threshold value.

The evaluation procedure was carried out in di�erent ways depending on the type

of metrics used.

First of all, the RMSE was evaluated for the rating prediction problem. In this

case, all the non-blank entries of the test set were estimated and the RMSE score

was calculated comparing the actual value against the predicted one. Since some

algorithms might work better in predicting only relevant ratings (the red crosses),

the RMSE evaluation was also performed considering only them.

The second type of evaluation was performed for the item prediction problem.

In this case, a score is computed for each user (row) of the test set and two lists are

built:

• a recommendation list which is constructed ordering all items (columns) in the

test set with respect to the score predicted by the evaluated algorithm
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• a relevant list which contains only relevant items of a given user present in the

test (i.e. the red crosses)

Finally, a score for each user is computed comparing these two lists according to

the evaluation metric analyzed. For example, a recall for each user is computed.

Then, the �nal metric score reported in the result tables is the arithmetic mean of

the metric computed over all users.

3.1.3 Simulations Methodology

The results of this thesis are divided in two parts.

Firstly, the rating prediction problem is analyzed. In this section, CBC was

optimized with RMSE and it was compared with some state-of-the-art algorithms

which address the same problem.

In the second part, the item recommendation problem is solved. For this task,

CBC was optimized with BPR and all the algorithms of comparison are methods

which maximize ranking accuracy rather than rating accuracy.

In both the two parts, a section of results is dedicated to each reference algo-

rithm. Since the same algorithm can give di�erent performances depending on how

its parameters are chosen, a signi�cant set of combinations was tried and �nally the

best one was selected. For ranking metrics, the best result for each method was

selected considering recall@10 scores.

Rating prediction and item recommendation results are exhaustively presented

respectively in chapter 5 and 6.

3.2 Evaluation Metrics

In this section a list of evaluation metrics used in this work is presented. Beyond

the typical ones used in Recommender Systems, a normalized version of recall has

been developed.

3.2.1 RMSE

The Root Mean Squared Error is the most popular metric used in evaluating

accuracy of predicted ratings.

The RMSE is computed as

RMSE =

√
1

|T |
∑
u,iεT

(r̃u,i − ru,i)2

where T is the test set used for evaluation.

It is considered a useful metric when the main goal of an algorithm is to provide

good numerical predictions for ratings.
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RMSE belongs to the family of predictive accuracy error metrics. Other metrics

belonging to this family are Mean Absolute Error and Mean Squared Error.

Predictive accuracy error metrics are frequently used for the evaluation of rec-

ommender systems since they are easy to implement and understand. However, they

do not necessarily correspond to the most popular usage scenarios for recommender

systems. In fact, there are few cases where users are interested in the overall predic-

tion accuracy [17], since usually it is not very interesting precisely predicting which

rating a user would give to an item. In a real scenario it is more useful to identify

the set of items a user will like, rather than the numeric predictions for their ratings.

There exists many recommendation algorithms able to provide accurate results

about set of items rather than single ones. In these cases, RMSE is not the best way

to evaluate them.

3.2.2 Precision

Relevant Irrelevant Total

Recommended tp fp tp+fp

Not Recommended fn tn fn+tn

Total tp+fn fp+tn N

Table 3.1: Recommender Systems confusion matrix

Precision is a classi�cation accuracy metric largely used in Information Retrieval

(IR). It measures the probability that a recommended item corresponds to the user's

preferences. It is computed as the ratio of recommended items that are relevant to

the total number of recommended items. Using the IR notation of table 3.1

precision =
tp

tp+ fp

Usually in Recommender Systems precision is computed with respect to the

length of the recommendation list. The notation used is precision@k, where k is

the list size. A common approach, that has also been used for this work, is to

compute precision user-wise and then calculate the average over all the users.

It can be seen that the precision of an algorithm is in the range [0,1]. For a

generic user:

• a precision of zero corresponds to a list not containing any relevant items

• a precision of one corresponds to a list including only relevant items

In �gure 3.3 it is possible to see how precision changes with respect to the length of

the recommendation list k. In general, the longer the list the lower the precision. In

fact, increasing the list length raises the probability to have non-relevant items in

the provided recommendations.
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Figure 3.3: Comparison of precision@k and recall@k scores

3.2.3 Recall

Recall is a classi�cation accuracy metric that measures the probability that a

relevant item is recommended. Using the IR notation of table 3.1

recall =
tp

tp+ fn

Even recall is usually expressed with respect to the recommendation list length

k. Considering recommendations for a generic user, it can be seen that the recall of

an algorithm is also in the range [0,1]:

• a recall of zero corresponds to a list not containing any relevant items

• a recall of one corresponds to a list including all the relevant items

According to �gure 3.3, recall@k increases with respect to k. This is due to the fact

that in a larger list is more likely to �nd relevant items.

Both precision and recall do not take into account the position of an item in the

list. In other words, they do not consider more important an item which appears

earlier in the list; all the suggested items are assumed to have the same importance.

In general, the assumptions underlying these two metrics are good in many recom-

mendations scenarios (e.g. recommending a set of movies to watch). However, there

exists other metrics which take into account the position of an item in the list.

3.2.4 Mean Average Precision

Average precision (AP) takes each relevant item in the list and calculates the

precision of the recommendation set with the size that corresponds to the rank of

the relevant item [17]. The Mean Average Precision (MAP) is the arithmetic mean

of these values. As well as precision and recall, AP is also computed for each user

and then MAP is the mean over all users.

AP =

∑N
k=1(prec@k · rel(k))

|relevants|
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MAP =

∑
uAP (u)

|users|

where

• prec@k is the precision computed at cut-o� k of the list

• rel(k) is a function equal to 1 if the item in position k is relevant; otherwise, it

is equal to 0

For example, let consider the last sample of �gure 3.3. The list length k is equal

to 10, but in order to compute the AP, the positions of relevant items have to be

considered, since they are the only ones in which the function rel(k) is equal to 1.

Therefore

AP =
prec@1 + prec@2 + prec@4 + prec@8

4
=

1/1 + 2/2 + 3/4 + 4/8

4
= 0.8125

3.2.5 Normalized Discounted Cumulative Gain

Normalized Discounted Cumulative Gain (NDCG) measures the performance of a

recommendation system based on the graded relevance of the recommended entities.

It varies from 0 to 1, with 1 representing the ideal ranking of the entities. This metric

is commonly used in information retrieval and to evaluate the performance of web

search engines [18].

The basic assumption underlying NDCG is that highly relevant documents are

more useful when they appear earlier in the recommendation list.

DCGk =
k∑
i=1

2reli − 1

log2(i+ 1)

where reli is equal to 1 if the item in position i is relevant; it is equal to 0

otherwise

The normalized version is computed as

nDCGk =
DCGk
IDCGk

where IDCGk is the ideal DCG that would be obtained if all the items in the

list were relevant: reli = 1, ∀i
Considering again the last sample of �gure 3.3, the following values would be

obtained

DCG10 =
10∑
i=1

2reli − 1

log2(i+ 1)
=

1

log2(2)
+

1

log2(3)
+

1

log2(5)
+

1

log2(8)
= 2.37
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IDCG10 =
10∑
i=1

1

log2(i+ 1)
= 2.56

Therefore

nDCG10 =
2.37

2.56
= 0.93

The normalization is needed to avoid that di�erent lists of di�erent sizes would

lead to inconsistency among results. In this way, the NDCG will tell how much each

list is close to the perfect one, with an ideal value of 1 when the list is actually a

perfect recommendation.

NDCG has some limitations. First of all, it does not penalize a recommendation

list for containing non-relevant recommendations. In fact, in the example above

NDCG8 = NDCG10 even if the list of length 8 should be considered a better

recommendation since it contains less non-relevant items. The second limitation

regards the fact that NDCG does not consider missing items. The following example

will clarify the limitation. Suppose that two di�erent algorithm would return the

following two lists as recommendations for the same user u. The ones indicate

relevant items in the list.

• list1 = [1, 1, 1, 1]

• list2 = [1, 1, 1]

The NDCG1 = NDCG2 = 1, because both lists contain only relevant items. The

problem here is that the �rst algorithm was able to return 4 relevant items while

the second algorithm only 3. A more accurate metric would di�erentiate the two

recommendations, giving more signi�cance to the �rst result. It is not the case of

NDCG.

3.2.6 Mean Reciprocal Rank

Mean Reciprocal Rank (MRR ) is a statistic measure for evaluating any process

that produces a list of possible responses to a sample of queries, ordered by proba-

bility of correctness. The reciprocal rank of a query response is the multiplicative

inverse of the rank of the �rst correct answer [21]. For each user list is computed a

Reciprocal Rank ( RR ), which is then averaged over all the lists to obtain the �nal

MRR.

RRu =
1

ranku

MRR =

∑
uRRu
|u|
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where ranku is the position of the �rst relevant items in the list of user u. Consid-

ering again the last sample of �gure 3.3, the RR is equal to 1, since the �rst element

in the list is also relevant.

3.2.7 Normalized Recall

One of the most used metric in the literature is recall. There are two main

reasons.

First of all, precision and recall are the basic IR metrics which are also useful in

the Recommender System domain, since it is often not required taking into account

rankings in the recommendation lists, while it is more important provide a good set

of recommendations, regarding the order in which they are presented to the user.

The advantage of recall over precision is that it takes into account all the relevant

items for a user. In fact, a good score on precision refers to a recommendation list

with many relevant items. However, if the list is short there might be several good

results omitted but precision would still be high. That can not happen with recall. In

fact, a recall of one means that an algorithm retrieved all the relevant items for that

particular user and in Recommender System this is often the best possible scenario.

For this reason recall was the most considered metric used in the thesis work.

That is why it has also been developed a normalized version of this metric, which

tries to avoid inconsistency of scores on lists having di�erent lengths.

Suppose we have an algorithm which returns the following lists for two generic

users ('1' represents a relevant item, while '0' a non-relevant one)

• lu1 = [0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1]

• lu2 = [0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0]

As it can be seen, the user u1 has 8 relevant items while the user u2 has 2 relevant

items. Consider now recall@4 for both lists

• rec@4u1 = 1/8

• rec@4u2 = 1/2

• rec@4 = 5/8 = 0.3125

In other words, the algorithm performed four times better for u2 than for u1. In fact,

these values can be interpreted as the fact that the algorithm was able to perform

up to position 4

• 1 hit over 8 possible for the �rst user

• 1 hit over 2 possible for the second user

32



3.2. Evaluation Metrics

However, the recall values are not correctly representing the reality. In fact, the user

1 has got a good set of recommendations since the algorithm provided only relevant

items from the 4th position to the end of the list. Due to the fact that ordering

of items is not important within a set of recommendations, it means that the user

1 could have got 8 di�erent suggestions of relevant items after the �rst three bad

ones. On the other hand, user 2 received a quite bad recommendation list since the

algorithm should be wrong 8 times before suggesting him all the relevant items.

Another way to consider this issue is thinking that there might be 8 di�erent ways

for the algorithm to provide a list of 4 items to the user 1: one way for each of the

8 consecutive relevant items, since the ordering should not be considered. Instead,

there is just 1 way over 2 of doing this for the user 2. In practice, the algorithm is

able to recommend 9 correct items over 10 possible with lists of length 4.

The normalized version of recall can be then computed by �rst getting the hits

vector for each item in every user list and then by averaging the results for all items

in the test set

hits(u, i) = [01...0j1j+1...1k]

where j is the number of non-relevant items before the item i in the list of user

u. In the example above, it would be

∀t = 1...8, hits(u1, it) = [0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1]

hits(u2, i1) = [0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1]

hits(u2, i2) = [0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1]

Summing up all the vectors

HITS = [0, 0, 0, 9, 9, 9, 9, 10, 10, 10, 10]

and dividing by |T | = 10

recall = [0, 0, 0, 0.9, 0.9, 0.9, 0.9, 1, 1, 1]

As it is possible to notice the value of recall@4 = 0.9 is much higher than 0.3125

obtained before.

Using this recall algorithm it is possible to obtain values that are more consistent

and less dependent on the length of the lists of relevant items.
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Chapter 4

Content Based Collaborative

algorithm

4.1 Algorithm Description

Content Based Collaborative (CBC) is a content-based algorithm which exploits

collaborative information to improve quality of recommendations.

In fact, CBC aims to learn a set of weights from both content and collaborative

data to compute similarities between items. In particular, feature values are weighted

with respect to each user in order to have personalized similarity scores.

The two novelties of CBC concerns:

• the fact that it is a content-based algorithm and it can provide recommenda-

tions for new items, even though it exploits collaborative data

• the set of weights adopted, which allows to consider general importance of

features and user-feature relations

CBC can be applied to both normal recommendation and new-item problems.

CBC estimates ratings as follows

r̃u,i = µ+ bu +
∑
j∈R+

u

ru,jsimu(i, j) (4.1)

The �rst two summands of the formula 4.1 represent two global e�ects; in par-

ticular

• µ is a global bias. For example, in a given scenario ratings can be biased towards
some value that does not depend on a single user or item; when optimizing

RMSE this value represents the mean of the ratings

• bu is a user bias depending on the fact that some users might give higher or

lower ratings than others
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The third summand is a typical content-based rating prediction function which is

based on the following similarity function

simu(i, j) =
∑
k

(a+ bk + cu,k)fi,kfj,k (4.2)

In the equation 4.2, three new parameters are present

• a is a global weight that does not depend on the single item pair

• bk is a vector of feature weights that models how much the value of a feature

should be generally considered when computing the similarity value

• cu,k is a matrix of weights that relates users and features specifying how im-

portant is a certain feature for a given user

The number of parameters to learn is extremely big because of the last parameter

cu,k that consists of |u| · |k| weights. In general, learning a such huge number of

parameters leads to over�tting and it is often better use a factorization approach.

Thus, the matrix cu,k is factorized as a product of two low-rank matrices xu,l and

yl,k as follows

cu,k =
∑
l

xu,lyl,k

where l is the number of latent factors which model the user-feature interaction.

Using this approach, the model parameters to learn become

θ = {µ, bu, a, bk, xu,l, yl,k}

and |θ| = 2 + |u|+ |k|+ l · (|u|+ |k|).
The �nal complete rating prediction function is the following

r̃u,i = µ+ bu +
∑
j∈R+

u

ru,j
∑
k

(
a+ bk +

∑
l

xu,lyl,k

)
fi,kfj,k (4.3)

The general learning process to obtain the set θ consists of de�ning an error

function L and solve the following optimization problem

min
θ
L(θ)

In the next sections, the parameters will be estimated using two di�erent error

functions in order to address two di�erent problems: rating prediction and item

recommendation.
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4.2 CBCrmse optimization

In this section, the problem of rating prediction is addressed. In this scenario,

the main goal is to estimate single ratings as accurate as possible. Thus, a common

choice for solving this problem is using RMSE as loss function (CBCrmse).

Lrmse(θ) =
∑
u∈U

∑
i∈Ru

(r̃u,i(θ)− ru,i)2

Considering the equation 4.3 and the set of parameters θ = {µ, bu, a, bk, xu,l, yl,k},
the minimization problem that CBCrmse solves is

1

min
θ

∑
u,i

µ+ bu +
∑
j∈R+

u

ru,j
∑
k

(
a+ bk +

∑
l

xu,lyl,k

)
fi,kfj,k − ru,i

2

(4.4)

4.2.1 Partial E�ects Approach

The minimization problem of equation 4.4 can be solved in di�erent ways.

In this section, the linearity of the error function has been exploited and an ap-

proach similar to the one used to learn the parameters of the global e�ects algorithm

(section 1.4.1) has been used. The main idea is considering a predicted rating as the

sum of several partial e�ects that can be estimated iteratively.

The equation 4.3 can be split in �ve partial rating prediction functions

• r̃(1)
u,i = µ

• r̃(2)
u,i = bu

• r̃(3)
u,i =

∑
j∈R+

u
ru,ja

∑
k fi,kfj,k

• r̃(4)
u,i =

∑
j∈R+

u
ru,j

∑
k bkfi,kfj,k

• r̃(5)
u,i =

∑
j∈R+

u
ru,j

∑
k

∑
l xu,lyl,kfi,kfj,k

where

r̃u,i =

5∑
j=1

r̃
(j)
u,i

In the next sections, the partial error functions r̃
(j)
u,i , ∀j ∈ [1...5] will be analyti-

cally minimized and the following notation will be used

• r̃(j)
u,i is rating predicted at step step j for user u and item i

1for simplicity, in the RMSE error equation the summation
∑
u∈U

∑
i∈Ru

will be simply denoted
as

∑
u,i
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• r(j)
u,i is the rating used as training sample at step step j for user u and item i;

at step j > 1, r
(j)
u,i = r

(j−1)
u,i − r̃(j−1)

u,i

The algorithm applied can be described as follows

Algorithm 4.1 CBCrmse as sum of partial e�ects

1. procedure CBCPartialE�ectsRMSE(URMtrain)

2. r
(1)
u,i = ru,i ∀u, i ∈ URMtrain

3. for j in [1, ..., 5]

4. θj ← min
θj

∑
u∈U

∑
i∈Ru

(
r̃

(j)
u,i(θj)− r

(j)
u,i

)2

5. r
(j+1)
u,i = r

(j)
u,i − r̃

(j)
u,i(θj)

6. end for

7. return θj ∀j ∈ [1...5]

8. end procedure

The parameter θj denotes the jth element in the set θ = {µ, bu, a, bk, cu,k}

In the next sections, all the �ve steps will be analyzed and the analytical formula

to derive the parameters will be shown.

Step 1 At the beginning of the procedure, the �rst rating prediction function is

estimated using the original ratings as training samples

r̃
(1)
u,i = µ, r

(1)
u,i = ru,i

L(µ) =
∑
u,i

(
µ− r(1)

u,i

)2

∂L
∂µ

=
∑
u,i

2
(
µ− r(1)

u,i

)

∂L
∂µ

= 0 ⇐⇒ µ =

∑
u,i r

(1)
u,i

n

After having learned the �rst parameter, its e�ect can be removed from the

original samples

r
(2)
u,i = r

(1)
u,i − r̃

(1)
u,i
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Step 2 The partial predicted rating is estimated as

r̃
(2)
u,i = bu

L(bu) =
∑
u,i

(
bu − r(2)

u,i

)2

The derivative of the error has to be computed for each user ū and thus a system

of |u| equations is obtained

∂L
∂bū

=
∑
i∈Rū

2
(
bū − r(2)

ū,i

)

∂L
∂bū

= 0 ⇐⇒ bū =

∑
i∈Rū r

(2)
ū,i,

nū + shr
∀ū

where nu is the number of ratings of the user u and shr is a shrinkage factor2.

Notice that the last equation is actually a system of |u| equations, each of them

corresponding to a user. Again, the actual ratings are modi�ed as follows

r
(3)
u,i = r

(2)
u,i − r̃

(2)
u,i

Step 3 The third parameter to learn is a and the third partial rating prediction

function has to be considered

r̃
(3)
u,i =

∑
j

ru,j

∑
k

afi,kfj,k

if it is set f(u, i, k) =
∑

j ru,jfi,kfj,k
3

L(a) =
∑
u,i

(
a
∑
k

f(u, i, k)− r(3)
u,i

)2

∂L
∂a

=
∑
u,i

[
2

(
a
∑
k

f(u, i, k)− r(3)
u,i

)∑
k

f(u, i, k)

]

∂L
∂a

= 0 ⇐⇒
∑
u,i

a(∑
k

f(u, i, k)

)2

− r(3)
u,i

∑
k

f(u, i, k)

 = 0

2In this case, the shrinkage factor is used to avoid that the terms of bu are biased towards users
having few ratings. The higher the shrinkage, the more this e�ect is contrasted. Shrinkage values
depend on the data; usually they are in the range [1, 10].

3f(u, i, k) can be interpreted as a function computing how important an item i is for a user u

with respect to its kth feature
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4. Content Based Collaborative algorithm

∂L
∂a

= 0 ⇐⇒ a =

∑
u,i r

(3)
u,i

∑
k f(u, i, k)∑

u,i (
∑

k f(u, i, k))2

and �nally

r
(4)
u,i = r

(3)
u,i − r̃

(3)
u,i

Step 4 In the next step, the parameters bk have to be computed for each feature

k̄ using

r̃
(4)
u,i =

∑
j

ru,j

∑
k

bkfi,kfj,k

L(bk) =
∑
u,i

(∑
k

bkf(u, i, k)− r(4)
u,i

)2

∂e

∂bk̄
=
∑
u,i

[
2

(∑
k

bkf(u, i, k)− r(4)
u,i

)
f(u, i, k̄)

]

Imposing this constraint for each feature, it is obtained a set of |k| equations

∂L
∂bk̄

= 0 ⇐⇒
∑
u,i

[∑
k

bkf(u, i, k)f(u, i, k̄)− r(4)
u,if(u, i, k̄)

]
= 0 ∀k̄

∂L
∂bk̄

= 0 ⇐⇒
∑
k

∑
u,i

bkf(u, i, k)f(u, i, k̄) =
∑
u,i

r
(4)
u,if(u, i, k̄) ∀k̄

Solving the system it is possible to �nd the vector bkand update the residual

actual rating for the next step

r
(5)
u,i = r

(4)
u,i − r̃

(4)
u,i

Step 5 Finally, the last partial predicted rating is the following

r̃
(5)
u,i =

∑
j

ru,j

∑
k

cu,kfi,kfj,k

The matrix containing the parameterscu,k can be also computed analytically,

solving a more complex system of equations. However, the number of parameters

would be very high and it might lead to over�tting so the matrix can be factorized

cu,k =
∑
l

xu,lyl,k

An easy way to learn the matrices xu,l and yl,k is using ALS ( see section 1.3.3).
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4.3. CBCbpr optimization

The derivatives of the error for each parameter have to be computed.

L(xu,l, yl,k) =
∑
u,i

(∑
l

xu,l
∑
k

yl,kf(u, i, k)− r(5)
u,i

)2

∂L
∂yl̄,k̄

(xu,l) =
∑
u,i

[
2

(∑
l

xu,l
∑
k

yl,kf(u, i, k)− r(5)
u,i

)
xu,l̄f(u, i, k̄)

]
∀l̄, k̄

∂L
∂xū,l̄

(yl,k) =
∑
i

[
2

(∑
l

xū,l
∑
k

yl,kf(ū, i, k)− r(5)
ū,i

)∑
k

yl̄,kf(ū, i, k)

]
∀ū, l̄

Now it is possible to de�ne the solution of the two minimization problems

∂e

∂yl̄,k̄
(xu,l) = 0 ⇐⇒

∑
k

∑
u,i

∑
l

xu,lyl,kf(u, i, k)xu,l̄f(u, i, k̄) =
∑
u,i

r
(5)
u,ixu,l̄f(u, i, k̄) ∀l̄, k̄

∂e

∂xū,l̄
(yl,k) = 0 ⇐⇒

∑
i

∑
l

xū,l
∑
k

yl,kf(ū, i, k)
∑
k

yl̄,kf(ū, i, k) =
∑
i

r
(5)
ū,i

∑
k

yl̄,kf(ū, i, k) ∀ū, l̄

4.3 CBCbpr optimization

In this part, it has been developed CBCbpr through an optimization procedure

in order to address the problem of item recommendation.

In this scenario, the goal of the algorithm is to provide a set of n recommended

items to each user and obtain the highest possible number of relevant items within

this list. Since estimating single ratings is not a critical point, the algorithm computes

a factor for each user-item pair, sorting the provided list accordingly. The most

common way to obtain good performance in classi�cation accuracy metrics is to

minimize the BPR loss function on the dataset, as explained in section 1.2.2. BPR

works in implicit feedbacks settings. For this reason, the explicit URM in input is

converted in implicit, considering as positive the ratings greater than 3.5.

Lbpr (θ) = −
∑

u,i,j∈Ds

ln(σ(x̂uij)) + λθ||θ||2 (4.5)

In equation 4.5 the value x̂uij has to be de�ned. Considering the equation 4.3,
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4. Content Based Collaborative algorithm

this value is the following 45

x̂uij = r̃u,i − r̃u,j =
∑
j̄∈R+

u

(simu(i, j̄)− simu(j, j̄)) (4.6)

=
∑
j̄∈R+

u

∑
k

(
a+ bk +

∑
l

xu,lyl,k

)
(fi,k − fj,k)fj̄,k

It is important to notice how in 4.6 the parameters µ and bu are not part of the

function x̂uij . In fact, this function is a comparison of two ratings for a single user u

and both µ and bu do not vary within the ratings of the same user. Thus, the �nal

minimization problem solved in this section is the following

min
θ
−

∑
u,i,j∈Ds

ln (σ (x̂uij (θ))) + λθ||θ||2 (4.7)

where θ = {a, bk, xu,l, yl,k}.

4.3.1 Stochastic Gradient Descent learning procedure

The easiest and most common way to solve the problem 4.7 is using Stochastic

Gradient Descent, discussed in 1.3.2. In fact, the number of training samples is

huge and the structure of the loss function makes not possible using a partial e�ects

approach as done with RMSE.

Therefore, the gradient with respect to the parameters to learn has to be com-

puted

δebpr
δθ

= −
∑

(u,i,j)∈Ds

e−x̂uij

1 + e−x̂uij
δ

δθ
x̂uij + λθθ

The four gradient components, one for each parameter to estimate, di�er in the

term δ
δθ x̂uij

4Since BPR uses an implicit feedback matrix, the term ru,j̄ is missing
5Notice that the usual summation over j ∈ R+

u of equation 4.3 in 4.6 has been denoted with
j̄ ∈ R+

u , in order to avoid confusion with the index j which represents the item not liked by the
user u
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4.3. CBCbpr optimization

δ

δa
x̂uij =

∑
j̄∈R+

u

∑
k

fj̄,k(fi,k − fj,k)

∀k̄ δ

δbk̄
x̂uij =

∑
j̄∈R+

u

fj̄,k̄(fi,k̄ − fj,k̄)

∀ū, l̄ δ

δxū,l̄
x̂uij =

∑
j̄∈R+

u

∑
k

yl̄,kfj̄,k(fi,k − fj,k)

∀l̄, k̄ δ

δyl̄,k̄
x̂uij = xu,l̄

∑
j̄∈R+

u

fj̄,k̄(fi,k̄ − fj,k̄)

Two SGD procedures were designed.

The �rst one is very similar to 1.1. The only di�erence is about the termination

criterion. Since recall was chosen as metric of interest, no convergence on the BPR

error is measured. Instead, a number of iteration to perform is set as input. The

training dataset Ds is traversed drawing the triple u, i, j uniformly at random with

replacement.

Algorithm 4.2 CBCbpr uniform optimization with SGD

1. procedure CBCUniformBPR(Ds,n_it )

2. initialize θ

3. for iter in [1...n_it ]

4. draw (u, i, j ) from Ds

5. θ ← θ+α
(

e−x̂uij

1+e−x̂uij
· δδθ x̂uij − λθ · θ

)
6. end for

7. return θ

8. end procedure

α is the learning rate and λθ are regularization parameters.

The second approach is based on the fact that the model to learn for CBCbpr

contains a big number of parameters. For this reason, drawing many positive triples

for the update steps might lead to few parameter variations. In fact, if a triple u, i, j

such that r̄u,i > r̄u,j is drawn, the update steps for the parameters will be as small

as big is the di�erence between the predicted ratings6. The algorithm modi�cation

was developed trying to overcome this problem and drawing just �wrong� triples to

6It happens because of the coe�cient e
−x̂uij

1+e
−x̂uij

that modulates the value of the gradient δ
δθ
x̂uij ;

high values of x̂uij lead to coe�cient values close to zero.
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4. Content Based Collaborative algorithm

update (i.e. where r̄u,i < r̄u,j)

Algorithm 4.3 CBCbpr optimization with SGD on negative samples

1. procedure CBCNegativeBPR(Ds,n_it )

2. initialize θ

3. iter = 1

4. while iter -1 != n_it

5. draw (u, i, j ) from Ds

6. if r̄u,i >r̄u,j

7. continue

8. end if

9. θ ← θ+α
(

e−x̂uij

1+e−x̂uij
· δδθ x̂uij − λθ · θ

)
10. iter++

11. end while

12. return θ

13. end procedure

α is the learning rate and λθ are regularization parameters.
The update steps are performed only if the triple is not correctly ordered.
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Chapter 5

Rating Prediction Results

In this chapter CBCrmse and other state-of-the-art algorithms were applied on

the two datasets described in section 2 to solve the problem of rating prediction. A

training set is provided to each algorithm and the evaluation is performed on a test

set, following the URM splitting procedure described in 3.1.1. If the algorithm uses

content information, the ICM matrix is provided in input as well.

Two main scenarios were analyzed depending on the input used for training (�gure

3.1)

• pure collaborative problem, where all tested users and items have related

data also in the training set. In this case, the training set is composed by the

matrices A and B of �gure 3.1

• new-item problem, where tested items were not present at training time. In

this case, the training set is the matrix A of �gure 3.1

Some of the methods of comparison are just applicable in the collaborative case for

design reasons. Instead, CBCrmse and other hybrid techniques were tested in both

situations. The algorithms used are

• Asymmetric SVD

• Factorization Machines

• Content-based Item k-Nearest-Neighbours

• CBCrmse

Besides the classic RMSE, a second type of evaluation was performed, measuring

RMSE only on the relevant items in the test set (RMSEpos).

In the �rst part, some details of CBCrmse related to its performance are clari�ed

and then a complete comparison of the results for both datasets is provided.
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5. Rating Prediction Results

5.1 CBCrmse Implementation Details

CBCrmse has been theoretically described in section 4.2 while in sections 5.2.4

and 5.3.4 the results on the two datasets are proposed, analyzing several possible

settings of the algorithm.

In this section, some implementation choices are justi�ed. Firstly, it is numer-

ically proved how the partial e�ects approach works. Secondly, it has been shown

how the number of latent factors for the user-feature matrix parameters can be set

to 1 without signi�cantly a�ecting performances and simplifying the computational

steps.

5.1.1 Partial E�ects Scores Variation

In this paragraph, it will be shown how the developed model actually improves

performance while increasing its number of parameters in the main function. In

section 4.2.1 it has been shown how the parameters of CBCrmse can be estimated

iteratively splitting the rating prediction function in pieces as sum of partial e�ects.

Repeating this process, it can be analyzed the performance gain of CBCrmse while

the level of detail increases.

For this test example, the various settings used are the ones in the �rst entry of

table 5.6.

Referring to equation 4.2.1, the �rst step is learning the parameter µ with the

following rating prediction function

r̃
(1)
ui = µ

The RMSE score with respect to the test set is RMSE1 = 1.0189. It can be

proved that the model 1 is nothing but a global e�ect model that just captures the

mean rating of the dataset and provides it as predicted rating. This model is non-

personalized, since it does not depend on the particular user for which the prediction

is made.

The second set of parameters computed is bu that modi�es the rating prediction

function as follows

r̃
(2)
ui = µ+ bu

decreasing the error to RMSE2 = 0.9492. The second model signi�cantly im-

proves performance. In fact, the second parameter is still a global e�ect but on users.

It means that this model is personalized with respect to the single user, even though

no di�erence in predictions is made within the same user test samples.

The third summand of equation 4.3 includes the third parameter a. The rating

prediction function becomes
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5.1. CBCrmse Implementation Details

r̃
(3)
ui = µ+ bu + a

∑
k

f(u, i, k)

with a score of RMSE3 = 0.9477. The parameter a models a general relation

between user u and item i computing and summing the function f on all the features.

The fourth set of parameters is bk and it is included in the rating prediction

function as follows

r̃
(4)
ui = µ+ bu + a

∑
k

f(u, i, k) +
∑
k

bkf(u, i, k)

The new score is RMSE4 = 0.9105. The parameters bk are very powerful since

they insert a weight for the kth feature when computing the similarity between a

the item i and the user pro�le items j, giving more importance to relevant features

rather than considering all of them at the same level. In fact, even the improvement

in this step is quite interesting.

The last set of parameters of equation 4.3 is cuk. At this step, the function

becomes

r̃
(5)
ui = µ+ bu + a

∑
k

f(u, i, k) +
∑
k

bkf(u, i, k) +
∑
k

cukf(u, i, k)

with a score of RMSE5 = 0.9100 that is also the �nal score of the �rst test

sample in table 5.6.

To avoid over�tting, the parameters cuk are learned as a factorized model cuk =

xuyk. Thus, the matrix u × k is learned as a dot product of the two vectors xu for

users and yk for features in the same way as a Matrix Factorization model. The

factorized matrix cuk relates users and features indicating how much importance a

certain feature has for a given user, providing another relation between collaborative

and content information.

5.1.2 Number of latent factors

As explained in section 4.2.1, the matrix of parameters cu,k has been factorized

in the product of two low-rank matrices xu,l and yl,k. In this paragraph, a short

discussion about the number of factors l is made.

In the partial e�ects procedure of section 4.2.1, the �fth estimation step solves

the minimization problem in order to compute xu,l and yl,k as follows

min
xu,l,yl,k

∑
u,i

(∑
l

xu,l
∑
k

yl,kf(u, i, k)− r(5)
u,i

)
2

where the actual ratings are the original ratings of the training set removed of

the partial e�ects estimated so far
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r
(5)
u,i = ru,i − µ− bu − a

∑
j∈R+

u

ru,j
∑
k

fi,kfj,k −
∑
j∈R+

u

ru,j
∑
k

bkfi,kfj,k

The estimation procedure has been carried out for di�erent values of l and in the

following table is reported the related score variation with respect to the settings in

the �rst entry of table 5.6

latent factors RMSE

1 0.9100

2 0.9100

5 0.9098

Table 5.1: RMSE variation w.r.t. number of latent factors

The table above demonstrates how the latent factor variation do not a�ect the

score in a signi�cant way.

Moreover, parameterizing the matrix cu,k as a product of one dimensional vectors

is an easy task with respect to computational e�ort.

For this reason, in the whole testing process the number of factors used was 1

and thus the matrix cu,k is factorized as

cu,k = xuyk

5.2 Hetrec Dataset Analysis

The �rst dataset used for experiments is the Hetrec-Movielens dataset, described

in section 2.1.

5.2.1 Asymmetric-SVD

Asymmetric-SVD optimizes RMSE by using the rating prediction function ex-

plained in 1.4.3. The only parameter to set is the number of latent factors for the

vectors qi and xj . Since Asymmetric-SVD learns item-related parameters, it is not

applicable in a new-item scenario. Thus, the following results are obtained providing

the training collaborative matrix A+B as input.

latent factors RMSE RMSEpos

50 0.7792 0.7058

100 0.7769 0.7032

200 0.7748 0.7010

Table 5.2: Asymmetric-SVD results on Hetrec dataset
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As it is shown in table 5.2, the best results were achieved using a large number of

latent factors ( 200 ) on both measures. However, no big improvements were gained

from both the cases were the factor dimension was set to 50 and 100.

5.2.2 Factorization Machines

FM are a general and powerful tool to make predictions optimizing the rating

accuracy, as explained in 1.6.1. For this reason, there are several possible ways to

assemble the input data and to perform the optimization. Thus, both the collabora-

tive and the new-item scenarios can be modeled properly arranging the input data.

In these tests, a signi�cant number of design matrices is built in order to �nd which

representation leads to better results. In particular, the following set of parameters

was considered to perform the tests

• train is the set used for training the model

• user is the weight assigned to user columns

• item is the weight assigned to item columns

• feature indicates the type of ICM used to build feature columns

• dimension says how many parameters the model is learning. More precisely,

in all simulations the global bias and the �rst order parameter ( w0 and wj in

equation 1.3 ) were included. This value is about how many latent factors f

were used for the pairwise interactions.

First of all, the results for the pure collaborative problem are presented

train user item feature dimension RMSE RMSEp

A+B 1 1 binary
8 0.7468 0.6838
20 0.7417 0.6788

A+B 1 1 TF-IDF
8 0.7337 0.6690
20 0.7264 0.6616

A+B 0.1 1 TF-IDF
8 0.8006 0.7375
20 0.8008 0.7360

A+B 1 0.1 TF-IDF
8 0.7576 0.6888
20 0.7499 0.6795

Table 5.3: FM Collaborative results on Hetrec dataset

The table 5.3 shows that the binary ICM leads to worse results than the version

normalized using TF-IDF. Moreover, varying the importance given to user or item

columns does not produce good variations in terms of error. Instead, for almost

all the settings an higher number of latent factors gives better scores, even though

increasing the number of factors signi�cantly a�ects the computational time.
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5. Rating Prediction Results

The other tests were carried out using the training set A ( new-item problem ).

train user item feature dimension RMSE RMSEp

A 1 no binary
8 1.1154 0.9957
20 1.0782 1.0662

A 1 no TF-IDF
8 0.8745 0.7919
20 0.8714 0.7739

A no no TF-IDF
8 0.9296 0.8347
20 0.9123 0.8066

Table 5.4: FM New-Item results on Hetrec dataset

As it is shown in table 5.4, even in the new-item tests the ICM format leading

to better results is the version normalized using TF-IDF.

In this scenario, the item columns were not part of the FM design matrix. In

fact, since the ratings to predict are referred to new items, there is no need to learn

parameters for items in the train since they will not be used for predictions. The

user columns represent the only collaborative data within this setting. In particular,

in the third experiment no information about the users were included obtaining a

pure content-based predictor.

The best scores were obtained when user collaborative data were included and

the features were encoded according to the TF-IDF ICM. As well as in the previous

tests, increasing the number of latent factors produces slightly better results.

The general performances using matrix A as train are obviously lower than the

ones obtained using A+B, since less information are provided to the algorithm ( in

particular, no collaborative information about the items in the test set ).

5.2.3 Content-based Item k-Nearest Neighbours

The third tested algorithm is the content-based kNN, extensively described in

section 1.5.1.

Di�erent values of neighbours k were compared and the normalized TF-IDF ICM

was used. It is worth to notice that this algorithm selects a very small portion of

items to compute the similarity measure ( the Hetrec dataset contains approximately

10000 items ). For this reason, the predictions obtained using the URM portion A

or A+B are basically the same, since it is very likely that few neighbours k fall into

the sub-matrix B.

k RMSE RMSEp

50 1.1926 1.1749

80 1.0637 1.0186

100 1.0193 0.9527

Table 5.5: Content-based k-NN results on Hetrec dataset
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The table above shows how k = 100 provides the best results with this dataset.

5.2.4 CBCrmse

As well as FM, also CBCRMSE can be generally applied to a normal recommen-

dation problem and to a new-item scenario.

Di�erent tests were performed, varying the user shrinkage factor and the ICM

format.

train user shrink ICM RMSE RMSEp

A+B no binary 0.9100 0.7688

A+B no TF-IDF 0.9219 0.7651

A+B 1 binary 0.9099 0.7689

A+B 2 binary 0.9101 0.7695

A+B 5 binary 0.9096 0.7692

A+B 10 binary 0.9129 0.7792

Table 5.6: CBCRMSE collaborative results on Hetrec dataset

In table 5.6 the tests for the collaborative scenario with training set A+B are

presented.

It is possible to notice how using CBCRMSE a binary version of the ICM gives

better results than the normalized one. Moreover, several values for the user shrink-

age factor were tested and the one leading to an higher score is 5.

train user shrink ICM RMSE RMSEp

A no binary 0.9251 0.7933

A no TF-IDF 0.9271 0.7701

A 1 binary 0.9276 0.7850

A 2 binary 0.9248 0.7931

A 5 binary 0.9263 0.7941

A 10 binary 0.9245 0.7942

Table 5.7: CBCRMSE new-item results on Hetrec dataset

In table 5.7 the scores for the new-item problem with training set A are reported.

Again, the best ICM choice was binary ( even though the TF-IDF version behaves

better on relevant items ); instead, the best shrinkage factor was 10.

5.3 RecSys Polimi

The second adopted dataset is the RecSys-Polimi-IMDB dataset, described in

section 2.2.
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5.3.1 Asymmetric-SVD

As for the �rst dataset, the �rst algorithm applied is the pure collaborative

Asymmetric-SVD. The following results are obtained in relation to the number of

latent factors chosen for estimating the vectors qi and xj .

latent factors RMSE RMSEp

50 0.9240 0.8596

100 0.9239 0.8595

200 0.9239 0.8594

Table 5.8: Asymmetric-SVD results on RecSys-Polimi dataset

As well as in the previous case, the best result is achieved using 200 latent

factors, even though the performance di�erence with respect to 50 and 100 is hardly

noticeable.

5.3.2 Factorization Machines

The second alghoritm applied is the hybrid Factorization Machine model. The

same parameter combinations of the previous case were encoded and the following

tables contain the results for the collaborative problem and for the new-item scenario.

train user item feature dimension RMSE RMSEp

A+B 1 1 binary
8 0.8877 0.8183
20 0.8847 0.8194

A+B 1 1 TF-IDF
8 0.8867 0.8166
20 0.8850 0.8144

A+B 0.1 1 binary
8 0.9201 0.8489
20 0.9213 0.8487

A+B 1 0.1 binary
8 0.9032 0.8304
20 0.8990 0.8275

Table 5.9: FM collaborative results on RecSys-Polimi dataset

The highest RMSE score in the collaborative case is achieved using a weight of

1 for both items and users columns, a binary feature encoding for the ICM matrix

and a number of 20 latent factors for pairwise interactions.
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train user item feature dimension RMSE RMSEp

A 1 no binary
8 1.1081 1.0793
20 1.0958 1.1124

A 1 no TF-IDF
8 1.0780 1.0578
20 1.0672 1.0581

A no no TF-IDF
8 1.1867 1.1947
20 1.1653 1.1632

Table 5.10: FM new-item results on RecSys-Polimi dataset

As expected, the new-item error values are higher with respect to the collabora-

tive case and again an higher number of latent factors leads to better performances.

However, in this case the ICM encoding leading to better results is the normalized

TF-IDF version.

5.3.3 Content-based Item k-Nearest Neighbours

The third tested algorithm is the content-based item kNN using di�erent values

of neighbours k. Again, the predictions obtained using the URM split A or A+B

lead to the same results, because of the small values of k and the big total number

of items.

k RMSE RMSEp

50 2.3410 1.8170

80 2.1465 1.7242

100 1.9144 1.6245

Table 5.11: Content-based k-NN results on RecSys-Polimi dataset

The table above shows how k = 100 provides the best results with this dataset.

As it can be seen, the structure of this dataset causes C-B Item kNN to have very

poor RMSE scores.

5.3.4 CBCrmse

Finally, CBC is used to perform both collaborative and new-item tests.

As discussed above, the number of latent factors for modeling the user-feature

interactions cu,k is �xed to 1. The other parameters are set as indicated in the

following tables
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train user shrink ICM RMSE RMSEp

A+B no binary 1.0459 0.9975

A+B no TF-IDF 1.0460 0.9923

A+B 1 binary 1.0448 0.9951

A+B 2 binary 1.0440 0.9931

A+B 5 binary 1.0428 0.9892

A+B 10 binary 1.0429 0.9865

Table 5.12: CBCRMSE collaborative results on RecSys-Polimi dataset

In the collaborative case no big di�erence among all the combinations can be

noticed. The highest score is obtained with a binary encoding of the ICM and a user

shrinkage factor of 5.

Afterwards, the same tests were conducted for the new-item scenario

train user shrink ICM RMSE RMSEp

A no binary 1.0471 0.9982

A no TF-IDF 1.0472 0.9925

A 1 binary 1.0460 0.9958

A 2 binary 1.0452 0.9938

A 5 binary 1.0440 0.9900

A 10 binary 1.0441 0.9872

Table 5.13: CBCRMSE new-item results on RecSys-Polimi dataset

Again, all the results are quite equivalent. This time the highest performance

score is reached with a user shrinkage factor of 10 using a binary ICM encoding.

5.4 Summary

In this section, a summary of the results for the rating prediction problem is

reported. Firstly, the di�erent methods used in the pure collaborative case are

compared and then the new-item problem and its di�erent algorithms are analyzed.

5.4.1 Pure collaborative scenario

First of all, the best scores for each method applied in the collaborative case are

reported in table 5.14a for the Hetrec dataset and in table 5.14b for the RecSys-

Polimi dataset.
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method RMSE RMSEp

Asy-SVD 0.7748 0.7010

FM 0.7264 0.6616

CB-item-KNN 1.0193 0.9527

CBC 0.9096 0.7692

(a) Collaborative tests summary for Hetrec
dataset

method RMSE RMSEp

Asy-SVD 0.9239 0.8594

FM 0.8847 0.8194

CB-item-kNN 1.9144 1.6245

CBC 1.0428 0.9892

(b) Collaborative tests summary for RecSys-
Polimi dataset

The behaviour of the various algorithms in the two cases is similar. The absolute

error values are much higher using the RecSys-Polimi dataset because of its URM

sparsity, even though it contains more content information with respect to the Hetrec

dataset.

Factorization Machines and Asymmetric-SVD provide the best RMSE scores on

both datasets. Instead, the content-based item kNN has the higher error value in

both cases.

In particular, on the second dataset CB-item-kNN has very bad results and it is

most likely caused by the very low density of the RecSys-Polimi URM ( 0.65 % ). In

general, all the methods applied have an increased error value when RecSys-Polimi

data are used.

CBCrmse is an enhanced content based algorithm and in fact it performs better

than than CB-item-kNN on both datasets. This is much more evident on the RecSys-

Polimi, where the improvement is signi�cantly high.

CBCrmse performances are not so far from Asymmetric-SVD, especially when

positive only ratings are estimated.

In conclusion, in a pure collaborative scenario where RMSE is measured the best

model to adopt is Factorization Machines because of its completeness and power. On

the other hand, Factorization Machines are complex to master and some parameter

tuning should be performed to obtain optimal results. Asymmetric-SVD is very

powerful and easy to apply and it does not need any extra content information.

Content-based approaches are not the best choice at all in this setting, even though

CBCRMSE is a good hybrid technique that do not perform so bad with respect to

other non-content based techniques. Furthermore, when CBCRMSE is provided with

a lot of content information its performance gets closer to the ones of Asymmetric-

SVD.
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5.4.2 New-item problem

Finally, a summary for the new-item problem tests is reported. The algorithm

scores obtained are presented in table 5.14c for the Hetrec dataset and in table 5.14d

for the RecSys-Polimi dataset.

method RMSE RMSEp

FM 0.8714 0.7739

CB-item-KNN 1.0193 0.9527

CBC 0.9245 0.7942

(c) New-item tests summary for Hetrec dataset

method RMSE RMSEp

FM 1.0672 1.0581

CB-item-kNN 1.9144 1.6245

CBC 1.0441 0.9847

(d) New-item tests summary for RecSys-Polimi
dataset

The algorithms analyzed in this particular case are three. The missing one is

Asymmetric-SVD because of its limitation in providing predictions only to users and

items present at training time.

Among the other techniques, it is immediately possible to notice the bad RMSE

performance of the CB-item-kNN algorithm. Even if in a new-item scenario the most

obvious choice is using content-based approaches, from this analysis it can be seen

how only content information do not lead to good results. Thus, both CBCRMSE

and FM share the same wide applicability of content-based approaches but they lead

to better performances leveraging collaborative data.

On both datasets, FM and CBCRMSE have quite similar performances. In par-

ticular, on the RecSys-Polimi dataset CBCRMSE gives better performances having

lower error values for both RMSE evaluations. The result is quite signi�cant for

what it concerns the analysis of positive ratings in the test.
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Chapter 6

Item Prediction Results

6.1 Item Recommendation Optimization

In this section the results of CBCbpr are compared with di�erent classes of al-

gorithms in the state-of-the-art addressing the problem of item recommendation.

Training and test set are provided to each algorithm as described in 3.1.1. If the

algorithm uses also content information, the ICM matrix is also provided as input.

As well as in the rating prediction case, the two main scenarios analyzed are the

collaborative and the new-item problem.

The applied methods of comparison di�er in the way they use input data and for

this reason not all of them are applicable in both scenarios. The algorithm used are

• BPR Matrix Factorization

• Factorization Machines

• Content-based Item k-Nearest-Neighbours

• CBCbpr

The evaluation metrics analyzed are precision, recall, MAP, MRR, NDCG and

a normalized version of recall ( see section 3.2 ).

In the �rst part, the approach used for CBCbpr simulations is described. After-

wards, a comparison of the results is provided.

6.2 CBCbpr Implementation Details

CBCbpr uses a Stochastic Gradient Descent optimization process, as described in

4.3.1. Two kind of sampling methods were designed. The �rst one of algorithm 4.2

draws samples triples for the BPR process uniformly at random, while the second

one described in 4.3 optimizes just on negative samples (i.e. having a positive error).
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In the next sections, the two methods will be referred to as uniform and negative

sampling.

Several important parameters need to be set in gradient techniques: the update

step α, the regularization coe�cients λ and the number of iterations to run.

For this reason, a systematic approach has been used. First of all, the two sam-

pling procedures were compared using the collaborative training set of the analyzed

dataset. To do so, a set of tests was run varying the update step α , no regularization

parameters were applied and a reasonable number of iterations was set (50). The

metric considered to pick the best combination of parameters was recall. After hav-

ing identi�ed update step and sampling procedure that better work for the dataset,

other tests were performed varying the number of iterations and the regularization

coe�cients.

6.3 Hetrec Dataset

The �rst dataset used for the experiments is the Hetrec-Movielens dataset, de-

scribed in section 2.1.

6.3.1 BPR Matrix Factorization

The matrix factorization approach optimized using BPR as loss function has been

extensively described in section 1.4.2. Basically, it factorizes the matrix as product

of two low-rank matrices containing a certain number of latent factors for both users

and items. For this reason, this algorithm works only in a pure collaborative scenario.

BPR MF parameters are learned through a Stochastic Gradient Descent ap-

proach. The following simulations were run varying the number of latent factors, the

number of iterations and the update step for the gradient descent.

train iterations α latent factors recall@5 recall@10

A+B 30 0.05 10 0.1974 0.3159

A+B 30 0.05 30 0.2036 0.3129

A+B 30 0.1 10 0.1948 0.3215

A+B 30 0.1 30 0.1885 0.3221

A+B 100 0.1 30 0.1943 0.3143

Table 6.1: BPR MF collaborative results on Hetrec dataset
For all the settings, the sampling method used is uniform without replacement. The
regularization parameters are λu = 0.0025,λi = 0.0025 and λj = 0.00025

The best result with respect to recall@10 in table 6.1 is obtained running 30

iterations with update step α = 0.1 and setting the number of latent factors for the

matrix decomposition to 30. It can be noticed how increasing the number of latent
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factors or running SGD for more iterations do not necessarily lead to a performance

improvement.

Regularization terms are used for each element of a sampled triple: λu = 0.0025

for the user parameter, λi = 0.0025 for the positive item parameter and λj = 0.00025

for the negative item parameter.

6.3.2 Factorization Machines

FM have also been applied to item recommendation problem. As stated in section

1.6.1, the most popular version of FM is optimized for rating accuracy. For this

reason, a more complicated approach was used to obtain good performances within

the item recommendation scenario. For each setting of table 6.2, 100 iterations of

the optimization process were run and recall was evaluated every 10 iterations. At

the end, the highest recall value was selected.

train user item feature dimension recall@5 recall@10

A+B 1 1 binary
8 0.0523 0.0934
20 0.0556 0.0976

A+B 1 1 TF-IDF
8 0.0654 0.1099
20 0.0679 0.1123

Table 6.2: FM Collaborative results on Hetrec dataset (item recommendation)

The best recall values were obtained using 20 latent factors and the TF-IDF ICM.

The second set of experiments was run using the new-item training set A. As

done in rating prediction, in this case the item columns are removed from the FM

design matrix.

train user item feature dimension recall@5 recall@10

A 1 no binary
8 0.0465 0.0891
20 0.0510 0.0912

A 1 no TF-IDF
8 0.0492 0.0901
20 0.0532 0.0932

Table 6.3: FM New-Item results on Hetrec dataset (item recommendation)

Even in the new-item scenario, the best results are obtained using the TF-IDF

ICM and 20 latent factors.

6.3.3 Content-based Item k-Nearest Neighbours

Content-based k-NN, described in section 1.5.1, is a model-based algorithm which

does not optimize a speci�c loss function. For this reason, it is applied in item

recommendation in the same way as it was used in rating prediction.
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Di�erent values of neighbours k were compared. It is worth to notice that this

algorithm selects a very small portion of items in order to compute the similarity

measure (the Hetrec dataset contains approximately 10000 items). For this reason,

the predictions obtained using the URM portion A or A+B are basically the same,

since it is very likely that few neighbours k fall into the sub-matrix B. In this set of

experiments the TF-IDF ICM is used.

k recall@5 recall@10

50 0.0937 0.1432

80 0.0891 0.1358

100 0.0860 0.1301

Table 6.4: Content-based k-NN results on Hetrec dataset

The table above shows how k = 50 provides the best recall values.

6.3.4 CBCbpr

First of all, a set of simulations was run setting the number of iterations to 50

and the regularization parameters to zero. In this way, it is possible to identify the

best sampling procedure and the appropriate update step α. The input training set

is the collaborative version A+B, with reference to �gure 3.1.

sampling α rec@5 rec@10 sampling α rec@5 rec@10

uniform 0.0001 0.1696 0.2654 negative 0.0001 0.1370 0.2164

uniform 0.0005 0.1682 0.2421 negative 0.0005 0.1621 0.2433

uniform 0.001 0.1407 0.2457 negative 0.001 0.1485 0.2230

uniform 0.005 0.1452 0.2250 negative 0.005 0.1614 0.2574

uniform 0.01 0.1488 0.2311 negative 0.01 0.1515 0.2369

uniform 0.05 0.1923 0.2934 negative 0.05 0.1246 0.1926

uniform 0.1 0.1891 0.2939 negative 0.1 0.0068 0.0162

Table 6.5: CBCbpr simulations for identifying sampling method and α on Hetrec
dataset
For each case, the number of iterations was set to 50 and no regularization was used.
The training set used is the collaborative version A+B.

In table 6.5 it is possible to see how the best sampling procedure is the uniform

one. In fact, in general it leads to higher recall scores. The value of α chosen is 0.1,

since it gives the best result in terms of recall@10, even though it is not the highest

one with respect to recall@5.

Now, the experiments for the collaborative and the new-item problem for the

Hetrec dataset can be carried out, trying di�erent number of iterations and values

of regularization for the parameters. The regularization terms have been set after

having analyzed the variation in the magnitude of the parameters between iterations.
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First of all, the pure collaborative setting is analyzed, providing A+B as training

matrix.

train iterations λa λbk λxu λyk recall@5 recall@10

A+B 30 0.05 0.01 0.03 0.01 0.1866 0.2985

A+B 50 0.05 0.01 0.03 0.01 0.1800 0.2724

A+B 70 0.05 0.01 0.03 0.01 0.1724 0.2824

A+B 30 0.05 0.03 0.05 0.05 0.1936 0.2974

A+B 50 0.05 0.03 0.05 0.05 0.1947 0.2921

A+B 70 0.05 0.03 0.05 0.05 0.1864 0.2933

A+B 30 0.1 0.05 0.05 0.05 0.1967 0.2935

A+B 50 0.1 0.05 0.05 0.05 0.1861 0.2886

A+B 70 0.1 0.05 0.05 0.05 0.1805 0.2691

A+B 30 0.05 0.02 0.02 0.03 0.1949 0.2978

A+B 50 0.05 0.02 0.02 0.03 0.1466 0.2570

A+B 70 0.05 0.02 0.02 0.03 0.1942 0.2857

Table 6.6: CBCbpr collaborative results on Hetrec dataset
For all the settings, the sampling method used is uniform with replacement and the
value of α is 0.1

In table 6.6 recall values are reported for di�erent combinations of regularization

parameters and number of iterations. The best result is achieved with 30 iterations

using the following regularization parameters: λa = 0.05, λbk = 0.01, λxu = 0.03 and

λyk = 0.01.

The second set of experiments regards the new-item problem. Again, the sam-

pling method is uniform with replacement and the update step α is set to 0.1. In

this case, the training set is the matrix A.

train iterations λa λbk λxu λyk recall@5 recall@10

A 30 0.05 0.01 0.03 0.01 0.1783 0.2766

A 50 0.05 0.01 0.03 0.01 0.1606 0.2344

A 70 0.05 0.01 0.03 0.01 0.1970 0.3012

A 30 0.05 0.03 0.05 0.05 0.1901 0.2898

A 50 0.05 0.03 0.05 0.05 0.1030 0.2131

A 70 0.05 0.03 0.05 0.05 0.1820 0.2811

A 30 0.1 0.05 0.05 0.05 0.1974 0.2954

A 50 0.1 0.05 0.05 0.05 0.1025 0.2022

A 70 0.1 0.05 0.05 0.05 0.1952 0.2876

A 30 0.05 0.02 0.02 0.03 0.1834 0.2833

A 50 0.05 0.02 0.02 0.03 0.1531 0.2286

A 70 0.05 0.02 0.02 0.03 0.1883 0.2776

Table 6.7: CBCbpr new-item results on Hetrec dataset
For all the settings, the sampling method used is uniform with replacement and the
value of α is 0.1
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From table 6.7 it can be noticed that the best recall@10 is achieved with 70

iterations and the following regularization parameters: λa = 0.05, λbk = 0.01, λxu =

0.03 and λyk = 0.01.

6.4 RecSys Polimi

The second part of simulations was run on the RecSys-Polimi-IMDB dataset,

described in section 2.2.

6.4.1 BPR Matrix Factorization

Even for this dataset, a matrix factorization approach optimized using BPR

as loss function (described in section 1.4.2) was applied for the pure collaborative

scenario. Again, some parameters of the Stochastic Gradient Descent procedure were

varied to monitor how the recall values change.

train iterations α latent factors recall@5 recall@10

A+B 30 0.05 10 0.0886 0.1489

A+B 30 0.05 30 0.0943 0.1596

A+B 30 0.1 10 0.1024 0.1578

A+B 30 0.1 30 0.1128 0.1747

A+B 100 0.1 30 0.1285 0.1931

Table 6.8: BPR MF collaborative results on RecSys-Polimi dataset
For all the settings, the sampling method used is uniform without replacement. The
regularization parameters are λu = 0.0025,λi = 0.0025 and λj = 0.00025

The best result with respect to recall@10 in table 6.8 is obtained running 100

iterations with update step α = 0.1 and setting the number of latent factors for the

matrix decomposition to 30.

6.4.2 Factorization Machines

In this section FM are applied to the item recommendation problem. As already

done with the Hetrec dataset, since the FM version used is optimized for rating

accuracy, a more complicated approach has been used. For each setting of table 6.9,

100 iterations of the optimization process were run and recall was evaluated every

10 iterations. At the end, the highest recall value was selected.
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train user item feature dimension recall@5 recall@10

A+B 1 1 binary
8 0.0153 0.0303
20 0.0182 0.0358

A+B 1 1 TF-IDF
8 0.0178 0.0398
20 0.0192 0.0492

Table 6.9: FM Collaborative results on RecSys-Polimi dataset (item recommenda-
tion)

The best recall values were obtained using 20 latent factors and the TF-IDF ICM.

The second set of experiments was run using the new-item training set A. As

done in rating prediction, in this case the item columns are removed from the FM

design matrix.

train user item feature dimension recall@5 recall@10

A 1 no binary
8 0.0115 0.0391
20 0.0126 0.0412

A 1 no TF-IDF
8 0.0128 0.0392
20 0.0139 0.0437

Table 6.10: FM New-Item results on RecSys-Polimi dataset (item recommendation)

The best results are obtained using the TF-IDF ICM and 20 latent factors.

6.4.3 Content-based Item k-Nearest Neighbours

The pure Content-Based item k-NN, described in section 1.5.1, is applied using

the TF-IDF ICM and the cardinality of the neighbors as input. As explained for

the �rst dataset, the high number of features and the relatively small number of

neighbors cause to have no di�erences between the collaborative and the new-item

experiments.

k recall@5 recall@10

50 0.0279 0.0566

80 0.0211 0.0472

100 0.0217 0.0422

Table 6.11: Content-based k-NN results on RecSys-Polimi dataset

Also for this dataset, the best value of k in terms of recall is 100.

6.4.4 CBCbpr

As done with the �rst dataset, a set of simulations was run setting the number

of iterations to 50 and the regularization parameters to zero in order to identify the
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best sampling procedure and the appropriate update step α for this dataset. The

input training set is the collaborative version A+B.

sampling α rec@5 rec@10 sampling α rec@5 rec@10

uniform 0.0001 0.0325 0.0531 negative 0.0001 0.0208 0.0365

uniform 0.0005 0.0360 0.0533 negative 0.0005 0.0231 0.0408

uniform 0.001 0.0281 0.0575 negative 0.001 0.0034 0.0100

uniform 0.005 0.0115 0.0277 negative 0.005 0.0170 0.0301

uniform 0.01 0.0140 0.0329 negative 0.01 0.0391 0.0575

uniform 0.05 0.0455 0.0674 negative 0.05 0.0038 0.0051

uniform 0.1 0.0460 0.0841 negative 0.1 0.0543 0.0948

Table 6.12: CBCbpr simulations for identifying sampling method and α on RecSys-
Polimi dataset
For each case, the number of iterations was set to 50 and no regularization was used.
The training set used is the collaborative one A+B

In table 6.12 it is possible to notice that the best sampling procedure on this

dataset is the negative one. In fact, in general it leads to higher recall scores. The

chosen value of α is 0.1, since it gives the best results in terms of recall@10 and

recall@5.

Now, the experiments for the collaborative and the new-item problems can be

executed, trying di�erent number of iterations and values of regularization for the

di�erent parameters.

First of all, the pure collaborative setting is analyzed, providing A+B as training

matrix.

train iterations λa λbk λxu λyk recall@5 recall@10

A+B 30 0.05 0.01 0.03 0.01 0.0017 0.0045

A+B 50 0.05 0.01 0.03 0.01 0.0554 0.0981

A+B 70 0.05 0.01 0.03 0.01 0.0503 0.0769

A+B 30 0.05 0.03 0.05 0.05 0.0058 0.0109

A+B 50 0.05 0.03 0.05 0.05 0.0400 0.0579

A+B 70 0.05 0.03 0.05 0.05 0.0364 0.0539

A+B 30 0.1 0.05 0.05 0.05 0.0351 0.0563

A+B 50 0.1 0.05 0.05 0.05 0.0598 0.0837

A+B 70 0.1 0.05 0.05 0.05 0.0341 0.0648

A+B 30 0.05 0.02 0.02 0.03 0.0323 0.0540

A+B 50 0.05 0.02 0.02 0.03 0.0594 0.0991

A+B 70 0.05 0.02 0.02 0.03 0.0648 0.0942

Table 6.13: CBCbpr collaborative results on RecSys-Polimi dataset
For all the settings, the sampling method used is negative with replacement and the
value of α is 0.1

In table 6.13 recall values are reported for di�erent combinations of regularization
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parameters and number of iterations. The best result is achieved with 50 iterations

using the following regularization parameters: λa = 0.05, λbk = 0.02, λxu = 0.02 and

λyk = 0.03.

In the second set of experiments the new-item problem is addressed. Again, the

triples are sampled from the negative training set with replacement and the update

step α is set to 0.1. In this case, the training set is the matrix A.

train iterations λa λbk λxu λyk recall@5 recall@10

A 30 0.05 0.01 0.03 0.01 0.0363 0.0523

A 50 0.05 0.01 0.03 0.01 0.0525 0.0815

A 70 0.05 0.01 0.03 0.01 0.0356 0.0588

A 30 0.05 0.03 0.05 0.05 0.0437 0.0627

A 50 0.05 0.03 0.05 0.05 0.0488 0.0685

A 70 0.05 0.03 0.05 0.05 0.0330 0.0487

A 30 0.1 0.05 0.05 0.05 0.0595 0.0893

A 50 0.1 0.05 0.05 0.05 0.0531 0.0814

A 70 0.1 0.05 0.05 0.05 0.0101 0.0199

A 30 0.05 0.02 0.02 0.03 0.0508 0.0811

A 50 0.05 0.02 0.02 0.03 0.0197 0.0393

A 70 0.05 0.02 0.02 0.03 0.0209 0.0269

Table 6.14: CBCbpr new-item results on RecSys-Polimi dataset
For all the settings, the sampling method used is negative with replacement and the
value of α is 0.1

From table 6.14 it can be noticed that the best scores are obtained running 30

iterations and setting the regularization terms to λa = 0.1, λbk = 0.05, λxu = 0.05

and λyk = 0.05.

6.5 Summary

In this section, a summary of the results is reported. Firstly, the di�erent methods

used in the pure collaborative case are compared and then the new-item problem and

the di�erent applied algorithms are analyzed.

6.5.1 Pure collaborative scenario

First of all, the best scores for each method applied in the collaborative case are

reported in table 6.15a for the Hetrec dataset and in table 6.15b for the Recsys-Polimi

dataset.
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method rec@10 prec@10 NDCG MRR MAP recNorm@10

BPR MF 0.3221 0.4679 0.6912 0.7344 0.4034 0.3952

FM 0.1123 0.1578 0.5023 0.4123 0.1022 0.1254

CB-item-kNN 0.1432 0.1821 0.5099 0.4648 0.1678 0.1143

CBCbpr 0.2985 0.4171 0.6588 0.7459 0.3382 0.3058

(a) Collaborative tests summary for Hetrec dataset

method rec@10 prec@10 NDCG MRR MAP recNorm@10

BPR MF 0.1931 0.0646 0.3282 0.2071 0.0923 0.1432

FM 0.0492 0.0169 0.2034 0.0592 0.0321 0.0401

CB-item-kNN 0.0566 0.0178 0.2196 0.0657 0.0365 0.0414

CBCbpr 0.0991 0.0313 0.2499 0.1211 0.0596 0.0750

(b) Collaborative tests summary for RecSys-Polimi dataset

As in the rating prediction experiments, the overall performances of the algo-

rithms on the Hetrec dataset are higher than the ones on the RecSys-Polimi, due to

the fact that the URM of the second dataset is very sparse.

FM obtained low scores because of their optimization approach tailored for rating

accuracy.

In both datasets, the best results in a normal scenario were obtained by the pure

collaborative BPR MF. This proves that factorization approaches are very powerful

and in a normal case they represent the best method at all.

CB-item-kNN does not optimize any loss function, so the same version used for

rating prediction has been used. It obtains lower performances than both CBCbprand

BPR MF.

On RecSys-Polimi dataset, BPR MF has signi�cantly higher performances than

the other methods. Instead, on Hetrec dataset CBCbpr is almost as good as BPR

MF. In particular, CBCbpr outperforms BPR MF when the Mean Reciprocal Rank

is measured.

From this di�erence on the two datasets, it might be inferred that CBCbpr be-

haves better in a less sparse dataset. The inverse behavior was found in the rating

prediction scenario.

In conclusion, when data for tested users and items are present at training time

and ranking metrics are evaluated the best performances are reached by Matrix Fac-

torization optimized with BPR. As expected, in this case a content based approach

is not a reasonable choice. Factorization Machines are not properly optimized for

this task, so in the item recommendation scenario they do not have the same power

showed in the rating prediction case. CBCbpr is a good hybrid technique that out-

performs the pure content based algorithm and reaches almost the same performance

of the Matrix Factorization approach when data are not so sparse.
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6.5.2 New-item problem

Finally, a summary for the new-item problem tests is reported. The algorithm

scores obtained are presented in table 5.14c for the Hetrec dataset and in table 5.14d

for the Recsys-Polimi dataset.

method rec@10 prec@10 NDCG MRR MAP recNorm@10

FM 0.0932 0.1345 0.4791 0.4521 0.1591 0.1093

CB-item-KNN 0.1432 0.1821 0.5099 0.4648 0.1678 0.1143

CBC_bpr 0.3012 0.4225 0.6575 0.7436 0.3367 0.3073

(c) New-item tests summary for Hetrec dataset

method rec@10 prec@10 NDCG MRR MAP recNorm@10

FM 0.0437 0.0198 0.2045 0.0652 0.0345 0.0479

CB-item-KNN 0.0566 0.0178 0.2196 0.0657 0.0365 0.0414

CBC_bpr 0.0991 0.0289 0.2497 0.1142 0.0608 0.0699

(d) New-item tests summary for RecSys-Polimi dataset

In a new-item scenario, collaborative methods are not applicable. Thus, in this

case BPR MF is not evaluated.

Again, Factorization Machines do not have particularly good performances be-

cause of its optimization criterion.

Even though it is a meaningful choice in this scenario, the pure content based

approach does not reach the best performances.

In this case, it can be immediately noticed how the collaborative information

exploited by CBCbpr signi�cantly enhances content based recommendations. In fact,

for both dataset the best results were achieved by CBCbpr. In particular, on the less

sparse Hetrec dataset CBCbpr obtained very good results.

In conclusion, it has again been demonstrated how CBCbpr is a perfect algorithm

to make predictions in a new-item scenario, because of its content based structure

and its ability to e�ectively handle collaborative data as well.
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Conclusions

In this thesis it has been showed a new way of combining content and collaborative

information in order to build Content Based Collaborative (CBC), a content based

recommender algorithm which exploits collaborative data to enhance pure content

based performances.

The goal of the thesis is to demonstrate how the CBC approach outperforms basic

content techniques, representing a new way of make recommendations, especially in

the case of a new-item problem.

To show the potentiality of CBC, performances were analyzed both in a normal

scenario and in a new-item one. Three classes of state-of-the-art algorithms were

compared with CBC: pure collaborative, pure content based and hybrid techniques.

Moreover, two CBC versions with a di�erent optimization criterion were developed

: CBCrmse for rating prediction and CBCbpr for item recommendation.

In chapter 6, the CBCrmse performances were compared with Asymmetric-SVD,

Content Based item k-NN and Factorization Machines. As expected, in a normal

scenario the pure collaborative Asymmetric-SVD algorithm and the Factorization

Machine model perform much better than Content Based item k-NN. CBCrmse out-

performs Content Based item k-NN in both scenarios and its performance are close

to those of the best two methods. In particular, it has been noticed that CBCrmse

obtained the best result in a new-item scenario with a very sparse User Rating Ma-

trix and a big number of content features, outperforming the more sophisticated

Factorization Machine approach.

In chapter 6, the same tests were applied to the item recommendation problem.

In a normal scenario, CBCbpr behaves better than a pure content based technique

and it almost reached the same performance of a collaborative Matrix Factorization

technique optimized with BPR on a less sparse dataset. Again, the most signi�-

cant results were obtained in the new-item scenario. Here CBCbpr represents the

best method to make predictions, signi�cantly outperforming a pure content based

approach.

To sum up, the thesis showed how CBC is a content based technique which

e�ectively uses collaborative data to improve the quality of content recommendations.

In a normal scenario, CBC performs good even though it still remains a content based
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approach and thus collaborative methods exceed its performances. CBC has a very

interesting behavior in new-item problems when only content based approaches are

applicable. In this case, CBC outperforms pure content based methods and represent

a more powerful model because of its ability to manage collaborative data.

Future developments

Further ideas can be developed to enrich the class of content based enhanced

algorithms. An approach might be to exploit a collaborative technique to learn an

item similarity model and then use this result to tune a set of parameters for a

content based enhanced method. In this way, the weights de�ning item similarities

would be estimated trying to reproduce in a new content based model the result of a

collaborative approach. In section 1.6.2, Sparse Linear Methods (SLIM) have been

described. SLIM is a class of collaborative algorithms which learn an item similarity

matrix from the User Rating Matrix minimizing RMSE on ratings. Therefore, SLIM

output is a similarity matrix that might be used to tune the parameters of a content

based model such as CBC. The advantage of this approach is that the optimization

procedure regards the item similarity matrix and no minimization is done on ratings.

In this way, for both item prediction and rating prediction the only goal of this

approach would be trying to estimate the similarity matrix as accurate as possible

and no particular ranking optimizations on items should be performed.
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Appendix A

Notation

In this section the common Recommender Systems notation is described.

The basic entities of a Recommender Systems are user and items. The user

set is usually denoted as U while the item set as I. The preference that a user

expresses for a given item is called rating and it is denoted as ru,i. In general, a

rating can be any numeric value although in most real systems the allowed values

for ratings are integers in a speci�c range (e.g. [1,5] or [1,10]). Since some systems

capture only implicit feedbacks (e.g. an item is bought or not), ratings can also be

represented as binary values 0/1. Within an implicit feedbacks setting, there is no

di�erence between a negative feedback and an unknown one, since both of them are

represented with zeros.

The main data structures used by a Recommender System are the User Rating

Matrix (URM) and the Item Content Matrix (ICM).

The URM is a |U | × |I| matrix which contains the history of ratings assigned by

users to items. Usually, this matrix is very sparse, since in general users rate few

items in a catalogue and di�erent users rate disjoint set of items.

The Item-Content-Matrix is a |I|×|F | matrix used by Content-Based and Hybrid
algorithms, where F is the set of features by which an item can be described (e.g.

movie actors and director). Even this matrix is usually sparse, even though it strongly

depends on the dimensionality of the feature set. The ICM is often a binary logical

matrix where the single entry fi,k is set to 1 if item i has feature k.

A recommender system usually provides a user with rating predictions based on

the user pro�le, which is the history of ratings for a speci�c user. The user pro�le for

user u is denoted as Ru, while the relevant items of the pro�le of user u are denoted

with R+
u (notice that R+

u ⊆ Ru). In an implicit feedback scenario, positive ratings

are expressed with 1s, while in an explicit setting a threshold has to be �xed. For

the range [1,5], ratings are usually considered positive if they are greater than 3.5.
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Appendix B

Dataset statistics

Some statistics of the two datasets used in this work are here reported.

Hetrec2011-Movielens dataset The Hetrec2011-Movielens dataset in the �nal

version used for testing is composed of the two following matrices

users 2113

items 10109

ratings 855598

density 4%

(a) URM

items 10109

features 4230

feature assignments 125177

density 0,29%

(b) ICM

Table B.1: Hetrec2011-Movielens dataset overview

In the URM there are in average 405 ratings per user and 85 ratings per item.

The following �gures report the ratings distribution with respect to user and items.

Figure B.1: Ratings distribution w.r.t. users for Hetrec dataset
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Figure B.2: Ratings distribution w.r.t. items for Hetrec dataset

The same analysis has been carried out for the ICM. In average, there are 12

feature assignments per item and 30 feature assignments per feature. The following

�gures report the feature assignments distribution with respect to items and single

features.

Figure B.3: Feature assignments distribution w.r.t. items for Hetrec dataset

Figure B.4: Feature assignments distribution w.r.t. features for Hetrec dataset

RecSys-Polimi IMDB dataset The RecSys-Polimi IMDB dataset in its �nal

version used for testing is composed of the two following matrices
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users 8918

items 10707

ratings 618791

density 0,65%

(a) URM

items 10707

features 4294

feature assignments 78012

density 1,7%

(b) ICM

Table B.2: RecSys-Polimi IMDB dataset overview

In the URM there are in average 70 ratings per user and 58 ratings per item.

The following �gures report the ratings distribution with respect to user and items.

Figure B.5: Ratings distribution w.r.t. users for RecSys-Polimi dataset

Figure B.6: Ratings distribution w.r.t. items for RecSys-Polimi dataset

The same analysis has been carried out for the ICM. In average, there are 7

feature assignments per item and 18 feature assignments per feature. The following

�gures report the feature assignments distribution with respect to items and single

features.
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Figure B.7: Feature assignments distribution w.r.t. items for RecSys-Polimi dataset

Figure B.8: Feature assignments distribution w.r.t. features for RecSys-Polimi
dataset
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Appendix C

Implementation Details

For completeness, in this appendix are reported the implementation steps for

both the version of CBC.

In particular, for CBCrmse partial e�ects implementation all the analytical equa-

tions in the �ve steps were analyzed in their vectorial forms. The same thing was

done with the gradient computation in CBCbpr.

CBCrmse

The matrix implementation of CBCrmse as sum of partial e�ects described in

section 4.2.1 is here presented.

For clarity, the following notation will be used:

• the indexes i for items, u for users and k for features

• Uu×i is the user-rating matrix URM

• UPu×i is the positive-only user-rating matrix

• Fi×k is the item-content matrix ICM

• Ci×i is the item-item-similarity matrix computed as F · F T ; therefore
Ci,j =

∑
k fi,kfk,j

• Dk×k is the feature-feature similarity matrix computed as F T · F , where
Dk,k̄ =

∑
i fk,ifk̄,i

• U tu×i is the user-rating matrix at step t and U1 = U

• Su×i = UP · C relates users and liked items, where

Su,i =
∑

jεR+
u
ru,j

∑
k fi,kfj,k =

∑
k f(u, i, k)

• Tu×k = UP · F relates users and features, where

Tu,k =
∑

jεR+
u
ru,jfj,k
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• Vk×k = (T )T · T relates all the possible feature pairs, where

Vk,k̄ =
∑

u

(∑
jεR+

u
ru,jfj,k

)(∑
jεR+

u
ru,jfj,k̄

)
• the function sum(M) computes the sum of all the elements in M

• the function avg(M) computes the mean of all the non-zero elements in M

• the function diag(M) returns the main diagonal of M

• the function reph(v, n) returns a matrix composed aligning horizontally n times

the row vector v

• the function repv(v, n) returns a matrix composed aligning vertically n times

the row vector v

Step 1 The parameter µ is computed as

µ =

∑
u,i r

(1)
u,i

n

In matricial form, it is enough computing the mean of the non-zero elements of

U1

µ = avg(U1)

Now it is possible to build U2
u×i as

U2 = U1 − µ

Step 2 The elements of the vector bu are computed as follows

bū =

∑
i∈Rū r

(2)
ū,i,

nū

Considering the matrix U2, the vector bu represents the means of its rows. There-

fore, indicating with u
(2)
ū the ūth row of U2

bū = avg(u
(2)
ū )

U3
u×i is constructed subtracting to each row of U2 the correspondent value in bu

∀ū, u(3)
ū = u

(2)
ū − bū

Step 3 The parameter a is found solving the formula
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a =

∑
u,i r

(3)
u,i

∑
k f(u, i, k)∑

u,i (
∑

k f(u, i, k))2

In order to compute it, some additional matrices have to be de�ned

• N3
u×i = U3 � S where

N3
u×i = r

(3)
u,i

∑
k f(u, i, k)

Now it is easy to obtain a as

a =
sum(N3)

sum(S � S)

Remembering that r̃
(3)
u,i = a

∑
k f(u, i, k), U4

u×i is computed as

U4 = U3 − aS

Step 4 The system of equations to obtain the vector bk is the following

∑
k

∑
u,i

bkf(u, i, k)f(u, i, k̄) =
∑
u,i

r
(4)
u,if(u, i, k̄)

Again, some additional matrices have to be de�ned

• T 4
u×k = U4 · F , where
T 4
u,k =

∑
i r

(4)
u,ifi,k

• V 4
k×k = (T 4)T · T , where
V 4
k,k̄

=
∑

u

(∑
i r

(4)
u,ifi,k

)(∑
jεR+

u
ru,jfj,k̄

)
• A4

k×k = V �D, where

A4
k,k̄

=
(∑

i fk,ifk̄,i
)∑

u

(∑
jεR+

u
ru,jfj,k

)(∑
jεR+

u
ru,jfj,k̄

)
=
∑

u,i

∑
jεR+

u
ru,jfj,kfk,i

∑
jεR+

u
ru,jfj,k̄fk̄,i =

∑
u,i f(u, i, k)f(u, i, k̄)

• b4k×1 = diag(V 4), where b4
k̄,1

=
∑

u

(∑
i r

(4)
u,ifi,k̄

)(∑
jεR+

u
ru,jfj,k̄

)
=
∑

u,i r
(4)
u,if(u, i, k̄)

The linear system can now be written as

A4 · bk = b4

and it will admit a unique solution, since it has |k| independent equations in |k|
variables. After having found its solution, other data structures are needed

• F 4
i×k = F � rep(bTk , k), where F 4

i,k = bkfi,k

• C4
i×i = F 4 · F T , where C4

i,j =
∑

k bkfi,kfk,j
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The predicted partial ratings are

r̃
(4)
u,i =

∑
j

ru,j

∑
k

bkfi,kfj,k

thus it is possible to compute

U5 = U4 − (UP · C4)

Step 5 The �rst system of equations to solve in order to perform the ALS

learning procedure is

∑
k

∑
u,i

∑
l

xu,lyl,kf(u, i, k)xu,l̄f(u, i, k̄) =
∑
u,i

r
(5)
u,ixu,l̄f(u, i, k̄) ∀l̄, k̄

Since the number of latent factors l is usually small, a loop over them can be

performed. At each step the variable l̄ will be �xed. The matrices xu,l and yl,k are

randomly initialized with values between 0 and 1.

The matrix implementation of this system is very similar to the one used to build

the linear system of the step 4.

The following matrices are used

• T 5
u×k = U5 · F , where T 5

u,k =
∑

i r
(5)
u,ifi,k

• for every value of l

� L5
u×k(l) = repv

((
xu,l � xu,l̄

)
, k
)
, where Lu,k = xu,lxu,l̄

� V 5P
k×k(l) =

(
L5 � T

)T ·T , where V 5P
k,k̄

=
∑

u

(
xu,lxu,l̄

∑
jεR+

u
ru,jfj,k

)(∑
jεR+

u
ru,jfj,k̄

)
� A5

k×k(l) = V 5P�D whereA5
k,k̄

(l) =
(∑

i fk,ifk̄,i
)∑

u

(
xu,lxu,l̄

∑
jεR+

u
ru,jfj,k

)(∑
jεR+

u
ru,jfj,k̄

)
=
∑

u,i xu,lxu,l̄
∑

jεR+
u
ru,jfj,kfk,i

∑
jεR+

u
ru,jfj,k̄fk̄,i =

∑
u,i xu,lxu,l̄f(u, i, k)f(u, i, k̄)

• A5
k,k̄

=
∑

lA
5(l), where A5

k,k̄
=
∑

l

∑
u,i xu,lxu,l̄f(u, i, k)f(u, i, k̄)

• V 5
k×k(l̄) =

(
repv(xu,l̄, k)� T 5

)T ·T , where V 5
k,k̄

=
∑

u

(
xu,l̄

∑
i r

(5)
u,ifi,k

)(∑
jεR+

u
ru,jfj,k̄

)
• b5k×1 = diag(V 5), where b5

k̄,1
=
∑

u

(
xu
∑

i r
(5)
u,ifi,k̄

)(∑
jεR+

u
ru,jfj,k̄

)
=
∑

u,i xu,l̄r
(5)
u,if(u, i, k̄)

Now, the system to solve with respect to the variable yk can be written as

A5 · yk = b5

The system for the parameter xu is obtained as
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∑
l

xū,l

∑
i

∑
k

yl,kf(ū, i, k)
∑
k

yl̄,kf(ū, i, k) =
∑
i

r
(5)
ū,i

∑
k

yl̄,kf(ū, i, k) ∀ū, l̄

• for every value of l̄

� M5S
i×k(l̄) = reph

(
yTl,k, i

)
� F , where M5

i,k = yl̄,kfi,k

� N5S
u×i(l̄) = T ·

(
M5S

)T
, whereN5

ū,i =
∑

k yl̄,k
∑

jεR+
ū
rū,jfj,kfi,k =

∑
k yl̄,kf(ū, i, k)

∗ for every value of l

· M5
i×k(l) = reph(yTk , i), where M

5
i,k = yl,kfi,k

· N5
u×i(l) = T ·

(
M5
)T
, where N5

ū,i =
∑

k yl,k
∑

jεR+
ū
rū,jfj,kfi,k =∑

k yl,kf(ū, i, k)

· c5
u×1(l, l̄) = sumrow

(
N5 �N5S

)
, where c5

ū,1 =
∑

i

∑
k yl̄,kf(ū, i, k)

∑
k yl,kf(ū, i, k)

� c5
u×1(l̄) =

∑
l c

5
(
l̄, l
)
, where c5

ū,1(l̄) =
∑

l

∑
i

∑
k yl̄,kf(ū, i, k)

∑
k yl,kf(ū, i, k)

� d5
u×1(l̄) = sumrow

(
U5 �N5S

)
, where d5

ū,1 =
∑

i rū,i

(∑
k yl̄,k

∑
jεR+

ū
rū,jfj,kfi,k

)
=∑

i r
(5)
ū,i

∑
k yl̄,kf(ū, i, k)

Now, the system for the matrix xū,l̄ is obtained building the matrices

• C5
u×l = c5(l̄1)|c5(l̄2)|...|c5(l̄l), where C

5
ū,l̄

=
∑

l

∑
i

∑
k yl̄,kf(ū, i, k)

∑
k yl,kf(ū, i, k)

• D5
u×l = d5(l̄1)|d5(l̄2)|...|d5(l̄l), where D

5
ū,l̄

=
∑

i r
(5)
ū,i

∑
k yl̄,kf(ū, i, k)

and solving

C5xu,l = D5

Predictions computation After having obtained all the parameters, it is pos-

sible to compute the predicted ratings. The rating prediction function is

r̃u,i = µ+ bu +
∑

j∈R+
u

ru,jsu,i,j

The last term of the function, according to section 4.3, can be rewritten as

∑
j∈R+

u

ru,jsu,i,j = a
∑
j∈R+

u

ru,j
∑
k

fi,kfj,k+
∑
j∈R+

u

ru,j
∑
k

bkfi,kfj,k+xu
∑
j∈R+

u

ru,j
∑
k

ykfi,kfj,k

Now, the three summands can be computed.

• S1 = a�
((
U � UP

)
· C
)
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• S2 =
(
U � UP

)
· C4

• S3 =
((
U � UP

)
� repv (xu, i)

)
·
(
M5 · F T

)
And �nally

Upred = µ+ repv (bu, i) + S1 + S2 + S3

CBCbpr

In this section it is described how the learning was implemented through the

equivalent vectorial version of gradient equations

For clarity, it will be used the following notation

• the indexes i for items, u for users and k for features

• Uu×i is the user-rating matrix; uu is its uth row

• UPu×i is the user-pro�les matrix; it contains only the positive ratings (e.g. for

the range [1, 5], ratings > 3.5 ); up is its uth row

• Fi×k is the item-content matrix; fi is its ith row

• fdiff is the di�erence between the positive and the negative item-features vec-

tors fi+ − fi− , where fdiff,k = fi+,k − fi−,k

• F 1
i×k = F � reph(fdiff,i), where F

1
j,k = fj,k(fi+k − fi−k)

• F 2
i×k = F 1 � reph(yk,i), where F

1
j,k = ykfj,k(fi+k − fi−k)

Step 1 The �rst derivative to compute is

δ

δa
x̂uij =

∑
j∈R+

u

ru,j
∑
k

fj,k(fi+k − fi−k)

In matrix form, it can be computed as

δ

δa
x̂uij = uPu · sumcol(F 1)

Step 2 The second vector of derivatives to compute is

∀k̄ δ

δbk̄
x̂uij =

∑
j∈R+

u

ru,jfj,k̄(fi+k̄ − fi−k̄)

In matrix form, the vector of derivatives with k entries is computed as

δ

δbk
x̂uij = uPu · F 1
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Step 3 The third derivative to compute is

δ

δxu
x̂uij =

∑
j∈R+

u

ru,j
∑
k

ykfj,k(fi+k − fi−k)

In matrix form, the vector of derivatives with u entries is computed as

δ

δxu
x̂uij = uPu · sumcol(F 2)

Step 4 The fourth vector of derivatives to compute is

∀k̄ δ

δyk̄
x̂uij =

∑
j∈R+

u

xuru,jfj,k̄(fi+k̄ − fi−k̄)

In matrix form, the vector of derivatives with u entries is computed as

δ

δyk
x̂uij = xu(uPu · F 1)
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