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Abstract

Small scale unmanned aerial vehicles (UAVs) are getting very popular among
people and research communities due to their different applications such as traf-
fic monitoring, exploration of disasters (fire, earthquake, flood), military pur-
poses, etc. Although numerous research has been conducted so far, conventional
quad-rotors still suffer from limited mobility and maneuverability. Having four
independent control inputs (four propeller spinning velocities) versus six degrees
of freedom (position and orientation) in space makes this kind of UAVs not fully
controllable. In most of cases, position (X,Y,7) and yaw angle (¢) are consid-
ered as outputs, then pitch and roll angles cannot be controlled. Eventually, they
cannot track an arbitrary trajectory in space, they cannot stay in a desired po-
sition and orientation, they cannot remain in a predefined altitude and attitude
in presence of disturbances such as wind, they are not able to land on ramp sur-
faces, etc. In this thesis we overcome the aforementioned problems by designing
attitude and position controllers for a novel overactuated quad-rotor which has
four extra motors actuating on the propellers tilting angles. To achieve the aim
of this thesis, first, thanks to Newton-Euler formulation a comprehensive and
accurate mathematical model is developed and then it is linearized around the
hovering state. Second, an adjustable parameter 5 (0 < < 1) is introduced
which enables us to choose a desired mode of operation between conventional
quad-rotor (8 = 0) and full quad-tiltrotor (5 = 1) dynamically. Finally, two op-
timal controllers (LQ and H,) are developed to control the position and attitude
of the quad-tiltrotor in a desired state. These controllers are designed not only
to stabilize the system, but also to ensure that the outputs track the reference
inputs in presence of disturbances. Finally, the results of several simulations are
reported to illustrate the capabilities of the proposed novel UAV design.
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Chapter 1

Introduction

The interest of mankind for aerial vehicles in general has always been flourishing,
and in the twentieth century the aircraft industry has seen its birth and boost
due to military employment first and civilian transport then [1]. The concept
of Unmanned Aerial Vehicles (UAVs), or drones, was born quite early in the
twentieth century: as far back as in 1915 Nikola Tesla described an armed, pilot-
less aircraft designed to defend the United States [2]. The development of UAV
technology has regarded largely military purposes, but lately a lot of civilian ap-
plications have become established as well. The main applications are intelligence
gathering, surveillance, platooning, as well as climate and pollution monitoring,
rescuing operations, pipeline inspection [3]. The success of this technology relies
in replacing the human presence when navigation and maneuver in adverse or
uneasily reachable environments is needed.

The small-scale UAVs can be grouped into three categories: rotorcraft, fixed-wing
and flapping-wing. In this thesis we exclude fixed-wing and flapping-wing UAVs
and focus on rotorcraft UAV. Among different types of rotorcraft UAVs, quad-
rotor is more popular and many control approaches have been developed for it.
Currently, there are various commercial and experimental quad-rotors of various
sizes available but these UAVs are an underactuated system with six outputs
and four inputs which only the Cartesian position and yaw angle with respect
to an inertial frame can be independently controlled. Over the last decades, for
an effective and robust flight performance, many modeling approaches have been
presented and various control methods proposed such as PID controller and LQ
controller [4], full-state backstepping technique based on Lyapunov stability the-
ory [5], backstepping sliding mode control [6], feedback linearization control [7],
feedback linearization with a high-order sliding mode observer [8], Robust adap-
tive fuzzy control [9], nonlinear H-infinity controller with backstepping [10] and
SO On.

Despite of all the researches have been conducted so far, conventional quad-
rotors still suffer from limited maneuverability. Having four independent control
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inputs versus six degrees of freedom make them not fully controllable.

One of the limiting factors which prevents further implementation of the quad-
rotor system into applications is presented in [11], that is the way quad-rotor
moves. Indeed, it needs to tilt along the desired direction of motion by doing this
it can have necessary acceleration towards that direction as well as tilting has the
undesired effect of moving the onboard cameras’ direction of view. This becomes
an issue for surveillance and other vision based tasks. Besides the aforementioned
issue, conventional quad-rotors have other problems which some of them are as
follows: they are not able to track arbitrary trajectories for their body position
and orientation, they cannot remain in a predefined altitude and attitude in pres-
ence of disturbances such as wind, they are not able to land on ramp surfaces, etc.

These problems motivated us to use a novel model of UAVs to overcome these
limitations.

1.1 Literature review

In this section we investigate different types of UAVs and study their advanta-
geous over the conventional quad-rotors and then a novel model is used for which
a controller will be developed in Section 3.

A novel trirotor helicopter has been presented in [13]. The helicopter is com-
posed of three rotors with constant pitch propellers; two fixed rotors turning
in opposite directions and one rotor that can be tilted to control the yaw dis-
placement as shown in Figure 1.1. Since the two front rotors rotate in opposite
directions, the generated reaction torque is almost zero. The tail rotor can be
tilted using a servomechanism in order to produce a yaw torque. The angular
velocity of the two main rotors can be adjusted to produce the main thrust as
well as the roll torque. The roll torque is obtained as a function of the angular
speed difference of the two main rotors. Finally, the pitch torque is obtained by
varying the angular speed of the tail rotor.
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Figure 1.1: Trirotor configuration

It is clear that one of the advantages of this trirotor with respect to conven-
tional quadrotors is that it requires one motor less which can lead to a reduction
in weight, volume and energy consumption.

A triple tilting rotor mini-UAV has been presented in [14]. This mini-UAV
has three rotors located at the same distance from its center of gravity. This
structural feature (symmetry) allows to provide a symmetric lift contribution for
the vehicle, improving its stability and payload capability.

The proposed vehicle provides a reliable maneuverability despite the reduced
number of rotors. The authors designed a controller to control the altitude and
attitude of this triple tilting rotor mini-UAV. Figure 1.2 shows the free-body
scheme and how propellers are tilted.



14 Introduction

Figure 1.2: (a) Rotorcraft free-body scheme (b) Tilting mechanism

In [15] a new kind of quad-rotor helicopter with 4 propellers is proposed, 3
of which are horizontally mounted to control its pitch and roll rotation while the
last one is vertically mounted to control its yaw rotation as shown in Figure 1.3.
Therefore, it has the advantage of classical helicopters in yaw motion control and
also has the advantage of quad-rotors in pitch and roll motion control [15].

Figure 1.3: Quad-rotor helicopter configuration
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A tilt-roll quad-rotor UAV has been designed in [16] which can tilt each rotor
independently along the X and Y axes. In this UAV, unlike in the conventional
one, the rotors are able to rotate around pitch and roll angles. The required force
is generated not by tilting the body itself, but by tilting the required rotors.

Therefore, in comparison with conventional quad-rotors, it adds 8 additional
control inputs to the system and totally provides 12 control inputs (see Figure
1.4). Although these additional control inputs make the system mechanically
more complex, it brings various advantages. This design eliminates the need of
tilting the airframe, and it suggests better performance with respect to conven-
tional quad-rotor design [16].

Figure 1.4: Free body diagram of tilt-roll rotor quadrotor

In [17], they presented a new configuration of a multirotor aircraft having
eight rotors. This UAV is able to perform vertical take-off and landing, hovering
and translational flight. The main advantage of the proposed configuration is
that the attitude dynamics is decoupled from the translational dynamics.

Moreover, this configuration allows to maintain to the mini helicopter stable
using the main rotors (inner rotors) and perform lateral displacements only using
the auxiliary rotors (lateral rotors)(see Figure 1.5).
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Figure 1.5: Configuration of the eight-rotor rotorcraft

1.2 Thesis structure

In this thesis, we study the attitude and position control problem for the overac-
tuated quad-tiltrotor which has been designed in school of Engineering Design,
Production Engineering and Automotive Engineering at University of Stuttgart
[23]. This quad-tiltrotor allows us to independently control the position and ori-
entation of the quad-tiltrotor at the same time. It is equipped with four extra
motors, with respect to quad-rotors, to tilt the propellers. Indeed, the additional
set of four control inputs actuating the propeller tilting angles is used to yield
full actuation to the quad-rotor position/orientation in space, thus allowing it to
behave as a fully actuated flying vehicle. A prototype of a quad-tiltrotor based on
this configuration has been recently integrated at the Politecnico, see the Master
thesis [18]. With respect to the control laws currently flown on the prototype,
which are based on a fixed model of operation (rotor rpms to control attitude and
vertical position, rotor tilt angles to control longitudinal and lateral position), in
this thesis a different approach to the control law design is adopted, which allows
to select the desired mode of operation dynamically. This thesis is composed of
two parts.

The first part is dedicated to the mathematical modeling of the system. In
this part, by exploiting Newton-Euler formulation a comprehensive and accurate
mathematical model is developed. Then, some simplifications are introduced to
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reduce the complicated model to a model more suited to control design. More-
over, in order to design a high performance controller and consequently obtain
a satisfactory performance level, model of actuators are taken into account. In
addition, an adjustable parameter 5 (0 < § < 1) is introduced which enables us
to choose a desired mode of operation between conventional quad-rotor (5 = 0)
and full quad-tiltrotor (5 = 1).

In the second part, we focus on control design. In this part, two optimal
controllers (L@ and H,,) are developed to control the position and attitude of
the quad-tiltrotor in a desired state. These controllers are designed not only
to stabilize the system, but also to ensure that the outputs track the reference
inputs in presence of any disturbances. Finally, the results of several simulations
are reported to illustrate the capabilities of the designed controllers.






Chapter 2

System modelling

The quad-tiltrotor is a complex mechanical system; it collects numerous physical
effects from the aerodynamics and the mechanics domains. In this chapter, by us-
ing Newton-Euler formalism, a comprehensive and accurate mathematical model
of the quad-tiltrotor will be derived. Since the obtained model is complex and
highly nonlinear while we are dealing with a linear controller design problem, we
will linearize it around an operating point. Moreover, in order to design a more
accurate controller, which will be done in Chapter 3, two groups of actuators are
modelled.

2.1 Preliminary definitions

Modelling starts with defining the reference frames. There are three reference
frames, namely "world frame", "body frame" and "propeller frame". The world
frame Fyy = {Ow, Xw, Yw, Zw} is a right-handed orthogonal axis-system with
the origin at the quad-tiltrotor’s centre of mass at the beginning of the considered
motion. This reference frame is fixed to the Earth.

Body frame Fg = {Op, Xp,Yp, Zp} is a right-handed orthogonal axis-system
with the origin at the quad-tiltrotor’s centre of gravity. The reference frame
remains fixed to the quad-tiltrotor even in perturbed motion. These two frames,
world frame and body frame, are shown in Figure 2.1', where the symbol L
represents the length of all propeller arms, w;,i = 1,...,4 the propeller rotation
speed and «y,7 = 1,...,4 the orientation of the propeller group.

Propeller frame Fp, = {Op,, Xp,,Yp,, Zp,} i = 1,2,3,4 is the frame associated
with the i-th propeller group, with Xp, representing the tilting actuation axis and
Zp, the propeller actuated spinning (thrust T; ) axis (see Figure 2.2!). Moreover,
W Rp is defined as the rotation matrix representing the orientation of the body
frame with respect to the world frame, while Rp. as the orientation of the
propeller group i-th frame with respect to the body frame. Also «; € R is the

!This image has been taken from [23]
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Figure 2.1: Schematic view of the quad-tiltrotor considered in this thesis.

propeller tilt angle about axis Xp, as shown in Figure 2.1. Here, ’Rp and " Rp
follow as:

CyCop  —SyCy + CySeSy  SySe T CySeCy

WRB = Rz<¢)Ry(8)Rx(¢> = SyCo  CyCy + SySeSy  —CySe + SySeCy
—5p CoSg CoCo
2.1)
B . T .
RPi = RZ«Z - 1)§)RX(O-/Z)Z =1,...,4 (22)

where Rz (), Ry (B), Rx(3) are the rotation matrices about the X,Y, Z axes
of angle [, respectively and defined as follows:

[ 65 —8/3 0 i
Rz(B)=1|ss ¢ O (2.3)
0 0 1
[ Cg 0 Sﬁ i
Ry(B)=| 0 1 0 (2.4)
| —85 0 Cﬁ i
1 0 0
Rx(B) =10 cs —sp (2.5)
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Figure 2.2: i-th tilting arm representing the body frame F'p,, the associated pro-
peller thrust 7;, torque 7., and the propeller tilt angle «;.

In the previous equations this notation has been adopted: s, = sin(k) and
cx = cos(k). Similarly we have:

L
P0p, = Ry((i=1)5) | 0 [i=1,....4 (2.6)
0

as the origin of the propeller frames Fp in the body frame with L being
the distance of Op, from Op. To sum up, the quad-tiltrotor configuration is
determined by its position p = WOp and orientation W Rp in world frame and
four tilt angles «; specifying the orientation of propeller groups in the body frame.

2.2 Newton-Euler equation

What one wants to obtain when deriving a model are equations of motion that
describe the dynamics of the system. Within mechanics there are two common
formalisms used to describe the dynamics of a plant. One is the Euler-Lagrange
formalism that uses work and energy to describe the systems behaviour. The
other one is the Newton-Euler formalism that uses force and torque to describe
the dynamics of the system [19].

Thanks to Newton-Euler formalism, it is possible to derive an accurate dy-
namic model of the quad-tiltrotor, where we assumed it is a rigid body, by con-
sidering the forces/moments generated by the propeller motion as well as any
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cross-coupling due to gyroscopic and inertial effects arising from the relative mo-
tion of the components composing the quad-tiltrotor. Newton-Euler equation
consists of translational motion, Newton’s law, and rotational motion, Euler’s
law. Newton’s law is as follows:

mig +wp X mvg = Fy (2.7)

where v and Fg are body velocity and body force respectively. While Euler’s
law is as follows:

[BwB + wp X IBWB = TB- (28)

Here Ip, wp and T are inertia tensor, body angular velocity and body moments
respectively. Our objective is to obtain the rotational motion of quad-tiltrotor in
the body frame and translational motion in the world frame.

2.2.1 Rotational motion

Firstly, we obtain all the moments applied to the propellers. Secondly, we com-
pute all the moments applied to the body. Finally, we will be able to calculate
the body angular acceleration. Let wp € R? be the angular velocity of the quad-
tiltrotor body B expressed in the body frame, and consider the i-th propeller
group P;. The angular velocity of the i-th propeller (i.e., of Fp, ) w.r.t. Fy and
expressed in Fp, is:

Q;
wp, ="RLwp+ | 0 (2.9)
Wi
where «; is the tilting velocity about Xp and @; € R is the spinning velocity
about Zp, both w.r.t. Fg . Then, angular acceleration is as follows:

&
wp, = PREwp + PRI wp+ | 0 |. (2.10)
w;
Using the Euler’s law, it follows as:
T =1, w, tw, X1, w, — Teu (2.11)

where Ip, € R**3 is the constant symmetric and positive definite inertia matrix
of the i-th propeller, and 7.,;, any other external torques applied to the propeller.
We suppose that air drag causes a counter-rotating torque about the Zp, axis
and model it as has been done in [20]:

T
wp, } iy > 0 (2.12)

Tezti — |: O O _kmeqz
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with wp,  being the third component of wp,. Let’s now introduce the i-th
propeller force (thrust) along the Zp axis and acting at origin of the propeller
frames Fp, in the body frame (i.e., POp,) as follows:

T, =[0 0 kil ks> 0. (2.13)

Now, by considering the quad-tiltrotor body and the torques generated by the
four propellers P;, one can obtain

4
Z (BOpiXBRpiTpi — BRpiTpi) = Igwp + wp X Igw (214)

i=1

with Iz € R3*3 being the constant symmetric and positive definite inertia
matrix of body. In order to design a controller we have to transform equation
(2.14) to a proper form, then it needs to be written as follows:

P -1

4
wp = q = |Ip+ Z BRPiIPiBRPiT
T =1
4 4 ;
Z BOpixBRpiTpi - Z BRpi([Pi .0 + (wPi X [Pini) - Texti) —wB X IBWB

i=1 i=1 w3

(2.15)
For the reader’s convenience, Table 2.1 lists the main quantities introduced in
this section and Table 2.2 presents the constant value of quantities which are

taken from [23].
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Table 2.1: Main quantities and definitions of the quad-tiltrotor

‘ Symbols H Definitions ‘
F, inertial world frame
Ey quad-tiltrotor body frame B
Fp, i-th propeller group frameP;
P position of B in F,
WRg rotation matrix from Fg to F,
BRp, rotation matrix from Fp, to Fp
Q; i-th propeller tilt angle about Xp,
w; i-th propeller spinning velocity about Zp,
wp angular velocity of B in Fg
Teat; i-th propeller air drag torque about Zp,
T; i-th propeller thrust along Zp,
TP, motor torque actuating Xp,
m total mass
Ip inertia of the i-th propeller group P,
Ip inertia of the quad-tiltrotor body B
kg propeller thrust coefficient
Ky propeller drag coefficient
L distance of Fp, from Fp
g gravitational acceleration of Earth

Table 2.2: Values of parameters of the quad-tiltrotor model

‘ Symbols H Values H units ‘
m 1.32 kg
g 9.81 m/s?
L 0.5 m
kpm 2.5278 x 107 —
Ky 1.5601 x 107 —

0.0154 0 0
Ip 0 0.0154 0 kg.m?
0 0 0.0263
8.45 x 107° 0 0
Ip 0 8.45 x 107° 0 kg.m?
0 0 4.58 x 107°
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2.2.2 Translational motion

To simplify the translational dynamics, it is assumed that the center of mass of
each propeller group P; coincides with Op,. In this way we can ignore inertial
effects on the propeller groups arising from quad-tiltrotor body acceleration in
space. As usual it is more convenient to express the position of quad-tiltrotor
in world frame because variation of position makes more sense in this frame.
Therefore, by recalling that p = "Op is the quad-tiltrotor body position in
world frame and using equation (2.7) one obtains

0 4
mp=m| 0 | +"Rs> PR,T, (2.16)
—q =1

where m is the total mass of the quad-tiltrotor and propeller bodies and the
scalar gravitational acceleration of Earth.

To sum up, equations (2.15) and (2.16) describe the full model of the quad-
tiltrotor. Now we can use this full and precise model of quad-tiltrotor for design-
ing our controller.

2.3 Simplified quad-tiltrotor model

Although the dynamic model obtained in the previous section is useful for simu-
lation purposes as it captures the main effects of quad-tiltrotor motion in space
(except unmodeled aerodynamic forces and torques which are considered as ex-
ternal disturbances to be rejected by the controller), some simplifications are
however useful for transforming it to a model more suited to control design. To
simplify the full dynamic model, we neglect the internal gyroscopic/inertial effects
by considering them as second-order disturbances to be rejected by the controller.
Since the inertia matrix of propellers is negligible in comparison with the inertia
matrix of the body we can also ignore its effect on the dynamic model. Therefore
the simplified model can be written as follows:

P 4 4
wp=|q | =1I5""|> POy xR, T, +> PRy 7w, (2.17)
T | i=1 i=1
X [0 ] 4
p=|Y |=| 0 | +="Rp> "R,T, (2.18)
A —g m i=1
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2.4 Calculation of hovering state

In flying near hovering with level attitude, the tilting angles a4, ..., a4 are as-
sumed to be zero and the quad-tiltrotor becomes a conventional quadrotor. Now
for a conventional quadrotor the equations that govern the hovering motion are
the equations of equilibrium as well as the equations of power:

Y F,=0=0=0
Y F,=0=0=0
ZFZ =0=T+Ts+ T35+ T4:mg
> M, =0=T,L=T;L
DM, =0= Qi —Qx+Q3—Qs=0
Qi = Reﬂ
Recall that T; is the thrust force corresponding to w;, m is the mass of quad-
tiltrotor, g is the gravity acceleration, L is the distance between two rotors of the
same axis, (J; is the moment created by the rotor ¢, and finally R, = rrg—; being
rr the radius of the rotor, C, the coefficient of power and C, the coefficient of
thrust.
This system has 4 unknown quantities and 3 linearly independent equations,
so it has infinite solutions. One possible solution is:

T=Ty=Ty=T,=T (2.20)
Where T = =2, By recalling that T; = kyw; |w;| , the rotor spinning velocity at
hovering state is equal to 455.53 [rad/s].

2.5 Linearized quad-tiltrotor model

Since we are dealing with a linear controller design problem, we must linearize the
nonlinear dynamical model around an operating point. Most physical systems
are nonlinear [21]. Some of them can be described by the state space model

() = f(a(t), u(t))
2.21
y(®) = gla(®), u(t) 221
where f and g are nonlinear functions. Some nonlinear equations, however, can be

approximated by linear equations under certain conditions. Assuming a constant
input uo(t) and initial state xq(t), the solution of equation (2.21) is

to(t) = f(xo(t), uo(t)) = 0. (2.22)
Now suppose the input is perturbed slightly to become ug(t) 4+ @(t) and the initial

state is also perturbed only slightly. For some nonlinear equations, the corre-
sponding solution may differ from xy(¢) only slightly. In this case, the solution
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can be expressed as zo(t) + Z(t) with Z(¢) small for all £. Under this assumption
and using a Taylor series expansion for &(t) = f(x(t),u(t)) we can write

#(0)=F (xo(t), uo(t)) + 2L

- high der t .
or (u — ugp) + higher order terms

(fE—[L’o)—F%

Z0o,U0 Z0o,U0

(2.23)
According to equation (2.22) and neglecting the higher order terms, equation
(2.23) can be written as

~

x(t) 5 of

(I—LEQ)+—

9 (u — up) (2.24)

Zo,u0

Zo,u0

Since the derivative of a constant value is zero we can write

(t) = 2(t) — 2o(t) = z(t) (2.25)

Finally, the state-space form of a linearized system is as follows:

z(t) = Az(t) + Bu(t) (2.26)
where
oft ofr
ox1 - U Oxn
0,U0 0 ,U0
._ of _
A T %‘ro,uo T . .
fn ... Ofn
01| 16 o 021 { 1 ug
of o (2.27)
ouq t Ounp
8f Z0,U0 Z0,u0
B := B lzome = : :
afn af’rl
0,u0 Z0,U0

This is a linear state-space equation. The equation y(t) = g(z(t),u(t)) can
be similarly linearized. Now to proceed the linearization, we should transform
equations (2.17) and 2.18 to the state-space form, then using formula (2.27) a
linear state-space form will be obtained. The transformation matrix between
the rate of change of orientation angles ( ¢ 6 ¢ ) and body angular veloci-
ties ( p ¢ r ) can be considered as unity matrix since we are working around
hovering state and perturbations are assumed to be small. Then, one can write
(66 0)~(pqr)

The state vector is chosen as follows:

r=[XXYYZZ6300vi] (2.28)
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while the input vector defined as:

u = [ (Dl (DQ @3 (,:}4 1 Qg (i3 Oy :|T (229)

and the output is given by the quad-tiltrotor’s position and orientation; it
means that the output vector is as below:

y=[XY Zopouw]. (2.30)

Eventually, the operating point where linearization is done is as follows:

2o=[000000000000]"

. (2.31)
up = | 455.53 —455.53 455.53 —455.563 00 0 0 |

By exploiting equations (2.17) and (2.18) around the hovering state, matrices
A, B, C and then the full state-space model can be obtained (see appendix A).

2.6 Model of actuators

There are eight DC-motors acting as actuators: four of them are responsible for
producing the spinning velocity of the propellers and the others are in charge of
tilting the propellers. Therefore, totally we have eight DC-motors used in this
quad-tiltrotor. Electric DC motors are well modeled by a circuit containing a
resistor, inductor, and voltage generator in series. Equivalent motor circuit can
be represented as Figure 2.3 where e is the counter electromotive force, v is the
applied voltage, i is the current, # is the angular rotation of the rotor relative to
the stator, R is the electric resistance, L is the electric inductance and b is the
motor viscous friction constant.

Fixed
Jield

R
M

L r
L { a
. (.) Armature > {@
1 ]
= circuit
T\
b

Roror

Figure 2.3: Electrical and mechanical schematic of equivalent motor circuit

Kirchhoft’s law applied to the equivalent motor circuit yields
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y
v=Ri+ Ld—z + kow (2.32)

while mechanical load is

JO + b0 = kyi (2.33)

where k. is the electromotive force constant and k; is the motor torque con-
stant. Now the transfer function from voltage as input to angular velocity as
output is as follows
w(s k
(5) _ ! . (2.34)
v(s)  (Js+b)(Ls+ R)+ kike
In many cases L << R. Then, an approximate transfer function can be
obtained by setting L = 0. Therefore, the transfer function reduces from second
order system to a first order system.

w(s) _ ky K

v(s)  R(Js+0b) +kke Ts+1

In this thesis, gain k£ and time constant 7" are derived from [22]. Then, the

model of the main motors, i.e., responsible for producing spinning velocities,
becomes

(2.35)

1
T, = —— 2.36
0.125s + 1 ( )

moreover, we assume that the motors responsible for tilting the propellers are
slower than the main motors by 50%.

1

T, =—. 2.
0.25s+1 (2.37)






Chapter 3

Control design

In this chapter we are going to design optimal controllers to control the attitude
and the position of the quad-tiltrotor in the presence of disturbances. Since this
quad-tiltrotor is an overactuated system with 6 outputs and 8 inputs, we are able
to control both its position and attitude simultaneously. First, a linear quadratic
(LQ) optimal controller is designed. Second, an optimal H,, controller will be
developed. Then, the results obtained by these two controllers are compared. Fi-
nally, the performance of L() and H., controllers in presence of model uncertainty
will be verified.

3.1 Modelling for control

The linearized model obtained in Subsection 2.5 still is not ready for designing
a controller, because model of actuators which were introduced in the system in
Subsection 2.6 can affect the overall performance of the system. Therefore, in
order to design a high performance controller and consequently obtain a satisfac-
tory performance level, actuators dynamics must be taken into account. Hence,
to obtain the final model, actuators dynamics should be added to the linearized
model by introducing them as new states. Recalling that the model of the main
motors, i.e., responsible for producing spinning velocities, is

Yoo 1
7, =—=— 3.1
u, 0.125s+1 (3-1)

that it can be written as

U = —8y,, + 8uy, . (3.2)

Also, the model of the motors responsible for tilting the propellers, is

Yo 1
T,=2<2=_—— 3.3
Uy 025541 (3.3)
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that can be shown as
Vo = —4yo + 4uq . (3.4)

Finally, the state-space form of the final model to be controlled is as follows:

(t) = Aux(t) + Bau(t)
y(t) = Cax(t)

where new states and input vectors are as below

(3.5)

. . . . . . T
t=[XXYYZZ¢IO0O0UVY Yo Yun Yo You You Yoz Yos You | (3.6)

T
U= [ Uy, Uy Uesy Usgy Ugy Uy Uay Uad | - (3.7)

New matrices A,, B, and C, in (3.5) can be found in Appendix A.

3.2 Reference tracking

In SISO and MIMO systems, it is possible to guarantee a null steady state error
by forcing an integral action on each component of the error signal, as shown in
Figure 3.1, where R(s) and G(s) are the regulator and the system, respectively.
For constant set-point or disturbances on the output, all the signals in the loop
tend to a constant value. Observe also that the integral action guarantees robust
zero error regulation, i.e., also for small process parameter perturbations or model
errors, provided that the closed-loop stability is maintained |24].

3.2.1 Conditions of reference tracking design

Assume the system under control is

i(t) = Az(t) + Bu(t) + Md
y(t) = Cx(t) + Nd

where x € R", u € R™, y € R? | and d € R" is a constant disturbance acting
on the state and on the output. For this system, it is required that, at the steady
state, y = 3/° for any constant y° and d.

Denoting with barred symbols the steady state variables, to guarantee zero
steady state error the following relations must hold

(3.8)

0= Az + Bu+ Md

3.9
y’=Cz+ Nd (3.9

Relation (3.9) can be written as
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Now note that

3o { é o ] € RHPntm, (3.11)

must hold to guarantee that there exist at least a pair T, u satisfying the
relation (3.10) for any constant y° and d [24].

In relation (3.5), p = 6 and m = 8, then the first condition holds.

Moreover,

rank(d = {él,“ Bg“ 1):m—|—p:26.
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Since both conditions are satisfied, we can guarantee that there exist at least
a pair T, u satisfying the relation (3.10) for any constant 3° and d.

3.2.2 Enlarged system

By considering Figure 3.1, the integrators in state variables are described by

y’ —y(t) (3.12)
y* — Cx(t) — Nd

Hence, the enlarged system made by the process and the integrators, with
manipulable input u and measured output y is

A:{Aa 0},3:{%],@:[@0}. (3.14)

3.3 Linear quadratic optimal control

State feedback controllers using pole placement algorithms are one of the basic
and fundamental controllers for linear systems. These controllers are developed
based on the desired closed loop poles. For single input systems, given a set of
desired eigenvalues, the feedback gain to achieve this is unique (as long as the
system is controllable). For multi-input systems, the feedback gain is not unique,
so there is additional design freedom. A more fundamental issue is that the
choice of eigenvalues is not obvious. For example, there are trade offs between
robustness, performance, and control effort.

Linear quadratic (L()) optimal control can be used to resolve some of these
issues, by not specifying exactly where the closed loop eigenvalues should be di-
rectly, but instead by specifying some kind of performance objective function to
be optimized [25].
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Consider the following linear time invariant system, with initial time ¢ty = 0
and measurable state

&(t) = Az(t) + Bu(t), x(0) =z (3.15)

and the performance index

J (o, u(+),0) = 7(ZL‘T(T)QJJ(T) + o (1) Ru(7))dr (3.16)
which can be written as 0
o[V [ 8][E] e e
where

Q=0Q">0, R=R" >0

are design parameters. The aim of L) optimal control is to minimizing the
cost function presented in (3.17). To minimize this function, one should solve
Riccati equation which is defined as bellow

P(t)+Q — P(t)BR'BTPT(t) + ATPT(t) + P(t)A =0 (3.18)
and the corresponding control law is

u(t) = —R'BTPT(t)x(t) = —K(t)z(t). (3.19)

Theorem 3.3.1. If the pair (A, B) is reachable:

1. The soloution of the differential Riccati equation with initial condition
P(T) = 0 tends, for ' — oo, to a constant matrix P > 0 solution of the algebraic
Riccati equation

0=A"P+PA+Q— PBR'BTP

2. The asymptotic control law is

u(t) = —R'BTPx(t) = —Kux(t) (3.20)
where K = R™'BTP.
Matrix P solves the Riccati equation, and in view of the continuity of this

equation and the assumption () > 0, R > 0, it is symmetric and positive semidef-
inite [24]. Therefore, the closed loop system follows as

@(t) = Az(t) — BKz(t) = (A — BR™'BT P)x(t). (3.21)
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Now we are going to design a L@ controller for the enlarged system (3.14) by
choosing proper matrices () and R.

The purpose of this thesis is to control the quad-tiltrotor in a desired mode
of operation. We define the operation mode as the size of cooperation between
the primary motors and the secondary motors. For example, when the operation
mode is equal to 0.5, the lateral movement caused by 50% primary motors and
50% secondary motors and when it is equal to 0.2, the lateral movement is done
by 20% primary motors and 80% secondary motors and so on. As a result, the
operation mode is a number between 0 and 1 (it is zero when the system is
working as a conventional quad-rotor and is equal to one when the system is
working as a full quad-tiltrotor).

To make this definition implementable for control design, an adjustable pa-
rameter § (0 < f < 1) is introduced which enables us to choose our desired
mode of operation. In order to achieve our goal, we need to set a linear relation
between [ and the operation mode in practice, such as the blue line in Figure 3.2.

The basic idea to construct Q and R matrices is

(1= p)Qu + BQa

Q 1
R (1 _5)Rw+ﬁRo¢~

where index w represents that only primary motors, those are responsible for
producing spinning velocities, work as actuators and secondary motors which are
responsible for tilting the propellers are deactivated (the tilting angles are set to
zero). Index « represents that all four primary motors have the same spinning
velocity (they are only responsible for hovering state and altitude movement),
while secondary motors are in charge of lateral movements.

Here, (), and R,, are designed for a conventional quad-rotor independent of
full quad-tiltrotor. Also ), and R, are chosen for a full quad-tiltrotor indepen-
dent of conventional quad-rotor. Finally, both of them are combined through the
parameter [3.

Hence, by putting 8 = 0 the system becomes a conventional quad-rotor and
by setting § = 1 we can have a full quad-tiltrotor which is able to move laterally
without tilting the body.

But the linear combination of @, and @, (R, and R,) results in a nonlinear
relation between ( and the operation mode of the quad-tiltrotor (yellow curve
in Figure 3.2). Thus, we have increased the power of 5 as long as the ideal
behavior is reached (red curve in Figure 3.2). Therefore, four experiments have
been carried out in which the operation mode is measured! for some specific value

a;(B)
a;(B=1) -

!Operation mode— j :working secondary motor
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of B for the following design parameters:

Experiment 1:

(1= PB)Qu + BQa
(1 - ﬁ)Rw + ﬂRa

x O
I

Experiment 2:

Q=(1-75%)Qu+Qa
R = (1 - ﬂQ)Rw + BQRa

Experiment 3:

Q=01-7)Qu+3Qa
R = (1 - 53)Rw + BgRa

Experiment 4:

Q= 01—+ 5'Qa
R=(1-BYR, + B'Ra.

Table 3.1 shows the data collected from the four aforementioned experiments.
The set of data (3, operation mode) for each experiment is used to plot a con-
tinuous curve by means of linear interpolation method.

Table 3.1: Operation mode of four experiments for different value of 3

15} operation mode operation mode operation mode operation mode
in experiment 1 in experiment 2 in experiment 3 in experiment 4

0 0 0 0 0

0.2 0.71 0.41 0.18 0.1

0.4 0.813 0.66 0.5 0.33

0.5 0.83 0.750 0.63 0.5

0.6 0.85 0.8 0.73 0.64

0.8 0.9 0.83 0.83 0.816

1 1 1 1 1
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Figure 3.2: 8 versus the operation mode of the quad-tiltrotor for different exper-
iments

Figure 3.2 shows that the experiment 4 is close to the ideal curve. As a
result, design parameters () and R used in these thesis are constructed as done
in experiment 4.
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Now, we are going to design a position and attitude controller for the enlarged
system described in Section 3.2.2. Considering Theorem 3.3.1, since pair (A, B)
is reachable, it is possible to design a controller to achieve our goals. The block
diagram of the associated control system is shown in Figure 3.3, where G(s) is the
system presented in equation (3.5), LQ represents the controller designed by LQ
technique and input 3 is the operation mode adjustment of the quad-tiltrotor.

-

LQ |——| G(s)

Figure 3.3: Block diagram of the L() control algorithm

The block diagram of the control system shown in Figure 3.3 is implemented
in Simulink and required parameters are taken from M AT LAB workspace. The
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Simulink block diagram of the system is illustrated below in Figure 3.4.

In1 outt

Primary motors

In outt

Secondary motors

State-Space model
of the quad-itrotor

Pitch

Figure 3.4: Block diagram of the L() control algorithm implemented in Simulink

The gain matrix K is calculated using M ATLAB and is separated into K
corresponding to the state feedback and K, corresponding to the integral gain.

3.3.1 Position control

By choosing proper @) and R matrices (see appendix B) a L@ position controller
is designed not only to stabilize the system, but also to ensure that the outputs
track the reference inputs. By changing the parameter 3, we will investigate the
different operation modes of the quad-tiltrotor to see the controller performance
in case of reference tracking.

Different modes of quad-tilt-rotor without external disturbances

Here, the quad-tiltrotor is assumed to be at hovering state; after two seconds it is
forced to move five meters along the Xy, direction while there are no disturbances.
In Figures 3.5, 3.6 and 3.7 the controller performance for three modes of quad-
tiltrotor (8 =0, 5 =0.5, 8 = 1), is shown.
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Figure 3.7: Position control of the quad-tiltrotor without any disturbances for
operation mode § =1

As Figure 3.5 shows, the lateral movement is caused by the difference between
the spinning velocity of the primary motors and secondary motors play no role in
this movement (their variations are negligible). It means that the quad-tiltrotor
has become a conventional quad-rotor.

Figure 3.6 demonstrates that lateral movement occurs due to both spinning
velocity of primary motors and effect of secondary motors.

In figure 3.7, one can see that the lateral movement is caused only by the
secondary motors. Note that for moving along the Xy direction we need to have
positive pitch angle by reducing w; and increasing w3 as illustrated in Figure 3.5,
while ws and w, compensate the gyroscopic effects caused by as and ay.

Different modes of quad-tilt-rotor under the effect of disturbances

Now, we want to investigate the ability of the controller to reject a disturbance
for three aforementioned modes (5 =0, 5 = 0.5, 3 = 1). We assume that a wind
with constant speed of 10 [kTm} is introduced to the quad-tiltrotor as a disturbance
in the opposite direction of its movement along the Xy, . It starts at 10th second
and lasts for 7 seconds.The corresponding results are shown in Figures 3.8, 3.9
and 3.10.
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Figure 3.9: Position control of the quad-tiltrotor under the effect of disturbance
for operation mode 5 = 0.5
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for operation mode [ =1

Figure 3.8 shows that in conventional quad-rotor mode, secondary motors
help the primary motors for a very fast disturbance rejection.

Figure 3.9 illustrates that when 5 = 0.5 the lateral movement caused by the
cooperation of the primary and secondary motors. Here, secondary motors help
the system to not fully tilt the body.

Figure 3.10 demonstrates that the full quad-tiltrotor is able to overcome the
disturbance without tilting the body which this action cannot be done by the
conventional quad-rotor.

3.3.2 Attitude control

By choosing proper Q and R matrices (see appendix A) a L@ attitude controller
is designed not only to stabilize the system, but also to ensure that the outputs
track the reference inputs. In the following figures, the results corresponding
to the attitude control of different modes of the quad-tiltrotor, both with and
without the effect of disturbances, will be shown.
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Different modes of quad-tiltrotor without external disturbances

The quad-tiltrotor is assumed to be at hovering state; after two seconds, position
is forced to be at the origin (X = 0, Y = 0, Z = 0) and roll angle equal to
20 degrees (¢ = 0.35[rad]). Here, it is supposed that no disturbances affect
the system. In Figures 3.11, 3.12 and 3.13, the controller performance for three
operation modes of quad-tiltrotor (8 =0, 8 = 0.5, 8 = 1), is shown.
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Figure 3.11: Attitude control of the quad-tiltrotor without any disturbances for
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Position(m)

Position(m)

46

Control design

Output
0.01
X
Y
z
0.005
(o]
-0.005
-0.01
o 5 10 15 20 25 30
Time(s)
Primary Motors
10
omegal
omega2
omega3
» 5 omega4 [
5
S
S |
e °r
s
=1
>
=5
< -5
-10
o 5 10 15 20 25 30
Time(s)

Output
0.5
0.4
=
E o3
= [
E=3
s / reference of roll
§ 0.2 / Roll
o / Pitch
[ Yaw
0.1 |
/
o
o 10 15 20 25 30
Time(s)
Secondary Motors
1
alfal
alfa2 | |
alfa3
0.5 alfa4 |7
/
/
= /
S
=g o
=
-0.5
-1
() 10 15 20 25 30
Time(s)

Figure 3.12: Attitude control of the quad-tiltrotor without any disturbances for

operation mode § = 0.5

Output
0.01
X
Y
4
0.005
(o]
-0.005
-0.01
o 5 10 15 20 25 30
Time(s)
Primary Motors
10
omegal
omega2
omega3
% 5 omega4 [
B
= /
S
2 O :
= ’
ks
=
>
=5
< -5
-10
o 5 10 15 20 25 30

Time(s)

Output
0.5
0.4
=
S o3 /
£ |
s [ reference of roll
T 0.2 ,f Roll
S / Pitch
| Yaw
0.1 /
o
o 10 15 20 25 30
Time(s)
Secondary Motors
1
alfal
alfa2 | |
alfa3
0.5 7 alfa4 |7
J/
= /
S !
= o
=
-0.5
-1
10 15 20 25 30
Time(s)

Figure 3.13: Attitude control of the quad-tiltrotor without any disturbances for

operation mode § =1



FUSIULIITY

Output Output
0.01 0.5
—_ X
\\W Y
0.4
0.005 / | zy
\ =) — —
\ o3 ’
\ g’ - 4
0 Y = / reference of roll
\ P < 02 / Roll
. 5 / Pitch
-0.005 | Yaw
0.1 /
-0.01 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time(s) Time(s)
Primary Motors Secondary Motors
10 T 1
omegal N alfal
. omega2 — T alfa2 H
—~ S~ L d \ 7
2 s - = ] omega3 | 05 alfa3|]
g - omega4 / alfad
z | 5) /
S 3 /
§ of e . £ o<
> | Z
3
3
2 s 05
g - -0.
— T
-10 -1
0 5 10 15 20 25 30 0 5 10 15 20 25
Time(s) Time(s)

3.3 Linear quadratic optimal control 47

Figures 3.11, 3.12 and 3.13 show that there is no difference between different
modes of the quad-tiltrotor; Due to the fact that in conventional quad-rotors,
orientation changes results in motion along the X, Y directions. Since here we
have forced X, Y equal to zero we must have nonzero tilting angles to compen-
sate the movements along the X, Y directions. Therefore, there is no difference
between these three modes.

Different modes of quad-tilt-rotor under the effect of disturbances

Now, we want to investigate the ability of the controller to reject a disturbance
for three aforementioned modes, (5 =0, f = 0.5, 5 = 1). We assume that a wind
with constant angular velocity of 0.52 [%ﬂ is introduced to the quad-tiltrotor as
a disturbance in the opposite direction of its rotation about the Xpg. It starts at
10th second and lasts for 7 seconds.

Figure 3.14: Attitude control of the quad-tiltrotor under the effect of disturbance
for operation mode 5 =0

30
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According to Figures 3.14, 3.15, 3.16 and analogous with the results ob-
tained in Section 3.3.2, there is no difference between different modes of the
quad-tiltrotor in attitude control.

3.4 Optimal H,, Control

Consider the following linear system:

i(t) = Az(t) + Byw(t) + Bau(t)

2(t) = Cha(t) + Dyou(t). (3.22)

Here, (t), u(t) and z(t) denote the state, the control input, and controlled
output vectors. The vector w(t) is the disturbance vector. The matrices A,

By, C1, D5 and By are matrices of appropriate dimensions. Suppose the state
feedback law

u(t) = Kx(t) (3.23)

is applied to the system. Then the closed-loop system becomes:

#(t) = (A + BoK)z(t) + Biw(t)

2(t) = (Cy + DK )a(t). (3:24)
The transfer function from w to z is:
Tow(s) = (Cy + D1oK)(sI — A — ByK) ™' By. (3.25)

Suppose that the influence of the disturbance vector w(t) on the output z(¢) is
measured by the H.-norm of T, (s). The goal of the state feedback H,, control
problem is to find a constant feedback matrix K such that the closed-loop system
is stable and the H,-norm of the transfer matrix 7.,(s) is less than a prescribed
tolerance vy [26].

When v is minimum, it is called optimal state feedback H., problem.

Note that the minimum value of v is not a priori known, and an iterative proce-
dure must be used. In this thesis, the value of v has been progressively reduced
until the minimum value satisfying the previous relation was met. ||7.,,(s)|., <~
can be written as:

/(C’lx(t) + Dyou(t))" (Cha(t) + Digu(t))dt < ~* / w? (t)w(t)dt (3.26)

or, similar to equation (3.17)
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7[ igg r { gT JS%} [ igg ]dt = 727wT(t)w(t)dt (3.27)

Twhere Q=0C"0,(Q=Q">0),R=Dy"Dy (R=R">0)and S =
Cl D12.

Theorem 3.4.1. Let pair (A, Cy) be observable and the pairs (A, B;) and
(A, Bs) be stabilizable. Then the H,, control problem (as stated above) has a

solution if there exists a positive semi-definite solution P of the algebraic Riccati
equation

- ~ 1 ~
A"P+ PA—P(ByR'B"y — =BB")P+Q =0 (3.28)
gl

where A = A — BoR1ST and Q = Q — SRS such that A + (V%BlBTl +
BQR_IBTQ)P is stable. In this case one such state feedback matrix K is given by

K =—-R'(B'P+5"). (3.29)
Remark: to solve the Riccati equation (3.28) by M AT LAB, one should use

built-in function care. Therefore, it is required to write the Riccati equation
(3.28) in the care format as

ATP+PA+(P[ B By |+ ][0 S]){_gQ %11({Bﬂp+[ ! ])+Q:0
P=care(A,[ Bi By ],Q,R, [0 S1])

2
WhereR{ 0 R}

Letting x(0) = 0, we want to verify that the control law
u(t) = —R(BTP + $T)a()

guarantees the attenuation level v from w to z, that is

2]l < vllwlly.

Counsider the function
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V(t) = 2" (t)Px(t) + / (2T (1)2(1) — Y*w" (T)w(r))dr.

It is apparent that, if V(¢) < 0 for any ¢, the integrand is negative and the
prescribed attenuation level is attained. Note preliminarily that V' (0) = 0, then
if V(t) < 0 for any ¢, V is negative or null at any time [24]. But, removing the
dependence on time for readability,

V =i"Pr+ 2" Pi+ 272 — y*wlw
= (Az + Byw + Bou)" Pz + 2" p(Ax + Byw + Bau)
+ (C1z(t) + Digu(t)) (Cra(t) + Dygu(t)) — v*wlw
=27 (ATP + PA+ Q)x +w' Bl Px + u" B} Px + 2" PByw
+ 2" PByu + 27 Su 4+ u” STz + u” Ru — y*wTw

= (a)

(3.30)

By summing and subtracting 27 SR™*BI Pz, 2" PByR™157z, WiszPBlBlTPx,
2T PByR™'BI Px and 27 SR™'STx it is possible to write

N - 1 -
(a) = 2" (A"P+ PA— P(ByR'B"y — < BiB")P + Q)x
gl
+ (u" +2"(S + PB)R ) R(u+ R (BI'P+ S")z) (3.31)
1 1
i ﬁxTPBl)(w - FB{PJC)

Therefore, if P is computed as the solution of the previous Riccati equation
and the control law u(t) = —R™"(BI P + ST)x(t) is used, one obtaines

: 1 1
V= —*(w" — 2" PB)(w — B Px) <0 (3.32)
8 v

and the result is proven.

In this section, it is assumed that the disturbance affect the linear and angular
velocity of the quad-tiltrotor. Then, matrix B; and disturbance vector w(t) are
as follows
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SO OO H OO oo oo
SO R OO OO oo oo
_ O OO OO OO oo o oo

S OO OO O OO o oo
DO DD DD OO O
DO DO O OO O oo

wity=[ XV Z2di]".

The block diagram of the associated control system is shown in Figure 3.17,
where G(s) is the system presented in equation (3.5), H, represents the controller
designed by H,, technique, input f is the operation mode adjustment of the quad-
tiltrotor and v is the performance level of the H,, control.

[
I

G(s)

Figure 3.17: Block diagram of the H,, control algorithm
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The block diagram of the control system is implemented in Simulink and
required parameters are taken from M AT LAB workspace. The Simulink block

diagram of the system is illustrated below in Figure 3.18.

X' =Ax+Bu
State-Space of c (]
QuadHiltrotor
ntation

Alfa_Motors1

Figure 3.18: Block diagram of the H, control algorithm implemented in

Simulink

The gain K is calculated using MATLAB and is separated into K, corre-

sponding to the state feedback and K> corresponding to the integral gain.
Now, we want to compare the controllers designed by L() technique in Section
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3.3 and H,, technique for different modes of the quad-tiltrotor, with the same
design parameters () and R matrixes.

3.4.1 Position control

By using the @ and R matrices obtained in Section 3.3, and computing the
minimum value of 7, an optimal H,, position controller is designed not only to
stabilize the system, but also to ensure that the outputs track the reference inputs
in the presence of disturbances.

To see the difference between L() and H,, performances better, we assume
that a stronger wind is applied to the system. Therefore, a wind with constant

speed of 12 [km/h] is introduced to the quad-tiltrotor as a disturbance in the

opposite direction of its movement along the Xy, . It starts at 10th second and
lasts for 7 seconds. Figures 3.19, 3.20 and 3.21 show the difference between
controllers performances for three different operation modes of the quad-tiltrotor.
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As can be seen in Figures 3.19, 3.20 and 3.21, the system for which a H
controller is designed has a faster response, at the cost of more aggressive control
efforts, than the other system. Moreover, the H, controller is more robust against
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the disturbances than the L@ controller. These results are true for any modes of
the quad-tiltrotor.

3.4.2 Attitude control

By choosing the same () and R matrixes as selected in Section 3.3, and computing
the minimum value of v, a H,, attitude controller is designed not only to stabilize
the system but also to ensure that the outputs track the reference inputs in the
presence of disturbances.

Here, it is assumed that a wind with constant angular velocity of 0.52 [md/s]

is introduced to the quad-tiltrotor as a disturbance in the opposite direction of
its rotation about the Xg. It starts at 10th second and lasts for 7 seconds.

In the following Figures 3.22, 3.23 and 3.24, the results correspond to the
H,, and L) attitude controllers for the three different operation modes of quad-
tiltrotor, are shown.
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Figures 3.22, 3.23 and 3.24 illustrate that the H., controller is more robust
against the disturbances than the L) controller.
controller is able to reject the disturbances faster than L) controller, but one

It is obvious that the H.
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should note that this advantage results larger control efforts and then more energy
consumption. Again, these results are true for any operation modes of the quad-
tiltrotor.

3.5 Model uncertainty

Most control designs are based on the use of a design model. The relationship
between models and the reality they represent is subtle and complex. A mathe-
matical model provides a map from inputs to responses. The quality of a model
depends on how closely its responses match those of the true plant. Since no
single fixed model can respond exactly like the true plant, we need, at the very
least, a set of maps. However, the modeling problem is much deeper-the universe
of mathematical models from which a model set is chosen is distinct from the uni-
verse of physical systems. Therefore, a model set that includes the true physical
plant can never be constructed. It is necessary for the engineer to make a leap of
faith regarding the applicability of a particular design based on a mathematical
model. To be practical, a design technique must help make this leap small by ac-
counting for the inevitable inadequacy of models. A good model should be simple
enough to facilitate design, yet complex enough to give the engineer confidence
that designs based on the model will work on the true plant [27].

The purpose of this section is to verify that how much the model uncertainty
can affect the performance of designed controllers. In order to reach this purpose,
the following assumptions have been considered.

body mass (m) of the quad-tiltrotor varies +20% around its nominal value
propeller thrust coefficient (k;) varies £10% around its nominal value
propeller drag coefficient (k,,,) varies £10% around its nominal value

time constant of primary motors varies £10% around its nominal value

AN

time constant of secondary motors varies =10% around its nominal value

The aforementioned assumptions are applied to the final model (3.14). The
results regarding to the performance of the designed H,, and L(@) controllers in
the presence of the assumed model uncertainties are verified in both position and
attitude control problem.

This simulation is repeated for 100 times. As before, the quad-tiltrotor is
assumed to be in three modes of operation § =0, § = 0.5, and 5 = 1.
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3.5.1 Position control
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Figure 3.25: Performance of H,, and L() position controllers in presence of model
uncertainty. Dashed red lines represent the signals regarding to the nominal
values, while solid lines represents the signals regarding to the perturbed model

(B=0and v=289)
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3.5.2 Attitude control
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Figure 3.28: Performance of H,, and LQ attitude controllers in presence of model
uncertainty. Dashed lines represent the signals regarding to the nominal values,
while solid lines represents the signals regarding to the perturbed model (8 = 0

and v = 10.5 )
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In this section one can see that in general H,, controller has a better perfor-
mance in both position and attitude control. It has a more robust response than
L@ controller.






Chapter 4

Conclusion

In this thesis a new model of quad-rotor has been studied. This new quad-rotor
is called quad-tiltrotor and equipped with four extra motors, with respect to
quad-rotors, to tilt the propellers. Indeed, the additional set of four control in-
puts actuating the propeller tilting angles is used to yield full actuation to the
quad-rotor position/orientation in space, thus allowing it to behave as a fully
actuated flying vehicle. Thanks to Newton-Euler formulation a comprehensive
and accurate mathematical model was developed. Then, some simplifications
were done to transfer the complicated model to a model more suited to control
design. To simplify the full dynamic model, we have neglected the internal gy-
roscopic/inertial effects by considering them as second-order disturbances to be
rejected by the controller. Moreover, the effect of inertia matrix of propellers on
the dynamic model was ignored.

Since the purpose of this thesis was to design linear controllers, the nonlinear
model already obtained was linearized around hovering state and then transferred
to the state-space model ready for designing the controllers. In the next step,
model of actuators which contain 4 DC motors for producing spinning velocities
and 4 other DC motors to tilt the propellers, were obtained. In this thesis, an
adjustable parameter 5 was introduced to enable us to choose a desired operation
mode of quad-tiltrotor between conventional quad-rotor (8 = 0) and full quad-
tillrotor (3 = 1) dynamically.

Afterward, two optimal controllers (LQ) and H,,) were developed to control
the position and attitude of the quad-tiltrotor in a desired mode. These con-
trollers are designed not only to stabilize the system, but also to ensure that the
outputs track the reference inputs in the presence of disturbances.

The simulation results regarding to the L) controller, proved that this new
configuration of aerial vehicle, unlike the conventional quad-rotors, is able to stay
in a desired position and orientation simultaneously and remain there in presence
of disturbances like wind.
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Finally, results regarding to the H., controller showed that this controller is
able to reject the disturbances faster than L) controller but at the cost of larger
control inputs and energy consumption. In addition H, controller is more robust
than L@ controller against the disturbances.
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Colunns 1 through 10
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A, =

Columns 1 through 10
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L() position control

100 100 100 100 100 100 100 100 100
Q. = diag(| 100 100 100 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
0.0001 0.0001 5000 5000 5000 5000 5000 5000

Note: (), is a 26 X 26 matrix.
R, = diag([lOOOO 10000 10000 10000 0.001 0.001 0.001 0.001}).

Note: R, is a 8 x 8 matrix.

100 100 100 100 100 100 100000 100000
Qu = diag( 100000 100000 100000 100000 0.0001 0.0001 0.0001 0.0001
¢ 0.0001 0.0001 0.0001 0.0001 1000 1000 1000 1000
1000 1000

Again @), is a 26 x 26 matrix.
R, = diag([lOOO 1000 1000 1000 0.001 0.001 0.001 0.001}).

Again R, is a 8 X 8 matrix.
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L() attitude control

Qu

100000 100000 100000 100000 100000 100000 100

— diag( 100 100 100 100 100 0.0001 0.0001
0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 10000
10000 10000 10000 10000 10000

Note: @, is a 26 x 26 matrix.
R,, = diag([0.0001 0.0001 0.0001 0.0001 10 10 10 10]).
Note: R, is a 8 x 8 matrix.

100000 100000 100000 100000 100000 100000 100
Qu = diag( 100 100 100 100 100 0.0001 0.0001
¢ 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 10000
10000 10000 10000 10000 10000

Again @), is a 26 x 26 matrix.
R, = diag([0.000l 0.0001 0.0001 0.0001 10 10 10 10]).

Again R, is a 8 X 8 matrix.
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