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Introduction 

“Prevention is better than cure”, this statement could be applied in many fields, 

but none of them can be considered as expensive as the building one. Not only for the 

costs of the structure itself, but also for the post-built in adjustments. Indeed, in 

presence of a low stiff structure, due to its material and/or geometry, it is nowadays 

common practice the addition of Tuned-Mass-Dampers (TMD) after the construction, 

for serviceability reasons. Their implementation requires a deep analysis of the 

completed structure, leading to consistent additional costs. This procedure is not 

always a choice, but, sometimes, it is necessary. One of the most unpleasant case is 

the closure of the London Millennium Bridge, during its opening, due to an unexpected 

lively dynamic behaviour. Countermeasures required almost a year of study and 

additional costs of 5 million pounds. It wasn’t a design error due to a mere account, 

but it was a design error due to a deep lack of knowledge concerning the interaction 

between Humans and Structure. Since that moment, engineers have definitely 

acknowledged the Human-Structure-Interaction (HSI) as a serious problem to be 

addressed urgently. 

This work proposes a contribution to the HSI modelization, as a pursuance of 

previous works [1,2], by means of the development, application and validation of three 

new HSI Models. In the first one, Model 1, a local modelization of the pedestrian, with 

respect to his/her position on the structure, is adopted. This represents a great 

improvement, if compared with the approach adopted by the previous work [2]. As for 

Model 2 and 3, in each of them a different additional complexity is treated and 

modeled, for a more detailed description of the HSI, starting by Model 1as background. 

An experimental campaign was performed to acquire a series of pedestrian information 

required to correctly replicate the people and their effects on the occupied structure. 

Not only, also the structure must to be analysed (a staircase was taken as reference), 

to properly reproduce it during the numerical application of the Models too. Finally, a 

series of different HSI scenarios were reproduced both numerically and 

experimentally, in order to validate the Models. The pedestrian situations were thought 

to test different aspects of the Models and so to assess their behavior, through the 

vibration levels estimated by each of them. The experimental tests were performed 

with the cooperation of five subjects, the same ones for which the pedestrian 

parameters were acquired, over the aforementioned staircase. 

The aim was to verify if a more realistic representation of the pedestrians-structure 

coupling (i.e. HSI), and so a greater complexity involved, could produce significant 

improvement in the estimation of the serviceability of the structure. This, through a 

correct prediction of the vibration levels undertaken by the structure itself. 

At first, in Chapter 1, the topic is introduced by the State of Art about the HSI, 

and a short presentation of the previous contribution to the HSI modeling is presented 

as well. In Chapter 2, a deep description of the three advanced Models, along with an 

explanation of their working principle, is reported. Instead, a description of the 

procedures used for the experimental acquisition of the necessary pedestrian 

information and their storage in databases, followed by the Experimental Modal 

Analysis of the structure, is illustrated in Chapter 3. Then, in Chapter 4, the application 

of the proposed Models, for the numerical simulation of the scheduled pedestrian 

scenarios, and the post-processing analysis of the simulation results are explained. 



 

 

They are followed by the description of the experimental campaign of the scheduled 

pedestrian scenarios. Finally, in Chapter 5, all the results obtained by the experimental 

and numerical simulations of each tested pedestrian scenario are reported, and 

conclusions about the performed work are drawn. 

  



 

 

Chapter 1 
Introduction to 

Human-Structure Interaction 

1.1 State of Art 

In the last decades, engineering experience and knowledge, allied with the use of newly 

developed materials and technologies, have allowed to build up always more complex structures. 

Of these, pedestrian infrastructures, like footbridges, resulted in slender, longer and lighter 

configurations. The con was that in this way, also small exiting components, like pedestrian walking 

action, were found to be able to make the structure dynamically respond. Even if such response 

most of the time doesn’t involve structural failures, an unsustainable vibration level for the human 

being sensibility was observed. In response to the issue, design criteria started to account for the 

problem. Historically, the British Standard BS 5400 [3] was the first code that, more than 35 years 

ago, was concerned to footbridge vibration problem. Despite it was followed by others, this wasn’t 

enough to fix the matter. Indeed a number of problems with vibration serviceability continued to 

be reported. None of them as widely discussed as the closures of both the Pont de Solferino bridge 

in Paris in 1999 (Sétra [4]) and then the London Millennium Bridge in 2000 (Dallard et al. [5]), 

during their inaugurations. This last can be consider as the most prominent case, which once 

and for all drew the scientific attention on the infrastructural problem. 

The vibration serviceability issue doesn’t refer only to “small” structures, but also to huge ones. 

Indeed, different publications dealt with buildings and structures for public events. For example, 

Reynolds et al. [6] monitored the vibration response of a stadium. The observations were made 

when the structure was empty, and in the meanwhile of different events/activities. For the occupied 

stadium, the modal properties were extracted, and the configurations of the crowd were monitored 

by correlating vibration response data with synchronised video images. The observations showed 

that seated crowd led to a decrease in natural frequencies and an increase in damping ratios. Further 

decreases in natural frequencies were observed when the crowd stood and/or jumped, highlighting 

in this way the influence of different postures. 

As just introduced, another important matter in the field of the HSI is the position/activity 

performed by the crowd that occupied the structure. This is due to a change of stiffness and damping 

of the human contribution as a function of the posture. Therefore, great attention was and is paid to 

the body configuration in the different analysed scenarios. A contribution in this direction was 

carried out by Van Nimmen et al. [7]. In her work, the dynamical characteristics of people in the 

normal standing, two legs bent postures and postures corresponding to the single and double stance 
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phase of the walking cycle were identified experimentally and compared with other researches. An 

experimental study on a footbridge in laboratory conditions showed a decrease of the natural 

frequencies and an increase in structural damping. Similar observations were obtained on a in situ 

footbridge analysis. A simulation stage was then performed in which the human occupants were 

represented by Single Degree Of Freedom (SDOF) systems, since the body response, at low 

frequencies, was found well approximated by a highly damped SDOF system. Such human-bridge 

model was able to predict the experimentally identified dynamic behaviour of the occupied 

structure. 

In the following, a literature review is presented. At first, a gathering of the publications of the 

last years are reported, to provide some of the most comprehensive references. Then, a series of 

paragraphs to illustrate the main aspects of the Human-Structure Interaction (HSI) problem are 

introduced: (i) the lateral vibration interaction issue, since it was the first direction of interaction to 

be deeply studied, as it was discovered to be the main responsible for the London Millennium 

Bridge troubles; (ii) the first studies based on parametric analyses, which tried to connect the 

multiple variables involved in the HSI with the observed structural behaviours, to show how little 

it was understood until the beginning of the 2000; (iii) the discussion on the design guidelines 

suggested by the regulations and (iv) a comparison of the simplest models utilized to reproduce the 

human-structure interaction. Finally, the study of the human’s apparent mass, with its usual (v) and 

unusual (vi) approaches to account for it, are treated. 

1.1.1 Literature Review 

As a new phenomenon to be studied, the publication on the topic have been several, with 

different approaches and methodologies. Some well-made literature reviews, which can be 

useful to have a whole view on the research already done in this field, are presented by Sachse 

et al. [8], Zivanovic et al.[9] and Racic et al. [10]. 

Sachse et al. [8], in 2003, released a literature review, with more than 130 pieces, concerning 

the problem of Human-Structure dynamic Interaction applied to the design of civil engineering 

structures. Firstly, the paper dealt with how structural movement affects human induced dynamic 

forces, and then, how humans change the dynamic properties of structure they occupy. The 

literature dealing with the first aspect was found quite limited. Several Single Degree Of Freedom 

models of standing people were discovered. However, all these models were found based on 

unwarranted assumptions in respect to damping and/or the lumped mass of the occupant model. 

Furthermore, the experimental data used to derive the properties of human occupant models were 

declared often incomplete and unreliable. 

In 2005, Zivanovic et al. [9] published a review of about 200 references, referred to the 

vibration serviceability of footbridges under human-induced excitation. The sources of vibration, 

mechanical parameters of the footbridges and the receiver of the vibrations, the pedestrian, were 

the main key points. From it was concluded that the influence of walking people on footbridge 

vibration properties, such as the natural frequencies and damping, was not well understood, let 

alone quantified. In fact, a single national or international design guidance, which covers all the 

aspects of the problem, was not found. The authors ended stating: “the overdue update of the 

current codes will be a great challenge for the next 10 years”. 

A great comprehensive review of publications up to 2009, with 270 references dealing with 

different experimental and analytical characterizations of human walking load, was presented by 

Racic et al. [10]. Basing on the review, the authors provided a consistent background and indicated 

the major gaps for future researches. More than the traditional force measurements utilizing a force 

plate, methods were introduced for indirect measurement of time-varying records via combination 

of visual motion tracking and known body mass distribution. A considerable uncertainty about how 
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structural vibrations modify walking, and hence affect the pedestrian-induced forces, was 

underlined as a main challenge. 

1.1.2 Lateral Vibration 

Since the most significant event of this topic (the aforementioned London Millennium Bridge 

in 2000) was discovered to be caused by a non-linear interaction between pedestrians and 

lateral vibrations, at this specific vibration direction was dedicated most of the initial 

literature. Here, two different approaches to the study of the problem, which was advanced  

in the past years, are reported. 

Venuti et al. [11] proposed a mathematical model and a computational approach to study the 

interaction between the lateral vibrations of footbridges and the pedestrians who walk on them. The 

method is based on the decomposition of the coupled system into two subsystems and on the 

interaction between them. In particular, the dynamics of the crowd was modelled in analogy to a 

compressible flow. However, the model was tested with a lack of experimental data, therefore it 

was used only to qualitative considerations. 

The other completely different  approach reported is the one of Ingólfsson et al. [12]. A 

stochastic load model was used from them to model the frequency and amplitude dependency of 

the pedestrian-induced lateral forces. It was made by the sum of  the ‘‘simple’’ lateral induced force 

and the ones due to the interaction with the structure, which were quantified through equivalent 

pedestrian damping and mass coefficients. The selection of parameters was shown affects the 

critical number of pedestrians needed to trigger excessive lateral vibrations. 

1.1.3 Parametric Study 

To approach the Human-Structure Interaction problem, parametric studies were also 

conducted. Such methodology is generally chosen to handle a problem that is again at its initial 

understanding, to help to highlight the main correlations among the inputs and the outputs of the 

studied phenomenon. In this perspective, two valid works which bring their contribution at five 

years of the new millennium are reported. 

Sachse et al. [13] attempted to explain observed changes in modal characteristics made by other 

researchers, when the considered structures were occupied by people. Natural frequencies, mode 

shapes, modal masses and damping ratios were examined parametrically for ranges of mass, 

stiffness and damping coefficients of two SDOF systems connected in series. One SDOF represents 

a pedestrian and the other one the relevant mode of the empty structure. It was found that such a 

model can explain (1) the damping increase, (2) additional modes and (3) the increases as well as 

the decreases of natural frequencies as a function of resonant frequency considered, high and low 

respectively. 

Alexander [14] advanced a theoretical treatment for the modeling of the crowd-structure 

interaction. The model was built up in plane, with a continuous crowd mass spread over the 

structure. Using a mathematical approach, each mode of the structure was done interact with the 

corresponding crowd mode only. This allowed to treat the problem as a series of 2 Degrees Of 

Freedom (2DOF) systems, one per mode. Given the uncertainty in the values of biomechanical and 

structural parameters, an extensive parametric study was conducted. As a result, a series of loci 

plots were obtained. From them, a set of crucial parameters was showed exist, at which a sudden 

drop in natural frequencies, for small increase in crowd mass, takes place. 

1.1.4 Guidelines 

Although along the time different regulations were set by authorities, in order to account for 

Human-Structure Interaction during the design stage of new structures, these guidelines were and 
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are discussed by a lot of authors. The contestations are due to the type of models used, which are 

considered as non-physically representative of the phenomena considered. Consequent incorrect 

vibration levels are estimated. To find more reliable approaches, a lot of publications compare new 

ideas with the in-force regulations. 

Figueiredo et al. [15], with the purpose to obtain a reliable model for the dynamic behavior of 

composite footbridges (i.e. concrete slab laid on a steel truss structure), performed extensive 

parametric studies on eleven one-span structures. Four different load models were considered to 

incorporate the dynamical effects induced by people walking. In the first one, only the Fourier’s 

harmonic of the pedestrian walking load that matched the first natural frequency of the structure 

was applied. In the second one, the individual weight and the first fourth harmonics of the Fourier 

series of the walking load was used, with always one matching resonant condition. The first two 

models were applied at the midspan of the footbridges. The third model was set equal to the second, 

with the difference that the dynamical load position was changed accordingly to the individual 

position. A number of six forces to model one single step were set and applied accordingly in time 

and space. To obtain the fourth walking load model, the human heel effect was added to the third 

model. To do that, a modified Fourier series, to incorporate the heel impact effect, was adopted. A 

parametric analysis considering footbridge span variation was conducted. The structure model was 

made with three-dimensional beam elements, for the steel girders, and sheel elements, for the 

concrete slab. The footbridge maximum acceleration values were calculated for the four load 

models and compared with the American Institute of Steel Construction (AISC) [16] regulation and 

the ISO 2631-2 [17]. The acceleration peak values showed that the load model II produces 

acceleration values always higher than load model I, underling the effect of the load harmonic 

components. Even more high values were observed with the load models III and IV. This fact 

emphasizes that when the individual position is changed, there is a substantial increase in the 

structure dynamical response. As result, the acceleration peaks of the load model III and IV crossed 

the AISC [16] and ISO [17] limit values. Whereby, the authors [15] stated that the actuals design 

standards could produce unsafe threshold values, since they are based on excessively simplified 

load models. 

Also Setarh et al. [18] analysed the effect of walking force models coming from widely used 

sources, applied on a long-cantilevered building structures. It was made by a 34 m long steel trusses 

part, cantilevered from a concrete core. The walking tests were conducted by the same male 

individual, walking along corridors which cover the length of the structure. To measure the 

response, accelerometers were placed at the extremity of the cantilever. By using a metronome to 

synchronize the steps, the individual walked at the first three measured resonance frequencies. A 

computer model of the structure was created and updated by the modal test results. Also for the 

simulations, only walking at the first three modes were considered. Six walking forces were used. 

Four Fourier series based models, since they were/are generally adopted, taking the Dynamic Load 

Factors (DLF) from sources (Bachmann et al. [19], Smith et al. [20], ISO 10137 [21], Murray et al. 

[16]). Plus, other two measured walking force functions were used, as they were recommended by 

Bachmann et al. [19] and by Khoncarly [22]. These last two were used to find the best representative 

step force way. To do that, numerical and measured accelerance FRFs were computed and 

compared per mode. By using their ratio, the first harmonics of the forcing functions were adjusted. 

The subsequent application of these two walking force functions were made by applying each step 

at the corresponding time and location, with the appropriate overlap time, with the three resonant 

step frequencies in turn. Discrepancies with the used of the Fourier series models were reported. In 

most cases an overestimation, while in a few cases an underestimated. A good match was observed 

for the measured force functions after the adjustments. The explanation proposed by the authors 

[18] involved the fact that the Fourier series-based force functions were applied on the model by 

using the combination of the two steps at each step contact point. While using the measured force 

functions, the correct spatial and temporal sequence of steps was used. Hence, they concluded that 
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the way in which the step force functions are applied can have a large effect on the response. Also 

for the Fourier series based models it was proposed an adjustment, changing the DLFs. It was found 

that to have a good match, substantially different coefficients could be required. This depends on 

how the walk forcing function are applied on the structure. As last, because most design guides that 

use the Fourier series approach recommend to place it steadily at the most critical position, the 

authors compared also the response resulting from in-place marching and from walking along the 

cantilever. In-place marching seemed to overestimated the structural response. 

Another noteworthy work, is the one conducted by Mashaly et al. [23], in which the authors 

used a response spectrum approach to predict the vertical acceleration peak. In it, five footbridges 

were taken into account. The pedestrian walking force was modelled as a Fourier series, using the 

first four harmonics. This was applied steadily at the midspan and as a moving walking load (case 

V1 and V2). A walking frequency was chosen such that it or its harmonics coincide with the bridge 

fundamental frequency. Two types of structural models were used. A Multi-Degrees Of Freedom 

(MDOF) model made by two-dimensional beam elements. The second model was a Generalized 

Single Degree Of Freedom (GSDOF), in which the footbridge excitation was filtered by a half sine 

shape function and the fundamental frequency was the same of an equivalent free bending pinned-

pinned beam. The fundamental frequencies, of the five footbridges, calculated using the MDOF 

and the GSDOF models, were found almost identical. The maximum acceleration at midspan for 

each model was obtained, using also the American Institute for Steel Constructions (AISC) 

standards (i.e. with the Allen and Murray’s equation [16]). The data showed that the accelerations 

obtained by the GSDOF model for load cases V1 and V2 were almost identical to the ones obtained 

by the MDOF model. This was attributed to the fact that the bridge dynamic response, during the 

resonance, was totally governed by the response of the fundamental mode. Moreover, the 

accelerations obtained for load case V2 were always found lower than those of load case V1. For 

what concern the acceleration calculated with the Allen and Murray’s equation [16], it tended to be 

higher than the one of the V2 case, but more close to the one of the V1 case. Looking at the case 

V2, as opposed to V1, the acceleration response was found to increase, as the pedestrian walked 

closer to the midspan, and then to decrease, as he walked away from the midspan. Going forward, 

to study the effect of the bridge dynamic properties on the vibration response, the peak value of a 

response quantity, as a function of the natural frequency of the structure, was investigated. As 

response quantity was considered a pseudo force, defined as the GSDOF maximum acceleration 

times the GSDOF mass. In this way, all the GSDOF systems that have different masses but constant 

frequency and damping ratio will have the same pseudo force. The response spectra were developed 

for different damping ratios. This approach implies that the pedestrian dynamic load is considered 

stationary at the midspan of the footbridge. At the end, the GSDOF maximum acceleration was/can 

be calculated as the pseudo force, divided by the GSDOF mass. This equation indicates the effect 

induced by the mass of the footbridg, as it increases, the maximum acceleration decreases. The 

results showed that the response spectrum predictions were very close to those of the MDOF 

approach, and more accurate than the results obtained by the Allen and Murra method [16]. This 

capability to catch the maximum acceleration responses was attributed to the fundamental vibration 

mode, as main responsible of the dynamic response. Therefore, this can be assumed to be a useful 

tool to evaluate the maximum vibration level of a structure, as long as the structure can be 

approximated as a SDOF. It requires just the fundamental frequency, damping ratio and modal 

mass. 

Instead, Van Nimmen et al. [24] evaluated the European HiVoSS [25] and the French Sétra [4] 

guideline, which are widely applied in practice. In them, the human induced loads by a stream of 

pedestrians are simplified as a uniform load applied from an equivalent number of N perfectly 

synchronised pedestrians. Among the parameters, a coefficient is present to account for the 

probability to match the frequency of the considered mode. Looking at the reference structure, the 

guidelines classify a footbridge based on the expected pedestrian traffic, i.e. pedestrian density. 
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They also suggest minimum and mean values for the damping ratio as a function of the accounted 

type of structure. Vibration assessment is performed by maximum acceleration level in a specific 

direction, which is calculated considering resonant conditions for the investigated mode. The 

outcomes are classified in four levels, with the corresponding comfort indexes. To test the rules, 

they were applied to eight footbridges, “before and after” their construction. With the information 

available at the design stage, the vibration assessments were carried out for different pedestrian 

densities. Due to the strong variations of the aforementioned coefficient, the acceleration 

predictions were found highly sensitive to small variations in natural frequency prediction. Hence, 

Van Nimmen et al. [24] pointed out that the present form of the two guidelines could be exploited 

by designers to pass the vibration serviceability check. Just small adjustments, to shift the predicted 

natural frequencies in a low value zone of such coefficient, would require. To fix this issue, the 

authors [24] proposed a modified coefficient to adopt in the design stage. Going forward, it was put 

in evidence that only the force component in the considered direction were taken into account. This 

would be not true if modes with significant modal displacements in more than one direction are 

present. A more reliable prediction was obtained by using the experimental natural frequencies and 

damping ratios. A deviation up to 10 % in natural frequency and a good prediction of the mode 

shapes were observed. Therefore, high sensitivity to small variations in the predicted natural 

frequencies and the corroboration for the recommended damping values were concluded for the 

checked guidelines. 

Toso et al. [26] performed an extensive parameter study for the identification of reliable force 

and biodynamic walking pedestrian models, as alternatives to the ones suggested by the regulations 

(i.e. Sétra [4], ISO 10137 [27] and Young [28]). Moreover, they compared the vibration levels 

reached with the comfort classes indicated from the UK-NA to ENI code [29] and the Sètra 

guidelines [4]. Going in details, the biodynamic model was set as a SDOF system, moving along 

the structure, with the corresponding ground reaction force. This last was only applied on the 

structure, since it was obtained from walking on a rigid surface. While the force model was 

composed by only the ground reaction force. The biodynamic model parameters (i.e. mass, damping 

and stiffness) were obtained for every pedestrian by solving a system of three non-linear equations, 

which were the expression of the acceleration Frequency Response Function (FRF) of the SDOF 

model. The required information were the first three harmonics of the ground reaction force and of 

the acceleration at the waist level. In addition, data of pedestrians (weight, height and step 

frequency) were statistically processed, with correlation and regression functions, with both the 

biodynamic and force model parameters (mass, damping, stiffness / Dynamic Load Factors). Not 

only, regression functions were evaluated also for several combinations of the variables, and the 

best correlations were used to propose new ways to evaluate the biodynamic and force model 

parameters. An Artificial Neural Network (ANN) was implemented too. The proposed regression 

models were compared with those obtained by other authors and with the original non-linear 

system. Toso et al. [26] conducted the experimental stage using a prototype footbridge, subjected 

to three pedestrian densities. A closed walking path, in which the test subjects crossed the structure, 

was adopted. An accelerometer was placed at midspan. In the Finite Element Model (FEM) model, 

the SDOFs were placed along all the structure deck and activated/deactivated when was required 

to “moving” the pedestrians along the structure. The force models were moved with the SDOF one. 

The Correlation Vector Index (CVI) was used to indicate the degree of consistency between the 

experimental and numerical accelerations. It was found that the models can predict the reduction of 

natural frequency due to the increase of the mass, for high pedestrian densities. However, such 

shifts were not observed when the force-only model was used. Looking at the damping, the results 

from the biodynamic model showed a better match with the experiments. The authors [26] 

concluded claiming the better performance of the ANN, compared to the regression approach, and 

supporting the proposed models as a valid alternative to the viewed guidelines. 
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Going on, given the lack of reliable models and adequate design guidelines pertinent to 

vibration serviceability of light and slender structures, Venuti et al. [30] proposed a their approach 

to handle the problem, using as comparison some of the most relevant design guidelines, e.g. the 

French Sétra guideline [4], the European HIVoSS [25] and ISO 10-137 [21]. In their work, they 

proposed a model that comprises also crowd dynamics (positions and velocities of each pedestrian), 

in addition to the HSI model. Indeed, the speed of a pedestrian is modified by the interaction with 

neighbouring pedestrians and environment. To account for that, a frontal pedestrian field of 

interaction was used, which triggers an as high repulsive force as the proximity of the obstacles is. 

After a sensitivity analysis, executed to calibrate the input parameters of the crowd model, the 

crowd model was able to predict the expected decrease of speeds as the density of pedestrian 

increased. It is to highlight that such model was used separately from the vibration analysis, since 

“no experimental evidence was found that vertical structural vibration alters walking velocity of 

pedestrians”, stated the authors [30]. For what concern the HSI, the structure was modeled as a 

SDOF, representing the first mode, and moving SDOFs were used to represent the pedestrians. As 

a consequence, separated simulation was conducted. For what concern pedestrian mechanical 

parameters, they were taken from published studies, and randomly assigned during the simulations. 

Along with the pedestrian dynamic model, an external force was applied to the structure only. To 

account for the inter and intra subject variability, the vertical walking force was obtained by a 

stochastic generator. It was divided per pacing frequency. The key input parameters of the generator 

are the mean step frequency and durations of successive footfalls, which are derived from position 

and velocity given by the crowd model. A test stage was performed on four virtual footbridges, all 

of them with the same size, natural frequency, damping ratio and mode-shape, but different modal 

masses. Simulations with light, medium and dense pedestrian traffic were carried out on each 

footbridge. For each structure-density pair, the structural response was evaluated with: (i) HSI 

model, without the crowd dynamics; pedestrians were done walk along straight lines and equally 

spaced, at same velocity. (ii) Pedestrians modelled just as forces moving at the velocity obtained 

from the crowd model. (iii) All sub-models together. The results showed that neglecting the crowd 

dynamics the structural response was underestimated with respect to with it, since synchronisation 

of pace rate with the footbridge natural frequency couldn’t take place. While neglecting the 

pedestrian dynamic model, the response was found 30 times higher than the one with it. This was 

concluded due to the damping added by the pedestrians, up to 5 % was claimed in the paper. Venuti 

et all. [30] analysed also the acceleration probability density function, finding the best match with 

a Weibull distribution. Thereby, they suggested that having a prior knowledge of daily traffic and 

the properties of the footbridge, the likelihood to exceed a given acceleration limit could be 

evaluated by means of such distribution. 

1.1.5 Comparison of Base Models 

In the following is reported a comparison about the most common base models utilized at the 

beginning of the HSI modeling. They are presented together with a critical analysis of the 

discrepancy of the results obtained with each of them. This useful contribution is due to Caprani et 

al. [31]. Indeed, after a deep literature review, the authors chose three different models to compare. 

The treatment was argued with a well-posed mathematical background. The pedestrian was in turn 

reduced to a Moving Force (MF), Moving Mass (MM) + MF and moving Spring-Mass-Damper 

(SMD) + MF. The pedestrian models were then extended to crowd models by superimposition. The 

pedestrian and force parameters were taken by the reviewed literature. The walking was described 

by spatially continuous footfall forces. The considered structure was an arbitrary footbridge, a 

pinned-pinned continuous beam, that was modelled using both modal coordinates (MA), with 10 

modes, and Finite Elements (FE) method. The bridge damping ratio was taken as a constant (0.5 

%) for each mode in the MA cases, and changed following the Rayleigh damping in the FE cases. 
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For the FE description, one-dimensional elements were used with two DOF per node, and shape 

functions were used to allow continuous walking. The three models were tested in different 

scenarios (single pedestrian, deterministic crowd, and random crowd), for both the FE and MA 

analyses. A noteworthy work is the tracking of the change of the dynamic properties of the structure, 

frequency and damping ratio, as pedestrians cross the structure. Moving forward, in the single 

pedestrian case  the pacing frequency was taken equal to the empty bridge natural frequency. For 

the deterministic crowd simulation, 100 pedestrians with deterministic characteristics were 

generated. However, a normal distribution for pacing frequency was assumed and arrival gap of 1 

m was used. In the random crowd case, 100 pedestrians were generated too, for 100 times, but using 

different distributions for pedestrian and walking parameters. Pedestrian arrival was considered as 

a Poisson process, and pedestrians with differing velocities were free to overtake each other. The 

differences in bridge response, among the different pedestrian models, were found to be more 

pronounced when subjected to crowd cases. While results from FE and MA simulations were found 

close. Looking at the results, the MF pedestrian model was observed overestimating the vibration 

response. In the MM and SMD models, the bridge frequency reached its minimum value when the 

pedestrian reached the midspan, while the mode damping experienced its maximum. For MM 

model, approximately half magnitude for the change in frequencies, and an order less with opposite 

sign for the damping, with respect to the SMD model, were observed. A further contribution of this 

work are the shapes of the change of frequency vs pedestrian density and change of damping vs 

pedestrian density. These two were not found uniform for the random crowd as they were for the 

deterministic crowd. Therefore, prediction of frequency and damping shifts, under random crowd, 

are not straightforward. On this, requirement of further study was stated by the authors. 

1.1.6 Posture & Degrees of Freedoms 

Great attention was paid to the human body mechanical schematization, in particular to its 

passive effect on the occupied structure. On this matter, a determinant role is played by the posture 

and the activity that the people undertake during the analysed case scenario. For these reasons, a lot 

of the published literature dealt and deal with this problem. In the following, some of the main 

contributions in this sense are reported. 

A study conducted by Matsumoto et al. [32] was aimed to determine the influence of the 

posture and the vibration magnitude on the dynamic response of the standing human body. Motion 

was measured along the whole body. Twelve subjects took part at the experiment with three leg 

postures (normal, legs bent and one leg), and five magnitudes of random vibrations, in the frequency 

range of 0.5–30 Hz, were considered. The main resonance frequencies of the apparent masses were 

found to differ with the posture. When the legs were bent, the resonance frequency of the apparent 

mass decreased. The same was observed for the one leg posture, but no other distinguishable peaks 

at frequencies below 30 Hz were present. The main resonances were found to slightly decrease, as 

the vibration magnitude increased. Going on with the work, Matsumoto et al., in [33], searched 

mathematical models, based on lumped parameters, to model the human body apparent masses. 

SDOF and 2DOF systems, both in series and in parallel, with and without support mass, were 

considered. The model parameters were optimised using the mean apparent masses taken from the 

previous study [32], for three different standing postures and four vibration magnitudes. The 

calculated responses of the 2DOF models, with a massless support, showed the best agreement with 

the measured apparent mass and phase. The model parameters obtained by fitting the mean 

measured apparent masses of all subjects were similar to the means of all sets of parameters 

obtained by fitting the individual apparent masses. 

Sim et al. [34] analysed the frequency response of a joint crowd-structure system in which the 

structure was treated as a SDOF system and the seated and standing crowds were both modelled as 

a 2DOF system. In a subsequent work, Sim et al. [35] investigated the HSI by two equivalent 
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reduced systems, a SDOF and 3DOF system. The two were compared with their previous work 

[34]. The results showed that a full model exhibits the behaviour of a SDOF system for structures 

with natural frequencies less than 4 Hz (when empty), whereas for structures with natural 

frequencies above 4 Hz, the equivalent 3DOF system provided a better fitting. 

Kim et al [36] gave their own contribution on the human body modeling too, by utilizing a 

2DOF model. Comparison with the dynamic responses using the time-domain force and 

experimental data were performed. Unexpectedly, the dynamic responses using the human body 

model was found to be larger than the time-domain force model. It was also found, as expected, 

that the synchronization of walking produces larger dynamic responses than those from the random 

walking. However, for low density walking stream, synchronization of walking and random 

walking showed similar results. 

1.1.7 Other Modeling Approaches 

As can be understood by the previous Section (1.1.6), the Human-Structure Interaction is all 

but a simple issue to deal with. Therefore, unconventional methods (e.g. spectral models [37], 

control theory [38] or 3D inertia tracking [39]) with respect to the previous (and most common) 

ones have been proposed to face the problem too. Some of the most particular ones are in the 

following showed. 

Based on pedestrian traffic, modeled probabilistically and with non-dimensional parameters, a 

spectral model for the modal force induced by pedestrian groups, was proposed by Piccardo et al. 

[37]. It was based on the assumption that pedestrians can be schematized as a stationary random 

process. This requires a minimum time of pedestrian flow to approximate as stationary the loading 

process. Based on it, a simple evaluation scheme was introduced to evaluate the maximum of the 

dynamic response. 

In the wake of recent proposed models based on the control theory, Caicedo et al. [38] 

suggested closed loop control models (PD and PID) to model the Human Structure Interaction. A 

comparison with two traditional models, using a SDOF and a 2DOF, was performed. The 

experimental data used for the comparison were obtained from a laboratory test structure, that was 

modeled as a SDOF. The 2DOF model showed a better agreement than the SDOF, to represent the 

experimental Transfer Function (TF): force - acceleration. However, models based on closed loop 

control theory present more agreement, with the advantage of less parameters required. 

Instead, Van Nimmen et al. [39] tried to characterize walking loads by a 3D inertial motion 

tracking technique. A first laboratory stage was conducted. The registered motion allowed for a 

stride-to-stride variation identification, which is usually disregarded in the simulation of walking 

forces. This allowed to identify the average step frequency of the tested subject, which was 

implemented in the simulation by means of a generalised force model, providing a good 

approximation of the imperfect real walking force. A subsequent application on a real footbridge 

was executed, which was followed by the calibration of its numerical model. Accounting for the 

walking variabilities led to a significant improvement of agreement between the measured and the 

simulated responses. While perfectly periodic forces led to a significant overestimation of the 

structural response. The remaining discrepancies were explained through the structural changes 

caused by the presence of pedestrians. 

1.2 Previous Contributions 

1.2.1 Passive People Effect 

One of the previous publications [1] analysed the influence of the presence of passive people 

on the modal properties of a structure, and proposed a method to predict such changes. The approach 
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was able to provide a mathematical justification to the observed phenomenon. In fact, the effect of 

each human subject on the structure was evaluated locally. To do that, two elements were required: 

(i) a dynamical model of the empty structure; 

(ii) a description of the dynamic behaviour of each person standing on the structure. 

As for point (i), a modal model of the structure was employed (i.e. natural frequencies, damping 

ratios and mode shapes). It can be obtained either from experimental data or from a FE model. As 

for point (ii), the quantity used to represent the dynamic behaviour of the human body was the 

apparent mass [40]. It is the transfer function between the forceexerted by the person on the 

structure 𝑓𝐻𝑢𝑚𝑎𝑛 at the contact point, Fig. 1, the Ground Reaction Force (GRF), and the 

corresponding acceleration 𝑥̈, in the frequency domain 
 

 𝑀𝑎(𝑗𝜔) =
𝑓𝐻𝑢𝑚𝑎𝑛(𝑗𝜔)

𝑥̈(𝑗𝜔)
 (1) 

 

Obviously, Ma(jω) is a complex function and the GRF of each person on the structure depends on 

his/her body dynamic properties (i.e. mass, stiffness, damping). 

 

 

Fig. 1: Connection passive person-structure through 𝑓𝐻𝑢𝑚𝑎𝑛 (GRF). 

The approach proposed by Krenk [41] was employed to account for presence of people on the 

structure. Krenk's model was originally developed for the introduction of dampers on discretised 

structural systems. The effect of each damper is introduced through the force exerted by the damper 

on the structure. In the frequency domain, this force may be expressed as the product between the 

FRF of the damper and the displacement of the point where the damper is located. This model was 

extended to the case of passive people by the authors [1]. One of the advantages of this model is 

the possibility to introduce each subject and evaluate the corresponding effect individually. 

The basic steps of the approach used to obtain the transfer function of the joint HS system are 

reported below. 

Since the eigenvectors were measured at discrete points (nodes), the FRFs of the empty 

structure, expressed as forces over displacements, were a finite number and stored in the matrix 

𝐆(𝑗𝜔), which expression is [41] 
 

 𝐆(𝑗𝜔) =∑
𝛟𝑖𝛟𝑖

𝑇

−𝜔2 + 𝑗2𝜉𝑖𝜔𝑖𝜔 + 𝜔𝑖
2

𝑁

𝑖=1

 (2) 

 

where 𝛟𝑖 is the i-th mode shape vector, normalized by the square root of the unit modal mass, 𝜔𝑖 

is the i-th natural frequency of the structure, 𝜉𝑖 is the non-dimensional damping ratio of the i-th 

mode, 𝑁 is the number of modes taken into consideration. Therefore, the dynamic response of the 

structure, in terms of displacements, can be obtained by 
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 𝐱(𝑗𝜔) = 𝐆(𝑗𝜔)𝐟(𝑗𝜔) (3) 
 

Accordingly, 𝐱(𝑗𝜔) is the vector that contains the displacement responses at the nodes of the 

structure, while 𝐟(𝑗𝜔) is a generic force vector containing the forces applied to the nodes. 

People contribution remained to be added. According to the definition of apparent mass, each 

person, fixed to a node of the structure, introduce a force in agreement with the structure 

acceleration 𝑥̈ of the specific point of contact. Therefore, the GRF for a passive subject (i.e. a 

stationary one) connected to the k-th point of the structure is 
 

 𝑓𝑘
𝐻𝑢𝑚𝑎𝑛(𝑗𝜔) = 𝑀𝑎(𝑗𝜔)𝑥̈𝑘(𝑗𝜔) = −𝑀𝑎(𝑗𝜔)𝜔

2𝑥(𝑗𝜔) = 𝐻(𝑗𝜔)𝑥𝑘(𝑗𝜔) (4) 
 

In terms of full vectors, Eq. (4) can be expressed in matrix form as 
 

 𝐟𝐻𝑢𝑚𝑎𝑛(𝑗𝜔) = 𝐻(𝑗𝜔)𝐰𝑘𝐰𝑘
𝑇𝐱(𝑗𝜔) (5) 

 

thanks to 𝐰𝑘, which identifies the connection of the person with the k-th node of the structure, as it 

is shown in Fig. 2. Extending the procedure to m people present on the structure: 
 

 𝐟𝐻𝑢𝑚𝑎𝑛(𝑗𝜔) = 𝐖𝐇(𝑗𝜔)𝐖𝑇𝐱(𝑗𝜔) (6) 
 

where 𝐖 = [𝐰1, … ,𝐰𝑚] contains 𝑚 𝐰𝑘 vectors, and so the information about the connection of 

each of the m subjects with the structure. While 𝐇(jω) is the diagonal transfer function matrix 

containing the 𝑚 𝐻(𝑗𝜔) functions of the subjects. 

Joining the two contributions, that are Eq. (3) and (6), and  keeping Fig. 1 as reference: 
 

 𝐆−1(𝑗𝜔)𝐱(𝑗𝜔) = 𝐟(𝑗𝜔) − 𝐟𝐻𝑢𝑚𝑎𝑛(𝑗𝜔) = 𝐟(𝑗𝜔) −𝐖𝐇(𝑗𝜔)𝐖𝑇𝐱(𝑗𝜔) (7) 
 

 [𝐆−1(𝑗𝜔) +𝐖𝐇(𝑗𝜔)𝐖𝑇]𝐱(𝑗𝜔) = 𝐆𝐻
−1(𝑗𝜔)𝐱(𝑗𝜔) = 𝐟(𝑗𝜔) (8) 

 

Thus, in Eq. (8) 𝐆𝐻(𝑗𝜔) represents the new transfer functions of the HS system. The new FRFs can 

be expressed explicitly in 𝐆(𝑗𝜔) by the Woodbury matrix identity [42]: 
 

 [𝐀 + 𝐔𝐂𝐕]−1 = 𝐀−1 − 𝐀−1𝐔[𝐂−1 + 𝐕𝐀−1𝐔 ]−1𝐕𝐀−1 (9) 
 

 𝐆𝐻 = [𝐆
−1 +𝐖𝐇𝐖𝑇] = 𝐆 − 𝐆𝐖[𝐇−1 +𝐖𝑇𝐆𝐖]−1𝐖𝑇𝐆 (10) 

 

This approach allowed to evaluate separately the effect of each subject by means of his/her apparent 

mass, which is contained in 𝐇(jω) and just scaled by −𝜔2. This effect is a function of the 

characteristics of the subject and posture, but also of his\her position on the structure, which is 

accounted through 𝐰𝑘 in the matrix 𝐖. 

 

Fig. 2: Connection of a subject with the 2nd node of the structure. 

The procedure was tested by using different models of apparent mass and the effect of using 

apparent masses obtained with different levels of vibration was analysed too. 
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1.2.2 Active Pedestrian Effect  

In case of occupied structure, the use of the dynamic properties of the empty one to estimate 

the structural response induced by the effect of active pedestrians can lead to an erroneous 

prediction of the vibration amplitudes. On this problem, the latest contribution [2] proposed an 

approach to improve the estimation of the response, basing on the previous methodology [1] 

(Section 1.2.1). 

A distinction between active and passive effect was first of all introduced. Since in [1] only the 

passive effect was present, since only standing people were accounted. Thereby, the force 𝑓𝐻𝑢𝑚𝑎𝑛 

induced by the pedestrian was implicitly equal to the Passive Ground Reaction Force (PGRF) 𝑓𝑃𝐺𝑅. 

Conversely, in presence of a moving pedestrian, both the PGRF and the Active Ground Reaction 

Force (AGRF) must be considered. Therefore, the force 𝑓𝐻𝑢𝑚𝑎𝑛, induced by the pedestrian, 

comprises both the contributions: 
 

 𝑓𝐻𝑢𝑚𝑎𝑛 = 𝑓𝑃𝐺𝑅 + 𝑓𝑎𝑐𝑡 (11) 
 

This split of contributions was allowed since 𝑓𝑎𝑐𝑡 was considered as the active force exerted on an 

infinite stiff surface (i.e. no ground displacement and so no PGRF involvement), while 𝑓𝑃𝐺𝑅 

accounted only for the ground vibration and the consequent body response. In this way, the problem 

of estimating the response of the occupied structure by moving people was decoupled into two main 

tasks, i.e. the identification of the PGRFs of moving people and their AGRFs. Accordingly, the 

PGRF of each subject was modelled through his/her equivalent apparent mass. They were then 

added to the empty structure 𝐆(𝑗𝜔), as shown in Eq.(7), in order to obtain the FRFs of the occupied 

structure (i.e. 𝐆𝐻(𝑗𝜔), Eq. (10)). Hence, the dynamic model of the occupied structure is given by 

the empty structure one plus the passive pedestrian contributions. On such model, the active forces 

were then easily applied, adding their contribution to the right-hand side of Eq. (8) 

 

 [𝐆−1(𝑗𝜔) +𝐖𝐇(𝑗𝜔)𝐖𝑇]𝐱(𝑗𝜔) = 𝐆𝐻
−1(𝑗𝜔)𝐱(𝑗𝜔) = 𝐟(𝑗𝜔) − 𝐟𝑎𝑐𝑡(𝑗𝜔) (12) 

 

Unlike to still people, the passive contribution (i.e. PGRF) of a moving person significantly 

changes with time because of the change of posture. Indeed, the apparent mass of a person strongly 

depends on his/her body configuration. The approach proposed in [2] assumed that a mean PGRFs 

can be used to represent the average behavior of the human body during the walking. To do that, 

the subsequent steps were followed: 

I. identification of the cycle time T (i.e. the elapsing time between two subsequent touches 

of the same foot with the ground); 

II. divide the cycle into an appropriate number of postures P (which must be representative of 

the overall motion); 

III. identify an average apparent mass 𝑀𝑎,𝑖(𝑗𝜔), for each posture 𝑖, to accounts for different 

people (inter-subject variability); 

IV. define an equivalent apparent mass 𝑀𝑒𝑞(𝑗𝜔) as the weighted average of the posture 

apparent masses 𝑀𝑎,𝑖(𝑗𝜔): 
 

 𝑀𝑒𝑞(𝑗𝜔) =∑𝛼𝑖𝑀𝑎,𝑖(𝑗𝜔)

𝑃

𝑖=1

 (13) 

 

where the coefficients 𝛼𝑖 are the weights such that: 0 ≤ 𝛼𝑖 ≤ 1 and ∑ 𝛼𝑖 = 1
𝑃
𝑖=1 . 

Three postures were used, and so three weight coefficients, because they were found enough to 

describe the main walking postures: one leg (left), standing on two legs and one leg (right). 



 1.2 Previous Contributions 13 

 

At this point, two ways were proposed to apply the PGRF contribution: 

I. Each 𝑓𝑃𝐺𝑅 is considered as a moving component. Hence, the 𝐆h(jω) changes with time 

due to the matrix 𝐖, which accounts for the pedestrian positions (Eq. (7) and (8)). 

II. A fractional apparent mass  𝑚𝑓𝑟(𝑗𝜔) is assessed: 
 

 𝑚𝑓𝑟(𝑗𝜔) =
𝑚

𝑛
𝑀𝑒𝑞(𝑗𝜔) (14) 

 

with 𝑚 the number of people on the structure, and 𝑛 the number of points in which the 

structure is discretised. Then 𝑚𝑓𝑟(𝑗𝜔) is applied to each node of the structure. Thus, 𝐇(𝑗𝜔) 

becomes a diagonal matrix of only scaled 𝑚𝑓𝑟(𝑗𝜔) (i.e. 𝐇(𝑗𝜔) = −𝜔2𝑚𝑓𝑟(𝑗𝜔)𝐈, with 𝐈 

identity matrix) and the PGRF for each point 𝑘 ∈ [1,… , 𝑛] becomes as follow 
 

 𝑓𝑘
𝑃𝐺𝑅(𝑗𝜔) = 𝑚𝑓𝑟(𝑗𝜔)𝑥̈𝑘(𝑗𝜔) = −𝜔

2𝑚𝑓𝑟(𝑗𝜔)𝑥(𝑗𝜔) (15) 
 

Collecting all of them in full vectors, Eq.(15) becomes 
 

 𝐟𝑃𝐺𝑅(𝑗𝜔) = 𝐖𝐇(𝑗𝜔)𝐖𝑇𝐱(𝑗𝜔) = −𝜔2𝑚𝑓𝑟(𝑗𝜔)𝐖𝐈𝐖
𝑇𝐱(𝑗𝜔) (16) 

 

where, under the current assumptions, both 𝐈 and 𝐖𝐈𝐖𝑇 are 𝑛×𝑛 identity matrices. As a 

consequence, Eq. (12) becomes 
 

 [𝐆−1(jω) + 𝜔2𝑚𝑓𝑟(𝑗𝜔)𝐈]𝐱(jω) = 𝐆H
−1(jω)𝐱(jω) = 𝐟(jω) − 𝐟act(jω) (17) 

 

where 𝐆𝐻(𝑗𝜔) is a 𝑛×𝑛 matrix containing the FRFs of the occupied structure. Obviously, 

this is an approximated approach, since the passive contribution of the people who occupy 

the structure is spared over the structure and not locally applied at the specific pedestrian 

position, as the AGRFs are. 

The second approach was used, since it allowed to have a fixed 𝐆𝐻(𝑗𝜔) matrix in time (i.e. Time 

Invariant FRFs of the occupied structure), leading to easier and faster simulations of the coupled 

Human-Structure system to deal with. Furthermore, when the number of people on the structure 

increases (i.e. high pedestrian density situations), the accuracy of the approach was expected to 

increase as well, since its approximation (i.e. spread passive contributions) should better describe 

the HSI situation. 

 

 

  





 

 

Chapter 2 

Modeling of HSI 

2.1 Pedestrian Interaction 

As it was introduced in Section 1.2.2, a distinction between the active and passive contribution 

of a walking pedestrian was made in the previous contribution [2] and here it is done as well. Such 

distinction is possible thanks to superimposition principle, which is allowed by the linear 

hypothesis. Of course, the human body is far to be a linear dynamic system. More in general, its 

behavior change as a function of the undertaken activity. Indeed, different studies have 

demonstrated the dependency of human-induced forces on many factors. One of the most dominant, 

which was at the centre of different researches [43–45], is the gait speed. For instance, Galbraith et 

al. [43] measured the vertical force for speeds ranging from slow walking to running. Whereas, 

Keller et al. [46] collected over 1100 vertical Ground Reaction Force time histories for walking, 

slow jogging and running over a wide range of speeds. The results indicated that the maximum 

vertical GRF increases linearly with gait speed up to about 3.5 m/s. At higher walking speeds the 

maximum vertical forces were found constant, at approximately 2.5 times the body weight. 

Moreover, gait style appeared to be an important factor in the determination of the amplitude of the 

force peaks, as reported by other authors too [47,48]. 

Studies to account for the structural flexibility in the lateral direction were also conducted (e.g. 

Pizzimenti et al. [49] and Ronnquist [50]). These indicated that a negligible interaction takes place 

between pedestrians and structure in case of small amplitudes of vibrations. While large amplitudes 

of vibrations appeared when the harmonic multiples of the pacing rate approached the lateral 

vibration frequencies, leading to higher horizontal walking forces. A particular phenomenon that 

occurs when people change their gait to adapt to excessive vibration of the structure is known as 

Human–Structure synchronization [51] or lock-in effect [5], which involves strongly non-linear 

interactions. 

Conversely to the lateral flexibility of the structures, when the vertical stiffness is so small to 

allow significant levels of the vibration amplitudes, the walking is obstructed and not synchronized. 

Indeed, changes in walking were observed when perceptible amplitudes of vibrations were present 

(Zivanovic et al.[52]), instead of a synchronization of the footfall as in the lateral case. The same 

happens during an earthquake, as limit case of course, when the amplitudes of the vibrations are so 

high to preclude walking. However, more in general, experimental studies on the vertical walking 

forces induced on flexible structures are not so common. In one of them, McMahon et al. [53] 

investigated the effect of surface stiffness on the running mechanism. A decrease in the surface 

stiffness resulted in a decrease of the vertical GRF. Alternatively, Ohlsson [54] compared the 
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spectra of vertical walking forces measured on a rigid  surface and measured on a flexible timber  

floor. The force amplitude spectra were found to significantly reduce around the natural frequency 

of the structure. 

Conversely, in the current studied case, the vertical displacements were not so relevant to 

obstacle or alter the walking. Negligible lateral vibration components were involved and so, no 

synchronization of the pedestrian rates could take place. Therefore, the source of the main non-

linear Human-Structure Interaction was discarded (i.e. lock-in phenomenon due to lateral 

vibrations). 

For what concern the lively behavior of the structure considered, due to its low damping, non-linear 

responses were engaged in the experimental section, since also the presence of few crossing 

pedestrians was enough to lead the structure in non-linearity. However, the variations in terms of 

natural frequencies were of the order of tenths of Hertz. Therefore, the magnitude of the non-linear 

behavior of the structure was considered acceptable. 

The non-linearity of the human body instead was mitigated by considering the body in distinct 

configurations. This allowed to simplify the human body as a sequence of linear systems, and to 

describe each of them as the sum of two effects, an active and passive one. This permitted to have 

an easier dissertation of the human body. 

Summing up, the presence of pedestrians is accounted in the present work by means of: 

I. An active contribution (𝑓𝑎𝑐𝑡/ Active Ground Reaction Force (AGRF)), which accounts 

for the active component of the walking dynamics exerted on an infinitely rigid ground. It 

is applied on the structure only, at the pedestrian contact point. 

II. A passive contribution (𝑓𝑃𝐺𝑅/ Passive Ground Reaction Force (PGRF)), which accounts 

for the interaction between the human body dynamics and the structure dynamics. It is 

introduced trough the apparent mass, which represents the body response behavior, in a 

specific walking position, at the vibration of the structure. 

It is noteworthy that the ground movement is considered in the passive contribution only, where the 

acceleration of the ground acts as input for the apparent mass. Whereas, the active contribution was 

evaluated on a nondeformable surface (as it is usually assumed in the modelling [26,30]). In such a 

way, it is possible to split the two effects. 

2.1.1 Pedestrian Description 

Once it is decided how to consider the interactions that occur when a walking pedestrian is 

considered, the next step is the definition of a mathematical description of such contributions. 

Among the possible ways in which this matter can be addressed, three potential methods are 

advanced in the following. At first, the use of an equivalent mechanical system is prompted, 

followed by a general black box schematization. Finally, a mathematical approach which would 

allow the direct use of the experimental measured passive contribution of a pedestrian, based on the 

convolution technique, was proposed. It is to be pointed out that in all the methods, the active 

contribution is considered as a time dependent force vector applied to the structure together the 

passive one. The passive part instead (i.e. the apparent mass) is the one that will be differently 

modeled with the next methods. It is also worth mentioning that the ways in which the active and 

passive contributions of pedestrians are schematized don’t affect the ability of advanced Models of 

this thesis to account for the HSI, since their effect is in any case considered. 

 Mechanical system 

There are different ways in which the apparent mass of a subject can be mathematically 

described, as was shown in the introduction (Section 1.1). Simple masses [15,31], Single Degrees 

Of Freedom (SDOF) systems [7,13,30,31,33,38], 2DOF systems [32–34,36,38] and even control 
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feedback loops [38] were utilised. Among them, given the simplicity brought by the number of 

DOFs involved, along with its good representation of the experimental data (as sustained by 

Matsumoto and Griffin [33] and confirmed by experiments (Section 3.2)), a 2DOF system was 

consider as the suitable representation as mechanical system of the apparent mass. 

A detailed description of the 2DOFs system implementation in the HSI will be discussed in Section 

2.3. 

 black box 

Another possible way in which the apparent mass can be treated is just using a model as general 

as you want, with any shape and number of variables (i.e. without any physical meaning). It is 

enough that such a model fits the Frequency Response Functions (FRFs) of the involved pedestrians 

(i.e. a tuned model for each pedestrian, then stored in 𝐇𝑏𝑙𝑎𝑐𝑘𝑏𝑜𝑥), so that to give back the responses 

of the pedestrians (𝐟𝑃𝐺𝑅) for the given input accelerations of the structure (𝐱̈). 
 

 { 
𝐌𝐱̈ + 𝐑𝐱̇ + 𝐊𝐱 = −𝐟𝑎𝑐𝑡 − 𝐟𝑃𝐺𝑅

𝐟𝑃𝐺𝑅 = 𝐇𝑏𝑙𝑎𝑐𝑘𝑏𝑜𝑥𝐱̈
 (18) 

 

Where 𝐌,𝐑 and 𝐊 are the mass, damping and stiffness matrices of the empty structure. Eq.(18) 

shows the use of several black boxes contained in 𝐇𝑏𝑙𝑎𝑐𝑘𝑏𝑜𝑥 to represent the apparent masses of the 

person involved. 𝐇𝑏𝑙𝑎𝑐𝑘𝑏𝑜𝑥takes the accelerations of the structure 𝐱̈ and provides the PGRFs (i.e. 

𝐟𝑃𝐺𝑅). They are then applied to the dynamic equation of the structure (first equation of Eq.(18)) 

along with the AGRF (i.e. 𝐟𝑎𝑐𝑡). 

 

It is to be underlined that the black box approach, and also the mechanical system one, which 

are used account for the presence of the passive contribution of a pedestrian, are valid for a specific 

configuration of the body, namely for a time lapse. Therefore, their implementation, for a 

mathematical treatment of the passive contribution of a moving people, should be constantly 

updated. Since a continuous upgrade of the parameters of the model (mechanical system or black 

box) would be extremely heavy from a computational point of view (given the constant update of 

the parameters required) and meaningless from a physical point of view (since a significant change 

of apparent mass, and so of parameters of the model, takes place only with a significant change of 

the body configuration) a possible solution could be the one offered by a discretization of the 

walking act. It would be enough to slice the walking motion in the most significant postures 

assumed and identify their correspondent model parameters. A detailed description of the procedure 

will be illustrated in Section 2.3 for the use of 2DOF mechanical systems. The passages for the use 

of a black box approach are the same. In this way, a good representation of the change of the passive 

contribution of a pedestrian, to be used in the HSI modeling for the numerical simulations, should 

be allowed. 

Conversely, the next approach that will be introduced works in time domain by means of a 

convolution approach. Therefore, a continuous evaluation of the passive pedestrian contribution is 

directly assessed, through the direct use of the experimental passive pedestrian curves. This 

highlights the advantage in the use of such a method. 

 Convolution 

A different procedure to treat the HSI is the one by a convolution approach. This method allows 

the direct use of the measured apparent mass curves (passive pedestrian contributions), without any 

use of a model-fitting, as it is instead required for the use of a mechanical system or a black box 

representation, to obtain the parameters of the model. 

Indeed, give this advantage, a convolution methodology was implemented in the previous work 

[2] to estimate the vibration level of an occupied structure. In [2], a distinction between the active 
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and passive contribution was made, as explained in Section 1.2.2, considering the active one by 

means of a time-variant force vector and the passive one by means of pedestrian apparent mass 

curve. As for the time-variant force vector, it was moved on the structure with the pedestrian 

position. Conversely, the passive contribution was spread over the entire structure (i.e. a fractional 

apparent mass curve at each node of the discretized structure was placed), as explained in Section 

1.2.2 (Eq.(13) and Eq.(14)). In such a way, instead of moving the passive and active component of 

each pedestrian present on the structure, only the active component was moved with its own 

pedestrian on a modified structure. This last was built up in the frequency domain by combination 

of the Frequency Response Function (FRF) of the empty structure, Eq.(2), with the total apparent 

mass of the pedestrians who occupied the structure, Eq.(14) and Eq.(17). In this way, a direct use 

of the apparent mass curves was possible, without the request of any model interpolation. Therefore, 

a Time Invariant structure was obtained, leading to a great advantage from the computational point 

of view. Indeed, fixed FRFs of the occupied structure were obtained, Eq.(17). The next step required 

was the passage from the frequency domain to the time domain one, since convolution works in 

time domain. To do that, an Inverse Fourier Transform (IFT) of the FRFs was performed, leading 

to the knowledge of the fixed (i.e. always the same) Impulse Response Functions (IRFs) of the 

nodes in which the structure was discretized. Then, the convolution between the active components 

(moving-time variant force vectors) and the IRFs was enough to assess the dynamic response of the 

structure produced by the presence of crossing pedestrians. 

The same procedure is here applied without the introduction of any approximations, i.e. with 

moving apparent masses of the subjects together with their active forces (AGRFs). Hence, an 

evaluation of the new IRFs is necessary every time that any subject changes his/her position (node 

of the structure) to properly perform the convolution with the updated IRFs. The consequent Linear 

Time Variant (LTV) system can be described by State Space (SS) formulation of the occupied-by 

pedestrian structure: 
 

 { 
𝐱̇(𝑡) = 𝐀(𝑡)𝐱(𝑡) + 𝐁(𝑡)𝐮(𝑡)

𝐲(𝑡) = 𝐂(𝑡)𝐱(𝑡)
 (19) 

 

where the matrix 𝐀(𝑡), 𝐁(𝑡) and 𝐂(𝑡) represent the state space matrix, the input matrix and the 

observation matrix of the occupied structure evaluated at time 𝑡 (i.e. in a specific pedestrian 

configuration on the structure) respectively. The state vector 𝐱(𝑡) contains the displacements and 

velocities of the nodes of the structure, while the vector 𝐮(𝑡) contains the values of the AGRFs of 

the involved pedestrians assumed at time 𝑡. Instead, the vector 𝐲(𝑡) contains the displacements of 

the nodes of the structure for a matrix 𝐂(𝑡) properly set-up to extract only the displacement from 

the vector 𝐱(𝑡). The solution of the of SS system is described by the following [55]: 
 

 

{
 
 

 
 

 

𝐱(𝑡) = 𝛗(𝑡, 𝑡0)𝐱0 +∫ 𝛗(𝑡, 𝜏)𝐁(𝜏)𝐮(𝜏)𝑑𝜏
𝑡

𝑡0

𝐲(𝑡) = 𝐂(𝑡)𝛗(𝑡, 𝑡0)𝐱0 +∫ 𝛀(𝑡, 𝜏)𝐮(𝜏)𝑑𝜏
𝑡

𝑡0

 (20) 

 

As the vector 𝐲(𝑡) has size 𝑛×1, with 𝑛 number of DOFs of the structure, and 𝐮(𝜏) as well. The 

matrix 𝛀(𝑡, 𝜏) (i.e. 𝐂(𝑡)𝛗(𝑡, 𝜏)𝐁(𝜏)) has size 𝑛×𝑛 (𝐂(𝑡) has size 𝑛×2𝑛, 𝛗(𝑡, 𝜏) 2𝑛×2𝑛 and 

𝐁(𝜏) 2𝑛×𝑛 ). Indeed, 𝛀 contains the above mentioned IRFs, which are evaluated by performing 

the IFT of the FRFs of the occupied structure (see from Eq.(2) to Eq.(10)) that contain the measured 

apparent mass curves (see Eq.(4), Eq.(5)  and Eq.(6)). They are 𝑛×𝑛 IRFs (𝑛 co-located and 𝑛×𝑛 −

𝑛 non-co-located), for impulses applied at time 𝜏 and observed at time 𝑡. While 𝛗(𝑡, 𝑡0), which is 

equal to 𝑒
∫ 𝐀(𝜉)
𝑡

𝑡0
𝑑𝜉

, it is used to evaluate the free response reached from the state 𝐱 at time 𝑡, due to 

the initial condition 𝐱0 present at time 𝑡0. In order to obtain a constant 𝛗(𝑡, 𝑡0) matrix (i.e. 
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𝛗(𝑡, 𝑡0) = 𝑒
𝐀(𝑡−𝑡0)) it is possible to split the overall time interval [𝑡0, 𝑡] in subintervals obtained 

by cutting the time-line each time that a person moves, leading to a constant set of state space 

matrices 𝐀,𝐁, 𝐂 for each sub-time interval/configuration of pedestrians assumed on the structure. 

Conversely, in [2], the interruption of the integration time was not required, since a Time Invariant 

occupied structure was used, as aforementioned, and a single global time integration was enough. 

Indeed, starting from null initial conditions the second equation of Eq. (20) becomes: 
 

 𝐲(𝑡) = ∫ 𝛀(𝑡, 𝜏)𝐮(𝜏)𝑑𝜏
𝑡

𝑡0

 (21) 

 

which is the convolution expression. Therefore, in the previous work, the knowledge on the IRFs 

(i.e. 𝛀(𝑡, 𝜏)) was enough to compute the displacements of the structure 𝐲(𝑡) and from them the 

vibration level though double time derivation of themselves. Now instead, even if the same null 

initial conditions are imposed, the free response term (i.e. 𝐂(𝑡)𝛗(𝑡, 𝑡0)𝐱0) is present, as null initial 

conditions ensure its deletion only for the first sub-time interval, but not for the following ones. 

Indeed, due to the integration time interval subdivision, every time that the integration is restarted, 

the value of the state reached at the end of the previous integration sub-time interval must be 

accounted as initial state 𝐱0 for the following sub-time interval. Hence, the knowledge of the free 

response matrix 𝛗(𝑡, 𝑡0) appears now required. 

It is to notice that, even if the expression of the matric 𝛀(𝑡, 𝜏) of the known IRFs contains the free 

response matrix 𝛗(𝑡, 𝑡0) 
 

 𝛀(𝑡, 𝜏) = 𝐂𝛗(𝑡, 𝜏)𝐁,  (22) 
 

a 𝛗(𝑡, 𝜏) extraction by mean of matrix 𝐂 and 𝐁 inversion is not allowed, since their non-square 

sizes (𝐂(𝑡) has size 𝑛×2𝑛 and 𝐁(𝜏) 2𝑛×𝑛, with 𝑛 the number of DOFs of the structure). The only 

possible way to evaluate 𝛗(𝑡, 𝜏) is through eigenvalues and eigenvectors evaluation. Indeed, the 

matrix 𝛗(𝑡, 𝜏) is function of the State Space matrix 𝐀, Eq.(23). For a sub-time interval, i.e. for 

constant SS matrices: 
 

 𝛗(𝑡, 𝜏) = 𝑒∫ 𝐀(𝜉)
𝑡

𝜏
𝑑𝜉 = 𝑒𝐀(𝑡−𝜏) (23) 

 

and the SS matrix 𝐀 can be expressed as the eigenvalue matrix thanks the eigenvector one [56]: 
 

 𝐀 = 𝛟𝛌𝐜𝛟
−1 (24) 

 

where 𝛟 is the matrix containing per column the eigenvectors of the SS matrix 𝐀, and 𝛌𝐜 is the 

diagonal matrix containing its eigenvalues. Therefore, the free response matrix can be obtained 

from the modal parameters of the occupied structure: 𝛗 = f(𝛌𝐜, 𝛟). However, this is true for a sub-

time interval, in which the occupied structure doesn’t change configuration. As soon as a pedestrian 

changes position on the structure, the sub-time interval changes, the occupied structure 

configuration changes and with it its eigenvalues and eigenvectors, and so 𝛗. Hence, a modal 

extraction of the modal parameters (eigenvalues and eigenvectors) would be required any time that 

a pedestrian moves. Such computational burden definitely eclipses the advantage to directly use the 

experimental apparent mass curves for the modelization of the HSI and the consequent estimation 

of the vibration levels. 

 Our Case 

Summing up, of the possible presented methods to account for the human body presence on 

the structure, the mechanical system made up by 2DOF is the one selected to be used in the HSI 

presented Models. The convolution approach is discard for the reason just listed above, that is the 

continuous request of the modal information assessment (i.e. modal extraction). Instead, a 2DOF 



 20 Chapter 2 

 

mechanical system formulation is preferred to a black box one as it allows to maintain a physical 

description of the body mechanics, along with a quite good accuracy in the apparent mass 

representation, as will be shown in Section 3.2.4. 

2.2 Background of the Models 

As was introduced in Section 1.2.1 and Section 1.2.2, a previous contribution to the Human-

Structure Interaction modelization was already present [2]. Such a Model was based on an average 

approach to deal with the pedestrian presence. Moreover, the contribution of the human body was 

split in an active and a passive contribution. The active one was applied to the structure coherently 

with the person position in time and space. Instead, the passive one of each subject was gathered in 

a huge global apparent mass that was then spread over the entire structure. This has led to a 

considerable simplification of the problem, as the new structure (empty structure plus the spread 

passive contributions) was a Time Invariant system. The physical justification behind such 

procedure was that, under the hypothesis of a large number of pedestrians crossing the structure 

(i.e. high pedestrian density), the effect of the application of moving passive contributions would 

be the same one of spreading the overall passive contributions, since all the available space on the 

structure would be occupied in a similar way. This was confirmed, as reported in the paper [2], as 

the experimental vibration level checked fell inside the range estimated by the Model. While, a 

great overestimation of the vibration level was obtained by using the model of the unoccupied 

structure to perform the estimation. This has shown the ability of people to damp the structure they 

occupy, in addition to their excitation ability (thought the AGRFs). 

In the following the main core of this thesis is presented. The aim is to investigate the 

improvement that can be obtained in the estimation of the vibration level undertaken by a structure 

when subjected to the interaction with walking pedestrians, by increasing the complexity of HSI 

modelization. The starting point is the modelization proposed by the previous work just recalled 

[2]. For the sake of clarity, it will be from now on called Model 0. As just introduced, it utilizes an 

average approach which is more valid as the pedestrian density and the time interval increase. Going 

to augment the accuracy of the HSI modelization, by means of the Models proposed by this thesis 

(they will be shown starting from the next Section), two aspects want to be investigated: 

(i) what happens when the more accurate Models are used for the estimation of the vibration 

levels in high pedestrian density situations and long-time interval scenarios (i.e. Model 0 

applicability conditions), with respect to the estimations made by Model 0; 

(ii) in the same way, what happens when the more accurate Models are used for the estimation 

of the vibration levels in conditions of few people crossing the structure (low pedestrian 

density) and short times considered (i.e. the ones just required to cross the structure). 

Always with respect to Model 0. 

As Model 0 was thought to deal with the scenario depicted by in the first point, a more detailed 

description of the phenomenon it is expected to only confirm the results produced by Model 0. This 

would underline the uselessness of further increase the complexity of the HSI model for this type 

of pedestrian scenario. As for the second point, it is worth to remember that, while the active 

contribution (AGRF) excites the structure, the passive one, by means of the Passive Ground 

Reaction Force (PGRF), is able to damp the structure, as aforementioned. Hence, Model 0 spread 

the available damping effect over the structure. When this is done in case of few people, the 

resulting damping spread by Model 0 per unit area of structure drastically decreases. This leads to 

a decrease of the added local damping effect. While a higher value of local damping would be 

theoretically added in case that the passive contributions of pedestrians would be treated as the 

active ones (i.e. locally considered and not spread), that are moved in time and space coherently 
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with the single pedestrian position. Therefore, a more detailed description of the HSI should 

properly describe the dynamic behavior of the structure, and so its vibration levels, in case of few 

crossing pedestrians, with respect to the average approach (Model 0). 

The conjecture about the time mentioned in point (i) and (ii) is only to distinguish between the case 

in which the time it is enough to allow the filling of the structure, thus a steady state dense condition 

can be established, and when the time it is not enough to have such a condition. More in general, 

the introduction of a local description of the passive contribution of the pedestrians allow to account 

for a series of effects that can take place in reality (e.g. the synchronization among pedestrians). 

To check point (i) and (ii), three Models are proposed in this thesis. In the first one, Model 1, 

the introduction of moving with pedestrian apparent masses (passive contributions) will be 

presented. Therefore, both active and the passive effect of the single pedestrian will be locally 

considered. Then, in the second one, Model 2, the effect of the overlap between two consecutive 

footsteps, which normally occurs during the walking, will be analysed and introduced. Finally, in 

Model 3 will be treated the variation of apparent mass inside the single footstep, in order to 

reproduce the variation of the body posture within the single footstep. It is noted that, for the way 

in which Model 1, 2 and 3 are defined, they are supposed to be valid also for normal pedestrian 

densities. Indeed, the position of the PGRF and AGRF of each subject is correctly applied in time 

and space. Therefore, pedestrians modeled through these Models are expected to be more sensible 

to the local vibrations of the structure (i.e. the ones in correspondence of their positions). To verify 

such matter, different crowd scenarios have been numerically simulated with all the four Models. 

Not only, Model 1, 2 and 3 have been compared one by one with Model 0 to test point (i) and (ii). 

An experimental campaign on a real structure was performed too, in order to validate the numerical 

results. Of course, the virtual structure used in the numerical simulations was the same one used in 

the experimental campaign. 

2.3 Model 1 

With Model 1, a proper description of the PGRF of each subject (apparent mass) is introduced. 

While the AGRF is still modeled as it was done in Model 0, by means of a time variant force vector 

that is moved together with the pedestrian position, the PGRF is no more spread over the entire 

structure. Indeed, as introduced in Section 2.1.1, the passive contribution of each subject is 

mathematically described through a 2DOF mechanical system. Thanks to it, once the mechanical 

parameters of the system are identified (i.e. when the subject apparent mass curve is fit by the 2DOF 

model), a description of the passive interaction is obtained. It can be then easily moved with the 

pedestrian position along the structure. 

An application of Model 1 is first presented for the case of one pedestrian who occupies a 

structure. For the sake of clarity, the structure will be synthetized as an equivalent 1DOF system at 

first. Then, the extension of the approach to multi-DOFs structures, occupied by 𝑚 pedestrians, will 

be presented. 

 

2.3.1 Single Pedestrian–1DOF Structure 

A simple introduction to the application of Model 1 is presented in this Section. Beneath, the 

dynamic description of the mechanical system depicted in Fig. 3 (a 2DOF pedestrian on a 1DOF 

structure) is reported. 
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 { 

𝑚𝑠𝑥̈𝑠 + 𝑟𝑠𝑥̇𝑠 + 𝑘𝑠𝑥𝑠 = −𝑓𝑎𝑐𝑡 + 𝑟𝑝1(𝑥̇𝑝1 − 𝑥̇𝑠) + 𝑘𝑝1(𝑥𝑝1 − 𝑥𝑠)

[
𝑚𝑝2 0

0 𝑚𝑝1
] [
𝑥̈𝑝2

𝑥̈𝑝1
] + [

𝑟𝑝2 −𝑟𝑝2
−𝑟𝑝2 𝑟𝑝2

] [
𝑥̇𝑝2

𝑥̇𝑝1
] + [

𝑘𝑝2 −𝑘𝑝2
−𝑘𝑝2 𝑘𝑝2

] [
𝑥𝑝2
𝑥𝑝1
] = [

0

−𝑟𝑝1(𝑥̇𝑝1 − 𝑥̇𝑠) − 𝑘𝑝1(𝑥𝑝1 − 𝑥𝑠)
]
 (25) 

 

Here, subscript 𝑠 refers to the structure and 𝑝 to the pedestrian. Moreover, 𝑥𝑠 is the degree of 

freedom describing the motion of the structure, which is defined starting for the static equilibrium 

position of the empty structure. Instead, the 𝑥𝑝 are the two degrees of freedom that describe the 

motion of the mechanical schematization of the passive contribution of the considered pedestrian. 

They are defined starting from the static equilibrium position of the 2DOF system reached when it 

is placed on the structure, with this last undeformed from the pedestrian static weight (i.e. empty 

structure configuration). This definition of the zeros will be better explained in Section 3.2.1, where 

a complete dissertation on the apparent mass is present. Basically, it is due to the fact that the 

apparent mass curves, and so the 2DOFs, were measured with the static weight filtered out, since 

the devices used to measure them were based on piezoelectric material. The static weight was 

instead measured/considered with the active component. Hence, it is present in 𝑓𝑎𝑐𝑡 (AGRF). In this 

way, a correct representation of the pedestrian effects is possible, avoiding that the same term is 

considered more than once. 

 

 

Fig. 3: Schematization of 1 pedestrian on a 1DOF structure. 

From the right-hand side of the first and second equation of Eq.(25), which represent the structure 

and the body dynamic equation respectively, it is possible to see the passive coupling, given by the 

first spring-damper pair, that interacts with the structure and first mass of the 2DOF system. 

Since the considered structure (at 1DOF) allows only two states: with and without the 

pedestrian on it, the simulation with Model 1 of such HSI situation would have three main phases: 

1) unoccupied structure; 

2) the pedestrian is crossing the structure; 

3) the pedestrian has crossed the structure and now the structure is empty. 

For each of the these three phases a description of the simulation of the HSI made with Model 1 is 

below reported: 
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1) The HSI model consists of 1DOF only, the structure one. Less than initial condition 

different from zero, the structure remains in its empty position (i.e. 𝑥𝑠 = 0). Otherwise, 

free decay of the structure would be present starting from the imposed initial condition. 

2) The HSI model becomes a 3DOF system, since the presence of the crossing pedestrian is 

felt. This is the configuration assumed at the instant zero of the crossing pedestrian phase: 

3DOF with all the DOFs equal to zero value and no active force applied. As soon as the 

time rises, the active force time history of the crossing subject, which is applied to the 

structure only (i.e. on 𝑚𝑠), starts to assume non-null values. As a consequence, the 3DOF 

system starts to vibrate, and so the structure and the active and passive contribution start to 

interact. It is clear that the second phase lasts until the active force time history doesn’t end. 

Therefore, the time length of the second phase is equal to the length of the active force time 

history. This makes sense, since the length of the active force time history represent the 

amount of time that the pedestrian foot stays in contact with the ground/structure. 

3) Since now the pedestrian has left the structure, the HSI model comes back to 1DOF system 

representing the empty structure only, without any active force applied to it. Conversely to 

the first phase (1), even if the structure is unoccupied as well, an initial condition for the 

state describing the structure 𝑥𝑠 is now present. Indeed, an initial condition equal to the 

structure state assumed at the last instant of phase two (2) must be imposed in order to 

properly describe the free decay of the structure. 

This is the way in which Model 1 treats the HSI. Of course, this was the easiest possible example, 

since one pedestrian was present and only one position of the structure was available to be 

crossed/occupied. However, a more complex scenario, involving the presence of multi-pedestrians 

and a multi-DOF structure with available different positions that can be occupied by the crossing 

pedestrians, is not so much different from the just illustrated case. The greatest complexity concerns 

always the correct splitting of the integration time of the HSI dynamic equations (Eq.(25) for 1 

pedestrian-1DOF structure case). Indeed, as it was mentioned in Section 2.1.1 (Convolution) to 

explain how the Linear Time Varian HSI system could be reduced to a series of Linear Time 

Invariant HSI systems, in Model 1 it is made the same thing. Since the occupied structure, which is 

given by the empty one plus the passive pedestrian contributions, is the same (LTI) for the time 

required for the application of the single active force time history, as it was shown in the second 

phase (2), it is enough to split the integration time every time that a pedestrian ends his/her active 

force history. Indeed, the end of the AGRF time history indicates that the pedestrian has to move to 

the next position of the structure. In this way, a series of LTI systems can be obtained, leading to 

an easier global system to be handled with respect to a LTV one. Therefore, any time that a person 

requires to change his/her position on the structure: (i) the integration of the dynamic equations of 

the HSI is stopped, (ii) the person is moved, (iii) the new LTI system given by the structure plus 

the passive contributions of the pedestrians is computed (which is the same of the previous LTI 

system less than the pedestrian just moved),(iv) an initial state for the structure and for the passive 

2DOF system is imposed equal to the one assumed at the moment at which the integration was 

stopped, and then (v) the integration is restarted. Also for the moved pedestrian is provided the 

same initial condition that he/she had before to move, since null initial conditions after the 2DOF 

movement would be unphysical, since an instantaneous change of the body position represented by 

null initial conditions cannot happen. Instead, a natural continuance of the body motion, given by 

an initial state equal to the one just left, is physically correct. 

Of course, as result of the overall integration stage, what is known is the displacement state 

vector, which contains the displacement time histories of the structure. Since the aim is the 

assessment of the vibration levels, and so the acceleration time histories, a double time derivation 

of the displacement state vector is required to obtain the acceleration time histories of the consider 

structure. 
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Summing up, any scenario can be simulated: people who start to cross the structure at different 

time instants, people who leave the structure, phases of free-decay due to the lack of pedestrians on 

the structure and then their reintroduction. Even the selection of the starting position of each subject 

is allowed, things that would be completely unphysical in case of a non-boundary position selection, 

as the appearance of a person in the middle of the structure would be unrealistic. However, such 

program feature could be used to simulate scenarios that involve the structure already occupied at 

time zero, as it was. 

In the next Section, the just mentioned extension to a more general and realistic case of HSI is 

introduced, along with its most comprehensive mathematical description. This final version takes 

the name of Model 1. 

2.3.2 Multi Pedestrians-Multi DOF Structure 

Now that a preliminary introduction of how a pedestrian and a 1DOF structure are consider 

and made interact it is clear, its extension to a multi-degrees of freedom structure crossed by multi-

pedestrians is illustrated. 

In order to account for the presence of 𝑚 walking pedestrians on a 𝑛-degrees of freedom 

structure, state vectors are first of all defined. The structure one, 𝐱𝑠, contains the displacements of 

the nodes in which the structure is discretized. As for the pedestrians, their state vector is defined 

as follow  
 

 𝐱𝑝 = [𝑥𝑝2,1, 𝑥𝑝1,1, … , 𝑥𝑝2,𝑚, 𝑥𝑝1,𝑚]
𝑇
 (26) 

 

that is a pair of state coordinates per person, since a 2DOF system is used to model the passive 

contribution of each person. As the approach here reported has to deal with a whatever number 𝑛 

of DOF of the structure and a whatever number 𝑚 of walking pedestrians, a series of auxiliary 

matrices are utilized to make interact the different sizes of the matrices and vectors involved. The 

first is the position matrix 𝐖 (size 𝑛×𝑚), which allows to account for the interface between the 𝑚 

pedestrians and the 𝑛 nodes of the structure: 
 

 𝐖 = [𝐰1, … ,𝐰𝑚] (27) 
 

It contains 𝑚 position vectors 𝐰𝑘, with 𝑘 ∈ [1,𝑚], one for each pedestrian present on the structure. 

𝐰𝑘 is defined as  
 

 𝐰𝑘 = [0,… , 1, … , 0]
𝑇 (28) 

 

with 1 placed at the position that corresponds to the node of the structure that is occupied by the 

considered 𝑘-th pedestrian. Hence, 𝐰𝑘has size 𝑛×1. The second matrix is 𝐖𝑝1, which allows to 

interact with the first DOF of the 2DOF systems, instead of with the full pedestrian state vector 𝐱𝑠. 
 

 𝐖𝑝1 = [

0 1 0 0
0 0 0 1

⋯
0 0
0 0

⋮ ⋱ ⋮
0 0 0 0 ⋯ 0 1

] (29) 

 

Its size is 𝑚×2𝑚, since the size of the pedestrian state vector 𝐱𝑠 are 2𝑚×1 and 𝑚 are the number 

of pedestrians that are present on the structure. Given its definition, a Boolean value equal to 1 is 

placed at each even column, changing row every time. For the sake of clarity, the definition of 𝐖𝑝1 

in case of 3 pedestrians is reported in following, Fig. 4. 
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[

𝑥𝑝1,1
𝑥𝑝1,2
𝑥𝑝1,3

] = [
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

]

[
 
 
 
 
 
𝑥𝑝2,1
𝑥𝑝1,1
𝑥𝑝2,2
𝑥𝑝1,2
𝑥𝑝2,3
𝑥𝑝1,3]

 
 
 
 
 

= 𝐖𝑝1𝐱𝑝 

Fig. 4: Application of 𝐖𝑝1 in case of 3 pedestrians. 

 

Now that the necessary matrices and vectors are defined, the dynamic equations of the Human-

Structure Interaction system can be written. A compact matrix notation is utilized, reporting at first 

the structure set of dynamic equations and then the pedestrian ones. 
 

{ 
𝐌𝑠𝐱̈𝑠 + 𝐑𝑠𝐱̇𝑠 + 𝐊𝑠𝐱𝑠 = −𝐖𝐟

𝑎𝑐𝑡 +𝐖{𝐑𝑔𝑟(𝐖𝑝1𝐱̇𝑝 −𝐖
𝑇𝐱̇𝑠) + 𝐊𝑔𝑟(𝐖𝑝1𝐱𝑝 −𝐖

𝑇𝐱𝑠)}

𝐌𝑝𝐱̈𝑝 +𝐑𝑝𝐱̇𝑝 + 𝐊𝑝𝐱𝑝 = −𝐖𝑝1
𝑇 {𝐑𝑔𝑟(𝐖𝑝1𝐱̇𝑝 −𝐖

𝑇𝐱̇𝑠) + 𝐊𝑔𝑟(𝑊𝑝1𝐱𝑝 −𝐖
𝑇𝐱𝑠)}

 (30) 

 

The vector 𝐟𝑎𝑐𝑡 is the vector that contains the AGRFs of the pedestrians (e.g. Fig. 5 reports a single 

active force time histories and Fig. 6 two subsequent active force time histories). More in detail, as 

the AGRFs are force vector time histories, 𝐟𝑎𝑐𝑡 contains the instantaneous values assumed by the 

AGRF of each pedestrian. While 𝐑𝑔𝑟 and 𝐊𝑔𝑟 are the matrices that contain the part of the pedestrian 

passive system (2DOF) which allows the interact with the occupied structure (i.e. 𝑟𝑝1 and 𝑘𝑝1). To 

allow their match with the sizes of the other matrices of Eq.(30), they are defined as diagonal 

matrices: 
 

 𝐑𝑔𝑟 = [

𝑟𝑝1,1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝑟𝑝1,𝑚

] 𝐊𝑔𝑟 = [

𝑘𝑝1,1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝑘𝑝1,𝑚

] (31) 

 

Al the other matrices (i.e. 𝐌𝑠, 𝐑𝑠, 𝐊𝑠, 𝐌𝑝, 𝐑𝑝 and 𝐊𝑝) are the ones that contains the mass, damping, 

ad stiffness parameters of the structure and of the upper part of the 2DOF systems (i.e. 𝑚𝑝2,𝑚𝑝1, 𝑟𝑝2 

and 𝑘𝑝2 of each pedestrian) respectively. 

 Modal Description of the Structure 

As next step, a description of the structure by means of its modal coordinate is introduced, Eq. 

(32). There are two advantages taken by the change of the free coordinates used to describe the 

structure. The first lies in a less heavy computational burden. Indeed, by using a modal coordinate 

description, a decoupling of the dynamic equations of the structure is obtained. Second, the 

requirement of only the modal parameters of the empty structure (i.e. eigenvalues, eigenvectors and 

damping ratios) to be able to describe its dynamics, instead of the local mass, damping and stiffness 

values are required. 
 

 𝐱𝑠(𝑡) =∑𝛟𝑖𝑞𝑖(𝑡)

𝑁

𝑖=1

= 𝛟𝐪(𝑡) (32) 

 

In the change of coordinates, 𝑁 stands for the number of accounted modes of the structure, 𝛟 is the 

matrix that contains the unit modal mass normalized eigenvectors of the structure per columns and 

𝐪 is the column vector that contains the 𝑁 modal coordinates. Substituting Eq.(32) in Eq.(30), the 

following new decoupled matrices can be obtained 
 

 𝛟𝑇𝐌𝑠𝛟 = 𝐌̃𝑠 = [
𝑚1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚𝑁

] = [
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

] = 𝐈  
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 𝛟𝑇𝐑𝑠𝛟 = 𝐑̃𝑠 = [
𝑟1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑟𝑁

] [
𝑚1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚𝑁

]

−1

= [
𝑟1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑟𝑁

] (33) 

 

 𝛟𝑇𝐊𝑠𝛟 = 𝐊̃𝑠 = [
𝑘1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑘𝑁

] [
𝑚1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑚𝑁

]

−1

= [
𝜔0,1
2 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 𝜔0,𝑁

2
] = 𝛌  

 

where 𝑚𝑖, 𝑟𝑖 and 𝑘𝑖 are the unit modal mass, damping and stiffness of the i-th mode of the empty 

structure (given the use of unit modal mass normalized eigenvectors). Moreover, this last, the modal 

stiffness, is equal to the squared natural frequency of the i-th mode. Summing up, the matrix 𝐌̃𝑠 is 

equal to the identity matrix 𝐈, 𝐊̃𝑠 to the diagonal squared natural frequency matrix 𝛌, and the 

diagonal matrix 𝐑̃𝑠 contain the modal damping values of the modes. 

After the substitution of Eq.(33), Eq.(30) becomes 
 

{ 
𝐪̈𝑠 + 𝐑̃𝑠𝐪̇𝑠 + 𝛌𝐪𝑠 = −𝛟

𝑇𝐖𝐟𝑎𝑐𝑡 +𝛟𝑇𝐖{𝐑𝑔𝑟(𝐖𝑝1𝐱̇𝑝 −𝐖
𝑇𝛟𝐪̇𝑠) + 𝐊𝑔𝑟(𝐖𝑝1𝐱𝑝 −𝐖

𝑇𝛟𝐪𝑠)}

𝐌𝑝𝐱̈𝑝 +𝐑𝑝𝐱̇𝑝 + 𝐊𝑝𝐱𝑝 = −𝐖𝑝1
𝑇 {𝐑𝑔𝑟(𝐖𝑝1𝐱̇𝑝 −𝐖

𝑇𝛟𝐪̇𝑠) + 𝐊𝑔𝑟(𝐖𝑝1𝐱𝑝 −𝐖
𝑇𝛟𝐪𝑠)}

 (34) 

 

Developing the first set of equations (the ones of the structure) of Eq. (34) 
 

 
𝐪̈𝑠 + [𝐑̃𝑠 +𝛟

𝑇𝐖𝐑𝑔𝑟𝐖
𝑇𝛟]𝐪̇𝑠 + [𝛌 + 𝛟

𝑇𝐖𝐊𝑔𝑟𝐖
𝑇𝛟]𝐪𝑠 =

= −𝛟𝑇𝐖𝐟𝑎𝑐𝑡 +𝛟𝑇𝐖{𝐑𝑔𝑟𝐖𝑝1𝐱̇𝑝 + 𝐊𝑔𝑟𝐖𝑝1𝐱𝑝}
 (35) 

 

and the second set of equations (the ones of the pedestrians) of Eq. (34) 
 

 
𝐌𝑝𝐱̈𝑝 + [𝐑𝑝 +𝐖𝑝1

𝑇 𝐑𝑔𝑟𝐖𝑝1]𝐱̇𝑝 + [𝐊𝑝 +𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖𝑝1]𝐱𝑝 =

= +𝐖𝑝1
𝑇 {𝐑𝑔𝑟𝐖

𝑇𝛟𝐪̇𝑠 + 𝐊𝑔𝑟𝐖
𝑇𝛟𝐪𝑠}

 (36) 

 

and putting them back together: 
 

 

{
 
 

 
 

 

𝐪̈𝑠 + [𝐑̃𝑠 +𝛟
𝑇𝐖𝐑𝑔𝑟𝐖

𝑇𝛟]𝐪̇𝑠 + [𝛌 + 𝛟
𝑇𝐖𝐊𝑔𝑟𝐖

𝑇𝛟]𝐪𝑠 =

= −𝛟𝑇𝐖𝐟𝑎𝑐𝑡 +𝛟𝑇𝐖{𝐑𝑔𝑟𝐖𝑝1𝐱̇𝑝 + 𝐊𝑔𝑟𝐖𝑝1𝐱𝑝}

𝐌𝑝𝐱̈𝑝 + [𝐑𝑝 +𝐖𝑝1
𝑇 𝐑𝑔𝑟𝐖𝑝1]𝐱̇𝑝 + [𝐊𝑝 +𝐖𝑝1

𝑇 𝐊𝑔𝑟𝐖𝑝1]𝐱𝑝 =

= +𝐖𝑝1
𝑇 {𝐑𝑔𝑟𝐖

𝑇𝛟𝐪̇𝑠 + 𝐊𝑔𝑟𝐖
𝑇𝛟𝐪𝑠}

  

 

 { 
𝐪̈𝑠 + 𝐑̂𝑠𝐪̇𝑠 + 𝐊̂𝑠𝐪𝑠 = −𝛟

𝑇𝐖𝐟𝑎𝑐𝑡 +𝛟𝑇𝐖{𝐑𝑔𝑟𝐖𝑝1𝐱̇𝑝 +𝐊𝑔𝑟𝐖𝑝1𝐱𝑝}

𝐌𝑝𝐱̈𝑝 + 𝐑̂𝑝𝐱̇𝑝 + 𝐊̂𝑝𝐱𝑝 = 𝐖𝑝1
𝑇 {𝐑𝑔𝑟𝐖

𝑇𝛟𝐪̇𝑠 + 𝐊𝑔𝑟𝐖
𝑇𝛟𝐪𝑠}

 (37) 

 

Below, the matrix expressions of the last passage of Eq.(37) are reported: 
 

 

𝐑̂𝑠 = 𝐑̃𝑠 +𝛟
𝑇𝐖𝐑𝑔𝑟𝐖

𝑇𝛟

𝐊̂𝑠 = 𝛌 + 𝛟
𝑇𝐖𝐊𝑔𝑟𝐖

𝑇𝛟

𝐑̂𝑝 = 𝐑𝑝 +𝐖𝑝1
𝑇 𝐑𝑔𝑟𝐖𝑝1

𝐊̂𝑝 = 𝐊𝑝 +𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖𝑝1

 (38) 

 

 State Space Formulation 

In the following a State Space description of the system of equations (Eq.(37)) is reported [56]. 

Such an approach allows the reduction of the differential order from two to one, making enough a 

single integration to solve the time state description. To do that, two auxiliary identities was utilized, 

second and fourth row respectively: 
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{
 
 

 
 

 

𝐪̈𝑠 = −𝐑̂𝑠𝐪̇𝑠 − 𝐊̂𝑠𝐪𝑠 −𝛟
𝑇𝐖𝐟𝑎𝑐𝑡 +𝛟𝑇𝐖{𝐑𝑔𝑟𝐖𝑝1𝐱̇𝑝 + 𝐊𝑔𝑟𝐖𝑝1𝐱𝑝}

𝐪̇𝑠 = 𝐪̇𝑠
𝐱̈𝑝 = −𝐌𝑝

−1𝐑̂𝑝𝐱̇𝑝 −𝐌𝑝
−1𝐊̂𝑝𝐱𝑝 +𝐌𝑝

−1𝐖𝑝1
𝑇 {𝐑𝑔𝑟𝐖

𝑇𝛟𝐪̇𝑠 + 𝐊𝑔𝑟𝐖
𝑇𝛟𝐪𝑠}

𝐱̇𝑝 = 𝐱̇𝑝

 (39) 

 

Such system can be rewritten in matrix form as 
 

[
 
 
 
𝐪̈𝑠
𝐪̇𝑠
𝐱̈𝑝
𝐱̇𝑝]
 
 
 

= [

−𝐑̂𝑠 −𝐊̂𝑠 𝟎 𝟎
𝐈 𝟎 𝟎 𝟎
𝟎 𝟎 −𝐌𝑝

−1𝐑̂𝑝 −𝐌𝑝
−1𝐊̂𝑝

𝟎 𝟎 𝐈 𝟎

] [

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] + 

+

[
 
 
 

𝟎 𝟎 𝛟𝑇𝐖𝐑𝑔𝑟𝐖𝑝1 𝛟
𝑇𝐖𝐊𝑔𝑟𝐖𝑝1

𝟎 𝟎 𝟎 𝟎
𝐌𝑝
−1𝐖𝑝1

𝑇 𝐑𝑔𝑟𝐖
𝑇𝛟 𝐌𝑝

−1𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖

𝑇𝛟 𝟎 𝟎

𝟎 𝟎 𝟎 𝟎 ]
 
 
 
[

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] + [

−𝛟𝑇𝐖
𝟎
𝟎
𝟎

] 𝐟𝑎𝑐𝑡 

 

As can be noticed, the first and the second term of the right-hand side have the same state vector 

[𝐪̇𝑠, 𝐪𝑠, 𝐱̇𝑝, 𝐱𝑝]
𝑇

. Therefore, they can be collected in a unique term/matrix: 
 

[
 
 
 
𝐪̈𝑠
𝐪̇𝑠
𝐱̈𝑝
𝐱̇𝑝]
 
 
 

=

[
 
 
 

−𝐑̂𝑠 −𝐊̂𝑠 𝛟𝑇𝐖𝐑𝑔𝑟𝐖𝑝1 𝛟
𝑇𝐖𝐊𝑔𝑟𝐖𝑝1

𝐈 𝟎 𝟎 𝟎
𝐌𝑝
−1𝐖𝑝1

𝑇 𝐑𝑔𝑟𝐖
𝑇𝛟 𝐌𝑝

−1𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖

𝑇𝛟 −𝐌𝑝
−1𝐑̂𝑝 −𝐌𝑝

−1𝐊̂𝑝
𝟎 𝟎 𝐈 𝟎 ]

 
 
 
[

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] + [

−𝛟𝑇𝐖
𝟎
𝟎
𝟎

] 𝐟𝑎𝑐𝑡 (40) 

 

The sizes of the above matrices are below reported: 
 

 

𝐪̈𝑠, 𝐪̇𝑠, 𝐪𝑠: (𝑁×1)

𝐱̈𝑝, 𝐱̇𝑝, 𝐱𝑝: (2𝑚×1)

𝛟: (𝑛×𝑁)

𝐑̂𝑠, 𝐊̂𝑠: (𝑁×𝑁)

𝐌𝑝, 𝐑̂𝑝, 𝐊̂𝑝: (2𝑚×2𝑚)

𝐑𝑔𝑟, 𝐊𝑔𝑟: (𝑚×𝑚)

𝐖: (𝑛×𝑚)

𝐖𝑝1: (𝑚×2𝑚)

𝐟𝑎𝑐𝑡: (𝑚×1)

 (41) 

 

{ 
𝑛: number of the points in which the structure is discretized;
𝑚: number of pedestians present on the structure;
𝑁: number of considered modes.

 } 

 

As can be observed, in Eq.(40) are present different null and identity matrices, 𝟎 and 𝐈 respectively. 

Their sizes change as a function of neighbouring matrices to match the spaces. 

Eq. (40) can finally be written in State Space matrices form [56], Eq.(42), through the definition 

of the State Space vector: 𝐳 = [𝐪̇𝑠 𝐪𝑠 𝐱̇𝑝 𝐱𝑝]
𝑇

. 
 

 𝐳̇ = 𝐀𝐳 + 𝐁𝐮 (42) 
 

which is the State Equation of the coupled Human-Structure system. Here, 𝐮 is equal to 𝐟𝑎𝑐𝑡, and 

the 𝐀 and 𝐁 matrices are bellow extendedly reported. 
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 𝐀 =

[
 
 
 

−𝐑̂𝑠 −𝐊̂𝑠 𝛟𝑇𝐖𝐑𝑔𝑟𝐖𝑝1 𝛟
𝑇𝐖𝐊𝑔𝑟𝐖𝑝1

𝐈 𝟎 𝟎 𝟎
𝐌𝑝
−1𝐖𝑝1

𝑇 𝐑𝑔𝑟𝐖
𝑇𝛟 𝐌𝑝

−1𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖

𝑇𝛟 −𝐌𝑝
−1𝐑̂𝑝 −𝐌𝑝

−1𝐊̂𝑝
𝟎 𝟎 𝐈 𝟎 ]

 
 
 
  

 

 𝐁 = [

−𝛟𝑇𝐖
𝟎
𝟎
𝟎

]  

 

In order to obtain the State Space vector 𝐳, the integration of State Equation must be performed. 

It is noted that the State Space matrices 𝐀 and 𝐁 of Eq.(42) are constant for a given configuration 

of pedestrians on the structure. Taking advantage from that, as it was explained at the end of the 

Section 2.3.1, is possible to split the integration time every time that a pedestrian moves. In such a 

way, a set of constant State Space matrices 𝐀 and 𝐁 can be obtained for any configuration assumed 

by the pedestrians on the structure (i.e. a series of LTI systems instead of a LTV system). Therefore, 

by means of a start and stop integration technique, such that in any integration time interval the 

State Equation results a LTI system, applying every time as initial State Space vector 𝐳𝟎, that is the 

State Space state 𝐳 reached at the end of the previous integration time interval, the integration of 

the State Equation can be performed. 

Once that the integration of the of the State Equation has bene performed, and so the State 

Space vector 𝐳 is known, the extraction of the required information remains to be executed. It is 

noted that when it is said that the State Space vector 𝐳 is known, that means that the time history of 

each of its element is known for the whole simulation/integration time (which is made by all the 

integration time intervals). Therefore, henceforth, when it is spoken about vectors, such as 𝐳, 𝐱𝑠 

and 𝐪𝑠, they are meant as their time histories along the whole integration time. 

Coming back to the extraction, in case that the structure displacement state vector 𝐱𝑠 would be 

the desired output information, as it is, the Observation Equation of the State Space HSI system 

would be 
 

 𝐱𝑠 = 𝐂𝐳 = [𝟎 𝛟 𝟎 𝟎] [

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] (43) 

 

The sizes of the State Space matrices are in the following reported: 
 

 

𝐳̇, 𝐳: ((2𝑁 + 4𝑚)×1)

𝐀: ((2𝑁 + 4𝑚)×(2𝑁 + 4𝑚))

𝐁: ((2𝑁 + 4𝑚)×𝑚)

𝐟𝑎𝑐𝑡: (𝑚×1)

𝐂: (𝑛×(2𝑁 + 4𝑚))

 (44) 

 

It is to be pointed out that, once the State Space vector 𝐳 is obtained by integration of the State 

Equation (Eq. (42)), the modal coordinates of the structure 𝐪𝑠 are known too, as they are contained 

in 𝐳. Moreover, from their knowledge it is possible to come back to the physical coordinates of the 

structure 𝐱𝑠 by means of the eigenvector matrix 𝛟, Eq.(32) (from this comes the definition of the 

State Space matrix 𝐂 of Eq.(43)). However, the points of the structure at which the displacements 

are known (i.e. the elements of the state vector of the structure 𝐱𝑠) are function of the points of the 

structure in which the mode shapes of the structure are known. Therefore, it is theoretically possible 

to use two eigenvector matrices: 
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• one in the State Equation (Eq.(42)): 𝛟 

• and one in the Observation Equation (Eq.(45)): 𝛟̃ 

 

 𝐱𝑠 = 𝐂𝐳 = [𝟎 𝛟̃ 𝟎 𝟎] [

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] (45) 

 

This can be desired as the eigenvector matrix 𝛟 utilized in the State Equation must be necessarily 

the one containing the mode shapes of the structure evaluated at the points that can be assumed by 

the pedestrians during the simulation (see Section 3.3.4 for more details). Instead, the eigenvector 

matrix 𝛟̃ utilized in the Observation Equation can be different, since the modal coordinates 𝐪𝑠 are 

known. Indeed, the information about the weight that each mode has in the global response of the 

structure, for every time instance, is present in them, regardless the points taken to describe the 

mode shapes. Therefore, mode shapes of the structure evaluated at different points, for example, at 

the ones in which the response of the structure is desired, can be used. 

Now that the displacement time histories of the structure are known (i.e. 𝐱𝑠), the final step is 

to perform a double time derivation of them, in order to obtain the acceleration time histories of the 

structure (i.e. 𝐱̈𝑠) for the simulated HSI scenario. This passage was required, since the final aim of 

the simulation is the estimation of the acceleration levels reached. 

 

In the following two Sections are introduced concerning the AGRFs (𝐟𝑎𝑐𝑡) and the PGRFs 

(2DOF systems representing the apparent masses) which are used in Model 1. 

2.3.3 Apparent Mass 

Conversely to Model 0, in which it was performed the spreading of the overall pedestrian 

apparent masses [2], in Model 1the passive contribution of each person is individually modeled 

though his/her apparent mass and properly applied in time and space. 

Since the apparent mass changes with the position assumed during walking, an average 

approach is utilized in Model 1. Indeed, instead of continuously change the apparent mass (passive 

contribution/PGRF) of a pedestrian during the single footstep, a mean apparent mass representing 

the positions assumed during the single footstep is implemented. Moreover, a visual motion study 

was performed to identify the most significant positions assumed during the single footstep, and for 

each of them, the corresponding apparent mass was identified. Finally, an averaging of these last 

was performed, obtaining the one that is utilized in Model 1. 

However, since the structure which was consider for the experimental studies was a staircase, 

further considerations on the apparent mass were necessary. Indeed, the apparent mass strongly 

depends on the position assumed by the human body, and the positions assumed by the body during 

the ascent and the descent of a staircase are different. For this reason, the aforementioned mean 

apparent mass identification was done for both the crossing direction of the staircase: ascent and 

descent. 

Not only, always by visual motion analysis, it was seen that for the ascending stroke the way 

in which the steps are crossed can significantly change, not only among different people but also 

with the same subject. Moreover, the main difference is due what part of the foot enters in contact 

with the steps. Two cases was observed. In the first one, the crossing of the step was performed 

with the tip of the foot only. Instead, in the second one, the heel of the foot entered in contact with 

the step too. No significant variations were observed for the descent. To mitigate the matter, the 

apparent mass curves for the ascending positions were measured for both the configurations: the 

“heel” one and the “tiptoe” one. 
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As the apparent mass contribution was synthetized and make interacting with the Model 

through a 2DOF mechanical system, a final fitting stage of the measured apparent mass curves, by 

means of the 2DOF systems, was performed. 

A more detailed description of the procedures followed for the identification of the passive 

contribution will be illustrated in Section 3.2, as well as for the active contribution in Section 3.3, 

which will be shortly introduced in the next Section. 

2.3.4 Active Force 

 

Fig. 5: Active force exerted by a pedestrian during the ascent of a staircase. 

For what concerns the active contributions exerted by pedestrians (𝐟𝑎𝑐𝑡) during walking, one 

active force time history 𝑓𝑎𝑐𝑡(𝑡) (Fig. 5) is applied on each step crossed by a pedestrian. Therefore, 

the time required to each person to cross a step depends on the length of the active force time 

histories and, since a set of them was experimentally acquired for each person, it change every time. 

As was introduced in the previous Section for the apparent mass, since the considered structure 

is a staircase, the human body behavior changes if an ascending stroke or a descending one is 

considered. For this reason, during the experimental stage, the active force time histories were 

recorded for both the crossing directions and coherently applied during the simulations. Not only, 

given the intrinsic natural variability of the human behavior (intra-subject variability), 10 active 

force time histories per subject were recorded for each direction, distinguishing also between the 

left and the right foot. A total number of 40 time histories per subject were obtained 

(10 acquisitions × 2 feet × 2 directions). 

At the so built up active force database of each people was then added additional active force 

time histories coming from an already existing database. This was done for two main reasons. First, 

because of the low number of subjects involved (5 in this thesis). Hence, as the pre-existing database 

had been built up with a greater subject variability, with such an addition, a greater inter-subject 

variability (variability among subjects) was possible here too. Second, because of the intra-subject 

variability (variability of the same subject). Indeed, also if 40 time histories were acquired per 

person, they were acquired in a short time interval, just the one required for their acquisition. 

However, it is clear that two active force profiles of the same person measured at short time distance 

are more similar with respect to two measured at different times of the day. For example, two 

measured at 3 min of distance and two measured one in morning and one in the afternoon. This is 

due to a tiredness factor. 
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Summing up, the extra time histories were added to the database of active forces of each subject to 

both increase the intra and the inter subject variability. It is to be pointed out that the low number 

of subjects involved (5 people) was due to the time required to the subjects to take part to all the 

experiments. Indeed, any subject took part to all of three experimental sections to evaluate the active 

forces, the apparent mass curves and the real staircase test campaign, with the second one performed 

at the campus of Lecco of Politecnico di Milano. 

As the aim of the present work is to investigate the improvement in the estimation of the 

vibration levels as the complexity of the model used for the description of the HSI increases, the 

overlap time that occurs between two consecutive footsteps is considered in Model 2. In Model 1 

instead, as its main innovation is the introduction of a moving passive contribution, the additional 

complexity concerning the overlap time of the footsteps was discard, utilising a simple start and 

stop approach. That means that as soon as the foot of a pedestrian ends it active force time history 

over a step, the next active force time history is done stated on the next step of the staircase (Fig. 

6), along with the translation of the apparent mass (2DOF system) from the previous step (node of 

the structure) to the new one. Of course, this is an approximation with respect to what it really 

happens. However, such an approximation it is not so strong, since the overlap time is of the order 

of 0.1 s for normal walking (as the analysed cases are) and because of the magnitude of the active 

force at its beginning and ending, where the overlap takes place, it is not so high in magnitued. 

 

Fig. 6: Active forces exerted in Model 1 on two consecutive different steps by a pedestrian during the 

descent of a staircase. 

2.4 Model 2 

As the main improvement of Model 1 is the introduction of moving passive contributions by 

means of 2DOF systems that schematize the apparent mass of each subject, the further complexity 

accounted in Model 2, with respect to Model 1, is the introduction of the overlap time between two 

consecutive footsteps. Indeed, as was aforementioned, a time exists in which both the feet are in 

contact with the ground during the walking act, Fig. 7 and Fig. 8. Such time results function of the 

activity (walking, jogging and running), and it becomes always less as the speed increases, up to its 

negative value (separated steps) for running (e.g. [43]). However, in the analysed cases, at the 

subjects were asked to freely walk. As will be shown in the next Sections, the effect of the overlap 

time is accounted both form an active and from a passive point of view. 
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Fig. 7: Sequence of the ascent of a staircase to show the overlap of the two feet during the step transition. 

 

   

   

Fig. 8: Sequence of the descent of a staircase to show the overlap of the two feet during the step transition. 

 

In the following, a Section concerning the selection of the overlap time is reported, then a 

dissertation about how the active and passive contributions (AGRFs and PGRFs respectively) are 

treated in Model 2 is shown. 

2.4.1 Overlap Study 

 

 

Table 1: Overlap time for the ascent and descent of a staircase of different subjects. 

[ms] ascent descent

134 88

133 83

121 104

135 59

127 89

122 59

124 75

119 83

115 81

mean 126 80

subject 1

subject 2

subject 3
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In order to quantify the time that the two feet spent together in contact with the 

ground/structure, a visual motion analysis was conducted. The optical device for the acquisition of 

the images was a slow-motion camera (resolution: 220-240 Frames Per Second). The tests were 

conducted for both the ascent and the descent of a staircase, leaving the subjects free to walk at 

his/her own speed. The analysis showed as average overlap time of 80 ms for the descent and of 

126 ms for the ascent, Table 1. 

Given the order of magnitude and the small difference between them (46 ms), an intermediate 

value of 100 ms  was selected for both the ascending and the descending direction. Such an 

assumption was rebutted by preliminary simulations of a pedestrian who crosses the staircase one 

time and that continuously crosses the staircase in a closed loop for 5 min, imposing in turn 100 ms 

(the approximated intermediate value between the ones for the ascent and the descent) and 125 ms 

(the approximated value for the ascent). The results were evaluated in terms of the vibration levels 

reached by the staircase (i.e. [ms−2] RMS). They showed that using a mean overlap time of 100 

ms leads to a difference of 3.9% and of 7% with respect to the case with 125 ms, for the one-stroke 

and for the 5 min loop simulation respectively. It is be put in evidence that, a greater overlap time 

means a greater amount of energy introduced into the structure, since the time interval in which two 

active forces excite the structure together increases. Therefore, the results obtained with an overlap 

time equal to 125 ms, for both ascent and descent of the staircase, overestimate the vibration levels, 

especially in the long simulation (pedestrian locked in a loop for  5 min). Indeed, in such a scenario, 

once that the simulation time is set, an higher number of steps are allowed with a high overlap time 

with respect to a lower one. 

In conclusion, given the obtained results, the assumption made on the overlap time were 

consider acceptable and a value equal to 100 ms was imposed in Model 2 for both the crossing 

directions (ascent and descent). 

 

2.4.2 Apparent Mass 

Looking at the apparent mass, even it is influenced by the overlap time that occurs between 

two subsequent footsteps. Moreover, the mechanical parameters of the 2DOF system, which 

schematizes the passive pedestrian contribution, are left unchanged. What is changed in Model 2 is 

the interaction that the 2DOF system undertakes with the structure during such time interval. 

Remember that the apparent mass (2DOF system) takes the ground/structure acceleration as input 

and gives back the corresponding Passive Ground Reaction Force to be applied to the structure. 

Therefore, in the middle of a footstep, when only a foot is in contact with the structure and no 

overlap with the previous or the next footstep occurs, the interaction of the 2DOF system with the 

structure is the same of Model 1. During the overlap phase, instead, the thing changes. Indeed, since 

now the body is in contact with two steps, the 2DOF system is placed in contact with two steps of 

the staircase as well. Hence, the mechanical system now sees as input the accelerations of the old 

step and new step. However, given the linearity of the 2DOF system, the output PGRF would be 

the same given by the sum of two PGRFs obtained by putting a 2DOF system on each of the two 

steps of the staircase. Of course, this is different from what really happens. To mitigate such issue, 

the output PGRF of the so placed 2DOF system (in contact with both the new step and the old one) 

is halved. This allows to obtain an output PGRF proportional to the presence of only one pedestrian. 

The final thing to do is the repartition of the PGRF among the two steps, since both of them have 

participated to its creation. Thus, the PGRF is applied half on one step and half on the other one. 

This is equivalent to place half 2DOF system on the old step and half on the new one, which is 

exactly what happens in reality with the human body, when a person places one leg on a step and 

the other leg on the next step. 
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Thus, in this way is possible to account not only for the overlap of the active force time 

histories, but it is also possible to reproduce the transition of the apparent mass between two 

footsteps, without involving any change of apparent mass and so of the mechanical parameters of 

the 2DOF system. This last further complexity will be instead introduced in Model 3, where a 

change of apparent mass inside the same footstep will be used, allowing to account for the apparent 

mass footstep transition. 

2.4.3 Active Force 

For what concern the Active Ground Reaction Forces (AGRFs), the same active force database 

of Model 1 is used, which distinguishes between ascending and descending crossing direction, and 

between right and left foot of each subject (Section 2.3.4). The difference here, with respect to 

Model 1 is the introduction of the overlap time between two consecutive footsteps, which was set 

equal to 100 ms, as illustrated in Section 2.4.1. That means that once the active force time history 

of a pedestrian is at 100 ms from its end, the new active force time history of the next footstep on 

the next step starts, Fig. 9. In this way, it is possible to account for the overlap of the two footsteps 

from an active force point of view. 

 

Fig. 9: Active force time histories of a pedestrian treated by Model 2, who goes upstairs five steps with 

an overlap time of 100ms, in blue the right foot, in red the left foot. 

2.4.4 Mathematical Model 

To introduce the shown variations of AGRF and PGRF in the equations of the Model, some 

adjustment was required with respect to the ones of Model 1. First of all, the matrix 𝐖, Eq.(27). As 

explained in Section 2.3.2, it allows to account for the presence of each pedestrian on the staircase 

and of his/her specific position on it. In fact, at each pedestrian vector contained in 𝐖 (i.e. 𝐰𝑘), is 

associated a Boolean value of 1 in correspondence of the pedestrian position, while the reaming 

part of the vector remains equal to zero, Eq.(28) (𝐰𝑘 has size 𝑛×1, with 𝑛 the number of DOF of 

the structure). In Model 2 instead, a value of 0.5 is assigned in 𝐰𝑘 at the corresponding step/node 

position of the structure, when a pedestrian is at the end of the previous step and at the beginning 

of the new one. This is the transition phase, with both the feet in contact with the structure, Eq.(46). 

To distinguish between the auxiliary matrix (and its pedestrian vectors contained in it) of Model 1 

and Model 2, a tilde is placed on the Model 2 ones (i.e. Model 1: 𝐖 made by 𝐰𝑘 / Model 2: 𝐖̃ 

made by 𝐰̃𝑘). Nevertheless, the usual Boolean unit value is set when the pedestrian is in the middle 

of a footstep (i.e. on one leg only) leading to have 𝐰̃𝑘 equal to 𝐰𝑘 (Eq.(28)). 
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 𝐰̃𝑘 = [0 ⋯ 0 0.5 0.5 0 ⋯ 0]𝑇 (46) 
 

Another change concerns the application of the active force time histories. In fact, during the 

overlap time of a person, two active forces are applied to the structure by him/her (see the overlaps 

between the blue and red curves in Fig. 9). To deal with this issue, the active force vector 𝐟𝑎𝑐𝑡 size 

is doubled, passing from (𝑚×1) to (2𝑚×1), leading to the active force vector named 𝐟𝑎𝑐𝑡. In this 

way, the application of two force time histories per person is ensured (i.e. the blue ones and the red 

ones of Fig. 9). Of course, both the slots of a person result occupied only during the overlap time 

of the footsteps (e.g. at 1.9 s of the Fig. 9; one slot occupied by the instantaneous blue curve line 

value and the other slot by the instantaneous red curve line value). A unique non-empty slot remains 

instead when no overlap it is present and the pedestrian is on one step only. Now that the active 

force vector matter is settled, a consequent adjustment of the matrix which allows its interaction 

with the size of the other matrices in the dynamic equations is required. In Model 1 this matrix was 

𝐖, Eq.(27). However, such a matrix is present in different points of the dynamic equations (Eq.(30) 

or Eq.(40)) to match the dimensions of the other matrices, since it is an auxiliary matrix (note that 

in Model 2 the dynamic equations are the same of Model 1 but they have 𝐖̃ instead of 𝐖, as 

explained above). Therefore, an ad hoc matrix 𝐖f. is introduced for 𝐟𝑎𝑐𝑡 only. In it, a pair of 

columns is associated to a pair of slots of the active force vector. Moreover, one of the two columns 

assumes a unit Boolean value at the proper position only when the corresponding slot of the active 

force vector is non-empty. 

Essentially the matrix 𝐖f has double columns with respect to 𝐖̃, and it works with Boolean 

numbers only, while 𝐖̃ utilizes also 0.5 in the overlap instants. An example is reported for clarity 

in case of a staircase made by three steps is considered (therefore the matrices 𝐖̃ and 𝐖f have three 

rows) with a person placed once on the second step (Fig. 10) and once in transition phase between 

the second and third step (Fig. 11), while another person is always present on the first step without 

overlap (i.e. always 2 people present on the structure, so 𝐖̃ and 𝐖f have 2 and 2×2 columns 

respectively). 

 

𝐖̃ = [[
0
1
0
] [

1
0
0
]] 

 

𝐖f = [[
0 0
1 0
0 0

] [
0 1
0 0
0 0

]] 

  
Fig. 10: Matrices 𝐖 and 𝐖f for a pedestrian on the first step and one on the second step of a three-steps 

staircase. 

 

𝐖̃ = [[
0
0.5
0.5
] [

1
0
0
]] 

 

𝐖f = [[
0 0
1 0
0 1

] [
0 1
0 0
0 0

]] 

 
Fig. 11 : Matrices 𝐖 and 𝐖f for a pedestrian on the first step and one in transition between the second 

and third step of a three-steps staircase. 
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Given the adjustments performed, the State Equation becomes: 
 

[
 
 
 
𝐪̈𝑠
𝐪̇𝑠
𝐱̈𝑝
𝐱̇𝑝]
 
 
 

=

[
 
 
 

−𝐑̂𝑠 −𝐊̂𝑠 𝛟𝑇𝐖̃𝐑𝑔𝑟𝐖𝑝1 𝛟
𝑇𝐖̃̃𝐊𝑔𝑟𝐖𝑝1

𝐈 𝟎 𝟎 𝟎
𝐌𝑝
−1𝐖𝑝̃1

𝑇 𝐑𝑔𝑟𝐖̃
𝑇𝛟 𝐌𝑝

−1𝐖𝑝1
𝑇 𝐊𝑔𝑟𝐖̃

𝑇𝛟 −𝐌𝑝
−1𝐑̂𝑝 −𝐌𝑝

−1𝐊̂𝑝
𝟎 𝟎 𝐈 𝟎 ]

 
 
 

[

𝐪̇𝑠
𝐪𝑠
𝐱̇𝑝
𝐱𝑝

] + [

−𝛟𝑇𝐖𝐟

𝟎
𝟎
𝟎

] 𝐟𝑎𝑐𝑡 (47) 

 

2.5 Model 3 

Model 3 is the last one advanced by the present thesis. Summarizing, Model 1 introduces the 

handling of the passive pedestrian contributions, so that both the active and the passive components 

can be moved coherently with pedestrians along the structure. From it, a further complexity, given 

by the consideration of the overlap of the footsteps during the walking of a pedestrian, is 

implemented in Model 2. Now, in order to evaluate the effect of each single added complexity, in 

the modelization of the HSI phenomenon, on the estimation of the vibration level, the next 

improvement in the HSI modeling is applied starting from Model 1, instead of Model 2. Indeed, 

Model 3 is exactly the same of Model 1, less than the way in which the apparent mass is treated. In 

Model 1, in order to have a fixed apparent mass during the footstep, and so LTI system (given by 

the structure plus the occupants) for the time of the footstep itself, an average apparent mass of the 

positions assumed during the single footstep for each pedestrian is used. In Model 3 such an 

averaging is not performed. As introduced in Model 1, a visual motion analysis of the walking act 

was executed in order to identify the most significant positions, and so their apparent masses, which 

were averaged to obtain the one representative of the entire footstep. Now, the apparent mass of 

each identified position is utilized. 

More in details, to properly select the positions which schematize the walking of a person, a 

slow-motion images analysis was used. Since the structure selected for the validation of the models 

was a staircase, the motion analysis was executed for people who cross a staircase as well. 

Furthermore, since the positions assumed during an ascending crossing are different from the ones 

assumed during a descending crossing, positions were identified for both the crossing directions. 

 

 

Fig. 12: Sequence of steps during the ascending and descending crossing of a staircase. 
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As can be observed from Fig. 12, three positions were considered significant to properly describe 

both the ascent (positions 1, 2 and 3) and the descent (positions 4, 5 and 6) of the staircase. It is to 

be pointed out that these are the positions whose apparent masses were averaged to obtain the two 

mean ones (one for the ascent and one for the descent) utilized in Model 1. Indeed, for each of these 

positions the corresponding apparent mass curve was experimentally measured (Section 3.2). Not 

only, as already mentioned, since it was observed that in the ascending crossing not always the heel 

of the foot enters in contact with the step of the staircase, the apparent masses of the ascending 

positions were measured for both the configurations: with the heel in contact with the ground 

(“heel” configuration) and with the subject on the tip of the foot (“tiptoe” configuration). Not only, 

even if the human body is symmetric, there are natural differences among the left and right side of 

it, both from a physical and from a dynamic point of view. For this reason, all the positions were 

measured for both feet of the subjects. Finally, a total number of 18 apparent masses were available 

per subject: 3 positions for the descent, 3 positions for the ascent with the heel, 3 positions for the 

ascent on tiptoe and each of them with the left and right foot. 

Even if there are a lot of positions to deal with, there are only three of them, from a modeling 

point of view, since three positions were chosen. To account for them, in Model 3, the integration 

time of the single footstep is split in three sub intervals of integration. In this way, the change of 

apparent mass (by means of the mechanical parameters of the 2DOF system), inside the same 

footstep, is allowed, maintaining a LTI system inside the integration interval. Moreover, since the 

selected positions are assumed almost equally spaced in time (Fig. 12), an equal subdivision of the 

integration time interval of the single step was chosen (i.e.1/3). 

Looking at the Active Ground Reaction Forces, they are applied and handled by Model 3 

exactly as they are in Model 1. That means that as soon as a force time history of a footstep ends, 

the new force time history starts with the next footstep on the next step of the staircase, Fig. 6. 

Summing up, in order to maintain a LTI system as objective of the integration, the integration 

time it is not only stopped and restated at each footstep ending and beginning with the proper initial 

conditions (i.e. the state of the system reached at the end of the previous integration interval) as it 

is done in Model 1, but the duration of each of the three position phases assumed in the single 

footstep is considered too. 

 

Consider that: (i) a footstep lasts less than a second and (ii) that it is split in three; (iii) each 

footstep is different from the others (of the same person and of the other people) since its length is 

a consequence of the measured active force time history extracted randomly form the database; (iv) 

different people are present on the structure at the same time and they move all together. As a 

consequence, to simulate also few seconds of HIS, a lot of integration time intervals are required, 

since they can become very small. 

 

 

  





 

 

Chapter 3 

Inputs to the Models: 

Experiments & Discussion 

In this Chapter, the experiments conducted and the procedures followed for the collection of 

the necessary information that have been used in the numerical simulation stage are illustrated, i.e. 

databases containing pedestrian properties and the occupied structure characteristics. Moreover, the 

databases concern the active and passive contributions exerted by pedestrians when they occupy a 

structure, the Active Ground Reactive Forces (AGRFs) and the Passive Ground Reaction Forces 

(PGRFs) respectively. Even if in literature a lot of models were present with their own calibrated 

parameters to represent human body schematizations, the reason for which it was chosen the 

creation of self-made databases was the reliability of the physical data, since they would have been 

utilized in the proposed models for the numerical simulations. In this way, the goodness of the data 

was ensured, been the set-up of the tests and the data acquisition completely known. As for the 

structure characterization, it was a due step to have a modal description of the structure. Such an 

analysis was already performed by previous contributions [1,2] but it was here repeated to check 

that the dynamic structure characteristics were unchanged. 

Therefore, in the following are dealt at first the acquisition of the active force components; then 

the measurement of the passive contribution exerted by the human body is treated (apparent mass); 

finally, the characterization of the structure, which is utilized for the experiments aimed to validate 

the proposed numerical Models, is faced. 

3.1 Active Force Experiments 

Usually, the force exerted by pedestrians at the ground is most of the times modeled though a 

Fourier series, both in literature (e.g. [15,18,23]) and by regulations (e.g. [4,16,25,27]). Indeed, they 

report the Dynamic Load Factors (DLFs) for the Fourier series as a function of the pedestrian 

activity (walking, jogging or running) and weight, in such a way a perfect periodic exciting profile 

in time is obtained. However, in this way it is neglected the intra-subject variability [57,58], since 

no change in two consecutive steps is contemplated. Not only, the Fourier series description of the 

walking force implicitly joins the contributions of the two feet, since it describes the overall active 

force time history, Fig. 13. 
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Fig. 13: Vertical active force (a) advised by regulation [51] computed as the summation of the first three 

harmonics (b) obtained by the Dynamic Load Factors (DLFs) and phase angles indicated for normal 

walking. 

This condition was unacceptable for the present work, as the main objective of the experiments 

was a staircase. Indeed, a Fourier series approach would have prevented the possibility to apply to 

every step crossed from a pedestrian only one force time history exerted by the single foot, since it 

describes the overall time history (i.e. left and right foot time histories together). Of course, such 

problem would have been faced even if a footboard (so no steps of stair involved) would be 

considered as structure. However, in that contest (i.e. flat surface), the contribution of the two feet 

can be acceptably approximated to a unique force time history properly applied along the pedestrian 

path. This is what is usually done when the Fourier series description is adopted, and it is considered 

acceptable since the position of the sequence of footsteps of a person is reasonably approximated 

by a straight sequence of footsteps. To mitigate the matter, it was preferred to directly measure the 

exerted forces. To do that, a dedicated set-up was utilized. 

Furthermore, given the great variability of the active force released by just a single walking 

pedestrian, it was chosen to add to the collected active forces of each involved subject a set of active 

forces coming from a previous active force database, which was utilized in the previous work [2]. 

In such a way, possible intra-subject variabilities didn’t catch in the sequence of the here recorded 

active force time histories were theoretically artificially accounted for, leading to an increase of the 

robustness of the Models. 

3.1.1 Experimental Set-up 

In order to collect the active forces released by pedestrians during walking, a suited set-up was 

implemented. Since the experiments dealt with a staircase as occupied structure, the main 

arrangement of the experimental set-up was made by two wooden steps and on the first of them it 

was placed a force plate. The overall apparatus was then located at the end of a real stair case, Fig. 

14. This configuration was chosen to allow to the tested subject to pass over the force plate as if it 

was a normal continuance of the real staircase. For the same reason, the second wooden step was 

posed after the one with the force plate. 

The force plate was made by a thick steel palate connected to the ground through four load 

cells (HBM model Z6FD1, sensitivity: 981N ≅ 2.00 mV/V, full-bridge). They were fed and 

conditioned (standard conditioning for strain gauge bridge) by a conditioning unit (HBM model 

Scout 5). The processed signals were then collected by personal computer via a National 

Instruments acquisition board (model NI 9239). 
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Fig. 14: Experimental set-up to measure the active force. 

It is worth to recall that the active and passive contribution splitting of a pedestrian was 

theoretically allowed by the different interaction with the ground that occurs in both of them 

(Section 1.2.2). In fact, an infinitely rigid ground is assumed in the active interaction, while a 

deformable surface is considered in the passive interaction. For this reason, the force plate was 

designed such that the vibration of the plate itself was negligible for many tents of Hz, working in 

quasi-static condition. Indeed, the first mode of the plate was around 60 Hz., while the multiple 

harmonics of the active force profile barely reaches 10 Hz. However, a low pass-eighth order filter, 

with a cut off frequency of 25 Hz, was utilized to post-process the active force time histories 

recorded. 

3.1.2 Tests 

The tests were performed on the set-up described in the previous Section, and it involved 5 

subject, 4 males and 1 female. The limited number of people was due to a lack of availability of 

volunteers, as the subjects had to take part to all three experimental sessions (active force 

acquisition, apparent mass measurement and staircase test campaign). However, as previously 

introduced, to all the subjects was added an additional set of active forces coming from a previous 

existing database. In this way, not only it was possible to artificially increase the intra subject 

variability, but also the inter one was really augmented. As for the measurement of the exact intra 

subject variability, it was asked to each person to cross the stair ten times. Moreover, a distinction 

between the left and right foot was also made to maximize the possible intra-variability of the single 

pedestrian. Not only, since the behavior of the human body changes if considered in an ascending 

or descending crossing of the staircase (as well as it was mentioned in Section 2.2.3 for the passive 

contribution), it was asked to the pedestrians to walk in both the directions too. A database with 

200 active force time histories was obtained in the end (5 subjects, ascending and descending 

direction, two feet, 10 test per case), which was extended with the contribution of the already 

existing one (288 active force time histories). 

3.1.3 Results 

In this Section, the measured active forces of the subjects involved in the experiments are 

reported, which were collected as specified in the previous Section. As was mentioned, 5 people 

took part at the tests. Their weights are reported in Table 2. 

 

Table 2: List of subjects involved in the experiments. 

subject 1 2 3 4 5

gender male male female male male

weight [kg] 85 90 55 80 70
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It is to be recalled that one of the reason for which it was utilised a home-made database was the 

possibility to account for the intra and inter subject variability of the active profile with respect to 

its mathematical description, Fig. 13. About that, in Fig. 15 are reported all the tests undertaken by 

subject 1, split by direction and by foot, along with the corresponding average values for the four 

combinations (dashed red lines). As can be noticed, both the ascending and descending direction 

have two main lobes, which are more evident in the ascent. This phenomenon is due to the transition 

between the heel and the tip of the foot. Indeed, at the beginning of the footstep, a sudden increase 

of the force transmitted to the ground occurs, with a magnitude greater than the weight force, due 

to the addition of the dynamics of the body. Instead, in the middle of the footstep, such contribution 

decreases, to increase again, a little more than in the first part, in the final step instant. This last is 

due to force exerted to the ground necessary to reaccelerate the body to proceed with walking. 

Conversely, looking at the descent, the first lobe assumes a value greater than the second one and 

greater than the ones involved in the ascent (a direct comparison of the mean values of these last 

cases is shown in Fig. 16). Such trend can be explained by the fact that during the descent there is 

a phase in the middle of the step change in which the body is left to be accelerated by the gravity. 

As result, a much higher force would be exerted to stop the motion. Indeed, such a high contribution 

is not present for the ascent, when the gravitational field is constantly against, and so a softer 

transition between steps is allowed. 

A comparison between the right and left foot is depicted in Fig. 17. As for the ascent, the mean 

behavior of the right and left foot is almost identical, while a small variation is present in the initial 

part for the descent. Nevertheless, such variability it is a natural aspect of the human walking 

activity, and it was accounted, since these curves are utilized in the simulation stage of the Models. 

 

 

 

Fig. 15: Measured active forces (ten tests per foot and direction) of subject 1 with their mean values (red 

dashed line) evaluated with the starting points of the active force time histories aligned. 
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Fig. 16: Comparison of the average ascending and descending active forces per foot of subject 1. 

 

Fig. 17: Comparison of the average left and right foot in the ascending and descending direction of 

subject 1. 

3.2 Passive Force Experiments 

In the present work, the interaction with the body dynamics (passive contribution) was 

accounted through its apparent mass (Eq.(1)). The apparent mass depends on many factors: (a) the 

subject considered (inter-subject variability), (b) his posture, and (c) the amplitude of vibrations 

involved. Moreover: 

a) as for the inter-subject variability, the apparent mass depends on the characteristics of the 

person; 

b) the posture was found to have a high influence on the apparent mass; 

c) the vibration magnitude was found to have a smaller relevance, as also shown in [1] for the 

case of still people (i.e. only passive contribution present). 

In the present dissertation, the passive contribution (see Section 1.2.1) of the human body was 

accounted through a 2DOF mechanical system, as assumed by Matsumoto et al. [32,33] and adopted 
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by others [34,36,38]. As was done for the active contribution, an experimental database for the 

passive components of pedestrians was created as well. Such a choice has been a consequence of 

the need of properly describe the variation of the human body properties, and so of its apparent 

mass, as the position along the single step, during walking, changes. Not only, a lack in literature 

concerning the modelization of pedestrians who cross stairs and the relative parameters was found. 

For these reasons, a study of the body motion of pedestrians who cross staircase was conducted 

with the identification of the main positions assumed. Whereupon, a characterisation of these 

positions, by means of their apparent masses, was performed for each subject involved. Finally, in 

order to use these information in the HSI Models, a series of fitting by 2DOF models were 

performed, whose parameters were then easily incorporated in the HSI dynamical equations 

(Eq.(30) or Eq.(40)) to account for the passive presence of crossing occupants. 

In the following, the above listed steps to incorporate the passive pedestrian contribution are 

detailed. At first, a mathematical treatment of the apparent mass to obtain its Transfer Function 

expression, that will be utilized in the fitting stage, is presented. Then, it follows a description of 

the set-up used for the apparent mass measurements and a description of the performed tests. 

Finally, the post-processing data analyses are illustrated, along with their interpolation by the 

apparent mass model and its parameters extraction. 

3.2.1 2DOF Transfer Function 

 

 

Fig. 18: 2DOF system schematization of the human body apparent mass. 

The apparent mass 𝑀𝑎(𝑗𝜔) is defined in the frequency domain as the ratio between the force 

released by a mechanical system when it is subjected to an input acceleration and the input 

acceleration itself, Eq.(1). In our case this ratio is between the force released on the structure and 

the acceleration of the structure itself. Bearing in mind that a 2DOF mechanical system was chosen 

to represent the 𝑀𝑎(𝑗𝜔), Fig. 18, whose dynamic description is reported in the following, [56]: 
 

{ 

𝑚𝑝2𝑥̈𝑝2 + 𝑟𝑝2𝑥̇𝑝2 + 𝑘𝑝2𝑥𝑝2 = −𝑚2𝑔 + 𝑟𝑝2𝑥̇𝑝1 + 𝑘𝑝2𝑥𝑝1

𝑚𝑝1𝑥̈𝑝1 + (𝑟𝑝1 + 𝑟𝑝2)𝑥̇𝑝1 + (𝑘𝑝1 + 𝑘𝑝2)𝑥𝑝1 = −𝑚1𝑔 + 𝑟𝑝2𝑥̇𝑝2 + 𝑘𝑝2𝑥𝑝2 + 𝑟𝑝1𝑥̇𝑔 + 𝑘𝑝1𝑥𝑔

0 = 𝑅 + 𝑟𝑝1(𝑥̇𝑝1 − 𝑥̇𝑔) + 𝑘𝑝1(𝑥𝑝1 − 𝑥𝑔)

 (48) 

 

where 𝑚𝑝1,𝑚𝑝2, 𝑟𝑝1, 𝑟𝑝2, 𝑘𝑝1, 𝑘𝑝2 are the mechanical parameters of the equivalent 2DOF system 

of the apparent mass. 𝑅 represents the Passive Ground Reaction Force due to the 2DOF system (i.e. 

passive pedestrian contribution) and 𝑔 is the acceleration of gravity. While 𝑥𝑝1, 𝑥𝑝2 are the two 
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free coordinates of the 2DOF system and 𝑥𝑔 is the free coordinate of the ground (i.e. the structure). 

It is possible to express the free coordinates starting from the static equilibrium position of the 

system (Eq.(49)), which can be obtained putting the system in static conditions (i.e. 

[𝑥̈𝑝2, 𝑥̈𝑝1, 𝑥̇𝑝2, 𝑥̇𝑝1, 𝑥̇𝑔]
𝑇
= 0). Furthermore, the ground static position was set equal to zero 

(i.e.𝑥𝑔 = 0). An overbar was introduced into the equations to underline that the static configuration 

was dealt. 
 

 

{
 
 

 
 

 

𝑘𝑝2𝑥̅𝑝2 = −𝑚𝑝2𝑔 + 𝑘𝑝2𝑥̅𝑝1

(𝑘𝑝1 + 𝑘𝑝2)𝑥̅𝑝1 = −𝑚𝑝1𝑔 + 𝑘𝑝2𝑥̅𝑝2 + 𝑘𝑝1𝑥̅𝑔

0 = 𝑅 + 𝑘𝑝1(𝑥̅𝑝1 − 𝑥̅𝑔)

𝑥̅𝑔 = 0

  

 

 

{
 
 

 
 

 

𝑥̅𝑝1 = −(𝑚𝑝1 +𝑚𝑝2)𝑔/𝑘𝑝1

𝑥̅𝑝2 = 𝑥̅𝑝1 −𝑚𝑝2𝑔/𝑘𝑝2 = −(𝑚𝑝1 +𝑚𝑝2)𝑔/𝑘𝑝1 −𝑚𝑝2𝑔/𝑘𝑝2
𝑅 = (𝑚𝑝1 +𝑚𝑝2)𝑔

𝑥̅𝑔 = 0

 (49) 

 

Rewriting the dynamic equations of the system starting from the static equilibrium position just 

identified in Eq. (49) (i.e. setting the zeros of 𝑥𝑝1, 𝑥𝑝2 and 𝑥𝑔 equal to  𝑥̅𝑝1, 𝑥̅𝑝2 and 𝑥̅𝑔 respectively), 

the system of equations is now free from the gravitational terms: 
 

 {  

𝑚𝑝2𝑥̈𝑝2 + 𝑟𝑝2𝑥̇𝑝2 + 𝑘𝑝2𝑥𝑝2 = 𝑟𝑝2𝑥̇𝑝1 + 𝑘𝑝2𝑥𝑝1

𝑚𝑝1𝑥̈𝑝1 + (𝑟𝑝1 + 𝑟𝑝2)𝑥̇𝑝1 + (𝑘𝑝1 + 𝑘𝑝2)𝑥𝑝1 = 𝑟𝑝2𝑥̇𝑝2 + 𝑘𝑝2𝑥𝑝2 + 𝑟𝑝1𝑥̇𝑔 + 𝑘𝑝1𝑥𝑔

0 = 𝑅 + 𝑟𝑝1(𝑥̇𝑝1 − 𝑥̇𝑔) + 𝑘𝑝1(𝑥𝑝1 − 𝑥𝑔)

 (50) 

 

Now a shift to the frequency domain will be executed, since the apparent mass is defined per 

frequency: 𝑀𝑎(𝑗𝜔), Eq.(1). To do that, the Fourier Transform 𝔉 of the involved quantities is 

executed: 
 

 

𝔉(𝑥𝑝2(𝑡)) = 𝑋𝑝2𝑒
𝑗𝜔𝑡

𝔉(𝑥̇𝑝2(𝑡)) = 𝑗𝜔𝑋𝑝2𝑒
𝑗𝜔𝑡

𝔉(𝑥̈𝑝2(𝑡)) = −𝜔
2𝑋𝑝2𝑒

𝑗𝜔𝑡

𝔉(𝑥𝑝1(𝑡)) = 𝑋𝑝1𝑒
𝑗𝜔𝑡

𝔉(𝑥̇𝑝1(𝑡)) = 𝑗𝜔𝑋𝑝1𝑒
𝑗𝜔𝑡

𝔉(𝑥̈𝑝1(𝑡)) = −𝜔
2𝑋𝑝1𝑒

𝑗𝜔𝑡

𝔉(𝑥𝑔(𝑡)) = 𝑋𝑔𝑒
𝑗𝜔𝑡

𝔉(𝑥̇𝑔(𝑡)) = 𝑗𝜔𝑋𝑔𝑒
𝑗𝜔𝑡

𝔉(𝑅(𝑡)) = 𝑅0𝑒
𝑗𝜔𝑡

 (51) 

 

Where the right-hand sides of Eq. (51) represent the left-hand side arguments in the frequency 

domain, with 𝑋𝑝2, 𝑋𝑝1, 𝑋𝑔 and 𝑅0that are complex vectors and 𝑒𝑗𝜔𝑡 is the Euler’s formula for the 

representation of the unit module vector rotating at the angular velocity 𝜔 in the complex plane. 

Therefore, by means of the Fourier Transform, Eq.(50) becomes Eq.(52), cancelling out the 

exponential terms 𝑒𝑗𝜔𝑡, since they are common to all the equation addenda. 
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{
 

 
 

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)𝑋𝑝2 = (𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)𝑋𝑝1

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2))𝑋𝑝1 = (𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)𝑋𝑝2 + (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)𝑋𝑔

0 = 𝑅0 + (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)(𝑋𝑝1 − 𝑋𝑔)

 (52) 

 

From equation (I) of Eq.(52) it is possible to express 𝑋𝑝2 as a function of 𝑋𝑝1: 
 

 𝑋𝑝2 =
(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)
𝑋𝑝1  

 

which once replaced in equation (II) of Eq.(52) erases 𝑋𝑝2 
 

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2))𝑋𝑝1 = 

= (𝑗𝜔𝑟𝑝2 + 𝑘𝑝2) {
(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)
𝑋𝑝1} + (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)𝑋𝑔 

 

{(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2)) −
(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

2

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)
}𝑋𝑝1 = (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)𝑋𝑔 

 

writing 𝑋𝑝1 as a function of 𝑋𝑔 
 

 
𝑋𝑝1 =

(𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2)) −
(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

2

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

𝑋𝑔 
 

 

and replacing it in equation (III) of Eq.(52) erases 𝑋𝑝1 
 

 𝑅0 = (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)(𝑋𝑔 − 𝑋𝑝1)  
 

𝑅0 = (𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)

{
 
 

 
 

1 −
(𝑗𝜔𝑟𝑝1 + 𝑘𝑝1)

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2)) −
(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

2

(−𝜔2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)}
 
 

 
 

𝑋𝑔 

 

re-arranging the terms 
 

 
𝑅0
𝑋𝑔
=

−𝜔2(𝑗𝜔𝑟𝑝1 + 𝑘𝑝1) (𝑚𝑝1(−𝜔
2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2) + 𝑚𝑝2(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2))

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2)) (−𝜔
2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2) − (𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

2 (53) 

 

Finally, it is enough to divide for −𝜔2in order to pass from dynamic stiffness (force / displacement), 

Eq.(53), to apparent mass (force / acceleration), Eq.(54). 
 

𝑅0
−𝜔2𝑋𝑔

=
(𝑗𝜔𝑟𝑝1 + 𝑘𝑝1) (𝑚𝑝1(−𝜔

2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2) + 𝑚𝑝2(𝑗𝜔𝑟𝑝2 + 𝑘𝑝2))

(−𝜔2𝑚𝑝1 + 𝑗𝜔(𝑟𝑝1 + 𝑟𝑝2) + (𝑘𝑝1 + 𝑘𝑝2)) (−𝜔
2𝑚𝑝2 + 𝑗𝜔𝑟𝑝2 + 𝑘𝑝2) − (𝑗𝜔𝑟𝑝2 + 𝑘𝑝2)

2 

 

 
𝑅0

−𝜔2𝑋𝑔
= 𝑀𝑎(𝑗𝜔) (54) 
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It is worth to notice that the extended expression of the previous equation allows to link the 

mechanical parameters of the chosen 2DOF system with the apparent mass. Indeed, such expression 

was used to fit the experimental 𝑀𝑎(𝑗𝜔) curves collected during the experimental campaign, as it 

will be illustrated in Section 3.2.4. 

It is also to be pointed out that the apparent masses were defined with respect to their static 

equilibrium positions, Eq.(49), as it was introduced in Section 2.2.1. This was done since the load 

cells used to acquire the forces released by pedestrians (PGRFs) during the apparent mass 

experiments were made of piezoelectric material. Thus, the static component of the measured forces 

was automatically filtered out. The other reason was because the effect of the static weight of the 

subjects was already measured in the 𝑓𝑎𝑐𝑡 tests (AGRFs), since load cells (Section 3.1.1), able to 

measure the static components, were used. Indeed, to mitigate the matter and to not double the 

subject weights, the 2DOF systems, representing the apparent masses of pedestrians, were applied 

already in equilibrium on the undeformed structure, i.e. the staircase in its unoccupied static 

equilibrium position. In such a way, the structure was left in its unoccupied static equilibrium 

position even if the 2DOF systems (i.e. the passive contribution of pedestrians) were present on it. 

The deformation of the structure due to the static weight of pedestrians (even if of negligible 

magnitude with respect to the vibration state induced) was obtained once the AGRFs were applied 

to the structure, as it really happens. 

3.2.2 Experimental Set-Up 

The experiments to collect the apparent masses of the subjects involved were carried out at the 

campus of Lecco of Politecnico di Milano. Since the aim were the measured apparent masses, it 

was required to impose the ground vibration and measure the response force released at the ground 

(PGRF). To do that, an electro-dynamic shaker was used (Fig. 19) to generate a ground-like 

vibration, imposing a random-white noise profile: vibration amplitude set to 0.25 ms−2RMS in a 

frequency range of 3.5-20 Hz. Such a frequency range was chosen as the first two significant modes 

of the considered structure (staircase) were both between 7 and 10 Hz (see Section 3.3.4). Moreover, 

from literature [32,33] and from previous works [1,2] it was evident that any frequency dynamics 

of the human body apparent mass already ended at 20 Hz. Instead, the lower bound was selected as 

the reliability of the piezoelectric load cells drastically decreases as frequencies lower than 3.5 Hz 

are measured. Not only, at lower frequencies the displacement of the electrodynamic shaker to 

which the people would have been exposed would have been so high to prevent a standing position 

without holding on to some handrail. Indeed, keeping a constant acceleration level, the lower is the 

frequency, the higher the displacement has to be. Finally, the magnitude of the displacements 

reached at frequencies lower than 3.5 Hz would be so high to be unrealistic with respect to the ones 

engaged by civil structures, at less of earthquakes. 

As for the vibration amplitude, it was set equal to 0.25 ms−2 RMS since from previous 

publication [1] it was found that the selection of the amplitude of the ground vibration doesn’t 

significantly affect the measured apparent mass curves and 0.25 ms−2 was among the tested 

amplitudes. Moreover, an increase of the vibration amplitude RMS would have been produce an 

unsustainable vibration level, as for the case of low frequencies at fixed acceleration level just above 

mentioned. 

The vibration induced by the electrodynamic shaker was measured and fed back by 

accelerometer (B&K, model 4508B, sensitivity: 10.22 mV/ms−2), while the response force 

released by the tested subject (PGRF) was acquired by a force plate built-up by three piezoelectric 

load cells (PCB, model 212, sensitivity: 4047 pC/kN), Fig. 20. 
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Fig. 19: Electro-Dynamic Shaker, model V875 LDS. 

 

 

Fig. 20: Three load cell placed under the plate to form a force plate and the two accelerometers placed on it. 

 

3.2.3 Tests 

The experiments were carried out to measure the apparent mass of the people that would have 

been involved in the experimental campaign performed on the real structure (a staircase), and to 

use them in the proposed Models for the estimation of the vibration levels of the structure itself. 

Therefore, it was required to capture the apparent mass of each subject. The apparent mass of a 

person continuously change during the walking act, due to the change of the body configuration, 

and so of its biomechanical characteristics. Of course, it was not possible to acquire a continuous 

change of 𝑀𝑎, since the procedure to measure a single position of it (Section 3.2.2) required 2 min. 

For this reason, the more significant positions assumed during the walking were selected. More in 

detail, as the experiments involved a staircase structure, an additional variability was present, since 

the body configuration of a person ascending or descending a staircase are different. The selection 

of the positions was based on a visual motion analysis. The tests were conducted for ascending and 

descending crossing of the staircase, leaving the subjects free to walk at their own speed. As 

reported in Fig. 12, 6 positions were selected as the most significant (red squares), three for the 
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ascent (positions 1, 2 and 3) and three for the descent (positions 4, 5 and 6). Of course, since the 

walking act involves alternatively the right and left foot, each position was tested for both the feet 

of a subject. 

Not only, after other visual motion analyses it was observed that a same person can change the 

way in which he/she approach the ascent of a stair, while negligible variations were noticed for the 

descent. Indeed, a subject can go upstairs leaning on the tip of his/her feet or by involving his/her 

heel as well. For this reason, it was chosen to perform the apparent mass tests for both the 

configurations of the ascent: with the heel and on tiptoe. 

Summing up, the experiments involved 5 subjects and for each of them 9 positions of apparent 

masses were measured (3 descending positions per foot, 3 ascending positions with heel per foot 

and 3 ascending positions on tiptoe per foot). As an example, the three-ascending positions with 

the heel and right foot of subject 1 are reported: in Fig. 21 the first position, in Fig. 22 the second 

one and in Fig. 23 the third one. Instead, the three-descending positions with the right foot of subject 

5 are reported: in Fig. 24 the first position, in Fig. 25 the second one and in Fig. 26 the third one. 

As can be noticed by Fig. 27, two supports were placed on the two sides of the shaker as sustain for 

the tested subject, given the amount of time spent in uncomfortable standing positions. It is worth 

to be mentioned that at the subjects were conceded to lean laterally only on them, in order to limit 

the influence on the vertical Ground Reaction Force exerted, since it was the aim of the test. 

For what concerned the time length of each position tested, since the measurements were based 

on noise vibration of the platform, the higher the time of exposure to such a vibration would have 

been, the longer the final time history would have been. This leads to the possibility of a greater 

signal averaging, and so to a cleaner 𝑀𝑎 curve in the frequency domain, given by the higher number 

of sub-time histories available. The length of the sub-time histories is a consequence of the 

frequency resolution imposed (0.5 Hz). Conversely, a long time would have been unsustainable by 

the people, especially for the 6 position on tiptoe. A time length equal to 2 min per position was 

finally set as a compromise, leading to an overall time of 38 min of one leg standing posture per 

subject over the shaker. 

 

 

Fig. 21: Subject 1, first ascending 

position, heel contact, right foot. 

 

Fig. 22: Subject 1, second ascending 

position, heel contact, right foot. 
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Fig. 23: Subject 1, third ascending 

position, heel contact, right foot. 

 

Fig. 24: Subject 5, first descending 

position, right foot. 

 

 

 

 

Fig. 25: Subject 5, second descending 

position, right foot. 

 

Fig. 26: Subject 5, third descending 

position, right foot. 
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Fig. 27: Subject 1, second ascending position, heel contact, right foot. 

 

3.2.4 Apparent Mass Curves 

 Data Processing 

From the experimental stage the gathered information to assess the apparent mass were the 

time histories of acceleration at which the subjects were exposed to and the time histories of the 

response forces exerted to the ground (PGRFs) in response to such accelerations. Consider 𝑎(𝑡) the 

single acceleration time history which generated the single passive force time history 𝑓(𝑡). First 

thing, the two time histories were split in a sequence of sub-time histories of 2 sec length: 𝑎𝑘(𝑡) 

and 𝑓𝑘(𝑡) (with 𝑘 the number of the sub-time history considered among the 𝑁 ones), such that a 

frequency resolution equal to 0.5 Hz was obtained. Then, the Fast Fourier Transform (FFT) of the 

subset of input and output windowed signals was performed. The window applied was a Hanning 

window, as it is usually used. The cut signals in the frequency domain are: 𝑎𝑘(f) and 𝑓𝑘(f). For 

each of the sub-history 𝑘, the following Power and Cross Spectrum were evaluated: 
 

 𝐺𝑥𝑦(𝑛𝑑f) =
1

𝑁
∑

𝑋𝑘
∗(𝑛𝑑f)𝑌𝑘(𝑛df)

2

𝑁

𝑘=1
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where df is the spectrum resolution (0.5 Hz), 𝑛 is the counter to obtain the allowed discrete 

frequency f of the spectrum, given by the frequency resolution df, and 𝑋𝑘(𝑛df) and 𝑌𝑘(𝑛df) stand 

for 𝑎𝑘(f) and 𝑓𝑘(f) respectively. The power * stands for the complex conjugate term.  

Even if the apparent mass is defined as Eq.1, and so 
 

 𝐻(f) =
𝑌(f)

𝑋(f)
 (57) 
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such a definition of Transfer Function would account for an ideal input-output Transfer Function 

(TF). However, given a sequence of issues: (i) linearity of the considered system (the human body 

is not a linear system); (ii) problems due to bias of the signals like noise on the measurements; 

problems due to the signals elaboration such as (iv) sampling and (v) windowing, leading to aliasing 

and leakage respectively; the apparent mass TF would not be properly evaluated. To discard or 

reduce these problems, estimators can be used. One estimator of 𝐻(f) is 𝐻1(f), which is defined as 
 

 𝐻1(f) =
𝐺𝑥𝑦(f)

𝐺𝑥𝑥(f)
 (58) 

 

The choice was fallen on 𝐻1(f), since it works with the Cross-Spectrum 𝐺𝑥𝑦(f) at numerator. This 

was required since the response of the human body (i.e. PGRF/ 𝑓(𝑡)) was generated by a non-linear 

system, as the body for its nature is. However, thanks to 𝐺𝑥𝑦(f) at numerator, the output signal 𝑓(𝑡) 

(i.e. 𝑦(𝑡)), even if it was the result of a non-linear system, it would have been filtered out by means 

of complex averaging with the input spectrum of 𝑎(𝑡), (i.e. 𝑋(f)), leading to a kind of linearization 

of the body response. In this way, the best possible estimation of the apparent mass 𝑀𝑎 was 

obtained. 

 

Fig. 28: Apparent mass of the empty force plate placed on the electrodynamic shaker. 

Since the electrodynamic shaker was equipped with a plate, in order to allow the placement of 

the tested subject on it and to build up the force plate to acquire the Passive Ground Reaction Force 

(Fig. 19,Fig. 20), the contribution of this component had to be compensated from the measured 

apparent masses. To do that, an initial measurement session with no subject was performed to 

identify the plate contribution only. The apparent mass of the plate, which should theoretically have 

been a TF with module equal to the mass of the plate and null phase at any frequency, was 

experimentally identified and its trend confirmed (Fig. 28). More in detail, as it is depicted by the 

scheme in Fig. 29, the input control system supplied the input acceleration 𝑎(𝑡) (a vibration white 

noise profile: 0.25 ms−2 RMS at the accelerometer position, i.e. on the top of the plate) which 

excited both the person and the plate. As result, an extra contribution, given by the acceleration of 

the mass of the plate 𝑓𝑝𝑙𝑎𝑡𝑒(𝑡) = 𝑚𝑝𝑙𝑎𝑡𝑒𝑎(𝑡), was measured by the three piezoelectric load cells 

too, Eq.(59) and Eq.(60). 
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Fig. 29: Modeling of the apparent mass measurement set-up. 

 
 

 
𝑓(f) = 𝑓𝑃𝐺𝑅(f) + 𝑓𝑝𝑙𝑎𝑡𝑒(f) = 𝑀𝑎(f)𝑎(f) + 𝑀𝑎,𝑝𝑙𝑎𝑡𝑒(f)𝑎(f)

= [𝑀𝑎(f) + 𝑀𝑎,𝑝𝑙𝑎𝑡𝑒(f)]𝑎(f) 
(59) 

 

 
𝑓(f)

𝑎(f)
= 𝑀𝑎(f) + 𝑀𝑎,𝑝𝑙𝑎𝑡𝑒(f) (60) 

 

 𝑀𝑎(f) = 𝐻1(f) −𝑀𝑎,𝑝𝑙𝑎𝑡𝑒(f) (61) 
 

Therefore, after the identification of each body apparent mass with the estimator 𝐻1, it was enough 

to compensate the TF of the plate (Fig. 28), which was a TF with magnitude equal to the mass of 

the plate, as reported by Eq.(61). 

 Fitting 

At this point, being the experimental apparent mass curves known (Eq.(61)), as well as their 

mathematical expression for a 2DOF system schematization (Eq.(54)), a fitting of them remains to 

be performed. The aim was the assessment of the 2DOF mechanical parameters 

(𝑚𝑝1,𝑚𝑝2, 𝑟𝑝1, 𝑟𝑝2, 𝑘𝑝1, 𝑘𝑝2) of the apparent mass for each configuration and for each subject, in 

order to use them in the simulation stage to reproduce the passive effects of pedestrians. The fitting 

was executed by means of minimization (Eq.(62)) of the square error difference between the 

magnitude of the 2DOF model and of the experimental curve, for each position and subject in the 

considered frequency range, i.e. 3.5-20 Hz (Section 3.2.2). For the minimization was used an 

algorithm based on the Interior-Point method. 
 

 min( ∑ |𝑚𝑜𝑑𝑒𝑙(f) − 𝑀𝑎(f)|
2

20Hz

f = 3.5Hz

) (62) 

 

As an example, in the following, all the apparent masses of subject 3 with the corresponding fitted 

2DOF model curves are reported (Fig. 30, Fig. 31 and Fig. 32). As can be observed, the equivalent 

mechanical system selected to represent the apparent mass (2DOF) well fits the experimental 

curves. Especially, it fits around the first two modes of the structure (1st mode at 7.81 Hz and 2nd 
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mode at 8.87 Hz), which are the ones used for the modal description of the structure in the 

simulation stage. These results confirm the fidelity of the 2DOF system to represent the human 

body passive contribution. 

 

  

  

  
 

Fig. 30: Subject 3 apparent masses; ascending direction with heel; left column for the left foot and right 

column for the right foot; the three positions (positions 1, 2 and 3 of Fig. 12) are reported per row with 

descending order. 
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Fig. 31: Subject 3 apparent masses; ascending direction on tiptoe; left column for the left foot and right 

column for the right foot; the three positions (positions 1, 2 and 3 of Fig. 12) are reported per row with 

descending order. 

 

Looking at Fig. 30 and Fig. 31, a comparison between the heel and the tiptoe positions is 

possible. Apart for a slightly faster decreasing trend of the magnitude for the curves of the tiptoe 

configurations, the main differences among them can be observed from the phases. Indeed, for the 

heel configurations, the phases become stable around 90°. While, for the tiptoe configurations, the 

phases tend to assume values higher than 90°, around 150°. That highlights the higher damping 

capability of the heel configurations with respect to the tiptoe ones. 
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Fig. 32: Subject 3 apparent masses; descending direction; left column for the left foot and right column 

for the right foot; the three positions (positions 4, 5 and 6 of Fig. 12) are reported per row with descending 

order. 

 

 Intra and Inter Subject Variability 

The experiments were performed with different subjects to take into account the inter subject 

variability. Nevertheless, each subject was tested for enough time (2 min per position) to have a 

reliable frequency trend and for both of his/her feet (Fig. 30, Fig. 31 and Fig. 32). By means of 

these two expedients, the intra subject variability was got too. For example, the greatest difference 

for subject 3 was observed between the right and left foot of the second ascending position with the 

foot completely in contact (heel configuration) (Fig. 30 for the apparent mass curves and Fig. 12 
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for the photo of the position). The intra subject variability, i.e. the 18 apparent mass curves per 

subject, were used in Model 3(Section 2.5), after their fitting by the 2DOF model. Indeed, it was 

made up to consider the change of apparent mass due to the body configurations assumed inside 

the same step, distinguishing between ascent and descent, and between ascent with the heel and on 

tiptoe. These last two matter are considered in the first two Models too. 

Working the Model 1 and 2 with a unique apparent mass per step, distinguishing always 

between direction (ascent/descent) and style (heel/tiptoe) as just mentioned, it was required to pass 

from 18 apparent masses per subject to 3 apparent masses per subject (descent, ascent with heel and 

ascent on tiptoe). Therefore, a vector-per frequency averaging was executed on each sub set of 6 

apparent masses of the 18, to obtain the 3 per subject required ones. It is to be pointed out that the 

three averaging were executed on the fitted apparent mass curves, that were the 2DOF model ones. 

The last step was the refitting of these 3 mean curves per subject with the 2DOF model to obtain 

their six mechanical parameters (𝑚𝑝1,𝑚𝑝2, 𝑟𝑝1, 𝑟𝑝2, 𝑘𝑝1, 𝑘𝑝2). For clarity are reported the mean 

curves of subject 3 for the 3 averages (Fig. 33, Fig. 34 and Fig. 35). As can be observed from 

pictures, the refitting by means of 2DOF model perfectly fitted. 

As the proposed three Models were compared with the simpler approach proposed by Model 0 

(Section 1.2), this last requires an equivalent spread apparent mass 𝑚𝑓𝑟(f) (Eq.(14)). It is obtained 

by dividing the total apparent mass (obtained as the mean apparent mass of the people who occupied 

the structure 𝑀𝑒𝑞(f) (Eq.(13)) multiplied by the number of people 𝑚) by the number of possible 

positions on the structure (i.e. equal to the number of DOFs of the structure: 𝑛-DOF). Since some 

numerical simulations were conducted with a random extraction of the subjects to be applied on the 

structure (Section 4.1), a fitting of their spread overall apparent mass 𝑚𝑓𝑟(f), to obtain its equivalent 

2DOF model to be apply to each node of the structure 𝑛, was necessary at the beginning of each 

simulation. This because of the lack of knowledge of the involved subjects before of the beginning 

of the numerical simulation. Therefore, as soon as the pedestrians on the structure are randomly 

extracted, and so their apparent masses become known, the spread overall apparent mass 𝑚𝑓𝑟(f) is 

calculated and then fitted by 2DOF model (e.g. Fig. 36). 

 

 

Fig. 33: Subject 3, mean of the six apparent masses of the ascent with the heel contribution. 
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Fig. 34: Subject 3, mean of the six apparent masses of the ascent on tiptoe. 

 

 

 

 

Fig. 35: Subject 3, mean of the six apparent masses of the descent. 
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Fig. 36: Fitting of the spread/fractional apparent mass 𝑚𝑓𝑟(f) by 2DOF system for five different 

pedestrians (𝑚 = 5) on a structure of 𝑛 nodes (i.e. 𝑛/2  steps). 
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3.3 Structural Modal Analysis 

3.3.1 Description of the Structure 

 

Fig. 37: Main staircase of building B12, north Milan campus of Politecnico di Milano, which connects 

the ground and the first floor of the building. 

In order to figure out the key points and their importance for a correct HSI modeling in different 

possible scenarios, distinct characteristics of walking pedestrians were separately accounted in each 

Model. Therefore, one of the main aspect of this work was the assessment of the proposed Models. 

Hence, the response a of real structure subjected to the effect of moving pedestrians was required. 

To this purpose, the main staircase of building B12 placed at Politecnico di Milano campus of 

Bovisa in Milan that connects the ground floor with the first one was chosen (Fig. 37). Such a 

structure was suited for our analysis, since it is characterised by a lively low frequency dynamic 

behavior given by its geometry and material composition, which is particularly indicated to be 

excited by pedestrian effects. The staircase has a slender profile with a steel core and a step coverage 

made of marble. There are three flights of stairs. The first of ten steps, the second of nine steps and 

the third again of ten steps. These three are spaced by two landings. It is to be reported that for 

structural reasons, a support beam made of steel too was placed under the first landing after the 

opening of the stair, since its response to crossing pedestrian was excessively high, leading to 

serviceability problems for the users. The geometry of the structure is reported below in Table 3. 

 

 

Table 3: Staircase size. 

length [m] width [m] height [m] step width [cm] step height  [cm]

12,03 1,8 5,22 31 16
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For the simulation stage the proposed Models, to work, require structure information in the 

form of modal characteristics (i.e. natural frequencies, damping ratios and mode shapes) along with 

a structure discretization. These aspects are treated in the following Sections: at first, the equivalent 

discretization of the staircase; then, a description of the experimental stage conduced to gather the 

structure information; finally, a presentation of the post-processing analysis of such data for their 

final use. 

3.3.2 Discretization of the structure 

 

Fig. 38: Discretisation of the analysed structure. 

The built-up Models need of a structure description to simulate the HSI. They see the staircase 

through its modal representation. Moreover, the points of the structure at which the mode shapes of 

the staircase itself are considered are obtained by a discretization of the structure in nodes. Such 
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nodes are the ones on which the pedestrians are applied during the numerical crossing of the 

staircase. The staircase was split in two sides, assuming the left one for the descent and the right 

one for the ascent of crossing pedestrians. This was done both for simplicity and because free 

pedestrians usually walk keeping the right side of the way. Each step was then synthetized by a 

node per side, i.e. one node on the left and one node on the right of the single step. The position of 

the nodes was chosen in agreement with the distance assumed by pedestrian from the handrail 

during the crossing, which was observed in the experimental campaign. Since the pedestrians 

walked on the instrumented stairs, they were forced to cross the stairs between two virtual paths 

made by the pattern of the accelerometer positions. Therefore, even if it was asked to not walk at 

the center of each half side of the staircase, since it doesn’t normally happen, but at a distance closer 

to the handrail, as it is usually done, after few cycle the subjects unconsciously started to walk at 

the center of each half side, between the central accelerometers and the lateral ones. Hence, the 

staircase was discretized by mean of nodes placed in the middle of each half side (i.e. 45 cm from 

the handrails; width of the staircase: 180 cm), as depicted in Fig. 38. 

Concerning the two landings, even if their length was equivalent to the length of five side by 

side steps, they were discretized by two nodes per half side, Fig. 38. Such a choice was based on 

the observation of the experimental campaign as well. Indeed, it was observed that once a pedestrian 

reached a landing, instead of placing the next foot at the usually distance used to cross a step, he/she 

placed the foot at a higher distance, since he/she had more space available in front of 

himself/herself. Not only, before to engage the next flight of stairs, the pedestrian placed the other 

foot just once more on the landing and then reengaged the steps of the new flight of stairs. 

3.3.3 Structure Analysis 

To have a modal description of the analysed structure, an experimental stage was performed. 

The equipment utilized for the measurements comprehended: 

• an electrodynamic shaker to excite the structure (LDS, model V406); 

• 10 PCB accelerometers model 393B31, sensitivity: 1.02 V/ms−2; 

• 15 PCB accelerometers model 393B12, sensitivity: 1019.4 mV/ms−2; 

• a PCB accelerometer model 393A03, sensitivity: 102 mV/ms−2; 

They were applied to the structure as depicted in Fig. 39. The 10 accelerometers model 393B31were 

applied at the accelerometer positions 1, 2, 3, 4, 19, 21, 22, 23, 24 and 25 respectively. While 

accelerometers model 393B12 were placed at the accelerometer positions 5, 6, 7, 8, 9, 10, 11, 12, 

13, 14, 15, 16, 17, 18 and 20. Such subdivision was thought as the less noise affected accelerometers 

(393B31) were placed in correspondence of the DOFs with the smallest eigenvector components, 

to measure the smallest contributions too. The electrodynamic shaker was placed close to position 

2, such that a co-located configuration was obtained. 

Such accelerometer pattern was chosen because from previous works [1,2] it had been observed 

that the first two modes of the structure, which are the ones that have been considered in the 

simulation stage here too, are bending and twisting. Therefore, with such an accelerometer mesh, 

both of them would have been properly measured. 

For what concern the position of the electrodynamic shaker, it was selected as a trade-off 

between the capability to excite the structure (i.e. a position with non-null eigenvectors, thus far 

from the nodes of the modal shapes) and a not too high capability to excite the structure. This last 

caution was due to not lead the structure in a non-linear behavior, since its very low damped 

characteristic, which was already underlined by previous analyses. 

As can be noticed by the presentation of the set-up, the accelerometers were not placed at the 

selected nodes in which was discretized the structure, i.e. the point in which pedestrians can walk 

both in practices and in the simulations. The choice was taken for practical reasons, since the place- 
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Fig. 39: Instrumented staircase (on the left) with electrodynamic shaker (small photo) and accelerometers; 

layout of the experimental set-up for the instrumented staircase (on the right). 

ment of the accelerometers in correspondence of the positions where the subjects walk would have 

be an unsafe condition for the people themselves. Not only, the natural walking act would have 

been affected by the presence of the accelerometers. For this reason, it was preferred the 

accelerometer pattern illustrated in Fig. 39. However, that meant that the modal shapes of the stair 

case would have been known at points different from the required ones (accelerometers and nodes 

of the structure respectively). Hence, an interpolation of the mode shapes, based on the known 

points, was then performed to extend the shape of each mode over the whole staircase, as will be 

shown in the next Section (3.3.4). 

To excite the staircase, a known mass was connected to the shaker. Once an acceleration profile 

was generated by the shaker, it was applied to such a mass producing the exciting force. On the 

mass was placed an accelerometer (PCB 393A03) to measure the effective input acceleration at 

which the mass was subjected. The total mass, given by the placed mass plus the one of the 
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accelerometer and the one associated to the moving part of the shaker, was equal to 3.1 kg. The 

acceleration profile provided by the shaker was a random one, characterized by the Power Spectrum 

Density profile depicted in Fig. 40. As can be observed, the frequency range of interest in which 

was introduced the energy of the input signal was from 2 to 20 Hz. At the beginning was used a 

white noise profile (i.e. a flat one) to excite in the specified frequency range. However, this was not 

used, since the impossibility of the electrodynamic shaker to significantly excite at 2 Hz with such 

a profile. Instead, a double integration of it was used, obtaining the acceleration PSD profile 

depicted in Fig. 40, which allowed a proper excitation with the shaker even at 2 Hz. The structure 

was exposed to such excitation profile for 1h, in order to allow a relevant statistic exposure. 

 

Fig. 40: Acceleration profile provided to the electrodynamic shaker, excitation range: 2-20 Hz. 

3.3.4 Post-Processing 

Summing up, from the experimental campaign for the modal structure characterization were 

acquired the exciting force profile (acceleration profile of the shaker times the moved total mass) 

and the 25 accelerations response time histories at the accelerometer positions, Fig. 39. These 

signals, after subdivision in sub-time history and averaging in the frequency domain, were utilised 

for the modal analysis of the structure. The modal parameters (i.e. natural frequencies, damping 

ratios and mode shapes) were identified by Experimental Modal Analysis (EMA) technique: Poly-

Reference of the Least Square Complex Frequency Domain Estimation [59]. This technique was 

selected because of its accuracy in the modal parameter estimation with respect to other methods. 

The procedure is basically a multi-modal minimization of the experimental data, with the modal 

parameters as variables for the fitting. The natural frequencies and the damping ratios as output of 

the analysis are reposted in  

Table 4. As the excitation produced by pedestrian walking barely reaches more than 10 Hz 

with its harmonic components and his/her passive damping effect drastically decreases for higher 

frequencies, the first two modes of the structure were considered only, as they were the only to be 

susceptible to such components (active and passive). The mode shapes of the first two modes are 

reposted in Fig. 41 at the known points, i.e. the accelerometer positions. 

 

 
Table 4: Natural frequencies and damping of the analysed structure. 

Mode Natural frequency [Hz] Damping ratio [%]

1 7.81 0.38

2 8.87 0.35
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Fig. 41: First mode on the left, second mode on the right. 

As was anticipated in the previous Section, an interpolation of the mode shapes to extend their 

shape to the nodes of the structure through which the pedestrians crossed the staircase was required 

for the numerical simulations. To do that, it was employed a biharmonic spline interpolation. 

However, other interpolation techniques were considered and tested (e.g. thin plate spline 

interpolation or a cubic spline interpolation), but not significant improvement were observed (in 

terms of SSE (Sum of Squares due to Error), R-square and RMSE (Root Mean Squared Error)). 

The interpolation of the first and second mode of staircase are reported in Fig. 42 and Fig. 43 

respectively. While the extraction of the first and second modal coordinates at the nodes of the 

discretized structure are depicted in Fig. 44 and Fig. 45 respectively. 

 
Fig. 42: Interpolation of the first mode starting from the accelerometer positions (blue dots). 

 
Fig. 43: Interpolation of the second mode starting from the accelerometer positions (blue dots). 
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Fig. 44: Extraction of the first modal components in correspondence of the nodes of the discretized structure. 

 

Fig. 45: Extraction of the second modal components in correspondence of the nodes of the discretized structure. 

 

 

 

  



 

 

Chapter 4 

Numerical Simulations & 

Experimental Campaign 

In this Chapter, the fourth, the proposed Models (i.e. Model 1, 2 and 3) and the old one (Model 

0) are numerically applied to simulate the response of a real reference structure, a staircase (the one 

showed in Section 3.3). The experimental campaign performed on the structure will be presented 

too. Since the different characteristics of the Models had to be tested, several pedestrian scenarios 

were thought and then reproduced both numerically and tested on the real structure. Of course, the 

main aspect to be checked was the reliability of the Models for the estimation of the vibration levels. 

However, as already introduced in Section 2.2, another important feature to assess was the strong 

difference between Models 1, 2 and 3 and the old one, Model 0, that is how the apparent mass of 

the subjects (PGRFs) is treated. Indeed, Model 0 was designed to deal with situations of high 

pedestrian density, and with long periods of observation (Section 1.2) [2]. The long-time intervals 

are required to ensure the filling of the structure by pedestrians, so that a steady state dense 

pedestrian condition can be assumed. Given the high density of people, Model 0 approximates the 

effect of the local pedestrian passive contributions (i.e. apparent masses/PGRFs) with a mean global 

one, obtained by spreading over the entire structure the global passive contribution exerted by all 

the pedestrians present on the structure itself. Since the main effect of the passive contribution is 

the addition of damping to the structure, the localized pedestrian damping effect is in such a way 

diluted over the entire structure. Of course, in the condition in which Model 0 is supposed to be 

used, this approximation is not so strong and different for what really happens. Indeed, in case of 

dense pedestrian conditions, pedestrians are present on the entire structure in an almost equally 

spaced way. Conversely, the main aspect accounted by the new Models, at first by Model 1 and 

then by Model 2 and 3 (since they start from the background of Model 1), is a moving passive 

contribution. In this way, not only the active part (AGRF) is properly describe in time and space 

coherently with the pedestrian position, but now also the passive one (PGRF) is. As a consequence, 

the first thing to investigate was the validity of the new Models for the estimation of the vibration 

levels, even in case of low number of pedestrians and short time intervals (i.e. just the ones required 

to cross the structure). Bearing in mind the applicability conditions of each Model, a series of tests 

were thought to validate such conjectures. The list of tests is reported in Table 5. 
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Table 5: List of tests performed both numerically and experimentally with pedestrians of a staircase. 

As can be observed, a main distinction was done between the long tests and the short ones: 

“loop” and “run” type respectively. In the loop tests, pedestrians walked for 5 min on the structure 

and the number of pedestrians on the staircase was kept constant. This was done by reintroducing 

pedestrians on the structure as soon as they ended the crossing of the staircase. Moreover, as was 

explained in Section 3.3.1, the structure was crossed by pedestrians keeping the right side for the 

ascending crossings and the left side for the descending crossings, both in the numerical simulations 

and in the real tests. Conversely, in the run type tests, pedestrians crossed the structure only one 

time and, once they ended the crossing, they left the structure. In these two macro categories are 

gathered all the tests performed: in the loop type fallen tests number 1, 2 and 3, in the run type 

fallen tests from the 4th to 11th. 

In the column “Involved” is declared if the specific test involved specific pedestrians or not. 

More in detail, for the “fixed” cases, the subjects listed in the “Subject” column were 

used/performed the test. In case of “random” test, it means that a random extraction of a number of 

pedestrians equal to the number reposted in the “# of pedestrians” column was done for the 

numerical simulations. Conversely, for the tests performed on the real staircase that are classified 

with the label “random” (i.e. test number 3, 5, 10 and 11), they were repeated different times with 

different subjects involved (see Table 6 in Section 4.2 for details). It is noted that the configuration 

of the pedestrians in test number 5 is the same of test number 4. The only difference is that in test 

number 4 the subjects were always the same, while in test number 5 they changed/were randomly 

extracted. 

Instead, In the “Initial position” column, the initial positions assumed by the subjects at the 

beginning of each test are indicated, taking as reference the discretization of the staircase reposted 

in Fig. 38 of Section 3.3. Beside to it, the list of subjects involved and the corresponding time at 

which the specific pedestrian assumed the initial position indicated in the dedicated column, are 

reported. For example, in test 7, subject 3 and 5 go upstairs (step 34 is the first of the ascending 

crossing, Fig. 38) with subject 5 who starts 9 s after subject 3 and both of them leave the structure 

at the end of the crossing. The initial times were evaluated considering that the average length of 

an active force time history was 0.9 s. Since this last was the factor that imposes the permanence of 

the pedestrian on each step, it was enough to select the distance in terms of number of steps and 

multiply it by 0.9 s to obtain the distance in time. 

In the following are presented: at first a Section concerning the numerical simulations of the 

aforementioned scheduled tests, then a Section about the experiments conducted on the real 

staircase. 

Test # Type # of persons Involved

1 loop 5 fixed 1 10 22 46 63 2 1 3 5 4 0 0 0 0 0

2 loop 3 fixed 1 41 46 4 5 3 0 0 0

3 loop 1 random 34 - 0

4 run 5 fixed 1 1 1 34 34 1 2 4 3 5 9 9.9 10.8 0 0.9

5 run 5 random 1 1 1 34 34 - - - - - 9 9.9 10.8 0 0.9

6 run 3 fixed 1 1 34 5 3 4 7.2 8.1 0

7 run 2 fixed 34 34 3 5 0 9

8 run 2 fixed 1 1 3 5 0 9

9 run 2 fixed 1 34 5 3 0 0

10 run 1 random 34 - 0

11 run 1 random 1 - 0

Initial positions Subjects Initial time [s]
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4.1 Numerical Simulations 

The numerical simulations of the scheduled tests (Table 5) with the proposed Models were 

implemented and performed in a Matlab ambient (MathWorks Matlab 2016 b). 

4.1.1 Input Data 

The necessary information required by the program, in which all the Models were 

implemented, to execute the numerical simulations of HSI problem, are of three types: 

• A database containing the active force time histories of each subject collected in the 

experimental stage (Section 3.1). 

• A database containing the 2DOF model parameters to reproduce the apparent masses of 

each subject in each position considered. A distinction was done between the database for 

Model 1 and 2 and the one for Model 3. Indeed, the first contains the mean apparent mass 

curves of the most significant position assumed during the single step, while the second 

contains the apparent mass curves of the most significant position assumed during the 

single step. It is noted that the apparent mass curves were acquired and fitted by the 2DOF 

models for both the cases of foot completely in contact with the step (“heel” configuration) 

and for pedestrians walking on the tip of the foot (“tiptoe” configuration). Therefore, two 

databases for Model 1 and 2 and two databases for Model 3 were available. For details see 

Section 3.2. 

• The modal parameters of the structure for its description in modal coordinates (Section 

2.3.2 and 3.3). They include: the natural frequencies, the damping ratios and the mode 

shapes of the accounted modes, that were the first two. 

4.1.2 Working Principle 

All the Models (i.e. Model 0, 1, 2 and 3) were developed one by one (Model 0 was reproduced 

too). Then, since the same simulation had to be run with all of them, they were joined in a unique 

program with a common initial interface. Therefore, before to start a simulation, a series common 

settings, shared with all the Models, had to be/have to be set: 

• Number of simulations. 

• Time length of the single simulation. If walking pedestrians are again present on the 

structure when the time length of the simulation exhausts, they are stopped and the 

simulation is concluded. Conversely, if all the pedestrians have already left the structure, 

but the time length of the simulation is not finished, a free decay of the structure is 

reproduced for the remaining amount of time. 

• Sampling frequency of the simulation. From it, the discretization of the time length of the 

simulation is evaluated. It was set equal to 256 Hz, since it is enough to properly describe 

the dynamic of the passive HSI (i.e. empty structure + 2DOF models) and the pedestrian 

active force time histories. 

• A Boolean value for the loop condition. When it is set equal to 1, as soon as a pedestrian 

leaves the structure, he/she is reintroduced on the other side of the staircase with opposite 

direction. For example, if a person reaches the first floor, in the following instant he/she 

will be on the first step for the descending crossing, on the left side of the staircase. In this 

way, the number of pedestrians present on the structure is kept constant. Conversely, when 

it is set equal to 0, pedestrians cross the stairs only one time. 

• The overlap time value. This time is used in Model 2, where the overlap between two 

consecutive footsteps is considered. Such value was left as an initial input parameter so that 
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different walking activity (walking, jogging or running) can be simulated. In this thesis the 

value was kept fixed and equal to 0.1 s, as exposed in Section 2.4.1. 

• A Boolean value for the type of ascent style. Indeed, as was explained in Section 3.2.3, 

pedestrians can go upstairs with a complete contact of the feet with the steps of the staircase 

( “heel” configuration) or lean on the tip of the feet ( “tiptoe” configuration). Thus, a set 

value equal to 1 means a heel configuration, while 0 a tiptoe one. 

• Number of modes 𝑁 of the structure. Since the structure was treated though a modal 

description (Section 2.3.2), the information about the number of modes that are considered 

is required to properly size the matrices. 

• Number of steps of the staircase. 

• The table with the pedestrian information. It contains the initial position of each pedestrian, 

the time at which he/she have to be applied at his/her position, and the name of the 

pedestrian. This last entry is discarded in case of the Boolean value associated to the random 

extraction of the involved pedestrians is set equal to 1. In the following is shown an example 

of table, Fig. 46. In this case, all the 5 subjects start at time zero. Ts is defined as the invers 

of the Sampling frequency of the simulation. Whereby, by means of  round( time /Ts)*Ts, 

with time equal to the time at which the subject is introduced, it is possible to ensure that 

an integer multiple of the fundamental time interval Ts is always selected as initial instant. 

 

Fig. 46: Picture of the table that contains the information about the pedestrians involved in the simulation. 

• A Boolean value associated to the random extraction of the involved pedestrians. When it 

is set equal to 1, the specific subject listed in the pedestrian information table is randomly 

assigned. Remember that at each subject is associated his/her own database of active force 

time histories and his/her own database with the 2DOF system mechanical parameters 

(Section 3.1 and 3.2 respectively). Conversely, when it is set equal to 0, the specific subject 

listed in the pedestrian information table is used. 

These information are then passed to the main core of the program that is made by the 4 Models. 

The first Model to be run is Model 1, which is followed by Model 0, then Model 2 and finally 

Model 3. That means that at first, Model 1 is run as many times as the Number of simulations was 

set in the initial interface, and then all the other programs in turn one by one. Since the same 

situations have to be reproduced by all the HSI Models, the specific subjects involved in each 

simulation, whether they are assigned or randomly extracted, have to be the same. For this reason, 

Model 1 saves at each simulation an information file containing the list of the subjects used. In this 

way, the other Models can apply at each simulation the same subjects of Model 1, and so the proper 

databases of active force time histories and of 2DOF model parameters (i.e. apparent mass curves). 

In Section 2.3.1 and 2.3.2 was explained as Model 1, but mainly also the other Models, works. 

For the sake of clarity, the working principle is here reported too. First thing, it is to underline that 

all the simulations are conducted in the time domain. Therefore, an integration of the dynamic 

equations of the HSI system (Eq.(30) or Eq.(40), this last is expressed by a State Space formulation) 

is required. As the HSI system is a Time Variant system, since the pedestrians on the structure 

continuously change their positions, further considerations were done to make the system more 
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manageable. Basically, average apparent mass curves representative of the main apparent mass 

curves assumed during the single footstep (remember that the apparent mass depends on the 

position of the body and it changes during the single footstep) were utilized in Model 1 and 2. While 

in Model 3, 3 apparent mass curves concerning the most significant 3 positions assumed during the 

single footstep, were implemented. In this way, as long as a person has a specific apparent mass 

curve (i.e. for a footstep in Model 1 and 2, while for 1/3 of footstep in Model 3), the HIS system 

becomes a Time Invariant system. Therefore, the integration was stopped and restarted any time 

that a person moved, leading to the integration of a series of Linear Time Invariant systems. 

The integration of each HSI LTI system was performed by means of a Matalbe ODE solver. 

The ODE solvers are solvers to solve Ordinary Differential Equations. Even if ode45 is the most 

versatile integrator and the first prompted by MathWorks among the ones of the Matlab ODE 

packet, the second most suggested was tested too, that is ode23. It was tested with the version for 

both the non-stiff problems (ode23) and for the stiff problems (ode23s), since ode45 is only for 

non-stiff problems. Where, with stiff problem is meant an Ordinary Differential Equation that forces 

the numeric method of the solver to assume an unnecessary small size of the discretization step 

with respect to the one sufficient to describe the trend of the exact solution, [60]. Because of no 

significant changes were observed among the solutions evaluated with the different solvers, ode45 

was deployed as numerical integrator for all the Models. Since the numerical method of the ODE 

solver needs to freely evaluate the ODE system within the integration time interval imposed to it, a 

re-sampling of the active force time histories was necessary at every integration time interval. 

After the integration, which provides the solution of the HSI system in terms of displacements 

of the structure, a double time derivation of the integration output is required, since the final aim is 

the estimation of the vibration levels, which come from the accelerations of the structure. Indeed, 

from the integration stage, the displacement time histories of the nodes of the structure are evaluated 

(e.g. Fig. 47). Passing through a double time derivative, the corresponding acceleration levels can 

be assessed (e.g. Fig. 48). 

 

Fig. 47: Displacement responses of the structure in correspondence of the positions occupied in the 

experimental campaign by accelerometers 8 (blue curve) and 9 (red curve) (accelerometer positions Fig. 

39), which is subjected to a pedestrian who goes upstairs and then leaves the structure (final free decay 

present). 

In Fig. 47 and Fig. 48 is depicted the response of the numerical simulation in correspondence 

of the positions assumed by accelerometer 8 and 9 during the experimental campaign (blue and red 

curve respectively). Indeed, the points in which the structure was discretized (i.e. the positions that 

the pedestrians can assume in the numerical simulations, Fig. 38) are different from the ones at 
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which the response of the numerical structure was observed/extracted. This was allowed by the use 

of two different sets of eigenvectors, as explained in Section 2.3.2 and 3.3.4. Eigenvectors, 

evaluated at the points in which the structure was discretized, were used in the simulation stage. 

Eigenvectors, evaluated in correspondence of the positions that accelerometer 8 and 9 had during 

the tests on the real structure, were used in the observation of the numerical results stage. These last 

(i.e. the points at which the numerical accelerations are read) were selected equal to the positions 

of the accelerometer 8 and 9 for two reasons: to have a direct comparison of the results (numerical 

vs experimental) and because these two points are the ones in which the modal shapes of the first 

and second mode of the structure assume their highest modal displacements. Moreover, two points 

instead of one, to have an information for both the sides of the staircase. 

 

Fig. 48: Acceleration responses of the structure in correspondence of the positions occupied in the 

experimental campaign by accelerometers 8 (blue curve) and 9 (red curve) (accelerometers positions Fig. 

39), which is subjected to a pedestrian who goes upstairs and then leaves the structure (final free decay 

present). 

4.1.3 Number of Simulations & Computational Effort 

The number of simulations, for which every pedestrian configuration was run, was set equal to 

100. Such number was considered sufficiently high to have a reliable distribution of the estimated 

vibration levels, both in cases of tests with selected pedestrians or of tests with pedestrians randomly 

extracted. Indeed, for the tests in which the pedestrians are selected, at every simulation a different 

sequence of active force histories for each pedestrian is extracted, since the AGRF extraction is 

always a random process. Therefore, performing 100 simulations, robust results with respect to the 

intra-subject variability (i.e. the variability of the same subject) were assumed. While, in case of 

tests with a random extraction of the pedestrians involved at each simulation, the robustness of the 

results with respect of the inter-subject variability (i.e. variability among different subjects) was 

assumed for 100 simulations too. 

It is to highlight that each scenario of Table 5 was simulated for both pedestrians walking with 

the feet completely in contact with the steps (“heel” configuration) and for pedestrians walking on 

the tip of the feet (“tiptoe” configuration). Indeed, two different sets of 2DOF mechanical 

parameters were obtained for each subject during the preliminary experiments (Section 3.2), and 

collected in two different databases to account for the passive contributions. 

As for the computational effort led by the program, of course it changes with the type of 

simulation considered, mainly between the long tests (pedestrian in loop for 5 min) and the short 

ones (pedestrians leave the structure at the end of the crossing), and it depends from the hardware 
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employed. As an example, the case of a computer equipped with a processor type Intel Core i7 

6500U 2.50 GHz (up to 3.3 GHz), a RAM of 12GB and an internal memory type SSD is reported. 

In case of a person who crosses the staircase one time: 

- Model 0 plus Model 1: 3.29 s. 

- Model 2: 1.61 s. 

- Model 3: 1.41 s. 

Note that the time required by Model 1 is given together with Model 0. That is due to how Model 

0 runs, that is always consecutive to Model 1, leading to a split of the two times not possible. 

In case of a person who walks in loop on the staircase for five minutes: 

- Model 0 plus Model 1: 3.29. 

- Model 2: 15.99 s. 

- Model 3: 14.98 s. 

As for heaviest case among the simulated ones, 5 pedestrians who walk for five minutes in loop: 

- Model 0 plus Model 1: 64.45s. 

- Model 2: 44.88 s. 

- Model 3: 68.85 s. 

Of course, all the times are referred to a single simulation of the stated case. 

4.1.4 Simulations 

The numerical simulations that were run with the program were the ones listed in Table 5. Each 

of them was run 100 times, in order to have enough simulations to have a reliable distribution of 

the estimated vibration levels, as just introduced in the previous Section. For each simulation, the 

initial settings of the program were set (Section 4.1.2) coherently with the type of test to be run, 

Table 5. Thus: if pedestrians are in a loop condition or they are not, the initial positions, the initial 

times, the specific subjects, etc. Finally, as was explained in Section 4.1.2, the outcome of each 

simulation are the acceleration time histories in correspondence of the positions of accelerometer 8 

and 9. As the scheduled tests in Table 5 are 11, 1100 acceleration time histories, for both the 

accelerometer positions (8 and 9) and both the walking styles (heel/tiptoe), were obtained at the end 

of the numerical simulations. 

4.1.5 Post-Processing 

As result of the numerical simulation stage, a huge number of acceleration time histories were 

available. In order to analyse the response of the structure in each tested pedestrian configuration 

and in order to condensate the large amount of information available, a post-processing session was 

made followed the simulation one. More in detail, two quantities were used for such purpose: the 

global RMS value and the moving RMS one. 

 Global RMS 

As the main information of a signal is the power associated to the signal itself, the Root Mean 

Square value (RMS) of the signal is strictly correlated to the power of the signal as well. Indeed, 

the RMS value represents the amplitude that a constant signal has to have in order to have a power 

equivalent to the one of the consider signal over the same time interval. The advantage, with respect 

to the power value, is that the RMS keeps the same unit of measure of the evaluated signal. Its 

definition follows: 
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 RMS = √
1

𝑇
∫ 𝑎2(𝑡)𝑑𝑡
𝑇

0

 (63) 

 

where T is the time length of the acceleration time history 𝑎(𝑡). As can be noted, its unit of measure 

is the same of the acceleration time history one, that is ms−2. Not only, the RMS value can be 

evaluated also through the mean value 𝜇 (Eq.(64)) and the standard deviation 𝜎 (Eq.(65)) of the 

signal, as reported by Eq.(66). 
 

 𝜇 =
1

𝑇
∫ 𝑎(𝑡)𝑑𝑡
𝑇

0

 (64) 

 

 𝜎 = √
1

𝑇
∫ (𝑎(𝑡) − 𝜇)2𝑑𝑡
𝑇

0

 (65) 

 

 RMS = √𝜇2 + 𝜎2 (66) 
 

Therefore, as first index of the vibration level of the structure, the global RMS value of each 

of the 100 acceleration time histories was evaluated. Of course, this was done for both the points at 

which the numerical accelerations were observed (that are equivalent to the positions in which 

accelerometers 8 and 9 were placed during the experimental campaign) and for each of the 11 tested 

situations listed in Table 5. Hence, for each HSI configuration tested, 100 RMS acceleration values 

were available. 

Such RMS values were evaluated on the whole time length of each acceleration time history. 

More in detail, they were assessed on the entire time length of the loop tests (i.e. the first three tests 

of Table 5), since the time of this type of tests was a setting parameter (i.e. 5 min). As for the run 

tests (i.e. tests from test number 4 to test number 11 of Table 5), in which the pedestrians cross the 

structure only one time, a free decay of the structure was present, both in the numerical simulations 

and in the experimental tests. For this reason, in both the experimental and numerical tests, a trigger 

value was set for the free decays, under which, the acceleration time histories were cut. The 

threshold value was set in agreement with the steady state values of the free decays observed in the 

experimental tests (i.e. 0.025 ms−2), which were given by the noise threshold of the signals. 

It is to be pointed out that, before to compute the RMS values, the acceleration time histories 

were filtered by a Low Pass Filter (LPF). This was done since the same procedure was performed 

for the experimental acceleration time histories. The experimental data were Low Pass Filtered to 

discard the frequency components of the signals at frequencies higher than the ones of the first two 

modes of the structure. Only these two modes were kept into account, and used in the modal 

description of the structure in the Models, since they were found to be the only ones sensible to the 

excitation of the pedestrians. Hence, the filter was applied to discard the contributions of the modes 

at higher frequencies. The same filter was applied to the numerical simulation outcomes, even if 

they were obtained considering only the first two modes, in order to have the same distortion of the 

signals that is intrinsically produced by the application of a filter. In addition, the numerical 

acceleration signals only, were also Band Pass Filtered: once around the first mode (7.81 Hz) and 

once around the second mode (8.87 Hz). In this way, the contribution of each mode to the vibration 

level was separately evaluated too. Summing up, the three filters were applied: 

- Low Pass Filter: Butterworth filter, 8th order, cut-off frequency: 12 Hz. 

- Band Pass Filter: Butterworth filter, 12th order, cut-off frequencies: 6 – 8.3 Hz. 

- Band Pass Filter: Butterworth filter, 12th order, cut-off frequencies: 8.3 - 11 Hz. 

The next steps which follow were performed for all of three type of filtered signals. 



 4.1 Numerical Simulations 75 

 

As an example, it is reported one acceleration time history (the one in correspondence of 

accelerometer 8) of test number 10 of Table 5 (a random extracted pedestrian goes upstairs and then 

leaves the structure). In Fig. 49 are depicted in red the LPF signal and in blues the original one, 

while in Fig. 50 the RMS value of the LPF acceleration signal in purple. As can be seen by Fig. 49, 

the filtering introduces a slight delay in the filtered signal. This is right and it doesn’t change the 

results, since the RMS value doesn’t change, given its definitions Eq.(18). 

 

Fig. 49: Acceleration time histories extracted in correspondence of the position of accelerometer 8 for a 

pedestrian who goes upstairs obtained with Model 1. In blue the original time history, in red the LPF one 

at 12 Hz with an 8th Order Butterworth filter. 

 

Fig. 50: LP filtered acceleration time history (in red) in correspondence of the position of accelerometer 

8 for a pedestrian who goes upstairs obtained with Model 1. Its equivalent RMS value in purple. 
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Now, in order to combine the 100 RMS acceleration values (e.g. the purple line of Fig. 50), 

without losing any information about the powers of the signals involved, the mean value and the 

standard deviation were evaluated for the squared RMS acceleration values, Eq.(67) and Eq. (68) 

respectively. 
 

 𝜇 =
1

𝑁
∑RMSi

2

𝑁

𝑖=1

 (67) 

 

 𝜎 = √
1

𝑁 − 1
∑(RMSi

2 − 𝜇)2
𝑁

𝑖=1

 (68) 

 

With N equal to 100. This was done to leave the information of the powers unchanged during the 

combination of the 100 values, since the power is proportional to the square of the signal amplitude, 

and so of the RMS value. Since the final aim is not a precise value of the expected vibration level, 

but a range of the most probable vibration levels that could be observed for the specific HSI scenario 

tested, a probability density function, to describe the result of the 100 simulations, was used. The 

description of such distribution was provided as for a Normal one, that is through the mean value 

(Eq.(70)) and the limit values for the confidence interval selected. A confidence interval at 95 % 

(i.e. 2×Standard Deviation) (Eq.(69) and Eq.(71)) was chosen. 
 

 ⪦ = √𝜇 − 2𝜎 (69) 
 

 □ = √𝜇 (70) 
 

 ⪧ = √𝜇 + 2𝜎 (71) 
 

Where the symbols ⪦ □ ⪧ represent the lower limit at the confidence interval at 95 % of the RMS 

acceleration value, the mean value of RMS acceleration level and the higher limit at the confidence 

interval at 95 % of the RMS acceleration value respectively. As an example, the probability 

distributions obtained with every Model for the case 10 of Table 5 are reported in Fig. 51 (a random 

extracted pedestrian goes upstairs and then leaves the structure). 

 

Fig. 51: Estimation of the vibration RMS levels undertaken by the staircase when a pedestrian goes upstairs and 

then live the structure. Heel contact footstep. With □ that represents the mean RMS acceleration value and ⪦⪧ 

that represent the RMS acceleration values for a confidence interval at 95 %. On the left, the values observed in 

correspondence of the position of accelerometer 8. On the right, the values observed in correspondence of the 

position of accelerometer 9. All the signals are filtered by a Low Pass Filter at 12 Hz. 
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The formulation used has allowed to obtain a probability distribution for the estimation of the global 

vibration level undertaken by the structure, leaving unchanged the power of the single acceleration 

signals used for the distribution assessment. 

One of the main aspect to be checked of the new Models, was the difference in the estimation 

of the vibration levels brought by the modelization of the apparent masses of the pedestrians as 

moving passive contributions, with respect to a spread one, as Model 0 does (Section 2.2). To assess 

this matter, a direct comparison with Model 0 was done for every Models. Moreover, for each of 

the 100 simulations, the equivalent RMS acceleration value of the Models (coming from Eq.(18) or 

Eq.(66)) was normalized for the one assumed by the Model 0: 
 

 RMSratio,i,j = (
RMSModel i
RMSModel 0

)
j

              i = 1, 2, 3    j = 1,… , 100 (72) 

 

Then, the 100 RMS acceleration ratios of each Model were processed with Eq.(67), Eq.(68), 

Eq.(69), Eq.(70) and Eq.(71) as well. In addition, the maximum (△) and the minimum (▽) ratio 

values among the 100 ratios were taken for each Model. As an example, in Fig. 52 the ratios of the 

Models with Model 0 for the case showed before in Fig. 51 (i.e. a random extracted pedestrian who 

goes upstairs and then leaves the structure, case 10 of Table 5) are reported. 

 

Fig. 52: Distributions of the RMS acceleration values of each Model normalized by Model 0, for the case 

of a pedestrian who goes upstairs and then live the structure. Heel contact footstep. With □ that represents 

the mean RMS acceleration ratio value, ⪦⪧ that represent the RMS acceleration ratio values for a 

confidence interval at 95 % and △▽that represent the maximum and minimum ratio value observed 

respectively. On the left, the values observed in correspondence of the position of accelerometer 8. On 

the right, the values observed in correspondence of the position of accelerometer 9. 

The estimated vibration level distributions, which were shown in Fig. 51 and Fig. 52 (for the 

case of an pedestrian who goes upstairs) by means of the mean value (□) and the confidence interval 

at 95 % (⪦⪧), were then fully depicted through histograms. As an example, the case of a pedestrian 

who goes downstairs, in Fig. 53. 
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Fig. 53: Histograms related to the global RMS acceleration values of 100 simulations, for a person who 

goes downstairs. Estimation of the 4 Models on the left; ratio (simulation by simulation) of each Model 

with Model 0 on the right. 

 Moving RMS 

Another important parameter used to analyse the data is the moving RMS. Its definition doesn’t 

change, it is the same of the one reported in Eq.(18) or Eq.(66). What changes is the time interval 

of the signal on which the RMS is evaluated. Indeed, the RMS value is function of the time interval 

of the signal on which it is evaluated. Therefore, going to evaluate the RMS over a smaller time 

interval (3 s) for all the time length of a signal, will allow to observe the dynamics of the trend of 

the power as a function of time, since the RMS value is strictly correlated to the power. In this way, 

an observation of the differences among the Models from an almost instantaneous point of view 

(every 3 s) was also possible. As an example, the case of one pedestrian who go upstairs and then 

leaves the structure (10th case of Table 5) is reported in Fig. 54 (just 1 moving RMS acceleration 

time history evaluated every 3 s). It is to be recalled that, also for the moving RMSs, the 

accelerations time histories were filtered, as explained in the previous Section. 

 
Fig. 54: Moving RMS acceleration time history evaluated every 3 s for a pedestrian who goes upstairs, 

obtained with Model 1, in correspondence of the position of accelerometer 8. 
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The so obtained 100 moving RMS acceleration time histories per scenarios of Table 5 and for 

both the points at which the accelerations were extracted from the simulations (i.e. in 

correspondence of the positions of the accelerometer 8 and 9 of the experimental section) were 

processed likewise the global RMS values (previous Section). The difference is that not only a 

unique global RMS acceleration value is available for each of the 100 acceleration time histories, 

but a sequence of moving RMS evaluated every 3 s (e.g. Fig. 54). For the sake of clarity, the actual 

situation, with the next passages, is depicted in Fig. 55. 

 

Fig. 55: Representation of the set of 100 moving RMS acceleration curves for the case of a pedestrian 

who goes upstairs and then leaves the structure (i.e. bell shape of the moving RMS curves). Every yellow 

dot of a curve represents a RMS acceleration value evaluated on a time window of 3 s. The red line 

represents the consideration of a specific 3 s time interval, and so of a specific set of 100 RMS acceleration 

values coming from all the curves (red dots). 

In Fig. 55, the yellow lines represent the moving RMS acceleration curves. Indeed, since they are 

evaluated every 3 s (as can be observed by the time axis, where every segment represents a time 

interval of 3 s), they are made up by a sequence of RMS evaluations spaced of 3 s (the yellow dots 

of a single curve). The next point is their processing. For every time interval of 3 s, is available a 

RMS from each of the 100 moving RMS curves. Therefore, at first, a time interval of 3 s is selected 

(the red line in Fig. 55) and with it the corresponding RMS value of each moving RMS curve (the 

100 red dots of Fig. 55). Then, at this set of 100 RMSs, Eq.(67), Eq.(68), Eq.(69), Eq.(70) and 

Eq.(71) are applied. Doing so, for every 3 s time interval available, the curves depicted in Fig. 56 

are obtained (one for each Model) (the example case is always the 10th test of Table 5, that is the 

one of a pedestrian who goes upstairs). It is noted that, with respect to the global RMS acceleration 

case, where □ was used to represent the mean RMS acceleration value and ⪦⪧ the RMS 

acceleration values for a confidence interval at 95 %, here they are substituted by a continuous line 

for the mean values and by two dashed lines to show the confidence interval at 95 %, as shown by 

Fig. 56. 

It is to be pointed out that, also if the discussion about the results will be performed in the next 

Chapter, from Fig. 56 is possible to observe a physical sense in the outcome of the simulated case, 

also without any experimental data. Indeed, a like bell shape of the moving RMS acceleration 

curves is present for the simulated case: a person who goes upstairs, with a numerical observation 

point placed in correspondence of accelerometer 8 (Fig. 39). Such shape is coherent with the 

pedestrian path and the measurement point located at a point with high modal components. Indeed, 

this last is placed in correspondence of the range of points with the maximum modal components 

of the accounted modes of structure. Therefore, since that location of the staircase is the most 

susceptible one to the excitation of the walking pedestrians, it is expected that the vibration levels, 
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at the measurement point, have to increase while the pedestrian is reaching that staircase zone and 

to decrease while the pedestrian is leaving it, measuring the maximum values when the pedestrian 

is closest to such point (i.e. around 18 s of Fig. 56). 

 

Fig. 56: Moving RMS acceleration curves (extracted in correspondence of the position of accelerometer 

8) for the case 10 of Table 5 (one person goes upstairs), with the continuous lines equal to the mean value 

and the dashed lines equal to the confidence interval at 95 %. In the plot, the results of the simulation with 

Model 0 (in black), Model 1 (in blue), Model 2 (in red) and Model 3 (in yellow) are reported. 

Going ahead, as was introduced in the previous Section, one of the aspect to be checked was 

the variation in the estimation of the vibration levels brought by the use of moving passive 

contributions of the pedestrians (i.e. apparent mass) with respect to a spread over the structure one, 

like Model 0 does. Therefore, also for the moving RMS acceleration case, a normalization with 

respect to Model 0 of the results obtained with Model 1, 2 and 3 was made. To do that, once a 3 s 

time interval is selected, a set of 100 RMS values is available from each of the 4 Models (red lines 

in Fig. 57). Then, each of these RMS values of Model 1, 2 and 3 is divided for the corresponding 

one of Model 0 (the red dots of Fig. 57 show a single ratio), applying in this way Eq.(72). 

 

 

Fig. 57: Normalization by Model 0 procedure for a single RMS value of a moving RMS acceleration 

curve for Model 1, 2 and 3, in case of a pedestrian who goes upstairs (i.e. bell shape of the moving RMS 

acceleration curves). 
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As results, 100 RMS ratios are obtained for each 3 s time intervals (single segments of the dashed 

time axes of Fig. 57) and for Model 1, 2 and 3. At every set of 100 RMS acceleration ratios so 

evaluated, Eq.(67), Eq.(68), Eq.(69), Eq.(70) and Eq.(71) are applied. A unique set of curves (mean 

value (continuous line) and the confidence interval at 95 % (dashed lines)) per Model normalized 

with respect to Model 0 was obtained, Fig. 58 (case 10th of Table 5). 

 

Fig. 58: Comparison of Model 1 (blue lines), Model 2 (red lines) and Model 3 (yellow lines) with Model 

0 through normalization of them by Model 0 for the case of a pedestrian who goes upstairs (10th of Table 

5). The continuous lines represent the mean values, the dashed lines the confident intervals at 95 %. 

In order to highlight an issue, in the following are reported the equivalent plots of Fig. 56 and 

Fig. 58 for the case of a pedestrian walking in loop for 5 min over the staircase (third case of Table 

5), Fig. 59 and Fig. 60 respectively. 

 

Fig. 59: Moving RMS acceleration curves for one person walking in loop over the staircase for 5 min; 

continuous line: mean value, dashed lines: confidence interval at 95 %; black line: Model 0, blue line: 

Model 1, red line: Model: 2, yellow line: Model 3. Low Pass Filtered signals; values of accelerations 

extracted in correspondence of the position of accelerometer 8 (i.e. left side of the staircase). 
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Fig. 60: Moving RMS acceleration curves, normalized by Model 0, for one person walking in loop over 

the staircase for 5 min; continuous line: mean value, dashed lines: confidence interval at 95 %; blue line: 

Model 1, red line: Model: 2, yellow line: Model 3. Low Pass Filtered signals; values of accelerations 

extracted in correspondence of the position of accelerometer 8 (i.e. left side of the staircase). 

As can be observed from Fig. 59, all the Models have the same moving RMS trend in time. 

However, Model 2, even if it has the same trend of the other Models, it is shorter than the others. 

Indeed, in Model 2 is considered the overlap between two consecutive footsteps, while in the other 

Models a new footstep is started only when the old one is ended. As a consequence, the same 

pedestrian requires less time in Model 2 to do the same number of footsteps with respect to the 

other Models. This shift means that, when a comparison between the RMS values of Model 2 and 

Model 0 is performed through their ratio, the ratio values will be far from 1 (1: the two Models 

produce the same results), since the two trends are out of phase, Fig. 60. Therefore, the 

normalization of Model2 with respect to Model 0 is not worth. Not only, the normalization of Model 

2 hides the normalization of Model 1 and 3, since they are in phase with Model 0 and so their ratio 

values are closer to the 1. For this reason, the normalized by Model 0 curve (mean + confidence 

interval at 95 %) of Model 2 was no more evaluated, leading to clearer plots, Fig. 61 (i.e. Fig. 60 

without normalized Model 2). 

 
Fig. 61: Moving RMS acceleration curves, normalized by Model 0, for one person walking in loop over 

the staircase for 5 min; continuous line: mean value, dashed lines: confidence interval at 95 %; blue line: 

Model 1, yellow line: Model 3. Low Pass Filtered signals; values of accelerations extracted in 

correspondence of the position of accelerometer 8 (i.e. left side of the staircase). 



 4.2 Experimental Campaign 83 

 

Since for the evaluation of the vibration levels it is more interesting to look at the maximum 

value of the expected vibrations, the moving RMS acceleration curves were further processed. 

Indeed, their maximum value (in mean and confidence interval at 95 %) of the moving RMS 

acceleration curve of each Model was stored. Where with maximum is meant the upper limit of the 

confidence interval at the 95 %, as explained in  

Fig. 62. The maximum stored values were then reported in a graph like the following right one: 

 

 
 

Fig. 62: Extraction of the maximum moving RMS acceleration values reached by each Model in case of 

a pedestrians who goes upstairs. 

 

Summing up, at the end of the post processing stage, for each pedestrian case of Table 5, for 

both the “heel” and the “tiptoe” database used (see Section 3.2) and for both the side of the staircase 

(in correspondence of the positions of the real accelerometer 8 and 9), the following type graphs 

were available: 

• The Global RMS. 

• The Model 0 normalized Global RMS. 

• The histogram of the Global RMS. 

• The histogram of the Model 0 normalized Global RMS. 

• The Moving RMS. 

• The Model 0 normalized Moving RMS. 

• The Moving RMS maximum. 

They depict the numerical estimation of the vibration level of every Models. 

4.2 Experimental Campaign 

In the experimental campaign, the pedestrian scenarios listed in Table 5 were tested on a real 

staircase (Fig. 37) with real people (Table 2). The instrumented structure was the same already 

discussed in Section 3.3.3 for the Structure Analysis, with the only difference that the 

electrodynamic shaker was removed by the staircase. The accelerometer pattern was the same one 

depicted in Fig. 39. 

Coming back to the experiments, a more detailed list of the features of each tested scenario in 

the experimental campaign is reported in Table 6, always keeping Table 5as the main reference. 
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Fig. 63: Example of an experimental test on the real structure: 1st test of Table 6; 5 people walk for 25 min. 

 

 

Table 6: Detailed list of tests performed with pedestrians on the real staircase. 

Test # Type # of persons # of times time

1 loop 5 1 25 min 1 10 22 46 63 2 1 3 5 4 0 0 0 0 0

4 5 3 0 0 0

1 5 4 0 0 0

2 3 4 0 0

1 0

2 0

3 0

4 0

5 0

4 run 5 5 x group required 1 1 1 34 34 1 2 4 3 5 9 9.9 10.8 0 0.9

3 1 2 5 4 9 9.9 10.8 0 0.9

3 1 4 5 2 9 9.9 10.8 0 0.9

5 3 1 4 2 9 9.9 10.8 0 0.9

5 4 2 1 3 9 9.9 10.8 0 0.9

4 5 3 2 1 9 9.9 10.8 0 0.9

6 run 3 10 x group required 1 1 34 5 3 4 7.2 8.1 0

7 run 2 10 x group required 34 34 3 5 0 9

8 run 2 10 x group required 1 1 3 5 0 9

9 run 2 10 x group required 1 34 5 3 0 0

1 0

2 0

3 0

4 0

5 0

1 0

2 0

3 0

4 0

5 0

Initial positions Subjects Initial time [s]

3 5 min

2 loop 3

341loop

5 x subject1run11

15 run 5 required

10 run 1 5 x subject required 34

1required

1 x subject

1 x group

1 x group 5 min 1 41 46

1 1 34 34
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The main difference with respect to Table 5 is a more detailed list of the tests that were classified 

with the label “random”, for what concerned the extraction of the subjects (i.e. test number 3, 5 10 

and 11). Not only, here is also present a column that indicates the number of times for which the 

specific test was repeated. Another difference is the length of the first test: 25min. Indeed, a 

continuous long record was preferred during the experiments at a series of short experimental tests. 

In post-processing phase, the acceleration time histories of the loop tests (i.e. test number 1, 2 

and 3) were cut in shorter time histories of 2.30 min length. This passage was mandatory for test 

number 1, since a unique time history was acquired. Test number 2 and 3 instead, were further cut 

in order to increase the number of experimental observations. A final time length of 2.30 min was 

selected, since it was again long enough to represent the tested case, and because 2.30 min was half 

of 5 min (the length of test 2 and 3). In this way, 10 acceleration time histories were obtained for 

the test number 1 (25 min / 2.30 min), 6 for the second test (3 x 5 min / 2.30 min) and 10 for the 

third test (5 x 5 min / 2.30 min). 

It is noted that when the term acceleration time history was used in the previous paragraph, that 

was referred to the set of 25 time histories coming from all the accelerometers placed along the 

staircase (Fig. 39). However, as was already mentioned in the previous Section, not all of them 

were used. Of course, the measurement of all the accelerometers was required for the identification 

of the modal parameters of the structure (Section 3.3). Here instead, the acceleration time histories 

coming from the accelerometers placed in correspondence of the points with the highest modal 

displacements of the structure were only considered, that are accelerometer 8 and 9 (Fig. 39). 

Accelerometer 8 was placed on the left side of the structure, while accelerometer 9 was placed on 

the right side of the structure. It is noted that in the numerical simulations, the acceleration time 

histories were extracted in correspondence of the points in which accelerometer 8 and 9 were 

applied on the real structure in the experimental campaign, in order to compare the numerical results 

with the experimental ones. 

The acquired acceleration signals of the two specified accelerometers were then post-processed 

as was done for the acceleration time histories of the numerical simulations. Hence, they were 

passed in a Low Pass Filter (Butterworth filter, 8th order, cut-off frequency: 12 Hz) and then the 

global RMS and moving RMS (evaluated every 3 s) were computed. As an example, the case of a 

people who goes upstairs (test 10 of Table 5 and Table 6) is reported: the global RMS acceleration 

values in Fig. 64 and the moving RMS acceleration values in Fig. 65. 

 

Fig. 64: Global RMS values of the accelerations measured by accelerometer 8 (left) and 9 (right). Case 10 

of the experimental campaign (see Table 6): 25 experimental values per side (5 subject, 5 test per subject). 
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Fig. 65: Moving RMS curves evaluated every 3 s on the accelerations measured by accelerometer 8. Case 

10 of the experimental campaign (see Table 6): 25 experimental curves (5 subject, 5 test per subject). 

Not only, as was done for the numerical moving RMS values, also for the experimental ones 

the peak values of each moving RMS curves were stored and separated plotted: 

 

Fig. 66: Maximum values assumed by the moving RMS acceleration curves measured by accelerometer 

8 (left) and 9 (right). Case 10 of the experimental campaign (see Table 6): 25 peaks per side (5 subject, 5 

test per subject, 1 peak per test (due to the type of test: “run”)). 

It is to be pointed out that the peak values of the moving RMS curves for the “loop” cases (i.e. 

test number 1, 2 and 3 of Table 5 and Table 6) were evaluated every 40 s. Indeed, in the loop tests, 

the moving RMS trends present a periodicity given by the loop condition. Such a periodicity is 

equal to the time required from a person to complete a round of the staircase. To determine the 

periodicity, the autocorrelations of the moving RMS curves were evaluated, obtaining as average 

value 40 s. As an example, in Fig. 67 and Fig. 68 are reported the autocorrelation curves for a 

moving RMS curve of a subject who walks for 5 min in loop (test number 3 of Table 6) and of 5 
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subjects who walk for 25 min in loop (test number 1 of Table 6) respectively. A plot of the 

maximum values assumed by the moving RMSs in test number 3 (a person walks in loop for 5 min) 

is reported in Fig, 69, as an example too. 

 

 

Fig. 67: Autocorrelation curve of an experimental moving RMS curve for a pedestrian who walks in loop 

for 5 min, evaluated on the left side of the staircase (accelerometer 8). 

 

 

Fig. 68: Autocorrelation curve of an experimental moving RMS curve for 5 pedestrians who walk in loop 

for 25 min, evaluated on the left side of the staircase (accelerometer 8). 
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Fig, 69: Maximum values assumed by the moving RMS acceleration curves measured by accelerometer 

8 (left) and 9 (right). Case 3 of the experimental campaign (see Table 6). 35 peaks per side, since 5 moving 

RMS curves of 5 min were available (5 subject, 1 test per subject) and the assessment of the peaks was 

made every 40 s. 

 

 

 

  



 

 

Chapter 5 

Results & Discussion 

In this Chapter, all the results of the numerical simulations and of the experimental campaign 

on the real structure are reported, along with a discussion about them. More in detail, some of the 

results of the most significant HSI tested scenarios will be at first summarized in a series of tables 

(Table 7, Table 8, Table 9 and Table 10), in order to allow a sight of the way in which the considered 

structure dynamically behaves and to provide a comparison of the used Models. Then, the results 

of every tested case will be shown, through its own sequence of plots, like the ones illustrated in 

Chapter 4 (i.e. global RMSs and moving RMSs). They contain both the numerical and the 

experimental outcomes, to allow a faster comparison of them. It is to be recalled that, in the 

numerical simulations, both the case of pedestrians walking with complete contact of the feet with 

the steps of the stair (“heel” configuration) and the case of pedestrians walking on the tip of the feet 

(“tiptoe” configuration) for the ascending crossings were considered (seen Section 3.2 for details). 

Therefore, the results of the simulated HSI cases are reported for both the walking configurations. 

It is noted that all the results are reported for the accelerometers 8 and 9, for the experimental ones, 

and in correspondence of the positions of accelerometer 8 and 9, for the numerical ones. Such 

positions were selected as they are the ones in which the mode shapes of the structure have their 

greatest modal components per side: accelerometer 8 for the left and accelerometer 9 for the right 

one. See the end of Section 2.3.2 and Section 3.3 for details. 

As explained in Chapter 4, all the signals were filtered before to be processed. The 

aforementioned graphs will be reported for the Low Pass Filtered (LPF) signals (cut-off frequency. 

12 Hz). Summary tables, as the ones that will be presented at the beginning of the LPF results, will 

be reported for the numerical acceleration time histories filtered around the first and second mode 

of the structure (i.e. Band Pass Filtered signals): cut-off frequency range of 6-8.3 Hz for the first 

mode and 8.3-11 Hz for the second mode. That to evaluate the contribution of each mode to the 

global dynamic response of the structure. Finally, a Frequency Response Analysis of the occupied 

structure will be shown, for the occupied structure implemented with the different Models. In this 

way, an evaluation of how the Models consider the occupied structure, under a Frequency Response 

point of view, is also investigated. 

For the sake of clarity, even if the table with the scheduled HSI scenarios tested (i.e. Table 5) 

have been already included in Chapter 4, it is here below reported too. The same holds for the 

scheme of the discretized staircase with on it the accelerometer positions, which is reported in Fig. 

70. In it, the positions of accelerometer 8 and 9 are highlighted. 
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Fig. 70. Discretized structure, with highlighted the positions of the consider accelerometers for the 

evaluation of the results (blue circles). 

Test # Type # of persons Involved

1 loop 5 fixed 1 10 22 46 63 2 1 3 5 4 0 0 0 0 0

2 loop 3 fixed 1 41 46 4 5 3 0 0 0

3 loop 1 random 34 - 0

4 run 5 fixed 1 1 1 34 34 1 2 4 3 5 9 9.9 10.8 0 0.9

5 run 5 random 1 1 1 34 34 - - - - - 9 9.9 10.8 0 0.9

6 run 3 fixed 1 1 34 5 3 4 7.2 8.1 0

7 run 2 fixed 34 34 3 5 0 9

8 run 2 fixed 1 1 3 5 0 9

9 run 2 fixed 1 34 5 3 0 0

10 run 1 random 34 - 0

11 run 1 random 1 - 0

Initial positions Subjects Initial time [s]
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5.1 Summary Tables 

In this section, a series of tables are presented. Here, the results of some of the most significant 

tests are reported, in order to show the behavior of the structure and in order to compare the different 

Models. Since the estimation of the vibration levels performed by each Model was evaluated by 

means of mean RMS acceleration values and the RMS acceleration values for a confidence interval 

at 95 %, these same values are reported in the tables. Since the aim is a comparison of the Models 

in different situations, the results are reported for the simulations conducted with the heel database 

only. However, in the next Section, the whole results will be shown for both the types of databases 

implemented. 
 

 

Table 7: Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, expressed in terms of mean value and confidence interval at 95 % with respect to the 

mean value. Left column: test number 11 of Table 5, right column: test number 10 of Table 5. Acceleration 

values read in correspondence of accelerometer 9, heel tests. 

Form Table 7 it is possible to observe the results in terms of global RMS values of acceleration 

for the simulations for a pedestrian who go downstairs on the left side and for a one who goes 

upstairs on the right side (test number 10 and 11 of Table 5 respectively). 

Looking at the behavior of the structure utilized for the experiments (staircase of Fig. 37) it is 

possible to observe how the dynamical response of the right side of the structure is greater than the 

left one for a person who goes upstairs, while the responses of the two sides are much more similar 

for a pedestrian who goes downstairs. Of course, these are the results of the numerical simulations, 

but they are conducted with the modal parameters of the structure, obtained by an Experimental 

Model Analysis conducted on purpose (Section 3.3). The great contribution of the right side in the 

response of the staircase is present both in case of the pedestrian that crosses the right side 

(ascending crossing) and in case of he/she that crosses the left side (descending crossing). This is 

confirmed also by the experimental tests (Fig. 71 and Fig. 72), where the global RMS values of the 

left side assume values more similar to the right side ones in case of descent of the pedestrian, while 

are lower for the ascent of the pedestrian. 

 
Fig. 71. Global RMS values of acceleration (left: 

accelerometer 8/ right: accelerometer 9) for the 

experimental test number 11. 

 
Fig. 72: Global RMS values of acceleration (left: 

accelerometer 8/ right: accelerometer 9) for the 

experimental test number 10. 
 

µ ±2σ µ ±2σ µ ±2σ µ ±2σ

model 0 0.153 0.065 0.139 0.051 0.085 0.033 0.119 0.052

model 1 0.137 0.055 0.129 0.046 0.076 0.028 0.104 0.044

model 2 0.137 0.061 0.133 0.049 0.069 0.027 0.092 0.043

model 3 0.137 0.055 0.129 0.046 0.077 0.028 0.105 0.045

RMS 

[m/s²]

1 person goes downstairs on the left side 1 person goes upstairs on the right side

Left side Right sideLeft side Right side
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Looking at the specific Model in Table 7, all the estimations of the vibration levels obtained with 

the new Models (i.e. 1, 2 and 3) are slightly lower than the ones obtained with Mode 0, both in 

terms of mean value and confidence interval (95 %). 

 

 

 

Table 8: Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, expressed in terms of mean value and confidence interval at 95 % with respect to the 

mean value. The tests per rows are: third test of Table 5in the first set of rows, second test of Table 5in 

the second set of rows and first test of Table 5in the third set of rows. Acceleration values read in 

correspondence of accelerometer 9, heel tests. 

Hence, form Table 7 it is possible to observe the results for fast tests, since they required just 

the time to cross the structure. Conversely, in Table 8, the results of the long tests are reported (test 

number 1, 2 and 3 of Table 5), in which the people walk in loop on the staircase for 5 min. the 

results are always in terms of global RMS values of acceleration. As observed in the previous table 

(Table 7) the right side of the structure has an important contribution in the dynamic response of 

the staircase. The same is shown here by Table 8, even if the differences among the two sides are 

smoothed by the type of test (high number of pedestrians and long times). Fig. 73 is reported as 

experimental example (test number 1: 5pedestrians walk in loop). 

Looking at the specific Model, no significant variations are observed, both in terms of mean value 

and confidence interval. 

 

Fig. 73: Global RMS values of acceleration (left: accelerometer 8/ right: accelerometer 9) for the 

experimental test number 1. 

 

µ ±2σ µ ±2σ

model 0 0.135 0.035 0.143 0.032

model 1 0.125 0.032 0.133 0.031

model 2 0.130 0.031 0.133 0.029

model 3 0.125 0.032 0.134 0.031

model 0 0.205 0.037 0.213 0.037

model 1 0.194 0.035 0.203 0.035

model 2 0.201 0.031 0.202 0.031

model 3 0.195 0.035 0.206 0.034

model 0 0.234 0.019 0.238 0.017

model 1 0.230 0.018 0.234 0.017

model 2 0.238 0.020 0.235 0.019

model 3 0.232 0.018 0.239 0.018

RMS [m/s²]
Left side Right side

5 min

1 person

3 persons

5 persons
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Table 9: Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

Model 0, 1 and 3, expressed in terms of mean value and confidence interval at 95 % with respect to the 

mean value. Acceleration values read in correspondence of accelerometer 9, heel tests. The tests reported 

are the following: 

• 2nd quadrant (1 person/fast test): test number 10 of Table 5. 

• 1st quadrant (1 person/long test): test number 3 of Table 5. 

• 3rd quadrant (5 person/fast test): test number 5 of Table 5. 

• 4th quadrant (5 person/long test): test number 1 of Table 5. 

 

 

Table 10: Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

Model 1 and 3 normalized by Model 0, expressed in terms of mean value and confidence interval at 95 % 

with respect to the mean value. Acceleration values read in correspondence of accelerometer 9, heel tests. 

The tests reported are the following: 

• 2nd quadrant (1 person/fast test): test number 10 of Table 5. 

• 1st quadrant (1 person/long test): test number 3 of Table 5. 

• 3rd quadrant (5 person/fast test): test number 5 of Table 5. 

• 4th quadrant (5 person/long test): test number 1 of Table 5. 

 

Table 10 can be consider one of the most important outcomes of the current thesis. It reports 

the global RMS values of acceleration of Model 1 and 3 normalized by Model 0. Model 2 is not 

reported for the reason already explained in Section 4.1.5, that is its out of phase of the simulation 

time with respect to the one of Model 0 (and also Model 1 and 3). Therefore, with a point by point 

normalization, different instance of the simulation would be compared, leading to the meaningless 

of the values obtained by such normalization with Model 0. In Table 9, the absolute values of the 

normalized cases of Table 10 are reported for completeness. However, the table considered in the 

following discussion is Table 10. It is noted that the normalized values of Table 10 are not obtained 

by ratio of the absolute values of Table 9, but by a one by one ratio of each of the 100 simulations 

of the specific case, as explained in Chapter 4. 

As can be noted, four completely different scenarios are reported in Table 10 (see the caption for 

details). Before of the discussion of the results, it is worth to be recalled how the different Models 

work. All of them treat the AGRFs of pedestrians locally. Conversely, the PGRFs (i.e. the passive 

pedestrian contributions) are managed in different ways: Model 1, 2 and 3 locally considered the 

PGRFs (like the AGRFs), while Model 0 spreads the overall passive pedestrian contributions over 

the entire structure (see Section 1.2 and 2.1 for details). It is noted that the main effect of PGRFs 

(i.e. the forces provided as response of the human body by the apparent mass curves, as responses 

of the vibration of the structure) is the addition of damping to the structure. Therefore, with the new 

Models the damping is locally introduced with the pedestrians (i.e. concentrated damping effects), 

while, with Model 0, it is distributed over the entire structure (i.e. so present everywhere but with a 

lover magnitude). 

µ ±2σ µ ±2σ

model 0 0,119 0,052 0,143 0,032

model 1 0,092 0,043 0,133 0,029

model 3 0,105 0,045 0,134 0,031

model 0 0,213 0,064 0,238 0,017

model 1 0,168 0,045 0,235 0,019

model 3 0,174 0,047 0,239 0,018

5 persons

RMS n-th / RMS 0
fast test (one  stroke) long test (5 min)

1 person

µ ±2σ µ ±2σ

model 1 / model 0 88.2% 12.3% 92.8% 4.4%

model 3 / model 0 89.5% 11.0% 93.5% 4.2%

model 1 / model 0 81.2% 10.7% 98.4% 2.9%

model 3 / model 0 82.4% 10.6% 100.4% 3.1%

RMS n-th / RMS 0
fast test (one  stroke) long test (5 min)

1 person

5 persons
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In the fourth quadrant of Table 10 (5 pedestrians/long test) are reproduced the applicability 

conditions of Model 0. Indeed, as was just explained, it is an approximated approach, which was 

built up [2] to deal with high number of spread people (i.e. dense pedestrian situations) and long 

times. The same situation of the fourth quadrant, since the 5 pedestrians were distributed over the 

entire structure before to star to walk. Form the fourth quadrant is clear as the Models produce 

results close each other (mean values close to 100 %) with low differences among them (confidence 

intervals at 95 % close to 3 %). Such results confirm that, in the current scenario, Model 0 is a good 

approximation of the more detailed Models. This is due to the fact that the local addition of 

damping, bring by each of the moving pedestrian in the new Models, produces an effect which is 

similar to the one produced by the same amount of passive components spread over the structure. 

This works because the pedestrians were placed over the entire structure. 

Instead, in the third quadrant (5 pedestrians/fast test), even if the number of pedestrian is the 

same of the forth quadrant case, considerable variations are present among the estimated vibrations 

of the new Models and the ones of the old one (Model 0). Indeed, a global RMS acceleration value 

up to 18.8 % lower than Model 0 is obtained with Model 1 in the estimation of the mean vibration 

expected (Model 1/ Model 0: 𝜇 = 81.2 %, Table 10). This with a confidence interval (±2σ) of 10.7 

%. Hence, a lower limit difference of 29.5 % (i.e. 18.8 % + 10.7 %), with respect to the estimation 

made by Model 0, is obtained. This change of the results, with respect to the fourth quadrant ones, 

is due to how the available pedestrians were applied to the structure. Indeed, three of them were 

done go downstairs, (starting the crossing at a distance of one step) and two of them were made go 

upstairs (always starting with a distance of 1 step) and the descending group was made stat 9 s after 

the upstairs group (test number 5 of Table 5). With this time delay between the starting instants, the 

two groups of crossing pedestrians were made meet in correspondence of the second landing (nodes 

of the structure 11, 12, 13, 55 and 56, Fig. 70). In correspondence of the second landing, the modal 

coordinates of the first and second mode of structure (the one considered) have their higher 

components. This means that those are the points of the structure where the pedestrians have the 

highest effect, both in terms of excitation and damping. Therefore, at the instant of the meeting of 

the two groups, they are exciting the structure in the powerful possible way. 

All the Models do this, since all of them place the AGRFs where the pedestrians are on the structure. 

What changes, is the passive contributions, the apparent mass curves. Indeed, as already introduced, 

Model 0 is the only one that spread the passive contributions, and so the damping effect. As a 

consequence, a less effective damping action is applied in correspondence of the highly excited 

points, leading to high vibration levels estimated. Conversely, the new Models concentrate the 

damping effects in the same points of the AGRFs. Therefore, of course they strongly excite the 

structure (as Model 0), but at the same time they are able to properly locally damp the structure, 

leading to much lower vibration levels estimated. It is to be pointed out that, even if Model 2 is not 

reported in Table 10 for the aforementioned reason, similar results to the ones of Model 1 and 3 

were obtained with it, as will be shown in the next Section with the complete results reported. 

In the second quadrant (1 pedestrian/fast test) instead, a single pedestrian who goes upstairs is 

considered. The results are almost the same, but with slightly lower differences with respect to the 

ones of Model 0. This is due to the fact that, even if what happens is the same just explained for the 

third quadrant, only one people is present on the structure. Therefore, the localized damping 

capability of the new Models result lower with respect to the previous case (five pedestrians who 

converge in the area of the structure with the higher modal components), leading to a decrease of 

differences with respect to Model 0. This issue will be better addressed in Section 5.1.5, where a 

Frequency Response analysis of the occupied structure, exactly with one pedestrian as example 

case, will be reported. 

In the last quadrant of Table 10 (the first one: 1 pedestrian in loop on the staircase), mean 

results are obtained, between the ones of the second and fourth quadrant, with a great decrease of 



 5.2 Whole Results 95 

 

variability (±2σ /confidence interval at 95 %). However, always an underestimation (around 7 %) 

of the vibration levels, with respect to Model 0, is present. 

Summing up, a clear difference is so depicted by Table 10 in the adoption of the different 

Models in different scenarios. A great agreement is found between the new Models and Model 0 in 

case of a high number of people spread over the structure (i.e. the design condition of Model 0). 

While a lower estimation of the vibration levels is reported with the new Models in case of high 

number of pedestrians, but with no spread initial positions, and also for the case of low number of 

pedestrians (only 1, as limit case, in quadrant 2 and 1). In terms of global RMS value, differences 

up to 18.8 % in mean value and up to 29,5 % with a confidence interval at 95 % are obtained. 

5.2 Whole Results 

In this Section, the full set of results, for each tested scenario, is shown. The numerical 

outcomes are reported per simulation executed, with both the apparent mass databases: one for the 

configurations with the complete contact of the feet with the ground (“heel” configurations) and for 

the ones with only the tip of the feet in contact with the ground (“tiptoe” configurations), for the 

ascending crossing. They are split on the left side of the pages (the “heel” ones) and on the right 

side of the pages (the “tiptoe” ones). The results are divided per tested scenario, following the order 

of Table 5. As explained in Chapter 4, the label “fixed” or “selected” means that the pedestrians 

were chosen and always the same were used during the experimental test and the corresponding 

simulations. While, the label “random” means that a random selection of the involved pedestrians 

during the simulations, and a sequence of different pedestrians in the experimental tests (see Table 

6 for details), was done. 

 Test number 1: 5 pedestrians (selected) walk in loop 

 
Fig. 74 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 1. 

 
Fig. 75 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 1. 

Fig. 74 and Fig. 75 represent the Global RMS values of acceleration, evaluated on both the 

side of the staircase (left side: L (accelerometer 8) /right side: R (accelerometer 9)). Fig. 74 shows 

the results obtained with the Models by using the heel database, while Fig. 75 the ones obtained 

with the tiptoe database. As for the experimental global RMS points, they are the same between the 

two figures (per side). 
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Since test number 1 involves un high number of people (5) spread over the structure, and lasts 

a lot (5min), the ideal applicability conditions of Model 0 occur. Indeed, the estimated vibration 

ranges by the Models of Fig. 74 are almost identical. 

The tiptop configuration is characterized by apparent mass curves which provide a lower damping 

effect (Section 3.2.4). Indeed, the value of vibrations estimated by the Models with the use of the 

tiptoe database increase with respect to the ones with the heel one, and in different ways. 

For what concern the experimental points (see Chapter 4 for details on how they are obtained), 

the ones of the right side of the structure are well estimated with the use of the heel database, while 

they are predicted by Model 3, and only the higher values are estimated by the other Models, for 

the tiptoe database. Instead, the experimental values of the left side are over estimated by the 

Models, with both the databases. It is to be pointed out that the maximum experimental values fall 

in the predicted vibration intervals, and that the Models overestimate and do not underestimate the 

vibrations of the structure, leading to a safer prediction with respect to an underestimating 

evaluation of the vibration levels. 

 

 
Fig. 76 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 1. 

 
Fig. 77 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 1. 

In Fig. 76 (heel database use) and Fig. 77 (tiptoe database use) are reported the normalized by 

Model 0 global RMS acceleration values of the Models, obtained with the procedure explained in 

Chapter 4. As was shown by the absolute values reported in Fig. 74 and Fig. 75, a high agreement 

is present for all the Models with Model 0 (variations less than 5 %), but Model 3 for the case of 

the tiptoe database use. The larger difference of Model 2 (variations of 10 %) with respect to Model 

0, compared to the ones of Model 1 and 3, is due to the fact that Model 2 is out of phase with respect 

to all the other Models, as explained before and in details in Chapter 4. For these reason, even if 

these are global RMS values, the dispersions of the ratios of Model 2 are higher than the ones of 

the other two Models. 

 



 5.2 Whole Results 97 

 

 
Fig. 78 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 1. 

 
Fig. 79 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 1. 

In Fig. 78 and Fig. 79 are depicted the histograms of the 4 plots just showed: Fig. 78 for the 

heel configuration of the ascending crossing, while Fig. 79 for the tiptoe configuration of the 

ascending crossing. The firsts and the thirds columns shoes the absolute values of the two side of 

the staircase, while the seconds and the fourths columns show the values normalized by the Model 

0 ones. The considerations about Fig. 78 and Fig. 79 are the same done for Fig. 74, Fig. 75, Fig. 76 

and Fig. 77. 

 

 
Fig. 80 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 8, test number 

1. 

 
Fig. 81 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 9, test number 

1. 

Above (Fig. 80 and Fig. 81) are reported the experimental moving RMS values of acceleration, 

evaluated every 3 s. Fig. 80 shows the values for accelerometer 8 (left side of the staircase), while 

Fig. 81 shows the values for accelerometer 9 (right side of the staircase). Since the experimental 

test lasted 25 min (i.e. 1500 s), and only in post processing 10 sub-time histories of 2.30 min were 

obtained, the moving RMS was evaluated directly on the whole acceleration time history (for both 

the sides/accelerometers). While the sub-time histories were used only for the global experimental 

RMS (blues circles in Fig. 74 and Fig. 75), as was fully explained in Chapter 4. 
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Fig. 82 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “heel” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; 

black curve: Model 0, blue curve: Model 1, red curve: 

Model 2, yellow curve: Model 3; test number 1. 

 
Fig. 83 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “tiptoe” database; continuous line: 

mean value / dashed lines: confidence interval at 95 

%; black curve: Model 0, blue curve: Model 1, red 

curve: Model 2, yellow curve: Model 3; test number 

1. 

Fig. 82 and Fig. 83 show the moving RMS acceleration curves obtained with both the heel and 

tiptoe database, respectively. The upper graphs are for the left side of the structure, while the downer 

ones for the right side. In all the four plots can be observed how Model 2 (red curves) ends before 

the other Models. Indeed, since the pedestrians in it require lower time to cross the same number of 

steps, due to the consideration of the overlap between subsequent footsteps, it was stopped when 

the pedestrians reached the same number of steps crossed by the pedestrians in the other Models. 

The main reason for which was decided to evaluate the RMS of the accelerations also every 3 

s (moving RMS), and not only on the global signals (global RMS), is depicted in the plots. Because 

in this way it is possible to observe the evolution of the RMS value estimated by each Model, and 

so it is possible to compare them along the evolution of the simulation, and not only globally, as it 

is done with the global RMS values. 

Indeed, from Fig. 82 and Fig. 83, the periodic trends of the RMS values, due to the loop 

condition of the pedestrians, can be observed, which underline the correctness of the simulated 

situation. Moreover, mainly two RMS lobes can be seen that are continuously repeated, with one 

higher than the other. They are due to the passage of some pedestrians in correspondence of 

accelerometer 8 (small lobes) and in correspondence of the accelerometer 9 (high lobes). Indeed, at 

the positions of these two accelerometers, the modal coordinates of the first two modes of the 

structure assume their highest values, with the right side (i.e. accelerometer 9) with higher values. 

Of course, the pedestrians were spread over the entire structure, but not perfectly equally spaced 

initial positions were assumed (see table 1). Therefore, the passage of a slightly closer number on 

pedestrians in loop have produced the depicted RMS trends in Fig. 82 and Fig. 83. 

Looking at the trends, a higher value of Model 0 (black line) can also be noted at the peaks of 

the lobes. That indicate a lower damping action with respect to the other Models, when the less 

spread sequence of pedestrians (as just explained above) cross the positions close to accelerometer 

8 and 9. The opposite behavior is observed in proximity of the grooves, that occurs when the less 

spread sequence of pedestrians is far from accelerometer 8 and 9 (i.e. far from area od the structure 

with the highest modal components). There Model 0 shows a higher damping with respect to the 

other Models. This issue will be further examined in Section 5.1.5. These exchanges of damping 

behaviours among the Models, between the peaks of the lobes and the bottoms of the grooves, are 

the reasons for which the global RMSs provide almost the same estimated values for all the Models. 
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Fig. 84 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 1. 

 
Fig. 85 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “tiptoe” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 1. 

The positions of the peaks of the lobes and the bottoms of the grooves can be clearly observed 

by Fig. 84 and  Fig. 85, which depict the normalization by Model 0 moving RMS curves (for all the 

passages see Chapter 4). Model 2 (the missing red line) is omitted for the aforementioned reason. 

The positions of the lobes coincide with the instants in which the Models assume values lower than 

1, while the positions of the grooves are shown by the overestimations of the vibration levels 

predicted by Model 0. Therefore, at the peaks of the lobes, where the vibration levels are higher, an 

instantaneous difference up to 20 % (i.e. a value of 0.8 in the plots) can be observe with Model 1 

and 3 with respect to Model 0, for a confidence interval at 95 %, for the heel database (i.e. Fig. 84). 

While up to 30 % with the tiptoe database (i.e. Fig. 85). 

 
Fig. 86 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 1. 

 
Fig. 87 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 1. 

The maximum values of the moving RMS curves per Model are here reported for the two 

databases: in Fig. 86 the heel one and in Fig. 87 the tiptoe one. The experimental peaks values of 

the experimental moving RMS curves (Fig. 80 and Fig. 81) were extracted every 40 s, since such 
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time was identified as the period of the moving RMS trend (for details see Chapter 4). All the 

experimental peak points fall in the estimations made by the Models. There are only one or two 

cases that fall in the Model 0 intervals only. However, it is to be recalled that the intervals are 

confidence intervals at 95 %, so not all the possible cases are cover by the showed ranges. Then, 

unavoidable random effects (e.g. a subject who walks too close to an accelerometer and hits it) 

could take place during the simulations. 

Summarizing, the plots of Fig. 86 and Fig. 87 are consider as another important outcome of the 

current thesis, since they clearly shown as the Models are able to predict the peaks of RMS of 

acceleration for the tested pedestrian scenario and for the considered structure. This is an important 

information, since is the one consider at the design stage of new structure, for the assessment of the 

serviceability the structure itself. 

 

Since the results of the other tested pedestrian situations, scheduled in Table 5, are reported 

with the same graphs just explained and with the same sequence, in the following, a direct 

discussion of the results will be performed. See Chapter 4 for any doubt on the plots. 

 

 Test number 2: 3 pedestrians (selected) walk in loop 

 
Fig. 88 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 2. 

 
Fig. 89 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 2. 

In this tested scenario (number 2 of Table 5) a greater agreement is present in Fig. 88 and Fig. 

89 between the Models and the experimental data, in terms of global RMS values. Instead, in the 

previous case (test number 1 of Table 5), an overestimation of the experimental global RMS values 

were present for the left side of the structure (Fig. 74 and Fig. 75). Here, the RMS intervals 

estimated with the tiptoe database are also in this case higher with respect to the ones obtained with 

the heel database, confirming the lower damping action introduced by the tiptoe apparent masses. 

In this tested situation (three pedestrians walking in loop on the staircase) a higher difference is 

observed between the new Models and Model 0. Such a difference is reported also by the 

normalized by Model zero curves (Fig. 90and Fig. 91). The highest ones reach 85 % (15 % of 

difference) with the lower limits of the ranges (e.g. Model 2 and Model 3 for the tiptoe case). 
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Fig. 90 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 2. 

 
Fig. 91 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 2. 

 
Fig. 92 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 2. 

 
Fig. 93 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 2. 

 
Fig. 94 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 8, test number 2. 

 
Fig. 95 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 9, test number 2. 
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In Fig. 94 and Fig. 95 are represented the experimental moving RMS curves. As reported by 

Table 6, three sets of three pedestrians were involved in the experiments (indeed three curves are 

present per plot), each of them walking for 5 min (i.e. 300 s). 

 
Fig. 96 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “heel” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; 

black curve: Model 0, blue curve: Model 1, red curve: 

Model 2, yellow curve: Model 3; test number 2. 

 
Fig. 97 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “tiptoe” database; continuous line: 

mean value / dashed lines: confidence interval at 95 

%; black curve: Model 0, blue curve: Model 1, red 

curve: Model 2, yellow curve: Model 3; test number 

2. 

As anticipated by the global RMS curves (Fig. 88 and Fig. 89), Model 0 estimates a vibration 

range slightly higher with respect to the other Models. Indeed, higher RMS values are predicted at 

the peaks of lobes by Model 0 in Fig. 96 Fig. 97 (as happened in the previous scenario: Fig. 82 and 

Fig. 83), while the RMS values at the grooves are similar among the Models (conversely with 

respect to before: Fig. 82 and Fig. 83). This explains the trend of the global RMS values of Fig. 88 

and Fig. 89., which show higher vibrations estimated by Model 0. 

 
Fig. 98 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 2. 

 
Fig. 99 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “tiptoe” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 2. 

The considerations made for the previous scenarios (test number 1) are still valid. Differences 

with values up to 40 % can be observe in Fig. 98 for the normalized curves. 
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Fig. 100 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 2. 

 
Fig. 101 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 2. 

Also in this case, the peaks of the experimental moving RMS curves of acceleration (Fig. 94 

and Fig. 95) are properly predicted by all the Models. Only two experimental observations result at 

the upper limits of the new Models. However, the main cloud of the experimental points fall almost 

in correspondence of the mean values predicted by the Models. Then, as mentioned before, the 

reported ranges are evaluated for confidence intervals at 95 %. 

 

 Test number 3: 1 pedestrian (random) walks in loop 

 
Fig. 102 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

 
Fig. 103 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

The experimental results obtained for the current scenario (third of Table 5) have a great 

dispersion with respect to the ranges estimated by the Models. However, the mean values of the 

experimental clouds fall in the predicted ranges, as well as the majority of the points. A higher 

number of experimental observations probably would have defined a clearer experimental trend. 

Nevertheless, this is a long-time simulation (i.e. 5min, both numerically and experimentally). 

Hence, a trade-off between the number of time for which every experimental test should have been 
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repeated and the total number of tests was required, since only one day was available for all the 

experimental campaign, including the build-up of the set up on the staircase and Experimental 

Modal Analysis of the structure. 

 
Fig. 104 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 3. 

 
Fig. 105 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 3. 

Even if the greater variability of Model 2 is always present, this time, a complete detachment 

of the estimated ranges of Model 1 and Model 3, with respect to the Model 0 ones, is present, 

leading to differences up to 15 % of the global RMS values. This can also be clearly seen by the 

ratio plots in the histogram Fig. 106 and Fig. 107. 

 

 
Fig. 106 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 3. 

 
Fig. 107 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 3. 
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Fig. 108 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 8, test 

number 3. 

 
Fig. 109 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 9, test 

number 3. 

Since every subject involved performed the test number 3 (i.e. 1 person walks in loop for five 

min) one time, five experimental moving RMS curves are present in Fig. 108 and Fig. 109. For the 

sake of clarity, the moving RMS curves of subject 1, in correspondence of accelerometer 8, is 

reported in Fig. 110. Form it, it is possible to observe the periodicity of the trend, whit a mean 

period equal to 40 s, as evaluated in Chapter 4. The single subject starts to walk from the ground 

floor. Increasing the time, the second landing (where accelerometer 8 is located and the mode 

shapes are higher) is reached in correspondence of the first peak. The first groove instead, 

corresponds to the achievement of the first floor. The level of RMS doesn’t reach lower values since 

the subject, as soon as he/she reaches the first floor, he/she restarts the crossing in the descending 

direction. The second peak corresponds to the descending passage for the second landing. The 

achievement of the ground floor, and so the end of the first loop, corresponds to the second groove. 

Indeed, the second groove has lower RMS values since more time is required to the subject to return 

on the second landing, where the mode shapes have higher values. While lower time passes to go 

from the second lending to the first floor and from the first floor to the second landing (first grove 

case). 

 

Fig. 110: Moving RMS of acceleration evaluated every 3 s; experimental data - accelerometer 8, test 

number 3, subject number 1. 
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Fig. 111 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 3. 

 
Fig. 112 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 3. 

As reported for the previous two pedestrian tests, also here Model 0 produce higher peaks 

values, showing in this way a lower damping attitude in correspondence of the passage for the 

second landing. 

 
Fig. 113 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the “heel” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 3. 

 
Fig. 114 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the 

“tiptoe” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, yellow curve: 

Model 3; test number 3. 

In Fig. 113 and Fig. 114, very high variations are depicted with respect to Model 0. Variations 

up to the 35 % can be noted with the confidence intervals, while up to 10 % with the mean values. 
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Fig. 115 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

 
Fig. 116 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

Also in this case, the experimental RMS peaks of acceleration are properly described by peak 

ranges predicted by the Models. 

 

 Test number 4: 5 pedestrians (selected) meet during the crossing 

This pedestrian scenario is considered one of the most relevant, together with the following 

two (i.e. test number 5 and 6 of table 1). Indeed, in these tests, even if a high number of pedestrians 

is considered, they are made to meet on the structure, and are made to meet at the greatest modal 

component point of the structure (i.e. the second lending). This should strongly underline the 

differences between how Model 0 and the new Models work. 

 
Fig. 117 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 4. 

 
Fig. 118 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 4. 

Indeed, high differences are shown by Fig. 117 and Fig. 118. That is due to the different way in 

which the passive contributions, and so the damping effects of the pedestrians, are managed by the 

new Models and Model 0, as already explained for the 3rd quadrant case of Table 10 (i.e. the next 

one treated). Summarizing, the point is that, even if all the Models manage the active forces in the 
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same way (i.e. locally with the pedestrians), Model 0 is the only one that do not do the same with 

the passive contributions (i.e. the damping capability of the pedestrians). Indeed, it gathers them 

and then it spread their sum over the entire structure. Therefore, Model 0 is unable to properly damp 

the extremely high vibrations induced by the confluence of all the subjects in correspondence of the 

most sensible point of the structure, the second landing. Conversely, all the other three Models, 

locally consider the passive contributions, and so, even if the active excitations are the same of 

Model 0, they are able to locally damp the high vibrations induced. Indeed, form Fig. 117 and Fig. 

118 appears clear that Model 0 drastically overestimate the experimental values, while less 

overestimations are present for Model 1, 2 and 3. However, the overestimations ensure to take in 

consideration the most severe cases, and so to be in a safer condition. 

 
Fig. 119 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 4. 

 
Fig. 120 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 4. 

The global RMS ratio plots confirm the significant difference among the Methods. Just with 

the mean values, a 20 % of differences with respect to Model 0 are obtained. Such an order of 

differences, until now, were only observed in the moving RMS curves, never with the global ones. 

 

 
Fig. 121 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 4. 

 
Fig. 122 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 4. 
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Fig. 123 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 8, test 

number 4. 

 
Fig. 124 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 9, test 

number 4. 

The bell shapes of the experimental and numerical moving RMS curves (Fig. 123 and Fig. 124 

experimental / Fig. 125 and Fig. 126 numerical) confirm the correctness of the numerical 

simulations. Indeed, the increase of the moving RMS values, up to the point in which the subjects 

reach the second landing (where accelerometer 8 and 9 are located and the modal components of 

the structure are higher), and their decrease, from the moment in which the second landing is left, 

result properly described. 

 
Fig. 125 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 4. 

 
Fig. 126 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 4. 

The discussion above introduced for Fig. 117 and Fig. 118, can be clearly observed here in Fig. 

125 and Fig. 126. At 19 s, when all the Models place the active components of the pedestrians at 

the second landing, where the modal shapes assume their higher values, Model 1, 2 and 3 do the 

same with the passive components, ensuring a consistent damping action. Meanwhile, Model 0 

continues to consider such components (the passive ones) as spread over the structure, leading to 

have a much lower addition of damping effect on the second landing, where the vibrations are 

higher, due to the modal coordinates and the concentrated forcing terms. 
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Fig. 127 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the “heel” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 4. 

 
Fig. 128 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the 

“tiptoe” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, yellow curve: 

Model 3; test number 4. 
 

The normalized by Model 0 moving RMS curves (Fig. 127 and Fig. 128) point out two 

important aspects. First, in correspondence of the maximum (around 19 s) the ratios strongly 

decrease. Second, starting from almost 25 s, the Models even strongly overestimate Model 0. Of 

course, they do it on lower absolute values of RMS (Fig. 117 and Fig. 118), but this is not the point. 

At 25s, the pedestrians end the crossing. That means that for Model 1, 2 and 3 no pedestrians are 

present on the structure, and so, a free decay of the excited structure, now empty, is numerically 

simulated for the rest of the time. Conversely, since Model 0 applied the pedestrian passive 

contributions as spread over the structure, it considers a particular structure in the simulations, 

which is made by the empty one plus the spread passive contributions. On this new structure, it 

applies the pedestrian active forces. That means that, even if the pedestrians have left the structure, 

Model 0 considers again their passive contributions, since they are part of the new structure. This, 

of course, leads to a more damped free decay behavior with respect to the one of the empty structure 

(as in Model 1, 2 and 3), leading to the trends depicted in Fig. 127 and Fig. 128. 

 
Fig. 129 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 4. 

 
Fig. 130 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 4. 
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The peak analysis of the experimental moving RMS acceleration values shows a high 

agreement with the estimated ranges of the new Models (i.e. 1, 2 and 3), while the ones of Model 0 

present a high overestimation, as for the global RMS ranges.  

 

Since the remaining pedestrian situations are all of type “run” (see Table 5), which means that 

the pedestrians cross the structure only one time and then left it, the analysis of the following results 

are all similar to the one just made for the current pedestrian scenario. 

 

 Test number 5: 5 pedestrians (random) meet during the crossing 

 
Fig. 131 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 5. 

 
Fig. 132 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 5. 

 

 
Fig. 133 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 5. 

 
Fig. 134 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 5. 
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Fig. 135 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 5. 

 
Fig. 136 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 5. 

 
Fig. 137 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 8, test 

number 5. 

 
Fig. 138 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 9, test 

number 5. 

 
Fig. 139 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 5. 

 
Fig. 140 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 5. 



 5.2 Whole Results 113 

 

 
Fig. 141 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 5. 

 
Fig. 142 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 5. 

 
Fig. 143 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 5. 

 
Fig. 144 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 5. 

 Test number 6: 3 pedestrians (selected) meet during the crossing 

 
Fig. 145 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 6. 

 
Fig. 146 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 6. 
 



 114 Chapter 5 

 

 
Fig. 147 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ 

: mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 6. 

 
Fig. 148 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “tiptoe” database; 

□ : mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 6. 

 
Fig. 149 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 6. 

 
Fig. 150 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 6. 

 
Fig. 151 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 8, test 

number 6. 

 
Fig. 152 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 9, test 

number 6. 
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Fig. 153 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “heel” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 6. 

 
Fig. 154 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “tiptoe” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 6. 

 
Fig. 155 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 6. 

 
Fig. 156 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 6. 

 
Fig. 157 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 %; test number 6. 

 
Fig. 158 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 %; test number 6. 
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 Test number 7: 2 pedestrians (selected) go upstairs 

 
Fig. 159 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 7. 

 
Fig. 160 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations 

made with the “tiptoe” database; □ : mean value /⪦
⪧ : confidence interval at 95 %; test number 7. 

 
Fig. 161 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 9 

(right); simulations made with the “heel” database; □ : 

mean value /⪦⪧ : confidence interval at 95 % /△: 

maximum  ratio value / ▽: minimum  ratio value; test 

number 7. 

 
Fig. 162 Global RMS values of acceleration 

normalized by Model 0; accelerometer 8 (left) and 

9 (right); simulations made with the “tiptoe” 

database; □ : mean value /⪦⪧ : confidence interval 

at 95 % /△: maximum  ratio value / ▽: minimum  

ratio value; test number 7. 

 
Fig. 163 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 7. 

 
Fig. 164 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 7. 
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Fig. 165 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 8, test number 7. 

 
Fig. 166 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 9, test number 7. 

 
Fig. 167 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “heel” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 7. 

 
Fig. 168 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “tiptoe” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 7. 

 
Fig. 169 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 7. 

 
Fig. 170 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 7. 
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Fig. 171 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 %; test number 7. 

 
Fig. 172 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 %; test number 7. 

 Test number 8: 2 pedestrians (selected) go downstairs 

 
Fig. 173 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 8. 

 
Fig. 174 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 8. 

 
Fig. 175 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 8. 

 
Fig. 176 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 8. 
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Fig. 177 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; test number 8. 

 
Fig. 178 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 8. 

 
Fig. 179 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 8, test 

number 8. 

 
Fig. 180 Moving RMS of acceleration evaluated 

every 3 s; experimental data - accelerometer 9, test 

number 8. 

 
Fig. 181 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 8. 

 
Fig. 182 Moving RMS of acceleration evaluated 

every 3 s; accelerometer 8 (up) and 9 (down); 

simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow 

curve: Model 3; test number 8. 
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Fig. 183 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 8. 

 
Fig. 184 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 8. 

 
Fig. 185 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 8. 

 
Fig. 186 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 8. 

 Test number 9: 1 pedestrians go upstairs and 1 go downstairs (both selected) 

 
Fig. 187 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 9. 

 
Fig. 188 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 9. 
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Fig. 189 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 9. 

 
Fig. 190 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 9. 

 
Fig. 191 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 

8 (left) and 9 (right); simulations made with the “heel” 

database; test number 9. 

 
Fig. 192 Histograms of the Global RMS of 

acceleration and of the normalized by Model 0 ones; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; test number 9. 

 
Fig. 193 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 8, test number 9. 

 
Fig. 194 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 9, test number 9. 
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Fig. 195 Moving RMS of acceleration evaluated every 3 s; 

accelerometer 8 (up) and 9 (down); simulations made with 

the “heel” database; continuous line: mean value / dashed 

lines: confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow curve: 

Model 3; test number 9. 

 
Fig. 196 Moving RMS of acceleration evaluated every 3 s; 

accelerometer 8 (up) and 9 (down); simulations made with 

the “tiptoe” database; continuous line: mean value / dashed 

lines: confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, red curve: Model 2, yellow curve: 

Model 3; test number 9. 

 
Fig. 197 Moving RMS of acceleration evaluated every 3 s 

normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: Model 

1, yellow curve: Model 3; test number 9. 

 
Fig. 198 Moving RMS of acceleration evaluated every 3 s 

normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: Model 

1, yellow curve: Model 3; test number 9. 

 
Fig. 199 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean value 

/⪦⪧ : confidence interval at 95 %; test number 9. 

 
Fig. 200 Maximum Moving RMS values of acceleration 

evaluated by each Model; maximum of the experimental 

moving RMS; accelerometer 8 (up) and 9 (down); 

simulations made with the “heel” database; □ : mean value 

/⪦⪧ : confidence interval at 95 %; test number 9. 
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 Test number 10: 1 pedestrian (random) goes upstairs  

 
Fig. 201 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 10. 

 
Fig. 202 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 10. 

 
Fig. 203 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 10. 

 
Fig. 204 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 10. 

 
Fig. 205 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 

8 (left) and 9 (right); simulations made with the “heel” 

database; test number 10. 

 
Fig. 206 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 

8 (left) and 9 (right); simulations made with the “tiptoe” 

database; test number 10. 
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Fig. 207 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 8, test number 10. 

 
Fig. 208 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 9, test number 10. 

 
Fig. 209 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 10. 

 
Fig. 210 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “tiptoe” database; continuous line: mean value 

/ dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 10. 

 
Fig. 211 Moving RMS of acceleration evaluated every 3 

s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 10. 

 
Fig. 212 Moving RMS of acceleration evaluated every 3 

s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 10. 
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Fig. 213 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of the 

experimental moving RMS; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; □ : 

mean value /⪦⪧ : confidence interval at 95 %; test 

number 10. 

 
Fig. 214 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of the 

experimental moving RMS; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; □ : 

mean value /⪦⪧ : confidence interval at 95 %; test 

number 10. 

 Test number 11: 1 pedestrian (random) goes downstairs 

 
Fig. 215 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 11. 

 
Fig. 216 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 11. 

 
Fig. 217 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 11. 

 
Fig. 218 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 11. 
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Fig. 219 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “heel” 

database; test number 11. 

 
Fig. 220 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “tiptoe” 

database; test number 11. 

 
Fig. 221 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 8, test number 11. 

 
Fig. 222 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 9, test number 11. 

 
Fig. 223 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 11. 

 
Fig. 224 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “tiptoe” database; continuous line: mean value 

/ dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 11. 
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Fig. 225 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the “heel” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 11. 

 
Fig. 226 Moving RMS of acceleration evaluated 

every 3 s normalized by Model 0; accelerometer 8 

(up) and 9 (down); simulations made with the 

“tiptoe” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, yellow curve: 

Model 3; test number 11. 

 
Fig. 227 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 11. 

 
Fig. 228 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 11. 

5.3 Other Tests 

In the previous Section (5.2) have been reported the results of all the experimental and 

numerical tests performed. As explained, one of the most significant outcomes were the plots of the 

peak of the RMS values (e.g. Fig. 227 and Fig. 228). Indeed, in them, are reported the comparison 

between the numerical estimations of the peaks of acceleration, always in terms of RMS values. 

That is an important parameter, since it is the one used at the design stage of a new structure, for 

the serviceability check. 

It is noted that in all the tested scenarios such values fell in the estimated range of peaks. The 

only cases in which there are some experimental RMS peaks that assume values higher than the 
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estimated intervals are in the pedestrian cases number 3, 10 and 11 of Table 5. All these tests 

involved one pedestrian who walk in loop for 5 min, who goes upstairs and goes down stairs, 

respectively. 

It is also noted that to the individual active force database of each subject, active force time 

histories were added, coming form an already existing database, in order to have a greater variability 

of the active histories. In this way, the change of the active force time histories of the single subject, 

along the day, was accounted too (see Section 3.1). 

In order to mitigate the mentioned cases in which some underestimations of the RMS peaks 

took place, such tests were numerically repeated for a subject (subject 3), using as database of the 

active force time histories the only ones measured in the experimental campaign of subject 3, 

without any addition of other pre-existing active force time histories. 

 

The new numerical simulations show an optimal estimation of the specific subject considered, 

for what concerns the peaks of RMS of acceleration (Fig. 241 and Fig. 242 for the test number 3, 

Fig. 255 and Fig. 256 for the test number 10, Fig. 269 and Fig. 270 for the test number 11) with 

respect to the previous ones, which were based on a random selection of the subject involved (Fig. 

115 and Fig. 116 for the test number 3, Fig. 213 and Fig. 214 for the test number 10, Fig. 227 and 

Fig. 228 for the test number 11). 

Of course, this additional analysis was done only for the evaluation of the reliability of the 

Models, in the estimations of the vibration levels with specific subjects. In a design stage of a new 

structure, such an approach (i.e. consideration of specific subjects) would be unfeasible. Since mean 

parameters of the possible subject involved should be considered. Hence, the plots obtained with a 

random extraction of pedestrians should be taken in that case (Fig. 115 and Fig. 116 for the test 

number 3, Fig. 213 and Fig. 214 for the test number 10, Fig. 227 and Fig. 228 for the test number 

11). It is to be pointed out that in them, the main experimental cloud of points fall in the estimated 

ranges, and only a low number of experimental observations assume values slightly higher with 

respect to the ones predicted. 

 

 Test number 3: 1 pedestrian (subject 3) walks in loop 

 
Fig. 229 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

 
Fig. 230Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 
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Fig. 231 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 3. 

 
Fig. 232Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 3. 

 
Fig. 233 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 

8 (left) and 9 (right); simulations made with the “heel” 

database; test number 3. 

 
Fig. 234 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 

8 (left) and 9 (right); simulations made with the “tiptoe” 

database; test number 3. 

 
Fig. 235 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 8, test number 3. 

 
Fig. 236 Moving RMS of acceleration evaluated every 

3 s; experimental data - accelerometer 9, test number 3. 
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Fig. 237 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “heel” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 3. 

 
Fig. 238 Moving RMS of acceleration evaluated every 

3 s; accelerometer 8 (up) and 9 (down); simulations 

made with the “tiptoe” database; continuous line: mean 

value / dashed lines: confidence interval at 95 %; black 

curve: Model 0, blue curve: Model 1, red curve: Model 

2, yellow curve: Model 3; test number 3. 

 
Fig. 239 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 3. 

 
Fig. 240 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 3. 

 
Fig. 241 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 

 
Fig. 242 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS evaluated every 40 s; 

accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 3. 
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 Test number 10: 1 pedestrian (subject 3) goes upstairs  

 
Fig. 243 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 10. 

 
Fig. 244 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 10. 

 
Fig. 245 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 10. 

 
Fig. 246 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 10. 

 
Fig. 247 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “heel” 

database; test number 10. 

 
Fig. 248 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “tiptoe” 

database; test number 10. 
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Fig. 249 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 8, test number 10. 

 
Fig. 250 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 9, test number 10. 

 
Fig. 251 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 10. 

 
Fig. 252 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “tiptoe” database; continuous line: mean value 

/ dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 10. 

 
Fig. 253 Moving RMS of acceleration evaluated every 3 

s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 10. 

 
Fig. 254 Moving RMS of acceleration evaluated every 3 

s normalized by Model 0; accelerometer 8 (up) and 9 

(down); simulations made with the “tiptoe” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 10. 
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Fig. 255 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of the 

experimental moving RMS; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; □ : 

mean value /⪦⪧ : confidence interval at 95 %; test 

number 10. 

 
Fig. 256 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of the 

experimental moving RMS; accelerometer 8 (up) and 9 

(down); simulations made with the “heel” database; □ : 

mean value /⪦⪧ : confidence interval at 95 %; test 

number 10. 

 Test number 11: 1 pedestrian (subject 3) goes downstairs 

 
Fig. 257 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “heel” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 11. 

 
Fig. 258 Global RMS values of the acceleration; 

accelerometer 8 (left) and 9 (right); simulations made 

with the “tiptoe” database; □ : mean value /⪦⪧ : 

confidence interval at 95 %; test number 11. 

 
Fig. 259 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “heel” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 11. 

 
Fig. 260 Global RMS values of acceleration normalized 

by Model 0; accelerometer 8 (left) and 9 (right); 

simulations made with the “tiptoe” database; □ : mean 

value /⪦⪧ : confidence interval at 95 % /△: maximum  

ratio value / ▽: minimum  ratio value; test number 11. 
 



 134 Chapter 5 

 

 
Fig. 261 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “heel” 

database; test number 11. 

 
Fig. 262 Histograms of the Global RMS of acceleration 

and of the normalized by Model 0 ones; accelerometer 8 

(left) and 9 (right); simulations made with the “tiptoe” 

database; test number 11. 

 
Fig. 263 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 8, test number 11. 

 
Fig. 264 Moving RMS of acceleration evaluated every 3 

s; experimental data - accelerometer 9, test number 11. 

 
Fig. 265 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “heel” database; continuous line: mean value / 

dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 11. 

 
Fig. 266 Moving RMS of acceleration evaluated every 3 

s; accelerometer 8 (up) and 9 (down); simulations made 

with the “tiptoe” database; continuous line: mean value 

/ dashed lines: confidence interval at 95 %; black curve: 

Model 0, blue curve: Model 1, red curve: Model 2, 

yellow curve: Model 3; test number 11. 
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Fig. 267 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “heel” database; 

continuous line: mean value / dashed lines: confidence 

interval at 95 %; black curve: Model 0, blue curve: 

Model 1, yellow curve: Model 3; test number 11. 

 
Fig. 268 Moving RMS of acceleration evaluated every 

3 s normalized by Model 0; accelerometer 8 (up) and 

9 (down); simulations made with the “tiptoe” 

database; continuous line: mean value / dashed lines: 

confidence interval at 95 %; black curve: Model 0, 

blue curve: Model 1, yellow curve: Model 3; test 

number 11. 

 
Fig. 269 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 11. 

 
Fig. 270 Maximum Moving RMS values of 

acceleration evaluated by each Model; maximum of 

the experimental moving RMS; accelerometer 8 (up) 

and 9 (down); simulations made with the “heel” 

database; □ : mean value /⪦⪧ : confidence interval at 

95 %; test number 11. 

5.4 Summary Tables (Mode Filtered Results) 

As was explained, the numerical results were Low Pass Filtered (LPF) and also Band Pass 

Filtered (BPF) around the two modes of the structure (i.e. f1 = 7.81 HZ and f2 = 8.87 Hz). Refer 

to Section 4.1.5 for details on the used filters. The filtering around the two modes was done in order 

to analyse the contribution of each mode of the structure to the global response in every tested 

pedestrian scenario. The results will not be reported extensively, as done for the ones of the Low 

Pass Filtered case, but summary tables, as the ones introduced at the beginning of the LPF case, are 

reported. Only the ones obtained with the heel database, as was done for the LPF tables, are shown. 

The tables are reported per pair of modes, with at first the one for the BPF around the first mode 

and then the one BPF around the second mode. 
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Table 11 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, BPF around the first mode, expressed in terms of mean value and confidence interval at 

95 % with respect to the mean value. Left column: test number 11 of Table 5, right column: test number 

10 of Table 5. Acceleration values read in correspondence of accelerometer 9, heel tests. 

 

Table 12 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, BPF around the second mode, expressed in terms of mean value and confidence interval 

at 95 % with respect to the mean value. Left column: test number 11 of Table 5, right column: test number 

10 of Table 5. Acceleration values read in correspondence of accelerometer 9, heel tests. 

It is interesting to notice that, for the case of a pedestrian who goes downstairs (i.e. on the left 

side of the structure) (left macro columns of Table 11 and Table 12), the first mode (Table 11) 

produces higher global RMS values for the right side of the staircase. While an expected higher left 

side response is produced by the second mode (Table 12). Can be said that the contributions of the 

two modes are mirrored one to the other. 

As for the ascending crossing (on the right side of the structure) (right macro columns of Table 

11 and Table 12), only the second modes (Table 12) has the non-crossed side of the structure (the 

left one) with an higher response with respect to the crossed side. Instead, mode 1 (Table 11) has 

the crossed side with a higher response, in terms of global RMSs. Therefore, fore the ascending 

crossing, the first mode appears to have the higher contribution. 

 

 

Table 13 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, BPF around the first mode, expressed in terms of mean value and confidence interval at 

95 % with respect to the mean value. The tests per rows are: third test of Table 5 in the first set of rows, 

second test of Table 5 in the second set of rows and first test of Table 5 in the third set of rows. 

Acceleration values read in correspondence of accelerometer 9, heel tests. 

µ ±2σ µ ±2σ µ ±2σ µ ±2σ

model 0 0.086 0.036 0.129 0.055 0.085 0.039 0.130 0.060

model 1 0.082 0.034 0.122 0.051 0.073 0.033 0.112 0.051

model 2 0.086 0.035 0.127 0.054 0.064 0.033 0.099 0.051

model 3 0.082 0.033 0.122 0.051 0.074 0.033 0.114 0.052

RMS 

[m/s²]

1 person goes upstairs on the right side1 person goes downstairs on the left side

Left side Right sideLeft side Right side

µ ±2σ µ ±2σ µ ±2σ µ ±2σ

model 0 0.135 0.068 0.083 0.040 0.042 0.016 0.031 0.009

model 1 0.118 0.057 0.074 0.034 0.041 0.016 0.030 0.009

model 2 0.117 0.066 0.074 0.039 0.040 0.020 0.029 0.011

model 3 0.118 0.057 0.073 0.034 0.041 0.016 0.030 0.009

RMS 

[m/s²]

1 person goes upstairs on the right side1 person goes downstairs on the left side

Left side Right sideLeft side Right side

µ ±2σ µ ±2σ

model 0 0.095 0.022 0.143 0.033

model 1 0.089 0.020 0.133 0.031

model 2 0.087 0.019 0.131 0.029

model 3 0.089 0.021 0.135 0.031

model 0 0.141 0.025 0.211 0.038

model 1 0.135 0.023 0.201 0.035

model 2 0.130 0.021 0.195 0.033

model 3 0.137 0.023 0.205 0.035

model 0 0.156 0.013 0.232 0.020

model 1 0.154 0.014 0.228 0.021

model 2 0.150 0.014 0.224 0.022

model 3 0.158 0.014 0.234 0.022

RMS [m/s²]
Left side Right side

5 min

1 person

3 persons

5 persons
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Table 14 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, BPF around the second mode, expressed in terms of mean value and confidence interval 

at 95 % with respect to the mean value. The tests per rows are: third test of Table 5 in the first set of rows, 

second test of Table 5 in the second set of rows and first test of Table 5 in the third set of rows. 

Acceleration values read in correspondence of accelerometer 9, heel tests. 

As for the loop BPF testes (tests number 1, 2 and 3), their values (in terms of global RMSs) are 

reported in Table 13 for the first mode and in Table 14 for the second mode. All the types of tests 

agree with the fact that in loop walking conditions, the second mode is more responsible for the 

response of the left side of the structure, while the first mode is the one more responsible for the 

response of the right side of the structure. 

 

 

Table 15 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, , BPF around the first mode, expressed in terms of mean value and confidence interval 

at 95 % with respect to the mean value. The tests per rows are: third test of Table 5 in the first set of rows, 

second test of Table 5 in the second set of rows and first test of Table 5 in the third set of rows. 

Acceleration values read in correspondence of accelerometer 9, heel tests. 

 

Table 16 Estimations of the vibration levels by means of Global RMS acceleration values obtained with 

the four Models, , BPF around the second mode, expressed in terms of mean value and confidence interval 

at 95 % with respect to the mean value. The tests per rows are: third test of Table 5 in the first set of rows, 

second test of Table 5 in the second set of rows and first test of Table 5 in the third set of rows. 

Acceleration values read in correspondence of accelerometer 9, heel tests. 

For what concern the most limit tested cases (i.e. low/high number of pedestrians vs short/long 

times), the Model 0 normalized global RMS values of acceleration appear to have the same trend 

in both the modes. That means that the differences among the Models are practically the same 

between the modes. 

µ ±2σ µ ±2σ

model 0 0.108 0.034 0.068 0.020

model 1 0.099 0.029 0.063 0.018

model 2 0.107 0.031 0.068 0.019

model 3 0.098 0.029 0.063 0.018

model 0 0.166 0.034 0.105 0.021

model 1 0.155 0.032 0.100 0.020

model 2 0.168 0.030 0.107 0.018

model 3 0.156 0.032 0.100 0.020

model 0 0.192 0.022 0.123 0.012

model 1 0.187 0.020 0.120 0.011

model 2 0.201 0.021 0.129 0.013

model 3 0.188 0.020 0.121 0.011

RMS [m/s²]
Left side Right side

5 min

1 person

3 persons

5 persons

µ ±2σ µ ±2σ

model 1 / model 0 93.5% 32.0% 96.4% 21.1%

model 3 / model 0 94.3% 30.3% 96.9% 20.4%

model 1 / model 0 90.1% 33.6% 99.3% 17.4%

model 3 / model 0 91.1% 33.5% 100.6% 18.2%

RMS n-th / RMS 0
fast test (one  stroke) long test (5 min)

1 person

5 persons

µ ±2σ µ ±2σ

model 1 / model 0 97.6% 18.0% 96.1% 18.0%

model 3 / model 0 97.9% 17.6% 96.0% 18.2%

model 1 / model 0 90.9% 29.8% 98.9% 15.4%

model 3 / model 0 90.9% 30.0% 99.0% 15.5%

RMS n-th / RMS 0
fast test (one  stroke) long test (5 min)

1 person

5 persons
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5.5 Frequency Response Functions (FRFs) 

In this Section, an additional frequency analysis, with respect to the one performed for the 

identification of the modal parameters of the structure (Section 3.3), is reported. Indeed, in order to 

better analyse the different ways in which every Model treats the occupied structure (i.e. the one 

obtained by the empty structure plus the application of the passive contributions of the pedestrians), 

some FRFs of such structure were evaluated. The observation points are always kept in 

correspondence of the nodes 12 and 55 of the discretized structure (Fig. 70), in terms of 

displacements. While, as excitation points, are taken a point per side co-located (i.e. nodes 12 and 

55of Fig. 70) and two point per side far from them (i.e. non-co-located: nodes 29-38 and 5-62 of 

Fig. 70). Such points were selected since at the nodes 12 and 55 the modal components of the 

structure have their higher values, and so, are the points in which the pedestrian effects are higher. 

Therefore, both points in the higher modal components of the structure (i.e. nodes 12 and 55) and 

points where the modal components are lower (i.e. nodes 5-62 and 29-38) were taken. The simulated 

case is the one of a pedestrian who walk on the staircase. Therefore, the apparent mass involved is 

the one of a one pedestrian only. It is noticed that Model 0 is the only one that considers such 

passive contribution always spread over the structure, while the other Models consider it as applied 

at the position of the pedestrian (i.e. the excitation points here). For simplicity, Model 1 (blue line) 

is taken as reference to represent the moving passive contribution approaches (also because of 

Model 2 and 3 are based on Model 1) against Model 0 (black line) in a series of FRF comparisons. 

At first, the FRFs for the left side excitations (nodes 5, 12, 29) are reported, followed by the 

ones for the right side excitations (nodes 38, 55, 62), keeping always the nodes 12 and 55 as the 

observation points (12 on the left side and 55 on right side of the plots). Zooms of the resonant 

peaks follow the original plots. 
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Fig. 271: FRFs with the pedestrian at node 5. Observation points: node 12 (left), node 55 (right). 

 

 

 
 

Fig. 272: FRFs with the pedestrian at node 12. Observation points: node 12 (left), node 55 (right). 
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Fig. 273: FRFs with the pedestrian at node 29. Observation points: node 12 (left), node 55 (right). 

 

While the FRFs for the pedestrian at the positions 38, 55 and 62 are: 
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Fig. 274: FRFs with the pedestrian at node 38. Observation points: node 12 (left), node 55 (right). 

 

 

 
 

Fig. 275: FRFs with the pedestrian at node 55. Observation points: node 12 (left), node 55 (right). 
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Fig. 276: FRFs with the pedestrian at node 62. Observation points: node 12 (left), node 55 (right). 

In order to present a synthesis of the just showed FRFs, a comparison between the co-located 

FRFs (maximum pedestrian effect) and the FRFs with the farther from co-located exciting points 

(i.e. nodes 29 and 38) (minimum pedestrian effect) are below reported. 
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Fig. 277: Comparison between FRFs with the pedestrian at node 12 and node 29. Observation points: 

node 12 (left), node 55 (right). 

 

 
 

Fig. 278. Comparison between FRFs with the pedestrian at node 38 and node 55. Observation points: 

node 12 (left), node 55 (right). 
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With the left plot of Fig. 277 and the right one of Fig. 278,  a comparison between the cases in 

which the pedestrian is placed in a position characterized by high modal components (once node 

12 and once node 55) and the case in which he/she is in an area with lower modal components of 

the structure, the lower part of the staircase (nodes 29 and 38), is presented. From these figures, the 

inversion of the highest peaks can be observed between the Models. Indeed, while Model 0 spread 

the damping effect, due to the passive pedestrian contribution, over the structure, Model 1 keeps it 

concentrated at the node in which the pedestrian is applied. It is noted that both the Models locally 

apply the active pedestrian effect (i.e. the active force), hence in both the Models the structure is 

excited in the same way, independently from the effectiveness of the excitation (i.e. modal 

component magnitudes at the pedestrian point). As a consequence, the resonant peaks of Model 1 

are lower than the ones of Model 0, if the pedestrian is placed in the points with the highest modal 

components (nodes 12 and 55), since all the damping effect of the passive pedestrian component is 

applied in the most effective positions. While Model 0 applies only the corresponding part of spread 

passive component on the most effective positions. 

Conversely, higher resonant peaks are present for Model 1 with respect to Model 0, when the 

pedestrian is placed in positions with low modal components (i.e. nodes 29 and 38). That occurs 

because the effectiveness of the localized passive pedestrian component (Model 1) is lower. Instead, 

with Model 0, a fraction of the spread apparent mass is again present in the highest modal 

component area of the structure, leading to a greater damping of the vibrations. 

Going forward, the observation points 12 and 55 are the ones in which the pedestrians were 

made converge during the simulated tests number 4, 5 and 6. Therefore, from the trends of these 

FRFs (Fig. 277 and Fig. 278, or directly from Fig. 271 - Fig. 276), the results of the just mentioned 

tests appear clearer (Fig. 117 - Fig. 158). Indeed, in each of them, a strong overestimation of the 

vibration levels is made by Model 0, which is due to its inability to localize the damping at the 

moment in which the pedestrians converge. This fact underline the applicability conditions of 

Model 0, which are not only high number of pedestrians, but also spread pedestrians. That is 

equivalent to ask for dense pedestrian conditions, where the word dense underline the homogeneity 

of the pedestrian positions over the structure. 

 

 

  



 

 

Chapter 6 

Conclusions 

In this thesis, three Models to account for the Human-Structure Interaction were presented. At 

first, a recalling of a previous contribution was done (Section 1.2, [1,2]). In it, an approximated 

approach (named here Model 0) to account for the HSI was present. This method considers the 

presence of pedestrian as the sum of an active and a passive contribution. Then, it spreads the overall 

passive contribution of the pedestrians that occupy the structure over the structure itself. Staring 

from this point, the current work proposed a new approach, Model 1. This Model is not only able 

to locally consider the active pedestrian contributions, as Model 0 does, but to locally consider the 

passive contributions as well. In order to numerically compare these two approaches, an 

experimental campaign was performed to collect the active and passive contributions for a series of 

subjects (5 people). 

The active contributions were acquired though a force plate (Section 3.1), and with them, a 

database of active force time histories was built up. It is to be pointed out that in this way, non-

periodic active force profiles were applied to the structure, since each time history was unique. The 

database was broadened with an already existing database coming from the previous contribution 

[2]. Whereas, the passive contributions were obtained through the evaluation of the apparent mass 

curves of the involved subjects. They were evaluated by the frequency ratio (i.e. a transfer function) 

between the frequency response force released by the body to the ground and the input acceleration 

of the ground itself (Section 3.2). These curves were then fitted by a 2DOF model for their handling 

in the equations. Such apparent mass curves change with the body positions, leading to a Linear 

Time Varian problem. In order to have a more manageable problem to deal with, mean apparent 

mass curves, representative for the positions assumed during a single step, were evaluated and used 

in Model 1. In such a way, a series of Linear Time Invariant systems were obtained, leading to an 

easier integration of the HSI dynamical equations, by splitting the integration interval over the series 

of Linear Time Invariant systems. 

Moving forward, another Model was introduced, by using Model 1 as background: Model 2. 

In this Model, the overlap that takes place between two subsequent footsteps was considered, both 

from an active and from a passive point of view (Section 2.4). One Model again was introduced, 

always keeping Model 1 as background for it. In Model 3, the variation of the apparent mass curves 

within the single footstep were accounted. Indeed, thanks to a body motion analysis, the main 

positions assumed during a single footstep were identified (3 positions) (Section 3.2). The dynamic 

equations of Model 2 and 3 were solved by integration, always through the splitting of the whole 

integration time over the series of Linear Time Invariant systems. The only difference with respect 

to Model 1 was a higher number of sub-integration intervals for Model 2, and an again greater 



 146 Chapter 6 

 

number of sub-integration intervals for Model 3, given the higher number of the series of Linear 

Time Invariant systems consider by Model 2 and 3 to reproduce the same HSI situation. 

Two points have to be pointed out. First, since the considered structure was a staircase, the 

positions assumed by the human body during the ascending and descending crossing are different. 

Therefore, the apparent mass curves were identified for both the crossing directions. Second, 

differences were observed in the way in which different people, but even the same one, go upstairs. 

The issue involved the contribution or not of the heel of the feet during the ascent. No differences 

were observed for the descent. For this reason, the apparent masses of the subject were measured 

for both the configurations of the contact foot-step/ground. These configurations were named “heel” 

and “tiptoe” configurations, for the ascending positions with the contact of the heel on the step and 

with tip of the feet respectively. 

A series of 11 tests were though, which are reported in table 1 and 2, in order to test all the 4 

Models (i.e. Model 0, 1, 2 and 3) in different pedestrian situations, ranging from few to many 

pedestrians involved. Not only, different ways to occupy the structure were considered: pedestrians 

who walk in loop over the staircase or pedestrians who cross the structure only one time and then 

leave it. Such tests were reproduced both numerically with the Models and experimentally on a real 

structure, the main staircase (Fig. 37) of building B12 of north Milan campus of Politecnico di 

Milano. An Experimental Modal Analysis of the structure was at first performed, in order to obtain 

its modal parameters. Indeed, they are the necessary information that the Models need to reproduce 

the structure. 100 simulations were numerically performed with the Models for each of the 11 

scheduled pedestrian scenario, with both the apparent mass types (“heel” and “tiptoe” one). 

The results were evaluated in terms of acceleration, more precisely by means of the RMS 

values of the entire time length of the simulations and the RMS values evaluated every 3 s of the 

time length of the simulations, global and moving RMS values respectively. Such indexes were 

provided in terms of mean value and the limit values for a confidence interval at 95 % (i.e. two 

times the standard deviation). Such indexes were evaluated for both the numerical and the 

experimental accelerations, evaluated in correspondence of the points in which the first two modes 

of the structure (that are the modes used in the numerical simulations to reproduce the structure) 

assume their higher modal components, that are the positions of accelerometer 8 and 9 (Fig. 70). 

The global and the moving RMS values of Model 1, 2 and 3 were further elaborated by normalizing 

them with respect to the ones of Model 0, in order to underline the differences among these Models. 

Since one of the significant parameters utilized at the design stage of a new structure, for the 

evaluation of the serviceability conditions of the structure itself, is the value of the peak of the 

expected accelerations, an analysis of the maximum values of moving RMS was performed too. 

The numerical results showed an appreciable agreement with the experimental ones, both from 

a global and from a moving RMS point of view. However, sometimes the estimated ranges of global 

RMSs of the Models slightly overestimate the experimental values (a higher estimation of the RMS 

acceleration values is safer than an underestimation). For what concerns the peaks of the moving 

RMS values, they fall in the predicted RMS peak ranges. The few cases in which some experimental 

point was underestimated (case number 3, 10 and 11/ Fig. 115 - Fig. 116, Fig. 213 - Fig. 214 and 

Fig. 227 - Fig. 228 respectively), even if the cloud of the main experimental peak values fell in the 

predicted range, the numerical simulations were reperformed for them. This time, the specific active 

and passive parameters of a specific subject (subject 3) were used for all the 100 simulations, instead 

of a random extraction of the involved subject and so of his/her parameters. The results of the 

specific subject perfectly fell in the estimated intervals for the peaks of acceleration, always in RMS 

(Fig. 241 and Fig. 242 for case 3, Fig. 255 and Fig. 256 for case 10, Fig. 269 and Fig. 270 for case 

11). 

As for the Models, they showed different results as a function of the tested pedestrian scenario. 

In test number 1 (5 people that walk for 5 min in loop over the staircase) all the Models show a 

good agreement on the estimation of the ranges of acceleration. Indeed, the pedestrian were spread 



  147 

 

over the entire structure before to star to walk. This is the applicability condition of the 

approximation introduced by Model 0: dense pedestrian occupied structure. Such condition is given 

by a high number of pedestrians and by their placement over the entire structure. For this reason, 

the predicted vibration values of Model 0 are in agreement with the ones of the other Models, even 

if they adopt a more precise description of the HSI. 

Completely different results are instead obtained in the tested scenarios number 4, 5 and 6. 

They involved 5 (in test number 4 and 5) and 3 (in test number 6) pedestrians who converge in the 

position of the structure with the highest modal components of the first two modes (i.e. the second 

landing). In this way, the maximum excitation of the structure was obtained. This was reproduced 

with all the Models, since all of them locally consider the active force of each pedestrian. What 

change between the new proposed Models (i.e. Models 1, 2, and 3) and the old one (i.e. Model 0), 

it is how the passive contributions of the pedestrians (i.e. apparent mass curves) are treated. In the 

new Models, both in case of use of an average apparent mass per step (as in Model 1 and 2) or 

multi-apparent masses per step (as in Model 3), the passive contributions are always applied at the 

pedestrian positons, along with the active forces. Conversely, in Model 0, the apparent mass of all 

the involved pedestrian is gathered and then equally spread over the structure. This is a good 

approximation of what really happens, in case of a high number of pedestrians that are spread over 

the structure. This is not a good representation of what really happens, in case of a high number of 

pedestrians gathered in a point of the structure, as these cases are (i.e. test number 4, 5 and 3). 

Because in the first case, the damping capability of the pedestrians is really spread over the 

structure. Brief note, the main effect of the passive component of a pedestrian is the addition of 

damping to the structure, while the main effect of the active component of a pedestrian is the 

excitation of the structure; end of the note. In the second example instead, the damping capability 

of the pedestrian is localized in the point in which the pedestrians convergence. Therefore, Model 

0 is unable to locally damp the vibrations, as the new Models can do, obtaining an estimation of the 

vibration levels higher with respect to the experimental one (e.g. Fig. 131 and Fig. 132 for case 

number 5, global RMS values). While the new Models estimate lower vibration ranges, closer to 

the experimental data. Their estimated ranges of RMS of acceleration differ from the ones of Model 

0 up to 20 % in mean value and up to 30 % with the lower limit of the confidence interval at 95 % 

(Fig. 133 and Fig. 134 of case number 5). A Frequency Response analysis of the structure was also 

presented in Section 5.1.5, which further clarifies the concept of localized and spread passive 

contribution. The aim was to show the effects, from a FRF point of view, of the different way in 

which the occupied by pedestrian structure (i.e. empty structure + passive pedestrian contributions) 

is modeled by the advanced Models and by Model 0. 

As for the remaining cases, in which 2 pedestrians cross the structure in queue and in cross 

(tests 7, 8 and 9) and in which 1 pedestrian crosses the staircase (test number 10 and 11), the 

differences among the new Models and Model 0 are again present but reduced. 10 % of difference 

in the global mean RMS values, for the case of two walking pedestrians (up to 15 % with the 

confidence interval), while up to 20 % with the confidence interval for the 1 crossing pedestrian 

cases. Considering that the variations for the first three tests (i.e. the ones with the pedestrians 

walking in loop over the staircase) barely reach 10 % as limit difference with the confidence 

intervals, the above results are pretty good. 

Looking at the numerical results obtained with the use of both the databases of the apparent 

mass curves evaluated with a complete contact of the feet with the ground (“heel” configuration) 

and with only the tip of the feet in contact with the ground (“tiptoe” configuration), the ones 

obtained with the second database are higher with respect to the ones obtained with the heel 

database. This trend of the results was expected, since the apparent mass curves for the tiptoed 

configuration showed a lower damping capability (Section 3.2). Moreover, since sometimes the 

Models with the use of the heel database slightly overestimate the experimental results, under a 

global RMS point of view, the ranges estimated with the tiptoed configurations go farther. 
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As last, the comparison among the proposed Models. Less than the cases depicted by Fig. 75 

(case 1: 5 pedestrian walk for 5 min in loop; “tiptoe” database) and Fig. 89 (case 2: 3 pedestrian 

walk for 5 min in loop; “tiptoe” database), Model 1, 2 and 3 always show similar estimated ranges 

of vibration levels. The purpose of the current work was the evaluation of the improvements in the 

estimation of the vibration levels obtained with a more detailed description of the Human-Structure 

Interaction. Improvements were observed with respect to the previous approach, Model 0, since a 

wider range of cases was found to be correctly predicted. Appreciable improvements in case of low 

number of pedestrians, great improvement in case of high number of pedestrians localized on the 

structure. It is therefore concluded that the implementation of Model 1 for the estimation of the 

vibration levels is worth, in order to properly account for the local effect produced by the pedestrian 

passive contribution. As for Model 2 and 3, been they upgrades of Model 1 for a more detailed 

description of the HSI, the modeling and the simulation complexity that accompanies them is not 

worth, since no appreciable improvements in the estimation of the vibration levels follow too. 
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