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Abstract

The Restricted Two-Body Problem and the Circular Restricted Three-Body
Problem represent two agile models that allow to perform trajectory design.
The search for an increasing precision and accuracy in the problem pushes
towards the development of more refined models. The addition of N gravity
fields in the problem formulation defines new challenges for trajectory design
and optimization. Besides, a constant technological progress opens to an
increasing exploitation of low-thrust propulsion, making the framework even
more challenging.

The adoption of Non-Keplerian orbits in the FKarth-Moon system as a
forthcoming achievement outlines unique scenarios. Attitude-orbital cou-
pling represents one of these, encouraging to search for passive attitude con-
trol strategies.

In the first part of this work, dynamical models are presented. Particular
attention is placed on the formulation of the N-body problem with respect to
different coordinate systems. Attitude dynamics and kinematics treatment
follows the orbital mechanics section. The coupled dynamics is the natural
and reasonable conclusion.

Then, numerical methods for dynamical system analysis are introduced.
The outlined tools steer towards the trajectory optimization problem. Two
different methods (Sims-Flanagan Transcription method and an optimal
control-based approach) are presented to face a trajectory optimization in a
N-body framework. The described approaches are used and applied to real
mission scenario.

Finally, coupled attitude-orbital dynamics is analysed along Non-Keplerian
orbits of the Earth-Moon system, with particular focus on Near Retrograde
Orbits (NROs) and Distant Retrograde Orbits (DROs).

XV






Chapter 1

Introduction

Orbital mechanics and trajectory design are continuously improving. The
simplest case of spacecraft dynamics can be described by the Restricted
Two-Body Problem, characterized by an elegant formulation and a closed-
form analytical solution. A further improvement, the Restricted Three-Body
Problem, can be attained considering the dynamics of a man-made object
under the simultaneous influence of two massive bodies. Yet, this formula-
tion lacks accuracy when the outer space of system composed by the two
primaries is explored. An increased level of accuracy becomes desirable.
One of the most familiar environments, the Earth-Moon system, is, nowa-
days, characterized by an increasingly interest, in order to enhance human
presence within and beyond its boundaries. As a matter of fact, a perma-
nent human presence in the Earth-Moon regions and their exploitation as a
gateway towards the interplanetary space are current and actual goals. In
this sense, the above mentioned context involves exclusive and unique chal-
lenges, since higher-fidelity solution design must deal with a highly sensitive
environment.

Besides, the recent success of missions employing low thrust propulsion
can open even wider mission scenarios and challenges. Low thrust high spe-
cific impulses translates in high efficiencies, that can potentially reach strate-
gical destinations with a reduced fuel consumption. These performances are
counterbalanced by extended times of flight and thrusting activity. Hence,
low thrust adds more complexity to the trajectory design and optimization
phase.

In order to meet future mission requirements in multi-body regimes, effi-
cient algorithms and an enhanced comprehension of the dynamical environ-
ments are required. In this sense, also the search for passive attitude control
strategies in the Earth-Moon system can outline a new direction of study, so



that active control along multi-body trajectories can be minimized.

1.1 State of Art

The basis for the description of multi-body dynamical regimes were put by
Isaac Newton in 1687, with his work Philosophiae Naturalis Principia Math-
ematica [35]. In 1772, Leonhard Euler developed the three body problem in a
more detailed way: by using some simplifying assumptions he formalized the
restricted version of the problem, introducing the description with respect to
the synodic frame and identifying the collinear equilibrium points. Shortly
after, Joseph-Louis Lagrange identified the two remaining equilibrium points.
Carl Gustav Jacob Jacobi, George William Hill and Henri Poincaré offered
further ingsight into the problem, by identifying respectively, the Jacobi Con-
stant, zero velocity surfaces and Poincaré maps [23], 41]. A global view of
the 3-body problem is offered by Szbehely [5I] and Koon [2§].

The N-body formulation (in particular, in the synodic frame of two pri-
maries) has been inspired by the work by Diogene Dei Tos [12]. Equally
important, concerning multi-body regimes and correction schemes, it is im-
portant to cite the work by Pavlak [38]. The work by Pritchett [43] offers a
general overview of low-thrust analysis.

Although optimal control originates with the calculus of variation and
the intriguing brachistochrone problem posed by Johann Bernoulli, within
this work particular focus is placed on direct methods. Direct optimization
reformulates an optimal control problem and translates it in a Nonlinear
Programming Problem. The discretization process of an optimal control is
also called transcription, a term coined by Canon [8]. A superb treatment
of trajectory optimization can be found in the work by Betts [4].

A detailed analysis of attitude-orbital coupling in the circular restricted
3-body problem and the study of periodic solution in Distant Retrograde
Orbits is given by Lorenzo Bucci [6].

1.2 Structure of the Thesis

The main focus of this work is the development of a high-fidelity multi-body
dynamical model, along with low-thrust trajectory design and optimization
in N-body models. Besides, attitude-orbital coupling is analysed in Non-
Keplerian orbits, with particular reference to NROs and DROs.

e Chapter 2: A fast overview of the circular restricted 3-body problem
is given. Then, the description move towards high-fidelity multi-body



models. In particular, equations of motion of a spacecraft under the
influence of N gravitational fields are described according to two differ-
ent point of views: relative to a central mass with respect to an inertial
frame and, then, relative to the barycentre of the system composed of
two primaries with respect to their synodic frame.

Chapter 3: A discussion on attitude dynamics is given. Acting exter-
nal torques are also included in the treatment and particular attention
is paid in modelling the gravity gradient perturbation. The knowledge
of spacecraft angular velocities from dynamics allows to step into the
attitude kinematics. Quaternions parametrization is, then, recalled.
The conclusion of the chapter aims to a general treatment of attitude-
orbital aspects.

Chapter 4: Building blocks for the algorithms to be developed are
summarized. Validation of the presented models is outlined, along with
the assessment of their accuracy.

Chapter 5: A general overview of numerical methods for dynamical
models is given. Particular focus is placed for differential correction
schemes. This anticipates the fundamentals of optimization problem:.
Differential correction schemes are, then, applied to the computation
of periodic solution in multi-body regimes.

Chapter 6: Trajectory optimization problem is introduced. With
particular reference to low thrust trajectory design in N-body regimes,
two optimization approaches are presented. The first one redesigns
a Sims-Flanagan Transcription method. The second one is based on
a shooting scheme for optimal control problems and it parametrizes
control variables as Chebyshev interpolating polynomials.

Chapter 7: The presented algorithms are applied to a real case sce-
nario, offered by the Asteroid Redirect Mission (ARM) by NASA. This
mission was supposed to exploit the Earth-Moon system before reach-
ing a Near-Earth Asteroid. After the collection of a boulder from its
surface, the spacecraft was supposed to re-enter the Earth-Moon region
by using a NRO as a gateway and by leaving the collected material in
a final, stable DRO.

Chapter 8: Considerations about attitude-orbital coupling in NROs
and DROs are explained. The main objective of this chapter aims to
find interesting passive attitude control strategies to be applied in the
above mentioned orbits.



e Chapter 9: A brief summary of the work is presented. Recommen-
dation for future work are proposed.



Chapter 2

Orbital Mechanics Models

An appropriate dynamical model must be adopted in order to describe the
motion of the spacecraft. The restricted two-body model is characterized
by a closed-form solution, but it has the drawback of considering only one
attractor. Including the gravitational fields of several bodies leads to more
complex models that must be handled with a numerical approach. The
circular restricted three-body problem takes into account the effects of two
gravitational bodies and it can give useful insight of the problem, even though
some simplifying assumptions are considered. In need of a more general and
precise dynamics, a N-body model can be exploited.

2.1 The Circular Restricted Three-Body Problem

The restricted two-body problem cannot provide an accurate analytical so-
lution in regions that are influenced by the gravitational effects of several
bodies. Par excellence, this is the case of the Earth-Moon system, whose
gravitational fields strongly and simultaneously affects the trajectory of a
spacecraft. In this sense the circular restricted three-body problem repre-
sents viable model within the context of multi-body regimes.

In order to derive the equations of motions for restricted three-body
problem, it should be remembered that the dynamics of a particle in a N-
body system is given by

N
m;m;
(/A [
m;r; = —GZ 3 L (2.1)
j=1 ji
J#t
25, . . .. .
where r/ = dd;;’ represents the second derivative of the position vector with

respect to dimensional time and rj; = r; —r;. Equation corresponds to



Newton’s second law of motion. The particle under consideration is char-
acterized by a concentrated mass m; and its location is described by the
position vector r;, expressed in an inertial reference frame XYZ. Analo-
gously, the generic gravitating body has a mass m; and its position is given
by r;. Note that the position of the particle m; relative to a body m; is
denoted by rj;, where rj; = r; — r;. In the case that N = 3, equation
can be adapted as follows:

m3mq ma3mso

"

mgarg = -G 3 ris — G 3 Iros (22)
T13 T23

being the particle ¢ = 3 the one of interest. The case N = 3 is sketched in
Figure 2.1

Figure 2.1: Three-Body Problem in the Inertial Frame

In the general case, the particle under consideration has a non-negligible
mass, meaning that it can affects the motion of the other particles due to
gravitational interactions. In order to move towards the circular restricted
three-body problem (CRTBP), some simplifying assumptions must be as-
sumed. First of all, the mass of the third body is negligible compared to the
mass of the other two, that is mg « mq, mg. This assumption implies that
the mass of interest (m3) moves under the influence of the other two bodies,
without affecting their motion. This is quite reasonable since the particle
under consideration is usually a spacecraft. In addition, it is assumed that
the two larger bodies (m; and mg, also called primaries) revolve around



their center of mass in circular orbits.

For the sake of convenience, the motion of the smaller particle is described
with reference to a non-inertial frame of reference g2 whose origin lies at
the center of mass B of the two primaries. This frame co-rotates with the
larger bodies according to their uniform circular motion around B. The
Z-axis is parallel to the line connecting m; and mso and directed towards
mo (let be my < my). The Z-axis is perpendicular to the orbital plane
of the primaries and directed as the their angular momentum. The g-axis
completes the right-handed triad. Figuring that the frame of reference &y2
coincides with an inertial one XY Z for some particular initial time tg, any
following angular mismatch between them is given by v = Q(t — t), where
Q) is the constant angular velocity that characterizes the circular motion of
the primaries. The geometry of the CRTBP is depicted in Figure The
frame of reference gz is also called synodic frame.

Figure 2.2: Geometry of the Circular Restricted Three-Body Problem

2.1.1 Equations of Motion

By simplifying equation ([2.2]), the acceleration of the body under examina-

tion is expressed as
m1 ma
I'” = —GTrlg - GTI'23 (23)
T3 T23
The acceleration is relative to an inertial observer, but vectorial quantities
can be resolved into components along the frame Zg2. So, in the synodic



frame the position vector r can be written, at any instant, as
r=rei+ ryj +r.k (2.4)

where i, j and k are the unit vectors of the synodic frame. It is possible to
obtain the acceleration by considering some kinematic expressions. The first
time derivative of the position vector r yields

dr
r’zazr;el—i—ﬂxr (2.5)
where r] | = %i + %j + dgtz k is the velocity as seen from the synodic frame

and Q = Qk is the angular velocity of the rotating frame. The acceleration
is found by taking the time derivative of equation ([2.5)

d’r
" = W == ;"/el + Q X (Q X I‘) + 29 X I‘;el (26)
noo_ dPres | BPryd | dProq - : :
where r;; = 7ot Saalra fe s k is the acceleration as seen from the synodic

frame. Expanding the terms in equation (2.6)), it follows
v’ = (r] - 297”; — QQ.CC) i+ (TZ + 20! — QQy)j + 'k (2.7)

Comparing (2.3) and (2.7), the dimensional equation of motion for the
CRTBP is derived

. s N m m
(ri — 297“; — QQrw) i+ (Tg + 207!, — Qer)j + 7k = —G%I’lg - G%mg

713 723
(2.8)

Writing the equations in dimensionless form has several advantages from
the numerical and practical point of view. For this purpose, some charac-
teristic quantities are introduced. The characteristic length, L, is defined as
the mean distance between the primaries

L=r1+nr (29)
The characteristic mass, M, is given as the sum of the masses of the primaries
M =mq + mg (2.10)

The characteristic time, T, is expressed as follows

LS
T =\ @i (2.11)

Note that the inverse of the characteristic time represents the mean motion,

Q, of the primaries

Q= GL—];I (2.12)



Parameter Value Units

L 384400 km

G 6.67408 -1072°  km3 kg~! s72
my 5.9722 - 10 kg

ma 7.3477 - 10%2 kg

M 6.0457 - 10% kg

W 0.0121535990 nondimensional
T 375194.88048 S

Table 2.1: Parameters in the Earth-Moon System

Characteristic quantities for the Earth-Moon system are reported in Table
2.1l At this point, quantities that appear in equation (2.8) can be nondi-
mensionalized. The nondimensional mass, p, and time, 7, are obtained by

considering
mo
== 2.13
k=7 (2.13)
t
= — 2.14
r=2 (2.14)

The nondimensional positions of the two primaries are fixed with respect
to the synodic frame and are expressed by p; and p,. By exploiting the
definition of center of mass, it follows

pr=— = —ui (2.15)
r B
py=7 =(1-pi (2.16)

Analogously, the position vectors of the spacecraft p (relative to the center of
mass B), p;3 and py3 (relative to the primaries) are given (in dimensionless
coordinates) by

p= % = xi+yj + 2k (2.17)
P13 = % = (z+p)i+yj+zk (2.18)
p23=%=(x—1+u)i+yj+zf< (2.19)

So, the dimensionless form of equations (2.3) and (2.7)) can be written, re-
spectively, as

(1—p) f

=——"3 P13~ ~3 P23 (2.20)
P13 P23
p=(EF-29—x)i+(+20—y)j+ 2k (2.21)



where dots represents the second derivative with respect to the nondimen-
sional time. The comparison between (2.20) and (2.21) yields the three
scalar, second-order differential equations of motion for the CRTBP in the

dimensionless form

I-—p(@+p) pl@-—1+p

P2 —x=— . - . (2.22)
P13 P23
Y -y _my
P13 P23
1—
P DLy 2 (2.24)
P13 P23

Introducing a pseudo-potential function, U, defined as

L—p H Lo 2
Ux,y,z) = + —+ - (27 + 2.25
(@:8:2) P13 P23 2 ( v) (2.25)
the system of scalar equations (2.22))-(2.24) can be written as
oU
T — 2y = — 2.26
&-2y=— (2.26)
oU
y+ 20 = — 2.27
j2 =2 (2.27)
oU
Z = — 2.2
= (2.28)

2.1.2 Equilibrium Points

Studying the equations of motion for the CRTBP in the synodic frame, it
is possible to find some equilibrium solutions. Equilibrium points are also
called libration or Lagrangian points. Their locations are fixed and these
points are characterized by null velocity and acceleration in the rotating
frame. This is equivalent to find the solutions where the gradient of the
pseudo-potenzial function is equal to zero

VU =0 (2.29)
that means
U (- + S
W __Ooplagtp) plag—1em (2:30)
ox P13,eq P23,eq
oU 1-—
= _( 3#) Yeq /éyeq + Yoqg =0 (2.31)
) P13,eq P23,eq
ajz_(l—u)zeq_ﬂzeq -0 (232)
0z P?f:s,eq 933,&1

10



where Z¢q, Yeq and ze, are the coordinates of the equilibrium points in the
synodic frame.

Equation is satisfied if and only if z., = 0. This means that the
equilibrium points lie in the zy-plane. An option to verify equation (2.31)
is setting y., = 0 as well. The coordinates are found solving the remaining
equation

(L—p) (@eqg + 1)  plaeg—1+p)
|Teq + pf? |[Teg — 1+ pf?

+ Zeg =0 (2.33)

Equation has three real solutions, that identify three equilibrium
points (L1, Ly and Ls3). Since they lie on the z-axis, these solutions de-
termine the so-called collinear points. The precise coordinates depend only
on the system under consideration (so, on the mass ratio u).

When y.4 # 0, equations and allow for other two solutions
if and only if p13 = pes = 1. This means that the remaining equilibrium
points form equilateral triangles with the two primaries. This points (Lg4
and Ls) are the so-called equilateral points. Libration points in the Earth-
Moon system are depicted in Figure (points are numbered according to
the typical NASA convention) and their coordinates are reported in Table
2.2

Ot

02

Y axis [nondimensional]
o
T
.
[ ]
[ ]

X axis [nondimensional]

Figure 2.3: Lagrangian Points in the Earth-Moon System (u = 0.012154)

11



Lagrangian Point Coordinates [nondimensionall

Teq Yeq Zeq
Ly 0.836900 0 0
Lo 1.155693 0 0
L3 -1.00506 0 0
Ly 0.487846  0.866025 0
Ls 0.487846 -0.866025 0

Table 2.2: Lagrangian Points in the Earth-Moon System (p = 0.012154)

2.2 N-Body Model

The dynamical model circular restricted three-body problem is relatively
simple since only two gravitational fields are considered. In any case, it is
suitable for a preliminary trajectory design in many systems. In presence of
additional gravitational masses, the model of the CRTBP can be no more
precise in terms of accuracy. A solution is proposed by the N-body model.
In addition, this model takes into account the actual motion of the gravita-
tional bodies, relaxing the assumptions of the CRTBP. Within the context
of this thesis, accurate state vectors of celestial bodies are given Jet Propul-
sion Laboratory DE431 ephemerides. They are included in MATLAB® by
exploiting the SPICE Toolkit [I]. First, equations of motion for the N-body
model will be derived with reference to an inertial frame of reference and
relative to a gravitational body. Then, they will be expressed with reference
to a rotating frame.

2.2.1 Equations of Motion relative to a central mass

Equation expresses the dynamics of a particle under the influence of
other N — 1 bodies and it is written with reference to an inertial frame of
reference (as it can be the one centered on the Solar System barycenter).
Usually, it is more convenient to write the equations of motion of a particle
of interest (denoted with subscript i) relative to a central body (denoted with
subscript ¢). The geometry of the considered problem is depicted in Figure
. Particularizing equation for the studied particle (for example, a
spacecraft), it follows

N
m;r! = —G— qrqi -G - Jrji (2.34)
qi j=1 'ji
J#i,q
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Figure 2.4: Geometry of the N-Body Problem relative to a central mass

where the gravitational force due to the central body has been “pulled” out
of the summation. Analogously, the same equation for the central body is

given by
Mg, N omgm;
"n_ qmi qmj
mer, = —G 3 Tig G 2 3 Tig (2.35)
iq j=1 Jq
J#i,q

Simplifying the masses and, then, subtracting equation (2.35)) from (2.34),
it follows

N
Tqi Tij Tgj
qt j=1 1] q)
J#4,q
where the relationship r,s = —rg, (being r and s arbitrary indexes) has been

used. The position vector ry; can be easily found by consulting the planetary
ephemerides and, then, r;; = ry; —rgy.

Within the context of this thesis, the equation of motion for a spacecraft
in the Sun-Earth-Moon system (relatively to the Earth) has been extensively
exploited

r r r r r
" = —G (e + me) 5 + Gmo ( ‘;c_@ - ;‘9@) + Gmg ( ;)c_@ — ;ecc)
r Tscn® Yo) Tsena Ta¢
(2.37)
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Parameter Value Units

me 5.9722 - 10 kg
me 7.3477 - 10% kg
me 1.9885 - 10%° kg
M 6.0457 - 10%* kg
T® 0.9878464009 nondimensional
@ 0.0121535990 nondimensional
e 328920.99404 nondimensional

Table 2.3: Mass parameters for the Sun-Earth-Moon System

For practical reasons, equation (2.37) can be nondimensionalized by using
the same characteristic quantities already introduced for the Earth-Moon
system in the CRTBP (see Table [2.1), leading to

p=—mel + 70 (”gca@ . ”§9®> + e (”g,ﬁCc . f’;%) (2.38)

p Psene  Poo Psenac  Pac
Note that the second order derivative of p is, now, with respect to the nondi-
mensional time. Nondimensional position vectors are found dividing the di-
mensional counterparts by the characteristic length L, while the division by
the characteristic mass M = mg + mg yields to the definition of 7g, 7e and

¢
e = T”T*m@ ~ % (2.39)
m
o = ﬁ@ (2.40)
m
e = ﬁ@ (2.41)

Mass parameters for the Sun-Earth-Moon system are listed in Table

2.2.2 Equations of Motion in the Synodic Frame

Within the context of the N-Body problem, it can be interesting to select two
gravitating bodies and write the equations of motion for a spacecraft with
respect to their synodic frame (relative to the barycentre of the selected
two-body system). For example, an option can be offered by expressing the
dynamics of the spacecraft relatively to the barycentre of the Earth-Moon
system and projecting the equations onto the axes of its synodic frame. What
changes from the CRTBP is that, now, the actual motion of the N-bodies is
considered. This is true also for the selected primaries, mq and meo, that are
no longer revolving according to a perfect, uniform, circular motion. As a

14



convention, it will be still valid that m; > mso. The geometry of the problem
is illustrated in Figure [2.5]

.ms

Figure 2.5: Geometry of the N-Body Problem relative to the barycentre of two primaries
(m1 and mg)

In order to derive the equations of motion in the synodic frame of the
masses m1 and me, with reference to Figure it follows that

N
=G Z %I‘sc—»]‘ (2.42)
j=1'sc—j
where r,.,; = r; —r. As already noted, equation expresses the ac-
celeration of a particle ¢ in an inertial frame of reference. For the sake of
convenience, this frame can be thought to coincide with the J2000 coordi-
nate system, with origin at the barycentre of the Solar System. The J2000
coordinate system is such that the X-axis is aligned with the mean equinox,
the Z-axis is aligned with the Earth’s spin axis (or celestial North Pole)
and the Y-axis completes the right-handed triad. Differently, the mentioned
synodic frame of the system m; — mg is centred on its barycentre B and
the coordinate system is such that the Z-axis is aligned with the instanta-
neous relative distance between the two primaries (direction towards the less
massive primary ms), the Z-axis is perpendicular to the osculating plane
containing their motion and directed as the relative angular momentum and
the g-axis completes the right-handed triad. Similarly to what has been

15



done for the derivation of the equations of motion for the CRTBP, by us-
ing kinematic relationships it is possible to write the inertial acceleration r”
following another way. Indeed, it is valid that

r=>b+rg, (2.43)

where b is the position vector of the center of mass of the system m; — mo
and r,,, defines the location of the spacecraft relative to B. It is convenient
to express rgy, = kRp, so equation (2.43) is rewritten as

r=b+kRp (2.44)

where p is the nondimensional position vector of the spacecraft whose com-
ponents are expressed in the synodic frame and relative its origin. The
dimensional part is embedded in the time dependent factor k. Since equa-
tion has to be read and projected onto the XYZ, coherency is granted
thanks to the rotation matrix R. Indeed, it is applied to the vector p, allow-
ing the transformation from the synodic to the inertial frame. Taking the
time derivative of equation , it follows

v =b' +kKRp + kR p + kRp’ (2.45)
Iterating the procedure to find the second derivative, it is possible to write
" =b" +kK"Rp +2K'R'p + kR"p + 2K'Rp’ + 2kR'p' + kRp”  (2.46)

The comparison between equations (2.42)) and (2.46) yields the following
relationship

N
b” + (K'R + 2K'R' + kR") p+ 2 (KR + kR') p’ + kRp" = G Y m; Teez)
r .
j=1 sc—j
(2.47)
Note that it is true that
Tse»j = TBoj — Fsyn = B — kRp (2.48)

where rp_,; is the position vector of the mass m; measured from the origin
B of the synodic frame. Expressing equation (2.47) in terms of p”, it follows

" / kl
p'=- (kI + QERTR' + RTR”> p—2 (kI + RTR’> o

3
rscaj

N
1 sc—j
—%RT (b” -G mj J) (2.49)
=1
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where I is the identity matrix. The inversion of the matrix R is legit: in-
deed, the transformation matrix R is orthonormal and its inverse coincides
with the transpose matrix (R*1 = RT). Equation is a second-order
differential equation with respect to the dimensional time. In order to write
the dimensionless form, it has to be remembered that the nondimensional

time 7 is defined (see equation (2.14))) as

t
T=—

T

being T the characteristic time of the selected primaries. So, in an N-body
environment the dimensionless form of the second-order differential equation
that describes the dynamics of a particle with respect to the synodic frame
of the system mj; — mo is the following:

" !
p= S (k + 2 RTR' + RTR”> 2 <IZI + RTR’) 0
n

n2 \ k k
N I'
—@RT <b” 2 SHJ> (2.50)

= SCH]

where n = % is the mean motion of the selected primaries.

For the sake of completeness, it is important to express some terms that
appear in equation (2.50) (in particular, £ and R), along with their time
derivatives. First, vectorial quantities of the less massive body (msz) with
respect to the main primary (m;) are denoted by “~" symbol. So it possible
to write

(2.51)

Position and velocity vectors, r; and v;, are known from the ephemeris model.
Regarding the acceleration a; of the primaries, it is known that

——GZ GZmJHr _ng (2.52)

7j=1 ﬂ
i

The jerk is the rate of change of the acceleration. For each primary, the jerk
Jji can be found by taking the time derivative of equation (2.52))

GZmJ{ Y 3[<rz-—rj>-<vi—vj>]“‘”} (253)

||z — x5 ||ri — r;]°
J#Z
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Equations and must be evaluated separately, once for the main
body (i = 1) and once for the less massive primary (¢ = 2). The factor k co-
incides with the value of instantaneous distance between the two primaries.
To be clear, it behaves as time dependent factor that is used to nondimen-
sionalize length quantities. The factor k and its time derivatives are written

as follows
k=||F| (2.54)
K=" (2.55)
k,,:k(ﬁ2+f-é)—k’(f-\7) (2.56)

k?

The columns of the transformation matrix R coincide with the unit vectors
e; of the synodic frame of the system m; —msy. Recalling that at any time in
the synodic frame the z-axis is parallel to the line connecting the primaries,
the Z-axis is directed as their relative angular momentum and the g-axis
completes the right-handed triad, it is possible to write

T
(3] = E
R=[e; e e3] where e = e3Ae (2.57)
_TAV
e3 = h

The first time derivative of R is R’ = [e] €} e}] where

kv —KF

=

e, = e;ne +eyne] (2.58)
, h(t na)—h (T AV)

e3 = h2

The second derivative of R is R” = [e] € ef] where

([, [2(K')? — kK"] T — 2kK'V + k*a
el = k:3
ley = esner+2e;Ane)+egne]
o (0 ANEAHT A j) —2hM (F A &) + [2(h)2 — BR"] ( A 9)
e3 =
\ h3

(2.59)
In equations (2.57)-(2.59) the magnitude of the relative angular momentum
of the primaries (h) and its time derivatives (b’ and h") appear several time.
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Their values are expressed here below:

hoo= [F A
rav)-(raa
T A 250,
W rAvV
h

2.2.3 Coordinate Transformations

Often it is very useful to perform coordinate system transformations in order
to express state vectors in suitable frames of reference and to design space
trajectories under different viewpoints. In particular, it would be desirable
to dispose of a transformation that allows to transit between the two systems
of reference where the N-body problem equations have been written, that is
to say

e Equations of motions relative to a main body with reference to an
inertial frame of reference (as the J2000 frame can be);

e Equations of motion relative to the barycentre of the mq — msy system
with reference to their synodic frame.

For the sake of convenience, let us assume that the main body (my = mg)
is the Earth and that the second primary (mg = myy) is the Moon. With
reference to Figure 2.6 it is possible write the following relationship:

r=—rp+Teyn (2.61)

where rg is the position vector of the Earth relative to the barycentre B of
the Earth-Moon system. Remembering that rg,, = kRp, it follows

r=-rg+kRp (2.62)

Recalling that for the nondimensional time it is true that

t
=5 = dt = Tdr (2.63)

and taking the time derivative of equation (2.62)), it is possible to write

k_ .
v = -1l + KRp+kR/p + TR (2.64)

Joining equations (2.62)) and (2.64), it follows

r rg kR Osx3| | P
- _ 2.65
[r’] [r'E] + [k’R + kR’ ng] H (2.65)

19




.m3

Figure 2.6: Geometry of the N-Body Problem for the coordinate system transformation

where the position and velocity vectors of the Earth relative to the barycentre
B (rg and r;) are known from the planetary ephemerides. Setting

_ [ kR 033

KR+ kR ER (2.66)

equation (2.65]) can be written more compactly as

] o
r rp P

Equation (2.67)) allows the transformation of a nondimensional state (p, p)
expressed in the synodic frame to a dimensional state (r,r’) relative to the

Farth and with respect to inertial axes. In the case that the latter has to
be nondimensionalized as well, usual characteristic quantities L and T are
used. Reversing equation (2.67)), it follows

H -M! [’i”?] (2.68)
P r' + 1),

allowing for the inverse transformation: given the dimensional state (r,r’),
it is possible to get the corresponding nondimensional (p, p). Similarly to
the previous case, if the Earth-relative state (projected along inertial axes)
is known in a dimensionless form, dimensionalisation has to be considered
before applying equation ([2.68)).
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Chapter 3

Attitude Model

In addition to the motion of the center of mass, another important element is
represented by the motion of the spacecraft about its center of mass, also de-
noted as attitude. Orbital mechanics and attitude can be considered coupled:
the coupling, here considered, is one-way, in the sense that the trajectory
of the spacecraft influences the attitude motion, but the orientation of the
spacecraft does not affect the orbital dynamics. The first part of the previous
sentence is adequate: as a matter of fact, orbital mechanics considerations
define perturbations that enter in the attitude dynamics. The second part of
the previous sentence is less tolerable, and it is accepted with reservations:
indeed, solar radiation pressure results in different orbital perturbations de-
pending on the attitude of the spacecraft. Within the context of this study,
the effects of solar radiation pressure are neglected and the one-way coupling
can be justified.

3.1 Dynamics

The rotational dynamics of a spacecraft can be studied considering the mo-
tion of a co-moving frame, rigidly attached to the spacecraft itself. This
frame is called body frame and it is defined by its axes xp — yp — 2p, de-
fined as the principal axes of inertia of the spacecraft. This means that
the inertia matrix of the spacecraft cab be written as a diagonal matrix
(J = diag(Jy, Jy, J>)) with respect to these axis. Time variations of the
spacecraft inertia are not considered.
By considering Newton’s second law, the attitude dynamics can be writ-
ten as
H =M, (3.1)

where H is the angular momentum of the spacecraft and M, represents



the net sum of the external acting torques. Writing equation (3.1) in the
body frame, the so-called Euler equations are derived:

H, +wx H= M,y (3.2)

where Hrel represents the time derivative of the angular momentum relative
to the rotating body frame and w = [w, wy wz]T is the angular velocity of the
body frame (so, of the spacecraft) expressed in the body frame. Expanding

equation (3.2)), it follows
by = YT, + 2

Jwy = ""—TFww, + =2 (3.3)
d} = ee—
LF J

Euler equations allow to determine the angular velocity of the spacecraft at

each instant. If the initial attitude of the spacecraft is known, it is possible to
rebuild its angular position profiles. The term M,,¢; is used to model external
torques that act such to change spacecraft angular momentum and they are
represented, in general, by external perturbations (angular momentum vari-
ations due to active control is not considered here). The main perturbation,
under examination within this study, is the gravity gradient torque. Its val-
ues strongly depends on the orbital dynamics and it is in this circumstances
that attitude-orbital mechanics coupling arises.

For numerical purposes, also Euler equations are integrated in their di-
mensionless form: only a scaling, through the dimensionless time, is required.

3.1.1 Gravity Gradient

Gravity gradient torques are caused when a spacecraft center of gravity is
not aligned with its center of mass with respect to the local vertical. The
center of gravity is not, in general, the same as the center of mass. This
kind of disturbance tends to align the minimum principal axis with the local
vertical.

Gravity gradient torque provoked by a central body (denoted as “i”) can
be expressed as
(J. — Jy) RyR.
(Jy - Ja:) RLL’Ry
where G is the universal gravitational constant, M; the mass of the attracting
body and R the norm of R = [R, R, R.]". In order to be coherent with the

3GM;

Mgg,i RS
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formulation, it is very important that R (spacecraft position vector relative
to the central body) is expressed in the body frame. If more attracting
bodies are present, the overall perturbing external torque is written as the
sum of the single gravity gradient torques, that is

N
Mpet = Y Mg, (3.5)
=1

3.2 Kinematics

In order to complete the formulation about attitude, it is important to build
the angular configuration of the spacecraft, or its kinematics. There are
different way to describe spacecraft kinematics. One of the most efficient
(but, maybe, less intuitive) ways to solve spacecraft kinematics is represented
by quaternions. The angular velocities w represent the information needed
to solve quaternion dynamics, that can be expressed as follows:

0 W, —Wy Wy

. 1 1| —w, 0 Wy Wy
=-—=2q=—- 3.6
1 2 1 2| wy —wy 0 Wy d (3.6)

Once the quaternions are known in time, it is possible to convert their in-
formation in order to compute the direct cosine matriz Ap,y that, in an
equivalent way, describes the attitude configuration of the spacecraft. The
generic direct cosine matrix A, /x 1s very important, since it represents the
transformation matrix that allow to express a vectorial quantity from the
“X" to the “a" coordinate system. So, the matrix Ap/y is also used to
transform inertial quantities to the body frame coordinate system.

Observation If a direct cosine matrix profile A,y is known, it is possible
to recover its angular velocity profile w,/x (that is, the angular velocities
expressed in the “z" frame relative to “X") by exploiting

where [wx/X]A defines the skew-symmetric matrix obtained starting from
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3.3 Coupled Model

In order to solve the attitude-orbital coupled dynamics, it is sufficient to
write a system of differential equations of the type

x =f(x,7,¢J) (3.8)

The overall dynamics takes into consideration an augmented state x defined
as follows:

€ ™

(3.9)

a

Therefore, the whole dynamics is solved by integrating equations (2.38)), (3.3))
and (3.6)), simultaneously.
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Chapter 4

Validation

The aim of this chapter is to verify that the models presented in Chapters
and [3] are in agreement with some known results up to a certain degree
of precision and that they represent, in a correct way, the phenomena to be
studied. So, a reference solution will be compared with the one obtained
from numerical integration of the equations of motion, and the relative error
will be studied.

A fundamental element that is necessary in order to move on is the nu-
merical integrator. Within the context of this study, a Runge-Kutta scheme
is used for all the integrations.

4.1 Numerical Propagator

Since all the models presented so far are not characterized by a closed-form,
analytical solution, the only way to proceed in order to compute their solu-
tion is to numerically integrated the equations of motion. For this reason,
different numerical integrators (or propagators) are known and can be ex-
ploited. Within this context an explicit Runge-Kutta method is exploited:
it integrates a system of ordinary differential equations using 8-7-th order
Dormand and Prince formulas [42]. This is a 8th-order accurate integrator
and, therefore, the local error normally expected is O(h?). The propagator
requires 13 function evaluations per integration step. The used numerical
integration scheme is an already verified version, thanks to the work of Gov-
orukhin V.N. [56].



4.2 SPICE

The SPICE tool-kit has been developed at the Jet Propulsion Laboratory
(JPL) by the Navigation and Ancillary Information Facility (NAIF), acting
under the directions of NASA’s Planetary Science Division. This powerful
tool-kit allows to assist scientists and engineers in modelling, planning and
executing activities needed to conduct planetary exploration missions [IJ.
The primary SPICE data sets are often called kernels and they are com-
posed of navigation and other ancillary information that has been structured
and formatted for easy access. The SPICE tool-kit is available for different
environments, including MATLAB®. Among the numerous functionalities
of SPICE, the retrieval of accurate state vectors of celestial bodies directly
enters the equations of motion for the N-body model. Within the context of
this study, Jet Propulsion Laboratory DE431 ephemerides kernel is used.

4.3 Validation of N-body Model

Once that the numerical propagator and the ephemerides database have
been introduced, it is possible to integrate the N-body models presented
in Chapter 2] The validation of the models is carried out comparing the
integrated trajectories with the ones coming from the ephemerides database
for different Near-Earth asteroids. The celestial bodies used for this purpose
are listed in Table [f.I] The integrated trajectories are compared with the

SemiMai Orbit Inclinat;
Name  SPKID "o poiod  Eccentricity oo
Axis [AU]J [deg]
[years]
2008 EV5 2341843  0.958 0.94 0.084 7.436
Bennu 2101955  1.126 1.20 0.203 6.035
1999 JU3 2162173 1.189 1.30 0.190 5.884
2007 UY1 3389197  0.951 0.93 0.175 1.019

Table 4.1: Considered Asteroids for Validation

ones coming from ephemerides evaluation over a period of 10 years (spanning
from €9 = 1-Jan-2020 to €;, = 1-Jan-2030). For each one of the bodies in
Table the verification process evolves in three different main steps:

e The celestial body initial state vector is retrieved from ephemerides
database at epoch g9 = 1-Jan-2020.
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e The initial state vector is used as initial conditions for the numerical
integration for the trajectory of the considered body, over a 10 years
period. The propagation will give a series of state vectors, each related
at a different instant.

e The body ephemerides are evaluated at the same instants of the prop-
agation, in order to obtain the reference trajectory. The difference (at
each instant) between the propagated and the reference trajectory al-
lows to define a profile of the relative error (in position or velocity),

defined as || ( ) ( )||
e (1) = @y (T
(1) = T m |

where & (7) and @, (7) represent the generic state of the propagated

(4.1)

and reference trajectory, respectively.

In Figure a graphical comparison between the studied trajectory is
reported. The continuous blue line represents the integrated trajectories,
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Figure 4.1: Integrated and Reference Trajectories

while orange dots follows the reference ones. The marked point represents

27



the initial state of the propagation (at 9 = 1-Jan-2020). Figure reports
the profiles of the relative errors (in position) of the two trajectories, for each
considered body. Apart from some cases (due to close approaches to central
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Figure 4.2: Integrated and Reference Trajectories - Relative (Position) Error

bodies) in which a sudden increase in the relative error is observed, the order
of magnitude of the error is, usually (10~2 or below).

4.4 Validation of the Attitude Model

In order to infer the correctness of the attitude model, some unitary tests
have been performed. These tests are related to well known properties and
characteristic of spacecraft attitude dynamics, in particular:

e Constancy of angular momentum in the inertial space (if no external

torques are acting);

e Stability about major axis of inertia;

e Instability about intermediate axis of inertia;

e Stability regions for gravity gradient torque.

All the above mentioned tests have been performed successfully.
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Chapter 5

Numerical Analysis

In order to compute the solution of the CRTBP or N-body problem, the
equations of motion must be integrated numerically. Indeed, a closed-form
solution doesn’t exist. Furthermore, in many circumstances the considered
dynamical systems exhibit a chaotic behaviour: slight changes in initial con-
ditions can correspond to large variations in the final conditions. It would be
fundamental to have some tools that allow the research of trajectories with
given and desired characteristics. Numerical methods, that are presented in
this chapter, are essential within the context of trajectory design.

5.1 Information on Derivatives

5.1.1 State Transition Matrix

Dynamical models introduced in the previous chapter can be expressed in a

generic way as

x = f(x,7,¢) (5.1)

where the state vector & contains the position and velocity components

8
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and 7 and ¢ represent the elapsed time and the reference epoch, respectively.
For the sake of convenience, it is possible to think that all the input quantities

are in a dimensionless form.



Once some initial conditions &g = [z yo 20 © ¥ 2] and an initial epoch
go are specified, the equations in the form can be integrated numer-
ically over a time span Typan = [70 7¢]. Note that the propagation period
is 7 = 77 — 79, where, in general, it will be 79 = 0, so that the propaga-
tion period coincides with the elapsed time. The resulting trajectory will
be denoted as x (g, T,c0). In order to achieve some desired properties, it
is important to understand how the trajectory varies if initial conditions
are slightly changed. If a small variation, dxy (in position and velocity),
is considered, the resulting trajectory will be slightly different as well. This
solution can be denoted as x (x¢ + dxg, 7, £09) The initial variation dx( repre-

x(x,tox,,1,€,)
ox(t,e,)

x(xy,%,69)

Figure 5.1: Original and perturbed trajectories

sents the difference between the two trajectories when 7 = 7. This variation
evolves during the propagation and, at the generic time 7, it is true that

T (':BO + (5%0, T, 50) =T (w(], T, 60) + 5w (T7 60) (53)

Since the initial variation is small, it is possible to consider the Taylor series
of x (xg + 0z, 7, £0), yielding

r ($077—7 60) + ow 51"0 +oe=x (wﬂv T, 50) + ox (T7 60)
5:1:0
ox
a—woémo ~ oz (T,e0) (5.4)

The derivative of x (xg, T,0) with respect to the initial state xg gives rise
to the state transition matriz ® (7, 79)

0
®(rm) =5 (5.5)
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Also called sensitivity matriz, the state transition matrix expresses how vari-
ations in the initial state are related to variations in the final state of the
trajectory. Since the state vector x has 6 components, ® (7,79) is a 6 x 6
matrix and it can be written in expanded form as

O0r Odr dr dr dx Oz ]
dx0 Oyo 0z Oxo 0% 0%
Oy 9y 9oy Oy Ody Oy
o0 Oyo Ozo Oxo 0o 0o
0Oz 0z Oz 0z 9z Oz
o0 Oyo Ozo Oio 0o O3

(1] = )
() =1 s 2 o0 o0 20 20 (5.6)
0rg 0Oyo Ozo Oxo Oyo Ozo
9y dy oy Oy Oy Oy
0rg 0Oyo Ozo Oxo Oyo Ozo
0z 96z 9z 0z 9z 0z
| Oz Yo 020 0x0 070 020

In order to obtain the elements that build up the state transition matrix,
its time derivative is considered, yielding

d ox 0 de oz _ of (x,7,e) Of oz

E@mg - dxo dr Oz oxg - Ox dxo
Denoting the derivative of the equations of motion with respect to the state
vector as the A matrix, equation (5.7) can be written as

P (1,70) = AP (7,70) (5.8)

(5.7)

Equation is called wariational equation and it expresses how the com-
ponents of the state transition matrix varies during time. Its integration
leads to the knowledge of the state transition matrix, whereas the initial
conditions are defined by the identity matrix

8x0 _
67;]30 - IGXG (59)

P (19, 70) =

For the evaluation of the A matrix, numerical integration of the state tran-

sition matrix (36 differential equations) must be carried out along with the
integration of the equations of motion (5.1)) (6 differential equations).

The A matrix depends on the considered dynamical models. If equations

of motion in an inertial aligned, Earth relative frame are considered (that is,

equation (2.38))), the A matrix can be written as

033 I3xs
A=| & o0& 03 (5.10)
ox 0y Oz
oy o0y 0y
% 8y 0: 03x3
| oz oy Oz |
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In the case that equations of motion in a non-inertial, Earth-Moon synodic
frame are considered (that is, equation (2.50)), the A matrix will have the
following form:

033 I3x3

— (%I +2FRTR + RTR”) + 55 (agrav) | —2 (%’I + RTR')

(5.12)
where % (agmv) represents the derivative of the gravitational acceleration
(due to all the considered bodies) with respect the position vector p, that is

0 0 kRp
A rav) — 5 _ R” TR =T
op (ag ) (an GE ]||I‘]—]€Rp||>

op
1 N 0 [ ri—kRp
— T ) J
_an‘R nglmjﬁp(HI‘j—k p||> (5.13)

5.1.2 Derivative with respect to Time

When a trajectory is propagated (given some initial conditions @y and a
reference epoch g¢) for a propagation time T = 7, it is straightforward to
obtain information on the time derivative of the final state . Indeed, by
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definition it follows
Z—j_: =z = f(x,7,¢0). (5.14)

where f represents the equations of the related dynamical system.

5.1.3 Derivative with respect to Epoch

In contrast to the CRTBP, in an ephemeris N-body model there is a strong
dependence on the reference epoch ¢ with respect to which the trajectory is
numerically integrated. This implies that in general the same initial condi-
tions xg will evolve differently if the starting epoch is changed.

To study the variation of the final state & when the reference epoch is
changed, the derivative ‘é—’g is considered. As seen for the state transition
matrix, the idea is to obtain a first-order differential equation describing the
variation of ‘fi—f as time moves along: its integration will lead to the knowledge

of ‘fl—f. Taking its time derivative, it follows

d (de\ d (dx\ df(x,7,e) 0dfde Jof ,dx OJf
dT<d€>_d6 (dT) de T oz de | o _Ad€+85 (5.15)

If equations of motions in an inertial aligned frame (relative to a central
body) are considered, the only epoch-dependent terms in the dynamical sys-
tem f are the position vectors p,; of the massive bodies m; relative to the
central body m,. So equation can be particularized as

d [dz de < of Opy, dr <& of .

N7 )=A op.. 0 =A—+ op.. Fai

dr \ de de =1 9pg; O¢ de 121 0Py,
J#q J#q

(5.16)

being p,; the velocity of the massive body m; relative to the central one. In
particular, if equation (2.38)) is considered, the epoch dependent terms are

Poo and pec (that appear also in p,. .o = Pee — P and p,._.c = Poc—P)-
Equation (5.16)) can be rewritten as

d (de\ | dx of . of .
e <d5> =A_—+ pes’ @@ + IpaceC (5.17)

The A matrix has been already derived and it can be found at equations
(5.10])-(5.11]). % with 7 = © or Cis a 6 x 3 matrix having the following
J
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structure:

where (for j = © and Q)
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Integrating numerically to find the evolution of the components of 5%, the

initial conditions

shall be considered.

dx

de

(TO) = Opx1

(5.20)

If equations of motion in a non-inertial, Earth-Moon synodic frame are

considered (that is, (2.50)), equation (5.15) is still valid, but the term

of

Oe

becomes very long and complicated to be expressed here (the reader shall
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consider that the R matrix, along with its time derivatives, is epoch depen-

dent). Finite differencing to evaluate Ccll—f or % seems the most reasonable

solution.

5.2 Towards the Optimization

5.2.1 Newton’s Method

The state transition matrix and the derivative of the state with respect to
epoch represent the building blocks of gradient-based optimisation methods.
Indeed, by exploiting their components, it will be possible to compute the
gradient-information. But, before dealing with nonlinear programming, it is
possible to understand the basic working concepts by considering a prelimi-
nary case.

When dealing with trajectory design, it is often be desirable to find the
exact values of some variables such that the constraints of the problem are
satisfied. This is actually a two-point boundary value problem and it can
be solved by using a shooting method based on Newton’s algorithm. The
variables of the problem can be gathered in the X vector ( n x 1 vector )

Xi
xX=|: (5.21)
Xn

where the elements of X can be, for example, components of state vectors,
times and epochs. The X must satisfy a series of m constraints, that can be
grouped in the F' (X)) vector ( m x 1 vector)

F(X)
F(X)=| (5.22)

Newton’s method allows to find the roots of real-valued functions and it
represents a suitable algorithm for the considered problem, allowing to find
X such that F (X) = 0, given that a solution exists. Imaging that X* is
close to the solution, it is possible to write (by exploiting a Taylor series)

N oF (X™)

0=F(X)~F (X" e

(X — X*) (5.23)

From equation ([5.23) it is possible to extract an iterative routine to find the
solution of the problem. If n = m, the Jacobian of the constraint vector is

35



squared and invertible and the iterative scheme can be written as

oF (X)

—1
ax} F;(X) (5.24)

X=X, - [
If m < n, a common choice is to use the following scheme

Xy, (PEL0Y [ (£ ) (2]

(5.25)
Tterations are performed till the output is a solution X such that it satisfies

the constraints to some acceptable tolerance
||F (Xg)|| < tolerance (5.26)

Note that, in general, the obtained solution is not necessary optimal.
For the sake of clarity, Newton’s method can be summarized with the
following steps:

1. Decide the variables X of the problem;

2. Decide the constraints F' (X)) of the problem;

3. Set an initial guess X g;

4. Evaluate the constraints at the current iteration;

5. Evaluate the Jacobian of the constraints at the current iteration;

6. Estimate the new approximation of the solution (by using equation

or G2))

7. Evaluate the constraints and the error by using the new approximation;

8. If the error is less than a decided tolerance, iterations are over; other-
wise, return to point 5.

5.2.2 Multiple Shooting

Multiple shooting represents a very effective and useful method for trajectory
design. It consists in discretizing the trajectory in n arcs and, then, imposing
suitable and desired constraints at the patch points (that is, between the end
of an arc and the beginning of the following one). Each arc is characterized
by a set of variables, that can be the initial state vector x;, the period of
propagation T; and the reference epoch g;. After the propagation of the
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initial conditions is performed, for each arc the final state will be denoted as

t
Z,;.

Usually, a requirement for the trajectory is the continuity in position
and velocity at the patch points. If only continuity in position is imposed, in
general there will be a change (in magnitude and direction) of the velocity
vector at the patch points, meaning that a Awv; is introduced. In general,
if all the arcs are propagated by using an initial guess of their variables,
the result will be a discontinuous trajectory with a mismatch at the patch
points, as it can be seen in Figure It would be desirable to correct the

¢ i e
/_\xI H . X,, &, xﬁw gﬁ”
xl L]
X, & X5, € 2 Xp1s €n.] Tn-l T ¢
1, €1 2, &2 T, n-1> “n- n X

14
X1

Figure 5.2: Multiple Shooting: discontinuous trajectory

values of the considered variables such that the continuity constraints (in
position and velocity) are satisfied within a certain tolerance. The resulting
trajectory will be, then, similar to the one depicted in Figure [5.3] This is

- 7
/\Xl i o Xfins Efin
X k .
2 '
xw X,
n
X, &

nr n

Figure 5.3: Multiple Shooting: continuous trajectory

actually a problem that can be solved by using Newton’s method. The free
variables of each arc are gathered in a unique X vector and F' (X)) contains
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the imposed constraints:

1
T2 _ ¢ _
xl — &9
T .
L fin ;
T, wn;Z — Tn-1
X=1 . F(X)= xt — x i =0 (5.27)
: eg —e1— T
T
" g3 —eg — To
€1 .
€9 ’
En —&p—1— Tn—l
Efin — En Tn
€n
| €fin

where xt;, and ey, represent, respectively, the state vector and the epoch
related to the final point of the trajectory (xyf;, and ef;, can be known
quantities, in that case they must be removed from the variable vector X ).
Note that the constraint vector also contains the conditions

Ei+l — & = Ti (528)

stating that the temporal gap between two consecutive patch points is exactly
the propagation period of the arc connecting them.

In order to exploit Newton’s algorithm, information on the Jacobian of
the constraint vector must be known. Derivatives of the final state vector
x! with respect to the initial state x;, time period T; and reference epoch ;
can be easily found by using considerations expressed in Section [5.1] Note
that, of course, the derivative of a variable with respect to itself is equal to
the identity; on the contrary, the derivative with respect to another variable
is null. Thus, the Jacobian will result in a sparse, block matrix.

5.2.3 Inequality Constraints

Sometimes it is possible to come across some inequality constraints. The
generic inequality constraint F; (X)) can be expressed as

Fip < Fi(X)< Fus (5.29)

where F; 1 g and F; g are the lower and upper bounds for the constraint,
respectively. In order to successfully include it within the context of Newton’s
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method, the inequality must be reformulated as an equality. An inequality
constraint with upper boundary

Fi(X) < Fus (5.30)
can be rewritten as
F;(X) — Foup <0 (5.31)

By introducing a slack variable 3; ;7p, it is possible to reformulate equation

as an equality:
F;(X) - Fyp + 51'27(]3 =0 (5.32)
Similarly, an inequality constraint with lower boundary
Fi1p < F; (X) (5.33)
can be expressed as an equality by exploiting another slack variable 3; 1 p:
F(X)—Firp—Birp =0 (5.34)

When using Newton’s method, slack variables 8; must be included in the
vector of free variables X . Furthermore, when computing the Jacobian of the
constraint vector, the derivative of equation (or (5.34)) with respect
to the slack variable ; will give rise to a term 203; (or —28;).

5.3 Computing Periodic Solutions

Within the context of the CRTBP and the N-body problem, it is possible
to find some particular kinds of periodic solutions. Their computation can
be performed considering a peculiar case of the multiple-shooting method,
where only one arc is taken in consideration (so, a single-shooting method
is obtained). Both for the CRTBP (by definition) and the N-body problem,
the description of these orbits has to be performed in the synodic frame.
Sometimes the N-body environment can reveal challenging convergence is-
sues. This is why periodic orbit computation is, at first, performed in the
CRTBP framework: the obtained solution will be refined in a real ephemeris
model.

5.3.1 Symmetric Periodic Solutions in CRTBP

For many (not all) periodic trajectories in the CRTBP it is possible to ex-
ploit their inherent symmetry across the xz-plane. This means that the
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computation can be limited to find half of the periodic trajectory, where
departure and arrival points are constrained to lay on the xz-plane, with
velocities perpendicular to it. In view of the above, the generic symmetric
periodic solution in the CRTBP is characterized by an initial state vector of
the following form:
2o
0
20

o= |, (5.35)

Yo
[ 0

Setting up a single-shooting problem, the free variables will consist in the

non-null components of xy and the half orbit period T, so

Z
20
Yo
T

X = (5.36)

In order to guarantee periodicity, symmetry is imposed: a perpendicular
arrival at the xz-plane is written as

y
F(X)=|i'|=0 (5.37)

The derivative of the constraint vector with respect to the free variables leads
to the following Jacobian:

Py Pz D5 Y

= | Dy Puz Pys I (5.38)
Pg; Dgg D5 2

OF (x)
ox

If one component of the initial state vector is prescribed, it is possible to
add an appropriate element in the constraint vector. For example, if the xg

component of starting point is known, an additional term
o — To,d = 0 (539)

(where x4 is a constant that specifies the desired initial value for xg) is
included in F' (x). In order to avoid degenerate orbits, another useful con-
sideration can be setting the half period T larger than a minimum value
Tyin, in that case a term

T — Toin — 82 =0 (5.40)
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is added to the constraint vector (and f is included among the free variables).
Newton’s algorithm is then exploited to find the values of the variables that
identify the periodic solution.

Once the first orbit is obtained, the entire family of periodic solutions
can be computed by using pseudo-arclength continuation method (see Sub-
section [5.3.3). In this way, Halo orbits families (Northern and Southern) in
the vicinity of collinear points can be found (see Figure [5.4). Continuing to

s — T ~— .
0.15 -
T 01-
i)
(2]
c
[0}
E 0.05 Moon
el
c
o
i)
N 0~
-0.05 - —
0 1 ;'\,;,\;\} - _—< -
005 .~ 0\65?5\”” _— 1.1
Y04 - i )
y [nondimensional] x [nondimensional]

Figure 5.4: Lo Halo Family (Northern)

propagate the Ly and Ly Halo families towards the bifurcation point (that
is, towards the Moon), computed periodic solutions will be referred as Near
Rectilinear Halo Orbits (NROs). In Figure NRO families near Ly are
depicted. In the case that symmetric periodic solutions are required to lay
on the xy-plane, initial component zy can be removed from the variable vec-
tor X (the column related to its derivative is removed from the Jacobian as
a consequence). Orbits of such a kind generates planar families. Lyapunov
orbits around the collinear points can be obtained. Another family of planar
periodic trajectories is represented by Distant Retrograde Orbits (DROs),
depicted in Figure [5.6] Distant Retrograde Orbits exist thanks to the intrin-
sic rotation of the synodic frame and they are characterized by a remarkable
stability.
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Figure 5.6: Distant Retrograde Orbits

5.3.2 Periodic Solution in the N-body framework

Unlike the CRTBP, the N-body problem is not characterized by intrinsic
symmetry. Besides, the problem is epoch dependent, meaning that the same
initial conditions usually result in different trajectories if propagated at dis-
tinct epochs. This implies that particular initial conditions for a periodic
solutions in the N-body framework will be valid for a specific epoch: their
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propagation at a different epoch will be very likely to produce an open tra-
jectory.

Periodic solutions computed in the CRTBP can be used as a first guess
for the computation of those in the N-body problem. The generic periodic
solution can be found setting up a single (or a multiple) shooting problem
where the free variables consist in the components of the initial state vector
@ and the (entire) orbit period T at a specific reference epoch &

X = [?] (5.41)

The constraint vector has to impose the periodicity condition, that is the
final state of the trajectory must coincide with the initial one:

F(z) = [a,-t - cc] —0 (5.42)

In the considered case the Jacobian of the constraint vector is a 6 x 7 matrix
with the following form:

aFaEBX) = [® — Isxo] T (5.43)

As already noted, if one component of the initial state vector is known, it is
possible to add an appropriate element in the constraint vector. For example,
if the starting point is constrained to lay on the xz-plane, an additional term
y —yq = 0 (where y, is a constant that specifies the desired initial value for
Yy, so in this case yq = 0) is included in F (x). Similarly, slack variables and
connected constraints can be added, if necessary.

The outlined procedure has been used to compute periodic orbits in a
real ephemeris environment. Figure represents a Near Rectilinear Halo
Orbit characterized by an aposelene r, = 78000 km (reference epoch set
on 13 February 2026). Figure depicts a Distant Retrograde Orbit in a
real ephemeris model (reference epoch set on 15 October 2026). The orbit
is, then, propagated over one year period: even under the effects of several
gravitational fields, the Distant Retrograde Orbit results effectively stable.

5.3.3 Pseudo-Arclength Continuation

Once a converged solution is available, it is possible to find the entire family
of orbits by exploiting a continuation method. In contrast to other sim-

pler continuation methods (for example, the single-parameter continuation
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method) that search for the next member of the family moving along a
prescribed direction (so, evolution of the family has to be known a priori
for a successful application of the method), pseudo-arclength continuation
schemes modify initial conditions taking a step As in the direction tangent
to the family. Free variables of last converged solution are denoted as X
and they satisfy the constraint vector F' (X;) = 0. The tangential direction
AX? is computed as the null space of the Jacobian of the constraint vector

(evaluated at X7)
OF (X¥)
% i
AX?* = Null <a ) (5.44)

In order to move towards the next orbit of the family (identified by free
variables X;11), a step along the tangential direction must be included in
the constraint vector. The augmented constraint vector, now denoted as
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G (X), can be written as

F(Xi1)
G(X41) = =0 5.45
( +1) (Xi+1 o X:‘)T AX: — As ( )
The Jacobian of the augmented constraint vector yields
OF(X;
0G (Xiv1) _ o~ —0 (5.46)
ox | ax:T |~ '

By exploiting Newton’s method, it is possible to iterate and converge towards
the solution X ¥ ; (that identifies the (i + 1)'* orbit of the family). The
generic iteration for Newton’s method can be written as

0G (X))
X1 =X — | —— G(X 5.47
e =X - (258 (X3 (5.47)
The great advantage of pseudo-arclength continuation method is that the
information to compute next member of the family is intrinsically obtained,

without the need of its a priori knowledge.

5.3.4 Stability of CRTBP Periodic Solutions

In CRTBP, that is an autonomous problem, it is possible to exploit time-
invariant system theory to study the stability of periodic orbits. Once the
initial condition x§ of a periodic solution is obtained through a correction
scheme, it is possible to obtain the monodromy matriz M by integrating the
variational equation over one period of the orbit. Indeed, by definition,
the monodromy matrix is the state transition matrix after one period T

M=% (T() + T,T()) (5.48)

By studying the eigenvalues A; of the monodromy matrix, it is possible to
obtain information on the stability of the considered periodic solution. For
periodic orbits in CRTBP, eigenvalues of the monodromy matrix occur in
reciprocal pair. Depending to the magnitude of the eigenvalues, it is possible
to note that:

e If |\;| < 1, an asymptotically stable eigenstructure is associated to the
orbit;

e If |)\;| <1, amarginally stable eigenstructure is associated to the orbit;

e If |\;| > 1, an unstable eigenstructure is associated to the orbit.
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For orbits around collinear points, one asymptotically stable eigenstructure
and one unstable eigenstructure are always observed, producing a non-stable
(saddle) behaviour for the orbits. These one-dimensional stable and unstable
eigenstructures are also called manifolds and they can be obtained propagat-
ing the corrected initial condition x§ of the orbit perturbed in the direction
of the eigenvector Y* (xg) (or Y" (x§)) associated to the stable (or unstable)

eigenvalue \;

0 £eY? (x4) (5.49)
o £eY " (x5) (5.50)

where X ® (x{}) represents the initial condition of the stable manifold arriving
to the orbit (and it has to be propagated backward), while X" (x) represents
the initial condition of the unstable manifold departing from the orbit (and
it has to be propagated forward). In equations (5.49) and (5.50), € is the
magnitude of the perturbation.

It is also possible to find the initial conditions for stable and unstable
manifolds related to any point x (¢) of the periodic solution, different from
the corrected state x§ at which the monodromy matrix has been computed.
In order to do this operation, it is sufficient to transport the eigenvectors
by multiplying them by the state transition matrix from 79 to 7, that is
® (7,70,%(). So, the initial conditions for the stable and unstable manifolds
related to the generic state x (t) of the orbit are given by

X () = x(0) & e P S (.51
Xt =0 4 e 552

Manifolds are really effective in trajectory design, since they allows to
obtain low-cost transfers to leave or to reach the orbit.

5.3.5 Lagrangian Coherent Structures

The theory of time-invariant systems is non applicable to the N-body prob-
lem (that is non-autonomous) and the illustrated procedure for the compu-
tation of invariant manifolds does not hold anymore. Lagrangian Coherent
Structures (LCS) can be seen as the extension of invariant manifolds for the
N-body problem. It is possible to distinguish attracting (attractors) and
repulsing (repulsors) LCS, being the structures that attract or repulse the
neighbouring portions of the flow the most. Heuristically, it is possible to
identify the LCS as the ridges of the flow, being the structure through which
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the flow flux is null. One common way to identify LCS is to exploit the
Finite-time Lyapunov exponent (FTLE).

Finite-Time Lyapunov Exponent

FTLE can be used as a measure to identify LCS ([48]) and, in particular,
local high values of FTLE indicate LCS. Starting from a particular initial
condition, FTLE measures how much the neighbouring trajectories are at-
tracted or repulsed over a fixed propagation time. Denoting as ® (7, 79, X0)
the state transition matrix computed evolving the initial condition xq from
time 19 to 7, FTLE is computed as the largest normalized eigenvalue of

\/<I>T (1,70,%0) ® (7,70, X0), 0, more formally, it follows

FLTE =

Amaz (\/<1>T (7, 70,%0) ® (, To,xo)) (5.53)
T —1T0

where the operator S\max() is used to extract the largest eigenvalue of the
argument. This eigenvalue is then normalized by using the propagation
period 7 —7p. Given a prescribed initial conditions xg (with ns components),
it is possible to map (in terms of FLTE) the neighbouring states of the design
space by considering a ns-dimensional mesh centred in xg. For attracting
LCS, propagations must be carried out backward.
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Chapter 6
Trajectory Optimization

In this chapter the bases of trajectory optimization are presented. The fi-
nal goal is to apply them to a low-thrust trajectory design and optimization.
Low-thrust propulsion systems are very efficient but produce a small amount
of thrust. As a consequence, electric propulsion systems have to operate for
an extended period of time, implying a more complex strategy for trajectory
optimization. One way to optimize low-thrust trajectories consists in using
indirect methods, based on calculus of variations. The main complication
of these methods is that they are very sensible to initial conditions and a
good guess is required solved. The presence of gravity-assists enhances the
sensitivity and the difficulty. Differently, strategies that are used within the
context of this work are direct methods and they are solved using Nonlinear
Programming (NLP). Once the NLP framework is presented, a low-medium
fidelity Sims-Flanagan based method is explained. Then, a direct transcrip-
tion, shooting method (based on Chebyshev polynomials) is presented.

6.1 Nonlinear Programming (NLP)

6.1.1 Introduction

Multiple-shooting techniques exploit Newton’s method in order to correct a
set of free variables such that some imposed constraints are verified. When
dealing with trajectory design, it is usually desirable to achieve this conver-
gence while optimizing a scalar objective function. In practice, the problem
can be related to the minimisation of the Av or the time-of-flight. The well-
known Newton’s algorithm will help in understanding the new numerical
challenge and it will be, once again, at the base for its solution.



A Nonlinear Programming problem consists in finding the n-dimensional

vector x such that it minimizes the scalar function

F (x) (6.1)
and subject to the m constraints
cr <c(x)<cy (6.2)
and bounds
Xp £ X< Xy (6.3)

Equality constraints can be imposed by setting ¢; 1, = ¢; v.

6.1.2 Equality-Constrained Optimization

The first case consists in finding the value of x while optimizing of the
objective function F' (x) and satisfying a set of equality constraints ¢ (x) = 0.
The variable vector x contains n elements, whereas the constraint vector ¢ (x)
has m components (with m < n). In order to move towards the solution,
the approach envisages the definition of the Lagrangian L (x,A)

L(x,A) =F (x) — Xc(x) = F (x) — Y] Xic; (%) (6.4)
=1

where X is the (m x 1) vector of Lagrangian multipliers. The necessary
condition for (x*, A*) to be an optimum point is that the gradient of the
Lagrangian (both with respect to x and to A) is null:

. VoL (x*,X¥)
VLGN = g ey | =0 (6.5)

The gradient of the Lagrangian with respect to x yields
V.L(x,A) =g—GTX (6.6)

where g (x) = V. F (x) is the gradient of the objective function and G (x) =
Vzc (x) is the Jacobian of the constraint vector. The gradient of the La-
grangian with respect to A leads to

VL (x,A) = —c (6.7)

Assuming that (xg,Ag) is a guess close to the solution, it is possible to
consider a Taylor series expansion of equations and [6.7], yielding

g—GIA+H, (x—x0)—GT(A=X0) =0 (6.8)
—c—G(x—x0)=0 (6.9)
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where Hp, is the Hessian of the Lagrangian

m
H, = V2, L(x,A) =V, F =Y \Vic (6.10)
i+1
Rewriting the linear system made up by equations [6.8] and [6.9] as
H, G P —8
= 6.11
G O - A —-c (6.11)

where p = x—Xj, it is possible to apply Newton’s method to find its solution,
that is the value of the (n + m)-dimensional vector (x*, A*). The system
[6.11]is called Karush-Kuhn-Tucker (KKT) system and it expresses necessary
conditions for (x*, A*) to be an optimum point of the nonlinear programming
problem.

6.1.3 Inequality Constraints

The general case envisages that inequality constraints are imposed as well.
So the problem consists now in finding the n-dimensional vector x such
that it minimizes the scalar function F'(x) and satisfies the m inequalities
constraints

c(x)=0 (6.12)
In this case, it can be that m > n. Imagining that the solution x* is available,
the constraints can be divided in two classes:

1. Constraints that are strictly verified, that is
¢ (x*) >0 (6.13)
are called inactive;

2. Constraints that are verified as equalities, that is
¢ (x*)=0 (6.14)
are called active.

If the set of active constraints (also called active set) is known, it is possi-
ble to ignore the remaining constraints and to solve the problem by using
the strategy for equality-constrained optimization. Complex algorithms are
used to determine the active set. A common implementation is the sequen-
tial quadratic programming (SQP) approach, that can be found in many
packages, including MATLAB® and SNOPT. The basic idea behind these
schemes is to solve a sequence of optimization sub-problems. Indeed, at each
iterate X, a quadratic programming sub-problem is solved in order to find
the search direction p, allowing to define the next iterate xj1.
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6.2 Sims-Flanagan Transcription Method

Sims-Flanagan algorithm represents a direct method that can be used for a
preliminary design of low-thrust trajectories ([55], [49], [15], [50] and [60]),
also in presence of gravity-assists. It is possible to refer to it as a transcription
method, since it envisages a discretization of the optimal control problem.

6.2.1 Trajectory Structure

Figure[6.I]represents a diagram explaining how a space mission can be struc-
tured, from the trajectory hierarchy point of view. First of all, a mission can

Mission

| |

7 3\

Journey Journey Journey

[ Phase ] [ Phase ] Phase

Phase

Figure 6.1: Trajectory Structure Diagram

be seen a set of journeys, each identifying an extended trajectory related
to the main events (namely, arrival and/or departure) at the target bodies.
For example, an asteroid sample return mission would be composed of two
journeys: the first leaving the Earth and arriving to the asteroid, the second
departing from the asteroid and coming back to the Earth. Usually, two
congecutive journeys are separated by a certain period of time, during which
some mission operations are carried out. Each journey can be represented
by a complex trajectory and this is the reason why journeys are studied
independently. In turn, a journey is identified by conirol nodes, usually as-
sociated with planets or small bodies. So, for each journey, it is possible to
identify the following control nodes:

e Departure control node, where the journey starts;

e Arrival control node, where the journey ends;
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e Intermediate control nodes, associated with bodies where temporary
and relevant events occur (usually, gravity-assists and rendezvous, if
present).

Two consecutive control nodes specify a trajectory phase, which can be split
into two legs: a forward leg and a backward one. Indeed, in a phase, the
trajectory is propagated forward from the earlier control node and backward
from the later control node. Two different propagations are preferred in
order to reduce the sensitivity to initial conditions. As a matter of fact, a
single forward branch could be characterized by propagation errors that grow
during time, yielding a more difficult convergence. Final points (denoted as
match points) of forward and backward legs will have to converge to the
same value, in order to guarantee continuity in position, within a certain
tolerance. Looking more into the detail, Figure depicts how a trajectory
phase is structured. A trajectory phase is made up of n segments: the

Phase T : T3 X3 MP
Start I Xy xj,/-4 :x : Pga;e
Point ((—\‘ o 4 x4 n
N ] :
7 mp > T T, Point
1

Propagate forward in time

Figure 6.2: Phase Between Two Control Node (n = 6)

first n/2 segments have to be propagated forward in time (building up the
forward leg), while the remaining n/2 segments are propagated backward in
time (building up the backward leg). Each segment is specified by initial
conditions x; and is propagated over a period T;, being the periods positive
in the forward leg and negative in the backward one. The final state of the

segment is denoted as x!.

The reference epoch at the start control node
is denoted as e, while the one at the end control node will be €. 1. It is
important to ensure the continuity in position between the segments, but in
general there will be a velocity discontinuity (in magnitude and direction).
As a matter of fact, low-thrust is modelled as a series of impulses, whose
magnitude is limited by the amount Awv; that can be accumulated during
the propagation period. Figure [6.3] illustrates a journey made up of two

trajectories phases (with a gravity-assist between them).
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Figure 6.3: Sims-Flanagan Transcription Method: Journey

6.2.2 Variables

Variables are defined for each journey, containing one or multiple phases
depending whether some gravity-assists are included. Juxtaposing the seg-
ments of all the phases in the journey, the first set of variables is given by
the initial conditions x; of each segment, starting from the departure con-
trol node to the arrival one. So, the generic vector x; contains the position
and velocity components of the i-th segment initial state vector. In presence
of an intermediate control node (joining two phases), two vectors of initial
conditions are specified: the first one will originate the backward leg of the
previous phases, while the second one is related to the forward leg of the fol-
lowing leg. The second set of variables is given by the propagation periods T}
of each segment. Finally, a variable for the reference epochs ¢, is associated
to each control node. In general, in presence of multiple trajectory phases,
there is no guarantee that all the phases contain an equal number of seg-
ments (this is a decision for the programmer). Assuming that a considered
journey consists of M trajectory phases (so, it is possible to identify M + 1
control nodes) with a total number N of segments, the variable vector for
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the NLP problem is written as

X = : (6.15)

EM

| EM+1 ]
In general, then it is possible to include all the slack variables [; arising
from the presence of inequality constraints (see Subsection . Although
SQP algorithms can deal with inequality constraints and the conversion from
inequality to equality constraints is not necessarily needed, the inclusion of
slack variables has been used successfully.

6.2.3 Objective Function

An objective function (also called cost function and denoted as J) must be
provided to the NLP solver. Within the context of the Sims-Flanagan tran-
scription method, the objective function J that has to be minimized is the
sum of all the Av; along the trajectory. Indeed, it is important to recall that
the effect of the low thrust is, here, modelled as a series of small impulses,
each occurring at the intersection between two consecutive segments. So, for
each journey of the trajectory, it is possible to define the cost function as
follows

N
J=> Av; fori=1,....N (6.16)
i=1
Note that the generic Av; can be expressed as

||a;;f}Z — Tyi41|| for Forward Segments
Av; =< ||l ; — @l ,.4]| for Match Points (6.17)

|| T, — ZBf,’iHH for Backward Segments
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In general, the last element of the sum in equation (6.16) (for i = N) is
present if a last impulse is required to match a target velocity (for example,
to match an asteroid velocity). If the final state of the journey is constrained
to be equal to a prescribed state vector (as it can be the case in which the
final state of the journey must be exactly equal to a NRO or DRO state),
the term Awv;, for i = N, can be omitted (if present, it will turn out to be
null).

6.2.4 Constraints and Derivatives

In the spirit of multiple-shooting algorithms, it is important to understand
the most common constraints that will build up the constraint vector c
for the NLP problem. Also their derivatives with respect to the problem
variables are fundamental, since they build up the Jacobian that will be
supplied to the optimization solver. Since, depending on the case, it is
necessary to constrain the initial (and final) state vectors of the segments
with respect to position or velocity, it is useful to consider the following
partition:

o
Yi
Zj
xi=|— =
€T
Yi
Zi |

Ly

(6.18)

11
IS E—

Ly,i

If the final state of the segments is considered, a “t" superscript is added.

Constraints on Position

One fundamental requirement for the trajectory journey is represented by the
continuity in position. At a phase level, this condition is written by imposing
the continuity in position between all the segments. The continuity between
segments “¢" and “¢ + 1" is written as

:I)?,,Z — &y ;41 = 0 for Forward Segments
ci(x) = mfw - mfa’iﬂ =0 for Match Points (6.19)
Ty — mfd7i+1 =0 for Backward Segments

In general, it is important to set some conditions on the departure and arrival
control point of the journey

LTp1— Tpin =0 for Departure Control Node
CZ'(X) _ { r,1 rin p (6.20)

Ty N — Ty fin = 0 for Arrival Control Node
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For instance, position vectors &, ;, and &, f;, can be represented by a target
body location or the initial conditions for a Halo orbit. In that case, their de-
pendence on the reference epoch e must be taken in consideration. Finally,
if some gravity-assists are included, the continuity in position is applied also
at the intermediate control nodes (each connecting consecutive phases) and
it is written as

Ci(X) =Xy — Tyiy1 =0 for Intermediate Control Node (6.21)

So, constraints with the form expressed in equations [6.19] [6.20| and [6.21] can
be included in the overall constraint vector c (x). Considering their deriva-

tives with respect to the free variables, the differentiation is quite straight-
forward. Indeed, it is important to remember that

‘ Q1 Dy Pz Py Py5 Py
| ®[a,f] = [ Dy Do oz DPas D5 Pog | (6.22)
O3 B3 P33 D3y P35 P3g

where o = {1,2,3} and 8 = {1,2,3,4,5,6}. So, ®; |, 5] represents a sub-
matrix formed from the first three rows and all the columns of ®;. Besides,

ozt

6ak

5wt . 0wt . ¢
LERN and i _ | oy (623)

oT; b Oey, Ok

oz}

6ak

where ¢, is the reference epoch of the phase leg to which wfz belongs. If zcﬁl is
not related to the first segment of a phase leg, in general it is characterized by
non-null derivatives with respect to the propagation periods of the antecedent
segments. For example, with reference to Figure , :1323 has a dependence
on T and To, while :chA on Ty and Tg. Variations of these periods behave
like variations of the related reference epochs (g1 and e, respectively). So,
if a phase has n segments, it is possible to write

oz, ; . .
ot : forj=1,...,i—1 for Forward Segment
m'r‘,z’ aEk
T ) oxt (6.24)
J xr,i . .
forj=i+4+1,...,n for Backward Segment
O€k+1

Considering the initial position vector of the i-th segment, the only non-null
derivative is the one with respect to the state vector itself, yielding

awr,i

— I 6.25
oz, 3x3 03x3 ( )
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Constraints on Altitude

It is very useful to constraint the magnitude of the position vector relative
to a celestial body within a lower and an upper bound

di,min < dz < di,maw (626)

where d; = ||mr,i - wr,body|| = \/(xz - xbody)z + (yz - ybody)2 + (Zi - Zbody)2'
This condition can be included by adding two components to the constraint

vector:

T dz max
¢ (x) = [_dd [ ] <0 (6.27)

By introducing slack variables into the x vector, equation can be written
di - dz maz 62
ci(x) = ’ 7 1=0 6.28
‘ ( ) [dl - di,min - /gszrl ( )

The magnitude d; has non-null derivative with respect to x;, yielding

as

od; 1
— 6.29
oz, di[xyZOO()] (6.29)
It is important to consider the dependence of @y poqy on its reference epoch
€k, SO
od; 1
oo, = (Tri — Trbody) (=T boy) (6.30)

Finally, note that the differentiation with respect to the slack variables yield
the terms +24.
Constraints on Velocity

In this case, the magnitude of the velocity vector relative to a celestial body
is constrained to remain between a lower and an upper limit

Vimin < Vi < Vimaz (631)

where v; = ||33v,i - mv,body” = \/(SU - jgbody)Z + (y - ybody)2 + (Z - Z"body)2~
Two components are added to the constraint vector:

CN@=[w_wm”]<0 (6.32)

—V; + Vimin

Equation is equivalent to (by exploiting slack variables)

ci (X) _ [ Vi — Vimax + 5]2 ] -0 (633)

Vi — Vi,min — ﬁj.ﬂ,_l
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This kind of constraint can be applied to constraint the magnitude of the
relative velocity during a gravity-assist. In this case, a good estimation for
Vi min 18 Tepresented by the two-body escape velocity

Vesc,i = i;lj (6.34)
where p is the (nondimensionalized) gravitational parameter related to the
body around which the gravity-assist takes place and d; = ||y — Ty pody||-
The derivatives of v; with respect to initial conditions x; and the reference
epoch € are written as

83:1 (% (635)
é’vi 1
8781_ = ;l (:Eq_;7i - $v,body) ' (_wG/,bOdy)

where x4 poqy is the acceleration of the celestial body. In the case that vesc;
is included in the formulation, it is possible to write its derivatives as well:

a’Uesc,i Y 21 L

[(mz - xbody) (yi - ybody) (Zl - Zbody) 00 O]

awi B Td?/2
(A

OVesc,i V2u 1

et (@i = o) (i)
(A

(6.36)

Constraints on Av

In order to simulate the low-thrust trajectory as best as possible, it is very
important limit the magnitudes of the inserted impulses. Indeed, each Awv is
limited by the amount of thrust that can be accumulated over the duration
of a segment. Denoting as Av; the impulse that occurs at the end of the i-th
segment, the constraint is expressed as

D nypy Tinaz

Aw; < 2t Zmazp g Ty > 0
mo
¢i(x) = (6.37)
D T,
A’Ui < —MTZ' for Tz <0
mo

where D is the thruster duty cycle, nsp, is the number of thrusters, Ty, 18
the maximum value of thrust deliverable by one single thruster and mq is a
reference mass of the spacecraft. Inequality constraints equation [6.37 can be
transformed into equality ones by using slack variables, yielding

D T,
Avi—MTﬁﬁfZO for T; > 0
¢i(x) = Dn mOT (6:38)
Avi—k%n‘f‘ﬁ?:o for T; <0
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The form of Av; changes depending on the point of the trajectory where it
takes place:

|| Ty,it1 — a:f”|| in Forward Legs

||$£,7,‘+1 — 332,1|| for Match Points

Av; = (6.39)

||33§,,i+1 — Xy;|| in Backward Legs
Ty it1l — Tw.i|| for Control Nodes
it 5

Also the structure of its derivatives changes as a consequence. For illustrative
purposes, considering a

Av; = ||y i1 — ), ;|| = \/(56@‘+1 — )%+ (i1 — 9L) + (Zix1 — 2)
in a forward leg, it follows

t

Tiy1 — T
8Av,~ 1 T .l .Z
_ _ P, 4 6.40
ox; Av; il ] Yirl yi (6.40)
i+l = &

where o = {4,5,6} and 8 = {1,2,3,4,5,6}. Then, the derivatives with
respect to propagation period T; and reference epoch ¢ are written as
6Avi 1 t

aT = E ($v7i+1 — :Bi,,l) . (—$a7i) (641)
and .
oAv; 1 . : 0Ty,
e = Ao (Tyiv1 — i, ;) - (_(?ak) (6.42)

respectively. Equation is valid also to find derivatives with respect to
antecedent propagation periods. When differentiating constraints in equa-
tion with respect to the propagation period Tj, also the term 2-Tthr Tmaz

mo
arises.

Constraints on Propagation Periods
Depending if propagation periods are referred to forward or backward seg-
ments, constraints of the kind
T; >0 for Forward Segments
ci(x) = (6.43)

T; <0 for Backward Segments

must be considered. By exploiting slack variables, constraints in equation
[6.43] are rewritten as

{TZ- — ﬁ? =0 for Forward Segments
¢i (x) =

) (6.44)
Ti +B8; =0 for Backward Segments

Derivatives of constraints in equation are straightforward.
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Constraints on Epochs and Propagation Periods

In order to ensure continuity in time within the segments, the sum of all the
propagation periods in a trajectory phase must equal the difference between
the reference epochs at the start and end points. So, considering a trajectory
phase with n segments, it follows that

Cj (X) = Ek41 — €k — Z T; + 2 T; (6.45)
i=1 =241

where summations are referred to forward and backward legs, respectively.
Also in this case, derivatives are straightforward.

Bounds on Epochs

It is very useful to constraint and limit the field of existence of reference
epochs. For each epoch, it is possible to specify a lower and an upper bound

Ek,min < €k < €k,maz (646)

By introducing slack variables into the x vector, equation[6.46] can be written
as
€ — € + 32
ci(x)=| & “hmar §z =0 (6.47)
€k — €kmin — BjJrl
Also in this case, derivatives are trivial and they exist only with respect to
the reference epoch itself and the related slack variable.

6.3 Optimal Control

6.3.1 Introduction

The introduced Sims-Flanagan method represents a low-medium fidelity tool
for low-thrust trajectory design and optimization. The main problem related
to this method is that the overall dynamics is not perfectly considered. Al-
though each Awv is constrained to be smaller than the accumulated thrust
on the considered segment, velocity changes are modelled as impulsive vari-
ations. In addition, the acceleration due to thrusters is not included in the
dynamical equations and the mass variations in the spacecraft are not stud-
ied.

The next step aims to consider the complete dynamics of the N-body
problem, including the effects of the thrust as well. Then, the optimization
process consists in finding the optimal profiles (magnitude and direction)
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of the thrust, such that it minimizes the propellant consumption and the
mission constraints are satisfied. This outlines an optimal control problem.

6.3.2 Optimal Control Problem

The inclusion of a manoeuvrable action is reflected by the introduction of
a control w (t) in the equations of motions. For many applications, even if
the problem can be seen as a series of phases, it is possible to focus on a
single k-th phase, defined in the region ¢ < t < t;. In a general way, the
considered optimal control problem is characterized by a governing dynamics
of the kind

x=f(x,u,\e,T1) (6.48)

where x is the state vector (n, components), u is the control vector (n,
components), A is a vector that contains n, parameters, € and 7 are, respec-
tively, the reference epoch and time (that has been nondimensionalized).
Note that, in general, the parameters in A are time independent (for exam-
ple, they can be used to describe the propulsive properties of the spacecraft).
Between two consecutive phases, it is not excluded to have changes in the
governing dynamics and discontinuities in some of the states (for example,
a mass discontinuity if a stage is released). Initial and final conditions (),
and 1 ¢ respectively) for the considered phase are expressed as

You (6.49)
VY (6.50)

Besides, generally the solution of the problem has satisfy algebraic path
constraints of the form

g < g [m (7—) U (T) 7)‘7577_] < gy (6'51)

where the vector g has n, components. Finally, the components of the state
and control vectors are subject to the following bounds

(6.52)
(6.53)

IS

xr
u

S

Solving the optimal control problem corresponds to determine the n, dimen-
sional control vector w (7) that minimize the performance index J

J =@ |x(10) 70,2 (75), 7] + f ! qglz(r),u(r), e 7| dr (6.54)

to
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If the cost function J contains the term & (evaluated at the ends of the
phase) and the integral of the function g, the presented formulation is also
referred as a problem of Bolza. If only the former term is present, it is called
problem of Mayer while, if only the latter is included, it is a problem of
Lagrange.

6.3.3 Low-Thrust Dynamical Model

Considering the actual dynamics of a low-thrust problem implies the addition
of a state variable related to the mass m of the spacecraft. So, the augmented
state vector can be written as

P
x=|p (6.55)
m

The dynamics of the problem is then modified by considering the acceleration
due to the thrusters and the mass evolution:
P p
e=|p|=|Ff(xer)+a (6.56)
. o Th
m Isng

where T}, is the magnitude of the thrust, @ is the unit vector defining the
direction of the thrust, Iy, and go are, respectively, the specific impulse of
the propulsive system and the standard acceleration due to gravity near the
surface of the Earth (9.80665 m/s?). Note that the term f (x,e,7) can be
replaced by the the second term of equation or , depending on
whether N-body equations are projected onto inertial axes (and relative to a
central mass) or onto an appropriate synodic frame. It is equally important
to note that the added terms have to be nondimensionalized in order to
obtain a coherent expression with the remaining quantities.

The new dynamics expressed in has, actually, the form of equation
(6.48), where a control vector w is included. As a matter of fact, a desired
dynamics (within feasibility limits) can be achieved manoeuvring the value
of the thrust vector Ty, (magnitude and direction) in time. So, trivially, the
selection for the components of the control vector must allow guidance of the
magnitude T} and the direction @& of the thrust. The choice of the control
vector is not unique, a suitable selection is represented by

u=|p (6.57)
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where o and [ represent two angular spherical coordinates and P is the
provided power for the thrusters. The angles o and S allow to describe the
direction u (see Figure as

cos o cos f3
u = | sinacosf (6.58)
sin 3
while the provided power P is linked to the thrust magnitude according to

Figure 6.4: Thrust Direction

2P
15 = (6.59)

Ispg(]
The first angular coordinate o must be bounded within the region 0 < o <
27, while for f it must be —7/2 < f < 7/2. Similarly, the domain for the

power is 0 < P < P4, and, as a consequence, the thrust magnitude will

be bounded as well. Such a selection of the control vector has the notable
advantage to automatically satisfy the condition (for the direction )
@+ a2+ a2 =1 (6.60)

Usually, in low-thrust trajectory optimization the optimal control problem
aims at the definition of the control vector such that it minimizes a perfor-
mance index in the Mayer form

Min J = —m(t;) (6.61)

Equation corresponds to the maximization of the final mass and, so,
at the minimization of the fuel consumption.

Within the context of this study, a constant specific impulse (CSI) sce-
nario is considered, in contrast to a variable specific impulse (VSI) case.
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6.3.4 Direct Methods

In opposition to indirect methods, direct optimization aims to solve the
optimal control problem by discretizing it with a finite set of variables and
converting it to a NLP problem. This allows to overcome the main difficulties
of indirect methods (in particular, sensitivity to initial conditions) and to
obtain robust tool in terms of convergence. The price to pay is that these
methods are usually more expensive in terms of computational speed. The
process of discretizing an optimal control problem is called transcription.
Usually, the idea behind discretization schemes is to write quantities that
appear in the considered dynamics as polynomial functions. If polynomials
of degree N are exploited, each particular quantity is described by its values
at N + 1 points, placed at suitable locations.

Depending on which quantities are parametrized, direct transcription
methods are divided into two main types (see Figure :

e If only control components are parametrized, shooting methods are
obtained. In this case, dynamics is satisfied by integrating equations
of motions through a ODE solver (Runge-Kutta schemes, for instance).
Depending on the number of segments into which the considered phase
is subdivided, schemes can be single or multiple shooting methods.

o If state and control components are parametrized simultaneously, col-
location method are obtained. In this case, dynamics is imposed by
constraining the slope at nodes of polynomial functions. Depending
on the number of segments into which the considered phase is subdi-
vided, collocation schemes can be local or global.

l Direct Methods

|
| |

Control Parametrization State & Control Parametrization

ﬁ‘ﬁ l | |

[Shooting} [Multiple Shooting] [ Local Collocation ] [GIobaIColIocation]

Figure 6.5: Direct Methods for Optimal Control

Within the context of this study, a single shooting scheme is adopted and
parametrization is achieved by exploiting Chebyshev polynomials.
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Single Shooting

Focusing on a single phase (going from 7y to 7y) of the optimal control
problem, the basic idea behind single shooting scheme is to write the control
vector u(7) (n, components) as a polynomial function of order N

N
u(r) = ) cithi(r) (6.62)
i=0
where ¢; is a column vector containing the coefficients for appropriate base
functions ;. In order to do that, its values at IV +1 nodes, placed at suitable
locations, are exploited. First of all, time domain of the phase is normalized
in order to be [—1, 1], according to

2

Tf—To

7::

(r—m)—1 (6.63)

Then, the new time domain is meshed according to N + 1 increasing points

S ={70,T1y- s Tiy-o s IN-1, TN} (6.64)

At each point of the set S, a corresponding value of the control vector is
associated

Z = {'U,(7~'0), s a'u’(%i)7 s u(%N)} = {'U'Oa sy Wy ,’LLN} (665)

Z will represent the set containing the variables of the problem (solved
through NLP). More compactly, it is possible to write

U= [uo,ul,...,ui,...,uN_l,uN] = CA (6.66)
where C is the (n, x (N + 1)) matrix containing the coefficients ¢;
C =Jeo,c1,...,Ciy...,CN-1,CN] (6.67)

and the ((IV +1) x (N + 1)) matrix A contains the base functions

Yo(7o) Yo(71) Yo(Tn-1) Yo(Tn)
Y1(70) P1(71) Y1(Tn-1) V1(Tn)
A= : : : : (6.68)
YN-1(T0) Yn-1(71) - Yn1(Tn-1) Yn-1(TN)
| Un(To)  Yn(R) o UN(Eno1) UN(TN) ]

Once the values u; are known, it is possible to recover the coeflicients c;
thanks to
C=UA"! (6.69)
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Then, it is possible to estimate the value of u(7) according to

[ o(7) |

u(7) = C #ﬂﬂ (6.70)

| N (T) |
Thanks to equation the control vector u(7), can be included into the
dynamics (paying attention to the passage from normalized time 7 to the
dimensionless one 7).

The values of u; at nodes are the variables of the NLP problem, aiming
to minimize the fuel consumption. The problem is, in general, associated to
some equality and inequality constraints. In particular, it is important to
constrain the final state of the propagation equal to a desired condition. For
the low-thrust problem, values of the provided power P (at each instant, not
only at nodes) must be positive. Similarly, it is possible to bound the rate
of change of control components, considering that

d d d

%U == (CA) = CE
where the ((V +1) x (N + 1)) matrix D contains the derivatives of the base
functions ;.

Within the context of this study, Chebyshev polynomials of the first kind
are used as base functions and the mesh S for the time domain is set accord-

(A) =CD (6.71)

ing to Chebyshev points (also called Chebyshev nodes).

Chebyshev Polynomials

Chebyshev polynomials are largely appreciated in approximation theory and
they represent a sequence of orthogonal polynomials. Chebyshev polynomi-
als of the first kind are denoted as T} and they are defined by the following
recurrence relation:
TQ(.T) =1
Ti(z) =x (6.72)
Thi1(z) = 22T (x) — Th—1(x)
For the sake of convenience, they are defined over the domain [—1, 1], where

they satisfy —1 < Ti(x) < 1. Chebyshev nodes are the extrema of 7, within
the range [—1, 1] and they are located according to

k
T} = COS (nw) , fork=0,1,...,n (6.73)
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At the Chebyshev nodes, the polynomial Ty has value 1 or —1. In Figure
[6.6] Chebyshev polynomials T,, up to n = 5, are depicted.

—T,()
—T,()
05F / T,
—T,(%)
7,00
or T,(9
-0.5H /
'l 1 1 1 1 | 1 | L | |
-1 08 06 -04 -02 0 02 04 06 08 1

Figure 6.6: Chebyshev Polynomials (n =0,1,...,5)

In the theory of approximation, using Chebyshev nodes as points in
polynomial interpolation has admirable advantages, since this minimizes the
problem of Runge’s phenomenon and leads to greater accuracy. Supposing
f(x) is a Lipschitz continuous function on [1,1], a good approximation of
f(x) is the polynomial p,(z) obtained by interpolation at Chebyshev nodes

po(@) = Y cxTi(x) (6.74)
k=0

Since every Lipschitz continuous function f(z) on [1,1] is characterized by
a unique representation as an absolutely and uniformly convergent series

f@) = aTi(x) (6.75)
k=0

and since Chebyshev coefficients aj, are related to interpolating ones ¢ (see
[52]), it is possible to understand that large values of n leads to higher
precisions.

Derivatives of Chebyshev polynomials of the first kind can be handles
easily as well. Indeed, it is true that

dT,,
— =nU,_ 6.76
dzx " ! ( )

where the generic Uy represents Chebyshev polynomial of the second kind.
The recurrence relation that defines Chebyshev polynomials of the second
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kind is
Uo(x)
Ui(x)

Un+1 (w

I
N =
S

(6.77)

~—

= 22U, (x) — Up—1(x)
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Chapter 7

Simulation

In this chapter simulations and results, exploiting numerical methods for
trajectory optimization introduced in Chapter [4] are presented. Simulations
have been performed taking inspiration from Asteroid Redirect Robotic Mis-
sion (ARRM), part of the more extended Asteroid Redirect Mission (ARM).
This mission was proposed by NASA and it was supposed to be achieved in
the near future, in order test some deep space exploration capabilities and
to be preparatory for other missions. The main objective of the mission is
the exploration of a Near-Earth Asteroid and the retrieval of a boulder from
its surface. The above mentioned boulder is, then, supposed to be place on
a stable DRO around the Moon, exploiting a NRO as a gateway.

7.1 Trajectory Structure

In terms of trajectory design, the presented mission has been divided into
three different journeys:

1. Earth-to-Asteroid Trajectory. This trajectory is expected to be
characterized by a double lunar gravity assist (LGAs or double lunar
swing-by) to leave the Earth-Moon system. Placing two intermediate
control nodes (one for each gravity assist), in turn this trajectory can
be subdivided into three phases:

(a) A first phase, from the launch from the Earth to the first LGA;
(b) A second phase, from the first to the second LGA;
(¢) A third phase, from the second LGA to the arrival at the asteroid.

2. Asteroid-to-NRO Trajectory. This trajectory represents the return
into the Earth-Moon region and it exploits an Earth gravity assist



Asteroid

Orbit

Asteroid Estimated Serrl.l—MaJor Period Eccentricity Inclination
) Axis [AU]J [deg]
Diameter [m] [years|

2008 EV5 400 0.958 0.94 0.084 7.436
Bennu 500 1.126 1.20 0.203 6.035
2014 YD 24-107 1.070 1.11 0.087 1.735
2000 SG344 20-89 0.978 0.97 0.067 0.112
2013 BS45 11-51 0.993 0.99 0.084 0.772
2001 QJ142 33-142 1.060 1.09 0.086 3.103
2012 UV136 14-62 1.010 1.01 0.138 2.211
1999 JU3 251-1124 1.189 1.30 0.190 5.884
2001 CQ36 55-246 0.938 0.91 0.178 1.258
2006 FH36 46-205 0.955 0.93 0.198 1.586
2007 UY1 46-205 0.951 0.93 0.175 1.019

Table 7.1: Possible Targets

(EGA) in order to enter a NRO. So, this journey can be divided into

two phases:

(a) A first phase, from the asteroid departure to the EGA,;
(b) A second phase, from the EGA to the arrival at NRO.

3. NRO-to-DRO Trajectory. Since NRO is a non-stable orbit, this
single-phase journey is scheduled in order to move the boulder into a

DRO, a stable periodic solution within the Earth-Moon region (where

it can be reached more easily to carried out on-site studies).

Several asteroids have been identified as possible targets for the mission.
The most important options are listed in Table [7.I Asteroid 2008 EV5
results to be one of the most interesting because of its scientific attractive-

ness, composition and size. Within the context of this study, asteroid 2008

EV5 has been selected as the target for the mission analysis. The diagram

inherent to the trajectory structure of the mission is reported in Figure[7.1]

7.1.1 Earth-to-Asteroid Trajectory

Sims-Flanagan Transcription Method

The initial step of trajectory design for the considered mission consists on

applying the Sims-Flanagan transcription method to the first journey. All

the variables related to the journey are defined for the NLP problem. Surely,
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l

|

Earth-to-2008 EV5

2008 EV5-to-NRO

NRO-to-DRO

|
|

|

Earth-LGAl {2008 EV5-EGA} { EGA-NRO }

LGA1-LGA2
LGA2-2008 EV5

Figure 7.1: Trajectory Structure

NRO-DRO

the total number of variables takes into consideration 6n components of

the state vectors x; (related to the n segments into which the journey is

discretized), other n variables concerning the propagation period T; for each

segment and k epoch variables ¢;, where k is equal to the number of control

nodes of the journey (in this case, k = 4, being ¢; the generic variable
related to the epoch of the departure, first LGA, second LGA or arrival to
the asteroid). In addition, some slacks variables 3 are considered:

e For each gravity assist in the journey (p denotes the number of GAs in

the journey), slack variables related to altitude and velocity constraints

(equations (6.28) and (6.33))) are included, for a total of (2 +2)p = 4p

additional slack variables;

e For each Av; (one at the end of each segment), conditions expressed in
equation (6.38)) must be included, resulting in other n slack variables;

e For each propagation period T;, conditions of the kind (6.44) must be
included, this results in other n slack variables;

e For each epoch variable, bounds are imposed by using equation (6.47)),
giving other 2k additional variables.

As a consequence, the total amount of variables N, can be expressed as

Ny=6n+n+k+4p+n+n+2k=9n+3k+4p (7.1)
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Within the proposed study, n = 26 segments are considered in the first
journey. The first phase is modelled by 2 segments, the second one by 16
segments and the third one by 8. In each phase, the first half of the seg-
ments is propagated forward (from the phase start control node), while the
second half is propagated backward (from the phase end control node). The
considered journey results in 254 components for the variable vector x.
Concerning the constraints, it is important to impose the continuity
(3(n — 1)) conditions in terms of position for consecutive segments (equa-
tion (6.19))) and 3 conditions to ensure continuity at the journey final point
(equation (6.20])); then there are k — 1 conditions for continuity between
propagation periods and epochs (equation (6.45)), (2 + 2)p = 4p constraints
for altitude and velocity at GAs (equations (6.28]) and (6.33)), n conditions
to bound the magnitude of Awvs (equation (6.38)), other n equations to dis-

criminate forward and backward propagation periods (equation (6.44))) and,
finally, 2k conditions to set bounds on epochs (equation (6.47))). So, the total
number of constraint N, for the considered journey is

Ne=3n+(k-1)+4p+n+n+2k=5n+4p+3k—1 (7.2)

For n = 26 segments, it means a total of 149 constraints. Since, in the
first phase, also continuity in velocity is considered between the 2 (only)
segments (3 additional constraints), one Av cancels out (one slack variable
and one constraint are eliminated). Besides, the journey start point is con-
strained to have a fixed magnitude dyp = 7000 km (one additional equality
constraint). So, at the end, this translates into a problem with N, = 253
variables and N, = 152 constraints. The simulation is performed by using
the SQP fmincon algorithm in MATLAB®. Propagations are carried out by
using a Runge-Kutta 78 scheme.

The solution of the first journey by using the proposed Sims-Flanagan
transcription method is presented in Figure [7.2] Trajectory is depicted in
the inertial frame. Zooming at the center of Figure a more detailed
image related to the first two phases of the journey is obtained (Figure .
Recalling equation , some propulsive parameters are required to solve
the problem. In particular, the initial mass of the spacecraft has been set
to mg = 5000 kg, the duty cycle has been fixed to D = 0.9 and the number
of thrusters to ng, = 3. The maximum deliverable thrust can be computed

exploiting the relation
2Pm(11‘

Isng
Setting the maximum provided power (per thruster) equal to P = 13 kW and
the specific impulse I, = 4000 s, a value of T} 4, = 0.6625 N is obtained.

(7.3)

h,maxr =

74



— o T
,/'/ \'\\\ \‘\
100 \ / \
N\ 2008 EV5
/ \ \
i \
50 |
/ \
— f / “
o f /
o or | & |
7] | |
c ‘ |
S {
E \
2 s0p |
=
> \
\\
-100
\
-150 - \\ Pz —Forward segments
- | —Backward segments
. ot o Match Points
| I L K. 08 il | 1 1
-200 -150 -100 -50 0 50 100 150

x [nondimensional]

Figure 7.2: Earth-to-2008 EV5 Journey

Event Date
Earth Departure 18 February 2021
LGA1 23 February 2021
LGA2 7 June 2021

2008 EV8 Arrival 9 February 2023

Table 7.2: Journey 1: Epochs

The first Lunar Gravity Assist (LGAL) is constrained to have an altitude in
the range 100km < hrgai < 3000km, while fort the second one (LGA2) the
considered relation is 100km < hrgai1 < 10000km. The presented method
is quite robust, but in order to deal with the most sensitive variables (in
particular, the epochs ej), multiple runs are performed, changing the com-
ponents of the initial guess randomly, within reasonable bounds. The best
obtained solution is characterized by a Av = 4.511 km/s. In Table the
epochs related to the control nodes are reported.

Sims-Flanagan transcription method is a quite effective to find a low-
medium fidelity optimized trajectory and the epochs of multiple gravity as-
sists. Nevertheless, discontinuities in velocities are present in the low thrust
modelling. The next step is the refinement of the found trajectory consid-
ering the complete low thrust dynamics and the referred optimal control
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problem.

Optimal Control: Shooting

The optimal control problem for the first journey from the Earth to the 2008
EV5 asteroid is subdivided into a series of 3 sub-problems, in which each
different phase is analysed and solved through simple shooting. So, for each
phase, the control vector is represented by

u(r) = | B(7) (7.4)

whose components are, then, discretized and transcripted into a polynomial
of degree ¢ by using Chebyshev interpolation. So, the variables for the
related NLP problem are the values of the controls at ¢+ 1 points, distributed
according to Chebyshev points. In total, the number of variables is n,(q +
1) = 3(g+1). As constraints, first of all the shooting method has to connect
the last state vector of the previous phase to the final state vector of the
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current phase. These values have been retrieved from the Sims-Flanagan
method, as well as the reference epochs. Regarding to inequality constraints,
the interpolating polynomials have to respect the bounds of their interval of
existence (not only at nodes, but for every 7). If necessary, also conditions
on the slopes can be includes (in particular, to limit the rate of variations of
the control angles).

Phase 1: Earth-LGA1 This arc has been modelled as a continuous tra-
jectory, in terms of position and velocity, by using Sims-Flanagan method.
Once the spacecraft has been inserted in the right orbit, a coasting will lead
to the next phase.

Phase 2: LGA1-LGA2 Knowing the epochs of the Lunar Gravity As-
sists, an optimal problem through single shooting is solved to connect the
positions of the spacecraft at the two LGAs. Sims-Flanagan solution is used
to obtain the starting state vector. Chebyshev interpolation of degree ¢ = 13
is used. Figure[7.4] depicts the obtained solution, while Figure [7.5]illustrates
the optimal profile for the control variables.

2 -
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1 Lo LGA2
= B .
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2 \\}\ —
0 \\\\ - 0
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Figure 7.4: LGAI-LGA2 Phase
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Figure 7.5: Journey 1: LGAI1-LGA2 Phase - Control Variables, ¢ = 13

Phase 3: LGA2-2008 EV5 The last phase of the first journey connects
the second Lunar Gravity Assist to the target, the asteroid 2008 EV5. The
optimal control problem is solved in order to have a rendezvous with the
asteroid. Also in this case, control variables are modelled as interpolating
polynomials of degree ¢ = 13. Figure [7.6] illustrates the continuous trajec-
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Figure 7.6: LGA2-2008 EV5 Phase

tory, together with the thrust vector. Figure [7.7] completes the obtained
results.
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Figure 7.7: Journey 1: LGA2-2008 EV5 Phase - Control Variables, g = 13

7.1.2 Asteroid-to-NRO Trajectory
Sims-Flanagan Transcription Method

After the exploration of the asteroid and the collection of a small boulder
from its surface, the spacecraft can proceed to come back into the Earth-
Moon region. While the double lunar swing-by is a viable and known strategy
that can be exploited to reach Near-FEarth Asteroids, the structure of the way
back has not been imposed a priori. Indeed, the structure including an Earth
Gravity Assist has been after a preliminary run of Sims-Flanagan method
(with 8 segments), in which the conditions for a gravity assist have not been
imposed (equations and (6.33)). After that, the solution has been
refined including directly the above mentioned gravity assist.

Particularizing equation for n = 12 segments, £ = 3 control nodes
and p = 1 gravity assist, it follows that the number of variables for the second
journey is N, = 121. Since the last point of the trajectory (at NRO insertion)
is constrained to be equal to the state vector related to the attractive LCS
departing from the aposelene of the NRO, a last Av is not imposed (it would
be null) and a slack variable can be removed. As a consequence, the number
of considered variables is N, = 120.

Regarding the constraints, in this case it is important to match a pre-
scribed state vector at the beginning (departure from the asteroid) and at the
end (NRO insertion) of the trajectory. So, equation can be rewritten
as

Ne=6(1+1)+3n—1)+(k—1)+4p+n+n+2k =dn+4p+3k+8 (7.5)

Particularizing for n = 12 (and considering that a last Av is omitted), it
follows N, = 80. It is important to note that, during this and the following
journey, the spacecraft mass is increased by the collected boulder: an addi-
tional estimated mass of mpyyder = 15 tons is included in the computation.
The solution obtained by applying Sims-Flanagan transcription method is

79



80 - T ) - —Forward segments
—Backward segments
¢ Match Points
680 - \
\
2008 EVS\

40 - ANy
T | T
c |
2 \
2 20t \
2 u
E \
g \\ EGA\ ’
2 0or \é 'r@
> \ ‘

|
-20 - \
N\
\\
\\ /
-40 - AN /
'60 C 1 1 | ;k ] T~ — - L L L
-140 -120 -100 -80 -60 -40 -20 0 20

x [nondimensional]

Figure 7.8: 2008 EV5-to-NRO Journey

Event Date
2008 EVS8 Departure 19 June 2024
EGA 23 June 2025
NRO Arrival 28 December 2025

Table 7.3: Journey 2: Epochs

presented in Figure The NRO insertion phase (after the EGA) is pre-
sented with a higher level of detail in Figure . The sum of all the
impulses within the second journey of the mission leads to a Av = 2.450
km/s. Control nodes epochs, that are obtained by the optimization process,
are summarized in Table [T.3

Observation It is fundamental that all the quantities that enter in the
NLP problem have derivative information. In general, it is true that, re-
ferring to equation , the quantities @y ;, and @ t;, are dependent on
epochs of the first and last control nodes of the journey, so @ ;, (¢1) and
Zr fin (€x). While asteroid states (along with their derivatives) are known
from the ephemeris database, particular attention must be paid for states

80



—Forward segments
3 —Backward segments
© Match Points
2 |-
EGA X
1L — NRO arrival
o | S ;v:_‘
2o ( N
() \ \ /
E \ ‘\ / s A\ \
o E: \ L8 |
=8 S \ J
AN | \
2r | \ /
\
| o
| \ /
| A
3 \ N
ﬂ \
‘ \/
‘. \
-4 \ ‘
‘ \

4 -3 2 -1 0 1

x [nondimensional]

Figure 7.9: 2008 EV5-to-NRO Journey, in detail

related to periodic solutions. Indeed, since periodic solutions are epoch de-
pendent within the N-body framework and ;. ¢, (€x) represents the state (it
must be propagated backward) of the attracting LCS that leads to the NRO
at epoch € = &, a smooth @, t;, (€x) profile must be considered. This is
why a reference NRO (aposelene r, = 78000 km) has been corrected within
the N-body model over a large period (year 2025 and 2026) with a discrete
time-step. The corrected initial states, along with the related states char-
acterizing the attracting LCS, have been used to create a smooth database
(by performing a piecewise cubic regression). Thanks to this information,
the state at the final control node (and its derivative with respect to €;) can
be known for every instant over the considered period.

Optimal Control

Also in this case, the overall journey is divided into its phases and a series
of two sub-problems is solved.

Phase 1: 2008 EV5-EGA Within this phase, the control vector u (1),

including the provided power and the angular spherical coordinates for the
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direction, are written as interpolating polynomials of degree ¢ = 13 by ex-
ploiting Chebyshev functions. Figure depicts the optimal trajectory
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Figure 7.10: 2008 EV5-EGA Phase

departing from the asteroid and aiming to the EGA. Optimal control solu-
tion is completed by power and direction angles profiles, reported in Figure

[C11l

Phase 2: EGA-NRO For this phase of the journey, the degree of the
interpolating polynomials has been increased to ¢ = 21 in order to have
more flexibility in the convergence. Besides, the single shooting takes place
such that to reach the state at the middle of the last segmentﬂ (according to
the Sims-Flanagan discretization), in order to have a period of coasting that
drives the spacecraft into the NRO automatically. The solution is reported
in Figure The related profiles for o (7), 5 (7) and P (1) are illustrated
in Figure .

'Last segment corresponds to the attracting LCS.
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Figure 7.11: Journey 2: 2008 EV5-EGA Phase - Control Variables, q = 13
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Figure 7.12: EGA-NRO Phase
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Figure 7.13: Journey 2: EGA-NRO Phase - Control Variables, q = 13
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7.1.3 NRO-to-DRO Trajectory
Sims-Flanagan Transcription Method

The achieved NRO is unstable and it is used as a temporary location and
as a gateway to move the collected boulder to a stable DRO. The journey
under consideration is, actually, a single phase journey, since no intermediate
gravity assists are necessary (so p = 0). Particularizing equation for
n = 8 segments and k£ = 2, it follows that the number of variables under
consideration is N, = 53 (a last Av is omitted). In this case, it is more
suitable to study the considered trajectory in the synodic frame by using the
related equations of motions. The obtained solution (in the synodic frame)
is presented in Figure [7.14] The departure from the NRO and the arrival
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< Backward segments
¢ Match Points
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o

—

1 2 3 4 5
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Figure 7.14: NRO-to-DRO Journey (Synodic Frame)

to the DRO can be appreciated in Figure The obtained solution is
characterized by a total Av = 0.550 km/s; the departing and the arrival
dates of the journey are presented in Table
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Figure 7.15: NRO-to-DRO Journey, in detail (Synodic Frame)

Event Date
NRO Departure 13 February 2026
DRO Arrival 15 October 2026

Table 7.4: Journey 3: Epochs

Observation Derivative information with respect to epochs is computed
numerically when N-body equations of motions are expressed in the synodic
frame. As already seen for the second journey, also in this case it is very
important to rely on a smooth database describing the states of the NRO
repulsive LCS and of the arriving DRO. For this reason, NRO initial condi-
tions (along with associated repulsive LCS) are corrected over the first half of
year 2026. Similarly, initial conditions of a resonant 2:1 DRO are computed
over the period from 1-Jul-2026 to 1-Mar-2027.

Optimal Control

In order to solve the optimal control problem, the trajectory has been studied
by using equations of motion with respect to an inertial frame an relative to
the Earth (as all the other optimal controls problem). So, the shooting for

85



the optimal control problem has been carried out by converting the initial
guess (found by using Sims-Flanagan method) to the inertial frame and
by connecting the repulsing LCS (related to the NRO departure) to the
final DRO. To have a more precise convergence, the single shooting has
been split and an intermediate node (equal to the initial state of the fifth
segment, according to Sims-Flanagan transcription) has been considered,
defining, hence, a multiple shooting scheme where control variables have
been described as polynomials of degree ¢ = 13 within each of the two
segments. Figure depicts the obtained solution (in the inertial frame).
For the sake of completeness, profiles of the provided power and of angular
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Figure 7.16: NRO-DRO Phase

coordinates of the thrust direction are reported in Figure

7.2 Conclusions on Results

All the simulations are performed with a view to minimize the cost in terms
of propellant, hence to maximize the final mass of the spacecraft. Table
reports the most important figures obtained from the simulation. As
already noted, it is important to stress the fact that an additional boulder
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Figure 7.17: Journey 3: NRO-DRO Phase - Control Variables, q = 13

. Optimal
Sims-Flanagan Control
Journey Av [km/s|  mypin/mo  mpin/mo Phase
1 Earth-LGA1
Earth-to-2008 EV5 4511 0.891 0.960 LGAI-LGA2

0.852 LGA2-2008 EV5

0.756 2008 EV5-EGA

2008 EV5-to-NRO 2.450 0.656 0678 EGA-NRO

NRO-to-DRO 0.550 0.605 0.621 NRO-DRO

Table 7.5: Results

mass (Mpoulder = 15 tons) is considered in the computation of the trajec-
tories. What it is possible to note is that the mass ratios computed by
using a Sims-Flanagan method or an optimal control-based approach are
(Myin/mo)g_p = 0.605 and (myfin/mo), = 0.621, respectively. The two
values are quite in agreement, with the optimal control figure that is slightly
less that the Sims-Flanagan counterpart. This is reasonable considering the
fact that no mass variation is taken into account within the Sims-Flanagan
framework (it could be included in the formulation). The results are quite
coherent with the ones reported in a preliminary Mission Design Description
of ARM mission (obtained by using MALTO, Mission Analysis Low-Thrust
Optimizer, a NASA software based on Sims-Flanagan approach).
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Chapter 8

Attitude Strategies

In this chapter some attitude considerations, coupled with orbital mechanics
aspects in multi-body regimes, are discussed. The focus about this topic
arises directly from the analysis of the Asteroid Redirect Mission (ARM)
scenario, simulated in Chapter [7] Indeed, the NRO and DRO environments
are extensively exploited within the context of the mission. It could be inter-
esting to study the behaviour of attitude dynamics in these Non-Keplerian
orbits.

The main aim of this analysis is to leverage the free natural attitude
dynamics (under the perturbation of Earth and Moon gravity gradient dis-
turbance torques) along these periodic solutions in order to minimize the
active control. First, the NRO environment is considered, trying to search
for initial configurations that allow to maintain a bounded mismatch with
the LVLH frame of the orbit. Then, DRO environment is analysed and some
period attitude-orbit solutions in multi-body regimes are presented.

8.1 Attitude in NRO

The first coupled analysis involves the study of the spacecraft attitude in a
NRO. Referring to the ARM simulation carried out in Chapter[7] NROs have
a significant role, since one orbit of this family is used as an intermediate
stage and as a gateway before the final transfer that drives the spacecraft to
a DRO. From the simulation, it clearly appears that the waiting time to be
spent in the NRO is a little more than one month. The target NRO has been
fixed throughout the simulation: it corresponds to a NRO with aposelene
rqe = 78000 km and it is, actually, a 4 : 1 resonant NRO, meaning that
the NRO orbital period is 1/4 of the synodic period of the Moon (that is,
approximately, 29.53 days). Between the moments of arrival and of departure



within the ARM simulation framework, the spacecraft can orbit the targeted
NRO without remarkable station-keeping issues (in practice, some corrective
manoeuvres are likely to be performed). Figure depicts the targeted
NRO.
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Figure 8.1: 4:1 Resonant NRO

8.1.1 The LVLH Frame

In general, a NRO is characterized by a complicated three-dimensional shape
and this increases the complexity in the search for some interesting periodic
patterns from the attitude point of view. A configuration that is worth
to be studied is the one dictated by the NRO LVLH frame. The Local
Vertical-Local Horizon coordinate system (denoted as zyz) for a NRO is
defined (for every time 7) such that the Z-axis is directed as the spacecraft
position vector relative to the Moon (therefore, outgoing and radial), the
Z-axis points towards the instantaneous orbital angular momentum and the
y-axis completed the right-handed triad.

It would be interesting to search for configurations that grant the space-
craft attitude to follow the LVLH kinematics or that, at worst, have a
bounded mismatch with the LVLH frame. This would translate into a space-
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craft that, from the attitude point of view, moves in accordance with the
LVLH. Such an attitude would be very interesting in particular if pointing
requirements towards the Moon are asked.

By building up the profile in time of the LVLH frame direct cosine ma-
trix (that corresponds to the transformation matrix Ay rp/syn, allowing
the passage from the synodic frame to the LVLH frame), it is possible to re-
cover the angular velocity profile wry /gy, that satisfies the LVLH frame
kinematics, by exploiting:

ALVLH/Syn = —[wrvin/syn]” ALvim/syn (8.1)

where wry /sy, represents the angular velocity (expressed in the LVLH
frame) of the LVLH frame with respect the synodic frame. Surely, it would
be more interesting to recover the angular velocity of the LVLH frame with
respect to the inertial space. In order to do so, also the profile in time of
the synodic frame direct cosine matrix is required: the matrix Ag,, /v can
be reconstructed from ephemerides evaluation. Thanks to this, the direct
cosine matrix of the LVLH frame with respect to the inertial space can be
recovered: simply applying transformation matrices properties, it follows

ALVLH/N = ALVLH/SynASyn/N (82)

By applying the analogous version of equation , the profile of the angular
velocity (expressed in the LVLH frame) of the LVLH frame with respect the
inertial frame (that is, wLVLH/N) can be recovered. The value of wry /N
is reported in Figure [8.2] over an entire synodic period of the 4:1 resonant
NRO. In order to follow perfectly the LVLH frame kinematics, a spacecraft
must have the angular velocity profile shown in Figure[8.2] To see if this is
possible in the NRO environment, different initial configurations have been
considered.

8.1.2 Parametric Analysis

Different inertia conditions for the spacecraft have been considered in order
to analyse the response in attitude. The performed parametric study has
been characterized by the following elements:

e Varying inertia properties about each one of the main axes of iner-
tia. For each axis, a range going from J,,;, = 10* kgm? to Jesr =
4 -10* kgm? has been considered, allowing to obtain different combi-
nations of the K, K, and K, values, where

Jr—Jy Jy—Jz Jy — I

Kz:Ta Ky = ——, K, =
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e Prescribed initial condition for attitude kinematics, dictated by the
perfect alignment with the LVLH frame.

e Prescribed initial condition for attitude dynamics, dictated by the ini-
tial values of the LVLH frame angular velocity (with respect to the
inertial space).

The simulation suggests that there are not configurations of inertia prop-
erties that allows to follow the LVLH frame kinematics, given the prescribed
initial velocity and orientation. Indeed, by using a classical Pitch-Roll-Yaw
E] Fuler sequence, it is possible to note that there are always two angles that
are characterized by a drift, making impossible a synchronous rotation of
the spacecraft with the LVLH frame. As a representative selection, Figure
shows the results for the case K, = 0.666, K, = 0.8 and K, = 0.285.
The explanation of the phenomenon is quite simple and it is due to the en-
hanced gravity gradient torque at the periselene of the NRO: indeed, near
this point the gravity gradient due to the Moon becomes suddenly three order
of magnitude larger and it is able to destabilize irretrievably the spacecraft
attitude.

!The angular orientation of a xyz frame can be described with reference to a XY Z
frame through the pitch(¢), roll(f) and yaw(z)) angles. The Pitch-Roll-Yaw sequence is
characterized by the first rotation is around the Z (= z1) axis through the pitch angle ¢.
This takes X into z1 and Y into yi1. The second rotation is around the ys (= y1) axis
through the roll angle 6. This carries 1 and z; into x> and 22, respectively. The third
and final rotation is around the x (= z2) axis through the yaw angle v, which takes y
into y and 22 into z.

92



100

w [nondimensional]
o
Angle [rad]
5 N o N »

o

-
N
w
N

(a) Absolute Angular Velocity wy,/n (b) Euler Angles, with respect to LVLH

Figure 8.3: Attitude in NRO (K, = 0.666, K, = 0.8 and K, = 0.285)

The only case in which one single angle drift is observed is for completely
symmetric spacecraft. In this case, the spacecraft is not affected gravity
gradient torque (it cancels out) and the angular velocity remains constant.
Figure [8.4) depicts this case.
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Figure 8.4: Attitude in NRO (Symmetric Spacecraft)

Concluding, the simulations suggest that some active control is desirable
if the motion of the NRO LVLIH frame has to be followed. The magnitude of
the control is not very large: the order of magnitude of the angular momen-

tum can be seen in Figure (inertial components). In the same Figure,
also the components of the perturbing angular accelerations are depicted.
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Figure 8.5: Angolar Momentum and Disturbance Torque Accelerations in NRO (K, =
0.666, K, = 0.8 and K, = 0.285)
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8.2 Attitude in DRO

The starting point for the attitude analysis in DRO is offered by the targeted
final orbit coming from the ARM simulation. It consists in a 2:1 resonant
DRO, meaning that the orbital period is 1/2 of the synodic period of the
Moon. In Figure[8.6]the considered orbital path is illustrated. It is important
to note how the periodicity is recovered after a synodic period.
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Figure 8.6: 2:1 Resonant DRO

The geometry of the problem is, in this case, less complex than the NRO
counterpart. The motion in a DRO can be considered planar (out-of-plane
motion is, actually, present when multi-body regime and the actual motion
of the Moon are considered) and it suggests to search for attitude-orbital
periodic solutions. Assuming a spacecraft oriented as the DRO LVLH frame
at the initial instant, it could be interesting to identify for which conditions
the spacecraft performs an integer number of rotations (with reference to
the synodic frame) about its z-axis per orbital period. Actually, this is the
same path that has been developed in [0], with the study of attitude-orbital
periodic solutions in the CR3BP environment. It clearly appears that such
a problem is governed by the inertia ration (J, — Jy)/J, that appears in the
z-projection of Euler equations.
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8.2.1 Attitude-Orbital Periodic Solutions

In this case, a parametric study has been adopted in order to find, when K,
is varied, different values of the z-component of spacecraft angular velocity
(relative to the synodic frame) wy,g,, such that it grants an integer number
of rotations per orbital period (with respect the synodic frame). The main
considered elements for the analysis are:

e Varying inertia properties through a variation of the K, term. A range
going from K ,in = 0.1 to K, 4» = 1 is considered.

e Prescribed initial condition for attitude kinematics, dictated by perfect
alignment with the DRO LVLH frame.

The value of the z-component of spacecraft angular velocity (relative to
the synodic frame) wy/gy, is found via correction scheme, imposing that a
number N (where N = —2,—1,0,1 or 2) of rotations are performed per
orbital period.

The analysis has led to the definition of Figure It is possible to
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Figure 8.7: Attitude-Orbital Periodic Solutions for 2:1 Resonant DRO

note that, for 0.1 < K, < 0.3, one single initial angular velocity exists such
that it implies a specific number N of spacecraft rotations (with respect the
synodic frame) per orbital period. For K, > 0.3, a bifurcation for the branch
N =1 appears, meaning that multiple values of the initial angular velocity
can grant that number of spacecraft rotations. Similarly, a bifurcation for
N = 0 is observed for K, > 0.7.

It is interesting to note how solutions characterized by low gyroscopic
stiffness are more likely to be destabilized in a long run propagation, due
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to the rise of out-of-plane DRO segments and, therefore, of all the three
components of the gravity gradient torque. Figures[8.§and[8.9 are a example
of this situation, valid for K, = 0.8 and characterized by an initial angular
velocity that should grant N = 1.

w [nondimensional]

Figure 8.8: Angular Velocity with respect Synodic Frame, wys,n
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Figure 8.9: Euler Angles with respect to Synodic, K. = 0.8 (propagation over 10
synodic periods)
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Chapter 9

Conclusions

The main objective of the present work is the search for a higher level of
accuracy in mission analysis design at an academic level. For this reason, an
improvement of classical orbital mechanics models - RTBP and CRTBP - is
presented: the effects of multiple gravity fields are included in the dynamical
formulation to describe the equations of motion of a particle characterized
by negligible mass. The N-body model equations of motion are presented
with respect two different coordinate systems. Some basic notions about
spacecraft attitude dynamics are recalled and the attitude-orbital mechanics
coupling is clarified. The main steps of the validation process for the models
are presented.

The discussion about numerical methods for dynamical models is pre-
sented, leading directly to the presentation of corrections schemes and basic
concepts of optimization problems. Trajectory design is discussed in detail,
with particular reference to low thrust trajectory model. Low thrust trajec-
tory optimization is handled by presenting two direct optimization schemes:
a low-medium fidelity tool, inspired to a classical Sims-Flanagan transcrip-
tion method, and a high fidelity tool, considering the entire actual dynamics
of the problem and based on an optimal control approach exploiting Cheby-
shev interpolation. The two presented methods are applied to a real mission

scenario, offering coherent results.

The increasing interest for the Earth-Moon system and the exploita-
tion of its Non-Keplerian orbits pushes towards the design of viable attitude
strategies, capable of minimizing the active control. Attitude-orbital cou-
pling is faced in NRO and DRO environments. While complex challenges
seem to suggest that active control is required for the former, interesting
attitude-orbital periodic solutions are computed for the latter.



9.1 Future Work

Multi-body regimes fundamentals are presented throughout this work. All
the simulations have been carried out considering the gravity fields of the
Earth, the Moon and the Sun. Higher level of accuracy can be attained
including additional bodies of the Solar System, introducing, yet, new chal-
lenges in the numerical methods formulation. In order to count on a more
and more precise model, also the effects of the solar radiation pressure could
be considered. This aspect involves not only the orbital mechanics section,
but also the attitude one.

Regarding the optimization processes, due to convergence challenges (that
have been solved increasing gradually the size of the problems), it could be
nice to create a global optimization algorithm before the application of Sims-
Flanagan transcription method. The main aim of this passage would be a
preliminary detection of a good candidate initial guess.

Concerning the attitude-orbital coupled study, even if the behaviour of
the N-body models can be hardly predictable, it would be nice to extend the
presented analysis to a wider range of periodic solution of the same families,
and not only.
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