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Abstract

Geometrically nonlinear composite thin-walled beam theory with fiber-reinforced
and piezo-composite is developed. Some non-classical effects such as
anisotropy, warping inhibition and three-dimensional (3-D) strain are ac-

counted for in the beam model. The governing equations and the corresponding bound-
ary conditions are derived using the Hamilton’s principle. The Extended Galerkin’s
Method is used for the numerical study. The static and dynamical characteristics of
the adaptive thin-walled structure are investigated by studying anisotropic properties
of piezo-actuators, considered in conjunction with that of the structural tailoring of the
fiber-reinforced host structure. Furthermore, the beneficial effects of the implemen-
tation of the active feedback control and tailoring technology on advanced adaptive
aircraft wings or rotor blades, that can be modeled as the thin-walled beam developed

in this dissertation, are highlighted.
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CHAPTER

Introduction

Composite materials and structures, due to their vast advantages, such as light weight,
specific high stiffness, and elastic couplings, have been increasingly used in aerospace
industry and other fields of advanced technology. They have even been identified as a
major thrust for designing high-performance aerospace structures (see e.g., [26}(30]).
Anisotropic composite thin-walled structures are expected to meet the increasingly ag-
gressive missions of the next generation of high-performance flight vehicles. In re-
cent years, some further refinements are conducted to the modeling of open or closed
cross-section thin-walled composite beam structures (see e.g., [[13},20,/35,93.94,102]).
Among these efforts, Cortinez et al. [20] and Vo and Lee [94] introduced warping shear
to try to improve the model’s accuracy; and together with a geometrically exact, intrin-
sic theory of anisotropic beams developed by Hodges [33]], the variational-asymptotic
beam sectional analysis [102] can be used for arbitrarily large deflections and rotations
(see e.g., [72]). More generally, any geometrically exact, intrinsic theory of anisotropic
beams can be used provided the beam constitutive equation are computed correctly.
Many similar approaches, based on a semi-analytical discretization of the beam section
displacement field, have been proposed to compute the stiffness matrix of arbitrarily
complex beam sections, see e.g. [28.,/604/102]]. Basically the same approach can be used
for the characterization of composite beams with piezo-electric patches [10,/57]]. That
said, simplified models such as the one used in this dissertation are still interesting, as
they allow to get a better inside into the dependence of the elastic solution of the beam
section parameters.

The design of advanced aircraft wings or rotor blades characterized by thin-walled
structures was significantly influenced by the incorporation of composite material tech-
nology. As compared to their metallic counterparts, composite design of thin-walled
structures offers considerable advantages with respect to strength and weight criteria, in
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Chapter 1. Introduction

addition to providing adequate means of efficiently controlling static and dynamic re-
sponse via implementation of structural tailoring [[14,(17,21132,38.,68.69,/79,82.,[87,88].
Although elastic tailoring is a powerful technology that can offer a beneficial influence
on the dynamic response characteristics, this technique is passive in nature in the sense
that, once implemented, the structure cannot respond to the variety of factors under
which it must operate. As a complementary option, the active control via the imple-
mentation of the smart materials system technology can be applied [11,[27,29]57].
Since piezoelectric materials have a lot desirable characteristics, such as self-sensing,
structure embeddability, fast response and covering a broad range of frequency, they
are well suited for the active control of deformable beams [16,48,49,/61,/62]. Due to
the brittle nature of ceramics, they are however vulnerable to damage and can hardly
conform to a curved surface. These drawbacks are overcame by piezo-composite ma-
terials such as the Active Fiber Composite (AFC) [6] and the Macro-Fiber Composite
(MFC) [100]. Piezo-composite materials can be shaped and bonded to surfaces or em-
bedded into structures.

In the existing literature, a lot publications on modeling or studying adaptive thin-
walled structure are based on the assumption of fiber orientation of piezo-composite
along the spanwise missing the discussion of the isotropic properties [16,/19,48|49,
61./62,78.[89]. Thus the system can only be controlled by the piezoelectrically induced
bending moments. Thus a comprehensive study allowing to get a better insight into the
influence of piezoelectrically induced extension, transverse shear, twist, bimoment and
bendings is still interesting.

Figure[I.T| presents the construction of this dissertation. In Chapter 2] a geometrical
nonlinear rotating thin-walled beam theory incorporating fiber-reinforced and piezo-
composite is developed. Transverse shear strain, warping inhibitions and three-dimensional
strain are accounted for. The governing equations and the associated boundary condi-
tions are derived via Hamilton’s principle.

In Chapter[3] active control of pretwisted rotating blades that modeled as thin-walled
beam structures is investigated. The adaptive capabilities provided by a system of
piezo-actuators bonded or embedded into the structure are also implemented in the
system. The effects induced by high speed rotation, e.g., centrifugal stiffening, tennis-
racket effect, that are essential for a reliable prediction of free-vibration characteristics
of rotating blades are highlighted. Based on the classical feedback control and linear
quadratic regular (LQR) control, the control authority of the implementation of piezo-
actuators with different ply-angles, considered in conjunction with that of the structural
tailoring, are highlighted. In addition, the rotating thin-walled beam model developed
in this dissertation can also serve as the basic model of flexible spacecraft. Problems
related to active vibration suppression of piezo-actuated spacecraft during attitude ma-
neuvers are discussed in Chapter [4]

The model developed in Chapter [2] can also serve as the basic model of advanced
adaptive aircraft wings when ignoring the rotating effects, see Chapters [5] [f|and [7} In
Chapter [5] the effective damping performance of piezo-actuated aircraft wings is in-
vestigated by studying lay-up configurations of piezo-composite, in conjunction with
elastic tailoring of the fiber-reinforced host structure. Problems related to nonlinear
dynamics of advanced aircraft wings are discussed in Chapter 6] Modal interactions
of swept aircraft wings carrying heavy external stores in the presence of simultaneous

2
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Figure 1.1: Flow chart of the dissertation



Chapter 1. Introduction

internal and external resonance are investigated. Moreover, the conditions for mode
saturation and jump phenomena during modal interactions are highlighted. The objec-
tive of Chapter[7]is to study the active control effect on flutter suppression and dynamic
aeroelastic response enhancement of a smart aircraft wing. The unsteady aerodynamic
loads in subsonic compressible flows are based on 2-D indicial functions considered in
conjunction with aerodynamic strip theory extended to 3-D wing model.



CHAPTER

Modeling of Geometrically Nonlinear Rotating
Thin-Walled Beam Structures with
Piezo-composite

2.1 Introduction

Beams are three dimensional (3D) bodies in which one dimension is large compared
to the other two. The models based on 3D Finite Element Analysis (FEA) possess
significant computational advantages. However, beam or one-dimensional (1D) models
play an important role in structural analysis because they have smaller dimensionality
and provide the designer with simple tools to analyze numerous problems.

2.2 Basic Assumptions

A single-cell, closed cross-section, rotating fiber-reinforced composite thin-walled struc-
ture with piezo-composite materials is considered here, see Fig. 2.1 The inertial refer-
ence system (X, Y, Z) is attached to the center of the hub O (considered to be rigid),
while the rotating axis system (z, y, ) is located at the blade root with an offset R, from
the rotation axis O. The unit vectors associated with the frame coordinates (X, Y, Z)
and (x,y, z) are defined as (I,J,K) and (i, j, k), respectively. In addition, the local
frame (s, y,n) attached on the mid-line contour of the cross-section is also considered,
which s denotes the circumferential coordinate while n denotes the normal coordinate.

The geometrically nonlinear beam theory is based on the following assumptions
[7,/18,46,98]]:

1. The projection of the cross-section on a plane normal to the y-axis does not distort
during deformation. This implies that the beam cross-sections are assumed rigid
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Chapter 2. Modeling of Geometrically Nonlinear Rotating Thin-Walled Beam Structures
with Piezo-composite

in their own planes, but are allowed to warp out of their original planes. For
thin-walled beam structures, i.e., aircraft wings and fuselage and ship hulls, the
original cross-sectional shape is maintained by a system of transverse stiffening
members (ribs or bulkheads). These are considered rigid within their plane but
perfectly flexible with regard to deformation normal to their own plane, so that
the adoption of this assumption leads to a reasonable mathematical model for the
actual physical behavior [47.[78]].

2. The transverse shear strains -,, and ., are uniform over the entire cross-section.

3. Products of the derivatives of v can be neglected in the Green-Lagrange strain
relations, since the axial displacement v is much smaller than displacement com-
ponents on the cross-section plane w or w in the z and z direction, respectively.

4. The normal stress o, (see Fig. for its direction) can be neglected in deriv-
ing the constitutive relations, and the stress resultants N, and N, can also be
neglected when compared with the remaining ones [7].

5. Warping displacement along the mid-line contour (referred to as primary warping)
and off mid-line contour warping (referred to as the secondary warping) are both
considered.

6. We assume that the rotation solely takes place in the plane (X,Y), viz., angular
velocity A = AK = Ak.

v
v
N

Piezo-composite

Piezoelectric actuators

Figure 2.1: A closed cross section of the thin-walled structure

2.3 Kinematics

It is useful to express the position vector R of an arbitrary point M (z, y, z) belonging
to the deformed beam, measured from a fixed origin O (coinciding with the center of
the hub), described in the rotating coordinate system (x, y, z). In the sense we have

R=Ro+r+A, 2.1)

where Ry, r and A denote the position vector of the beam root point o (hub periph-
ery), the undeformed position vector of point M (z,y, z), and its displacement vector,
respectively. Their expressions are

Ro=Roj, r=zi+yj+zk, A=ui+vj+wk. (2.2)

6



2.4. Green-Lagrange strain

For arbitrary large rotation ¢, the components of the 3-D displacements u(x,y, z,t),
v(x,y, z,t), w(x,y, z,t) in the displacement vector A can be postulated as [96,98]:

dx. | dz

u=u+ (z+ na) sing — (z — na)(l — cos ¢), (2.3a)
= vy + ( —ndz)e + ( +ndm)9 — [Fy + nal¢’ (2.3b)

v =1+ (x )0t (= 150 w +nald’, :
— iy — (& =02 sing — (= + nS)(1  cosg) 230

w=wp—(z—ng_)s ZF cos @), .

where

Or = Yy — wocos @ —ugsing, 0, = vy — Uy COs G + wy sin ¢. (2.4a)

The primary warping function F}, and secondary warping function a in Eq. (2.3b) are
expressed as

F, = /08 [n(s) —(s)|ds, a=—(z—+ x—s), (2.5)

here, the torsional function ¢ (s) and the quantity r,(s) (for its geometric significance,
see Fig[2.2)) are defined as

n(s)d d d
yo)= —Femlde - dz_ de (2.6)
h(s)Gl5) , 7776 o
h(5)Gsy(s)
where G, (s) is the effective membrane shear stiffness, which is defined as [7]:

N,

Goy(s) = ——2—. (2.7)

RN TOEE

For the thin-walled beam theory considered herein, the six kinematic variables, ug(y, t),
vo(y,t), wo(y,t), ¢(y,t), 0.(y,t), 0.(y,t), which represent the 1-D displacement mea-
sures, constitute the basic unknowns of the problem. As will be shown in the sequel,
the original 3-D elasticity problem will be reduced to a 1-D problem. Note that, when
the transverse shear effect is ignored, Egs. degenerate to 6, = —wy, 8, = —uy, and
as a result, the number of basic unknown quantities reduces to four. Such a case leads
to the Bernoulli-Euler beam model, referred also to as the unshearble one.

2.4 Green-Lagrange strain

Based on the assumption 3] the non-zero normal Green-Lagrange strain component is:

o L[ gonyt (oot ow] _ow 1 [(ouy? (0w’
o = oy 2|\ dy oy oy T oy 2|\ dy dy '

(2.8)
Taking Eqgs. [2.3]into above Eq.[2.8] we obtain that
Eyy = Egy T Ny, (2.9)

7
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S

> rn (S ) \
Z/lO 6/ X
a(s) )

Figure 2.2: Coordinate system and displacement field for the beam model.

where

c8, =l + 20, + 20, — Fud’) + 3 [ + (wh? + (¢)2(e? + )]

(2.10a)
+ ugd' (2 cos ¢ — xsin @) — wyd' (z cos ¢ + zsin @),
d d d d
Eyy =~ _29; + _x% —ag” + ug L cosd + <= sing| ¢
vy ds ds ds ds
+ wj s cos ¢ — P sinqﬁ] ¢+ 1a(9))?,

in which, 52y denotes the axial strain associated with the primary warping, while E;y
denotes a measure of curvature associated with the secondary warping. The non-zero
transverse shear strain components are:

0w v Dudu v0v Dwdw Ou dv Oudu  Ouwdu
%y_ﬁy or  Oxdy Oxdy Oxdy Oy Oxr Oxdy Ox dy’
(2.11a)

00 0w 0udu 00Dy wdw v Dw  dudu  Ouwdu
vz = 9z Oy  Oydz Oydz Oy dz 9z Oy Oydz Oy 0z
(2.11b)

In the local coordinates (s, y, n), the non-zero transverse shear components can be rep-
resented as,
Tangential shear strain:

Yys = Vo + V()¢ 4 2n¢, (2.12a)

8



2.5. Constitutive Relations

where
0 _ d_iE + %
vys _’Yﬂﬁy d S ’szd S (2 12b)
d d '
= d—i(@,z + ug cos ¢ — wy sin @) + d—z(ﬁm + ug sin ¢ + wy, cos ¢),
Transverse shear strain:
B dz n dzx
Yoy = nyd S Vyz ds (2 120)
dz dzx ’

(0 + ug cos ¢ — wysin @) + — (6, + g sin ¢ + wy cos ¢).

ds ds

2.5 Constitutive Relations

The thin-walled beam structure consists of the passive material which is master (host)
structure and the active material which is sensors and actuators. We assume that both
passive material and active material can be modeled with the linear piezoelectric con-
stitutive relationships. The constitutive equations of a 3-D piezoelectric continuum
are [|101]

0ij = ChpEr — €kij Br, (2.13a)

D; = eien + K5 By, (2.13b)

where, 05 s €kij» and k5, denote the elastic stiffness coefficients, the piezoelectric stress
tensor and dielectric constant tensor, respectively. The superscripts £ and € denote
constant electric field and constant strain, respectively. o;; and €5, denote the stress
and strain components, while £, and D; denote the electric field intensity and electric
displacement vector, respectively. Eq. (2.13p) describes converse piezoelectric effect
which is used for distributed sensing while Eq. (2.13p) describes direct piezoelectric
effect that is used for the active distributed control.

2.5.1 3-D Piezoelectric Constitutive Equations

In matrix form, the 3-D linear piezoelectric constitutive equation for a generally or-
thotropic fiber-reinforced composite material [36]] and AFC or MFC piezo-composite
material [[6] can be given as

011\ -011 Cip Ciz 0 0 0 | (511\ (611\
022 Ciz Copp Cy 0 0 0 €22 €12
< o33 | _ Ciz Cy3 C33 0 0 0 esz | Jes B (2.14)
Tos 0 0 0 Cyu O 0 Y23 0
T31 0 0 0 0 Cs5 0 Y31 0
[ 712 | 0 0 0 0 0 066_ [ 712 [ 0 )

We assume the electric filed intensity is constant across the actuator thickness, i.e.,
Ey = —(V/h), where V and h are the applied voltage and electrode spacing of the
interdigitated electrode for the actuator layer, respectively.

9
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Note also that the stiffness matrix, C;;, in terms of the engineering constants are
shown in [36, p. 66]. Moreover, electroelastic constant matrices of piezoelectric crys-
tals vested in 20 kinds of groups are list in [25, pp. 88-92].

Then the constitutive equations referred to the primed coordinate system (s, y,n)
for kth layer can be expressed as the form

(04 ) (Chn Ciy Ci3 0 0 Cig) (4 ) (&)1 )
Oyy C:'12 C:'2z C:'23 0 0 Cj26 Eyy €12
Onn Cis Co3 C33 0 0 Cs Enn €13
= & A - S0
7—yn O 0 0 044 045 O ’Vyn 0
Tsn O 0 0 045 055 0 Vsn 0
sy ) ) [Cie Cos C36 0 0 Cig) m sz ) gy L€16)

~ (2.15)
where the transformed stiffness matrix [C| can be found in [47, p. 567], and the trans-
formed piezoelectric stress vector is given as

11 = m’e;y +n’ern, €1p =nle; +mlen, €13 =-e3, €15=mn (e11 — e12).
(2.16)
where m = cosf and n = sin6, 6 € [0, 2x]. Based on the assumption 4] o,,,, = 0,
leads Eq. 2.15|reduced to

(05 [Q11 Q12 0 0 Qlﬁ_ (€5 ) (€55
Tyy Qiz Qi 0 0 Qu Eyy Eyy
s =10 0 Qu Qp 0 Yt =20 Y By 217
Tsn 0 0 Qs Q5 0 Vsn 0

Ty ) 1 Qs Q6 0 0 Qg w sz )y \esy) gy

where [Q] is the matrix of the reduced elastic coefficients can be found in [47, p. 575],
while the reduced piezoelectric stress coefficients are given as

_ Ciz _ _ Cos _ _ Cs6 _
€ss = €11 — = €13, Cyy = €12 — =—€13, Csy = €16 — = €13. (2.13)
33 33 33

2.5.2 2-D Piezoelectric Constitutive Equations

The master (or host) structure is assumed composed of N, layers, while the actuator
is composed of N, piezoelectric layers. Thus the total number of layer denotes as
Nyp = N+ N,,. The distribution function P(-) of actuators can be given (see Fig.[2.3):

Pi(n) = H(n —ng_1) — H(n —ny), (2.19a)
Py(s) = H(s — sp1) — H(s — sk2), (2.19b)
Pi(y) = H(y — yr1) — H(y — Yr2), (2.19c¢)

where H(-) denotes Heaviside’s distribution, while (ny, nx_1), (Sg1, Sk2) and (yx1, Yx2)
denote, respectively, the top and bottom heights of the actuator measured across the
beam thickness, and its location along the beam circumference and span.

10
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Ny N

v N k
\ Ny ‘k < ‘ ’ \ nt_1 My
R Ty
S 2 ) Vi 2 )
Bz 1 Yio 1

Figure 2.3: Piezopatch locaton.

The membrane stress resultants, the transverse shear stress resultants and stress cou-
ples are, respectively, given as

NSS Nip (k) Oss (k) o
Voo =3 [ St an {3 - z/ i TCED
Nsy k=1 Y™ (k-1) Osy (k-1) \Osn

k

L th N(k) o
{ yy} _Z/ { yy} ndn, (2.21)
Lsy n Osy

k=1 " "(k=-1) k

where n ;) and n;_;) denote the distances from the middle surface of the cross-section
to the upper and lower surface of the kth layer, respectively. With the definition of
stretching quantity A,;, bending-stretching coupling stiffness quantity B;; and thermal
and hygric moments D;;,

Nhyp n

(Azj> BU; D Z QU 1 n,n )dn (222)

T(k—1)

as well as the assumption 4, Ny, = 0 and N, = 0, we obtain

Nyy Ky Ky Kiz Ky €y Nyy
Nys _ Ky Ko Ky Koy 725 _ Nsy (2.23)
Ly, Ky Ky Kig Ky ¢’ Ly, | |
Lyy K51 Kso Ksz Koy E;y f’sy
and
Ags”
Ny, = <A44 - A_> Yyn.- (2.24)
55

In these equations K;; denote the modified local stiffness coefficients of the adaptive
structure defined in Appendix While Nyy, Nsy and L,,, L, denote the piezoelec-
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trically induced stress resultant and stress couple,

([ - N, Al
Nyy - Zk:l Cyy — A_lless El(k)(”Z - nl)P(k)(s)P(k)<y)

~ A
Ny =302 ey — A—i%) By (ng — n1) Py (8) Py ()

= N, |1 B
Lyy - Zk:l éeyy(nl + 712) - A_Hess El(k)(”Z - n1>P(k) (S)P(k)(y)
Big

-Zsy - 5.;\21 _esy<n1 + n2) - A_ess El(k) (n2 - nl)P(k’)(S)P(k) (y)
11

N

(2.25)

2.6 Formulation of the Governing System

In order to formulate the equations of motion and the associated boundary conditions,
Hamilton’s principle [58, pp. 82-86] is used. It states that the true path of motion
renders the following variational form stationary:

to
/ (6T + 0V — 6W,) dt =0, (2.26a)

t1

with ( att =1tq,1- )
Sup = dvg = dwe = 06, = 60, = 66 = 0, (2.26b)

where the kinetic energy 7', the strain energy V' and the virtual work due to unsteady
aerodynamic and gust loads IV, are defined as [98]]

Np,
1. 1 (L 4 .
T=-J,0*+= § R-R)dndsd 2.27
5/h +2/0]{ /h(k)p(k)< ) ndsdy, (2.27a)

¢ k=1
1 L
V= / 7{ [Nyyegy + NysVay, + Lyyey, + Lsyd' + Nny%y] dsdy,  (2.27b)
0 c

L
oW, =1A0A + / [px(Suo + py0vg + pLowy + Mmydep — bydd + m,o0, + mz(WZ} dy
0

L

[Qxauo + Q.6w, + T,vy + M,00, + M.60, + M,6¢ + Bw5¢’]

(2.27¢)

In Egs. (2.26) and (2.27), ¢, and ¢, denote two arbitrary motions of time; .J, is the rotary
inertia of the hub; p is the mass density; d denotes the variation operator; p,, p, and p,
are the external forces while m,, m, and m, are the moments about z—, y— and z-axes
per unit span length, respectively; b,, is the bimoment of the surface tractions; the terms
with over-bar () denotes the external loads at beam tip.

Thus, after a lengthy derivative manipulation, the governing equation of rigid hub
and flexible thin-walled beam system can be derived as

L
oA : JH—|—/ Iody:TA, (2288.)
0

12



2.6. Formulation of the Governing System

dug : [Tyuy — M.¢' sinp + Mp¢' cosd + Qpcosd + Q. sing| +p, — I, =0,
yUo

(2.28b)
Svg : T, +py— I =0, (2.28¢)
dwq : [Tywy — M,¢' cos g — M,¢'sin — Q,sinp + Q. cos¢] + p, — I3 = 0,
yWo :
(2.28d

d0¢ : M! — B” + [M,(ug, cos ¢ — wysin @) — M., (w), cos ¢ + ug sin ¢) + Ty’
Y w 0 0 0 0

M, (i s &+ c0s ) — M. (! sin 6 — i cos o)
+ Q. (ug sin ¢ + wy cos @) — Q. (ug cos ¢ — wysin @) + my, + b, — I + I; = 0,

(2.28¢)
80, : M. —Q,+my— I =0, (2.28f)
80, + M. —Qu+m, — I = 0. (2.28¢)

For cantilevered beams the boundary conditions at the root are entirely static, while at
the tip entirely kinematic. As a result, the boundary conditions are
at beam root y = 0,

w=1v=wy=0=¢ =0,=0,=0, (2.29)

atbeam tipy = L,
dug : Tyuy — M, sinp + My cos ¢ + Q. cos ¢ + Q. singp =0, (2.30a)
dvg : T, =0, (2.30b)

dwy = Tywy — M,¢' cosp — My sing — Q. sing + Q. cosp =0, (2.30¢)

d¢ : — B, + M, + M, (ugycos ¢ — wysin¢) — M, (wy cos ¢ + ug sin ¢)
+ ¢ + Iy =0,

56/« By=0. 66, : M,—=0, 66, : M. =0, (2.30¢)

In governing equations (2.28), the inertial terms I; (i = 0,1,2, 3,4, 5,6, 9) are given
as

(2.30d)

Iy =A bi(Ro +y)* + bs + 201 (Ro + y)vo + biug® + brvg?
+ (by + b14)0.2 + (bs + b15)0.% + (bio + b1s)@"* + (by — bs) sin® ¢

— b1 (Ro -+ Yy —+ Uo)ﬁo + bluOi).o + (b5 -+ 1715) COS ¢92
— (b46, cos ¢ — bsb, sin ¢)¢ + (by + b14) sin b0,

) . (2.31a)
+2A [bﬂto% + b1 (Ro + y + v0) 0o + (b1o + bis)d'¢
+ (b + b14)0,0; + (b5 + b15)0.0 + (by — bs) sin ¢ cos ¢

+ [64936 sin ¢ + b5, cos gb] q5’2,

13
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I = byiig — ARy +y+ vg) — M) - A2U0]> (2.31b)
IQ = bl[U0+AUQ —l—%{/XVQ\L/Q—Az(RQ —l—y+vg)], (231C)
I3 = by, (2.314d)

Ts = (ba + b5)6 — (babl cos ¢ — bsf: sin §)A — 2A(batl; cos § — byf: sin §)

= A%(by - bo) sin g cos ¢, o1
I§ = (bio + bis) (6" — A%¢"), (2.316)

I5 = (by + b1a) (0, + sin pA — A%6,) + 2Aby cos ¢, (2.31g)

Is = (bs + bis) (0 + cos oA — A*0,) — 2Abs sin ¢, (2.31h)

in which, the mass coefficients b;; are give in[A.2] while the terms associated with wavy
lines, double underlines, and dot lines denote the Coriolis forces, the centrifugral forces
and the Tennis-Racket effect.

As for the 1-D stress resultants and stress couples appearing in the equations of
motion and the boundary conditions (Eqs. (2.28]) and (2.30)) are defined as:

%N ds, Mz(yut) = j{(lﬂNyy _Lyy%)ds7
- ds

dz dz
M, (y,1) = ]{C(zNyy—l—Lyyd )ds, Qx(y,t)—fC(NsyE—NnyE)ds,

dz dx
Qu0:0) = § (V0 T+ N T s, Bulut) == § (Fulyy L) ds,

M, (y,t) = 740 [Noyth(s) + 2L | ds, Ty(y,t) = ]{C (2 4+ 2%)Nyy + 2r, Ly, ] d s.
(2.32)

Actually in Eqgs. (2.32), the one dimension axial force T}, transverse shear forces @),
@, bending moments M,, M, torque My, bimoment 5,,, and nonlinear stress couple

T, consist of two parts, e.g., T, = T}, + T, over-hat () and over-tilde (%) identifying
the pure mechanical and piezo-actuator contrlbutlons respectively.

For the pure mechanical contribution, their expressions in terms of the basic 1-D

14



2.6. Formulation of the Governing System

displacement measures can be written as:

( )
T - - / R YAY T (a2
Re ai;l G2 Qi3 G4 Q15 Qg Q17 Qa8 Vo + 2(u0) + Q(wO)
/ !/ li /2

M, Q12 G2z Q23 (24 Q25 G26 Q27 A28 0. — wyg' cos ¢ — ug sin ¢

9 / ! I
M, Q13 Gg23 Q33 (34 Q35 A3 Q37 A3g 0, + uge' cos ¢ — wy¢' sin ¢

A / ! o

Qx Q14 Q24 Q34 Q44 Q45 Qg Q47 Q48 0. + ug cos ¢ — wy sin ¢

A - ! o3 /! 9
Q. Qs G2 G35 Q45 G55 A5 As7 A58 Oz + ugsin ¢ + wy cos ¢

~ /!
B, Q16 Ag6 Q36 A46 GA56 Aee A7 A8 ¢

~ /
M, air Q27 A3r Q47 Aas7 Ger Arr Arg ¢

R 1

T | 18 Q28 (A38 (A48 A8 GAgg A7  (AgY Z (¢/)2

\ ~ ¢t )
\ 2 /
(2.33)

in which the global stiffness quantities a;; are defined in Appendix [A.3] For general
anisotropic materials, the stiffness matrix in Eq. (2.33) is fully populated. In such a
case, the governing system and the associated BCs would exhibit a complete coupling
between the various modes, i.e., warping (primary and secondary), bending (vertical
and lateral), twist and transverse shearing. However toward the goal of meeting the
needs of various problems, such as eliminating a chronic aeroelastic instability featured
by forward wing aircraft [50], improving twisting motion of turbine rotor blades at
different rotor speeds [12], particular lay-ups are used to induce specific types of elastic
couplings. The explicit discussion will be given in the following chapters.

As for pure piezo-actuator contribution, the piezoelectrically induced actuation cou-
pling are the functions of external voltages, and it can be expressed in the form as

F = [Af]P(y)V, (2.34)
where P(y) of Eq. (2.19¢) denotes the locations along span of the actuator. For the case
of a rectangular cross-section as shown in Fig. [2.4] the actuators can be grouped as two

actuator-pairs, i.e., flange-actuator-pair (top and bottom walls) and web-actuator-pair
(left and right walls). Thus the pure piezo-actuator contribution of Egs. (2.32)) can be

2 (w,) )
N 7&:

Flange-actuator-pair

e

Web-actuator-pair

Figure 2.4: Piezo-actuator-pairs for a rectangular cross-section
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expressed as

;

Tyy.t)]  [AY AY ALY AP

M,(y,t) AV AN A A

Bu(y, 1) APV AFY ATV APV | (PR (y)Va(t)

Li(y, t) Al A A AL PRy

~ = Mz Mz Mz Mz W ) (2.35)
M. (y,t) At A A A P (y)Vs(t)

M| A A A A [P

G| |4 A e

Q)] LA AT AT AT

where P¥(y) and PV (y) of Eq. denote the locations along span for flange-
actuator-pair and web-actuator-pair, respectively; the piezo-actuator coefficients A:X
(i = 1,2,3,4) are defined in Appendix [A.4] and the voltage parameters V; (i =
1,2, 3,4) are defined as

Vilt) = 5 Velt) ~ V)], Valt) = 5 [Vel®) 4 Va(t)], 2360

1 1
Valt) = 5 Valt) = V0], Valh) =5
where Vi, Vi, V;, and Vi denote the voltages applied on the actuators located at the

top, bottom, left and right plates of the beam.

Vi(t) + Vr(t)], (2.36b)
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CHAPTER

Active Control of Adaptive Pretwisted Rotating
Blades

3.1 Introduction

In this chapter, a rotating thin-walled blade theory incorporating fiber-reinforced and
piezo-composite is developed and used to study the active control for vibration sup-
pression, see Fig. The structural model accounts for transverse shear strain, pri-
mary and secondary warpings, pretwist and presetting angles, centrifugal stiffening
effect and tennis-racket effect. The adaptive capabilities are provided by the actuators
manufactured by anisotropic piezo-composite layers embedded into the structure. In
addition, the elastic tailoring technology is applied to optimal the rotating blade struc-
ture. Specifically, circumferentially uniform stiffness (CUS) lay-up configuration is
adopted to decouple the system into two independent elastic couplings, viz., flapping-
lagging-transverse shear and extension-twist elastic couplings. Based on the negative
velocity feedback control and lienar quadratic regular (LQR) control, the control au-
thority of the implementation of piezo-actuators with different ply-angles, considered
in conjunction with that of the structural tailoring, are highlighted. Moreover, the in-
fluences of design factors, such as rotor speed, presetting and pretwist angles are also
investigated in detailed.

3.2 Dynamical model

Besides the rotating coordinate system (x, y, z), a local coordinate system (z?,y, z*) is
also defined, where z? and z” are the principal axes of an arbitrary beam cross-section,
see Fig. Coordinate systems (x,y, z) and (2, y, zP) are related by the following

17
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Nz -~
o u,
Piezo-actuators ./

Figure 3.1: Adaptive rotating blade model
transformation

{x(s, y) = 2P(s) cos B(y) + 2P(s) sin B(y), (3.1)

2(s,y) = —2(s) sin B(y) + 2¥(s) cos B(y),
where the linear pretwist angle 3(y) can be assumed as

B(y) =10 + Boy/L, (3.2)

in which g, 5y and L denote the presetting angle, the pretwist angle of the cross-section
at the beam tip and the length of the beam, respectively.

Figure 3.2: A pretwisted thin-walled beam with the rectangular cross-section

The governing equations and associated boundary conditions of the adaptive rotat-
ing blade are based on the theory developed in Chapter 2l Although the governing
equations are valid for a thin-walled beam with an arbitrary closed cross-section, for
the sake of illustration, the beam with a typical rectangular cross-section of Fig. [3.2]is
solely considered in the following discussions.

3.2.1 Circumferentially uniform stiffness (CUS) lay-up configuration

A special structural configuration, viz., circumferentially uniform stiffness (CUS) con-
figuration was firstly proposed by Rehfield and Atilgan [[81] and is considered here.
For the thin-walled beam with rectangular cross-section as shown in Fig. a CUS

18
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configuration implies the ply-angle distribution 6(z) = 6(—=z) of the top and bottom
walls and 0(x) = 6(—x) of the left and right walls, see Fig.

n
N y

Figure 3.3: Circumferentially uniform stiffness (CUS) configuration

Applying circumferentially uniform stiffness (CUS) lay-up configuration will yield
[a;;(y)] in Eq. (2.33)) decoupling into two, viz, extension-twist elastic coupling,

. ( 1 1 )
T, an arr 0 ag] |0+ 5(“{))2 + 5(“16)2
M, 0 ¢’
AR air  Qry arg . 7 3.3)
B, 0 0 ag O ¢
- 1
r aig arg 0 ags L2
t L @) J
and bending-transverse shear elastic coupling,
M. axn(y) as(y) aauly) ax(y) 0, — wyg' cos ¢ — upg' sin ¢
M, _ az3(y) ass(y) asa(y) ass(y) 0, + upd’ cos ¢ — wyd' sin ¢
Qm azs(y) asa(y) aua(y) ass(y) 0. + ug cos ¢ — wy sin ¢
Q. as(y) ass(y) ass(y) ass(y) 0 + g sin ¢ + wy cos ¢
(3.4)

Note that, a;; in Eq. are independent of spanwise coordinate, i.e., a;;(y) = afj. afj
is the stiffness coefficients describe in the local coordinate system (z?, y, z”). As for the
explicit expressions of a;;(y) in Eq. (3.4), they are given in Appendix Note that,
abs, ab,, ahs and afs, these four local stiffness quantities are all zero in the expressions
of Q5 (y) .

Applying CUS lay-up configuration and being described in the rotating coordinate
system (z,vy, 2), Eq. will be reduced as two actuating groups, viz., extension-
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twist actuating coupling

Ty(y, t) AQTy -’44Ty

M,(y,t) Ay My {Vz(t)}

- = P 3.5
Pu(y, 1) ALt AL

and bending-transverse shear actuating coupling

M.(y,1) AV sin Bly) AV cos B(y)

M, (y,t) AV cos Bly)  —AM=sin By) | (Vi(e)

Ou(y,t) [ | AFcosBly) AT sinB(y) {Vg (t)} P(y). (3.6)
Q-(y, 1) —A% sinBy)  AF cos B(y)

3.2.2 Governing equations and boundary conditions

In this chapter we assume that the angular speed is constant, i.e., A = Q. In order
to study the eigen-frequencies of the rotating blade in a general may, a linear blade
structural dynamics model is derived. Note that, in order to capture the high rotating
speed induced effects, i.e., dynamic stiffening, tennis-racket effect, the nonlinear terms
that yield linear contributions should be kept. In view of physically evidence fact that
the blade is much stiffer in the longitudinal direction than in the flapping and lagging
ones, the effect of the axial inertia is much smaller than the others. Thus discarding
axial inertial term b, and Coriolis effect term 26,20, (which is negligibly small for
this particular blade orientation [24]]), the direct integration of Eq. in conjunc-
tion with boundary condition at the free end, stipulating zero external forces (p, = 0,

T, = 0) yields

L N
Ty(y,t) ~ — / {61 (Ro+y +vo)} dy = bQ*R(y) = T, (y, 1), (3.7)
)

~
~

where double over-hat (*) denotes the force induced by dynamical (centrifugal) stiffen-
ing effect and
1

R(y) = Ro(L —y) + 5(L* = ¢*). (3.8)
Note that, for high angular speed (2, this dynamic stiffening effect will be significant and
should be included in the linear system. In addition, as concerns Eq. (2.28¢]) governing
the twist-extension motion, I'; which plays the role of a torsional stiffness induced by
the centrifugal force field should also be considered [88]],

Ty = (b + bs) 2R(y). (3.9)

Taking Eqgs. (3.3), (3.4), (3.5) and (3.6) into the governing equations and the associ-

ated boundary conditions (Eqgs. (2.28)-(2.30)) in conjunction with Egs. (3.7) and (3.9),
the system can be linearized in the CUS lay-up configuration. Actually the linear sys-

tem can be split into two subsystems, one governs the lateral bending-vertical bending
coupling motion (flap-lag) and the other governs the twist-extension coupling motion.
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BB-subsystem (Lateral Bending-Vertical Bending coupling)

Sug © [aal, + asabl, + ass(ug + 0.) + ass(wh + 60,)] + pu + b1 Q°[R(y)up)

— by [iig — 2909 — Q*uo] + 6,P'(y) [.A?le cos 3 + .AngVg sin ﬁ]

+ BPy) [—A?mvl sin B+ AL7V; cos 5} —0,

dwp : [a259’Z + a359; + 6145(14/0 + ez) + @55(711(/) + 930)]/ + 6192[R(y)w6]’
— by + p= + 8,P'(y) | AF Vi cos B — AP Vi sin ]

— B'P(y) [Agzv;, sin 8 + A%"V; cos 5} —0,

(59$ . [CL239; + (1330; -+ Cl34(U6 —+ ez) + CL35<U)(/) -+ e:p)]/ — [CL25‘9; -+ a359;

+ ags(up + 0.) + ass(wh + 0,)] + My — bafly, — beb, — 2Qbs0

+ Q%(b40, + bs0.) + 5,P' (y) [A{”xvl cos 3 — AY*Vssin ﬂ]

+ P(y) [(—AM23 + AL Vi sin B — (AYZB' + AF*) Vs cos 8] = 0,

592 : |:CL229/Z =+ a239; + Cl24<U6 + ez) + a25(w6 + 93;)]/ — [CL249/Z + CL349;

+ CL44<'LL6 + 92) + &45('11)6 -+ ew)] + m, — 6562 — b691 — M

+ Q% (50, + bl,) + 5, P (y) [.Aéwz\/}, cos 3 + AM*V] sin ﬁ]

— P(y) [(AY=6' + AT Vgsin § — (AM2B" — AF")V; cos 8] = 0,

the boundary conditions are
aty = 0O:

Uoz’wozex:ezzo,
andaty = L:
(SUO : CL24(L)9/Z + CL34(L>9; + CL44(L> (’U/B + 6z) + a45(L) (UJG + 933)
+ 0, | A% V; cos B(L) + AL Vysin B(L)

Qi

T

dwo : ags(L)0., + ass(L)6, 4 ass(L)(ug + 0.) + ass(L)(wy + 0,)
+ 0, | A" Vs cos B(L) — AP Visin B(L)| = Q-

591 . CLQg(L)Q; + agg(L)Q; + CL34(L)(U6 + Qz) + CL35(L) (U}() + Hm)
+ 0 [A{”ﬂﬁvl cos B(L) — AY* V3 sinB(L)] = M,,

(502 . a22<L)9; + (123([/)0; + CLQ4(L) (U,O + Gz) + a25(L) (w6 + Qz)
+ 65 [A}*V3cos B(L) + AV sin B(L)] = M..
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TE-subsystem (Twist-Extension coupling)

6vy : anvg + ar7@” + py + 6, P'(y) ATV, + ATV

_bl[U0+%_Q2(RO+y+UO>] :0’ (3138)

8¢ : arrvy + arrd” — aged™ +my + b, + 5P (y)[ Ay Ve + ALYV
— (ba+b5)0 + brod” + 2Q(bs0, + beh-) + O [be + (bs — bs — bs)¢] (3.13b)

+ QZ[(b4 + b5>R(y)¢/]/ o blOQZ(b” — O,

the boundary conditions are
aty = O:
v=0¢=0¢ =0, (3.14)

and aty = L:
5U0 . CL11U6 + CL17¢, + 5S[Agy‘/2 + Azy‘/zl] = Ty, (3153.)

§¢ . (1171}6 + CL77§Z§/ — CLgé(ﬁ + bl()((él — 9%@/) + 55 [Aéwy‘/z + (SS.AiWy‘Q] = My,
(3.15b)
8¢ : aesd” = By, (3.15¢)

In these equations, the terms associated with (1) the centrifugal acceleration, (2) the
Coriolis, (3) the tennis-racket, (4) the centrifugal warping and (5) the centrifugal-
rotatory effects are underscored by (1) a solid line ( ), (2) a wavy line (___ ),

(3) a dotted line (

( ) respectively. More details about these high rotating speed induced effects can

), (4) a dashed line () and (5) two superposed solid lines

be found e.g. in Refs. [40,47,88]. For the cases (a) the actuator is spread over the entire
beam span (b) the actuator is a single patch, the traces have to be taken as (a) 9, = 0
and 6, = 1 (b) 6, = 1 and J; = 0, respectively. Note that, the two subsystems are
independent when Coriolis effects are discarded.

3.3 Solution methodology

3.3.1 The Extend Galerkin’s Method

The Extend Galerkin’s Method (EGM) [45.[70L/75] is applied to discretize the system
for numerical study. The underlying idea of EGM is to select weighting (or shape)
functions that exactly satisfy only the geometric boundary conditions (y = 0). The
terms arising as a result of the non-fulfillment of natural boundary conditions (y = L)
remain as residual terms in the energy functional itself, which are then minimized in
the Galerkin sense [44], thus yielding excellent accuracy and rapid convergence [70].
Let

uo(y, t) = ¥ (y)au(t), vo(y,t) = ¥y (1au(t), woly,t) = ¥, (y)qu(t), (3.16)
o t) = CL(y)ae(t), Ou(y,t) = ¥ (y)a.(t), 02(y,t) =¥ (y)a.(t),
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where the shape functions W7 (y), W7 (y), ¥ (y), ¥ (y), ¥ (y) and ¥ (y) are re-
quired to fulfill the geometric boundary conditions. Thus the discretized forms of the
BB- and TE-subsystems follow as

Mg/rdsr + Ker + QKprlasr + Az Ver = Qs (3.17)

where . .
as={a, a, af o}, ar={a) a}} . (3.18)
Ve={Vi B}, Vo={h Vi}". (3.19)

The subscript B and 7' denote the matrix/vector of BB- and TE-subsystems, respec-
tively. The expressions for mass matrix M7, stiffness matrix Kp,7, additional stiff-

ness matrix K g7, actuating matrix Ap s and external excitation vector Qg7 are given
in Appendix
3.3.2 Negative velocity feedback control

We assume the sensor can offer the velocity information at the beam span y = Y,
then the actuating voltage vector V g7 for the negative velocity feedback control algo-
rithm [47,/63]] can be rewritten as

14 —ka [ 02 (Y, )]
Vi, = { kg [02(Y,, ) }
| kalBa(Ys, 1) cos B+ 0.(Y5, t) sin ]
| hsl=0a(Ye, t) sin B+ 0. (Y, 1) cos B

(3.20)
]} = P5(Y;)qs(),

V) [ —ked?(Yert) ~k2(Ys, 1)
V= = . = . = Pr(Ys)ar(t), 3.21
! {w} {—mwo;w kb p) T T G2
where, k; (i = 1,2, 3,4) are defined as feedback control gains. The expressions of con-
trol matrices P /7 are given in Appendix As a result, the closed-loop dicretized

system Eq. (3.17)) becomes
Mg, rds/r(t) + As/rPrrisr(t) + Ker + QPKprlasr(t) = Qpr(t). (3.22)

3.3.3 Linear Quadratic Regulator optimal control

One important target of the piezo-actuators is to suppress the vibration of the blade. To
achieve this target, linear quadratic regulator (LQR) optimal control based on the use
of a full state feedback scheme is adopted. Eq. (3.17) can be cast in state-space form as

x(t) = Ax(t) + BQ(t) — BA;Vi(t) — BAsV5(t) (3.23)

x0= Bigﬂ AT [—MolK (I)} » B= {1\/?1}‘ (3-24)

where,
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Note that the LQR control provides sort of a benchmark, an ideal optimal value which
cannot be obtained in practical applications because the state x is not available and
needs to be reconstructed using a state estimator that degrades the quality of the reg-
ulator. Within the LQR control algorithm, we minimize the cost function (both the
response of the closed-loop system and the control effort should be minimized simul-
taneously).

ty
J=3 / (xTZx + V;R,V;) dt, (3.25)
to

where positive semidefinite matrix Z and positive definite scalar R; denote the state
weighting matrix and the control weighting scalar, respectively, while ¢, and ¢; denote
the present and the final time, respectively. Following Ref. [5], the weighting matri-
ces Z and R; proper to a trade off between control effectiveness and control energy
consumption by taking

B aK 0
10 pAM
where « and 3 are weighting coefficients, (¢ > 0 and (a + ) > 0), where 7; is a

positive scale factor. The matrix Z actually represents the sum of the system kinetic
and potential energies in the sense of

], Ri=nATK A, (1=1,3) (3.26)

t t

1 / " TZxdt =+ / ' [a"BMq + q"aKq] dt. (3.27)
2 /i 2 /i

On the perspective of vibration suppression, it is reasonable to just consider the system

kinetic energy, i.e., weighting coefficients combination & = 0 and § = 1 is adopted in

the context. Thus, the LQR optimal feedback control law can be given as

Vit) = —Gix(1), (3.28)
where G; is the optimal gain matrix,
G;=-R'A4"B"P;, (3.29)
while P; is the positive-definite solution to the steady-state Riccati equation
Z +P;A + ATP; — R,P;BAAB'P; = 0. (3.30)

3.4 Model validations

The model validation is implemented on two aspects, viz., frequency and actuating
performance. At first, Table|3.1|compares the frequency predictions of an unpretwisted
rotating beam with the FEM results in Ref. [91] and the experimental data in Ref. [17],
showing good agreements. The geometry and material properties of the box beam used
in this validation are shown in Table 3.2

Table [3.3] further compares the frequency predictions of a pretwisted and unrotating
beam. The characteristics of the beam are given as [47, p. 275]

aby = 4879 N-m?, ah, =226 N -m? af, =ab; =3.076 x 10° N - m?
abs =ab, =0, b =0.3447kg/m, b =857 x 10 kg m,
W=019x10"*kg-m, b =0, L=0.1524m.
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3.5. Numerical study and discussion

The present displayed predictions are in good agreement with the results of Ref. [69].

Table 3.1: Frequencies at (2 = 1002 rpm for CUS lay-up configuration (Hz) ©.

[75]6 [90/60]5
Mode Exp.[17] FEM[91] Present ‘ Exp. [17] FEM [91] Present
Flap1 36.49 34.63 36.65 39.54 38.71 39.26
Lagl 53.73 47.31 55.79 56.42 54.38 56.44
Flap2 202.2 188.0 202.45 | 222.3 215.8 220.3

® v = Po=0,Q2=1002 rpm, Ry =0

Table 3.2: Details of thin-walled composite box beam for validation [17)]

Fn 1.42 x 101 N/m®  Density (p) 1.442 x 103 Kg/m®
By = Fs33 9.8 x10°N/m®>  Width (2b%) 2.268 x 1072 m
Gz =Gis 6.0 x 10°N/m®>  Depth (2d%) 1.212 x 1072 m
Gos 4.83 x 10 N/m>  Number of layers (N,) 6

pi2 = p3 0.42 Layer thickness 1.270 x 10™* m
23 0.50 Length (L) 0.8446 m

@ Inner dimensions of the cross section.

Table 3.3: Comparison of coupled flapping-lagging frequencies of a pretwisted beam * (Hz).

Mode 1BB 2BB 3BB 4BB
Ref. [69] 62.0 305.1 949.0 1206.1
Present 62.1 305.3 951.3 1209.2

a’}/OZO,ﬁ0=45O,Q=0,R0=0

Next, a 1/16th scale blade with NACA 0012 airfoil cross-section of Fig. 1S
used for actuating performance validation. Material properties of E-glass and AFC
layers are shown in Table Fig. plots the tip twist angle varying with applied
voltage, showing a good agreement with Ref. [23].

3.5 Numerical study and discussion

Material properties and geometric specifications of the host structure are shown in Ta-
ble 3.6l The piezo-actuator is manufactured by signal crystal MFC, whose material
properties are given in Table 3.4 We assume the piezo-actuators are spread over the
entire beam span and bonded outside the host structure. The lay-up configurations for
the host structure and the piezo-actuator are listed in Table[3.5] The sensor is located at
the beam tip, i.e., Y; = L.

3.5.1 Study of piezo-actuator coefficients

The piezo-actuator coefficients AX appearing in Egs. (3.5) and (3.6) are plotted as a
function of piezo-actuator ply-angle 0, in Fig. Note that, the piezo-actuator coef-
ficients appearing in BB- and TE-subsystems are indicated by solid and dashed lines,
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Figure 3.4: Validations of NACA 0012 airfoil

Table 3.4: Material properties of E-glass, AFC, and single crystal MFC (S-MFC)

Material property E-Glass [23] AFC [23] S-MFC [71]
Eq (Gpa) 14.8 30.54 6.23

Es (Gpa) 13.6 16.11 11.08

G112 (Gpa) 1.9 5.5 2,01

112 0.19 0.36 0.229

dqq (x10712 m/V) N/A 381 1896.5

dy (x10712 m/V) N/A -160 -838.2

p (Kg m—?) 1700 4810 5338.3
Thickness (x10~% m) 2.032 1.689 17
Electrode spacing (x1073 m) N/A 1.143 1.7

Table 3.5: CUS lay-up configurations (deg) ®

Flanges Webs
Layer Material Top  Bottom Left Right
CUS (7) Piezo-actuator [6,]  [6,)] 0] [6,)
CUS (1-6) Host structure  [01]6  [Or]s [Orls  [Or]6

@ 0, and 0}, denote the ply-angles in piezo-actuator and host structure.

Table 3.6: Material properties (Graphite-Epoxy) and geometric specifications of the thin-walled box

beam
Material Value Geometric Value
Eq 206.8 x 109 N/m? Width (26%) 0.254 m
Eyy = Fs 5.17 x 10° N/m? Depth (2d%) 0.0681 m
Gio = Gi3 2.55 x 10° N/m? Wall thickness (h) 0.0102 m
Gas 3.10 x 10° N/m? Number of layers (N;) 6
12 = p13 = paz 0.25 Layer thickness 0.0017 m
p 1.528 x 10% Kg/m?® Length (L) 2.032 m

¢ The length is measured on the mid-line contour.
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3.5. Numerical study and discussion

respectively. Two distinct trends can be concluded in the results of Fig. One includ-
ing bending coefficients (A}7®, A37*)[!|and extension coefficients (A, ", Afy) shows a
symmetric dependence centered around ¢, = 90°. The other characterizing transverse
shear coefficients (A%", AY%) and twist coefficients (A)"Y and A}™Y), instead, presents
an anti-symmetric trend. Moreover, their values equal to zero when 0, = 0°, 90°, 180°,
and their maximum absolute values reached for 0, ~ 42, 138°.
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Figure 3.5: Damping ratios of BB-subsystem as a function of piezo-actuator ply-angle 0,; ki = ks =
100,920,’}/0:50:0

3.5.2 Study of anisotropic characteristic of piezo-composite

BB-subsystem

Considering that the lateral bending-vertical bending elastic coupling has a significant
effect on flapping and lagging motions, the weak and strong elastic coupling cases
should be investigated separately. For an unpretwisted beam, the elastic coupling is
just related to stiffness coefficients ay; = ab; and azqy = ab, [75]. Fig. depicts all
non-zero stiffness coefficients afj in BB-subsystem as a function of host ply-angle ;. It
can be seen that ab; and af, are negligible during 0° < 6, < 30° or 150° < 6, < 180°.
Thus, 0, = 15° and ), = 75° are selected to study the weak and strong elastic coupling
cases, respectively.

Figures and plot damping ratios of the first four modes as a function of
piezo-actuator ply-angle 60, for the weak and strong elastic coupling cases, respectively.
The damping ratios in Figs. and follow the trend of coefficients (A})/*, A}?)
in Fig.[3.5|and (A%, A7) in Fig.[3.5] respectively. This implies that bending moment
actuation and transverse shear force actuation play the dominate role in weak and strong
elastic coupling cases, respectively. As a result, the optimum piezo-actuator ply-angle
for 0, = 15° and 0;, = 75° cases are 0, = 90° and ¢, = 130°, respectively.

TE-subsystem

Figure depicts damping ratios of the first three twist modes as a function of 60, for
selected two host structure cases, i.e., 8, = 15° and 0, = 75°. It can been seen that

I'The reason for .A{‘“ and .Aé” # exhibiting the opposite trends is the reverse definition of 6 in Fig.
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Figure 3.6: Stiffness coefficients ¥ ; as a function of host structure ply-angle 01, in BB-subsystem; units:
aby (N -m?), ab. (N -m), aby (N-m?), a8, (N-m), a}, (N) and a5 (N).
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0, ~ 135° yields the best twist control authority.
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Figure 3.8: Damping ratios of TE-subsystem as a function of piezo-actuator ply-angle 0,,; ko = ks = 10,
QZO,’}/QZBQZO.

3.5.3 Study of host structure tailoring
BB-subsystem

Figure [3.9] plots frequencies of the first four modes of BB-subsystem as a function of
host ply-angle 0. According to the weak and strong elastic coupling cases, it is reason-
able to split the domain of ¢, into "Decoupling”" and "Couping" two parts, see Fig.
Note that, according to their mode shapes, the first four modes of BB-subsystem can
also be denoted as Flapl1, Lagl, Flap2 and Lag2 for weak elastic coupling cases. How-
ever, there will be no pure flapping or lagging modes for strong elastic coupling cases.

350

| Decoupling : Coupling Coupling | Decoupling |

0 30 60 90 120 150 180
Ply-angle in host structure Oh (deg)

Figure 3.9: Frequencies of BB-subsystem as a function of host structure ply-angle 0,; Q@ = 0, vo =

Bo = 0.
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Damping ratios of the first four modes of BB-subsystem are highlighted in Fig.[3.10|
for selected two piezo-actuator ply-angle cases, viz., 6, = 90° (bending moment actu-
ation dominated) and ¢, = 130° (transverse shear force actuation dominated). It can
be seen that host ply-angle ¢, has a significant effect on damping ratios. 6, = 90°
and 0, = 130° would be the better choice for weak and strong elastic coupling cases,
respectively.
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Figure 3.10: Damping ratios of BB-subsystem as a function of host structure ply-angle 0y,; k1 = k3 =
100,910,’)/0:60:0

TE-subsystem

A typical extension mode cross phenomenon can be seen in Fig. [3.11] which depicts
frequencies of TE-subsystem as a function of 8. The results of Fig. show that
host ply-angle 6, has a significant effect on damping ratios of the twist modes. Note
that, the damping ratios change suddenly during the mode cross regions in Fig.
and this can be seen more clearly in Fig. [3.12b] that depicts the damping ratios for
6, = 90° case. In 6, = 90° case, the direct twist actuations (.Aéwy, Aflwy) are immaterial.
Damping ratios of the twist modes are induced by the extension actuations (AZTy, A4Ty)
via the twist-extension elastic coupling.

3.5.4 Study of rotor speed and presetting angle
BB-subsytem

Figures plots frequencies of the first three modes of BB-subsystem as a func-
tion of rotating speed ) for the weak elastic coupling case. Since centrifugal stiffening
effect is more significant in flapping modes than in lagging modes, a frequency cross-
ing of fundamental lagging and flapping modes can be seen in Fig. [3.13a for the un-
presetting beam (v, = 0). In addition, both in Figs.[3.13aland[3.13b] it can be found that
depending on the flapping and lagging modes, the increase of presetting angle 7, yields
either an enhance or weaken effect on centrifugal stiffening effect, respectively. The
results of Fig. [3.14] present that with the increase of (2, damping ratios of the flapping
modes decrease more significantly than the lagging mode does.

For the strong elastic coupling case, frequencies and damping ratios of the first three
modes are shown in Figs. [3.15]and [3.16a] respectively. Since the elastic coupling will
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be further enhanced by the centrifugal stiffening effect, in Fig. [3.15] there is no typical
flapping-lagging frequency crossing phenomenon as shown in Fig. [3.13al During the
region near 3 ~ 500 rad/s, the frequencies of 1BB and 2BB modes are very close
but not cross for the un-presetting beam (7 = 0). And their damping ratios present
sudden changes during this region, see Fig. The influence of presetting angle 7,
on the damping ratios for the strong elastic coupling case can be seen more clearly in

Fig.[3.16b]
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Figure 3.15: Frequencies of BB-subsystem vs. rotating speed () for selected presetting angles ~yy; 0, =
75°, 0, = 130°, k1 = ks = 100, Ry = 0.1L.
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Figure 3.16: Damping ratios of BB-subsystem vs. rotating speed and presetting angle; 0, = 75°,
0, = 130° k1 = k3 = 100, Ryg = 0.1L.

TE-subsystem

Figures. [3.17a) and [3.178| plot frequencies and damping ratios of the first three twist
modes as a function of (2, respectively. The additional torsional stiffness induced by
centrifugal force yields an increase of frequency in Fig. and a decrease of damp-
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ing ratio in Fig. Since the increase of presetting angle v, will yield an increase of
the softening tennis-racket term, the fundamental twist frequency exhibits a significant
decrease in Fig. [3.18a] However this destiffening effect is immaterial for higher twist
modes. This conclusion can also be identified in Fig.[3.18b] which highlights the influ-
ence of 7, on the twist damping ratios. In Fig.[3.18b] with the increase of v, damping
ratio of the fundamental twist mode increases until vy ~ 75°, then slightly decreases.
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Figure 3.17: Rotating speed () influence of TE-subsystem for selected presetting angles ~yy; 0, = 75°,
0, = 130° ko = ky =10, Ry = 0.1L.
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3.5.5 Study of pretwist angle

In order to model helicopter and tilt rotor blades, a special case of Eq. (3.2) is assumed,

B(y) = Bo — Poy/L. (3.31)

This will make the pretwist angle at the beam tip equal to zero, i.e., 5(L) = 0.
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3.6. LQR control for BB-subsystem

BB-subsystem

For fiber-reinforced blades, pretwist angle will make flapping and lagging motions cou-
pled strongly, thus we just consider 6;, = 75° this case here. Fig. depicts frequen-
cies of the first three modes of BB-subsystem as a function of pretwist angle (3. For the
unrotating case, the fundamental frequency (1BB) is not sensitive to pretwist angle (.
However it decreases significantly with the increase of [ for the high speed rotating
case (2 = 600 rad/s).
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Figure 3.19: Frequencies of BB-subsystem vs. pretwist angle B for selected rotating speeds ); 0, =
75°, 6, = 130°, k1 = ks = 100, Ry = 0.1L.

In order to study the relationship between damping ratios and pretwist angle [3,, two
piezo-actuator cases, i.e., ¢, = 130° (transverse shear force actuation dominated) in
Fig. and 6, = 90° (bending moment actuation dominated) in Fig. are con-
sidered. According to the previous discussion, we know for the strong elastic coupling
case, transverse shear force actuation is more efficient than bending moment actuation
when the beam is unpretwisted. However for a pretwisted beam, transverse shear force
actuation may lose control for 2BB mode, and even induce a negative damping ratio
for the high speed rotating case, see Fig.[3.20al On the other hand, bending moment
actuation can guarantee the balanced positive damping ratios for an arbitrary pretwisted

angle [y, see Fig.

TE-subsystem

The influence of pretwist angle 3, on frequencies and damping ratios of the twist modes
are illustrated in Figs. [3.2Ta)and [3.21D] respectively. It can be seen the influences of 3,

are negligible both in Figs.[3.2Taland [3.21b]

3.6 LQR control for BB-subsystem

3.6.1 Study of damping ratios

Recalling the LQR control methodology, the control authority is solely related to con-
trol weighing factor 7);. Figs.[3.22aland [3.22b| plot damping ratios of the first four modes
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3.6. LQR control for BB-subsystem

as a function of 7),. It can be found damping ratios decrease with the increase of 7;.
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Figure 3.22: Damping ratios of the first four modes versus control weighting factor; By = 0°, 6, = 90°,
6F = 80°
p

For 0, = 90° case that the flapwise bending and chordwise bending are elastically
decoupled, damping ratios of the first four modes plotted as a function of ply-angle
are shown in Figs. [3.23a and [3.23b] In addition, the non-shear-actuation and non-
bending-actuation points are indicated by black and red dots, respectively. Accord-
ing to mode shapes study, the Ist and 3rd are flapwise bending modes, while the 2nd
and 4th are chordwise bending modes. The result of Fig. presents that flange-
actuator-pair can control chordwise bending modes by piezoelectrically induced chord-
wise transverse shear A?x while control flapwise bending modes by 4%, Note that,
A?I will offer a robust control authority on chordwise bending modes in the domain
10° < 6" < 70° or 110° < )" < 170°. Similar results can also be concluded for

web-actuator-pair in Fig. [3.23b]
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Figure 3.23: Damping ratios of the first four modess versus actuator-pair ply-angle 0,; 0y
m = n3 = 600, Bp = 0°
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Chapter 3. Active Control of Adaptive Pretwisted Rotating Blades

For the strong elastic couping case ¢, = 75°, Figs. [3.24a| and [3.24b| plot damping
ratios of the first four modes as a function of flange-actuator-pair ply-angle 05 and web-
actuator-pair ply-angel 6]‘,"’ , respectively. It can be found that the variations of damping
ratios are complicated in Figs. [3.24a and [3.24b] In Fig. [3.244] the flange-actuator-pair
induced transverse shear force (indicated in red dots) or bending moment (indicated in
black dots) can both control the flapwise and chordwise bending modes individually
via elastic coupling. However in Fig. the influence of elastic coupling on web-
actuator-pair control effect is not as significant as on that of flange-actuator-pair. In
general, in the domain of 60° < ¢, < 90°, the damping ratios vary sharply, while the
variations are relatively slow in the domain of 90° < 6, < 150°. We denote the last
domain as the robust ply-angle domain.
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Figure 3.24: Damping ratios of the first four modess versus actuator-pair ply-angle 0,; 0, = 75°,
m = ns = 600, By = 0°

Due to the pretwist angle, the chordwise and flapwise bending modes of the system
will be always coupled each other. Figs. [3.25al and [3.25b] present damping ratios of
a pretwisted rotary thin-walled beam. Compared Fig. [3.25a) with [3.24a], the variations
of damping ratios induced by flange-actuator-pair show the similarity. The significant
influence of pretwisted angle can be seen on the 2nd mode which is indicated by dashed
line. The variation similarity of damping ratios induced by web-actuator-pair can also
be found in Figs. [3.25b] and [3.24b] The significant influence of pretwist angle can be
observed on the 3rd and 4th modes.

Figures[3.26|and [3.27|further highlight influence of pretwist angle on damping ratios
induced by pure piezoelectric bending moment (¢, = 90°) and transverse shear force
0, = 129°).

3.6.2 Dynamical simulation

A pretwisted rotary blade with strong elastic couplings is considered in this dynamic
simulation. Piezo-actuator with , = 135° is implemented for the reason that on one
hand this ply-angle is in the robust ply-angle domain, on the other hand it can yield
a significant piezoelectrically induced torque on twist motion. Note that in the actual
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simulations, the first seven structural modes are used. The dynamic responses of the
blade tip under the impulse load are presented in Fig.s [3.28a] and [3.28b] The associate
voltage parameters are shown in Fig. In order to make the output value of volt-
age V; and Vj at the same level (see Fig.[3.28c), the control weighting factors 7; = 600
and 13 = 24000 are adopted. It can be found that flange-actuator-pair present signifi-
cant better control effect than that of web-actuator-pair no matter on lateral or vertical
directions.
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CHAPTER

Active Control of Adaptive Rotating Hub-Beam
Multibody System

4.1 Introduction

In this chapter, modeling and control of an adaptive rigid hub and flexible beam multi-
body system are implemented. The beam structure is modeled as a fiber-reinforced
thin-walled composite beam with a typical rectangular cross-section, see Fig. The
adaptive capabilities are provided by the anisotropic piezo-actuators embedded into the
structure. The hub-beam multibody model we developed here can serve as the basic
model of adaptive flexible spacecraft. The main target of the adaptive capabilities of
the system is to suppress the residual vibration during attitude maneuvers. Based on
the linear quadratic regular (LQR) control methodology, the influences of lay-up con-
figuration on control authority of vibration suppression are investigated.

n
Z

\VJ S VT [ N/

L 4 v V

N ————EE'*;‘*./ R / ‘ ‘k \ ' Ny,
nk@lil—ﬂ: ‘X \ nTM =

JiL ¢Sk1> 2 S

Vs =

Figure 4.1: Hub-beam multibody system
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Chapter 4. Active Control of Adaptive Rotating Hub-Beam Multibody System

4.2 Dynamical model

The dynamical model is based on the geometrically nonlinear thin-walled beam theory
developed in Chapter[2] According to the governing equations and the associated
boundary conditions (2.29) and (2.30), in general, the seven degrees of freedom of the
hub-beam system are fully coupled. In engineering applications, special lay-up config-
urations (e.g., cross-ply, CAS and CUS [75]]) are usually adopted to design particular
couplings meeting different working environment. Here circumferentially asymmetric
stiffness (CAS) lay-up configuration (both for host structure 6;, and piezo-actuator ¢,,)
is considered.

For the thin-walled beam with rectangular cross-section as shown in Fig. a CAS
configuration implies the ply-angle distribution 6(z) = 6(z) of the top and bottom walls
and 0(x) = 6(x) of the left and right walls, see Fig. For a circumferential asym-

A n

§. 2%

(8¢
NCARN s
/8 )

Figure 4.2: CAS lay-up configuration

metric stiffness (CAS) lay-up configuration the stiffness matrix [a;;] can be decoupled
into two types of elastic coupling, viz, extension-transverse shear

( 1 1

T, aj; Q14 Q15 Qi vo+ 5(%)2 + §(w6)2
Qx o a0 ags| ) 0:+upeosg —wgsing il
Q. |as 0 a5 O 0, + ujsin ¢ + wjcos o [’ (4.1a)
¢ 1
r ais ass 0 ass Z(d)?
t @) }
and bending-twist coupling,
M, axp 0 0 0 0, — wi¢' cos p — uyd' sin ¢
M, 10 a0 azr| )0, +ugd cosp —wye sing 4.1b)
B,( [0 0 as O @' : '
M 0 asy 0 (0rdrd gb/

the stiffness coefficient a5 is equal to zero for balanced lay-ups on the left and right
beam spars.
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4.2. Dynamical model

If the piezo-composite actuators are distributed in CAS configuration, Eq. (2.35) can
be split in two, viz., extension-transverse coupling

T,(y,t))  [A" AL
Lo:0{ | 0 | o, "
(y7 ) - 0 .A4 o V;l(w (y)7 ( . a)

Ft (y7 t) / Agt A};t

and bending-twist coupling

M.(y, 1)) 0 AN

(y,t) B AMez Vi(t)

Buy,t)[ | 0 0 {VB@}P (y). (4.2b)
My(y, ) A ALY

As aresult, taking Eqs. (@.1), (4.2) and (3.7), into the governing equations[2.28
in conjunction with the boundary conditions [2.30] approximating the trigonometric
functions with their Taylor series expansion (sin¢ ~ ¢ and cos¢ ~ 1), and drop-
ping other nonlinear terms induced by beam deformation, the system can be split into
two subsystems, one governs the hub, beam chordwise bending and extension coupling
motion and the other governs the beam flapwise bending and twist coupling motion.
The governing equations of the two subsystems are expressed as,

Hub-beam subsystem (A — ug — vy — 6.,)

L
SA :JHA+/ LR (Bo + ) + ba] = bu(Bo + )it + (b5 + bis)i
0

(4.3a2)
+ 2861 (Ro + )i} dy = 7,
dug : argvg + as(ug +0L) + pi + 5,45 Va Py (y) -
— by [iig — A(Ro + y) — 299 — A%ug] + biA’[R(y)up) =0, (4.30)
dvo : anvg + ana(ug + 02) + py + 6, A5 Va Py (y)
+ 6, ATViPy(y) — by [0 — 2y + A2(Ry + y + )] =0, 439
59z . (1229;,/ — (1,141)6 + Cl44(U6 + HZ) +m, + 5p¢4§42‘/3pll(y)
— ASVaPy(y) — (b + bus) [0 + A — 4%0,] = 0, (430
while the associated boundary conditions are
aty = 0,
uo(0) = vo(0) = 6:(0) = 0, (4.4)
andaty = L,
Sug : apvh(L) + ag(uh(L) + 0.(L)) + 6,A97Vy = 0, (4.52)
dvg = apvy(L) + ara(ug(L) + 6,(L)) + 6 ATyVQ +6 ATyV4 =0, (4.5b)
60, : agt. (L) + 5, AL Vs = 0. (4.5¢)
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Beam subsystem (wg — ¢ — 6,,)
dwo : ass(wy + 0%,) — byivg + 5PA§ZV4P2'(y) +p. + 01 A?[R(y)w)) =0,  (4.6a)

66 : ag0! + arrd” — aged™ + my + b, + 5pAi‘4yV1P1/(?J) + 5p~’4§4yv3p1/(y)
— (bs + b5) ¢ + by, + 2Abs0, + A*(by — b5)¢ + (bs + bs) A*[R(y)¢']

............. (4.6b)
+ (b1o + 518)@5// — A%¢") =0,
(5033 . a339;f + CL37¢H — CL55<'UJ6 + ex) +my + 5pAi\4x‘/1P1I<y)
— AFViPyy) — 28bsd — (by + bia) (B + oA — A2) =0, 4O
the associated boundary conditions
aty =0,
wy=¢=¢ =0,=0, (4.7)
and aty = L,
dwo : azs(wh + b,) + 6,ALV, =0, (4.8a)

8¢ : azzbl, + arrd — aged + (bio + bis)d + 6, A VL + 0,45V =0, (4.8b)

8¢ 1 agsd” = By, (4.8¢)

00, : asstl, + as;¢’ + 6, AV =0, (4.8d)

If the actuator is spread over the entire beam span, the traces are ¢, = 0 and d; = 1;
otherwise, if the actuator is a single patch, the traces assume the values J, = 1 and
8 N(?t.e that the two subsystems are actuated coupled via web-actuator-pair (voltage

parameters V5 and V). However, reported in Ref. [97], these coupling effects are im-
material in most cases and it is reasonable to treat these two subsystems as independent.

2 (w) )
\ 6. 7&:

>

Piezo-coqposite

flange-actuator-pair

V,=(V,-V,)/2

f)e" X V2=(VT+VB)/2
Fiber-refinforced (u,

web-actuator-pair
V=(V-V)2 ——
V=(Vi+Ve)/2

Figure 4.3: Actuator-pairs bounded on the thin-walled box beam
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4.3. Discretization via the Extend Galerkin’s Method

4.3 Discretization via the Extend Galerkin’s Method

For numerical study, the Extend Galerkin’s Method (EGM) [45,/70] is used to discretize
the system. In this chapter, we just focus on control of the hub-beam subsystem. Let

ug(y,t) = Oo (Yau(t), vy t) =¥ (Yau(t), 0z(y,t) =¥ (y)q.(t), (4.9

where the shape functions 7 (y), U7 (y) and ¥1 (y) are required to fulfill only the
essential boundary conditions, while q,, (), q,(t) and q.(t) are N x 1 generalized dis-
placement vectors. Equations (4.3)) and (4.5)) lead to the following discretized equations

of motion,
{JH+MA MAq] {A} . {0 GM} {A}
+ 2A
MT M q 0o G )
Ag R q X q (4.10)
5[0 0 0 O 01x3 A
o R A R e A P
where

a={d’ o o}, v={v, s v,}'. 4.11)

The rotary inertia of thin-walled beam M, is given as

L
MA:/ {0 (Ro +)* + s} dy. (4.12)
0

As for matrices of hub-beam inertia coupling M,,, beam mass M, gyroscopic effect
G4, beam Corilos effect G, beam centrifugal stiffening C, beam stiffness K, and
additional excitation Q, their expressions are given in Appendix

4.3.1 Dynamic model in non-inertial system

For dynamic problem of flexible hub-beam system in non-inertial system, the law of
hub motion is usually assumed known and need not be solved. Thus dynamical model
in non-inertial system can be obtained by neglecting the equations of hub in Eq. (4.10),

Mg + 2AGq + (K + A%C)q + AV = Q. (4.13)

Note that, for the constant rotating speed case, the thin-walled beam system (4.13)) is
linear in natural.

4.3.2 Simplified linear model and controller design

For the low rotating speed case, the Coriolis and centrifugal effects are immaterial, thus
the nonlinear flexible hub-beam system .10|can be reduced to the linear one,

Ju+ My My [A 0 0] (A 0
Yt AR A B
M3, M q 0 K| lag A Q
In order to suppress the vibration of the flexible thin-walled beam via the piezo-

actuators, linear quadratic regular concept (LQR) that based on the use of a full state
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feedback scheme is adopted. In state-space form, Eq. becomes

Va(t)
. Ta(t)
x(t) = Ax(t) + B Q) + [Wy W3 Wy V() ¢, (4.15)
Vi(t)
where '
x(t) = {A,d" (1), A a" ()}, (4.16a)
O(N+1)x(N+1) Iviyx v+
A=| [Jg+My My '[0 0 : (4.16b)
- MY, M 0 K O(N+1)x(N+1)
O(n+1)x1
B = {JHJFMA My, ' 7, (4.16¢)
My, M |
Ov+1)x1
W; = Ju+ My My, ' [0] (i =2,3,4), (4.16d)
| ME, M A

In engineering applications, active control via piezo-actuators embedded in the host
structure of the thin-walled beam is normally used to suppress the vibration during hub
motions. In other words, the major target of LQR control algorithm applied on the sys-
tem is to eliminate the residual vibrations on transverse direction, viz., making
up = 0 or 6, = 0. Recalling governing equations of hub-beam system (4.3)), voltage
parameter V is solely related to piezoelectrically induced extension 7},. Although ad-
ditional transverse response can be induced by extension Ty via extension-transverse
elastic coupling, indicated in Ref. [97]], it is immaterial due to the high extensional
stiffness for fiber-reinforced thin-walled beam. Thus we can omit the control terms as-
sociated to V; in Eq. (4.14). In addition, although voltage parameter V5 is related both
to extension 7}, and transverse shear (), (), will play the dominate role in transverse
vibration suppression [97]. As for V3, it is just related to bending M. Thus the con-
troller of the hub-beam system can be split into two independent parts, i.e., transverse
shear actuation offered by flange-actuator-pair (V5) and bending actuation offered by
web-actuator-pair (V3).

Within the linear quadratic regulator control algorithm, we minimize the cost func-
tion (both the response of the closed-loop system and the control effort should be min-
imized simultaneously) for each control methodology.

ty
J=3 / (x"Zx + V' R;V;) dt, (4.17)
to

where the reduced beam state X is given as X = {q”, q” }”. The positive semidefinite
matrix Z and positive definite symmetric matrix R denote the state weighting matrix
and the control weighting matrix, respectively. According to [5]], the weighting ma-
trices Z and R proper to a trade off between control effectiveness and control energy
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consumption by taking

[aK 0
7 —

P — T -1 .
0 BM}, R; =nAi KA, (4.18)

where a and [ are weighting coefficients, (a5 > 0 and (« + ) > 0), where 7 a scale
factor. Actually, the matrix Z represents the combination of the thin-wall beam kinetic
and potential energies in the sense of

I 1 [l
3 / x'Zxdt = 3 / (4" Ma + aq"Kq] dt. (4.19)
to to

For the problem of vibration suppression, it is reasonable to just consider the beam
kinetic energy, i.e., weighting coefficients combination &« = 0 and S = 1 is adopted in
this chapter.

Thus the optimal feedback control law is given by

Vi(t) = —Gix(1), (4.20)
where G is the optimal gain matrix,
G, =R W, P;, (4.21)
while P; is the positive-definite solution to the steady-state Riccati equation
Z+P,A+ATP, - P,W,R,"'W,"P; =0, (4.22)
where the reduced matrix A is

- Onvxn  Inxn
A = .
—MilK ON><N

(4.23)

Solution of the Riccati equations yields the control law which depends only on «, 3
and the structural mass, stiffness and centrifugal force matrices.

4.4 Numerical study

4.4.1 Model validation

Since the main part of the model validations have been implemented in the previous
chapters, here we just validate the rotation induced dynamics stiffness effect for CAS
lay-up configuration. The material property and geometry of the thin-walled box beam
for validation are shown in Table 4.1 The details of the CAS lay-up configuration
are given in Table. 4.2] Table [4.3|illustrates the eigen-frequencies of the rotating thin-
walled beam for selected constant rotating speeds. It can be found that our
predicted frequencies have good agreements with those of experiment and FEM results.

49



Chapter 4. Active Control of Adaptive Rotating Hub-Beam Multibody System

Table 4.1: Material property and geometry of the thin-walled box beam for validation [17|]

Fn 1.42 x 10" N/m*®  Density (p) 1.442 x 103 Kg/m®
Eo = E33 9.8 x10°N/m?>  Width (2b%) 2.268 x 1072 m
Gia = G153 6.0 x 10° N/m2 Depth (2d%) 1.212 x 1072 m
Gas 4.83 x 10° N/m2 Number of layers (N;) 6

p1o = piz 0.42 Layer thickness 1.270 x 10~* m
23 0.50 Length (L) 0.8446 m

@ Inner dimensions of the cross section.

Table 4.2: CAS lay-up configurations for thin-walled box beam®

Flanges Webs
Material Top  Bottom Left Right
Host structure  [Or]s  [Or]s 0r/ — Onls  [0n/ — Onls
Piezo-actuator’  [0F]  [0]] [0)V] [0)V]

% O, 9{; and QZ‘,’V denote the ply-angle for host structure, flange-actuator-pair and web-actuator-pair,
respectively.
b The piezo-actuators are assumed positioned of the outer side of the laminate if they are adopted.

Table 4.3: Frequencies validation for rotating thin-walled beam with CAS lay-up configuration 0, =
45°.

Speed Mode Exp.[17] FEM]1},/4] Present

0 rpm 1st 16.67 14.69 15.19
2nd 96.15 92.02 95.04
1008 rpm  1st 25.63 23.48 24.22
2nd 118.3 102.1 108.2

Table 4.4: Material property and geometric specification of the thin-walled beam with a rectangular
cross-section [97)]

Material Value Geometric Value
E 206.8 x 109 N-m~2  Width (2b%) 0.254 m
FEsy = FE33 5.17 x 109 N - m—2 Depth (2d%) 0.0681 m
G13 = Gas 2.55 x 109 N - m~2 Wall thickness (h) 0.0102 m
G12 3.10 x 10° N-m~2  Number of layers (m;,) 6

Wio = W13 = pog  0.25 Layer thickness 0.0017 m
p 1528 Kg - m—3 Length (L) 4.064 m

@ The length is measured on the mid-line contour.

Table 4.5: Material properties of piezo-actuator manufactured by MFC [|71|]

Eq 3128 x 109 N-m—2 di1 386.63 x 10712 m-V~!
FEoy = Egg* 17.05 x 109 N - m—2 dig = dlg* —175.50 x 1072 m - V1
G12 = C1113>k = ng* 5.12 x 109 N.-m~2 p 5115.9 Kg -m~3

p12 = 3™ = p23*  0.303 My, 1

Electrode spacing 0.0017 m Thickness  0.0017 m

* The value is assumed by the author.
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4.4. Numerical study

4.4.2 Dynamic simulation

The material property and the geometric specification of the beam host structure used
in simulation are shown in Table[4.4] While the material property of piezo-actuators are
given in Table [4.5] We assume the piezo-actuators are spread over the entire beam span
unless other stated. The lay-up configurations of the thin-walled beam are specified in

Table 4.21

Before the simulation, it is essential to identify the suitable host structure ply-angle
0y, flange-actuator-pair ply-angle 95 and web-actuator-pair ply-angle 62‘,"’ . The rela-
tionship between stiffness coefficients a;; and host structure ply-angle ¢, has been dis-
cussed in Ref. [98]. According to the results of Ref. [98]], 8, = 75° will induce a strong
flapwise bending-twist elastic coupling that is beneficial for the dynamical response of
the beam subsystem. Figs. and §.4b|depict piezo-actuator coefficients of hub-beam
subsystem, viz., A?x and A2'*, respectively. It can be found that host-structure con-
figuration has a significant effect on piezo-actuators. For flange-actuator-pair induced
chordwise transverse shear A?x in Fig. 95 ~ 135° will reach the maximum ab-
solve value for 0, = 75° case. While for web-actuator-pair induced flapwise bending
A= generally, the maximum absolute value exists at 9;‘/ = 90°. As a result, without
other stated, the combination 6, = 75°, #f = 135° and 0" = 75° is adopted for the
hub-beam subsystem in the simulation.

6 T T T T T 0.3
4 L 02 L “.\.\ . /,f:—
. ——No host #
e — AN - - -6,=30°,150°
> > 017 A — 0, =75°,105°
o - hY e
€ o = [~ N | e 0,=90° _
z z of \
8w =
< -2 <
.01 L
Ar |- 0,=105° N .
- - -6,=150° 0,=30°—>"~--~ 02k Ressr
-6 L I L L L L L L L
0 30 60 90 120 150 180 0 30 60 90 120 150 180
Flange-actuator-pair ply-angleeg (deg) Web-actuator-pair ply»angleﬁg\’ (deg)
(a) AG” (b) A}'=

Figure 4.4: Piezo=actuator coefficients

In order to simulate the hub-beam system undergoing a rest-to-rest motion [85]] that
is widely used in spacecraft attitude maneuver, the optimal Bang-off-Bang switched
rotating torque as shown in Fig. f.5ais applied on the hub. Note that, the first 7 modes
of the thin-walled beam are used in the simulation. And the LQR control parameters
12 = 300 and 13 = 3000 are adopted in default.

In engineering application, the rotary inertia of hub J is usually a variable parame-
ter. For example, as the basic model of satellite, ./ will decrease with the consumption
of fuel for attitude maneuver. Thus the following nondimensional parameter is defined
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for the simple description of Jy,
Ju
foL [b1(Ro + )2+ bs]dy’

where the denominator term denotes the rotary inertia of the beam. Fig. [4.5b|highlights
the influence of Jy on hub angular displacement during the rest-to-rest motion. The

Thub = (4.24)

5000

(o2}
o

a
o
T

N
o
T

\

=02
=0.5
=0.8

=7 "Thub

External torque (N-m)
o
Angular Displacement (deg)
w
o

et e

5000 ‘ ‘ ‘ 0 ‘ ‘ ‘
0 02 0.5 1 1.2 15 2 0 0.5 1 1.5 2
Time (s) Time (s)

(a) Time history of external torque (b) Time history of angular displacement for selected rotary inertia
of hub

Figure 4.5: Time history of external torque and angular displacement

influence of .Ji; on active vibration suppression is further highlighted in Fig. which
plots damping ratios of the first three modes of the hub-beam system as a function of
Nhub- In addition, the result of Fig. [4.6]illustrates that flange-actuator-pair induced shear
control will offer the balanced damping performance for all three modes, however web-
actuator-pair induced bending control will just have a significant damping effect on the
first mode.

Figures and depict the associated displacement and velocity responses of
the beam tip under the LQR vibration suppression control during the attitude maneu-
ver, respectively. It can be found that bending control and shear control have similar
control authority on chordwise vibration suppression. Fig. further depicts the as-
sociated time history of angular velocity. The applied voltages history are illustrated
in Fig. The result of Fig. presents that the maximum value of voltage V;
is about twice that of V5, which implies shear control is more efficient than bending
control in our case. Actually host structure configuration has a noticeable influence on
damping performance of transverse shear control, see Fig.[4.9] On the other hand, the
result of Fig. 4.9 shows that the influence of host structure on bending control induced
damping ratios is immaterial.
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CHAPTER

Modeling and Control of Piezo-actuated Wings

5.1 Introduction

Problems related to mathematical modeling and optimal dynamic control of adaptive
aircraft wings modeled as composite thin-walled structures are considered. Some non-
classical effects such as warping inhibition and three-dimensional (3-D) strain are ac-
counted for in the beam model. The adaptive capabilities are provided by the actua-
tors manufactured by anisotropic piezo-composite layers embedded into the structure.
The Extended Galerkin’s Method is used for the numerical study. A negative velocity
feedback control algorithm and the linear quadratic regulator (LQR) feedback control
strategy are adopted to control the aircraft wing response. The effective damping per-
formance is optimized by studying anisotropic characteristics of piezo-composite and
elastic tailoring of the fiber-reinforced host structure. The relations between active vi-
bration control effect and design factors, such as the size and position of piezo-actuator
are investigated in detailed.

5.2 Dynamical model

The advanced aircraft wing is modeled as an adaptive composite thin-walled beam
which is developed in Chapter[2] In order to model the fixed wing structure, we ignore
the associated rotating terms in governing equations (2.28)). A typical circumferential
asymmetric stiffness (CAS) lay-up configuration is adopted to model the aircraft wing
structure. The twist-bending elastic coupling induced by the CAS lay-up is benefi-
cial for the aeroelastic response behavior [43,146,49], especially for the suppression of
the flutter instability [76,/77,86]. The elastic couplings and piezoelectrically induced
actuating couplings of CAS lay-up configuration are discussed in Chapter @] Approx-
imating the trigonometric functions of Egs. with their Taylor series expansion,
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Figure 5.1: Thin-walled box beam model

i.e. sin @ ~ ¢ and cos ¢ ~ 1, the CAS lay-up configuration equations can be split into
two subsystem, the Lateral Bending-Extension coupling subsystem (uy — vg — ,) and

the Twist-Vertical Bending coupling subsystem (wy — ¢ — 6,.).

BE-subsystem (Lateral Bending-Extension coupling subsystem)

dug : aiavy + aaa(ug + 07.) — biig + py + 5p~’4§mv2R/(y> =0,

(5.1a)

(SUO . CLHUg =+ a14(ug =+ 9;) — bli}'() +py —|— 6pA§y‘/2R,(y> -+ 5pAZyV;1R/(y) - 0,

(562 . (1229/2, — CL147J6 + CL44(U6 + 92> — (b5 + b15)é2 +m, + 6pA§4Z‘/;),R'(y)

The boundary conditions for cantilevered beams are
aty = 0:
up =vg =0, =0,

and aty = L:

dug : (1141)6 + CL44(U6 + 93) + (SS.AQQQC‘/Q = Qxa

dvg = apvy + ara(ug +0,) + 55./451/‘/2 + 55A4TyV4 =T,
60 : axnl, + 6, AV Vs = M..

TB-subsystem (Twist-Vertical Bending coupling subsystem)

(5’(1)0 . CL55(’U)6, + 9;) - bllb(] +pz + 5pA4QZV;1R/(y) = 07

0¢ : agrbl, + arr¢” — ags™) — (bs + 55)9.Zé + (b1o + 518)& +my + b,

+ 6, " ViR (y) + 6,43 V3R (y) = 0,

(SQI : aggeg + CL37¢H — CL55(U)6 + Qz) — (b4 + bm)éw + my + 5PA{WV1R'(y)

— (6, + 0) AT ViR(y) = 0,
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5.3. Solution methodology

The boundary conditions, for cantilevered beams are

aty = 0O:
wo=¢=¢ =6,=0, (5.5)
and aty = L:
Swo : ass(wh + 0,) + 0.ATVE = Q. (5.6a)
00 : ag:bl, + arr¢ — alsd + (bio + big)d’ + 0. A YVL + 6, A3 Vs = M, (5.6b)
§¢' ¢ aged”’ = B, (5.6¢)
60, : azsl, + azd + 0, ANV, = M, (5.6d)

If the actuator is spread over the entire beam span, the traces are J, = 0 and 65 = 1;
otherwise, if the actuator is a single patch, the traces assume the values J, = 1 and d, =
0. Note that the BE-subsystem and the TB-subsystem are not entirely independent,
since they are coupled by the voltage parameters V5 and V.

5.3 Solution methodology

The Extend Galerkin’s Method (EGM) as used in Section [3.3]is adopted for numerical
study. Then Egs. (5.1)-(5.3) and (5.4)-(5.6) lead to the following discretized equations
of motion,

[M](B,T){Q}(BI) + [K](RT){Q}(B,T) + [.A](B,T){V}(B,T) = Q] (B,T)> 5.7
where . .

as={da o o}, ar={a, af a }", (5.8)

Ve={V Vs i}/, Ve={Vi 1 Vi}". (5.9)

In the above equations, subscripts B, 1" denote the BE-subsystem and TB-subsystem,
respectively. The expressions for mass matrix Mg 1), stiffness matrix Kz 1), actua-
tion matrix A g ) and external excitation vector Qg ) are given in Appendix

5.4 Model validation

The beam model developed here is validated by comparing the vibration frequency pre-
dicted for a composite thin-walled beam with the analytical results of Ref. [4]] and the
experimental data of Ref. [17]. The geometry and material properties of the cantilever
thin-walled box beam of Fig. [5.1] are specified in Table [5.I] The results, reported in
Table show a better agreement of the present model with experimental data than
that of Ref. [4].

5.5 Static study

The material property (Graphite-Epoxy) and geometric specification for the thin-walled
box beam of Fig. [5.1] are shown in Table[5.3] In order to obtain better actuating per-
formance, the piezo-actuators are manufactured by single crystal MFC [[19,/71], whose
material property is specified in Table [5.4, Moreover, the piezo-composite laminate
is distributed over the entire cross-section. The lay-up configurations (both for host
structure and piezo-actuator) can be found in Table [5.5]
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Table 5.1: Details of thin-walled composite box beam for validation [17)]

En 1.42 x 10" N/m*®  Density (p) 1.442 x 103 Kg/m®
Eyo =Es3  9.8x10°N/m?>  Width (26%) 2.268 x 1072 m
Gz =Gi3 6.0 x10°N/m®>  Depth (2d) 1.212 x 1072 m
Gos 4.83 x 10° N/m2 Number of layers (N,) 6

pio = piz 0.42 Layer thickness 1.270 x 10~* m
L1235 0.50 Length (L) 0.8446 m

@ Inner dimensions of the cross section.

Table 5.2: Natural frequency (Hz) for [45]¢ CAS lay-up configuration

Mode Exp. [17] Analytical [4] Error (%) Present Error ¢ (%)

1TB 16.67 14.69 -11.9 15.20 -8.8
2TB 96.15 92.02 -4.3 95.09 -1.1
IBE 2948 25.13 -14.8 26.64 -9.6

@ Relative error, (Present — Exp.)/Exp. x 100%.

5.5.1 Piezo-actuator coefficients study

The non-zero CAS configuration piezo-actuator coefficients of Eq.(d.2) are depicted in
Fig. as a function of the piezo-actuator ply-angle ¢,. Two distinct trends emerge
from the results of Fig.[5.2]

The first trend characterizes the bending coefficients (A2, Aé” #) and the extension
coefficients (.Agy, .Afy). The coefficients increase from 6, = 0° to 6, = 90°, then
decrease until ¢, = 180°. Their values equal zero when 0, ~ 40° and ~ 140°. Note
that, because of the reverse definition of 6, (see Fig. , coefficients A]l” * and AQ” z
present the exactly opposite trends.

The second trend characterizes the transverse shear coefficients (A$”, A7) and the
twist coefficients (Ajlwy, Aéwy). The previous groups of coefficients have a symmet-
ric dependence centered around ¢, = 90°. These coefficients, instead, show an anti-
symmetric trend around ¢, = 90°. They are equal to zero when ¢, = 0°, 90°, 180°,
with the maximum absolute values reached for ¢, ~ 42° and 0,, ~ 138°.

5.5.2 Actuation performance study

In this subsection, the relationship between actuation performance and voltage param-
eters (V1, Vi, V3, Vy) is specifically discussed.

Table 5.3: Material property and geometric specification of the host structure [47, p. 131]

FEyy 206.8 x 10? N/m2 Width (2b%) 0.254 m
FEoy = E33 5.17 x 10° N/m2 Depth (2d%) 0.0681 m
G12 = Gi3 2.55 x 10° N/m2 Wall thickness (h) 0.0102 m
Gos 3.10 x 10° N/m” Number of layers (N},) 6

12 = 13 = pag 0.25 Layer thickness 0.0017 m
p 1.528 x 10® Kg/m®  Length (L) 2.032 m

¢ The length is measured on the mid-line contour.
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Table 5.4: Material properties of E-glass, AFC, MFC and single crystal MFC (S-MFC)

E-Glass [23] AFC[23] MFC [71] S-MFC [71]

E; (Gpa) 14.8 30.54 31.2 6.23
E5 (Gpa) 13.6 16.11 17.05 11.08
G12 (Gpa) 1.9 5.5 5.12 2.01
12 0.19 0.36 0.303 0.229
dy1 (1072 m/V) N/A 381 386.63 1896.5
dis (X102 m/V) N/A -160 -175.50 -838.2
p (Kgm™3) 1700 4810 5115.9 5338.3
Thickness (x10~% m) 2.032 1.689 17 17
Electrode spacing (x1072 m) N/A 1.143 1.7 1.7

Table 5.5: Lay-up configurations for beam with CAS lay-up [unit:deg].

Flanges Webs
Material Layer Top  Bottom Left Right
Piezo-actuator CAS (7)* [6,]  [6,] [6p] [6p]

P
Host structure  CAS (1-6)  [Or]s  [0n]s 0n/ —6rls  [0n/ — O1]s
@ The piezo-actuator is positioned of the outer side of the laminate.

TB-subsystem

The equations governing the TB-subsystem in Egs. (5.4), have the voltage vector Vo =
[V1, Vs, V4]T as forcing parameters. Specifically, the voltage parameter V; influences
both twist and bending, while V5 and V; work for twist and transverse shear, respec-
tively. Note that the elastic coupling of the structure has a significant effect on the
actuation performance. The twist-bending elastic coupling in Eq. (4.1D) is related to
the stiffness coefficient a3;. Two typical host structure ply-angles, viz., #, = 15° and
0, = 75° are considered here. The corresponding values for as; were computed in
Ref. [98], i.e., a3y equals —4.05 x 10° N.m? and 3.92 x 10° N.m?, respectively. Thus,
the elastic coupling can be ignored for 0, = 15°, while it is significant for 0, = 75°.

Figures and depict the tip deflections obtained from V; = 1000 V (black
curve), V3 = 1000 V (red curve) and V; = 1000 V (green curve) for weak and strong
elastic coupling cases, respectively. The non-dimensional quantities are defined as

N Ug . Vo N Wo A A

UOZQ_b’ UO:Z’ w():%, §£:¢7 szexa 0. =90.. (5.10)

It can be seen that the voltage parameter V;, which is related to transverse-shear-
actuation can be ignored in both cases. In addition, the voltage parameter V; dominates
the TB-subsystem actuation performance. Note that, for strong elastic coupling case in
Fig. [5.3b] twist-actuation shows better performance on bending deflection than direct
bending-actuation.

BE-subsystem

According to the governing equations (5.1) of the BE-subsystem, voltage V5 is related
to both extension and transverse shear actuation, while V3 and V} are related to bending
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Figure 5.2: Piezo-actuator coefficients with single crystal MFC as a function of the ply-angle 0,, in CAS
lay-up configuration.
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Figure 5.3: Beam tip deflections of the TB-subsystem as a function of the piezo-actuator ply-angle 0,,.
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and extension actuation, respectively. The results obtained for two typical host structure
cases, 0, = 15° and 0;, = 75°, are reported in Figs. and [5.4b
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o
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(a) 0p, = 15° (b) 0, = 75°

Figure 5.4: Beam tip deflections of BE-subsystem as a function of the piezo-actuator ply-angle 0,,.

The beam extension stiffness coefficient a1; is much higher than the other terms.
Thus, the extension actuation induced by voltage parameter V; can be ignored, see both
Figs.[5.4a)and[5.4b] The voltage V5 has a significant effect on actuation performance for
both cases: the transverse-shear-actuation, weak in the TB-subsystem, is much stronger
in the BE-subsystem. One reason for this is that the size of the flange-actuator-pair is
almost four times than that of the web-actuator-pair. In addition, the direct bending
actuation induced by voltage V3 (red line) in the 6, = 75° case in Fig. i1s much
weaker than that in the ), = 15° case in Fig.

Conclusion

In a nutshell, the TB-subsystem is dominated by V; for the weak elastic coupling case
(see Fig.[5.34), while the BE-subsystem is dominated by V5 when the elastic coupling
effect is strong (see Fig.[5.4b). As a result, although the TB-subsystem and the BE-
system are actually coupled by V3 and V/, it is nonetheless reasonable to treat these two
subsystems as independent.

5.5.3 The influence of piezo-composite material for actuating performance

The actuation performance of three typical piezo-composite materials, viz., AFC [6],
standard MFC [100] and single crystal MFC [71]] are compared in Fig. [5.5a] and [5.5b]
The corresponding material properties are reported in Table [5.4] It can be seen that,
generally, no matter the bending performance 1, (dot lines), wg (solid lines) or twist
performance & (dashed line), the single crystal MFC shows the best actuating perfor-
mance. This is in agreement with the conclusions of Park et al. [[19,/71]. Note that
different piezo-composite materials may need different ply-angles 6, to achieve the
best actuation performance. For example, in the 8;, = 75° case of Fig. 0, ~ 130°
for S-MFC and ép ~ 110° for standard MFC or AFC.
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Figure 5.5: The bending deflection g, wg and twist deflection (/3 of the beam tip for AFC, standard MFC

and single crystal MFC. (V; = V3 =V, = 1000 V for TB-subsystem, Vo = —V3 =V, = 1000 V for
BE-subsystem)

5.6 Dynamic control of twist-bending (vertical) coupling subsystem

5.6.1 Governing equations including negative velocity feedback control

A negative velocity feedback control is considered here. In this section, we firstly
investigated the torsion/bending (TB) subsystem that is important in the aeroelastic
control of an aircraft wing. If we assume the sensor can offer the velocity information
at y = Y, then actuating voltage vector V1 for the negative velocity feedback control
can be computed

AR S G RN A )
Vp=¢Vs o= — k(Y 1) =P(Yy)ar(?), (5.11)
Vi

_k4 [a{lflbo(ysv t) + ﬁz]fém (3/57 t)]

where, k; (i = 1,3, 4) are the feedback control gains, ¥ and ¥ are weighting coeffi-
cients of the control gains, and matrix P is defined in As aresult, the closed-loop
discretized system Eq. (5.7) becomes

Mrqr(t) + ArPar(t) + Krqr(t) = Qr(t). (5.12)

5.6.2 Control gain weighting coefficients discussion

The first step in designing the controller is to choose suitable control weighting co-
efficients. Since the flapping and twisting motions usually have a significant phase
difference, we can simplify the control system by considering only two cases for the
voltage parameter Vi, i.e., the bending control (af = 0, 8f = —1) and the twist con-
trol (o/lc =1, Bf = 0). Furthermore, as evidenced by the static study, the shear force
induced by Vj is immaterial in the TB-subsystem. As a result, the velocity feedback
Eq. can be simplified to a combination of these two cases: the Bending Control
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Vi —k1¢
Vo {%’} {_k3¢} (5.14)

The static study in Section [5.5.2] evidenced a significant effect of the twist-bending
elastic coupling on the actuation performance. Thus, the weak and strong elastic cou-
pling cases are separately investigated here. Bending control is considered first because
twist control has a weak bending authority for the weak elastic coupling case. Fig.[5.6|
depicts the damping ratios obtained for the first four modes of the weak elastic cou-
pling case 6, = 15°. The figure allows to easily identify the positive damping area
90° < 0, < 138°. The first four modes are denoted as Flap1, Flap2, Twistl and Flap3,
respectively. Since the twist-bending coupling can be ignored in the first four modes,
the damping ratios of the flapping and the twist modes follow the trend of coefficients
AN and .Aéwy variation in Fig. respectively.

Considering the strong twist-bending elastic coupling case of 6, = 75°, the results
obtained with the bending control methodology and the twist control methodology are
shown in Figs.[5.7a)and [5.7b] respectively. Note that, due to the strong elastic coupling,
there will be no pure bending mode or twist mode for the TB-subsystem. The twist con-
trol methodology is more efficient, especially for the third mode (3TB), whose modal
shape is dominated by the twist component. This is because the negative twist damp-
ing will be induced by direct bending actuation via twist-bending elastic coupling, see
Fig.

In a nutshell, the optimal control strategy for the 6, = 15° case is the bending
control methodology with 6, ~ 120°, while for the ¢), = 75 case is the twist control
methodology with 0, = 135°.
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Figure 5.7: Damping ratios as a function of the piezo-composite ply-angle 0,,; k; = 100, 0, = 75°
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Figure 5.8: First four modes frequencies as a function of host structure ply-angle 0,; 0, = 120° and
k; = 100.

5.6.3 Optimized by tailoring

It is clear that the twist-bending elastic coupling has a significant effect on control effi-
ciency. Thus, in order to optimize the control performance by host structure tailoring,
the effect of the ply-angle 8}, on the vibration control authority is investigated.

Figure depicts the frequencies of the first four modes as a function of angle 6},.
A typical mode cross phenomenon between the third and fourth modes can be found
in Fig. [5.8] In order to avoid misunderstanding in the following study, it states that
the 4th mode is denoted 3TB and 3rd mode is denoted 4TB in the mode crossed range
33° < 6, < 60°. The frequency of mode 1TB increases from 8, = 0° to 6, = 90°;
modes 2TB and 4TB reach their maximum frequency for 6, ~ 80°.

In order to compare the bending and twist control methodologies, ¢, = 120° in
piezo-actuator is adopted here, since this angle allows to achieve comparable bending
moment and twist authorities. The damping ratios obtained with the bending and the
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twist control methodology are shown in Figs. [5.9a) and [5.9b] respectively. A sudden
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Figure 5.9: Damping ratio as a function of the host structure ply-angle 0y; 6, = 120° and k; = 100.

change around the mode cross points ¢, ~ 33° and ¢, ~ 58° can be found in Figs.[5.94]
and Especially near the point 6, ~ 58° in Fig. a jump phenomenon is
observed. This is because near this point, not only the eigen-frequencies of the 3TB
and 4TB modes are almost the same, but their mode shapes are similar as well. Outside
of the mode cross regions, the damping ratios for both control methodologies increase
for the 1TB, 2TB and 4TB modes, and decreases for the 3TB mode. Furthermore, for
bending control methodology of Fig. [5.9a] mode 3TB has a negative damping above
0, ~ 80°, and the damping ratios of modes 1TB, 2TB and 3TB significantly decrease
near 0; = 90°.

The absolute value of the first mode (1TB) eigenvalue real part is plotted as a func-
tion of j in Fig. The corresponding curves for the 2TB, 3TB and 4TB modes
are reported in Fig. The plots of Figs.[5.10a and [5.10b| can be splitted into two
different regions, i.e. Area 1 for 0 < 6, < 45° and Area 2 for 69° < 6, < 87°; these re-
gions are characterized by weak and strong twist-bending elastic coupling, respectively.
In Area 1, the twist control methodology (red lines) has almost no flapping damping;
thus, the bending control methodology (black lines) should be chosen. Within Area
2, instead, the flapping damping induced by the elastic coupling allows to achieve a
damping that is higher than that of the direct flapping control; thus, the twist control
methodology would be a better choice here.

5.6.4 Vibration control under an impulsive load

An impulsive load with coefficients p, = m, = 1, and m, = 0 in Eqs. (5.4) is applied
to the 6, = 75° structure. Figs. [5.11a and [5.11b]depict the time responses of the tip
flapping displacement (L, ) and twist rotation ¢(L, t), respectively. Piezo-actuator
0, = 90° with bending control methodology, that was chosen in Refs. [[16,49,86], is
compared with the piezo-actuator 6, = 135° with twist control methodology. From the
results of Figs.[5.1Taland[5.11D] it can be seen that the twist control shows a significant
advantage both for the flapping and twisting motions.
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5.7. Dynamic control of lateral bending-extension coupling subsystem

5.6.5 The influence of position of piezo-actuator

Investigating the effect of size and position of piezo-actuators allows to strike a balance
between their cost and efficiency. As reported by Librescu et al [43,46]], twist-bending
elastic coupling is beneficial for the aeroelastic response behavior. Thus the piezo-
actuator ¢, = 135° with twist control methodology and strong elastic coupling host
structure 0, = 75° is considered here. The size of the piezo-actuator is first fixed at
10% of the beam span, and the sensors are applied at the outer end of the piezo-actuator,
see Fig.[5.1] The resulting first four modes damping ratios are depicted in Fig. [5.12a]as
a function of the piezo-actuator position. When the piezo is positioned between 48%
and 67% of the wing span, the 4TB mode damping is negative. A good compromise is
achieved at 40% of the span. However, for a large size piezo-actuator, e.g., 70% length
of span see Fig.[5.12b] the damping ratios of the first four modes are all positive. In a
nutshell, the optimized position for piezo-actuator is around central point of the span.
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Figure 5.12: Damping ratios as a function of the piezo-actuator position; 0, = 75° 60, = 135°,
k; = 100.

5.7 Dynamic control of lateral bending-extension coupling subsystem

5.7.1 Elastic coupling

Figure [5.13] depicts stiffness coefficients a;; of BE-subsystem as a function of host
structure ply-angle ;. Actually compared to the host structure stiffness, the additional
stiffness of piezo-actuators is immaterial. From the results of Fig.[5.13] it can be found
that, regardless of 6, the absolute value of extensional stiffness a;; is significantly
greater than that of other stiffness coefficients, which implies that the idea of controlling
beam system using piezoelectrically induced extension (7)) seems unrealistic. As for
bending stiffness ayy and transverse shear stiffness a44, their maximum values exist at
0, = 90° and 6, = 70°(110°), respectively.
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5.7.2 Dynamic control via velocity feedback control

In this section, damping ratios induced by piezo-actuators are studied based on the ve-
locity feedback control. The control authorities between piezoelectric transverse shear
force offered by flange-actuator-pair V5 and piezoelectric bending moment offered by
web-actuator-pair V3 are compared. Figs.[5.14al and [5.14b|illustrate damping ratios of
the first three modes plotted as a function of host structure ply-angle 6. For bending
control indicated in dashed lines, the system exhibits the expected positive damping ra-
tios for all first three modes. Actually for the case that the piezo-actuator is spread over
the entire beam span, voltage parameter V3 will just produce a piezoelectric chordwise
bending moment in the boundary conditions at the beam tip. This can also explain why
the damping ratio curves (dashed lines in Figs. [5.14a] and [5.14b)) present the reverse
variation trend as that of bending stiffness as, in Fig.

However, for transverse shear control indicated in solid lines, the system exhibits a
negative damping ratio of 2nd mode in Fig. [5.14b] This means the idea of vibration
suppression via transverse shear control based on the simple velocity feedback is unre-
alistic. This result can also be concluded in Figs.[5.15a and [5.15b], which plot damping
ratios as a function of piezo-actuator ply-angle 0,.

5.7.3 Dynamic control via LQR optimal control

Recalling Eq. (3.30), solution of Riccati equation yields the control law which depends
only on the weighting coefficient 7; that making the balance on control effectiveness
and energy consumption. Thus weighing coefficients for transverse shear control 7y
and bending control 73 should be investigated firstly. Note that, host structure with
ply-angle 6;, = 75° is considered in the following numerical study, since this configura-
tion can provide a strong twist-flapwise bending elastic couping [77,(97]] that is benefit
in various practical engineering applications. Relationships between weighting coeffi-
cients 72, 73 and system damping ratios are highlighted in Fig. It can be found that
the damping ratios decrease more and more slowly with the increase of 7;. In addition,
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piezoelectric induced transverse shear force (5) will induce similar damping ratios for
the first three modes when applying LQR control strategy. While piezoelectric bending
moment (V3) will induce greater damping ratios for lower modes.
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Figure 5.16: Damping ratios of the first three modes vs. weighting coefficient n; 0y, = 75°, 05 =135°

Figure [5.17a] depicts the responses of beam tip under a lateral impulse load for se-
lected control strategies. Note that, the first six structure modes are used in the sim-
ulation. The associated voltage time history are shown in Fig. [5.17b] It can be seen
that within the same applied voltages level in Fig. [5.17b] as our expected, bending
LQR optimal control (V) is more efficient than bending velocity feedback control, see
Fig. Moreover, transverse shear LQR control presents a significantly better con-
trol authority than that of bending LQR control.
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Figure 5.17: Response time-history to a lateral impulse load; p, = 10N -m~1, 0, = 75, 95 = 135°,
GZV = 90°, k3 = 1000 Vs, n2 = 50, n3 = 2000

The relationships between control authority and piezo-actuator configuration on the
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5.7. Dynamic control of lateral bending-extension coupling subsystem

perspective of controller energy consumption are highlighted in Fig. [5.18] which plots
damping ratios of the first three modes as a function of piezo-actuator ply-angle 6, for
the constant weighting coefficients 7, = 50 and 13 = 2000. Since piezoelectrically
induced bending will always provide positive damping for all modes, the damping ra-
tios presented in Fig. [5.1§] are not sensitive to piezo-actuator ply-angle. On the con-
trary, in view of fact that transverse shear may provide positive and negative damping
for different modes at the same time, additional energy will be consumed during the
vibration suppression process. Thus we can observe the significant influence of piezo-
actuator ply-angle on damping ratios in Fig. [5.18] Specifically, flange-actuator-pair
with 05 ~ T72° or ~ 170° can produce the maximum balanced positive damping ra-
tios. While flange-actuator-pair may lose control for the system when (95 ~ 5° and
6’5 ~ 80°.
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Figure 5.18: Damping ratios of the first three modes vs. piezo-actuator ply-angle 0,,; 8, = 75°, 13 = 50,
ns = 2000

These results can be seen more clearly in Fig. [5.19a which plots the beam tip re-
sponse time-history under a lateral impulse load for selected flange-actuator-pair con-
figurations. The associated voltage time-history are shown in Fig.[5.19b] On the aspect
of ideal energy consumption, 05 = 170° is indeed more efficient than (95 = 1357, see
Fig. However, the average applied control voltage of 05 = 170° case is signifi-
cantly greater than that of 05 = 135 case in Fig. This is because the maximum

absolute value of transverse shear pizeo-actuator coefficient AQQx exists at 95 ~ 135°,

see Fig.[5.2]

5.7.4 Piezo-actuator size and position study

Considering the high cost and high density of piezo-composite materials, the rational
designs of piezo-actuators, such as the size and the position, should be investigated.
Before discussions, the following nondimensionless parameters are defined,

La U1
g=2 =2 5.15
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Figure 5.19: Response time-history to a lateral impulse load; p, = 10N - m™1, 0;, = 75°, 5 = 50

where 7, and 7, denote size and position of the piezo-actuator, see Fig.[5.1]

Since flange-actuator-pair with 05 = 135° can produce a maximum piezoelectric
torque that is benefit for twist-flapwise bending coupling subsystem [97]], this con-
figuration is also adopted here for chrodwise bending-extension coupling subsystem.
Figs.[5.20a]and [5.20b| plot damping ratios as a function of flange-actuator-pair position
for small (n, = 0.3) and large size (1, = 0.7) cases, respectively. It can be found that
damping ratio of the first mode is not sensitive to position. In general, flange-actuator-
pair located near the root of the beam can produce the maximum damping ratios.
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Figure 5.20: Damping ratios of the first three modes plotted as a function of flange-actuator-pair posi-
tion; 0, = 75°, 05 =135 12 = 50

As for the web-actuator-pair, the influence of position on damping ratios are high-
lighted in Figs.[5.2Taland [5.21b] It can be found that no matter the size of the actuator,
damping ratio of the first mode decreases when the actuator position moves from beam
root to the tip. In a nutshell, the ideal position for web-actuator-pair is around central
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point of the span considering the balanced damping ratios for all modes.
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CHAPTER

Nonlinear Modal Interactions for Advanced
Composite Aircraft Wings

6.1 Introduction

Nonlinear dynamic characteristics of a composite aircraft wing structure modeled by a
geometrically nonlinear anisotropic thin-walled beam in the presence of simultaneous
1: 2 internal and 1 : 1 external resonances are investigated in this chapter.

One necessary condition for the presence of modal interaction is that the linear nat-
ural frequencies w; are commensurate or nearly commensurate, i.e., Z;‘Zl kiw; ~ 0,
with k; positive or negative integers [65, p. xvii]. For composite structures, this condi-
tion can be easily fulfilled and there may even exist numerous groups of linear modes
which simultaneously fulfill this condition. As an example, for a flat sandwich panel
as investigated by [80], wa1(45.0) + wy41(133.0) = 178.0 =~ wy2(177.0), w12(69.0) +
w2 (177.0) = 246.0 = w14(246.0), we2(92.0) 4+ w93(169.0) = 261.0 ~ w94(262.0),
2&)21(90.0) -+ W31(78.0) = 168.0 =~ w23(169.0), w12(69.0) + W32(1290) = 198.0 =~
w33(199.0), wa1(45.0) + wi3(152.0) = 197.0 ~ w33(199.0). Although there have been
extensive research work on this issue in solid structures, such as solid beam, plate,
shell [53556], in the context of aircraft composite wing structures modeled as thin-
walled box beams, the issue of modal interactions has not yet been addressed.

In the present work, due to its beneficial aeroelastic response behavior, composite
thin-walled box beams with geometric nonlinear deformations under circumferentially
asymmetric stiffness (CAS) [46,47|] configuration is adopted to model the advanced
wing structure. Bending-twist coupling induced both by the anisotropy of the con-
stituent material and by the heavy external stores arbitrarily located along the wing span
and chord is accounted as well. The equations of motion and compatible boundary con-
ditions are derived from an extended Hamilton’s principle [S8, pp. 82-86]. Then, the
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Chapter 6. Nonlinear Modal Interactions for Advanced Composite Aircraft Wings

extended full-basis Galerkin’s method [45,70] and the method of multiple scales [64]
are adopted to semi-discretize and solve the related nonlinear problems. Alternatively,
the direct form with the multiple scales method [2] is also viable in the present case. As
proved by Lacarbonara [41]], full-basis discretization (e.g., Galerkin) approach yields
the same resonant nonlinear normal modes with the direct approach. Next, based on
the amplitude modulation equations, modal interactions in the presence of simultaneous
internal and external resonances are analytically investigated. Actually, for the case of
simultaneous 1 : 2 internal and 1 : 1 external resonances we considered in the present
work, as demonstrated by Nayfeh [66]] and Luongo [52], cubic and higher nonlinear-
ities has no effect on the amplitude modulation equations. Finally, for the purpose of
validating the preceding theoretical results, the commercial code ABAQUS [31] is used
to simulate the nonlinear vibration responses of the thin-walled box beam subjected to
primary-resonance excitation. The fast Fourier transform (FFT) [99] is further used for
validating the preceding theoretical results.

6.2 Dynamical model

A fiber-reinforced composite thin-walled beam as shown in Fig. [6.1a)is considered here
to model the aircraft wing structure. In addition to the concentrate stores distributed

77777777;:;,’:;/, Bl /
2d s A Lx5
AL D | p <
(up)

(a) Geometry of an aircraft wing modeled as a thin-walled beam (b) A swept aircraft wing with external stores

Figure 6.1: Advanced aircraft wing structure model

along the beam span, a tip store is also considered, see Fig. [6.Ib] In order to describe
the position of the store, besides the inertial frame O XY Z, another body-fixed frame
oxyz attached to the wing is considered, see Fig. [6.1b]

6.2.1 Kinetic energy of external stores

To derive the kinetic energy of external stores associated with the various components
of the system, the centroid position of the jth external store described in the body-fixed
coordinate system ozyz should be expressed in terms of those of the global coordi-
nate system OXY Z via a rotation matrix R. The expressions for the components of
the rotation matrix R are related to the choice of technique for representing the rota-
tion. In this investigation, an exponential of a skew-symmetric matrix R = exp(®) is
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adopted [3,/74,/84]. It is reasonable to use the following truncated form of the rotation
matrix [[59,/73]]

R—exp(@)z1+@+%@2, e=160, 0 6,]. (6.1)
—¢ —0, 0

Note that the truncated rotation matrix will characterize complete quadratic non-
linear terms induced by external stores but incomplete cubic nonlinear terms. However,
only the quadratic nonlinear terms are specifically discussed in the context. As a result,
the position vector p; of the jth store after deformation measured from zero can be
expressed as

p;={uw w+Y; wo}T +R{z; ZJ}T7 6.2)

in which for the span distributed store located at Y; ( j = 1, J), the local position
components (z;,y;, 2;) is given as (r;,0,0). r; is the chord location of the jth store,
see Fig. |6.1bl As for the tip store (Y; = L), (z;,y;,,2;) is given as (zr,yr,0), in
which 27 and y; denote chord and span offsets of the tip store, see Fig.[6.1b| Thus the
translational kinetic energy of the stores can be expressed as:

w_ Lo (0pr)' -1 (0p)
T = gmr( = +j212mj 5 ) (6.3)

where m; and m¢ denote mass of the jth span distributed store and mass of the tip
store, respectively.

The external stores of the aircraft wing are usually associated with engines, fuel
tanks or winglets. For the rotational kinetic energy of the external stores, described in
the store attached inertial frame (0'$;£,&3) (see Fig. can be expressed as:

. o) I o0 o0 M 7 0" It 0 0 M
= Q 0 12 0 D 5 +) 3 Q 0 I2 0 Q,
Q3 0o o0 ¥ Q3 =1 Q3 0 o0 I? Q3

where I7* and [ (zx = 11,22, 33) are the principal moments of inertia of the jth span
distributed store and of the tip store, respectively. The angular velocity components
(Q1, 9, Q3) can be computed of those of the global coordinate system OXY Z as

04 cos(A) sin(A) 0] (6,
Qg p = | —sin(A) cos(A) 0] < 6y p, (6.5)
Q3 0 0 1] |6

where A is the sweep angle (positive backward), see Fig.[6.1b] The angular velocities
{0, 6, 65}T can be obtained from the truncated form of rotation matrix in Eq. (6.1)
as 34,59

0, , —6,
by » ~ [I+ 56 b 7. (6.6)
05 .
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6.2.2 Governing equations and boundary conditions

In order to formulate the equations of motion, Hamilton’s principle [58, pp. 82-86] is
applied. The true path of motion renders the following variational form stationary:

to
/ (6T, + 6T + 0T 4 6V;, — W) dt = 0, (6.7a)

t1

with
5U0 = (5?}0 = 511]0 = 60z = 592’ = 5¢ =0 at t= tl, tg, (67b)

where Tj, and V,, denote the kinetic energy and strain energy of the clear wing, respec-
tively; while 617, stands for the virtual work due to the external forces. Their explicit
expressions can be known in Ref. [98]. After lengthy manipulations and collecting
the terms associated with the same displacement variation, the governing equations
expressed in terms of the basic unknowns, are:

J
5U0 : a14U6/ + CL44(Ug + 6;) - Z 6D<y - YJ)mgUO + [NS =+ Nzﬂ/ - E'z - Ei + 03
j=1
+px - blﬂo - Oa
(6.8a)
J .
dvo : annvf + ara(ug +02) = > 6p(y — Yy)my (o + r;0-)
ey (6.8b)
+ [N24+ N3 — E2 - E2+ O+ p, — biiiy = 0,
J ..
dwo : ass(wy + 0,) — Z op(y — Yj)m;(wo — 7;0)
e (6.8¢)

[N2 + N2)" — B2 — B2 + Ok + p. — by = 0,

0¢ + azfl + arr¢” — agsd™ + [N, + Néﬂl — E3—E;+ N;+ N, + O

J
+my + b, — (b +b5) + biod” — Y Sy — Y}'){mj(_rjwo +7,°0) (6.8d)

j=1

+ [(;'sin®A + [JZQCOSQA)QB + (I7* — I;") sin A cos Aﬁm} } =0,

00, : assbl + azd” — ass(wh + 0,) + [N2+ N3] + N2+ N? — E2 - B3 + O}

J
— Z dp(y — Yj){ [(]jllCOSQA + If2sin2A)§x + (]]22 — ]}1) sin A cos Aqﬂ }
j=1

+ my — 64033 = 07
(6.8¢)
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6.3. Nonlinear analysis

60, : anb! — ajqvy — ag(ug +6,) + [NZQ + NZ?’}/ + N2+ N2 - E? - E3+ O

J

+m, — b5éz — Z(SD(Z/ — Y]){m] [Tj’bo + ’f'j2éz] + 13359z} = 0,
j=1
(6.8f)
and the associate boundary conditions can be given as:
aty =0,
Uozvozw0:¢:¢/:9xzez:0, (6.9)
aty = L,
Sup + a1avl + asa(uy + 0,) +marlio — yrf.) + B2 + N2+ B2 + N2 + O = 0,
(6.10a)
dvo : an vy + ara(ufy + 0.) + mp(io + xr0,) + B> + N2 + E3 + N2 + O =0,
(6.10b)
dwo : ass(w + 0,) + my (o — 216 — yrb,) + Ep, + Np + Eb + No 4 Oy = 0,
(6.10c)

8¢ : agrtl, + ard — agsd” + mp(—ario + v + Tryro,)
+ (I}sin®A 4 [2cos®A)¢ + (12 — 1) sin A cos AG, (6.10d)
+E5+ N; + E} + Nj + 05 =0,

00, : azst, + azrd’ + mp(—yriy + vryrd + yr26,) + (IFcos’A + I¥sin?A)d,
+ (IZ - IM)sinAcos A + E2 + N? + B2 + N2 + 0 =0,

(6.10e)
00, : agl, + mp(—yriig + xriy + yr°6,) + I3°0, + B> + N2+ E3 + N3+ 0* =0,
(6.10f)

In these equations, the a;; and b;; terms are associated with 1-D stiffness and mass terms
of the clean wing, and their expressions can be found in the appendix of Ref. [98]. In
Eqgs. (6.8)), ps, py, p. are the external forces per unit span; b,, is the bimoment of the
surface tractions; m;, m,, m, are the moments about r—, y—, z—axis, respectively;
(N2,N?) and (N}, N?) (i = u,v,w,¢,x,z) are quadratic and cubic nonlinear terms
that only related to the wing structure. Terms Ef and Ef’ (i = u,v,w, ¢, x, z) appear-
ing in the governing equations (6.8) denote the quadratic and cubic nonlinear terms
induced by all J span distributed stores. While E? and E? that in the boundary con-
ditions (6.10) denote the quadratic and cubic nonlinear terms induced by the tip store.
The expressions of quadratic nonlinear terms are reported in appendix [A.9

6.3 Nonlinear analysis

6.3.1 Discretization via the Extended Galerkin’s Method

For nonlinear dynamic analysis, the spatial discretization based on the Extended Galerkin
Method (EGM) [45,[70] is implemented. Thus, the discretized nonlinear equations of
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motion for wing-store system can be written as
(M +E{d} + [KH{a} + {N*} + {N°} + {E*} + {E’} + {0} = {Q}, (6.1])

where ’
T T T o of of
={a a5 a, a; a. al }, (6.12)
and M, E, K, Q denote mass matrix of wing, mass matrix of all stores, stiffness ma-
trix and external excitation vector, respectively. Their expressions are shown in ap-
pendix N2, N? are the vectors of wing structure nonlinearities, while E? and E?

are the vectors of nonlinearities induced by all external stores. O* stands for the higher
order nonlinear terms.

6.3.2 Analytical solution via the multiscale method

We follow the procedure in Ref. [67] and seek a first-order uniform expansion by using
the method of multiple scales in the form

q = €q1(T0,T1, ) + €2q2(T0,T1, ) + 83q3(T0,T1, ) 4+ - (613)

where ¢ is a small, dimensionless parameter related to the amplitudes and 7;, = £"¢.
Furthermore, we introduce the external harmonic excitation matrix F and the Rayleigh
damping matrix Cp [51,/92]] into the system. Meanwhile we order these two matrices
so that the effects of the external excitation, the damping and the nonlinearity appear in
the same perturbation equations. Thus we let

{F} = —2¢*{Q} cos Qt, [Cg] = 2eu[M + E], (6.14)

where (2 denotes the frequency of the external excitation. Substituting Eqgs. (6.13)) and
(6.14)) into Eq. (6.11)) and collecting all terms of order ¢, we obtain
On scale O(¢)

MBI+ K] - o .15
On scale O(c?)
M+ B} ¢ K} = oM+ Bl ) - M BiGE)
—{N*(ar,a1)} — {E*(a1, q1)} — {E*(q1, 1)} — 2{Q} cos Qt,
On scale O(c?)
M+ B} + (K]} - M+ B+ T8 - M Bl
Iqu | O

— 2u[M + EJ{— + —} {N*(q1,q2)}

- {NS(Qh di1, Ch)} - {Ez(Oh, Q2)} - {E (q1, <°i2)}

—{E*(&1,92)} — {E*(qu, u, a1)} — {E*(qu, qi, @)}
(6.17)
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6.4. The internal resonance case: w, ~ 2w,

The solution to the first-order perturbation Eq. can be written in the form [52,
60]:

@ =Y {A(T) Ve T 4+ A, (T)V,e T} (6.18)
n=1

in which, A,, and V,, denote the amplitude and the eigenvector of the nth mode. Re-
placing the first-order solution form Eq. (6.18]) into Eq. leads to

82
M+ B[{ 572} + [K]{a:} = ~2{Q} cos
0
G . aA W 8A — 1w
—2[M + E] ZVp(zwp){a—Tfe rlo a—Tfe PTO}
p=1

—2u[M + E]

M8

V,(iwy) {Apei”PTO — flpe’i“”TO}

1

p

— Z Z[Nnm _ wm2Enm] {AnAmei(wnJer)To 4 AnAmei(wnfwm)Tg

n=1 m=1

(6.19)

+AnAmei(7wn+wm)To + An;lmefi(wn+wm)To}

_ Z Z [—wmwn ] { A A, eilontom)To _ A 7 cilwn—wm)To

n=1m=1

_AnAmei(—wn-i-Wm)To + AnAme—i(wn—kwm)To}?

where the quadratic nonlinear matrices N,,,,,, E,,,,, and Enm are defined in appendix
For eliminating the possible secular terms in Eq. (6.19)), the extra internal resonance link
connecting q, may exist when w,, ~ w,, & w,. Furthermore, if we go to the third scale
(related to Eq. (6.17)) to check an internal resonance, on can find an internal resonance
combination w,, X wy, = wy, = w;. It becomes apparent that1: 1,1 :2and 1 : 3 internal
resonances are the special cases of the preceding combinations when n = [, m = n,
andm =n=1.

6.4 The internal resonance case: w, ~ 2w,

At first, modal interactions in the presence of 1 : 2 internal resonance for the clean
wing structure is investigated, i.e., we consider the internal resonance when w,, ~ 2w,,
as a case study. We introduce the internal and external resonance detuning parameters
01 and 09 [42, 90]

Wy = 2wy, €01, Q= w; + €0y, (6.20)

where () denotes the frequency of the external excitation, while w denotes the natural
frequency of the beam.
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6.4.1 When the external energy input from the pth mode, () near w,,.

In such a case, by dropping the terms related to external stores, the solvability condi-

tions of Eq. are

dA . ,
id;WJ%AM%a“ﬁ+4W%+FM%QWﬂW%:Q (6.21a)
1
dA,, -
i + NpAyA e +ipA,, =0, (6.21b)
AT,

in which the nonlinear coefficients V), N,, and the external excitation coefficient F),
(or F;,) are defined as

Ny )V Nop' + N ) Vi
w,V,” MTV,, 20, Vi MTV,,
TV T\/’m
F, = QTP , Fn= QT : (6.23)
2w,V,” MV, 2wV, MTV,,
We introduce the polar notations for the amplitudes as
Ap(Tl) = ap(Tl)eiﬁp(T1)7 Am(Tl) - Oém(Tl)ewm(Tl)7 (6.24)

substituting Eq. (6.24) into Eqs. (6.21]-b), separating real and imaginary parts of the
resulting equations, and after some manipulations, we obtain the following differential
equations:

Gy = —Npam2 sinvy — poy, — F,siné, (6.25a)
apo = Nya,* cosy + F, cos¢, (6.25b)
Oy, = Ny Oty SIN Y — 1 (6.25¢)
amﬁm = Nyt €Os 7, (6.25d)
where
v =2Bm — Ty — By, & =011 — B (6.26)

Steady-state solution

The steady-state motions occur when ¢, = &,, = 0,y = 0 and 5 = 0, which corre-
spond to the fixed points solution of Eqgs. (6.25]) and (6.26)). It can be found that there
are two kinds of fixed points:
(1) o, # 0 and «,y, = 0,
2 'y 6.27
ap_ﬂ2+a22’ (6.27)
(2) oy # 0 and oy, # 0,
2 (0’1 + 0'2)2 + 4#2

= 6.28
p N2 ; (6.28)
while «,, is the solution of the following equation
N,
Ny'am® + N—p[2N2 — o9(01 + 09)]am® + (1 + 09*) — F,2 = 0. (6.29)
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6.4. The internal resonance case: w, ~ 2w,

For solution (1), the primary (external) resonance plays a dominant role and the
internal resonance can be ignored. No energy transfer between modes occur and the
response of the system is governed by the directly excited pth mode only. This agrees
with the solution of the corresponding linear system.

In solution (2), the amplitude of the primary resonance mode «, is independent of
external excitation F'p. For further discussion, at first we define two critical values of
F,,, namely, f' and £

[f;’lf = [Mr [fff _ (ot 02)% + 42

oIN. N2 (1? +02%) .  (6.30a)

Clearly, | f*| must be greater than | f'|. Similarly, we also define two critical values of
09, namely, 05! and 52, which are governed by

(1305 + 01)]* = [2F,N,,)* (6.31)

and
(082 + 01)? + 4] [(0§))? + ] = [2F, N, (6.32)

Next we determine when the roots «,,, of Eq. (6.29) are real. If the parameter I is no

less than O, i.e.,

Np 1o 2

I'= —[Q/L —02<0'1—|—02)] = O, (633)

Ny,
one real solution o, exists when |Fp| > | f¢?|. Otherwise there is no real solution. If
the parameter I is negative, two real solutions a,,” exist when |Fp| < |f:?|, and one
real solution o, exists when |Fip| > | f?|. We note that when the detunings of internal
and external resonance are both small, the sign of the parameter I' is just determined by
the sign of N,/ IN,,,.

Stability analysis

The stability of steady-state solutions can be determined by the eigenvalues of the
linearized coefficients matrix of the system (Jacobian matrix) near the corresponding
steady-state solution. If the real part of each eigenvalue of the coefficient matrix is not
positive, then the corresponding steady-state solution is stable, otherwise is unstable.
Consequently [|66]], the stability of steady-state solutions can be summarized as:

1. When |F},| < |f5], the stable response must be given by (6.27), which agrees with
the linear solution of the system.

2. When T is negative and |f;'| < |F,| < |f5?], the response given by the linear
system and the response given by the greater one of the two possibilities
predicted by (6.28) and (6.29) are both stable. Jump phenomenon can be observed
in this case.

3. When |F},| > |fs?], the stable response is given by (6.28) and (6.29). Saturation
phenomenon can be observed in this case.
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6.4.2 When the external energy input from the mth mode, {2 near w,,.

Similarly to (6.25) and (6.26)), we can obtain the following differential equations:

qp = — Ny, siny — oy, (6.34a)
By = Ny ? cosy, (6.34Db)
Gy = Nt Siny — pucvy, — F, sin§, (6.34¢)
amBm = Npp0uy, cosy + Fp, cos &, (6.344)
where
¥ =28 — 01Tt — By, =011 — B (6.35)
Steady-state solution
In this case, only one steady-state solution exists (o, # 0 and «,, # 0),
N 2
2 - m?, (6.36)

W = w2+ (209 — 01)?
while «,, is the solution of the following equation
N.2N, 2 a,,°

P2+ (209 — 07)?

2 [,u2 — 02(202 — 0'1)] NmNp&m4
P2+ (209 — 07)?

+ (1 + 09 — F,2 = 0.
(6.37)

According to the discriminant of the cubic equations, the roots «,* of Eq.
may have one or three real solutions. Indeed, only one real solution exists when F}, is
beyond a critical value, and normally this critical value is zero, which means three real
solutions may rarely exist.

Stability analysis

Similarly, the stability of the steady-state solutions is determined by the eigenvalues of
the corresponding Jacobian matrix.Then for the steady-state solution, Jacobian matrix
can be simplified as

20y,

— 1 - —(209 — 01)a, 0
N« "
_ p&m
= 2(205 — 1) , (6.38)
J31 —2J40 — — —pu—2Jsz —2Ju3+2u
J m
__7= Juo Jus —p+ Ju3
QU Oty ]
where,
(20’2 — Ul)NmOép2 2J23 (202 — 0'1)
Joz = N ;o Ja = ;
Jo 02 (209 — 01) Nypayy? T = _ﬂNm()zPQ
42 — " NpO{m3 Y 43 — NpamQ .
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6.5. Numerical study for 1 : 2 internal resonance

According to the Routh-Hurwitz criterion, it can be proved that when F;,, is beyond
a critical value, there exists no steady-state in spite of the presence of damping. In
this case the energy is continuously exchanged between these two modes without being
attenuated. There is no saturation phenomenon.

6.4.3 Further analysis of the internal resonance relationship

The results of the governing equations (6.8)) and boundary conditions (6.9)-(6.10) show
that the linear part of the system can be split into two independent subsystems, viz., one
involving Lateral Bending/Extension/Lateral Transverse-shear motions (BE-subsystem
up — vg — 6,) and the other involving Twist /Vertical Bending /Vertical Transverse-
shear motions (TB-subsystem wy — ¢ — 6,). Thus the eigen-frequencies w; and the
corresponding eigen-modes can also be split into two parts, w?% in the BE-subsystem
and w!P in the TB-subsystem. Therefore, the possible internal resonance relationship
wp A 2w, can be split into the following 4 cases,
(1) wlPm200" (2) wlPm20lP (3) wim2wlF (4) w”=2wlF.
Because the nonlinear coefficients V,, and [V, are determined by the space of linear
system, it is not difficult to determine that the nonlinear coefficients IV, and N,, are
both zero for the case (3) and case (4). Indeed for case (4), the nonlinear coefficients
N, and N,, are related to the global stiffness quantities asg that we ignored in the
nonlinear terms. As a consequence, there will exist no significant modal interactions
for these two internal resonance relationships. In other words, modal interaction may
occur only in the following 2 internal resonance relationships:
(1) wlP 2wl (2) wiPm2wlh. (6.39)

When the internal resonance relationship w'” ~ 2w’ is satisfied, energy just trans-
fers in the BE-subsystem. But when the internal resonance relationship wa ~ 2wlB
1s satisfied, energy can transfer between the two subsystems, i.e., vertical bending/twist
motions may induce lateral bending/extension motions and vice verse. The independent
two subsystems are coupled again due to the internal resonance.

6.5 Numerical study for 1 : 2 internal resonance

For a concrete study of modal interaction caused by the internal resonance, we con-
sider a composite thin-walled beam with length L = 2.43m. The material property
and geometric specification of the beam are given in Table and the lay-ups are
specified in Table (6 = 45°). From Table a significant relationship for internal
resonance can be found: wP? ~ 2wI'B. However it is important to note that, although
wiB ~ 2wPE | this relationship can not induce internal resonance according to the for-
mer analysis.

Figures and give the mode shapes of wP” and wl®, respectively. We can
find that v, plays a pivotal role in the wP® mode from Fig. While in Fig.
each component is important in wl? mode. We make w, = w3* and w,,, = wl P, then
the nonlinear coefficients can be specified as IV, = 1906.2 and V,,, = 138118. And

here we make the damping coefficient as ;1 = 0.5.
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Table 6.1: Material property and geometric specification of the thin-walled box beam

Material Value Geometric Value
Fi 206.8 x 109 N/m? Width (26%) 0.254 m
FEoy = Ess 5.17 x 109 N/m? Depth (2d%) 0.0681 m
G13 = Gos 2.55 x 109 N/m? Wall thickness (h) 0.0102 m
G1a 3.10 x 10° N/m? Number of layers (m;) 6

W12 = p13 = pos 0.2 Layer thickness 0.0017 m
p 1.528 x 10® Kg/m?

¢ The length is measured on the mid-line contour.

Table 6.2: Thin-walled box beam with CAS lay-up [unit:deg].

Flanges Webs
Top Bottom Left Right
[0le  [0ls [0/ =06l 10/ —0ls

Table 6.3: The natural frequencies of the thin-walled box beam (L = 2.432m , 8 = 45°) [unit: Hz]

Mode# Theoretical ABAQUS Error (%)®

wBE 22.701 22.637 0.28
wBE 134.11 134.48 -0.28
wBE 248.07 247.22 0.35
wBE 348.52 350.59 -0.59
wTB 7.1784 7.1379 0.57
wiB 44.672 44.451 0.50
wl'B 124.06 123.33 0.59
wl'B 149.25 147.93 0.89

@ Relative error, ([Analytical]-[ABAQUS])/([ABAQUS])x 100%.

1
0.8 |
0.6
g 047 E
G o2t %
()
'8 0 k7 'é
£ N
S5m-02F . B
3 3
0.4 f
06 | el 1 06 |
08 . . . . 08 . . . .
0 0.5 1 15 2 2.5 0 0.5 1 15 2 2.5
Distance from support, y Distance from support, y
BE TB
(a) wg (b) ws

Figure 6.2: Mode shapes
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6.5. Numerical study for 1 : 2 internal resonance

6.5.1 Energy is input from the w?’” mode, () near w/*

In Figs. and a, and a, are plotted as functions of external excitation F,,
where stable solutions are indicated in solid lines while unstable solutions in dashed
lines. In Fig. [6.34) the detunings of the internal and external resonance are both small,
the parameter I is positive. Thus there is only one real solution for (6.36) when £}, >
f;?. In Fig. @ 01 = o0y = 1.5, this combination renders I' negative. Thus in
the region [ < F), < flf2, there is a jump phenomenon associated with varying the
amplitude of the excitation F},. The trend of amplitude responses o, and «,, can be
traced from two ways, i.e., from F,, = 0 to higher values and vice verse. The jump
phenomenon can be traced by tracking the arrows, respectively.

In Figs. and [6.3b] one can clearly see the saturation phenomenon. As the ex-
ternal excitation [, increases from zero, so does the response of c,. This agrees with
the solut_ion of the correspon'd?ng linear system (6.27). Beyond the criti'cal value f5?,
the solution loses stability and another branch of solution determined by (6.28))
and dominates. It is clearly seen that the response «, is independent of external

excitation, though the energy is input from the external resonance mode wiZ.

In Figs. [6.4a] [6.4b and [6.4c| o, and «,, are plotted as functions of external reso-
nance detuning parameter oy, where stable solutions are indicated in solid lines while
unstable solutions in dashed lines. In the region between o, “* and ¢52, the linear solu-
tion is unstable. The regions between ¢5? and ¢§! and between o, “* and o, <,
where two stable solutions exist, correspond to the parameter I' < 0. In Fig. the
jump phenomenon associated with varying the frequency €2 of the excitation is indi-
cated by the arrows. The symmetric behavior of the frequency-response curve versus
external resonance detuning o, can be seen where the internal resonance detuning o
is zero. The nonzero value of internal resonance detuning parameter o; will cause
the unsymmetrical configurations in frequency-response curves which can be seen in

Figs. and [6.4¢]

4 x10™ x10™*

Amplitudes

Amplitudes

(@) oy =02 =0.1 (b)oy =02 =15

Figure 6.3: Response amplitudes versus excitation intensity I, when energy is input from the w$¥ mode
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Figure 6.4: Response amplitudes versus excitation frequency oz when energy is input from the wP¥

mode ( F,, = 0.001).
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6.5. Numerical study for 1 : 2 internal resonance

6.5.2 Energy is input from the w!” mode, 2 near w!?

In Figs. [6.5a] and [6.5b] c, and a,, are plotted as functions of external excitation F,,,
where stable solutions are indicated in solid lines while unstable solutions in dashed
lines. Fig. shows that when F;,, is beyond a critical value, there exists no steady-
state solution. In such a case, the energy is continuously exchanged between the two
modes without being attenuated. Fig.[6.6shows a continuous exchange of energy back
and forth between the two modes for a large value of time 7). There no saturation
phenomenon exists. When the external resonance detuning o5 is large (02 = 3), jump
phenomenon indicated by the arrows can be observed in Fig. [6.5b]

In Figs. [6.7a] [6.7b] and [6.7¢| «, and «,, are plotted as functions of external reso-
nance detuning parameter o,. There is a region near the center dip of theses curves
where no steady-state solution exists. The regions in which there are two stable solu-
tions correspond to Fig. while the center regions correspond to Fig. As |oy|
increases, ay, tends to zero faster than a,, which is similarly to Figs. [6.44] [6.4b] and
6.4

x10™* x10°

«

5 p Phe
”

- ”

4 ’
e -
- «

3 g7 m

Amplitudes
Amplitudes

(a)o1 =02 =0.1

0.4

0.6

0.8

%108

F %107

(b)oy =0.1and oz = 3

Figure 6.5: Response amplitudes versus excitation intensity F,, when energy is input from the wl®

mode

6.5.3 Validation

In oder to test the accuracy of our model and validate our theoretical results on modal in-
teractions, the commercial code ABAQUS [31] is used in simulating the forced nonlin-
ear vibration responses of the thin-walled box beams. A 4-node doubly curved general-
purpose shell element type S4 is adopted in the computation. All the responses in
validations all come from one note at the tip of the beam. And Fast Fourier Transform
(FFT) [99] is used for the corresponding frequency-domain analysis. Material property,
geometric specification and lay-ups of the beams we used in the ABAQUS validation

are given in Table [6.1] and Table
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%10

Amplitudes «

0 10 20 30 40 50
Time T,

Figure 6.6: The evolution of the amplitudes o, and o, when energy is input from the w¥B mode.

(F,, = 0.001 and o1 = o5 = 0.1).

. WBE ~ 9, TB
Case 1: w;’™ =~ 2w,

Firstly, the validation for the beam model used in the example is given, where internal
resonance relationship w?” ~ 2wI? occurs. Theoretical prediction of the natural fre-
quencies and the results from ABAQUS are compared in Table [6.3] In all computed
modes, an excellent agreement is observed between the theoretical and numerical re-
sults. Because vy plays a pivotal role in the w?¥ mode, in this validation we just focus
on the analysis of extension and vertical bending responses of the beam.

Excitation energy is input from the w?* mode The normal uniform shell edge external load
distributed on the tip of the beam with magnitude specified as 5000N/m and frequency
2 specified as 247.2Hz is considered in this case. The responses of v and w are dis-
played in Fig. and Fig. respectively. It is readily seen that after a transient
process about 0.3 second, the vertical bending response is induced strongly by the ex-
tension excitation. And from the results of frequency-domain analysis, it is easy to
confirm the induced mode is wi®?. Moreover, the response amplitude of mode wl?
is nearly twice that of the response amplitude of mode w?”. Extension excitation in-
duces high-amplitude low-frequency vertical bending response, which agrees with our
theoretical prediction.

Excitation energy is input from the w!”® mode The normal vertical pressure distributed
uniformly on the top and bottom walls of the beam with magnitude specified as 10Kpa
and frequency specified as 123.3Hz is considered in this case. The responses of w and
v are displayed in Fig. and Fig. respectively. The mode wl is significantly
excited, which can been seen in Fig. [6.9b

When we increase the magnitude of the pressure to 100Kpa, significant noise can
be seen in Fig. and Fig. [6.10b] According to the preceding theoretical analyses,
when the external excitation is large enough, there will be no steady-state solution.
Thus these noise may come from the energy exchange between w!? mode and wP*

mode, which is similar to that in Fig. [6.6]
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Figure 6.7: Response amplitudes versus excitation frequency oo when energy is input from the wi?

mode (F,, = 0.0015)
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Figure 6.8: The responses and the corresponding frequency-domain analysis when the excitation energy
is input from the wBE mode.
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Table 6.4: The natural frequencies of the thin-walled box beam by ABAQUS (Length = 2.665 m,
0 = 45°) [unit: Hz]

Mode#  1st 2nd 3nd 4th

wBE 18.835 112.89 22478 300.22
wTB 5.9334 36.995 102.94 135.11

BE
Case 2: wp =2 2w,

In the example model, whose frequencies are listed in Table [6.3] there exists another
internal resonance relationship wl? ~ 2wPE. But there will be no significant modal
interactions according to the theoretical analysis. Because ug plays a pivotal role in the

wP® mode, we focus on the analysis of lateral bending and vertical bending responses.

Excitation energy is input from wl” The normal vertical pressure distributed uniformly on
the top and bottom walls of the beam with magnitude specified as 10Kpa and frequency
specified as 44.5Hz is considered in this case. The responses of w and v are displayed
in Fig. and Fig. respectively. No wP® mode exists in the frequency-domain
analysis. And the induced lateral bending response w is tiny compared with the vertical
bending response w.
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Figure 6.11: The responses and the corresponding frequency-domain analysis when the excitation en-
ergy is input from the wl B mode.

Excitation energy is input from w?Z The normal lateral pressure distributed uniformly on
the left and right walls of the beam with magnitude specified as 10Kpa and frequency
specified as 22.6Hz is considered in this case. The responses of u and w are displayed
in Figs. |6.12al and [6.12b] respectively. Although wl? mode is excited and can been
seen in Fig.[6.12b] the induced vertical bending response is extremely tiny compared
with the lateral bending response (nearly 3000 times), which can be neglected. There is
no significant modal interactions when the internal relationship wgB ~ 2wBE occurs.
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Figure 6.12: The responses and the corresponding frequency-domain analysis when the excitation en-
ergy is input from the w8 mode.

. ,BE , 9, BE
Case 3: w, " ~ 2w,

Here we consider a thin-walled beam with length L = 2.665m whose frequencies by
ABAQUS are given in Table. where a significant internal resonance relationship

wPE ~ 2wPE can be found. According the theoretical prediction, significant modal
interactions will occur when excitation energy | is input from w#¥ mode or wf¥ mode.
We note that ug plays a pivotal role in the w?” mode, however vy plays a pivotal role

in the wP* mode.

Excitation energy is input from wPF The normal uniform shell edge external load dis-
tributed on the tip of the beam with magnitude is specified as 5000N/m and frequency
Q2 specified as 224.8Hz is considered in this case. The responses of v and u are dis-
played in Fig. [6.13a]and Fig. [6.13b] respectively. It is readily seen that after a transient
process about 0.6 second, the lateral bending response is induced strongly by the ex-
tension excitation, i.e. w¥® mode is excited when excitation energy is input from w?*
mode. The response amplitude of mode w;

BE is over thrice than that of mode wlF,
which may be the result of the saturation phenomenon.

Excitation energy is input from w?Z The normal lateral pressure distributed uniformly on
the left and right walls of the beam with magnitude is specified as 40Kpa and frequency
specified as 112.9Hz is considered in this case. The responses of u and v are displayed
in Fig. and Fig. respectively. wP® mode is excited due to modal interaction
when excitation energy is input from w2® mode.

Case 4: w ~ 2wlB

In order to validate that there will be no significant modal interactions with the internal
resonance relationship w) ” ~ 2w ", a thin-walled beam with length L = 2.98m is

considered here. The frequencies by ABAQUS are given in Table. where w!'P ~
2wI'P can be found.
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Figure 6.13: The responses and the corresponding frequency-domain analysis when the excitation en-
ergy is input from the wP¥ mode.
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Figure 6.14: The responses and the corresponding frequency-domain analysis when the excitation en-
ergy is input from the wF¥ mode.

Table 6.5: The natural frequencies of the thin-walled box beam by ABAQUS (Length = 2.98 m, 0 =
45°) [unit: Hz]

Mode?  1st 2nd 3nd 4th S5th 6th 7th 8th
wTB 47354 29.560 82.441 12091 160.57 258.25 320.54 367.84
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Excitation energy is input from w?? The normal vertical pressure distributed uniformly

on the top and bottom walls of the beam with magnitude specified as 600Kpa and fre-
quency specified as 320.5Hz is considered in this case. The response of w is displayed
in Fig. Although wP® mode component can be found in the frequency-domain
analysis, it is extremely small so that it can be ignored.

Excitation energy is input from w!? For the external excitation in this case, We just
change the excitation frequency from 320.5Hz to 160.6Hz. From Fig. [6.15b] there
is no noticeable w’” mode component in the frequency-domain analysis. There is no
significant modal interactions when the internal relationship wg B ~ 2wIP occurs.
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Figure 6.15: The vertical bending response w and the corresponding frequency-domain analysis

6.6 The internal resonance case: w, ~ w,, + w,

Next, based on the 1 : 2 internal resonance discussion in the previous sections, a more
general frequency relationship is investigated for the wing with external stores, i.e.,

Wp = Wy + Wy, + €01,  § = w; + €0,. (6.40)

6.6.1 When the external energy is input from the pth mode

In such a case, in order to allow solvability of Eq. (6.19) [67], the following amplitude
modulation equations can be obtained

dA . ‘
idTp + Ny Ay Ane " 4 ip Ay, + Fycos(Qpt)e ™™ =0, (6.41a)
1
d A, _
i + Ny ApyA e ™ +iuA,, =0, (6.41b)
dT,
dA, .
i + N, Ay A e +ipA, =0, (6.41¢)
dn

in which the nonlinear coefficients N, N,,, N,, are defined as
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6.6. The internal resonance case: w, ~ w,, + w,

[(Nan + NmnT) - (wszan + WnQEmnT) - men(Egm + E%n)]vp

N, = = ,
2w,V," M+ E|TV,
(6.42a)
N (N + Np") = (0, 2Ey" + wi®Epy ") + wawp(BD + BTV, (6.42b)
" 2w Vi M 4+ E|TV,, T
N — [(NmpT + Nme) - (WmQEme + wp2EmpT) + mep(Eﬁp + Egm)]vn
" 2w, V, "M + E|TV,, ’
(6.42¢)
and the external excitation parameter F, is defined as
v
QV, (6.43)

F,= .
P2w,V, M+ ETV,

The amplitude modulation equations (6.41)) can be put in real form by introducing the
polar notations for the amplitudes

Ak<TI) = Oék(Tl)eiﬁk(Tl)a k= p,m,n, (644)

where oy, and [}, are real amplitudes and phases, respectively. By substituting Eq. (6.44)
into Eqgs. (6.41) and separating the real and imaginary parts, it follows that

Ay = —Npaay, siny — poy, — F,sin &, (6.452)
apBy = Ny, cosy + F, cos &, (6.45b)
Oy, = Ny upory, SIN Y — 10y, (6.45¢)
B = Npipry, €087, (6.45d)
O, = Ny, SINY — [0k, (6.45¢)
anﬁn = N, o0, COS 7, (6.45f1)
where
Y = Bm + Bn — o111 — By, & = 0211 — By (6.46)

The steady-state motions occur when ¢y, = &y, = &, = ¥ = fp = 0, that correspond
to the fixed points solution of amplitudes and phases equations (6.43)) and (6.46)). It can
be found that there are two kinds of fixed points.

1. The first kind fixed point is

2 Fp2
a,’ = —>"— a,=a,=0. 6.47
P ,U2 + 0'22 ( )

The first kind fixed point is actually the solution of the corresponding linear system.
2. The second kind fixed point is

(01 + 09)% + 4p? N, N,
Oép2 = 4_NmNn s Oém2 = mXp, Oén2 = N—mXp, (6483)
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where X, is the positive real root of the following equation,

N,N,,

V'N,,2N,,

ap, oy, and «,, will have real solutions for the second kind fixed point only when the
condition N,,N,, > 0 is satisfied. Eq. shows that the amplitude of the external
resonance mode «, is independent of external excitation F'p. This may lead to a satura-
tion phenomenon [66]] and result in energy transfer to lower frequency modes w,,, and
W,

N2 X, + 20 = 03(01 + 02)]1 X, + @) (1? + 05%) = 2 = 0. (6.49)

According to the solution cases of Eq. (6.49), the domain of the steady-state solu-
tions can be split into three parts. i.e., subdomain I, IT and III.

Subdomain I In this subdomain, the second kind fixed point has no real solution. Thus
the system only has the first kind fixed point. This implies that in subdomain I there is
no modal interactions and the external resonance plays the dominant role.

Subdomain I When the parameters combination satisfies
(o1 + 09)* + 41%](u* + 09%) — 4N,, N, F,* < 0, (6.50)

Eq. (6.49) has only one positive real solution. In this subdomain, the system exhibits
the first kind fixed point and one second kind fixed point at the same time. The stability
of these two fixed points can be determined by the eigenvalues of the system’s Jacobian
matrix near the corresponding steady-state solution [22]. If the real part of each eigen-
value is not positive, then the corresponding steady-state solution is stable, otherwise is
unstable.

Subdomain III'  When the parameters combination satisfies

Nm[2u2 — 0'2(0'1 + 0'2)] < 0,
p?(oy + 309)% < AN, N, F,?, (6.51)
AN, N, F)? < [(01 4 09)7 + 4] (12 + 02%),

Eq. (6.49) has two positive real solutions. Thus subdomain III consists of the first kind
fixed point plus two second kind fixed points.

6.6.2 When the external energy is input from the mth or nth mode.

Since the mth mode and nth mode can be exchanged with each other in the solvability
conditions, we just consider the case when external energy is input from the mth mode.
Similarly to Egs. and (6.46), we can obtain the following amplitudes and phases
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equations:

ap = — Ny, siny — oy, (6.52a)
By = Nyt iy, cos 7y (6.52b)
Oy, = N Qpou, SNy — piey, — Fpy sin,, (6.52¢)
amﬁm = Ny oo, cosy + Fy, cos &, (6.52d)
Oy, = NpopQuy, SINY — [y, (6.52¢)
anﬁ’n = N, 000y, COS 7Y, (6.52f)

where Qv
m = Em = 0211 — B (6.53)

" 20V, T[M + ETV,,’
For steady-state motions, similarly, two kinds of fixed points can be found.
1. The first kind fixed point is

.k -
NGRSk
2. The second kind fixed point is

—09)? 4 4p? [ N, N,
Odmz - (Ul —Z]ZV) ]\}i_ : ’ ap2 - _FpXﬂ% an2 == Xm, (6.55a)
piVn n

Om

where X, is the positive root of the following equation,

N2 X2 + L[Q;ﬂ — 03(01 — 02)| Xom + (1 + 02%) — F,2 = 0. (6.56)
v/ —N,N,
One essential condition for that «,, o, and o, have real solutions for the second kind
fixed point is V,N,, < 0.
According to the solution cases of Eq. (6.56), similarly, subdomains I, II and III
can be defined in the steady-sate solution domain.

SubdomainI Eq. (6.56) has no positive real solution. The solution of the linear system
dominates the system.

Subdomain I When the parameters combination satisfies
(01 — 09)* + 4p%) (1 + 09°) + 4N, N, F,,* < 0, (6.57)

Eq. (6.56) has one positive real solution.
Subdomain Il  Eq. (6.56) has two positive real solutions when the parameters combi-
nation satisfies

N [2p? — o3(0y — 03)] < 0,

(01 — 02)? + 4p?](p? + 092) < 4N, N, F,,,°, (6.58)

AN,N, F,.2 < (o) + 09)2.
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6.6.3 Discussion for internal resonance conditions and energy flow criterion

Similar in section [6.4.3] eigen-frequencies of the wing-store system can also be split
into two independent parts, w2 in the BE-subsystem and w!? in the TB-subsystem.
Therefore, the possible internal resonance relationship w, ~ w,, + w, can be split into
the following 6 cases,

(1) wBE TE;E 4 WEE’ (2) waE ~ wTB + wTB (3) oJTB ~ wBE i wTB
(4) wTB wBE ¢ wBE - (5) wBE B4 B (6) wTB Bl

It can be determined that the nonlinear coefficients N,, N,,, and N,, in Egs. (6.42)) are all
zero for the last three cases (4-6). In other words, the existence of the efficient internal

resonances is only related to the first three (cases 1-3) eigenfrequencies combinations.
When the relationship w/'* ~ w}¥ 4+ wl¥ is satisfied, energy flows inside the BE-

subsystem. However When the relatlonshlp wh? B+ WI'B T BE 4

or w,” ~ wy,
wl'’P is satisfied, energy can be transferred between the two subsystems 1.e., flapping-
tw1st motions may induce lagging-extension motions and vice versa. Because of modal
interactions, the independent two subsystems are nonlinearly coupled again.

N Wy,

Energy flow criterion

Based on the discussions in sections [6.6.1] and [6.6.2] the conditions for existence of
the second kind fixed point can offer a criterion to estimate the direction of energy flow
during the internal resonance. Based on the convention /V,, > 0, the other two nonlinear
parameters N, and N, leads to the relation conditions:

1. N, >0 & N, > 0. In this case, the second kind fixed point exists only when
external energy is input from w,, mode. Energy can only be transferred from higher
to lower modes when the internal resonance exists.

2.N, >0 & N, <0(rN, <0 & N, > 0). Only when energy is input from
Wy, (or w,) mode, the system may have the second kind fixed point. As a result,
the energy can be transferred only from w,, (or w,) mode to the other two during
the internal resonance.

3. N,y <0 & N, < 0. In this case, Egs. (6.48) and (6.55]) can both have positive real
solutions. This means that energy can be freely transferred among the three modes
via the internal resonance. Moreover, when energy is transferred from mode A to
modes B and C', mode B or C' will serve as a new energy source, passing energy
to the other two modes and looping infinitely. As a result, in this case there will
be no stable steady-sate solutions during the internal resonance process.

6.7 Numerical study for wings with external stores

6.7.1 Frequency study

The material property and geometric specification of the wing structure of Fig. [6.13]
are given in Table 6.6 The CAS lay-up configuration is given in Table In the
numerical study, only one rigid homogeneous cylinder with geometric specification as
diameter 0.127 m and height 0.508 m is considered as the external store.
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Table 6.6: Material property and geometric specification of the thin-walled box beam

Material Value Geometric Value
E 206.8 x 10? N/m? Width (26%) 0.254 m
FEyy = Es3 5.17 x 10° N/m? Depth (2d%) 0.0681 m
Gi3 = Gos 2.55 x 10? N/m? Wall thickness (h) 0.0102 m
G1s 3.10 x 10° N/m? Number of layers 6

W12 = p13 = posz  0.25 Length (L) 2.540 m
p 1.528 x 10 Kg/m®  Layer thickness 0.0017m

@ The length is measured on the mid-line contour.

Table 6.7: Lay-up configuration for wing structure (deg)

Flanges Webs
Top  Bottom Left Right
[45]¢  [45]¢  [45/ —45]3  [45/ — 453

Influence of span distributed store Three nondimensional parameters are defined to de-
scribe the span distributed store, viz., span and chord locations 7y and 7),., and mass
parameter 1)y,

Y, T M
=2 =1 = —. 6.59

L Y

Figure shows the variation of the frequencies against the span location of the
external store. It can be found that both the fundamental frequencies w?? and wP”
decrease when the store moves from the root to the tip of the wing. For higher modes,
the frequencies are sensitive to the span location. As for the influence of the chord

location, it is significant only on wl?, in which the twist component ¢ dominates the

mode shape, see Fig.
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Figure 6.16: Variation of the frequencies as a function of the span and chord locations ( n,. = 0.5,
Ny = 0.5, A= 300)
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Influence of the tip store The other two nondimensional parameters of the tip store, viz.,
the chord and span offsets parameters 77, and 77, are defined as

IT Yr
. = —, = 6.60

nr 5 My = (6.60)
Figure shows the variation of the frequencies against the mass of the tip store. As

the mass parameter 7,,; increases, the frequencies of the wing-store system decrease.
Moreover, it can be seen that the gradient of the frequencies also decrease. The influ-

z

—_
o
o

Frequency (Hz)

Figure 6.17: Variation of the frequencies as a function of the mass of the tip store nyr. ( Nz = 0,
nry = 0.1, A = 30°)

ences of the chord and span offsets on frequencies are highlighted in Figs. [6.18a] and
respectively. It can be seen that the fundamental frequencies, w! ? and wPF, are
slightly sensitive to the tip store location. Fig.[6.19] further depicts the frequency as a
function of the sweep angle A. The result shows that the sweep angle A only has an
obvious effect on the high mode frequencies.
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Figure 6.18: Variation of the frequencies as a function of the chord and span offsets of the tip store 1,
(nam = 0.5, A=30°)
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Figure 6.19: Variation of the frequencies as a function of sweep angle N. ( nyr = 0.5, np, = 0,
Nry = 0.1

6.7.2 Nonlinear modal interactions

For a concrete study of modal interaction in the presence of internal resonance, the
case that the aircraft wing carrying a heavy tip store is considered here. The mass and
location parameters of the tip store are given as 7y = 0.326, np, = 0, and 1y, =
0.07. The frequencies of the wing-store system are listed in Table[6.8] Two significant
relationships for internal resonance can be found, i.e., w] ? ~ wP¥ + wI'B and WPF ~
wiB + wI'B_ According to the internal resonance conditions in section these two

relationships are both efficient, i.e., can both yield modal interactions.

Table 6.8: Frequencies of the wing-tip store system (ny = 0.326, np, = 0, ny, = 0.07, A = 30°)
[unit: Hz]

Mode” Theoretical Abaqus Error (%)® \ Mode” Theoretical Abaqus Error (%)”

wBE 12.903 12.820 0.646 | wTB 4.0570 4.0344 0.560
wBE 87.000 86.955 0.051 wlB 28.798 28.668 0.454
wBE 180.66 179.40 0.705 wlB 83.795 84.268 -0.561
wBEP 240.16 242.14 0816 | wlB 91.072 90.879 0213

@ Relative error: ([Theoretical]-[Abaqus])/([Abaqus])x100%.

Internal resonance: w! ? ~ wl¥ + TP

The internal resonance relationship w} ? & wP¥+w!? is firstly discussed. Letting w, =
wiP, wy, = wPF and w, = w!B, then the nonlinear parameters N, N,, and N,, can
be identified from Egs. (6.42). Their values are given in Table[6.9] i.e., N, = 0.6609,
Ny, = 0.7271 and N,, = —14.59. E] Recalling the energy flow criterion in sectionm
the condition (N,, > 0, N,, < 0) implies that only when energy is input from w?2¥
mode, the modal interaction phenomenon will occur. Note that, a different energy flow

direction will exhibit if we ignore the nonlinearities induced by the external stores (see

'Here we make the convention N, > 0
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Table @[) i.e., condition (N,, > 0, N, > 0) means energy can only be transferred

from w!® mode to wP” and w!'® modes.

Table 6.9: Comparison of nonlinear parameters Ny, N, and N,,

w:{B ~ w2BE + wiFB WQBE ~ wgB + W{B
N, N, N, | N, N. N,

-0.6609 -0.7271 1459 | 3.590 3.518  72.82
@ 8.247 9.134 187.4 | 6202 6.160 127.2
b 9008 9861 -172.8 | -2.711 -2.641 -54.42

¢ Component induced by the wing structure.
b Component induced by the external store.

When energy is input from wZ® mode, the steady-state solutions of the wing-store
system will be governed by Egs. (6.54) and (6.55]). Figs.[6.20a and [6.20b] present two
typical types of steady-state solutions domain. Specifically, when the absolute value of
the internal resonance detuning parameter o4 is small, the solution domain just consists
of subdomain I and II, see Fig.|6.20al However, if the absolute value of o, is greater
than a critical value (Jo;| > 2v/2u), the solution domain will involve the subdomain
III, see Fig. Both Figs [6.20a] and [6.20b] show that only when external excita-
tion £, is beyond a minimal extreme value, the steady-state solution may locate in
subdomain IT or III.

One can see this conclusion more clearly in Figs.[6.2Taland [6.21b] which depict the
amplitudes as a function of external excitation parameter F},, for two different combi-
nations of o1 and 2. Note that in Figs.[6.21aland [6.21b] stable solutions are indicated
in solid lines while unstable solutions are in dashed lines. In Fig. with the in-

0.5 T - 1
0.3

0.6

€
LFo5

@

0.2

0.2

N

0.1

(@)o1 =0.5, 0 =0.5 (b)or =4 =05

Figure 6.20: Steady-state solution domain

creasing F},, the steady-state solution will shift to subdomain II from I (also indicated
in Fig. [6.204). In subdomain II, the second kind fixed point will replace the first kind
fixed point as the system stable solutions with the presence of wP® mode saturation
phenomenon [66]. In Fig.[6.210] the increasing F;,, leads the steady-state solution from
subdomain I, crossing subdomian III, and then into subdomain II (also indicated in
Fig. [6.20b). It can be seen that the first kind fixed point and one of the second kind
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6.7. Numerical study for wings with external stores

fixed points are both stable in subdomain III. As a result, a jump phenomenon indi-
cated by the arrows in Fig. [6.21b| can be observed on the boundary of subdomain III.

e
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(a)a'1 20.5,0'221,;1,:0.5 (b)o’l =4,O’2:2,/.L=0A5

Figure 6.21: Response amplitudes versus excitation parameter F,,, when energy is input from wPE mode

Figures[6.22a] and [6.22b] depict the amplitudes in the steady-state solution as a func-
tion of external resonance detuning parameter o, for selected two combinations of o1
and F},,. Similarly, on the boundary of subdomain III, the jump phenomenon indicated
by the arrows in Fig. [6.22b|can be observed. In addition, it can been seen that for oy # 0
cases, suitable external resonance detuning may contribute to the modal interactions.

/TN

1.2

1@

D)

Amplitudes
o
(o))
Amplitudes

(@)o1 =0.5 Fp, =0.3, pn=0.5 (b)o1 =4 Fpn =05 p=0.5
Figure 6.22: Response amplitudes versus external resonance detuning parameter oo when energy is

input from WBE mode

TB

BE %wg"B +w1

Internal resonance: w;

Next, the internal resonance relationship wP? ~ wl® + wWI'P is investigated. The
parameters w, = wP?, w,, = wIP and w, = WP are defined in Eqgs. (6.41). Then
the nonlinear parameters N, = 3.590, IV,,, = 3.518 and NV,, = 72.82 can be obtained.

(N, > 0, N,, > 0) means that the system will exhibit an apparent internal resonance
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Chapter 6. Nonlinear Modal Interactions for Advanced Composite Aircraft Wings

only when energy is input from w?” mode. By comparing the nonlinearity components

in Table nonlinearities induced by the tip store present a negative effect on the
modal interactions in this case.

The typical steady-state solution domain determined by Eqs and (6.49) is
presented in Fig. [6.23al Unlike Fig.[6.20b] that just contains a negligible closed subdo-
main III, Fig. has two significant open subdomain III. This difference can also
be clearly seen in Fig. [6.23b which depicts the amplitudes as a function of external
resonance detuning parameter o,. From the result of Fig. [6.23b] one can see that the
critical modal interaction occurs at the boundary of subdomain III.

NNV

Amplitudes
o
w

(a) Steady-state solution domain (b) Response amplitudes versus external resonance detuning pa-

rameter o when energy is input from wQB E mode

Figure 6.23: Internal resonance: w8t ~ wl® + wiB (o1 =1, F, = 0.15, u = 0.5)

6.7.3 Validation

For the purpose of validating the results showed in the numerical section, the commer-
cial code Abaqus [31] is used for direct numerical simulations. In the computation, the
4-node doubly curved general-purpose shell element type S4 is adopted.

For frequency validation, good agreements between theoretical results and Abaqus
results are achieved, as shown in Figs. [6.16aH6.19] Table [6.§] compares the eigenfre-
quencies from our theoretical analysis with the results from Abaqus, showing excellent
agreement.

For the nonlinear forced vibration simulation, we note that the external excitations
loading on the wing structure are all strong enough to induce the possible internal res-
onance. All the results presented in the time-domain are directly obtained by tracing
responses of the nodes on the 80% beam span during the simulation time of 2 second.
Actually 80% is a balanced choice according to the mode shapes (wPE, WI'B, WI'P TP
) that involved in the internal resonances. In addition, fast Fourier transform (FFT) [99]
is applied for the corresponding frequency-domain analysis.

When energy is input from w?”F mode

According to the numerical study in section we know that when energy is input

from wP® mode, energy will be transferred to lower frequency modes wi?, wl® and
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6.7. Numerical study for wings with external stores

higher frequency mode w] P via the internal resonances at the same time.

In order to simulate the case when energy is input from w?® mode, the normal
lateral pressure distributed uniformly on the left and right walls of the wing structure
with magnitude specified as 5 kpa and frequency specified as 87 Hz is considered.
Figs. [6.24a|, [6.24b| and [6.24¢| depict the response components u, w and ¢ during the
simulation time 2 second, respectively.

In Fig. [6.244] the displayed time-domain result reveals that after an external res-
onance process about (.8 second, the response of lateral bending « decreases signif-
icantly. Taking into account the results of Figs. [6.24b| and [6.24¢], it can be seen that
energy is transferred from BE-subsystem to TB-subsystem, and w{ Z, wl®, w1 these
three modes are induced significantly. The simulation results agree with our theoretical

predictions excellently.
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Figure 6.24: The responses at the 80% span and the corresponding frequency-domain analysis when

energy is input from wP¥ mode

When energy is input from w} Z, wI'? or w!'” mode
The numerical study in section[6.7| points out that when energy is input from w} Z, w1

or wa mode, there will be no modal interactions. As a result, the external resonance

will dominate the primary resonance and the internal resonance can be ignored.

107



Chapter 6. Nonlinear Modal Interactions for Advanced Composite Aircraft Wings

First of all, for the case when energy is input from w!? mode, the normal vertical

pressure distributed uniformly on the top and bottom walls of the wing structure with
magnitude specified as 5 kpa and frequency specified as 91.0 Hz is considered as the
external excitation. Based on the previous theoretical study, w!? mode involves in the
internal resonance w;? ~ wBF + wI'B. However, neither apparent w2 frequency
component in the lateral bending response in Fig. nor wi P frequency component
in the vertical bending response in Fig.[6.25b|or in the twist response in Fig. can
be found. In addition, compared with the vertical bending amplitude in Fig. [6.25b] the
lateral bending amplitude in Fig.[6.25ais negligible. Thus, we can conclude that when
energy is input from w!? mode, the external resonance dominates the system and the
responses of BE-subsystem can be ignored. This conclusion agrees with our theoretical

prediction.
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Figure 6.25: The responses at the 80% span and the corresponding frequency-domain analysis when

energy is input from wl B mode

For the case when energy is input from w!? mode, similar conclusion can be ob-

tained from the results of Figs. [6.26a] [6.26b| and [6.26¢| In this case, frequency of the
external excitation is specified as 84.5 Hz.
At last, when energy is input from w?? mode, the vertical pressure distributed uni-

formly on the top and bottom walls of the wing with magnitude specified as 0.5 kpa and
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frequency specified as 4.0 Hz is considered. From the responses of the system depicted
in Figs.|6.27al [6.27bland [6.27c}, no evidence for internal resonance wi ? ~ wlE + wI'P
or ¥ ~ wiB + w]P can be found.
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CHAPTER

Aeroelasticity Control of Adaptive Aircraft Wings

7.1 Introduction

In this chapter, active control of swept smart aircraft wings in an incompressible flow
and exposed to gust loads are examined. The wing structure is modeled as a composite
thin-walled beam featuring fiber-reinforced host structure and piezo-composite actua-
tors. The nonclassical effects, such as twist-bending elastic coupling, warping inhibi-
tion, transverse shear and rotatory inertia are incorporated. The unsteady incompress-
ible aerodynamics are derived based on the concept of indicial functions, applicable
to arbitrary small motion in the time domain. The influence of directionality property
both of the host structure and piezo-actuators on improving aeroelastic performance are
specifically investigated. A number of conclusions are outlined at the end.

| /\ U.=U_, cosA free stream direction
U

Piezo-actuator y

Host structure

Figure 7.1: Aircraft wing structure
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7.2 3-D unsteady aerodynamic loads in incompressible flow

Based on the two-dimensional incompressible unsteady strip theory aerodynamics, the
aerodynamic lift L,. and twist moment 7, about the beam coordinate system oxyz in
Fig.[7.1|can be expressed in the time domain [76]

Lae(y7 t) = _7-[-p00b2 [wc/Q(yv t)} - LC'(y? t): (7.1a)

1. 1. 1
Toe(y, t) = —mpach® §Un¢(y, t) + gbcb(y, y)| — §ch(y7t). (7.1b)

In these equations, the underscored terms are associated with non-circulatory part of
aerodynamic loads (e.g., see Ref. [39]]); U, is the freestream speed normal to the leading
edge (see Fig. ; w, 2 denotes the downwash at the middle chord points measured
from the leading edge of the airfoil; A denotes the sweep angle (positive backward, see
Fig.[7.1)); and the circulatory lift force L can be written as [[76]

t
Le(y,t) =27TpooUnb{wsc/4(y,t)¢w (%t) +/ M% {%(t - T)} dT},
0 T
(7.2)

where ¢,, is Wagner’s function, which is related to Theodoresn’s lift deficiency function
through a Fourier transform; ws./4 denotes the downwash at the three quarters chord
point.

Actually, the previous results are valid for two-dimensional cross-section wings.
In order to extend the 2-D aerodynamics to 3-D one, the modified strip theory for a
finite-span wing is used [[15}[83]]. Taking into account the sweep angle A, the lift curve
slope 27 and the downwash boundary condition for the 2-D aerodynamics model are
modified partially to account for the finite-span effects [9]:

dCr, L 1 Cro 1 b
2T 21

27T—>CL¢E = 271', b —

d¢  L+2bcosA 2 (7.3

Note that only circulatory lift L¢ in Eq. should be modified.

In connection with the geometric transformations, the downwash velocities at mid-
dle and three quarters chord points of the profile related to the rotated chordwise coor-
dinate system are

0 t
Uk/?(ya t) = w()(ya t) - Un¢<y, t) + Un tan A%’ (743)
. a ,t
waea (Y, t) =to(y, ) — Und(y,t) + Un tan A%
’ (7.4b)

b [0¢(y,t) 99(y, ) CLy
bl e + Una—y tanA] [T — 1] .
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7.2. 3-D unsteady aerodynamic loads in incompressible flow

7.2.1 State space form

To cast L,. and T, into state space form, a general two term exponentially growing
indicial function ¢,, in Eq. (7.2) is assumed such that [§},37]]

5 U, 5 U,
—p1—t —Bo—1
bu(t) =1.0—are b —age b ~s
U, U, (7.5)
—0.0455——t 03—t
=1.0—-0.165¢ b —0.355¢ b
By denoting
¢ dw3c/4<y7 T)
D(y,t) = wsea(y, 0)du(t — BRI (t—7)d
(18) = wanr.00u(t) + [ STy ¢ —ryar
~ w3c/4(y7 t) - OélBl (y7 t) - CY2B2(y7 t)u
where B;(y, t) satisfies the condition [76]
Bi(y,t) + <Tﬂz> Bi(y,t) = wsepaly,t), i=1,2. (7.7)

Thus the unsteady aerodynamic lift and twist moment can be expressed in state space
form as

Lae(ya t) = _’/Tpoob2 |:w0 + Unw6 tan A — Un¢] - CqupooUnb wO - Un¢

(7.8a)

b .
+ U,wy tan A — 3 <% — ) (¢ + U, ¢ tan A) — 1By — a9 By
T

Y

Toe(y,t) = _Wpoobg{ {% (% - ) (Unﬁb‘F U, ¢’ tan A)}

1 r. . 1
+ gb [qb + U, ¢’ tan A] } — EC’LWOOUan{wO —Und+ Uyuwytan A (7.8b)

b (% — ) <¢+Un¢’tanA> — a1 By _CYQB2}-
2\ m

7.2.2 Gust Loads

Based on Duhamel’s convolution integral and the indicial function for an arbitrary gust
wg(t), the induced aerodynamic lift is expressed as [9]

t awg(T)

L) = Coabl, [0 + [ P2 e~ par], a9

where in the practical calculation, the Kussner’s Function ¢ can be approximated by
the following exponential form

n

—0.13 —1.
Ui (t) =1 —0.500€ b —0.500e b, t>0. (7.10)
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As proved by von Karman and Sears [95], the gust embedded in the atmosphere and
flowing with the atmosphere always acts at the quarter chord position, even when the
aerodynamic load is not completely circulatory. For simplicity, it is assumed that the
gust is not affected by the penetration of the wing. Thus, the aerodynamic moment
about the reference axis due to the gust can be expressed as

Tg(t):%bLg(t):%CL¢b2Un {wem)w(tw /0 awgf)w(t—f)df RNCAR)

In general, a gust can be specified by the gust intensity, gradient and its profile. Here,
with the assumption the gust intensity is uniformly distributed along the span, the fol-
lowing Sharp-edged gust is used in the present study

we(T) = H(m)Uy, (7.12)

where U, is the peak gust velocity.

7.3 Dynamical model

The structure model of the adaptive aircraft wing is based on the thin-walled beam
model we developed in Chapter 2] Indicated in Chapter[5] the beam system will decou-
pled into two subsystems, viz., one governing vertical bending-twist coupling motion
and the the other governing extension-lateral bending couping motion, when apply-
ing circumferentially asymmetric stiffness (CAS) lay-up configuration. Taking into ac-
count the aerodynamic model in section|[7.2] the governing equations and the associated
boundary conditions of the aeroelastic system can be derived from Hamilton’s princi-
ple [75]. After a lengthy variation process and collecting the terms associated with the
same variations (dwy, d¢ and §6,,), the linear governing equations of the bending-twist
subsystem that are of interest for the present problem are

Swo : Q.+ Q.+ Loe + Ly — byiing = 0, (7.13a)

8¢ 1 M+ M, — Bl — Bly+ Toe + Ty — (bs + b5)0 + (bio + bis)¢” =0, (7.13b)

80, : M.+ M. — Q. — Q. — (by + bra)f, =0, (7.13¢)

the associated boundary conditions at the beam root are
wo(0) = ¢(0) = ¢'(0) = 6,(0) = 0, (7.14)

and at the beam tip are - 3

dwo : Q.(L) + Q.(L) =0, (7.15a)
8¢ = M,(L)+ M,(L) = B,,(L) = B,,(L) + (bio + bis)¢'(L) =0, (7.15b)
0¢' : By(L)+ By(L) =0, (7.15¢)
66, : My(L)+ M,(L) = 0. (7.15d)

The above aeroelastic model is valid for the thin-walled beam with an arbitrary closed
cross-section, however we will consider rectangular and biconvex these two typical
cross-section cases in the following discussions.
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7.3.1 Rectangular cross-section

Based on the thin-walled box beam theory in section[5.2] the governing equations (7.13)
for the rectangular cross-section can be simplified as

dwo 1 ass(wy + 0) — bty + Lae + Ly + 0, A7 ViR (y) = 0, (7.16a)
0¢ : agr0) + arr” — aged™ — (bs + bs)d + (bio + b1s) 9" (7.16b)
+ T + Ty + 0, AL VIR (y) + 8,45 V3R () = 0, '
5935 : aggeg + a37¢" — CL55(U16 + 935) — (b4 + b14)éx + 5pA]1\“V1R'(y) (7 160)
5 — (6, + 0:) AP VaR(y) = 0. '
The associated boundary conditions are
aty = O:
wo=¢=¢ =0, =0, (7.17)
andaty = L:
dwy : ass(wy + 6,) + 0:.A7°Vy = 0, (7.18a)

8¢+ aztl, + arrd’ — aged + (bio + big)d’ + 6. A VL + 0, A3V =0, (7.18b)
5¢/ : a66¢” = 0, (718C)
60,  azsll, + azd + 0, AV, =0, (7.18d)

7.3.2 Biconvex cross-section

For the biconvex cross-section, the stiffness matrix [a;;] in Eq. (2.33]) can be decoupled
into four parts when applying the circumferential asymmetric stiffness (CAS) lay-up
configuration, viz., extension-chordwise transverse shear coupling

. 1 1
1, i Q4 a1 vo + 5(“6)2 + 5(“’6)2
Q. v = |aws agy as| 0. +ugcosg —wysing 3 | (7.19a)
ft aig Q48 0asg % (¢/)2
chordwise bending
{M.} = [az] {0, — wh¢' cos ¢ — uy¢'sind}, (7.19b)
twist-flapwise bending coupling
Mx 0 + ul & AV
Lo _ [agg a37] { "+ Uy cosdi wh @' sin (b} | (7.190)
M, agy ary ¢
and flapwise transvser shear-bimoment coupling
AZ 0, + ul si + !
C? _ [a55 a56] { U sin ¢i/ wy(, cos ¢} ' (7.194)
B, as6 Qe o
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As for the piezo-actuators of Fig. Eq. (2.35)) can also be decoupled into two
actuation couplings, viz., twist-flapwise bending coupling

M,(y,1) ALt
~ = Vi(t)P(y), 7.20a
extension-chordwise transverse shear coupling
Ty (y7 t) yy
Qu(y,t) p = | AY*| Va(t) P(y)- (7.20b)
I Ay

As for the piezoelectrically induced flapwise transverse shear Q., chordwise bending
M, and bimoment B,,, they are immaterial.

Taking Eqs. (7.19) and (7.20) into governing equations (7.13), as a result, the linear
governing equations of the thin-walled beam with a biconvex cross-section expressed
in terms of the basic unknowns are

611)0 . 055(11)6/ -+ 0;) -+ a56¢”’ - blwo + Lae + Lg = 0, (7213)

(5¢ : CL37(9;/ + CL77¢” — &66¢(w) — a56(w6" + 9;’) — (b4 + b5)¢ + (blo + b18)¢//
+ Toe + T, + 6, AYVIR (y) = 0,

60, : assl, + azrd” — ass(wj + 6,) — ased” — (ba + b14)‘§$ + 5pu4]1sz1R,(y) =0,

(7.21b)

(7.21c)
the associated boundary conditions are
aty = O:
wy=¢=¢ =0,=0, (7.22)
andaty = L:
511)0 . a55(w6 + (91) + CL56¢// = 0, (723&)

3¢ : ag:bl, + ard — altsd — ase(w + 0.) + (bro + bis)¢” + 6, AV, = 0, (7.23b)
5¢/ . —ase (’LU6 + (91) — a66<b” = O, (723C)
60, : azsl, + azd + 0. ATV, = 0. (7.23d)

Note that the traces are 6, = 0 and J; = 1 for the case the actuator is spread over the
entire beam span, otherwise their values are assumed as J, = 1 and 6; = 0. In the
previous case the bending moment piezo-coefficient A}/* and torque piezo-coefficient
Aiw Y appear in the governing equations; while in the later case they appear solely in
the boundary conditions at y = L, their contribution in the governing equations being
immaterial. The whole aeroelastic system is controlled solely by the voltage parameter
Vi.

Note that, unless other states, we solely consider the aircraft wing with a biconvex
cross-section in the following discussions.
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7.4 Solution methodology

7.4.1 State-space solution

Due to the high complexity arising from the elastic couplings and the boundary con-
ditions, the spatial discretization via the extended Galerkin’s method [45,(70] is imple-
mented to cast the governing equations in state-space form. Thus the following spatial
semi-discretization is introduced:

wo(y,t) = W, (Y (),  o(y,1) = ¥ (Y)as(t), ba(y,1) = L. (y)a.(t),
(7.24)
where the 1 x N shape functions ¥,,” (y), ¥,” (y) and ¥,” (y) are required to fulfill
only the geometric boundary conditions. In Eq.[7.24] q,,(t), q,(¢) and q,(t) are N x 1
generalized displacement vectors, which, by the modal expansion theorem (e.g., see
[S8l pp. 171-178]), can be further expressed as:

Au(t) = Ouls(t),  as(t) = Op&s(t), () = ©&,(1), (7.25)

©,, ©4 and ©, are N x m matrices consisting of the first m eigenmodes; ; are the
modal coordinates (e.g., see [58, p. 199]). Thus the state-space form of the aeroelastic
governing equations are obtained as

Ome
XS As Bs X M—l
B . (726
{Xa} |:BaAs A, + BQBJ {xa} + D,M"! [Qy + AVL(?)] (7.26)
]:)2].\/.[_1

In Eq. (7.26), x, and x, are 2m x 1 vectors that describe the motion of the wing and
unsteady aerodynamic loads on the wing, respectively. The expression of the matrices

in Eq. are

0m><m Im><m
[AJomxam = | (e a1l (7.27a)
0m><2m
Bs mx2m — , 7.27b
[ ]2 2 |:_(OL¢poobUn)M_1 [allmxm O‘QIme}:| ( )
_Bllmxm 0’rn><m :|
Aa mx2m — s 7.27¢c
[ ]2 - |: 0m><m _BQIme ( )
Im m
[Ba]2m><2m: |:I x :| [Dl DQ]mXQm’ (727(1)
mxXm

D, = L(@ Ty 1beT\II)U [\p’T(a tan A — 006 — Sbw O, Crp _
1= w ,w+2 o ¥y U, | ¥, 0, tan Wl 04 Zb‘Il¢ ©,& tan A - 1)|dy,
0

(7.27¢)
L
_ rg . Lo B T
D, = /0 (Gw v, + b0, \If¢) {\I/w 0,8 — 5, @d,gs( - 1>}dy, (7.27f)
1 t L b
Q :§CL¢b2Un [wG(U)W(tH/ awgy)wx(t—r)dﬂ ></ [@qu;w+2@¢T\p4 dy,
0 0

(1.27g)
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L
A= / [Af“’@(ﬂ% + Af“@f\px] P'(y)dy. (7.27h)
0

In the above equations, M and K are the mass and stiffness matrices of the wing struc-
ture; C is the pneumatic damping matrix; Q, denotes the external gust loads; A is the
actuating matrix; D, and D are related to Wagner’s function.

7.4.2 Velocity feedback control

In order to study the influence of anisotropic characteristics of the piezo-composite
layer on control authority, a negative velocity feedback control algorithm is applied.
Recalling governing equations , the ply-angle 0, of piezo-actuator just affects the
piezoelectric bending moment and twist actuations. Thus the actuating voltage V; ()
can be computed as two cases [97], viz., Bending Control Methodology

Vi(t) = kpba(Ys,t) = kp " (Y))©,E(1), (7.28)
and Twist Control Methodology
Vi(t) = kro(Ye,t) = kT (Y,)©4&,(8), (7.29)

where kp and kp are the control gains; Y is span location of the sensor offering the
velocity information. Note that the sensor is assumed at the wing tip (Y; = L) unless
explicitly stated. Thus the closed-loop system Eq. becomes

Ome
{xs}_ A, B, {xs}+ M~ Q 7.30)
%) |B,A, A,+B,B.| |x DM~ [ '
D,M™!
where
~ Ome Ime
As mx2m — y 7.31
[Aslamxa {—M‘lK —M‘l(C+PT/B)} (7.31)
Pr = kr AV, (Y,)O,, Pg=FkzA¥,"(Y,)O,. (7.32)

7.5 Validation

In order to validate our aeroelastic model, the wing structure model in Ref. [49] is used
for validation. The material properties and geometric specification of the wing structure
are shown in Table The CAS lay-up configuration is given in Table

Figures[7.2a)and [7.2b|plot the first five frequencies and the associated damping ratios
as functions of freestream speed U, respectively. It can been seen that the lowest
flutter speed in Fig. and the eigen-frequencies near the onset of flutter in Fig.
predicted by our approach all show excellent agreements with those in Ref. [49] (see
also Table[7.3]).

Figure further highlights the influence of elastic tailoring on instability bound-
aries for selected swept wings. When in the domain 0° < 6, < 90°, host structure
ply-angle 6, produces a negative elastic bending-twist couping, leading to a very low
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Table 7.1: Material property and geometric specification of the thin-walled beam with a biconvex cross-
section [[49]

Material Value Geometric Value
Eq 206.8 x 10° N-m~2  Width (2b%) 0.757 m
Eyy = Fs 5.17 x 10° N-m~2  Depth (2d%) 0.100 m
Gi3 = Gas 2.55 x 10° N-m~—2  Wall thickness (h) 0.03 m
G1a 3.10 x 10° N-m~2  Number of layers (m;,) 6

Hi2 = p1z = poz 0.25 Aspect ratio 16

p 1528 Kg - m™3 Length (L) 6.058 m

@ The length is measured on the mid-line contour.

Table 7.2: CAS lay-up configurations for the thin-walled beam® of Fig. (deg).

Host structure Top  Bottom \ Piezo-actuator Top Bottom
Graphite-Epoxy  [04]s  [fn]e | MFC 6, [6p)
@ The piezo-actuator is positioned of the outer side of the laminate.

divergence speed (indicated by —o— lines), especially for forward-swept wings. How-
ever, when in the domain 95° < 6, < 125, the strong positive elastic bending-twist
couping leads to a higher divergence speed. Instead, flutter speed (indicated by — x —
lines) becomes the lowest instability speed.

7.6 Numerical study

7.6.1 Piezo-coefficients study

We assume the piezo-actuator manufactured by MFC [100] is distributed over the entire
beam span. The lay-up configuration and material properties are presented in Tables[7.2]
and respectively.
Figureplots the bending moment piezo-coefficient AM® and torque piezo-coefficient

Aley as a function of piezo-actuator ply-angle 0, for selected host structure cases. It can

be seen that stiffness of the host structure has a significant effect on piezo-coefficients.

In general, centered around 6, = 90°, the curves of A{W * and Aiwy exhibit a sym-
metric and an antisymmetric behavior, respectively. Furthermore, ¢, = 90° yields the
maximum piezoelectric bending moment while the piezoelectric torque is immaterial.

7.6.2 Damping ratio study for wing structure

In order to focus on the wing structure, we assume the freestream speed Uy, = 0 m - s~ !

in the aeroelastic system of Eq. (7.30). Recalling the instability boundaries in Fig.
two typical host structure cases are chosen for specific investigation, i.e., 8, = 105°

Table 7.3: Frequencies of the system near onset of flutter (Hz)

Model Mode2 Mode3 Mode4

Ref. [49] 14.449 15.842  32.205  53.399
Present 14.920 15.688 32.735 52.358
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Table 7.4: Material properties of piezo-actuator manufactured by MFC [|71|]

Ei 3128 x 10°N-m~2  dy 386.63 x 1072 m-V~!
FEoy = E33* 17.05 x 10° N - m~2 dig = d13* —175.50 x 1072 m - V!
Gig = Glg* = G23* 512 x 109 N-m~2 p 5115.9 Kg -m™3

p12 = p13* = p23®  0.303 my, 1

Electrode spacing 0.005 m Thickness  0.005 m

* The value is assumed by the author.

Moment-coefficients N- m™ - V")

0 30 60 90 120 150 180
Ply angle ep (deg)

Figure 7.4: Piezo-coefficients vs. piezo-actuator ply-angle 0,,.

characterizing strong bending-twist elastic coupling and 6, = 150° characterizing
weaker elastic coupling.

For the excellent aeroleastic behavior [43]] even for forward-swept wings, the struc-
ture with strong elastic coupling case ¢, = 105° is investigated firstly. Fig. depicts
damping ratios of the first four modes as functions of piezo-actuator ply-angle 0,. It can
be found that no matter implementing the bending or the twist control methodology, the
trends of all damping ratio curves show a similarity with that of torque piezo-coefficient
Ajlwy in Fig. This implies that piezoelectric torque actuation plays a dominant role
in the structure incorporating strong bending-twist elastic couping. Based on the mode
shape study, it can be identified that the bending motion is more significant than the
twist motion in the first two modes, while the twist motion dominates the third mode.
Thus the result of Fig. [7.5]|reveals that the twist control will even be more efficient than
the direct bending control for bending motions. Note that for the third mode, bend-
ing control methodology produces a negative damping ratio while makes the first two
modes exhibiting positive damping ratios. On the other hand, twist control methodol-
ogy shows an extremely large positive damping ratio of the third mode when 6, ~ 45°.

For the wing structure (6;, = 150°) characterizing weak elastic coupling case, Fig.
compares damping ratios of the first four modes between twist and control methodolo-
gies. It can be found that depending on the mode shape dominated by bending and twist
component, bending and twist control methodologies have the better control authority,
respectively.
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7.6.3 Damping ratio study for aeroelastic system

Figure [7.7| plots damping ratios of the first three modes as functions of piezo-actuator
ply-angle 0, for an unswept wing (A = 0°) with strong elastic coupling (6, = 105°)
at freestream speed U,, = 50 m -s~'. There is no doubt twist control methodology
has significantly better control performance. Actually, the aerodynamic load induced
damping ratio (indicated by dotted lines) is large enough on the first mode in Fig.
Thus in order to improve the flight stability, more attention should be focused on the
higher modes, especially the mode dominated by twist motion. In summary, twist
control with ¢, ~ 60° can offer a balanced control performance for the first three
modes.
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Figure 7.7: Damping ratio of the first three modes vs. piezo-actuator ply-angle 0,; kp = kr =
200V s, 0, =105° Uy = 50m -s~ 1, A = 0°.

Damping ratios of the aeroelastic system with weak bending-twist elastic coupling
(0, = 150°) are reported in Fig. In view of physical evidence that on the one hand
aerodynamic lift and twist loads may enhance the coupling of twist-bending motion,
on the other hand the aerodynamic load induced damping is already strong enough on
bending motion, the twist control seems more essential than the bending control. Thus
twist control with 0, =~ 30° is suggested for the aeroelastic system of §;, = 150°.

7.6.4 Post-flutter study

One important target of active aeroelastic control is preventing or delaying the occur-
rence of flutter. Fig. highlights the influence of additional piezo-composite layers
on the lowest flutter speed. In Fig. compared with the predicted flutter speed when
ignoring the piezo-actuator plotted as solid lines, the additional mass and stiffness of
piezo-composite layers have a significant effect on flutter speed, which are indicated by
dashed lines. Specifically, ignoring the effect of mass and stiffness of the piezo-actuator
in the modeling process may induce a maximum error over 30%.

Firstly, an unswept wing (A = 0°) with weak bending-twist elastic couping (¢, =
150°) is considered to study the active control near the onset of flutter. In Fig. it
can be found that the lowest flutter speed varies from 130 m - s~* to 149 m - s~ with
the change of piezo-actuator ply-angle 6,. Thus a freestream speed Uy, = 151 m - s+
is applied to investigate the post-flutter control performance. Based on the associated
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eigenvalue and eigenvector study, it can be verified that the twist component dominates
the unstable mode shape, viz., the lowest flutter is dominated by the twist motion.

Figure depicts damping ratio of the unstable mode as a function of piezo-
actuator ply-angle 6, for controlled and uncontrolled cases. Without control, the aero-
dynamic load will produce a negative damping ratio of the lowest twist mode which
is indicated by the dotted line. When applying the twist control, the flutter mode will
be stable when 0° < ¢, < 70°. On the contrary, bending control will make the flutter
instability even worse. Note that, the damping ratio curves in Fig. may present a
sudden change (non-smooth) during the mode cross point (see, e.g. [97]).

In order to further investigate the influence of these two control methodologies on
flutter speed, piezo-actuator with ply-angle 6, = 30° is selected to demonstrate the
damping ratios near the onset of flutter in Fig. Since the flutter mode is domi-
nated by twist motion (in dotted line), bending control (in solid line) will decrease the
lowest flutter speed. On the contrary, twist control (in dashed line) will improve the
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stability of the lowest twist mode and increase the lowest flutter speed significantly.

Note that the lowest bending mode will become the flutter mode instead of the lowest
twist mode when the aeroelastic system is under twist control.
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Figure 7.10: Damping ratio study; kg = k7 =200V -s, 6, = 150°, A = 0°

Next, the aeroelastic system characterizing strong twist-bending elastic coupling
(0, = 105°) is investigated. Figs.[/.11ajand[/.11b/show damping ratios of the unstable
flutter mode of an unswept (A = 0°) and a backward-swept (A = 30°) wing cases,
respectively. The results of Figs. [7.1Tal and [7.11b]| show that bending and twist control
methodologies both present a negative control effect near the onset of flutter. This
is because, although the velocity feedback control improve the stability of Mode 2, it
makes M ode 1 unstable even before the flutter speed. Thus, an optimal effective control

strategy, e.g., bang-bang control, sliding mode control, should be applied instead of the
simple velocity feedback control.
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Figure 7.11: Damping ratio of the unstable flutter mode vs. piezo-actuator ply-angle 6,; kg = k1 =

200 V - s, 0y, = 105°

However for the forward-swept wing (A = —30°) case in Fig. the simple ve-
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locity feedback control can keep M ode 1 stable while improving the stability of M ode 2
near the onset of flutter when piezo-actuator ply-angle around ¢, ~ 45°. This can be
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Figure 7.12: Damping ratio of the unstable mode vs. piezo-actuator ply-angle 8,,; kg = kr =200V -,
0, = 105%, A = —30° Uy = 201 m - s~ L.

seen more clearly in the numerical simulations of the forward-swept wing exposed to
a sharp gust in Figs. [7.13a and [7.13bl Figs. [7.13a] and [7.13b] display the tip bending
and twist responses under a twist control for selected ply-angles 6, respectively. Note
that only the first five structural modes are used in the actual simulations. And the re-
sults are simulated based on zero initial conditions. It can be found that twist control
with ¢, = 45° can significantly prevent the occurrence of the flutter instability penal-
ties when the flight speed is slightly over the flutter speed. Fig.[7.14] further gives the
associated voltage time-history applied on the actuator.
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CHAPTER

Conclusion

Geometrically nonlinear fiber-reinforced composite rotary thin-walled beam the-
ory incorporating piezo-composite actuators is developed. Some non-classical
effects, e.g., anisotropy, transverse shear, warping inhibitions and three-dimensional

strain are accounted for in the beam model. The strong and synergistic effect played
by the directionality property of advanced composite materials, considered in conjunc-
tion with that of piezoelectric actuation, on their dynamic response characteristics was
highlighted. This one dimensional beam model can serve as the basic model of rotating
blade, spacecraft and aircraft wing, offering a simple way for engineers to design and
study the structure meeting the particular operating environment condition. Generally
speaking, engineers can use elastic tailoring for passive control of the system. And
at same time, they can implement an effective active control via designing an optimal
piezo-actuator configuration.

In this dissertation, two special lay-up configurations, i.e., circumferentially uni-
form stiffness (CUS) and circumferentially asymmetric stiffness (CAS) configurations
are adopted. Applying CUS lay-up configuration, the linear system will decouple into
two independent subsystems, viz., chordwise bending-spanwise bending coupled BB-
subsystem and twist-extension coupled TE-subsystem. As for the CAS lay-up con-
figuration, the linear system can be similarly split into two parts, chordwise bending-
extension coupled BE-subsystem and twist-spanwise bending coupled TB-subsystem.
Although BE-subsystem and TB-subsystem are piezo-actuated coupled, they can be
treated as independent subsystems in most cases. However, based on the nonlinear dy-
namics analysis, these two subsystems appear to be coupled via modal interactions, i.e.,
energy can be transferred between these two subsystems.

Considering that structure elastic couplings and active control strategy both have
significant effects on active control efficiency, designers are suggested to implement
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elastic tailoring and determine the appropriate control strategy firstly, then to optimize
configuration factors of piezo-actuators, such as fiber orientations, lay-ups, sizes and
positions.
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APPENDIX

Appendix
A.1 The modified local stiffness coefficients ;
A? Ao A
Ky = Agy — ﬁ, Ky = Ags — 20 Koy, (A-1a)
A Ay
A A A B
K3 = (A26 _ fl 16) W(s) + 2 (326 ~ fx 16) : (A-1b)
11 11
AsB A?
Ky = Boy — =212 — Ky, K= Ag— -2, (A-1c)
All All
A2 A B
Koz = (A66 — A_m) P(s) +2 (366 — ﬁ 16) , (A-1d)
11 11
AcB
Ky = By — —o2 = K, (A-le)
An
B, A Bi»B
Ky = (B% - j 16) P(s) +2 (D% — j 16) : (A-1)
11 11
B? BigA
Ky = Dyy — A_i? K51 = Bys — 121112, (A-1g)
BigA BisB
Kso = Bog — —2,  Ksy = Dag — j 2 (A-1h)
11 11
BigA Bys?
Ks3 = <B66 — %) w(S) + 2 (D66 — A1161 > . (A-11)
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A.2 Inertial coefficients b;;

Npp

Pty
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c \ds ds ; By

A.3 The cross-section stiffness quantities a;;

d
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Qoo = j{ {I K — 2$%K14+( dz ) K44] ds (A-5a)
C d ds
d d dzd
s — ]4 2K + S K| ds — f 2K+ S K| ds, (A-5b)
c ds cl ds dsds
dz dzdx dz dz\’
Q24 27{ [xEKm - d—d—K42] ds, ass :7{ JUEKH - (@) Kyp| ds
(A-5¢)
dz dz
agg = P [—xF, K11 —xa(s)K4]ds+ Kyn—F,+a(s)—Ku| ds, (A-5d)
c C ds ds
dz
o7 = % |:ZL’K13 — —K43:| dS (A—SC)
c d
d
a98 :f {JT[KH(Q;Q + 22) + 2TnK41]} ds— % {d—z[Kl4(x2 + 22> + 27’nK44]} dS7
C C
(A-51)
ass :7{ [2 Ky +22d—xK14 + (dx) K44] ds, (A-6a)
c ds ds
dz dz)? dz dzdz
34 :fc [ZEKH + <E) K42] ds, as = ]i {ZEKH dsEKQ} ds,

(A-6b)
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A.3. The cross-section stiffness quantities a;;

d d
Qs = 7{ [—2F, K11 — a(s)zK4]ds — j{ [—waKu + a(s)—xK44] ds, (A-6¢)
C C dS d S
dz
ag7 = f |:ZK13 + —K43:| dS, (A—6d)
C dS

d
as3s :% {Z[K11($2 + 22) + 2TnK41]} ds+ % {d_ij[Kl4(x2 + 22) + 27’nK44]} dS,
C C

(A-6¢e)
d dz\? - dzd dzd
(g4 = 390 [(i) Koo + (d_z) A44 dS, fC’ |:dxde22 — d—xd—ZA44:| dS
(A-7a)
dz dz
A46 :f _Fwd_K21 —CL( ) K24 dS Ayu7 = f Kgg—ds (A-7b)
c s ds
dzx
asg = [Ku(l’ +z ) —+ 2TnK42] dS, (A-7C)
C dS
d2\2 dz\2 _
ass Zj{ [(—Z) Koy + (_a:) Ay | ds, (A-8a)
ol \ds ds
dz dz dz
Q56 :j{ [—Fwd—Km —a( ) K24} S, Qas7 = 7{ K23 (A-8b)
c 5 ds
dz
ass = ¢ — K2 + 2%) + 2r, K] d s, (A-8c)
o}
ags = 7{ [F2K1 + 2F,a(s)Kis + a(s)* K] d s, (A-8d)
c
g7 = — f [FwK13 + a(S)K43] dS, (A-8e)
C

(g5 = — ]{ {Fw[K11(£C2 4 22) + 27”nK41]} ds — 7{ {a[KM(g;Q + 22) + 27’nK44]} ds,
¢ ¢ (A-8D)
ary = ]{ (V(s)Ka3 +2K53)ds, ags = ]{ [Kis(2® 4 2%) + 2r, Kyl d s, (A-8g)
c c

ass —% {(xQ + 22)[K11(ZZZ’2 + 22) + 27‘nK41]} ds+ f {ZTn[KM(JTz + 2’2) + 2TnK44]} dS,
c C

(A-8h)
where
Al

Ay = Agy — A
55

(A-9)
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Appendix A. Appendix

A.4 The cross-section piezo-actuator coefficients A

The subscript i = 1,2, 3, 4 of piezo-actuator coefficients AX denote the operation

AXZ/Aq)fds—/Agds, AX:/Aq)fds—i-/Agds, (A-10a)
T B T B

AXZ/Afds—/Aﬁds, AXZ/Ade/Agds, (A-10b)
L R L R

where the definition of AX are given as

ATr =57 (eyy _ A ) (2 —m) o (s), (A-11a)

€ss
A
k=1 11

Iz e A12 (TZQ — ’I’Ll) dz |1 312 (77/2 — nl)
AMz — Z {I (eyy - 165,5) —— Ry (s) — s —eyy(n1 +n2) — —eg = R(k)(s)}-,

P Ay h ds |2 An h
(A-11b)
= A — dz [1 B —
AMe _ 3 {z <eyy - Aie”) (2 - nl)R(k)(s) T £ [Qeyy(nl +ng) — Aie“} (no - m)R(k)(S)},
(A-11¢)
e dz Alﬁ <n2 - nl)
A9 =3 = (es — ess) — VY R (s), (A-11d)
kZ; dS Yy All h (k)( )
" dz A (ng —mq)
A% = — (es — ess> - Ry (s), A-1le
23\, R (s) (A-11e)
- A 19 — 1 B —n
A = Y (e = G20 ) PR 9+ e 4 nn) = 2| 2 g ),
k=1
(A-11f)
= A - 1 B
A =3 (s) (csy - Ti%) = i ™) R (s) + 2 [iesym +ng) — Tfe”] i, = 1) R (5) |
k=1
(A-11g)
At =3 {(1’2 +2%) (eyy - %?%s) = ; nl)RUc)(S) 2 Beyy(”l ) - %?ess} = l: nl)R(k)(s)}'
k=1 !
(A-11h)
A.5 Giobal stiffness quantities a,;
apl = azfl, a16 = a11)67 air = a11777 aig = Cl]fga (A-12a)
Ggg = Gbg, Qes = Qgg,  Ge7 = Qgr,  Aes = Ugg, (A-12b)
Q7 = CL€7, arg = CL}778, agg — a7§8. (A-IZC)
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A.6. Matrix via the Extended Galerkin’s Method in CUS lay-ups

ayy = alycos 4+ alysin B, a3 = alycos B — abysin 3, (A-13)
apy = alycos B+ alssin B, a5 = al5cosf — al,sin 3, (A-14)
96 = abs cos B+ abgsin B,  agy = ab cos 5 + ab- sin 3, (A-15)
ase = ahg cos B — abgsin B,  asy = ab; cos f — al, sin 5, (A-16)
ags = ahgcos B — abgsin 8, ays = aljgcos B+ abgsin 3, (A-17)
ay; = alzcos B+ ab-sin B, ays = aljg cos 5 + akg sin G, (A-18)
ase = apg cos B — aljgsin 8,  azy = aky cos f — al; sin B, (A-19)
asg = atg cos B — alig sin G. (A-20)
agy = aby cos® B+ aby sin® B + 2ab, cos Bsin B, (A-21)
agg = abs(cos® B —sin® B) + (aby — aby) cos Bsin B, (A-22)
agy = aby, cos® B+ abs sin® B + (abs + ab,) cos Bsin 3, (A-23)
ags = abs cos® B — ab, sin® B+ (ahs — ab,) cos Bsin 3, (A-24)
asz = aby cos® B+ aby, sin® B — 2ab, cos Bsin B, (A-25)
azy = ah, cos® B — aby sin® B + (ahs — ab,) cos Bsin 3, (A-26)
ass = aby cos® B+ ab, sin? B — (ah, + abs) cos Bsin 3, (A-27)
ay = al, cos? B+ als sin® B + 2a}; cos Bsin B, (A-28)
ays = als(cos? B — sin? B) + (aks — af},) cos Bsin 3, (A-29)
ass = abs cos® B + al, sin? B — 2ak cos Bsin B. (A-30)
A.6 Matrix via the Extended Galerkin’s Method in CUS lay-ups
Mass matrix

R 2R 2 AN 0 0

vl 0 nw,er o 0
Mp = /0 0 0 bW, 9T pw,wT | Y (A-3D)

0 0 bl U7 byl W7
L b0, @7 0

M, — /0 [ ; dy. (A-32)

Stiffness matrix

(bs + bs) WU + by W', W7

rayt T ray T rap! T / T rap! T ’ T
(L44\IIU\IIU Cl45‘I’u‘I’w CL34\I/u\I/Z +Cl45‘I’u‘I’Z CL24‘I/u‘I/Z +CL44‘I/u‘I/Z

Kp = foL

Symm

! T
CL55‘I’w‘I’w

et T / T ! T / T
a35\I’w\I'I +a55\Ilw\Ilz a25\I’w\I'Z +a45‘IlwlIlZ

K55 K56
K66
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with
Kss = a33‘1’;;‘1’;T +azp WL W, + Cl35‘1’x‘I’;T + a5, 0,"
Kso = aps WL 0" + a7 + aps U, 0" + a0, 0.7, (A-34)
Ko = apo W 0" 4 a0, O 0.7 4 0. 07 00,0 0.7

K Llap o w " a LWt . s
e /0 IS A ZEames T ZAaNEp T el (A-33)
Additional stiffness matrix
LWR(y)w ¥ — b, w,T 0 0 0
. 0 b R(y)w @ T 0 0
__rL 1 w * w
KB N fO 0 0 _b4\le\II:vT _bﬁ\IJm\IIZT dy’
0 0 —bs 0,0, T b0, W, T
(A-36)
Ky = [ et ! d
= Jo 0 —(by — b5 — bg) W W,T + (by + bs) R(y) W, W, — by W, W, " v
(A-37)
Actuating matrix
AYW! cos 3 AZ*W! sin B
I — AW’ sin B AS* W' cos 3
Ap = fo Mz g,/ Qz : Mz \y! o Qz P(y) dy.
APEW! cos f— AW, sin B — AW sin B+ AW, cos B
AMe@! sin B+ AYW, cos . AMAW, cos 4+ AW, sin 3
(A-38)
Ap = /L A, A P(y)d (A-39)
U A P R
External forces vector
L p—
Sy W, dy+ Q. ¥, (L)
Qs =1 L - (A-40)
Jo ma¥,dy + M, W, (L)
Jo mW.dy + MW (L)
0 Jo 19 (Ro + ) + 2, W dy + T, ¥, (L) Adl)
T = _ _ -
Jy (9206 4 my +b,) @5 dy + (M, @4 (L) + B, W, (L))

Control matrix
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A.7. Matrix via the Extended Galerkin’s Method in CAS lay-ups

0 0 kicosB(Ye )W, (Y,) kysin (Y)W, 7 (Y,) At
B0 0 kssin (Y)W, T(Y,) —kscos B(YV)W.T (V)| (A-42)
0 —keW,T (V) A3
T — O _k4\II¢T<}/;> ( - )
A.7 Matrix via the Extended Galerkin’s Method in CAS lay-ups
Mass matrix
I bl‘I’u‘Ilg 0 0
Mp = b ¥, U 0 dy, (A-44)
0 Symm (b5 + b15)‘IJZ\IIZ
bW, w7 0 0
My = [ (ba + b5) Wy WL + (byg + bys) W' '] 0 dy.
Symm (b4 + b14)\Ilz\IJZ
(A-45)
Stiffness matrix
I a44\Il;lIl;T a14\I!;\I’;T CL44\I’2L‘I’ZT
Kg = apn O W T IR A 5 dy, (A-46)
° | Symm R 78 ARSI R 2
Cl55‘Ilfw‘IliUT 0 CL55\Il/w\IIIxT
KT = fOL CL77‘IJ£1>\I’:¢T + CLGG‘IIZ\I’:;T a37\Il£b\Il;,T dy
Symm CL33‘I/:IE‘I’/1,T + CL55\I’I‘I’IT
(A-47)
Piezo-actuator Matrix
L[ A ®, R (y) 0 0
Ap = A" R (y) 0 Al R (y)| dy, (A-48)
O AP R(y) APW.R(y) 0
B 0 0 AL W, R (y)
A — / AR () AYYLR (y) 0 dy,  (A-49)
O AV, R (y) 0 ~ AW, R(y)
External forces vector
[ P, dy + Q. ¥,(L)
Qs =¢ [ p, ¥, dy+T,0,(L) }, (A-50)
[ m. . dy + M, W,(L)
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[ p. %, dy + Q. %, (L)
Qr = Ji (my + 0, Wy dy + [M,P4(L) + B, P, (L)] . (A-51)
[ ma®, dy + M, W,(L)

Control matrix P in Eq. (5.11)

0 —kaf T (Y,) —kiBi (YY)
P= 0 . _kSlI’aS (Ys) 0 (A-52)
v, (Y,
—mfz# 0 —ha B0, (V)
A.8 Matrix in the hub-beam multibody system
A A S 0 0
M = b, ol 0 dy, (A-53)
0 Symm (b5 + b15)‘I’Z‘I’Z
L
MAq—/ [—bi(Ro+3)®, 0 0 0 0 (bs+bi5)¥!]dy (A-54)
0
L [aun®, ot a, v, an ¥, w,"
K = ap @ W ap, O W, " dy, (A-55)
| Symm AR 70 JANNE TR 2
L
GAq:/ [0 bi(Ro+y)®] 0 0 0 0 0]dy (A-56)
0
A A A 0 0
G = 0 —b0 &, T 0| dy (A-57)
0 0 0 0
. [LRy)w, ., — b v, w," 0 0
C _/ 0 _bl‘Ilv\IlvT 0 dy,
0 0 0 —(bs + 515)‘I’z‘I’zT
(A-58)
L[ A w, P(y) 0 0
A=[A A5 Ay = A" P’() 0 AL®,P'(y) | dy,
0 xr z
(A-59)
P ¥y
Q= [A2(Ro +y) + p, )%, 3 dy. (A-60)

m, ¥,
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A.9. Nonlinear terms in Egs. 46.8D and 46.10[)

A.9 Nonlinear terms in Egs. (6.8) and (6.10

~

Quadratic nonlinear terms of wing structure

3 1
N2 2 apvpuy + aaf,ufy + ass0.0 + (ass — aaa)wyd + ag [5(%)2 + 5(“’6)2}
1
+ agsb, ¢’ + as:(¢))” + a48§(gz5’)2,
(A-61a)
2 . 1 1\2 1 AV / 1 /\ 2
N, tan 5(“0) + 5(100) a1wyd + a18§(¢) 7 (A-61b)

2
N; @ anvywy + a140,wy — a14vy¢ — a4s0.0 + argugwy — agbld' + (ass — as)ugo,
(A-61c¢)

N3 @ argvhd’ + assd'0. + 2as7ugd’ + assupll, — asswibl, + assupd, (A-61d)

N¢2> : a14v6w6 + CL44’U}662 — CL55’U/601 + (CL44 - CL55>’U6U)6, (A-61€)
Ni :agzugd, Ng D —assugd, NZ2  —agwyd, (A-611)

_ 1 1 1

N? @ — aw [§<ug>2 + 5(%)?] + anwpd — a5 (¢)*. (A-61g)

Quadratic nonlinear terms induced by the span distributed stores

J
B2 =" oply = Yymyrs | — 0.0, — 06— 02 — 7] (A-62a2)
j=1
. J 1 . 1 . ..
E2=%"dply — Yy)myr; [ — 500, — 50,6 - ¢9x] , (A-62b)
j=1
J I
Z (y = Yimgrs |~ 500, — 50.0. - 0.6, (A-62¢)

J
2 2

=1

+ % [Ijn cos® A + I]22 sin? A} {29 0, +6.0 } 1 [I-“ sin? A + IJ22 cos? A} [6’95& — ezéz:|

+ %sinAcosA[Ijm — 111] [200. + 260.6 - 06| + 2153[— 2.6, - 0.8.] }.
(A-62d)

B2 =3 ol 5 {my | = Sry(6io + 6i) + 51,206 — 06|
j=1
+ % [Ijn cos® A + I]22 sin? A} {Hzé — qbéz} + % [I]u sin? A + 1]22 cos? A} [ — 246, — @(éé]

+ %SinACOSA [Ifz — Ijn} [ — 299092 + 9909; - 29294 + %If?’ {Qdﬁz + gﬁ@z} },
(A-62¢)
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J
Ez = Z 6D(y — Y}){mj |: - Tj(@z’llo + %QI’U]O) - er(%qséz + ¢9w)i|

j=1
+ % [I]n cos® A + ]j22 sin? A] [ — 20,0 — gbéx} + % [Ijn sin® A + 1]22 cos? A} [2¢79x + 936(;5]

1 . . ; . 1 .
+ 5 sin Acos A [1;2 — I]ﬂ [ 2% 262 — ¢+ exex} + 51 [ 0.+ ¢94 }
(A-62f)
Quadratic nonlinear terms induced by the tip store

. . . 1 . 1 . ..
1 . 1 . .. . . ) )
B2 =my| = wr(500, + 50,6+ 06.) = yr (0.0, +0.0. + 62+ 02)],  (A-63b)

1 . 1 . .. 1 . 1 . ..
B =mr| = wr(50.0. + 50.0, + 0.0.) + yr(500. + 50.6+ 36.)|,  (A-63¢0)
2 1. . 1 . . 1 . S
E¢ =mr |:xT(_§9$U0 - Qon) + §yT(_0xuO + szo) + mT?JT(g(bez - ‘92¢ - ¢Gz)
1 . .. 1 . . 1
+ :CT2(§029x + 6:1782) + §yT2(_920I + QIQZ)] + 5 |:[,11.‘1 COS2 A + 11212 Sin2 A]
[293@ + 0294 +5 [1;1 sin? A + 122 cos? A} [exez . 0294
1 .. ; . 1 . B
+ 5 sinAcos A [17%2 . 1;1} [zqsez 20,6 — ¢94 + 515 [ — 20,6, — ewez} ,
(A-63d)
9 1 . . . 1 . .. 1 . .
Ez =mr [ixT(_esz - (b,UO) + yT(_HZUO - §¢U0) + xTyT(ezez - 59192 + ezez)
b sr2 (=00 +0.9) + yr?(—30.6 — 0.6)] + 5[ I co? A+ 13w A [ 0.6 — o8]
+ % [I}l sin® A + I cos® A} [ — 290, — 9,2(}51
+ %sinAcosA {I%Q — ]}1} { — 20,0, + 0,0, — 29Zéz]
b oI [200. + 6],
(A-63e)
9 1 . . . 1 . 1 -« 1 . o o
E =myr [xT(—iezwo — 0.iiy) + yr(—0.90 + §¢wo) =+ -’UTZ/T(§¢¢ - 59191 +¢° = 0;)
+ :CTQ(—%(béZ — ¢0,) + yTQ(%Hwéﬁ' + ¢9z)} + % [I%l cos® A + I3 sin® A} [ — 20,0 — ¢,
1 . .. .. 1 . .
+35 [1;1 sin? A + 122 cos? A} [2@91 n 91,(4 L [ — 0,6+ ¢94

+ %sinAcosA[I%2 — I}l] [ — 2(&2 + 295 - (b(ﬁ + exez] :
(A-63f)
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A.10. Matrixes in Eq.[6.11|and Eq.6.19

A.10 Matrixes in Eq.|6.11|and Eq.6.19

Mass matrix

bl ‘1111,‘1’5 0 0 0 0 0
T
bw, BT 0 0 0 0
T
Mo [ bW, BT 0 0 0 |
= T Y.
0 (ba + b5) BT + (big + bys) W', 0% 0 0 Y
Symm (by + b14) 0, 0T 0
(bs + by5) W, WT
Mass matrix of external stores
m; v, w,” 0 0 0 0 0
m;,v," 0 0 0 rym; 0, T
J : T
By m;¥,," —rm; W, W, 0 0
= [r*my + IMsin®A + [Pcos?A] @, (I — I} sin A cos A\IIO\IIII: 0
Symm [I}'cos?A + IPsin®A] ¥, 0,7 0
[1‘12!”(7 + [133] \Ilz\I'zT Y,
me,w,” 0 0 0 0 —yrmp W, w, "
mT\Ilq,‘ll,,T 0 0 0 ,I:TmT\Il,,\IIZT
N me¥, W, 71T7nT‘IJw‘Il¢,T *miT‘I’w‘I’.rT 0
[[}%in%\ + [2cos’A + ITZIU,T] \Il(b\IluT [(122 — IH)sin A cos A + zpyrmr) ‘~II¢\II,,,T 0
Symm [I}'cos®A + IFsin®A + yr?my| w7 0
I3 + yp?mp) @, 0T L
Stiffness matrix
an W a, v 0 0 0 ay O w."
T T T T
anvLw "t a0 W 0 a0, a0,
T T
K~ [t as; W W) 0 as; W W' 0 d
- fO R T \IJ”‘I’”T NR\H T w’ \I’/T Y-
arrWWo + assWyWy azrW, W, a7 W, W,
Symm a4 a5 0,0, T 0
apn® 0" 4 a0, 0.7

External forces vector QQ

L T
Q= [ {p¥ p¥ pw. (n )T mE ) dy A6
0

Nonlinear terms related to wing structure N,
Nom = [ {@,N2 ®,N? N2 (@,N2—W,N2) (W,N2—W,N?) (P.NZ-®.N)} dy
A (A-68)
Non!inear terms induced by external stores E,,,,, and E,,,,,. First of all, we define a
vector E,,,,,

. L _ _ _ _ _ _NT
E,, = / {\pEg W,E? W,E2 W,El W,E ¢E2} dy
0

HARDED) DED) WDEL) W(EL) WLEAL) W(DEL)}
3 : 3 o (A-69)
Then E,,,,, and E,,,,, equal to E,,,,, only when (A,, B,,,) and (A, B,,) (A, B = ug, vo, Wy, ¢, 0, 0.)
terms are retained in Enm respectively.
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