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Everything must be made as simple as possible.
But not simpler.

by Albert Einstein
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Abstract

OVER the last decades, the complexity of systems is continuously in-
creasing due to economic reasons and technological advances. It
is known that the centralized Model Predictive Control (MPC) so-

lutions for such large-scale systems might result in unacceptable control
performance due to various factors, such as high dimension of the system,
computation efficiency and communication bandwidth. Moreover, central-
ized controllers are not scalable and difficult to maintain. For these rea-
sons, in the last twenty years, decentralized and distributed MPC algorithms
have been developed with a number of local problems solved in parallel to
achieve global or local objectives. An alternative to decentralized and dis-
tributed control consists in the use of hierarchical control structures based
on MPC. This approach is very powerful especially for control of systems
with separable fast and slow dynamics, for the coordination of subsystems
and when it is required to consider different objectives in the long term and
regulation problems in the short term.

This Thesis addresses the theoretical development of hierarchical and
multilayer control algorithms based on MPC for large-scale systems.

In Chapter 2, we develop a two-layer control structure for the coordi-
nation of independent linear dynamic systems with input and joint output
constraints. At the higher layer, a reduced order dynamic model of the sys-
tem’s components is used to state and solve an economic MPC algorithm
in a long time scale. The outcomes of this layer are the components of the
control variables to be held constant over the long sampling periods. At the
lower layer, decentralized MPC controllers, one for each subsystem, are
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implemented in a shorter time scale and according to a shrinking horizon
strategy to compensate for the model inaccuracies at the high level. The
overall convergence, recursive feasibility, as well as the fulfillment of the
joint constraints, are obtained under mild assumptions.

A fully scalable hierarchical control scheme for coordination of similar
independent systems with joint output and input constraints is presented in
Chapter 3. Differently from Chapter 2, a scalable low-dimensional model
mapping the common input to the collective output is used at the high layer,
this model is easily determined from the impulse responses of the subsys-
tems. The outcome of the high layer is the value of the common input
to be held constant and to be distributed among the subsystems based on
a specific weight associated with each subsystem. This approach allows
to modify the system configuration with time varying weights, in terms of
the contribution provided by any subsystem to the overall system perfor-
mance, and to implement plug-and-play operations. The recursive feasi-
bility is guaranteed also during plug-in and plug-out operations, and the
overall convergence of the system output to the set-point is proven.

Finally, in Chapter 4, we extend the hierarchical control structure to
large-scale interconnected systems. At the higher layer, a robust central-
ized MPC algorithm based on a reduced order dynamic model optimizes
a long-term performance index, while at the lower layer local MPC regu-
lators, are designed for the full order models of the subsystems to refine
the control action computed at the higher layer. The recursive feasibility
and robustness of the two layer algorithm are guaranteed and the overall
convergence of the state to the steady state is fully discussed.

Several simulation examples are reported to show the effectiveness of
all the proposed algorithms.
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Riassunto

NEGLI ultimi decenni, la complessità dei sistemi ingegneristici è sem-
pre più aumentata sia per motivi economici, sia per gli sviluppi
tecnologici. Nel progetto dei sistemi di controllo, è noto che le

soluzioni centralizzate basate sul Model Predictive Control (MPC) per tali
sistemi su larga scala potrebbero risultare inefficienti a causa di vari fattori,
come la dimensione del sistema, l’efficienza di computazione e la larghezza
della banda di comunicazione. Inoltre, i controllori centralizzati non sono
scalabili e sono difficili da mantenere. Per questi motivi, negli ultimi ven-
t’anni sono stati progettati algoritmi MPC decentralizzati e distribuiti basati
sulla soluzione in parallelo di una serie di problemi locali, con lo scopo di
raggiungere obiettivi globali o locali. Un’alternativa al controllo decen-
tralizzato e distribuito riguarda l’uso di strutture di controllo gerarchiche
basate su MPC. Questo metodo è molto potente soprattutto per il control-
lo dei sistemi con dinamiche sia veloci che lente, per il coordinamento di
sottosistemi e in generale quando è necessario prendere in considerazione
diversi obiettivi a lungo termine e problemi di regolazione a breve termine.

Questa tesi affronta lo sviluppo teorico di algoritmi di controllo gerar-
chici e multilivello basati su MPC per sistemi a larga scala.

Nel 2◦ Capitolo, è progettata una struttura di controllo a due livelli per
il coordinamento di sistemi dinamici lineari indipendenti con vincoli di in-
put e di output congiunti. Al livello superiore, un modello dinamico in
ordine ridotto dei componenti del sistema viene utilizzato per progettare
un algoritmo MPC economico che consideri un lungo orizzonte temporale.
I risultati prodotti da questo controllore sono le componenti delle varia-
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bili di controllo che devono essere mantenute costanti durante periodi di
campionamento lunghi. Al livello inferiore, i controllori MPC decentra-
lizzati, uno per ciascun sottosistema, sono implementati considerando un
orizzonte temporale più breve, secondo una strategia “shrinking horizon”
per compensare le inaccuratezze del modello ad alto livello. La convergen-
za dell’intero sistema controllato, l’ammissibilità ricorsiva dei problemi di
ottimizzazione e il soddisfacimento dei vincoli congiunti sono ottenuti sotto
ipotesi non molto stringenti.

Uno schema di controllo gerarchico completamente scalabile per il coor-
dinamento di sistemi indipendenti con vincoli congiunti di ingresso e uscita
è presentato nel Capitolo 3. A differenza del Capitolo 2, al livello più alto
viene utilizzato un modello scalabile di dimensioni ridotte che mappa l’in-
gresso comune all’uscita collettiva e questo modello è facilmente determi-
nato dalla risposta all’impulso dei sottosistemi. Il risultato dello controllo
al livello superiore è il valore dell’ingresso comune da mantenere costan-
te e da distribuire tra i sottosistemi in base a un peso specifico associato
a ciascun sottosistema. Questo approccio consente di modificare la confi-
gurazione del sistema con pesi variabili nel tempo, in termini di contribu-
to fornito da qualsiasi sottosistema alle prestazioni generali del sistema, e
di implementare operazioni plug-and-play. La fattibilità ricorsiva è garan-
tita anche durante le operazioni di plug-in e plug-out, e viene provata la
convergenza complessiva dell’uscita del sistema al riferimento.

Infine, nel 4◦ Capitolo, la struttura gerarchica di controllo è estesa a si-
stemi interconnessi a larga scala. Al livello superiore, un algoritmo MPC
robusto e centralizzato, basato su un modello dinamico in ordine ridotto, ot-
timizza un indice di prestazione a lungo termine; mentre allo strato inferio-
re, i regolatori locali MPC sono progettati per i modelli in ordine completo
dei sottosistemi per perfezionare l’azione di controllo calcolata al livello
superiore. La fattibilità e la robustezza dell’algoritmo a due livelli sono
garantite, e la convergenza complessiva dello stato allo stato stazionario è
provata.

Diversi esempi di simulazione sono riportati per mostrare l’efficacia di
tutti gli algoritmi proposti.
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CHAPTER1
Introduction

MPC is an effective process control method that has being widely employed
in a large number of industrial plants, see [25, 62, 124, 140]. In MPC the
control problem is reformulated as an optimization one with the capabil-
ity to tackle multivariable systems and to handle constraints on input, state
and output variables. Many MPC algorithms have been developed over the
years with guaranteed fundamental properties, such as closed-loop stability
and robustness with respect to external disturbances and/or model uncer-
tainties, see [120].
Over the last decades, the complexity of systems such as smart grids [89],
chemical plants [99], traffic systems [95], water supply networks [103] is
continuously increasing due to economic concerns and technological ad-
vances. The control problem for such large-scale systems could be trivially
solved by resorting to a single (centralized) stabilizing MPC. However, the
centralized solution of the resulting control problem could be hampered by
various factors, such as high dimension of the system, computation effi-
ciency, and communication bandwidth. Moreover, centralized controllers
are not scalable and difficult to maintain. For these reasons, in the last
twenty years, decentralized and distributed MPC algorithms have been de-
veloped for large-scale systems, where the centralized optimization prob-
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Chapter 1. Introduction

lem is replaced by a number of local ones solved in parallel to achieve
global and/or local objectives. When using decentralized and distributed
MPC, the values of input, state and output variables can be locally com-
puted over the whole prediction horizon at each sampling time instant and
can be broadcast to neighbour systems to obtain performance close to those
of the centralized controllers.
An alternative to decentralized and distributed control consists in the use
of hierarchical and multilayer control structures based on MPC. This ap-
proach is very powerful especially for control of systems with separable
fast and slow dynamics, for the coordination of subsystems and when it
is required to consider different objectives such as economic incomes and
product throughput in the long term and regulation problems in the short
term. In many hierarchical structures, centralized MPC is used at the high
level at a slow time scale to achieve long-term goals, with the possibility
to use a simplified model in the design phase, while decentralized or dis-
tributed MPC regulators are designed at the intermediate or low levels at a
fast time scale to achieve short-term performance using full order models.
The aim of this Thesis is to design hierarchical and multilayer structures
based on MPC for coordination. Specifically, independent systems with
joint constraints are first considered, including the possibility to allow for
plug-and-play operations. Then the analysis is extended to interconnected
systems. Fundamental properties such as feasibility, convergence and ro-
bustness of the proposed structures are developed taking advantage of the
recent developments of MPC, such as robust tube-based MPC.
This chapter describes the basic ideas on the main techniques used and the
scientific motivations of this Thesis. Section 1.1 lists the adopted notation.
Section 1.2 introduces the design of centralized stabilizing MPC algorithms
for nominal deterministic systems without disturbances and robust tube-
based MPC for systems affected by unknown, but bounded additive distur-
bances. Section 1.3, presents a short scientific review on decentralized and
distributed MPC, while in Section 1.4 a literature review on hierarchical
structures based on MPC is reported with emphasis on independent sys-
tems and interconnected systems. Section 1.5 presents the Thesis structure
and its main contributions.

1.1 Notation

Our notation for symbols and technical terms used throughout the Thesis is
listed below.

• For a given set of variables zi ∈ Rqi , i = 1,2, . . . ,M, we define the

2
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1.2. Centralized MPC

vector whose vector-components are zi in the following compact form:
(z1,z2, · · · ,zM) = [zT

1 zT
2 · · · zT

M ]T ∈ Rq, where q = ∑
M
i=1 qi.

• Given the signal x, the symbol −→x (k : k+N−1) denotes the sequence
x(k) . . .x(k +N − 1), where k is the discrete time index and N is a
positive integer.

• We denote by ‖ · ‖ the Euclidean norm. The expression ‖x‖2
Q stands

for xT Qx.

• We use N to denote the set of nonnegative integer numbers, N+ to
denote the set of positive integer numbers, R to denote the set of real
numbers, R+ to denote the set of positive real numbers.

• We denote by In the identity matrix of order n, by 0 the matrix of
proper dimensions with all entries equal to zero and by 1m×n the m×n
matrix whose entries are all equal to 1.

• Given two sets Z and W , their Minkowski sum (dilation) is Z ⊕W =
{z+w|z ∈ Z ,w ∈ W }, their Minkowski or Pontryagin difference is
Z 	W = {v|v⊕W ∈Z }. We use

⊕N
i=1 Yi to denote the Minkowski

sum of the sets {Y1, · · · ,YN}.

• We denote d(x,Y ) the distance of a point x ∈ Rn from a set Y ⊆ Rn,
which is defined by

d(x,Y ) := inf{|x− y||y ∈ Y }.

• A ball with radius ρεi and centered at x̄ in the Rdim space is defined as
follow:

Bρεi
(x̄) := {x ∈ Rdim : ||x− x̄|| ≤ ρεi}.

• Finally, ⊗ denotes the Kronecker matrix product, i.e., A⊗ B is the
matrix whose i j-th block entry is ai jB, where ai j is the i j-th element
of A.

1.2 Centralized MPC

The main features of MPC that make it popular for many industrial appli-
cations are:

• the control problem is transformed into an optimization one, with the
possibility to handle many degrees of freedom in the performance in-
dex, which can represent different and even conflicting goals;
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• static or dynamic constraints on input, state and output variables can
be included naturally in the control problem formulation;

• it can be extended to multivariable systems and is generally more pow-
erful than classic PID controllers;

• MPC algorithms guaranteeing fundamental properties such as feasi-
bility, stability, and robustness are nowadays available.

For further indepth reading on the topics of MPC, the reader is referred to
the textbooks [26, 112, 150] and to the survey papers [64, 120].

In this section we describe the fundamentals of several centralized lin-
ear MPC algorithms with the emphasis on MPC for nominal systems and
on recent results on robust MPC for systems affected by unknown distur-
bances.

1.2.1 Nominal MPC

Consider the finite-dimensional, linear, time-invariant, discrete-time model
described by

Σ :

{
x(k+1) = Ax(k)+Bu(k)

y(k) =Cx(k),
(1.1)

where k is the discrete time index; x ∈X ⊆ Rn, u ∈U ⊆ Rm and y ∈ Rp

are the state, input and output variables; U and X are convex sets contain-
ing the origin; the pair (A, B) is assumed to be stabilizable.
The control goal is usually to steer the control and state variables to zero
(regulation problem) or to the pair (xs, us) (tracking problem), where xs and
us are the steady-state state and control corresponding to a given constant
reference signal yr. It is assumed here that yr is compatible with the state
and control constraints, i.e., xs ∈X , us ∈U . The latter tracking problem
can be easily transformed into a regulation one by state and input transfor-
mation. For this reason, in the following only the regulation problem will
be considered.
At each time instant k, given the current value of the state x(k), the follow-
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ing finite-horizon optimization problem is typically considered:

min−→u (k:k+N−1) J
(
x(k),−→u (k : k+N−1)

)
subject to:
• the dynamics (1.1)
• x(k+ i) ∈X , i = 1, . . . ,N−1
• u(k+ i) ∈U , i = 1, . . . ,N−1
• x(k+N) ∈X f ,

(1.2)

where

J
(
x(k),−→u (k : k+N−1)

)
=

N−1

∑
i=0

(‖x(k+ i)‖2
Q+‖u(k+ i)‖2

R)+‖x(k+N)‖2
P,

(1.3)
N is the prediction horizon, Q∈Rn×n, R∈Rm×m and P∈Rn×n are positive
definite matrices, and X f ⊆ X is a convex terminal set containing the
origin. Note that the matrices Q and R are design parameters, while matrix
P has to be chosen carefully, usually together with the terminal set X f to
guarantee the properties of the control algorithm.

The optimization problem (1.2) can be recast as a quadratic program-
ming one (or quadratically constrained quadratic programing one where
also quadratic function is included in the constraint), see [166], whose solu-
tion is computed with efficient algorithms [148,178]. Denote by u(k|k), . . . ,
u(k+N−1|k) the optimal control sequence at time instant k. Only the first
element of this optimal control sequence u(k|k) is applied at time k, then
the values of states and outputs are updated, and the optimization problem
(1.2) with cost (1.3) is solved again at the next time instant k+1, according
to the receding horizon (or moving horizon) principle. Due to the state and
input constraints, the control law computed at each time instant k might be
implicit.
The properties usually required to MPC algorithms are:

• if the optimization problem is feasible at time instant k, then it is fea-
sible at all the future time instants (recursive feasibility);

• the origin is an asymptotically stable equilibrium point of the closed-
loop system (stability).

In many popular MPC methods, instead of stability the following weaker
property is proven:

• the state of the closed-loop system asymptotically converges to the
origin (convergence).
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The above properties can be achieved see [120] by introducing an aux-
iliary state feedback law u = Kx, and by verifying that the optimal cost
function Jo is a Lyapunov function of the closed-loop system. A typical
choice is to select P as the solution of the Lyapunov equation

(A+BK)T P(A+BK)−P =−(Q+KT RK) (1.4)

where K is the optimal infinite horizon LQ gain K = (R+BT PB)−1BT PA.
The terminal set must be chosen carefully such that X f ⊆X , KX f ⊆U
and (A+BK)X f ⊆X f . One may take X f as the maximal invariant admis-
sible set for system x(k+ 1) = (A+BK)x(k) or define it as an ellipsoidal
invariant set X f = {x|xT Px < α}, for some suitably chosen positive scalar
α .
A sketch of the proof of recursive feasibility and convergence is now pro-
vided. Assume that at time instant k the optimal control sequence of the
optimization problem (1.2) is found, i.e.,

−→
uo(k : k+N−1|k) =

(
u(k|k), · · · ,

u(k +N− 1|k)
)
. Associated with this control sequence, the optimal cost

function is Jo(x(k)) and the state evolution is such that x(k+N|k)∈X f . In
view of the definition of X f and of the gain matrix K, the input sequence
−→
us (k+1 : k+N|k+1) =

(
u(k+1|k), · · · ,u(k+N−1|k),Kx(k+N|k))

)
is

a feasible choice at the next time instant k + 1. Associated with this in-
put sequence the value of the suboptimal cost function is Js(x(k+1),

−→
us (k :

k+N|k+ 1)), and the terminal constraint x(k+N + 1|k+ 1) ∈X f is sat-
isfied as well. Thus, the recursive feasibility follows. It is also possible to
write

Js(x(k+1),
−→
us (k+1 : k+N|k+1))− Jo(x(k)) =

=−(‖x(k)‖2
Q +‖u(k|k)‖2

R)+‖x(k+N|k)‖2
Q +‖Kx(k+N|k)‖2

R+

‖(A+BK)x(k+N|k)‖2
P−‖x(k+N|k)‖2

P

=−(‖x(k)‖2
Q +‖u(k|k)‖2

R)+‖x(k+N|k)‖2
Q+KT RK+(A+BK)T P(A+BK)−P

(1.5)
In view of (1.4) and from (1.5), one has

Js(x(k+1),
−→
us (k+1 : k+N|k+1))− Jo(x(k)) =−(‖x(k)‖2

Q +‖u(k|k)‖2
R)

Recalling that Jo(x(k+1|k))≤ Js(x(k+1),
−→
us (k+1 : k+N|k+1)), then

Jo(x(k+1|k))− Jo(x(k))≤−(‖x(k)‖2
Q +‖u(k|k)‖2

R) (1.6)

(1.6) implies that Jo(x(k + 1|k))− Jo(x(k)) converges to zero. Further-
more, from (1.6), Jo(x(k))− Jo(x(k + 1|k)) ≥ ‖x(k)‖2

Q + ‖u(k|k)‖2
R, then
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‖x(k)‖2
Q +‖u(k|k)‖2

R→ 0 as well. Recalling the definition of Q and R, the
convergence of the state and input variables follows.

1.2.2 Robust tube-based MPC

The MPC formulation reported in Section 1.2.1 assumes that the nominal
model (1.1) used for prediction is exactly the same as the real plant. How-
ever, due to the presence of additive unknown disturbances acting on the
system being controlled, the standard MPC setup may lead to issues of sta-
bility and constraint satisfaction even when the disturbance is arbitrarily
small, see [68]. This has motivated the development of a robust MPC the-
ory, within which three main approaches have been proposed: the first one
is based on min-max formulations of MPC optimization problems where a
worst-case cost is minimized, see [15, 16, 94, 102, 142, 165] and the refer-
ence therein. The second approach is based on input-to-state stability for
robust MPC with tightened state constraints, see [115, 116]; while the last
one is the so-called “tube-based” approach, relying on the concept of tubes
with tightened constraints used for predicted input and state variables over
the prediction horizon, see [32, 60, 98, 119, 121]. In tube-based MPC, an
online standard MPC problem is solved at any time instant with tightened
constraints on the nominal model to generate the trajectory of the nominal
state, i.e., the center of a tube, while an auxiliary feedback policy is intro-
duced to steer the trajectory of the uncertain system to the nominal one.
The online-computational load of the resultant controller is comparable to
that of nominal MPC. The implementation of tube-based MPC relies on set
theory, see [21, 22] and on recently developed computation approaches for
robust positive invariant (RPI) sets, see [144–147].

Since the tube-based approach will be extensively used in the following
chapters, its main ideas for linear discrete-time LTI systems are now intro-
duced based on the theory described in [121, 150].
Consider the finite-dimensional, linear, time-invariant, discrete-time per-
turbed model described by

x(k+1) = Ax(k)+Bu(k)+w(k) (1.7)

where x∈X ⊆Rn, u∈U ⊆Rm and w∈W ⊆Rn; U and X are polytopic
sets containing the origin in its interior, and W is a compact set.
The nominal system for (1.7) is referred as

x̂(k+1) = Ax̂(k)+Bû(k) (1.8)

Select a control gain K such that F = A+BK is Schur stable and define the
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control law for the real system (1.7) as

u(k) = û(k)+K(x(k)− x̂(k)) (1.9)

where û(k) is the solution of a standard MPC optimization problem for the
nominal model (1.8).
Define by e= x− x̂ the deviation of the real state from the nominal one, then
the difference autonomous system derived from the subtraction of (1.7) and
(1.8) with (1.9) is

e(k+1) = Fe(k)+w(k) (1.10)

Denote by Z a minimal (if possible) RPI set satisfying FZ ⊕W ⊆Z for
the autonomous system (1.10). If the current state x(k)− x̂(k) ∈Z , then it
holds that x(k+ i)− x̂(k+ i) ∈Z for all i > 0.

Therefore, the main idea of tube-based MPC can be summarized as fol-
lows: the first term û(k) in (1.9) is computed by solving a nominal MPC
optimization problem with the goal to generate the center trajectory of the
tube, where tightened constraints are enforced on the state and input of
the nominal model (1.8) by using a priori knowledge of the RPI set Z
for the satisfaction of real constraints; while the auxiliary feedback term
K(x(k)− x̂(k)) is introduced to steer the trajectories of the uncertain sys-
tem (1.7) to the nominal ones.

Accordingly, the optimization problem to be solved at each time instant
k is given by

minx̂(k),
−→̂
u (k:k+N−1) J

(
x̂(k),

−→̂
u (k : k+N−1)

)
subject to:
• the dynamics (1.8)
• x(k)− x̂(k) ∈Z

• x̂(k+ i) ∈ X̂ , i = 1, . . . ,N−1

• û(k+ i) ∈ Û , i = 1, . . . ,N−1

• x̂(k+N) ∈ X̂ f ,

(1.11)

where

J
(
x(k),

−→̂
u (k : k+N−1)

)
=

N−1

∑
i=0

(‖x̂(k+ i)‖2
Q+‖û(k+ i)‖2

R)+‖x̂(k+N)‖2
P,

(1.12)
N is the prediction horizon, X̂ = X 	Z , Û = U 	KZ and X̂ f is a

positively invariant set for the nominal system (1.8) with the auxiliary con-
trol law û(k) = Kx̂(k) such that X̂ f ⊆ X̂ , KX̂ f ⊆ Û and FX̂ f ⊆ X̂ f .

8
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Q, R, and P are positive definite matrices. The control gain K can be se-
lected arbitrarily as long as F is stable, also in this case a simple choice is
to consider the optimal gain computed according to the infinite horizon LQ
criterion. The matrix P can be computed as the solution of the following
Lyapunov function

FT PF−P =−(Q+KT RK)

Let
−→̂
u (k : k+N−1|k) =

(
û(k|k), · · · , û(k+N−1|k)

)
be the optimal solu-

tion of the optimization problem (1.11), then the control action of the real
system (1.7) at time k is given by

u(k) = û(k|k)+K(x(k)− x̂(k|k))
If the initial condition satisfies x(k)− x̂(k) ∈Z and all the parameters are
properly selected, a feasible solution of the optimization problem (1.11) can
be found. The proof of recursive feasibility is similar to that of standard
MPC, to this regard note that the initial condition of the nominal system
is an optimization parameter at any time instant. The recursive feasibility
also implies that the real input and state constraints are fulfilled at any time
instant, i.e., x ∈X and u ∈U .

As for the convergence proof, let x̂(k+1) = x̂(k+1|k), then
−→̂
u s(k+1 :

k+N|k+ 1) =
(
û(k+ 1|k), · · · , û(k+N− 1|k), Kx̂(k+N|k)

)
is a feasible

choice at time instant k + 1 associated with the suboptimal cost Js(x̂(k +
1|k), ûs(k+1 : k+N|k+1)). It holds that

Jo(x(k+1))≤ Js(x̂(k+1|k), ûs(k+1 : k+N|k+1)) (1.13)

where Jo(·) is the optimal cost. Then, according to arguments similar to the
ones introduced for nominal MPC, it is easy to show that

Jo(x(k+1))− Jo(x(k))≤−(‖x̂(k|k)‖2
Q)+‖û(k|k)‖2

R)

The monotonic property of the optimal cost function implies that the nom-
inal inputs and states exponentially converge to zero. Recall that the real
state always remains inside the tube whose center are the nominal state tra-
jectories, i.e., x ∈ x̂⊕Z , then the robustness and convergence properties of
the uncertain system (1.7) can be guaranteed, that is

limk→∞ d(x(k),Z )−→ 0.

1.3 Decentralized and distributed MPC

Many efforts have been devoted in recent years to develop decentralized and
distributed MPC algorithms for large-scale interconnected systems. The

9
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literature is very wide, see e.g. [113], so that in this section reference will
be only made to the main contributions and ideas in this field.

1.3.1 Decentralized MPC

In decentralized MPC structures, the large-scale system is usually decom-
posed into non-overlapping subsystems, interacting due to direct input cou-
plings or indirect effects of internal states. Each subsystem is controlled
by an independent MPC regulator, see [14, 169], with no information ex-
change between the local controllers. In the design phase, the input and/or
state couplings are neglected, which makes the design of the local MPC
regulators trivial; however fundamental properties, like stability and con-
vergence, can usually be guaranteed when the interactions are weak, while
strong interactions can lead to issues of stability and poor performances.
In addition, some systems cannot be stabilized by a decentralized control
structure due to the presence of unstable fixed modes, see [41, 185].
Since many large-scale systems can be decomposed into subsystems with
very small interconnections, see [31, 67, 71, 74, 159, 170, 187], decentral-
ized MPC can be very useful. However, in spite of the importance of de-
centralized MPC, very few algorithms with guaranteed properties can be
found in the literature. This is due to the fact that the stability analysis
relying on the idea to use the optimal cost used as a Lyapunov function,
typical of centralized MPC, is difficult to extend to decentralized MPC
problems. A stabilizing decentralized state-feedback MPC controller for
nonlinear discrete-time systems with bounded decaying disturbances has
been reported in [114], where a contractive terminal state constraint is in-
cluded in the formulation of the decentralized MPC problems. The closed-
loop stability is obtained despite the influences of couplings between the
subsystems and the presence of external disturbances. In [143], decen-
tralized regulators with both open-loop and closed-loop formulations have
been developed by resorting to robust min-max MPC: the interconnections
are considered as perturbations to be rejected and the concept of Input-to-
State Stability is used to guarantee the stability properties. A decentralized
MPC of dynamically coupled linear systems with input constraint has been
described in [5], where the large-scale system is decomposed into overlap-
ping sub-models for local predictions. The asymptotic stability with respect
to input constrained open-loop stable systems and to unconstrained open-
loop unstable systems are obtained and extended to the cases of tracking
reachable output set-points and constant disturbances. Plug-and-play de-
centralized MPC problems have been studied in [153, 154], where the sta-
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bility is guaranteed by resorting to robust tube-based MPC algorithms and
maintained when the addition and removal of new units are considered.

1.3.2 Distributed MPC

Unlike decentralized MPC structures, in the context of distributed MPC
information is transmitted among local controllers. The information ex-
change usually consists in predicted input and state variables computed
over the prediction horizon. Hence, each local MPC regulator can esti-
mate the interconnection effects and/or the models of other agents.
As presented in the survey paper [161], several classifications can be con-
sidered. A first classification can be based on the adopted protocols for
information exchanges: in non-iterative algorithms, information is trans-
mitted (and received) by the local controllers once at each sampling inter-
val; on the contrary, in iterative algorithms, information can be transmit-
ted (and received) by the local controllers many times at each sampling
time interval. Iterative distributed MPC algorithms need a larger amount
of information within each sampling time interval which may be helpful
for large-scale networked systems to reach a global consensus. However,
consensus does not imply optimality, which leads to another possible clas-
sification: in non-cooperative algorithms, each local controller has its own
local objective function, while in cooperative algorithms, all the regulators
share a global performance index. As discussed in [184], and according
to classical results of game theory, iterative non-cooperative algorithms ad-
mit a Nash equilibrium, while iterative cooperative algorithms can reach
the Pareto optimal solution. Another classification can be made relying on
the topology of the information transmission network: in fully connected
algorithms information is transmitted (and received) from any regulator to
the other agents, while in partially connected algorithms only information
exchanges among neighboring subsets are allowed. A partially connected
algorithm may be used for large-scale systems that are made by loosely
connected subsystems, where information exchanges are limited for the re-
duction of communication burden without deteriorating performance.
Several distributed algorithms based on MPC have been developed in the
literature. A non-cooperative and noniterative solution has been proposed
for discrete-time linear systems in [27], where a contractive constraint is in-
cluded and stability can be proved a-posteriori with an analysis of the result-
ing closed-loop dynamics. A non-cooperative, iterative and fully connected
algorithm has been developed in [44, 104] for discrete-time unconstrained
input-output models with Nash equilibrium achieved, while a cooperative
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and iterative approach has been studied in [184] for discrete-time linear
systems, where the Pareto optimal solution is obtained when the iterative
procedure converges, and feasibility, as well as stability can be guaranteed
even when the information exchange is stopped at any intermediate iter-
ation. This approach has been extended to output feedback systems with
verified properties, see [173] and to nonlinear systems resulting in a non-
convex problem without guaranteed convergence of the closed-loop sys-
tem, see [174]. A non-cooperative, noniterative and partially connected
algorithm has been proposed in [46] and extended in [45] for nonlinear
continuous-time systems with stability verified under the assumption that a
consistency constraint is included to guarantee the real trajectory does not
differ too much from the predicted ones. Another non-cooperative, noniter-
ative and partially connected MPC has been addressed in [58,59] for linear
systems, where each agent only knows the reference trajectories of the state
variables of the neighbours, and the convergence property is verified by re-
sorting to robust tube-based MPC. Other approaches designed according to
closed-loop robust MPC can be found in [35, 43, 84, 155]. In [193], two
cooperative, iterative and partially connected solutions are presented for
cascade processes, where communication delays are considered and stabil-
ity is obtained in the unconstrained case. Lyapunov-based cooperative and
iterative algorithms for nonlinear systems have been developed recently,
see [106, 107].
A specific class of distributed MPC algorithms has been developed for the
coordinated control of independent systems with coupling state and input
constraints or with the possibility to consider a global performance index
such as the overall output throughput. In [63] a cooperative cost function is
used and the stability analysis relies on Input-to-State Stability arguments.
Distributed control of decoupled nonlinear discrete-time nonlinear systems
with coupling constraints and cost has been considered in [90] and extended
in [91]. Each local regulator computes its control actions based on its states
and neighbors and the stability is achieved with a zero terminal constraint.
In [151], a robust algorithm has been developed for linear independent sys-
tems with coupled constraints, in which the reference signals related to the
coupled constraints are communicated. The constraint fulfillment is guar-
anteed by including a constraint tightening approach and the robustness is
verified also in presence of bounded disturbances. An extension of this
approach resorting to tube-based MPC is described in [182]. A stochastic
distributed algorithm has been developed for linear discrete-time indepen-
dent systems with coupled state and input constraints in [135], where the
coupling constraints are reformulated and decoupled as deterministic ones

12
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by means of the Cantelli inequality.

1.4 Hierarchical structures based on MPC

An alternative to decentralized and distributed control schemes consists of
considering hierarchical and multilayer structures based on MPC. Hierar-
chical control structures are useful at least in the following cases:

• Coordination control: local controllers possibly designed with MPC to
achieve local goals work at the low level, while a coordinator is placed
at the high level with the goal to minimize a global performance index
and satisfy coherence constraints, see [127–130]. A negotiation pro-
cedure must be activated between the two layers when the coherence
constraints are not fulfilled.

• Control systems of hierarchical structures: multilayer schemes are
used naturally, where the higher level controller usually works at a
slow time scale computing the reference signals to be used at the low
level, while the low level controllers solve tracking problems at a fast
time scale, see [136, 137, 162, 163].

In the following subsections, a review of some typical applications of hier-
archical MPC is reported according to the survey paper [161]. Specifically,
the following topics will be considered: plantwide optimization, coordina-
tion of independent systems, control of interconnected systems.

1.4.1 Hierarchical MPC for plantwide optimization

A traditional hierarchical structure for the process industry is shown in
Fig.1.1. At the upper-layer, Real Time Optimization (RTO) is used to com-
pute the steady-state operating points for the low level controllers according
to an economic optimization problem and based on a static model, while a
dynamic model is used at the intermediate layer for the supervisory con-
trol, possibly designed with MPC. The basic control layer usually includes
PID controllers for computation of the control actions of the actuators. In
this context, steady-state optimization based on a detailed nonlinear model
has to be solved at the upper level, while a linear dynamic model, possibly
obtained with identification techniques, is used for the design of the MPC
regulator at the intermediate layer. Another approach is taken in [133],
where an abstract model is used at the high level for the optimization of
the long term performance, while detailed models are used for the design
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of local controllers at the low level for computing the control actions of
the actuators. Due to the set-point it generates, RTO at the upper layer
plays a fundamental role in the hierarchical structure. In the design phase
of the upper and intermediate layers, the issues to be considered are: (i)
the models used for computing the set-points at the upper layer must be
updated periodically to account for possible model mismatches and slow
disturbances, (ii) the consistency of the upper layer and the intermediate
layer should be guaranteed and the set-points computed by the upper-layer
should be reachable by the MPC regulator. Time scale separation can be
employed naturally when long term goals such as economic indices have
to be achieved with a sampling rate of days or hours, while the short-term
behavior of the actuators should be considered at a much faster sampling
interval of minutes or seconds.

RTO

Supervisory 
control (MPC)

Basic control 
(PID)

Process

Figure 1.1: Traditional hierarchical structure for plantwide optimization

The literature on the hierarchical structure described in Fig.1.1 is rich.
The hierarchical algorithms resorting to RTO based on a static nonlinear
system can be found in [37,118,168,176,177]. An integration of nonlinear
RTO layer and linear MPC layer has been developed in [100].
Despite this paradigm has been successful in the process industry, the need
of dynamic economic process optimization caused by various factors, such
as market-driven price variations, requires new solutions for the upper-
layer RTO, see [50]. In [52, 77, 87, 189, 191], the extensions of RTO to
transient optimization, i.e., dynamic RTO, a form of economic MPC, has
been studied with dynamic models introduced at the upper layer. Similar
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to classic RTO, the upper-layer economic MPC computes the references
for the lower-layer MPC at a slower rate for the reduction of computa-
tional requirements. Although many results on hierarchical structures re-
garding plantwide optimization have been presented, only limited work, see
[52,189], has been devoted to the analysis of closed-loop properties, such as
stability and robustness. Future work in this area must be made to develop
new algorithms with verified closed-loop properties, in particular by resort-
ing to recent theoretical results in economic MPC, see [8,42,69,75,82,149]
and the survey papers [50, 180].

1.4.2 Coordination of independent systems

Hierarchical MPC algorithms have been developed for the solution of con-
trol problems with multiple and conflicting goals. A hierarchical structure
for multi-robot navigation has been discussed in [81], where a centralized
MPC works at the high level while a decentralized controller is designed
for each robot at the low level. Reachable sets are employed to decouple
the formation problem, and properties of feasibility and stability are guar-
anteed. In [57], a hierarchical algorithm based on distributed MPC has been
studied for the coordination of unicycle autonomous robots. The high-level
optimizer computes the reference signals for the low-level controllers with
the possibility to consider various objectives such as formation control or
obstacle collision avoidance. At the low level, a robust MPC is designed
for each robot to track the trajectories and neighbor-to-neighbor communi-
cations are allowed among the controllers.
Indeed, the lack of hierarchical algorithms for this class of problems and
with closed-loop properties motivates the work of Chapter 2 of this Thesis.

1.4.3 Hierarchical MPC for interconnected systems

The connections of complex networked systems may lead to strong cou-
plings between the control loops, which can be addressed within a plant-
wide control setting similar to the one described in Section 1.4.1. A hierar-
chical distributed control structure for interconnected systems with limited
communication has been presented in [85] where the high-level regulator
works at a slower time scale for distinct clusters of subsystems, while the
low-level decentralized controllers operate at a higher rate. In [172], a hi-
erarchical cooperative distributed MPC algorithm has been proposed for
interconnected systems grouped by a hierarchy. Communication between
neighbors is allowed at every iteration, but information between differ-
ent groups is exchanged at a reduced frequency. A further development
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of [172] has been discussed in [54] with application to automated irriga-
tion channels. Detailed proof of feasibility, convergence and optimality is
provided. A hierarchical distributed MPC algorithm is proposed in [109]
for heating, ventilation, and air-conditioning (HVAC) systems with the ob-
jective to minimize the energy consumption at the high level and to gener-
ate the reference signals to be tracked by distributed low-level controllers.
Recursive feasibility is guaranteed based on a contraction property of the
building’s dynamics.
Many process systems are characterized by multiple time-scale dynamics,
in which the main time constant of each subsystem may differ from the
others, then the faster subsystems reach their final state quickly while the
slower subsystems may have begun their main motion, see examples such
as energy integrated networks in [86] and chemical plants in [10]. For
interconnected systems with clearly separable fast and slow dynamics, a
“fast-slow” composite controller based on singular perturbation theory can
be employed, where a regulator acting at a slower rate is designed for the
reduced slow dynamics with the aim to compute the “slow” control ac-
tions and to generate the fast reference signals, while a “fast” regulator is
implemented to compute the “fast” control variables by solving a tracking
problem with the approximated fast dynamical model. Many works based
on singularly perturbed systems have been studied in the past forty years,
see the examples in [92,96,158] and the algorithms with stability properties
described in [1, 2, 92, 194]. Recently, several efforts have been made to de-
velop MPC algorithms for multi-timescale systems. Among them, a MPC
solution for multi-timescale Wind Energy Conversion Systems has been
studied in [194]. In [188], a two-layer MPC algorithm has been developed
for continuous linear singularly perturbed systems, where the quasi-infinite
horizon is used in the design of each MPC controller to guarantee the sta-
bility of the closed-loop system. A two time-scale MPC controller has been
presented in [132] for input and output models. The stability properties are
guaranteed and a case study on models with delays is studied. In [30], a
composite “fast-slow” controller based on Lyapunov-based MPC has been
proposed for continuous nonlinear singularly perturbed systems. The sta-
bility and near optimality are verified under the assumption that the slow
and fast dynamics are clearly separable. This approach has been then ex-
tended in [51], where the “slow” controller is reformulated with Lyapunov-
based economic MPC accounting for process economic optimization on the
slow subsystem.
It is worth mentioning that the stability analysis in singular perturbation
theory relies on the assumption of clear separation of fast and slow dynam-
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ics of the system. Possibly, for large-scale systems, the complexity of fast
subsystems resulting from time-scale separation based on singular pertur-
bation theory remains still high and the interconnections between insepa-
rable fast modes might not be negligible, see [138]. For these reasons, the
“fast” control layer may be designed according to decentralized and/or dis-
tributed structures. Very few works have been addressed on this point and
only decentralized standard feedback solutions are described, see [9, 175],
for the control of fast dynamics. Further research could rely on decentral-
ized or distributed MPC described in Section 1.3 within the framework of
multi-rate hierarchical structures.

1.4.4 Other hierarchical algorithms based on MPC

A three-level hierarchical algorithm has been presented in [17] for balance
control of a smart grid electric power system with intelligent consumers
where the high-level regulator minimizes energy consumption at a slow
time scale with energy balance constraints satisfied; the intermediate-level
regulators, each one designed for an aggregator (MPC controller) that is
gathered by a certain number of units, track the reference signals computed
by the high level at a faster time scale; while at the low level autonomous
units are used. The detailed exact constraint aggregation of this approach
has been addressed in [181]. An MPC approach has been proposed in [72]
with the scope to balance power production and consumption with thermal
loads. The aggregator is used at the high level to minimize power con-
sumption of the aggregated thermal loads via an estimated ARMAX model
mapping price and temperature set points, where the temperature set points
are used as references for each unit at the low level. In [73], a distributed
algorithm has been developed based on Douglas-Rachford splitting algo-
rithm for power balancing control of large-scale smart grids with flexible
consumers. A global cost function is defined in an aggregator while a de-
composition method is introduced to decompose the problem into smaller
subproblems. The total power consumption is controlled through a nego-
tiation procedure between all units and the aggregator that coordinates the
overall objective. In [190], a coordination based distributed approach has
been proposed for residential energy systems (RES) where each RES con-
sists of a generation, a battery and residential loads. Each distributed MPC
penalizes the energy profile for the local RES respectively, meanwhile, each
RES can communicate with a centralized entity, where an iterative negoti-
ation is proposed to update prices. A cascade hierarchical MPC approach
has been discussed in [89] for energy management of smart grids. The

17



i
i

“thesis” — 2018/1/22 — 16:51 — page 18 — #36 i
i

i
i

i
i
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outer-loop MPC follows reference trajectories of conventional power sta-
tions and vehicle fleets at the slow time scale with the prediction of one day
ahead, while the inner-loop MPC tracks the reference trajectories generated
by the outer-loop regulator at the fast time scale. An aggregator is utilized
to provide profiles based on the current mobility and statistical mobility be-
havior to the hierarchical MPC controller. In [139], a multi-layer decentral-
ized MPC approach has been presented for drinking water networks where
high-level centralized MPC optimizes a global economic cost function at
daily time scale, while intermediate-level decentralized MPC controllers
solve local economic costs using partition-based network models at hourly
time scale, finally the low-level PID controllers, each one designed for a
reservoir, track the reference signals computed by the upper layer. In [186],
a scalable hierarchical power consumption control of an entire modern data
center made by independent servers has been considered. The high-level
and the intermediate-level regulators manage the total power consumption
of the entire data center and of each power distribution unit at the slow
time scale, while the low-level regulator manages the power consumption
of each rack by manipulating the CPU frequency of the processors of each
server at the fast time scale. A hierarchical scheduling and control strategy
for thermal energy storage systems (TESS) is addressed in [179], where
centralized economic MPC is utilized at the high level for energy consump-
tion management of TESS in a slow time scale while a faster MPC regu-
lator is applied at the low level with a shorter horizon for managing pas-
sive TESS. In [47], a hierarchical control architecture has been presented
for dynamic real-time optimization and control of a wastewater treatment
process with external disturbance, where a mixed-integer dynamic opti-
mization problem is solved at the high level to compute reference signal
for the low-level linear MPC while a PID controller is applied at the base
level. A two-layer hierarchical MPC for dynamic real-time optimization
has been developed in [191] where an economic objective is optimized at a
slow time scale dealing with slow uncertainties while a faster neighboring-
external controller is applied for reference tracking with fast disturbances.
An extension to a class of hybrid systems with the same hybrid nonlinear
models, the same constraints and the same economic indices of the two
levels has been presented in [189] to overcome inconsistencies. In [34], a
two-layer stochastic MPC algorithm has been discussed for the energy man-
agement of a microgrid where the high-level mixed-integer optimizer works
at the low frequency to compute operating condition as well as economic
indices while the low-level stochastic regulator acts at the fast time scale
to compensate disturbances and to guarantee probabilistic constraints sat-
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isfaction. Another multi-layer MPC scheme has been addressed in [33] for
energy management of microgrids. Dispatchable units with similar char-
acteristics are gathered as cluster models to be used at the high level for
optimizing energy exchanges with the main network. At the intermediate
level, each regulator allocates the energy requested to the units of the cor-
responding cluster and computes the reference signal for the lowest-level
PID controller of each unit. A hierarchical multi-rate control approach has
been addressed in [12] for linear systems with input and output constraints,
where a linear regulator is designed at a fast rate at the low level without
considering the constraints, while the high-level regulator works at a lower
frequency and defines the reference signal for the low-level controller by
means of a maximum admissible output set. Quantitative results for choos-
ing the ratio of the sampling period between the high and the low levels are
provided to guarantee closed-loop stability and constraints satisfaction.

1.5 Structure of the Thesis and list of publications

The Thesis is organized as follows:

Chapter 2 In this chapter we develop a hierarchical control structure
for the coordination of independent linear dynamic systems with input and
joint output constraints. At the higher layer, a “long” sampling time com-
patible with the prediction horizon required for economic optimization is
adopted and reduced order dynamic models of the system’s components
are used to state and solve an economic MPC algorithm guaranteeing fea-
sibility and convergence. The outcomes of this layer are the components
of the control variables to be held constant over the long sampling periods.
At the lower layer, decentralized MPC controllers, one for each subsystem,
are implemented in the “short” time scale and according to a shrinking
horizon strategy to compensate for the model inaccuracies at the high level
and to guarantee that the state computed at the high level is recovered with
endpoint state constraints. In doing so, the overall convergence, recursive
feasibility, as well as the fulfillment of the joint constraints are obtained. In
order to derive the main results, a novel model reduction procedure is pro-
posed. Simulation results in terms of power coordination of two generators
are illustrated.
Chapter 2 is based on the following paper.

• B. Picasso, X. Zhang, and R. Scattolini. Hierarchical Model Predictive
Control of independent systems with joint constraints. Automatica,
74: 99-106, 2016.
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Chapter 3 In this chapter we extend the control scheme described in
Chapter 2 to the case where plug-and-play operations are allowed, so fully
scalable MPC algorithm (with the number of the subsystems) at the high
level is expected. In particular, a fully scalable hierarchical control scheme
for coordination of similar independent systems with joint output and input
constraints is presented. At the higher layer, a low-dimensional model map-
ping the common input to the collective output is used to define and solve
a centralized offset-free MPC algorithm in the long term so as to fulfill the
global output request. Different from the algorithm described in Chapter
2, the outcome of this layer is the value of the common input to be held
constant and to be distributed among the subsystems based on a specific
weight of each subsystem. At the lower layer, for any subsystem a fast
MPC controller is designed to remove the effects of the model mismatch
introduced at the higher layer, to satisfy local constraints and to optimize
the individual performance. The proposed design method allows to modify
the system configuration with time varying weights, in terms of the con-
tribution provided by any subsystem to the overall system performance,
and to implement plug-and-play operations. The recursive feasibility of the
MPC problems to be solved at the high and low levels is guaranteed also
during plug-in and plug-out operations, and the overall convergence of the
system output to the set-point is proven. Simulation results regarding co-
ordination of a number of Diesel generators with plug-and-play operations
are reported.
Chapter 3 is based on the following paper.

• M. Farina, X. Zhang, and R. Scattolini. A hierarchical MPC scheme
for coordination of independent systems with shared resources and
plug-and-play capabilities. IEEE Transactions on Control System Tech-
nology, Submitted.

Chapter 4 This chapter presents a hierarchical control scheme for in-
terconnected linear systems with input constraints. At the higher layer of
the control structure a robust tube-based centralized MPC algorithm based
on a reduced order dynamic model of the overall system optimizes a long
term performance index penalizing the deviation of the state and the con-
trol input from their nominal values to compensate for additive disturbances
caused by neglected dynamics and by low-level control actions, and to com-
pute the control signals which must be held constant over the long time
scale. At the lower layer local MPC regulators, possibly working at differ-
ent rates, solve finite-horizon optimization problems for the full order mod-
els of the subsystems and refine the control action computed at the higher
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layer to guarantee feasibility and robustness of the overall control structure.
Simulation results in terms of temperature regulation of two apartments and
tracking control of a multi-rate chemical plant are presented to describe
the implementation aspects and the potentialities of the proposed approach.
Chapter 4 is based on the following publications.

• M. Farina, X. Zhang, and R. Scattolini. A hierarchical multi-rate MPC
scheme for interconnected systems. Automatica, 90: 38-46, 2018.

• M. Farina, X. Zhang, and R. Scattolini. A hierarchical MPC scheme
for interconnected systems. In 20th IFAC World Congress, 2017.

• M. Farina, X. Zhang, and R. Scattolini. A hierarchical multirate MPC
scheme for interconnected systems-extended version [Online]. arXiv
preprint arXiv:1705.08818, 2017.

Chapter 5 This chapter summarizes the main contributions of the Thesis
and proposes some hints for future research on hierarchical MPC. �
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CHAPTER2
Hierarchical MPC of independent systems

with joint constraints

2.1 Introduction

Hierarchical control structures made by regulators working at different time
scales are widely used in the process industry to cope with many signifi-
cant problems, see the survey paper [161] and the review in Chapter 1. For
instance, in the case of singularly perturbed systems, i.e. systems charac-
terized by separable slow and fast dynamics, low level “fast" feedback con-
trollers are designed to stabilize the fast dynamics, while at the higher level
of the control structure a regulator working at lower frequency is in charge
of stabilizing the slow dynamics and satisfy performance requirement, see
e.g. [24, 78] for a couple of industrial examples. An in-depth theoretical
analysis of multilayer structures for singularly perturbed systems made by
MPC has been recently reported in [28, 29].
In a different setting, two-layer architectures are used for economic opti-
mization. Typically RTO is placed at the higher layer of the control struc-
ture with the goal of periodically computing the optimal working condi-
tions by maximizing profits and/or minimizing costs with respect to a static
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Chapter 2. Hierarchical MPC of independent systems with joint constraints

model under the implicit assumption that, in the periods between successive
optimizations, the system reaches its steady-state conditions, see e.g. [167];
while at the lower layer, MPC is applied to track the reference signals
computed with RTO, with its stabilizing properties guaranteed and with
the possibility to deal with state, input, and output constraints see [150].
Many methods in terms of stabilizing economic MPC have been devel-
oped recently to merge the two layers by minimizing an economic cost,
see e.g. [47, 77, 191]. However, as it has been well recognized in [183], in
economic MPC a sufficiently large prediction horizon must often be used
to consider the long-term performance of the system, so that the resulting
optimization problem can be difficult to solve in real-time.
Furthermore, as it has been point out in [189], a single-layer economic
MPC that merges the RTO layer and the supervisory MPC layer is unde-
sirable for industry application, and in general, an additional safety layer is
needed. An alternative choice is to maintain the hierarchical control struc-
ture, but to replace the RTO layer with an economic MPC that works pos-
sibly at a slow time scale to reduce computational load and computes the
optimal economic conditions for the lower layer. However, only limited
work in terms of hierarchical control algorithms with closed-loop stability
of the two layers have been developed in this direction, see [48,49,189] and
the review in Section 1.4.2. Among them, a two-layer integrated framework
has been presented in [48,49] for nonlinear process systems, where the high
layer includes an economic MPC regulator computing economically opti-
mal time-varying operating conditions for the lower layer by optimizing
an economic cost while at the lower layer, a Lyapunov-based MPC con-
troller is designed to track the economic operating trajectories computed at
the high layer. The practical closed-loop stability has been proved under
a contractive constraint. In [189], a consistent hierarchical control algo-
rithm has been developed for a class of hybrid systems. At the high layer
of the control structure, a hybrid economic MPC problem is formulated at a
low sampling rate while a faster hybrid neighboring-extremal controller is
adopted at the lower layer based on the same objective function, the same
constraint and the same model used at the high-level to avoid performance
degradation and infeasibilities.
Indeed, with this setting, a significant problem concerns the design of hi-
erarchical control systems for the coordination and control of independent
subsystems which must cooperate to achieve prescribed performance. As
a first example, consider the problem of controlling micro-grids made by
independent components, such as batteries, gas-turbines, photovoltaic pan-
els, wind generators, and loads. For these systems a high level MPC, work-
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ing at a slow timescale, typically fifteen minutes, and relying on simplified
models of the system components computes the nominal operating condi-
tions guaranteeing that the overall energy balance of the grid is satisfied
and optimized according to an economic performance index. At low level
MPC controllers act at higher frequency, typically one minute, and adjust
the micro-grid operation to reduce the effect of disturbances or unmod-
eled dynamics, [134], [34]. Conceptually similar problems arise in many
different engineering fields, such as in the control of the temperature in a
building when the available thermal power generators must be coordinated
according to an economic criterion, see for instance the problem consid-
ered in [125], or in industrial applications with many generation units, see
for example the problem considered in [117] where two oxygen generators
must feed three consumer units.
Motivated by these examples, in this chapter we develop a hierarchical con-
trol structure for the coordination of independent linear dynamic systems
with input and joint output constraints. At the high layer, a “long” sam-
pling time compatible with the prediction horizon required for economic
optimization is adopted and reduced order dynamic models of the system’s
components are used to state and solve an economic MPC algorithm guar-
anteeing feasibility and convergence. The outcomes of this layer are the
components of the control variables to be held constant over the long sam-
pling periods. At the lower layer, decentralized MPC controllers, one for
each subsystem, are implemented in the “short” time scale and according
to a shrinking horizon strategy to compensate for the model inaccuracies at
the high level and to guarantee the overall stability, convergence, and the
fulfillment of the joint constraints. In order to derive the main results, a
novel model reduction procedure is proposed.
The chapter is organized as follows: in Section 2.2 the original models of
the subsystems are introduced together with their reduced order represen-
tation, and the MPC problems at the high and low levels are formulated.
Section 2.3 describes the model reduction procedure, while in Section 2.4
the feasibility and convergence properties of the scheme are proven. An
example is described in Section 2.5, while some conclusions are discussed
in Section 2.6. For readability, the proofs of the main results are reported
in an appendix.
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Figure 2.1: Hierarchical control scheme. E-MPC = Economic MPC, SH-MPC = Shrink-
ing Horizon MPC

2.2 The two-layer control structure

The overall system under control is composed by M independent, discrete-
time, linear dynamical systems described by

Σi :

{
xi(h+1) = Ai

Lxi(h)+Bi
Lui(h)

yi(h) =Ci
Lxi(h),

i = 1,2, . . . ,M, (2.1)

where h is the time index of the base (fast) time scale, pi ≤ ni, mi ≤ ni
xi ∈ Rni , ui ∈Ui ⊆ Rmi and yi ∈ Rpi . The following assumption holds.

Assumption 2.1.
For any i = 1,2, . . . ,M:

(1) the state xi is measurable;

(2) Ai
L is Schur stable;

(3) the pair (Ai
L,B

i
L) is reachable;
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(4) Bi
L is full column rank and Ci

L is full row rank.

Assumption 2.1.(1) is introduced for simplicity, otherwise an observer would
be required, while Assumption 2.1.(2-3) are quite standard requirements for
the development of basic properties of both layers of the control structure.
As for Assumption 2.1.(4), it simply states that the ranks of Bi

L and Ci
L are

equal to the number of the column mi and of the row pi respectively, which
are in general smaller than the order ni. In turn, this means that there is
no linear dependence among the subsystems’ inputs and outputs. Note that
this assumption is not restrictive in practice, since starting from Bi

L and/or
Ci

L not fulfilling it, we can always compute new matrices Bi
L and/or Ci

L with
this property, and such that the corresponding inputs and/or outputs are lin-
ear combinations of the original ones.
For the overall system Σ = (Σ1, ...,ΣM) the goal is to design a controller
such that, letting y = (y1 · · · yM) ∈ Rp be the collective output, for a given
NL ∈N , NL > 1, and for a given reference signal yo(k)∈Rp̄ (where p̄≤ p,
k ∈ N being the time index of the slow time scale), the following joint
output constraint is satisfied

∀k ≥ 1, µ
(
y(kNL),yo(k)

)
≥ 0, (2.2)

for some specified function µ . For instance, with µ(z1,z2) = ε−‖z1− z2‖,
condition (2.2) amounts to requiring that ∀k ≥ 1, ‖y(kNL)− yo(k)‖ ≤ ε .
The stated control problem can be trivially solved by considering the over-
all system Σ as a whole and by resorting to well known (stabilizing) MPC
for systems subject to constraints. However, in this way, the centralized so-
lution of the resulting problem could be hampered by various factors, such
as the high dimension of Σ and/or the need to consider its long-term behav-
ior, with the consequent need to use long prediction horizons, see [49]. For
this reason, the two-layer control scheme described in the following and
depicted in Figure 2.1 is proposed. The hierarchical structure is such that:

• at the high layer an MPC controller, running at a slow time scale, i.e.
every NL time steps of the fast time scale, is designed for an overall
low-order centralized model made by the ensemble of reduced order
models of the Σ′is. This controller must guarantee some fundamental
properties, such as convergence in the long time scale and the fulfill-
ment of the joint constraint (2.2), and can be designed according to
economic criteria, see for example [7], [42], [69].

• at the lower layer a set of M decentralized MPC controllers, each one
designed for the full model (2.1) of the corresponding subsystem Σi,
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are implemented in the fast time scale according to a shrinking horizon
strategy. The low-level controllers are in charge of adjusting the nom-
inal input computed by the high-level controller so as to compensate
for unmodelled dynamics and to guarantee stability and performance.

Remark 2.1.
A similar solution for integrating economic optimization and MPC by means
of a hierarchical control scheme has been proposed in [49]. However, in
our approach the higher layer directly computes the nominal control ac-
tion to be held constant over the long sampling time, and the lower layer
can correct it at a higher frequency to compensate for model inaccuracy.
On the contrary, in [49] the higher layer computes the reference signals
for the systems (2.1) locally controlled at the lower layer. As an additional
difference, in our scheme the higher layer relies on simplified models of
the systems, so reducing the size of the control problem to be solved, while
in [49] the full models (2.1) are used.

Remark 2.2.
When the reference signal yo is constant and the problem is feasible at the
initial time instant h = 0, the recursive feasibility at the high layer is guar-
anteed by the properties of the selected economic MPC algorithm, while at
the lower layer it is proven in the following Section 2.4.1. In other cases, if
at h = 0 the problem at the high layer is infeasible due to the control con-
straints and to the joint output constraint (2.2), or the reference signal is
time varying, a typical solution is to transform (2.2) into soft constraints by
introducing slack variables, see for instance [112]; this solution is the one
adopted in the following Section 2.5. Another possible solution consists in
considering also yo(k) as an optimization variable and computing it as the
feasible signal nearest to the ideal one, according to an approach already
used in [105] and [19].

Remark 2.3.
The constraints (2.2) have been formulated in the slow time scale; this is
coherent with many practical problems. For instance, in the motivating
example discussed in the Introduction 2.1 concerning the control of micro-
grids, what really matters is to constrain the energy and power manage-
ment of each generation and storage unit over the long sampling interval
of fifteen minutes. The main contribution of the low level regulator is to re-
duce, in the short sampling time, the production and storage discrepancies
with respect to the strategy planned at the high level due to high frequency
disturbances. Similar considerations can be done for the other motivating
examples previously described.
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The resulting hierarchical control scheme requires coherence of the states
of the full and reduced models at the sampling times of the slow time scale,
so that the centralized MPC algorithm running at the slow time scale can
be feeded by a proper linear combination of the sampled states of the sub-
systems Σi, see again Figure 2.1. Therefore, in order to avoid inconsisten-
cies between both layers of the control structure, proper low-dimensional
descriptions of the full-order models with rather smaller sets of variables
must be selected estabilishing a linear connection between the states of the
reduced models and the states of the original models (2.1) with the main
properties such as convergence preserved.

2.2.1 Reduced order models

For each subsystem Σi, i = 1, ...,M, consider the following reduced order
model:

Σ̄i :

{
x̄i(h+1) = Ai

Hx̄i(h)+Bi
Hūi(h)

ȳi(h) =Ci
Hx̄i(h),

(2.3)

where x̄i ∈ Rn̄i , pi ≤ n̄i < ni, mi ≤ n̄i, ūi ∈ Ui ⊆ Rmi and ȳi ∈ Rpi . Each
reduced model is endowed with a projection (matrix) βi : Rni → Rn̄i that
establishes a relation between the state variable of system (2.1) and that of
system (2.3). More specifically, letting

Gx
Li = (I−Ai

L)
−1Bi

L (2.4)

Gx
Hi = (I−Ai

H)
−1Bi

H (2.5)

the following consistency assumption is considered:

Assumption 2.2.
For any i = 1,2, . . . ,M,

(1) Ai
H is Schur stable;

(2) the projection βi is full rank and such that

Ci
Hβi =Ci

L. (2.6)

(3) the static gain Gx
Hi of the reduced order model is full rank and such that

βiGx
Li = Gx

Hi (2.7)
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Assumption 2.2.(1) trivially requires that the stability properties of the sub-
systems Σi are maintained also in the reduced models Σ̄i, while Assump-
tion 2.2.(2) implies that, if at a given time instant h, x̄i(h) = βixi(h), then
ȳi(h) = yi(h). Finally, Assumption 2.2.(3) requires the equivalence of the
static gains from the input to the state, also considering the state transfor-
mation due to projection βi.
Many methods related to model reduction technique has been developed,
see, such as, Balanced Truncation in [122], Hankel Norm Approximation
in [66], Singular Perturbation Approximation in [93], Krylov subspace pro-
jection algorithm in [70, 83], consistent aggregation approach in [133].
However, the selection of reduced order models (2.3) satisfying Assump-
tion 2.2 is not trivial and cannot be accomplished with standard model re-
duction techniques, see [170]. For this reason, the following Section 2.3
will be devoted to present a novel model reduction method specifically de-
veloped for the case at hand.

2.2.2 The MPC problem at the high level

In order to develop the MPC algorithm at the high level running at a slow
time scale, consider the systems Σ̄

[NL]
i consisting of the sampling of systems

Σ̄i with period N under the assumption that, ∀k ∈N , ūi is held constant
over the interval h ∈ [kNL,kNL +NL−1]. Denoting by ū[NL]

i (k) this constant
value and by x̄[NL]

i , ȳ[NL]
i the state and output variables of Σ̄

[NL]
i , i = 1, ...,M,

one has

Σ̄
[NL]
i :

 x̄[NL]
i (k+1) = Ai[NL]

H x̄[NL]
i (k)+Bi[NL]

H ū[NL]
i (k)

ȳ[NL]
i (k) =Ci

Hx̄[NL]
i (k),

(2.8)

where Ai[NL]
H = (Ai

H)
NL , Bi[NL]

H = ∑
NL−1
j=0 (Ai

H)
jBi

H. Thus, as long as ūi(h) =

ū[NL]
i
(
bh/NLc

)
, it holds that x̄[NL]

i (k) = x̄i(kNL) and ȳ[NL]
i (k) = ȳi(kNL).

Assume now that at time k the reference signal yo is known for the future `−
1 long sampling instants, that is yo(l) is known ∀ l = k,k+1, . . . ,k+ `−1.
Then, for the overall system Σ̄[NL] =(Σ̄

[NL]
1 , ..., Σ̄

[NL]
M ) made by the ensemble of

the M subsystems (2.8) with x̄[NL] = (x̄[NL]
1 , · · · , x̄[NL]

M ), ū[NL] = (ū[NL]
1 , · · · , ū[NL]

M ),
ȳ[NL] = (ȳ[NL]

1 , · · · , ȳ[NL]
M ), an MPC algorithm is used to compute the nominal

control law ū[NL](k) satisfying the constraint

∀ l = 1, . . . , `−1, µ
(
ȳ[NL](k+ l),yo(k+ l)

)
≥ 0 (2.9)
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2.2. The two-layer control structure

possibly reformulated as discussed in Remark 2.2 to guarantee feasibility.
In principle, at this stage, any MPC method can be chosen to satisfy also
additional requirements, such as the closed-loop stability and/or the opti-
mization of some economic performance index.
Specifically, we can consider an economic MPC problem based on the con-
tents described in [6]. First a static steady-state optimization problem for
the full order models is stated as follows:

minx,u le(x,u)
subject to:
• µ
(
y,yo)≥ 0

• xi = Ai
Lxi +Bi

Lui and yi =Ci
Lxi, ∀i = 1 · · · ,M

• ui ∈Ui, ∀i = 1 · · · ,M

(2.10)

where le(·) is the economic stage cost, x=(x1, · · · ,xM), and u=(u1, · · · ,uM).
Let the pairs (xi,s, ui,s), i = 1, · · · ,M, be the solution of optimization prob-
lem (2.10) and we assume this solution to be unique thoughout this chap-
ter. Correspondingly, we define ūi,s = ui,s as the steady-state input ref-
erence for the reduced-order system Σ̄i, then under Assumption 2.2.(3),
the corresponding reference steady-state value can be represented as x̄i,s =
βiGx

Liui,s = βixi,s.
The high layer optimization problem consists of NH (NH < `) slow time
steps. Accordingly, at each slow time-step k the following optimization
problem can be stated:

min−−→
ū[NL](k:k+NH−1)

Je
(
x̄[NL](k),

−−→
ū[NL](k : k+NH−1)

)
subject to:
• the dynamics (2.8), ∀i = 1, · · · ,M and the constraint (2.9)

• ū[NL]
i (k+ j) ∈Ui, j = 1, . . . ,NL−1, ∀i = 1, · · · ,M

• x̄[NL]
i (k+NH) = x̄i,s, ∀i = 1, · · · ,M

(2.11)

where

Je =
NH−1

∑
j=0

le
(
x̄[NL](k+ j), ū[NL](k+ j)

)
(2.12)

2.2.3 The MPC problem at the lower level

Due to the use of the reduced order models (2.3), (2.8) in the design of
the high level MPC algorithm (2.11) with cost (2.12), it is not guaranteed
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that the outputs of the full order systems Σi satisfy the constraint (2.2) for
h = kNL when the nominal control law ui(h) = ū[NL]

i
(
bh/NLc

)
is applied.

The nominal control law is hence amended by a set of decentralized low-
level controllers designed for the dynamics of the full order systems Σi,
i = 1, ...,M, written in the form

Σi :

{
xi(h+1) = Ai

Lxi(h)+Bi
L(ū

[NL]
i (bh/NLc)+δui(h))

yi(h) =Ci
Lxi(h),

(2.13)

where δui(h) is the new decision variable. To this end, first consider the
high–level systems Σ̄i, described by (2.3), in the time scale h and let ȳ∗i (h)
be their output resulting from the nominal control law ūi(h)= ū[NL]

i
(
bh/NLc

)
.

This signal is such that

ȳ∗i (kNL +NL) = ȳ[NL]
i (k+1)

and, in view of the high-level control design, it satisfies the desired control
goal. Therefore, it is reasonable to take ȳ∗i (h) as the reference for the i-th
low–level controller. Accordingly, at time h = kNL + t, shrinking-horizon
MPC algorithms based on the following i = 1, ...,M optimization problems
are considered:

min−→
δui(t:NL−1)

Ji
L

(
xi(h)

)
Ji

L = ∑
NL−t−1
j=0 ‖yi(h+ j|h)− ȳ∗i (h+ j)‖2

Qi
+‖δui(h+ j|h)‖2

Ri

(2.14)

where
−→
δui(t:NL−1) =

[
δui(h|h) · · · δui(h+NL− t−1|h)

]
∈ (Rmi)NL−t (2.15)

and subject to the dynamics (2.13) and

βixi(kNL +NL) = x̄[NL]
i (k+1)

ū[NL]
i
(
bh/NLc

)
+δui(h| j) ∈Ui, ∀ j = 0, . . . ,NL− t−1.

(2.16)

Notice that, in view of Assumption 2.2, the terminal constraint βixi(kNL +

NL) = x̄[NL]
i (k+1) ensures that yi(kNL+NL) = ȳ[NL]

i (k+1) so that the control
goal is achieved.

Remark 2.4. The signal ȳ∗i (h), as previously defined, is generated by an
open-loop reduced order model and hence may have an undesired transient
behavior. In this case, the use of a suitable interpolation of ȳ[NL]

i (k) and
ȳ[NL]

i (k+1) to build an ad hoc reference signal ȳ∗i (h) is an advisable choice.
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2.3 Design of the reduced order models

In this section a constructive procedure is given for the selection of the
reduced order models Σ̄i defined by (2.3) and satisfying the conditions of
Assumption 2.2.
Since all the results reported below are independent from the specific sub-
system, for the sake of clarity, in the following developments the index
i = 1, ...,M specifying the i-th subsystem will be omitted unless otherwise
specified.
The following problem can be stated:

Problem 2.1. Find β , CH and Gx
H such that Assumption 2.2 is satisfied.

Letting
Z = ImGx

L∩KerCL

the following result holds:

Proposition 2.1. A solution to Problem 2.1 exists if and only if

n̄≥ p+dim(Z ). (2.17)

Corollary 2.1. A sufficient condition for the existence of a solution to Prob-
lem 2.1 is that m ≤ p and the low-level system (AL,BL,CL) does not have
transmission zeroes in 1.

2.3.1 Construction of β and CH

The proof of Proposition 2.1 (see the Appendix at the end of Chapter 2) pro-
vides a constructive procedure for the computation of the matrix β . Specif-
ically, the following steps are required:

a find a subspace Kβ of dimension n− n̄ so that Kβ ⊆ KerCL and Z ∩
Kβ = {0};

b let {κ1, . . . ,κn−n̄} be a set of independent vectors in Kβ and complete
this set to a basis B = {v1, . . . ,vn̄,κ1, . . . ,κn−n̄} of the whole space
Rn;

c let {r1, . . . ,rn̄} be a basis of Rn̄, define

β̂ =
[

r1 | · · · |rn̄ |0 | · · · |0
]

and TL as the matrix whose columns are the vectors in B, set β =

β̂T−1
L ;

d define CH =CLβ †, where the symbol † denotes the pseudoinverse.
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2.3.2 Model reduction

Once solved Problem 2.1, CH and Gx
H are available. In order to complete

the construction of the reduced order model (AH,BH,CH), one has to find
AH and BH so that Gx

H = (I−AH)
−1BH. To this regard, one can proceed as

follows: fix a matrix AH and let

BH = (I−AH)Gx
H.

The only restriction is that the matrix AH has to be Schur stable. Suitable
choices for AH are those modeling the most relevant dynamics (e.g., the
dominant ones) of the low-level system.
Note that the proposed model reduction procedure is to be used indepen-
dently for each subsystem, so that scalability in terms of the number of
subsystems is guaranteed. In addition, since it is based on standard linear
algebra, even subsystems with large dimensions can be considered.

2.4 Properties of the two-layer control scheme

In this Section the feasibility and convergence properties of the hierarchi-
cal control scheme previously described are analyzed. In order to derive
the main results, and besides Assumption 2.2, the following additional hy-
pothesis is required:

Assumption 2.3.

(1) The sampling period NL is so that, letting R(NL)=
[

BL ALBL · · · ANL−1
L BL

]
be the reachability matrix in NL steps associated to (AL,BL), the matrix

H (NL) = βR(NL) ∈ Rn̄×mNL

is full-rank.

(2) U = {u ∈ Rm |‖u‖ ≤ ρu}, for some specified ρu > 0.

Notice that, in view of Assumption 2.3.(1), β has full rank and the pair
(AL,BL) is reachable, so that rank(β ) = n̄, rank(R(NL)) = n for all NL sat-
isfying mNL ≥ n. According to Sylvester’s rank inequality, i.e., rank(β )+
rank(R(NL)) ≤ rank(βR(NL))+ n, condition (1) in Assumption 2.3 is at-
tained by taking NL such that mNL ≥ n. Moreover, denoting by σn̄(NL) the
minimal singular value of H (NL), this condition is equivalent to

σn̄(NL)> 0.
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2.4.1 Feasibility

Let us consider the feasibility issue for the i = 1, ...,M optimization prob-
lems (2.14).
First notice that, in view of the adopted shrinking horizon MPC approach,
if the problem is feasible at time t = 0

(
i.e., at the beginning of the sampling

interval [kNL,kNL + NL)
)
, then feasibility is ensured ∀ t = 1, . . . ,NL − 1.

Thus, without loss of generality, let us consider h = 0. Also recall that
x̄[NL](k) = x̄(kNL), ∀k ∈N .
Suppose that, for h = 0, the projection of the low-level state coincides with
the high-level state, that is

βx(0) = x̄(0). (2.18)

We are interested in finding conditions on ū[NL](0) (i.e., on the high-level
control variable) guaranteeing the existence of a feasible choice for the
low-level input signal

−→
δu(0:NL−1) ∈ RmNL

(
see equation (2.15)

)
so that the

terminal constraint in problem (2.14), that is

βx(NL) = x̄(NL), (2.19)

is recursively satisfied.
To this end, it is useful to introduce the following notation: let ŷ ∈Rn̄ be an
auxiliary output variable for system Σ defined by

ŷ(h) = βx(h) (2.20)

and denote by ĜL(z) = β (zIn−AL)
−1BL the low-level model transfer func-

tion from u to ŷ. Let GH(z) = (zIn̄−AH)
−1BH be the high-level model trans-

fer function from ū to x̄ and define a constant κ > 0 such that

‖ĜL−GH‖∞ ≤ κ. (2.21)

Then we can prove the following result:

Proposition 2.2. Under Assumption 2.3, let A (NL)=ANL
H β−βANL

L ∈Rn̄×n

and assume that βx(0) = x̄(0).

1. If

‖x(0)‖ ≤ σn̄(NL) ·ρu

‖A (NL)‖
:= λ (NL), (2.22)

then there exist ū[NL] ∈U and
−→
δu(0:NL−1) ∈U NL so that u( j) = ū[NL]+

δu( j|0) ∈U , ∀ j = 0,1, . . . ,NL−1 and the terminal constraint (2.19)
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is attained. Moreover, any ū[NL] such that

‖ū[NL]‖ ≤
‖A (NL)‖

(
λ (NL)−‖x(0)‖

)
σn̄(NL)+κ

√
NL

(2.23)

is a feasible choice.

2. If ‖x(0)‖ satisfies condition (2.22), u( j) = ū[NL]+δu( j|0) ∈U , ∀ j =
0,1, . . . ,NL−1, NL is such that ‖ANL

L ‖< 1 and

χ(NL) :=
‖R(NL)‖ ·

√
NL · ‖A (NL)‖

σn̄(NL) · (1−‖ANL
L ‖)

≤ 1, (2.24)

then ‖x(NL)‖ ≤ λ (NL) and recursive feasibility of the terminal con-
straint is guaranteed.

3. It holds that

lim
NL→+∞

λ (NL) = +∞, lim
NL→+∞

‖ANL
L ‖= 0, lim

NL→+∞
χ(NL) = 0

so that, for sufficiently large NL, both feasibility and recursive feasi-
bility are ensured.

2.4.2 Convergence

Assume that the state, input and output of system (2.8) have reached steady-
state conditions, thus

ū[NL](k)≡ ūs, x̄[NL](k)≡ x̄s, ȳ[NL](k)≡ C̄Hx̄s.

In view of the terminal constraint βx(kNL +NL) = x̄[NL](k+ 1) in the low-
level optimization problem (2.14), and recalling the definition of ŷ given in
equation (2.20), the state of the low-level system evolves so that

∀k ∈N , ŷ(kNL) = x̄s.

Moreover, in view of the solution to Problem 2.1, the output ŷ correspond-
ing to the equilibrium pair (ūs,xs = Gx

L1ūs) for the low-level system is
ŷ = βxs = x̄s. Thus, letting

δx(k) = x(kNL)− xs and δ ŷ(k) = ŷ(kNL)− x̄s,

as well as AL = ANL
L and w(k) = ∑

NL−1
j=0 ANL−1− j

L BLδu(kNL+ j), the dynam-
ics of the low-level system in the time scale k is given by{

δx(k+1) = ALδx(k)+w(k)

δ ŷ(k) = βδx(k)
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and it holds that
δ ŷ(k)≡ 0.

Therefore, letting δ ŷL be the free motion of this system, the forced motion
component δ ŷF of δ ŷ is such that

δ ŷF(k) =−δ ŷL(k) (2.25)

and, since AL is Schur stable, limk→+∞ δ ŷF(k) = 0.

Proposition 2.3. If G̃(z) = β (zIn−AL)
−1 has no zeros on the unitary circle

S 1 = {z ∈ C | |z|= 1}, then

lim
k→+∞

w(k) = 0.

Consequently, limk→+∞ δx(k)= 0, limh→+∞ δu(h)= 0, and limh→+∞ x(h)=
xs.

In conclusion, both the recursive feasibility property and the convergence
to the equilibrium computed by the high level controller are established.

2.5 Example

Consider two generators (M = 2) that must provide a total electrical power.
The first one is the 3.125-MW, 2400-V/60Hz Diesel generator described
in [192], its input u1 is the fuel flow rate, while its output y1 is the pro-
duced power. The poles of its ninth order transfer function are {−2191.2±
j172.1,−111.1,−83.3,−26,−18.5,−13.1,−1.16,−0.017}, the zeros are
{−2581,−33.1,−12.1,−4,−0.051, 83.3}, and the steady-state gain is
K1 = 1.5. The second subsystem is the 3.125-MW, 2400-V/60Hz Gas-
turbine Generator described in [157]. Also in this case, the input and out-
put variables, u2 and y2, are the fuel flow rate and the produced power. The
tenth order transfer function has poles {−2191.2± j103,−200,−20,−26,
−18.8,−12.5,−5,−1.67,−0.038}, zeros {−4362,−2151,−21,−11.9,
−0.045, 200}, and steady-state gain K2 = 0.8. The control variables are
limited, i.e. 06 u1,u2 6 0.9, and the joint output constraint (2.2) is

y1 + y2 = yo (2.26)

where yo is the total required power.
The two systems’ continuous-time models have been sampled with ∆t = 1s
to obtain their discrete-time counterpart in the fast time scale. Then, the
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procedure described in Section 2.3 has been used to compute the following
discrete-time reduced first order models

Σ̄1 :

{
x̄1(h+1) = 0.98x̄i(h)+0.03ū1(h)

ȳ1(h) = x̄1(h),
(2.27)

Σ̄2 :

{
x̄2(h+1) = 0.95x̄2(h)+0.04ū2(h)

ȳ2(h) = x̄2(h),
(2.28)

as well as the transformation matrices

β1 =
[
0 0 0 0 4.14 0 0 0 0

]
,

β2 =
[
0 0 0 0 0 6.31 0 0 0 0

]
.

The reduced order models in the slow time scale Σ̄
[NL]
1 and Σ̄

[NL]
2 have been

obtained with NL = 25. The unitary step responses of the original full order
continuous-time models of the generators and of Σ̄

[NL]
1 and Σ̄

[NL]
2 are com-

pared in Figure 2.2.
The ninth and tenth order discrete-time models of the generators have been
used to compute the optimal steady-state values of the inputs us = [u1,s u2,s]

T

and states xs = [x1,s x2,s]
T by means of the optimization algorithm (2.10)

minimizing the stage cost l(x,u) = u1+u2 under the constraint (2.26); then
the corresponding values of the states of the reduced order models have
been obtained as x̄i,s = βixi,s, i = 1,2. The dissipative property of subsys-
tems (2.27) and (2.28) required by the adopted economic MPC algorithm,
see [6], has been verified by constructing a quadratic storage function, i.e.,

λ (x̄) =
1
2
[
x̄1 x̄2

][−Π1 0
0 −Π2

][
x̄1 x̄2

]T
where Π1, Π2 are the solutions of discrete Riccati equations for (2.27) and
(2.28) respectively, with penalties Q̄1 = Q̄2 = 1, R̄1 = R̄2 = 0.01. The com-
puted values are i.e. Π1 = 1.43, Π2 = 1.13. Economic MPC according
to the algorithm (2.11) has been designed at the high level with prediction
horizon NH = 15, control horizon equal to two, stage cost le(x̄, ū) = ū1+ ū2,
and terminal constraints x̄1(NH) = x̄1,s, x̄2(NH) = x̄2,s. Since at time h = 0
the problem is infeasible due to the control constraints, the joint output con-
straint (2.26) has been transformed into a soft constraint by introducing a
slack variable and by including it into the cost function with a weigh equal
to 1000.
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Step responses of full models vs reduced models

Simulation steps

1y

2y

1y

2y

Figure 2.2: Open loop step responses of the continuous time models (continuous lines) of
the generators and of the reduced order models in the long sampling time (dots).

At the low level, the shrinking horizon MPC algorithms described in Sec-
tion (2.2.3) have been implemented with Q1 = 105, Q2 = 104, R1 = R2 = 1.

The hierarchical control scheme has been simulated starting from null ini-
tial conditions and by initially considering yo = 1 in (2.26); then, at the time
instant t = 375s, the reference power has been set equal to yo = 0.7. The
transients of the main output and control variables are reported in Figures
2.3 and 2.4. These results show the stabilizing action and the effectiveness
of the algorithm implemented. Note also that in transient conditions the
upper saturation limit on u1 is active.

2.6 Conclusions

A two-layer control scheme has been proposed for the control of indepen-
dent systems subject to joint output constraints. Its theoretical properties
have been established and simulation results have been reported to show
the potentialities of the method. A novel model reduction procedure has
also been developed.
An extension of the solutions here considered can concern the design of
algorithms with robustness properties. This can allow to cope with model
uncertainties, possibly due to the model reduction phase, and to consider
subsystems with dynamic couplings. Results in this direction will be pre-
sented in the following Chapter 4.
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High level outputs vs low level outputs

Simulation steps

1y

2y

1 2y y

1y

2y

1 2y y

Figure 2.3: Closed-loop control: outputs of the generators and their sum at the high layer
(dots) and at the low layer (continuous lines).

2.7 Appendix

2.7.1 Proof of Corollary 2.1

The low-level system (AL,BL,CL) does not have transmission zeroes in 1 if
and only if the input/output static gain CLGx

L is full-rank and, for m≤ p, this
condition is equivalent to Z = {0}. Therefore, condition (2.17) reduces to
n̄≥ p, which is satisfied by assumption. �

2.7.2 Proof of Proposition 2.1

Assume that a solution to Problem 2.1 exists and let us focus on the prop-
erties holding for the mapping β . Since β has full rank, then

dim(Kerβ ) = n− n̄.

Moreover,
Kerβ ⊆ KerCL (2.29)

Indeed, if v ∈ Kerβ and v 6∈ KerCL, then 0 6= CL v = CH βv = 0. Finally,
since m ≤ n̄ and Gx

H is full-rank, then Gx
H is injective, i.e., KerGx

H = {0}.
Thus, as long as βGx

L = Gx
H, the restriction of β to ImGx

L is injective: this is
equivalent to ImGx

L∩Kerβ = {0} and, under condition (2.29), to

Z ∩Kerβ = {0}.
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2u
1u
2u
1u

High level inputs vs low level inputs

Simulation steps

Figure 2.4: Control variables at the high (continuous lines) and at the low (dots) layers.

In view of this, it holds that dim(Kerβ )+ dim(Z ) = dim(Z
⋃

Kerβ )+
dim(Z ∩Kerβ )= dim(Z

⋃
Kerβ ). Since Z ⊆KerCL, and Kerβ ⊆KerCL,

then dim(Z
⋃

Kerβ )≤ dim(KerCL). To sum up, one has

dim(Kerβ )+dim(Z )≤ dim(KerCL). (2.30)

Since CL is surjective, then dim(KerCL) = n− p and, being dim(Kerβ ) =
n− n̄, condition (2.30) rewrites as n− n̄+ dim(Z ) ≤ n− p that is condi-
tion (2.17).
Let us now show that under condition (2.17) it is indeed possible to solve
Problem 2.1. In view of the above discussion, if n̄≥ p+dim(Z ) it is possi-
ble to find a subspace Kβ of dimension n− n̄ so that Kβ ⊆KerCL and Z ∩
Kβ = {0}. Fix any of these Kβ ’s, let {κ1, . . . ,κn−n̄} be a set of independent
vectors in Kβ and complete this set to a basis B = {v1, . . . ,vn̄,κ1, . . . ,κn−n̄}
of the whole space Rn. Hence define β as follows:{

βvi = ri ∈ Rn̄, i = 1, . . . , n̄

βκi = 0, i = 1, . . . ,n− n̄

with the sole restriction that {r1, . . . ,rn̄} form a basis of Rn̄. In doing so,
Kerβ = Kβ and β is full-rank. Now, define CH by

CHri =CLvi ∈ Rp, i = 1, . . . , n̄.
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Chapter 2. Hierarchical MPC of independent systems with joint constraints

Hence, the coincidence of CL and CHβ holds by construction, just notice
that since Kerβ ⊆ KerCL, then CLκi = 0 =CHβκi. Finally, let

Gx
H1 = βGx

L1

that has full rank because, by construction, ImGx
L1∩Kerβ = Z ∩Kerβ =

{0}. �

2.7.3 Proof of Proposition 2.2

1. In view of equation (2.13), it holds that

βx(NL) = ŷ(NL) = βANL
L x(0)+ ŷ[ū]F (NL)+ ŷ[

−→
δu]

F (NL) (2.31)

where ŷ[ū]F is the forced output motion originated by the constant signal
u(h)≡ ū[NL] and

ŷ[
−→
δu]

F (NL) = H (NL)
−→
δu(0:NL−1) (2.32)

Since x̄(0) = βx(0), then

x̄(NL) = ANL
H x̄(0)+ x̄[ū]F (NL) =

= ANL
H βx(0)+ x̄[ū]F (NL)

(2.33)

Therefore, letting

∆ŷ[ū]F (NL) = x̄[ū]F (NL)− ŷ[ū]F (NL)

and combining equations (2.31), (2.32) and (2.33), the terminal con-
straint (2.19) is attained provided that

H (NL)
−→
δu(0:NL−1) = A (NL)x(0)+∆ŷ[ū]F (NL) (2.34)

In view of (2.21), one has ‖∆ŷ[ū]F (NL)‖ ≤ κ
√

NL‖ū[NL]‖ and

‖A (NL)x(0)+∆ŷ[ū]F (NL)‖ ≤

≤ ‖A (NL)‖ · ‖x(0)‖+‖∆ŷ[ū]F (NL)‖
≤ ‖A (NL)‖ · ‖x(0)‖+κ

√
NL‖ū[NL]‖

(2.35)

The constraint u( j) ∈U is satisfied as long as

‖δu( j|0)‖ ≤ ρu−‖ū[NL]‖ (2.36)
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The norm constraint ‖
−→
δu(0:NL−1)‖ ≤ ρu − ‖ū[NL]‖ on the overall sig-

nal
−→
δu(0:NL−1) ∈ RmNL ensures that condition (2.36) is satisfied ∀ j =

0,1, . . . ,NL−1. The image through H (NL) of the ball{−→
δu(0:NL−1) ∈ RmNL |‖

−→
δu(0:NL−1)‖ ≤ ρu−‖ū[NL]‖

}
contains the ball{

z ∈ Rn̄ |‖z‖ ≤ σn̄(NL) · (ρu−‖ū[NL]‖)
}

where σn̄(NL) > 0 in view of Assumption 2.3.(2). Therefore, accord-
ing to inequality (2.35), a solution to system (2.34) satisfying condi-
tion (2.36) exists if

σn̄(NL) · (ρu−‖ū[NL]‖)≥ ‖A (NL)‖ · ‖x(0)‖+κ
√

NL‖ū[NL]‖

that is

‖A (NL)‖ · ‖x(0)‖+
(
σn̄(NL)+κ

√
NL

)
‖ū[NL]‖ ≤ σn̄(NL) ·ρu (2.37)

In other words, if ‖x(0)‖ satisfies condition (2.22), then any ū[NL] ∈U
satisfying condition (2.23) ensures that condition (2.37) is satisfied
and the latter guarantees the desired result.

2. Let −→̄u [NL](0:NL−1) =
[

ū[NL] · · · ū[NL]
]
∈ RmNL . Since

x(NL) = ANL
L x(0)+R(NL)

(−→̄
u [NL](0:NL−1)+

−→
δu(0:NL−1)

)
and, ∀ j = 0, . . . ,NL−1, ‖ū[NL]+δu( j|0)‖ ≤ ρu, then

‖x(NL)‖ ≤

≤ ‖ANL
L ‖ · ‖x(0)‖+‖R(NL)‖ · ‖

−→̄
u [NL](0:NL−1)+

−→
δu(0:NL−1)‖

≤ ‖ANL
L ‖ ·

σn̄(NL) ·ρu

‖A (NL)‖
+‖R(NL)‖ ·ρu

√
NL

Thus, condition (2.22) is satisfied by x(NL) if

‖ANL
L ‖ ·

σn̄(NL) ·ρu

‖A (NL)‖
+‖R(NL)‖ ·ρu

√
NL ≤

σn̄(NL) ·ρu

‖A (NL)‖
(2.38)

and, if ‖ANL
L ‖< 1, inequality (2.38) is equivalent to condition (2.24).
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Chapter 2. Hierarchical MPC of independent systems with joint constraints

3. Let us first show that σn̄(NL) is a non decreasing function of NL: it
holds that

H (NL +1) =
[
H (NL) g(NL +1)

]
with

g(NL +1) = βANL
L BL

so that

σn̄(NL +1) =
√

λmin
(
H (NL +1)H (NL +1)>

)
=
√

λmin
(
H (NL)H (NL)>+g(NL +1)g(NL +1)>

)
≥
√

λmin
(
H (NL)H (NL)>

)
= σn̄(NL)

As for the norm of A (NL), one has ‖A (NL)‖ ≤
(
‖ANL

H ‖+ ‖ANL
L ‖
)
·

‖β‖ and the latter is exponentially decreasing to 0 in NL since both
AL and AH are Schur stable. Hence, the divergence of λ (NL) and the
convergence to 0 of ‖ANL

L ‖ easily follows.
As for χ(NL), notice that: ‖R(NL)‖ is a bounded function of NL as a
consequence of the Schur stability of AL; the exponential decrease of
‖A (NL)‖ entails that

lim
NL→+∞

√
NL · ‖A (NL)‖= 0

and, finally, σn̄(NL) is a lower bounded function of NL.

�

2.7.4 Proof of Proposition 2.3

Since the control space U is bounded, then the signal w(k) is bounded as
well and, consequently, its Z-transform W (z) has its poles in the unitary
disk D1 = {z ∈ C | |z| ≤ 1}. In view of equation (2.25), the Z-transform of
the forced motion δ ŷF(k) is given by

∆ŶF(z) =−zβ (zIn−AL)
−1

δx(0)

it is hence a rational function having its poles in the unitary ball B1 = {z ∈
C | |z|< 1}. Since

∆ŶF(z) = G̃(z)W (z)
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then, denoted by P
(
K(z)

)
and Z

(
K(z)

)
the set of the poles and of the

zeros, respectively, of K(z), one has

P
(
∆ŶF(z)

)
⊂B1

P
(
G̃(z)

)
⊂B1

P
(
W (z)

)
⊂D1

P
(
∆ŶF(z)

)
⊂P

(
G̃(z)

)
∪P

(
W (z)

)(
P
(
G̃(z)

)
∪P

(
W (z)

))
\P

(
∆ŶF(z)

)
⊆Z

(
G̃(z)

)
∪P

(
G̃(z)

)
From these relations, and from the assumption that G̃(z) has no zeros on
the unitary circle S 1, it promptly follows that

P
(
W (z)

)
⊂B1

so that limk→+∞ w(k) = 0.

Finally, limk→+∞ δx(k) = 0 is an immediate consequence of the asymptotic
stability of the low-level system; limh→+∞ δu(h) = 0 follows from the fact
that, when x(0) = xs, the null input sequence δu ≡ 0 solves the low-level
optimization problem (2.14); once more limh→+∞ x(h) = xs follows from
the asymptotic stability of the low-level system. �
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CHAPTER3
A hierarchical MPC scheme for

coordination of independent systems with
shared resources and plug-and-play

capabilities

3.1 Introduction

In many industrial and civil contexts, there is the need to coordinate a num-
ber of independent subsystems with limited resources to guarantee a given
behavior of the overall system. Examples can be found in buildings, where
different thermal power generators must be controlled to provide the re-
quired cooling or heating and to minimize an economic cost, see [125].
In [117], the considered problem consists in coordinating different oxy-
gen generators available in a distribution network to satisfy a given request
under shared resources. In isolated microgrids, possibly including renew-
able energy sources, the available dispatchable Diesel generators must be
managed to satisfy the load request and eventually provide frequency and
voltage regulation, see for example [36, 123]. Other examples, concern-
ing irrigation systems and chemical processes, are discussed in [17]. In all
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Chapter 3. A hierarchical MPC scheme for coordination of independent
systems with shared resources and plug-and-play capabilities

these problems it can also be useful to allow for plug and play operations to
improve the economic performance and guarantee better flexibility, adapta-
tion to changing conditions, and fault tolerance, see for instance [152,171].
A simple approach for the solution to these coordination problems consists
of considering a unique model of the entire system and to design a cen-
tralized MPC described in Section 1.2.1. However, this could be compu-
tationally expensive when the overall system is large-scale, as recognized
for instance in [17], since the computational complexity would scale with
the number of subsystems. For this reason, different hierarchical control
schemes have been proposed. The general idea is to design a centralized
high level regulator for a simplified model with the scope to consider the
long-term behavior of the system, while local regulators are used at the
lower levels for stability and disturbance rejection, see for example [17]
and Chapter 2. In this scenario, this chapter presents a novel hierarchical
control algorithm for the coordination of independent asymptotically stable
(or pre-stabilized), square systems with joint input and output constraints.
At the higher layer of the control structure, a centralized MPC problem is
solved at a slow rate and considering a reduced order model of the overall
system to compute the input to the independent subsystems so as to ful-
fill the global output request. At the lower layer, for any subsystem a fast
MPC controller is designed to remove the effects of the model mismatch
introduced at the higher layer, to satisfy local constraints and to optimize
the individual performance. The proposed design method allows to modify
the system configuration, in terms of the contribution provided by any sub-
system to the overall system performance, and to implement plug and play
operations. The recursive feasibility of the MPC problems to be solved at
the high and low levels is guaranteed also during plug-in and plug-out op-
erations, and overall convergence of the system output to the set-point is
proven. The adopted control structure is similar to the one considered in
Chapter 2, but the solution proposed here represents a significant improve-
ment for the following reasons: (i) the problem at the high level is fully
scalable with the number of subsystems, so allowing for plug and play op-
erations, (ii) the high level model is easily determined from the impulse re-
sponses of the subsystems and its state is measurable, being composed by
past inputs, (iii) constraints on the shared resources (inputs) are included,
(iv) the possibility to perform static high level optimization is explicitly
considered to optimize the subsystems’ usage and provide flexibility to the
control configuration.
The chapter is organized as follows. In Section 3.2 the problem is stated
and the models used at the high and low levels of the control structure are
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defined. The design of the high and low level MPC regulators is presented
in Sections 3.3 and 3.4, respectively, while the main theoretical results of
recursive feasibility and convergence are described in Section 3.5. The
static optimization problem to be solved for the definition of the optimal
usage of the subsystems is presented in Section 3.6, where it is also defined
the plug and play procedure to be followed to guarantee the properties of
the system. A simulation study is discussed in Section 3.7 to illustrate the
performance of the method, while some conclusions are drawn in Section
3.8. The proofs of the main results are collected in an Appendix.

3.2 Statement of the problem and models

In this section we present the model of the overall system under study and
the main idea allowing to simplify the control problem both at high and at
low hierarchical levels.

3.2.1 System model and control objectives

We assume that the overall system Σ is composed by M discrete-time, lin-
ear, independent subsystems described by

Σi :
{

xi(h+1) = Aixi(h)+Biui(h)
yi(h) = Cixi(h)

(3.1)

i = 1,2, . . . ,M, where xi ∈Rni , ui ∈Rm, and yi ∈Rp are the state, input, and
output vectors, while h is the discrete-time index in the basic time scale.
Subsystems Σi, i = 1, . . . ,M are similar, in the sense that the inputs ui(h)
[respectively the outputs yi(h)] are homogeneous vectors. The following
properties are assumed to hold.

Assumption 3.1.

(1) Ai is Schur stable, i = 1, . . . ,M;

(2) m = p;

(3) det
(
Ci(Ini−Ai)

−1Bi
)
6= 0, i = 1, . . . ,M;

(4) (Ai,Ci) is observable, i = 1, . . . ,M.

We will use also, for all i = 1, . . . ,M, the equivalent infinite impulse re-
sponse (IIR) form

yi(h) =
+∞

∑
j=1

Gi
jui(h− j) (3.2)
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where Gi
j = CiA

( j−1)
i Bi ∈ Rp×m are the impulse response matrices. The

control scheme to be designed must allow to coordinate the M subsystems
in such a way that the following objectives are attained.

(i) Collective output tracking and constraint satisfaction: solve a con-
strained control problem for the collective output

y(h) =
M

∑
i=1

yi(h) (3.3)

Specifically, we aim to drive y(h) to a desired reference value yref while
verifying collective output constraints

y(h) ∈ Y (3.4)

where Y is a specified bounded and convex output constraint set.

(ii) Local constraints satisfaction: verify local input constraints, for each
subsystem Σi, i = 1, . . . ,M, of the type

ui(h) ∈Ui (3.5)

(iii) Resource sharing: assuming that a subset of agents S ⊆ {1, . . . ,M}
shares the same (limited) input resource, we may require that

ushared(h) = ∑
i∈S

ui(h) ∈Ushared (3.6)

To address the overall design problem, we define each input signal ui(h) as
the sum of two contributions:

ui(h) = αiū(h)+δui(h) (3.7)

where

• the common input ū(h) will be computed by a centralized high-level,
low-dimensional, and slow-timescale controller designed to fulfill ob-
jective (i);

• the terms δui(h) will be defined by M local low-level, fast controllers
to enforce local input constraints and optimize local dynamic perfor-
mances;
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• the weights αi with ∑
M
i=1 αi = 1 will be chosen off-line to guarantee the

feasibility of the problem at both layers and system-wide optimality.
Their values are temporarily assumed to be fixed; their choice and
possible adaptive tuning, also allowing for plug and play operations,
will be discussed in Section 3.6.

The feasibility properties of the two schemes are strictly correlated. In
particular, letting Ū and δUi be two bounded and convex sets and in view
of (3.7), in order to satisfy constraints (3.5), (3.6) we can enforce

ū(h) ∈ Ū (3.8a)
δui(h) ∈ δUi, i = 1, . . . ,M (3.8b)

and select Ū , δUi, and the parameters αi such that

δUi⊕αiŪ ⊆Ui, for all i = 1, . . . ,M (3.9a)

( ∑
i∈S

αi)Ū ⊕ (
⊕
i∈S

δUi)⊆Ushared (3.9b)

3.2.2 System decomposition and low-level models

To develop the models used for control, we rewrite (3.2) as follows

yi(h) =
TL

∑
j=1

Gi
jui(h− j)+

+∞

∑
j=TL+1

Gi
jui(h− j) (3.10)

where the positive integer TL is in general selected so that Gi
TL+ j ' 0, j > 0.

From (3.7) and (3.10) and applying the superposition principle, for each
subsystem i = 1, ...,M, we obtain that

yi(h) = αiȳi(h)+δyi(h) (3.11)

where

ȳi(h) = ∑
TL
j=1 Gi

jū(h− j)+∑
+∞

j=TL+1 Gi
jū(h− j) (3.12)

and δyi(h) is the output of the system (3.1) with input δui(h). The quantity
wi(h) = αi ∑

+∞

j=TL+1 Gi
jū(h− j)+δyi(h) can be considered as the output of

the following state-space model Σw
i , which will be used in the design of the

low level controllers{
x(w)i (h+1) = Aix

(w)
i (h)+ATL

i Biαiū(h−TL)+Biδui(h)

wi(h) = Cix
(w)
i (h)

(3.13)
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In the following we will design a high-level controller that runs at a slower
timescale, i.e., that keeps the signal ū(h) constant for NL subsequent time
steps and equal to ū[NL](k), i.e., ū(h) = ū[NL](k) for all h ∈ {kNL, . . . ,(k+
1)NL−1} for all k ≥ 0. The only requirement is that there exists an integer
value TH such that TL = THNL. We define also, for all i = 1, . . . ,M, y[NL]

i (k) =
yi(kNL). From (3.11) and (3.12) we obtain, for all k ≥ 0, that

y[NL]
i (k) =

TH

∑
l=1

αiG
i,[NL]
l ū[NL](k− l)+wi(kNL) (3.14)

where Gi,[NL]
l = ∑

lNL
j=(l−1)NL+1 Gi

j. By inspecting equation (3.14) it becomes
clear that the evolution of the variable (3.14) can be described by a pure FIR
(finite impulse response) system provided that, for all k ≥ 0, it is possible
to set

wi(kNL) = 0 (3.15)
The low-level controllers will be committed, for all i = 1, . . . ,M, to guaran-
tee (3.15).

3.2.3 High-level collective model

In order to derive the model used for the design of the controller at the high
level, define y[NL](k) = y(kNL). In view of (3.3) and (3.14), and under (3.15)
we can write

y[NL](k) =
TH

∑
l=1

G[NL]
l ū[NL](k− l) (3.16)

where G[NL]
l = ∑

M
i=1 αiG

i,[NL]
l . A state space realization of the model (3.16)

can be obtained letting x̄u(k) = (ū[NL](k−1), . . . , ū[NL](k−TH)), and writing
(3.16) as {

x̄u(k+1) = Āux̄u(k)+ B̄uū[NL](k)

y[NL](k) = C̄ux̄u(k)
(3.17)

where

Āu =


0 . . . 0 0
Im . . . 0 0
... . . . ...

...
0 . . . Im 0

 , B̄u =


Im

0
...
0


and C̄u =

[
G[NL]

1 , . . . G[NL]
TH

]
.

Model (3.17) can be transformed into the corresponding velocity form,
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commonly employed for guaranteeing offset free control performances,
see for example [19]. To this aim define ∆x̄u(k) = x̄u(k)− x̄u(k− 1) and
∆ū[NL](k) = ū[NL](k)− ū[NL](k− 1). Following the procedure sketched in
[19], define x̄(k) = (y[NL](k),∆x̄u(k)), then the corresponding velocity form
is {

x̄(k+1) = Āx̄(k)+ B̄∆ū[NL](k)

y[NL](k) = C̄x̄(k)
(3.18)

where

Ā =

[
Ip C̄uĀu

0 Āu

]
, B̄ =

[
C̄uB̄u

B̄u

]
(3.19)

and C̄ =
[
Ip ,0 , . . . , 0

]
.

Remark 3.1. The velocity form (3.18) has a twofold advantage with re-
spect to the original one (3.17). First, it guarantees the presence of an
integral action in the final control law to be determined by the high-level
controller. Second, it includes in the control law an output feedback term
which would not be obtained by using in the synthesis phase the original
truncated impulse response model.

The following assumption is required on system (3.18).

Assumption 3.2. Model (3.18) is reachable.

The following result provides a sufficient and necessary condition for As-
sumption 3.2 to hold.

Proposition 3.1.
Model (3.18) is reachable if and only if det(∑TH

l=1 G[NL]
l ) 6= 0.

3.3 The high level regulator

In this section we define the design algorithm for the high level MPC con-
troller.

3.3.1 Constraints in velocity form

To enforce constraints on absolute input and state variables (e.g., ū[NL](k))
through suitable constraints on the inputs and states of the velocity form
(3.18), we resort to [19], where it is shown that

ū[NL](k−1) =C∗x̄(k) (3.20)
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where

C∗ =
[
0 , Im

][ C̄uĀu C̄uB̄u

Āu− ImTH B̄u

]−1

In view of (3.20) and (3.18), (3.4) and (3.8a) are satisfied provided that[
C̄
C∗

]
x̄(k) =

[
y[NL](k)

ū[NL](k−1)

]
∈ Yu (3.21)

where Yu = Y × Ū .

3.3.2 The auxiliary control law and the maximal output admissible
set

As usual in MPC, the definition of an auxiliary control law and a terminal
set may be required to guarantee stabilizing properties, therefore the design
of these elements is now performed. Preliminarily, recall that yre f is the
reference which should be ideally tracked by the collective output, and note
that it could not be reached within the considered prediction horizon due to
the presence of the input constraints. For this reason, define by r a feasible
output reference, which must be computed by the control algorithm to be
as near as possible to yre f . Then, the auxiliary control law for system (3.18)
reads

∆ū[NL](k) = Kaux(x̄(k)− x̄ref) (3.22)

where x̄ref = E1r, E1 =
[
Ip , 0 , . . . , 0

]T and Kaux is defined in such
a way that F aux = Ā+ B̄Kaux is Schur stable. A possible choice of Kaux is
given in the following proposition.

Proposition 3.2.
If det(G[NL]

1 ) 6= 0 and∥∥∥[G[NL]
2 (G[NL]

1 )−1 , . . . , G[NL]
TH

(G[NL]
1 )−1

]∥∥∥
∞

< 1 (3.23)

then, setting Kaux =
[
−(1− ε)(G[NL]

1 )−1 , 0 , . . . , 0
]
, where ε ∈

[0,1), matrix F aux = Ā+ B̄Kaux is Schur stable. �

Letting r(k+1) = r(k) = r, we can write[
x̄(k+1)
r(k+1)

]
= F

[
x̄(k)
r(k)

]
(3.24)
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where

F =

[
F aux −B̄KauxE1

0 Ip

]
Recall also that [

y[NL](k)

ū[NL](k−1)

]
=Cyu

[
x̄(k)
r(k)

]
(3.25)

where

Cyu =

[
C̄ 0
C∗ 0

]
Consider the following assumption.

Assumption 3.3.

(1) The pair (F ,Cyu) is observable.

(2) Yu is a closed polytope.

Under Assumption 3.3 and according to [65] we can compute, in a finite
number of steps, an invariant polytopic ε-inner approximation of the max-
imal output admissible set for the pair (3.24), (3.25), i.e., Oε := {(x̄,r) :
CyuF k(x̄,r) ∈ Yu for all k ≥ 0 and limk→+∞CyuF k(x̄,r) ∈ Yu(ε)}, where
Yu(ε) is a closed and compact set satisfying Yu(ε)⊕Bε(0)⊆ Yu.

3.3.3 The high layer MPC problem

In view of the previous considerations, the problem to be solved at a generic
time instant t is

min
r(t),
−−−→
∆ū[NL](t:t+NH−1)

JHL (3.26a)

where

JHL =
t+NH−1

∑
k=t

{
‖x̄(k)−E1r(t)‖2

Q +‖∆ū(k)[NL]‖2
R

}
(3.26b)

+‖x̄(t +NH)−E1r(t)‖2
P + γ‖r(t)− yref‖2

subject to the dynamical system (3.18), constraints (3.21) for all k= t, . . . , t+
NH−1, and to the terminal constraint

(x̄(t +NH),r(t)) ∈Oε (3.26c)
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The symmetric and positive definite weighting matrices Q and R are arbi-
trary tuning knobs. The matrix P must be chosen as the solution to the
Lyapunov equation

(F aux)T PF aux−P =−
(
Q+(Kaux)T RKaux

)
(3.26d)

From [19], the parameter γ must be chosen so as to meet the inequality
γI � Pyy, where Pyy is a block of matrix P, decomposable as follows

P =

[
Pyy Py∆x̄u

PT
y∆x̄u

P∆x̄u∆x̄u

]

The stated MPC problem is easily solvable, in view of its QP structure;
however, when the weights αi vary during the system operation (e.g., in a
plug and play scenario, see Section 3.6.2) it is impractical to compute the
set Oε online, especially in case of high-dimensional systems. A possible
way to circumvent this issue is to resort the simplified problem presented
in the following.

3.3.4 The high layer MPC problem with zero-terminal constraint

The idea proposed in this section consists of replacing (3.26c) with a zero-
terminal constraint, that does not require the definition of the terminal set,
of the auxiliary control law, and of the terminal weight. Note that the latter
are derived, in a non-trivial way, from the parameters αi. This solution
corresponds to set

x̄(t +NH) = E1r(t)[
C̄
C∗

]
x̄(t +NH) ∈ Yu(ε)

(3.27)

Also note that, choosing Q =diag(Qy,R, . . . ,R), we obtain that ‖x̄(k)−
E1r(t)‖2

Q = ‖y[NL](k)− r(t)‖2
Qy

+∑
k−1
s=k−TH

‖∆ū[NL](s)‖2
R, so that

JHL =
t+NH−1

∑
k=t

{
‖y[NL](k)− r(t)‖2

Qy
+

k

∑
s=k−TH

‖∆ū[NL](s)‖2
R

}
+ γ‖r(t)− yref‖2
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Since, at time t, the values of ∆ū[NL](k) for k ≤ t are not optimization vari-
ables, minimizing JHL actually corresponds to optimizing

J̃HL =
NH−1

∑
k=0
{‖y[NL](t + k)− r(t)‖2

Qy

+(min(NH− k,TH))‖∆ū[NL](t + k)‖2
R}+ γ‖r(t)− yref‖2 (3.28)

Under the simplifications above, the overall optimization problem is

min
r(t),
−−−→
∆ū[NL](t:t+NH−1)

J̃HL (3.29a)

subject to the dynamical system (3.16). The constraints are

ū[NL](k) ∈ Ū (3.29b)

y[NL](k) ∈ Y (3.29c)

for all k = t, . . . , t + NH − 1, while the terminal constraint (3.27) can be
rephrased as follows.

ū[NL](k) = (
TH

∑
l=1

G[NL]
l )−1r(t),

for k = t +NH−TH, . . . , t +NH−1 (3.29d)

y[NL](t +NH) = r(t) (3.29e)[
Ip

(∑
TH
l=1 G[NL]

l )−1

]
r(t) ∈ Yu(ε) (3.29f)

For well-posedness, it is assumed that NH ≥ TH.

3.4 The low level regulators

The role of the low-level regulators is twofold. Firstly, they are needed
to remove the mismatch of the high-level simplified system from its model
(3.16) by enforcing (3.15). Secondly, they optimize the performances of the
subsystems in transient conditions. Recall that wi(h) is driven by the dy-
namical system (3.13). At low level we adopt a shrinking horizon approach
and, for each i = 1, . . . ,M, at time h ∈ {kNL,(k+1)NL−1} we solve

min−→
δui(h:(k+1)NL−1)

Ji
LL (3.30a)
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where

Ji
LL =

(k+1)NL−1

∑
s=h

{
‖wi(s)‖2

Qi
+‖δui(s)+αig

[TL]
i ū[NL](k−TH)‖2

Ri

}
(3.30b)

subject to the constraints

δui(s) ∈ δUi, s = h, . . . ,(k+1)NL−1 (3.30c)
wi((k+1)NL) = 0 (3.30d)

x(w)i ((k+1)NL) ∈ XF
i (3.30e)

We have denoted

g[TL]
i =

(
Ci(Ini−Ai)

−1Bi
)−1

Ci(Ini−Ai)
−1ATL

i Bi

defined in such a way that if, in steady state, δui(h)+αig
[TL]
i ū[NL](k−TH) =

0, then wi(h) = 0. Note that g[TL]
i is well defined in view of Assumption

3.1.(3).
The set XF

i is a suitable terminal set for x(w)i that guarantees the feasibility
of the low-level problem at the subsequent long sampling time, i.e., for the
problem at h = (k+1)NL. Its definition is deferred to Section 3.5.
Note also that, since wi(h) = yi(h)−αi ∑

TL
j=1 Gi

jū(h− j) is given, in view of

Assumption 3.1.(4), the estimate of x(w)i (h) is known at all sampling times.

Remark 3.2. To account for possible uncertainties, both at low and high
layers, a bounded disturbance term can also be considered and the cor-
responding tube-based robust algorithm can be used, without significant
technical issues. Possible uncertainties are intentionally neglected in this
chapter to keep the notation and the treatment as simple as possible.

3.5 Design issues and main results

In this section we discuss the main conditions required to make the two
layers consistent and we derive the main feasibility and convergence results
of the proposed design method.
Up to this point, the values of the parameters αi≥ 0, i= 1, . . . ,M, have been
assumed to be fixed. However, in the final part of the paper they will be
considered as additional tuning knobs to be possibly retuned on-line and/or
to be modified to allow for plug and play operations. For this reason, the
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conditions discussed in the following will be formulated to be consistent
with all the values the αi can take. To this end, define ᾱi, i = 1, . . . ,M as
upper bounds to αi, i.e.

ᾱi ≥ αi (3.31a)

that must be compatible with the fact that

M

∑
i=1

αi = 1 (3.31b)

More specifically, we require that

ᾱi ≥ 0 ,
M

∑
i=1

ᾱi ≥ 1 (3.32a)

In view of these definitions, the constraints that Ū , δUi, ᾱi, XF
i , i =

1, . . . ,M must fulfill are here listed

I) Conditions (3.9a), (3.9b) must be verified for all admissible values of
αi, i.e., it must hold that

δUi⊕ ᾱiŪ ⊆Ui (3.32b)

( ∑
i∈S

ᾱi)Ū ⊕ (
⊕
i∈S

δUi)⊆Ushared (3.32c)

II) The set XF
i in (3.30e) must be positively invariant with respect to ANL

i ,
i.e., it must guarantee that there exists a scalar λi ∈ [0,1) such that

ANL
i XF

i ⊆ λiXF
i (3.32d)

This is always possible in view of Assumption 3.1.(1).

III) To make the low-level regulators’ optimization problems well posed
(i.e., in order to make (3.15) possible and recursively feasible), the set
of output conditions that can be reached in NL steps by using δui(h)
in system (3.13) must be able to compensate for the effect of the in-
put ū and of possible non-null initial conditions of x(w)i . This can be
represented in set-theoretical way as follows

[
Ci

Ini

]
(λiXF

i ⊕ ᾱiR̄iŪ )⊆
[

0
Ini

]
XF

i ⊕
[

Ci

Ini

]
(−δRiδU NL

i ) (3.32e)
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where

R̄i = ATL
i

NL−1

∑
j=0

A j
i Bi, δRi =

[
ANL−1

i Bi , . . . , Bi
]

and C⊥i is any matrix whose rows are perpendicular to the rows of Ci
and complete the Rn basis.

IV) Finally, to make such compensation possible also in steady state con-
ditions for all admissible values of αi,

−ᾱig
[TL]
i Ū ⊆ δUi (3.32f)

The following main result can now be stated (the proof is in the Appendix
at the end of this chapter).

Theorem 3.1. Under Assumptions 3.1 and 3.2, if the feasibility of the high-
layer problem (3.26) and of the low-layer ones (3.30), for all i = 1, . . . ,M,
is verified at time t = 0, then feasibility is guaranteed:

• for (3.26) at all time instants h = kNL, k ≥ 0;

• for (3.30), for all i = 1, . . . ,M, at all time instants h, h≥ 0.

Also, (3.5), (3.6) hold for all h ≥ 0 and (3.4) holds for all h = kNL, where
k ≥ 0. Finally, as h→ ∞, y(h)→ yfeas.ref, where

yfeas.ref = argmin C̄
C∗

E1y∈Yu(ε)

‖y− yref‖2 (3.33)

3.6 Static and dynamic optimization of the weights αi and plug
and play operations

In the control law (3.7), the term ū(t) may be regarded as the total input
request to the set of subsystems, and the parameters αi represent the share
of input assigned to each subsystem Σi. Their values can be chosen accord-
ing to global optimality criteria by solving a static higher layer optimizer
a priori, periodically, or based on an event-driven rationale. The optimiza-
tion problem proposed here has the role of minimising the control signals,
in order to minimize the overall cost for controlling the plant, but other al-
ternative cost functions can be proposed and used.
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In steady-state, from (3.16), the input ū must take the value ūss such that

(
M

∑
i=1

αi

TH

∑
l=1

Gi,[NL]
l )ūss = yref (3.34)

Note that the matrix ∑
M
i=1 αi ∑

TH
l=1 Gi,[NL]

l has full rank in view of Assump-
tion 3.2 and Proposition 3.1. Also, to make wi = 0, from (3.13), δui =

−αig
[TL]
i ūss, Therefore, in steady state, the input ui must take the value

uss
i = αi(Im−g[TL]

i )ūss (3.35)

The proposed minimization problem reads

min
ūss,{uss

i ,αi}i=1,...,M

M

∑
i=1

qα
i ‖uss

i ‖2 (3.36)

subject to (3.32a), (3.31), and where qα
i is a suitable cost associated to

the use of subsystem Σi. Note that the resulting optimization problem is a
quadratic one with bilinear constraints.

3.6.1 Time varying weights

We consider now the case where the weights αi change during the system
operation, and how this impacts on the control scheme at both dynamic con-
trol layers. This will pave the way for the application in plug and play sce-
narios in the subsequent Section 3.6.2. At this point, we will only make the
assumption that the weight optimization problem (3.36) is run during the
system operation, and that the changes are applied at the beginning of long
sampling times h = kNL (resulting constant for the low-layer problems). In
general, we denote by αi(k) the values taken by αi at time h = kNL, for all
i = 1, . . . ,M.

3.6.1.1 High level control during weight changes

At time h = kNL, the model (3.16) must be rewritten as

y[NL](k) =
TH

∑
l=1

G[NL]
l,k ū[NL](k− l) (3.37)

where G[NL]
l,k = ∑

M
i=1 αi(k− l)Gi,[NL]

l . A variation of the weights αi, i =
1, . . . ,M during the system operation may compromise the feasibility prop-
erties of the high layer control scheme. For this reason a three-step proce-
dure is proposed.
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1. Based on periodic or event-based call, a weight change is proposed by
the optimizer running (3.36). The candidate new weights, denoted α∗i ,
i = 1, . . . ,M, are transmitted at time t̄ to the high-level dynamic con-
troller, but are not directly applied.

2. The feasibility of the optimization problem (3.29) is checked at a time
instant t = t̄ where the output variable is computed based on (3.37), with
αi(k) = α

−
i for all k < t, where α

−
i is the value taken by the weight be-

fore the variation request, while αi(k) =α∗i for all k≥ t. If the feasibility
of the problem is verified, then we can set αi(t) =α∗i for all i= 1, . . . ,M,
for all t ≥ t̄. Otherwise go to step 3.

3. Solve, at any time instant t ≥ t̄

min
r(t),
−−−→
∆ū[NL](t:t+NH−1),α1(t),...,αM(t)

J̃HL + γα

M

∑
i=1
‖αi(t)−α

∗
i ‖2 (3.38)

subject to the dynamical system (3.37), where it is assumed that αi(k) =
αi(t) is kept constant for all k ≥ t. The constraints are (3.29b)-(3.29f),
where the term G[NL]

l is replaced by G[NL]
l,k , and (3.32a), (3.31).

Note that the feasibility of the problem (3.38) is guaranteed by the fact
that one can always keep αi(t) constant at the last feasible value.

3.6.1.2 Low level control during weight changes

The low-level optimization problem (3.30) is less critical than the high-
level one. Indeed, as already remarked, it is assumed that weight αi remains
constant over the long sampling time, i.e., during the low-level shrinking-
horizon optimization problem for all h ∈ [kNL, . . . ,(k+ 1)NL− 1]. There-
fore, the results obtained on recursive feasibility still hold thanks to the
terminal constraint (3.30e) and to the definition of XF

i , which is given for
all admissible values of αi ≤ ᾱi.

3.6.2 Plug and play operations

The scenario in which one or more subsystems join or leave the network
may be naturally included in the framework in which the weights αi are
time varying. We can distinguish two main cases, the plug-in and the un-
plug cases.
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3.6.2.1 Plug-in requests

Assume that, at time instants t ≤ t̄, the system is controlled using the
scheme proposed in this paper and is composed of M subsystems. At time
t̄ a plug-in request is received, i.e., we want to include subsystem M+1 in
the network. Note that the case in which ΣM+1 is not plugged-in is equiv-
alent to the case in which ΣM+1 is plugged-in, but with weight αM+1 = 0.
Thanks to this simple remark, we can define a plug-in procedure, consisting
of the following steps.

1. Structural plug-in design: define a triple (ᾱM+1,δUM+1,XF
M+1) satisfy-

ing the conditions (3.32).

2. Feasibility plug-in test: set αM+1 = 0 and check the feasibility of the
low-level problem (3.30).

If these steps have been successfully carried out, then the subsystem ΣM+1
is formally plugged in. At this point, we may run the procedure sketched in
Section 3.6.1 to properly take advantage of the newly-plugged device.

3.6.2.2 Unplug requests

Assume that, at time instants t ≤ t̄, the system is controlled using the
scheme proposed in this paper and is composed of M subsystems. At
time t̄, an unplug request is received, i.e., we want to exclude subsystem
M from the network. Note that the case in which ΣM gets unplugged can be
achieved by setting αM = 0. In view of this, the unplug operation consists
of the following steps.

1. Structural unplug condition: check the feasibility of the optimization
problem (3.36) with the further constraint αM = 0.

2. Run the procedure sketched in Section 3.6.1 to adapt the system to the
new configuration. Note that, if we resort to the step 3 outlined in Sec-
tion 3.6.1, the solution αi(t) = α∗i is achieved in steady state (i.e., after
a large number of steps) and only if yref is an admissible steady state. To
overcome these problems, we suggest to repeat step 2 periodically. If
this does not work, it is possible to fix r(t) to its last feasible value and
disregard it as optimization variable, and check if, in this way, αi(t)=α∗i
is achieved at least asymptotically.

If the steps above are successfully carried out, then we can remove the
subsystem ΣM from the overall plant. Otherwise, the system cannot support
an unplug event and the request is denied.
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3.7 Simulation example

The hierarchical control algorithm described in the previous sections has
been used for coordination of a number of synchronous machines.

3.7.1 Description of the models

Consider six diesel generators connected to a network with terminal voltage
240 V and frequency 60 Hz, that must track a total electrical power (yref =
98.32 kW). The values of their rated powers are {16.1, 25.0, 26.5, 30.7,
40.8, 47.6} kW, respectively. The linear continuous models of the gen-
erators are obtained from [192], and are of orders, n1 = n6 = 9, n2 =
n3 = 8, n4 = 4, n5 = 5. The input ui and output yi, for all i = 1, · · · ,6,
are the fuel flow rate and the produced power, respectively, with m = 1
and p = 1. The six generators’ linear continuous-time models have been
sampled with ∆t = 1s to obtain their discrete-time counterpart of the fast
time scale. Then, these discrete-time subsystems have been used as the
models in (3.1) for the implementation of the hierarchical control struc-
ture. The control variables, as well as the controlled variables, are lim-
ited by 0 ≤ (u1, · · · , u6) ≤ (0.89, 1.39, 1.48, 1.71, 2.27, 2.64) g/s and
0≤ (y1, · · · , y6)≤ (16.1, 25.0, 26.5, 30.7, 40.8, 47.6) kW. The consid-
ered constraint on input sharing is 0≤ ∑

5
i=3 ui ≤ 4.4.

3.7.2 Design of the sets

- We first set TL = 60, TH = 6, and NL = 10.
- The parameters ᾱi and the sets Ū , δUi, i = 1, · · · ,6, have been selected as
(ᾱ1, · · · , ᾱ6) = (0.1634, 0.1919, 0.2537, 0.2699, 0.3122, 0.4065), Ū =
[1.2, 4.02], and δU1 = [−0.20, 0.23], δU2 = [−0.23, 0.62], δU3 = [−0.30,
0.30], δU4 = [−0.33, 0.38], δU5 = [−0.37, 0.36], δU6 = [−0.49, 1.07]
so that (3.32b) and (3.32c) are verified.
- The sets XF

i , i = 1, · · · ,6, have been chosen as XF
i = {x(w)i |

(x(w)i − αigx
i ūfeas.ref)

T Pi(x
(w)
i − αigx

i ūfeas.ref) ≤ µi} where ūfeas.ref =

(∑
TH
l=1 G[NL]

l )−1yfeas.ref, Pi has been taken as the solution to the Riccati equa-
tion related to the infinite horizon control problem with Qx,i = Ini , Ri =
0.1Im, while µi here has been set to 0.1. Condition (3.32d) has been checked
by verifying the feasibility of the following optimization problem for i =
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1, · · · ,6:
min λi

subject to (ANL
i )T PiA

NL
i −λ 2

i Pi < 0
λi ∈ [0, 1)

(3.39)

- Condition (3.32e) has been checked for i = 1, · · · ,6, by verifying

ᾱiR̄iŪi ⊆−δRiδU NL
i

and
CiλiXF

i ⊆ X̄i

where X̄i is the maximum volume ellipsoid in Ci(−δRiδU NL
i )	CiᾱiR̄iŪi

and can be computed according to the algorithm described in Section 8.4.2
in [23].

Table 3.1: On-line computation time comparison

Approach Optimization activated at Average computation time (s)

Proposed one
HL regulator h = kNL 0.360

LL regulator

1 each fast time instant h 0.278
2 each fast time instant h 0.163
3 each fast time instant h 0.278
4 each fast time instant h 0.276
5 each fast time instant h 0.276

Centralized MPC each fast time instant h 1.756

3.7.3 Simulation results without plug-and-play operations

The hierarchical control structure has been applied to the system with only
five generators, i.e., M = 5, assuming that the sixth generator is discon-
nected from the network. The optimization problem (3.36) has been solved
with (qα

1 , · · · , qα
5 ) = (0.779, 0.812, 0.823, 0.830, 0.837). The values of

the parameters ūss, uss
i and αi, i = 1, · · · ,5, are: ūss = 6.28, (uss

1 , · · · , uss
5 ) =

(0.89, 1.20, 1.19, 1.16, 1.12), (α1, · · · , α5) = (0.1496, 0.2107,
0.2191, 0.2028, 0.2178). The high layer MPC has been designed with pre-
diction horizon NH = 10, penalties Qy = Ip and RH = 0.1Im, while the control
gain Kaux has been selected according to Proposition 3.2 and the matrix P
has been computed as the solution to the Lyapunov equation (3.26d) with
Qy and RH. The parameter γ has been chosen as γ = 10Pyy = 24.99. The low
layer shrinking horizon optimization algorithms have been solved with state
and input penalties Qi = 10Ip, Ri = 0.1Im, i = 1, · · · ,5. It is worth mention-
ing that a penalty on the deviation of the input has also been added, having
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weight R∆,i = Im, during the transient phase to enforce smooth dynamic be-
havior and must be removed once the regulator is close to its steady state.
For comparison, a centralized state-feedback MPC has been designed at
any fast time h with cost function Jc = ∑

h+N−1
k=h ‖∑

5
i=1Cixi(k)− yref‖2

Qc
+

∑
5
i=1 qα

i ‖ui(k)‖2 where the penalty Qc = 500 and prediction horizon N =

NH ·NL = 100. The terminal set has been chosen as XF = {x|∑5
i=1Cixi(t +

N) = yref}. All the simulation tests have been implemented with the MAT-
LAB Yalmip and MPT toolbox, see [108] and [79], in a PC with Intel
Core i5-4200U 2.30 GHz and with Windows 10 operating system. The
Matlab QUADPROG solver has been used for the implementation of the
centralized MPC and the proposed optimization algorithms. The detailed
on-line computational time required by each controller is reported in Ta-
ble 3.1, showing the computational advantages of the proposed hierarchical
scheme.
The evolution of the control and output variables of the controlled sub-
systems are reported in Figures 3.1 and 3.2 which show that, after an initial
transient, the inputs and outputs return to their nominal values, and both the
separation of total electrical power and the control performance in terms of
the proposed two-layer approach are close to those of centralized MPC.
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Figure 3.1: Control variables of the controlled generators: overall control actions com-
puted with the two-layer scheme (black solid lines) and control variables computed
with the centralized scheme (red dashed lines).
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Figure 3.2: Outputs of the controlled generators: outputs obtained with the two-layer
scheme (black solid lines) and outputs obtained with the centralized scheme (red
dashed lines).

3.7.4 Simulation results with plug-and-play operations

The two-layer control structure has also been applied with plug-and-play
operations. Starting from the simulation conditions of scenario 1, at time
t = 180 s, the 6th generator has been added to the network; then, at time
t = 360 s, the third generator has been disconnected by setting α3 = 0. The
evolution of the output and control variables of the controlled system are
reported in Figures 3.3 and 3.4. These figures show that, after an initial
transient due to the plug-in procedure, inputs and outputs return to their
current nominal values until the next plug-out operation occurs, when the
two-layer control system properly reacts to bring the controlled variables to
their new reference values.

3.8 Conclusions

In this chapter, a hierarchical control scheme has been proposed for the
coordination of independent systems. Among its main characteristics we
recall the possibility to consider shared input constraints as well as joint
output constraints and the simplicity of the procedure required to obtain the
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Figure 3.3: Control variables of the controlled generators: overall control actions
(u1, · · · ,u6), (magenta, blue, yellow, green, cyan, and red solid lines). Vertical dashed
lines indicate the plug-in/unplug instants.
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simplified model at the high layer of the hierarchical structure. In addition,
the algorithm allows to consider long term objectives at the high layer, for
instance based on economic criteria, and short term goals at the low layer,
typically fast compensation of disturbances and model mismatch. Finally,
a procedure is suggested to determine the optimal usage of the subsystems
and to include the possibility to consider plug and play operations, so as to
provide flexibility and practical fault tolerance to the scheme. The recursive
feasibility and convergence properties of the closed-loop system have been
established and a simulation example has been reported to illustrate the
algorithm’s behavior.

3.9 Appendix

3.9.1 Proof of Proposition 3.1

According to the PBH test, the pair (Ā, B̄) is reachable if and only if, for all
λ ∈ C,

rank
([

λ Im·(TH+1)− Ā , B̄
])

= m · (TH +1)

i.e., if and only if [
(λ Im·(TH+1)− Ā)T

B̄T

]
v = 0 (3.40)

implies that v = 0. We take v = (v1, . . . ,vTH+1) where vl ∈ Rm for all l =
1, . . . ,TH. Equation (3.40) can be rewritten as

(λ −1)v1 = 0

λv2− (G[NL]
2 )T v1− v3 = 0

...

λvTH−1− (G[NL]
TH−1)

T v1− vTH = 0

λvTH− (G[NL]
TH

)T v1− vTH+1 = 0
λvTH+1 = 0

(G[NL]
1 )T v1 + v2 = 0

It is easy to see that, if λ 6= 1, the only solution to this homogeneous sys-
tem is vl = 0 for all l = 1, . . . ,TH + 1. If λ = 1, we obtain vTH+1 = 0 and,

for all i = 2, . . . ,TH, vi =
(

∑
TH
l=i(G

[NL]
i )T

)
v1 and, from the last equation
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∑
TH
l=1(G

[NL]
i )T

)
v1 = 0. The latter implies that v1 = 0 is the only admis-

sible solution if and only if det
(

∑
TH
l=i(G

[NL]
i )T

)
6= 0. �

3.9.2 Proof of Proposition 3.2

Setting Kaux =
[
−(1− ε)(G[NL]

1 )−1 , 0 , . . . , 0
]
, we obtain that

F aux =



εIp G[NL]
2 · · · G[NL]

TH−1 G[NL]
TH

0

−(G[NL]
1 )−1(1− ε) 0 · · · 0 0 0

0 Im · · · 0 0 0
...

... . . . ...
...

...
0 0 · · · Im 0 0
0 0 · · · 0 Im 0


The eigenvalues of F aux are the solutions to the characteristic equation IpzTH+1−
εImzTH +(1−ε)G[NL]

2 (G[NL]
1 )−1zTH−2+ · · ·+(1−ε)G[NL]

TH
(G[NL]

1 )−1z = 000. In
view of [131], F aux is Schur stable if∥∥∥[εIp , (1− ε)G[NL]

2 (G[NL]
1 )−1 , · · · , (1− ε)G[NL]

TH
(G[NL]

1 )−1
]∥∥∥

∞

< 1

i.e., if

(1− ε)
∥∥∥[G[NL]

2 (G[NL]
1 )−1 , · · · , G[NL]

TH
(G[NL]

1 )−1
]∥∥∥

∞

< 1− ε

�

3.9.3 Proof of Theorem 3.1

Recursive feasibility of the low-level problem (3.30)

Assume that the problem is feasible for subsystem Σi at time h ∈ {kNL, . . . ,
(k+1)NL−1}, i.e., an optimal sequence δui(h|h), . . . , δui((k+1)NL−1|h)
is available, allowing to satisfy the constraints (3.30d), (3.30e) in face of
input ū(s−TL) = ū[NL](k−TH), constant for all s = kNL, . . . ,(k+1)NL−1.
At time h the input value δui(h|h) is applied, and the remaining sequence
δui(h+1|h), . . . , δui((k+1)NL−1|h) is feasible at time h, since the prob-
lem is a shrinking-horizon one.
Note that, at time h = (k + 1)NL (i.e., at the beginning of the subsequent
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high-level sampling time), the state x(w)i ((k+1)NL) enjoys (3.30e). To guar-
antee recursive feasibility, for any input ū[NL](h− TH) = ū[NL](k + 1− TH)
(constant for all h = (k+1)NL, . . . ,(k+2)NL−1) there must exist an input
sequence δ

−→u i(k+ 1) = δui((k+ 1)NL), . . . , δui((k+ 2)NL− 1) such that
wi((k+2)NL) = 0 and x(w)i ((k+2)NL) ∈ XF

i . So, we require the existence
of δ
−→u i(k+1) such that, at the same time

Ci(A
NL
i x(w)i ((k+1)NL)+αiR̄iū[NL](k+1)+δRiδ

−→u i(k+1)) = 0

ANL
i x(w)i ((k+1)NL)+αiR̄iū[NL](k+1)+δRiδ

−→u i(k+1) ∈ XF
i

Note that, if x(w)i ((k+ 1)NL) ∈ XF
i , in view of (3.32d), then ANL

i x(w)i ((k+
1)NL) ∈ λiXF

i . Thanks to (3.32e), there exists a sequence δ
−→u i(k + 1) ∈

δU NL
i such that both (3.30d) and (3.30e) can be verified for all inputs

ū[NL](k+1) ∈ Ū . �

Recursive feasibility and convergence of the high-level problem (3.26)

Thanks to the recursive feasibility properties of the low-level problems (3.30),
it is possible to guarantee that wi(kNL) = 0 for all i = 1, . . . ,M and for all
k ≥ 0, in view of the feasibility of the problems (3.30) at time h = 0. In
view of this, it is possible to describe the evolution of variable y[NL](k) us-
ing the dynamical model (3.18). This allows to apply Theorem 1 in [19].
In particular, it is proved that the high-level problem (3.26) enjoys recur-
sive feasibility properties and that y[NL](k)→ yfeas.ref and ū[NL](k)→ ūfeas.ref,
as k→+∞.
Since constraint (3.21) is respected at all k≥ 0, then y[NL](k) = y(kNL)∈Y
and ū[NL](k)∈ Ū for all k≥ 0. Furthermore, since constraint (3.30c) is ver-
ified at low level then, from (3.9a), (3.9b), and (3.31), for all i = 1, . . . ,M
and for all h≥ 0, ui(h) = αiū[NL](bh/NLc)+δui(h) ∈Ui and ∑i∈S ui(h) =
∑i∈S αiū[NL](bh/NLc) + ∑i∈S δui(h) ∈ Ushared, as required for satisfying
(3.5) and (3.6), respectively, for all h≥ 0. �

Convergence of the low-level problem (3.30)

The evolution of variable x(w)i (h) on a NL-steps sampling time is

x(w)i ((k+1)NL) = ANL
i x(w)i (kNL)+δRiδ

−→u i(k)+αiR̄iū[NL](k−TH)

wi(kNL) = Cix
(w)
i (kNL)

(3.41)
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Now, define εx
i (k) = x(w)i (kNL)−αigx

i ū[NL](k−TH), where gx
i = (I−Ai)

−1

(ATL
i Bi−Big

[TL]
i ). Also, define εu

i (k) = δ
−→u i(k)+1⊗(αig

[TL]
i ū[NL](k−TH)).

Under this change of coordinates, we can rewrite (3.41) as

εx
i (k+1) = ANL

i εx
i (k)+δRiε

u
i (k)+ vi(k)

w̄i(k) = wi(kNL) =Ciε
x
i (k)

(3.42)

where vi(k) = αigx
i (ū

[NL](k−TH)− ū[NL](k+1−TH)) can be accounted for
as a (vanishing) disturbance. In view of constraint (3.30d), w̄i(k) = 0 for all
k≥ 0. We can write w̄i(k) =wFREE

i (k)+wFORCED
i (k) = 0, where wFREE

i (k)
and wFORCED

i (k) are the free and forced, respectively, motions of variable
w̄i(k). Therefore wFORCED

i (k) =−wFREE
i (k) =−CiA

k(NL)
i εx

i (0)→ 0 as k→
+∞ in view of Assumption 3.1. Similarly to Proposition 2.3, if Ci(zIni −
ANL

i )−1 has no zeros on the unitary circle, then

lim
k→+∞

(δRiε
u
i (k)+ vi(k)) = 0

Consequently, limk→+∞ εx
i (k) = 0 (i.e., limk→+∞ x(w)i (kNL) = αigx

i ūfeas.ref)
follows from the asymptotic stability of (3.42) and from the fact that
limk→+∞ ū[NL](k) = ūfeas.ref. This also implies that limh→+∞ δui(h) +
αig

[TL]
i ūfeas.ref = 0, in view of the fact that, when x(w)i (kNL) = αigx

i ūfeas.ref, in
stationary conditions δui(h) = −αig

[TL]
i ūfeas.ref minimizes the cost function

(3.30b). This, in turns, implies that limh→+∞ wi(h) = 0 and that
limh→+∞ y(h) = ȳfeas.ref. �
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CHAPTER4
Hierarchical multi-rate MPC scheme for

interconnected systems

4.1 Introduction and main idea

Physical and cyber-physical systems are becoming more and more com-
plex, large-scale, and heterogeneous due to the growing opportunities pro-
vided by information technology in terms of computing power, transmis-
sion of information, and networking capabilities. As described in Chapter
1, a classic approach in terms of the management and control of these sys-
tems consists of resorting to decentralized or distributed MPC, in which
distributed MPC algorithms can be cooperative, characterized by an inten-
sive transmission load due to the multiple exchange of information among
the regulators within one sampling period, or non-cooperative, character-
ized conservativeness to compensate for the effects of neglected dynamics.
With the aim of reducing the above limitations of distributed MPC algo-
rithms, in this chapter, we extend the hierarchical control structure de-
scribed in Chapter 2 to large-scale interconnected systems. The control
scheme is shown in Figure 4.1. The system under control Σ is assumed to
be composed by M interconnected subsystems Σ1, ...,ΣM. A reduced order
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subsystem

subsystem

Low level
regulator RL1

fast time scale

High level 
regulator RH slow 
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regulator RLM

fast time scale

S

x1

xM

x

du1

duM

b

 𝑢1

 𝑢M

 𝑢

 S

NL

SM

S1

Figure 4.1: Overall control scheme.

model Σ̄ is first computed and a centralized MPC regulator RH working at
a slow rate is designed to consider the long-term behavior of the system
and to compute the control variables ūi, i = 1, ...,M. Then, faster local
regulators RLi, i = 1, ...,M, are designed for each subsystem Σi to compute
the control contributions δui compensating for the inaccuracies of the high
layer design due to the mismatch between Σ and Σ̄. Notably, the local reg-
ulators can be designed and implemented at different rates to cope with
subsystems operating at different time scales, as it often happens in many
important industrial fields, see the centralized multirate MPC methods re-
ported in [11, 18, 28, 29, 97, 101, 160], or the multirate implementations
described in [76, 156, 195].
Compared with Chapter 2, the control structure is similar while the frame-
work is different. For instance, in Chapter 2 only independent systems
Σi with joint output constraints were considered, no multirate implementa-
tions were allowed, and the problem was to coordinate the Σ′is to guarantee
an overall output request, so that different technical tools, with respect to
the ones here considered, had to be adopted at the two layers of the control
structure.
The chapter is organized as follows. Section 4.2 introduces the models
considered at the two layers. Section 4.3 describes the MPC algorithms
adopted at the two layers, while Section 4.4 presents the main feasibility
and convergence results as well as a summary of the main implementation
aspects. Section 4.5 describes the simulation examples, while in Section
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4.6 some conclusions are drawn. The proofs of the main results are re-
ported in an Appendix.

4.2 Models for the two-layer control scheme

In this section we present the model of the overall system and the simplified
one used for high-level control.

4.2.1 Large-scale system model

In line with [110], we assume that the overall system Σ is composed by M
discrete-time, linear, interacting subsystems described by

Σi :


xi(h+1) = Aii

L xi(h)+Bii
L ui(h)+E i

Lsi(h)
yi(h) = Cii

L xi(h)
zi(h) = Czi

L xi(h),
(4.1)

i = 1,2, . . . ,M, where xi ⊆ Rni , ui ∈ Rmi , and yi ∈ Rpi are the state, in-
put, and output vectors, while h is the discrete-time index in the basic time
scale according to which the models are defined and the low level regula-
tors will be designed. The interconnections among the subsystems Σi are
represented by the coupling input and output vectors si ∈Rpsi and zi ∈Rpzi ,
respectively, where

si(h) =
M

∑
j=1

Li jz j(h) (4.2)

with Lii = 0, i = 1, ...,M.
From (4.1) and (4.2), the overall dynamical model Σ is

Σ :
{

x(h+1) = ALx(h)+BLu(h)
y(h) = CLx(h)

(4.3)

where x=(x1, . . . ,xM)∈Rn, n=∑
M
i=1 ni, u=(u1, . . . ,uM)∈Rm, m=∑

M
i=1 mi,

and y = (y1, . . . ,yM) ∈Rp, p = ∑
M
i=1 pi. The diagonal blocks of AL are state

transition matrices Aii
L , whereas the coupling terms among the Σ′is corre-

spond to the non-diagonal blocks of AL, i.e., Ai j
L = E i

LLi jC
z j
L , with j 6= i.

The collective input and output matrices are BL =diag(B11
L , ..., BMM

L ) and
CL =diag(C11

L , ...,CMM
L ), respectively.

Concerning systems (4.1) and (4.3), the following standing assumption is
introduced:
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Assumption 4.1.

(1) The state xi is measurable, for each i = 1, . . . ,M;

(2) AL is Schur stable;

(3) m = p and the system matrix SΣ =

[
In−AL −BL

CL 0

]
has full rank n+m;

(4) BL and CL are full-rank matrices;

(5) the pair (Aii
L , Bii

L) is reachable, for each i = 1, . . . ,M. �

4.2.2 Reduced order models

For each subsystem Σi, i= 1, ..., M, we define a reduced order model Σ̄i, i=
1, ..., M, with state x̄i ∈Rn̄i , n̄i≤ ni, and input ūi ∈Rmi . In a collective form,
these systems Σ̄i define the overall reduced order model

Σ̄ :
{

x̄(h+1) = AHx̄(h)+BHū(h)
ȳ(h) = CHx̄(h)

(4.4)

where x̄=(x̄1, . . . , x̄M)∈Rn̄, n̄=∑
M
i=1 n̄i, ū=(ū1, . . . , ūM)∈Rm, and ȳ∈Rp.

The reduced order models Σ̄i can be defined according to different criteria.
First, it is necessary that the stability properties of system Σ are inherited
by Σ̄. Moreover, we assume that for each subsystem i = 1, . . . ,M there ex-
ists a state projection βi : Rni → Rn̄i , i = 1, ...,M, that allows to establish a
connection between the states xi(h) of the original models and the states of
the reduced models x̄i(h). Collectively, we define β = diag(β1, ...,βM). In
principle, the ideal case would be to verify that, if ū(h) = u(h), then x̄(h) =
βx(h) and ȳ(h) = y(h) for all h≥ 0 for suitable initial conditions. However,
due to model reduction approximations, this ideal assumption must be re-
laxed; instead, we just ask that x̄ = βx and that ȳ = y in steady-state condi-
tions. We also require that, while matrix BH can be full, the output matrix CH

preserves the block-diagonal form of CL, i.e., that CH =diag(C11
H , . . . ,CMM

H ),
where Cii

H ∈ Rpi×n̄i for all i = 1, . . . ,M.
Overall, we require the following standing assumption to be satisfied to
guarantee the compatibility of the models used at the two layers.

Assumption 4.2.

(1) AH is Schur stable;

(2) βi is full rank and is such that Cii
Hβi =Cii

L , for each i = 1, . . . ,M;
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(3) letting ĜL(z) = β (zIn−AL)
−1BL and GH(z) = (zIn̄−AH)

−1BH, it holds
that GH(1) is full rank and ĜL(1) = GH(1). �

An algorithm to compute the projections βi and the matrices of Σ̄ is dis-
cussed in Appendix 4.7.1, along the lines of Chapter 1.

4.3 Design of the hierarchical control structure

In this section the regulators at the two layers of the hierarchical control
structure are designed for the solution to a tracking control problem, i.e.,
to drive the output y(h) of the system Σ to the reference value yS, while
respecting suitable input constraints.
Thanks to Assumption 4.1.(3), it is possible to compute the reference pair
(xS,uS) corresponding to yS, i.e., such that xS = ALxS +BLuS and CLxS = yS.
Correspondingly, we define ūS = uS as the steady-state input reference for
the reduced-order system Σ̄, and the corresponding reference steady-state
value as x̄S = GH(1)ūS = βxS by Assumption 4.2.(3).
At the same time, we aim to enforce input constraints of type ui(h) ∈ ūS,i⊕
US,i for all i = 1, . . . ,M, where ūS,i is the i-th vector component of ūS and
US,i, i = 1, . . . ,M, are closed and convex sets containing the origin in their
interiors. Note that, if the reference ūS,i changes, also the set US,i may vary
to enforce absolute input limitations or saturations. At a collective level, the
required constraints are u(h) ∈ ūS⊕US, where US = ∏

M
i=1 US,i is a closed

and convex set containing the origin in its interior.

4.3.1 Design of the high level regulator

The high level regulator, designed to work at a low frequency, is based on
the reduced order model (4.4) sampled with period NL under the assumption
that, ∀k∈N, the ū′is are held constant over the interval h∈ [kNL,(k+1)NL−
1]. Therefore, the sampling time of the high-level model is NL times larger
than the basic sampling time, used in the model (4.1). Denoting by ū[NL]

i (k)
the constant values of ūi in the long sampling period k and by ū[NL](k) the
overall input vector, the reduced order model in the slow timescale is

Σ̄
[NL] : x̄[NL](k+1) = ANL

H x̄[NL](k)+B[NL]
H ū[NL](k) (4.5)

where B[NL]
H =∑

NL−1
j=0 A j

HBH. To enforce the input constraints specified above,
we will require that ū[NL](k) ∈ ūS⊕ ŪS, where ŪS = ∏

M
i=1 ŪS,i, ŪS,i ⊂US,i

for each i = 1, . . . ,M, and where the properties of sets ŪS,i are specified
later in Section 4.4.
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In order to feedback a value of x̄[NL] related to the real state x of the system,
the projected value βixi(kNL) is used, so that the reset

x̄[NL]
i (k) = βixi(kNL) (4.6)

must be applied for all i = 1, . . . ,M. In collective form (4.6) becomes

x̄[NL](k) = βx(kNL) (4.7)

The reset (4.6) at time k may force x̄[NL](k+1) to assume a value different
from the one computed based on the dynamics (4.5) and the applied input
ū[NL](k). This discrepancy, due to the model reduction error and to the
actions of the low level controllers, is accounted for by including in (4.5)
an additive disturbance w̄(k), i.e.,

Σ̄
[NL]
w : x̄[NL](k+1) = ANL

H x̄[NL](k)+B[NL]
H ū[NL](k)+ w̄(k) (4.8)

The size of w̄(k) depends on the action of the low level regulators and its
presence requires to resort to a robust MPC method, which is here designed
assuming that w̄(k) ∈W , where W is a compact set containing the origin.
The characteristics of W will be defined in the following once the low level
regulators have been specified (see Section 4.4).
The robust MPC algorithm is based on the scheme proposed in [121]. To
this end, we first need to define the “unperturbed" prediction model

Σ̄
[NL],o
w : x̄[NL],o(k+1) = ANL

H x̄[NL],o(k)+B[NL]
H ū[NL],o(k) (4.9)

and the control gain matrix K̄H such that, at the same time

• FH = ANL
H +B[NL]

H K̄H is Schur stable.

• F [NL]
L = ANL

L +B[NL]
L K̄Hβ is Schur stable, where B[NL]

L = ∑
NL−1
j=0 A j

LBL.

We define ē(k) = x̄[NL](k)− x̄[NL],o(k) and we let Z be a robust positively
invariant (RPI) set - minimal, if possible - for the autonomous but perturbed
system

Σ̄
[NL],e
w : ē(k+1) = FHē(k)+ w̄(k) (4.10)

The prediction horizon for the high-level MPC consists of NH slow time
steps. Accordingly, at each slow time-step t the following optimization
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problem is solved:

min
x̄[NL],o(t),

−−−→
ū[NL],o(t:t+NH−1)

JH

(
x̄[NL],o(t),

−−−→
ū[NL],o(t : t +NH−1))

subject to:
• the unperturbed model dynamics (4.9)

• the initial constraint βx(tNL)− x̄[NL],o(t) ∈Z

• the terminal constraint x̄[NL],o(t +NH) ∈ x̄S⊕X̄F

• ū[NL],o(k) ∈ ūS⊕ ŪS	 K̄HZ , k = t, . . . , t +NH−1,

(4.11)

where the input constrained set has been properly tightened in accordance
with the used tube-based control approach, and where

JH = ∑
t+NH−1
k=t ‖x̄[NL],o(k)− x̄S‖2

QH
+‖ū[NL],o(k)− ūS‖2

RH

+‖x̄[NL],o(t +NH)− x̄S‖2
PH

(4.12)

The set X̄F is a positively invariant terminal set for the unperturbed sys-
tem (4.9) controlled with the stabilizing control law ū[NL],o(k)= K̄Hx̄[NL],o(k),
satisfying K̄HX̄F ⊆ ŪS	 K̄HZ . In view of this, x̄S⊕ X̄F results positively-
invariant for (4.9) controlled with the stabilizing auxiliary control law
ū[NL],o(k) = ūS + K̄H(x̄[NL],o(k)− x̄S).
The positive definite and symmetric weighting matrices QH, RH are free
design parameters, while PH is computed as the solution to the Lyapunov
equation

FT
H PHFH−PH =−(QH + K̄T

H RHK̄H) (4.13)

Letting x̄[NL],o(t|t),
−−−→
ū[NL],o(t : t +NH−1|t) be the solution to the optimiza-

tion problem (4.11), the control action, applied to system Σ̄
[NL]
w at time t,

is
ū[NL](t) = ū[NL],o(t|t)+ K̄H(βx(tNL)− x̄[NL],o(t|t)) (4.14)

4.3.2 Design of the low level regulators

Recall that (see again Figure 4.1) the overall control action to be applied to
the real system Σ has components generated by both the high-level and the
low-level controllers, i.e.,

ui(h) = ū[NL]
i (bh/NLc)+δui(h) (4.15)

The low level regulators are in charge of computing the local control cor-
rections δui ∈ US,i	 ŪS,i with the specific goal of compensating for the
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effect of the model inaccuracies at the high level expressed by the term
w̄(k) in (4.8). To this end, first define the auxiliary system Σ̂i: for h =
kNL, . . . ,(k+1)NL−1

Σ̂i :


x̂i(h+1) = Aii

L x̂i(h)+Bii
L ū[NL]

i (bh/NLc)+E i
Lŝi(h)

ŝi(h) = ∑
M
j=1 Li j ẑ j(h)

ẑi(h) = Czi
L x̂i(h)

x̂i(kNL) = xi(kNL)

(4.16)

and note that Σ̂i can be simulated in a centralized way in the time interval
[kNL, (k+1)NL) once the high level controller has computed ū[NL]

i (k) at the
beginning of the time interval.
Also denote by ∆Σi the model given by the difference between systems (4.1)
and (4.16), with (4.2) and (4.15).

∆Σi :


δxi(h+1) = Aii

L δxi(h)+Bii
L δui(h)+E i

Lδ si(h)
δ si(h) = ∑

M
j=1 Li jδ z j(h)

δ zi(h) = Czi
L δxi(h)

δxi(kNL) = 0

(4.17)

where δxi(h) = xi(h)− x̂i(h) , δ zi(h) = zi(h)− ẑi(h) and δ si(h) = si(h)−
ŝi(h).
The difference state δxi is available at each time instant h since xi is measur-
able and x̂i can be computed with (4.16) from the available value ū[NL]

i (bh/NLc).
However, the difference dynamical system ∆Σi is not yet useful for de-
centralized prediction since it depends upon the interconnection variables
δ si(h) that, in turn, depend upon the variables δx j(h), j 6= i, not known
in advance in the future prediction horizon. For this reason, we define a
decentralized (approximated) dynamical system ∆ Σ̂i with input δ ûi(h) and
discarding all coupling inputs, i.e.,

∆ Σ̂i :
{

δ x̂i(h+1) = Aii
L δ x̂i(h)+Bii

L δ ûi(h)
δ x̂i(kNL) = 0

(4.18)

The decentralized dynamical system ∆ Σ̂i is suitable for prediction, since it
does not depend on quantities related to other subsystems. However, the
dynamics of the subsystems can be very different from each other and re-
sampling can be advisable for the design of the low level regulators. To
this end, for any subsystem Σi, define a new sampling period ζi ∈N+ such
that NL/ζi = Ni ∈N+ and a corresponding time index li. For clarity, the

80



i
i

“thesis” — 2018/1/22 — 16:51 — page 81 — #99 i
i

i
i

i
i

4.3. Design of the hierarchical control structure

relations among the time scales with indices h, li, and k are shown in Figure
4.2 in a specific case.

8 16

h

0 1 2 3 4

1 2

0

0

il

k

( 4, 2)i iN  

L( 8)N 

Figure 4.2: Adopted time scales: k (high layer design), li = kNi (low layer design of the
i-th local regulator), h = ζili = kζiNi = kNL (basic time scale).

In the time scale of li, define the dynamical system ∆Σ̂
[ζi]
i as

∆ Σ̂
[ζi]
i :

{
δ x̂[ζi]

i (li +1) = (Aii
L)

ζiδ x̂[ζi]
i (li)+Bii

L
[ζi]

δ û[ζi]
i (li)

δ x̂[ζi]
i (kNi) = δ x̂i(kNL) = 0

(4.19)

where Bii
L
[ζi] = ∑

ζi−1
j=0 (A

ii
L)

jBii
L . In the short time scale, with time index h,

the input δ ûi(h) = δ û[ζi]
i (bh/ζic) is piecewise constant for h ∈ [liζi,(li +

1)ζi−1]. Its value will be computed as the result of a suitable optimization
problem formulated for system (4.19).
Given δ ûi(h), the evolution of δ x̂i(h) can be computed thanks to the dy-
namical model (4.18), however δ x̂i(h) is in general different from δxi(h)
due to the neglected interconnections in systems (4.18) and (4.19). For this
reason, and for all i = 1, . . . ,M, the input δui(h) to the real model (4.17)
is computed based on δ ûi(h), δxi(h), and δ x̂i(h) using a standard state-
feedback policy, i.e.,

δui(h) = δ ûi(h)+Ki(δxi(h)−δ x̂i(h)) (4.20)

where Ki is designed in such a way that the matrix FL = AL +BLK is Schur
stable, being K =diag(K1, . . . ,KM).
Assume now to be at time h = kNL and to have run the high level controller,
so that both ū[NL]

i (k) and the predicted value x̄[NL](k+1|k) = ANL
H x̄[NL](k)+

B[NL]
H ū[NL](k) are available. Therefore, in order to remove the effect of the
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mismatch at the high level represented by w̄(k) in (4.8), the low level con-
troller working in the interval h ∈ [kNL,(k+ 1)NL− 1] should, if possible,
aim to fulfill

βixi((k+1)NL) = x̄[NL]
i (k+1|k)

or equivalently,

βiδxi((k+1)NL) = x̄[NL]
i (k+1|k)−βix̂i((k+1)NL) (4.21)

Since the model used for low-level control design is the decentralized one
(i.e., (4.18)), the constraint (4.21) can only be formulated in an approxi-
mated way with reference to the state δ x̂i of system (4.18). In turn, if the
resampling is used with ζi 6= 1, the constraint on δ x̂i must be reformulated
in terms of the state δ x̂[ζi]

i of system (4.19), so that

βiδ x̂[ζi]
i ((k+1)Ni) = βiδ x̂i((k+1)NL) =

= x̄[NL]
i (k+1|k)−βix̂i((k+1)NL)

(4.22)

Note that the fulfillment of (4.22) does not imply that (4.21) is satisfied
due to the neglected interconnections in (4.18) and (4.19) which make the
term w̄(k) in (4.5) not identically equal to zero, although it contributes to
its reduction.
All these considerations lead to the formulation of the following low-level
MPC designs. The low level control action is computed, at time instant
h = kNL, based on the solution to the following optimization problem:

min−−−→
δ û[ζi]

i (kNi:(k+1)Ni−1)
JL

(−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1)
)

subject to:
• the dynamics (4.19)
• the terminal constraint (4.22)

• δ û[ζi]
i (kNi + li) ∈ ∆Ûi, li = 0, . . . ,Ni−1,

(4.23)

where JL is a positive definite function with arguments δ x̂[ζi]
i (kNi + li),

δ û[ζi]
i (kNi + li), li = 0, . . . ,Ni−1, e.g.,

JL =
Ni−1

∑
li=0
‖δ x̂[ζi]

i (kNi + li)‖2
Qi
+‖δ û[ζi]

i (kNi + li)‖2
Ri

(4.24)

and where a discussion on how to select the set ∆Ûi is deferred to Ap-
pendix 4.7.2.
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Finally, for j = 0, . . . ,NL− 1, the control component at each (fast) time
instant δui(kNL + j) is given by

δui(kNL + j) = δ ûi(kNL + j|kNL)

+Ki(δxi(kNL + j)−δ x̂i(kNL + j|kNL))
(4.25)

where
δ ûi(kNL + j|kNL) = δ û[ζi]

i (kNi + b j/ζic|kNL) (4.26)

A further clarification is finally due. At the low level, the controller is de-
signed mostly to compensate for the effects of model inaccuracies during
each long sampling time (i.e., that of the high-level controller). There-
fore, the prediction horizon at low level coincides with one large sampling
time of the slow high-level controller, i.e., corresponding to NL fast sam-
pling times. Due to resampling, the optimization problem computed at
the beginning of each slow sampling time, i.e., at time h = kNL, has a
prediction horizon of Ni steps of lenght ζi, where indeed Niζi = NL. As
a result of this optimization problem, the input sequence δ û[ζi]

i (kNi|kNL),
. . . , δ û[ζi]

i ((k + 1)Ni− 1|kNL) is obtained, and at each fast sampling time
kNL + j, j = 0, . . . ,NL− 1, the real (low-level) input contribution (4.25) is
used in (4.15). Note that, in this way, δui(h) varies at each sampling time.
In summary, the on-line implementation procedure of the hierarchical con-
trol scheme here proposed is depicted in Algorithm 4.1.

4.4 Properties and algorithm implementation

The main assumptions, the recursive feasibility and convergence properties
of the optimization problems stated at the high and low levels are estab-
lished in this section.

4.4.1 Main assumptions and remarks

Define
κ(NL) = ‖B(NL)‖ (4.27)

where

B(NL) =
NL

∑
j=1

ANL− j
H BH−β

NL

∑
j=1

ANL− j
L BL

Also, let Isi =
[
0n̄i×n̄1 · · · In̄i · · · 0n̄i×n̄M

]
, A (NL) = ANL

H β − βANL
L ∈

Rn̄×n, R(NL) =
[

BL ALBL · · · (AL)
NL−1BL

]
, ρu be such that US ⊆Bρu(0).

We now introduce the following assumption.
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Algorithm 4.1 On-line implementation
initialization
while for any integer k ≥ 0 do

(1) set x̄[NL](k) = βx(kNL), x̂(kNL) = x(kNL), δ x̂(kNL) = 0 and δx(kNL) = 0
(2) compute the high-level control action ū[NL],o(k|k) by solving the optimization prob-
lem (4.11) with cost (4.12), and obtain ū[NL](k) by (4.14)
(3) update x̄[NL](k+1|k) and x̄[NL],o(k+1|k)
(4) for any system Σ̂i , generate x̂i(h) of system (4.16) in an open-loop fashion for NL

fast time steps with high-level control action ū[NL](bh/NLc), for all h ∈ [kNL,kNL +NL)
(5) for any i = 1, · · · ,M, compute terminal constraint (4.22) for the i-th low-level reg-
ulator

(6) for any i = 1, · · · ,M, compute the sequence
−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL) by solv-
ing the finite-horizon optimization problem (4.23) with (4.24)
(7) for any system ∆Σ̂i, generate δ ûi(h) in (4.26) with δ û[ζi]

i (bh/ζic|kNL) and compute
δ x̂i(h) in (4.18) with δ ûi(h) and for all h ∈ [kNL,kNL +NL)
for h← kNL to kNL +NL−1 do

(f1) for any i = 1, · · · ,M, compute δui(h) with (4.25) and compute ui(h) =
ū[NL]

i (bh/NLc)+δui(h)
(f2) update δx(h+1) and x(h+1)

end
(8) k←k+1

end

Assumption 4.3.
(1) ‖ANL

L ‖< 1;

(2) letting Ri(Ni) =
[
Bii

L
[ζi] (Aii

L)
ζiBii

L
[ζi] · · · (Aii

L)
ζi(Ni−1)Bii

L
[ζi]
]

for each
i = 1, ...,M, be the reachability matrix in Ni steps associated to the pair
((Aii

L)
ζi,Bii

L
[ζi]), matrix

Hi(Ni) = βiRi(Ni) ∈ Rn̄i×Nimi

is full-rank with minimum singular value σHi(Ni)
> 0;

(3) letting ρū and ρδ ûi be such that Ū ⊆ Bρū(0) and ∆Ûi ⊇ Bρδ ûi
(0),

respectively, for any i = 1, ...,M it holds that

ρδ ûi >
κ(NL)ρū√
NiσHi(Ni)

(4.28)

(4) for each i = 1, . . . ,M

χi(kNL) =

√
NLρu‖R(NL)‖‖A (NL)‖

(1−‖ANL
L ‖)(

√
NiσHi(Ni)

ρδ ûi−κ(NL)ρū)
≤ 1 (4.29)
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(5) Define ∆Ūi = ∆Ui(NL − 1), and ∆Ui( j) = ∆Ûi ⊕Bρ∆ui( j)(0) where

ρ∆ui( j) = ∑
j
r=2 ‖KiIsiF

j−r
L (AL− AD

L )‖ρδ x̂(r− 1) for all j = 2, . . . ,NL,
ρ∆ui( j)= 0 for j = 0,1, and where AD

L =diag(A11
L , . . . ,AMM

L ) and ρδ x̂( j)=√
∑

M
i=1 ρ2

δ x̂i
( j),

ρδ x̂i( j) = ρδ ûi

j

∑
r=1
‖(Aii

L)
j−rBii

L‖ (4.30)

We require that

ŪS⊕ (
M

∏
i=1

∆Ūi)⊆US (4.31)

�

Assumption 4.3 may be viewed, at a first glance, as a list of purely abstract
and technical requirements. However, on the one hand, it represents rele-
vant inherent properties of the system under control and, on the other hand,
it implicitly includes important design principles, that will be shortly dis-
cussed next.
First, note that Assumption 4.3.(1) can always be verified in the light of the
Assumption 4.1.(2) on stability of the transition matrix AL, and establishes
a lower bound for the parameter NL. On the other hand, in view of Assump-
tion 4.2.(2), βi are full rank and the full rank of matrix Ri(Ni) is guaranteed
by the reachability of the local submodels used at low level control guar-
anteed by Assumption 4.1.(5): therefore Assumption 4.3.(2) is fulfilled by
taking Ni (and so NL) sufficiently large.
Secondly, Assumptions 4.3.(3)-4.3.(5) provide a tradeoff for the selection
of parameters ρδ ûi , i = 1, . . . ,M and ρū. In fact
- on the one hand, as required by Assumption 4.3.(5), and more specifically
by equation (4.31), the input u(h) must be shared between the low-level
controllers (with local inputs δui, whose maximal amplitude is related to
ρδ ûi) and centralized high-level controller (with input ū, whose maximal
amplitude is related to ρū);
- on the other hand, the amplitude of δui must be sufficiently large to com-
pensate for the model inaccuracies, as expressed by Assumptions 4.3.(3),
4.3.(4), and more specifically by equations (4.28) and (4.29).
Importantly, note that the constraints (4.28) and (4.29) depend upon quan-
tities that are all functions of the number of steps NL, as clarified in the
following.
- In view of Assumptions 4.1.(2), 4.2.(1,3), κ(NL)= ‖∑

NL−1
j=0 A j

HBH−GH(1)−
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(β ∑
NL−1
j=0 A j

LBL− ĜL(1))‖ and GH(1) = ∑
+∞

j=0 A j
HBH, ĜL(1) = β ∑

+∞

j=0 A j
LBL.

Therefore κ(NL) ≤ ‖∑
+∞

j=NL
A j

HBH‖+ ‖β ∑
+∞

j=NL
A j

LBL‖ ≤ ‖ANL
H ‖‖GH(1)‖+

‖ANL
L ‖‖β‖‖GL(1)‖, where GL(z) = (zIn−AL)

−1BL. Therefore κ(NL)→ 0
exponentially as NL → +∞. This shows that also Assumption 4.3.(3) can
be fulfilled by taking NL sufficiently large.
- Similarly to Proposition 2.2.3, for any i = 1, ...,M it can be proved that

lim
NL→+∞

‖ANL
L ‖= 0, lim

NL→+∞
χi(NL) = 0 (4.32)

This proves that also Assumption 4.3.(4) can be fulfilled - i.e., we can in-
crease the maximum amplitude of ū as much as possible - by taking a suf-
ficiently large value of parameter NL. This, as a byproduct, allows to mini-
mize the conservativeness of the overall control scheme, as discussed in the
next section.

4.4.2 Main results and conservativeness of the scheme

The size of the uncertainty set W to be considered in the high level design
is given by

W = Bρw(0) (4.33)

where ρw = ∑
NL
j=2 ‖βFNL− j

L (AL−AD
L)‖ρδ x̂( j−1).

The main result can now be stated.

Theorem 4.1. Under Assumption 4.3, if x(0) is such that the problem (4.11)
is feasible at k = 0 and, for all i = 1, . . . ,M

‖x(0)− xS‖ ≤
(
√

NiσHi(Ni)
ρδ ûi−κ(NL)ρū)

‖A (NL)‖
:= λi(NL)

then
(i) w̄(k) ∈W and problems (4.11) and (4.23) are feasible for all k ≥ 0;
(ii) for all h≥ 0

u(h) ∈ ūS⊕US (4.34)

(iii) the state of the slow time-scale reduced model Σ̄[NL] enjoys robust con-
vergence properties, i.e.,

x̄[NL](k)→ x̄S⊕Z as k→+∞

(iv) the state of the large scale model Σ enjoys robust convergence proper-
ties, i.e., for a computable positive constant ρx

x(kNL)→ xS⊕
∞⊕

h=0

(F [NL]
L )hBρx(0)

86



i
i

“thesis” — 2018/1/22 — 16:51 — page 87 — #105 i
i

i
i

i
i

4.4. Properties and algorithm implementation

(v) we can define (see (4.67) in Appendix 4.7.3) a function σ(NL) of NL such
that, if

σ(NL)< 1 (4.35)

then, as k→ ∞, x(kNL)→ xS. �

Theorem 4.1 establishes three important facts. First, it shows that, if the
initial state lies in a suitable set (and if Assumption 4.3 holds), the joint
feasibility properties of the two control layers can be guaranteed in a recur-
sive fashion. Secondly, it ensures robust convergence of the states of both
the reduced-scale and the overall systems to a neighborhood of the corre-
sponding steady-state goals.
Finally, if a suitably-defined function σ(NL) is smaller than one, then con-
vergence of the state to the goal is ensured. The definition of σ(NL) is
quite involved and for this reason it is given in Appendix 4.7.3, in partic-
ular see equation (4.67). A general remark, however, is due on parameter
σ(NL): the more the subsystems are interconnected (in a wide sense, re-
garding both the existence of dependencies between subsystems and their
amplitude), the larger is σ(NL). On the other hand, it is possible to reduce
arbitrarily this parameter by increasing the tuning knob NL. This depends
of the fact that, as NL→+∞, both ‖A (NL)‖→ 0 and ‖B(NL)‖→ 0.
A further remark is that, similarly to Proposition 2.3, for any i = 1, ...,M it
can be proved that limNL→+∞ λi(NL) = +∞, allowing to increase at will the
feasibility region of the low-level problem.
From the discussion in Section 4.4.1 it has finally become clear that, by
tuning the value of the low-level prediction horizon NL, one can reduce
at will the values of ρδ ûi , related to the maximum required amplitude of
inputs δui. This, from (4.30) and (4.33), allows to reduce arbitrarily the
high-level disturbance set W . This, in turn, allows to reduce at will the cor-
responding RPI set Z and to minimize the conservativeness of the present
control scheme. We remark that, although a fine tuning of the gain matri-
ces Ki, i = 1, . . . ,M and K̄H can also be beneficial for the reduction of the
conservativeness of the scheme, the most relevant tuning knob indeed re-
sults parameter NL, especially since the dependence upon all other design
parameters results rather straightforward and simple.
From the discussion above a further consideration is due. Although the
case NL→ +∞ allows to verify all the requirements, to obtain the best dy-
namic performances from the application of our control scheme, it would
be beneficial to set NL to an “average” value, such that the assumptions
are verified, but at the same time that guarantees to control the system in a
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dynamic fashion also at high level. It is nevertheless important to remark
that, when NL→+∞, the scheme can be regarded as a two-layer algorithm
that at high level consists of a static optimizer based on a simplified system
model and, at low level, consists of a dynamic, reactive, decentralized, and
multi-rate, optimization-based regulator.

4.4.3 Design

The implementation of the multilayer algorithm described in the previ-
ous section requires a number of off-line computations here listed for the
reader’s convenience.

• design of AH, BH, and βi, i = 1, ...,M, such that Assumption 4.2 is
satisfied;

• design of K̄H such that both FH = ANL
H +B[NL]

H K̄H and F [NL]
L = ANL

L +

B[NL]
L K̄Hβ are Schur stable;

• design of K = diag(K1, . . . ,KM) such that FL = AL +BLK is Schur sta-
ble;

• computation of ρδ ûi , ρūi (see the procedure proposed in Appendix
4.7.2) and of the sets ŪS,i, ∆Ûi;

• computation of W according to (4.33) and (4.30);

• computation of X̄F, Z , see [150], and PH with (4.13).

4.5 Simulation examples and implementation procedures

In this Section, we present two simulation examples concerning the use of
the hierarchical control algorithm described in the previous sections.

4.5.1 Temperature regulation of two apartments

4.5.1.1 Description of the model

Consider the problem of regulating temperatures of the two apartments de-
picted in Figure 4.3. The first apartment is constituted by rooms A1, B1, C1,
D1 and E1, while the second one by A2, B2, C2, D2 and E2. Each apartment
is equipped with a radiator supplying heats qi, i= 1, 2. Heat exchange coef-
ficient between neighbouring rooms of different apartment, i.e., E2 and C1,
is kt

1 = 1 W/m2K, the one between adjacent rooms inside each apartment
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Figure 4.3: Schematic representation of a building with two apartments

is kt
2 = 2.5 W/m2K, and the one between the rooms and the external en-

vironment is kt
e = 0.5 W/m2K. The external temperature is TE = 0◦C and,

for simplicity, we neglect solar radiation. Furthermore, the height of the
walls is H = 4 m. Air density and heat capacity are ρ = 1.225 kg/m3 and
c = 1005 J/kgK, respectively. The overall model is made by dynamic en-
ergy balance equations of each room. The variables q1, q2 are expressed
in Watts, while all the temperature variables are expressed in ◦C. The
considered equilibrium point is: q̄ = (q̄1, q̄2) = (354.2,320.8), with T̄ =
(T̄A1 , T̄B1, T̄C1, T̄D1, T̄E1 , T̄A2, T̄B2, T̄C2, T̄D2, T̄E2) = (19.6,20.3,20.2,21.7,18.2,
17.2,21.2,21.7,19.6,19.4). Let δTji = Tji − T̄ji and δqi = qi− q̄i, for j =
A, B,C, D and i = 1, 2. In this way, xi = (δTAi, δTBi, δTCi, δTDi, δTEi)
and ui = δqi are the state and input variables of the i-th subsystem , i.e.,
ni = 5 and mi = 1, with i = 1, 2. The control variables are limited by
−506 u1,u2 6 50.

4.5.1.2 Design and implementation procedures

Devising the high-level and low-level models

The two subsystems’ continuous-time models have been sampled using
the algorithm described in [56] with ∆t = 90s to obtain their discrete-time
counterpart in the fast time scale. The eigenvalues of the first subsystem
are {0.73, 0.97, 0.9, 0.85, 0.88}, and the eigenvalues of the second one are
{0.97, 0.76, 0.82, 0.91, 0.87}. Then the procedure described in the Ap-
pendix 4.7.1 has been used to compute the discrete-time reduced order
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model with AH = diag(0.97,0.97), i.e., n̄ = 2, as well as the transforma-
tion matrices β1 =

[
0 0 −1 0 0

]
and β2 =

[
0 0 0 0 −1

]
. The

plant model at the slow time scale has been constructed with NL = 20. As
the dynamics of the two subsystems is close, the resampling procedure is
not considered for the two models used at the low level, i.e., ζ1 = ζ2 = 1.

Off-line design of the low-level regulators

• At the low level, the finite-horizon optimization algorithms described
in (4.23) have been implemented with state and input penalties Q1 =
β T

1 β1, Q2 = β T
2 β2, R1 = R2 = 10.

• The decentralized feedback gains K1 and K2 guaranteeing that FL is
Schur stable can in principle be computed according to the algorithm
described in [20] and based on the solution of LMI problems. How-
ever, in our case, we simply solved two independent LQ problems and
we checked that the resulting FL is Schur stable.

• The parameters ρδ û1 , ρδ û2 , ρū1 and ρū2 have been computed accord-
ing to (4.41) in Appendix 4.7.2. Specifically we used the cost function
Jρ = γ111×M

−→
ρ δ û− (−→ρ ū− γ2

−→
ρ u)

′
(−→ρ ū− γ2

−→
ρ u), where γ1, γ2 are pos-

itive constants selected as γ1 = 1 and γ2 = 0.3. Note that the choice
of γ1,γ2 allows one to modify the feasibility region of the high level
optimization problem (4.11) with cost (4.12); typically setting γ1 = 1,
the feasibility properties of (4.11) grow with γ2. The computed val-
ues are ρδ û1 = 35.3, ρδ û2 = 35.3, ρū1 = 14.5, ρū2 = 14.5. In view of
this, the conservativeness of the algorithm related to the computation
of the input constraint sets described in Appendix 4.7.2 is small for
both subsytems.

Off-line design of the high-level regulator

• Tube-based robust MPC has been designed at the high level according
to the algorithm described in [121] with prediction horizon, NH = 5,
state and input penalties, QH = In̄ and RH = 0.1Im̄.

• The gain matrix K̄H guaranteeing that both FH and F [NL]
L are Schur

stable, can be computed according to the algorithm described in [20]
and based on the solution of LMI problems. However, in our case, we
simply solved a LQ problem and we checked that the resulting FH and
F [NL]

L were Schur stable.
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• The disturbance set has been obtained according to (4.33) and (4.30)
with ρw = 0.04, and the RPI set has been computed with the algo-
rithms described at pp. 231-233 of [150], i.e., Z = {z|−(0.067,0.067)
≤ z ≤ (0.067,0.067)} and K̄HZ = {K̄Hz| − (0.022,0.021) ≤ K̄Hz ≤
(0.022,0.021)}. The terminal penalty PH has been computed with
(4.13), that is

PH =

[
1.49 −0.02
−0.02 1.50

]
and the terminal set has been calculated under nominal input con-
straints in (4.11), i.e.,X̄F = {x̄[NL],o|(x̄[NL],o − x̄S)

T PH(x̄[NL],o − x̄S) ≤
0.996}, see [80].

The values taken by ρw, Z and K̄HZ reveal that the reduction of the feasi-
bility region of the high-level regulator caused by the use of tightened input
constraint set is negligible.

0 200 400 600

0

10

20

δq1

Time (minute)

0 200 400 600

0

10

20

δq2

Figure 4.4: Inputs of the controlled two apartments: blue ∗ markers are the values of the
inputs computed at the high level with the two-layer scheme, red dashed lines are the
values of the overall control actions computed with the two-layer scheme, while black
continuous lines are the values of the control variables computed with the centralized
scheme.

4.5.1.3 Simulation results

The overall control actions computed by the high and low level controllers
have been applied to the two apartments at each fast sampling time with
initial condition x(0) = (x1(0),x2(0)) = (−2, . . . ,−2) and x̄(0) = βx(0).
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Figure 4.5: States of the first apartment: red dashed lines are the values of the states with
the two-layer scheme, while black continuous lines are the ones with the centralized
scheme.

For comparison, a centralized state-feedback stabilizing MPC has been de-
signed with an auxiliary state-feedback control law computed with LQ con-
trol, state penalty matrix Q = diag(Q1, Q2), input penalty R = diag(R1,R2)
and prediction horizon N =NH ·NL = 100. The terminal set has been chosen
as XF = {x|(x− xS)

T P(x− xS)≤ 1} where the terminal penalty P has been
taken as the steady state solution of the Riccati equation according to the
infinite horizon control problem with Q, R. All the simulation tests have
been implemented within MATLAB Yalmip and MPT toolbox, see [108]
and [79], in a PC with Intel Core i5-4200U 2.30 GHz and with Windows
10 operating system. The SDPT3 solver has been used for the implementa-
tion of the centralized MPC and of the high-level regulator of the proposed
approach, while the Matlab QUADPROG solver has been used for the low-
level optimization problems. The detailed on-line computational time re-
quired by each controller is reported in Table 4.1. This table shows that the
on-line computational time of the proposed hierarchical approach for each
interval [kNL, kNL +NL), i.e., 1.31 s, is reduced dramatically compared to
that of the centralized MPC, i.e., 1.48 ·NL s.

The transients of the state and control variables of the controlled linear
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Figure 4.6: States of the second apartment: red dashed lines are the values of the states
with the two-layer scheme, while black continuous lines are the ones with the central-
ized scheme.

Table 4.1: On-line computation time comparison: two apartments

Approach Optimization activated at Computation time (s)

Proposed one
HL regulator h = kNL 0.38

LL regulator 1st one h = kNL 0.90
2nd one h = kNL 0.93

Centralized stabilizing MPC each fast time instant h 1.48

system are reported in Figures 4.4-4.6 which show that, after an initial tran-
sient, the inputs and states return to their nominal values, and the perfor-
mance of the proposed two-layer approach is close to that of centralized
stabilizing MPC.

4.5.2 Multi-rate control of a chemical plant

4.5.2.1 Description of the plant and linearized model

Consider the large-scale chemical plant described in [111], [164]. The sys-
tem is composed of three reactors R1, R2, R3, three distillation columns C1,
C2, C3, two recycle streams and six chemical components: A,B,C,D,E,F .
The flow diagram of the system is reported in Figure 4.7, where D1, D2, D3
are the top products of the columns, while B1, B2, B3 are their bottom prod-
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ucts. The following reactions occur inside the reactors R1 : A+B→C+D,
R2 : D+E → F +B, and R3 : D+E → F +B. The system has six control
variables, namely the refluxes (v1,v3,v5) and the vapour (v2,v4,v6) flow
rates in the columns C1,C2,C3, respectively, and six outputs: the liquid mo-
lar fraction (r1) of component A at the top product of C1, the liquid molar
fraction (r2) of component D at the bottom product of C1, the liquid molar
fraction (r3) of component C at the top product of C2, the liquid molar frac-
tion (r4) of component D at the bottom product of C2, the liquid molar frac-
tion (r5) of component B at the top product of C3, and the liquid molar frac-
tion (r6) of component F at the bottom product of C3. A detailed description
of the model equations and of the model parameters is reported in [164].
The considered nominal operating point is characterized by the vector of in-
puts vnominal = [330 410 283 385 141 282]T lbmol/h, to which it
corresponds the vector of outputs rnominal = [0.942 0.552 0.827 0.941
0.705 0.991]

′
. The linearized model at this operating condition is of order

n = 192, and shows strong interactions among the control and controlled
variables, see again [164].
In order to apply the hierarchical control structure described in this chap-
ter, the system and the corresponding linearized model have been parti-
tioned into two subsystems (i.e. M = 2). The first one includes reactors
R1,R2 and columns C1,C2, while the second one is made by R3 and C3.
The continuous-time linearized models of the two subsystems have been

R1

A+B      C+D

C1 C2

R2

D+E      F+B
R3

D+E      F+B

C3

B1

D1
D2

C

C+D

A+B

B2

D

B3

FA

21

E

B
D3

Figure 4.7: Flow diagram of the chemical plant: for i = 1,2,3, Ri and Ci are the reactors
and distillation columns, while Di and Bi are the top and bottom products.

discretized with the algorithm described in [56] and basic sampling time
T = 0.05 h and a standard model order reduction procedure has been used
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to remove the unreachable states of the two linear subsystems. Denoting by
δvi and δ ri the deviations of the inputs vi and the outputs ri, respectively,
with respect to their nominal values, the first resulting linear reduced order
model is of order n1 = 25, with m1 = 4 inputs, i.e., u1 = (δv1, · · · ,δv4),
p1 = 4 outputs, i.e., y1 = (δ r1, · · · ,δ r4), and pz1 = 3 coupling outputs,
while the second one has n2 = 16 states, m2 = 2 inputs, i.e., u2 =(δv5,δv6),
p2 = 2 outputs, i.e., y2 = (δ r5,δ r6), and pz2 = 2 coupling outputs. These
two linear subsystems have been used as the linear models described in
(4.1) for the implementation of the hierarchical control structure. The con-
trol variables are limited by

‖ui−uS,i‖∞ ≤ 100, (4.36)

for i = 1,2, where uS,i is the steady state value corresponding to the output
set-point values given by yS = 10−3 · (9.4, 5.5, 8.3, 9.4, 7.0, 9.9).

4.5.2.2 Design and implementation procedures

Along the same lines of Section 4.5.1.2, the procedures used to implement
the hierarchical control structure and the computational details regarding
the chemical plant are now listed.

Tuning the hierarchical control scheme with NL = 28, NH = 3

(1) Devising the high-level simplified model and the low-level submodels

• The procedure described in Appendix 4.7.1 has been used to compute
the matrices β1 and β2, and the reduced order model (4.4) with or-
der n̄ = 6. The dynamic matrix AH = diag(0.972, 0.984, 0.969, 0.969,
0.874, 0.869) has been computed; its parameters have been selected as
the maximum singular values of the reachability matrix of each sub-
system previously discretized. The matrix BH has been computed as
described in Appendix 4.7.1. The resulting model has been resampled
with NL = 28 to obtain the model (4.5) to be used at the high level in
the slow time scale.

• The models (4.18) have been re-sampled with ζ1 = 4 and ζ2 = 1 to
obtain the models (4.19) to be used at the low level in the fast time
scale.

(2) Off-line design of the low-level regulators
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• The low level finite-horizon optimization algorithms described in (4.23)
and (4.24) have been implemented with state and input penalties Q1 =
103 ·β T

1 β1, Q2 = 104 ·β T
2 β2, R1 = Im1 and R2 = Im2 .

• The decentralized feedback gains K1 and K2 have been computed by
solving two independent LQ problems and then we have checked that
the resulting FL is Schur stable.

• The parameters ρδ û1 , ρδ û2 , ρū1 and ρū2 have been computed accord-
ing to (4.41) in Appendix 4.7.2 with cost function Jρ = γ111×M

−→
ρ δ û−

(−→ρ ū−γ2
−→
ρ u)

′
(−→ρ ū−γ2

−→
ρ u), where γ1, γ2 have been selected as γ1 = 1

and γ2 = 0.3. The computed values are ρδ û1 = 145.2, ρδ û2 = 115.7,
ρū1 = 49.3, ρū2 = 25.2. The input vectors of each subsystem, namely
ūi, δ ûi, i = 1,2, have been limited as follows: −ρūi/

√
mi1mi×1 ≤

ūi− ūS,i ≤ ρūi/
√

mi1mi×1, −ρδ ûi/
√

mi1mi×1 ≤ δ ûi ≤ ρδ ûi/
√

mi1mi×1;
and the corresponding sets ŪS,i, ∆ÛS,i, i = 1,2 have been obtained.

Note that ρū1/
√

m1+ρδ û1/
√

m1 = 97.3 and ρū2/
√

m2+ρδ û2/
√

m2 = 99.6
and we can write ŪS,1⊕∆ÛS,1 = {ū1 + δ û1| − 97.3 ·1m1×1 ≤ ū1 + δ û1−
ūS,1 ≤ 97.3 ·1m1×1} and ŪS,2⊕∆ÛS,2 = {ū2 + δ û2| − 99.6 ·1m2×1 ≤ ū1 +
δ û2− ūS,2 ≤ 99.6 ·1m2×1}. These results show that the size of both the sets
ŪS,1⊕∆ÛS,1 and ŪS,2⊕∆ÛS,2 is close to that of the real input constraint in
(4.36). In addition, the radius of the sets Bρ∆ui(NL−1)(0), i = 1,2, resulting
from the feedback policy in (4.20) for compensating the couplings terms
between subsystems have been computed according to Assumption 4.3.(5)
with ρ∆u1(NL−1) = 4.0 and ρ∆u2(NL−1) = 0.37. Therefore, we can also write
ŪS,1⊕∆US,1 = {ū1 +δu1|−99.3 ·1m1×1 ≤ ū1 +δu1− ūS,1 ≤ 99.3 ·1m1×1}
and ŪS,2 ⊕ ∆US,2 = {ū2 + δu2| − 99.9 · 1m2×1 ≤ ū1 + δu2 − ūS,2 ≤ 99.9 ·
1m2×1}. In view of this, the conservativeness of the algorithm related to
the computation of the input constraint sets described in Appendix 4.7.2 is
small, especially for the second subsystem.

(3) Off-line design of the high-level regulator

• The high-level tube-based robust MPC has been designed with state
and input penalties QH = In̄ and RH = 0.1Im.

• The gain matrix K̄H has been computed by solving a LQ problem and
we have checked that the resulting FH and F [NL]

L are Schur stable.

• The disturbance set has been obtained according to (4.33) and (4.30)
with ρw = 1.25, and the RPI set has been computed, i.e., Z = {z|−
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(2.66,3.61,1.93,2.64,1.30,1.30) ≤ z ≤ (2.66,3.61,1.93,2.64,1.30,
1.30)} and K̄HZ = {K̄Hz|−(1.64,1.63,1.02,1.02,0.10,0.10)≤ K̄Hz≤
(1.64,1.63,1.02,1.02,0.10,0.10)}. The terminal penalty PH has been
computed with (4.13), and the terminal set has been calculated un-
der nominal input constraints in (4.11), i.e.,X̄F = {x̄[NL],o|(x̄[NL],o−
x̄S)

T PH(x̄[NL],o− x̄S)≤ 0.997}, see [80].

The values taken by ρw, Z and K̄HZ reveal that the feasibility region of
high-level regulator might be slightly reduced compared to the one of stabi-
lizing MPC due to the use of tightened input constraint set, i.e.,
ūS⊕ ŪS	 K̄HZ in optimization problem (4.11) and the computation for-
mulas of the disturbance set in (4.33) and (4.30), but can be enlarged by
increasing the tuning knobs ρū1 and ρū2 .

Tuning the hierarchical control scheme with NL = 84, NH = 1

Along the same line with the tuning case NL = 28, NH = 3, the computa-
tional results corresponding to tuning NL = 84 and NH = 1 are also listed
here.

• The following parameters ρδ û1 , ρδ û2 , ρū1 and ρū2 have been computed:
ρδ û1 = 125.6, ρδ û2 = 98.3, ρū1 = 59.5, ρū2 = 41.9. The amplitude of
both ρδ û1 and ρδ û2 (ρū1 and ρū2) is smaller (larger) than that with the
parameters NL = 28, NH = 3.

• The sets ŪS,1⊕∆ÛS,1 = {ū1 +δ û1|−92.6 ·1m1×1 ≤ ū1 +δ û1− ūS,1 ≤
92.6 · 1m1×1} and ŪS,2 ⊕ ∆ÛS,2 = {ū2 + δ û2| − 99.1 · 1m2×1 ≤ ū1 +
δ û2− ūS,2 ≤ 99.1 ·1m2×1}. These results show that the size of both
the sets ŪS,1⊕∆ÛS,1 and ŪS,2⊕∆ÛS,2 has been reduced slightly, com-
pared to that with the parameters NL = 28, NH = 3; however, it is still
close to that of the real input constraint in (4.36). In addition, the
radius of the sets Bρ∆ui(NL−1)(0), i = 1,2, have been computed with
ρ∆u1(NL−1) = 11.3 and ρ∆u2(NL−1) = 0.91. Therefore, we can also
write ŪS,1⊕ ∆US,1 = {ū1 + δu1| − 98.2 · 1m1×1 ≤ ū1 + δu1− ūS,1 ≤
98.2 · 1m1×1} and ŪS,2 ⊕ ∆US,2 = {ū2 + δu2| − 99.8 · 1m2×1 ≤ ū1 +
δu2− ūS,2 ≤ 99.8 ·1m2×1}. In view of this, the conservativeness of
the algorithm related to the computation of the input constraint sets
described in Appendix 4.7.2 is still small, especially for the second
subsystem.
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• The disturbance set has been obtained with ρw = 1.56, and the RPI set
has been computed i.e., Z = {z|−(1.83,2.11,1.69,1.82,1.58,1.58)≤
z ≤ (1.83,2.11,1.69,1.82,1.58,1.58)} and K̄HZ = {K̄Hz| − (0.37,
0.29,0.17,0.18,0.01,0.01)≤ K̄Hz≤ (0.37,0.29,0.17,0.18,0.01,0.01)}.
The terminal penalty PH is computed with (4.13), and the terminal
set is calculated under nominal input constraints in (4.11), i.e.,X̄F =
{x̄[NL],o|(x̄[NL],o− x̄S)

T PH(x̄[NL],o− x̄S)≤ 0.98}.

Note that, the size of both the sets Z and K̄HZ is smaller than that with
NL = 28, NH = 3. The amplitude of ρū1 and ρū2 has been enlarged and the
feasibility region of the high-level regulator can be increased significantly.

Table 4.2: On-line computation time comparison: chemical plant

Approach Optimization activated at Computation time (s)

Proposed one with NL = 28
HL regulator h = kNL 1.1

LL regulator 1st one h = kNL 0.94
2nd one h = kNL 0.45

Proposed one with NL = 84
HL regulator h = kNL 1.07

LL regulator 1st one h = kNL 2.16
2nd one h = kNL 3.64

Centralized stabilizing MPC each fast time instant h 21.9

4.5.2.3 Simulation results: application to the linearized model

The overall control actions computed by the high and low level controllers
have been applied to the linear system at each fast sampling time. The out-
put reference values for the linear system have been initially maintained at
the nominal setpoints yS = 10−3 · (9.4, 5.5, 8.3, 9.4, 7.0, 9.9); then, at time
t = 25.2 h, they have been set equal to 10−2 · (2.43,−1.01,−0.43, 0.15,
−0.70, 0.41). For comparison, a centralized state-feedback stabilizing MPC
has been designed with an auxiliary state-feedback control law computed
with LQ control, state penalty matrix Q = diag(Q1, Q2), input penalty R =
Im and prediction horizon N = NH ·NL = 84. The terminal set has been
chosen as XF = {x|(x− xS)

T P(x− xS) ≤ 1} where the terminal penalty P
has been taken as the steady state solution of the Riccati equation with
Q, R. All the simulation tests have been implemented with the MATLAB
Yalmip and MPT toolbox in a PC with Intel Core i5-4200U 2.30 GHz and
with Windows 10 operating system. The SDPT3 solver has been used for
the implementation of the centralized MPC and of the high-level regulator
of the proposed approach, while the Matlab QUADPROG solver has been
used for the low-level optimization problems. The detailed on-line compu-
tational time required by each controller is reported in Table 4.2. This table
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Figure 4.8: Control variables of the controlled linear system: black + markers (blue ·
markers) are the values of the inputs computed at the high level with the two-layer
scheme with NL = 84 and NH = 1 (with NL = 28 and NH = 3), black continuous lines
(blue dot-dashed lines) are the values of the overall control actions computed with
the two-layer scheme with NL = 84 and NH = 1 (with NL = 28 and NH = 3), while
red dashed lines are the values of the control variables computed with the centralized
scheme.

shows that the on-line computational time of the proposed hierarchical ap-
proach for each interval [kNL, kNL +NL) with NL = 28 and NH = 3 (NL = 84
and NH = 1), i.e., 2.49 s (6.87 s), is reduced dramatically compared to that
of the centralized MPC, i.e., 21.9 ·NL s.
The evolution of the output and control variables of the controlled linear
system is reported in Figures 4.8-4.9 which show that, after an initial tran-
sient, inputs and outputs return to their nominal values until the change of
the reference occurs, when both the centralized and the two-layer control
systems properly react to bring the controlled variables to their reference
values, and the performance of the proposed two-layer approach with both
tuning cases NL = 28, NH = 3 and NL = 84, NH = 1 is close to that of cen-
tralized stabilizing MPC.

4.5.2.4 Simulation results: application to the nonlinear system

The two-layer control structure has also been applied to the nonlinear chem-
ical plant with NL = 84 and NH = 1. Since in a realistic scenario the state
is unmeasurable, the distributed Kalman filter described in [55] has been
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Figure 4.9: Outputs of the controlled linear system: black continuous lines (blue dot-
dashed lines) are the values of the outputs computed with the two-layer scheme with
NL = 84 and NH = 1 (with NL = 28 and NH = 3), while red dashed lines are the values
of the outputs computed with the centralized scheme.
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Figure 4.10: Control variables of the controlled nonlinear system: ∗ markers are the
values of the control variables computed at the high level in the long sampling time,
i.e., (ū1, ū2), (red, black, cyan, blue, green and magenta), while continuous lines are
the values of the overall control actions in the multi rate, i.e., (u1,u2), (red, black,
cyan, blue, green and magenta).
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4.6. Extensions and conclusions
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Outputs of the nonlinear chemical plant

Figure 4.11: Outputs of the controlled nonlinear system, i.e., (r1, · · · ,r6), (red, black,
cyan, blue, green and magenta).

used. The covariances of the noises acting on the states have been set
equal to Q̂1 = 0.1In1 , Q̂2 = 0.1In2 , while the covariances of the output
noises have been chosen as R̂1 = 0.01Ip1 , R̂2 = 0.01Ip2 . Finally, the covari-
ances of the initial state estimates have been selected as P1(0) = 0.01In1 ,
P2(0) = 0.01In2 .
Starting from the nominal operating conditions, the overall control actions
computed by high and low level controllers have been applied to the orig-
inal nonlinear system at each fast time instant. The output reference val-
ues for the nonlinear system have been initially maintained at the nomi-
nal point rnominal; then, at time t = 25.2 h, they have been set equal to
[0.866, 0.558, 0.791, 0.903, 0.704, 0.948]. The evolution of the output and
control variables of the controlled nonlinear system are reported in Figure
4.10-4.11. These figures show that, after an initial transient due to the state
filter, inputs and outputs return to their nominal values until the change of
the reference occurs, when the two-layer control system properly reacts to
bring the controlled variables to their reference values.

4.6 Extensions and conclusions

In this chapter a two-layer control scheme for systems made by intercon-
nected subsystems has been presented. The algorithm is based on the so-
lution, at the two layers, of MPC problems of reduced size and allows for
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a multirate implementation, suitable to deal with systems characterized by
significantly different dynamics. Its main properties of recursive feasibil-
ity and convergence have been established and its performances have been
tested in two simulation examples.
The main rationale of the proposed control architecture is grounded on the
use, at the high level, of a reduced and slow-timescale model for central-
ized control. At the low-level, each subsystem is endowed of a local con-
troller and is in charge of both compensating for the model inaccuracies
introduced at the high level and dealing with the distributed nature of the
system.
At high level, we use a tracking control algorithm based on robust tube-
based MPC. This choice, however, is somehow arbitrary, since many al-
ternative (robust) control solutions can be used instead, e.g., the offset-free
robust MPC scheme proposed in [19].
The reference signals are here assumed to be previously computed, for in-
stance by an additional Real Time Optimization layer (RTO), e.g., based on
the current and predicted external conditions, such as prices of energy or
costs of raw materials, see [3, 38, 39, 53, 61, 87, 88, 191]. It is important to
remark that RTO-based structures must be properly designed to guarantee
the compatibility of the models used at the two layers, see [39, 53, 191].
Also, dynamic RTO structures may be prone to stability issues, as noted
in [50].
To overcome problems related to the use of RTO to generate reference sig-
nals, a robust economic MPC approach can be used, see [13], for the design
of a high level regulator which, at the same time, computes the optimal ref-
erence values for the controlled outputs. This, in our opinion, would not
entail significant differences in the algorithm implementation and in the
theoretical results.

4.7 Appendix

4.7.1 Construction of βi and of the reduced order model

A constructive procedure for the computation of the matrices βi, i= 1, . . . , M,
and the reduced order model satisfying Assumption 4.2 is listed here fol-
lowing the same line as in Chapter 2. Note however that in Chapter 2 the
case of dynamically decoupled subsystems was considered, and full system
reduction actually could be carried out subsystem-by-subsystem. On the
contrary, in this case, system reduction must be performed at a full system
level and structural additional constraints must be satisfied, i.e. the block-
diagonality of matrix β . In view of the presence of these constraints, the
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sufficient and necessary condition given in Proposition 2.2 for guaranteeing
the fulfillment of Assumption 4.2 (i.e., that n̄ ≥ p+dim(ImGx

L∩KerCL)) is,
in our case, only necessary.
Here we now describe a (possibly conservative) procedure:

a find a subspace Kerβi of dimension ni− n̄i so that Kerβi ⊆ KerCii
L and

Zii∩Kerβi = {0}, where Zii = Im G̃ii
L(1)∩KerCii

L , and G̃ii
L(z)= (zIni−

Aii
L)
−1 [Bii

L Ei
]
;

b let {κ1, . . . ,κni−n̄i} be a set of independent vectors in Kβ ,i = Kerβi and
complete this set to a basis Bi = {v1, . . . ,vn̄i,κ1, . . . ,κni−n̄i} of the
whole space Rni;

c let {r1, . . . ,rn̄i} be a basis of Rn̄i , define

β̂i =
[

r1 | · · · |rn̄i |0 | · · · |0
]

and TL be the matrix whose columns are the vectors in Bi, then βi =

β̂iT−1
L ;

d define collective matrix β = diag(β1, . . . , βM);

e choose matrix AH being Schur stable, and let

BH = (In̄−AH)ĜL(1)

where the suitable choices for AH are those modeling the dominant
dynamics of the low-level collective model.

Steps a-c imply that Assumption 2.(2) is fulfilled, while step e guarantees
that Assumption 2.(1) and 2.3 are satisfied.
Note that a less conservative choice can be taken, i.e., defining, in step a,
G̃ii

L(z) = (zIni−Aii
L)
−1Bii

L . However this choice does not guarantee a-priori
that the property Z ∩Kβ = {0}, where Z =ImGx

L∩KerCL, Gx
L = (In−

AL)
−1BL, and Kβ = ∏

M
i=1 K i

β
. This must be verified after the reduction

phase has been carried out.

4.7.2 Computation of the input constraint sets

In the scheme proposed in this chapter, the dimensions of the input con-
straint sets ŪS,i and ∆Ûi are key tuning knobs, which must be selected in
order to satisfy, at the same time, the inequalities (4.28), for all i= 1, . . . ,M,
and (4.31). To address the design issue, in this appendix we propose a
simple and lightweight algorithm based on a linear program. As a sim-
plifying assumption, we set ∆Ûi = Bρδ ûi

(0) and ŪS,i = Bρūi
(0). Under
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this assumption, the tuning knobs are the vectors −→ρ δ û = (ρδ û1, . . . ,ρδ ûM)

and −→ρ ū = (ρū1, . . . ,ρūM). Note that, in case of need, such assumption can
be relaxed, at the price of a slightly different definition of the inequalities
below.
First consider inequality (4.28), to be verified for all i = 1, . . . ,M. Here
the constant ρū appears, defined in such a way that ŪS = ∏

M
i=1 Bρūi

(0) ⊆

Bρū(0). We can define, for example, ρū =
√

∑
M
i=1 ρ2

ūi
≤ ∑

M
i=1 ρūi . There-

fore, to fulfill (4.28) it is sufficient to verify the following matrix inequality

−→
ρ δ û > κ(NL)diag(

1√
N1σH1(N1)

, . . . ,
1√

NMσHM(NM)

)1M×M
−→
ρ ū (4.37)

where 1M×M is the M×M matrix whose entries are all equal to 1. The
second main inclusion to be fulfilled is (4.31), which is verified if, for all
i = 1, . . . ,M,

∆Ūi⊕ ŪS,i ⊆US,i (4.38)

By definition, ∆Ūi = ∆Ûi⊕Bρ∆ui(NL−1)(0), where

ρ∆ui(NL−1) =

= ∑
NL−1
r=2 ‖KiIsiF

NL−r−1
L (AL−AD

L)‖
√

∑
M
j=1 ρ2

δ x̂ j
(r−1)

≤ ∑
NL−1
r=2 ‖KiIsiF

NL−r−1
L (AL−AD

L)‖∑
M
j=1 ρδ x̂ j(r−1)

= ∑
NL−1
r=2 ‖KiIsiF

NL−r−1
L (AL−AD

L)‖∑
M
j=1 ∑

r−1
k=1 ‖(A

j j
L )r−1−kB j j

L ‖ρδ û j

= ∑
M
j=1 λi jρδ û j

(4.39)
where λi j = ∑

NL−1
r=2 ‖KiIsiF

NL−r−1
L (AL−AD

L)‖∑
r−1
k=1 ‖(A

j j
L )r−1−kB j j

L ‖. This
implies that ∆Ūi ⊆ B

ρδ ûi
+∑

M
j=1 λi jρδ û j

(0). Therefore, to verify (4.38) it is

sufficient to enforce the constraint

(Λ+ IM)
−→
ρ δ û +

−→
ρ ū ≤−→ρ u (4.40)

where Λ is the M×M matrix whose entries are λi j, i, j = 1, . . . ,M, while−→
ρ u = (ρu1, . . . ,ρuM), where Bρi(0)⊆US,i for all i = 1, . . . ,M. Eventually,
a suitable choice of−→ρ δ û and−→ρ ū is obtained as the solution to the following
problem:

max Jρ

−→
ρ δ û,

−→
ρ ū

subject to constraint (4.37) and (4.40)
(4.41)

where Jρ is a suitable (linear or quadratic, if possible) cost function that
allows to maximize the size of the constraint set.

104



i
i

“thesis” — 2018/1/22 — 16:51 — page 105 — #123 i
i

i
i

i
i

4.7. Appendix

4.7.3 Proof of Theorem 4.1

The proof of Theorem 4.1 lies on the intermediate results stated below.

Proposition 4.1.
A) Under Assumption 4.3 and if x̄[NL](k) = βx(kNL), then for any initial
condition x̂(kNL) = x(kNL) such that, for all i = 1, . . . ,M

‖x(kNL)− xS‖ ≤ λi(NL) (4.42)

and for any ū[NL] ∈ ūS ⊕ ŪS there exists a feasible sequence−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL)∈∆Ûi
Ni such that the terminal constraint (4.22)

is satisfied.
B) if x(kNL) satisfies condition (4.42), ‖ANL

L ‖< 1, and, for all i = 1, . . . ,M,
(4.29) is verified, then recursive feasibility of the terminal constraint (4.22)
is guaranteed.

Proof of Proposition 4.1

A) Note that, since δ x̂[ζi]
i (kNi) = δ x̂i(kNL) = 0,

βiδ x̂i((k+1)NL) = βiδ x̂[ζi]
i ((k+1)Ni) =

= Hi(Ni)
−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL)
(4.43)

Moreover, in view of (4.5)

x̄[NL](k+1) = ANL
H βx(kNL)+

NL

∑
j=1

ANL− j
H BHū[NL](k) (4.44a)

x̄S = ANL
H βxS +

NL

∑
j=1

ANL− j
H BHūS (4.44b)

Analogously, from (4.16) written in collective form we have

β x̂(kNL +NL) = βANL
L x(kNL)+β

NL

∑
j=1

ANL− j
L BLū[NL](k) (4.45a)

βxS = βANL
L xS +β

NL

∑
j=1

ANL− j
L BLūS (4.45b)

Therefore, in view of (4.43), (4.44a), (4.45a), and the definition A (NL),
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B(NL), Isi, the constraint (4.22) can be written as

Hi(Ni)
−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL) =

= Isi[A (NL)(x(kNL)− xS)+B(NL)(ū[NL](k)− ūS)]
(4.46)

From this expression, the definitions of σHi(Ni)
, ρū, ρδ ûi , and in view of

(4.27), it can be concluded that a feasible sequence
−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL)
can be computed provided that

√
NiσHi(Ni)

ρδ ûi ≥ ‖A (NL)‖‖x(kNL)− xS‖+κ(NL)ρū (4.47)

from which the result follows.

B) From (4.3) it holds that

x((k+1)NL)− xS = ANL
L (x(kNL)− xS)

+R(NL)(
−→u (kNL : kNL +NL−1|kNL)−1NL×1⊗ ūS)

(4.48)

where ⊗ is the Kronecker product. Hence

‖x((k+1)NL)− xS‖ ≤ ‖ANL
L ‖‖x(kNL)− xS‖+

√
NL‖R(NL)‖ρu (4.49)

and, in view of (4.42)

‖x((k+1)NL)− xS‖ ≤

≤ ‖ANL
L ‖

(
√

NiσHi(Ni)
ρδ ûi
−κ(NL)ρū)

‖A (NL)‖ +
√

NL‖R(NL)‖ρu
(4.50)

for all i = 1, . . . ,M. From this expression and Assumption 4.3.(4)

‖x((k+1)NL)− xS‖ ≤
(
√

NiσHi(Ni)
ρδ ûi−κ(NL)ρū)

‖A (NL)‖
= λi(NL) (4.51)

for all i = 1,2, . . . ,M and the result follows. �

Proposition 4.2. If Problem (4.23) is feasible at time h = kNL, then

‖w̄(k)‖ ≤ ρw (4.52)
δui(kNL + j) ∈ ∆Ui( j) (4.53)
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Also it holds that
∆Ūi ⊇ ∆Ui( j) (4.54)

for all j = 0, . . . ,NL−1. �

Proof of Proposition 4.2

Defining the collective vectors x̂ = (x̂1, . . . , x̂M), δx = (δx1, . . . ,δxM),
δ x̂ = (δ x̂1, . . . ,δ x̂M), and ε(kNL + j|kNL) = δx(kNL + j|kNL)− δ x̂(kNL +

j|kNL), we have that w̄(k) = βx(kNL + NL)− x̄[NL](k + 1|k) = β x̂(kNL +

NL)+βδx(kNL +NL)− x̄[NL](k+1|k) = (β x̂(kNL +NL)+βδ x̂(kNL +NL)−
x̄[NL](k + 1|k)) + βε(kNL + j|kNL) = βε(kNL + j|kNL). The latter equal-
ity holds in view of the fact that Problem (4.23) is feasible, and therefore
equality (4.22) is verified. From (4.17), (4.18), (4.20), we collectively have
that

ε(kNL + j+1|kNL) = FLε(kNL + j|kNL)

+(AL−AD
L)δ x̂(kNL + j|kNL)

(4.55)

In view of the fact that ε(kNL|kNL) = δ x̂(kNL|kNL) = 0, then w̄(k) =
β ∑

NL
j=2 FNL− j

L (AL−AD
L)δ x̂(kNL + j−1|kNL). From this it follows that

‖w̄(k)‖ ≤
NL

∑
j=2
‖βFNL− j

L (AL−AD
L)‖‖δ x̂(kNL + j−1|kNL)‖ (4.56)

Since δ ûi are bounded for all i = 1, . . . ,M, i.e., scalar ρδ ûi are defined such
that δ ûi ∈Bρδ ûi

(0). In view of this, we compute that ‖δ x̂(kNL + j|kNL)‖ ≤
ρδ x̂( j), where ρδ x̂i( j) is defined in (4.30). Therefore, δ x̂(kNL + j|kNL)
are bounded, for all j = 1, . . . ,NL− 1 and more specifically we get that
‖δ x̂(kNL+ j|kNL)‖≤

√
∑

M
i=1 ρ2

δ x̂i
( j). Therefore one has (4.52) for all k≥ 0.

From (4.55) we have that ε(kNL + j|kNL) = ∑
j
r=2 F j−r

L (AL−AD
L)δ x̂(kNL +

r− 1|kNL) and therefore δui(kNL + j)− δ ûi(kNL + j|kNL) = Kiεi(kNL +

j|kNL) =KiIsi ∑
j
r=2 F j−r

L (AL−AD
L)δ x̂(kNL+r−1|kNL). From this it follows

that δui(kNL+ j)∈ δ ûi(kNL+ j|kNL)⊕Bρ∆ui( j)(0) and therefore δui(kNL+

j)∈ ∆Ui( j). In view of the monotonicity property ρ∆ui( j+1)≥ ρ∆ui( j) for
all j, it holds that Bρ∆ui( j+1)(0)⊇Bρ∆ui( j)(0), which implies (4.54). �

Proof of Theorem 4.1

(i) If ‖x(0)− xS‖ ≤ λi(NL) and recalling that Assumption 4.3 holds, from
Proposition 4.1, recursive feasibility of the optimization problems (4.23)
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is guaranteed, i.e., that there exists, for all k ≥ 0, a feasible sequence−−−→
δ û[ζi]

i (kNi : (k+1)Ni−1|kNL)∈∆Ûi
Ni such that the terminal constraint (4.22)

is satisfied.
Also, from Proposition 4.2, it follows that w̄(k) ∈ W for all k ≥ 0, which
allows to apply the recursive feasibility arguments of [121], proving that
also (4.11) enjoys recursive feasibility properties.
(ii) It is now possible to conclude that, in view of the feasibility of (4.11),
ū[NL](k)∈ ūS⊕ŪS; also, from Proposition 4.2 it follows that δui(kNL+ j)∈
∆Ūi for all k ≥ 0, j = 0, . . . ,NL− 1, and i = 1, . . . ,M. From this, under
(4.31), the inclusion (4.34) can also be proved.
(iii) We apply the results in [121], which guarantee robust convergence
properties. In other words, it holds that x̄[NL],o(k)→ x̄S as k→+∞, and that
x̄[NL](k) is asymptotically driven to lie in the robust positively invariant set
x̄S⊕Z .
(iv) To show robust convergence of the global system state, from (4.3) we
obtain that

x((k+1)NL) = ANL
L x(kNL)+B[NL]

L ū[NL](k)

+
NL−1

∑
h=0

Ah
LBLδu((k+1)NL−h−1) (4.57)

Denoting BC
L,NL

=
[
ANL−1

L BL . . . BL

]
, we obtain that

NL−1

∑
h=0

Ah
LBLδu((k+1)NL−h−1) = BC

L,NL

−→
δu(kNL : kNL +NL−1)

Also, recall that
−→
δu(kNL : kNL +NL−1) =

−→
δ û(kNL : kNL + NL − 1) +

diag(K, . . . ,K)
−→
ε (kNL : kNL +NL−1) and that, by defining

FNL =



0 0 · · · 0 0 0
In 0 · · · 0 0 0
FL In · · · 0 0 0
...

... . . . ...
...

...

FNL−2
L FNL−3

L · · · In 0 0

 ,

then −→
ε (kNL : kNL +NL−1) =

= FNLdiag(AC
L, · · · ,AC

L)BL

−→
δ û(kNL : kNL +NL−1)
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where AC
L = AL−AD

L and

BL =

 0 · · · 0
... . . . ...

(AD
L)

NL−1BL · · · BL


Recalling that x̄[NL](k) = βx(kNL) and that

ū[NL](k) = ū[NL],o(k)+ K̄H(x̄[NL](k)− x̄[NL],o(k)) (4.58)

we can rewrite (4.57) as

x((k+1)NL) = (ANL
L +B[NL]

L K̄Hβ )x(kNL)

+B[NL]
L (ū[NL],o(k)− K̄Hx̄[NL],o(k))+BC

L,NL

−→
δu(kNL : kNL +NL−1) (4.59)

Recall that x̄[NL],o(k)→ x̄S, ū[NL],o(k)→ ūS as k→ +∞. Also, we compute
that

−→
δu(kNL : kNL +NL−1) = (ImNL +diag(K, . . . ,K)FNL

·diag(AC
L, . . . ,A

C
L)BL)

−→
δ û(kNL : kNL +NL−1)

(4.60)

Based on this, we define κδu = ‖BC
L,NL

(ImNL +diag(K, . . . ,K)

FNLdiag(AC
L, . . . ,A

C
L)BL)‖ and we write (4.59) as

x((k+1)NL) = (ANL
L +B[NL]

L K̄Hβ )x(kNL) (4.61)

+B[NL]
L (ū[NL],o(k)− K̄Hx̄[NL],o(k))+wL(k)

where ‖wL(k)‖ ≤ κδu
√

NL maxh∈{kNL,...,(k+1)NL−1} ‖δ û(h)‖ ≤
κδu
√

NL

√
∑

M
i=1 ρ2

δ ûi
. Since xS =ANL

L xS+B[NL]
L ūS and B[NL]

L K̄Hx̄S =B[NL]
L K̄HβxS,

we can rewrite (4.61) as

x((k+1)NL)− xS = (ANL
L +B[NL]

L K̄Hβ )(x(kNL)− xS)+wL(k)

+B[NL]
L

(
(ū[NL],o(k)− ūS)− K̄H(x̄[NL],o(k)− x̄S)

)
Eventually, since F [NL]

L = ANL
L +B[NL]

L K̄Hβ is Schur stable, then the asymp-
totic result follows, where ρx = κδu

√
NL

√
∑

M
i=1 ρ2

δ ûi
.

(v) We can reformulate problem (4.23) as

min ‖
−→
δ û(kNL : kNL +NL−1)‖2

Q

subject to: βRD(NL)
−→
δ û(kNL : kNL +NL−1) = δ x̄end

Ain
−→
δ û(kNL : kNL +NL−1)≤ bin,

(4.62)
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where Q =diag(R, . . . ,R) + BT
L diag(Q, . . . ,Q)BL, R =diag(R1, . . . ,RM),

Q= diag(Q1, . . . ,QM), δ x̄end = x̄[NL](k+1|k)−β x̂(kNL+NL) and RD(NL)=[
(AD

L)
NL−1BL . . . BL

]
. Recalling that bin > 0 elementwise, in view of

continuity arguments, there exists a ball Bρend(0) for δ x̄end such that the

solution to problem (4.62) satisfies Ain
−→
δ û(kNL : kNL +NL−1) ≤ bin. If

δ x̄end ∈Bρend(0), then

−→
δ û(kNL : kNL +NL−1) =

[
ImNL 0

][ 2Q (βRD(NL))
T

βRD(NL) 0

]−1[0
In̄

]
δ x̄end

Also, it holds that the optimal constrained solution fulfills

‖
−→
δ û(kNL : kNL +NL−1)‖2

Q ≤ max
Ain
−→
δ û≤bin

‖
−→
δ û‖2

Q = Jmax
L

and therefore ‖
−→
δ û(kNL : kNL +NL−1)‖ ≤

√
Jmax

L
λmin(Q) ; in view of this, for

‖δ x̄end‖ 6∈Bρend(0), then ‖
−→
δ û(kNL : kNL+NL−1)‖≤

√
Jmax

L
λmin(Q)

1
ρend
‖δ x̄end‖.

Defining now

κ̄ =max{

∥∥∥∥∥[ImNL 0
][ 2Q (βRD(NL))

T

βRD(NL) 0

]−1[0
In̄

]∥∥∥∥∥ ,
√

Jmax
L

λmin(Q)

1
ρend
}

then we conclude that

‖
−→
δ û(kNL : kNL +NL−1)‖ ≤ κ̄‖δ x̄end‖ (4.63)

Therefore, from (4.60) and (4.63), we have that

‖
−→
δu(kNL : kNL +NL−1)‖ ≤ κu‖

−→
δ û(kNL : kNL +NL−1)‖

≤ κuκ̄‖A (NL)(x(kNL)− xS)+B(NL)(ū[NL](k)− ūS)‖ (4.64)

where

κu = ‖ImNL +diag(K, . . . ,K)FNLdiag(AC
L, . . . ,A

C
L)BL‖

In view of this, we can rewrite (4.59) as

x((k+1)NL)− xS = F [NL]
L (x(kNL)− xS)+wx(k)+wo(k) (4.65)

where ‖wx(k)‖ ≤ κx(NL)‖x(kNL) − xS‖, κx(NL) = κuκ̄‖BC
L,NL
‖

‖A (NL) +B(NL)K̄Hβ‖, ‖wo(k)‖ ≤ κo
u‖ū[NL],o(k)− ūS‖+ κo

x ‖x̄[NL],o(k)−
x̄S‖, κo

u = ‖B[NL]
L ‖+κuκ̄‖BC

L,NL
‖‖B(NL)‖, and

κ
o
x = ‖B[NL]

L K̄H‖+κuκ̄‖BC
L,NL
‖‖B(NL)K̄H‖
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To derive a stability condition, we recast (4.65) as the following redundant
dynamic system

δx+1 = F [NL]
L δx1 +wδx2 +wo

δx+2 = F [NL]
L δx2 +wδx1 +wo

(4.66)

where the initial conditions for δx1 and δx2 coincide and are equal to
x(0)− xS, and where ‖wδxi‖ ≤ κx(NL)‖δxi‖, i = 1,2. Recall also that, as
already discussed, wo is an asymptotically vanishing input.
The stability of the system (4.66) can be studied using the (ISS) small gain
theorem in [40], according to which the interconnected system above en-
joys asymptotic stability properties if the matrix

Γ =

[
0 σ(NL)

σ(NL) 0

]
is Schur stable, where

σ(NL) = κx(NL)
+∞

∑
k=0
‖(F [NL]

L )k‖ (4.67)

Also, Γ is Schur stable if and only if the inequality (4.35) is verified. Then,
under the latter condition, x(kNL)→ xS as k→+∞. �
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CHAPTER5
Conlusions

This chapter summarizes the main contributions of the Thesis and proposes
some hints for future research on hierarchical control structures based on
MPC.

5.1 Conclusions

In this Thesis, novel hierarchical control structures for large-scale systems
have been developed.
Specifically, in Chapter 2, a two-layer control scheme for coordination of
linear system with input and joint output constraints has been first consid-
ered. Its main characteristics are: (i) time scale separation is employed
at different layers; (ii) it requires simplified models to be used at the high
layer of the control structure; (iii) it allows to consider long-term objectives
at the high layer, for instance based on economic criteria or output through-
put, and short-term goals at the low layer, typically fast compensation of
disturbances and model mismatch. A novel model reduction technique has
been proposed to guarantee the consistency between the two layers of the
control structure. The overall convergence, recursive feasibility, as well
as the fulfillment of the joint constraints, have been obtained under mild
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Chapter 5. Conlusions

assumptions.
A fully scalable hierarchical control scheme for coordination of similar in-
dependent systems with joint output and input constraints has been dis-
cussed in Chapter 3. Compared to the technique developed in Chapter 2,
this approach includes a significant improvement for the following reasons:
(i) the problem at the high level is fully scalable with the number of subsys-
tems, so allowing for plug and play operations, (ii) the high-level model is
easily determined from the impulse responses of the subsystems and its
state is measurable, being composed by past inputs, (iii) constraints on
the shared resources (inputs) are included, (iv) the possibility to perform
static high level optimization is explicitly considered to optimize the sub-
systems’ usage and provide flexibility to the control configuration. The
recursive feasibility has been guaranteed also during plug-in and plug-out
operations, and overall convergence of the system output to the set-point
has been proven.
Then in Chapter 4, the analysis has been extended to interconnected sys-
tems. Differently from Chapter 2, the control framework includes a robust
centralized MPC algorithm at the high layer, optimizing a long-term per-
formance index with respect to a reduced order model, and a set of lower
layer local MPC regulators for the full order models of the subsystems re-
fining the control action computed at the higher layer. Notably, the local
regulators can be designed and implemented at different rates to cope with
subsystems operating at different time scales. The recursive feasibility and
robustness of the two layer algorithms have been guaranteed and the con-
vergence of the state to the steady state has been discussed.

5.2 Hints for future research

Some possible hints for future research are listed below:

• In Chapter 2 and 3, we propose two hierarchical control solutions for
coordination of independent systems, in these schemes the decentral-
ized regulators at the low level are designed to work at a short time
scale. Future work will consider the use of multi-rate low-level algo-
rithms to deal with systems with significantly different dynamics and
the application of this approach to industrial control problems.

• In Chapter 4, the proposed solutions for interconnected systems con-
sists in considering the couplings between subsystems as disturbances
to be rejected. The influence of couplings between subsystems on the
global performance is still not clear. In future work we will include
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5.2. Hints for future research

dynamic network topology optimization at the high layer by resort-
ing to game-theoretic methods according to a global criterion so as to
detemine the most appropriate partition for the overall system. Pre-
liminary results can be found in [4, 126, 141].

• In this Thesis, system reconfiguration for coordination of independent
systems is considered. However, for the interconnected system, con-
troller reconfiguration is also very useful when a local fault is detected
so that local controller redesign is required and plug-and-play opera-
tions are advisable. Future work will also exploit the possibility to
allow controller reconfiguration in the hierarchical control framework
for interconnected systems in order to preserve closed-loop theoretical
properties and constraint satisfaction.
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