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INTRODUCTION







|.  APPLICATIONS

The main purpose of structural engineering is the pursuit of the best system able to carry out the external loads of the problem under
investigation. The choice is based on many variables which aim to optimize the result from an economical vantage point.

Wire ropes are complex systems that can be seen like composite structures. Their main peculiarity is the relatively high strength in
tension compared to the very light weight. This means that they are very efficient in terms of material saving. Moreover, they are often
considered and designed as perfectly flexible structures, as a matter of fact wire ropes show very little stiffness in bending if related
with the axial stiffness. This property is fundamental when the element needs to be coiled like in lifting systems where the rope is
forced to follow the radius of a sheave or a winch.

The reason of paying big concern on the modelling of this structural typology lies in the very wide range of applications that it covers.
While a perfectly flexible analysis of this system may provide reliable results for a large-scale design in statics, a more refined approach
is needed when the wire rope is experiencing complex stress states. This occurs in static analyses mainly in critical regions, for instance
close to clamping devices or when the rope is forced to bend over a pulley and undergoes cyclic flexure. Moreover, hysteretic bending
may cause further phenomena as inter wire slipping and friction. Finally, this latter behaviour may affect significantly the dynamic
response in term of damping of the structure.

The main applications span from civil to mechanical engineering. For instance, they are used in lifting systems like cranes, elevators or
in mining. Furthermore, metallic cables are used for overhead electrical lines, because of their good conductivity properties and light
weight. Other famous examples are the tenso-structures like roofing systems, cable stayed and suspension bridges. Finally, they are
very spread in offshore engineering like Oil & Gas plants, where they are employed for either lifting or as anchoring systems.



Il.  MANIFACTURING

The complexity of the mechanical behaviour of the wire ropes stem from the internal geometry and thus in the manufacturing process.
The main concept to understand the framing of that structural typology is the hierarchy. In fact, the wire rope may be decomposed
into several sub-components that represent the different hierarchical levels of the whole system.

The basic component is the wire. It is a structural element that may be considered as one-dimensional, i.e. a dimension is prevailing
on the other two, where the principal or longitudinal dimension coincides with the centreline of the wire, while the other dimensions
define a plane in space orthogonal to the centreline in every point and define the wire cross section. As a matter of fact, it can be seen
like a solid obtained by extrusion of a cross section along a path, i.e. the centreline. Moreover, this element is endowed with a peculiar
feature: it is very slender, i.e. the cross section maximum dimension is significantly lower with respect to the longitudinal dimension,
such that it can be considered a line. This feature is the responsible for the high deformability in bending that usually allows the
assumption of perfectly flexible system. Beside the structural behaviour, it is very important for the manufacturing process as well.
As a matter of fact, the wire is used to produce strands that represent the subsequent level within the structural system. The strand is
a sub component composed by a core and several layers concentric to the core itself. In the straight configuration, the core is a straight
wire, while the layer is the set of wires helicoidally wounded about the straight one forming a three-dimensional helix shape that share
the same distance from the central axis of the strand. The coiling follows a precise rule, i.e. all wires share the same shape in terms of
rotation about the core. This trend of the production is the reason of coupling between tensile force and other actions like torque. The
strand is the new basic component then, and it is used to produce ropes in many shapes. The simplest idea is to exploit the same
hierarchical structure between the wire and the strand, between the strand and the wire rope as well. Hence, a straight core strand is
surrounded by several layers of strands helicoidally wounded. The Fig. 1.1 shows this kind of structures: the core strand is straight, and
it is composed by a layer of wires coiled about the straight core wire, while the outer strand that has the same internal structure is not
straight, yet it has a helix shape. It is important to notice that the outer wire of the core strand and the core wire of the outer strand
form a single helix curve in space, conversely the outer wire of the outer strand is a double, or nested helix. The last curve is basically
a single helix which axis is not straight, still it is a single helix itself.

core strand outer strand core wire core Wir§
(straight) (single helix) (straight) (single helix)

(double helix)

(single helix)

WIRE ROPE STRANDS WIRES

Fig 1.1 Wire Rope Hierarchy - Overview
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Fig 1.2 Wire Ropes Hierarchy — Front and Top Views

1. LAY ANGLE

A very important geometrical feature of a wire rope is the lay angle. If the single helix is seen in a front view, its projection on the
correspondent plane has a rectilinear shape, like it will be further explained in the chapter about geometry, and it forms an angle with
the longitudinal axis of the helix as it is shown in Fig I.3. This angle is called “lay angle” and is usually denoted with the Greek letter a.
This quantity is endowed of sign. Specifically, the positive angle is obtained when the helix is coiled according to the right-hand screw,
in this case the lay direction is said to be right (symbol z), it is left otherwise (symbol s).

T

vy

a Lay Angle

Fig 1.3 Helix Lay Angle



2. LANG AND REGULAR LAY STRANDS

The outer wire of a straight strand is a single helix, and, on the other hand, the outer strand of a rope is a single helix as well. This
means that the outer wire has a lay direction independent upon the outer strand it belongs to. The lay direction of the outer wire is
indicated with the lower case “s” for the left lay and “z” for the right lay, while the lay direction of the strand is called with the upper
case “S” for the left lay and “Z” for the right lay. The strand is said to be Lang lay if the two lay directions coincide, conversely it is called
Regular lay. For both cases two combinations are possible. The lang lay may be sS or zZ, while the regular lay may be sZ or zS.

In the present work we will use the always zZ lang lay ropes, still the lay direction is controlled by the sole sign of the lay angle.

3. CLASSIFICATION

There are many possible geometries for wire ropes, still in the following let us introduce the two typologies that will be studied in the
present work because of their great interest. The nomenclature is provided by the standard ISO 17893:2004 Steel wire ropes —
Vocabulary, designation and classification. A rope with a steel core is made of steel wires and it is indicated as WC. The core is made
by either a strand, thus the rope will be called “wire strand core” (WSC), or an independent wire rope, hence it is called “independent
wire rope core” (IWRC). In both cases the core is surrounded by strands helicoidally wounded about its straight axis.

The WSC is showed in Fig. I.4. This typology has small diameters usually, and it is used in applications like mining. The example shows
a single layer rope, still it may be endowed with more layers.

Fig 1.4 Strand Core Wire Rope (WSC)

Conversely, the IWRC has higher diameters. The core in Fig 1.5 is a WSC rope and the outer strands are multi-layered. The usual
application is in the offshore.



Fig 1.5 Independent Wire Rope Core (IWRC)

4. NOMENCLATURE

Now let us introduce the principal nomenclature involved for naming of wire ropes. The aim is to provide the minimum amount of
information to describe the geometry of the wire rope.

The first value that is provided is the global diameter of the rope in mm, i.e. the maximum dimension of the cross section, then it is
followed by a couple of numbers that are multiplied one with the other and represent respectively the number of strands in the rope
and the number of wires inside the strand.

A 20 - 18x7 - WSC is a 20 mm global diameter multi stranded rope made by eighteen strands with seven wires each and with a strand
core. Conversely, a 22 - 6x36 WS — IWRC is a 22 mm diameter independent wire rope core with a stranded rope core made by 6 outer
strands with 36 wires each.

5. LUBRICATION

Avery important treatment done on wire ropes is lubrication. Greases or oils are used to decrease friction among the wires. Specifically,
this procedure is used during manufacturing and the lubricant persists inside the rope for some time after it is kept in service. The
importance of lubrification is related to bending of the wire rope. As a matter of fact, this kinematic perturbation produces sliding
among the wires to the arising gradient of displacement on the rope cross section. This gradient induces a gradient on the axial force
experienced by the adjacent wires that can be equilibrated only by inter wire friction forces. These forces are caused by internal slipping
between wires. The phenomenon is important in many applications like the passage of ropes over sheaves or winches.

This peculiar technological treatment will be fundamental in the following work to establish the kinematic hypothesis the model is
based on.



l1l.  PRESENT WORK

The present work aims to provide a simple tool to predict the structural response of wire ropes in terms of either global (internal
actions) and local (stresses) quantities.

This objective is pursued with a relatively simple kinematic assumption on the behaviour of the system introduced in the second
chapter. As a matter of fact, the single wire is modelled according to the Love thin curved rod theory (Huang, 1973) accounting biaxial
bending and torsion, further then axial stiffness only. Then the rope response is studied with a sectional approach and it is modelled
like a Euler Bernoulli beam, i.e. the cross section is considered rigid. This approach is the natural extension of the modelling used in
(Foti & Martinelli, 2016) for the analysis of single strands.

Furthermore, the thesis offers to different approaches for the derivation of the mechanical quantities of the rope. The first is called
direct model, or wire by wire model, and it exploits the actual geometry of the single wire to define the rope response, i.e. either single
helix geometry of double helix geometry. Conversely, the recursive model, or hierarchical model, introduces an approximation: the
relations holding true between the strand and the rope are derived in exact form, while the relations between the wire and the rope
are computed recursively passing through the strand. Specifically, the mechanics between wire and strand in evaluated in the strand
straight configuration, thus not accounting for the actual double helix geometry of the wire.

The global response of the wire rope is evaluated in the linear elastic field. Hence, the response of the whole structural system may be
seen like the sum of the contributions provided by the single wire. For that reason, a chapter will be dedicated to that topic.

Finally, either global and local response are investigated in the last chapter.
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CHAPTER 1

GEOMETRY OF WIRES
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l.  INTRODUCTION

Wire ropes are structural elements which present a complex geometrical framing. The construction process follows a strict hierarchy
that can be described going through the sub components of the whole system. The base element is the wire, a mono-dimensional
component that is wrapped within a strand. This latter is made up by a straight central wire, called core wire, and by other wires coiled
about the core with the shape of a single helix curve, called outer wires. The outer wires are grouped in layers, i.e. set of wires having
the same distance between centerline and strand axis.

The strand is the new base element for the construction of ropes and depending upon how it is inserted within the whole system,
different kind of ropes can be obtained. A stranded rope is a rope presenting the same hierarchical relation holding between strand
and rope for wire and strand. Hence, it has a central straight strand and about that one, several strands are wrapped in layers always
with a single helix shape. This has an important geometrical consequence: the single wire within an outer strand shows a single helix
geometry, while it is a double helix inside the rope.

The previous description gives a clue of the reason why so much interest is paid for the inspection of the single and double helix
geometry. As a matter of fact, they are the starting point for the mechanical response of the whole system as it will be shown in the
subsequent chapters. In literature of wire ropes, there is always an introduction declaring the geometry involved in the models. Some
references for the double helix may be found in (Wang, 1998); (Usabiaga and Pagalday, 2008); (Xiang et al., 2015).

In the present chapter a complete description of the equations governing the geometry is introduced. The first step is the general
theory for describing three-dimensional curves in space, afterwards the single and double helixes are presented as peculiar cases. The
final part of the chapter shows how these models may be implemented with real ropes and comparison is performed with some
examples available in literature. In the last example is also showed a 3D geometrical model for a simple 7x7 stranded rope. This is a
very interesting result, since the use of excel and Autocad only allows to generate the exact shape of a wire with either single and
double helix geometry.

13



Il.  DIFFERENTIAL GEOMETRY OF CURVES IN SPACE

1. PARAMETRIC DEFINITION OF THE CURVE

The geometry of a curve embedded in the three-dimensional Euclidean space can be conveniently described within a Cartesian
reference system, which will be denoted in the following as the global reference system. The axes of the global reference system will
be (x1, X2, X3), while the corresponding unit vectors are e, e, e3. Let us introduce a parametric representation of an arch €I" of a curve
as follows

I:t €[ab] > x(t) ER?

Where t is scalar parameter and x(t) is the position vector of a generic point of I" in the global reference frame.
The total length of the arch can be computed by integration of infinitesimal segments directed as the local tangent vector.

b
Szf |x'(©)] dt

Where the apex indicates the total derivative with respect the parameter t and the symbol |.| is the Euclidean norm in R3.
The intrinsic parametrization consists of using as free coordinate to describe the curve the curvilinear abscissa defined as follows.

(1.11.1.1)  s(t) = ft|§'(t)| dr

This peculiar geometrical quantity may be called the natural parameter for the representation of the curve and from its definition the
fundamental differential relation between the intrinsic and the generic parametrization is introduced like in (Kreyszig, 1992).

ds LN Lt
(L1112) =51 = £

The operation of derivation with respect the natural coordinate will be indicated with an upper dot to be distinguished from the generic
parametrization.

2. THE SERRET-FRENET FRAME OF THE CURVE

In literature, an intrinsic, or local, reference frame is usually defined, such that one of its axes is always tangent to the curve. The
natural parametrization is the principal framework to set the description of the local reference system, also named as the Serret-Frenet
frame like in Kryeszig’s book. Still it is not the only possible representation, as a matter of fact all allowable parametrizations can be
used introducing suitable modifications to the formulas.

In the following the main formulas for a complete description of the local reference system will be developed.

2.1. TANGENT VECTOR AND DIRECTION

The tangent vector detects the direction of the curve in every point. By definitions, it is locally tangent to the curve. Moreover, the
norm is always one.

NATURAL PARAMETRIZATION
(L.11.2.1) t(s) = x(s)
GENERIC PARAMETRIZATION

The first derivative of the vector does not coincide with the tangent vector. For that reason, a normalization must be performed.

14



O =sOr® = [x®O]=5OX®|=1

t®) =s'@®x'(®)
2.2. NORMAL VECTOR AND CURVATURE

The first consequence following from the definition of the tangent vector is the so-called orthogonality condition. This relation states
the normality between the first and second derivative vectors of the curve.

tit=1 - xxi=1 > =@+ =0
Hence the following result holds

(1.11.22)  x(s) *%(s) = 0
2.2.1. CURVATURE

The relation (I.1) allows to introduce the concept of curvature. This geometrical quantity measures the local relative variation of the
tangent vector through a rotation about a specific direction. The direction under investigation is detected by the second derivative
vector, hence normal to the tangent one, according to the orthogonality condition.

NATURAL PARAMETRIZATION

de

def
K=—

ds

Where db is the angle variation about the previously described direction, between two points of the curve at distance ds.

t(s) A t(s +ds)|

de 0 dO = sindf =
m O TSI O el + )

Since |t] is equal to one along the whole curve and the first order Taylor expansion of the tangent vector is
tis+ds) =x(s)+%(s)ds+o(s) = t(s)At(s+ds)= Z(SW x(s) A%(s) ds + o(s) = x(s) AX(s) ds + o(s)

The last equality holds true because the velocity vector is parallel to itself. Moreover, because of the orthogonality condition, also the
following relation can be introduced:

df = |x(s) AE(s)| ds = [£()] |£(s)| ds = |£(s)| ds

Hence the curvature within the natural parametrization has the following shape

1.11.2.3a) k(s) = |£(s)|

Conversely, the inverse of the curvature is named the radius of curvature and its geometrical interpretation will be clarified afterwards.
(1.11.2.3b)  p(s) = k71(s)

GENERIC PARAMETRIZATION

By recalling eq. (11.1.2) and (l1.2.3a) the curvature can be evaluated as follows:

(1L.11.24) k(@) =s"() [x"®)]

The definition of the radius of curvature follows.
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2.2.2. NORMAL VECTOR

The normal vector is parallel to the second derivative vector and has unit norm. Hence, the relative rotation measuring the curvature
is about this unit vector. Tangent and normal direction define a plane inside which the curvature can be measured. Specifically, the
radius of curvature represents the radius of the circumference tangent to the curve and belonging to the mentioned plane.

NATURAL PARAMETRIZATION

(LIL.25) n(s) = p(s) £(s)

GENERIC PARAMETRIZATION

(1.11.2.6) n(®) =p(®) s x"(®) = |f—((g|

2.3. BINORMAL VECTOR AND TORSION

2.3.1. BINORMAL VECTOR

The binormal vector & is defined according to the right-hand screw rule, starting from the knowledge of the tangent and normal vectors
b=tAn

NATURAL PARAMETRIZATION

(L11.27)  b(s) = p(s) £(s) A£(s)
GENERIC PARAMETRIZATION

(L11.28)  b(®) =p(t) s*(O 'O Ax"(®) = 5'(®) %

2.3.2.  OSCULATING PLANE

The plane orthogonal to the binormal vector is called osculating plane. By definitions, the tangent and normal vectors belong to that
plane. The plane equation is provided by the following relations.

[x" —x®)]*b() =0 = [x7 —x()]* () AE(s) = 0

2.3.3. TORSION
NATURAL PARAMETRIZATION

The torsion is defined as the angular variation of the osculating plane about the curve path.

Where dd is the angular variation of the binormal vector along the curve.

[b(s) Ab(s + ds)|

dp -0 =dp =sindp = [6)] [bGs + 45)]

With an approach like the one adopted to evaluate the curvature, and exploiting the first order Taylor expansions, the following
equations can be easily derived:

16



x(s +ds) Nx(s + ds) = [2(s) + £(s) ds + 0()| A [£(s) + ¥(s) ds + 0(s)] = () A £(5) + £(s) A %(s) ds + o(s)
[£(5) A £(S)] A [£(5) A () + 5(5) AE(s) ds + 0(s)] = [£(5) AZ(S)] A [£() AE(5) ds] +0(s) = [(2* (kA %)) * 2 — (& * (£ AK)) < 2] ds
=[x+ 2 A¥]* 2 ds

2 nE] 2] = £+ 2 A%]« 2] = |22 A

Hence the final shape of the torsion is the following
(L11.28)  ©(s) = p2(s) |i(s) * £(s) A E(S)|
GENERIC PARAMETRIZATION

(0) + () Ax"(0)]
x|

(1.11.29) (&) = p*(&) s"°() |x'(6) * x"" () Ax""(D)] = 5" (1)

3. SERRET-FRENET FORMULAE

In the literature the Serret-Frenet formulae describe the relations holding between tangent, normal and binormal unit vectors
derivatives and the vectors themselves. Firstly, the relations will be derived through simple geometrical considerations, then they will
be collected in compact matrix form.

3.1. DERIVATION OF THE FORMULAE

Since the purpose is to obtain a relation between the derivative of a generic unit vector and all the unit vectors of the Serret-Frenet
frame, the procedure is based on evaluating the components of the derivative vector within the local system.

3.1.1. TANGENT VECTOR DERIVATIVE

The tangent vector derivative is a direct consequence of the definition of the normal unit vector (11.2.5).

n=pi = i=kn

3.1.2. BINORMAL VECTOR DERIVATIVE

The derivative vector component of the binormal unit vector are derived through projection on the axis of the Serret-Frenet frame.

bxt+b*xt=0 = é*£+x* in=0 = é*g:()

=
=

Being the derivative vector orthogonal to tangent and binormal vector, it must be parallel to the normal unit vector.

3.1.3.  NORMAL VECTOR DERIVATIVE
The derivative vector component of the normal unit vector is derived through projection on the axis of the Serret-Frenet frame.

=0

*

IS
5]
13-
IS

xm=1 =
xt=0 = Axt+n*xt=0 = n*t+k=0 = n*xt=-k

IS

|+
I3
|+
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3.2. FRAME DERIVATION MATRIX

The derivative operation of the Serret-Frenet reference frame’s unit vectors is completely defined by a skew symmetric matrix
dependent only upon curvature and torsion.

0 k(s) O i(s) 0 k() 0 t(s)
Qs)=|-k(s) 0  7(s) = S| = [-x(s) 0 ()| |nls)
- 0 —1(s) O b(s) 0 —-t(s) O b(s)

Alternatively, the formulae may be explicitly written as follows.

i(s) = k(s) n(s)
1(s) = —k(s) t(s) + 1(s) b(s)
b(s) = —(s) n(s)
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I1l.  SINGLE HELIX GEOMTRY

1. CONSTRUCTION OF THE HELIX

A single helix is a tridimensional curve in space. The geometry may be generated as shown in the picture below. Firstly, a straight line
shall be drawn inside a vertical plane. Then the plane would be bent about an axis with the following features: it is parallel to the plane,
at a constant distance and forming an angle with the original line. The horizontal projection of the curve is a circumference once the
plane is bent. The original line is the single helix itself, the second one is the helix axis, the distance is called the radius and the angle
between the two is named lay angle of the helix. All geometrical features referred to the single helix are endowed with the subscript
upper-case .

Moreover, if the distance between the plane and the helix axis is chosen such that the vertical projection of the original line is equal to
2 the distance as shown in figure 1.1, the side projection of the line will be the pitch of the helix. The pitch is the length along the
curve axis identifying the period.

jat]

&

Top View

15

IR,
Side View

Fig 1.6 Developed Geometry of the Single Helix

From these definitions it’s possible to compute the relation holding among helix radius Ry, pitch or lay length P, and lay angle a..

T R;
Py

2
(1.111.1) tana, =

2. DEVELOPED VIEW OF THE HELIX

The former description shows how a single helix, which is a three-dimensional curve, can be developed within a plane. Moreover, it is
possible to find an important relation which links at infinitesimal level the curvilinear abscissa with the swept angle. This last
geometrical quantity is named with the Greek letter 8. In the following picture it is demonstrated where the geometrical relations are
coming from.
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dx;tana; = R;d9

ds;sina; = R,d9

These are the fundamental expressions of the developed geometry, where x; is the global coordinate parallel to the helix axis. The

first differential equation leads to the following relation:

(1.11.2) 6'(x,) = o

dy tang
R,

dx,

Fig 1.7 Differential Developed Geometry of the Single Helix

Hence, the swept angle may be related to the coordinate x; with a linear relation.

tan a;

I(x) =99 +—— x;

Ry

3. LOCAL AND GLOBAL REFERENCE FRAMES

The global reference frame is (x1, X2, x3) and it’s obtained with the right-handed screw. Here the x; axis coincide with the single helix
axis, while x, and x3 belong to the orthogonal plane where the single helix projection coincides with a circumference. The attached
Serret-Frenet frames are denoted as (t;, n,, bj). The curvilinear coordinate is s,. The swept angle is 8(s), while B¢ is the initial swept angle
representing the phase shift of the helix along its axis. The helix radius is R.
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4. POSITION VECTOR OF THE HELIX

o)

b(®) 5
1=
SO ey <
n(®) X

Fig 1.8 Single Helix Geometry

Since the global coordinate x; is linked with the swept angle and the local abscissa with the differential relation aforesaid (I11.2), the

position of the single helix curve within the global reference frame can be expressed as follows.
X1 (1) = x4
(1.11.4)  x,5(x;) = R, cos6(x,)

x13(x;) = R, sin6(x;)

Where x;(x1) is the i-th component of the position vector in the global reference frame (x1, x2, X3), Ri is the helix radius and 8(x;) the

swept angle.

5. SERRET-FRENET FRAME OF THE SINGLE HELIX

5.1. TANGENT VECTOR AND ARCH LENGHT

The developed geometry leads to the following differential relation

dx,

— =cosa
ds; !
dy sing
ds;, R,

The first derivative of the position vector has the following components:
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. a dx,
% () = e (x1) _ds, = cosa;
1

a dy
X5 (xy) = Fr] (R; cos0(xy)) d_s, = —sina,; sin6(x;)

. d . do )
X3(x,) = FT} (R, sin G(xl))E = sina; cos 6(x;)
1

5.1.1. TANGENT VECTOR

Since the derivatives are with the dot, they are computed with respect the curvilinear abscissa. Hence, they correspond with the
components of the tangent vector.

t;1(x) = cosq
(1.111.5.1)  t;,(x;) = —sina; sin6(x;)
t;3(x;) = sina; cos 6(x;)
Where t;i(x1) is the i-th component of the tangent unit vector in the global reference frame (xi, X2, x3), a; is the helix lay angle and 6(x;)
the swept angle.
5.1.2.  ARCH LENGHT
The length of a portion of the double helix may be computed through the following relation

s =]

Differentiating both members of the previous equation we obtain the constraint holding between the global coordinate x; and the
curvilinear coordinate of the single helix s;.

%', ()| dxy

B ) = || )|

dx;

It is important to underline that the apex is the derivative with respect the global coordinate x1. From the developed geometry (1.111.2)
we get the following relation which allows to compute the afore mentioned derivative vector.

dy tang
dx, R,

The explicit expressions of the components of the first derivative vector with respect the global coordinate x; is introduced in the
following.

d
xp (xg) = a(%) =1
1
0 do
x5 (%) = Fr] (R, cos0(xy)) PP tan ; sin 6(x;)
1
0 do
x/3(x,) = Fr] (R, sin 9(x1))a = tana, cos 6(x,)
1

Hence, the modulus of the first derivative vector can be computed.

1
cos q;

| G| = VT +tan?a; =

This result would have been obtained by the developed geometry as well. Hence, this prove that the single helix may be perfectly
developed within a plane.
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1

cosa;

ds;

5.2. NORMAL VECTOR AND CURVATURE

The second derivative of the position vector has the following components:

a dx
%11 () = 5—(cos a;) d_Sl =
1

0x,
() = - (—sing sin00e) 2 = — T2 o5 9x,)
¥12(0) = == (—sinq; sinf(x;))— = — cos 6 (x
12\*1 ET) T 1 dS, RI 1
N d . dv sinfaq; |
X13(xy) = %(sm a; cos 9(x1))E =-—3 Lsin 0(x,)
1 I

5.2.1. CURVATURE

If we recall the formulas providing the curvature we get the following result.

sin? a;

(L.11.53)  1;00) = | ()] = R,

Where k| is the curvature, a, is the lay angle and R, is the radius of the single helix.

The curvature is constant along the single helix.

5.2.2. NORMAL VECTOR

The final shape of the normal vector is as follows.
n;,(x) =0

(1.111.54)  ny(xy) = —cosO(xy)

ny3(x;) = —sinf(x;)

Where nj(x1) is the i-th component of the normal unit vector in the global reference frame (x1, x2, x3) and 8(x1) the swept angle.

It is interesting to notice that the first component is always identically null. This means that the normal vector lays within the plane

orthogonal to the helix axis and thus it doesn’t depend upon the lay angle of the helix. Moreover, it points towards the global axis x;.

5.3. BINORMAL VECTOR AND TORSION

The third derivative of the position vector has the following components:

¥,(x) =0
2 sin? a; d9 sina; .
X () = @<— R cos 6(x1)>d_s, =R sin 6(x;)
d ( sin*a; dv sin® a;
X, (x)=—<— sin 8 (x ))—=— cosO(x,)
00 Y)ds, R? !
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5.3.1. BINORMAL VECTOR

It is obtained by the tangent and normal vector with the right-handed screw.

€x &y (4
b, (xy) = t;(x;) A ny(x,) = [coseq; —sina; sinB(x;) sina; cosO(x;)
0 —cos0(x,) —sin6(x;)

The result is as follows.
by1(x;) = sing,
(1.111.5.5) by, (x;) = cosa; sinf(x,)

b;3(x;) = —cosa; cosO(x,)

Where bji(x1) is the i-th component of the binormal unit vector in the global reference frame (x1, x2, x3), o is the helix lay angle and

B(x1) the swept angle.

5.3.2. TORSION

7,(x1) = p?(x1) |&(X1) * %, (x) A Zl(x1)|
The result is the following.

sina; cosa;

(1.111.5.6)  1,(x;) =
R,

Where 1 is the torsion, a, is the lay angle and R, is the radius of the single helix.
The torsion is a geometrical property of the single helix which maintain the same value along the curve like the curvature.
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IV. DOUBLE HELIX GEOMETRY

1. CONSTRUCTION OF THE HELIX

A double, or nested, helix is a 3D curve in space. It is obtained by coiling a single helix about an axis which isn’t straight, but it is a single
helix itself. The quantities referred to the single and double helices are denoted respectively with the | and Il subscripts.

2. LOCALAND GLOBAL REFERENCE FRAME

The global reference frame is (x1, X2, x3) and it’s obtained with the right-handed screw. Here the x; axis coincide with the single helix
axis, while x, and x3 belong to the orthogonal plane where the single helix projection coincides with a circumference. The attached
Serret-Frenet frames are denoted as (tj, n;, bj) being i either | or II. The curvilinear coordinates are s; being i either | or Il. Furthermore,
two angles are introduced. The swept angle of the single helix 8 is spanning from the axis x, to the vector of length R, obtained from
the origin of the global frame to the generic point of the single helix projection in the x,x3 plane. Hence, this angle detects a point on
the circumference of radius R;. Conversely, the swept angle of the double helix ¢ is defined into the single helix attached frame.
Specifically, it spans from the position vector of the double helix r(x;) in the local frame of the single helix to the normal vector ni(x1).

DOUBLE
HELIX

r(0)

]

O(x)
Fig 1.9 Double or Nested Helix Geometry
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o

Fig 1.10 Serret-Frenet Frame of Single and Double Helix

3. DEVELOPED VIEW OF THE HELIX

In literature it is assumed that at the local level the nested helix geometry may be developed into a plane such that the following
trigonometric relations hold. The idea is the same shown for the single helix, the difference is that it is applied twice with a proper
order like is shown in the papers of Usabiaga and Pagalday, 2008 and Xiang et al.,2015.

R, dO
R de

dx

ds,

Fig 1.11 Differential Developed Geometry of the Double Helix

dx;tana; = R;d9
ds;sina; = R,d9
ds;tana; = R, do

ds;cosa; =ds;

Where x; is the global coordinate coincident with the single helix axis, s is the curvilinear coordinate of the i-th helix, a; is the lay angle
of the i-th helix and Rj is the i-th helix radius. The index i may be either | for the single helix or Il for the double helix. The coordinate 6
and ¢ are the swept angle of the single and nested helix respectively like it shown in Fig 1.4 and Fig. 1.5.
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From these relations it is possible to link the different coordinates of the geometrical problem. The fundamental constraint is
introduced through the parameter m.

R, tana,
do =—+"— 49 =mdo

" Ry sina;
This relation lead to the following differential relations

L1v.31) & _ dv _tang
T (xl)_dxl_ R,

do tan ay;

(1.1v.3.2)  ¢'(x) = dx, R, cosa,

Hence, the two swept angles may be related to the coordinate x; as follows.

tana
9(x;) =9 + ! X1
R,

tan a;;

o(x) = @0 + R, cosa,

4. POSITION VECTOR OF THE HELIX

The position vector of the double helix may be computed through simple geometrical considerations from Fig. 1.4.
9, 9) =x,9) +1(p)

The vector r is described into the attached frame of the single helix. Specifically, it belongs to the plane n, by and identifies the position
of the point of the double helix intersecting such plane with respect the origin of the Serret-Frenet coordinate system.

r(@) = R;coson; + Ry sing b,

Introducing the definitions of the normal and binormal unit vectors of the single helix into the global reference system, it is possible to
compute the component of the target position vector.

x; =% +Rycosg(—cosOe,—sinfe;)+ Ry sing (sina, e; + cosa, sinf e, — cosa, cos b ;)
The components are explicitly written as follows.

X1 (%1) = x; + Ry sina sin (x;)
(1.1V.4)  x;,(x;) = Ry cos0(x;) — R;; cos o (x;) cosI(x;) +R;; cos a; sin @(x;) sin9(x;)
X3(x1) = R;sin0(x;) — Ry cos o(x;) sin9(x;) —R; cos a; sin @ (x;) cosI(x,)
Where xyi(x1) is the i-th component of the position vector of the nested helix in the global reference frame (xi, X2, x3), Ry is the radius,

o, is the lay angle and 6(x;) the swept angle of the single helix, while R is the radius, oy is the lay angle and ¢(x;) the swept angle of
the double helix.

5. SERRET-FRENET FRAME OF THE DOUBLE HELIX

The derivation of the Serret-Frenet frame is not simple as for the single helix. For the computation let us introduce some auxiliary
trigonometric functions. They come from the additional terms to the single helix in the components of the position vector of the double
helix (IV.4). The derivatives of these functions will be exploited in the following.
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5.1. AUXILIARY TRIGONOMETRIC FUNCTIONS

The derivations are developed introducing the following auxiliary trigonometric functions

Fee(x1) = —cos @(x;) cos 9(xy)
Fgs(1) = +sinp(x) sind (x;)
Fes(x1) = — cos p(x1) sin9 (x,)

Fee(x1) = — sinp(x) cos 9(x,)
The derivative of these functions with respect the global coordinate x; may be computed through the rule for composite functions.

dFije, +dFij ,
dd de

F’ij(xl) =
First derivatives
F’cc = _FL‘SQ, - Es‘c(p,
F’ss = _F566’ - ch‘p’
F,L‘S = +FL‘C0, +P:95(p,
F’sc = +F559’ + Fcc‘p’
Second derivatives
F", = _(0,2 + (Plz)Fcc —20'¢'F,
F”ss = _(0’2 + @’2)P;s - 20,¢,Fcc
F”cs = _(9,2 + (plz)ch - 26’<p’Fsc
F”sc = _(9,2 + (p’Z)FSC - Zgl(p,ch
Third derivatives
" 13 1, 12 13 112
F"” e =+(0" +30'9"")Fs + (¢ +3¢'0"°)Fy,
" 3 1, 12 13 112
F"=+(0"+30'¢0"")Fc + (¢ +3¢'0"")Fq
F”Ics — _(013 + 30/(p/2)Fcc _ ((pr3 + 3<P’9’2)F55

F”Isc — _(673 + 30/(p/2)1;;5 _ ((pr3 + 3(p’9’2)ch

5.2. TANGENT VECTOR AND ARCH LENGTH

First derivative of the position vector of the double helix

X'y =1+ Ry sina, cosg ¢’
X'z = —R;sin@ 8" + Ry [F' . + cosa; F'y] = —R;sinf 0" + Ry [(—Fs0" — Fyep') + cosa; (—F;8' — Feep')]

x';;3 = +R,cos0 6" + R, [F' s +cosa; F's.] = +R,cos0 0’ + R [(+F..0" + Fs¢') + cosa; (+F,,0' + F..0")]

Hence, collecting the common terms we get the following expressions
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x';1(x1) = 1+ Ry sina; cos ¢ (x;) ¢’
X' 112(x1) = —R,0' sin 6 (x;) + R, (6" + cosa; ¢") cos p(xy) sind(x;) + R;; (¢ + cosa; 6") sin ¢(x;) cos 9(x,)

X' 113(x) = +R;0" cos 0 (x;) — R; (8" + cos a; ¢") cos ¢ (x,) cos9(x,) +R;; (9" + cosa; 6") sin @ (x,) sinI(x,)

5.2.1. TANGENT VECTOR

Defining the norm of the first derivative of the position vector as follows

HE’”(%)” = VEL (%)

This quantity is not constant since the curve has been parametrized through a variable which is not the curvilinear coordinate of the
double helix, yet it can be appreciated that the norm shows a periodical trend. An example of this function may be found in V. Case
Study.

(1.1v.5.1) t;(x) = (tlll(xl)' tuz(x1)vt113(x1))T = ||£’“(x1)||_1 (xllll(xl)lx'IIZ(xl)lx'IB(xl))T

5.2.2.  ARCH LENGTH

The length of a portion of the double helix may be computed through the following relation
X1

Su) = [ [, G ax,
0

Differentiating both members of the previous equation we obtain the constraint holding between the global coordinate x; and the
curvilinear coordinate s.

(1.1v.5.2a) Zix’l’(xl) = |z, @

An important remark must be done so far. The last relation would have been derived also from the geometrical constraints coming
from the developed geometry of the double helix (par 3). The result has the following shape:

R
R dx,  cosa;cosay

This representation provides a constant derivative with respect the global coordinate x;, which do not correspond to the actual trend
of the double helix second derivative modulus. That result shows that the developed geometry is an approximation for the double
helix, hence it can’t be developed exactly into a plane, differently from the single helix. The importance of this result will be evident in
the following chapter regarding the wire mechanics. As a matter of fact, the response will be significantly affected by this function,
since the local stresses in the single wire are directly proportional to the square power of this quantity.

The plot of this function may be seen in V. Case Study.

5.3. NORMAL VECTOR AND CURVATURE

Second derivative of the position vector of the double helix
1" . . 12
x";;1 = =Ry sina;sing ¢
X1z = —R;c0s0 02 + Ry [F" .+ cosa; F" ] = —R;cos 8 8"2 + Ry[(—(8"% + ¢'*)F.. — 20'9'F, ) + cosa, (—(8" + ¢ )F;s — 20'9'F.)]
X3 = —R;sin@ 8" + Ry [F" s + cosa; F"o ] = —R;sin@ 8”2 + Ry[(—(8"° + ¢'*)Fs — 20'9'F,) + cosa; (—(8" + ¢'*)F,. — 20"9'E,)]

Hence, collecting the common terms we get the following expressions

x"111(¢) = =Ry sina, ‘P,Z sing(x,)
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X" (1) = —R,0' cos 0(x;) + Ry [(6'% + ¢'*) + 2 cos a; 8'¢"] cos @(x;) cos 9(x;) —Ry;[cosa; (6% + ¢'%) + 26" ¢"] sin ¢ (x,) sin 9 (x,)

X" 5(x1) = —R,0"* sin6(x;) + Ry [(8"% + ¢'*) + 2 cos a; 6'¢p'] cos p(x;) sin9(x;) =Ry [cos a; (8"% + ¢'*) + 26" ¢'] sin ¢(x,) sin 9 (x;)

5.3.1. NORMALVECTOR

Defining the norm of the second derivative of the position vector as follows

3
e, ol = DT w2
i=1

This quantity is not constant since the curve has been parametrized through a variable which is not the curvilinear coordinate of the
double helix, yet it can be appreciated that the norm shows a periodical trend.

(1.1v.5.3) ny,(x,) = (nu1(x1)-nuz(x1)»n113(x1))T = ||£””(9‘1)||_1 (x”,,l(xl),x”,,z(xl),x”“3(x1))T

5.3.2.  CURVATURE

The definition of curvature must be slightly modified because of the choice of parametrization which differs from the curvilinear
coordinate of the curve.

(1.17.55) i) = [T 6] [0

The expression of the radius follows this definition
(1.1v.5.6) py(xy) = ii;* (x1)

It is worth it to notice the periodical trend of the curvature and the curvature radius, differently from the constant values of the single
helix along the curve path.

5.4. BINORMAL VECTOR AND TORSION

Third derivative of the position vector of the double helix
1" s 13
x""1n = =Ry sina;cos @ @

X"y = +R;sin6 0" + Ry [F" oo + cosa; F'" o] = +R,; sin@ 8" + Ry, [(+(8" +30'0"*) s + (¢"° + 39"0'%)Fy.) + cos a, (+(6”° +
30" )Fe + (9 + 390" )F.y)]

X113 = —R,c0s0 8" + R, [F" s + cosa; F"" ;] = =R, cos 8 8" + Ry [(—(8"° + 360'9"*)E,. — (9" + 3¢'0"*)E,;) + cos ey (—(6"° +
309" )Fs — (9" +39'0"*)F.0)]

Hence, collecting the common terms we get the following expressions

%1 () = =Ry sina; ‘/’Is cos ¢ (x;)

X" (e) = +R;0"2sin0(x,) — R, [(8"% + 360"¢"%) + cosa; (¢'° + 3¢'6'%)] cos ¢ (x,) sin9(x;) =R, [cos a; (8" +360'9'?) + (¢
+3¢'6'%)] sin ¢ (x;) cos 9(x;)

X" a(x) = —R,0"2 cos 0(x;) + R, [(8"° 4 30"¢"%) + cosa; (¢'° + 3¢'6'%)] cos ¢ (x;) cos 9(x,) —R; [cos a; (6" +36'¢'?) + ("
+ 3(p’9’2] sin @ (x;) sind (x,)
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5.4.1. BINORMAL VECTOR

The binormal vector is derived directly by the tangent and normal ones in order to obtain a right-handed screw.
by () = £ (1) A 1y (xy)
Hence the components are obtained through the vector product.
by (xp) =ty (e )y s (o) — tyya ey (x0)
(1.1V.5.6) byp(x1) = tyyz Cepdny s (1) — 1 ez ()

byy3 (1) =ty (e () = tyn (e (xq)

5.4.2. TORSION

The definition of torsion must be slightly modified because of the choice of parametrization which differs from the curvilinear

coordinate of the curve.

d 6 ! " nr
() = [F2 )| pue) [, Ge) #x”, Ge) A 27, G

The explicit expression is as follows

— 11 r " ”nr nr n ! n nr nr n ’ n nr " "
(1.1v.5.7) ;= (_dx ) P 1% 1 (¢ 2™ 113 = X 2 113) = X 1 (0 " s = X 1) + 1 s 0 i i = M x 1)|
1
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V. CASE STUDY: NESTED HELIX IN STRANDED WIRE ROPES

The purpose of the following case studies is to provide an example of application of the mathematical model developed in this work
to describe the internal geometry of metallic strands and wire ropes. When talking about wire ropes the subscripts “w” and “s”
represent respectively wire and strand quantities. In the following the first will be used to denote the nested helix, while the second
will be involved for the strand.

1. WIRE ROPE 33 mm 6x19 SEALE IWRC

The comparison between the results of the proposed formulation and the ones coming from (Wang et al., 1998) will be reported in
the following. The single and double helix that are investigated are the core and the outer wires centerlines of a single layer strand.
Hence the strand we are analysing is coiled within the rope to form a single helix itself. The length of the rope considered is about 103
mm, which corresponds to two periods of the the double helix.

1.1. INPUT GEOMETRY

The analysis is performed over two wires. The first is called W20 and it has a single helix centreline, while W21 has a double helix one
that depends upon the W20 single helix.

The main geometrical feature used for the computations are reported in Table 1. In Fig. 1.7 it is possible to see in plan view the position
of the wires under inspection and the correspondent helix radius. In Fig. 1.8 a three-dimensional view of the two wires is showed.

Rs
w2l

W20

Fig 1.12 Single and Double Helix Wires Scheme
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JUBLE HELIX

Strand Quter Wir

SINGLE HELIX
Strand Core Wire W20

Fig 1.13 Single and Double Helix Wires Three-Dimensional View

Table 1.1 Wire Geometry Data

R [mm] P [mm] al’] 80 [°] do [°]

Single W20 4.287 77.48 19.17
180 180

Double W21 1.36 54.37 8.93

Where R is the radius of the helix, P is the pitch and a is the lay angle. While 8¢ and ¢g are the initial swept angles respectively of the
strand and the wire. The wire W21 double helix centreline depends upon the single helix centreline of W20.

1.2. POSITION VECTOR OF THE WIRE

The position vector of the core wire W20 is computed with the single helix geometry (Ill.4) and the centreline corresponds to the
strand itself, while the outer wire W21 is evaluated with the relations of the double helix (1V.4).

First, a comparison is performed between core and outer wire projections on the planes defined by e, and e3 respectively. Afterwards,
the wire centerlines are plotted within the (xz, x3) plane.
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Fig 1.14 Wire Centerline Geometry in Plane (x3, x2)
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Fig 1.15 Wire Centerline Geometry in Plane (xi, X3)

The sinusoidal trend of the single helix is evident. On the other hand, from the previous plots it can be appreciated the oscillatory
behaviour of the double helix about the single one.
Finally, the plot of these functions is presented into a plane orthogonal to the rope axis.
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e \\/21 outer e \N20 core
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Fig 1.16 Wire Centerline Geometry in Plane (xz, x3)

From the last two expressions of the single helix in (l1l.4) it can be clearly appreciated that they describe in the plane (x2, x3) the
equations of a circumference of radius equal to R,, which in the specific case is 4.287 mm. Conversely, the corresponding double helix
components oscillate about this circumference with a maximum distance equal to Ry, which in this example is 1.36 mm.

1.3. TANGENT VECTOR

A geometrical parameter very important for the determination of the mechanical response of the wire and the rope is the first
component of the tangent vector. As a matter of fact, it represents the projection of the wire local direction along the rope axis.
According to equation (I11.5.1) the single helix shows a constant trend. It is a consequence of the geometrical definition of this peculiar
curve described in lll.1. On the other hand, the double helix has a periodical trend as it can be clearly recognized in (IV.5.1).

— W21 outer =———W20 core
. 100
]
=z
w
=z
e
S o094
o)
O
t
x +
L —
o 088
O
|_
(@]
w
>
>
Z 082
g 0 20 40 60 80 100
= ROPE AXIS x, [mm]

Fig 1.17 Wire Tangent Vector First Component
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1.4. ARCH LENGH OF THE WIRE

The comparison between the two different approaches for the computation of the arch length of the double helix, already introduced
with the relations (IV.5.2), is shown below.

= \\/21 outer - Real == \N21 outer - Developed == \\20 core
1.14
1.12
. 110
3
ke
>
5 1.08
1.06 \ / \ /
1.04
0 20 40 60 80 100
ROPE AXIS x; [mm]

Fig 1.18 Wire Arch Length

The following table show the errors in percentage for the maximum, minimum and mean values of the real geometry compared with
the developed view.

Table 1.2 Arch Length

W20 W21 dev W21 real error
max 1.13 5.24%
min 1.06 -1.31%
mean 1.06 1.07 1.09 1.97%

The result is very important for two aspects. Firstly, the mean value of the real arch length is the geometrical parameter directly related
to the global response of the rope in terms of strain, since the integration of the oscillations about the wire will filter out only the
mean. Conversely, the maximum and minimum influence the local response of the single wire in terms of stresses. Hence, the choice
of one of the two geometrical representations influences the system response.

1.5. CURVATURE AND TORSION

The results are reported as functions of the swept angle of the double helix. In this manner, the dependence on the initial swept angle
is lost. Moreover, it is worth to remember that due to the differential relation of the developed view (IV.3.2), the aforesaid angle is
linearly related to the rope longitudinal axis, hence it is the same to talk in terms of one or the other because the difference is only a
scale factor between them.

tana;,

Ap(x;) = @(x1) — @ = R cosa ™
11 1
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In the following it is possible to see the comparison between the results.
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Fig 1.19 Wire Geometrical Curvature
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Fig 1.20 Wire Geometrical Torsion
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The two geometrical features do not show a constant trend, instead they are periodical. The period of this function is the pitch of the

double helix.
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2. STRANDED ROPE 30 mm 7x7 WSC

The comparison between the results of the proposed formulation and the ones coming from (Xiang et al., 2015) will be reported in the
following. The single and double helix that are investigated are the core and the outer wires centerlines of a single layer stranded rope.
The length of the rope considered is about 141 mm, which corresponds to few more of two periods of the the double helix.

2.1. INPUT GEOMETRY

The main geometrical feature used for the computations are reported in the following table.

Table 1.3 Stranded Rope 30 mm 7x7 WSC Geometry

number of strand
wire lay wires per  wire helix wire lay strand lay  number of helix strand lay
Rope wire wire radius angle strand radius Ry length angle strands per  radius R length
layer layer  ry [mm] aw [°] layer [mm] pw [MmMm] as [°] rope layer [mm] ps [mm]
0 1.970 - 1 - -
0 1 1.865 18.99 6 3.835 70 - 1 - -
0 1.600 - 1 - -
1 1 1.500 15.55 6 3.100 70 18.54 6 10.3 193

Fig 1.21 Stranded Rope 30 mm 7x7 WSC Geometry

38



The wire involved in the analysis are indicated in Fig. 1.10. Specifically, W10 and W11 are denoted as W3 and W4 respectively.

Fig 1.22 Stranded Rope 30 mm 7x7 WSC Wires

2.2. POSITION VECTOR OF THE WIRE

The position vector of the core wire W3 is computed with the single helix geometry (l11.4) and the centreline corresponds to the strand
itself, while the outer wire W4 is evaluated with the relations of the double helix (IV.4).

First, a comparison is performed between core and outer wire projections on the planes defined by e, and e3 respectively. Afterwards,
the wire centerlines are plotted within the (xz, x3) plane.

— W4 outer = W3 core
12
10
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6
4
2
0
-2 010 20 30 40 607080 90 100 110 120 130

POSITION VECTOR COMPONENTS x,
(mm]

ROPE AXIS x, [mm]

Fig 1.23 Wire Centerline Geometry in Plane (xi, x2)
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Fig 1.24 Wire Centerline Geometry in Plane (x3, x3)

The sinusoidal trend of the single helix is evident. On the other hand, from the previous plots it can be appreciated the oscillatory
behaviour of the double helix about the single one. For this function further comments need to be done. If the plot of the in-plane
components of the double helix is performed for a length of the rope axis long enough, a curve with the following shape is obtained.

|

: MHMMN MHW‘M HMWN
B
%Z”q AL | ”H [

ROPE AXIS x, [mm]

Fig 1.25 Wire Centerline Geometry in Plane (x3, x2)

The function is not sinusoidal, still it has periodical features. This will be a key point for the kinematic model that will be developed in
the following chapter.

Finally, the plot of these functions is presented into a plane orthogonal to the rope axis. Two cases are illustrated, the first correspond

to a rope length of 130mm and it allows to have a zoom in on the oscillation of the double helix about the single one, while the second
is performed for a length of 6000mm in order to have a global overview of the helices trend.
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Fig 1.26 Wire Centerline Geometry in Plane (xz, X3)
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Fig 1.27 Wire Centerline Geometry in Plane (xz, x3)



From the last two expressions of the single helix in (l1l.4) it can be clearly appreciated that they describe in the plane (xz, x3) the
equations of a circumference of radius equal to R;, which in the specific case is 10.3 mm. Conversely, the corresponding double helix
components oscillate about this circumference with a maximum distance equal to Ry, which in this example is 3.1 mm.

2.3. TANGENT VECTOR

A geometrical parameter very important for the determination of the mechanical response of the wire and the rope is the first
component of the tangent vector. As a matter of fact, it represents the projection of the wire local direction along the rope axis.
According to equation (l11.5.1) the single helix shows a constant trend. It is a consequence of the geometrical definition of this peculiar
curve described in lll.1. On the other hand, the double helix has a periodical trend as it can be clearly recognized in (IV.5.1).
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Fig 1.28 Wire Tangent Vector First Component

2.4. ARCH LENGH OF THE WIRE

The comparison between the two different approaches for the computation of the arch length of the double helix, already introduced
with the relations (IV.5.2), is shown below.
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Fig 1.29 Wire Arch Length

The following table show the errors in percentage for the maximum, minimum and mean values of the real geometry compared with
the developed view.

Table 1.4 Arch Length

W3 W4 dev W4 real error

max 1.15 5.44%

min 1.09 -0.06%

mean 1.05 1.09 1.12 2.69%

The result is very important for two aspects. Firstly, the mean value of the real arch length is the geometrical parameter directly related
to the global response of the rope in terms of strain, since the integration of the oscillations about the wire will filter out only the
mean. Conversely, the maximum and minimum influence the local response of the single wire in terms of stresses. Hence, the choice
of one of the two geometrical representations influences the system response.

2.5. CURVATURE AND TORSION

The results are reported as functions of the swept angle of the double helix. In this manner, the dependence on the initial swept angle
is lost. Moreover, it is worth to remember that due to the differential relation of the developed view (IV.3.2), the aforesaid angle is
linearly related to the rope longitudinal axis, hence it is the same to talk in terms of one or the other because the difference is only a
scale factor between them.

tanay;

Ap(x;) = @(x1) — @y = R, cosa

In the following it is possible to see the comparison between the results.
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Fig 1.31 Wire Geometrical Torsion

The two geometrical features do not show a constant trend, instead they are periodical. The period of this function is the pitch of the
double helix.
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2.6. 3D MODELLING

The first output of the analytical description of the helixes geometry is the possibility to easily build a 3D model of the single wire and
of the rope itself. As a matter of fact, all the aforesaid relations describing the single and double helix position may be inputted within
an excel spread sheet and for a discrete number of point it is possible to compute the exact position of the wire centreline. Moreover,
the local Serret-Frenet frame enable the user to detect the exact orientation of the wire cross section with respect to the centreline.
These features can be easily exploited to generate a 3D model in a CAD software. The importance of having such a simple tool to
handle the geometry appears to be evident. In fact, the 3D model can be imported in FEA software.

In the pictures below this result is clearly shown for the 30m 7x7 WSC Stranded Rope for a length of the central straight wire of about
130 mm. All the numerical results exposed before refers exactly to this geometry.

Fig 1.32 Three-Dimensional Wire Rope Geometry
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Fig 1.33 Three-Dimensional Wire Rope Geometry
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l. INTRODUCTION

Wire ropes are complex systems with a hierarchical structure where the basic element is the wire. In many applications it is treated as
a component providing a reaction to tensile excitations only. Truly, the behaviour of this object includes torsional and bending stiffness
as well, even if numerically low compared to the axial one.

When more wires are helicoidally wounded about a straight wire, called either king or core wire, within a layer, they form a strand.
Wires belonging to the same layer have the feature to be equally distant from the core. Strands may be composed by several layers.
The wire rope finally is the sum of more strands. The hierarchy between rope and strand is the same of strand and wires. Hence, the
rope is made by a straight core strand and it is surrounded by strands helicoidally coiled about its axis.

The internal framing of this peculiar structural system is the starting point for the kinematic hypothesis of the model.

1. LITERATURE OVERVIEW

The issue of the mathematical modelling of wire rope kinematics has been treated in different ways by various authors during the
years. The reason is the intrinsic complexity of this mechanical system and of the phenomena experienced when subject to a
perturbation.

The first aspect regarding the modelling of wire ropes concerns the geometry. As a matter of fact, the early models developed for
these systems were based on the single helix only. The reason is in the higher simplicity of this curve with respect to the double helix.
The operation involved was the homogenization. The wire within the rope is a nested helix, yet it is a single helix inside the strand.
Hence, the mechanical properties of the strand were studied in its straight configuration, afterwards the strand were treated as a
homogenized wire with a single helix centerline. In this way the direct relation between mechanics of rope and wire is not easy to
recover.

The second step for the definition of the kinematics is the lubrication condition. This technological treatment has the main purpose of
reducing considerably friction among the wires. Hence, the terms friction and lubrication are closely correlated.

Usually, in literature there is reference to two extreme conditions: frictionless or perfectly lubricated, when all the wires are not bonded
together, but behave independently as a bundle; infinite friction or unlubricated, when all wires are working within the rope like a
whole. These two extreme scenarios are translated into two opposite kinematic conditions: full slip and full stick state. References
about this nomenclature may be found in (Raoof & Kraincanic 1995) and (Foti & Martinelli, 2016).

In the following a set of relevant papers will be illustrated as they are considered significant for the development of the present work.
The first model that we mention is due to (Velinsky et al., 1984). In this paper the rope is studied in full slip conditions, hence the
response of the rope is the sum of the responses of the single wires seen as a bundle. Specifically, the article describes the response
of a wire rope subject to axial torsional loads. When the rope experiences a twisting rotation, the material points of the rope cross
section do not behave like a rigid plane, as it happens in beams for instance. Moreover, the wires are homogenized within the strand,
so that the strand inside the rope is seen as a wire inside the strand. This approach leads to the loss of local information on the single
wire.

A second model has been developed by (Raoof & Kraincanic, 1995). They established the so called Orthotropic Sheet Theory. That
approach sees each layer of wires like an orthotropic thin layer in plane-stress state. This element has high in plane stiffness, while has
much lower out of plane stiffness. This model is able to predict the two limit bounds of full stick and full slip condition in axial torsion
regime. Furthermore, it can catch a specific behavior that was encountered during experimental tests: when undergoing axial cyclic
loading superimposed on a mean value, a rope being pre-loaded with a tensile force experiences a reduction in axial stiffness. The
reason is mainly due to slipping within the rope.

An improvement in the geometrical description was introduced by (Elata et al., 2004). The nested helix was fully considered to predict
the response of wire rope with IWRC in the axial regime. The model involved the two kinematic bounds: full stick, called locked rope-
level sieves and full slip, called unlocked rope-level sieves.

A different approach for kinematics was used in the paper of (Usabiaga & Pagalday, 2008). Specifically, the model is based on the work
of Ashkenazi et al. 2003 and the general thin rod theory of (Love, 1944). The material points of the wire centerlines belonging to the
rope cross section are not considered rigidly attached to the wire rope axis. Conversely, these points are considered linked with the
strand axis. Consequently, this theory mixes the hypothesis of full stick and full slip. In fact, infinite friction is considered between wires
inside the strand, while the strands are considered perfectly lubricated within the rope.
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The work of (Xiang et al., 2015) fully considers the double helix geometry and it is based on the Love thin rode theory as well. Still, the
kinematic assumption is of frictionless internal contact surfaces.

Finally, we consider the model developed by (Foti & Martinelli, 2016). They developed a mechanical model for the strand only. The
wire kinematics is based on the Kirchoff-Clebsch-Love theory of curved thin rod. Conversely, the straight strand is modelled as a Euler
Bernoulli beam, whose sectional response is provided by the contributions of the single wires. Based on the recursive procedure firstly
outlined in (Foti, 2013), the model was later extended in (Meleddu et al., 2017) to characterize the response of metallic wire ropes
subjected to a generic combination of axial, torsional and bending loads.

2. HYPOTESIS

The present model is the natural extension of the kinematics proposed by Foti & Martinelli, 2016. The aforesaid model was based on
the single helix geometry and the curved thin rod theory for the wire, while an Euler Bernoulli kinematics was assumed for the straight
strand. Now we want to extend this concept to the whole rope. Specifically, the geometry of the wire will be that of the nested helix
and the mechanics will be always that of the curved thin rod theory, then the Euler Bernoulli model will be adopted for the rope.
Firstly, it is worth to remark what is meant with the expression “rope cross section”. As a matter of fact, the wire rope does not have
a continuous cross section as a beam does. The reason is that the kinematics of the rope is dictated by the kinematics of the wires
centerline and not by the wires cross sections. Let us refer to Fig 2.1 where the wire rope cross section is represented only with two
strands. Moreover, the outer strand and outer wires are representative of all the strands and wires of the corresponding layer. The
core straight strand is colored in green where the representative wires are the core wire 1 and the outer wire 2 (this latter has a single
helix geometry). On the other hand, the outer strand with single helix shape is colored in orange where 3 is the core single helix wire,
while 4 and 5 are the outer double helix wires. The material point is defined as the wire centerline point that contributes to the
definition of the wire cross section and it is represented by a solid black dot in figure. The material point has the numbering equal to
the correspondent wire. Let us introduce one by one the different types of material point. The point 1 represents the wire rope axis
material point at coordinate x; and it is the center of gravity of the rope cross section. The point 2 and 3 represents the material points
of the of the correspondent wires and are obtained with the intersection between wire centerline and circumferences 1 and 2
respectively (the circumferences lay in the plane orthogonal to the rope axis — the cutting plane). Conversely, the points 4 and 5 come
from the intersection of the correspondent centerlines and the circumference 3. This latter circumference is not in plane with the
other two, but it lays on a plane that have normal unit vector parallel to the tangent direction of wire 3 in point 3. Hence, the material
point 4 belongs to the plane of the circumferences 1 and 2, while point 5 doesn’t. The reason is in the definition of the double helix
position vector first component (1.1V.4) that is along the global coordinate x;.

This consideration states four important facts: first, the wire rope cross section is lumped in a discrete set of points, i.e. the material
points; second, the material points of the same wire rope section x; do not all belong to the section cutting plane; third, the material
points own an orientation that is provided by the correspondent wire centerline Serret-Frenet frame. Fourth, the wire cross sections
are oriented as the local attached frame and they aren’t parallel to the cutting plane.

Fig 2.34 Wire Rope Cross Section — Material Points
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The Euler Bernoulli hypothesis implies that every material point of the rope cross section is rigidly attached to the rope axis. Indeed,
after a perturbation occurs, the rope cross section will translate and rotate, still the same relative position between material point and
rope centerline will be preserved in the deformed configuration. Hence, the material points, belonging to the wire centerline, may be
seen like the discrete counterpart of a beam section.

For certain, this hypothesis applies when infinite friction is assumed among the wires. Thus, we are trying to model this system in the
stiffer mechanical condition.

A further hypothesis is that of small strains. In this framework the kinematics results to be linear and thus the superposition principle
holds true.

3. DIRECT AND RECURSIVE MODEL

In the present thesis work two different models are proposed for the mechanical modeling of the wire rope. The first model is called
direct or wire by wire. Here a general approach for the definition of the kinematic and mechanical quantities is involved. As a matter
of fact, according to the previous kinematic hypothesis the rope cross section is assumed to behave like an Euler-Bernoulli beam cross
section, while the single wire is treated according to the Love curved thin rod theory. Specifically, the last theory is developed for a
generic curved thin rod geometry, i.e. the expressions regarding the position vector, the Serret-Frenet frame components, the
curvature and torsion are not provided for a peculiar shape of the curve. The same philosophy will apply to the direct model. Hence,
in the following the word “wire” will stand for a generic three-dimensional curve in space. Since the purpose of the present thesis is to
model the behavior of actual wires, the reader must keep in mind that the geometry is always implied for either the single or double
helix although the theory works for a generic one. Furthermore, because of the simplicity in handling its equations, the explicit
expressions of the single helix will be provided only.

The latter fact is also the starting point for the recursive model. As a matter of fact, this formulation aims to describe the kinematics
and mechanical response of the rope avoiding the explicit definition of the double helix. Conversely, it will involve recursively, or
hierarchically, the single helix mechanical response. In this model an approximation is introduced. The relations holding true between
wire rope and strand are exact indeed, since the strand has a single helix geometry within the rope. On the other hand, the single wire
is a double helix within the rope, still it is a single helix inside the strand. The latter statement will be exploited as follows: the kinematic
and mechanical quantities regarding the wire will be evaluated within the strand in the strand straight configuration and not in the
single helix shape. Here the approximation is evident, since the model does not account the actual single helix shape of the strand
centerline. Afterwards, the hierarchical structure of the system is exploited, thus having the relations between rope and strand, and
the relations between strand and wire, it will be possible to find a link between wire and rope.
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Il.  DIRECT MODEL

1. DISPLACEMENTS

In the present paragraph the main purpose is to provide the kinematic links holding true between the rope generalized displacements
and the generic wire generalized displacements. This aim will be pursuit introducing the displacement field of the rope cross section
according to the Euler Bernoulli hypothesis firstly. Here it will be possible to detect the generalized displacements of the rope.
Afterwards, the same operation is performed for the wire cross section, still it will be needed to establish the relations between the
wire and the rope generalized displacements. Finally, the case of the general wire will be specialized to the core wire of the strand,
which shows a single helix shape. The subscripts “w” and “R” will refer to the generic wire and rope respectively. The subscript “s” will
hold for the core wire of the strand, hence it will stand at the same time for single helix and strand.

1.1. ROPE GENERALIZED DISPLACEMENTS

The rigid and plane cross section hypothesis leads to the usual displacement field which correspond to the equations of a plane in the
principal reference frame of the cross section. The displacements of the material points of the wire rope cross section are described
within the global reference frame (x1, X, X3).

5R1(§) = Upq (X1) + Pra (1) X3 — Pr3 (1) X,
(2.11.1) spa(x) = o (1) — @pr (1) x5

SR3 (Z) = Vp3 (1) + @rr(x1) X,

Where sgi(x) is the displacement component of the rope cross section point along the global direction x;. The generalized displacements
Ur1, Vr2 and vgs are the displacements of the rope axis along the global directions x1, x, and x3 respectively. The generalized rotations
drr, Pr2 and drs are the rigid rotations of the rope cross section about the global directions x1, xo and xs respectively. Finally, the
position vector (x», X3) is within the rope cross section and it is referred only to the discrete set of point composed by the wire cross
sections center of gravity. These points are obtained by the intersection of the rope section cutting plane and the wire centerlines.
Hence, the displacement field (2.11.1) holds true for a discrete number of points, i.e. the material points of the wire cross sections, like
it is showed in Fig 2.2 and not for all the points of the wires cross section.

Furthermore, the orthogonality assumption constraints the transverse displacement’s components with the relevant rotations

Pra(x1) = =V g3 (x1)
Pr3(x1) =+ (1)

IURl(X1)

Prr*q)

Fig 2.35 Wire Rope Displacement Field
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1.2. WIRE GENERALIZED DISPLACEMENTS

The displacements are written within the local reference frame of the wire (y1, y», y3), corresponding to tangent, normal and binormal
directions of the centerline Serret-Frenet frame. Specifically, the plane (y,, y3) coincide with the wire cross section.

Swi (% V2, ¥3) = th1 (%) + Pu2(x1) ¥3 = Pua(x1) ¥
(2.11.2) 5u2(% V20 ¥3) = Vwa (%) = Pur(x1) ¥3

Sws (X- J’z'J’3) = Vys (K) + @ur(x1) ¥,
Where syi(x) is the displacement of the point of the wire cross section x in direction of the local axis yi. The coordinates y, and y3 detect
the position of one point of the cross section in the cross-section plane itself. The generalized displacement uw1, Vw2 and vys are the
displacements of the wire centerline in the directions y1, y2 and ys respectively. The rotations dwr, dw2 and bws are the rigid rotations
of the wire cross section about the directions yi, y, and ys respectively. The subrscript “R” is substituted with “w” standing for wire.

The generalized displacement components of the wire cross section may be derived projecting the rope displacements into the
principal reference frame of the wire, hence along the Serret-Frenet frame.

3 3
Uy (x) = Z,_lsm(&) ety = Z._lsm‘(&) tuwi
3 3
@11.30) v(6) = ) swl) e =Y sulx) T
i=1 i=1
3 3
() =) swl) b= sulx) bu
i=1 i=1
The same operation may be performed for the rotations.
3 3
PurG) =) gl et =) oula) b
3 3
(2.11.3D)  @y2(x1) = Z 1(PRi(x1) &Ny = Z lfPRi(xl) Ny
= =
3 3
s =) puCe)erby =) pula) by
i= i=

In Fig.2.3 it is possible to appreciate the geometrical relations (2.11.3).

Fig 2.36 Wire Generalized Displacements
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1.3. STRAND GENERALIZED DISPLACEMENTS

The displacement field is the consequence of the first kinematic hypothesis of the model and it can be written within the local reference
frame of the strand (z3, z, z3), corresponding to tangent, normal and binormal directions of the strand centerline Serret-Frenet frame.
Ss1 (Kv 22123) =Us (Z) + @52 (x1) 23 — @53(x1) 2,
(2.11.4) 552(& 22123) = Usz(K) — @sr(x1) 23
Ss3 (X- Zz'Zs) = 53(5) + @57 (1) 2,
Where ss(x) is the displacement of the point of the strand cross section in direction of the local axis zi. The coordinates z, and z3 detect
the position of one point of the cross section in the cross-section plane itself. The generalized displacement usi, vs; and vs3 are the
displacements of the strand centerline in the directions z1, z; and z3 respectively. The rotations d.r, ds2 and ¢s3 are the rigid rotations
of the strand cross section about the directions z1, z; and z3 respectively. The subrscript “R” is substituted with “s” standing for strand,
remembering that the generalized displacements of the strand hold true for either the strand and its core wire.

The generalized displacement components of the strand cross section are derived from (2.11.3) introducing (2.11.1) and the components
of the single helix Serret-Frenet frame.

ug(x) = 23 1sRl-(§) ts = Sp1(x) cosag — sgy(x) sinas sin®(x;) + sgs (&) sinag cos9(x;)
=
v (x) = lesm(g) Ng = —Spa(x) cosV(x;) — sgz(x) sind(x;)
vs3(£) = 23 15Ri(£) bs; = sg1(x)sinag + spy(x) cos ag sind(x;) — sps(x) cos ag cos 9(x;)
i=
Let us collect the common terms once the equations (2.11.1) are introduced with the position vector of the single helix.

us1(£) = coS Qg Upy (1) + Rgsina, @pr(xy) + Ry cos ag [sind(x;) @r, (x1) — cos9(x;) @r3 (x1)]
— sinag [sin 9 (x;) vpa (1) — cos 9 (x1) Vg3 (x1)]
(2.11.5a) vy, (x) = — cos9(x;) Vgy (1) — sin9(xy) Vs (1)
Vg3 (E) = sina; ug; (%) — Ry €0S a5 Ppr (1) + +R, sin a, [sin 9 (x;) Pgp (1) — cosI(x1) Pr3 (x1)]

+ cos a, [sin 9 (xy) vg, (x1) — cos9(x;) Vs (x1)]
The generalized rotations are defined as follows.
3
@sr(xy) = Z 1‘PRi(x1) tsi = COS s Ppy (1) — sinag sinI(xy) Pra (1) + sina, cos9(x;) Ppz(x1)
i=
3
11.56) goae) = ) gl na = = c0s9(r) prala) = Sin9x) 9s (1)
i=
3
¢s3(x1) = Z 1(PRi(x1) bs; = sina @p (x1) + cos a; sinI(x1) Pra (1) — cos ag cos 9 (x1) g3 (x1)
i=

Itis worth to notice the peculiar behavior of this structural element. Specifically, from the third of (2.11.5b) an axial torsional deformation
in the rope produces an axial torsional deformation in the strand as well, still in addition the strand experiences also bending about
the binormal direction.
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2. STRAIN FIELD

In the present paragraph let us introduce the kinematic quantities describing the strain field of wire, strand and wire rope. For the
latter, since a Euler-Bernoulli kinematics has been assumed, the generalized strains are the same of a beam described with the same
structural theory, i.e. the axial elongation ng, the torsional curvature Xgr and the flexural curvatures xr2 Xrs. Conversely, for the wire
and the strand the choice of the strain variables is done according to the structural theory of the Love curved thin rod like in the paper
of Huang, 1973.

2.1. ROPE GENERALIZED STRAINS

The definition of the kinematic variables comes directly from the Euler Bernoulli beam theory. The comma represents the partial
derivatives with respect the variable that follows. Specifically, the coordinate 1 indicates the global coordinate x; that coincide with
the rope axis, while 2 and 3 are x; and x3. The non- zero strains are:

€R1 = Sp1,1 = UR1,1 T Prz1 X3 — Pr31 X2
YR12 = Sr12 t Spz1 = —Pr3 t Vrz1 — Prr1 X3

YR13 = Sp13 t Sp31 = TPr2 t Vp31 + Prr1 X2

In terms of generalized quantities, the strains may be written as follows
er1(x) = Mr0x1) + xpa (1) X3 — Xra(X1) X + Pra (X)) X3 — Pa(x,) ¥
VR12(§) = —xrr(x1) X3 — Prr(x1) x'3

VR13(§) = +xrr(x1) X5 + Qrr(x) X',

Hence, the generalized axial strain of the rope is measured as follows.

du
d it (x1)

X1

(2.11.6a)  mg(xy) =

While the torsional and bending curvatures are defined in the following manner.

deo
Xrr(x1) = F‘;T(xl)
QIL6D)  xm(ry) = PRZ ()
dx,
_ dggs
Xr3(xq) = dx, (x1)

Where ug1, drr, dGr2 and ¢rs are respectively the axial displacement of the rope, the torsional rotation and the bending rotations
about the principal axis.

2.2. WIRE GENERALIZED STRAINS

The structural theory of the curved thin rod allows to define the generalized strains as a function of the initial geometrical curvature
and torsion within the small deformation hypothesis. This result is achieved enforcing local equilibrium of the curved element and
through the principle of virtual work. The partial derivatives are computed with respect the Serret-Frenet frame coordinates in the
passages that follows and are denoted with the comma. These coordinates are (y1, Y2, y3) respectively directed as (tw, Nw, bw).
Specifically, the variable y; corresponds to the curvilinear coordinate of the wire centerline sy,.

(2.11.7a) 1y = Uy — Ky V2
Xwr = Pwri ~ Kw Pw2
(2.11.7D)  Xwz = Pwas + K Pur — T Pws
Xwsz = Pwz 1+ Tw Puz
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Where ny is the axial strain, xwris the torsional curvature, w2 is the bending curvature about the normal direction and xws is the bending
curvature about the binormal direction of the wire. The generalized displacements are defined in paragraph I1.1.2. Finally, kw and Ty
are the wire curvature and torsion respectively.

2.2.1.  WIRE AXIAL STRAIN

The first contribution to investigate is the axial strain of the curved element. This quantity represents the stretching experienced by
the wire centerline during the deformation process. In the next passages we will exploit the Serret-Frenet formulas.

=2 ) D N R Y S S e R “SSY e
Nw _6311 Uy Kw Vw2 = i=16y1 Sri) twi i=1SRi ayl wi Kw i=1SRi Ny _dy1 i1 ax1 Sri) twi

The term of (2.1l.7a) containing the geometrical curvature drops, thus the measure of the generalized axial strain of the wire is the
derivative of the longitudinal displacement with respect the local abscissa of the wire. The computation of the derivatives is as follows.

dx, ,
Nw = E [(nR + Xr2 Xw3s = Xrz Xwz + Pra X' w3 — Orz X'y2) tyy + (sz,l — XRT Xw3 — Qrr x'w3) two + (VR3,1 + Xrr Xw2 T @rr X wz) tw3]
1

_dx

dy [twi(r + Xws Xr2 = Xwz Xrs) + (w2 tws — Xws twz) Xer + ("1 — 1) (tws Pro — twz Prs)]
1

Nw

Let us split the contribution due to the rope axial torsional (ng, Xrr) and biaxial bending (Xr2, Xr3s, $Pr2, Dr3).

2.2.1.1. ROPE’S AXIAL TORSIONAL CONTRIBUTIONS

dx,
(2.11.8) nyT = . [tw1 MR + (X2 tws — X3 Ew2) Xrrl

The superscripts “A” and “T” stand for axial and torsional strain within the rope respectively. In the graphs below, we can see the two
terms plotted for unit kinematic strains of the wire rope for the 7x7 WRC stranded rope analyzed in the geometry chapter. Two
different wires are considered: W4 is the outer wire of the strand, hence it has a double helix shape of the centerline; while W3 is the
core wire of the strand, thus it has a single helix geometry. The outer wire is plotted for the two different arch lengths “real” and
“developed”.

Firstly, the coefficient providing the contribution of the wire rope axial strain to the axial stretching of the wire.

dx;
2.11. =|-—
( 8(1) Nw (dy1 twl) Mr

30 mm 7x7 WSC stranded rope
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Fig 2.37 Wire Axial Strain due to Rope Axial Strain
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The coefficient provides the axial strain of the wire when the rope experiences an axial stretching only. For the core wire W3, i.e. the
single helix geometry, the trend is constant along the rope axis; while the outer wire W4 shows a sinusoidal trend with the same period
of the double helix. The result is very important since the axial stretching of the wire affects the response at two levels. The global
response of the rope is determined by the mean value of that function, while the local response, for instance the average stress of the
wire, depends upon the maximum value of the axial strain in absolute value.

The latter statement has a crucial role since the present model assumes a perfect bonding condition between the wires. This hypothesis
holds true when slipping is prevented among the wires. If the all the wires of the cross section experience the same mean stress, like
it occurs for the case of the single helix W3, no tangential stresses arise to restore equilibrium among adjacent wires. Conversely, in
the double helix a sinusoidal trend of the mean stress of the wire involves that, even in the simplest scenario where the rope
experiences axial deformation only, tangential stresses do arise to ensure that the wires are in equilibrium.

In the following table a comparison between the results obtained through the real and developed arch length is showed for the outer
wire W4.

Table 2.5 Wire Axial Strain due to Rope Axial Strain

Nw/NR max min mean
W4 real 0.9132 0.6804 0.7968
W4 developed 0.9127 0.7174 0.8151
error 0.06% -5.16% -2.24%

The second coefficient provide the rope torsional contribution to the wire axial strain.

dx
(2.11.8b) ny, = [d_yl (Xwz tws = Xw3 twz) | Xrr
1

The geometrical quantity (xa tws — X3 tw2) represents the distance between the rope middle line and the wire centerline and it arises
because of the hypothesis of rigid rotation of the wire rope cross section. In fact, it is like the two centerlines are constrained by a rigid
link directed as the distance vector orthogonal to the rope axis.

30 mm 7x7 WSC stranded rope
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Fig 2.38 Wire Axial Strain due to Rope Torsion

In the following table a comparison between the results obtained through the real and developed arch length is showed for the outer
wire W4.
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Table 2.6 Wire Axial Strain due to Rope Torsion

Nw/XRT max min mean
W4 real 7.1846 -0.2637 3.4604
W4 devel 7.5757 -0.2636 3.6561
error -5.16% 0.06% -5.35%

The higher error in absolute value occurs in the maximum of the two functions. It can be appreciated a greater difference in the mean
value with respect of the previous coefficient (2.11.3a).

2.2.1.2. ROPE’S BENDING CONTRIBUTIONS

dx,
Ny = E [(XRZ Xz = Xr3 Xwz T Prz X' w3 — Pr3 X'w2) twr + Vpoa tuwz + Vrsa tw3]
1

It can be noticed that in the definition of the wire axial strain there is a dependence on the rope bending curvatures, like it usually
occurs in beam theories, and on the transverse displacement and bending rotations of the rope. The kinematic interpretation of this
terms is provided in the following.

dsw-
@ra(Xg+dxs) ’,-"" VeatdVps
dou — I Ves . ,;y:m
X5T s 0| [ xstdxs
o
dx, dx,

Figura 2.39 Constant Bending Rotation and Variation of Transverse Displacement Effects on Wire Stretching

The first image shows the contribution to the wire axial strain due to a constant rotation axis along the rope axis about the x..

_dsy,—dsy,  Qrdxze;xty  @radxzty dx;  dxy

=—t, x'
ds, _ ds, w1 X w3 Pr2

Thw ds,, ds,, dx,

This term arises because of the orientation of the wire with respect to the rope axis. The second image shows the contribution due to
transverse displacement.

_dsy, —ds, dvpzes*t, dupsty; dx;  dx . ,
T ds, ds,, T dx, ds, ds, ™ Vrs

Nw

The two contributions are not uncorrelated, since the kinematic constraint introduced by the Euler Bernoulli hypothesis of the rope
cross section holds. As a matter of fact, the following relations hold:

Pr2(x1) = =3 (x1)

Pr3(x1) = +V gy (1)
Hence, let us sum the two previous contributions to the wire axial strain

dx; dx; dx dx, dx

1 1
tw1 X'w3 Pra + Is tws V'3 = Is. tws X' w1 Prz — Is tws Pr2 = s (w1 — D tys Pro
w w w

ds,, W

Analouge passages may be done for the other rotation and transverse displacement. The final shape of the wire axial strain is as follows.
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dxy ,
2.11.9) ng = A [tw1(xXws Xr2 — Xwz Xgr3) + (X'y1 — 1) (tyz Prz — tuz Pr3)]

It can be appreciated that the axial strain of the wire depends not only on the curvatures about the transverse direction of the rope,
but also from the rotations. This result depends on the geometry feature of the double helix (1.1V.4). As a matter of fact, the term x’;-
1 can be explicitly written from the nested helix geometry.

(2.11.10) x',,(x;) —1 =tanagtana,, cos ¢(x;)

This term is oscillatory with zero mean value according to a cosine function, hence when it is integrated along the wire arch length
corresponding to the pitch, it provides zero. The last statement implies that globally the wire doesn’t experience any elongation, while
locally it does. It’s worth to notice that in the single helix, i.e. the centreline of the strand, this term is identically zero because of the
peculiar geometry of this type of curve.

Let us analyse the trend of the bending coefficients that multiply either curvatures and rotations. First, a close-up view will be provided
within the same span of swept angles used for axial torsion. From this choice of the interval, it will be clear the need of enlarging the
length of the rope axis under investigation, in order to catch the actual trend of the plotted functions. In either case, the quantity
regarding the global axis 2 will be investigated only, since the other one is simply obtained by shifting along the rope axis of the previous
ones.

Firstly, let us introduce the coefficients that multiply the bending curvature about the axis 2.

dx
(2.11.9a) 7B = (d—y1 twr st) Xrz
1

30 mm 7x7 WSC stranded rope
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Fig 2.40 Wire Axial Strain due to Rope Bending Curvature - Detail

The function seems to be non-periodic, but this result is a consequence of the choice of the interval of rope length where we analyse
the quantity. As a matter of fact, the axial torsion kinematic quantities (2.11.8) have the same period of the double helix. Hence, if the
plot is extended for enough length of the rope axis, it can be appreciated that a periodical behaviour may be detected like it is shown
in the graph below. This feature has extreme importance from the energetic vantage point. As a matter of fact, the present paragraph
is leading the influence of the rope bending on wire stretching, hence a non-periodic behaviour means that if this kind of term is
integrated along the rope axis it produces a net elongation of the wire. Thus, bending of the rope induces stretching of the rope as
well, which do not correspond to the actual physical behaviour. A wrong choice of the kinematic variables would lead to an energetically
inconsistent model like it happens in Ramsey, 1988, where secular terms arise in the expression of the generalized strain of the wire.
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Fig 2.41 Wire Axial Strain due to Rope Bending Curvature - Overview

The last coefficient that it is plotted is the one providing the axial strain of the wire due to the rope bending rotation. It must be
remembered that this kind of term arise only for the double helix geometry, since for the single helix it is identically equal to zero. The
superscript “R2” stands for contribution due to the rope bending rotation about the global axis 2.

dx
(2.11.9b) nk? = d—yl(x’wl -1 tws] Pr2
1

30 mm 7x7 WSC stranded rope

(dx,/dy;) tys (X' -1)

-0.04

-0.06
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Fig 2.42 Wire Axial Strain due to Rope Bending Rotation - Detail

The same reasoning aforesaid for the function (2.11.9a) holds true. Hence, in order to appreciate the periodicity of the quantity (2.11.9b)
the rope length under investigation must be enlarged as follows.
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18mm 7x7 WSC stranded rope
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Fig 2.43 Wire Axial Strain due to Rope Bending Rotation - Overview

An alternative way to analyse the problem of energy consistency of the model and the correct choice of the kinematic variables is
focusing on the rope cross section. The function causing the non-sinusoidal trend is the in plane component of the double helix position
of the double helix inside the rope cross section xws. This is ensured by the sinusoidal trend of dxi/dsw and tw: with period equal to
cos(¢) and sin(¢), like it has been shown before.

X3 (%) = Rssin6(x;) — R,, cos (x;) sin9(x,) —R,, cos a, sin ¢ (x;) cosI(x;)

If the cross section is symmetric, the last two addends vanishes within strand cross section, while the first term does inside the rope
cross section. Hence, two wires with the same ¢ into the strand but 8 and 8+180° inside the rope show opposite values of the previous
functions. Again, the result is consistent because within the cross section may happen that locally a wire undergoes stretching, while
globally the rope does not experience any elongation

2.2.2.  WIRE CURVATURES

The derivation of the curvatures follows the same path of reasoning of the axial strain. Specifically, the terms depending on the
geometrical curvature and torsion vanish because of the choice of the reference frame, when we exploit the Serret-Frenet formulas.
Only the passages for the torsional curvature are shown explicitly.

dx,

a 3 40 3 a 3
Xwr = a_yl((pr) — Ky Qw2 = Zi=16_}71((pRi)tWi + Zi:l Pri 6_}11( twi) — Ky Zi=1<ﬂRi Ny = d_yl Zl 16x (Prtwi

The curvatures do not depend upon the geometrical curvature and torsion. The result is that they are defined like in the beam theories,
i.e. relative rotation over the distance between the considered sections, but with reference to the curvilinear abscissa.
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2.3. STRAND GENERALIZED STRAINS

The strain field has the same formal shape of the wire. The difference is in the Serret-Frenet frame components as well as for the
displacements. Hence, the results coming from the wire strains are exploited substituting the suitable values for the local reference
frame. The contribution coming from axial torsion and bending of the rope will be split in order to highlight them. Obviously, the total
strain experienced by the strand will be the sum of the two contributions.

2.3.1. STRAND AXIAL STRAIN

2.3.1.1. ROPE’S AXIAL TORSIONAL CONTRIBUTIONS

dx,
né" = O, (61 M + (X2 b3 = X3 ts2) Xrr]
1

The factor accounting the coordinate transformation from the global reference frame to the local one is obtained through the
developed geometry of the single helix.

dx;
D cos

Moreover, it is possible to explicit the term multiplying the torsional curvature.
Xy tsg — X3 ts; = Ry cosI sina, cos — (—R, sindsina, sind) = Ry sinag
Thus, the expression of the rope’s axial torsional contribution to the axial strain of the strand can be written as follows.

(2.11.12) 547 (x,) = cos? a; Ng(xy) + R, cos agsinag ygpr(x;)

2.3.1.2. ROPE’S BENDING CONTRIBUTIONS

dx
ng = d_yl [ts1(Xs3 Xr2 = Xs2 Xr3) + (X513 — 1) (ts3 Pr2 — tsz Pr3)]
1

Differently from the double helix geometry the term x; is identical to the global coordinate x1, hence the derivative with respect this
coordinate X’s; = 1. Consequently, the term containing the rotations vanishes.

(2.11.13) 15 (x1) = cos® a; Ry sin9(x1) Xpa(x1) — c0s? ag Rg cos I(x1) xp3(x1)

2.3.2. STRAND CURVATURES

They are obtained directly from the double helix formulas substituting the suitable expressions for the components of the Serret-
Frenet frame vectors and the arch length of the single helix.

dx,
=cosa
ds; s

2.3.2.1. ROPE’S AXIAL TORSIONAL CONTRIBUTIONS

X647 (x1) = cos® a xpr(xy)
(2.11.14) ¥ (x)) =0
X435 (x1) = cos a; sin a; ypr(x;)
It’s interesting to observe that a torsional strain field in the rope induces a torsional deformation in the strand as well, furthermore it

produces bending about the binormal direction of the strand. This result is a direct consequence of the single helix geometry, as a
matter of fact the component of the normal vector along the rope axis is null.
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2.3.2.2. ROPE’S BENDING CONTRIBUTIONS

x5 (%)) = — cos a, sin ag sin9(x;) xgo(x1) + cOs a, sin a; cos 9(x;) yps (x1)

(2.11.15)  x&(x1) = — cos a; cos 9(xq) Xga(x1) — €OS @ SinI(x1) X3 (x1)

Xf3(x1) = cos? a; sin9(xy) xgz (%1) — cos? a; cos 9(xy) xr3(x1)
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I1l.  RECURSIVE MODEL

In this section a simplified model for kinematics is developed, based on a hierarchical description of the geometry of the rope and the
recursive approach firstly outlined in (Foti, 2013); (Meleddu et al., 2017). So far, only the kinematic constraints between rope and
strand have been explicitly provided (2.11.12-15). This type of relation will be enforced with the same expressions between strand and
wire.

The reason of this choice is due to the technological procedure for the manufacturing of wire ropes. As a matter of fact, a clear hierarchy
may be detected within this peculiar assembly. Let us imagine that the rope system is the last level and the wire is the first level. The
wire is the basic component and it is used to construct a strand: the core wire is left straight, and the outer wires are wounded about
the core with a single helix shape. Moreover, the layer is the set of outer wires having the same distance (R|) from the strand axis. A
strand can be endowed with several layers. This element is the second level of the hierarchy and the previous description holds for the
manufacturing of a straight strand. The subsequent step is the assembly of more strands to form the next level. It may be performed
in different ways, the simplest one is the stranded rope, i.e. when the same relation holding between wire and strand is introduced for
the strand and the rope. Hence, the strand is seen as the new basic component and more strands will be coiled with a single helix
geometry about a straight core.

It is trivial that the original wire will have a nested helix shape. If the rigorous geometry of the wire is exploited, the mechanical model
has the kinematic features showed in the previous paragraph Il. Conversely, here let us use a different approach. The kinematic of the
wire will be described with respect to the strand kinematics using the same relations (2.1.12-15) developed for the single helix or strand
geometry in the previous chapter: this is the point where the approximation is introduced, and the hierarchy is exploited. Afterwards,
the kinematic quantities of the strand will be substituted according to the relations (2.11.12-15) to have the explicit link between wire
and rope. The term “recursive” hints to the hierarchical use of the kinematic relations of the single helix.

1. STRAND STRAINS

Here the relations (2.11.12-15) are directly reported without changes. Since the kinematics is linear, let us exploit the superposition
principle and separate the contribution of axial torsion and biaxial bending of the rope for the kinematic quantities of the strand. The
subscript “s” stands for “strand”, while in the strand generalized strains the superscripts “AT” and “B” correspond to “rope axial torsion”
and “rope biaxial bending” respectively.

1.1. ROPE AXIAL TORSION CONTRIBUTION

From equations (2.11.12) and (2.11.14), the following relations are obtained for the strand generalized strains when the rope experiences
axial torsion perturbation.

N7 (x1) = cos? as Mp(xy) + Ry cosagsinas yrr(xy)
2.11.1)  x& (%) = cos? a xpr(xy)
X§42T(x1) =0

X (x,) = cos ag sin a ygr(x1)

The rope axial torsion strain field induces in the strand axial torsion as well, still bending about the binormal direction arises as well.

1.2. ROPE BENDING CONTRIBUTION

From equations (2.11.13) and (2.11.15), the following relations are obtained for the strand generalized strains when the rope
experiences biaxial bending perturbation.

1¢ (1) = cos? ag Ry sind (x;) Xgo(x1) — cos? ag Rscos 9 (xs) Xps(x1)
(2.111.2) x5(x,) = —cosa, sina, sin9(x) xpo(%;) + cos ag sin ag cos 9 (x;) xgs(x1)

X5 (x1) = — cos a; cos 9 (xy) xra (1) — cOS g SINI (1) Y3 (x1)

65



xs3(x1) = cos? ag sin9(x1) Yrz (1) — cos? a5 cos I (x,) X3 (x1)

The rope biaxial bending induces axial torsion and biaxial bending in the strand.

2. WIRE STRAINS

This is the point where the approximation is introduced. As a matter of fact, the equation (2.111.1) and (2.111.2) holding between the
rope and the strand are enforced also for the strand and the wire. Thus, the subscript “s” will be changed with “w” standing for “wire,
while, in order to exploit superposition within the strand as well, the contributions of strand axial torsion and biaxial bending will be
separated, and they are denoted with the superscripts “sAT” and “sB” respectively. The reader shall pay attention to distinguish the

strain field experienced by the rope and the strain field experienced by either strand and wire, since they never coincide in practice.

miT (x1) = cos® a,, n5(x1) + Ry, cosay, sinay, yor(xy)

(2.111.3) 34" (x1) = cos® ay, xor (%)
SAT

Aw2 (xl) =0

X' (1) = cosa, sinay, xsr (1)

n (1) = cos® a,, Ry, sin () x5z (%) — cos® @y, Ry, cos 9 () xs3(xy)

(2.111.4) xB.(x,) = —cosa,, sina,, sinp(x;) xs,(x;) + cos a,, sina,, cos @ (x;) x3(x;)
Xis (1) = = cos @y, c0s 9 (x1) X2 (x1) — cos a,, sin p(x) ¥s3(x1)

X (x1) = cos? a,, sinp(x;) x5, (%) — cos? @, cos @ (x1) xs3(x1)

Furthermore, the superposition principle is exploited for the rope kinematics as well. In fact, the strains in the strand are split according
to the axial torsion and biaxial bending of the rope.

ns(x1) = né" (xy) + 0 (x1)
(2.111.5) xsr(xy) = x4 (x1) + 1 (x1)
Xs2(x1) = x5 (1) + x5 (1)

Xss(x1) = X (xy) + x5 (1)

2.1. ROPE AXIAL TORSION CONTRIBUTION

The first set of relation is coming from the rope subject to axial torsional perturbation only. This means that the kinematic quantities
exciting the strand are: axial strain ns, torsional curvature xsr and bending curvature about the binormal direction Xs3. For that reason,
axial torsion of the strand will be separated from bending.

2.1.1.  STRAND AXIAL TORSION DUE TO ROPE AXIAL TORSION

The relations between wire and strand (2.111.3) are used for the first contribution of (2.111.5). The superscript “sAT” means “strand axial
torsion”.

mi" (x1) = cos?a,, n7(xy) + Ry, cosay, sinay, x5 (x1)
Xt (1) = cos® e, X (%)
Xy () =0

X (1) = cosay, sinay, x5 (x1)

Introducing into the latter expressions the ns and xsr from (2.111.1):

15" (x,) = cos® ag ng(x,) + Ry cosagsinds Yer(x;)

X4 (1) = cos? g xpr (x1)
The following kinematic constraints is obtained between rope and wire.
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N34T (x,) = cos? @, [cos? as ng(xy) + Ry cosagsinag ypr(x)]+ R, cosa, sina,, [cos? ag xgrr(x,)]

Xt (1) = cos? a, [cos? ag Yrr (x1)]

SAT

Xw2 (xl) =0

X (x1) = cosay, sina, [cos? a xrr(x1)]

Collecting all the common terms, it’s possible to find the final expression of the axial strain in the wire due to axial torsion in the strand.

7347 (x,) = cos? a,, cos? a; Ngr(x,) + [R, cos agsina, cos? a,, + R,, cos a,, sina,, cos? a, | xpr(x,)
(2.111.6a) x34T(x1) = cos? a,, cos? ag ypr(x1)

X;/Azr(xﬂ =0

Xy (x)) = cos a,, sin @, cos® a; ypr(x1)
2.1.1.1. AXIAL STRAIN OF THE WIRE DUE TO AXIAL STRAIN OF THE ROPE

Let us compare the two coefficients of the first equation of (2.111.6a) for the recursive model and the direct formulation with the real
arch length. The first coefficient is the responsible of the axial strain of the wire when the rope experiences stretching only.

(2.111.6aa) n3A(x,) = [cos? a,, cos? a,] ng(x;)

30 mm 7x7 WSC stranded rope
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WIRE SWEPT ANGLE Ad [°]
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Fig 2.44 Wire Axial Strain due to Rope Axial Strain

The following table shows the difference occurring between the two formulations.

Table 2.7 Wire Axial Strain due to Rope Axial Strain— Total Strand Contribution

Nw/NR max min mean
direct 0.9132 0.6804 0.7968
recursive 0.8343 0.8343 0.8343
error 9.45% -18.45% -4.50%

The difference in the local response of the wire is provided by the gap between the two formulations in correspondence of the
maximum and minimum value. It can be appreciated that the difference is not negligible, since it ranges from 9% to 18%. This is the
consequence of the approximation made in the recursive model. In this coefficient it can be noticed the constant trend against the
sinusoidal one of the direct model. Conversely, the global response of the robe, being affected by the mean value of the coefficient, is
less significantly different in the two formulations and specifically it is almost 5% higher for the recursive model.
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2.1.1.2. AXIAL STRAIN OF THE WIRE DUE TO TORSIONAL CURVATURE OF THE ROPE

The second coefficient that is investigated is the cause of axial strain in the wire due to the rope torsional curvature. In the first
equation of (2.1ll.6a) it is the last coefficient.

(2.111.6ab) 1T (x,) = [Rg cosagsinag cos?a,, + R, cosa, sina,, cos? a; | xpr(x;)

Aremark needs to be done: the previous quantity is not directly comparable to the correspondent quantity in the direct model (2.11.8b),
since for the present formulation the contribution of axial torsion and bending of the strand are split according to (2.111.5). The missing
part can be found in the following paragraph. The contribution due to axial torsion of the strand to the coefficient nw/ng in (2.111.6a)
represents the mean value to the coefficient itself.

In the following plot, it possible to appreciate the difference between (2.1l1.6ab), that since correspond to the mean value of the
searched quantity it is called “Rec.Mean” where Rec stands for recursive, and the correspondent quantity in the direct model (2.11.8b)
for the real arch length.

30 mm 7x7 WSC stranded rope
8.00

5.00

nw/XRT [-]

2.00

100 © 120 240 360 480 600 720
WIRE SWEPT ANGLE Ao [°]

——\\/4 outer - Real e \N/4 outer - Rec.Mean

Fig 2.45 Wire Axial Strain due to Rope Torsion — Recursive Axial Torsional Contribution of the Strand

In the following table let us provide the maximum, minimum and mean values for the two functions.

Table 2.8 Wire Axial Strain due to Rope Torsion — Axial Torsional Contribution of the Strand

Nw/XRT max min mean
direct 7.1846 -0.2637 3.4604
rec.mean 3.6013 3.6013 3.6013
error 99.50% -107.32% -3.91%

The mean value of the recursive model is pretty like the mean value of the direct model. For that reason, the difference in
correspondence of maximum and minimum value is the higher possible in both case.

2.1.2. STRAND BENDING DUE TO ROPE AXIAL TORSION
The relations between wire and strand (2.111.4) are used for the first contribution of (2.111.5) remembering that Xs; due to torsion is
identically zero. The superscript “sB” means “strand bending”.

7 () = —cos® ay, Ry, cos p(xy) x& (xy)
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Xuwr(x:) = cosa, sina,, cos p(x,) x5y (x1)

X3 (1) = — cosay, sing(x,) x5y (x1)
X (1) = — cos? a,, cos p (x,) x5y (1)

Introducing the value bending curvature of the strand about the binormal direction Xs3:

x& () =0

X& (x,) = cosa, sinag Yer(xy)
The following kinematic constraints is obtained between rope and wire.

738 (x,) = — cos? a,, cos agsina, R, cos @(x1) xrr(x1)
(2.111.6b) xSB.(x,) = cos a,, sin a,, cos a, sin a, cos @(x,) xpr(x;)
X5(x)) = — cos a, cos a, sin a, sin 9(x,) xar (x1)

2

XE(x1) = — cos? @, cos @, sin a, cos @(x;) Xar (x1)

The last relations show how complex the kinematics may be within the wire, when the rope is subject to axial torsion only. As a matter
of fact, torsion in the rope induces torsion and bending about the binormal axis inside the strand, while torsion of the strand induces

either torsion and bending about the binormal direction within the wire and in addition a three-dimensional kinematic field is induced
in the wire by the strand bending about the binormal direction.

2.1.2.1. AXIAL STRAIN OF THE WIRE DUE TO TORSIONAL CURVATURE OF THE ROPE

Now let us complete the coefficient with the missing oscillatory part aforesaid in the previous paragraph 2.1.1.2.

(2.111.6ba) nB(x,) = —cos?a,, cosagsinagR,, cos®(x;) xrr(x)

The coefficient may be completed summing to (2.11l.6ba) the mean value (2.111.6ab).

(2.111.6bb) 1,,(x1) = 05T +n58 = [R, cosagsinagcos® a,, + R, cosa,, sina,, cos? ag — cos? a,, cosa,sinag R, cos @(x;)] xpr(x,)

Hence, a more consistent comparison may be done with the corresponding coefficient in the direct model (2.11.8b) in the case of real

arch length. In the following plot, “Real”, “Rec.Tot” and “Rec.Mean” stand respectively for direct model with real arch length (2.11.8b),
recursive model with the total value (2.11l.6bb) and recursive model with the mean value (2.111.6ab).
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Fig 2.46 Wire Axial Strain due to Rope Torsion — Recursive Total Value

Let us compare the maximum, minimum and mean value for the two formulations.
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Table 2.9 Wire Axial Strain due to Rope Torsion— Total Strand Contribution

Nw/XRT max min mean
direct 7.1846 -0.2637 3.4604
rec.tot 4.4686 2.7340 3.6013
error 60.78% -109.65% -3.91%

The difference occurring in correspondence of maximum and minimum value is very high. Hence, very big differences will be introduced

in the local stresses of wires, even though at global level the two responses won’t be so far.

2.2. ROPE BENDING CONTRIBUTION

The second set of relation is coming from the rope subject to biaxial bending perturbation only. This means that the kinematic
guantities exciting the rope are: normal bending curvature xg2 and binormal bending curvature Xgrs. These excitations will cause a three-

dimensional kinematic field in the strand and the wire.

2.2.1. STRAND AXIAL TORSION DUE TO ROPE BIAXIAL BENDING

The relations between wire and strand (2.111.3) are used for the second contribution of (2.111.5). The superscript “sAT” means “strand

axial torsion”.

miT (1) = cos® a, n (x1) + Ry, cosa, sina, x5r(x;)
X (1) = cos? ay, x5r (x,)
X () =0

X8 (1) = cosa, sinay, x5 (x1)

Introducing into the latter expressions the ns and xsr from (2.111.2):

12 (x;) = cos® a; Ry sind(x;) xgp(x1) — cos? g Rs cos9(x1) xrs(x:)

xB.(x,) = — cos ag sin @, sin9(x;) ygro(x1) + cos ag sin ag cos 9(x;) yr3(x1)

The following kinematic constraints is obtained between rope and wire.

n5AT (x,) = cos? a,, [cos? ag Ry sin9(x;) xpo(x1) — cos? ag Ry cos9(x;) xrs(x1)] + R, cosa,, sina,, [—cosagsina,sind(x;) xgz(x1)

+ cos a, sin ag cos 9 (xy) xrs (x1)]

X547 (x1) = cos? a,, [— cos ag sin @, Sin9(x;) ypo (%1) + cos a, sin a; cos 9 (xy) xrs(x1)]

X () =0

X3AT (x,) = cosay, sina,, [— cos ag sin a; sin 9 (x;) ¥z (1) + cos g sin ag cos 9(x;) xr3(x1)]

Collecting all the common terms, it’s possible to find the final expression of the axial strain and curvatures in the wire due to axial

torsion in the strand.

1347 (x,) = [cos? a,, cos? a, R; — cosa,, sina,, cos agsinag R, [sin9(x;) xga(x1) — cos9(xy) xrs(xy)]

(2.111.7a) x347 (x1) = cos? a,, cos a, sin ag [— sin 9(x;) yg2 (x1) + c0s I(x;) xr3(x1)]

SAT

Xw2 (xl) =0

X347 (x1) = cos a,, sina,, cos a; sin a; [— sin9(xy) ypo (x1) + €05 9(xy1) xr3(x1)]
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2.2.1.1. AXIAL STRAIN OF THE WIRE DUE TO BENDING CURVATURE OF THE ROPE ABOUT GLOBAL AXIS 2

Let us compare the first coefficient nw/xr2 of the first equation of (2.111.7a) with the correspondent coefficient in the direct formulation
(2.11.9a). Like it happens for the term nw/xrT in paragraph 2.1.1.2, this quantity is not directly comparable with (2.11.9a), since the
kinematic contributions due to the strand axial torsion and bending have been split according to (2.111.5).

(2.111.7aa) 1847 (x;) = [(cos? a,, cos? ag Ry — cos a,, sin a,, cos a, sinag R,,) sin 9 (x;)] xgr2 (%)

In the following plot the quantities (2.11l.7aa) and (2.11.9a) are represented. As usual, for the direct model only the result corresponding
to the real arch length are involved. The functions are indicated respectively “Rec.sAT” and “Real” standing for recursive model
contribution due to axial torsion in the strand and direct model for the real arch length.

30 mm 7x7 WSC stranded rope

10.00
8.00
6.00
4.00
2.00
0.00

-2.00

-4.00

-6.00

-8.00

-10.00

Nuw/Xp2 [-]

WIRE SWEPT ANGLE Ad [°]

W4 outer - Real == W4 outer - Rec.sAT
Fig 2.47 Wire Axial Strain due to Rope Torsion — Recursive Axial Torsional Contribution of the Strand
It can be clearly appreciated that both functions have zero-mean value. Hence, neither of them will influence the global response of
the wire rope. In the following table a comparison in introduced between maximum, minimum and mean value for the two quantities.

Table 2.10 Wire Axial Strain due to Rope Bending Curvature— Axial Torsional Contribution of the Strand

Nw/XR2 max min mean
direct 9.1092 -9.1133 -0.0021
rec.sAT 8.3522 -8.3522 0.0000
error 9.06% 9.11% -

2.2.2. STRAND BENDING DUE TO ROPE BIAXIAL BENDING

The relations between wire and strand (2.111.4) are used for the second contribution of (2.111.5). The superscript “sB” means “strand
bending”.

M2 (x,) = cos® a,, Ry, sinp(xy) x5 (x;) — cos® a,, Ry, cos p(x;) x5 (x1)

Xk (x1) = = cos a, sin a,, sin @(x1) x&(x;) + cos a,, sina,, cos @(x;) x5 (x;)
o (X)) = — cosa,, cos p(x1) x5 (x;) — cos a,, sin () x5 (x)

X3 (1) = cos? a, sin @ (x,) x5 (1) — cos? ay, cos p(x,) x55 (1)

Introducing into the latter expressions the curvatures xs; and Xs3 from (2.111.2):
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Xs2(%1) = — cos s cos9(x;) X (x1) — cOS 1 SIN I (x;) X3 (x1)

X85 (xy) = cos? ag sind (xy) xro (1) — cos? ag cos 9 (xy) xrs (1)
The following kinematic constraints is obtained between rope and wire.

m37 (x1) = cos® @y, Ry, sin@(x;) [— cos a; cos9(x;) Xra(x1) — cOs s sin9(x1) xgs (¥1)] — cos® a, Ry, cos @ (x;) [cos? as sind(x1) xro (x1)
— cos? a5 cos 9 (x) Xp3(x1)]

x3B.(x,) = —cos a,, sina,, sin @(x;) [— cos a; cos 9(x;) xra(x1) — cos @, sin(x;) xrs(x1)] + cosa,, sina,, cos @(x;) [cos? as sin¥(x;) xro (1)
— cos? a; cos 9 (x) Xg3(x1)]

Xz (x1) = — cos a,, cos p(x;) [~ cos a; cos 9(x;) Xra (X1) — €Os a5 SNV (x;) xgs(x1)] — cosa,, sin @ (x;) [cos? a, sin I (x1) )z, (x,)
— cos? a; cos 9(x;) Xrs (¥1)]

X5 (x1) = cos? a,, sin @ (x,) [~ cos a; cos I (xy) xgz(X1) — cos g sind(x;) ¥r3(x1)] — cos® a,, cos @ (x;) [cos? a, sin I (x1) )z, (x,)

— cos® a; cos 9 (xy) xrs(x1)]

Collecting all the common terms, it’s possible to find the final expression of the curvatures in the wire due to biaxial bending in the
strand.

758 (x,) = cos? a,, cos a; R, {—[sin @(x;) cosI(x,) + cos &, cos @(x;) sinI(x,)] xp2(x1)

+ [—sin ¢ (x,;) sin9(x;) + cos a, cos @(x;) cosI(x,)] xrs(x1)}

(2.111.7b) xSB(x,) = cos a,, sin a,, cos a, {[sin @(x;) cos I(x;) + cos a, cos @(x;) sinI(x;)] xg2(x1)

+ [sin @ (x;) sin9(x;) — cos a, cos @(x;) cosI(x1)]xrs(x1)}

x3B(x1) = cos a,, cos a, {[cos @(x;) cos I(x;) — cos a, sin @(x;) sinI(x;)] xr2(x1)

+ [cos @(x;1) sinI(x,) + cos a, sin @(x;) cos I(x1)] xr3(x1)]}

238 (x1) = cos? a,, cos a, {[— sin @(x;) cos I(x;) — cos a, cos @(x;) sinI(x;)|xgr2(x1)

+ [—sin ¢ (x,;) sin9(x;) + cos a, cos @(x;) cos I(x,)] xrs(x1)}

2.2.2.1. AXIAL STRAIN OF THE WIRE DUE TO BENDING CURVATURE OF THE ROPE ABOUT GLOBAL AXIS 2

Let us introduce the missing term of paragraph 2.2.1.1 to be able to compare the coefficient nw/xr2.
(2.111.7ba) n3E(x;) = {— cos? @, cos a R,, [sin @(x;) cos9(x;) + cos as cos @ (x;) sind(x;)]} xr2 (x1)
It must be added to the contribution (2.11l.7aa) to be able to compare it with (2.11.9a).

(2.111.7bb) 1, (x1) = 03" Ce) + 137 Cxy)
= {(cos? a,, cos? az R, — cosa,, sina,, cos agsina,R,,) sin9(x;)

— cos? a,, cos ag R,, [sin @ (x;) cos9(x;) + cos as cos @(x;) sind (x;)]1} xr2 (x1)

In the following graph we will indicate respectively the direct model with the real arch length, the recursive model contribution due to
axial torsion of the strand and the recursive model contribution due to bending of the strand with “Real”, “Rec.sAT” and “Rec.sB”.
The functions introduced in the first plot are respectively (2.1.9a), (2.1ll.7aa) and (2.lll.7ba). The contributions are represented
separately to better understand the structure of (2.111.7bb).
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30 mm 7x7 WSC stranded rope
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Fig 2.48 Wire Axial Strain due to Rope Bending Curvature — Recursive Axial Torsional and Bending Contributions of the Strand

It can be appreciated that either functions involved in the sum (2.111.7bb) have zero-mean value. Hence, this consideration ensures
the zero-mean value of the sum itself. In the last graph the direct comparison between (2.11.9a) and (2.111.7bb).

30 mm 7x7 WSC stranded rope
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Fig 2.49 Wire Axial Strain due to Rope Bending Curvature — Recursive Total Value

The trend of the two formulations is very alike, still a non-negligible error occurs in correspondence of the peaks as it can be appreciated
in the following table. Hence, a difference will arise in the computation of the local stresses of the wire.
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Table 2.11 Wire Axial Strain due to Rope Bending Curvature — Total Strand Contribution

Nw/Xr2 max min mean

direct 9.1092 -9.1133 -0.0021

rec.Tot 10.9289 -10.9339 -0.0025

error -16.65% -16.65% -
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IV.  CONCLUSIONS

In the present chapter the main kinematic relations holding true between the wire rope and its sub components, i.e. the single wire
and the single strand, have been established. The Euler Bernoulli hypothesis was introduced for the rope cross section, while the single
wire was modelled according to the Love thin curved rod theory. These assumptions hold for either the direct model, where the single
wire is directly related to the rope, and the recursive model, where the single wire is related to the rope through the strand. The two
formulations lead to different results in terms of generalized strains. The main mechanical quantity affecting the response of the rope
is the axial strain of the wire that provides the average normal stress on the wire cross section (the greater contribution in term of
magnitude). Firstly, the axial strain of the wire is directly proportional to the rope axial strain in the recursive model (2.I1l.6aa), while in
the direct model the proportionality coefficient has a sinusoidal trend (2.11.8a). This difference has great importance, since the
maximum and minimum value of that function determine the average normal stress on the wire cross section, thus the local response
of the rope. In table 2.3 it is shown that for a 30mm 7x7 WSC this error may be up to 18%. Conversely, the mean value of the two
formulations affects the global response of the wire rope, mainly in term of axial stiffness. Here the error is much lower, i.e. of the
order of 4.5%. The second quantity under investigation is the coefficient that provides the axial strain of the wire as a function of the
rope torsional curvature that will be responsible for either coupling between axial and torsion and for the torsional stiffness of the
rope. It is provided by (2.11.8b) in the direct model and by (2.111.6bb) in the recursive model. In table 2.5 a comparison is performed
between the two formulations. The mean value is not very different with 4%, while the oscillations differ considerably with 60%. Hence,
the local response strongly depends upon the chosen formulation. Finally, the last coefficient is the one relating the wire axial strain
with the rope bending curvature. The two formulations (2.11.9a) and (2.11l.7bb) are identical in term of mean value (which is always
zero) and slightly differ in term of oscillation with an error up to 16% as it is shown in table 2.7. It is interesting to notice the perfect
matching between the trend of these two functions in Fig. 2.16 despite the different approaches.
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CHAPTER 3

MECHANICAL RESPONSE OF
THE SINGLE WIRE TO THE
ROPE FUNDAMENTAL MODES
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l.  INTRODUCTION

The response of the wire rope is studied under the assumption of small displacements and strains and within the linear-elastic field;
hence the superposition principle holds true for the behavior of this structural system. Specifically, the global response of the rope to
a certain excitation may be interpreted as the sum of the responses of the single wires to the same excitation.

In that light, it is interesting to investigate the behavior of the single wire subject to the fundamental actions and strains that are
experienced by the rope. This means that in the present chapter, the response of the wire rope is analyzed in term of the single wire
contribution to the global response.

In the first paragraph the generalized constitutive model, or sectional response, of the single wire will be provided. It is a simple
extension of the Euler Bernoulli constitutive model to the curved thin rod theory.

Then the single wire contribution to the rope global response will be investigated with reference to the two kinematic models
introduced in the previous chapter: the direct and the recursive formulation.

The objective in both cases will be to provide the stiffness matrix of the rope, where the single entries are to be interpreted as the
contribution of the single wire only. The actual global response will be computed performing an integration over the rope cross section
of the single wire contributions.
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Il.  WIRE CONSTITUTIVE MODEL

The generalized constitutive model of the wire comes from the definition of the internal actions within the wire cross section and the
generalized strain field. The usual assumption in structural theories for the elastic constitutive model is the fiber behavior. Hence all
fibers are considered independent one from the other. Assuming the subscripts 1,2,3 respectively for tangent, normal and binormal
direction of the Serret-Frenet frame of the wire centerline, the model may be written as follows.

ow1 = E &y,
Twiz = G Ywiz

Twiz = G Vw3

The internal actions within the cross section are computed by integration of the contribution coming from each fiber. The coordinates
in the wire reference frame are (y3, y2, y3) for tangent, normal and binormal directions.

N, = f ow1 d4,, = f E &, dA, =E (Mw + Y3 Xwz — Y2 Xws) dAy
A A

'w w AW
Myr = f (Twis Y2 — Tw1z ¥3) d4,, = f
Aw

Aw
szzf Ow1 Y3 dszf
Aw A

Mz = _f Ow1 Y2 4, = _f Ee&y y,dA, =E (=2 Mw + =Y2 Y3 Xwz + V3 Xws) dA,,
A A

w w Aw

G (Ywiz Y2 — Ywiz ¥3) dA,, = Gf 3 +¥3) xur dA,
Aw

Ee,ysdA, =E f 3 Mw + Y5 Xwz = Y2 V3 Xws) A4,
Aw

w

The previous expressions can be considerably simplified when the reference frame coincide with the principal axis of inertia for the
cross section, since the first order moment and the product moment of inertia are identically null. Moreover, if we specialize the
expressions for a double symmetric section like the circular one, the two second order moments are the same and the equations can
be written as follows:

Ny, = EAy, 1y,

B.11.1) My = T Eldwr
My, = ElyXw2
Mys = ElyXws3

Where Ny, My1, My2 and Mys are respectively the axial force, the torque, the bending moment about normal and binormal direction
of the wire. While Ay and Iy are respectively the area and moment of inertia of the wire cross section. E and v are the Young modulus
and the Poisson coefficient of the wire.

o

Fig 3.50 Wire Cross Section Internal Actions and Stresses
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I1l.  DIRECT MODEL

The model developed so far is a linearly elastic one. Hence, it is possible to exploit the superposition principle. As a matter of fact, the
global response of the rope is the sum of the responses of the single wires. For that reason, the present paragraph wants to investigate
the response of single wire subject to the fundamental excitations experienced by the rope, i.e. axial strain, torsion and biaxial bending.
The reasoning is divided into two steps: the first is to seek for the internal actions induced within the rope by a generic stress state
inside the wire, then, making use of the constitutive model of the wire afore mentioned (3.11.1), a direct link between the rope internal
actions generated by the wire and the wire strain field is introduced. The last step exploits the kinematic relations between wire and
rope developed in the previous chapter. The final result will be the constitutive model of the rope. It must be underlined again that
the relations that will be found inside this paragraph represent the contribution of the single wire only, and not the global response of
the rope yet. The global response will be obtained summing over all the wires.

1. SINGLE WIRE CONTRIBUTION TO THE ROPE INTERNAL ACTIONS

The contribution of a single wire on the rope internal actions may be computed through two steps: the first is projecting the wire cross-
section resultants on the global reference frame, subsequently the projections of the axial force of the wire in the global frame produce
some transport terms which contribute to torsion and bending. For that reason, from now on the subscripts 1,2,3 will indicate
respectively the rope axis and the two orthogonal directions according to the right screw, hence the global reference frame
components. The vector g is the unit vector correspondent to direction x;, the quantities twi, Nwi and by are the i-th component of
tangent, normal and binormal unit vectors of the wire centerline. Finally, xw2 and x,3 are the component of the position vector directed
as X, and x3 respectively.

Np =Ny ty, e
MRT = (MWT £w + MWZ nw + Mw3 Qw)gl + Nw Ew[gl A (sz gZ + Xw3 23)]
Mg, = (MWT tw + My, 0y + Myy3 Qw)gz + Ny tw €1 X3
Mpg; = (MWT tw + My, 0y + Myy3 Qw)_s — Ny tw €1 Xwo
The previous expressions lead to the following equations, where Ng, Mrr, Mg, and Mgs are respectively the axial force, the torque and
the bending moments about the principal directions x; and xs.
Np = ty1 Ny
(B.11.1)  Mgr = ty1 Myr + 0y Myz + byt My + (X2 tus — Xz twz) Ny
Mgy = tyy Myr + Ny My + byp My + g Xuws Ny
Mgz = tyys Myr + Nyz My, + bz Myz — Ly Xya Ny
An important remark must be done on notation. The subscript “w” indicates that the quantity is referred to the wire, while “R” is
referred to the rope. Attention is to be paid to (3.1ll.1), as a matter of fact it refers to the contribution of the specific wire to the rope
and not to the whole response. The choice is due to simplicity in notation.

In Figure 3.2 it is possible to appreciate the geometrical relations holding true between the wire axial force only and the four internal
actions of the wire rope. Specifically, the components of the wire axial force are highlighted in the global reference frame.
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Fig 3.51 Wire Rope Internal Actions due to Wire Axial Force

2. SINGLE WIRE CONTRIBUTION TO THE ROPE GLOBAL RESPONSE

In the present paragraph the objective is the definition of the mechanical quantities that identify the response of the single wire in
terms of wire rope internal actions, when the wire undergoes the fundamental modes of the rope. For that reason, the constitutive
model provided with the following work concerns the rope, still it is the contribution of a single wire of the rope itself.

Let us define the vectors of the single wire contributions to the generalized stresses g, generalized strains € and rotations of the wire
rope as follows.

g= (Ng, Mgy, Mgy, Mg3)™
&= (Mg, XrT> XR2: XR3)"
w = (Pgo, ‘PR3)T

The stiffness matrix of the structural system is conventionally defined through the generalized stresses and strains of the model.

EAr  Car Capz Cyps
Kp = 6_g _ Cra  GJg Crpy Crps
= de Co2a Cpar Elgz  Cpas
Cpza Cpar Cpszz Elgs

Itisinteresting to notice that the contribution to the rope generalized stresses of the single wire do not depend upon the corresponding
work conjugated strains only, yet on the bending rotations as well. This result is a consequence of the kinematic model of the wire
rope. Specifically, these contributions arise from the variation of position of the single wire between two subsequent cross sections of
the rope.

Ng EArp  Cur Cppo Cpps NMr Carz Cars

Mgy — Cra GJg  Crpa Crps XRr Crr2 Crps ((PRZ)
Mk, Cooa Cpor Elg C323 XR2 Co2r2 CBZR3 Pr3
Mps Cosa Cpsr Cpzz Elgs XR3 Cp3rz  Chars

The kinematic field may be divided into two contributions, corresponding to rope axial torsion and biaxial bending kinematic
perturbations.

3.111.2a) £=¢€AT + &8
T T
(3.111.2b) €T = (Np, X 0,0)" = (Mo Xrr)

T T
@3.111.2¢) €% =(0,0,Xpp Xp3) = (XporXp3)
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The generalized stresses and the stiffness matrix may be split accordingly.

Ng EAr  Cur Caz  Caps Carz Cags
Mgy _ Cra  Glg (UR)+ Crs2  Crps (XR2)+ Crrz  Crgs ((pRZ)
Mp, Cp24  Cpar| \XrT Elz;  Cpas|\Xr3 Co2rz  Cpars| \Pr3
Mpgs Cp3a  Cpar Cpsz  Elgs Cp3rz  Cpars

The previous equality allows to define two new sub matrices for axial torsion and biaxial bending

[EAr  Cur ]

C G
@.111.30) KT =G O
- B2A B2T
1Cp3a  Cpar
[Capz  Caps]

C C
3.111.3b KB = 582 C7B3
( ) = Elgy  Cpys
LCpsz  Elgsl

While the third matrix is conventionally defined as follows.

Carz Cars
Crrz  Crgs

3.111.3c Ap =
( ) =k Co2rz  Chars
Cp3rz  Chars

Hence the constitutive model can be written as follows.

B4 g=0d T+ +aR =K AT+ KEP+ Az

The objective that will be pursuit in the following is the definition of the coefficients of the stiffness matrix. Specifically, the contribution
of each wire to the global stiffness of the rope is obtained through different manipulations of the relations among wire and rope
internal actions (3.11.1). The first step is to substitute the wire internal actions with the wire generalized constitutive model, thus the
rope internal actions are related to the single wire kinematics. Afterwards, the relations holding between wire and rope kinematics are
exploited to explicit the relation between internal actions of the rope and its own generalized strains.

N =ty EAy, 1y

(3.1I1.5) Mgy = El, ( twi Xwr + M1 Xwz + by Xw3) + (Xwz tws — Xws twz) EAw My

1+v

1
Mg, = El, (mth Xwr + Tz Xwz + buz XW3) + tyw1 Xz EAy Ny

1
MR3 = EIW (mtw3 Xwr T Mz Xwz2 + bw3 Xw3) — tw1 Xwa EAW NMw
The axial force inside the rope depends upon the wire axial strain only. Conversely, the torsional and bending moments may be split
into two contributions: the first is due to the wire mechanical curvatures, while the second is due to the axial strain.

The coefficient that will be obtained are plotted for a specific wire rope: the 18mm 7x7 WSC stranded rope investigated in the chapter
about geometry. For biaxial bending, the coefficient referred to the global axis x, will be considered only, since the other axis quantities
are just a set of functions identical to previous ones, but phase shifted about the rope axis of 90°. The main feature that arises from
these plots is the presence or not of a mean value of the functions. The importance of the mean value will be clear in the following
chapter when the global response of the rope needs to be investigated. As a matter of fact, when the sum of the single wire
contributions is performed on the rope cross section, only the mean value of these functions is not vanishing. Hence, it is the sole
responsible of the rope response. As it will be underlined in what follows, many of the aforesaid coefficients will show a trend with
zero mean value.

3.1. AXIAL FORCE WITHIN THE ROPE

Introducing the expressions (2.11.8) and (2.11.9) from the kinematics inside the first relation of (3.l1.5).

dx; ,
Ng = t,, EAy O, [twi Mr + (Kwz tws = Xws twz) Xrr + tw1 (Xws Xr2 — Xwz Xr3) + ("1 — 1) (tws @ro — twz Prs) |
1
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The contribution due to axial torsion of the rope and biaxial bending are split.

3.1.1. AXIALTORSION OF THE ROPE

In this subsection it will be defined the first row of the matrix KATx(3.111.3a)
dx
leqT = tw1 EAW d_yl [twl Nr + (xwz twz = X3 th) XRT]
1
The stiffness coefficients are

dx
(3.111.6a) EAz =— 2, EA,

dy,

dx
(3.111.6b) Cyr = d—yi ty1(Xyz twz — Xy3 ty2) EA,

The axial force within the rope can be written as follows.

NZT = EAg g + Car Xrr

In the following, it is possible to appreciate the trend of the single wire contribution to the axial stiffness of the rope. Firstly, the function
is clearly sinusoidal with the same period of the double helix. A comparison is performed between the nominal axial stiffness EA,, of
the wire W4 and the coefficient (3.11l.6a) in the case of real and developed (approximate) arc length dxi/dy:. The reason for the
comparison between real and developed is the different mean value of the two sinusoidal functions. As a matter of fact, the mean
value is the mechanical quantity that will provide the effective stiffness on the rope cross section. The reason of the last statement is
that when a sum of the single wire contributions is performed on the cross section the oscillations about the mean value drop.

30 mm 7x7 WSC stranded rope

1400
EA,

1300

1200 (dx,/dy,) t2; EA,,
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Fig 3.52 Single Wire Contribution to Wire Rope Axial Stiffness

720

In the following it can be appreciated the error occurring between the two formulations for maximum, minimum and mean values.

Table 3.12 Single Wire Contribution to Wire Rope Axial Stiffness

EAR [kN] max min mean
real 1276.4 747.6 1012
developed 1757 Jgg3 1032
(approximate)
error 0.06% -5.16% -1.94%
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The other coefficient that is shown is the coupling term between axial and torsional response of the rope. The same considerations
aforesaid hold true for the real and developed geometry and for the mean value, which is still non-zero for that functions. This result
is very interesting, and it is common in rope mechanics as well. As a matter of fact, the axial torsional problem in the rope is always

coupled due to the helix geometry of its sub components.
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In the following it can be appreciated the error occurring between the two formulations for maximum, minimum and mean values.

Table 3.13 Single Wire Contribution to Wire Rope Axial Torsion Coupling Coefficient

Cat [KNmm] max min mean
real 7894 -369 3763
developed g3, 368 3978
(approximate)
error -5.16% 0.06% -5.40%

3.1.2. BIAXIAL BENDING OF THE ROPE

In this subsection they will be defined the first rows of the matrices K8 (3.111.3b) and Ag (3.111.3c).

dx
N§ = t,, EA, d_yl [tw1(Xws Xrz = Xwz Xr3) + ("1 — 1) (tys Ora — twz Pr3) ]
1

The stiffness coefficients are

dx
B.I1.6¢) Cagy = — t24 x,,3 EA,,
1

dy

dx
(3.111.6d) Cpgs = —d—yl thy %,z EA,
1

dx
(3.111.6€) Capy = d—yi(x’wl — 1)t t,3 EA,

dx
B.IL.6f) Caps = —d—yi(x’wl - 1)ty t,; EA,
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The axial force within the rope can be written as follows.

NF = Capz Xr2 + Cas Xrs + Carz Prz + Cars Prs

Only the functions regarding the global axis x, will be plotted. The first two coefficients are the entries of the first row of K8 (3.111.3b).
The function is referred to the case of real arch length only, since in both cases a zero-mean value holds true.
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It can be clearly appreciated the periodical trend of the function. Still, the period is different from the funtions (3.111.6a) and (3.111.6b),
since to appreciate the periodicity a much longer length of the rope axis needs to be considered.

The second two coefficients are the entries of the first row of Ag (3.111.3c). The function is referred to the case of real arch length only,
since in both cases a zero-mean value holds true.
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3.2. TORSIONAL MOMENT WITHIN THE ROPE

Let us introduce the expressions from the kinematics (2.11.8), (2.11.9) and (2.11.11) inside the second relation of (3.11l.5). Afterwards, let
us separate the contributions to the torque due to the projection of the wire moments MX and to the projection and transport of the

wire axial force Mn.

Mpr = M;;{'r + MgT

¥ 1 dx; O3 dx; O3 dx; O3
Mg = EIL, (mtm ay. Zi:1XRi twi + M1 ay, Zi:1XRi Myi + by s Zi:1XRi bwi)

X, ,
Mz = (X2 tws — Xu3 tz) EA,, &, [tw1 R + (wz tws — Xws twz) Xrr + twr (Xus Xrz — Xwz Xr3) + (x'w1 — 1) (tws Prz — twz Pr3) ]
1

The contribution due to axial torsion of the rope and biaxial bending are split.

3.2.1. AXIALTORSION OF THE ROPE

In this subsection it will be defined the second row of the matrix KATg(3.111.3a)

YAT 1 dx, dx; dx,
Mg =El, (1—+VtW1 d_y1 Xrr tw1 T Ny d_3/1 XRr M1 + by d_yl XRT bwl)

dx

AT 1

MIZT = (Xwz tws — Xw3 twz) EA,, E [tw1 Mr + (Fwz tws — Xws twz) Xrr ]
1

The stiffness coefficients are

1
dy1 twl(xwz ty3 — Xy3 th) EAW

dx,
dy,

dx
3.11.7a) Cpy = —

1
(3.111.7b) GJg = [(— t2, +n%, + b?,,l)EIw + (%2 tys — Xy3 tu2)? EA,

1+v

The torque within the rope can be written as follows.

M{E = Crang + Glg Xgr

The coupling coefficient (3.11l.7a) is equal to the previously showed (3.111.6b), hence Reciprocity holds true. Let us plot the torsional
stiffness coefficient (3.111.7b). This is the last case where the difference between real and developed arch length dxi/dy; is reported.
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The presence of a non-zero mean value is an expected result, since the torsional stiffness is the direct stiffness in torsional regime. A
table comparing the maximum, minimum and mean value of the two formulations is showed below.

Table 3.14 Single Wire Contribution to Wire Rope Torsional Stiffness

Gir[kNmm?] max min mean
real 83941 576 42258
developed

. 88510 576 44543
(approximate)

error -5.16% -0.04% -5.13%

A further analysis is introduced for this coefficient only. Specifically, it has been shown that the contributions to the global stiffness are
two: the projection of the internal moments of the wire (torque and bending) and the projection and transport of the wire axial force.
This last contribution in our model is the one having the greater importance on the response. It is a direct consequence of the kinematic
hypothesis of Euler Bernoulli behavior of the rope cross section. The result is trivial if we think that the moments contribution is due
to the wire torsional and bending stiffness, while the axial force contribution is due to the twisting moment arising for the presence of
the lever arm between the wire axis and the rope axis. In the graph “curvature” stands for moments contributions, while “axial” is the
contribution of the wire axial force.
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In the following table the numerical values of maximum, minimum and mean value are provided for the curvature, axial and total
case with the weight in percentage with respect to the total.

Table 3.15 Single Wire Contribution to Wire Rope Torsional Stiffness — Wire Axial Strain and Curvatures Contributions

Gir [kNmm?] max min mean

Wire axial force 83356 99.30% 24 4.15% 41689.97 98.66%

Wire moments 585 0.70% 548 95.85% 566 1.34%
Total 83941 - 572 - 42256 -
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It is clear that the fundamental internal action of the wire that weights on the rope response is the axial force, while the contribution

of the internal moments of the wire is almost negligible.

3.2.2. BIAXIAL BENDING OF THE ROPE

In this subsection they will be defined the second rows of the matrices K8 (3.11.3b) and Ag (3.11.3c).

¥ dx1 dx, dx,
Mgy = El, <1+v w1 dy Z Xri twi +nw1d Z XRi Mwi +bw1d Z XRi wz)

dx
My = (Xuz tws — Xus twa) EA,, _dyl [tw1(xws Xr2 = Xw2 Xr3) + (X' w1 — 1) (tws Pr2 — twz Pr3) ]
1

The stiffness coefficients are

dx, 1

(3111 8(1) CTBZ = d_y1 [(m tyilyz + My My, + bwlbWZ)EIw + twr (xwz twz — Xy3 tw2) Xw3 EAW]
dx, 1

(3.111.8b) Crpz = . [(1—+v tyitys T My N3 + bwlbw3> El, —ty; (Xyz tws — X3 ty2) Xy EAw]

dx
(3.111.8¢) Crpp = d_yi (x'w1 — 1) ty3 (X2 tyz — Xus L) EA,,

dx
(3.111.8d) Crpz = _d_yi(x,m — 1) ty; (Xy2 twz — Xus tw2) EA,

The torque within the rope can be written as follows.

Mg = Crgy Xr2 + Crps Xrs + Crrz ©rz + Crrs Ors

The coupling coefficients are all periodic with zero-mean value, hence they won’t contribute to the rope global response.
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30 mm 7x7 WSC stranded rope
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3.3. BENDING MOMENT ABOUT AXIS 2 WITHIN THE ROPE

Let us introduce the expressions from the kinematics (2.11.8), (2.11.9) and (2.11.11) inside the third relation of (3.11l.5). Afterwards, let us
separate the contributions to the bending moment due to the projection of the wire moments MX and to the projection and transport
of the wire axial force Mn.

x dx1 dx, dx,
MR2=EIW(1+V w2 dy Z Xri twi +nw2 Z Xri Mwi +bw2d Z Xri Wl)

d 1 I
Mg, = ty, X3 EA, O, [tw1 Mr + (w2 tws — Xws twz) Xrr + twi (Xws Xr2 — Xz Xrs) + (X'w1 — 1) (tws Pr2 — twz Pr3) ]

The contribution due to axial torsion of the rope and biaxial bending are split.

3.3.1. AXIALTORSION OF THE ROPE

In this subsection it will be defined the third row of the matrix KATz(3.111.3a)

1

x X, dx, dx,
MR2=EIW(1+VtW2 dy, Xr1tw1 T Ny 7— dy, XR1 Ny + byy 57— dy, XRr1 bwl)

dx,
Mgz =ty Xw3 EAW d_y1 [twl Nr + (xwz tws — Xy3 th) )(RT]
The stiffness coefficients are

dx
(3.111.9a) Cpza = —+ 2, x,,3 EA,,
dy,

dx, 1
(3.111.9b) Cpyp = dy, [(m tyatyr + MMy + bebwl) El, + t,1(xXyz twz — Xys ty2) xu3 EA,,

The bending moment about axis 2 within the rope can be written as follows.

Mp5 = Cppa g + Coor Xrr
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The coefficients are symmetric with respect (3.11l.6¢) and (3.111.8a), hence Reciprocity holds true and the plot may be seen in the
previous sections.

3.3.2.  BIAXIAL BENDING OF THE ROPE

In this subsection they will be defined the third rows of the matrices K8 (3.111.3b) and Ag (3.111.3c).

x dx1 dx; dx1
MRz :EIW(1+V w2 dy Z XRL wi +nw2 Z XRI nWL +bw2 d Z XRL Wl)

dx;
My, =ty X3 EA,, — dy, [twl( Xws Xrz = Xwz Xr3) + (X'w1 — 1) (tws Prz — twz Pr3) ]
The stiffness coefficients are

dx, 1 2 2
(3.111.9¢) Elgy = —— [( 2, +n2, + b, )Elw +12, 22, EAW]

dy; \1+v
dx, 1 2
(3.111.9d) Cpgp3 = . (m ty2tyz + N3 + bebw3>E1w — 1 Xy X3 EA,,

dx
(3.111.9¢) Cgopy = —2

dyl (x’wl - 1) ty1 tyz Xy3 EAW

dx
(3.111.9f) Cpaps = — d—yi (w1 — 1) tyq tyz X2 EA,

The bending moment about axis 2 within the rope can be written as follows.

Mg, = Elgy Xr2 + C23 Xrs + Coarz Pra + Coars Prs

Firstly, let us report the bending stiffness about the global axis x, (3.111.9¢). the function shows a periodical trend with non-zero mean
value; hence it will contribute to the rope global response as it was expected.
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Table 3.16 Single Wire Contribution to Wire Rope Flexural Stiffness

Elr2 [kKNmm?] max min mean
134738 676 67707
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In the following, it is possible to appreciate the coupling coefficient between bending the two principal directions of the rope (3.111.9d).
The function is periodic with zero-mean value.
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At last, it is possible to appreciate the coupling coefficient between bending the corresponding rotation of the rope (3.111.9¢). The
function is periodic with zero-mean value.
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3.4. BENDING MOMENT ABOUT AXIS 3 WITHIN THE ROPE

Let us introduce the expressions from the kinematics (2.11.8), (2.1.9) and (2.11.11) inside the fourth relation of (3.11I.5). Afterwards, let
us separate the contributions to the bending moment due to the projection of the wire moments MxX and to the projection and
transport of the wire axial force Mn.
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¥ dx1 dx, dx,
MR3=E1W<1+V w3 dy Z XRi twi +nW3d Z XRi Mwi +bw3d Z XRi WL)

dx;
Mg, = —ty, X, EA, . 2 [twr e + (G tws = Xws twz) Xer + tw1 (Xus Xrz — Xwz Xrs) + (w1 — 1) (tys @ra — bz Prs) |

The contribution due to axial torsion of the rope and biaxial bending are split.

3.4.1. AXIALTORSION OF THE ROPE

In this subsection it will be defined the fourth row of the matrix KATz(3.111.3a)

¥ 1 dx, dx, dx,
Mps = El, ( 1+v tws O, Xr1 tw1 T My O, Xr1 M1 + bys O, XR1 bwl)
" dx1
Mps = =ty Xw2 EAy, dy [tw1 Mg + Oz tws — Xws twz) Xrr ]
1

The stiffness coefficients are

dx
(3.111.10a) Cgzy = ——>

dyl tall Xw2 EAW

dx, 1
(3.111.10b) Cpsr = A [(1 v ty3tys +My3my,, + bw3bw1) El, — t,1 (X2 tyz — Xy3 Ewa) Xu2 EAw]

The bending moment about axis 3 within the rope can be written as follows.

Mg = Cgza g + Coar Xrr

The coefficients are symmetric with (3.111.6d) and (3.111.8d).

3.4.2. BIAXIAL BENDING OF THE ROPE

In this subsection they will be defined the fourth rows of the matrices K& (3.11.3b) and Ag (3.11.3c).

¥ dx1 dx, 3 dx,
MR3=EIW(1+V w3 dy Z XRL wi +nw3 dy Zi=2XRinwi +bw3 d Z XRi Wl)

dx,
Mg, = —ty, X, EA, . 2 Tt (X Xr2 — %z Xrs) + (w1 — 1) (tws Pra — twz Prs) |

The stiffness coefficients are

dx
(3.111.10¢) Cpap = —+

1
dy [(m tyztyz + Ny, + bw3bw2) EIW - t‘zvl Xw2 Xw3 EAW]

dxl 1 s 2
(3.111.10d) Elg; = Ty [( v t2; +nk; + b, )EIW + 12, x2, EAW]

dx
(3.111.10e) Cpagy = —d—yi(x'w1 = 1) tys tus X,z EA,,

dx
(3.1I1.10f) Cpaps = —

dyl (xlwl - 1) ty1 tyo Xy EAw

The bending moment about axis 3 within the rope can be written as follows.

ME; = Cps Xra + Elrs Xr3 + Coara Pra + Coars Pra

The coupling term (3.111.10c) is symmetric with (3.111.9d). The direct bending stiffness has a trend equal to the previous one, only shifted

along the rope axis.
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IV. RECURSIVE MODEL

The recursive procedure to model the wire rope behavior has the aim of catching in a simplified manner how this whole system works.
Specifically, the technological hierarchy wire, strand and rope is exploited. First, the strand is seen like a sum of wires, afterwards the
rope is the result of different strands joined together. In this light, from the geometrical view point, the wire is not a double helix within
the rope anymore, but a single helix inside the strand.

1. INTERNAL ACTIONS HIERARCHY

The relations (3.111.1) show the contributions of the single wire internal actions to the rope internal actions. The same relations are
used to describe the contributions of the strand internal actions to the rope internal actions and the single wire contributions to the
strand internal actions in order to exploit the hierarchical structure of this mechanical system.

1.1. SINGLE STRAND CONTRIBUTION TO THE ROPE RESPONSE

The single strand contribution to the rope response can be derived introducing inside (3.111.1) the suitable components of the Serret-
Frenet frame of the single helix, i.e. of the strand, and substituting instead of the subscript “w”, referred to the wire quantities, the
subscript “s”, referred to the strand quantities. The last formal passage has the mechanical meaning of introducing the relations
between the strand and the rope internal actions with the same operations performed for the definition of (3.1l.1), i.e. projection of
the moments and projection and transport of the axial force within the strand. It is important to notice that the following result is
exact, since it is based on the actual geometry occurring between rope and strand.

N = cosag Ng
(3.1V.1) Mg = cosag Mg + sinag Mgz + R sinag N
Mg, = —sinagsind Mg — cosd Mg, + cosagsind Mg + R cos agsind N;

Mgz = sina; cosd Mgy — sind M, — cosag costd Mg — R cos ag cosd) N

Where as and Rs are the lay angle and the radius of the strand single helix, 8 is the swept angle of the single helix strand centerline, N,
Msr, Msz and Mgz are respectively the axial force, the torque and the bending moments about normal and binormal direction of the
strand.

1.2. SINGLE STRAND CONTRIBUTION TO THE ROPE RESPONCE

The previous relations (3.IV.1) are now enforced for the strand and the wire as well. This operation is performed simply substituting
the quantities related to the rope with the strand quantities and the strand quantities with the wire quantities. It is worth it to notice
that the following relations would be a rigorous result if the strand was straight. Since the strand has a single helix shape, the following
relations are approximated.

Ny = cosay, N,
3.1v.2) Mg =cosay,, M, +sina,, M,; +R, sina, N,
M, = —sina,, sing M, —cos¢ M,,, +cosa,, sing M,,; + R, cosa, sing N,

Mg; = sina,, cos¢ M, —sing M,,, —cosa, cos¢ M,; — R, cosa, cos¢ N,

Where ay, and Ry, are the lay angle and the radius of the wire nested helix ¢ is the swept angle of the double helix wire centerline, Ny,
Muwr, My2 and Mys are respectively the axial force, the torque and the bending moments about normal and binormal direction of the
wire.
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2. STRAND CONSTITUTIVE MODEL

The purpose of the present paragraph is to provide the constitutive model of the strand in terms of generalized stress and strain.
The derivation starts with the relations (3.1V.2) that provide the strand internal actions as a function of the wire internal actions.

N; = cosa,, N,
My = cosay, My +sina,, M3 + R, sina,, N,
M, = —sina,, singp M, —cos¢ M, + cosa,, sing M,;+ R, cosa, sing N,

Mg; = sina,, cos¢ M, —sing M,, — cosa, cos¢ M,s; — R, cosa, cos¢ N,
Afterwards, the single wire constitutive model (3.11.1) in introduced in the previous relations.

N, = EA, 1,
Myr = ——=ElLy Xur
My = Ely X
Mys = ElyXws

Finally, the strains within the wire are provided as functions of the strand strain field thanks to (2.111.3) and (2.111.4)

XA (1) = cos® ay, xer (1)
X (x) =0

X\i/“gr (xl) = cosa, sina,, XsT(xl)

M (1) = cos® ay, Ry, sinp(x1) X52(x1) — cos? ay, Ry, cos 9 (x1) xs3(x1)

X\ig‘(xl) = —cosa,, sina,, sin @(x;) x5, (x;) + cosa,, sina,, cos @ (x;) xs3(x1)
X (1) = — cos @, cos 9(x;) X2 (1) — cos a,, sin @ (x1) xs3(x1)

T (1) = cos? ay, sin @ (x1) X2 (x1) — cos? at,, cos ¢ (x) xs3(x1)

From now on, the axial torsional and bending contributions of the strand will be explicitly highlighted. The purpose is the possibility of
turning on and off the contributions that may be the cause of slipping among wires. To this aim, the superscripts “sAT” and “sB” will
stand for strand axial torsion and strand bending respectively.

2.1. AXIAL TORSION OF THE STRAND

From the kinematics the following relations are brought.

" (1) = cos? a,, Ms(x1) + Ry, cosay, sinay, xor(x;)
X (1) = cos® ay xer (1)
X () =0

X (x1) = cosay, sina,, Xor (x1)

Substituting into the constitutive model of the single wire

N3AT = EA,,(cos?a,, ns + R, cosa, sina,, Xsr)
sar _ 1 2
M3 = mElw COS” y, Xst

SAT _
MWZ -

MZAT = EI,, cos a, sina,, X1
Substituting inside the internal actions within the strand cross section (3.111.2) the last expressions.

N34T = cosa,, [EA,(cos?a, ns+ R, cosa, sina, xs)l

1
MEAT = cos a,, [I—-I—v El, cos’ay, xsr| + sina,, [El, cosa, sina,, xsr] + R, sina,, [EA, (cos?a, ns+ R, cosa,sina,, xs)l

96



1
MHT = —sina,, sing [m El, cos’a,, )(57] —cos¢ [0] + cosa,, sing [EI, cosa,, sina,, xsr]
+ R, cosa,, sing [EA,(cos?a, 1, + R, cosa,sina, xe)l
1
M%T = sina,, cos @ [m El, cos’a,, Xsr] —sing [0] — cosa,, cos ¢ [EI, cosa, sina,, xsr]

— R, cosa,, cos ¢ [EA,, (cos?a,, ns + R, cosa,sina,, xs)l

Let us collect the common terms, then the result is as follows.
N34T = cos® a,, EA,, 15 + R, cos® a, tana,, EA,, X

1
(3.1V.3a) M%T =R, cos®a, tana, EA,, 1, + cos® a,, [(1—+v + tan? aw) EI, + R? tan’a,, EAW] XsT

v
m4T = R,, cos® a,, sin ¢ EA,, 7, + cos® a,, tan a,, sin @ [1—+VEIW +R? EAW] XsT

v
M4T = —R,, cos® a,, cos @ EA,, 1 — cos® a,, tan a,, cos @ [m El, +R? EAW] XsT

It is important to notice that the first two terms, i.e. the strand axial force and torque, do not depend upon the position of the wire
within the strand denoted by the cylindrical coordinate Ry, sin(d), while the last two quantities do. This remark is fundamental when
the global response of the strand must be investigated. As a matter of fact, the relations (3.1V.3a) represent the contribution of the
single wire of position Ry, sin(d) to the global stiffness matrix. When the entire matrix must be computed, a sum needs to be performed
over the wires of the strand cross section. Hence, the terms depending on the position drop in the summation when the strand cross
section is symmetric.

2.2. BIAXIAL BENDING OF THE STRAND

From the kinematics the following relations are brought.

M (1) = cos? ay, Ry, sinp(x1) X52(x1) — cos? ay, Ry, cos 9 (x1) xs3(x1)

X\ig‘(xl) = —cosa,, sina,, sin @(x;) x5, (x;) + cos a,, sina,, cos @ (x;) xs3(x1)
Xis (1) = — cos @, cos 9(x;) X2 (1) — cos a,, sin @ (x1) xs3(x1)

X (x1) = cos? a, sin @ (xy) X5, () — cos? a,, cos @ (1) ¥z (1)
Substituting into the constitutive model of the single wire

N3B =EA,, (cos?ay, R, sing y,, —cos?a,, R,, coS@ Xg3)

M3E = ﬁElw(— cosa,, sina,, sin @ y,, + cosa,, sina,, cos ¢ xy3)

MSE = El,,(—cosa,, cos @ ys; — COS @, SINQ ¥g3)

M:SE = El,(cos® a,, sin @ y,, — cos? a,, cOS @ ¥s3)
Substituting inside the internal actions within the strand cross section (3.1V.2) the last expressions.
N8 = cosa, [EA, (cos®a, R, sing y,, —cos?a, R, cos@ xs)]
MSF = cosa, [%EIW(— cosa,, sina,, sing x;, + cosa,, sina,, cos ¢ )(53)] +sina,, [El,(cos®a,, sin @ xs; — cos? a,, cos ¢ xs3)]
+ R, sina,, [EA, (cos’a, R, sing xs — cos?a, R, cos® xs)]
M:$ = —sina,, sing [ﬁ El,(—cosa, sina,, sing x, + cos a,, sina,, cos <p)(s3)] —cos¢ [EI,(—cosa, cos® ys — COSQy, SINQ ¥g3)]

+ cosa,, sing [El,(cos? a,, sin ¢ x,, — cos? a,, cos ¢ ¥3)]

+ R, cosa,, sing [EA,, (cos®a, R, sing ys — cos?a,, R, cos® xs3)]
1
M:F =sina,, cosg [m El,(—cosa, sina,, sin ¢ s, + cos a,, sina,, cos <p)(s3)] —sing [El,(—cosa,, cos@ s, — COS Q,, SiNQ x3)]

—cosay, cos @ [El,(cos?a,, sing y,, — cos® a,, cos @ xg3)]

— R, cosa,, cos @ [EA, (cos?a, R, sing xs, —cos?a, R, cos® xg)]
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Let us collect the common terms, then the result is as follows.

N$B = cos®a, R, sin@EA,, x,;, — cos®a,, R, cos @ EA,, X3

. v v
(3.1V.3b) M3E = cos® a,, tana,, sin @ [1—+VEIW + R?, EAW] Xs2 — cos® a, tana,, cos @ [mEIW +R? EAW] Xs3

M5 = cosa,, sin? @ x,,

sin’a
( o vw + cot? ¢ + cos? aw> El, + cos’a, R% EA,,

v
1+v

—cosia, [— tan’ a,, EI,, + R?, EAW] sing cos @ x3

ME = —cos®a —Ltanza EI, + R% EA, |sin ¢ cos
$3 W 1+v w w w w @ P Xs2

sin’ a,, 2 2 2 2 2
+ cosa,, 14y + tan“ ¢ + cos“ a,, | EI,, + cos“ a,, Ry, EA,, [ cos® ¢ xg3
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3. SINGLE WIRE CONTRIBUTION TO THE ROPE GLOBAL RESPONSE

The purpose of the present paragraph is to provide the rope constitutive model contribution of the single wire in terms of stiffness
with respect the generalized stress and strain.
The derivation starts with the relations (3.IV.1) recalled below, that provide the rope internal actions as a function of the strand internal
actions.

N = cosag N;

Mgy = cosay Mgr +sinag Mgz + R sinag Ng

Mp, = —sinagsind Mg —cosd M, + cosagsind Mg + R; cosagsind N

Mg = sinag cosd Mg —sind Mg, — cosa;cos) Mgz — Rgcosagcosd Ny

The equations (3.1V.3) reported in the following will be used to substitute in (3.IV.1) the value of the strand internal actions. They are
divided according to the axial torsional and biaxial bending contribution of the strand.

NSAT = cos®a, EA, ns + R, cos®a, tana,, EA,, X.r

1
MET = R, cos® a,, tana,, EA,, 15 + cos® a,, [(m + tan? aw) El, + R? tan’a,, EAW] Xsr
SAT _— 3 5 3 5 v 2
M3 =R, cos® a,, sing EA,, ng + cos® a,, tan a,, sin ¢ [1—+v El, + Ry, EAW] XsT

v
M#%T = —R,, cos® a,, cos ¢ EA,, s — cos® a,, tan a,, cos ¢ [m El, + R?, EAW] XsT

N$B = cos®a,, R, sing EA,, x5, — cos® a,, R, cos@ EA,, Xs3
) v v
MSE = cos® a,, tan a,, sin @ [m El, + R?, EAW] Xs2 — €Os® a,, tan a,, cos @ [1—+v EIl, + R?, EAW] Xs3

sin? a,,
1+v

v
1+v

+ cot? ¢ + cos? aw) El, + cos® a,, R% EA,, |sin® ¢ x,, — cos® a,, [ tan® a,, E1,, + R?, EAW] sin @ cos ¢ y3

M:E = cosa, [<

in? a

v ) si
tan? a,, EI,, + R% EAW] sin @ cos ¢ ys, + cos a,, [( I

ME = —cos®a,, [— )

+v

e Y 4+ tan? ¢ + cos? aw> EI, + cos? a,, R?, EAW] cos? @ xs3

Afterwards, the relations between strand and rope strains (2.111.1) and (2.111.2) will be introduced in order to link the rope internal
actions with the rope strain field. The relations are reported in the following and they are divided according to rope axial torsion and
biaxial bending.

néT (x,) = cos? ag ne(xy) + Ry cosagsinag ypr(xy)
X (x1) = cos? ag yrr(xy)
X:ET(XJ =0

X3 (xy) = cos a sin g Xpr (1)

1% (x1) = cos® ag Ry sin9(x1) xgo(x1) — cos? ag Ry cos9(x;) ¥ps(xy)
x5 (x)) = — cos a, sin @, sin9 (xy) g, (%) + cos a sinag cos9(xy) xrs (1)
X8 (x;) = — cos ag cos I (xy) Xpa (1) — cos ag sin9(x;) Yrs (1)

X85 (x1) = cos? ag sin®(x1) xpa (1) — cos® ag cos 9(x1) Xps (1)

The final output of the procedure will be the coefficients of the stiffness matrix, remembering that the entries are the single wire
contributions to the global matrix.

The stiffness matrix is defined like in the paragraph Ill.2 of the present chapter. Let us recall the sub matrices forming the global matrix
and superimpose them as the sum of the strand axial torsion and biaxial bending contribution, denoted with the superscripts “sAT”
and “sB” respectively. Moreover, the superscripts “AT” and “B” refer to the rope axial torsional and biaxial bending.

Cra Gk Glr| L |Cra G
CBZA CBZT CBZA CBZT CBZA CBZT
CB3A CB3T CB3A CB3T CB3A CB3T

EAr  Cyr EAr  Ca 1" [EAr Cir 1
(3.1V.4a) K47 = ‘:lCT*‘
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SAT
CABZ CAB3 CABZ CABS CABZ CAB3

C C C C. C C.
3IV 4_b KB — TB2 TB3| _ TB2 TB3 + TB2 TB3
( ) K =By Cona| T |Ele Cans Elgy Cara
CB3Z E1R3 CB32 E1R3 CBSZ E1R3

3.1. AXIAL TORSION OF THE ROPE

Firstly, the procedure is developed for the case of axial torsional perturbation of the rope kinematic field. Hence, the strand experiences
the following strain field according to (2.111.1). The superscript “AT” in the strand strains stands for “rope axial torsion contribution”.

né" (x1) = cos? as np(x1) + Ry cos agsinas ypr(xy)
Xé (x1) = cos? & ypr(x1)
x& () =0

X33 (1) = cos g sin s Yer (x1)

The rope response will be superimposed in the contribution of the axial torsion and the biaxial bending of the strand. This operation is
performed introducing (2.111.1) respectively within (3.1V.3a) and (3.1V.3b). Afterwards, the last two set of relations are substituted inside
(3.V.1).

3.1.1. AXIALTORSION OF THE STRAND CONTRIBUTION TO THE ROPE RESPONSE

Introducing inside the constitutive model of the single strand (3.1V.3a) the kinematic relations (2.111.1).

N$AT = cos® a,, EA,, [cos? as g + R, cosagsinag ygr] + R,, cos® a,, tana,, EA,, [cos? ag yrr]
= cos® a,, cos? a; EA,ng + cos® a,, cos? a, [Rs tanag + R, tana,,]EA,, Xrr
1
MET = R, cos® a,, tana,, EA,, [cos? ag g + R, cos agsinag ygr] + cos® a,, [(m + tan? aw) El, + R tan’a,, EAW] [cos? ag yrr]
= cos® a,, cos? az R, tana,, EA,, 1g

+ tan? aw) El, + (R? tan’a,, + R, R tana,, tana,)EA,, ]){RT

1
+ cos® a,, cos? ag [(1 =

M$%T =R, cos®a,, sing EA,, [cos?® ag g + R cosagsinag ygr] + cos® a,, tana,, 51n<p[ EI +RZ EA ] [cos? ag xrr]

= cos®a,, cos? as Ry, sing EA,,ng + cos® a,, cos? ag [tan a, 1—E1W + (R%tana,, + R, R, tan aS)EAW] sin @ ygr
MT = —R,, cos® a,, cos p EA,, [cos? a; g + R cosa,sina ygr] — cos®a, tana,, cos<p [1 El, +R% EA ] [cos? ag xrr]

= —cos® a,, cos? az R,, cos ¢ EA,, ng — cos® a,, cos? a; [tanaw e EI + (R2 tana, + R, R tana,)EA,, ]cosw)(RT
Substituting inside the internal actions within the rope cross section (3.1V.1)
NZAT = cosa; {cos® a,, cos? ag EA,ng + cos® a,, cos? ag [Rs tanag + R, tana,,]EA,, Xpr}

+ tan? aw) El, + (RZ tan®a,, + R, R tana,, tan a,)EA,, ]){RT}

1
AT 3 2 3 2
Mgg" = cosag {cos a,, cos” az R, tana,, EA,, 1, + cos® a,, cos” ag [(1 oy

+ sina, {— cos® a,, cos? ag R, cos ¢ EA,, g

— cos® a,, cos? ag [tana ——FEI, + (R%tana,, + R, R tana,)EA,, ]cosgoXRT}

W1+

+ R, sina; {cos®a,, cos? ag EA,ng + cos® a,, cos? a, [R; tanag + R, tana,,]EA,, Xrr}
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SAT _ _ ; 3 2
Mp5" = —sinagsind {cos a,, cos“ as R, tana,, EA, Ny

1

+ cos® a,, cos? ag [(1—+v + tan? aw) El, + (R? tan’a,, + R, R, tan a,, tan as)EAW] )(RT}
—cos® {cos3 a,, cos? ag R, sinp EA, Mg

3 2 v 2 ;
+ cos’ a,, cos® ay [tan a,, 1—+VE1W + (R tana,, + R, R tan as)EAW] sin <p)(RT}
+ cosa, sind {— cos®a,, cos? ag R, cosp EA,, N

3 2 v 2
— cos” a,, cos” a; [tan ay, 1—+vEIW + (R} tana,, + R, Rs tan as)EAW] cos @ )(RT}
+ R, cosa, sind {cos®a,, cos? a; EA,ng + cos® a,, cos? a, [Rs tanag + R, tana,,]EA,, xrr}

M = sinag cos9 {cos3 a,, cos® az R, tana,, EA,, g

1
+ cos® a,, cos? ag [(1 gy +tan’a ) El, + (R% tan’a,, + R, R, tan a,, tana,)EA,, ])(RT}
—sind {cos3 a,, cos? ag R, sinp EA,ng
v
+ cos® a,, cos? ag [tan a, 1—_’_1/E1W + (R tana,, + R, R tan as)EAW] sin <p){RT}
— cos a; cos I {— cos®a,, cos? ag R,, cos p EA,, g
3 2 v 2
— cos” a,, cos” a; [tan ay, 1—_’_1/E1W + (R} tana,, + R, R tan as)EAW] cos @ )(RT}

— R, cosag cos? {cos® a,, cos? ag EA,ng + cos® a,, cos? a [Rg tana, + R, tana,,]EA,, Xrr}

Let us collect the common terms, then the result is as follows.

NT = cos® a,, cos® a, EA,, 11y + cos® a,, cos® a, [R, tana, + R, tan a,,]EA,, Xrr

(3.1V.5a) M = cos® a,, cos® a [R, tana, + R, tan a,, — R,, tan a, cos @]EA,, 1y

1
+ cos3 a,, cos3 a; [(1—_’_1’ + tan? aw) El, + (R, tanag + R, tan a,,)?EA,,

v
- (tan a, tana; it El, + (R% tan a,, tan a; + R, R, tan® as)EAW) cos (p] XRT

M3AT = — cos® a,, cos® a, |R, tana,, tan a; — R, M+cos i
w s w s w ¢ |[sind EA,, ng

cosa,

— cos? a,, cos? as{[( + tan? a, )EI + (R? tan?q,, + R, R tana,, tan a,)EA,, ]smas

1+v

+ [tana EI + (R%tana,, + R, R tana))EA,, ] (cotd sin @ + cos a; cos @)

1+
— R cosa, [R, tana, + R, tan aw]EAw} sind ypr

tanYsing

M4 = cos® a,, cos® a; [RW tana, tana; — R, + R,, (— + cos <P)] cos9I EA, 1g

cos ayg

+ cos? a,, cos? a, {[( + tan? a, ) El, + (R% tan’a,, + R, R tan a,, tan a,)EA,, | sin a;

1+v

+ [tana EI + (R%tana,, + R, R tana)EA,, ] (—tandsin @ + cos a, cos @)

1+

— R;cosa, [R, tana, + R, tan aw]EAw} cos I ypr

The stiffness coefficients may be written as follows.

(3.1V.5b) EAT = cos® a,, cos® a, EA,,
(3.1V.5¢) €47 = cos® a,, cos® a, [R, tana, + R, tan a,,|EA,,

(3.1v.5d) C$AT = cos® a,, cos® a, [R, tan a; + R, tan a,, — R,, tan a, cos ¢|EA
1
(3.1V.5e) GJ¥T = cos® a,, cos® a; [(F + tan? aw) El, + (R, tana, + R, tana,,)?EA,,

—(tanawtana EI + (R%tana, tana, + R, R tan® a,)EA,, cos<p]

1+
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3.1v.5f) €34 = —cos® a,, cos® a; [Rw tana, tana, — R, +R,, (

cotdsing

+ cos sind9 EA
cos ag (p)] ! v

1
(3.1v.5g) €L = —cos® a,, cos® a, {[(— + tan? aw) EI, + (R? tan®’ a,, + R, R tan a,, tan a,)EA,, | tan a,

+ [tan a,,

1+v
v

1—+VEIW + (R%tana,, + R, R, tan as)EAw] (cotd sin @ + cos a; cos @)

— R cosa, R, tana, + R, tan aw]EAw} sin¥

(3.1v.5n) C3AL = cos® a,, cos® a, [RW tanaq, tana, — R, +R,, (—

3

tan Y sin ¢

+ cos cosI EA
cos ag (p)] v

1
(3.1V.5g) C3AL = cos® a,, cos? a; {[(— + tan? aw) El, + (R% tan’ a,, + R, R tan a,, tan a,)EA,, | sin a;

+ [tan a,,

1+v
v

1—+VEIW + (R%tana,, + R, R, tan as)EAw] (—tand9sin @ + cos a, cos @)

— R cosa, R, tana, + R, tan aw]EAw} cos 9

A remark must be done on the axial torsion coupling coefficients (3.IV.5c) and (3.1V.5c). As a matter of fact, they seem to be non-
symmetric from (3.1V.4a), hence violating the Reciprocity Theorem. Actually, the non-symmetry has been fictitiously introduced by the
separation of the strand axial torsion and bending contributions. In fact, in the following paragraph it is possible to find the term missing

inside NsATg.

An additional remark concerns the terms containing functions like sing, sin® not at the second power. These functions hold when the
single wire is investigated, still they drop when summed over the rope cross section due to symmetry.

Let us compare the axial stiffness (3.1V.5b), the coupling axial torsion coefficient (3.IV.5d) and the torsional stiffness (3.IV.5e) for the
direct and recursive model. The direct model is written for the real arch length geometry only.
The first quantity inspected is the axial stiffness.
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Fig 3.63 Single Wire Contribution to Wire Rope Axial Stiffness

It can be clearly appreciated the constant trend of the axial stiffness for the recursive model. A table comparing maximum, minimum
and mean values is reported in the following.
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Table 3.17 Single Wire Contribution to Wire Rope Axial Stiffness

Ear [kN] max min mean
direct 1276 748 1012
recursive 1066 1066 1066

error -16.48% 42.60% 5.34%

The difference between the maximum value of the direct model and the value of the recursive model is of the order of 16.5%, while it
is up to 42.6% between the minimum value of the direct model and the value of the recursive model. This huge difference is not
relevant since this quantity does not affect neither the global response of the rope that depends on the mean value only nor the local
response of the wire that depends upon the wire axial strain only, i.e. the rope kinematics. Conversely, the mean value is responsible
of the global response of the rope, but it can be appreciated that the difference between the two formulations is bounded within 5%.

In the following plot, it is possible to see the differences between the coupling axial torsion coefficient with the two formulations. For
the recursive model, the total value of the function is indicated with “recursive” only, while its mean value, corresponding to the

quantity (3.IV.5c) is reported separately with the name “recursive sAT”. The name “real” stands always for real arch length in the directs
model.

30 mm 7x7 WSC stranded rope

-500 g 120 240 360 480 600 720
WIRE SWEPT ANGLE Ad [°]

W4 outer - Real = ====- W4 outer - Recursive W4 outer - Recursive "sAT"

Fig 3.64 Single Wire Contribution to Wire Rope Axial Torsion Coupling Coefficient

It can be appreciated that the two functions as the same trend, still the recursive model has a higher mean value and it’s smoother.

Table 3.18 Single Wire Contribution to Wire Rope Axial Torsion Coupling Coefficient

Cra [kNmm] max min mean
direct 7894 -369 3763
recursive 5710 3493 4602

error  -27.7% -1048% 22.30%

Let us focus on the mean value only. It is clear, that the difference is not negligible. Hence, the global response will be significantly
influenced by the choice of the model. Since, in the axial stiffness the error was not that high it can be imagined that the greater
difference is in the modelling of torsion.

Finally, let us analyze the torsional stiffness. It must be underline that this is the contribution due to axial torsion of the strand only. In
the following paragraph, it will be completed with the missing contribution due to biaxial bending of the strand. In the expression
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(3.IV.5e) it is possible to identify a constant contribution that will be the mean value of the plotted function and an oscillatory
contribution due to the function cos(¢). The first is indicated as “Rec.sAT.Mean”, while the sum of the two contribution is “Rec.sAT.tot”
in the following plot.
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Fig 3.65 Single Wire Contribution to Wire Rope Torsional Stiffness — Strand Axial Torsion Contribution

In the table below, it is possible to see the difference between maximum, minimum and mean value of the two formulations.

Table 3.19 Single Wire Contribution to Wire Rope Torsional Stiffness— Strand Axial Torsion Contribution

Glr [kNmm?] max min mean
direct 83941 576 42258
recursive 55890 -15151 20370
error 50% -104% 107%

The mean value of the recursive formulation is almost half of the one from the direct model, hence the torsional response is significantly
affected by the choice between the two.

A very important remark needs to be done so far. It can be clearly appreciated by the previous plot how the two models differ in terms
of sign. As a matter of fact, the direct model has a torsional stiffness that is positive in every point of the wire centerline, while the
recursive model shows also a negative trend. From the thermodynamic view point this last statement would appear inconsistent.
Actually, two considerations have to be introduced: firstly, the torsional stiffness under investigation is the single wire contribution
only to the global response of the rope, thus from a mechanical vantage point this quantity does not represent the global torsional
stiffness; furthermore, the mean value of this function is strictly positive, hence when the global response is investigated through an
integration over the cross section the torsional stiffness will be strictly positive.

3.1.2.  BIAXIAL BENDING OF THE STRAND CONTRIBUTION TO THE ROPE RESPONSE

Introducing inside the constitutive model of the single strand (3.1V.3b) the kinematic relations (2.111.1).

N$® = cos®ay, R, sing EA,, [0] — cos® a,, R, cos @ EA,, [cos a, sina, ygr] = — cos® a,, cos? ag R, tan a; cos @ EA,, Xrr
v v

M:2E = cos® a,, tan a,, sin @ [m El, + R2, EAW] [0] — cos® a,, tana,, cos @ [1—+v El, + R2, EAW] [cos a, sin ag xrr]

v
= —cos® a,, cos? a, tan a,, tan a; [mEIW + RZ EAW] COS @ X
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2
sin? &
M = cosa,, [( T vW + cot? ¢ + cos? aw) El, + cos® a,, R?, EAW] sin? ¢ [0]

v
1+v

—cos®a,, [— tan?a,, El, + R?, EAW] sin ¢ cos @ [cos &g sin a; xgr]

v
= —cos®a,, cos? a, tan a; [——tamZ a, El, + R? EAW] sin ¢ cos @ ygr

1+v
v

1+v

M = —cos®q,, [— tan? a,, E1,, + RZ, EAW] sin ¢ cos ¢ [0]

Sinz llw 2 2 2 2 2 :
+ cosay, Ty + tan® ¢ + cos® a,, | EI,, + cos® a,, R% EA,, | cos® ¢ [cos a; sin ag xgr]

tan’a, tan’g

= cos® a,, cos? a, tan a; [( + 1) El, + R? EAW] cos? @ xpr

2
1+v  cos?a,

Substituting inside the internal actions within the rope cross section (3.1V.1)

NgB = cosag {—cos®a,, cos?ayR,, tana, cos@ EA,, Xrr}

v
M3E = cosag {— cos® a,, cos? ag tan @, tan a; [m El, + RZ EAW] cos )(RT}
tan’a, tan’g

14+v  cos?a,

+ sinag {cos3 a,, €os® a, tan a; [( + 1) El, + R?, EAW] cos? qa)(RT}

+ R, sina, {—cos®a,, cos® a; R, tana, cos  EA,, xgrr}

v
M3E = —sinagsin9 {— cos® a,, cos? a, tan @, tan a; [1—+v El, +R2, EAW] cos qa)(RT}

v

—cos ¥ {— cos® a,, cos? a, tan a, [— T tan? a,, El,, + R? EAW] sing cos<p)(RT}

v

tan’aq, tan’¢g

+ cos a, sind {cos3 a,, cos? ag tan a, [( + 1) El, + R EAW] cos? ¢ XRT}

1+v  cos?a,
+ R;cosa, sind {— cos® a,, cos? ag R,, tan a; cos ¢ EA,, xrr}

B : 3 2 v 2
M35 = sina, cos 9 {— cos® a,, cos“ as tan a,, tan ag [— El, + Ry, EAW] cos <p)(RT}
1+v
v

¥y tan? a,, E1,, + RZ, EAW] sin ¢ cos ¢ )(RT}

—sind {— cos® a,, cos? a, tan a, [

2 2
tan’aq, tane
14+v  cos?a,

— cos a; cos I {cos3 a,, cos? a, tan a; [( + 1) El, + R, EAW] cos? <p){RT}

— Rscosag cosd {— cos®a,, cos? as R, tanas cos @ EA,, Xrr}
Let us collect the common terms, then the result is as follows.

SB _ 3 3
Ny® = —cos” a,, cos” az R, tanagcos @ EA,, Xgrr

v
(3.1V.6a) M3E = cos®a,, cos® a; {— tan a,, tan a, [1—+v El, +R? EAW] cos @

5 tan’aq, tan’¢@ , ) ,

+ tan” a; 1y + M +1)EI, + R}, EA,|cos“ ¢ — R,R;tan” a;cos 9 EA,, ; Xrr
v

M3 = cos® a, cos® a {— tan a,, tan? a; [1—+VEIW +R? EAW] sin¥ cos @

tanas[
cosa;l 1+v

tan® a,, EI,, + R?, EAW] cos 9 sin ¢ cos @

tan’a, tan’?¢g . .
+ tan a; [<va + m +1|EI, +R? EAW] sin¥ cos? ¢ — R,R,, tan a, sin 9 cos @ EA,, { Xrr

M3E = cos® a,, cos® a;{—tana,, tan® a [LEI +R%2EA ]cosﬂcos
R3 w s w s 1+v w w w P

tanas[
cosa;l 1+v

tan’ a, EI,, + R% EAW] sin 9 sin ¢ cos ¢

tan’aq, tan?¢
—tana;, [<va + m +1|EI, +R? EAW] cos 9 cos? @ + R,R, tan a, cos 9 cos @ EA,, { Xgrr

The stiffness coefficients may be written as follows.

105



(3.1V.6b)
(3.1v.6¢)
(3.1V.6d)

(3.1vV.6e)

(3.1V.6f)

(3.1V.69)

(3.1V.6h)

(3.1V.69)

EAE =0

8 =—cos

e =0

3a, cos®a,R, tana,cos @ EA,,

v
GJ3E = cos® a,, cos® a, {— [tan a, tan a; it El, + (R? tan a,, tan a; + R, R, tan? aS)EAW] cos @

tan’a, tan®
+ tan? a, [( Y+ L 1> El, + R? EAW] cos? (p}

CEI;A =0

1+v  cos?a,

v
CsBr = cos® a,, cos® a, {— tan a,, tan? a, [1—+v El, + R? EAW] sin¥ cos ¢

tan a, v 2 2 .
[— g vtan a, EI, + Ry, EAW] cos ¥ sin @ cos @

cos a;

tan’a, tan’g 5 . 5 .
+tanag (| ——+———+1)EIl, + R}, EA,|sin?d cos”“ ¢ — R;R,, tan a;sind cos p EA,,

Cf;‘;A =0

1+v cos?a,

3B = cos®a,, cos® a,{—tana, tan? [LEI +R%2EA ]cosﬂcos
B3T w s w s 1+v w w w @

tana, [ v

1T vtanz a,EI, +R? EAW] sin¥ sin ¢ cos @

cosag

1+v  cos?a,

tan’q, tan?¢ ) )
—tana; + +1|EI,+ R; EA, |cos?dcos” @ + R,R, tan o, cos I cos ¢ EA,,

It is possible to notice that the contribution NsBg restores the symmetry to the stiffness matrix when it is summed to NATz as it was
explained in the previous paragraph.

Let us show the trend of the torsional stiffness (3.IV.6e). Two contributions are distinguished: the oscillatory term that is equal to the
term arised in (3.IV.5e), and the term depending on cos?(¢) that is still oscillatory, but always strictly positive. The two contribution are
denoted respectively as “Rec.sB.Osc” and “Rec.sB.Pos”, while their sum is “Rec.sB”.

Glg [kNmm?]

30 mm 7x7 WSC stranded rope

40000
o~ -
20000
0
0 120 240 360 480 600 720
-20000
-40000

WIRE SWEPT ANGLE Ad [°]

W4 outer - Rec.sB.Osc W4 outer - Rec.Sh.Pos ====-\W4 outer - Rec.sB

Fig 3.66 Single Wire Contribution to Wire Rope Torsional Stiffness — Strand Bending Contribution and Total Value

From the table below, it can be appreciated the significant numerical difference between the two contributions. Since, the positive
contribution is very low with respect to the other.
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Table 3.20 Single Wire Contribution to Wire Rope Torsional Stiffness — Strand Bending Contribution

GJr [kKNmm?] max min mean
sB.Osc 35520 -35520 0
sB.Pos 1223 75 649

In the last plot, it will be showed the comparison between the direct model and the recursive one, including all the contributions, i.e.
the axial torsion and bending of the strand. Furthermore, in order to underline which part of the recursive torsional stiffness will weight
in the global response, an ulterior function has been introduced: the recursive coefficient without the oscillatory contributions. The
three functions are indicated respectively as “Direct”, “Recursive” and “Rec.No.Oscil”.

30 mm 7x7 WSC stranded rope

95000

65000
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W4 outer - Direct == \N4 outer - Recursive == \W4 outer - Rec.No.Oscil

Fig 3.67 Single Wire Contribution to Wire Rope Torsional Stiffness —Total Value

The mean value of the recursive torsional stiffness is only slightly different with respect to the one showed for (3.1V.5e).

3.2. BIAXIAL BENDNG OF THE ROPE

The procedure is developed for the case of biaxial bending perturbation of the rope kinematic field. Hence, the strand experiences the
following strain field according to (2.111.2). The superscript “B” in the strand strains stands for “rope bending contribution”.

n2(x;) = cos® a; Ry sind(x;) ¥gp(x1) — cos? g Ry cos9(x1) xrs(x;)
x5-(x1) = — cos a, sin a, sin 9 (x;) xro (x1) + cos a sin ag cos9(x;) xrs (%1)
x5 (x;) = — cos a; cos9(xy) xra (1) — cOS s SN I (xy) Y3 (1)

X3 (x1) = cos? g sind () xgo (1) — cos? as cos 9(xy) s (1)

The rope response will be superimposed in the contribution of the axial torsion and the biaxial bending of the strand. This operation is
performed introducing (2.111.2) respectively within (3.1V.3a) and (3.1V.3b). Afterwards, the last two set of relations are substituted inside

(3.1V.1).
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3.2.1.  AXIAL TORSION OF THE STRAND CONTRIBUTION TO THE ROPE RESPONSE

Introducing inside the constitutive model of the single strand (3.V.3a) the kinematic relations (2.111.2).

N$AT = cos® a,, EA,, [cos? ag Rgsin® yg, — cos? ag Ry cosd yxgs] + R,, cos® a,, tana,, EA,, [— cos asina, sind yg, + cos a, sin ag cos 9 yps]

= cos®a,, cos? a; (R; — R, tana,, tan a,) sin9 EA,, g, — cos® a,, cos? a; (Rs — R,, tan a,, tan a,) cos ¥ EA,, xr3

MZAT = R, cos® a,, tana,, EA,,[cos? ag Rssind yg, — cos? ag Ry cos O Ygs)

1
+ cos® a,, [(m + tan? aw> El, + R tan?a,, EAW] [— cosag sina, sind yg, + cos a; sin a; cos I ygs)

1
= cos® a,, cos? ag {RSRW tana, EA, — tanag [(m + tan? aw) El, + RZ tan’a, EAW]}sinﬁ)(Rz

1
— cos® a,, cos? ag {RSRW tana,, EA,, —tana, [(T + tan? aw) El, + R2 tan® a,, EAW]} cosV Y3
v
M3T = R, cos® a,, sing EA,, [cos? ag Rgsin®d yg, — cos? ag R cosd ypsl

v

+ cos® @, tan a,, sin @ [mEIW +RZ EAW] [—cos agsinag sind yg, + cos ag sin a; cosI yps)
v . .

= cos® a,, cos? a, {RSRWEAW —tana,, tan a, [1—+v EI, + R?, EAW]} sin@ sind yg,

v
— cos® a,, cos? ag {RSRWEAW —tana,, tan a; [1—_'_1/ El, + R?, EAW]} sing cosVY ygs
MHT = —R,, cos® a,, cos  EA,, [cos? a; R, Sin®Y yg, — cos? s Ry c0SY xps3)

" El, +R? EAW] [— cos ag sina, sind yg, + cos a, sin a; cosV ygs]

v
3
— cos® a,, tan a,,, cos [

v
= cos® a,, cos? a; {RSRWEAW —tana,, tan a, [1—+v EI, + R?, EAW]} cos @ sin® yg,

v
— cos® a,, cos? a; {RSRWEAW —tana,, tan a, [1—+v EI, + R?, EAW]} COS @ oSV Xgs

Substituting inside the internal actions within the rope cross section (3.1V.1)

N34T = cosa, {cos® a,, cos? a; (Ry — R, tana,, tana,) sind EA,, yz, — cos® a,, cos? a; (Ry — R, tan a,, tana,) cos® EA,, xr3}

1
MET = cos ag {cos3 a,, cos? ag {RSRW tana,, EA,, — tanag [(m + tan? aw) El, + R? tan®a,, EAW]} sind yg,

1
— cos® a,, cos? ag {RSRW tana,, EA,, —tanag [(— + tan? aw) El, + R? tan®a,, EAW]} cosd )(m}

1+v
v
+ sinag {cos3 a,, cos? ag {RSRWEAW — tana,, tan a; [—EIW +RZ EAW]}cos<psin19 Xr2
1+v
—cos®a,, cos?a {R R,EA, —tana, tana [LEI + R% EA ]}cosq}cosﬁ )(R3}
w S sttw w w S 1+,V w w w

+ R, sina, {cos®a,, cos? a; (Rs — R,, tan @, tan a,) sin 9 EA,, xg,

— cos® a,, cos? ag (R, — R, tan a,, tan a;) cos 9 EA,, xrs}

1
M3T = —sina, sind {cos3 a,, cos? ag {RSRW tana, EA, — tanag [(m + tan? aw) El, + R tan®a,, EAW]} sin® g,

1
— cos® a,, cos? ag {RSRW tana, EA, — tanag [(— + tan? aw) El, + R tan’a,, EAW]} cosd )(R3}

1+v

v
— cos ¥ {cos3 a,, cos? ag {RSRWEAW — tana,, tan a; [m El, +R? EAW]} sin@sind yg,

3 2 v 2 5
— cos® a,, COS* ag {RSRWEAW —tana,, tan ag [1—+v El, + Ry, EAW]} sin g cos VY ){R3}

v
+ cos a, sin®d {0053 a,, cos? ag {RSRWEAW —tana,, tan ag [1—+v El, + R2, EAW]} cos@ sind yg,
— cos® a,, cos? ag {RSR EA, —tana,, tanag [LEI +R2 EA ]} cos @ cos 9 )(R3}

+ R cosa, sind {cos®a,, cos? a; (R; — R,, tana,, tan a,) sin9 EA,, xg»

— cos® a,, cos? a; (R, — R, tan a,, tan a;) cos 9 EA,, xrs}
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1
M34T = sin a; cos 9 {cos3 a,, cos? ag {RSRW tana,, EA,, —tana, [(m + tan? aw) El, + R? tan® a,, EAW]} Sind yg,

1
— cos® a,, cos? ag {RSRW tana,, EA,, —tana, [(m + tan? aw> El, + R2 tan® a,, EAW]} cosdV )(R3}

v

1T VEIW +RZ EAW]}siansinﬁ Xr2

—sind {cos3 a,, cos? ag {RSRWEAW — tana,, tan a,
3 2 v 2 ;
— €0s” @, COS” ag {RSRWEAW —tana, tan ag [1—+v El, + Ry, EAW]} sing cosv ){Rg}

v
— cos a; cos I {cos3 a,, cos? a; {RSRWEAW —tana,, tan a; [m El, + R? EAW]} cos @ sind yg,
—cos® a,, cos? {R R,EA, —tang, tana [LEI +R2 EA ]}cosq)cosﬁ )(R3}

w S sttw w w S 1 + v w w w

— R, cosa, cos I {cos®a,, cos? a; (R; — R, tana,, tana,) sin9 EA,, Xz,

—cos® a,, cos? a; (R — R, tan a,, tan a;) cos 9 EA,, xrs}

Let us collect the common terms, then the result is as follows.

NT = cos® a,, cos® a; (R; — R, tan a,, tan a,) sin 9 EA,, xp, — cos® a,, cos® a, (R, — R, tan a,, tan a;) cos 9 EA,, xg3

1
(3.1V.5a) M = cos® a,, cos® a; {RSRW tana,, EA, — tan a, [(m + tan? aw) EI, + R? tan? a,, EAW]

v
+ tan ag [RSRWEAW — tan a,, tan a; (m El, + R? EAW)] cos ¢ + (R? tan a; — R, R,, tan «,, tan? as)EAW} sind xg,

1
— cos3 a,, cos a; {RSRW tana, EA, — tanag [(1—_’_1/ + tan? aw) El, + R? tan’a,, EAW]

v
+ tanag [RSRWEAW —tana,, tan a; (m El, + R, EAW)] cos ¢

+ (R%tan a; — R,R,, tan a,, tan® as)EAw} cos VI Xp3

1
MEAT = cos® a,, cos® a; {—RSRW tan atan a,, EA,, + tan? a; [(— + tan? aw) El, + R% tan®’a,, EA,,

1+v
cotdsin ¢ v 2
+ (cos Q- W) [RSRWEAW —tana, tan a; (1—_’_VEIW + Ry, EAW)]
S

+ (R? — R,R,, tan at,, tan aS)EA} sin? 9 yg,

1
— cos® a,, cos® a, {—RSRW tan a,tan a,, EA,, + tan? a, [(m + tan? aw) El, + R% tan® a,, EA,,

cotYsing@
cos a

v

Ty R EA, )|

+ (cos P — ) [RSRWEAW —tana, tana; (

+ (R? — R,R, tan a,, tan as)EA} sind cos 9 ygs
SAT _ 3 3 _ 2 1 2 2 2
My3 = cos® a,, cos” ag \R;R, tan a; tan a,, EA,, — tan” a; +tan®«a,, | EI,, + R}, tan” a,, EA,,

1+v

tanJsin ¢

v
- (cos @+ ) [RSRWEAW — tan a,, tan a; (m El, +R? EAW)]

cos a

+ (R? — R,R,, tan a,, tan aS)EA} sind cos I yp,

1
— cos® a,, cos® a, {RSRW tan a,tan a,, EA,, — tan? a; [(m + tan? aw) EI,, + R% tan? a,, EA,,

cotYsing@

v
— 2
cosa, ) [RSRWEAW tana, tan a; (1 n VEIW + Ry, EAW)]

- (costp +

— (R? - R,R, tan a,, tan as)EA} cos? 9 yp;

3.2.2. BIAXIAL BENDING OF THE STRAND CONTRIBUTION TO THE ROPE RESPONSE

Introducing inside the constitutive model of the single strand (3.1V.3b) the kinematic relations (2.111.2).
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N$B = cos®a,, R, sing EA,, [~ cosa cosd yg, — COS @, Sin® yps] — cos® a,, Ry, cos @ EA,, [cos? a, sin® yg, — cos? ag cos O yps]
3 2 cotysing . 3 2 tan v sin g
= —cos®a,, cos? a; | cosp + ————— | R,, sin9 EA,, xg, + cos® a,, cos? a; [ cosp — ——

cosag cos a;

v
MEE = cos® a,, tana,, sin @ [m El, + R EAW] [— cosag cos® yg, — cosagsind yps]

v
— cos® a,, tan a,,, cos @ [m El, +R? EAW] [cos? agsind yg, — cos? ag cosV yps]

cotysingy |
7) sind xz,

= —cos®a,, cos?a tana [LEI +RLEA ](cos<p+
w S w 1+V w w w

+cos® a, tana,, [——EI, + R EA ]( tanﬁsm‘p) 9
cos® a,, cos® a tanay, |7—— EL, + Ry, EA,, | (cos cosa, cos VI Ygs

sB sin’ a,, 2 2 2 2 2 ;
M3; = cosay, T+v + cot® ¢ + cos® ay, | El, + cos® a, RE EA,, | sin® ¢ [—cosag cos9 yg, — cosa, sind ygs]

v
1+v

—cos® a,, [— tan? a,, E1,, + RZ EAW] sin ¢ cos @ [cos? a, sin® g, — cos? a; cos I yrs]

sin? ¢ cos 9

<tan2 a, cot?e

————+1]|El, +R3EA
1+v +coszocw+ ) wt Ry Bdy

= —cos® a,, cos? a;
oS a;

v _ .
+ [— T vtanz a,El, +R% EAW] sing cos @ smﬁ}xm

sin? ¢ sind

<tan2 a, cot?e

1|ElL, +R%LEA
1+v coszaw+) w i Blw

+ cos® a,, cos? ag 4 —
cos a;

v .
+ [— T vtanz ay,ElL, +R% EAW] sin ¢ cos ¢ cos 19})(,e3

v
ME = —cos®a,, [— 1_'_—Vtan2 a, EI, + R% EAW] sin ¢ cos @ [— cos ag cos Y yr, — COS ag SinVY ygs3]
sin? a,, )
+ cosa,, Ty + tan® ¢ + cos? a,, | El,, + cos® a,, R EA,, | cos? ¢ [cos? agsin¥ yp, — cos? ag cosV yrs]

tan’a cot? @

— 3 2 w 2 2 5

= cos” a,, COS” & + +1|ElL, + Ry EA,|cos”¢sind
v $ {[( 1+v  cos?a, W Tw ¢

v
1+v

sin¢g cos ¢ cos Y
+ |- ——tan*a, El, + R} EA, | L} -

cos

tan? a, cot? @

3 2 w 2 2

— cos® a,, Cos“ a, + +1)EIL, +R; EA, |cos” ¢ cos?
W $ {[( 1+v  cos?a, W Tw ¢

v
1+v

sin¢g cos ¢ sinVY
+[-——tan’a, E1, + RZ EA, | %} a3

Ccos g

Substituting inside the internal actions within the rope cross section (3.1V.1)

cotdsing
cos ag

tan 9 sing

R JYEA }
cosa, ) w COS wXR3

N3B = cosag {— cos® a,, cos? ag (cos o+ ) R, sind EA,, xg, + cos® a,, cos® a; (cos<p -

) R, cosY EA,, xrs

110



SB _

Mgy = cosag

SB
MRZ

{—cos3a cos?a tana [LEI + R EA ](cos<p+

cotd sing

sind y,
cos ag ) Rz

3 2 v 2 tan v sin ¢
+ cos® a,, cos® ag tan a,, [1—_'_1/ El, + Ry, EAW] (cosq) - Tas) cosﬁ)(R3}

2 2
+ sinag {cos®a,, cos?a fan ay + cor’p +1|El, + R% EA,, | cos? ¢ sin¥
s v s 1+v  cos?a, W Tw R

v
1+v

sin¢g cos ¢ cos Y
_ 2 2
+ [ tan® a,, EI,, + Ry, EAW] cosa, }){Rz

tan’® a cot? @
— cos® a,, cos? ag {[( T VW + P +1)ElL, + R% EA,,| cos? ¢ cos¥

v sin¢g cos ¢ sinv
_ 2 2
+| T tant @, EL, + R} E4,| cos } Rg}
. 3 2 coty sing i
+ R, sinag {— cos® a,, COS” ag (cos @+ W) R, sind EAy,xra
S
+ cos? 2 ( tan 9 sin (p)R 9EA }
cos® a,, cos® a; [ cosp — —— cos X
w s cos a; w WAR3
. . 3 2 v 5 cotysingy .
sina, sind {— cos” a,, cOs” ag tana,, [m El, + Ry, EAW] (cos @+ W) sind yg,
S
3 5 v ) tand sin @
+ cos® a,, cos” ag tan a, [1—_'_1/ El, + Ry, EAW] (COS(p - W) cosﬁxm}
S

2
1+v  cos?a, cos g

<tanZ a, cot’e

—cos¥ {— cos® a,, cos? as{ + 1> El, + R2 EAW]

v
1+v

tan? cot? sin? ¢ sind
+cos3awc052as{— [( LS L +1>EIW+R§, EAW]L

+ [— tan? a,, El,, + R?, EAW] sin ¢ cos ¢ sin 19} Xr2

2
1+v  cos?ay, coSs ag

v
1+v

+ [— tan? a,, El,, + R?, EAW] sin ¢ cos ¢ cos 19} st}

2 2
tan“a,  cot®e
2
1+v  cos?ay,

: 3 2
+ cos a, sind {cos a,, cos® a; {[(

v sin¢g cos ¢ cos Y
+[- oy tan? a El, + R} EA, ] 7} Xro

cos

tan® o cot?
— cos® a,, cos? ag {[( 1T VW + cos? ;pw + 1> El, + R?, EAW] cos? ¢ cos?

v sin @ cos ¢ sind
+[-——tan’a, EI, + R} EA, | %} Rg}

1+v cos ag
. 3 2 cotd sing .
+ R;cosagsind {— cos” a,, COS” a (cos @+ 7) Ry, sind EAy, Xgro
cos a
3 5 tand sin ¢
+ cos® a,, cos” ag (COS @ — 7) R, cos?Y EAW)(R3}
cos g

sin? ¢ cos 9

+ 1) El, + R, EAW] cos? @ sind
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B . 3 2 v 2 cotysingy .
M35 = sina, cosd {— cos® a,, COS” agtana,, [m El, + Ry, EAW] (COS o+ W) sind xg,
S
3 2 v 2 tan v sin ¢
+ cos*® a,, cos” ag tana,, [1—+v El, + Ry, EAW] (cosq) - W) cosﬁ)(R3}
S

‘ tan? cot? ¢ sin? ¢ cos 9
—sind {— cos® a,, cos? ag {[( T VW + cosZa,, + 1> El, + R}, EAw] cos a,

v
+ [— 1T vtanz a, EI, + R, EAW] sin(pcos<psin19})(R2
tan? a cot? sin? @ sin9
+ cos® a,, cos? a;{— v ? 11 EL, + R2 EA,, 9
14+v  cos?a, cosa,
v 2 2 .
+ [_ 17 awElLy + Ry EAW] sin ¢ cos ¢ cos Y ¢ X3

5 5 tan’a, cot?¢ ) .
— cosag cosV §cos® a,, Cos” a; g +———+1|El, + R}, EA, | cos” ¢sind
v  cos?a,

v
1+v

sin¢g cos ¢ cos Y
. (AR

2 2
tan? a,, El,, + RS, EA,| cosa

+[-

tan? a, cot? @

3 2 w 2 2

— cos® @, Cos“ a, + +1)EIL, +R; EA, |cos” ¢ cos?
W $ {[( 1+v  cos?a, W Tw ¢

v
1+v

sin¢g cos ¢ sinv
- R3

2 2
tan? a,, El,, + R EA, | cosa.

+[-

cotd sin
— Rg cosag cos 9 {— cos® a,, cos? ag (cos o+ Taq]) R, sin9 EA,, Xg,
S

3 2 tanv sin ¢
+ cos® a,, cos” ag (cos @ — 7) R,, cos9 EAW)(R3}
cos

Let us collect the common terms, then the result is as follows.

B 3 3 cotIsing . 3 3 tanYsing
Ny = —cos’ a,, cos® ay (cos @+ 7) R, sind EA, xg, + cos® a,, cos® a, (cos Q- 7) R, cosVYEA, xr3
cosag cos ag
(3.1V.5b) M35 = cos®a, cos® a tana,{— tana, (LEI + R% EA ) (cos @+ w) sind
RT v s | tana,\1+v ¥ WOV cosag

v sin ¢ cos ¢ cosJ

tan? a cot? ¢
[(—W — = tan® a,, El,, + R, EA,|

v T osta,t 1) EI, +R? EAW] cos? psind + |- "

+v cos ag

cotdsing

cosa, )Rs R, sin?9 EAW} XR2

- (costp +

tanYsing@

tan a,, ( v

J
Jos

+ cos? a,, cos® a, tan as{ El, + R? EAW) (cos @ —

tan ag cos a;
v
1+v

sin ¢ cos ¢ sind
tan® a,, EI,, + R, EA,| sngcosesiny

tan’aq, cot?¢
cos a;

———+1)EI, + R% EA,|cos’ ¢ cosd + |—
1+v  cos?a, ) W W] ¢ [

tanJsin ¢

+ (cos Q- ) R; R, cos?d EAW} XR3

cos a

The last two expressions are not reported because they are cumbersome. The derivation is like all the other expressions seen so far.
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V.  CONCLUSIONS

The present chapter provides the single wire contribution to the rope internal actions when the wire itself is experiencing the
fundamental modes of the rope. The reason why this peculiar response is investigated lies in the mechanical model that is framed
within the small displacements and strains hypothesis and the material behaves linearly elastic. These assumptions allow to see the
global response of the wire rope as the algebraic sum of the single wires contributions. The result is pursued for either the direct model
and the recursive model. The idea is always the same: the relation between the rope internal actions and the sub component (both
strand and wire) internal actions is investigated. Afterwards, the internal actions of the sub component are substituted with the suitable
generalized constitutive model, or sectional response, so that the internal actions of the wire rope are related with the sub component
kinematics. The final passage consists in introducing the kinematic relations that link the wire rope kinematics with the sub component
kinematics. The outcome is a set of equations describing how the internal actions of the rope depend upon the kinematics of the sub
component. The coefficients (3.111.3) fully describe the pursued model.

The first concept to introduce is about the trend of the aforesaid coefficients along the rope axis, or equivalently along the wire
centerline. Specifically, all the functions are periodical and oscillate about a mean value. The oscillations do not provide a contribute
to the global response of the rope when the contributions of all the wires are summed. The reason lies in the symmetry of the cross
section. As a matter of fact, for every entry of the stiffness matrix due to a single wire, there exists another wire that provides a
contribution opposite in sign. The consequence of this concept is that the mean value affects the global response of the wire rope.
Hence, the functions with a zero-mean value will vanish, while non-zero mean value functions won’t. From the analysis performed for
the two models it appeared that the non-zero entries are the axial stiffness, the axial torsion coupling coefficient, the torsional and
bending stiffness; while all other quantities have zero-mean value. The main consequence of the previous statement is that axial and
torsional internal actions of the wire rope are always coupled, while bending is always uncoupled. The existing coupling is the direct
consequence of the twisted geometry of the sub components of the rope.

The direct model has been studied for either real arc length and developed arc length that is the approximation of the first, since the
difference between the two formulations have been introduced in the chapter concerning the geometry of wires. The difference
among the two arises in correspondence of the maximum or minimum values with an error around 5% like it is shown in Tables 3.1,
3.2 and 3.3 respectively for axial stiffness, coupling coefficient and torsional stiffness. This difference won’t affect the response for
what have been said before, while the error on the mean value will. It is around 2% for axial stiffness, while it is around 5% for coupling
coefficient and torsional stiffness.

The recursive model has been compared to the previous one. Focusing on the mean value of the respective functions the following
results have been found according to Tables 3.6, 3.7 and 3.8: the axial stiffness differs of 5%, the axial torsion coefficient of 22% and
the torsional stiffness of the recursive model is half of the direct one.

These numbers that have been computed for a 30 mm 7x7 WSC stranded rope have a precise mechanical consequence. As a matter
of fact, wire ropes are very elongated elements, such that they can be considered curves in space. In this light, a 5% error in the
evaluation of the stiffness causes a similar error on the evaluation of the strains. Still, when the displacements need to be computed,
the error increases much more. For instance, if a uniform torsional curvature is the result of an analysis, the rotation along the wire
rope will have a linear trend as function of the rope axis coordinate. Assuming one end clamped, the section at distance 1000 m from
the constraint will experience a rotation that is the torsional curvature times 1000, thus 50 radiant (2865°) more from passing from
one model to the other. This simple example wants to give a clue about the importance of investigating the different formulations.
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MECHANICAL RESPONSE
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l.  INTRODUCTION

The present chapter pursues the objective of providing the response of the wire rope at two different levels. The global level of the
response concerns the internal actions of the rope. Specifically, providing such kind of response means to provide the axial force, the
torque and the two bending moments arising within the rope when it experiences a certain kinematic perturbation. The internal actions
are the one corresponding to the Euler Bernoulli formulation of the rope kinematics. For the global information on the response many
theoretical predictions may be found in literature like in (Usabiaga & Pagalday, 2008) and (Xiang et al., 2015), while for experimental
results only few papers are available like (Kraincanic & Hobbs, 1999) and (Elata et al., 2004). Furthermore, the latter articles investigate
the axial torsional response of the rope only.

Conversely, the local response of the wire rope concerns the stresses experienced by the single wire when it undergoes the kinematic
perturbation that acts on the rope. This topic is much more complex of the previous one, since for instance no experimental data are
available in literature, but only theoretical models like in (Usabiaga & Pagalday, 2008) and (Xiang et al., 2015).

The previous chapter studied the response of the single wire in terms of contribution to the global internal actions of the rope when
the wire itself experiences the kinematic field acting on the rope. The reason of this analysis is the choice of the mechanical model. As
a matter of fact, the present work concerns a linear elastic model, thus the global response of the rope may be seen like the sum of
the responses of the single wires. Hence, in the present chapter the first part will deal with the integration of the single wires
contributions to compute the internal actions of the rope.

The results coming from the direct and recursive model will be compared with either the theoretical and experimental results available
in literature and considered more significative. The comparison will be on the axial torsional response of the rope only. The numerical
evaluation is dealt for the two ropes introduced in the first chapter about geometry: the 30 mm 7x7 WSC stranded rope and the 76
mm 6x41 IWRC wire rope. The first case is analyzed only theoretically through comparison with the model proposed by (Usabiaga &
Pagalday, 2008) and (Xiang et al., 2015). The second rope is compared with (Kraincanic & Hobbs, 1999), where either theoretical and
experimental results are provided.

The computation of the local response will be easier instead. In fact, the second chapter deals with the kinematic model of the present
thesis. There it was established for either direct and recursive model the connection between the wire and the rope strain fields.
Hence, the local stresses can be computed easily using the generalized constitutive model of the wire, or sectional response (3.11.1).
The comparison is done for the 30 mm 7x7 WSC stranded rope only, since theoretical results are available in (Usabiaga & Pagalday,
2008) and (Xiang et al., 2015).
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Il.  GLOBAL RESPONSE OF THE ROPE

Iu

The present part of the thesis aims to provide the global response of the rope. The term “global” hints to the generalized stress and
strain arising within the rope according to the Euler Bernoulli kinematic hypothesis, thus to the quantities concerning the sectional
response of the rope. If we set as global reference frame of the rope (x1, X2, x3), where x; is directed as the rope axis and the vector (x,,
x3) lays within the rope cross section, the kinematic assumption involves as DOFs of the section the longitudinal displacement of the
center of gravity ug, the torsional rotation ¢gr and the bending rotations ¢z, drs according to (2.11.1). Hence, the internal actions or
generalized displacements are the axial force Ng, the torque Mgy, and the bending moments Mgy, Mgs. Conversely, the generalized
strains are the axial strain ng, the torsional curvature xgr, and the bending curvatures xg2, Xr3. The vectors of generalized stresses and
strains are mutually connected with the stiffness matrix. This matrix has been already computed in chapter 3 as the contribution of a
single wire to the matrix entries.

The path pursuit in the present paragraph is the following: the definition of the integration over the rope cross section of the single
wire contributions, then the global stiffness matrix is computed through that, finally the model will be compared with the theoretical
and experimental results available in literature for the case of axial torsional perturbation experienced by the rope like in (Usabiaga &
Pagalday, 2008); (Xiang et al., 2015) and (Kraincanic & Hobbs, 1999).

Fig 4.68 Global Response of the Wire Rope

1. SECTIONAL RESPONSE OF THE WIRE ROPE

In the present thesis work it was stated many times that the operation of integration of the periodical quantities concerning the wire
over the rope’s length corresponding to one period of the functions is the same of summing the same quantities over the cross section
of the rope.

The relation between the rope axis and the rope cross section is clear if we think about the geometry. As a matter of fact, the
description of either single and double helix is performed with a single free coordinate, usually the global coordinate x; corresponding
to the rope axis. The relations (1.IV.3.1) and (1.IV.3.2) show the constraints holding true between the different coordinates. The
relations have a shape as follows.

9(x) — 9 = Ax;

Where A is a constant quantity, 8 is the in plane polar angle to the rope current cross section and 6q is the value of the polar angle at
the coordinate x; equal to zero.
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The summation of a periodical quantity over the rope cross section involves that we are considering all the wires. They are usually
symmetric with respect of the rope axis; hence they are equally spaced in terms of angles. More precisely they are uniformly shifted
in terms of phase angle 6o. Thus, when we are talking about the summation over the cross section, what makes vary the investigated
function is the phase angle and not the global coordinate anymore.

Let us call P the period of the function, n the number of wires (even since we assume a symmetric cross section) and i the index
spanning from zero to n which detect the i-th wire in terms of phase angle. The period in term of polar angle is 8 - 6o equal to 2m. Thus,
the period along the rope axis correspond to the following quantity.

P="
A

Let us establish the connection between the variation of phase angle B¢ and the correspondent variation along the rope axis. If we fix
a certain cross section of coordinate xi, let us increment the phase angle as follows.

2m
9(x) — 9y +1i 7=AE1

o) -r=afsi )
X, l.n b =A4|x; ln
The last two relations show how sampling the function at different phase angles is like sampling the functions at different position of
the rope axis for the initial wire 8o. Sampling a periodical function at constant intervals P/n from zero to P and summing all the

contributions correspond to extract the mean value of the periodical function itself, hence it is the same of integrating over the rope
length the function.

J_Pf(xﬂ dx; = if(ﬁ(fl) —9) = if <f1 _ lg)
° =1 i=0

2. GLOBAL STIFFNESS MATRIX OF THE WIRE ROPE

In the present paragraph the objective is the definition of the mechanical quantities that identify the response of wire rope. Let us
define the vectors of the generalized stresses g, generalized strains g€ and rotations w as follows.

g = (NR;MRTrMRZ;MR3)T
&= (Mg, XrTs XR2: XR3)"
® = (Pros Pr3)"

The stiffness matrix of the structural system is conventionally defined through the generalized stresses and strains of the model.

All wires EAR CAT CABZ CAB3
Kp= Jg _ Cra  GJr Crga Crps
=" 0t & Cooa Coor Elgy  Cpas
N Cpza Cpar Cpza Elgsl;

Let us recall that in the direct model the generalized stresses do not depend upon the corresponding work conjugated strains only, yet
on the bending rotations as well. This result is a consequence of the kinematic model of the wire rope. Specifically, these contributions
arise from the variation of position of the single wire between two subsequent cross sections of the rope.

Ny anwires[EAr  Car Capz Caps] [ MR\ aywires[ Carz  Cars

Mgy - Cra  GJr  Crpy Crps XRT N Z Crrz  Crrs ((ﬂRz)
Mp, L Cpan Cpar Elpy  Cpos XRr2 ; Cgarz  Cgars| \@Pr3
Mg; U 1Cpsa Cosr Cosz Elps ; \Xr3 =1 | Cparz  Caars ;

The chapter three provides explicitly the coefficient of the two matrices. In many occasions, it was underlined that many coefficients
were vanishing when summed over the cross section. The reason is that the integration over the length of the rope corresponding to
a period of the function is the same of integrating the same function over the rope cross section. Specifically, checking the results of
the previous chapter it easy to find the following result.
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awires [ Carz - Cars
CTRZ CTR3
CBZRZ CBZR3

i=1
-CBSRZ CBSRB i

[=NeNeie)
[= NNl

[EAr  Car Capz Cups EAg Gy O 0

All wires
CTA G] R CTBZ CTB3 — CTA G] R 0 0
= CBZA CBZT EIRZ CBZB 0 0 EIRZ 0
-CBSA CBST CBSZ EIRS i 0 0 0 EIR3

The global stiffness matrix and the generalized constitutive model of the rope, or sectional response of the rope, may be written as
follows.

Ny EAy Co 0 071/
Mpr | _|Cra GJr O 0 XRT
GILD oy 1=l 0 o El, o || xee
Mg 0 0 0  Elgsl \ Xrs3

It is worth to notice that (4.11.1) holds true for either the direct and the recursive model, since the stiffness coefficients have similar
trend in term of mean value and the coupling coefficients of the rotations vanish.

Furthermore, the axial torsional problem is fully coupled, while the axial torsional and biaxial bending behavior is completely
uncoupled. Hence, it is possible to superimpose the two problems as follows.

N\ _ [EAg CAT] Nr
(4.11.2a) (MRT)_ Cra  GJg (XRT)

MRZ) _ [EIRZ 0 XRr2
(4.11.2b) (MR3 = &, ()(R3)

The presence of coupling between axial and torsional internal actions is a trivial consequence of the internal geometry of the wire. For
instance, let us pull the rope, the wire will experience an axial strain that will cause stretching and thus axial force within the wire itself.
This axial force is directed as the wire centerline, hence a component will be along the wire axis, while another will be in plane with
the rope cross section. The first is responsible of the axial force and bending moment within the rope, while the second provide a
torque. Since all wires are coiled with the same coiling angle, the in-plane contribution will sum, while the components directed as the
rope axis will sum to generate a resultant axial force, still the won’t provide bending because of the symmetry of the cross section. As
a matter of fact, two wires at opposite sides of the rope section will produces bending moments that have same magnitude, but
opposite sign.

3. CASE STUDY FOR AXIAL TORSION RESPONSE OF THE WIRE ROPE

The current section has the aim of comparing the theoretical results of the present thesis work with the available references in
literature. The comparison is performed for axial torsional perturbation of the rope only. Hence, the quantities being investigated are
the coefficient of the stiffness matrix (4.11.2a) that is reported in the following.

(NR ) _ [EAg CAT](UR)
Mgy Cra  GJrl \Xrr
The first case study concerns the 30 mm 7x7 WSC stranded rope that has been investigated in the first chapter. It has been considered
in the papers of Usabiaga & Pagalday (2008) and Xiang et. al (2015) from a theoretical view point. Conversely, the second case study
analyzes the 76 mm 6x41 IWRC wire rope in the article of Kraincanic & Hobbs (1999). In the last paper either experimental and

theoretical results are provided. Specifically, the analytical predictions of the rope response in this reference come from other two
works by Velinsky et al (1984) and Raoof & Kraincanic (1995).

3.1. STRANDED ROPE 30 mm 7x7 WSC

The present section aims to provide a validation of the present mechanical model comparing the results obtained with other two
formulations due to Usabiaga & Pagalday (2008) and Xiang et al (2015). The articles deal with a wire by wire approach both. This means
that no homogenization is performed over the strand and the wire is fully accounted with its double helix geometry. The main
difference with the present thesis work is in the kinematics.
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Usabiaga & Pagalday assume kinematics in between the full stick and full slip condition, i.e. the hypothesis of material point of the wire
rigidly attached to the rope axis is partially removed. As a matter of fact, the wire material point is considered constrained to the strand
axis, while the strand material point is not attached to rope axis. Hence, slipping is allowed among strands, still it is not among wires
within the same strand. On the other hand, Xiang et al assume a complete frictionless condition. Furthermore, the generalized axial
strain of the wire is defined according to the Love thin curved rod theory (Huang, 1973):

ds,,
dsyo

(4.11.3) NMw = Uw,1 — Ky Vy2 =

Where n is the wire strain of the centerline, uwa is the centerline displacement of the wire along the tangent direction, ky is the
geometrical curvature in the undeformed configuration, vz is the transverse displacement of the wire centerline along the normal
direction of the Serret-Frenet frame, ds,, is the arch length in the current configuration and dsyo is the arch length in the undeformed
configurations. The last relation (4.11.3) has been assumed in the present work as it can be seen in (2.11.2a).

The difference between the present thesis work and the two articles lies in the degree of freedom associated to slipping only, since
the computation of (4.11.3) is the same of the other authors.

3.1.1. GEOMETRY

The rope is a stranded 7x7. This means that it is made by seven strands that are composed by seven wires each. Both strands and wires
are divided in one core and six outers like the following picture is showing. Moreover, the main geometrical features are provided in
the table below.

Table 4.21 Stranded Rope 30 mm 7x7 WSC Geometry

number of strand
wire lay wires per  wire helix wire lay strand lay  number of helix strand lay
Rope wire wire radius angle strand radius Ry lenght angle strands per  radius Rs lenght
layer layer r, [mm] aw [°] layer [mm] Pw [mm] as [°] rope layer [mm] ps [mm]
0 1.970 - 1 - -
0 1 1.865 18.99 6 3.835 70 - 1 - -
0 1.600 - 1 - -
1 1 1.500 15.55 6 3.100 70 18.54 6 10.3 193

Where ry, is the wire cross section radius, pw is the wire centerline pith, R is the radius of the strand helix and Ry, is the radius of the
wire helix.

Fig 4.69 Stranded Rope 30 mm 7x7 WSC Geometry
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3.1.2.  STIFFNESS MATRIX COEFFICIENTS

The result of the analysis is provided in the following table, where It can be clearly appreciated the non-symmetry of the stiffness
matrix for the formulation proposed by Usabiaga & Pagalday (2008) and Xiang et al (2015) since Car and Cra slightly differ. In the right
column of each model an error is provided. It is measured as variation from the corresponding value of the direct model.

current model — direct model

error = -
direct model

It must be remembered that the model “Recursive sAT” is the recursive model where the bending contribution of the strand is
turned off and only the axial torsional one is considered.

Table 4.22 Stiffness Matrix Coefficients

Direct Recursive Recursive sAT Usabiaga 2008 Xiang 2015
EAg [kN] 5.68E+04 - 5.92E+04 430%  5.92E+04 4.30%  5.73E+04 0.85%  5.88E+04 3.53%
Car [kNmm] 1.91E+05 - 2.08E+05 8.61%  2.08E+05 8.61%  1.97E+05 3.26%  2.07E+05 8.23%
Cra [kKNmm] 1.91E+05 - 2.08E+05 8.61% 2.08E+05 8.61% 1.96E+05 2.44% 2.01E+05 5.04%
GlJr [kNmm?] 1.28E+06 - 8.86E+05 -30.51% 8.63E+05 -32.34% 1.06E+06 -16.70% 8.97E+05 -29.68%

The results show that the axial stiffness EAg is very similar among the various model, while the torsional stiffness Gl is varies
considerably. A more thorough analysis of the coefficient is performed in the following. In general, it can be appreciated that the
direct model is the stiffer one, while the recursive model is very close to Xiang et al, beside the kinematic hypothesis are deeply
different (full stick for the recursive model and full slip condition for Xiang). Finally, the formulation proposed by Usabiaga & Pagalday
is in between, like it was expected according to the kinematic assumptions.

3.1.2.1. AXIAL STIFFNESS

The axial stiffness doesn’t vary significantly from a model to the other. The reason is that the axial stiffness is closely related to the

nominal axial stiffness that can be computed roughly as EAq where Ag is the area of steel that is crossed by a cutting plane orthogonal
to the rope axis.
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Fig 4.70 Wire Rope Global Axial Stiffness

3.1.2.2. COUPLING COEFFICIENT

The coupling coefficients are not very different from a numerical view point, like it can be seen in the following plot of the quantity
Car. Conversely, they are deeply different form a conceptual view point. As a matter of fact, for the models proposed by Usabiaga &
Pagalday (2008) and Xiang et al (2015) the Reciprocity theorem is violated, hence the formulations show a certain degree of
inconsistency from the thermodynamic vantage point.
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Fig 4.71 Wire Rope Global Axial Torsional Coupling Coefficient
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Fig 4.72 Wire Rope Global Axial Torsional Coupling Coefficient
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3.1.2.3. TORSIONAL STIFFNESS

The torsional stiffness is the global mechanical quantity that shows the greater difference among the various model. The reason is
double: first, the axial strain of the wire centerline (4.11.3) affects the global response since it represent the mean value of the stress

field experienced by the wire cross section; on the other hand, the three formulations have different degrees of freedom. As a

matter of fact, the direct formulation is the stiffer model since it represents a full stick condition. The model of Xiang et al assuming a
frictionless condition more compliant with a -29.7% error from the direct one, while the Usabiaga & Pagalday (2008) formulation is in

between the direct and the Xiang (2015) ones with an error of -16.7%. Conversely, despite the kinematic model is the same of the
direct model, the recursive one has the lower stiffness with an error ranging between -32% and -30% if the strand bending

contribution is neglected or not respectively. This last result is mainly caused by the approximation introduced with the hierarchical

approach.
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TORSIONAL STIFFNESS - Gl
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— Direct Recursive Recursive sAT —l— usabiaga 2008 Xiang 2015

Fig 4.73 Wire Rope Global Torsional Stiffness

125



3.2. WIRE ROPE 76 mm 6x41 IWRC

The present paragraph aims to describe the global response of a 76 mm wire rope. The main reference is the paper of Hobbs &
Kraincanic (1999). The two authors perform some experimental tests on a 7 m specimen of a IWRC wire rope with elastic modulus
equal to 200 GPa. The results obtained are the axial stiffness, the torsional stiffness and the coupling coefficient between axial and
torsion. In the article an interesting phenomenon is recorded. In the present thesis work like in several other models, for instance
Usabiaga & Pagalday (2008) and Xiang et al (2015), the axial stiffness of the wire rope is a constant quantity, since it assumes a
constant stretching of the rope cross section. Truly, this quantity isn’t constant, still it is affected by slipping among the wires. This
empirical evidence will be the main cause of difference among the various formulations.

The stiffness matrix in the aforesaid paper is defined as follows.

@) (qn)= [ Gl G =2l &G

The axial force and the consequent generated torque are measured in the same test. The reason is that if we apply an axial strain to
the rope and the torsional rotation is constrained the relation (4.11.3) becomes as follows.

o ()=

On the other hand, the measurement of the torsional stiffness can’t be done directly. As a matter of fact, if the torsional rotation is
enforced and no axial force is applied, the rope experiences a shortening due to coupling of axial and torsion.

<0>= EAg CAT](WR)
Mgr Cra  GJr]l \Xrr
From the first equation the following relation is derived.

CAT

EAg g + Cpr Xpr =0 = nR:_ﬁXRT
R

If we substitute the derived relation into the second equation the effective torsional stiffness that is measured in the experimental
test is as follows.

Cra C, a,a
Mgr = (G]R_ ;;AAT) XRT:E<a4_%) XRT
R 1

Hence the effective torsional stiffness that will be computed to compare results properly is the following quantity.

Cra C, a, a
4.11. Eff:( — JTA AT AT):E( -2 3)
( 5) GJp GJr EA, a, )

Itis clear from (4.11.5) how the axial stiffness influences the torsional stiffness as well. As a matter of fact, a decreasing in the axial
stiffness of the rope caused by interwire slipping produces a decreasing of the torsional stiffness as well. This effect is not catch by
neither most of the theoretical models nor the formulations of the present thesis.

3.2.1. GEOMETRY

The wire rope is a 76 mm global diameter IWRC, which stands for “independent wire rope core”, because it is made by a central 7x7
stranded rope which correspond to the independent core and by an additional layer of strands. The core stranded rope has the same
internal structure of the one described in the previous paragraph 3.1. Only the diameters of the wires change according to the
following table.
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Table 4.23 Wire rope 76 mm 6x41 IWRC Geometry

) ) number of ) ) ) strand
) wire wire lay ) wire helix wire lay strand lay  number of ) strand lay
Rope wire . wires per - helix
diameter angle radius Ry lenght angle strands per ) lenght
layer layer d [mm] o '] strand (mm] (mm] o [°] rope laver radius R [mm]
" " layer Puw s pelay [mm] Ps
0 3.962 - 1 - -
0 1 3.607 20.76 6 3.797 62.74 - 1 - -
0 3.607 - 1 - -
1 1 3.150 18.70 6 3.283 62.74 17.09 6 10.06 206
0 6.350 - 1 - -
1 3.658 -8.21 8 4.822 210
2a 3.302 -12.69 8 7.533 210
2b 2.438 -12.69 8 7.533 210
2 3 3.785 -16.97 16 10.123 210 16.08 6 24.77 540

Where ry, is the wire cross section radius, pw is the wire centerline pith, R is the radius of the strand helix and Ry, is the radius of the
wire helix. The strands 0 and 1 are the component of the independent core, while the strand 2 is used within the outer layer. The
correspondence between the previous table and the physical position of the wires is shown in the picture below. Specifically, the
wire Wij is in the i-th strand layer and in the j-th wire layer.

STRANDO

Fig 4.74 Wire Rope 76 mm 6x41 IWRC Wires and Strands Nomenclature
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Fig 4.75 Wire Rope 76 mm 6x41 IWRC General View

STRAND 2

&
2L

Fig 4.76 Wire Rope 76 mm 6x41 IWRC Wire and Strand Helix Radii
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3.2.2.  STIFFNESS MATRIX COEFFICIENTS

In the following table, it is possible to see the different entries of the stiffness matrix corresponding to the various formulations. It
must be noticed that in the recursive model the contribution to the rope response of the strand have been slit in axial torsion of the
strand and bending of the strand. The reason is the possibility of turning off the contribution due to bending when the rope
experiences torsion in order to simulate slipping. The recursive model without the bending contribution of the strand is called
“Rec.sAT”, since the axial torsional contribution is active only.

The other formulation that are involved in the comparison are the modes proposed by Velinsky (1984) and Raoof & Kraincanic
(1995). The latter is able to catch either the full slip and full stick condition, while the previous can predict the frictionless condition
only.

Table 4.24 Stiffness Matrix Coefficients

a1 [mm?] a; [mm3] asz [mm3] as [mm?] Effective GJ [Nm?]
Direct 2369 13288 13288 86136 2322
Recursive 2288 11454 11454 68115 2155
Rec.sAT 2288 11454 11454 62702 1072
R & K stick 2148 14467 11887 128912 9770
R & Kslip 1960 12351 9894 89499 5430
Velinsky 2221 13791 13241 87842 1125

It can be noticed that the Raoof & Kraincanic model is able to predict the difference full stick and full slip when the rope experiences
axial excitation only. In the following table the values aforesaid are reported in terms of stiffnesses. Moreover, the direct model is
used as reference value to evaluate the error in percentage in the right column.

Table 4.25 Stiffness Matrix Coefficients

EAR [kN] Car [KNmm] Cra [kNmm] GJr [kNmm2]
Direct 4.74E+05 - 2.66E+06 - 2.66E+06 - 1.72E+07 -
Recursive 4.58E+05 -3% 2.29E+06 -14% 2.29E+06 -14% 1.36E+07 -21%
Rec.sAT 4.58E+05 -3% 2.29E+06 -14% 2.29E+06 -14% 1.25E+07 -27%
R & K stick 4.30E+05 -9% 2.89E+06 9% 2.38E+06 -11% 2.58E+07 50%
R & K slip 3.92E+05 -17% 2.47E+06 -7% 1.98E+06 -26% 1.79E+07 4%
Velinsky 4.44E+05 -6% 2.76E+06 4% 2.65E+06 0% 1.76E+07 2%

The direct model shows the higher axial stiffness among all formulations. This result was expected since the kinematic assumption on
the rope cross section is the stiffer that is possible. The difference with the others is very low except for the full slip case of Raoof &
Kraincanic (1995). This observation is trivial if we think that the axial stiffness in the roughest approximation is EAo, where Aq is the
area of the cross section of the rope with the usual definition.

An interesting comment concerns the torsional stiffness. As a matter of fact, the order of magnitude is similar for the direct model,
Velinsky (1984) and Raoof & Kraincanic (1995) in full slip conditions. Both the last formulations assume a frictionless kinematics.
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3.2.2.1. AXIAL STIFFNESS

The axial stiffness has been computed through four tensile tests and the average has been evaluated in either full stick and full slip
conditions. In the table below, it possible to appreciate the results and the comparison with the theoretical models. They have been
split in full stick and full slip where it is possible. Furthermore, the error between the measurement and the theoretical value is
reported in the column on the right of the theoretical result.

model — measurement

error =
measurement
Table 4.26 Axial Stiffness of the Rope
Test Axial Stiffness EAg [kN]
es
Mode  number  Measured Raoof & Kraincanic Velinsky Direct Recursive
full slip 1 3.96E+05 -1.1% 12.1% 19.6% 15.5%
2 4.11E+05 -4.7% 8.0% 15.2% 11.2%
3 3.95E+05 -0.8% 12.4% 19.9% 15.8%
4 4.02E+05 -2.6% 10.4% 17.8% 13.7%
average 4.01E+05 3.92E+05 -2.3% 4.44E+05 10.7% - 18.1% - 14.0%
full stick 1 4.16E+05 3.4% 6.9% 14.0% 10.1%
2 4.38E+05 -1.9% 1.4% 8.2% 4.5%
3 4.39E+05 -2.1% 1.2% 8.0% 4.3%
4 4.97E+05 -13.5% -10.6% -4.6% -7.9%
average 4. 47E+05 4.30E+05 -4.0% - -0.7% 4.74E+05 5.9% 4.58E+05 2.3%

It can be clearly appreciated that direct and recursive formulation have a behavior much closer to the full stick condition, for instance
the error between the two models and the average measured stiffness in full stick is respectively 5.9% and 2.3%. Consequently, the
error increase significantly when slipping occurs within the rope. Let us recall that the other two models Raoof & Kraincanic (1995)

and Velinsky (1984) can predict respectively either full stick and full slip conditions and full slip only.

In the following graph, it is possible to see the plot (ng, Ng) corresponding to the stiffnesses afore mentioned in full slip condition.
Specifically, the maximum, minimum and average values are reported.
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Fig 4.77 Wire Rope Global Axial Stiffness — Experimental Results

Conversely, the graph below shows the plot (ng, Ng) corresponding to the stiffnesses afore mentioned in full stick condition.
Specifically, the maximum, minimum and average values are reported.
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AXIAL STIFFNES - FULL STICK
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Fig 4.78 Wire Rope Global Axial Stiffness — Experimental Results

A comparison between the different models is provided in the last plot. In the graph, the maximum and minimum measured axial
stiffness curves are plotted to relate the theoretical formulations with the experimental tests for either full stick and full slip
conditions. It must be remembered that the present thesis work deals with a full stick model and it is not able to account slipping
under axial excitation only, while Velinsky (1984) involves a full slip condition and Raoof & Kraincanic (1995) can catch either
scenarios.
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THEORETICAL AND EXPERIMENTAL RESULTS
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Fig 4.79 Wire Rope Global Axial Stiffness — Results Comparison

It can be appreciated that the current work provides a response closer to the full stick condition like it was expected because of the
Euler Bernoulli kinematic hypothesis on the wire rope cross section. The other theoretical models show an axial stiffness always
lower compared to either direct and recursive formulation.
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3.2.2.2. COUPLING COEFFICIENT

The present section aims to provide information about coupling between axial and torsional internal actions within the wire rope.
This point is very important for the comparison of the different formulations. As a matter of fact, in order to be thermodynamically
consistent, the stiffness matrix (4.11.3) must be symmetric to fulfill the Reciprocity theorem. All models fail on that aspect, while the

direct and recursive formulations don’t.
In the following graph, the all the models are compared to the experimental result that is represented in grey.
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Fig 4.80 Wire Rope Global Axial Torsional Coupling — Results Comparison
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3.2.2.3. TORSIONAL STIFFNESS

The experimental results that are reported below are for small strains where the behavior is almost linear. The same doesn’t hold if
the magnitude of the kinematic field is enlarged. The results provided in (Kraincanic & Hobbs, 1999) are derived from an
experimental set up as follows: since the rope needs a tensile force to show a significant torsional stiffness it is pre-loaded with an
axial force N, the torque is applied. For that reason, the results are provided for different axial forces and the stiffness increases
according to that internal action. The analytical models of the present thesis and of the other papers are not able to account this
effect.

EFFECTIVE TORSIONAL STIFFNESS - EXPERIMENTAL RESULTS
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Fig 4.81 Wire Rope Global Torsional Stiffness — Experimental Results for Different Initial Tensile Force

In the following graph, the comparison between experimental and theoretical results is performed. The experimental results are
reported with grey dashed lines, the current work models are represented in blue and light blue, while the other models are in scale
of reds.
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EFFECTIVE TORSIONAL STIFFNESS - COMPARISON OF RESULTS
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Fig 4.82 Wire Rope Global Torsional Stiffness — Results Comparison

From the previous plot is possible to extract the initial stiffness of the different tests with the tangent in the origin of the cartesian
system. The results are reported into the following table. The stiffness evaluated through the direct model in full stick condition is
taken as reference value for the comparison of the other models.

Table 4.27 Effective Torsional Stiffness

Effective GJ [Nm?]

Direct 2322 0%

Recursive 2155 -7%

Rec.sAT 1072 -54%
R&K stick 9770 321%
R&K slip 5430 134%
Velinsky 1125 -52%
H&K N300 6752 191%
H&K N500 8968 286%
H&K N800 10115 336%
H&K N1200 17298 645%
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It is possible to notice that the results are very different from each other. The direct and recursive model have the lower value of
effective stiffness. The reason is the relation (4.1.5) where the dependence is upon the axial stiffness and the coupling coefficients as
well. Furthermore, the experimental tests show a dependence upon the pre-axial load of the effective torsional stiffness. This effect is
neither predicted in the models available in literature nor mentioned in the various papers. Probably, the reason of that dependence
stems from the second order effect of the axial force on the stiffness of the wire rope. Unfortunately, this statement can’t be checked
because of the lack of further experimental results, since they are very rare in literature. Hence, additional tests shall be performed to
better understand this phenomenon that has some degree of uncertainty so far.
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I1l.  LOCAL RESPONSE OF THE WIRE

The present section of the thesis aims to provide an estimation of the local response of the wire. This mechanical information about
the response of the rope is particularly important. Firstly, the stresses are difficult to measure, thus in literature there is no presence
of experimental results about these quantities. Moreover, a simple tool to evaluate the local internal action of the structural systems
has obvious interesting implications like fatigue analysis and elasto-plastic analysis of the wire rope.

In literature the investigation of that mechanical quantity is almost recent, since earlier articles like Velinsky (1984) and Raoof &
Kraincanic (1995) used to study the system only from a global view point. As a matter of fact, the present paragraph will deal with the
references of Usabiaga & Pagalday (2008) and Xiang et al (2015) that provide theoretical results for the normal and tangential stress
experienced by the 30 mm 7x7 WSC stranded rope already investigated in section 3.1.

Fig 4.83 Local Stress and Internal Actions of the Wire

1. NORMAL AND TANGENTIAL STRESS

The stress filed experienced by the wire can be evaluated simply combining the kinematic relations of the wire strain field derived in
chapter 2 with the generalized constitutive model of the wire introduced in chapter 3. The normal and tangential stresses acting upon
the wire cross section are computed according to the Love thin curved rod theory (Huang, 1973) and they have the same structure of
the Euler Bernoulli beam circular cross section. Let us recall the local reference frame of the wire: the coordinates are (yi, y2, y3) and
they correspond to the tangent, normal and binormal direction of the Serret-Frenet frame.

g ( )= E NW(Yl) + sz(yl) _MW3(y1)
w1, Y2, V3 EA, EL, V3 El, V2
M7 (y,)

2El, (¥ )’3)]

Tw (1Y, ¥3) = E[

Where oy and 1, are the normal and tangential stress respectively, E is the elastic modulus of the wire and |, is the second order
moment of the wire cross section. Moreover, it must be remembered that y;1 = y1 (x1) where x; is the global coordinate directed as the
rope axis, while the geometrical quantity r is the polar coordinate of the wire cross section with maximum value equal to the wire
radius ry and it defined as follows:
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(V2 y3) = |¥2 +¥E

Introducing the expressions of chapter 3 (3.11.1) providing the generalized constitutive model of the wire cross section the previous
guantity can be written as follows.

(4.111.6a)  0,,(x1,¥2,¥3) = E[Ny(x1) + Xw2(X1) ¥3 = Xws(x1)y]
(4.111.6b)  7,,(x1,¥2,¥3) = G Yur(x) r(V2,¥3)

Where G is the tangential modulus of the of the wire. It is worth it to notice that according to our model the normal stresses are caused
by the wire stretching and bending, while the tangential stresses are induced by torsion of the wire only. The remark is done since in
the other authors formulations, stretching only produces either normal and tangential stresses.

1.1. CENTROID AND MAXIMUM NORMAL STRESS

The normal stresses can be split into two contributions: the centroid normal stress, that represent the average value of the stress
profile over the wire cross section, and the bending normal stresses. The last quantity varies linearly with the position according to
(4.111.6a), thus the maximum value of the normal stress is reached in correspondence of the wire cross section perimeter and is provided
by the sum of centroid and maximum bending value. The average value is provided by the following relation.

4.111.7a) 06,,(x1) = En,(x1)

Conversely, the maximum bending stress and the correspondent maximum value can be written as follows.
(4.111.7b)  ay,5(x1) = E1y,[ IXw2 ()| + [Xw3(x)] ]

(4.111.7¢)  Oymax(x1) = 0,0(x1) + 7,5 (x1)

The function that will be involved for the comparison with other authors are (4.111.7a) and (4.11l.7c). In the case study, the explicit
dependence upon the rope kinematics is provided for either direct and recursive model under axial torsion.

1.2. MAXIMUM TANGENTIAL STRESS

This quantity varies linearly with the distance from the centroid of the wire cross section, thus the maximum value is reached in
correspondence of the perimeter. Introducing r = ry in (4.111.6b) the maximum shear stress has the following shape.

(4.111.8)  Tymax(x1) = G 1y Yyr(xy)

In the case study, the explicit dependence upon the rope kinematics is provided for either direct and recursive model under axial
torsion.

2. CASE STUDY: 30 mm 7x7 WSC STRANDED ROPE UNDER AXIAL TORSIONAL LOAD

In the present section let us analysis the local response of the 30 mm 7x7 WSC stranded rope already mentioned in the papers of
Usabiaga & Pagalday (2008) and Xiang et al (2015). The main difference between the current thesis and the formulation proposed into
the two articles lays in the kinematic assumptions on the slipping condition of the rope. The direct and recursive model assume that
the wire material point, i.e. the point obtained by the intersection of the wire centerline with the cutting plane orthogonal to the rope
axis, is rigidly connected to the rope axis corresponding to the relevant cross section. On the other hand, Usabiaga & Pagalday (2008)
states that this hypothesis isn’t enough realistic, thus the suggest that the material point of the wire is rigidly attached to the strand

139



centerline, while the strand material point is not linked with the rope axis. Finally, Xiang et al assume a frictionless condition, thus full
slip condition.

Hence, from the present thesis through Usabiaga & Pagalday (2008) to Xiang et al (2015) the system is modelled progressively more
compliant. For that reason, the local response will decrease in magnitude accordingly.

Firstly, let us derive the normal and tangential stresses expressions for the rope undergoing axial torsional load. The aim of this step is
to get an explicit relation providing the local stress of the wire as a function of the rope generalized strains. The result is achieved
introducing inside the (4.111.7) and (4.111.8) the kinematic relations introduced in the second chapter of the present thesis.

The numerical comparison of the results is introduced at the end of each section.

2.1. CENTROID AND MAXIMUM NORMAL STRESS

In the present paragraph let us introduce inside (4.111.7) the kinematic relations of the wire axial strain and curvatures. From the direct
model the axial strain is (2.11.3) and curvature is (2.11.6), while in the recursive model they are split for the strand axial torsion (2.111.6a)
and (2.111.6b).

2.1.1. DIRECT MODEL

Let us introduce inside (4.111.7a) the relation (2.11.3). Hence, the centroid normal stress is as follows.
dx,
(4.111.9a) 06,9(x1) = E E(xl) [tw1 (x1) MR (1) + (2 (1) B3 (1) — X301 B2 (1)) XRr(1)]
1
Then substituting inside (4.111.7b) the last two relations of (2.11.6). Hence, the maximum bending normal stress is as follows.
dx,
(4.111.9b) o4p(x) =ET, E(xl)[ [y (x| + 1by1 (x| T [ xRr(x0)]
1

The maximum normal stress is given by the sum of (4.111.9a) and (4.111.9b) as follows.

(4.111.9¢)  oymax(x1) = 0y,0(x1) + 0,p(x1)

2.1.2. RECURSIVE MODEL

The first contribution is provided by the strand axial torsion field. Let us introduce inside (4.111.7a) the first relation of (2.1ll.6a). Hence,
the centroid normal stress is as follows.

(4.111.10a) o347 (x1) = E cos? a,, cos? ag ng(x;) + E[R, cos a, sin a cos? a,, + R,, cos a,, sina,, cos? a; | ypr(x1)

Then substituting inside (4.111.7b) the last two relations of (2.1l.6a). Hence, the maximum bending normal stress is as follows.
(4.111.10b) 6347 (x,) = E 1,,|cos a,, sin a,, | cos? a | xpr(x,)|

Finally, the maximum normal stress is given by the sum of (4.111.10a) and (4.111.10b).

(4.111.10¢)  o3pax(x1) = a3 (x1) + o35 (x1)

The second contribution is provided by the strand biaxial bending field. Let us introduce inside (4.111.7a) the first relation of (2.111.6b).
Hence, the centroid normal stress is as follows.

(4.111.11a) 638 (x,) = — cos® a,, cos a; sin a, R,, cos @ (x;) Xer(x1)

Then substituting inside (4.111.7b) the last two relations of (2.111.6b). Hence, the maximum bending normal stress is as follows.
(4.111.11b)  635,(x,) = Er,|cosa,, cos a, sin a,|[ |sin ¢ (x,)| + |cos a,, cos ¢p(x,)| ] |xRT(x1)|
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Finally, the maximum normal stress is given by the sum of (4.11l.11a) and (4.111.11b).

(4.111.11¢) 0%, (x1) = 03B (%) + 035, (%)

2.1.3.  NUMERICAL COMPARISON WITH USABIAGA & PAGALDAY (2008)

The comparison is performed for the following kinematic field experienced by the rope.
ng(xy) = 0.001
Xrr(x1) = 0.001

The results are periodic over the same period of the geometrical curvature and torsion of the wire double helix. For that reason, in the
following plots the wire rope axis length is limited on one period.

The wire analyzed is the outer wire of the outer strand and the comparison is performed for the real and developed arch length of the
direct model, the recursive model and the formulation of Usabiaga & Pagalday (2008) indicated respectively “Real”, “Devel”, “Rec” and
“Usabiaga 2008”.

The first comparison is introduced upon the centroid normal stress as follows.

NORMALSTRESS - CENTROID
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Fig 4.84 Normal Stress of the Wire Cross Section Centroid — Results Comparison

The maximum, minimum and mean value of the previous functions. The error from the real direct model is computed below each row.
For Usabiaga & Pagalday (2008) only, the error is provided from either real and recursive model.
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Table 4.28 Centroid Normal Stress

owo [GPa] max min mean
real 1.556 0.129 0.843

0% 0% 0%
developed 1.641 0.128 0.885
5.44% -0.06% 5.02%
recursive 1.049 0.706 0.878

-32.58% 449.45% 4.19%

U&P2008  1.138 0.577 0.857
real  -26.89% 349% 1.76%
recursive  8.44% -18.33%  -2.33%

It is interesting to observe the great error occurring between direct and recursive model, and the difference occurring between the
direct model and the article model. While the last result is expected due to the more compliant assumptions on kinematics, the first
result is affected by the approximation introduced with the hierarchical procedure.

In the following, let us show the comparison of the maximum value of normal stress.
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Fig 4.85 Maximum Normal Stress of the Wire Cross Section — Results Comparison
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The response in the direct models is mainly provided by the centroid value of the normal stress, while in the recursive and Usabiaga &
Pagalday (2008) models the influence of the bending contributions of the wire is not negligible. Furthermore, the functions are
periodical but not sinusoidal, the reason of the peculiar trends is the absolute value of (4.11.7b).

The maximum, minimum and mean value of the previous functions. The error from the real direct model is computed below each row.
For Usabiaga & Pagalday (2008) only, the error is provided from either real and recursive model.

Table 4.29 Maximum Normal Stress

owo [GPa] max min mean
real 1.556 0.129 0.843

0% 0% 0%
developed 1.641 0.128 0.885
5.44% -0.06% 5.02%
recursive 1.215 0.858 1.037

-21.94% 567.68% 23.04%

U&P2008  1.290 0.628 0.959
real  _17.14% 388% 13.80%
recursive 6.14% -26.84% -7.51%

2.14. NUMERICAL COMPARISON WITH XIANG ET AL (2015)

The comparison is performed for the following kinematic field experienced by the rope.
ng(x,) = 0.001
Xrr(x1) = 0.000

The results are periodic over the same period of the geometrical curvature and torsion of the wire double helix. For that reason, in the
following plots the wire rope axis length is limited on one period.

The wire analyzed is the outer wire of the outer strand and the comparison is performed for the real and developed arch length of the
direct model, the recursive model and the formulation of Xiang et al (2015) indicated respectively “Real”, “Devel”, “Rec” and “Usabiaga
2008".

The comparison is introduced upon the centroid normal stress only, since the torsional contribution is null. For that reason, according
to (4.111.9b), (4.111.10b) and (4.111.11b) the bending stresses are not acting on the wire cross section.

|u “
’
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Fig 4.86 Normal Stress of the Wire Cross Section Centroid — Results Comparison

The maximum, minimum and mean value of the previous functions. The error from the real direct model is computed below each

row. For Xiang et al (2015) only, the error is provided from either real and recursive model.

Table 4.30 Centroid Normal Stress

owo [GPa] max min mean
real 0.542 0.404 0.473

0% 0% 0%
developed 0.542 0.426 0.484
-0.06% 5.44% 2.29%
recursive 0.495 0.495 0.495
-8.64% 22.62% 4.71%
X 2015 0.481 0.437 0.459
real  _11.27% 8% -2.95%
recursive -2.88% -11.76% -7.32%
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2.2. MAXIMUM TANGENTIAL STRESS

In the present paragraph let us introduce inside (4.111.8) the kinematic relations of the wire torsional curvature. From the direct model
the curvature is the first of (2.11.6), while in the recursive model they are split for the strand axial torsion (2.11l.6a) and (2.11.6b).

2.2.1. DIRECT MODEL

Let us introduce inside (4.111.8) the third relation of (2.11.6). Hence, the maximum tangential stress is as follows.

dx
(411112) Tyax(0) = |67 L) byaCen)| durCen)
1

2.2.2. RECURSIVE MODEL

The first contribution is provided by the strand axial torsion field. Let us introduce inside (4.111.8) the second relation of (2.11l.6a). Hence,
the maximum tangential stress due to the strand axial torsion is as follows.

(4.111.13a) ©AT x(x,) = [G T, cos? a,, cos? ;] xpr(x1)

The second contribution is provided by the strand biaxial bending field. Let us introduce inside (4.111.8) the second relation of (2.111.6b).
Hence, the maximum tangential stress due to the strand bending is as follows.

(4.111.13b) 38,4 (x,) = [G 1, cOs a,, sin a,, cos a, sin a, cos @(x;)] xrr(x1)
Finally, the maximum tangential stress is given by the sum of (4.111.13a) and (4.111.13b).

(4.111.13¢)  Tymax(x1) = Timtax (x1) + Tomrax (1)

2.2.3. NUMERICAL COMPARISON WITH USABIAGA & PAGALDAY (2008)

The comparison is performed for the following kinematic field experienced by the rope.
ng(x;) = 0.001
Xrr(%1) = 0.001

The article of Usabiaga & Pagalday provides the formula used for the computation of the shear stresses caused by torsion of the rope,
i.e. the shear flow of a solid circular cross section under twisting moment, still they do not plot the function. For that reason, in the
following the comparison is made between the direct and recursive model only. The wire analyzed is the outer wire of the outer strand
and the comparison is performed for the real and developed arch length of the direct model and the recursive model indicated
respectively “Real”, “Devel” and “Rec”.
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Fig 4.87 Maximum Tangential Stress of the Wire Cross Section

The maximum, minimum and mean value of the previous functions. The error from the real direct model is computed below each
row.

Table 4.31 Maximum Tangential Stress

Twmax [GPa] max min mean
real 0.104 0.078 0.091

0% 0% 0%
developed 0.104 0.082 0.093
-0.06% 5.44% 2.29%
recursive  0.104 0.086 0.095
-0.11% 11.18% 4.71%

It is interesting to notice that the tangential stresses due to torsion are one order of magnitude lower then the correspondent normal
stresses.

2.24. NUMERICAL COMPARISON WITH XIANG ET AL (2015)

The comparison is performed for the following kinematic field experienced by the rope.
ng(x;) = 0.001

Xrr(x1) = 0.000
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Since the torsional curvature is null, in the present formulations no torsional moment is arising inside the wire. Hence, the tangential
stresses are identically zero. Conversely, the model proposed by Xiang et al shows non-zero stress. The wire analyzed is the outer wire
of the outer strand and the comparison is performed for the real and developed arch length of the direct model, the recursive model
and the formulation of Xiang et al (2015) indicated respectively “Real”, “Devel”, “Rec” and “Usabiaga 2008”".
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Fig 4.88 Maximum Tangential Stress of the Wire Cross Section

The maximum, minimum and mean value of the previous functions.

Twmax [GPa] max min mean

Xiang 2015 -0.020 -0.030 -0.025

It can be noticed that the magnitude of the shear stresses is always one order lower than the one of the correspondent normal stresses.
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IV.  CONCLUSIONS

The present chapter aims to provide a validation of the mechanical model proposed for the prediction of the global and local response
of wire ropes. Basically, the difference among the various models lies in the kinematic hypothesis. The direct and recursive formulation
introduced in this thesis assume that slipping among adjacent wires is utterly prevented, hence a perfect friction condition is introduced
(the so called “full stick” state). This strong constraint has some degree of arbitrariness, since complex slipping phenomena occur inside
the wire rope. Still the present work aims to provide the simplest model that can provide a reasonable prediction of the mechanical
response. Moreover, it will be the starting point for more refined analysis where inter wire contact is fully accounted.

Firstly, let us focus on the global response of the rope. The axial stiffnesses reported in Table 4.2 and 4.3 are not very different among
the different models. This result was expected since beside the choice of the formulation the response in term of axial stiffness is not
very far from the rough approximation given by the axial load over the axial strain. Still, differences occur because of slipping. It may
introduce a non-uniform stress state among the wires, thus slightly changing the response. The present thesis is not able to catch this
behavior and Table 4.6 clearly show it. An interesting point in the comparison of the models is the coupling between axial and torsion.
As a matter of fact, neither of the articles provide a stiffness matrix fulfilling symmetry, thus clearly violating the Reciprocity theorem
and being thermodynamically inconsistent like it can be seen in Tables 4.2 and 4.5. Hence, despite the results are not very different
from the numerical view point, they are from the mechanical point of view indeed. Finally, the comparison of the torsional stiffness
shows the greatest differences among the various formulations. As a matter of fact, the direct model is the stiffer formulation if
compared with the recursive model, Usabiaga & Pagalday (2008) and Xiang et al (2015) - (Table 4.2) where the error may reach up to
30%. Unexpectedly, the same result doesn’t occur with the theoretical models of Raaof & Kraincanic (1995) and Velinsky (1984) -
(Table 4.5) where in full stick condition the formulation of Raoof & Kraincanic is 50% stiffer then the direct counterpart, while in full
splitandin (Velinsky et al, 1984) the results are almost the same. Conversely, the results differ considerably in term of effective stiffness
because this kind of response is the outcoming combination of axal stiffness, coupling between axial and torsion and torsional stiffness
(Table 4.7). As a matter of fact, the direct and recursive model lay in between the full slip Raoof & Kraincanic (1995) model and the
Velinsky (1984) one (that assumes frictionless condition).

The last aspect to analyze is the local response of the wire. The available articles provide only theoretical predictions and not
experimental evidences. In axial torsion the stiffer response and thus the higher stresses are provided by the direct model, while the
recursive one is the more compliant with an error up to 30% from the previous one (Fig 4.17 and 4.18). The results provided by Usabiaga
& Pagalday (2008) are in between the aforesaid formulations with a difference of 27% from the direct model like it is shown in Table
4.8. Conversely, in pure axial regime Xiang et al shows a different trend from the current work like it can be appreciated in Fig 4.19.
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The present thesis work aims to provide a simple tool to predict the mechanical response of wire ropes. The wire ropes are complex
structural systems that need a suitable analysis to be modelled properly. The main features influencing the mechanics of wire ropes
are the internal geometry of the sub components and the kinematic condition assumed. The geometry of wire wires has been studied
in the first chapter. This section of the thesis pursued the objective of providing on one side the mathematical equations that describe
the position of helixes in space and on the other hand the attached reference frame unit vectors, i.e. the Serret-Frenet frame. The
reason to analyse that type of curves is due to the shape assumed by the wire and strand when assembled in the wire rope. As a matter
of fact, the wire centreline may be either a single helix or a double helix, i.e. a single helix with a revolution axis being a simple helix
itself, while the strand is coiled in single helix shapes about the rope axis. To catch the actual behaviour of the structural system the
nested helix geometry needs to be utterly accounted. This manner of studying wire ropes is almost recent like in (Elata et al., 2004),
(Usabiaga & Pagalday, 2008) and (Xiang et al., 2015), while previous formulations like (Velinsky et al., 1984) used to homogenize the
properties of wires within the strand to treat it like an equivalent wire with single helix shape. The geometrical quantities of helixes
that contain all the information about the Serret-Frenet frame are the curvature and the torsion. Their expressions have been
compared with other references available in literature like (Wang et al., 1998) and (Xiang et al., 2015) where the results were basically
identical. Hence, the geometry of wires has been considered as a safe starting point for the analysis of wire ropes. Furthermore, the
simplicity in generating the geometry of the wire centreline and local frame is very useful for more refined analysis like FEA. As a matter
of fact, an excel spread sheet is enough to have all the information needed to implement the geometry in a CAD software that can be
subsequently imported in FEA software. All figures of the current thesis were obtained in this manner.

The second aspect a fundamental relevance for the determination of the mechanical response is the kinematic model assumed for
the formulation. Like it was underlined several times during the current thesis, two main kinematic condition are usually introduced
for this type of structures, i.e. “full stick” and “full slip” state (Raoof & Kraincanic, 1995). When adjacent wires experience a gradient in
the axial force, only tangential stresses along the so called “contact surfaces” (Foti & Martinelli, 2016) guarantee equilibrium and
ensure compatibility because of friction. If the magnitude of the tangential stress overpasses a certain threshold a slipping mechanism
is activated. The kinematic state before slipping is called full stick, while it is called full slip when all wires are enabled to move among
each other. The present thesis is framed within the first kinematic condition since a Euler Bernoulli behaviour, i.e. rigid behaviour, is
assumed for the rope cross section. This is the stiffest model that can be thought indeed. Hence, the current work is not able to catch
neither the opposite full slip state nor the evolution between the first state to the other one. As a matter of fact, the first improvement
of this formulation would be the possibility to account either inter strands or inter wire contact like it has been already introduced in
(Foti & Martinelli, 2016) for straight strands. The interest of this type of mechanism lies in the possibility of studying in a very refined
way all kind of problems that involve bending of the rope (main cause of gradient of axial force among wires). For instance, like it was
done by (Meleddu et al., 2017) where the focus is in the temperature increase within the rope due to friction phenomena. The current
thesis proposes two different formulations for the same kinematics: the direct or wire by wire model that explicitly exploits the nested
helix geometry of the single wire; and the recursive or hierarchical model that uses the manufacturing hierarchy of the wire rope, i.e.
the response of the single strand is studied in its straight configuration and then it is enforced in the single helix configuration.

The kinematics is developed in the small displacements and strain framework, while the material behaviour is always assumed within
the linear elastic filed. For that reason, the mechanical response of the wire rope to its fundamental modes can be split in the sum of
the single wires contribution to the global response when the sole wire itself experiences the same fundamental modes. This is the
reason why the entire chapter three were dedicated to this topic. As a matter of fact, in this section all the entries of the wire rope
stiffness matrix were studied, still only the contribution of the single wire was accounted. Basically, the helix centreline of the wire was
subjected to the fundamental modes of the rope axis, i.e. axial strain, torsional and bending curvatures of the wire rope. For instance,
an axial strain applied to the rope axis induces a uniform strain field over the rope cross section that in this chapter is constituted by a
single wire only. This strain will induce an axial strain in the wire as well, thus causing an axial force. This internal action of the wire,
when projected in the global reference frame of the rope provides an axial force that induces torsion and bending in the rope when it
is transported into the rope axis.

The last chapter investigates the response of the wire rope comparing the results obtained through the current work with the
theoretical prediction of some authors (Usabiaga & Pagalday, 2008) and (Xiang et al., 2015) for either global and local response and
the experimental results obtained in (Kraincanic & Hobbs, 1999) for the global response only. All the references study the structural
system subjected to axial torsional loads only. The outcome of that analysis shows that the axial stiffness is modelled in a reasonable
way since for the same kinematic condition, i.e. full stick, the response is comparable between the different formulations and the
experimental evidences. An interesting feature concerns the coupling coefficients of the axial torsional stiffness matrix. As a matter of
fact, despite similar results from a numerical view point, all the theoretical predictions of other authors lack in symmetry, thus violating
the Reciprocity theorem and being very different from a conceptual vantage point. Conversely, the current thesis has a perfectly
symmetric stiffness matrix that highlights the consistency of the choice of the kinematic generalized variables. Finally, the torsional
stiffness shows very diverse results for either theoretical predictions and experimental tests. This last diversity is due to another
important fact: the effective stiffness of the wire rope of the specimens have been measured when a pre-axial load was applied, thus
providing geometrical effects to the stiffness that the present work is not able to catch. The reason is inside the kinematic hypothesis
of the model that seems to be very unlike to occur, thus they can be considered an approximation of the actual behaviour of the wire
rope.

These considerations demonstrate the possibility of further development in the present model of the wire rope. Firstly, the inter
wire contact would be introduced following the way already traced by (Foti & Martinelli, 2016). Then the bending behaviour shall be
investigated, since the direct and recursive model have been derived to predict this type of response as well, still it has not been
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studied. Another interesting aspect would be the introduction of geometrical effects to deal with the stiffness increase due to the axial
force value. Finally, the computation of the local response needs to be studied to obtain affordable results. This would introduce non-
linear analysis that account yielding of the material.

The reason of a more refined model for wire ropes seems necessary for a very important feature of this structural system: the high
slenderness. As a matter of fact, the response of the wire rope is studied with a sectional approach, still the cross section has
dimensions that are much lower with respect the longitudinal one. To understand the importance of this consideration let us focus on
a uniform strain field of the rope. This means that generalized displacements increase linearly along the rope length, thus an error in
the evaluation of the stiffness, and consequently of the strain, may propagate in terms of displacements. Hence, a thorough model is
to be pursued to minimize this error. For instance, in the lifting wire rope of an elevator an error in the torsional rotation caused by
the axial force may cause undesirable results in terms of kinematics.
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