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Abstract

The present work studies the influence of the forcing strategy, constant flow
rate (CFR) and constant pressure gradient (CPG), in direct numerical sim-
ulation (DNS) of a turbulent channel flow.

The choice of the forcing strategy is known to be of no consequences on one-
point one-time statistics, at least if one considers a fully developed turbulent
flow in large computational domains. In practice, however, the computa-
tional box is always finite, fluctuations of the forcing term become more
significant with smaller box sizes, and may affect the flow dynamics and its
statistics.

The problem is here investigated via DNS of a turbulent plane channel flow
in a Minimal Flow Unit (MFU), which emphasises possible consequences
of the choice of the driving strategy, in order to bring to light an indirect
dynamical effect of the different temporal fluctuations of the forcing term
on near-wall turbulence.

Due to high statistical error unavoidably affecting the results, no firm con-
clusions can be made when the problem is analyzed at a Reynolds number
close to Re = 5772 (known to be the limit value for linear stability), even
if a different trend in the growth of the friction coefficient appears. On
the other hand, studying a sudden reduction of the Reynolds number in
a subcritical regime, and investigating the transition process, those turbu-
lent flow fields obtained with CPG strategy are characterized by a lower
probability to become laminar with respect to those obtained CFR.

Key words: DNS, Channel Flow, Forcing Term, Minimal Flow Unit
(MFU), Transition, Turbulence Lifetime
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Sommario

Il presente lavoro investiga 'influenza della strategia di forzamento, portata
costante (CFR) e gradiente di pressione costante (CPG), nella simulazione
numerica diretta (DNS) del flusso in un canale turbolento.

La scelta della strategia di forzamento ¢ nota per non avere conseguenze di
alcun tipo sulle statistiche valutate per un fissato istante di tempo in un
punto dello spazio, fintanto che si consideri un flusso in canale turbolento
completamente sviluppato e in un dominio computazionale infinitamente
grande. Tuttavia, in applicazioni reali il dominio computazionale avra sem-
pre dimensione finita, e le fluttuazioni del termine forzante divengono tanto
pit significative quanto pit tali dimensioni vengono ridotte, con possibili
conseguenze sulla dinamica del flusso e sulle sue statistiche.

Tale problema é qui investigato mediante la DNS del flusso in un canale
piano turbolento le cui dimensioni sono quelle dell” Unita Minima di Flusso
(MFU), che enfatizza possibili conseguenze relative alla scelta della strategia
di forzamento, allo scopo di portare alla luce un effetto dinamico indiretto
delle differenti fluttuazioni temporali del termine di forzante nella turbolenza
di parete.

A causa dell’ elevato errore statistico che affligge i risultati, risulta difficile
interpretare correttamente quest’ultimi e trarre conclusioni certe quando il
problema é analizzato ad un numero di Reynolds prossimo a Re = 5772
(valore noto per essere il limite di stabilita lineare del flusso nel canale pi-
ano turbolento), anche se traspare un differente andamento nella crescita del
coefficiente di attrito. D’altra parte, studiando un’improvvisa riduzione del
numero di Reynolds in un regime di trubolenza subcritica, e analizzando
il processo di transizione, i campi di flusso turbolenti ottenuti attraverso
la strategia CPG sono caratterizzati da una probabilita di decadere in un
regime laminare piu bassa rispetto a quelli ottenuti attraverso la strategia

CFR.
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Introduction

The accurate numerical simulation of turbulent flows is challenging, as it
involves resolving a wide range of length and time scales (no separation
of scales occurs in a turbulent flow). Over the years, different techniques
with different levels of approximation have been developed. For instance,
Reynolds Averaged Navier-Stokes (RANS) describe the evolution of the av-
erage turbulent flow, while Large Eddy Simulations (LES) directly compute
only the large scales of motion. These methods allow to simulate the dy-
namic of turbulent flows inside complex geometries of interest to industry,
but they suffer from the lack of closure, because the evolution equations con-
tain terms that require modelling. However, it is also possible to directly
solve the Navier-Stokes equations and accurately describe the physics of tur-
bulent flows: this approach is called Direct Numerical Simulation (DNS).
DNS consists in solving the Navier-Stokes equations, resolving all the scales
of motion with initial and boundary conditions appropriate to the flow con-
sidered. The DNS approach was infeasible until the 1970s when computers
of sufficient power became available. Conceptually it is the simplest ap-
proach and, when it can be applied, it is unrivalled in accuracy and in the
level of description provided. However, it is important to appreciate that
the computational cost is extremely high and the resources needed increase
so rapidly with the Reynolds number that even nowadays the applicability
of the approach is limited to flows of low or moderate Reynolds numbers
and in very simple geometries.

In the DNS of channel flow, performed for the first time by Kim et al.
[KMMS87], the solution domain is a rectangular box with dimension L, X
2h x L,. The flow is statistically homogeneous in the streamwise (z) and
spanwise (z) directions, allowing Fourier representations with N, and N,
modes, respectively. Correspondingly, in physical space, there are grid nodes
with uniform spacings Az = L, /N, and Az = L,/N, in x and z directions.
The periodic boundary conditions implied by the Fourier representation are
artificial, but their influence is small provided that the periods L, and L,
are sufficiently large compared with flow scales.

18



19

In the cross-stream direction, the solution domain extends from the bottom
y = —h to the top wall y = h. At both boundaries the no-slip condition
U = 0 applies.

From specified initial condition, the solution is advanced in time until the
statistically stationary state is reached. The initial conditions specified may
affect the number of steps required to reach stationarity and turbulent life-
times, but they do not affect the statistics in the stationary state. Moreover,
a grid spacing of about %51, in the y direction is necessary at the wall, where

d, = v/u, is the viscous lengthscale and u, = 1/—%%” (: \/Tw/p) is the

viscous velocity, defined through the shear stress at the wall (7,,) and the
density of the fluid (p). From these considerations, Reynolds (1990) [Rey90]
estimates that the total number of modes required increases as Re?”.
Even if DNS is conceptually simple, it requires to take some non-trivial a
priori decisions, which are fundamental to get affordable and at the same
time reliable results.

DNS is not without modelling choicer, as the Navier-Stokes equations alone
are not enough to push the fluid through a duct: one must choose forcing
strategy in order to move the flow inside the computational domain. It is
clear that a flow through a straight duct requires in fact an external force
to overcome the friction losses at the wall. Similarly, numerical simuations
also require a modelling step where this external force is defined: no such
term in fact appears when one derives the Navier-Stokes equations starting
from the balances of mass and momentum over a fluid particle. This choice,
that could appear trivial and completely arbitrary, motivates the present
research.

Historically, when one deals with an inner flow, the most popular choice
for the driving force is implicit in the prescription of a Constant Flow Rate
(CFR). Alternatively, a Constant (in time) Pressure Gradient (CPG) can be
prescribed, thus explicitly setting the driving force which becomes constant
and uniform. Moreover, a third alternative recently proposed by Hasegawa,
Quadrio and Frohnapfel (2014) exists: a Constant Power Input (CPI) strat-
egy, where the product of flow rate and pressure gradient is kept constant
at every time step. The latter case, however, will not be investigated here,
since it is an intermediate approach which becomes particularly useful in
comparing flow control strategies.

CFR simulations usually come with a Reynolds number defition based on
the bulk velocity U,

U=~ [ Uly)dy (1)
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Uph

Rey = — 2

b= (2)

where v is the cinematic viscosity, or even on the velocity at the centerline,
Up=U(y=0)

_Uph

14

Re, (3)

since the two are related by U, = %Ub, and they are interchangeable, pro-
vided that one has accurately modified also the imposed mean flow rate.
On the contrary, CPG simulations, where the slope of the velocity profile at
the two walls ((Zl_g|h7—h = 7) is implicitly constrained, are usually associated
to a Reynolds number definition based on the viscous velocity wu.,

Re, = (4)
However, for both the two kind of forcing viscous velocity is particularly
meaningful, since it allows for the definition of wall unaits,

+ Y ury
= )
) 5, y (5)

which is similar to a local Reynolds number, so its magnitude can be ex-
pected to determine the relative importance of viscous and turbulent pro-
cesses.

In the case of laminar flows the three strategies are equivalent, since pres-
sure drop and flow rate are uniquely related. Neverthless, already for steady
laminar flows some difference between CFR and CPG becomes visible when-
ever a comparison between two different flows is to be done. If, for example,
an obstacle is placed in a duct flow (like an horifice in a hydraulic pipeline
system or a stenosis growing in an artery) the flow state can be compared
to the original one under CFR or CPG. The corresponding result would of
course differ, since the additional flow resistance would lead to an increase
of required pressure gradient in the case of CFR or to decrease of achieved
flow rate in the case of CPG. A consequence of this is sketched in figure 1,
where it is schematically shown how the length of the recirculation bubble
after the obstacle obtained by CFR is larger than that obtained by CPG.
For a turbulent flow, different forcing strategies lead to different time his-
tories of the flow quantities. Such differences are generally considered to
be without statistical consequences. However, CFR results in a temporally
fluctuating pressure gradient, while CPG produces a flow rate that fluc-
tuates in time, and in CPI both quantities are left free to fluctuate. The
amplitude of these fluctuations depends on the computational domain size
and become higher for smaller domain.
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Flow R s CPG: —

Figure 1: Example sketch of the difference between CFR and CPG when comparing the steady
laminar flow in a straight reference pipe to the flow in the same pipe with an obstacle. This might
be for example the case for studying a stenotic flow in an artery. Depending on whether the mass
flow or the pressure gradient of the reference flow is kept constant, the details of the recirculating
bubble after the obstacle are different; in particular the recirculating bubble is longer with CFR. From
[HQF14]

Naturally these considerations affect not only DNS, but numerical simula-
tions in general: even RANS and LES need to choose between CFR or CPG
when one deals with complex inner flows, such as biological flows, nozzle
flow, etc..

These concepts can be extended even to external flow, since, in numerical
simulation, they still require a modelling term to move the flow.

In the present work we investigate the existence of statistically significant
effects of the choice of the forcing term in a transitional plane channel flow.
We carry out simulations in the MFU, as this guarantees that differences
in turbulence statistics linked to the chosen driving strategy increase as the
dimension of the domain gets lowered. A number of numerical experiments
is used to study the probability for a turbulent initial condition to become
laminar at a subcritical value of the Reynolds number and to verify whether
this relaminarisation process is affected by the forcing term.

This work is organized as follow: Chapter 1 gives a theoretical background
about transition and relaminarisation process; Chapter 2 briefly explains
the main concept of which it is made use in this work, forcing strategy and
minimal flow unit (MFU); Chapter 3 finally presents the results.



Chapter 1

Theoretical Background

1.1 Subcritical turbulence and transition

The early studies on turbulent flow were naturally experimental and the
majority of them regarded pipe flow because of its higher simplicity of re-
alization with respect to the channel flow, which, on the other hand, has
been deeply investigated through the direct numerical simulation (starting
from Kim, Moin & Moser (1987) [KMMS87]). In particular, the transition
to turbulence in pipe flow has been subject of many experiments since the
first documentation of its phenomenology made by Osborne Reynolds in
1883 [Rey83]. Reynolds already highlighted that there is no sharp tran-
sition threshold, and that, on the contrary, transition could be delayed to
very high Reynolds numbers when perturbations to the laminar profile were
carefully minimised. His results were then confirmed and deepened through
many subsquent experiments, i.e. Wygnaski & Champagne (1973) [WCT73];
Wygnaski et al. (1975) [WSFE75]; Eppler & Fasel (1980) [EF80]; Eggels et al.
(1994) [EUW194]; Ma et al. (1999) [MZNv99]; Darbyshire & Mullin (1995)
[DM95]. On the theoretical side, Schmid & Henningson (1994) [SH94| and
Meseguer & Trefethen (2003) [MTO03] proved linear stability of the pipe flow
at every Re, however, because of the non-normality of the linearized problem
(Orr-Sommerfeld and Squire equations), an efficient amplification mecha-
nism (the transient growth of the perturbation energy) that can explains
the sensitivity to small perturbation of the laminar profile and eventually
its transition.

Similarly, low-Reynolds-number turbulent flow in a plane channel is of prac-
tical importance with respect to many engineering applications, such as heat
exchange equipment. In particular, transition from a turbulent to a lami-
nar regime (so called laminarization) has been studied experimentally by a
number of researchers, e.g. Narasimha & Sreenivasan (1979) [NS79], since

22
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the process of turbulent-laminar transition is also important in both the
fields of industrial applications and fundamental flow-physics.

With the sustained development of computers, DNS of a fully developed
turbulent channel flow is performed at continuosly increased Reynolds num-
bers. As for low Reynolds number, several research groups carried out DNS
or LES down to Re, = % = 80 in order to study turbulence control (Be-
wley et al. (2001) [BMTO01], Chang et al. (2002) [CCR02], Hogberg et al.
(2003) [HBHO03]). In lida & Nagano (1998) [IN98] a DNS for Re, = 60— 100
is performed to investigate flow fields with emphasis on the streamwise vor-
tices making use of small computational boxes in order to limit the compu-
tational cost.

Much effort has also been devoted to experimental studies of the turbulent
channel flow, starting from Laufer (1951) [Laubl], where detailed turbu-
lence statistics were for the first time obtained, and Patel & Head (1968,
1969) [PH68][PH69], whose studies concerned the measurement of skin fric-
tion and mean velocity profiles in a range Re, = % = 1000 — 10000. They
showed that turbulent bursts occurred above Re, = 1380.

It must be observed that the early experimental results (Davies et al. (1928)
[DW28], Kao & Park (1972) [KP72], Nishioka et al. (1975) [NIT75]) show
wide variation in the critical Reynolds from Re, = U%ﬁ = 266 to 8000.
This is strictly related to the sensitivity of the plane channel flow to the
background turbulence (inlet and initial conditions). Making use of the Orr-
Sommerfeld and Squire equations [Orr07] and studying the linear stability,
no exponentially growing solution is found below Re, = 5772. Non-modal
stability, on the other side, indicates that there is a possibility of transient
growth of disturbances at a Reynolds number as low as Re, = 1000.

We describe in the following a few relevant papers where transition in chan-
nel and pipe flows is described.

1.1.1 Channel flow

Tsukahara et al. - 2005

At low Reynolds number, it has been highlighted that near-wall streaky
structures are so elongated that their lenghts exceed the usual computa-
tional box sizes. Hence, the DNS of a low Re flow also requires a larger
box size to capture the near-wall streaky-structures and the large-scale mo-
tions. Tsukahara et al. (2005) [TSKTO05] deeply investigated this situation,
making use of larger computational boxes than those of previous works,
in order to obtain the turbulent statistics and strucutures of the turbulent
channel flow at very low Re (Re, = 60 — 180). They found that the tur-
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Figure 1.1: Typical time trace of u- an v-fluctuations at Re, = 80. The measurement points are
at various wall-normal locations at the same Iposition in the (z,z)-plane. (a)-(c), the streamwise
fluctuation w *; (d)-(f), the wall-normal fluctuation v *. From [TSKTO05]

bulent /transitional state can be sustained in the computational box size
25.6h x 2h x 12.8h (L, X L, x L,) for Re, > 64; for Re, < 3000, C (fric-
tion factor based on bulk velocity) tends to be smaller than the empirical
correlation found by Dean in 1978 [Dea78] and decreases with decreasing
Reynolds numbers for Re, < 2000. Moreover, they found that the Reynolds
number dependence of the mean velocity profile is significant in the outer
region when scaled with the wall units, v™ = ;= and y™ = %= where
v/u, = 0, is the viscous length. The turbulence statistics indicate that
the anisotropy of turbulence is enhanced at low Reynolds numbers. For
Rey, = 2320, periodic localized turbulence is observed with using the largest
box of 51.2h x 2h x 22.5h and it has been higlighted the great similarity
with a turbulent puff(fig. 1.1) (pattern of localized turbulence structures
separated by laminar flow) observed in a transitional pipe flow.

This equilibrium puff-like structure has influence on the turbulence statis-
tics, such as mean velocity, turbulence intensities and vorticity fluctuations.
Moreover, it is oblique with respect to the streamwise direction and it has
a propagation velocity approximately equal to the bulk velocity (fig. 1.2).
Thus, transition and relaminarization process in channel flow looks very
similar to pipe flow. However, pipe flow has received a much deeper investi-
gation by the scientific community because of the greater ease of replication,
both numerically and experimentally. In fact, in the laboratory, reproducing
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Figure 1.2: Contour of streamwise velocity fluctuation u'™ for a series of consecutive times, in a
(x,z)-plane at y/h =~ 0.5 for Re; = 80. All of the contours (a)-(f) show the whole (x, z)-plane of
(Lg x L) = (51.2h x 22.5h). The direction of the mean flow is from fleft to right. From [TSKT05]
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Figure 1.3: Turbulent lifetime vs. perturbation amplitude for different Reynolds number.For all
Reynolds numbers a smooth region with short-loved states can be observed for small amplitudes.
For larger Reynolds numbers this is followed by a ragged region of highly fluctuating lifetimes. The
treshold amplitude that divides the two regions decrease with Reynolds number. From [FE04]

turbulent plane channel flow, is an extremely difficult task, due to the fact
that physical walls in the spanwise direction are unavoidably, and periodic
boundary conditions cannot be reproduced in x and z directions, leading to
unwanted secondary flows which affects the results, unless one makes the
experiment in a very huge duct, which naturally requires much more power
to move the flow.

In particular, the study of turbulence decay and relaminarization process is
of great interest, due to also its implicit relation with flow control.

1.1.2 Pipe flow

Faisst & Eckhardt - 2003

Faisst and Eckhardt (2003) [FE04] proposed and tried to demonstrate the
appearance of a chaotic saddle related to the value of Rey.

Studying turbulence lifetimes, fig. 1.3, they found that below Re, = 2250
the dynamical system behaves like a chaotic saddle: perturbations will de-
cay, at least for long time. Moreover, they reported a singularity for life-
times close to the mentioned value of Rey, fig. 1.4. They concluded that
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Figure 1.4: Turbulent lifetimes for different transitional Reynolds numbers. (a) Probability P(t)
for a single trajectory to still be turbulent after a time t for six Reynolds numbers as indicated.
Between 50 and 100 trajectories have been evaluated per Reynolds number. The distributions are
well described by exponential distributions shown as straight lines. (b) Median T of the turbulent
lifetimes as a function of Reynolds number. The median and the fluctuations increase rapidlywith
Reynolds number until the median reaches the cut-off lifetime of 2000 at Re = 2200. The error bars
indicate the statistical uncertainty of the median. The straight dashed line shows the linear increase
in lifetime expected due to purely non-normal linear dynamics. The inset shows the inverse median
lifetime vs. Re and a linear fit, corresponding to a law 7(Re) « (Re. — Re)™', with Re. == 2250.
From [FE04]

Rep, = 2250 is a critical value for the pipe flow, over which the chaotic saddle
becomes a chaotic attractor. This implies that over this values turbulence

becomes sustained. Their results were later confirmed by others (Peixinho
& Mullin (2006) [PMO06], Mullin & Peixinho (2006) [MPO0G6]).

Hof et al. - 2006

In Hof et al. (2006) [HWSEO06], they reconsider the conclusions made in
Faisst & Eckhardt (2003) [FE04] in view of new experimental and numerical
results for observation times that span more than two orders of magnitude.
Their measurements do not support the expectation that the probability
of the flow to remain turbulent (P(t,Re)) increases exponentially with Re:
data, in fact, fall along S-shaped curve, which bend in direction of larger
Re as P increases towards 1, fig. 1.5.

Thus, data matching has suggested an exponential relation between the
characteristica time and Re, of the form 77! = exp(a + bRe), whith empir-
ical constants a and .

However, these observations of non-diverging lifetimes are fully consistent
with previous studies: reanalyzing these latter by taking a non-zero t, (a
constant delay related to the initial formation of a turbulent flow state,
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Figure 1.5: Lifetime distributions. (a) Probability of lifetimes measured experimentally for fixed
values of t (time since the start of the experiment) as a function of Reynolds number, Re. Each data
point has been obtained from 50 to 75 rehearsals of the experiment. The distributions are S-shaped,
flattening when approaching P = 1. With increasing t, the distribution curves shift to larger Re.
The fitted lines are of the form exp[—(t — to)/7] with 7= = exp(a + bRe); here to is a constantly
delay, T is the characteristic lifetime, and a and b are fitting parameters. The erro bars represent
the absolute uncertainty in the Reynolds number. Inset, theoretical predictions for a linear scaling
of 1/7 with Re. (b) Same data as in (a) but with the curves collapsed by appropriate shifts ARe
in Reynolds number, confirming that the shape of the distributions does not change notably with
increasing t. The fitted line is obtained with the fitting parameters a and b from panel (a). Inset, the
ratio of observation times as a function of ARe. The exponential correlation is in accord with the
suggested exponential variation of lifetimes with Re. The straight line is obtained with the fitting
parameters a and b from panel (a). From [HWSE06]
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Figure 1.6: Sketch of the two (independent) trsholds associated with transition: one is amplitude-
dependent (and highly form-dependent) indicating when a turbulent episode is triggered, and the
other is a global Re-dependent treshold indicating when turbulence will be sustained. From [WKO07]

ty < 7) into account reveals that lifetimes indeed vary exponentially with
Reynolds number. Moreover, the rapid exponential increase of lifetimes
explains why the transient nature of turbulence has not been observe pre-
viously. The dynamical connection between the turbulent and the laminar
state implies that the flow can be relaminarized by infinitesimal pertur-
bations in judiciously chosen directions. This implies in particular that
turbulence control should be possible with minimal expenditures in energy.

Willis & Kerswell - 2007 and 2009

In Willis & Kerswell (2007) [WKO7], the statistics of the relaminarisation
of localised turbulence in a pipe through DNS are examined. In this re-
search they clarify the existence of two independent tresholds for sustained
turbulence (fig. 1.6): for a given Re,, what disturbance is needed to trigger
turbulence; for a turbulent flow, what is the Re, at which puff becomes
an attractor (turbulence deos not decay). Their results perfectly matched
the previous experimental investigation made in Peixinho & Mullin (2006)
[PMO6].

They also higlight how initially a treshold amplitude of disturbance is re-
quired to push the solution away from the laminar state and into the turbu-
lent region and how, once here, the exit from the metastable state is sudden
and unrelated to the entry (fig. 1.7), confirming that relaminarisation is a
memoryless process.
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Figure 1.7: Trace of perturbation energy versus additional pressure fraction required to maintain
fixed mass flux, 1 + 8 = (0.p)/d.piam (the origin represents laminar flow), for the three cases of
sustained puff at Re = 1900 (solid), metastable puff at Re = 1860 with sudden relaminarisation
(dotted) and the immediate decay of a perturbation (dashed). The inset shows that the energy trace
for the metastable puff is similar to the sustained puff before it laminarises. From [WKO07]

Moreover, they confirm the presence of an exponential distribution for the
probability of puff relaminarisation and support critical-type behaviour in
which the the puff half-life diverges as (Re. — Re)™!.

Since fully 3-dimensional computation of flow through a long pipe is com-
putationally expensive and demands a huge number of degrees of freedom,
in 2009 the same authors [WK09] proposed a reduced order model (called
2 + € dimensional model), which is a minimal 3-dimensionalisation of the
axissymmetric case. In particular, in their work they also make use of the
simplified model in order to investigate if the form of the driving in DNS is
important or not for the relaminarisation behaviour of turbulent puffs. The
question comes from the fact that in Hof et al. (2006) [HWSEO06] a CPG
strategy has been used, while in Peixinho & Mullin (2006) [PMO06] in their
experiments they sucked the fluid through their pipe to produce a constant
flow rate. Since instantaneously and locally the flow dynamics are different,
puffs evolving in the two situations are slightly different and it is therefore
a leading question as to whether they possess the same relaminarisation
behaviour.

As shown in figure 1.8(b), they observed that, for at least a long pipe (=~ 100
diameters), the precise form of driving is unimportant for the probability of
puff relaminarisation.

Neverthless, these results have been obtained through a reduced model of
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Figure 1.8: Sensitivity of the lifetime, (D /U), of transients to the pipe lenght. The upper plot (a)
shows the data for pipe lenghts 2w, 47 and 8 (in D) and exponential fits, 1/7 = exp(aRe + b),
through all points which correspond to global (slug) turbulence. The 4 leftmost datapoint for 87
correspond to localised (puff) turbulence and 1/7 ~ (Re. — Re)® fit is shown for these. The lower
plot (b) shows data where localised (puff) turbulence is present for pipe lengths 8w, 167 and 327
(= 100 diameters) long. Here the best fit lines take the form 1/7 ~ (Re. — Re)” where 1/7 vs
(Rec — Re) plot on log-log scales (inset) shows these fits as straight lines (the same best fit for
L = 8nD is plotted in both (a) and (b)). Points with error bars n Re were calculated using a fixed
pressure gradient as opposed to fixed mass flux. This data is plotted using the time-averaged Re for
a 32w D pipe and falls precisely on the fixed mass-flux data (as for allother points, 100 observations
were used for each). From [WK09]



1.1 Subcritical turbulence and transition 32

the pipe flow and it is not straightforward that the results obtained in the
cylidrical geometry apply to the plane channel flow: this is why in the
present work further investigations are made. Moreover, taking advantage
of MFU, possible differences will be emphasized, even if we know that in
real application the size of the domain is usually large for technical needs.



Chapter 2

Forcing term and Minimal
Flow Unit

2.1 Forcing term in direct numerical simulation

A flow through a straight duct requires an external force to overcome the
friction losses at the wall. Similarly, numerical solution of the equations of
motion requires a modelling step where the external force is defined.

In this section the results obtained in Quadrio, Frohnapfel & Hasegawa
(2016) [QFH16] are briefly reported, in evaluating the differences in the
flow statistics between three possible approaches (CFR/CPG/CPI) for driv-
ing strategy. We will consider the case where the flow takes place in the
streamwise x; = x direction.

2.1.1 Constant Pressure Gradient (CPG)

In this kind of strategy the forcing term, assuming to set it to a constant
value, can be regarded as a spatially averaged pressure gradient:

d(p)
where (-) indicates the spatial average in the homogeneous directions = and
2.
Since the pressure gradient must balance the wall friction in a fully devel-

F =

oped flow, a smart velocity scale to make the forcing term dimensionless is
the friction velocity u, = /7, /p. The resultant Reynolds number based on
this velocity is referred to as the friction Reynolds Re. .

33
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2.1.2 Constant Flow Rate (CFR)

In this kind of simulation the forcing term F is not constant in time anymore,
but changes at every time step, in such a way that the resultant flow rate
is equal to a prescribed one. The flow rate per channel cross section is the
bulk velocity U, and the corresponding Reynolds number for CFR is thus
the bulk Reynolds number Re, = Uyh/v.

From the numerical point of view, this strategy is usually implemented in
two stages. First the the flow field is obtained by any numerical scheme
with F' = 0. The resultant flow rate, i.e. the wall-normal integral of the
velocity profile, now differs from the prescribed value. Hence, the flow
rate is compensated by adding a corrective profile. The amplitude of the
forcing term is in this way determined so as to satisfy the constant flow rate
condition exactly, and the flow rate correction defines the instantaneous
value of the pressure gradient

2.1.3 Constant Power Input (CPI)

In this strategy, it is the power input to the flow system that is kept constant
in time, instead of the pressure gradient or the flow rate. The corresponding
characteristic velocity Uy is one that is based on the power input P, to the
flow system per unit wetted area:

d(p)

P, = ———=hU, 2.2
p dx b ( )
and is given by
P,h
=4/ = 2.3
= (23)

where p is the dynamic viscosity of fluid and Uy represents the flow rate
(per unit width) achieved by a given power input P, in the laminar regime.
Moreover, theoretical arguments exist (Bewley 2009 [Bew09]; Fukagata,
Sugiyama & Kasagi 2009 [FSK09]) showing that Uy is the maximum achiev-
able flow rate for controlled flows if the power consumption of control is
considered.

Relation 2.2, between the flow rate and the pumping power, comes from
the fact that in a fully developed channel flow, the power input to the flow
balances the dissipation rate e of the kinetic energy of the flow which can

be computed as
h 2 2
du 3uU;
= — | dy=——+ 2.4
‘ /0 : (dy) YT 24)
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Figure 2.1: Time histories of the bulk velocity U, (dashed lines) and the forcing term F (continuous
lines) with CFR (red), CPG (black) and CPI (green). Tlme-varying values are plotted over a relatively
short time winfow (only 1/15 of the total length of the simulations) and are normalized by the long-
term values U, and F'. The red dashed line is not visible as it is constant and completely overlaps
the black continuous one. From [QFHI16]

The corresponding power-based Reynolds number is defined as Rep =
U Hh / V.
Under the CPI condition, it is the product —%Ub to be kept constant.
The adimensionalized P, can also be expressed as

P, = —dg U, = R?;H (2.5)
Through comparison of time traces of bulk velocity and space-mean stream-

wise pressure gradient , which is equivalent to the forcing term F, we can
show up the differences between these three strategies. In general, one of the
most important parameter which dictates the amplitude of the fluctuations
is the domain size: fluctuations increases as the domain becomes smaller.
The forcing term itself fluctuates with CFR, the flow rate with CPG, and
both vary in time with CPI in a way that a constant power input results.

In figure 2.1 are shown the time traces of the bulk velocity and the stream-
wise pressure gradient for all three cases. The quantities are normalized
with their long-term average. It can be observed that fluctuations of the
pressure gradient for CFR are characterized by larger relative amplitudes
and higher frequencies than fluctuations of the bulk velocity for CPG. The
fact that the product of flow rate and pressure gradient is constant for CPI
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Figure 2.2: Probability density function of the instantaneous, local fluctuations of the streamwise
component of wall friction around their time- and space-mean value. The abscissa is in units of
standard deviation. Negative local friction is found for o < —2.79, marked the verical dashed line.
The two oblique straight lines emphasize the exponential character of the PDF tails. From [QFH16]

can be easily appreciated visually by noticing that the time histories for
both quantities are mirror images along the horizontal axis.

Taking advantage of the large sie of the database, in [QFH16] PDF is plot-
ted: such a database allows extrem events to be tracked.

This full plot is shown in figure 2.2: wide tails are evident, and also the fact
that they are remarkably exponential. The PDF are obviously quite irreg-
ular in the extrem part of their tails, owing to he small number of events
belonging there.

Thanks to the fully time resolved database, autocorrelation function R of
the wall friction in the space-time plane has also been explored, defined as
(1) (x, )T (x + Az, t + At))

2

Wrms

R(Az, At) = (2.6)

The autocorrelation functions, figure 2.3, show the well-known ”banana” or
"cigar” shape, that indicates the convective nature of the flow. The three
correlation functions computed in [QFH16] are almost identical in the whole
separation region where R < 0.2. However, the contours at R = 0.1 show
some difference that could be ascribed to something more than residual
error.
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Figure 2.3: Space-time autocorrelation function R of the wall friciton at zero spanwise separation.
Lines show levels of the autocorrelation functions from 0.9 down to 0.1 by 0.1 decrements. CFR =
red, C PG = black,CPI = green. From [QFH16]

2.2 Minimal Flow Unit

Even though we have seen that in the previous section no evident reason has
been found for questioning the way DNS research of turbulent flow is carried
out, some difference between the three forcing strategies has been identified.
Since, in general, these differences are likely to be more pronounced as the
size of the computational domain is reduced, in this work the two extreme
approaches (CFR and CPG) will be explored through the so called Minimal
Flow Unit (MFU). By reducing the dimension of the computational box,
it is possible to obtain the minimal set of coherent structures (regions of
space and time within which the flow field has a characteristic coherent
flow pattern) which support sustained turbulence. Moreover, this allows to
investigate the existence of an indirect dynamical effect of the fluctuations
of the forcing term on near-wall turbulence.

We illustrate below a few key references concerning th MFU

Jiménez & Moin - 1991

The Minimal Flow Unit (MFU), originally identified in Jiménez & Moin
(1991) [JMO1], is the doubly periodic (in z and z) computational box that
contains the minimal set of structures which are necessary to sustain turbu-
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lence. It leads to a good representation of near-wall structures and low-order
statistics of a turbulent channel flow. Such a model can be very useful, since
one has a significantly simpler and more manageable laboratory in which to
study the mechanics of wall-bounded flows and in which to test turbulence
control strategies. As a drawback, by construction, this simplified model
cannot accurately predict some of the higher-order turbulence statistical
quantities or the shape of the velocity profile far from the wall. This kind
of simulation only resolve those scales which are big enough to be resolved
with a particular grid resolution, yet small enough to fit into the domain.
Only small-scale interactions can be described with the MFU, while large-
scale interactions are definitely ignored. Thus, the complex scenario of a
fully devoloped channel flow is not obtained, and a simplified and more or-
ganized model of the flow is observed instead.

At least two potentially important ingredients are absent from these sim-
ulations. First the random occurrence in space and time of structures in
natural turbulent wall layers has been replaced by a periodic order. Sec-
ond, the flow in the outer layer and its influence on near-wall events are not
adequately modeled.

Another interesting observation reported in Jiménez & Moin (1991) [JM91]
is the existence of stable states in the channel in which turbulent flow exists
only near one wall. The turbulent state was observed to shift from one
wall to the other. When this happened, the quiet wall underwent transition
and for a while both walls were turbulent. However, this state was not sta-
ble, and in a relatively short time turbulence at one of the walls decayed.
Naturally, one-sided turbulent channels have never been observed experi-
mentally, since MFU computations are not simulations of flows that can be
realized in the laboratory.

Jiménez & Pinelli - 1999

Several studies on the wall turbulence cycle have been conducted through
the minimal flow unit concept after the pioneering study of Jiménez &
Moin (1991) [JM91]. Most of them introduced a numerical mask in order
to filter out even along wall normal direction, so removing the outer flow:
in this way the near-wall structures are isolated and their dynamics can be
deeply investigated. This expedient has also allowed to study the interaction
between the wall cycle and the core flow.

Jiménez & Pinelli (1999) [JP99] introduced for the first time a damping
function in order to filter out in the y-direction. They considered a generic
numerical time step for evolution equations, which can be written as
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q(y,t + At) = q(y,t) + Ath(y) (2.7)

where ¢ is the Fourier coefficient of either the wall normal velocity or the y
component of the vorticity vector, and h is the appropriate right hand side
of the equation. They substitute it by

q(y, t + At) = [q(y, t) + Ath(y)] F(y) (2.8)
where F(y) is the damping function,

o= 1o (12 1)) o9

and § is the filter height. F(y) has been proved to act as a dissipation
which remove all the fluctuations above y™ > 0T, and it is effective when
F(y) < 0.99, so that y/6 > 0.65. When ¢ > 0.85, the fluctuations are sup-
pressed for y™ > 60. By varying the filter height, the wall cycle, which is
responsible for the sustenance of the near wall turbulence, has been proved
to be localized to a region between y+ &~ 20 and y™ = 60, where it can
survive with no input from the core flow. Quasi-streamwise vortices (QSV)
and low-speed streaks (LSS) have been showed to be fundamental for the
cycle.

Through this study and in particular analyzing the plots of the vorticity fluc-
tuations, a tendency of the fluctuations in the minimal channel has been
observed to be greater than those obtained through the full-size channel.
This can be easily explained once that the core flow is seen to be not really
laminar, but it only lacks of the bigger scales, since the spanwise constraint
forces the eddies to have a size similar to that of the near wall structures.
In the full-size channel the length scale of the vortices which contain most
of the energy is proportional to y and their velocity scales with u,. On
the contrary, in the minimal channel the length scale y is forbidden for
yT > 100, where also the energy containing eddies are constrained to the
dimension L.

From the energy balance, it is found that the vorticity should scale inde-
pendently from the Reynolds number and should only weakly depend from
y through the dependence from the streamwise velocity fluctuations (u’).
However, the near wall statistics are not completely independent from Re
and this implies a sort of interaction with the core flow, in accordance with
the Townsend theory (1976) [Tow76].
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Florez & Jiménez - 2010

The minimal simulation boxes of the buffer layer of turbulent channels can
be extended to the logarithmic and outer regions, as studied in Florez &
Jiménez (2010) [FJ10]. Smaller computational boxes restrict “healthy” tur-
bulence closer to the wall, to a layer whose thickness scales with the spanwise
size of the box.

The mean velocity profiles of the small boxes are characterized by a parabolic
behaviour in the outer region, because the length scale beyond a certain y
is fixed by the domain size, instead of by the distance to the wall. However,
these flows are not minimal in the same sense of those in the buffer layer.
Choosing a smaller box does not lead to the decay of turbulence, but to a
reduction of the layer with ”healthy” turbulence, where the flow statistics
are in agreement with those of the full-box turbulent channels. In this sense,
it is possible to define a hierarchy in which progressively smaller near wall
structures are isolated by progressively smaller numerical boxes.

Florez and Jiménez defined the limit of ”healthy” turbulence as the location
yq of the minimum in the velocity excess, from the comparison of the veloc-
ity profile of a small domain and that of a full domain. They found a relation
between this length and the spanwise dimension of the computational box

ya ~ 0.3L, (2.10)

The proportionality constant between y; and L, is consistent with L, being
the limiting factor to the largest self-similar attached vortex cluster (aspect
ratio: (3:1:1.5)) resolved in the simulation. Therefore, a minimal box for
a given height (y4) should at least be wide enough to contain an ejection
(v > 0) and its associated sweep (v < 0), yelding L, ~ 2 x 1.5y,. Extending
this estimate to the center of the channel would imply that the smallest box
that can be considered a full numerical channel should be of the order of
L, ~ 3h.

Hwang - 2013

In the last years, because of the increasing interest towards the superstruc-
tures (large-scale and long-living structures which dominate the global tur-
bulent transport, act as barriers to transport, and increase the variability
and fluctuations in the flow) and the high Re effects, simulations on minimal
channels have been performed in order to reduce the computational cost of
the DNS made at high Reynolds number. Hwang (2013) [Hwal3] makes use
of a elongated channel (L} ~ 3500 — 4500), which is however minimal in
the spanwise direction (L} = 100). However, this domain still allows for
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the presence of turbulent structures greater than LT ~ 100 because 5y = 0
(fundamental wavenumber, defining the spanwise period L, = 27/f, of the
computational domain) solves uniform spanwise eddies, i.e. two-dimensional
structures in the x —y plane. For this reason Hwang implemented a further
numerical strategy in order to remove these spurious structures. At each
substep of the Runge-Kutta method he imposed

RHS,(y,a0 #0,60=0)=0,  RHS,(y,00#0,5=0)=0 (2.11)

This trick leads to near wall statistics which better agree with those ob-
tained through full-size simulations with respect to the non filtered simu-
lations. The position y*, below which the mean velocity profile is in good
accordance with that of the full-size simulation, is consistent with the scal-
ing y* ~ 0.3L} proposed in Flores & Jiménez (2010) [FJ10]. The velocity
fluctuations in this region are mostly characterized by long near wall streaks
which are enough amplified to be influenced by non-linearities, they play
an important role in the formation of the mean velocity profile in the near
wall region.

The fundamental discovery of Hwang (2013) [Hwal3| is for sure related
to the contribution of the autonomous wall cycle to the turbulent friction
factor. At low Re numbers, the turbulent friction factor coming from the
filtered simulation is only slightly smaller than that one obtained from the
full-size simulation. However, the friction generated at high Reynods num-
ber is considerably smaller than that one generated through the full size
domain. This means that the contribution of the motions smaller than
AT &~ 100 to the turbulent friction factor decreases with increasing Re.
This also implies that the turbulent friction factor directly associated with
the wall cycle is very low at very high Reynolds number. Actually, this was
already clear since in previous simulations (Del Alamo & Jiménez (2003)
[dAJ03], De Graaff & Eaton (2000) [DGE00], Hutchins & Marusic (2007)
[HMO07] have been showed how the external turbulent fluctuations penetrate
down to the wall, modulating also the near wall processes.

Yin, Huang & Xu - 2017

Yin, Huang & Xu (2017) [YHX17] following the same numerical procedure
confirmed the conclusions of Hwang (2013) [Hwal3] at high Reynolds num-
ber. They only siglithly changed the dimension of the box: they still made
use of the minimal channel but such that it could guarantee "healthy” tur-

bulence, according to the relationship proposed in Flores & Jiménez (2010)
[FJ10].



Chapter 3

Results

3.1 Box minimization

The first step which has been done is to reproduce the results obtained
by Jiménez and Moin, both at constant flow rate and at constant pressure
gradient, at a nominal Reynolds Re, = @ = 4760 and for different sizes
of the domain. Following their procedure, the spanwise and streamwise di-
mensions have been reduced separately, keeping the other one fixed.

One of the main computational advantages of studying MFU is the much
shorter computing time per time-step. However, it must be noted that it
comes at the cost of a larger number of timesteps required to obtain mean-
ingful temporal averages as a consequence of the lesser contribution of the
spatial average (which is proportional to (L, x L.)™'). In fact, when the
mean value is computed, this estimation is made by two components: one
is that related to time average, and the other comes from a spatial average,
so that the final result is given from 2 contributions, spatial and temporal.
This means that changing the domain size, the term (L, x L,)~! changes
and so does the contribution to the spatial average: therefore, in order to
have the same uncertainty on the final result, the contribution of the tem-
poral average must be changed. In other terms, this means that reducing
the domain size, the observation time must become longer.

All the simulations have been here initialized starting from a laminar flow
field (Poiseuille parabola) superimposing the necessary background noise in
order to force transition to turbulence.

In the following results in order to take into account for the residual statisti-
cal error, the latter is estimated following the procedure described in Russo
& Luchini (2017) [RL17] and errorbars are attached to computed data.
They proposed a Batch Means and Batch Correlation (sample means and
correlations of subsets of consecutive subsamples from a simulation output

42
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Table 3.1: CFR/CPG - L, study

Ly X L, nexn, «ay Po CFR(tU,/h)- CPG(tu,/h) Azt x AzT
27 x 0.287 78 x 22 1 7 1000 - 45 8 X 4
1.337 x 0.287 52 x 22 1.5 7 1000 - 45 8 x 4
7 X 0.287 39 x 22 2 7 1000 - 45 8 X 4
0.87 x 0.287 31x22 | 25 7 1000 - 90 8 x 4
0.66m x 0.287 26 x 22 3 7 1000 - 90 8 X 4
0.57m x 0.287 22x22 | 35 7 2000 - 90 8 x 4
0.57 X 0.287 19 x 22 4 7 2000 - 120 8 x 4
0.447 x 0.287 17x22 | 4.5 7 2000 - 90 8 x 4
0.47 x 0.287 15 x 22 5 7 2000 - 300 8 x 4
0.3637 x 0.287 | 14x22 | 5.5 7 4000 - 450 8 x 4
0.367 x 0.287 14x22 | 555 | 7 3000 - 200 8 x 4
0.3577 x 0.287 | 14x22 | 5.6 7 4500 - 600 8 x 4

sequence) algorithm inspired by NonOverlapping Batch Means (NOBM)
and Overlapping Batch Means (OBM) algorithms. With respect to the
latter, the new method retains its speed and easy applicability, while the
accuracy is that typical of Auto Regressive (AR) approach, which is an al-
ternative way to estimate the variance of the sample average through the
definition of AR processes (output of an all-pole infinite impulse response
filter driven by white noise input, [OMUM14]).

3.1.1 L, study: comparison

Table 3.1 resumes all the simulations made in order to study the minimal
flow unit having fixed the spanwise dimension (L,) and varying the stream-
wise one (L,) for both driving strategies (CFR and CPG).

As expected, L, is not the critical dimension when studying minimal flow
unit and from the point of view of the different forcing strategies results do
not highlight some clear difference.

Figure 3.1 is the same plot we found in the reference paper, and it only
highlights as L] must be greater than approximately 200-250 in order for
the channel to sustain turbulence.

Figures 3.2 and 3.3 represent how U;,” and C} = friction coefficient

7277
based on the bulk velocity) vary with changing in streamwise dimension of
the box scaled in wall units (L}). However, CFR and CPG simulations do
not appear to give different results, since the trend is quite similar.

Due to the fact that the present results have been obtained for a reduced
value of the spanwise dimension, L., the two approaches do not show an
asymptotic behaviour, which would be expected when one increase the value
of L,.

Moreover, as it is evident, due to high statistical error coming from reduced
sample time and reduced dimension of the computational boxes, interpre-
tation of the results is absolutely not straightforward.
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Figure 3.1: L, study: L, = 0.28m. Red A are for CFR simulation; blue () are for CPG simulation.
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Figure 3.2: L, study: L, = 0.287. Plot of the bulk velocity vs L., both normalized in terms of wall
units. At CFR, Rey has been fixed (Ry = 4760), while at CPG Re, has been setted (Re; = 200).
Errorbar are also reported for both the simulations. Red A are for CFR simulation; blue () are
for CPG simulation. The black dashed line is an experimental correlation proposed by Dean (1978)
[Dea7s].
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Figure 3.3: L study: L. = 0.28x. Plot of the bulk velocity vs L7, both normalized in terms of wall
units. At CFR, Rey, has been fixed (R, = 4760), while at CPG Re. has been setted (Re. = 200).
Errorbar are also reported for both the simulations. Red A are for CFR simulation; blue () are
for CPG simulation. The black dashed line is an experimental correlation proposed by Dean (1978)
[Dea7s].
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Table 3.2: CFR/CPG - L. study

Ly X L, ng Xxn, a9 Po CFR(U,/h) - CPG(tu,/h) Azt x AzT
TX T 39 x 78 2 2 1000 - 45 8 x 4
T X 0.57 39 x 39 2 4 1000 - 45 8 X 4
m x 0.337 39 X 26 2 6 2000 - 45 8 x 4
T X 0.287 39 x 22 2 7 2000 - 45 8 X 4
7 X 0.257 39 x 19 2 8 2000 - 90 8 x 4
7 X 0.24m 39 x 18 2 8.5 3000 - 90 8 X 4
T X 0.227 39 x 17 2 9 4000 - 90 8 x 4
T X 0.217m 39 x 17 2 9.2 2000 - 90 8 x 4
7 X 0.215m 39 x 16 2 9.3 2000 - 90 8 X 4
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Figure 3.4: L, study: Ly, = w. Red A\ are for CFR simulation; blue () are for CPG simulation.

3.1.2 L, study: comparison

Table 3.2 resumes all the simulations made in order to study the minimal
flow unit having fixed the streamwise dimension (L,) and varying the span-
wise one (L) for both driving strategies (CFR and CPG).

We found that the channel flow is not anymore able to sustain turbulence
for LT approximately lower than a 140, which is quite higher than the
value found in [JM91] (LT ~ 100). This is confirmed from both the forcing
strategies as it is shown in figure 3.4.

Figures 3.5 and 3.6 show how U," and C; are not anymore independent from
the spanwise dimension of the domain when this is reduced under approxi-
mately 450 (wall unit scaling).

In these two plots, CFR and CPG evidence different trends when the min-
imal computational box size is approached: in particular CPG presents a
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Figure 3.5: L. study: L, = m. Plot of the bulk velocity vs L}, both normalized in terms of wall
units. At CFR, Rey, has been fixed (R, = 4760), while at CPG Re, has been setted (Re; = 200).
Errorbar are also reported for both the simulations. Red /\ are for CFR simulation; blue () are for
CPG simulation. The black dashed is an experimental correlation proposed by Dean (1978) [Dea78].
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Figure 3.6: L. study: L, = w. Plot of the friction coefficient Cy vs L}, both normalized in
terms of wall units. At CFR, Re, has been fixed (R, = 4760), while at CPG Re. has been setted
(Re- = 200). Errorbar are also reported for both the simulations. Red A are for CFR simulation;
blue O are for CPG simulation. The black dashed line is an experimental correlation proposed by
Dean (1978) [Dea78].
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lower U," and higher C; with respect to CFR. However, the statistical error
still does not allow for a straightforward comparison.

Moreover, observing 3.5 and 3.6, we notice that for increasing value of L],
thus approaching a larger domain, the two strategies (CFR and CPG), as
expected, tend to coincide.

3.2 Turbulence statistics comparison, Re, = 3000

A further analysis at a lower Reynolds number, Re, = 3000 (also investi-
gated by Jiménez and Moin), has been made in order to more easily get an
intermittent field (figure 3.7) and check for differences in turbulent statis-
tics.

Several flow fields have been sampled on a small domain (L, x L, =
7 x 0.2657) and some low order statistics have been computed.

In particular, in figure 3.8 (a) the (one-point, one-time) covariance of the ve-
locity fluctuations (also named Reynolds stresses), (uv), is reported, while
in figure 3.8(b) their contribution to the turbulent friction coefficient for
both CFR and CPG results is explored (see Appendix B). Some difference
arises but still in the logarithmic region, which as we have already said is
not well reproduced by MFU simulations, while the results perfectly agree
in the viscous sublayer. Figures 3.9 represents plane autocorrelations for the
streamwise velocity fluctuations obtained for both the two forcing strate-
gies, and they highlight how the dimensions of the computational box are
extremely reduced since the autocorrelation does not decay as the right
boundary of the domain is approached, and only the minimal set of struc-
tures are contained in it. Moreover, the two images are not completely
identical: in particular, 3.9(a) presents higher autocorrelation approaching
the right boundary of the domain, which means that CFR approach pro-
duces longer near wall turbulent structures. However, this is certainly not
enough to draw firm conclusions.

Plane autocorrelations of the wall-normal and spanwise components of the
velocity fluctuations have also been computed for both CFR and CPG sim-
ulations. Once again, in figures 3.10 and 3.11, a slightly different behaviour
is evidenced and in particular the fact that CFR simulation needs longer
spanwise and streamwise periods for distant points to be uncorrelated.
Similar considerations can be done observing figures 3.12(a) and 3.12(b),
which show autocorrelation of the velocity fluctuations along streamwise
and spanwise directions respectively: it is quite evident how autocorrela-
tion of the streamwise component of the velocity fluctuations (u) does not
decay to zero for both the two driving strategies. Thus, both the flow fields
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Figure 3.7: Intermittent field. The structures in figure represent iso-\2 (Jeong & Hussain 1995
[JH95]) surfaces, while the color shows the magnitude of the velocity (normalized with Uy), as it is
shown by the colorbar. A convection velocity of the order of the bulk veocity (Uy) has been applied

to the reference frame in order to follow the evolution of the structures.
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Figure 3.8: (a) Rms values of the Reynolds’ stress component. (b) Rms values of the Reynolds’
stress component expressed as the contribution to the friction coefficient (FIK). Red line is referred
to CFR simulation while blue line is referred to the CPG simulation.
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Figure 3.9: Plane autocorrelation of the streamwise component of the velocity fluctuations.
Ly x L, =mx0.265m -y = 5. (a) CFR simulation: Re, = 3000. (b) CPG simulation: Re. = 137.



3.2 Turbulence statistics comparison, Re, = 3000

52

0.076641
/

M PR M M M

(a) ] 20 40 60 80 100 120 140 160 180

£-10046 __-0.028049|
g )

45 35777896 p

— o ©
S0 S /

+ N 3 > / -
OO < /

9

0@
N 1
oS  -0.028049"
///

N ]
~— -0.02804

(b) ] 50 10i)_+ 150 200

X

Figure 3.10: Plane autocorrelation of the spanwise component of the velocity fluctuations.
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Figure 3.11: Plane autocorrelation of the wall-normal component of the velocity fluctuations.
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Figure 3.12: Ly x L, = 7x0.2657. Re, = 3000, Re, = 137. y+ = 5.(a) Two-point autocorrelation

function of the velocity fluctuations along streamwise direction. (b) Two-point autocorrelation

function of the velocity fluctuations along spanwise direction. Red line is for CFR simulation; blue
line is for CPG simulation. Solid line is for (uu) component; dashed line is for (vv) component;
dotted-dashed line is for (ww) component.
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consist of a relatively ordered array of identical structures, each of which is
relatively coherent in space.

In figure 3.13 the mean velocity profile is plotted for both CFR and CPG
results. In fig.3.13(a) logarithmic scale is used in order to check for how
well the two forcing strategies reproduce the law of the wall: while viscous
sublayer is well reproduced, the same cannot be said for the logarithmic
region, as it was expected since minimal flow channel has been used and
the relation LI > 300 is not respected in order to have good results until
yT = 100.

In fig.3.13(b) instead a linear scale has been used, but the same conclusions
can be done and no clear differences arise from the two forcing strategies.
Log-Log plot (fig. 3.14 (b)) has been used in order to emphasise the dif-
ference in the rms value of the streamwise component of the velocity fluc-
tuations. However, no clear difference can be highlighted between the two
approaches in the y-range where minimal channel statistics are quite repre-
sentative of those obtained through a simulation in a full-size domain.
Neither the rms value of the wall-normal component of the velocity fluctu-
ations (fig. 3.15 (a)), neither those of the spanwise perturbation velocity
(fig. 3.15 (b)) clearly show some difference between the two approaches.
The presented results confirm the fact that the choice of the forcing term
does not affect turbulent statistics, at least when fully developed turbu-
lence is considered. On the other hand, while ranging out our numerical
experiments we have noticed that when the box size is extremely reduced,
until reaching minimal flow unit, a different behaviour seams to be shown:
however, in this condition, because of the presence of an incipient intermit-
tent regime, statistics are affected by a very huge statistical error, which
does not allow us to draw clear conclusions. When the Reynolds number is
reduced together with the size of the computational domain, strong events
(figure 3.16) characterized by high wall friction appear and, as highlighted
in Quadrio, Frohnapfel & Hasegawa [QFH16], they are underestimated by
a simulation run at constant flow rate.

At these regimes, statistically averaged quantities like turbulence statistics
and wall-friction coefficient may not be the most revealing quantities to look
at; on the contrary, statistics of the transition, such as the probability of
relaminarisation and turbulence lifetimes, become of primary importance
and this motivates the following analysis.
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Figure 3.13: (a) Mean velocity profile in log-log plot. Red line is referred to CFR simulation while

blue line is refereed to the CPG simulation. Dashed line represents parabolic profile (viscous layer);

dashed-dotted line represents the reference log-law. (b) Mean velocity profile in linear-linear plot.
Red and blue lines have the same meaning, while green line represents the Poiseuille parabola.
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Figure 3.14: Rms streamwise velocity fluctuations scaled in wall units. (a) Linear-linear plot. (b)
Log-log plot. Red line is referred to CFR simulation while blue line is referred to the CPG simulation.
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Figure 3.15: (a) Rms wall-normal velocity fluctuations scaled in wall units. (b) Rms spanwise velocity
fluctuations scaled in wall units. Red line is referred to CFR simulation while blue line is referred to
the CPG simulation.
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Figure 3.16: Re, = 137. L, x L, = w x 0.2657w. Plot of the energy contribution associated
to the three components of the velocity fluctuations (measured at one wall) scaled in wall units,
Ef,E},Ef. Peaks in the all the three quantities represent strong events (puffs like structures)
which occur when turbulence shifts from one wall to the other (intermittent regime).

3.3 Analysis of the transition

From the box minimization analysis at Re, = 4760, no clear difference has
been highlighted between the two driving strategy. However, lowering the
Reynolds number, in order to obtain more easily an intermittent regime,
suggested that possible differences could take place, in particular in terms
of time required by the flow to return laminar, when the Re is furtherly
reduced.

In this section the relaminarisation process and possible influence of the
forcing term are analysed: firstly an in-depth description of the set-up of
the experiments is given, then results are commented.

3.3.1 Set-up of the experiments

Because of the highly stochastic behaviour of turbulent flows a statistical
analysis involving several direct numerical simulations is necessary to com-
pute a probability of realaminarisation of the puffs.

Even if we here use the MFU to explain and exalt the role of the forcing
term, each DNS still requires a not negligible computational effort in order
to produce results with the needed resolution. This is why the high perfor-
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mance computing systems of the CINECA have been used.

What is necessary to be computed is the turbulence lifetime, when an initial
turbulent field at a certain Reynolds undergoes a sudden reduction of the
Reynolds number itself (Reynolds number jump) and a relaminarisation can
occur

First of all, it has been necessary to generate the initial fields which will
act as initial conditions of our simulations. Thus, starting from a fully de-
veloped turbulent flow field, different flow fields have been sampled at fixed
time intervals and stored to be used as initial conditions. In order to get
independent initial fields, the distance (in time) with which these flow fields
have to be saved must be accurately chosen: ideally, it should be like that
the temporal correlation between 2 consecutive sampled fields approaches
to zero. Then a fine tuning of the Reynolds number jump (ARe) has been
made in order to obtain a case in which about only the 20% of the cases
would not have undergone transition after 1000 time units.

Once this preliminary analysis has been conclused, because of the acrchi-
tecture of the super-computer Marconi at CINECA (36 CPU per node),
144 independent intial fields have been computed and 4 nodes allocated.
In order to submit this array of serial jobs as one parallel job, 4 different
PBS (program batch sheduler) scripts have to be submitted (1 per each
node), selecting all the 118Gb of memory of the node, which is a necessary
condition for the job to be considered a serial job.

CFR simulations

For what concerns the simulations made at constant flow rate, setting the
mean flow rate associated to bulk velocity equal to 2.0 and Re, = 1667
(Re, = %Reb = 2500), a sampling time of 20 time units has been necessary
to obtain independent initial conditions, and ARe, = 200 (~ 134 = ARe;)
has been selected, which means Re, has been lowered to 1533. In wall
normal direction N, = 150 nodes have been setted, with a Ay which re-
duces approaching the two walls. In the streamwise and spanwise directions
(where Fourier expansion has been applied, see Appendix A) two parame-
ters are extremely meaningful:

(LyRer) L}

Ne= "0 = A (3:1)
and (L.Re.) I+
z 6’7’ z

N. = Azt At (32)

where (-)* indicates wall units scaling, L, and L, are the streamwise and
spanwise periods of the computational box respectively, while Azt and
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Figure 3.17: Relation between U, and the dimension of the channel. Data are evaluated through
CPG simulations at Re, =~ 200. From Professor Quadrio database.

Az* represent the resolution along the same directions. Thus, N, = 48 and
N, = 36 have been chosen in order to obtain a resolution in streamwise and
spanwise direction Azt ~ 8 and Az & 4 respectively.

Finally, the 144 DNS have been submitted to the CINECA super-computers
and runned for 1000 time units (tU,/h).

Once all the simulations have been completed, the energy of the axially-
dependent modes (E,o) has been chosen as a criterion for the relaminari-
sation: in particular, when E,.o < 2.5 x 107*pUZh? the flow is said to be
laminar. According to this criterion, a probability of relaminarisation can
be computed for ¢ € [0, 1000].

CPG simulations

In order to proceed with simulations made at constant pressure gradient,
the two values of Re, which correspond to Re, = 1667 and Re, = 1533 had
to be evaluated: however, this is not trivial because of minimal size of the
computational domain.

Observing fig. 3.17, it is clear that, given a certain U, different values of
Re, exist for L} < 500 and L} < 400 with respect a full size channel.
In order to clarify the difference between the two forcing terms, the four
values of Re, must be evaluated and two CPG statistical analysis must be
conducted.
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Figure 3.18: Semi-logarithmic plot. Probability of the flow to remain turbulent, P(t), vs tUy/h: red
A\ are for CFR simulation; blue (O are for CPG simulation with Re. evaluated through the large
domain (Rei™ = 114 - Ref™ = 105); black % are for CPG simulation with Re, evaluated through
the small domain (Re!™ = 115.5 - Rel™ = 103).

Computing the corresponding Re, in the full size channel is quite simple
since no intermittency appears and only one simulation is needed, with a
simulation time such that the statistical error would be enough small.

On the other side, trying to evaluate the corresponding Re, through the
minimal channel is more difficult since the solution is characterized by the
intermittent regime. To solve this drawback, several simulations have been
done in order to combine time average with overall average, and data where
the flow was laminar have been discarded.

In order to allow for a comparison between the two approaches (CFR and
CPG), the same relaminarization parameter must be used: starting from
the value adopted for CFR simulations, it has been here simply rescaled
through the coeffiecient (Rey/Re,)?.

3.3.2 Results and overall comparison

The three plots obtained from the three different analysis are here over-
lapped to look at possible differences in the rate of probability decay over
time: data over 1000 time units are observed, using U, as a scaling param-
eter.

Fig. 3.18 clearly shows how all the results obtained from the 3 datasets
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Figure 3.19: Linear plot. Probability of the flow to remain turbulent, P(t), vs tUy/h. Symbols as in
fig. 3.18

decay following quite well a straight line, which means that the process is
memoryless, since the probability remains constant during the evolution,
independent of the 'age’ of the trajectory.

In the linear plot of figure 3.19 this is of course translated in an exponential
decay, which show a knee around 600-700 time units and which is probably
related to the relatively small sizes of the datasets.

Until 200 time units both the CFR and CPG simulations give the same rate
of decay, but then the three curves start diverging: in particular the one
related to simulations made at constant flow rate appears to decay more
quickly than that one obtained at CPG. While the difference with the CPG
simulations made with an equivalent Re. obtained on a large domain is no-
table as the time increases, this is not so accentuated when the comparison
is made with the CPG simulations made with an equivalent Re, obtained
on the small box. This is not surprising since in the second case the flow
experience an higher ARe.

Discussing these results we should also bear in mind that the observed dif-
ferent behaviour is really accentuated by the reduced size of the box, which
cause higher fluctuations, in terms of pressure gradient (CFR simulations)
and flow rate (CPG simulations). Naturally, on the contrary, temporal fluc-
tuations of the pressure gradient and the bulk velocity in CFR and CPG
(or, eventually, both in CPI) should all vanish if the computational box is
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infinitely large and the two approaches would coincide giving the same re-
sults. In practice, however, the computational domain size is always finite,
and therefore features of the temporal oscillations in the forcing term affect
the flow dynamics and the resultant flow statistics, in particular, as high-
lighted by the present work, those related to the relaminarization process.

An exponential distribution of turbulent lifetimes is one of the main pillars of
the strange saddle paradigm for the transition to turbulence in shear flows
(Eckhardt (2007) [Eck07]). In practice the distributions are exponential
only for t >ty > 0, where t; depends on the procedure to initiate turbulence
and Reynolds number in a non-trivial manner (Schneider & Eckhardt (2008)
[SE08]; de Lozar & Hof (2009) [DLH09]). When Re is suddenly reduced in
the simulations, the puff is forced to quickly readjust to the new flow rate
(or pressure gradient) and this could cause immediate relaminarization: in
phase space, this is equivalent to a trajectory not having approached the
strange saddle. Thus, consistently determining ¢, constitutes a challenge in
lifetime studies of shear flows, and this is especially delicate in the low Re
regime, where a large part of the sample features lifetimes shorter than ¢,.
The hazard function of a lifetime distribution, defined as

h(t) = —%log(P(t)), (3.3)
specifies the instantaneous rate of death at time t. For an exponential dis-
tribution, the hazard function is constant and h(t) = 1/7, where 7 = (t) is
the mean lifetime of the population: as already explained this corresponds
to a memoryless process. In the theory of dynamical systems, the escape
rate from the saddle is defined as k = 1/7 (Tél & Lai (2008) [TL0S]).

The corresponding escape rates of results shown in figure 3.18 have been
plotted in figure 3.20: they have been computed by subsequently exclud-
ing from the sampled fields those that have decayed before a given time
to (known as the time at which the strange saddle point appears), i.e.
k(ty) = 1/7(ty) with 7(ty) = (t — to|t > to). Figure 3.21 shows the re-
sulting values of k() as a function of cutoff time ¢y in a semilogarithmic
plot. In particular, as t; is increased, the size of the sample used to esti-
mate k is progressively reduced from 144 to 120 (for CFR simulations) and
to 125 (for CPG simulations), resulting in greater uncertainty in estimation.
However, as expected, since the relaminarisation process is memoryless, the
escape rates appear to be constant, at least for a small range of .

In figures 3.22, the turbulence lifetimes of all the 144 fields are plotted and
for those that did not decay, they have been fixed to 1000 time units: the
range of interest for ¢, is well reproduced and large fluctuations in the data
plotted in figures 3.22 indicate that consecutive initial conditions result in
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Figure 3.20: Linear-linear plot. Escape rates k = 1/7 as a function of to. Fields that do not decay are
assumed to have a turbulence lifetime equal to 1000 tUy /h, which is the maximum time simualated.
Symbols as in fig.3.18
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Figure 3.21: Linear-log plot. Escape rates k = 1/7 as a function of to. Fields that do not decay are
assumed to have a turbulence lifetime equal to 1000 tUy /h, which is the maximum time simualated.
Symbols as in fig.3.18
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Figure 3.22: Relaminarisation times for reduction simulations from Re, = 2500 to Re, = 2300 as a
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uncorrelated lifetimes.

Fig. 3.23, obtained from CFR simulations, confirms (as in Willis & Kerswel
(2007) [WKO07]) that the puff characteristics are continuous as Re is low-
ered and that a puff corresponds to a part of phase space disjoint from the
laminar state. Moreover, fig. 3.23 shows how initially a treshold amplitude
of disturbance is required to push the solution away from the laminar state
and into the turbulent region. Once here, the exit from the metastable state
is sudden and unrelated to the entry as relaminarization is a memoryless
process.

Both figures 3.24 and 3.25 (a), obtained at CPG, represent the trace of the
perturbation energy plotted against the relative ratio between the turbulent
flow rate (F'Ryy) and the laminar one (F' Ry, ). They clearly show how the
defect of flow rate tend to zero when the flow returns laminar. Moreover,
since the trubulent flow rate is scaled with the instantaneous friction rate at
one wall, it is possbile to understand, during the intermittent regime, what
of the 2 walls is laminar and what is turbulent: in fact, if the defect of flow
rate becomes negative it means F' Ry, > F Ry, which is not possible and
it means that the flow at the wall, whose friction has been used as scaling
parameter, is laminar.
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Figure 3.23: (a) Trace of perturbation energy (E ) plotted against additional pressure fraction required
to mantain fixed mass flux, 1 + 8 = (9xp)/dzpiam. (b) Shows that the energy trace for metastable
puff is similar to that for the sustained puff before it laminarises. Red line is for sustained puff; blue

dashed line is for metastable puff.
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Figure 3.24: (a) Trace of perturbation energy (E) plotted against the defect of flow rate of the
turbulent flow with respect that one of the laminar flow, 1 — ((F Ryurb)/F Riam). (b) Shows that
the energy trace for metastable puff is similar to that for the sustained puff before it laminarises.
Re. evaluated in large box. Red line is for sustained puff; blue dashed line is for metastable puff.
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Figure 3.25: (a) Trace of perturbation energy (E) plotted against the defect of flow rate of the
turbulent flow with respect that one of the laminar flow, 1 — ((F Ryurb)/F Riam). (b) Shows that
the energy trace for metastable puff is similar to that for the sustained puff before it laminarises.
Re. evaluated in small box. Red line is for sustained puff; blue dashed line is for metastable puff.



Conclusions and ongoing
analysis

In this work, an existing code for the DNS of a turbulent channel flow has
been used to understand if the choice of the forcing term in the Navier-Stokes
equations could possibly have some influence on the statistical characteriza-
tion of turbulence. This is a question discussed in the scientific community
during these last few years, which, however did not receive so far a satisfac-
tory answer, due to difficulties in isolate the only effect of the driving force
in a highly non linear and complex problem. The intuition here has been
to study the problem not in a full size channel, but on a reduced model
through the so called minimal flow unit, which was known to maximize and
clarify the effect of the forcing term. Some technical difficulty however has
arisen in the interpretation of the results due to the high statistical error
which unavoidably affect them.

Firstly, a preliminary analysis is made at Re, = 4760 in order to reproduce
the results of Jiménez and Moin (which were obtained at CFR) for min-
imal flow unit, attending a minimization of the computational box which
sustains turbulence for both streamwise and spanwise dimension, set one
of the two and reducing the other until relaminarization occurs. Then we
switch to CPG and the same process is repeated, in order to check if some
difference could be noticed. As already said, reducing the dimension of the
box has the effect of giving a lower weight to the space average, which has to
be balanced with higher computational time, in order to increase the time
average. Naturally, unless one simulates for extremely long times, some
statistical error remains and this leads to the impossibility of deducing firm
conclusion at this stage. However, the available evidence is in favour of a
lack of significant effect for the forcing term.

The following step has been to reduce the Reynolds number in such a way
as to obtain an intermittent regime, which would allows us to study the
relaminarisation process. A statistical analysis has been conducted through
the high performance computing systems of CINECA and the probability

71
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of relaminarisation has been estimated. Results highlights how turbulence
obtained with CPG has a lower probability of decaying with respect to the
one simulated with CFR. However, due to the great sensibility of the result
to the actual Reynolds number, more investigations are required: the size
of the dataset should be increased and the value of the time step should be
lowered (in all the simulations shown, C'FL,,,, is setted equal to 1 which
guarantees good quality results, since for the stability of the employed time
advancement algorithm C'FL,,,, < 1.7 is required).

Moreover, in future analysis we will switch from a planar geometry (channel
flow) to a cylindrical one (pipe fow): even if the computational cost will be
higher, the pipe allows us to obtain turbulent puffs more easily, thus elimi-
nating the problem of finding the correct correspondence between different
Reynolds number. In particular, we plan an extensive study of the relami-
narisation process and of the probability of decay of turbulent puffs when
one changes the Reynolds number and the forcing strategy.
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Appendix A

The numerical method

The turbulent channel flow has been here studied using a DNS code writ-
ten in CPL, a programming language whose compiler was developed and
described in Luchini & Quadrio (2006) [LQO6]. In this appendix a brief
description of channel flow model and code used for numerical simulation
is given.

Governing equations

The equations that describe the behaviour of the flow are the incompressible
Navier-Stokes equations (iNSEs), which can be written in non-dimensional
form as:

(A1)

W+ (u-V)u+VP=Vu
V-u=0

Once suitably boundary and initial conditions are specified, the differential
problem is closed. At the wall no-slip condition is imposed, while periodic
boundary conditions are employed in the x and z directions. Because of this
periodicty assumption, Fourier transform can be applied to the equations
along the streamwise () and spanwise (z) directions.

The first equation is the momentum balance written in vectorial form, while
the second one is the conservation of mass for incompressible flow.

It is possible, thanks to a change of the set of variables, to project the
iNSEs into a divergence-free manifold. In this way one obtains a set of
equations that automatically satisfies the continuity equation and lose the
dependency from the lagrange multiplier P, which is easily eliminated by
taking the divergence of the momentum balance equation and using the
continuity equation. This divergence-free projection, in the case of a sim-
ple domain such as the plane channel, leads to a formulation which is very

79



80

suitable to be easily numerically implemented.

The obtained formulation is very similar to Orr-Sommerfeld system of equa-
tions for the study of linear stability, and was firstly introduced in Kim,
Moin & Moser (1987) [KMMS87]. The four original iNSEs of system (A.1)
are reduced to two scalar equations for wall-normal velocity v and wall-
normal vorticity n. The iNSEs in the v-n formulation are now discretized in
order to be solved numerically: firstly, discrete Fourier transform is applied
in the homogeneous directions (z-z), then time and spatial (y-direction)
derivatives are discretized. For what concerns non linear terms, they are
computed in a very efficient way through a pseudo-spectral method and
making use of the FFT. Nevertheless, this calculation is not exact, due to
aliasing’s error: this occurs because multiplications in physical space gener-
ate components at higher frequancy with respect to single initial frequency.
When the modes used to solve DNS are not enough to include these fre-
quencies, when the non linear terms are transformed back to wavenumber
space through FF'T, the components at higher frequencies are overturned
giving energy to lower solved frequencies: however, this problem it is com-
pletely removed using 3/2 rule. This consists in adding zeros in the last part
of the vector containing Fourier’s coefficient before Inverse Fourier Trans-
form (IFT), obtaining a vector’s length of 3/V()/2. This operation, once the
extended vector has been transformed, corresponds, in physical space, to
evaluate the object developed in more precise mesh, from N, x N, nodes
to %Nx X %NZ, and with this mesh non linear products are calculated. This
procedure is completed once back in wavenumber domain, where the ex-
tended vector is truncated after indices N, and NV,.

The following step involves time integration of equation for v and 7 by
adopting a semi-implicit method: the most stability-limiting part of the
equations, i.e. the viscous part, is advanced with an implicit 2"®-order
Crank-Nicholson scheme. This relieves the constraint on the time-step size
At, that is solely determined by the explicit 3"%-order low-storage Runge-
Kutta method (but another one could be selected, since an entire library
of methods is implemented) used for advancing nonlinear terms, which can
thus benefit from a higher precision.

Finally, the discretization of the wall-normal derivatives, required for the
numerical solution of the present problem, is performed through finite differ-
ence (FD) compact schemes with fourth-order accuracy over a stencil com-
posed by 5 arbitrarily spaced grid points: compact schemes are also known
as implicit finite-differences schemes, because they typically require the in-
version of a linear system for the actual calculation of a derivative. However,
in our scheme, taking advantage of the absence of the 3rd-derivative in the
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equations, this inversion is not needed.

Moreover, two additional equations must be written in order to calculate
the space-averaged streamwise and spanwise velocities, @ = u(y,t) and
w = w(y,t) respectively, which in Fourier space correspond to the Fourier
mode k = 0 (where £k = o® + 32, and a and 8 are the streamwise and
spanwise wavenumbers). Thus, introducing the plane-average operator

5 1 Lo L.
= dzd A2
7 LELZ/O [ jazar (A2)

these two equations can be easily obtained by applying it to the relevant
components of the momentum equation:

W Dyf) — i) + /. (A3)
o 1, )
= = EDQ(w) — Dy (vw) + f. (A4)

In these expressions, D,,(+) is the n-th order derivative operator in y direc-
tion, while f, and f, are the forcing terms needed to push the flow through
the channel against the viscous resistance of the fluid. For the streamwise
direction, f, can be an imposed mean pressure gradient, and in the simula-
tion the flow rate through the channel will oscillate in time around its mean
value. f, can also be a time dependent spatially uniform pressure gradient,
that has to be chosen in such a way that the flow rate remains constant in
time. The same distinction applies to the spanwise forcing term f,: how-
ever, in this case the imposed mean pressure gradient (or equivalently the
imposed mean flow rate) is usually set to zero, while the other quantity is
left oscillating around zero.



Appendix B

Reynolds shear stresses
contribution to C

In Fukagata, Iwamoto & Kasagi (2002) [FIK02] the so-called FIK iden-
tity is derived, finding a relation between the friction coefficient (Cy) in a
fully developed channel flow and its dynamical contributions under CFR.
Nevertheless its simplicity, it has been widely used in comparing different
flow control strategies because of its meaningfulness: it nicely shows how
the wall-normal distribution of the Reynolds shear stress contributes to the
wall friction quantitatively.

The same idea has been then extended to CPG in Marusic et al. (2007)
[IMJMO7] and to CPI in Hasegawa et al. (2014) [HQF14].

B.1 CFR

The original FIK identity, as already said, is valid under CFR, hence the
relevant Reynolds number is Re, = U;6* /v*, and velocities are scaled with
the bulk velocity Uy. It reads:

;= Rieb + 3/0 (1= y)(—ud)dy (B.1)

The first term on the rhs corresponds to the laminar drag at the same
flow rate, whereas the second term represents the turbulence contribution.
Typically, since (—u/v’) > 0, the turbulent shear stress enhances the friction
coefficient C'y.
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B.2 CPG

In this case the relevant Reynolds number is Re, = u}d*/v*, and velocitites
are scaled with friction velocity ur. It reads:

_ Re; B Re,

-5 [ -y (8.2

In analogy with Eq. B.1, the bulk mean velocity under CPG is composed of

Uy

two contributions, laminar and turbulent. The first term on the rhs is equal
to the laminar flow rate under the same pressure gradient. The second term
represents the momentum loss due to the turbulent shear stress leading to
a lower flow rate in turbulent flows. This tendency is enhanced at higher
Reynolds numer.

B.3 CPI

When CPI strategy is considered, the relevant Reynolds number is Rey =
Ujo*/v*.

Integrating three times the averaged streamwise component of the momen-
tum equation, we get:

, = - Ap) fien _ Fen / (1 - y)(—u'v')dy (B.3)

3 2
This expression for the bulk mean velocity again consists of two terms on
the rhs: a laminar contribution and a turbulent one. However, in contrast
with the previous two, the firs term on the rhs is not defined solely by the
prescribed Reynolds number but also by the resulting mean pressure gra-
dient term. Thus, it must be manipulated in order to obtain an expression
similar to those for CFR and CPG. The mean pressure gradient is given
by the pumping power per unit wetted area divided by the bulk velocity, it
reads

_dp) B30 -7) (B.4)

dx Ub ReHUb
where 7 is a parameter only relevant in flow control to discriminate between
pumping power and total power, in case of active control strategies. Using
this relationship to replace the mean pressure gradient term in Eq. B.3 and
multiplying by U, results in a quadratic equation for Uy, whose solution is
given by

T EJT? 4+ 4(1 —7)

U, = > (B.5)
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where

2
=T gty (B.6)
0
This last relation can be regarded as the FIK identity for the CPI condition.
Some limiting cases must be examinated: for a standard laminar flow, whit
zero power input for control, v = 0 and 7" = 0, so the equation reduces to
Uy = 1 or Uy = Uy;, which is the upper limit for the bulk velocity under
the CPI condition. On the other hand, when the flow is turbulent usually
(—u'v"y > 0sothat T > 0, thus leading to U, < 1. In the limiting of " — oo,
which means that the turbulent contribution of the Reynolds shear stresse
becomes infinitely large, U, — 0. When v = 1, it means that all available
power goes into the control system.
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Appendix C

A new approach: equation of
the dynamic of the difference

It is here proposed a new approach in order to analyze if there are some
differences between the solution of the simulations made at Constant Flow
Rate (CFR) and the solution of those made at Constant Pressure Gradient
(CPG).

Usually both the equations are solved and the results are compared in the
same plot, but of course this leads to unavoidable difficulties in the inter-
pretation of the results because of the presence of the statistical error which
affects the computations. Moreover, in the present study the error is even
more accentuated by the fact that we are dealing with minimal flow unit
and this is why catching the differences which arise from the choice of the
forcing term can be extremely challenging. The new approach which is here
presented completely breaks with the tradition and could change the way
with which one can analyze the influence of different choices.

The idea is to directly look to the dynamic of the difference of the two ap-
proaches,; instead of solving the two equations independently. Firstly, the
momentum balance expressed in wall unit is rewritten for both the CFR
and CPG simulations:

o 1
% FV (@ © ) = VP + oV (C.1)
o 1

% FV (i 1) = —VP + Vi (C.2)

where @, = (uy, vy, w;)? is the solution of the CPG simulation, while i, =
(ug, v, w2)T comes from the CFR simulation. Because of this definition,
the forcing terms become:
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1 P

ox

VP=10], VP = 0
0 0

where P, can vary since only the flow rate is imposed.
A new variable can now be defined which easily comes from the difference
of the two solutions:

Au
Au =1 — iUy = | Av
Aw
Making the difference of the equations C.1 and C.2, with some substitutions
and taking into account that u; = s + Au, the z-component of the new
equation can be written as:

0 0 0 0
—(A —(Au)? + 2= (usAu) — —(2 A A
815( u>+8:c( u)” + 8az(u2 w) ay( UgVg + U AV + Vo Au)+
—%(ngwQ + usAw + wyAu) = (C.3)
1 0? 0? 0?
= —F + R@T @(Au) + a—yQ(Au) + @(Au)

where F' = (1 — %) is the forcing term of the new equation, arising from
the difference of the other two.

As we could expect, due to the non linear nature of the Navier Stokes
equations, some mixed terms arise, which are given from the product of
the solution of one of the two starting equations and the new variable. On
the other hand, this approach greatly simplify the graphical visualization
of the field of motion (looking for turbulent structures): there is no need to
determine a convection velocity which would be of the order of that with
which the turbulent structures move. This is infact usually necessary if
one wants to 'video’ file, in order to make the reference frame moving with
the flow allowing us to follow the evolution of the vortices. However, with
this new suggested approach, the convective terms cancel each other and
convection velocity has no need to be evaluated.
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