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Abstract

The work done in this thesis focuses on the motion planning of an AGV (Au-
tonomous Guided Vehicle), in particular an indoor autonomous wheelchair.
The main goal is to develop a solution in order to make the vehicle com-
pletely human-aware and able to move inside a crowded environment. The
adopted strategy relies on two different levels of control: Global Planning,
on one side, and Local Planning, on the other.

In particular, the global planner focuses on the computation of an op-
timal trajectory, through a novel application of the approach called RRT*

Motion Primitives, by taking into account the characterization of human
crowds, represented by means of a probabilistic distribution. The computed
probabilities are used to construct a probabilistic map in which the trajec-
tory planning will be performed. The optimal trajectory is then segmented
in order to define a sequence of desired positions for the wheelchair.

Aim of the local planner is to control the vehicle position, by solving a
regulation problem and by imposing to the system the input values of longi-
tudinal and angular velocity of the wheelchair, in order to reach each point
of the segmented trajectory, guaranteeing collision avoidance with fixed and
moving obstacles, comfort for the passenger and safety for the pedestri-
ans. The local planning solution is obtained through the development of
an advanced control strategy called MPC (Model Predictive Control), which
allows to directly introduce in the formulation the limitations related to the
system, by means of constraints of an optimization problem.

The results observed from simulations proved the effectiveness of the
combination of the two strategies.
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Sommario

Il lavoro svolto in questa tesi si colloca nell’ambito della pianificazione del
moto di un AGV (Autonomous Guided Vehicle), in particolare una carroz-
zina autonoma. L’obiettivo principale è quello di sviluppare una soluzione
che renda il veicolo completamente conscio della presenza umana e capace
di muoversi all’interno di un contesto caratterizzato da folle di persone. La
strategia adottata si basa su due livelli di controllo: da un lato la Pianifica-
zione Globale, dall’altro la Pianificazione Locale.

In particolare, il pianificatore globale si focalizza sul calcolo di una tra-
iettoria ottima, attraverso una innovativa applicazione dell’approccio deno-
minato RRT* Motion Primitives, il quale prende in considerazione folle di
persone, caratterizzandole attraverso una distribuzione probabilistica. Le
probabilità calcolate sono utilizzate per costruire una mappa probabilistica
nella quale la pianificazione della traiettoria verrà eseguita. La traiettoria
ottima è in seguito segmentata con lo scopo di definire posizioni strategiche
che dovranno essere raggiunte dal veicolo.

L’obiettivo del pianificatore locale è di controllare la posizione della car-
rozzina, risolvendo un problema di regolazione e fornendo in ingresso al
sistema i valori di velocità longitudinale ed angolare del veicolo, per rag-
giungere ogni punto della traiettoria segmentata, evitando ostacoli fissi e
mobili e garantendo contemporaneamente i requisiti di sicurezza e comfort
per il passeggero e per i pedoni. La soluzione legata alla pianificazione locale
è ottenuta attraverso lo sviluppo di una tecnica di controllo avanzata, de-
nominata MPC (Model Predictive Control), la quale permette di introdurre
direttamente nella formulazione i limiti legati al sistema, attraverso la defi-
nizione di vincoli all’interno di un problema di ottimizzazione.
I risultati ottenuti per mezzo di simulazioni hanno dimostrato l’efficacia della
combinazione tra le due strategie.

III





Ringraziamenti

Prima di tutto vorrei ringraziare il mio relatore, il Prof. Luca Bascetta,
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Capitolo 1

Introduction

The work done in this thesis focuses on the motion planning of autonomous
vehicles, known in the literature as AGVs (Autonomous Guided Vehicles).
The use of this particular kind of portable robots broadened in the industrial
field during the ending of the 20th century. However, in the last few years,
the application of AGVs was extended to different and more particular fields,
as Automotive, Manufacturing, Healthcare and even Theme Parks.

The large versatility of AGVs is related to the fact that these vehicles can
solve many tasks in autonomy by reducing, or even removing, the human
intervention. The main problems in designing AGVs are mostly related to
autonomous navigation, i.e. trajectory generation and obstacle detection
and avoidance inside the environment in which the robot will perform its
motion.

1.1 Aim of the thesis

The thesis focuses on the research in the field of Human-Robot Interaction
(HRI), in particular on the navigation of a given automated vehicle in a con-
text in which the human presence plays a fundamental role. The analysis
takes into account a crowded environment, in which the robot will navigate
with the purpose of reaching a desired location on a map and, at the same
time, performing collision avoidance in order to guarantee safety for humans.

In particular, this case study focuses on the navigation system of an au-
tonomous wheelchair, in order to assist patients in hospitals and, in general,
people with motor disability. Furthermore there are some diseases, like the
ALS (Amyotrophic Lateral Sclerosis) or the Parkinson, which compromise
the ability of a patient to autonomously control the movement of an electric
wheelchair and, for this reason, the adoption of an AGV turns out to be
a good solution. A previous thesis puts the basis for this case study. In
particular, in the cited document, the realization of a navigation system is
described, focusing on the adoption of an advanced control strategy, called



4 CAPITOLO 1. INTRODUCTION

Model Predictive Control. The effectiveness of this approach in the context
of local planning and with respect to fixed obstacles has been successfully
validated through the development an experimental set-up. In addiction, a
second work, presenting a novel strategy in the field of trajectory planning,
called RRT* Motion Primitives, is taken into account.

Aim of this thesis is to combine the two approaches in a novel way, in
particular by developing a human-aware planning and control strategy. The
RRT* Motion Primitives will be used to compute a human-aware optimal
trajectory inside a crowded context. The trajectory is then segmented and,
for each segment a regulation problem is solved, in order to bring the vehicle
to each desired location, trough the implementation of the Model Predic-
tive Control strategy. To this aim, the solution proposed in the previous
work will be improved in order to take into account the presence of mov-
ing obstacles, as pedestrians. The results obtained from simulations show
the effectiveness of the introduced improvements and the completeness of
the navigation system, achieved with the coordination between the two ap-
proaches.

1.2 Thesis Structure

In the following, the thesis structure will be presented:

• Chapter 2 introduces the problem related to the human-aware robot
navigation, focusing on the distinction between Local and Global Plan-
ning. After the introduction of the state of the art, the solution formu-
lated in this thesis, based on the adoption of Model Predictive Control
for Local Planning and RRT* Motion Primitives for Global Planning,
will be highlighted.

• Chapter 3 presents the mathematical models describing the vehicle
and a single pedestrian, necessary to develop the Local Planner. The
second part focuses on the characterization of a crowded environment
in order to construct probabilistic maps, required for the approach
adopted in Global Planning.

• In Chapter 4, the Model Predictive Control approach considered in this
work will be introduced. In the first part, the canonical formulation
of the control problem will be presented in order to put the basis for
the solution adopted in this work. Particular attention will be given
to the main advantages of using this strategy in the context of Local
Planning.

• Chapter 5 will focus on the Global Planning and, in particular, in the
description of the RRT (Rapidly-Exploring Random Tree) approach
and its variants, focusing on the RRT* Motion Primitives strategy,
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adopted in this context. In the last part, the method to implement
such algorithm inside an environment characterized by the human
presence, through the introduction of probabilistic maps, will be de-
scribed.

• Chapter 6 will show all the results obtained through simulations, jus-
tifying the implementation choices, related to the control parameters.
Particular attention will be given to the system behaviour in different
scenarios.

• In Chapter 7, the conclusions retrieved from the results obtained will
be reported and a short discussion of possible future developments will
be presented, focusing on future improvements.
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Chapter 2

Planning and Control

A wheelchair can be considered autonomous if it can independently perform
a series of tasks without the intervention of the patient or the operators.
In particular, it should be designed to reach a desired location by ensuring
the comfort of the passenger. To this aim, it is important to impose to the
vehicle a limit in velocity, in order to make the passenger feeling safe, but
also in its variation. The last aspect plays a fundamental role in order to
avoid wheels slipping and also because a sudden change in acceleration can
be felt by a patient as an unsafe behaviour.

In the field of trajectory planning, the vehicle should be aware that an
indoor context is characterized by a series of fixed obstacles (as walls and fur-
nitures), but also by moving obstacles, in particular humans. This aspect
is not so trivial, because in general AGVs, in particular in the industrial
application field, can more easily detect and predict the motion of mov-
ing obstacles, which can be other robots, designed in order to collaborate
with other individuals, or humans, which in general are specialized workers,
trained to rationally react to particular circumstances. On the contrary,
there are contexts in which humans are not used to coexist and cooperate
with autonomous vehicles and are not able to safely behave in that situa-
tion. By taking into account a crowded indoor situation, as an hospital, or
an outdoor environment, there is a high probability to find heterogeneous
groups of people, partially composed of elders and children, and therefore it
is not possible to assume that a collaborative external behaviour will take
place.

The last aspect to be analysed is the fact that common environments
are characterized by a series of social rules as, for example, the formation of
crowds. In this context, the robot should be able to predict the formation
of a group of people and, at the same time, avoid to generate a trajectory
too much close to high human-density areas. On the other side, it may hap-
pen that a single individual will separate from the formation, so the AGV
should be prepared to reactively detect the single pedestrian, identifying it
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as a moving obstacle.
In [24] a survey with a large variety of approaches related to the navigation
of an autonomous vehicle inside a context characterized by humans, also
known as Human-aware Robot Navigation, is presented.

The most complete solution, adopted in this thesis, is based on the in-
troduction of a method formulated on two levels, as shown in Figure 2.1,
in order to guarantee both Planning and Control. The layer specialized in
planning, also known as Global Planner, will compute an optimal trajectory,
considering fixed obstacles and the presence of crowds. The so obtained tra-
jectory will be then segmented into a series of points. For every segment,
the controller, also known as Local Planner, will solve a regulation problem
to reach each point (seen as goals) and, at the same time, will reactively act
in order to detect obstacles and ensure a collision avoidance.

(a)

(b) (c)

Figure 2.1: Planning and Control: (a) Global Planning in a Crowded Environment (b)
Local Planning Regulation (c) Local Planning Regulation in Presence of Pedestrians
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2.1 Global Planning

Path planning, also known in the robotic literature as Global Planning, is a
field of study whose purpose is to compute a desired movement for a robot
while satisfying motion constraints and guaranteeing optimality. The most
simple problem is based on producing a continuous path in order to connect
a starting configuration with a goal and, at the same time, avoiding collision
with obstacles, as shown in Figure 2.2.

Plenty of algorithms are available in the robotic literature to solve the
path planning problem, but each one of them is based on the notion of
Configuration Space. To this aim, by defining a single configuration q(t) ∈
Rn as the vector of generalized coordinates describing the robot position
inside a n-dimensional space, the Configuration Space Q is the set of all
the different configurations. Moreover, it is possible to define the set of the
collision free configurations as:

Qfree = Q\Qocc

where Qocc is the set of configurations that may cause collision with the
obstacles inside the environment.
The above definitions allow to introduce the state of the art in the field of
global planning.

Figure 2.2: Example of a Path Planning Problem from qs to qg. In white the Collision
Free Configuration Space Cfree, in grey the Occupied Configuration Space Cobs.

2.1.1 State of the Art

In [6] different planning algorithms are presented.

Cell Decomposition

This family of algorithms, presented for the first time in [12], are based on the
decomposition of the collision-free configuration space Qfree into geometrical
shapes called cells. Given a starting configuration qs and a goal configuration
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qg it is clear that, if they belong to the same cell or to two adjacent cells,
a collision free path connecting them can be easily computed. Different
motion planning methods based on this approach have been presented in
the past years, by distinguishing different kind of decompositions related on
the type of cell. However, the main idea is based on the construction of a
connectivity graph in which the nodes coincide with the cells, while the arcs
represent the fact that two cells are adjacent.

Artificial Potential Fields

These approaches ([16],[10]) approximate the robot as a particle moving
inside a potential field, obtained through the definition of an attractive po-
tential near the goal and a repulsive potential near the obstacles. The main
drawback of this strategy is related to the fact that an optimal solution
cannot be always achieved, due to the presence of local minima.

Search Based

This class of algorithms is based on the superposition of a grid over the
Configuration Space. Each point of the grid identifies a single configuration
of the robot, which is allowed to move towards adjacent grid points. As
highlighted in [2], the path connecting two points can be computed through
the definition of feasible trajectories, called Motion Primitives, and it is
extracted through the use of search algorithms, as A∗ or D∗, whence the
name of the approach. However, the performance of these particular algo-
rithms is highly affected by the value of the grid resolution, which affects
the optimality of the solution on one side, but also the execution time on
the other.

Sampling Based

Sampling-Based algorithms ([7],[21],[5]) rely on the selection of sample states
from the Configuration Space. At each iteration of the algorithm a sample
is randomly selected from the nearby configurations, with respect to the
vehicle position, and it is checked if the path connecting two samples is
collision free. If the condition is satisfied, the sample will be added to a tree,
whose nodes identify the robot configurations, while the arcs coincide with
the collision free paths connecting two adjacent nodes and computed on-line,
through a procedure called steering. The final result is the extraction of a
roadmap from the graph connecting a starting configuration qs with a goal
qg. The most important examples of this kind of approaches are the PRM
(Probabilistic Roadmap [13]) and the RRT (Rapidly-exploring Random Tree
[22]), which belong to a subclass of the sampling-based algorithms called
Probabilistic Methods.
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2.1.2 Planning Solution

The solution presented in this work relies on the algorithm described in
[5]. This approach, which takes the name of RRT* Motion Primitives, re-
lies on the combination of a sampling-based approach and of a search-based
one. In particular, the RRT* method will be used to construct a tree in
which the various robot configurations are connected through the definition
of paths. However, in order to reduce the computational weight of the steer-
ing procedure, used to connect the configurations in RRT*, the paths are
not computed on-line, but instead they are extracted from a database of
motion primitives, retrieved through a search-based procedure.

The original contribution presented in this thesis is related to the fact
that this particular method can be introduced not only for a context char-
acterized by fixed obstacles, but also inside a crowded environment. In
particular, the trajectory obtained from the RRT* Motion Primitives ap-
proach will be not only Collision-Free, but also Human-aware. In fact, the
optimal trajectory will prefer low populated areas, with respect to crowded
ones. To this aim, the robot will be characterized by a priori knowledge
of the environment, described through the representation of the obstacles
from the plan of a building and the representation of the crowds through
the use of a probabilistic map, in which each crowd is characterized by a
uniform probability distribution, constructed with the information retrieved
from external devices, as surveillance cameras.

The obtained result will be then used by a second level of control, the
Local Planning, whose aim is related on reaching the discrete points of
the segmented optimal trajectory while avoiding collision with each single
pedestrian inside the nearby area around the vehicle position.

2.2 Local Planning

Local Planning can be seen as a control strategy in which, by knowing the
model describing the system and a desired output, it is possible to design a
suitable input, acting in the immediate future.

In the field of robotics and, in particular in the context of Human-aware
Navigation, the main feature of local planners is related to the fact that
a robot should perform its motion while ensuring safety and comfort for
the humans inside the environment. To this aim, a fundamental property
is related to the ability of the robot to guarantee collision avoidance, with
respect to fixed and moving obstacles.

In [24] a large variety of algorithms introduced in the field of Human-
aware Navigation are presented, by highlighting the main characteristics of
a local planning navigation framework inside a crowded environment. In
particular:
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• the robot shall be aware of its own dynamics, described by a particular
model which shall take into account the limitations related to the
system;

• the future dynamics of the moving obstacle inside the environment
shall be taken into account and, if the time evolution of the obstacle
motion is not known, the robot shall be able to predict it with an
acceptable degree of approximation;

• the knowledge of the surrounding environment plays an important role.
In particular, the robot will need updated information in order to reac-
tively behave to sudden changes. For this reason, human-aware local
planners rely in general on the data received from external devices,
such as laser sensors and cameras;

With the above conditions, it is possible to introduce the state of the art in
the context of human-aware local planning.

2.2.1 State of the Art

In [24], a large versatility of approaches related to human-aware local plan-
ning are described. In this particular context, a key role is played by the
concept of Collision Avoidance. A given agent can ensure this property if,
for every fixed or moving obstacle, it is possible to generate a collision-free
path, while maintaining a safety distance. As already introduced, the prop-
erty can be achieved only if a given robot is aware of its own dynamics and
the behaviour of each individual inside the environment. For this reason,
the field of robotics related to human-aware navigation is characterized by a
large variety of approaches focused on finding the best way to describe the
human behaviour.

One of the most used approach was presented in [18] in order to charac-
terize the motion of agents in the space and to find an analytical solution
to prevent collisions. The main idea is related to the representation of each
agent as a Velocity Obstacle (VO). In particular, with the assumption re-
lated to the perfect knowledge about the shape of the obstacles and their
future motion, it is possible to represent them inside the Velocity Space. The
Velocity Obstacle is therefore the set of robot velocities which may cause
collision with other agents. If it is possible to find a velocity outside the
VO, it will be used to compute a safe trajectory.

As it is clear, a common strategy is related on taking into account the
velocity of agents in order to characterize their future behaviour. In [20],
an on-line approach is used to predict the space occupied by a pedestrian
through the characterization of its kinematic model and its current velocity.
This knowledge is used, in particular, to compute the so called reachable set,
which includes all the future occupancies of the robot and the pedestrian in
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order to avoid collisions.
In contrast with the previously defined approaches, some works in the

robotic literature develop their idea under the assumption that it is not pos-
sible to have a complete knowledge about the agents inside the environment,
due to the stochasticity in the pedestrian behaviour. To this aim, in [26] a
method based on Deep Reinforcement Learning is presented. In particular,
the work is developed under the hypothesis that it is not possible to have a
priori knowledge of the human behaviour, but it is possible for a robot to
learn it by simply associating weights to social norms, as for example pass-
ing to the right or keeping a safe distance, which will be updated through
the training process of a neural network.

In many situations it is not possible to ignore the stochasticity of the
pedestrian motion without applying a too much rough approximation. For
this reason, in [1] the uncertainty of human intention is tackled from a game
theoretic perspective. In particular, a set of choices is defined for each agent
with a level of probability and, consequently, the computation of a collision-
free path becomes the research of a Nash equilibrium.

It is possible to conclude that, by taking into account the different ways
in which the human-aware navigation problem can be solved, one can choose
if it is better to adopt a deterministic approach or a stochastic one.

2.2.2 Control Solution

The original contribution of the thesis in this particular field is related to
the fact that it is possible to introduce an advanced control approach, al-
ready successfully applied in [8] for the local planning of an autonomous
wheelchair inside an environment characterized by fixed obstacles or in [23]
for the motion and coordination of mobile agents, called Model Predictive
Contol (MPC), in order to design the local planning of an autonomous
wheelchair inside a crowded environment. The main peculiarity of this par-
ticular MPC application is related to its human-awareness.

In particular, the control approach presented in this thesis will be de-
signed as a regulation problem in order to reach a goal position from a
starting one, while ensuring the collision avoidance, with respect to fixed
and moving obstacles, and also the safety and comfort requirements for the
passenger of the wheelchair and, more in general, for each human inside the
environment. This property can be easily achieved due to the fact that it is
possible to easily include the safety requirements inside the control problem,
by treating them as constraints of an optimization problem. Moreover, since
the control problem will be solved inside a few seconds time interval, it is
possible to highly reduce all the uncertainties related to the unpredictability
of the human behaviour. For this reason, it is possible to consider a simple
linear model to describe the motion of a single pedestrian and, in addiction,
to design a deterministic MPC, instead of a probabilistic one.
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The final result of the strategy adopted in this work will be a com-
plete motion planning approach for an indoor autonomous wheelchair inside
a crowded environment, developed with respect to two different levels of
control: the RRT* Motion Primitives (Global) on one side and the Model
Predictive Control (Local) on the other.



Chapter 3

Robot and Human Models

This chapter focuses on the characterization of the environment in which
the robot will be able to perform its motion. In the first part, the model
of the vehicle will be introduced through the description of the mechanical
relationship between the state and control variables. Once a linearization
technique is applied, the overall control scheme will be presented.
In the second part the model of a single pedestrian will be presented, in
order to construct a crowded environment in which each element is fully
characterized while, in the last part, in order to describe the behaviour of a
crowd, a probabilistic model will be introduced.
The models of each single individual are important in the context of reactive
collision avoidance and therefore are fundamental in the construction of a
local planner, while the characterization of entire crowds in a given map
becomes necessary in global planning.

3.1 Vehicle

The model presented in this work can be easily applied for a large variety
of Autonomous Guided Vehicle. However, in order to justify the choices
related to the tuning of parameters and, in general, to make reference to a
real case, the experimental equipment used in [8] will be taken into account.

The vehicle is a motorized wheelchair, shown in Figure 3.1, produced
by Degonda Rehab SA, endowed with two driving wheels, whose motors are
characterized by a maximum power of 0.35 [kW], and three support wheels,
which are used to guarantee mechanical stability.

In order to detect the relative distance with respect to near objects, the
vehicle is equipped with two laser sensors SICK TiM561. These devices
are characterized by a maximum angular amplitude of 270◦ with 0.33◦ of
resolution, a maximum range of 10 [m] and a scanning frequency of 15 [Hz].
The two sensors are installed in opposite edges, in order to have a complete
vision of the surrounding environment, as shown in Figure 3.2.
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Figure 3.1: Wheelchair Degonda Twist t4 2x2, Image from: pg.6, Chapter 2, [8]

Figure 3.2: 360◦ Angular Range

3.1.1 Unicycle Model

In the context of mobile robotics it is possible to describe an AGV in differ-
ent ways. The case study, related to the work done in this thesis, requires
the definition of a simple model, in order to characterize the dynamic be-
haviour of the vehicle. To this aim, Figure 3.3 shows the representation of
a unicycle model, described by the following equations:

ẋ(t) = v(t) cos θ(t)

ẏ(t) = v(t) sin θ(t)

θ̇(t) = ω(t)

where the variables x(t) and y(t) are the positions along the global refer-



3.1. VEHICLE 17

ence axes of the system, while θ(t) is the orientation of the vehicle. The
longitudinal velocity v(t) and the angular speed ω(t), which describes the
rotation around the axis perpendicular with respect to the motion plane,
are the control variables of the system.

Figure 3.3: Unicycle Model

It is clear that the presented model is a cinematic one, since it relates
the velocity inputs of the vehicle with the time derivatives of its configu-
rations. Cinematic models are fundamental in order to solve the motion
control problem of a mobile robot and, for this reason, in the context of
planning and control, this particular choice is justified.

The intrinsic problem of the unicycle model is related to the fact that
real mobile robots cannot have a single wheel, due to mechanical stability,
in particular in static conditions. For this reason, a simplified model, which
takes into account the definition of a two-wheeled vehicle, is introduced.
This particular representation, shown in Figure 3.4, takes the name of dif-
ferential drive and it is based on the introduction in the model of two coaxial
wheels, whose actuators are independently activated.

The previous definition implies that the control variables must be ex-
pressed with respect to the angular speed of the two wheels:

v(t) =
r (ωR(t) + ωL(t))

2

ω(t) =
r (ωR(t)− ωL(t))

d

where d is the distance between the centre of the wheels, while ωR and ωL are
the angular speeds of the right and left wheels, whose radius is represented
by r.

By taking into account the wheelchair described in the previous section,
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Figure 3.4: Unicycle Model with Differential Drive

it is clear that the unicycle model with differential drive easily approximates
the behaviour of such vehicle. In fact, the differential drive representation
allows to consider the relationship between the longitudinal and angular
velocity, with respect the rotation of the two independently actuated wheels.
In the same way, the real vehicle will generate a longitudinal motion by
actuating the two wheels in the same direction and a rotation by actuating
the two wheels in opposite directions.

3.1.2 Feedback Linearization

The previously described model is characterized by a non linear relation-
ship between the state variables (x(t), y(t), θ(t)) and the control variables
(v(t), ω(t)). However, this definition is not compatible with the control re-
quirements, due to the fact that the approach adopted in this thesis relies
on a Linear MPC.

As described in [8] and [23], in the field of the control of autonomous
mobile robots it is possible to approximate the vehicle as a particle, whose
dynamic behaviour can be described by means of a linear relationship. This
particular result can be obtained with a linearization technique, which takes
the name of Feedback Linearization.

This approach is based on a transformation of variables, which can be
obtained by considering a point P at a distance ε from the centre of the axis
of the wheels, along the longitudinal direction, as highlighted in Figure 3.5.

The position P can be now expressed with respect to the global reference
system: {

xP (t) = xC(t) + ε cos θ(t)

yP (t) = yC(t) + ε sin θ(t)
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Figure 3.5: Feedback Linearization Model

where xC(t) and yC(t) are the global coordinates of the centre of the vehicle,
around which the rotation θ(t) is performed.
By deriving with respect to time:{

ẋP (t) = ẋC(t)− ε sin θ(t)θ̇(t)

ẏP (t) = ẏC(t) + ε cos θ(t)θ̇(t)

noticing that ẋC(t) = v(t) cos θ(t), ẏC(t) = v(t) sin θ(t) and ω(t) = θ̇(t), it is
possible to represent the previously defined relationship in matrix form:[

ẋP (t)
ẏP (t)

]
=

[
vPx(t)
vPy(t)

]
=

[
cos θ(t) −ε sin θ(t)
sin θ(t) ε cos θ(t)

] [
v(t)
ω(t)

]
The Feedback Linearization transformation matrix is therefore:

T (θ, ε) =

[
cos θ(t) −ε sin θ(t)
sin θ(t) ε cos θ(t)

]
Being non-singular (∀θ and ∀ε 6= 0), it is possible to invert the matrix
in order to obtain the relationship between the variables of the linearized
system (vPx(t), vPy(t)) and the real one (v(t), ω(t)).
By considering now the overall control scheme, represented in Figure 3.6, it
is immediately clear that the MPC will receive only the information about
the position of point P, by loosing every knowledge about the orientation of
the vehicle, which is used instead to provide the transformation matrices.

For this reason, the MPC, which in this particular context will be applied
for regulation purposes, consists only in a position control so, in the case in
which a goal on orientation is required, i.e. if the desired pose differs from
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Figure 3.6: Control Scheme

the one tangent to the trajectory, a further control focused only on the ori-
entation must be applied. The so obtained model, from the controller point
of view, is therefore described by a linear decoupled system, characterized
by two integrators, as shown in Figure 3.7:{

ẋP (t) = vPx(t)

ẏP (t) = vPy(t)

Figure 3.7: Double Integrator System

3.2 Pedestrian

In order to describe a human in the context of local planning, it is funda-
mental to fully characterize a single pedestrian as a moving obstacle.

However a second aspect, which shall not be ignored, is related to the
social acceptability of the robot behaviour. For this reason, the comfort
of a human, inside the environment in which the motion of the vehicle is
performed, must be guaranteed. This is a crucial concept in the field of
human-aware robot navigation, as it is highlighted in [24].
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3.2.1 Kinematic of the Model

The main hypothesis, which puts the basis to the approach presented in this
work, is related to the fact that the local planner will be able to predict the
pedestrian motion inside a short time window. By taking into account this
aspect it is possible to assume that, during this short interval, the velocity
of a moving obstacle, in particular a pedestrian, will remain constant.

Therefore, in order to characterize the pedestrian kinematics, it is enough
to consider a simple uniform rectilinear motion law:{

ẋped(t) = vx

ẏped(t) = vy

where ẋped(t) and ẏped(t) are the time derivatives of the pedestrian position
along the axes of the global reference system, while vx and vy are the com-
ponents of the constant pedestrian velocity.

It is important to note however that this model approximates the pedes-
trian as a particle. For this reason, it is assumed that the motion will be
performed by the barycentre of the pedestrian body, projected on the global
reference system plane, as shown in Figure 3.8.

Figure 3.8: Pedestrian Model

3.2.2 Virtual Box

In order to take into account the size of a single pedestrian, it has been
decided to include it inside a virtual box. This box will not only consider
the measures of the human body, but also the concept of proxemics.

This term was coined in 1963 by the cultural anthropologist Edward T.
Hall. In his work The Hidden Dimension ([9]), he defines the proxemics as
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the study of how a human makes use of space and the effect of a crowded
environment has on communication and, more in general, on social inter-
action. Hall described the relative distances between people, distinguishing
the interpersonal distance in four zones, as shown in Figure 3.9.

Figure 3.9: Proxemics Zones

As highlighted in [24], in order to make a person feeling safe, the robot
should move outside the intimal or personal space, by avoiding therefore to
approach too much closely.

Regarding the shape of the virtual box, the choice should be done with
the objective to make possible for the MPC to solve a feasible problem, by
avoiding non-convex sets of constraint or deadlocks in the robot trajectory.

As described in [23], the ideal obstacle avoidance can be obtained by
defining a circular virtual box. However, due to the fact that such a choice is
incompatible with the Linear MPC requirements, it is fundamental to make
an approximation. In particular, the most convenient way is to inscribe a
polytope inside the circular box. In practice, this result can be obtained by
defining a set of points following a circular path. The equation governing
this concept can be defined in the following way:{

xibox(t) = xped(t) +R cosϕi ∀i = 1, ..., nsides

yibox(t) = yped(t) +R sinϕi ∀i = 1, ..., nsides
(3.1)

where nsides expresses the number of sides of a given polytope, the subscript
i refers to a single point on the circular path, R is the radius of the circle
defining the personal zone of a given pedestrian (whose value will be chosen
by taking into account Figure 3.9) and ϕi is the angular sector associated
to the i-th point. Figure 3.10 shows as Equation (3.1) works in practice.

The i-th side of a given polytope, inscribed inside a circle, corresponds
with the i-th angular sector, which can be defined as:

ϕi =
2πi

nsides
+ ϕ0, i = 1, .., nsides
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Figure 3.10: Example with nsides = 8

where ϕ0 expresses the initial angle, taken as starting point in order to re-
produce the series of points.

It is important to note that the choice of ϕ0 will define the orientation of
the polytope with respect to the global reference system. A proper choice of
ϕ0 can be based on the knowledge of the pedestrian kinematics, in particular
by considering its velocity vector:

ϕ0 =



arctan

(
vy
vx

)
if vx > 0

π

2
if vx = 0

arctan

(
vy
vx

)
+ π if vx < 0

where vx and vy are the components of the pedestrian velocity vector
along the x and y directions respectively.

With this particular definition, it is possible to describe a virtual box
which moves accordingly with the pedestrian trajectory.

(a) (b)

Figure 3.11: Example with nsides = 4. (a) vx = 0, vy = 1 (b) vx = 2, vy = 1
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3.3 Walls and Fixed Obstacles

The model described in the previous section can be also applied in the case
in which the environment is characterized by the presence of fixed obstacles
with a limited geometry, as for example furnitures or boxes, as shown in
Figure 3.12.

Figure 3.12: Fixed Obstacles Environment

However, the above analysis becomes not convenient for big-sized ele-
ments in the environment, as for example walls. In that case in fact, it is
more convenient to keep the geometry of the obstacle unchanged, by simply
reconstructing its shape through the processing of sensor data, as highlighted
in Figure 3.13.

Figure 3.13: Data Reconstruction
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3.4 Crowd

The models introduced until now, are fundamental in the field of local plan-
ning. However, in the context of path planning, a different kind of model
shall be defined in order to overcome the limitations related to the global
planner, as for example the lack of a reactive action. In this scenario, it is
clear that a priori knowledge of the environment is needed. For this reason,
the global planner will receive in input a probabilistic map entirely describ-
ing the environment by taking into account a building plan on one side, and
the concentration of people on the other. This aspect plays a fundamental
role in the choice of the most convenient path to compute, in order to avoid
deadlocks or to overload the local planner. In fact, with this knowledge, the
global planner will take into account both the presence of fixed obstacles and
the characterization of human crowds and, consequently, it will compute the
optimal trajectory in order to reach a predefined goal, while avoiding col-
lisions and by discarding every path which results too much expensive in
terms of distance or time.

The probabilistic maps introduced for the path planning used in this
work are defined by means of clusters, each one characterized by a uniform
probability distribution, as shown in Figure 3.14. Each cluster identifies a
group of people, whose density will be used to compute each probability,
represented with a grey level on the probabilistic map. In this section, the
characterization of a crowd will be discussed.

Figure 3.14: Probabilistic Map

A large number of works about the detection of people and the con-
sequent estimation of the density of a given crowd can be found in the
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literature. In general, the crowd density estimation starts from the infor-
mation retrieved from external devices, in particular surveillance cameras.
However, in the majority of cases, the retrieved information alone are not
enough to satisfy the requirements related to safety or to risk analysis. For
this reason, the acquired data need to be processed, in order to obtain a
useful result.

In [15] different approaches, related to crowd density estimation from
the details extracted from surveillance videos, such as background removal,
information fusion or image processing and pattern recognition techniques
(IP&PR), are reported. In the recent years, in order to overcome the limita-
tions related to the crowd monitoring from videos, a more accurate approach
has been proposed.

As described in [25], the key to solve the problem of crowd estimation can
be found in the modern smartphones. In fact, if the devices are connected
to the same Wi-fi Network, it is possible to estimate the position of a human
by simply processing the informations retrieved by the MAC addresses and
the exchange of packets or, more in general, passive Wi-fi signals.

This section assumes that the information about crowd density is already
available and can be used to construct probabilistic maps. By taking into
account the work done in [19], it is possible to estimate the crowd density
by simply encapsulating each human inside a virtual cylinder, by processing
the data retrieved from a surveillance camera system. The simplest way to
define the density is then to consider the area covered by the range of the
cameras with respect to the number of cylinders inside it, as shown in Figure
3.15.

Figure 3.15: Crowd Density Model

Therefore, the instantaneous density is:

ρk =
nk
A
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where nk is the number of humans in the area A at the k-th time instant.
Since a single cluster of area A is characterized by a uniform probability
distribution, the probability to find occupied space inside it, at a given
instant k, can be simply calculated as:

P occk = ρk ∗Ah =
nk ∗Ah
A

where Ah is the area occupied by a single cylinder.
By observing the above definition, two main weaknesses can be noticed:

• If two cylinders are overlapped, the measure of the probability will be
corrupted;

• If nk ∗ Ah > A, the probability is greater than one. This situation
corresponds to the real case in which the area A is entirely occupied by
humans and, in addiction, some cylinders are note entirely contained
inside A.

For this reason, in order to avoid the above defined scenarios, two hypothesis
will be done:

• It is not possible for two cylinders to be overlapped, except for a
negligible percentage. This result can be simply obtained by defining
the cylinder diameter coincident with the length of the intimate space,
previously introduced and highlighted in Figure 3.9. This statement
holds under the hypothesis that each human inside the area A will not
invade the intimate space of other individuals.

• The number nk∗Ah will saturate to a maximum value if the previously
defined condition is true. In particular:

if nk ∗Ah > A then nk ∗Ah = A ∀k

With this definition, the condition 0 ≤ P occk ≤ 1 will be always satis-
fied.

In conclusion, given a set of acquired data inside a discrete time interval
[k, k + Ns], the probabilistic map will be constructed by considering the
average probability of each cluster, defined as:

P̄ =
1

Ns

Ns∑
k=0

P occk
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Chapter 4

Model Predictive Control

In this chapter the approach used in the context of local planning will be
described in detail.
Model Predictive Control is an advanced control method which has been
introduced in the industrial field, in particular for chemical processes, since
the 1980s. However, the large versatility of this class of algorithms has
permitted, in the recent years, the diffusion of such approach in different
fields. This particular flexibility is given by a series of characteristics, such as
the possibility to explicitly include in the control problem the state and input
constraints (as the saturation of the control variables or other structural
limits). The formulation is based on the definition of a cost function, built
by taking into account a discrete time model of the system and a finite
window [k, k +N ], where N takes the name of prediction horizon.

4.1 MPC Formulation

Given a discrete time system which can be written in the form:

x(k + 1) = f(x(k), u(k))

where f : Rn × Rm → Rn, while x(k) ∈ Rn and u(k) ∈ Rm are the state
and the control variable respectively, by selecting a prediction horizon N, it
is possible to define a performance index:

J =

N−1∑
i=0

l(x(k + i), u(k + i)) + V f (x(k +N))

where l(x, u) is a suitable positive definite function which takes the name
of stage cost, while V f (x(k + N)) is defined as terminal cost. In particular
applications, the performance index can be written as a quadratic one:

J(x(k), u(k)) =

N−1∑
i=0

(||x(k + i)||2Q + ||u(k + i)||2R) + ||x(k +N)||2S
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where R = R′ > 0, Q = Q′ ≥ 0 and S = S′ ≥ 0 are weight matrices of
suitable dimension associated with the control variable, the state during the
prediction horizon and the final state respectively.

The idea behind the concept of predictability is related to the fact that,
through the use of experimentally derived models, the knowledge of the
process variables, the external measurements and the current state of the
system, it is possible to predict any change in the dependent variables caused
by the variations of the independent variables.

This knowledge is fundamental in order to obtain a proper set of control
variables U(k) = [u(k), ..., u(k+N − 1)]T which corresponds to the solution
of the optimization problem. However, by simply following an open-loop
control, i.e. applying the whole sequence of inputs, the uncertainty on the
control variables will be summed up at every time instant inside the time
window, increasing the overall error and causing instability.

4.1.1 MPC with Receding Horizon

In order to obtain a more robust behaviour, typical of closed loop solutions,
a particular technique, which goes under the name of Receding Horizon
strategy, has been introduced.

At any time instant the optimization problem will be solved by taking
into account the actual information of the process, simulating the system
behaviour in the time window [k, k+N ] and then, as the Receding Horizon
principle suggests, only the first element u(k) of the sequence will be taken
into account, as shown in Figure 4.1.

At the next time instant, the optimization problem will be solved again,
this time considering the window [k + 1, k +N + 1], by taking into account
the new available system information which turn out to be updated and
therefore more accurate. By analysing the recursive nature of this algorithm
it becomes immediately clear that a time invariant feedback control strategy
is obtained.

4.1.2 Constraints

The main advantage in the use of MPC is that it is possible to directly
include constraints on the state and control variables, in the form:

x(k) ∈ X ⊂ Rn

u(k) ∈ U ⊂ Rm

The previously defined constraints must be expressed in a way which is
compatible with the optimization algorithm. In particular, in quadratic
programming, the linear constraints can be expressed as:
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Figure 4.1: MPC with Receding Horizon


Aineqx X (k) ≤ bineqx
Aeqx X (k) = beqx
Xmin ≤ X (k) ≤ Xmax


Ainequ U(k) ≤ binequ
Aequ U(k) = bequ
Umin ≤ U(k) ≤ Umax

where Aineq and Aeq are matrices whose rows express the number of
conditions to be imposed, bineq and beq are vectors of constant terms, while
Umin, Xmin, Umax and Xmax are the lower and the upper bounds respectively,
defined for every instant of the prediction horizon. A further and more
detailed analysis can be retrieved from [14].
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4.1.3 Stability Analysis

As described in [14], in the context of the MPC, the idea of stability is
strongly related to the concept of Recursive Feasibility, which imposes that
the optimization problem, at every time instant, must ensure an accept-
able solution, in order to guarantee the satisfaction of constraints and, con-
sequently, the feasibility of the problem. To this aim, it is important to
introduce the concept of terminal set. Given a state variable x(k) such that:

x(k) ∈ X ⊂ Rn

where X is defined as trust region of the state, the terminal set can be
defined as:

Xf ⊂ X

In order to ensure the solvability of the optimization problem, it is required
that the final state, at the end of the prediction horizon, belongs to this
particular subset of the trust region of the state:

x(k +N) ∈ Xf

The terminal set can be designed in order to satisfy the rules imposed by a
particular control law, which takes the name of auxiliary control law :

u(k) = −Kax(k)

By taking into account a generic discrete time system in the form:

x(k + 1) = A x(k) +B u(k)

the value of Ka must be chosen in a way such that the eigenvalues of the
matrix A − BKa guarantee the stability of the system. In particular, for
linear systems, the value of the parameters of the control law can be found
by using approaches like the LQ control or the pole placement method. Once
Ka has been retrieved from one of the cited methods, by taking into account
the discrete Riccati Equation (in which the penalty matrices Q and R are
the ones used in the MPC problem):

(A−BKa)
TS(A−BKa)− S = −(Q+KT

a RKa) (4.1)

it is possible to retrieve the value of the positive definite matrix S. The ob-
tained result leads to the following statement:

Xf = {x(k) | xT (k)Sx(k) ≤ α} ⊂ X

where α is a positive real number and

V f (x) = xT (k)Sx(k)
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is the terminal cost.
In order to guarantee the recursive feasibility, it is enough to require that

the terminal set satisfies the property of positive invariance. A given set is
said to be positively invariant if and only if:

x(k) ∈ Xf ⇒ x(k + i) ∈ Xf ∀i = 1, ..., N

with respect to the closed-loop system x(k + 1) = (A − BKa)x(k). By
recalling that Xf ⊂ X, and that u(k) ∈ U, the following conclusion can be
retrieved:

u(k) = −Kax(k) ∈ U, ∀x(k) ∈ Xf

This result is enough to show that if the terminal set is positively invariant,
then the property of recursive feasibility is satisfied.

4.2 Vehicle Model for Control

As already discussed in Chapter 3, in order to obtain a model of the system
suitable for a Linear MPC, the Feedback Linearization approach has been
introduced. The resulting model consists on a linear decoupled system in
the form: {

ẋP (t) = vPx(t)

ẏP (t) = vPy(t)

However, in order to make the model compatible with the discrete nature
of the control approach, a further transformation is needed. By considering
the discretization approach called Forward Euler method, such that

s =
z − 1

τmpc

where τmpc is the sampling time set for the controller, it is possible to obtain
the discrete model of the system:{

xP (k + 1) = xP (k) + τmpc vPx(k)

yP (k + 1) = yP (k) + τmpc vPy(k)

or, in compact form:

ξ(k + 1) = A ξ(k) +B u(k)
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with:

A =

[
1 0
0 1

]
B =

[
τmpc 0

0 τmpc

]
ξ(k) =

[
xP (k)
yP (k)

]
u(k) =

[
vPx(k)
vPy(k)

]

4.3 Cost Function

In order to design a cost function, suitable for the control requirements
imposed by the reactive planning of the autonomous vehicle, the work done
in [8] and [23] will be taken into account.

In particular, the main task of the local planner is based on reaching a
given reference, which can be defined in the following way:

ξref =

[
xref
yref

]

The goal to be reached is described by means of a desired position. This
requirement can be translated, in terms of control variable, as the need for
the vehicle to stop at the reference. In particular, once the vehicle reaches
the desired goal, the control variable shall converge to:

uref =

[
0
0

]

The cost function can be then expressed in the following way:

J(ξ(k), u(t)) =
N−1∑
i=0

(||ξ(k+ i)− ξref ||2Q + ||u(k+ i)||2R) + ||ξ(k+N)− ξref ||2S

(4.2)
In order to solve the optimization problem, different strategies can be

applied. A convenient way to formalize the control scheme, known as Open-
Loop Solution, can be derived by recalling the Lagrange equation:

ξ(k + i) = Aiξ(k) +
i−1∑
j=0

Ai−j−1Bu(k + j) , i > 0 (4.3)

Once a prediction horizon N is fixed, it follows that:

Ξ(k) =


I
A
A2

...
AN


︸ ︷︷ ︸
A

ξ(k) +


0 0 . . . 0
B 0 . . . 0
AB B . . . 0

...
...

. . .
...

AN−1B AN−2B . . . B


︸ ︷︷ ︸

B

U(k) (4.4)



4.3. COST FUNCTION 35

with

Ξ(k) =

 ξ(k)
...

ξ(k +N)

 U(k) =

 u(k)
...

u(k +N − 1)



Using these variables, the performance index can be expressed in the
following way:

J̃(ξ(k),U(k)) = ||Ξ(k)− Ξref ||2Q + ||U(k)||2R =

= (Ξ(k)− Ξref )T Q (Ξ(k)− Ξref ) + UT (k) R U(k)

where

Q =


Q

. . .

Q
S

 R =

R . . .

R


By recalling Equation (4.4), the cost function becomes:

J̃(k) = (A ξ(k)+B U(k)−Ξref )T Q (A ξ(k)+B U(k)−Ξref ) + UT (k) R U(k)

By rearranging the previously obtained result, it is possible to express the
cost function as:

J̃ =
1

2
UT (k)HU(k) + 2fTU(k) + cost

where H = BTQB + R is called Hessian matrix and f = AT ξT (k)QB is
the gradient vector, while cost represents all the terms not depending from
U(k). This quadratic form representation turns out to be suitable with the
syntax of the most used optimization solvers.

4.3.1 Controller Tuning

As already introduced, matrices R, Q and S are design parameters ex-
pressing the weights to be attributed in order to obtain a suitable control
performance. In particular, the three matrices represent the penalty given
to the control variables and to the error on the state and on the final state
variables respectively.

As already introduced in [8] and [23], the fact that in the controller for-
mulation a decoupled system is considered and, moreover, the fact that the
model is completely symmetric, allow to design the weight matrices in the
following way:



36 CHAPTER 4. MODEL PREDICTIVE CONTROL

Q =

[
q 0
0 q

]
R =

[
r 0
0 r

]
S =

[
s 0
0 s

]
This result becomes clear by simply analysing matrices A and B, which turn
out to be diagonal and symmetric. For this reason, it is enough to impose
the same weights for both degrees of freedom. While q and r will be designed
in order to guarantee a desired performance, the parameter s will be chosen
in order to ensure the asymptotic stability of the system.

By taking into account the stability analysis previously discussed, the
following auxiliary control law will be defined:

u(k) = Kξ(k)

where K is a symmetric diagonal matrix, such that:

K =

[
k 0
0 k

]
By solving Equation (4.1), it is possible to retrieve the relationship between
the gain k and the parameter of the terminal cost:

s =
(q + k2r)

1− (1 + τmpck)2

As discussed in the previous section, the gain matrix must be chosen in
order to guarantee the asymptotic stability of the system. In [8], a solution,
retrieved trough the Pole Placement method, is proposed. By imposing

k > − 2

τmpc

the eigenvalues of the system

ξ(k + 1) = (A+BK)ξ(k)

have value between 0 and 1 and so, the asymptotic stability of the system
is guaranteed. However, in order to avoid oscillatory behaviours, a more
conservative requirement must be imposed:

k > − 1

τmpc

In conclusion, it is enough to select a fraction of the previously defined limit
value:

k = − 1

n τmpc
, with n > 1
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4.4 Constraint Definition

As already introduced, the main advantage in the formulation of the MPC
is based on the fact that it is possible to directly include the constraints
related to the state and the control variables. This definition allows to
take into account, in the research of a feasible solution, the boundaries that
characterize a real context, as for example the limitations of the actuators,
the presence of prohibited areas or zones occupied by obstacles and, in this
particular case, comfort or safety requirements.

As described in the previous section, the formulation of a quadratic cost
function allows to obtain a relationship based on the definition of the Hessian
matrix and the gradient vector. In the same way, the constraints defined in
this particular formulation take the form of a linear inequality:

Aineq U(k) ≤ bineq

where Aineq is a matrix whose rows correspond to the condition imposed
at a given time instant in the prediction horizon, while bineq is the vector
of constant terms. It is important to note that the constraint can be also
related to the state of the system and, in that case, the condition will be
expressed as:

AineqxΞ(k) ≤ bineqx
In order to introduce in the MPC formulation also this set of constraints,
it is important to express it with respect to the vector of control variables
U(k).
By recalling the Lagrange equation:

Aineqx(Aξ(k) + BU(k)︸ ︷︷ ︸
Ξ(k)

) ≤ bineqx

it follows that

Aineq U(k) ≤ bineq

with

Aineq = AineqxB bineq = bineqx −AineqxAξ(k)

4.4.1 Position Constraints

By taking into account only the constraint related to the state variables:

x(k) ∈ X
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x(k +N) ∈ Xf

it is possible to conclude that, since the state of the system coincides with
the position of the vehicle, the trust region described trough the constraint
is defined as the free space of the environment in which the robot will be
able to move, as shown in Figure 4.2.

Figure 4.2: Trust Region

As it is immediately clear, by taking into account the straight lines de-
limiting the green area, the trust region is defined as the intersection of
different half planes, whose equations take the form of:

hx x+ hy y ≤ l (4.5)

where hx and hy are the coefficients related to the variables x and y identi-
fying the slope of the line, while l is the constant term defining the position
with respect to the origin. Each equation defined above divides the state
space into two half planes, one of which describes the free space.

In addiction, the presence of an obstacle inside the robot environment
can be represented into the state space, by simply removing the area occu-
pied by the obstacle from the trust region of the state, as shown in Figure
4.3.

For this reason, it is possible to use Equation (4.5) to define the geomet-
rical shape of each given obstacle. However, as it is shown by Figure 4.3,
with this representation, the trust region is not convex.
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Figure 4.3: Representation of an obstacle inside the State Space

Convexity of the Trust Region

One of the intrinsic problem in the definition of the trust region is related
to the fact that it is not always possible to ensure the admissibility of the
optimization problem, which is related to the convexity of the state space.
This is due to:

1. The morphology of the environment. In fact it is possible for the
vehicle, during the execution of its motion, to meet obstacles with a
non-convex shape.

2. The errors in the data acquisition. By recalling the experimental set-
up described in [8], the information about the environment is obtained
through the use of sensors. For this reason it may happen that, by
reconstructing the received data from external devices, non-convex
geometries will arise.

3. The shape of the trust region. In fact the intersection between different
half planes may be a non convex region.

While the first two statements have been solved in the previous chapter,
by properly defining the shape of the virtual box, in order to solve the last
problem an approach, based on the choice of the most convenient straight
line to be used as a constraint, must be introduced.

Maximum Constraint Violation Method

As already described in [8] and [23], the aim in the definition of state con-
straints is to ensure a trust region which is convex and large enough, com-
patibly with the obstacle definition.

The most used solution takes the name of Maximum Constraint Viola-
tion Method, represented in Figure 4.4, and it is based on the fact that, by
knowing the equation describing a given obstacle, it is possible to impose
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only one constraint at a time. This means that, by considering the set of
straight lines surrounding a given obstacle (defined in order to construct the
virtual box), it is possible to take into account only a single equation in the
form of (4.5).

The choice will be done by selecting the straight line for which the cor-
responding constraint will be violated above all, or more simply the line
such that the position of the obstacle and the actual position of the vehicle
belong to different half planes.

Figure 4.4: Maximum Violated Constraint

The previous definition can be formalized as follows:

∃ (hx, hy, l) : hx xpos + hy ypos > l ∧ hx xobs + hy yobs < l

∨
hx xpos + hy ypos < l ∧ hx xobs + hy yobs > l

(4.6)

where xpos, ypos are the components of the vehicle position with respect to
the global reference frame, while xobs and yobs are the coordinates of the
obstacle position. It is important to recall that, from the control point of
view, both the vehicle and the pedestrians are seen as particles, as described
in Chapter 3. For this reason, xpos and ypos coincide with the coordinates
of the odometric centre C, introduced in Chapter 3, while xobs and yobs
coincide with the barycentre of the pedestrian, around which the virtual
box is constructed.

The only weakness of the previously defined approach is highlighted in
Figure 4.5. As it is immediately clear, the two coloured lines are both
candidates for the selection of the constraint, but the green one is the optimal
choice because, by selecting it, the robot will find a more convenient path
in terms of distance from the goal, and therefore less cost.
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Figure 4.5: Maximum Violated Constraint: Ambiguity

In order to make possible for the robot to take the right decision, in [23]
a useful approach is described. Between two lines, which are both candi-
dates constraints for the optimization problem, the one that maximizes the
distance, with respect to the vehicle position, will be taken into account, as
highlighted in Figure 4.6.

Figure 4.6: Maximum Violated Constraint: Disambiguation

Activating Condition

In the previous section, the algorithm to select the maximum violated con-
straint has been described.

However it is possible to show that, even if the vehicle is very far from
the obstacle, it will try to avoid it in any case. This is due to the fact that,
since the virtual box surrounding a given obstacle is defined through straight
lines, these will have an infinite length.
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The statement defined above is clearly described in Figure 4.7. As it is
shown, it is possible to see how, even if the distance between the obstacles
and the vehicle is enough, the projection of the virtual box will activate the
algorithm in any case.

Figure 4.7: Useless Activation

In order to avoid the problem, it is possible to slightly change the acti-
vating condition, described in [8], in a way more suitable for this particular
case.

The idea behind the definition is to take into account the maximum vio-
lated constraint only if the robot is dangerously approaching the pedestrian,
otherwise a less strict constraint will be defined.

It is possible to formalize the above definition by means of geometric re-
lationships. First of all, it is important to distinguish a dangerous approach
from a safer one. In order to formalize the problem, a well-known solution
in the field of robotics, described in [18], will be shortly introduced in the
following.
Given two agents representable as circles, in order to take into account their
size, and the vectors defining the direction of their velocities, it is possible
to express a dangerous approaching, between the two, in the Space of Veloc-
ity, trough the definition of Velocity Obstacles (VO). In order to create the
model, the robot will be approximated as a particle and consequently the
Collision Cone is defined. Such a cone can be built by simply considering
the radius of the circle surrounding the obstacle, as shown in Figure 4.8.

The collision cone CCR,obs is then evaluated with respect to the relative
velocity between the robot and the moving obstacle. In particular, if the
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(a) (b)

Figure 4.8: (a) Collision Cone and Velocity Obstacle in a Single-Agent Framework (b)
Velocity Obstacles in a Multi-Agent Framework

intersection between the set of relative trajectories and the area defined by
the radius of the circle is different from zero, then a collision will happen. In
the case in which the robot will perform its motion in a multi-agent system,
it is more convenient to define the VO by translating each cone along the
direction of the velocity vector of each obstacle. However, as it will be
described in the next sections, the MPC formulation will take into account
each obstacle independently, by considering then the union of the constraints
related to them and, for this reason, a single agent problem can be solved
for each constraint. In order to define a dangerous approach, it is necessary
to consider the segment of the virtual box lying on the line coincident with
the Maximum Violated Constraint as shown in Figure 4.9.

(a) (b)

Figure 4.9: Vehicle Motion: (a) Dangerous Approach (b) Safe Approach

The collision cone is defined by the two lines connecting the position
of the robot and the two extremities of the segment. An approach is then
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defined dangerous if the vector describing the relative velocity is found inside
the area defined by the collision cone (red area). In order to formalize the
previous statement, it is possible to recall an important property of vectors
from linear algebra. Figure 4.10 represents three vectors, defined as:

−→v1 =

[
P1.x− Pr.x
P1.y − Pr.y

]
−→v2 =

[
P2.x− Pr.x
P2.y − Pr.y

]
−→vR = −→vr−−−→vobs =

[
vr.x− vobs.x
vr.y − vobs.y

]
where −→vr and −−→vobs are the vectors defining the direction of the velocities
of the robot and the obstacle respectively, while P1 and P2 are the points
defining the extremities of the segment of the virtual box.

Figure 4.10: Vector Definition

The vector −→vR can be written as a linear combination of the two vectors
defining the red area:

−→vR = α1
−→v1 + α2

−→v2 (4.7)

where α1 and α2 are two constant. With this notation, it is possible to
analyse the direction of the vector −→vR with respect to the red area by simply
looking at the values of α1 and α2, in particular by looking at their signs.

In fact, as highlighted by Figure 4.11, four configurations may be ob-
tained. In particular, the case in which the two scalars are positive coincides
with the situation in which the vector −→vR is inside the red area.

By rewriting (4.7) with respect to the global reference axes, the following
system of equations is retrieved:{

vRx = α1 v1x + α2 v2x

vRy = α1 v1y + α2 v2y

It is important to note that, since the three vectors are known quantities,
the system should be written highlighting the vector −→α . In matrix form, it
becomes:
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(a) (b)

(c) (d)

Figure 4.11: Direction of vR: (a) α1 > 0, α2 > 0 (b) α1 > 0, α2 < 0 (c) α1 < 0,
α2 < 0 (d) α1 < 0, α2 > 0.



46 CHAPTER 4. MODEL PREDICTIVE CONTROL

[
vRx
vRy

]
=

[
v1x v2x

v1y v2y

] [
α1

α2

]
Therefore:

−→α =

[
α1

α2

]
=
[
V
]−1 −→vR

with
[
V
]−1

=
1

v1x v2y − v2x v1y

[
v2y − v2x

−v1y v1x

]
.

However, the matrix [V ] may be singular, in particular for v1x v2y =
v2x v1y. This result may be interpreted geometrically, by distinguishing
different scenarios:

• −→v1 = −→v2 . This case coincides with the situation in which the segment
P1P2 degenerates into one point.

• v1x = v1y ∧ v2x = v2y. The two vectors are coincident or the angle
between them is equal to 0 or π.

• v1x = v1y = 0 ∨ v2x = v2y = 0. This case is related to the situation in
which the position of the vehicle coincides with one of the extremes of
the segment.

• v1x = v2x = 0 ∨ v1y = v2y = 0. The two vectors are parallel, which
is impossible since they have a point in common (the position of the
vehicle).

By observing the above described scenarios it is possible to see that, in
the majority of cases, the singularity of matrix [V ] is simply avoided by
construction. In fact, the geometrical definition of the virtual box allows to
avoid every scenario in which the segment degenerates into a point, or when
the angle formed by the vectors is equal to 0 or π. In the case in which,
from the definition of the box, the matrix turns out to be non-invertible, it
is enough to automatically define the approach of the vehicle as a dangerous
one.

Once −→α has been retrieved, by simply checking the sign of its com-
ponents, it is possible to discover if −→vR is contained in the red area and,
therefore, if the robot is dangerously approaching the pedestrian. As pre-
viously introduced, if the statement defined above is satisfied, then the line
obtained by applying the maximum violated constraint approach will be
taken into account.

Conversely, if the robot direction appears to be safe for a pedestrian, i.e.
if −→vR is found outside the red area, then a different constraint will be chosen.
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In particular, the new constraint will be computed by taking into account
the line perpendicular with respect to the one joining Pr and the nearest
point between P1 and P2:

hx = Pmin.x− Pr.x
hy = Pmin.y − Pr.y
l = hx Pmin.x+ hy Pmin.y

with Pmin = arg min
i=1,2

d(Pr, Pi).

Figure 4.12 shows the two different scenarios.

(a) (b)

Figure 4.12: Activating Condition: (a) Dangerous Approach (b) Safe Approach

Number of Sides of the Virtual Box

As previously described, the convexity of the trust region is highly depen-
dent from the choice of the number of sides of the virtual box.

Many works in literature tend to use a high number of sides, in order to
reduce the probability to find an unfeasible solution. In fact, as highlighted
in [23], the best choice in order to represent obstacles inside the the operative
space of the robot is related to the use of a circular shape, which however
does not allow to obtain a convex region. For this reason, the definition of
a convex polytope with a high number of sides is the one that better ap-
proximate a circle, while guaranteeing a feasible solution. In this particular
approach, the number of sides of the polytope has been reduced to four.
This choice, although it may seem too much rough, is justified by the fact
that the orientation of the virtual box changes with respect to the direction
of the pedestrian velocity vector, in particular one edge of the geometric
figure points in the same direction of the obstacle velocity vector.
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Even if the definition above covers the majority of cases, it may happen
that, for particular configurations, the vehicle will fall into a deadlock al-
though a free path is available. In particular, Figure 4.13 shows the worst
cases.

(a) (b)

(c) (d)

Figure 4.13: Worst Cases: the vehicle doesn’t reach the goal, instead it stops in front
of the obstacle

It is important to note however that, by considering the approximation
under which one of the edges of the virtual box denotes the direction of the
velocity vector, even if for some time instants the goal may be hidden by
the obstacle, inside the prediction horizon the obstacle will show a free path
with its motion, as shown in Figure 4.14.

The configuration in Figure 4.13 becomes problematic when the pedes-
trian velocity is close to zero. In this case in fact it may happen that the
obstacle will hide the free path during the entire prediction horizon. In order
to solve the situation, a simple approach will be introduced.
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Figure 4.14: Moving Obstacle

For steady state obstacles with a priori fixed dimension and for small
speed moving pedestrians it is not always possible to define the orientation
of the virtual box, since the velocity vector may be equal to zero in modu-
lus. The orientation will be then chosen by taking into account the vector
defining the direction of the line joining the position of the robot and the
centre of the virtual box, as highlighted in Figure 4.15.

(a) (b)

Figure 4.15: Initial Orientation of the Virtual Box: (a) |vr| > 0 (b) |vr| ' 0

As it is immediately clear, by applying the simple rule defined above,
the worst case, caused by the uncertainty in the orientation of the virtual
box for velocities around zero, will be avoided.
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Pedestrian Model for Control

As previously described, the need to confer robustness to the overall execu-
tion of the MPC, implies the introduction of the Receding Horizon technique.
In this particular context, an advantageous choice consists in the definition
of a short time window, in which the control strategy will be applied.

The use of a dynamic window approach, like the Receding Horizon,
highly reduces the uncertainty related to the pedestrian motion. In fact,
by selecting a small value of N, it is possible to obtain a few seconds time
window.

With this definition, the pedestrian motion, in a short time interval, can
be considered linear, while its velocity space is characterized by a constant
speed. By recalling the kinematic model introduced in the previous chapter:{

ẋped(t) = vx

ẏped(t) = vy

where ẋped(t) and ẏped(t) are the time derivatives of the pedestrian position
along the axes of the global reference system, while vx and vy are the com-
ponents of the constant pedestrian velocity, it is possible to introduce again
a discretization approach in order to obtain a model compatible with the
MPC formulation. The discrete time representation is then formalized as:

{
xped(k + 1) = xped(k) + τmpc vx

yped(k + 1) = yped(k) + τmpc vy

where τmpc is the sampling time of the controller.
The introduced representation allows to consider the pedestrian motion by
means of a segmented trajectory, as shown in Figure 4.16. In this scenario,
at a given frequency, the controller will receive a point of the discretized
trajectory which will identify the pedestrian position at each time instant.

In order to make possible for the MPC to simulate the pedestrian be-
haviour, it is assumed that the controller receives the information about the
velocity of each obstacle in the environment.

This assumption, although it may seem weak, can be however validated
by the fact that the actual velocity of a body, whose description comes from
the sensor data, can be estimated by taking into account the information
about the pedestrian position available during the previous time step. In
particular:

v(k) =
xped(k)− xped(k − 1)

τs

where τs is the sampling time of the position measurements.
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(a) (b)

Figure 4.16: Pedestrian Trajectory: (a) Unpredictable Motion (b) Linear Motion in a
small discrete time window

State Constraint Implementation

As already discussed, the constraint related to the position can be defined
as a linear combination between the coordinates expressed with respect to
the global reference frame formalized as:

h(i)
x x(k + i) + h(i)

y y(k + i) ≤ l(i) i = 0, ..., N (4.8)

The above equation defines a constraint for each position of the vehicle
inside the prediction horizon. This conclusion is quite trivial since, as shown
in Figure 4.17, by performing its motion, the vehicle may overcome a given
obstacle. At the same time instant, the obstacle will show a different side
of the virtual box. This means that, inside a prediction horizon, different
constraints can be defined.

In addiction, in order to express the state constraint through a repre-
sentation compatible with the MPC formulation, the following matrix rela-
tionship must be introduced:

hk . . .

hk+N


(N+1,2(N+1))

 ξ(k)
...

ξ(k +N)


(2(N+1),1)

≤

 lk
...

lk+N


(N+1,1)

(4.9)

Equation (4.9) extends the position constraints to the overall prediction
horizon [k, k + N ]. The above statement can be read as the need for the
control strategy to guarantee the non-violation of the constraints during the
overall execution.

It is important to note that (4.9) is expressed with respect to the compact
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(a) (b)

(c) (d)

Figure 4.17: Motion inside a prediction horizon

form of Equation (4.8), i.e.

[h(i)
x h(i)

y ]︸ ︷︷ ︸
hk+i

ξ(k + i) ≤ lk+i i = 0, ..., N

Another important aspect of the matrix expression defined previously is
that the subscripts k, ..., k + N reinforce the fact that the constraints are
computed not only with respect to the actual position of the vehicle, but
also for the future ones.

However, at every time instant, the robot can access only its actual
position, expressed as:

ξ(k) =

[
xpos(k)
ypos(k)

]
In order to overcome this problem, it is possible to recall the Lagrange
Equation:

Ξ(k) =


I
A
A2

...
AN

 ξ(k) +


0 0 . . . 0
B 0 . . . 0
AB B . . . 0

...
...

. . .
...

AN−1B AN−2B . . . B

U(k)
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The vector

Ξ(k) =

 ξ(k)
...

ξ(k +N)


(2(N+1),1)

represents all the future positions of the vehicle which can be reached if each
element of the entire vector of the control variables U(k) will be applied at
the corresponding time instant. However, the introduction of the Receding
Horizon strategy imposes, in order to guarantee robustness, to discard all
the elements of U(k) except for the first one, which will be imposed to the
system.

It becomes now clear that, by assuming the availability of U(k − 1) it is
possible to obtain all the future positions of the vehicle, with respect to the
previous time instant:

Ξ(k − 1) = Aξ(k − 1) + BU(k − 1)

where it is assumed that the robot will store the value of the previous posi-
tion ξ(k−1). For sake of clarity, Figure 4.18 introduces a control scheme and
the corresponding response of the system inside the state space, simulated
by the MPC in order to compute the constraints.

(a) (b)

Figure 4.18: 4.18(a) The vector U(k) is not use directly on the control, but only to
compute the future positions 4.18(b) This is not the true response of the system, but
only the theoretical one, computed by the MPC in order to obtain the space constraints.

It is now possible to rewrite (4.9) by taking into account this aspect:
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
h

(x0,y0)
k|k−1

. . .

h
(xN ,yN )
k+N |k−1


︸ ︷︷ ︸

Hobs

 ξ(k)
...

ξ(k +N)


︸ ︷︷ ︸

Ξ(k)

≤


l
(x0,y0)
k|k−1

...

l
(xN ,yN )
k+N |k−1


︸ ︷︷ ︸

Lobs

(4.10)

In this case, the subscripts k|k−1, ..., k+N |k−1 express the fact that the
constraint will be computed for every time instant in the prediction horizon,
by taking into account the information retrieved in the previous execution.
Moreover, the superscripts (xi, yi) represent the situation in which, since the
problem mainly deals with pedestrians, the constraint may change not only
due to the motion of the robot, but also with respect to the motion of the
obstacle, as highlighted in Figure 4.19.

(a) (b)

Figure 4.19: 4.19(a) Moving Obstacle (Pedestrian) 4.19(b) Fixed Obstacle (Box)

In particular, by recalling the pedestrian kinematic model, the positions
(xi, yi) can be retrieved as:{

xi+1 = xi + τmpc vx

yi+1 = yi + τmpc vy
∀i = 0, ..., N − 1

with (x0, y0) = (xobs, yobs).
in the case in which the constraint must be defined with respect to a fixed
obstacle, Equation (4.10) can be easily simplified by imposing:

xi+1 = xi
yi+1 = yi

∀i = 0, ..., N − 1

In conclusion, (4.10) can be expressed in compact form as:

[Hobs](N+1,2(N+1)) [Ξ(k)](2(N+1),1) ≤ [Lobs](N+1,1)
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However, it is important to check if the half plane denoting the free
space is the one in which the estimated position of the vehicle is contained.
This condition can be verified by imposing, for each constraint, the following
relationship:

h(i)
x x̂c + h(i)

y ŷc ≤ l(i) i = 0, ..., N

where x̂c and ŷc are the coordinates of the vehicle estimated position. In
the case in which the condition is not satisfied, i.e.

h(i)
x x̂c + h(i)

y ŷc ≥ l(i) i = 0, ..., N

in order to obtain an inequality with the lower or equal sign, it is necessary
to invert the sign of each parameter:(

−h(i)
x

)
x̂c +

(
−h(i)

y

)
ŷc ≤

(
−l(i)

)
i = 0, ..., N

The last step, before sending the computed matrices to the controller, is
to make this constraint on the state variables suitable for the MPC formu-
lation. Therefore, it is fundamental to express it with respect to the vector
of control variables. By recalling again the Lagrange equation:

Hobs (Aξ(k) + BU(k))︸ ︷︷ ︸
Ξ(k)

≤ Lobs

from which

HobsBU(k) ≤ Lobs −HobsAξ(k)

Complete Constraints

The previously defined equation can be written in compact form as:

Aobs U(k) ≤ bobs

with

Aobs = [HobsB](N+1,2N) bobs = [Lobs −HobsAξ(k)](N+1,1)

However, as the subscript suggest, the constraint refers only to a single
obstacle. In fact, in order to guarantee a precise collision avoidance in a
crowded environment, the previously introduced analysis must be done for
every single obstacle, in order to consider the union of the different trust
regions, as shown in Figure 4.20.

By defining A
(j)
obs and b

(j)
obs as the constraint related to the j− th obstacle,

it is possible to build the resulting trust region by simply defining:
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(a) (b)

Figure 4.20: The trust region is obtained by removing the coloured areas 4.20(a) Time
Instant i 4.20(b) Time Instant i+1

 A
(1)
obs
...

A
(nobs)
obs


(nobs∗(N+1),2N)

 b
(1)
obs
...

b
(nobs)
obs


(nobs∗(N+1),1)

4.4.2 Velocity Constraint

One of the main problems associated with control approaches is related to
the fact that, even if a solution appears to be feasible with respect to the re-
quirements imposed by the problem, it may happen that, in order to perform
the desired behaviour, the controller will apply values of control variables
incompatible with the intrinsic limitations of the system. In this particular
analysis, it may happen that, even if a feasible solution for the MPC prob-
lem exists, the velocity requested to the motor of the vehicle will be higher
with respect to its limitations. It is clear that the above requirements can
be expressed as a saturation in velocity or, more in detail, by means of con-
straints on the control variables.

In order to justify the choice in the parameters, the model of the wheelchair
will be taken into account and, consequently, the work described in [8] will
be highlighted. As already discussed in the cited document, since the con-
sidered system is a decoupled one, it is not possible to impose constraints
directly on the velocities along the two directions of the axes of the global
reference frame. This is due to the fact that, by imposing limits along the
two directions, the longitudinal velocity will not be limited in a uniform way,
in fact the maximum value of the velocity will change with respect to the
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motion direction. This behaviour becomes incompatible with the require-
ments described above.

For this reason, it is fundamental to impose the constraints on the lon-
gitudinal direction, in the following way:

−vmax ≤ vlong ≤ vmax

where vmax will be selected in order to satisfy the limitations imposed by
the system and, compatibly, the requirements related to the comfort.
The relationship between the modulus of the longitudinal velocity and the
decoupled ones is however non linear:

|vlong| =
√
v2
x + v2

y ≤ vmax

In order to obtain a linear relationship, the first order expansion of the
Taylor series is considered:

f(vx, vy) = f(v̄x, v̄y) +
∂f(v̄x, v̄y)

∂vx
(vx − v̄x) +

∂f(v̄x, v̄y)

∂vy
(vy − v̄y)

where f(vx, vy) =
√
v2
x + v2

y and the point (v̄x, v̄y) is obtained by considering

the velocities from the previous time instant. It follows that:

0 ≤
√
v̄2
x + v̄2

y +
1

2
√
v̄2
x + v̄2

y

(2v̄x(vx − v̄x) + 2v̄y(vy − v̄y)) ≤ vmax

which becomes

0 ≤ v̄x√
v̄2
x + v̄2

y

vx(k + i) +
v̄y√
v̄2
x + v̄2

y

vy(k + i) ≤ vmax

∀i ∈ {0, ..., N − 2}

The main problem in the above statement is that, since the value of
the denominator cannot be equal to zero, this means that it is not possible
to apply the constraint for small velocities. The adopted solution in this
particular situation is based on imposing a different set of constraints.

To this aim, the selected constraint acts on the two decoupled velocities
vx and vy:

−vmax ≤ vx(k + i) ≤ vmax

−vmax ≤ vy(k + i) ≤ vmax

∀i ∈ {0, ..., N − 2}
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In order to make the definition compatible with the MPC formulation, it
is necessary to extend the constraints along the overall prediction horizon.
In particular, for high velocities:

Av =



v̄x
v̄

v̄y
v̄

. . .
v̄x
v̄

v̄y
v̄

− v̄x
v̄
− v̄y
v̄

. . .

− v̄x
v̄
− v̄y
v̄


(2N,2N)

bv =



vmax
...

vmax
∆vmax

0
...
0


(2N,1)

with v̄ =
√
v̄2
x + v̄2

y . Instead, for low velocities:

Av =



1
. . .

1
−1

. . .

−1


(4N,2N)

bv =



vmax
...

vmax
∆vmax
∆vmax
vmax

...
vmax

∆vmax
∆vmax


(4N,1)

It is important to note that the values corresponding to the last iteration
impose more strict constraints, which can be expressed as:


0 ≤ v̄x

v̄
vx(k +N − 1) +

v̄y
v̄
vy(k +N − 1) ≤ ∆vmax for high velocities

[
−∆vmax

−∆vmax

]
≤

[
vx(k +N − 1)

vy(k +N − 1)

]
≤

[
∆vmax

∆vmax

]
for low velocities

This definition satisfies the requirement related to the fact that the vehi-
cle should stop in proximity of the goal. The maximum value becomes then
∆vmax, defined as:

∆vmax = āmax τmpc
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where āmax is the maximum average acceleration.
In conclusion, given the matrices defined above, it is possible to express

the velocity constraints in the form:

Av U(k) ≤ bv

4.4.3 Velocity Variation Constraints

As previously introduced, the intrinsic limitations related to the system
require the definition of constraints on the control variables. As described
in [8], in order to guarantee safety and comfort on one side, and to take
into account the actuation limit on the other, it is important to impose the
saturation also with respect to the variation of velocity. This variation can
be expressed by taking into account the maximum average acceleration.

In particular, it is possible to note that, since the MPC formulation is
defined by means of discrete time instants, the velocity variation can be
expressed as:

∆v(k) = v(k)− v(k − 1)

The constraint can be then defined as:

−∆vmax ≤ ∆v(k) ≤ ∆vmax

The threshold value ∆vmax can be evaluated by considering the medium
value of the acceleration between two consecutive iterations. The resulting
time interval coincides with the sampling time of the MPC, therefore it is
possible to write:

ā =
∆v

τmpc

In conclusion, the maximum variation of the velocity can be retrieved by
considering the product between τmpc and maximum value of the average
acceleration:

∆vmax = āmax τmpc

The obtained result justifies the choice done in the previous section to define
the maximum velocity in the last iteration of the algorithm.
In this particular case, the constraints will be imposed directly on the de-
coupled variables:

−∆vmax ≤ vx(k + i)− vx(k + i− 1) ≤ ∆vmax

−∆vmax ≤ vy(k + i)− vy(k + i− 1) ≤ ∆vmax

∀i ∈ {1, ..., N − 1}
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where it is supposed that the controller will receive the information about the
control variables with respect to the previous time instant. The condition
to be imposed must be expressed as:

A∆v U(k) ≤ b∆v

In order to obtain this result it is necessary to take into account the previ-
ously obtained relationship. By extending the constraints along the entire
prediction horizon, the following matrices are obtained:

Avar =



1
. . .

1
−1

. . .

−1


(4N,2N)

∆V =

∆vmax
...

∆vmax


(4N,1)

v0 =


vx(k − 1)
vy(k − 1)

0
...
0


(2N,1)

V =


I(2)

−I(2)
. . .
. . .

. . .

−I(2) I(2)


(2N,2N)

where I(2) is the identity matrix of order 2.

The condition becomes:

Avar(V U(k)− v0) ≤ ∆V

By rearranging the previous formula, it is possible to obtain:

A∆v = [AvarV ](4N,2N) b∆v = [∆V +Avarv0](4N,1)

4.5 Slack Variables

The strength of the MPC, related to the constraint definition, can reveal
also some weaknesses. In particular, it may happen that the constraints
defined in the previous sections will guarantee safety on one side, but also
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a too much strict solution, which sometimes can bring to the unfeasibility
of the problem, even if in the real case a compromise can be found. This is
due to the fact that errors or uncertainties, that cannot be predicted by the
controller, will drive the system outside the trust region.

Different solution were proposed in the past years, in general related to
the introduction of additional heuristics, such as the removal of the con-
straints in certain conditions or the use of feasible solutions retrieved in the
previous time instant, as highlighted in [11]. In this article, an optimal solu-
tion is proposed, by making a distinction between hard and soft constraints.
The introduction of slack variables in the formulation will bring to a con-
straint relaxation and, consequently, to the solvability of the problem.
The entire section will take into account the work done in [8] in order
to formalize the above statement in a context related to an autonomous
wheelchair.

4.5.1 Cost Function

The slack variables can be considered as a part of the optimization vari-
ables, which will add particular features to the optimization problem. For
this reason, it is fundamental to make the appropriate modifications to the
formulation, compatibly with the new requirements. To this aim, a new cost
function must be defined:

J̄(k) = J(k) + ||usl p(k)||2Sp + ||usl a(k)||2Sa

where Sp and Sd are additional weight matrices, while usl p(k) and usl a(k)
are two sets of slack variables. In particular:

• usl p(k) is a vector of dimension nobs, i.e. the number of obstacles
considered in the formulation of position constraints, related to the
slack on the state variables.

• usl a(k) represents the vector related to the slack on the velocity vari-
ation constraints along the two directions on the axes of the global
reference frame.

By taking into account the above definitions, the weight matrices will be
defined as:

Sp =

sp . . .

sp


(nobs,nobs)

Sa =

[
sa

sa

]
(2,2)
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The value of the parameters sp and sa will be chosen in order to allow
the use of the slack variables only when there is a true need. In particular,
by selecting a very high weight with respect to q and r, the controller will
suggest values of the slack variables different from zero only if the feasibility
of the problem will be compromised. By recalling the matrix form of the
quadratic cost function, it is possible to define:

J̄(k) =
1

2
Ū(k)T H̄Ū(k) + 2f̄T Ū(k) + cost

where

H̄ =

H Sp
Sa


(2N+nobs+2,2N+nobs+2)

f̄T =
[
fT 0(1,nobs) 0(1,2)

]
(1,2N+nobs+2)

and

Ū(k) =

 U(k)
usl p(k)
usl a(k)


(2N+nobs+2,1)

4.5.2 Soft Position Constraints

The slack variables related to the position are introduced to reduce the trust
region of the state space, as shown in Figure 4.21, .

Figure 4.21: Trust Region with Hard and Soft Constrains
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This choice has been done in relation to the fact that, if the problem
admits a feasible solution, this is related to the position of point P defined
by the Feedback Linearization. The reduction of the trust region will become
useful to take into account the size of the vehicle during the execution of its
motion.
The position constraints will be then defined as:

h(i)(j)
x x(k + i) + h(i)(j)

y y(k + i) ≤ l(i)(j) −∆l(j)(1− u(j)
sl p(k)) (4.11)

∀i ∈ {0, ..., N}, ∀j ∈ {0, ..., nobs}

where ∆l(i)(j) = ∆l
(i)(j)
sl

√
h2
x + h2

y. The coefficient ∆lsl represents the safety

distance to be imposed in order to correctly include the size of the vehicle
and, for this reason, must be chosen wisely.
By imposing to the slack variable to assume values between 0 and 1:

0 ≤ u(j)
sl p(k) ≤ 1

∀j ∈ {0, ..., nobs}

the condition (4.11) can be then written as:
h

(i)(j)
x x(k + i) + h

(i)(j)
y y(k + i) ≤ l(i)(j), if u

(j)
sl p(k) = 1

h
(i)(j)
x x(k + i) + h

(i)(j)
y y(k + i) ≤ l(i)(j) −∆l(i)(j), if u

(j)
sl p(k) = 0

It is now clear that the position slack variables are used to impose a con-
straint tightening, instead of a relaxation, compatibly with the safety re-
quirements.
In order to extend the constraints to the overall prediction horizon, it is
necessary to define:

E(j) =


0 . . . 0 . . . −∆l(i)(j) 0 . . . 0
...

...
...

...
...

0 . . . 0 . . . −∆l(i)(j)︸ ︷︷ ︸
j-th position

0 . . . 0


(N+1,nobs)

where the vector different from zero occupies the j − th position.
The above matrix can be seen as an extraction one, such that:

u
(j)
sl p(k) = E(j) usl p(k)

By considering the following variant of the position constraints:

[H
(j)
obs](N+1,2(N+1)) Ξ(k) ≤ [L̄

(j)
obs](N+1,1)
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where

L̄
(j)
obs = L

(j)
obs −

∆l(j)

...

∆l(j)


it is possible to express condition (4.11) with respect to the set of control
variables:

Ā
(j)
obsŪ(k) ≤ b̄(j)obs

with

Ā
(j)
obs =

[
H

(j)
obsB E(j) 0(N+1,2)

]
(N+1,2N+nobs+2)

b̄
(j)
obs = L̄

(j)
obs−H

(j)
obsAξ(k)

It is now important to highlight the meaning of the matrix Ā
(j)
obs. By recalling

the definition of the vector of control variables:

Ū(k) =

 U(k)
usl p(k)
usl a(k)


(2N+nobs+2,1)

it is immediately clear that:

• the first element H
(j)
obsB, which represents the original position con-

straints, will be multiplied by U(k);

• the second element E(j), which represents the contribution given by
the position slack variable, will be multiplied by usl p(k);

• the third element 0(N+1,2), which represents a zeros matrix whose di-
mension is highlighted in the bracket, will nullify the contribution of
the acceleration slack variable, which is useless in this case.

In conclusion, it is possible to define the entire set of position constraints
as:

Āobs =

 Ā
(1)
obs
...

Ā
(nobs)
obs


(nobs∗(N+1),2N+nobs+2)

b̄obs =

 b̄
(1)
obs
...

b̄
(nobs)
obs


(nobs∗(N+1),1)
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4.5.3 Soft Velocity Variation Constraints

In contrast with the position constraints, in the case of velocity variation, it
is important to define a constraint relaxation. This is due to the fact that,
even if limitations on the acceleration are important in order to guarantee
safety and comfort, it may happen that the obstacle avoidance requirement
will be compromised. In particular, if for example the obstacle moves to-
wards the vehicle at a too much high velocity, the saturation on acceleration
will inhibit the vehicle and, consequently, will cause collision. In that partic-
ular situation, the controller shall impose a higher acceleration, by preferring
safety with respect to comfort. In order to formalize the above statement,
it is possible to consider the following constraints:

vx(k + i)− vx(k + i− 1)−∆vslx(k) ≤ ∆vmax

vx(k + i− 1)− vx(k + i) + ∆vslx(k) ≤ ∆vmax

vy(k + i)− vy(k + i− 1)−∆vsly(k) ≤ ∆vmax

vy(k + i− 1)− vy(k + i) + ∆vsly(k) ≤ ∆vmax

∀i ∈ {0, ..., N − 1}
the slack variables ∆vslx(k) and ∆vsly(k), defined along the two axes di-
rections, will impose an increment on the acceleration if the problem is not
going to admit any feasible solution.
In order to guarantee safety during the execution, it is important however
to impose the following constraints on the defined variables:

0 ≤ ∆vslx(k) ≤ ∆vslmax

0 ≤ ∆vsly(k) ≤ ∆vslmax

which will limit the increment of acceleration under the safety threshold
∆vslmax .
As already discussed, the constraints must be expressed in the form:

Ā∆v Ū(k) ≤ b∆v

where
Ā∆v =

[
A∆v A∆sl

]
(4N,2N+nobs+2)

With conclusions analogous to the soft position constraints implementation,
the second matrix is defined as:

A∆sl =



0 . . . 0
0 . . . 0

[
−1 0
0 −1

]
...

...
0 . . . 0
0 . . . 0︸ ︷︷ ︸
usl p(k)

[
−1 0
0 −1

]
︸ ︷︷ ︸
usl a(k)


(4N,nobs+2)
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4.5.4 Slack Variables Constraints

As previously described, the introduction of particular characteristics in the
implementation of the soft constraints, forced the introduction of limits in
the definition of the slack variables. In particular, the constraints on the
position slack:

0 ≤ u(j)
sl p(k) ≤ 1

∀j ∈ {0, ..., nobs}

where introduced to limit the value of the variables between 0 and 1, in
order to avoid to extend the trust region too much, with the risk to include
also obstacles in the free space.
Furthermore, the constraints related to the acceleration slack

0 ≤ ∆vslx(k) ≤ ∆vslmax

0 ≤ ∆vsly(k) ≤ ∆vslmax

force the increment to assume values that will guarantee safety and the sat-
isfaction of the actuation limitations. By extending the previous statements
along the entire prediction horizon:

Asl p =



0 . . . 0
...

...
0 0
0 0
...

...
0 . . . 0︸ ︷︷ ︸
U(k)

1 . . . 0
. . .

0 . . . 1
−1 . . . 0

. . .

0 . . . −1︸ ︷︷ ︸
usl p(k)

0 0
...

...
0 0
0 0
...

...
0 0︸ ︷︷ ︸

usl a(k)


(2nobs,2N+nobs+2)

bsl p =



1
...
1
0
...
0


(2nobs,1)

and

Asl a =


0 . . . 0
...

...
...

...
0 . . . 0

0 . . . 0 1 0
...

... 0 1
...

... −1 0
0 . . . 0 0 −1


(4,2N+nobs+2)

bsl a =


∆vslmax
∆vslmax

0
0


(4,1)

it is possible to obtain the classical representation:

Asl Ū(k) ≤ bsl

with

Asl =

[
Asl p
Asl a

]
bsl =

[
bsl p
bsl a

]
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4.6 Final Pose Control

As already discussed, in order to obtain a linear decoupled system, the
Feedback Linearization has been introduced. The resulting system can be
interpreted as the representation of the motion of a particle in a plane, as
highlighted in Figure 4.22. The controller will receive a trajectory, computed

Figure 4.22: Trajectory of P

by the global planner, which will be segmented. Each point will be then used
in order to define a series of position references, that the vehicle will try to
reach. In this scenario, the orientation of the vehicle loses importance as a
state variable, but it will be used as an additional information, in order to
retrieve the transformation matrix:

T (θ, ε) =

[
cos θ(t) −ε sin θ(t)
sin θ(t) ε cos θ(t)

]
However, as it will be described in the next chapter, the global planner

will impose to the local planner also an orientation reference. In the case in
which the orientation goal is different from the one related to the tangent of
the trajectory, a further control, focused on the final pose of the vehicle, is
needed. As already introduced, the MPC has been designed for a regulation
purpose. For this reason, it is possible to consider the position control and
the final pose one as two independent problems. To this aim, it is possible
to define a Control Hierarchy, as described in Figure 4.27 at the end of the
chapter.

As it is possible to note, if the orientation control is required, this shall
act on the angular velocity around the odometric centre C of the vehicle,
once the position goal has been reached.
However, the position reference is expressed with respect to the point P
obtained through the Feedback Linearization. In this scenario, the vehicle
will stop at a distance ε from the goal. Therefore, as highlighted in [8], the
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first operation to be done is to transform the reference for P into a goal for
the odometric centre C.
The reference for the C can be expressed as:{

xCref = xPref + ε cos θref

yCref = yPref + ε sin θref

where (xPref , yPref ), (xCref , yCref ) and θref are the references of point P , of
the odometric centre C and of the orientation of the vehicle respectively,
while ε is the parameter related to the Feedback Linearization.

In order to make possible for the odometric centre to converge to the
given goal, it is necessary to introduce into the MPC formulation a new
reference for P , as shown in Figure 4.23.

Figure 4.23: New Reference

The new reference is therefore:

Pnewref :

{
xnewPref

= xCref − ε cosϕ

ynewPref
= yCref − ε sinϕ

where ϕ = arctan(
yCref−yC
xCref−xC

) is defined in this way in order to keep the

orientation unchanged in this step.
Once the odometric centre has reached its goal, it is possible to deactivate
the MPC, in order to apply the orientation control, acting on the angular
velocity. By recalling that the representation of the orientation as a state
variable can be written as:

θ̇(t) = ω(t)

it is possible to see how the system is described by an integrator. The
orientation control scheme is then really simple, as shown in Figure 4.24.
The block G(s) = µ

s e
−τs represents the system transfer function, in which

the actuation delay τ is considered.
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Figure 4.24: Orientation Control Scheme

By looking at the system transfer function, it is clear that a simple propor-
tional action can be used to define the regulator transfer function:

R(s) = Kθ

By considering the closed-loop function:

L(s) = R(s)G(s) =
Kθµ

s
e−τs

and the Bode Diagram of its modulus, represented in Figure 4.25,

Figure 4.25: Modulus Bode Diagram

it is possible to select the gain of the regulator such that:

Kθ =
ωCnew
µ
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The contribution of e−τs will be considered only as a delay in the phase:

ϕτ = −ωCnewτ
180

π

In order to take into account the safety and comfort requirements, a limi-
tation on the control variable is needed. In this particular case it is enough
to insert a saturation block, as already highlighted in the control scheme,
defined as:

m(t) =


−uM , u(t) < −uM
u(t), |u(t)| ≥ uM
uM , u(t) > uM

where uM = ωmax expresses the maximum angular velocity to which the
system shall be subjected.
In conclusion, the signal e(t) must be designed in order to keep the error
inside the interval (−π, π]:

e(t) =

{
|θref − θ̂| if |θref − θ̂| ≤ π
|θref − θ̂| − 2π otherwise

where θ̂ is the estimated orientation of the vehicle.
Further information about the above control approach can be found in [17].

Figure 4.26: Controlled System
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Figure 4.27: Control Hierarchy
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Chapter 5

RRT* Motion Primitives

This chapter focuses on the description of the approach adopted in this work
for global planning. In the first part, an introduction of the kinodynamic
motion planning problem will be presented. The second section will intro-
duce the RRT approach and its variants. Lastly, the algorithm formulated
in [5] will be used in the particular context of a crowded environment.

5.1 Motion Planning Problem

In the field of robotics, motion planning is fundamental to define the be-
haviour of a robot inside a given environment. In this context, a key role
is covered by the concept of configuration. This particular term is used to
express the set of positions and orientations that completely identify the
robot inside the space. For sake of clarity, the unicycle model will be taken
into account: 

ẋ(t) = v(t) cos θ(t)

ẏ(t) = v(t) sin θ(t)

θ̇(t) = ω(t)

where the variables x(t) and y(t) are the positions along the global reference
axes of the system, while θ(t) is the orientation of the vehicle. The longitu-
dinal velocity v(t) and the angular speed ω(t), which describes the rotation
around the axis perpendicular with respect to the motion plane, allow to
define the vector of control variables u(t) = [v(t) ω(t)]. In order to char-
acterize a mobile robot by means of this particular model, it is possible to
introduce the vector of generalized coordinates:

q(t) = [x(t) y(t) θ(t)]T

where q(t) identifies the robot configuration.
The motion planning problem can be now defined as the research of a
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motion characterized by a starting configuration qs = [xs ys θs]
T and a

goal one qg = [xg yg θg]
T , as shown in Figure 5.1.

Figure 5.1: Motion Planning Problem

As it is clear, a motion is generated through the definition of a trajectory
connecting two points. Therefore, the behaviour of a robot in the space
is highly dependent from the way in which the trajectory is defined. In
addiction, in order to obtain a desirable motion, the planning problem shall
satisfy different constraints, which can be distinguished into:

• Hard bounds, related to the limitations on velocity, acceleration and
torques.

• Differential constraints, related to the dynamics of the system, de-
scribed as:

ṡ(t) = f(s(t), u(t)) (5.1)

where f is a suitable function, while s(t) and u(t) are the state and
control variables respectively;

• Non holonomic, which represent every constraint that cannot be inte-
grated in order to produce direct limitations on the state.

The above constraints are parts of the class of Kinodynamic Constraints.
Early planning methods did not take into account the above constraints and,
for this reason, the system could not always execute the motion suggested
by the problem solution. To this aim, [3] presented the Kinodynamic Motion
Planning.
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5.1.1 Kinodynamic Motion Planning

In order to formalize the problem, some basic concepts are required:

• State space - Given a set of configurations of a robot in the space
Q ⊂ Rnq , where nq identifies the number of independent variables used
to describe a single configuration, it is possible to define the state of
a robot as the vector s = (q, q̇) with q ∈ Q. In general, the state of a
system is identified as the configuration of the robot in the space and
its time derivatives. Given a state s it is possible to define a function
λ : S → Q which maps the state s ∈ S to the equivalent configuration
q ∈ Q, such that q = λ(s). It is then possible to define a subset of the
state space S, denoted as Sfree, such that:

Sfree := {s ∈ S | λ(s) ∈ Qfree}

where Qfree = Q/Qocc denotes the free space in the robot framework,
which corresponds to the set of collision-free configurations, while Qocc
defines the set of configurations which bring the vehicle to the space
occupied by obstacles. It is then clear that Sfree identifies the free-
space in the state space and, consequently, it is possible to introduce
in the specified set also the constraints related to the state. Given
a set of inequalities in the form h(s) ≤ 0, the previously defined set
becomes:

Sfree := {s ∈ S | λ(s) ∈ Qfree ∧ h(s) ≤ 0}

Moreover, from the set of free configurations Qfree it is possible to
extract the so-called Goal Configuration Space Qgoal, defined as the
subset of collision-free configurations that the robot must reach at the
end of the motion. Consequently, the Goal Region Sgoal ⊂ Sfree can
be defined as:

Sgoal := {s ∈ S | λ(s) ∈ Qgoal}

• Trajectory - A trajectory σ(t) : [0, T ] → S is a particular function
which identifies a path, once a timing law between 0 and T has been
assigned. It can be retrieved through integration of Equation 5.1,
defining an initial condition σ(0) = s0 and by introducing a control
function u : [0, T ]→ U , where U takes the name of Control Space and
represents the set of all the available control actions.

Aim of the Kinodynamic Trajectory Planning is to find a feasible trajectory
σ(t) : [0, T ]→ S such that:

• it starts from an initial point σ(0) = s0;

• it reaches the goal region within T , namely σ(T ) ∈ Sgoal;
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• it satisfies the control variables limitations, such that u(t) ∈ Ulimit,
where Ulimit is the set of control variables satisfying the related bounds;

• it satisfies the kinodynamic constraints;

• it is collision-free, i.e. σ(t) ∈ Sfree, ∀ t ∈ [0, T ].

5.2 RRT

As described in [6], in the field of kinodynamic motion planning, a large
variety of approaches have been introduced in the years. A fundamental
impact is given by RRT (Rapidly-Exploring Random Tree) approach ([22])
and its variants, belonging to the class of Sampling-Based Methods, which
will be used in this thesis. The RRT approach is summarized in Algorithm
1.

Algorithm 1 RRT

1: N ← {s0};E ← 0; i← 0;Ngoal ← 0
2: for i < niter do
3: srand ← Sample(Sfree);
4: snear ← NearestNode(N, srand);
5: snew, σnew ← Steer(snear, srand);
6: if isCollisionFree(σnew) then
7: N ← N ∪ snew, E ← E ∪ {snear, snew}
8: if Ngoal 6= 0 then
9: return BestTraj(Ngoal)

10: end if
11: end if
12: i← i+ 1
13: end for

RRT and, more in general, the majority of sampling-based algorithms,
relies on the construction of a graph, or a tree, representing a roadmap of
feasible trajectories which can be followed by a robot in order to reach a
goal state sg from a starting one s0. Each node of the graph represents
the state of the dynamic system, while the connecting edges correspond to
the trajectories built by starting from a node s1 ∈ S and ending in a node
s2 ∈ S. A graph structure can be then formalized as:

G = (N,E)

where N represents the set of nodes, while E expresses the set of the edges
belonging to the graph. Compatibly with the above definition it is immedi-
ately clear that:

e = {s1, s2} ∈ E
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where s1, s2 ∈ S are two states of the system, and e is the edge identifying
the trajectory from s1 to s2, which can be expressed as σs1→s2(t). If a
goal region has been defined, then the sets of nodes belonging to it can be
formalized as:

Ngoal := {s ∈ N | s ∈ Sgoal}

The construction of the tree structure starts with the function Sample(Sfree),
with which a random sample srand, representing the state of the robot and
assumed to be independent and identically distributed, is selected at each
step from the continuous collision-free state space Sfree with a uniform prob-
ability distribution. From the set of nodes N already belonging to the tree
under construction, the procedure NearestNode(N, srand) finds the near-
est node snear with respect to srand. The concept of distance plays a fun-
damental role in order to include the idea of nearness. For this reason, the
introduction of a distance metric must be required. In general, if the path
planning is performed inside an euclidean space, the metric can be simply
defined by choosing the euclidean distance:

d(s, srand) = ‖s− srand‖

However, for more complex state spaces, as for example the ones defined
by the higher order derivatives of the robot configurations, the previously
introduced metric becomes meaningful. For this reason, a more general
solution relies on the introduction of the idea of cost of the trajectory con-
necting two states. An example of cost can be defined as the time needed
to perform a given trajectory. However, it is important to note that the
cost cannot be seen as a true metric since, unlike the euclidean distance, it
cannot be symmetric with respect to the nodes. Once snear is found, the
Steer(snear, srand) function generates a third sample, called snew, at a pre-
defined distance δ from snear. Then, through a procedure called steering
(whence the name of the function), a trajectory σnew is generated in order
to connect snear with snew. In order to expand the tree, it will be checked if
the trajectory is collision-free and, in case the condition is true, snew will be
incorporated to the set of nodes N , while σnew will be added to the set of the
edges E. Reached the maximum number of iterations niter, if the tree can
be connected to the goal sg and to the initial state s0 in some way, the best
trajectory, computed by the function BestTraj(Ngoal), will be used to reach
sg from s0. Figure 5.2 shows the main steps of the described procedure.

The main property of RRT is related to its Probabilistic Completeness,
based on the fact that the probability to find a feasible solution, i.e. if the
computed graph contains a node in the goal region Sgoal, will tend to one
as the computation time tends to infinity. For this reason it is fundamental
to set a upper bound to the number of iterations of the algorithm, in order
to make it stop if a feasible solution is still not found.
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(a) (b)

(c) (d)

Figure 5.2: RRT Procedure: 5.2(a) Sample Extraction 5.2(b) Collision Checking 5.2(c)
Maximum Iteration Reached 5.2(d) Best Path
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5.3 RRT*

The RRT* variant, described in [21], is introduced in order to ensure the
asymptotic optimality of the retrieved solution. The property of optimality
is strictly related to the idea of cost, and in particular to the concept of
Optimal Steering.

Given a function which associates a cost to each feasible trajectory σ(t),
defined as Cost(σ), the optimal steering problem is related to the computa-
tion of an optimal trajectory σ∗(t) : [0 : T ∗] → S, based on a set of states
s∗(t) : [0 : T ∗]→ S and a set of control variables u∗(t) : [0 : T ∗]→ U , which
satisfies the following properties:

• it starts from σ∗(0) = s0, where s0 is the initial state;

• it reaches the final state in T ∗, such that σ∗(T ∗) = sf ;

• it minimizes the function Cost(σ∗);

• it satisfies the constraints related to the system.

By taking into account the previous statement, it is clear that, in order
to guarantee optimality, each new node must be connected by ensuring the
minimization of the cost function.
The property of asymptotic optimality ensures that the probability of finding
a path that reaches a goal region, composed by a set of optimal trajectories,
tends to one as the number of iterations of the algorithm tends to infinity:

P

(
lim
i→∞

Cost(σiTOT ) = Cost(σ∗TOT )

)
= 1

where σiTOT = {σ1, ..., σgoal} is the path retrieved at the i-th iteration, while

σ∗TOT =
{
σ∗1, ..., σ

∗
goal

}
is the optimal solution of the path planning problem.

The RRT* formulation is summarized in Algorithm 2.
As in the RRT procedure, a random sample srand is selected from the

collision-free state space. However, instead of selecting the nearest node,
the function NearNodes(srand) returns the set of nearby nodes Nnear, with
respect to srand, defined as:

Nnear :=
{
s ∈ N | dist(srand, s) ≤ d

}
where d is a predefined distance. However, it is important to note, as previ-
ously introduced, that if the state space is not euclidean, then the distance
function is not symmetric, i.e. dist(s, srand) 6= dist(srand, s). The main pro-
cedure, which goes under the name of Extend, is highlighted in Algorithm
3.

The function Extend works in a very simple way. For each sample
snear from the set of nearby nodes with respect to srand the trajectory σnear
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Algorithm 2 RRT*

1: Ni ← {s0};Ei ← 0; i← 0;
2: for i < niter do
3: srand ← Sample(Sfree)
4: Nnear ← NearNodes(srand)
5: sbest ← Extend(Nnear, srand)
6: if sbest 6= 0 then
7: Ni+1 ← Ni ∪ {srand}
8: Ei+1 ← Ei ∪ {sbest, srand}
9: i← i+ 1

10: Ei+1 ← Rewire(Ni+1, Ei+1, srand, Nnear)
11: end if
12: end for
13: return Nniter , Eniter

Algorithm 3 Extend(Nnear, srand)

1: sbest ← 0; ebest ← 0; cbest ←∞
2: for ∀snear ∈ Nnear do
3: σnear, Cost(σnear)← Steer(snear, srand);
4: if Cost(σnear) < cbest then
5: if isCollisionFree(σnear) then
6: sbest ← snear;
7: ebest ← σnear;
8: cbest ← Cost(σnear);
9: end if

10: end if
11: end for
12: return sbest

connecting them and the cost associated to the given trajectory Cost(σnear)
are computed. If the trajectory is collision-free and, in addiction, it is the
one with the minimum cost, then the state snear associated to the trajectory
will be returned and added to the tree.
The last procedure of the algorithm, called Rewire checks if, once sbest is
added to the tree, there are nodes in Nnear which can be reached from sbest
with lower cost and through a collision-free trajectory. If the condition is
satisfied, the tree is ”rewired” and the new edge is added, by discarding the
previous one.
The asymptotically optimality property is satisfied through the introduction
of the Rewire function and by a particular selection of the set of nearby
nodes. The choice is related to the definition of a hypersphere centred in
srand, whose extension depends on the cardinality of the tree.
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Therefore the nearby nodes that will be chosen are the ones inside the
sphere volume. If the system is holonomic and defined in an euclidean space,
the metrical distance becomes a d-dimensional hypersphere, whose radius is
defined as:

γsphere = γRTT ∗

(
log(n)

n

) 1
d

where n = |N | represents the cardinality of the tree, while γRTT ∗ is a con-
stant whose value is selected as:

γRTT ∗ > 2

(
1 +

1

d

) 1
d

((
µ(Qfree)

ζd

) 1
d

)

where µ (Qfree) and ζd are respectively the volume of the free configuration
space and the volume of the sphere, as described in [7].

5.4 RRT* Motion Primitives

The path planning approach adopted in this thesis relies on a novel variant of
RRT* proposed in [4] which combines the sampling-based motion planning
with a search-based one. In particular, it relies on a discretized state space
S∆ and on the definition of a database of Motion Primitives.

5.4.1 Sampling-Based planning with Motion Primitives

As highlighted in [4] the introduction of a database of Motion Primitives,
highly reduces the on-line computational load of sampling-based approaches.
This is due to the fact that, each time a steering procedure is called by the
RRT* algorithm, in order to compute the best trajectory connecting two
states, an optimization problem must be solved on-line. For this reason, the
steering procedure is substituted by the extraction of an already computed
feasible motion from the database.

The Motion Primitives database is built by considering a gridded state
space S∆. For each couple of states s0, sf ∈ S∆ a TPBVP (Two-Point
Boundary-Value Problem) is defined and solved, retrieving a motion prim-
itive which will be stored inside the database. The optimization prob-
lem for the case study of this thesis can be defined by taking into ac-
count the unicycle model. For each pair of states s0 = (x̄0, ȳ0, θ̄0, v̄0) and
sf = (x̄f , ȳf , θ̄f , v̄f ), the TPBVP takes the form of:
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min
a(t),ω(t),τ

∫ τ

0
(1 + raa

2(t) + rwω
2(t)) dt

subject to ẋ(t) = v(t) cos θ(t)

ẏ(t) = v(t) sin θ(t)

θ̇(t) = ω(t)

v̇(t) = a(t)

a(t) ∈ [0, amax] t ∈ [0, τ ]

ω(t) ∈ [0, ωmax] t ∈ [0, τ ]

x(0) = x̄0

y(0) = ȳ0

θ(0) = θ̄0

v(0) = v̄0

x(τ) = x̄f

y(τ) = ȳf

θ(τ) = θ̄f

v(τ) = v̄f

where a(t) and ω(t) are the control variables, while ra and rω are suitable
weight constants.

It is important to note how the cost function is designed in order to
minimize the execution time of each trajectory, ensuring the satisfaction of
the system limitations. Figure 5.3, taken from [4], shows an example of a
motion primitives database, computed by taking into account the unicycle
model.

With the right assumption, it is possible to keep the size of the database
small, despite a high dimensional configuration space is considered. This
result can be obtained by taking into account the translation invariance
property, which states that, given the position π of a vehicle, expressed with
respect to a given reference system and its state evolution σ(t), retrieved
by applying a given input u(t), if the system dynamics of the vehicle and
its initial state snew are expressed with a new coordinate system, then the
state evolution σnew(t), retrieved by applying u(t), is the translated version
of σ(t). This particular property allows to centre the initial position, used to
build the database, at the origin of the reference system, by simply setting:

π0 = (x0, y0, θ0) = 0(1,3)

where π expresses the position components of the state. Moreover, it is
possible to define a Bounding Box which takes into account all the grid
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Figure 5.3: ”A subset of the motion primitives computed for a 3D search space (x; y;
θ). Red dots correspond to the Cartesian coordinates (x; y; θ) and black lines represent
the resulting trajectories for different final orientations”, pg.30, Optimal Kinodynamic
Planning For Autonomous Vehicles, B.Sakcak.

points used to compute the trajectories connecting each pair of initial and
final states inside the database. In particular, BoundingBox(π0) represents
the set of boundary values centred in π0 = (x0, y0, θ0).

5.4.2 Motion Planning

RRT* Motion Primitives approach follows the main procedure of sampling-
based algorithms in the definition of a tree T = (N,E), with the main
difference that the states s ∈ N are sampled from a discretized state space
S∆, while e ∈ E are the optimal trajectories extracted from the database
of motion primitives. The procedure is described in Algorithm 4. As it is
shown, the approach presented is defined by means of four main steps.

Random Sampling

The function Sample(S∆
free) selects a random sample srand from the free

State Space S∆
free, defined as:

S∆
free := {s ∈ S∆|λ(s) ∈ Qfree ∧ h(s) ≤ 0}

where λ(s) = q is the function which maps a state into a configuration, while
h(s) are the algebraic relationships defining the limitations on the state vari-
ables.
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Algorithm 4 RRT* Motion Primitives

1: Ni ← {s0};Ei ← 0; i← 0;
2: for i < niter do
3: srand ← Sample(S∆

free)
4: Nnear ← NearNodesToCome(srand)
5: sbest, ebest ← FindBestParent(Nnear, srand)
6: if srand ∈ N then
7: (Ni+1, Ei+1)← UpdateExisting(sbest, ebest, srand)
8: else if srand /∈ N ∧ sbest 6= 0 then
9: (Ni+1, Ei+1)← UpdateNew(sbest, ebest, srand)

10: end if
11: i← i+ 1
12: end for
13: return BestTraj(Ngoal)

It is important to note that, in contrast with the other search-based ap-
proaches, this random sampling procedure extracts srand from a predefined
grid.

Near Nodes

It is fundamental to define a distance metric in order to construct a neigh-
bourhood of nodes. To this aim, it is convenient to rely on the database
of motion primitives, in particular on the cost of the optimal trajectories.
Therefore, the distance metric becomes:

dist(s1, s2) = Cost(σs1→s2)

The main drawback of this choice is related to the fact that the cost function
is not symmetric:

Cost(σs1→s2) 6= Cost(σs2→s1)

For this reason, two different procedures must be introduced. In par-
ticular, Algorithm 5 describes the NearNodesToCome function, which is
used when a trajectory reaching srand must be defined.
To this aim, by recalling the procedure introduced for the RRT* in order to
guarantee the asymptotic optimality, the reachable nodes can be defined as:

NReachToCome = {s ∈ N : dist(s, srand) ≤ d̄(n)}

where d̄(n) = γ
(
log(n)
n

)
, while γ is a constant selected in a way such that the

Euclidean ball γdl

(
log(n)
n

)
, function of the cardinality of the tree n = |N |, is

contained within NReachToCome.
However, the above region may include reachable states that cannot
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Algorithm 5 NearNodesToCome(srand)

1: Nnear ← 0;
2: πrand ← GetPosition(srand)
3: for ∀s ∈ N do
4: if s ∈ BoundingBox(πrand) then
5: σs→srand ← FindTrajectory(s, srand)
6: if Cost(σs→srand) ≤ d̄(n) then
7: Nnear ← Nnear ∪ {s}
8: end if
9: end if

10: end for
11: return Nnear

be mapped inside the database of motion primitives, making impossible to
apply the search-based procedure. For this reason, the set of nearby nodes,
as shown in Figure 5.4, will be defined as:

NNearToCome = NReachToCome ∩BoundingBox(πrand)

Figure 5.4: Near Nodes Selection

In the case in which a trajectory starting from srand must be defined, since
the cost function is not symmetric, a second procedure must be introduced.
Algorithm 6 shows the main steps of the function NearNodesToGo.

As already discussed for the previous problem, the set of reachable states
are defined as:

NReachToGo = {s ∈ N : dist(srand, s) ≤ d̄(n)}

Similarly, the set of the neighbour nodes, for the trajectories starting from
srand, is:

NNearToGo = NReachToGo ∩BoundingBox(πrand)
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Algorithm 6 NearNodesToGo(srand)

1: Nnear ← 0;
2: πrand ← GetPosition(srand)
3: for ∀s ∈ N do
4: if s ∈ BoundingBox(πrand) then
5: σsrand→s ← FindTrajectory(srand, s)
6: if Cost(σsrand→s) ≤ d̄(n) then
7: Nnear ← Nnear ∪ {s}
8: end if
9: end if

10: end for
11: return Nnear

Best Parent

Algorithm 7 shows the main steps of the function FindBestParent.

Algorithm 7 FindBestParent(srand, Nnear)

1: cbest ← inf;
2: for ∀snear ∈ Nnear do
3: σnear, cnear ← FindTrajectory(snear, srand)
4: if isCollisionFree(σnear) then
5: if Cost(→ snear) + cnear < cbest then
6: sbest ← snear; ebest ← {snear, srand}
7: cbest ← Cost(→ snear) + cnear
8: end if
9: end if

10: end for
11: return sbest, ebest

Aim of this procedure is to find the node which can be recognized as the
best parent to be connected with srand. In particular, once a set of near
nodes Nnear has been retrieved from the previously described procedure, a
set of trajectories is generated in order to find the best collision-free path to
be used as an edge. In particular, the parent node sbest is selected as:

sbest = arg min(Cost(→ snear) + Cost(σsnear,srand)

provided that the trajectory σsnear→srand is collision-free.
It is important to remember that each trajectory is not computed on

line, but it is extracted from the database of motion primitives, through the
function FindTrajectory. Figure 5.5 shows the main steps involved in the
procedure used to explore the database:
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• The initial state s0 and the final one sf are first normalized in order to
make the position vector π0 of the state s0 coincident with the origin,
by applying the translation invariance property. The new pair is then
expressed as (s̃0, s̃f ).

• A research inside the database is done to retrieve the trajectory con-
necting the two points of the the grid coincident with the pair (s̃0, s̃f ).
An index is used in order to identify the extracted elements. Therefore,
the trajectory σindex and the cost cindex = Cost(σindex) are retrieved.

• The inverse of the geometric transformation applied in the first step
is used to recover the trajectory σs0→sf , connecting the original pair
of states (s0, sf ).

(a) (b)

(c)

Figure 5.5: (a) Original Pair (b) Translation to the Origin (c) Inverse Transformation

Update Connection

As already discussed, one of the main differences between RRT* Motion
Primitives and the other sample-based approaches is related to the fact that,
instead of extracting a discrete sample from a continuous State Space, it will
select a random discrete state from a precomputed grid. This procedure
brings to a non-zero probability to sample again a state already belonging
to the tree.
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Algorithm 8 describes the UpdateNew procedure, which deals with the
situation in which a random sample is selected for the first time. In this
particular case, the procedure simply updates the tree by adding the state
srand and the optimal edge retrieved from the FindBestParent procedure.

Algorithm 8 UpdateNew(srand, sbest, ebest)

1: N ← N ∪ srand
2: E ← E ∪ {sbest, srand}
3: return N,E

If instead a selected random sample already belongs to the tree, the
UpdateExisting procedure, described by Algorithm 9, will be considered.
In this case, the function retrieves the parent node sparent of srand and checks
if it coincides with sbest. If the two nodes are different, this means that the
FindBestParent procedure has selected a node as a candidate parent for
srand which is better than the previous one. For this reason, it is necessary
to remove the previous edge, connecting sparent with srand, in order to add
the best one ebest.

Algorithm 9 UpdateExisting(srand, sbest, ebest)

1: sparent ← Parent(srand)
2: if sparent 6= sbest then
3: eprev ← {sparent, srand}
4: E ← {E\eprev} ∪ {ebest}
5: end if
6: return N,E

Rewire

The Rewire function is the same used by RRT*. It is important to recall
that, in order to retrieve the optimal solution, this procedure is fundamental.
In particular, for a given iteration i:

c∗ ≤ Cost(→ sgoal,i)
RW ≤ Cost(→ sgoal,i)

noRW

where c∗ is the optimal solution for a given path planning problem, while
Cost(→ sgoal,i)

RW and Cost(→ sgoal,i)
noRW are the cumulative costs to

reach the goal region, for a given iteration i, respectively by applying the
Rewire procedure or without it. Algorithm 10 shows the main steps of the
function Rewire.

The set of nearby nodes Nnear with respect to srand is searched with the
function NearNodesToGo. For each snear ∈ Nnear, it is checked if the
trajectory connecting srand and snear is collision-free and, moreover, if:

Cost(→ srand) + Cost(σsrand→snear) ≤ Cost(→ snear)
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Algorithm 10 Rewire(srand, Nnear)

1: for ∀snear ∈ Nnear do
2: σnear, cnear ← FindTrajectory(srand, snear)
3: if Cost(→ srand) + cnear < Cost(→ snear) then
4: if isCollisionFree(σnear) then
5: sparent ← Parent(snear)
6: eprev ← {sparent, srand}
7: e← {srand, snear}
8: E ← {E\eprev} ∪ {e}
9: end if

10: end if
11: end for
12: return N,E

In the case in which the above condition is true, the tree will be “rewired”,
through the procedure:

E = {E\eprev} ∪ {e}

where e = {srand, snear}, while eprev is the previous computed edge connect-
ing srand and snear.

Best Path

As already discussed, the property of probabilistic completeness ensures to
find a solution only asymptotically. This means that, if a feasible solution
cannot be found, the algorithm will run continuously without stopping. For
this reason, it is important to set a maximum number of iterations niter,
in order to force the algorithm to stop at a certain instant. At the end of
iterations, i.e. when i = niter, the tree will be completed and, through the
BestTraj procedure, the best trajectory will be extracted. It is important to
note that, since the RRT* Motion Primitives is only asymptotically optimal,
this means that the selected maximum number of iterations may not ensure
that the best trajectory coincides with the optimal one. For this reason, the
number of iterations must be chosen with a high value. With the same idea,
if an optimal solution has been found before the end of the algorithm, the
subsequent iterations will not bring any improvement.

5.5 RRT* MP on Probabilistic Maps

The main contribution given in this thesis is related to the fact that the
RRT* Motion Primitives can be easily used to handle a crowded environment
described through the use of a probabilistic map. In particular, in this work
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it is assumed that a Binary Grid is used by the planner to check if a given
trajectory is collision-free.

Occupancy Grids are a particular representation of a robot workspace,
which are very common in robotics algorithms such as path planning. Planar
Grids are retrieved by applying a discretization on a simple 2D map of a
given environment. In particular, each element of a Binary Occupancy Grid
can assume only two values, in order to express if a given discrete element
is occupied or not. Binary Occupancy Grids can be used in the approaches
related to the collision checking, during path planning.
To this aim, the function isCollisionFree, already introduced, receives in
input a given trajectory, which will be discretized into many small intervals.
For each point defining each section, it will be checked if at least one lies
inside an obstacle, as shown in Figure 5.6. If the previous condition is not
satisfied, then the considered trajectory is not collision-free.

(a) (b)

Figure 5.6: Collision Check (a) No Collision-Free Path (b) Collision-Free Path

However, a second class of discrete grids, which goes under the name
of Probability Occupancy Grids, can be introduced. This particular repre-
sentation allows to characterize a robot workspace in a more detailed way.
Each cell of the Occupancy Grid is characterized by a value which expresses
the probability of its occupancy. In particular, values close to 0 express a
high probability to find a free path, while values close to 1 represent a high
probability for the cell to contain an obstacle. Figure 5.7 shows the main
difference between Binary and Probabilistic Occupancy Grids.

Different grey levels in the probabilistic map express different values of
probability. From now on, the discussion will be developed under the hy-
pothesis that the characterization of each crowd, already described in Chap-
ter 3, is available for the planner. To this aim, a darker grey area inside the
map expresses a higher concentration of humans, with respect to a lighter
grey area, which can be interpreted as a less populated one. The main ad-
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(a) (b)

Figure 5.7: Occupancy Grids in MATLAB: (a) Binary: white pixels represent value 0,
black pixels represent value 1 (b) Probabilistic: Shades from White to Black represent
probabilities from 0.001 to 0.999

vantage in using the RRT* Motion Primitives approach is that it is possible
to simply perform a human-aware path planning, without introducing too
much modifications inside the algorithm. This result can be obtained by
simply adding a further cost, which will be called Probabilistic Cost.

By taking into account a trajectory σs1→s2 , the Probabilistic Cost can
be defined as the sum of the corresponding probability for each portion of
the discretized trajectory σ∆

s1→s2
. Figure 5.8 shows the main steps in order

to retrieve a Probabilistic Cost.

(a) (b)

Figure 5.8: (a) Continuous Trajectory (b) Discretized Trajectory

Given a trajectory σs1→s2 inside a probabilistic map, it is possible to

retrieve a discretized trajectory σ∆
s1→s2 =

{
σ0
s1→s2 , ..., σ

j
s1→s2 , ..., σ

nσ
s1→s2

}
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where σjs1→s2 is the j-th sample of the discretized trajectory, while nσ is
the maximum number of samples. In order to compute σ∆

s1→s2 , only the
information about the x and y positions of the trajectory are needed. To
this aim, the vectors

ξs1 = (x1, y1) ξs2 = (x2, y2)

represent the positions of the states s1 and s2. In addiction, it is possible to
define:

ξ̄ =

[
x̄
ȳ

]
with

x̄ =
x2 − x1

nσ
ȳ =

y2 − y1

nσ

Under the hypothesis that a suitable function fσ can be used to map each
position to corresponding state belonging to σs1→s2 , such that:

σks1→s2 = fσ(ξk)

then

σ∆
s1→s2 = {fσ(ξ1), fσ(ξ1 + ξ̄), ..., fσ(ξ1 + j ∗ ξ̄), ..., fσ(ξ1 + nσ ∗ ξ̄)}

therefore
σjs1→s2 = fσ(ξ1 + j ∗ ξ̄) j = 1, ..., nσ

For each sample σjs1→s2 it is possible to define the corresponding probability
pj . This value coincides with the probability of a grey area, which is sup-
posed to be uniform for each single crowd. With this idea, by defining with
pi the uniform probability of the i-th area, all the samples σjs1→s2 inside it
will have probability pj = pi. On the other hand, if a sample σjs1→s2 will
be found outside a grey area and inside Sfree, then pj will be equal to zero.
The probability cost is then defined as:

cprob (σs1→s2) =

nσ∑
j=1

pj

The presence of a crowd can be simply seen as an additional cost for
a feasible trajectory. The function FindBestParentProb, highlighted in
Algorithm 11, retrieves a set of nearby nodes and, for each element snear, it
extracts a feasible trajectory σnear from the database of motion primitives.
In order to retrieve the best parent node, the procedure checks if the given
trajectory is collision-free and also if it satisfies the cost requirements.

In addiction, the overall cost is computed by taking into account also
the probabilistic cost weighted through a constant wp, in order to make it
comparable to the other costs. It is important to note that this variant takes
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Algorithm 11 FindBestParentProb(srand, Nnear)

1: cbest ← inf
2: for ∀snear ∈ Nnear do
3: σnear, cnear ← FindTrajectory(snear, srand)
4: cprob ← ProbabilisticCost(σnear)
5: if Cost (→ snear) + cnear + wpcprob < cbest then
6: if isCollisionFree (σnear) then
7: sbest ← snear; ebest ← {snear, srand}
8: cbest ← Cost (→ snear) + cnear + wpcprob
9: end if

10: end if
11: end for

into account the trajectory already extracted from the database, in order to
compute the probabilistic cost. With this strategy, the performance of the
search-based algorithm will not be affected.

The main drawback with this procedure is related to the fact that it
is not possible to consider only a Probabilistic Occupancy Grid. In fact,
for sake of simplicity, the function isCollisionFree has been designed in
order to accept only binary values. For this reason, the global planner will
take into account a layered map, in which one layer will contain a Binary
Occupancy Grid in order to check if a given trajectory is collision-free, while
the second one will be described by a Probabilistic Occupancy Grid, which
will be used to compute the Probability Cost, as highlighted in Figure 5.9.

Figure 5.9: Layered Map
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Chapter 6

Simulations Results

In this chapter, the numerical results, obtained from simulations are reported
to show the effectiveness of the proposed algorithms. All the simulations
are performed on an IntelCore i7 @2.9GHz personal computer with 12GB
RAM and are implemented in MATLAB/SIMULINK. In particular, two
main simulations have been realized:

• a MATLAB script to simulate the motion of a particle, representing
the model of the vehicle after the introduction of the Feedback Lin-
earization approach. The model is then represented as:{

xP (k + 1) = xP (k) + τmpc vPx(k)

yP (k + 1) = yP (k) + τmpc vPy(k)

from which:

A =

[
1 0
0 1

]
B =

[
τmpc 0

0 τmpc

]
• a MATLAB script to simulate the approach adopted for global plan-

ning, whose result will be an optimal collision-free trajectory, starting
from an initial state and ending inside a goal region.

6.1 Local Planner

The simulated local planner is summarized in pseudo-code in Algorithm 12
and 13.

For sake of simplicity, the functions Compute summarize the overall
procedure, described in Chapter 4, to compute all the parameters involved
in the MPC formulation. The inputs of the simulated local planner are
the initial position of the robot, the goal to be reached and vectors of data
structures called pedestrians and obstacles. Each structure of pedestrians
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Algorithm 12 Local Planning

1: Input : pedestrians, obstacles, position1, goal
2: for k = 1 : N do
3: [uk, Uk]←MPC(goal, positionk, obstacles, pedestrian, Uk−1)
4: v.xk ← uk(1)
5: v.yk ← uk(2)
6: position.xk ← position.xk−1 + v.xk ∗ τmpc
7: position.yk ← position.yk−1 + v.yk ∗ τmpc
8: end for

Algorithm 13 MPC(goal, positionk, obstacles, pedestrians, Uk−1)

1: H ← Compute Hessian(goal)
2: f ← Compute Gradient(goal)
3: [Aped, bped]← Compute Pedestrian Constraints(pedestrians, Uk−1)
4: [Aobs, bobs]← Compute Obstacle Constraints(obstacles, Uk−1)
5: Apos ← [Aped;Aobs]
6: bpos ← [bped; bobs]
7: [Avel, bvel]← Compute Velocity Constraints(positionk)
8: [Avarvel, bvarvel]← Compute Vel Variation Constraints(positionk)
9: A← [Apos;Avel;Avarvel]

10: b← [bpos; bvel; bvarvel]
11: U ← quadprog(H, f,A, b)
12: uRH ← [U(1);U(2)]
13: return uRH , U

takes the name of pedestrian and contains all the information, about moving
obstacles, needed to compute the position constraints. In particular:

pedestrians = [pedestrian1, ..., pedestriann]

with

pedestriani =



xi % initial x position

yi % initial y position

vxi % velocity toward x (assumed always constant)

vyi % velocity toward y (assumed always constant)

sidesi % number of sides of virtual box

With the same idea, the vector obstacles represents all the fixed obstacles
inside the environment. The data structure obstacle is defined as:

obstaclei =


xi % initial x position

yi % initial y position

sidesi % number of sides of virtual box
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The function quadprog belongs to a MATLAB toolbox focused on opti-
mization. In particular, the function used in this algorithm allows to com-
pute the solution of quadratic programming problems, by simply defining
the input matrices expressing the cost function and the constraints in the
form:

J =
1

2
UT (k)HU(k) + 2fTU(k)

where

H = BTQB +R f = AT ξT (k)QB

and

A U(k) ≤ b

The output of quadprog is the vector of control variables inside the entire
prediction horizon U(k) = [u(k), ..., u(k+N −1)]T . For this reason, in order
to apply the Receding Horizon strategy, the first two elements of U , repre-
senting the velocities along the x and y directions at the first time instant,
are extracted and used to define uRH . In the following, the numerical results
and the plots representing the trajectories computed by the simulated local
planner will be presented.

6.1.1 Convergence to the Goal

The first step, in order to show the effectiveness of the algorithm, focuses on
the ability of the local planner to converge to the goal with presence of fixed
obstacles (walls), without pedestrians. To this aim, the following values for
the MPC parameters have been selected:

q = 1→ Q =

[
1 0
0 1

]

r = 1→ R =

[
1 0
0 1

]
k = − 1

2τmpc
→ s =

(q + k2r)

1− (1 + τmpck)2
= 9.67→ S =

[
9.67 0

0 9.67

]
As already explained in Chapter 4, r and q represent the penalty given to the
control variables and to the error on the state, with respect to the reference,
respectively. For this reason, the values defined above are selected in order
to obtain a good trade-off between the two. The value of s is then retrieved
with the introduced formula to guarantee the asymptotic stability of the
system.
In order to chose the values of the prediction horizon N and the controller
sampling time τmpc it is important to recall that:

N τmpc = Tph
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where Tph is the prediction horizon, defined as the time window inside which
the controller will predict the system evolution. The main hypothesis made
in this work is related to the fact that it is possible to simplify the pedestrian
motion as a linear one and with constant velocity inside a short prediction
horizon. On the other side, a too much short prediction horizon will reduce
the predictive ability of the controller. The compromise can be obtained
by setting Tph equal to 4 s. However, it is important to tune N and τmpc
accordingly. In particular, a small value of τmpc implies a faster reactivity
of the controller but, at the same time, a high value of N means a high
computational load. For this reason, the following choice has been done:

τmpc = 0.2 s N = 20

Figure 6.1 shows the results.

Figure 6.1: Trajectory Toward the Reference

The scenario has been designed in order to represent a room with two walls.
The initial position of the vehicle has been set as P 0 = [1.5, 8], while two
goals have been defined in Pgoal1 = [3, 2] and Pgoal2 = [7, 5.5]. The property
of convergence is satisfied and, moreover, the trajectory to reach the goal
ensures a good obstacles avoidance. It is important to note how, for complex
scenarios, more then one goal needs to be defined.

6.1.2 Consistency of Velocity and Velocity Variation Con-
straints

The second step is to ensure that the bounds on velocity and on its vari-
ation are satisfied. To this aim, Figure 6.2 shows a second scenario. The
parameters related to the constraints have been selected as:

vmax = 0.7 [m/s] amax = 0.35 [m/s2]

The results are shown in Figure 6.3.
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Figure 6.2: Trajectory Toward the Reference

(a) (b)

Figure 6.3: (a) Bounded Longitudinal Velocity (b) Bounded Longitudinal Acceleration

6.1.3 Pedestrian Avoidance

In order to show the consistency of position constraints related to the pedes-
trians, it is fundamental to fully characterize them inside the simulation.
The first experiment in this context is performed by taking into account
only a single pedestrian. The first step is to ensure a correct representation
of the pedestrian inside the space, with the virtual box correctly oriented.
Figure 6.4 highlights the pedestrian characterization in two different time
instants during its motion.

The kinematic of the pedestrian is described by the following discrete
time model: {

xped(k + 1) = xped(k) + τmpc vx

yped(k + 1) = yped(k) + τmpc vy
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(a) (b)

Figure 6.4: Pedestrian with velocity vector vped = [1; 2] and Virtual Box with side
length of 0.5m

With the above characterization it is now possible to introduce the results
related to the consistency of position constraints, highlighted in Figure 6.5.

The simulation takes into account a pedestrian inside the environment
and, in particular, it starts from the initial position Pped = [5.5, 5.5] and
it proceeds toward the robot initial position with a velocity vector vped =
[−0.5;−0.5]. The modulus of the pedestrian velocity is chosen considering
the information retrieved from [20], which identifies as 2 m/s the velocity
with which the pedestrian switches from walking to running. For this reason,
a velocity equal to 0.5 m/s corresponds to a slow walking, typical of an
indoor situation. The vehicle starts from P 0 = [2, 2] and reaches P ref =
[6, 6].

Figure 6.5: Robot and Pedestrian Trajectories

Since the pedestrian walks to the same direction of the optimal trajec-
tory, the robot is forced to deviate in order to avoid collision, by keeping a
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safety distance of around 0.5 m, which coincides with the dimension of the
virtual box. In order to check if the avoidance has been guaranteed, Figure
6.6 and 6.7 show the same experiment at different time instants.

(a) (b)

(c) (d)

(e) (f)

Figure 6.6: Robot and Pedestrian Trajectories
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(a) (b)

Figure 6.7: Robot and Pedestrian Trajectories

6.1.4 Consistency of Constraints with Slack Variables

The last step is based on checking the effectiveness of the slack variables.
By recalling that the variable ∆l expresses the reduction of the trust region
of the state space, it is chosen in order to take into account the real size
of the wheelchair. For this reason, the simulation in Figure 6.8 takes into
account ∆l = 0.5 m.

Figure 6.8: Robot and Pedestrian Trajectories with Slack Variables

In contrast, Figure 6.9 shows the same experiment without the introduc-
tion of the slack variables.
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Figure 6.9: Robot and Pedestrian Trajectories without Slack Variables

6.1.5 Complete Simulations

In the following, different scenarios will be presented:

• Figure 6.10 shows a simulation performed inside a room with four
pedestrians. In particular:

– Pedestrian1 starts from Pped1 = [6, 5] with velocity vector vped1 =
[−0.5; 0];

– Pedestrian2 starts from Pped2 = [6.5, 7] with velocity vector vped2 =
[−0.5;−0.3];

– Pedestrian3 starts from Pped3 = [5, 8] with velocity vector vped3 =
[0;−1];

– Pedestrian4 starts from Pped4 = [1.5, 3] with velocity vector vped1 =
[0.9;−0.3];

– The vehicle starts from P 0 = [2, 4] to reach the goal P ref = [7; 7];

Again, in order to check the effective avoidance, different time instants
are shown in Figure 6.11. The aim of this simulation is to show that
the controller can handle the presence of different pedestrians.

• The second simulation is shown in Figure 6.12. It represents a pedes-
trian, starting from Pped = [5.8, 5] with vped = [−0.7; 0], walking to-
ward the vehicle, with P 0 = [1.5, 5] and P ref = [6.5, 5], but this time
the motion is performed inside a small space, as a corridor. Aim of
this simulation is to show that the local planner can handle at the
same time the constraints related to the pedestrians and to the fixed
obstacles.
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Figure 6.10: Robot and Pedestrians Trajectories

• The last simulation is presented in Figure 6.13. It shows a more com-
plex scenario, in which more than one goal has been defined and the
local planner has to take into account both pedestrians and fixed ob-
stacles. This experiment is characterized by the following parameters:

– Pedestrian1 starts from Pped1 = [1.5, 7] with velocity vector vped1 =
[0;−0.3];

– Pedestrian2 starts from Pped2 = [4, 7.5] with velocity vector vped2 =
[−0.1;−0.5];

– Pedestrian3 starts from Pped3 = [5.5, 6.5] with velocity vector
vped3 = [0.3;−0.6];

– The vehicle starts from P 0 = [1.5, 8.5] to reach the goals P ref1 =
[1.5; 1.5], P ref2 = [4; 1.5], P ref3 = [4; 8.5], P ref4 = [6.5; 2];

It is important to note how this time one of the pedestrians does
not walk towards the vehicle, but instead it starts in front of it at a
very slow velocity, in order to show how the vehicle behaves in that
situation. In particular, it follows the same direction of the pedestrian
until a safety distance then, since the vehicle is moving faster, it tries
to pass in order to reach the goal. Another interesting conclusion can
be retrieved from the last part of the vehicle trajectory. In fact, due
to the presence of the fixed obstacle and of the third pedestrian, the
vehicle decides to choose the longest path in order to avoid collision
with both of them.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.11: Robot and Pedestrian Trajectories
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Figure 6.12: Robot and Pedestrian Trajectories

Figure 6.13: Robot and Pedestrians Trajectories

6.2 Global Planner

The simulated global planner relies on the definition of two different maps,
both representing an example of a building plan. In particular the Binary
Occupancy Grid is used in order to check collisions, while the Probabilistic
Occupancy Grid allows to compute the probabilistic cost defined in Chapter
5. Figure 6.14 shows the two different maps.

The simulation environment is bounded by x ∈ [0, 20] m and y ∈ [0, 20] m.
Other limitations related to the system are:
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(a) (b)

Figure 6.14: Occupancy Grids used for the simulated Global Planner: (a) Binary Oc-
cupancy Grid (b) Probabilistic Occupancy Grid

• θ ∈ [0, 2π] rad

• v ∈ [0, 4] m/s

• a ∈ [−3, 3] m/s2

• ω ∈ [−3, 3] rad/s

The database of motion primitives is taken from the work described in [4]. It
is a fine resolution uniform square grid with initial state centred in (x0, y0) =
(0, 0) and final state (xf , yf ) ∈ [−2, 0)∪(0, 2]×[−2, 0)∪(0, 2] with a resolution
of half a meter (which is the measure of the side of a square cell). The initial
and final velocities can have 5 different values in the range [0, 4] m/s, while
the initial and final orientation are selected among 24 different values spaced
in the range [0, 2π) rad. Figure 6.15 represents the grid used to define the
database.

The first experiment aims at showing the effectiveness of the RRT* Mo-
tion Primitives inside a crowded environment. Figure 6.16 shows the sim-
ulation performed with an initial state s0 = [x0, y0, θ0] = [1, 18, 0] and a
goal region of 1 × 1 m centred in (17.5, 2.5) without any goal on orienta-
tion. In contrast, Figure 6.17 shows a simulation with the use of a single
Binary Occupancy Grid in order to highlight the difference with respect to
a crowded context. In both cases, the red line expresses the optimal trajec-
tory computed with the RRT* Motion Primitives approach. While in the
human-free rooms the robot follows the optimal trajectory, which minimizes
the execution time, in the crowded context it is forced to deviate in order
to avoid the areas with a higher value of probability (the grey squares). In
addiction, Figure 6.18 shows the time evolution of the longitudinal velocity,
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Figure 6.15: ”Square Grid with Fine Resolution”, pg.55, Optimal Kinodynamic Planning
For Autonomous Vehicles, B.Sakcak

Figure 6.16: Optimal Trajectory inside a Crowded Environment

the angular one and the acceleration in order to highlight the satisfaction
of the constraints imposed to the problem (red lines inside the plots), by
proving the effectiveness of the RRT* Motion Primitives as a kinodynamic
motion planning approach.

The second experiment is based on checking the different results with
respect to the number of iterations. In fact, as discussed in Chapter 5,
the property of probabilistic completeness ensures to find a solution only
asymptotically. This means that, if a feasible solution cannot be found,
the algorithm will run continuously without stopping. For this reason, it
is important to set a maximum number of iteration niter. In the following,
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Figure 6.17: Optimal Trajectory inside a Human-free Environment

(a) (b)

(c)

Figure 6.18: Velocity and Actuation Limits: (a) Linear Velocity (b) Acceleration (c)
Angular Velocity
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different numbers of maximum iteration are used in the same scenario to
show the different results. In particular, the maximum number of nodes
in the tree have been constrained to the number of iteration through the
definition:

Nodesmax = 2 ∗ Iterationsmax

Figure 6.19 shows the results in the different simulations. As the number of
iterations increases, the solution gets closer to the optimal one, until a limit
value is reached (in this case it coincides with Iterationsmax = 700000). Up
to that value, the solution coinciding with the optimal one will not change.

The last experiment has been designed to show the characterization of
the trajectory in the case in which the robot is forced to pass through a
probabilistic area. In fact, it may happen that an area occupied by humans
may coincide with the only available path for the robot so, in order to reach
the goal or to avoid collisions, the trajectory shall traverse it. Figure 6.20
shows three main scenarios.

It is clear how the robot deviates its trajectory with respect to the area
in which it is forced to perform its motion. In particular, it is possible to
note how the robot modifies the trajectory in order to reach areas with a
lower probability cost in a faster way. This situation is clear by looking at
the second example. In fact, when the robot approaches to the dark grey
zone, it changes orientation in order to proceed in vertical direction. With
this strategy, the robot will pass through it in a faster way. This result
finds explanation in the fact that, since a darker colour identifies a high
probability to encounter a human, in order to reduce this probability, the
only way is to follow the shorter path to exit from that area.
In conclusion, the last simulation represents a complete experiment, starting
from the computation of the optimal trajectory performed by the global
planner until the convergence of the vehicle, controlled by the local planner,
to the goal region. Figure 6.21 shows the main steps:

• the optimal trajectory is computed by the global planner;

• the trajectory is then segmented and, for every point of each segment,
a goal for the control problem is defined;

• the local planner receives the goals and, by solving a regulation prob-
lem, brings the vehicle to each goal, keeping a safety distance from
fixed obstacles and pedestrians. The first image related to the con-
trol shows the regulation problem without the human presence. It is
important to note how the real trajectory of the vehicle is slightly dif-
ferent from the one computed by the global planner. This is due to the
fact that the control problem also takes into account the constraints
related to the obstacles and, in order to keep a safety distance, it per-
forms a slightly different motion. The second image shows the same
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(a) (b)

(c) (d)

(e) (f)

Figure 6.19: Simulations Results for various number of Maximum Iterations
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(a) (b)

(c)

Figure 6.20: Simulations Results for Different Scenarios: (a) Free Path Scenario (b)
Semi-Dense Scenario (c) Dense Scenario

control problem but this time, the pedestrians are taken into account.
The difference with respect to the previous case can be noticed. In
fact, during its motion to reach the goal region, the vehicle deviates
in order to avoid collision with pedestrians.
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(a) (b)

(c)

(d)

Figure 6.21: Main steps involved in Planning and Control of an Autonomous Wheelchair
inside a Crowded Environment
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Chapter 7

Conclusions

In this thesis a novel approach related to the field of human-aware robot
navigation has been presented. The work here described relies on the co-
ordination between a planning approach, like the RRT* Motion Primitives,
and an advanced control strategy, like the MPC.

In particular, the simulations have shown as the motion of a human-
aware autonomous vehicle can be efficiently controlled by simply integrat-
ing a local planning procedure, which already guarantees obstacle avoid-
ance, with a human-aware trajectory planning. In this way, since the global
planner computes a solution that ensures the avoidance of areas with a high
concentration of humans, the local planner workload is significantly reduced.

In the context of global planning, the main drawback related to the pre-
sented strategy is the performance reduction in terms of execution time. In
fact, the introduction of a probabilistic map and the related computations
highly reduce the velocity of the algorithm needed to the construct the tree.
This is due to the fact that, in order to compute the edges characterized
by the lowest probabilistic cost, the planning algorithm is forced to explore
a larger number of nodes at each iteration, with respect to the canonical
case. For this reason, an important upgrade to the global planning strategy
can be guaranteed with the reduction of the computation time of the RRT*

Motion Primitives approach on probabilistic maps.
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