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Abstract 

 

 

 

 

 

The present work has been carried out with the objective of creating a 

mathematical tool for the design of small-scale vertical axis wind turbines, that 

could find application, for instance, in an urban environment. In the perspective of 

distributed generation, each building can be considered as a point of power 

generation, that, compared to the current scheme of centralized generation, could 

help in reducing the transmission and distribution losses (and costs) and improving 

the flexibility and the efficiency of the system. It could also be a great opportunity 

for a wide diffusion of devices that harness renewable energy, in particular from the 

sun and the wind. In such a conceptual framework, the availability of reliable tools 

that allow designing those devices is of fundamental importance. For the specific 

case, there are several approaches to the problem, and among them the momentum 

approach has been chosen, for its much greater computational efficiency. The state-

of-the-art momentum model for the study of vertical axis wind turbines is called 

Double Multiple Streamtube (DMST), but in its base form it is not able to reproduce 

accurately the performance of those machines, especially the small-size ones. It is 

thus necessary to introduce empirical corrections to improve the compatibility with 

experimental data. A corrected model for the performance prediction of small-scale 

vertical axis wind turbines is the outcome of this work. Such a model will be 

validated with experimental data from test series performed at Politecnico di 

Milano, to prove its reliability. An additional “qualitative” experimental part about 

the setting up and the test of a prototype has also been carried out. 
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Sommario 

 

 

 

 

 

Il presente lavoro è stato sviluppo con l’obiettivo di creare uno strumento 

matematico per il progetto di turbine eoliche ad asse verticali di piccola taglia, che 

potrebbero trovare applicazione, per esempio, in un contesto urbano. In una 

prospettiva di generazione distribuita, ogni edificio può essere considerato un punto 

di generazione di potenza, il che, paragonato all’attuale schema di generazione 

centralizzata, potrebbe aiutare a ridurre le perdite (e costi) di trasmissione e 

distribuzione e migliorare la flessibilità del sistema. Potrebbe inoltre essere una 

grande opportunità per un’ampia diffusione di dispositivi che sfruttano energia 

rinnovabile, in particolare solare e eolica. In questo schema concettuale, la 

disponibilità di strumenti affidabili che permettano il progetto di questi dispositive 

è di fondamentale importanza. Per il caso specifico, esistono vari approcci al 

problema, e fra di essi è stato scelto quello di quantità di moto, per la sua efficienza 

computazionale molto più elevate. Il modello di quantità di moto che costituisce lo 

stato dell’arte è chiamato Double Multiple Streamtube (DMST), ma nella sua forma 

base non è capace di riprodurre accuratamente la performance di queste macchine, 

soprattutto quelle di piccole dimensioni. È quindi necessario introdurre correzioni 

empiriche per migliorare la compatibilità con I dati sperimentali. Un modello 

corretto per la previsione delle prestazioni di turbine eoliche ad asse  verticale di 

piccola taglia è il prodotto di questo lavoro. Questo modello sarà poi validato con 

dati sperimentali di serie di test effettuati al Politecnico di Milano, per provare la 

sua affidabilità. È stato inoltre effettuato un test sperimentale “qualitativo” come 

primo approccio al problema pratico di impostare l’esperimento e testare un 

prototipo. 

 

Parole chiave: Energia rinnovabile, turbine eoliche, DMST, generazione 

distribuita.  
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1 Introduction 

 

 

 

 

 

1.1 Renewable energy 

The growing concern on environmental matters has made the need of finding 

alternative solutions to limit the effect of human action on the environment to rise. 

Nowadays the biggest issue is, without any doubt, the climate change, and the 

principal affecting agent of the phenomenon is the uncontrolled emission of 

greenhouse gases, associated to the current scheme of the world energy supply, 

based on the combustion of fossil fuels. Actually, it is the major source of carbon 

dioxide emissions, one of the main greenhouse gases, beside being the responsible 

for phenomenons of water and air pollution. The most natural effort in the attempt 

to put a limit tu this issues is reducing the usage of the sources that cause it. Thus, 

several studies and projects about the so-called alternative, or renewable, energy 

sources have been developed. The International Energy Agency (IEA) defines 

renewable energy as “an energy that derives from natural processes, which are 

renewed at a rate higher than that at which they are consumed”. Solar, wind, 

hydroelectric, geothermal, wave and biomass energy are examples of renewable 

energy sources. They are clean energy sources, that does not imply the combustion 

of hydrocarbons, and so the carbon dioxide emission. The inclusion of the biomass 

among the clean energy sources is due to the equilibrium of the carbon absorbed in 

the growing phase and that in the combustion phase. 

The development of adequate and sustainable technologies for the growth of 

the share of clean energy in the world energy matrix is one of the focuses of national 

and international policies, as the national incentives on solar and wind installations 

and international agreements as the COP21, the last in chronological order, witness. 

Just the give an idea, in the following there are some graphs that show, on the left 

side, the evolution of the electricity production by fuel, and on the right side the 
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share of the various clean energy sources. Those data are showed in the years 1992, 

the year of the institution of the UNFCC (United Nations Framework on Climate 

Change), 1997, year of the stipulation of the Kyoto Protocol, and 2014, year of the 

last available data, taken from the IEA official site. 

 

Figure 1.1 - Evolution of the global electricity production by fuel, with focus on the renewables 

share (excluding the hydro). 

  

  

                   

Source: IEA, 2016 

 

According to the IEA data, the amount of energy produced by renewable 

sources, excluding the hydro, became 10 times higher in 20 years, going from 129114 
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GWh in 1992 to 1393156 GWh in 2014. The share does not show the same trend due 

to the growth of the production of energy. Considering the 2014 data, summing up 

the hydro and renewables share, a percentage of clean energy production higher 

than 20% is obtained. The goals fixed by the international organizations are still far, 

considering the forecasts regarding the growth of global population, but it can be 

considered as an important achievement. 

 

 

 

1.2 Wind energy 

The wind sector technology is, with the solar one, the most developed and 

reliable. They cover, as shown by the graphs of Figure 1.1, almost the 75% of the 

clean energy produced, being almost the 50% due to wind. Moreover it is that one 

which registered the most relevant growth, going from an amount of energy of 4638 

GWh in 1992 to 717790 GWh in 2014 (IEA, 2016). 

Since its use in windmill for water pumping to the modern use for power 

production, wind energy harnessing is globally widespread: it is only a matter of 

adequating the existing and advanced turbomachinery theory to the specific case. 

This is the reason for the fast development of the technology and the growth of 

installed power. Currently the challenge is to reduce the cost of the energy produced, 

in order to become competitive with conventional sources. 

Based on the rotor working mechanism, i.e. the interaction of the airfoil with 

the air flux, wind turbines can be distinguished in two categories: those in which the 

propulsion force is given from the lift, and those in which that force is given from 

the drag, respectively the perpendicular and parallel components of the 

aerodynamic force, with respect to the direction of the wind relative velocity, as it 

will be better explained in the next chapter.  

The different turbine construction shape affects significantly its functioning 

and performance. Practically all the modern wind turbines are based on the lift 

force, that results to be more efficient than the drag force in the extraction of power 

from wind. Examples of both configurations are presented in the following figure. 
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Figure 1.2 - Example of lift-driven turbine (left) and drag-driven one (right). 

                            

Source: Hau, 2000 

 

Wind turbines are essentially constituted by rotating blades similar to helice 

blades. If they are connected to an horizontal axis, so that the rotor section is 

perpendicular to the wind direction, the turbine is called Horizontal Axis Wind 

Turbines (HAWT), whereas if they are connected to a vertical axis, they are called 

Vertical Axis Wind Turbines (VAWT), and the rotor section is parallel to the wind 

direction. A wind turbine with vertical axis is the object of the present work. 

Examples of both configurations are illustrated below. 

 

Figure 1.3 - Horizontal (left) and vertical (right) axis wind turbines. 

                    

Source: Hau, 2000 
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Inspite of the vertical axis wind turbines being the first in chronological order 

to be built to harness the wind energy, modern researchers and companies lost their 

interest in them due to the perception of not being adapt to power production on 

bigger scales. For this reason in the last decade the wind sector development 

concerned practically only the horizontal axis wind turbines. However, the study 

about the VAWT continued, and showed how, for some practical reasons, they can 

be preferred for some operating conditions, such as high wind velocity and turbulent 

fluxes. Other advantages are: independency from wind direction, without yaw 

regulation; better structural stability; easier maintenance due to the position of the 

machinery at the basis of the shaft; lower noise. For this reasons, vertical axis wind 

turbines are more adapt, for instance, in urban environments, while they are still 

not attractive for generation on big scales. 

 

 

 

1.2.1 VAWT architectures 

The first machines constructed were driven by the drag force. In this case the 

circular motion of the blades presents two phases: a motor phase, in which the wind 

velocity is directed in the same sense as the rotational one, where the turbine 

produces a positive torque, and the passive phase, in which the velocities are 

opposite and the turbine produces negative torque. It is thus important that during 

the motor phase the machine offers a larger surface than in the passive phase, so 

that to produce an overall positive torque. Based on this concept the Panemone 

turbine has been developed. It is shown in the following Figure. 
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Figure 1.4 - Panemone wind turbine. 

 

Source: Battisti, 2011 

 

In this turbine a system of pins makes the blades offer their complete surface 

in the motor phase, so producing as much drag as possible, while they are left free 

to rotate and align with the wind velocity in the passive phase. 

The successive concept of vertical axis wind turbine was invented by 

Savonius, and presents two blades that give to the machine the classical S shape, as 

depicted below. 

 

Figure 1.5 - Savonius wind turbine. 

 

Source: Hau, 2000 

 

In this concept a lift component can be present if the blades are a little shifted 

and superimposed in the centre, but it always has minor importance. This kind of 
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machine has the big advantage of being self-starting. 

The lift driven machines where firstly proposed in France by Darrieus. In 

these turbines the passive phase could be greatly limited, even if there is still a 

difference in the torque produced between the two parts of the motion. Their 

performance is significantly higher than that of the drag driven machines, and for 

this reason the interest has been shifted on them to increase efficiency and 

reliability. The various architectures of these turbines are presented in the figure 

below. 

 

Figure 1.6 - Lift driven turbines: H-shaped (a), Tri-shaped (b), Troposkien (c) and Gorlov (d) 

 

Source: Battisti et al., 2016 

 

The most critical aspect of these turbines are that they are not self-starting: 

to solve the problem hybrid configurations have been developed, combining the 

Darrieus with a little Savonius turbine that ensures the starting. The first 

architecture proposed was the Troposkien one, whose shape is aimed to minimize 

the bending torque of the blade due to centrifugal stress. This machine does not need 

any strut to support the blade, and with the use of cables it is possible to stabilize 

the rotor for constructing bigger machines. This structure allows maximizing the 

swept area, and for this reason the Troposkien machine has the greater 

performance. The Tri-shaped is the second model to be proposed, and it was 

developed with the goal of controlling the inclination of the blades and hence the 

power production. However, for the unnecessarily complex design and mechanism 
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of the turbine that resulted as drawbacks, its development has been abandoned and 

shifted to the H-shaped. This machine, despite its simplicity, was not the first to be 

developed. It presents straight blades, to contain the costs of production, but the 

presence of two struts per blade and the constraint on the diametral extension due 

to blade weight are critical issues. For this reason its application is limited to small 

scale turbines. Despite these problems, it still has a good performance, and it is the 

geometry that will be analysed in the prediction model development. The last 

configuration developed is the Gorlov one, that is basically a modification of the H-

shaped rotor where the blades have been twisted along the perimeter to form a 

helical shape. This concept was aimed to reduce the forces oscillation and the 

starting issue. 

 

 

 

1.3 Distributed generation 

The last key concept that constitutes the framework of this project is that of 

distributed generation. Distributed power is a power generated near the utilization 

point or therein. Although a standard definition does not exist, distributed power 

generation systems do not produce over 100 MW. 

In the current centralized generation paradygm, electricity is produced 

mainly by big scale systems, and delivered to the customer by means of transmission 

and distribution networks. However, recent studies about energy efficiency and 

reliability and greenhouse emissions reduction are exploring possibilities of 

substituting or partially modifying this paradygm in order to increase the global 

performance. In this context, one of the best possibilities is the distributed 

generation itself. Historically, distributed generators have been able to integrate the 

centralized generation, providing solutions to compensate failures of central system 

and to adjust the supply of power. Thus it is an already existing conception of energy 

production, that can make use of existing technologies as well, and support the shift 

to renewable energy sources. From the technical point of view, there are some 

critical points of the centralized paradygm, that can be improved by means of the 
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distributed one: 

 Transmission and distribution costs: they constitute the biggest issue of the 

current scheme. These costs cover on average till the 30% of the low voltage 

electricity delivered to the customer, and are the results of line and conversion 

losses, with the latter occurring whenever the power flow characteristics must be 

adequated to those of the network, for instance when there is the voltage drop 

from the transmission line to the distribution network. 

 Investments on transmission and distribution networks: they are necessary to 

put in action the improvements of the transmission and distribution systems. 

The introduction of the distributed paradygm can avoid these costs, whose 

amount could be, according to the IEA forecasts, between 3000 and 3500 billion 

dollars only for the OECD countries until 2030. 

 Energy efficiency: although this has been the factor that in the 90s contributed 

to the concentration of the power production, being more robust structures able 

to handle higher pressures and temperatures, this gain in efficiency has 

decreased in time, being compensated by the rising operation, maintenance and 

material costs, and by the shorter service life of the components, subject to 

higher stresses. In order to increase the efficiency without increasing pressures, 

cogeneration systems can be employed, for instance: the overall efficiency 

associated to the simultaneous production of heat and electricity can reach up to 

the 90%, whereas the only electricity production efficiency rarely goes beyond 

40%. Moreover, the difficulty in transportating heat or process vapor justify the 

production near the utilization point. 

 Safety and reliability: the presence of a unique supplier and transmission 

network can become a big issue in case of failures, that can be avoided with the 

introduction of some smaller scale suppliers. This can help also in the electricity 

price regulation: a more flexible market guarantee a higher price stability. 

 Environmental impact: avoiding the electricity transportation losses, improving 

the efficiency with cogeneration systems and differentiating the fuels, 

encouraging the use of clean sources, are key means for reducing the 

environmental impact of the power generation industry, responsible, 

considering just the emissions, of almost half of the global carbon dioxide 
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emissions and of almost the 10% of nitrogen oxides (World Data Bank, 2008). 

 

 

  

1.4 Objectives 

Putting together the content of the previous sections the complete framework 

of this project. As already presented, the objective of this work is the development 

of a reliable performance prediction model for small scale vertical axis wind 

turbines, that could be a useful mathematical tool for the design of devices which 

can be used, for instance, for residential applications. Taking IEA data again, it can 

be built a graph that shows the composition of the total final energy consumption 

per use. 

 

Figure 1.7 - Total final energy consumption per use. 

 

Source: IEA, 2016 

 

In a distributed generation perspective, it is possible to consider any building 

as a point of delocalized power production for its own use, achieving in the best case 

the so-called “zero net energy buildings”, and for the injection in the network of an 

eventual surplus. Moreover, assuming that this amount of energy for residential use 

and that associated to commercial and public services is provided entirely by 

renewable sources, a third of the total final consumption or a quarter of the total 

energy supply (IEA, 2016) would be supplied by clean sources. This percentage can 

be increased including the hydroelectric sector. 

The development of technologic solutions in this perspective could allow 

improving the environmental impact of the power industry. The shift to the natural 

gas and the quest for higher efficiencies in the energy supply sources are other 
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improvement factors. Obviously there are some technical issues related to all these 

concepts, associated mainly to the matching of the characteristics of the distribution 

network and renewable energy sources, that are inherently random. Thus, 

investments to improve the network flexibility and its capability to welcome other 

suppliers are necessary, as well as adjustments in the market regulation policies, to 

make small suppliers competitive with the big ones. 

 

 

 

1.5 Thesis outline 

In this section, a brief presentation of the thesis outline will be illustrated. 

In this first chapter an introduction about the concepts that constitute the 

framework of this project and its objectives has been made. 

In the next chapter a basic explanation of wind turbine aerodynamics is 

carried out. After explaining the working principle of turbines and how aerodynamic 

forces arise, an introduction about the major computational models used in practice 

is made, indicating the pros and cons of each one with respect to the other, and the 

choice made for the work scopes. 

In Chapter 3 the model implemented for the performance prediction of a 

vertical axis wind turbine is fully described, in its basic form, its corrections, and all 

the expedients utilised in the code development. 

In Chapter 4 the results of the implemented model with the chosen geometry 

are presented, and validated for the experimented machines. 

In Chapter 5 an additional experimental component of the work will be 

presented, about the construction of a physical prototype and its test in a wind 

tunnel. 

Finally, in Chapter 6 all the conclusions about this work and the suggestions 

for future works on the subject are derived. 
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2 Aerodynamics 

 

 

 

 

 

2.1 Introduction 

A wind turbine is a device that extract kinetic energy from wind. Removing 

part of its energetic content, the portion of airflow that goes through the rotor is 

consequently decelerated. Since in practically all the applications in the wind 

industry the Mach number is lower than the compressibility threshold, the flow can 

be assumed incompressible, so that a reduction in velocity through the rotor 

corresponds to an increase in the flux tube section, as shown by the figure below, for 

the case of a horizontal axis wind turbine. 

 

Figure 2.1 - Energy extraction in a wind turbine 

 

Source: Burton, 2001 

 

Although kinetic energy is extracted from the airflow, a step change in 

velocity is neither physically possible nor desirable, because it would introduce huge 

accelerations and hence huge forces. On the other hand, pressure energy can be 
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extracted in that way, and all the wind turbines work that way. 

The presence of the turbine itself causes a deceleration of the inlet flow, so 

that the wind velocity at the rotor section is lower than the freestream one. Since 

there is not work production yet, an increase in the section size and in the static 

pressure occur. As the flow passes through the rotor, the pressure falls to sub-

atmospheric values. Then the airflow proceeds with reduced velocity and sub-

atmospheric pressure, in the so-called wake region. Further downstream the 

pressure value is restored to the atmospheric value. All the mentioned effects are 

illustrated in the following figure. 

 

Figure 2.2 - Interaction between the turbine and the airflow. 

 

Source: Hansen, 2008 

 

In the following paragraphs the aerodynamic interaction between the flow 

and an airfoil and the modelling approach to the problem are being explained. 
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2.2 Aerodynamic forces 

The interaction between fluid and blade generates an aerodynamic force, that 

is responsible for the power production of the machine. This force is generated by 

the pressure field around the blade and the shear stress that the fluid exerts on the 

blade. In order to understand the mechanism of rising of this force, let’s consider 

the schematization of the figure below, that shows a view of the streamlines of a flow 

past an airfoil. 

 

Figure 2.3 – 2D streamlines of a flow past an airfoil. 

 

Source: Hansen, 2008 

 

Using the Newton law, and splitting the force that the fluid exerts on the 

airfoil into its component along the x and y directions, it is possible to derive, being 

𝑉1 and 𝑉2 the velocities before and after the interaction with the airfoil: 

𝐹𝑌 = 𝑚𝑉2𝑌 − 𝑚𝑉1𝑌, 

𝐹𝑋 = 𝑚𝑉2𝑋 − 𝑚𝑉1𝑋. 

The reacting forces to those just explained are the components of the 

resultant aerodynamic force that, as said, is the responsible for the power 

production: they are called, respectively, lift and drag forces. They are illustrated in 

the next figure. 
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Figure 2.4 - Lift (L), drag (D), and resultant (F) forces. 

 

Source: Hansen, 2008 

 

The lift and drag forces are the aerodynamic force components respectively 

on the perpendicular and parallel direction with respect to the inlet flow velocity 

(𝑉∞), and are applied at the airfoil center of force, positioned normally along the 

chord (𝑐) at a quarter of its length. 𝛼 is the so-called angle of attack, the angle 

between the direction of the inlet flow velocity and the chord. It is important to say 

that the notation for these quantities will be alterated in the next chapters. 

While the physical explanation of the drag force is essentially related to the 

shear stress between fluid and airfoil surface – if the boundary layer stays attached 

to the airfoil surface – that of the lift is a bit more complex. HANSEN [12] states that 

the physical explanation of the lift is that the shape of the airfoil forces the 

streamlines to curve around the geometry, as indicated in the following figure. 

 

Figure 2.5 - Explanation of the generation of lift. 

 

Source: Hansen, 2008 
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From radial equilibrium concept – either a rotational or linear motion can be 

considered as circular motion, in the latter case with infinite radius – there must be 

a force opposite to the centrifugal one to maintain the airfoil in its position. Thus a 

centripetal force must exists, that can only be generated by a pressure gradient. The 

pressure must then increase with the radius, and since there is atmospheric pressure 

(𝑃0) far from the airfoil, in both directions, it follows that on the upper side of the 

airfoil the pressure is lower than the atmospheric one, and the opposite happens on 

the lower side of the airfoil. This pressure difference gives the lift force on the airfoil. 

Lift and drag forces are usually expressed by means of lift and drag 

coefficients, defined as: 

𝑐𝐿 =
𝐿

1

2
𝜌𝑉∞

2 𝑐
, 

𝑐𝐷 =
𝐷

1

2
𝜌𝑉∞

2 𝑐
. 

And they are function of the angle of attack, Reynolds number and Mach number. 

For wind turbines, being the Mach number under the compressibility threshold, lift 

and drag coefficients do not depend on this quantity. Actually some datasets exist, 

that shows the trend of the force coefficients against the angle of attack, with 

Reynolds number as a parameter. They are called polar curves, and an example is 

provided with the following figure. 

 

Figure 2.6 - Example of polar curves. 
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These curves have been taken from the Airfoiltools website, an online dataset 

whose data are produced by means of Xfoil program, an interactive program from 

MIT for the design and analysis of subsonic isolated airfoils. The lift coefficient 

increases quite linearly with the angle of attack, until reaching a maximum value. 

Then the airfoil is said to stall, and the lift decreases in a manner that depends 

strictly on the airfoil geometry. The drag coefficient is almost constant, but increases 

rapidly after stall. The curves represented are for Reynolds number of 200000, 

500000 and 1000000. The higher the Reynolds number, the higher the lift in the 

maximum region, the lower the drag at any angle of attack. The influence of this 

parameter decreases after a certain value. 

As said before, after the lift reaches a maximum value, a phenomenon called 

stall occurs. It is basically related to the detachment of the boundary layer from the 

airfoil surface and the subsequent generation of vortices, that will cause a fall in the 

lift and a rise in the drag. The behaviour of the boundary layer and its detachment 

are very complex to describe and depend on several factors, like the airfoil curvature, 

the Reynolds number, the surface roughness and for high speeds the Mach number. 

For this reason the trend at high angle of attack – “deep” stall region – is simulated 

by computer codes. 

 

 

 

2.3 Aerodynamic models 

In the past, based on different theories, some mathematical prediction 

models have been developed to evaluate the performance of wind turbines. The key 

aspects of all the computational models can be resumed in the followings: 

 Velocity triangles resolution – i.e. the evaluation of the relative velocities and 

angles of attack – for each azimuthal coordinate; 

 Calculation of the axial induction factor, considering the blade-wake interaction; 

 Mathematical expressions for the evaluation of the normal and tangential forces, 

based on the different approaches; 

 Corrections, mainly empirical or semi-empirical, to take into account relevant 
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effects not considered in the basic models. 

Referring to the third point of the list, the most studied and developed models 

for the evaluation of normal and tangential forces rising from the interaction blade-

airflow are basically 3: momentum, vortex and cascade models. It is worth to notice 

that not all of such models present all the features described before. In the following 

just momentum and vortex models will be taken into consideration, and pros and 

cons of each one for the specific application will be presented. Cascade models will 

be neglected, being minimum its employment for the case. 

 

 

 

2.3.1 Betz’s theory 

The Betz’s theory, otherwise called actuator disk theory, is the first theory 

developed for the analysis of wind turbines. It basically a monodimensional 

momentum model for a rotor, assumed as provided with an infinite number of 

blades, that explains in a simple way the phenomena introduced in the previous 

paragraph. By means of this model it is possible to derive simple relations between 

the velocity field and the thrust force and absorbed power. The thrust is the force in 

the axial direction that can only derive from the pressure drop through the rotor, 

being the flux tube that involves the rotor rounded by air at atmospheric pressure, 

so that it provides a null net force. It is also responsible for the wind deceleration 

from the freestream velocity to the wake one. It is expressed as: 

𝐹𝑋 = ∆𝑝𝐴,                            (2.1) 

Where A is the rotor projected area. The flux is stationary, incompressible 

and inviscid. Thus the Bernoulli equation can be applied between the freestream 

section and the last upstream one, and between the first downstream section and 

the far wake one. Based on Fig. 2.2, the Bernoulli equation can be formulated as 

follows: 

𝑝0 +
1

2
𝜌𝑉0

2 = 𝑝 +
1

2
𝜌𝑉𝐷

2,                         (2.2) 
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𝑝 − ∆𝑝 +
1

2
𝜌𝑉𝐷

2 = 𝑝0 +
1

2
𝜌𝑉𝐸

2.                         (2.3) 

Combining these equations: 

∆𝑝 =
1

2
𝜌(𝑉0

2 − 𝑉𝐸
2).                           (2.4) 

Then, following the derivation in HANSEN [12], the expressions for the thrust and 

the shaft power can be derived, in the mentioned assumptions: 

𝐹𝑋 = 𝜌𝐴𝑉𝐷(𝑉0 − 𝑉𝐸),                          (2.5) 

𝑃 =
1

2
𝜌𝐴𝑉𝐷(𝑉0

2 − 𝑉𝐸
2).                          (2.6) 

The first equation, combined with (3.1) and (3.4), provides an interesting relation: 

𝑉𝐷 =
1

2
(𝑉0 + 𝑉𝐸),                           (2.7) 

For which the wind velocity at the disk section is the average between the freestream 

and the wake ones. Then, defining the axial induction factor as: 

𝑎 =
𝑉0−𝑉𝐷

𝑉0
,                            (2.8) 

It can be deduced: 

𝑉𝐷 = (1 − 𝑎)𝑉0,                           (2.9) 

And combining it with (3.7): 

𝑉𝐸 = (1 − 2𝑎)𝑉0.                       (2.10) 

By means of these latter relations it is possible to express the thrust force and shaft 

power as functions of the induction factor: 

𝐹𝑋 = 2𝜌𝑉0
2𝑎(1 − 𝑎)𝐴,                       (2.11) 

𝑃 = 2𝜌𝑉0
3𝑎(1 − 𝑎)2𝐴.                      (2.12) 

The maximum power that can be extracted from a section with the same area of the 

rotor is: 

𝑃𝑚𝑎𝑥 =
1

2
𝜌𝐴𝑉0

3,                       (2.13) 
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So that a power coefficient can be defined: 

𝑐𝑃 =
𝑃

𝑃𝑚𝑎𝑥
= 4𝑎(1 − 𝑎)2.                      (2.14) 

Analogously it is possible to define a thrust coefficient, being, from the definition of 

thrust, using the equation (2.4) and putting 𝑉𝐸 = 0: 

𝐹𝑋,𝑚𝑎𝑥 =
1

2
𝜌𝐴𝑉0

2.                       (2.15) 

𝑐𝑋 =
𝐹𝑋

𝐹𝑋,𝑚𝑎𝑥
= 4𝑎(1 − 𝑎).                      (2.16) 

The power and thrust coefficients functions are depicted in the plot below. 

 

Figure 2.7 - Thrust and power coefficients as functions of the induction factor. 

 

Source: Hansen, 2008 

 

Starting from the equations of these coefficients, it can be easily 

demonstrated that the maxima for the equations are found for values of 𝑎 of 1/2 for 

the thrust and 1/3 for the power. In particular, the maximum for the power 

coefficient, that for 𝑎 =
1

3
 is 𝑐𝑃,𝑚𝑎𝑥 =

16

27
, is called Betz limit for an ideal wind turbine. 

As it will be explained later, the trend described by this function is not physically 

possible and a correction must be introduced to take this into account. 

 



32 

 

2.3.2  Momentum models 

By means of momentum models (otherwise called BEM, Blade Element 

Momentum), the velocity field calculation along the turbine rotor section is 

performed equating the aerodynamic force on the blade in the flow direction to the 

variation of the momentum of the flow itself, that is also equal to the product 

between the velocity variation and the mass flow. Moreover, this force is also equal 

to the average pressure drop through the rotor. Several approaches have been 

developed in time, all being classified as momentum models. The figure below 

depicts the evolution of the concept, and then they are being described in detail. 

 

Figure 2.8 - Evolution of momentum models 

 

          a)                                                     b)                                                 c) 

 

Source: Islam et al., 2006 

 

In the Figure a) it is shown the concept of the first momentum model in 

chronological order, formulated by Templin and called Single Streamtube Model. It 

was the first also in incorporating the actuator disk theory in an aerodynamic model. 

In this case the velocity at the rotor section is assumed uniform along the section 

itself, and obtained equating the drag force in the flow direction to the axial variation 

of the momentum. This assumption on the velocity field constitutes the first big 

approximation of the model. 
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In order to take into account the variation of the velocity field along the rotor 

section, a solution was found in utilizing various streamtubes, and applying the 

procedure to each one for the calculations. This is the idea underlying the model 

illustrated in Figure b), and it is called Multiple Streamtube Model, able to account 

for the variation of the velocity field along the rotor. The disk is divided into several 

adjacent and aerodynamically independent streamtubes, and exists in two 

formulations, that differs one from each other in the evaluation of the velocity field. 

The first formulation comes from the studies of Wilson and Lissaman, and the other 

from Strickland. In the former, the flow is considered inviscid and incompressible, 

so that only the lift force appears in the derivation; in the latter both forces (lift and 

drag) appear, providing a better prediction of the interaction blade-airflow, with a 

slightly higher computational effort. 

Finally, Figure c) presents the state-of-the-art theory for momentum models, 

called Double Multiple Streamtube (DMST). This model is the is most accurate in 

the performance prediction for vertical axis wind turbines, because takes into 

consideration the double interaction between the blade and the airflow. The idea has 

been firstly introduced by Lapin, even before the formulation of the Multiple 

Streamtube, with which it has then been combined giving birth to the DMST. The 

model exists in two formulations, one developed by Paraschivoiu and the other by 

Read and Sharpe: the difference between them consists in the fact that the former 

considers linear streamtubes, while the latter considers the streamtube expansion 

due to the velocity reduction in the axial direction for the presence of the turbine. 

Both show good agreement with experimental data. 

The DMST model is based on the division of the surface drawn by the blades 

in two sections, called upstream and downstream sections, that could be modelled 

as two series actuator disks. In the middle, i.e. between the two disks, it is assumed 

the presence of an equilibrium point in which the atmospheric pressure is restored, 

so that the velocity at the disks can be calculated with (2.7), according to the Betz 

theory. The only one link between the two disks, whose performance can be 

evaluated absolutely independently and with the same equations, is that the 

downstream disk has as a inlet velocity the one at the outlet of the upstream disk, 

i.e. the one between the two disks. 

Beside approximating with a good degree of reliability experimental data, the 
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biggest pro of momentum model is the fact that they are analytical models, thus 

characterised by high computational efficiency, with respect to vortex or 

computational fluid dynamics models, that require much longer simulation times. 

For this reason they can be employed for running simulations fastly, and estimating 

in a reliable way the turbine performance. On the other hand, its assumptions put 

constraints in the applicability field of the model. The physical complexity of the flux 

through a VAWT imposes the use of more advanced models to obtain better results. 

It is possible, actually, to implement some corrections, mostly empirical, to take into 

consideration threedimensional effects. The development of a corrected DMST to 

predict the performance of small-scale vertical axis wind turbine is the objective of 

this work. 

 

 

 

2.3.3 Vortex models 

In this paragraph the vortex model will be briefly described, just to present a 

different perspective in the approach to the problem, that in this case is inherently 

aerodynamic. Vortex models are basically potential flow models that perform the 

calculation of the velocity field through the influence of vorticity in the blade wake. 

The blades are represented as bound vortices, whose intensity (circulation, Γ) is 

determined using airfoil datasets and results from the calculation of relative 

velocities and angles of attack. The vortex system for a blade is illustrated in the 

Figure 3.2. 

 

Figure 2.9 - Vortex system associated to a blade. 

 

Source: Islam et al., 2006 
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The intensity of the bound vortices and the trailing tip ones are equal in 

consequence of the Helmholtz vorticity theorem. According to the figure, the 

intensity of the vortices shed in the flow direction changes in some points. At each 

of these points, a vortex in the spanwise direction is shed, and its intensity is equal 

to the variation of the bound vortices as described by the Kelvin theorem. 

In any point in the flow field the wind velocity is the sum of the freestream 

one plus all the components induced by the vorticity field. These contributions can 

be calculated by means of Biot-Savart law, that associates them to the vortex 

intensity. To ensure the problem closure, a relation between the bound vortices and 

the induced velocity in a blade element is necessary. The solution is to combine the 

Kutta-Joukowski law, that associates the lift force with the vortex circulation, and 

the formulation of the same force through the lift coefficient of the airfoil. 

Based on the theory just presented, several models have been developed in 

time, and they show the best compatibility with experimental results. Despite the 

simplifying assumptions, as that of potential flow and the inclusion of the viscosity 

by means of empirical coefficients, they are currently the best models for turbine 

performance prediction, allowing more precise evaluations of blade forces and wake 

flow behind the rotor. The main con of the model is the high computational effort, 

and the presence of eventual convergence problems. For this reasons the 

momentum model has been selected. 

 

  



36 

 

 

 

  



37 

 

3 Model implementation 

 

 

 

 

 

3.1 Introduction 

As anticipated in the previous chapter, the prediction model that is about to 

be developed is a DMST model, featured with some corrections that account for 

phenomena that are not taken into consideration by the base (bidimensional) 

model. In this chapter the base model will be explained firstly, and then all the 

corrections will be presented. 

The goal of the present model is the calculation of the velocity field along the 

section of the two disks, that is the calculation of the axial induction factor 𝑎. The 

discretization of each disk in multiple streamtubes puts in evidence the strictly local 

nature of this factor, that will be then calculated by means of an iterative scheme 

that equates the expressions of the axial forces from the momentum and the blade 

element theories (for this reason it is called BEM method, Blade Element – 

Momentum). The influence of the angular induction factor, that is relevant for 

horizontal axis wind turbines, is in this case negligible and hence it will not be 

considered. 

 

 

 

3.2 Double Multiple Streamtube model 

In Figure 3.1 a conceptual map of the computational process of the base 

model is presented. All the quantities mentioned in the map will be presented 

further in the text. 
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Figure 3.1 - Conceptual map of the DMST model. 

 

  

The iterative scheme presented in the map has to be applied to each 

streamtube. A a priori step is thus the discretization of the whole streamtube. Each 

streamtube is addressed with a subscript 𝑖, that identifies the azimuthal position of 

the streamtube. The discretization, as already noticed, reproduces the local nature 

of the induction factor. A longitudinal discretization could be implemented to take 

into consideration eventual inlet velocity profiles. In Figure 3.2 there is a 

representation of the azimuthal discretization scheme. 
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Figure 3.2 - Azimuthal discretization scheme. 

 

Source: Goude (adapted), 2012 

 

In an equatorial plane, the whole streamtube is discretized for Δθ constant 

portions, that implies a reduction in the projected area in a orthogonal plane for 

angles near 0° and 180°, being: 

𝐴𝑖 = 𝑅Δ𝜃Δℎ𝑠𝑖𝑛𝜃𝑖.                           (3.1) 

Notice that, as shown in the same figure, it is assumed that the streamtubes 

are parallel one to each other, without expansion due to the airflow deceleration for 

the presence of the turbine. Consequently, the streamtubes can be considered 

independent one to each other, whereas considering the expansion they would be 

coupled. 

Input data are, as illustrated in the map: 

 Turbine geometry: radius, blade span, number of blades and airfoil chord; 

 Fluid properties: density and viscosity, function of ambient air; 

 Operating parameters: freestream velocity and tip speed ratio. Both will be 

varied to analyse the behaviour of the turbine at each condition; 

 Algebraic parameters: number of streamtubes, 𝑁𝜃. 

Once defined the discretization, all the calculations at each streamtube can 
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be performed. In the following only the upstream procedure will be presented, being 

the other perfectly identical, with the only difference of the freestream velocity. 

Figure 3.3 represents, in an equatorial plane, the velocity triangle for an 

airfoil rotating in anti-clockwise direction, between the angles 0° and 90°. It is worth 

to notice that a null pitch angle has been assumed. 

 

Figure 3.3 - Velocity triangle at upstream. 

 

 

Now, given as an input data the tip speed ratio 𝜆 =
Ω𝑅

𝑉0
 , from which Ω can be 

calculated, and the definition of the induction factor (2.8), that allows calculating 

the disk velocity 𝑉𝐷1,𝑖, the velocity triangle is readily solved, by means of the 

following equalities: 

𝜑∞,𝑖 = arctan (
𝑉𝐷1,𝑖𝑠𝑖𝑛𝜃𝑖

𝑉𝐷1,𝑖𝑐𝑜𝑠𝜃𝑖+𝛺𝑅
) = arctan (

(1−𝑎𝑖)𝑠𝑖𝑛𝜃𝑖

(1−𝑎𝑖)𝑐𝑜𝑠𝜃𝑖+𝜆
) = 𝛽∞,𝑖 + 𝛽𝐶 = 𝛽∞,𝑖;          (3.2) 

𝑊∞,𝑖 = √(𝑉𝐷1,𝑖𝑐𝑜𝑠𝜃𝑖 + 𝛺𝑅)
2

+ (𝑉𝐷1,𝑖𝑠𝑖𝑛𝜃𝑖)
2
;                       (3.3) 

𝑅𝑒𝑖 =
𝑐𝑊∞,𝑖

𝜈
.             (3.4) 

Once solved the velocity triangle, and the values of the angle of attack and 

Reynolds number are available, it is possible to calculate the force components. They 



41 

 

are evaluated by means of experimental coefficients, function of the mentioned 

quantities, taking data from available datasets, as explained in the previous chapter. 

In this work a modified dataset has been used, since VAWT reach higher angles of 

attack so that additional data has to be extrapolated for the analysis of high angle 

(>20°) of attack conditions. The following figure illustrates the curves for Reynolds 

number of 80000, 360000 and 1000000.  

 

Figure 3.4 - Modified polar curves. 

 

 

 

It is clear also in this case that the influence of Reynolds number is limited to 

the regions of maximum lift and low angles of attack for drag. They have been 

created using the Xfoil data for the pre-stall and “light” stall regions, Battisti data 
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for “deep” stall region, and these sections have been linked according to the Viterna-

Corrigan method, a mathematical tool used in airfoil analysis. It has been found that 

using these curves the results of the simulations for VAWT are in better agreement 

with experimental data, due to the better description of the force combination at 

high angle of attack. 

These forces arising in the interaction between wind and airfoil will be then 

combined to calculate thrust and torque provided by the blades. The graphical 

justification of the next calculation steps is offered in Figure 3.5. 

 

Figure 3.5 – Force interaction at upstream. 

 

 

The sum of lift and drag forces gives the resultant force 𝐹𝑅, that can be splitted 

into two components along the tangential (𝐹𝑇) and normal (𝐹𝑁) directions with 

respect to the airfoil chord. Thrust and torque will be calculated as combinations of 

these two components. Notice that by construction the angle between the lift 

direction and the normal is equal to the angle of attack. By definition the normal and 

tangential force coefficients are: 

𝐶𝑁,𝑖 = 𝐶𝐿,𝑖𝑐𝑜𝑠𝛽∞,𝑖 + 𝐶𝐷,𝑖𝑠𝑖𝑛𝛽∞,𝑖;                                    (3.5) 

𝐶𝑇,𝑖 = 𝐶𝐿,𝑖𝑠𝑖𝑛𝛽∞,𝑖 − 𝐶𝐷,𝑖𝑐𝑜𝑠𝛽∞,𝑖,               (3.6) 

And hence the forces: 
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𝐹𝑁,𝑖 =
1

2
𝜌𝑊∞,𝑖

2 𝑐∆ℎ𝐶𝑁,𝑖;                          (3.7) 

𝐹𝑇,𝑖 =
1

2
𝜌𝑊∞,𝑖

2 𝑐∆ℎ𝐶𝑇,𝑖.                            (3.8) 

Now, as anticipated, it is possible to calculate the resultant in the axial 

direction. This force will be associated to one turbine blade, and hence needs to be 

multiplied for the number of blades to obtain the total force. This force would be 

then averaged to obtain the contribution of the single streamtube, and then 

expressed as function of the force coefficients. 

𝐹𝑋,𝑖 = 𝐹𝑁,𝑖𝑠𝑖𝑛𝜃𝑖 − 𝐹𝑇,𝑖𝑐𝑜𝑠𝜃𝑖;             (3.9) 

𝐹𝑋,𝑖
̅̅ ̅̅ = 𝑁𝑃

∆𝜃

2𝜋
𝐹𝑋,𝑖;           (3.10) 

𝐶𝑋,𝑖
𝐷1 =

𝐹𝑋,𝑖
𝐷1̅̅ ̅̅ ̅̅

1

2
𝜌𝑉0

2𝐴𝐷
=

𝑁𝑃𝑐

2𝜋𝑅

𝑊∞,𝑖
2

𝑉0
2

1

|𝑠𝑖𝑛𝜃𝑖|
 (𝐶𝑁,𝑖𝑠𝑖𝑛𝜃𝑖 − 𝐶𝑇,𝑖𝑐𝑜𝑠𝜃𝑖).           (3.11) 

This last expression of the thrust coefficient will be equated to that coming 

from the monodimensional momentum theory (2.16), obtaining: 

4𝑎𝑖
𝐷1(1 − 𝑎𝑖

𝐷1) =
𝑁𝑃𝑐

2𝜋𝑅

𝑊∞,𝑖
2

𝑉0
2

1

|𝑠𝑖𝑛𝜃𝑖|
 (𝐶𝑁,𝑖𝑠𝑖𝑛𝜃𝑖 − 𝐶𝑇,𝑖𝑐𝑜𝑠𝜃𝑖).           (3.12) 

This is the resolution equation at the basis of the iterative scheme, to find the 

value of the induction factor 𝑎𝑖 for each canal 𝑖. The convergence criterion is 

established as: |(𝑎𝑖
𝐷1)𝑘+1 − (𝑎𝑖

𝐷1)𝑘| < 10−5. As it will be shown later on, equation 

(3.12), and its equivalent for the downstream section is responsible for convergence 

problems. The problem is inherent of the model, not of the theory: being an iterative 

model, it assumes a first guess value of the velocity induction factor, and updates 

this value at each iteration, eventually reaching values of the axial force coefficient 

out of the domain, that will cause numerical divergence. For this reason, in order to 

limit the variation of the induction factor between two iterations, a sub-relaxation 

factor has been introduced, so that the value of the 𝑘 + 1 iteration is closer to the 

iteration 𝑘 value, according to the following scheme: 

(𝑎𝑖
𝐷1)𝑘+1 = 𝑠𝑢𝑏 ∗ (𝑎𝑖

𝐷1)′ + (1 − 𝑠𝑢𝑏) ∗ (𝑎𝑖
𝐷1)𝑘, 

Where the marked value of the induction factor is the one calculated by means of 
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the model. In general convergence problems are more critical at downstream, where 

the sub-relaxation factor needs to be lower. In this work values of 0.2 or 0.1 and 0.05 

have been used respectively for the upstream and downstream. 

 

The calculations at downstream, as repeated previously, can be performed in 

a identical manner to those of the upstream, using the same equation and paying 

attention only for the variation of some quantities, as the new freestream velocity. 

Below are presented the graphs for the velocity triangles and the force interaction at 

downstream, and after the modification of the relevant quantities in the procedure 

will be illustrated. 

Figure 3.6 - Velocity triangles at downstream. 

 

 

Figure 3.7 - Force interaction at downstream. 
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 The freestream velocity at downstream is the outlet upstream velocity, that 

after the force exchange i sas indicated by (2.10). Thus, the expression for the 

velocity at the downstream disk section is: 

𝑉𝐷2,𝑖 = (1 − 𝑎𝑖
𝐷2)𝑉𝐸,𝑖 = (1 − 𝑎𝑖

𝐷2)(1 − 2𝑎𝑖
𝐷1)𝑉0.           (3.13) 

By this expression the downstream quantities can be related to that of the upstream. 

The most relevant modification is in the thrust coefficient from momentum theory, 

that results to be: 

𝐶𝑋,𝑖
𝐷2 = 4𝑎𝑖

𝐷2(1 − 𝑎𝑖
𝐷2)(1 − 2𝑎𝑖

𝐷1)2.           (3.14) 

So, the final equation for the calculation of the induction factor at downstream is: 

4𝑎𝑖
𝐷2(1 − 𝑎𝑖

𝐷2)(1 − 2𝑎𝑖
𝐷1)2 =

𝑁𝑃𝑐

2𝜋𝑅

𝑊∞,𝑖
2

𝑉0
2

1

|𝑠𝑖𝑛𝜃𝑖|
 (𝐶𝑁,𝑖𝑠𝑖𝑛𝜃𝑖 − 𝐶𝑇,𝑖𝑐𝑜𝑠𝜃𝑖).        (3.15) 

Being careful of using the quantities related to the correct disk. The convergence 

criterion is the same presented for the upstream. 

 

Solved the velocity field for both disks, it is possible to evaluate the torque for 

each streamtube 𝑖 and the power produced by the turbine. The total aerodynamic 

torque produced by the machine is obtained as average of the sum of the 

contributions and multiplied for number of blades. Last step is the calculation of the 

turbine power coefficient, that represents a measure of its efficiency. The equations 

are the following: 

𝑇𝑖 =
1

2
𝜌𝑊∞,𝑖

2 𝑐∆ℎ𝐶𝑇,𝑖 ∗ 𝑅;           (3.16) 

𝑇𝑡𝑜𝑡 = 𝑁𝑃 [
1

2𝑁𝜃
(∑ 𝑇𝑖

𝐷1 + ∑ 𝑇𝑖
𝐷2𝑁𝜃

𝑘=1
𝑁𝜃
𝑘=1 )];           (3.17) 

𝑃 = Ω𝑇𝑡𝑜𝑡;             (3.18) 

𝐶𝑃 =
𝑃

1

2
𝜌𝑉0

3𝐴
. 

It is worth to notice that in the total torque equation the sum term has been divided 

by 2𝑁𝜃, the total number of streamtubes, and that the area indicated in the last 

equation is the projected one, 𝐴 = 2𝑅ℎ. 
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3.3 Corrections 

The objective of this section is to illustrate the additional steps in the iterative 

process implementation, in order to reproduce threedimensional effects not 

included in the base model, that is essentially in two dimensions. All this corrections 

are empirical or semi-emipirical and the make the algorithm results closer to 

experimental data. This adjustements are meant to simulate the effects of turbulent 

wake state, flow curvature, finite aspect ratio, dynamic stall, struts and shaft 

presence. The theory underlying these corrections and the way they have been 

implemented in the scheme are being described in the next paragraph. 

 

 

 

3.3.1 Turbulent wake state correction 

As described in chapter 2, the trend of the thrust coefficient described by the 

function derived with the monodimensional momentum theory is not physically 

correct. It is sufficient to consider the thrust force expression: 

𝐹𝑋 = 𝑚̇(𝑉1 − 𝑉2), 

for which at a higher deceleration of the airflow – i.e. a higher induction factor – it 

corresponds a higher thrust, whereas in the momentum theory the function is a 

parabola with negative concativity, so that the thrust coefficient decreases after a 

value of 0.5 for the induction factor. This increase in the thrust force makes the 

actuator disk act like if it was impermeable: the flow tends to separate at the blade 

tips, and the vortices that form after that transport momentum from the flow to the 

wake. This phenomenon is called turbulent wake state. A comparison of theoretical 

and measured values of the thrust coefficient is given in Figure 3.7. 
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Figure 3.8 - Comparison of theoretical and measured values of the thrust coefficient. 

 

Source: Burton, 2001 

 

A convenient straight line through the experimental points seems to be 

adequate, although Glauert proposed a parabolic curve, but the case he was 

considering was different. Thus a straight line will be employed, that is tangent to 

the momentum theory parabola at the transition point. The equation for the thrust 

coefficient curve will be then: 

{
𝐶𝑋 = 4𝑎(1 − 𝑎),                                      𝑓𝑜𝑟 𝑎 < 𝑎𝑇

𝐶𝑋 = 𝐶𝑋1 − 4(√𝐶𝑋1 − 1)(1 − 𝑎),       𝑓𝑜𝑟 𝑎 > 𝑎𝑇

           (3.19) 

And the transition point: 

𝑎𝑇 = 1 −
1

2
√𝐶𝑋1. 

Both expressions have been taken from BURTON et al. [8]. 𝑎 is the local 

induction factor, and 𝐶𝑋1 is the emprirical value for 𝐶𝑋 for 𝑎 = 1. The value for 𝐶𝑋1 

is taken again from Burton, and is 1.816. The function, that is implemented in this 

work, is shown in the following Figure. 
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Figure 3.9 - Turbulent wake state correction. 

 

 

This correction is already included in the base model since it is not possible 

to reach convergence without it. In the iterative process the updated value of the 

induction factor for each streamtube is computed knowing the value of the thrust 

coefficient, based on the function just presented and the old value of 𝑎. In order to 

avoid convergence problems for iterations near the transition point – a discontinuity 

point – the thrust coefficient function will be presented as unique, instead of the two 

sections in (3.19), through standard deviations minimization. The inverse function 

for the calculation of the new 𝑎 is: 

𝑎 = 𝑎(𝐶𝑋) = 0,179𝐶𝑋
5 −  0,9223𝐶𝑋

4 + 1,6107𝐶𝑋
3 − 0,8955𝐶𝑋

2 + 0,4468𝐶𝑋 − 0,0076, 

With: 

𝑅2 = 0.999. 

However, at this step some convergence problems at downstream still 

appear. Thus two constraints must be imposed: 

{
𝐶𝑋 = 0      𝑓𝑜𝑟 𝐶𝑋 < 0

𝐶𝑋 = 𝐶𝑋1      𝑓𝑜𝑟 𝐶𝑋 > 𝐶𝑋1
 . 

With this condition convergence is always reached. 
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3.3.2 Flow curvature correction 

The expression found in paragraph 3.1 for the angle of attack is valid for 

symmetric blade and infinitely small. Actually, the blade is subject to a rotational 

motion, and the direction of the rotational velocity along the airfoil chord varies 

continuously, so that the flow around the airfoil itself has a curvilinear nature, 

instead of linear. By means of conformal mapping techniques and the Joukowski 

transformation, whose explainations go beyond the goals of this work, the problem 

can be transferred from a physical airfoil in rotational motion to a virtual airfoil in 

linear motion, as the following Figure shows. 

 

Figure 3.10 - Flow curvature effect assessment. 

 

Source: Migliore, 1980 

 

The complete derivation of the chosen correction is found in GOUDE [11], in 

the assumptions of bidimensional potential flow, null pitch angle and Kutta 

condition, and results in a simple modification of the angle of attack. Its simplicity 

is the reason why it has been chosen. It has the following formulation: 

𝛽′∞ = arctan (
𝑉𝐷𝑠𝑖𝑛𝜃𝑖

𝑉𝐷𝑐𝑜𝑠𝜃𝑖+𝛺𝑅
) −

𝛺𝑐𝑥0𝑟

𝑊∞
−

𝛺𝑐

4𝑊∞
 .           (3.20) 

The quantity, 𝑥0𝑟, that represents the mounting blade position, varies 

between -0,5 and 0,5, being null if the blade is mounted at half of the chord of the 

airfoil, as it will be in this case. 
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3.3.3 Finite Aspect Ratio correction 

The base model assumes the flow around the blades as bidimensional. To 

state this, the flow needs to belong to a plane and the blade to be infinite. This last 

assumption cannot be maintained in real cases, since blades have a finite aspect 

ratio, defined as the span to chord ratio associated to a blade: 

𝐴𝑅 = ℎ/𝑐. 

This will cause an alteration of the flow field along the blade, and it becomes 

more evident as the blade aspect ratio decreases. The phenomenon at the basis of 

this alteration is illustrated in Figure 3.10. 

 

Figure 3.11 - Finite Aspect Ratio effect. 

  

 

In general, the pressure has different values on the pressure and suction side 

of the blade, and this establishes a gradient. Approximating to the blade tip, where 

these two streams come in contact, the pressure gradient will force a motion as 

depicted in the figure, generating in turn a vortex carpet. The consequence of this 

motion from the pressure to the suction side is that velocity acquires a spanwise 

component that modifies the angle of attack, and hence the airfoil performance. The 

correction that has been implemented comes from the simplified Prandtl theory for 

helice propellers and implies, as anticipated, a variation of the angle of attack and 

then of the force coefficients. 
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𝛽∞
′′ = 𝛽∞

′ − 𝜀 = 𝛽∞
′ − |

𝐶𝐿

𝜋𝐴𝑅
|;                      (3.21) 

𝐶′𝐷 = 𝐶𝐷 +
𝐶𝐿

2

𝜋𝐴𝑅
;                       (3.22) 

𝐶′𝐿 = 𝐶′
𝐿(𝛽∞

′′ ).                      (3.23) 

It is worth to mention that these equations have been derived originally in the 

assumptions of constant angle of attack, tip vortices shed linearly behind the blade, 

and elliptical blade, in order to evaluate the precision of the model. By means of this 

correction, a relevant change of the force coefficients occurs, as it will be explained 

in the next chapter. 

 

 

 

3.3.4 Dynamic stall correction 

The dynamic stall is a complex instable phenomenon related to a airfoil 

subject to large and fast variations in time of the angle of attack. The physics behind 

this phenomenon will be explained in comparison with the static case. 

In the static case, as explained in the previous chapter, an increase in the 

angle of attack corresponds to an increase in the lift force, until a critical angle, called 

static stall angle. Once overtaken this critical angle, the flow detaches from the blade 

surface, introducing a vortex disturbance that is responsible for a sudden fall of the 

lift force and an increment of the drag one. In the dynamic case the situation is 

different, due to the fact the flow separation, as all the physical processes, cannot be 

instantaneous. Thus, if the blade increases rapidly its angle of attack over the static 

stall angle the lift force can be higher than the static case for a little time interval. 

During this interval a vortex starts to form on the blade surface and when it is shed 

the lift force falls. An analogous phenomenon occurs for the flow reattachment, that 

occurs for an angle of attack lower than the static one. The consequence of this 

phenomenon is the characteristic hysteretical behaviour of the force coefficients 

curves, completely different from the static case, presented in the figure below. 
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Figure 3.12 - Lift (right) and drag (left) coefficients trend under dynamic stall conditions. 

 

 

Source: Berg, 1983 

 

In general the phenomenon is more relevant for low tip speed ratios, where 

angles of attack are higher. 

The objective of a dynamic stall model is then that of simulating this 

behaviour, starting from the static case data. GORMONT [8] first developed a model 

for helicopter blades, reproducing empirically the hysteretical response of the force 

coefficients curves by means of the definition of a reference angle, on which the 

correction for the lift and drag coefficients is based. It is formulated as: 

𝛽𝑟𝑒𝑓 = 𝛽∞
′′ − 𝐾∆𝛽,                       (3.24) 

Where: 

𝐾 = {
1               𝛽̇ ≥ 0

−0,5        𝛽̇ < 0
 ; 

∆𝛽 = {
𝛾1𝑆                                   𝑆 ≤ 𝑆𝐶

𝛾1𝑆𝐶 + 𝛾2(𝑆 − 𝑆𝐶)       𝑆 > 𝑆𝐶
 ; 

𝑆 = √|
𝑐𝛽̇

2𝑊
| ; 

𝑆𝐶 = 0,06 + 1,5 (0,06 −
𝑡

𝑐
) ; 
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𝛾1 = {

𝛾2

2
     𝑓𝑜𝑟 𝑙𝑖𝑓𝑡

 0       𝑓𝑜𝑟 𝑑𝑟𝑎𝑔
 ; 

𝛾2 = 𝛾𝑚𝑥 max {0, 𝑚𝑖𝑛 [1,
𝑀−𝑀2

𝑀1−𝑀2
]} . 

In the following table the coefficients of this last relation (𝑀1, 𝑀2 e 𝛾𝑚𝑥) are shown. 

 

Table 3.1 - Dynamic stall coefficients. 

Grandezza Portanza Resistenza 

𝑀1  0,4 + 5,0(0,06 − 𝑡/𝑐)  0,2  

𝑀2  0,9 + 2,5(0,06 − 𝑡/𝑐)  0,7 + 2,5(0,06 − 𝑡/𝑐)  

𝛾𝑚𝑥  1,4 − 6,0(0,06 − 𝑡/𝑐)  1,0 − 2,5(0,06 − 𝑡/𝑐)  

 

Source: Masson et al., 1997 

 

Notice that 𝑀 is the local Mach number, 𝛽̇ is the time derivative of 𝛽 (angle 

of attack, i.e. 𝛽∞
′′) and 𝑡/𝑐 is the maximum relative thickness of the airfoil. Notice 

also that the formulation of these coefficients are different for the lift and drag cases, 

so that the corrections applied are consequently different too. Then, the dynamic 

coefficients are expressed as follows: 

𝐶𝐿
𝑑𝑦𝑛

= 𝐶𝐿(𝛽0) + 𝑚(𝛽∞
′′ − 𝛽0) ;           (3.25) 

𝐶𝐷
𝑑𝑦𝑛

= 𝐶𝐷(𝛽𝑟𝑒𝑓) ;           (3.96) 

Where: 

𝑚 = min [
𝐶𝐿(𝛽𝑟𝑒𝑓)−𝐶𝐿(𝛽0)

𝛽𝑟𝑒𝑓−𝛽0
 ,

𝐶𝐿(𝛽𝑠𝑠)−𝐶𝐿(𝛽0)

𝛽𝑠𝑠−𝛽0
 ] . 

𝛽0 is any convenient angle of attack, tipically chosen as the angle of attack at 

which the lift is null, and 𝛽𝑠𝑠 is the static stall angle. The choice of the static stall 

angle is normally done according to two criteria: it could be the angle of attack at 

which the lift coefficient curve departs from linear behaviour, or the peak angle in 

the same curve. Symmetric airfoils of common use, that are also employed in this 

work, present just one peak after the rise of stall. For the simplicity of 
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implementation, this second criterion has been adopted in the derivation that has 

been illustrated. 

As said before, the Gormont model has been developed for helicopter blades, 

but in that case the angles of attack reached are much lower than in the case of a 

VAWT. For this reason is has been thought that the original Gormont model 

superestimates the dynamic stall effects, and hence various modifications have been 

proposed in time. MASSÉ [17] proposed to compute the force coefficients by an 

interpolation between those from the Gormont derivation and the static ones as 

follows: 

𝐶𝐿
𝑚𝑜𝑑 = {

𝐶𝐿 + [
𝐴𝑀𝛽𝑠𝑠−𝛽

𝐴𝑀𝛽𝑠𝑠−𝛽𝑠𝑠
] (𝐶𝐿

𝑑𝑦𝑛
− 𝐶𝐿)         𝛽 ≤ 𝐴𝑀𝛽𝑠𝑠

𝐶𝐿                                                           𝛽 > 𝐴𝑀𝛽𝑠𝑠

 ;                  (3.27) 

𝐶𝐷
𝑚𝑜𝑑 = {

𝐶𝐷 + [
𝐴𝑀𝛽𝑠𝑠−𝛽

𝐴𝑀𝛽𝑠𝑠−𝛽𝑠𝑠
] (𝐶𝐷

𝑑𝑦𝑛
− 𝐶𝐷)         𝛽 ≤ 𝐴𝑀𝛽𝑠𝑠

𝐶𝐷                                                           𝛽 > 𝐴𝑀𝛽𝑠𝑠

 ;                 (3.28) 

Where 𝛽 = 𝛽∞
′′ , and 𝐴𝑀 is an empirical constant. Massé proposed a value of 1,8 for 

this constant, changed later by BERG [4] to 6. For this value of 𝐴𝑀 there is better 

agreement between the model outcomes and experimental data. These 

modifications are the ones implemented in the model. 

 

 

 

3.3.5 Struts correction 

In the H-shaped wind turbine that is being analysed the blades are connected 

to the shaft by means of two struts per blade, that introduce a parasitic torque that 

needs to be included in the computational model. To evaluate its contribution at 

each streamtube, the strut is discretized along the radial direction, and for each 

section the velocity triangle is solved and the normal component of the velocity 

found. The representation of this correction is given in the following figure. 
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Figure 3.13 - Struts correction. 

 

Source: Bianchini et al., 2018 

 

The induction factor used to calculate, at each streamtube, the contribution 

of each section of the strut is that already known for the streamtube. This is a 

relevant approximation, since the  velocity field around the strut is not constant, but 

varies from the rotor to the shaft; on the other hand, it is not possible to define 

accurately this variation of speed along the strut , so that the mentioned choice has 

been made.  However, since the rotational velocity will become smaller and smaller 

going towards the shaft, the velocity component used to calculate the additional drag 

will become lower, and so its contribution to the parasitic torque. This means that 

where the choice of using a constant velocity for every section of the strut lose 

accuracy, the contribution to the torque is small. Given the geometry of the strut – 

i.e. its value of chord at each radius – the velocity triangle at each strut section is 

resolved as follows: 

𝑊𝑠𝑡,𝑖,𝑗 = √(𝑉𝐷1,𝑖𝑐𝑜𝑠𝜃𝑖 + 𝛺𝑅𝑠𝑡,𝑗)
2

+ (𝑉𝐷1,𝑖𝑠𝑖𝑛𝜃𝑖)
2
; 

𝛽𝑠𝑡,𝑖,𝑗 = arctan (
𝑉𝐷1,𝑖𝑠𝑖𝑛𝜃𝑖

𝑉𝐷1,𝑖𝑐𝑜𝑠𝜃𝑖+𝛺𝑅𝑠𝑡,𝑗
); 

𝑊𝑠𝑡,𝑖,𝑗
⊥ = 𝑊𝑠𝑡,𝑖,𝑗𝑐𝑜𝑠𝛽𝑠𝑡,𝑖,𝑗, 

Where the subscript 𝑠𝑡 indicated that the quantity is related to the strut; 𝑖 

refers to the streamtube; and 𝑗 refers to the strut section considered. Then, the 
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elemental contribution to the parasitic torque, that will be then integrated along the 

strut and the streamtubes is: 

𝑑𝑇𝑠𝑡 =
1

4𝜋
𝜌𝑐𝑒𝑞,𝑗𝐶𝐷,𝑠𝑡𝑊𝑠𝑡,𝑖,𝑗

⊥2 𝑑𝑅𝑠𝑡𝑑𝜃, 

Where 𝑐𝑒𝑞,𝑗 is the effective strut width that interacts with the flow: 

 𝑐𝑒𝑞,𝑗 =
𝑐𝑠𝑡,𝑗

𝑐𝑜𝑠𝛽𝑠𝑡,𝑖,𝑗
; 

And 𝐶𝐷,𝑠𝑡 is the drag coefficient associated to the strut. It could be chosen as the drag 

coefficient of a flate plate immersed in a parallel stream flow, since normally the 

thickness of the strut is negligible compared to the other two dimensions. In this 

case 𝐶𝐷,𝑠𝑡 = 0.001. As a last step, the integrated torque must be multiplied for the 

number of struts to evaluate the total contribution. It is worth to mention that such 

a correction does not need to be included in the iterative scheme, since all the 

quantities involved are already defined. 

 

 

 

3.3.6 Shaft correction 

The other structural element that must be taken into account in the model 

development is the shaft. Analogously to the struts, it disturbs the airflow and adds 

another component of drag. In literature there are no models able to describe 

through BEM methods the influence of the presence of the shaft in the flow. Two 

approaches are usually used: modelling the shaft as a single cylindrical body that 

produce resistive torque; or using a reduction factor for the disk velocity at 

downstream, that is the one really affected by the presence of the shaft. This latter 

approach has been employed: the disk velocity at downstream has been multiplied 

by a factor (1 −
𝑅𝑠ℎ

𝑅
), that will indicate the losses related to the shaft. The choice is 

due to the consideration, in the correction modelling, of the ratio of the shaft 

diameter to the rotor one, so that the disturbing effect of the shaft increase as its 

diameter grows relatively to the rotor diameter. 
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4 Results 

 

 

 

 

 

4.1 Model validation 

In order to validate the results obtained by the simulation model described in 

the previous chapter they will be compared with the experimental case described in 

BIANCHINI et al. [7]. It refers to the experiments on vertical axis wind turbines 

conducted at the wind tunnel owned by Politecnico di Milano. It consists of a closed-

loop facility with a 4 m wide, 3.84 high and 6 m long test section. Test were carried 

out using an open configuration, removing the test room and installing the rotors 

facing the upstream tunnel. Ideal flow quality conditions are assured by 

combination of honeycombs and anti-turbulence screens, that reduce the 

turbulence to a level lower than 1%. Controlled flow conditions are fundamental for 

the validation of computational tools; on the other hand, as said, they are ideal 

conditions, and in real application the machine performance will be affected by 

turbulence. 

The geometric features of the H-shaped rotor tested and a view of the physical 

machine are provided below. 

 

Table 4.1 - Geometric feature of the tested H-shaped rotor. 

Radius 

[m] 

Blade span 

[m] 

Chord 

[m] 

Airfoil thickness 

[m] 

Number of blades Airfoil 

0.514 1.46 0.085 0.018 3 NACA0021 

Source: Bianchini et al., 2018 

 

 

 



58 

 

Figure 4.1 - Front (left) and top (right) view of the tested machine. 

                

Source: Bianchini et al., 2018 

 

In order to fully model the disturbance given by the presence of the struts, as 

illustrated in the previous chapter, also their geometry are given in the reference [7]. 

All the measurements have been performed at a constant rotational speed of 400 

rpm, varying the freestream wind velocity in order to vary the tip speed ratio. The 

rotational speed is kept constant by an inverter-controlled electrical motor. The 

torque and thrust measurement system is described in detail in [7]. Thanks to all 

these specifications it is possible to state that experimental data can be considered 

accurate and reliable. 

In the following picture it is presented the validation of the model. 

 

Figure 4.2 - Model validation with experimental data of [7]. 
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In the plot the green line refers to the experimental data taken from [7], and 

in blue to the simulated data with the model developed. Considering a certain degree 

of error of the experimental data, it is possible to conclude that the model is able to 

predict correctly the performance of the turbine for all the tip speed ratio range 

considered. The relative error on the maximum power coefficient predicted is of 

1,4%, reached for a freestream velocity that is 3,8% different from that coming from 

experimental data. The prediction at lower tip speed ratios is almost exact, while in 

the peak region and higher ones there is a little shift,  but the error is kept low. All 

the calculations have been performed with a number of 30 streamtubes for the disk 

discretization, that is found as a good choice for results accuracy and simulation 

times. 

 

 

 

4.2 Effects of the corrections 

In this section the impact of the various corrections introduced in the model 

will be described. They will be presented in the same order in which they have been 

implemented in the prediction model. At each step the plot of power coefficient will 

be shown, for a range of tip speed ratios between 1 and 4, comparing the results 

between two successive corrections. Beside it, the trend of lift and drag coefficients 

against the azimuthal position at peak tip speed ratio (TSR=2,8) will be also 

presented, to justify the results. 

 

 

 

4.2.1 Base model 

The base model is already provided with the turbulent wake state correction, 

as anticipated in Section 3.3.1, since it is not possible to reach convergence without 

it. The results are exposed in the figure below. 
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Figure 4.3 - Performance with the base model. 

  

The characteristic curve for the power coefficient as a function of the tip speed 

ratio has the classical shape of a dome, characteristic for every type of wind turbine. 

This is due to the fact that for low tip speed ratios - i.e. high freestream wind velocity 

– the angles of attack are high, the airfoil stalls and the performance falls. On the 

other hand, for high values – i.e. low freestream wind velocity – angles of attack are 

low and so lift coefficients, so that the performance is low again. The peak has a value 

of 0,3711. On the lift and drag plots it is possible to see the stall arising effects 

between 50° and 150°, with the plateau on the lift trend and the peak in the drag 

one. 
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4.2.2 Flow curvature correction 

In the following plot the results of the base model and that provided with the 

flow curvature correction only are being compared. This correction has been 

implemented as first since a correction on angle of attack affects all the other 

quantities, from relative velocity to Reynolds number to force coefficients. 

 

Figure 4.4 – Influence of the flow curvature correction on the base model. 

 

It is possible to see in the power coefficient graph that the flow curvature 

correction is relevant in the peak region and for higher tip speed ratios, where it is 

more effective, with relative differences in the values with the previous case between 

10 and 15%. It is worth to recall that in the analysed turbine architecture the blade 

is hooked at half chord: the hooking point also affects the entity of the correction. 
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can be justified looking at those of the force coefficient. The reduction in the angle 

of attack for the peak tip speed ratio causes an important reduction on the drag 

coefficient at upstream, while the lift coefficient is almost the same that in the base 

case. This justifies the improvement of the performance. 

 

 

 

4.2.3 Finite Aspect Ratio correction 

In the following plot, it will be illustrated the result of the introduction of the 

finite Aspect Ratio correction. 

 

Figure 4.5 - Influence of the finite Aspect Ratio correction. 
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This correction has been implemented at this point since it, as the previous 

one, modifies the angle of attack, and so affects all the subsequent calculation steps. 

It is possible to see that the correction affects significantly – more than any other – 

the trend of the power coefficient, especially in the peak region and at higher tip 

speed ratios. The value of the peak power coefficient decreases of nearly 35% with 

respect to the previous case, going from 0,4 to 0,27; it reaches negative values for a 

tip speed ratio equal to 4. This effect is due to the fact that the finiteness of the blade 

implies a significant increase in the drag force, while the variation of the lift 

coefficient is not appreciable, as it can be inferred from the graphs. For the lower tip 

speed ratio region the correction is not as important as in the other parts because in 

this condition stall arise for most part of the disk, so that the differences in lift and 

drag are not that relevant. 

 

 

 

4.2.4 Dynamic stall correction 

The dynamic stall correction is implemented at this point since the quantities 

that defines the force coefficients – angle of attack and Reynolds number – and the 

force coefficients themselves have already been defined. It implies, as described in 

the previous chapter, a correction on the force coefficients to better describe stall 

conditions. Below it is represented its impact on the performance. 

 

Figure 4.6 - Influence of the dynamic stall correction. 
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This correction appears to be significant in the peak region – producing a 

variation of the peak power coefficient of 11% - and for lower tip speed ratios, in 

general improving the performance of the turbine. This is due to, again, for the lower 

values of drag at upstream, for a portion of the disk of 70-80°, as confirmed by the 

following plot, that indicates for which streamtubes stall conditions are met for the 

peak tip speed ratio. 

 

Figure 4.7 - Comparison between angle of attack and static stall angle values. 

 

 

As demonstrated in this latter figure, stall conditions are met just for a 
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4.2.5 Struts correction 

For this and the next – and last – corrections the lift and drag plot will not be 

shown, since the correction for the presence of struts does not affect any quantity in 

the simulation model, and that referring to the shaft presence, as it will be 

demonstrated later, is not so relevant. 

 

Figure 4.8 - Influence of the correction for the presence of struts. 

 

As shown in this plot, the correction for the presence of struts is mildly 

significant, mainly due to the fact that the struts are not aerodynamically shaped, 

but are rectangular. This causes a reduction in the maximum power coefficient of 

almost 7%, whose value becomes 0,2761. As said, this loss in performance can be 

mitigated shaping the struts with aerodynamic profiles. 

 

 

 

4.2.6 Shaft correction 

The last correction implemented in the model is that related to the presence 
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can be anticipated that the correction is not so important. In the following plot its 

influence is described. 
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Figure 4.9 - Influence of the correction for the presence of the shaft. 

 

The correction for the presence of the shaft is the last implemented in the 

computational model, and is slightly beneficial for the turbine. The reciprocal order 

of this and the previous correction is not important, being, as said, that the struts 

correction does not affect any quantity. The final value of the maximum power 

coefficient is 0,281. Compared to the value of the base model, 0,371, all the 

corrections – despite the increase of performance due to flow curvature – produce 

a relative decrease in the maximum efficiency of almost 25%. 

 

 

 

4.3 Overall performance 

In this section the variation of some variables is being analysed, in order to 

evaluate the overall performance of the machine. The trend of these quantities at 

each streamtube is being presented, using as a parameter the tip speed ratio. For 

this latter quantity, three values, equally spaced, will be used: one low, 2; one close 

to the peak one, 2,6; and one high, 3,2. 

As a general consideration it can be stated that a major part of the power 

extraction made by the turbine comes from the upstream, with higher force 

coefficients and lower induction factors. The lower inlet flow at downstream reduces 

the extractable power. 
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4.3.1 Induction factor 

In this section the trend of the induction factor at each streamtube varying 

the tip speed ratio is described. The following plot depicts such trends. 

 

Figure 4.10 - Induction factor trend. 

 

It is possible to notice a quite symmetrical behaviour of this quantity at the 

various azimuthal positions. In particular, the induction factor at downstream is 

generally higher at all the tip speed ratios: this is associated to the fact, as said, that 

a major part of the available power has been extracted, and the incoming flow is 

lower. At higher tip speed ratio, already for a value of 3,2, the turbine acts as a 

impermeable disk when the airfoil is around 270°, where the direction of its chord 

and that of the flow are orthogonal. Being the velocity at the disk lower, the angles 

of attack will be lower analogously, as it will be shown in the next paragraph. 

 

 

 

4.3.2 Angle of attack 

In the following plot it is described the variation of the angle of attack, already 

corrected with the flow curvature and finite Aspect Ratio corrections. 
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Figure 4.11 - Angle of attack trend. 

 

At lower tip speed ratios the angles of attack are higher, due to the higher 

inlet wind velocity, with an almost symmetrical variation. Increasing the tip speed 

ratio, angles of attack are lower, as its variation, and suffer more the empirical 

corrections, as the behaviour at downstream confirms. For this reason, already for 

the intermediate TSR the portion at downstream that incurs into stall is small. 

 

 

 

4.3.3 Reynolds number 

The variation of the Reynolds number is very important since it affects 

directly the force coefficients, especially the lift one. For low tip speed ratios, the 

variation is big, and it represents a big loss of performance. This is because 

rotational velocity and inlet wind velocity are comparable, and their continuously 

variable mutual direction changes the value of the relative velocity, from which the 

Reynolds number is calculated. On the other hand, increasing the tip speed ratio the 

rotational velocity is dominant in the velocity triangle, so that the variation of the 

Reynolds number is smaller. These considerations are clear looking at the following 

figure. 
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Figure 4.12 - Reynolds number trend. 

 

From the figure it is visible the operating range of Reynolds number of small 

machines: it is normally between 50000 and 200000. This is again due to the fact 

that small turbines do not have great peripheral velocities, proportional to the 

turbine radius. 

 

 

 

4.3.4 Normal, tangential and thrust force coefficients 

The trend of the three force coefficients is depicted in the figures below. 

Figure 4.13 - Normal force coefficient trend. 
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Figure 4.14 - Tangential force coefficient trend. 

 

Figure 4.15 - Thrust force coefficient trend. 
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happens when wind velocity is comparatively low with respect to the peripheral one, 

and the jump from freestream to disk velocity is higher, and so the pressure. 

 

 

 

4.3.5 Torque 

In this section it will be analysed the torque produced by a single blade, and 

that transmitted to the shaft by all the blades. The first is represented in the figure 

below. 

 

Figure 4.16 - Blade torque trend. 
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terms: 

𝑇𝑡𝑜𝑡(𝑛) = (𝑇(𝑛) + 𝑇(𝑛 + 120) + 𝑇(𝑛 + 240))/𝑁𝑝. 

The trend based on this last relation is depicted in the following plot. 

 

Figure 4.17 - Overall torque transmitted to the shaft trend. 

 

The same considerations as before about the variation of the torque with tip 

speed ratio can be made on this graph. The difference is that a periodicity of 360°/𝑁𝑏 

is found here, and it results in a fatigue stress acting on the shaft, especially at low 

tip speed ratios, where the fluctuation is significant. It is important to notice that 

this plot has been built considering only the aerodynamic torque produced at each 

streamtube, not taking into account the parasitic torque produced by the struts. 

Below it is illustrated the trend of the total torque at each tip speed ratio, with and 

without the struts negative contribution. 

 

Figure 4.18 - Torque with/without struts contribution. 
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The negative contribution due to the struts presence, as seen also in Section 

4.2.5, is not so important, but still not negligible. 

 

 

 

4.3.6 Power 

Lastly, the power produced at various inlet velocities is shown in the following 

graph, with the results of the simulation with the fully corrected model. 

 

Figure 4.19 - Power produced at various wind freestream velocity. 
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performance obtained by using another dataset of polar curves, to justify the 

adoption of the one that has been finally used, described in Chapter 3 and here called 

“Mixed”. The other dataset tested, represented in the following picture for some 

Reynolds numbers, is that coming from SHELDAHL [25].  

 

Figure 4.20 - Sheldahl polar curves for lift (top) and drag (bottom) coefficients. 

 

 

Source: Sheldahl, 1981 

 

This dataset has been elaborated for various symmetrical airfoil in the 

specific purpose of helping the study of vertical axis wind turbines. For some airfoils 

the data have been obtaneid by wind tunnel test series, but in the case of NACA0021 

profile it has been computed by an airfoil property synthesizer. It is now interesting 
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to make a comparison on the two polars, for a Reynolds number equal to 160000, 

that is present in both datasets. 

 

Figure 4.21 - Lift (top) and drag (bottom) coefficients curves comparison. 

 

 

In this case the polars have been limited to the range between -50° and +50° 

to better appreciate the differences in the region of main interest. It is possible to 

notice that the difference between the two curves, both for lift and drag coefficients, 

is all in the description of the stall phenomenon, i.e. in the range of angles of attack 

at which the phenomenon occurs. The mixed polar curves assures a better 

performance with respect to the Sheldahl’s ones, with noticeably higher lift 

coefficients and slightly lower drag coefficients. This difference in the stall 
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description results in a better compatibility with the experimental data, as shown in 

the following picture, in which the comparison between the two polars and the 

experimental data is illustrated. 

 

Figure 4.22 - Comparison between the two polars with experimental data. 

 

It is thus clear that the data proposed by Sheldahl are obsolete, and should 

not be used at least for experiments and simulations with the NACA0021 airfoil. 
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5 Prototyping and experimental test 

 

 

 

 

 

5.1 Introduction 

As an additional part to the theoretical work described in detail in the 

previous chapter an experimental test on a prototype has been carried out. The two 

parts are not strictly related since this experimental part was not meant to give a 

proof of the reliability of the simulation model developed – in fact for its validation 

the data coming from the experiments at Politecnico di Milano have been used – but 

rather as a first “qualitative” approach to the practical problem of constructing a 

prototype and making it work, and this is the reason why this chapter has been put 

at this point. 

In the following paragraphs the experimental set-up is being described, from 

the test facility to the fabrication of prototypes. All the components used in the 

experimental setting-up and prototyping are made of low cost or waste materials 

and processed using the tools available in the labs of the Mechanical Engineering 

Department at University of São Paulo. 

 

 

 

5.2 Experimental set-up 

The experimental test has been carried out thanks to the opportunity of using 

the facility situated at IPT labs at University of São Paulo. It is an open-circuit, raised 

wind tunnel: with its 40 m length, it is the major subsonic wind tunnel in South 

America. It has a section of 3x2 m and allows experiments up to velocities of 17-18 

m/s thanks to an electric, inverter-controlled fan. The presence of honeycombs 

assures high quality flow, with a low level of turbulence. Two sections of the tunnel 
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can be perforated, in order to place, as for instance for this experiment, 

measurement systems outside of the tunnel, so that they are still accessible during 

the test. All the instrumentation, i.e. turbine prototype and measurement system, 

has been mounted on the same shaft, as depicted in the below figure, and installed 

on the upstream perforable section. 

 

Figure 5.1 - Experimental set-up. 

 

Inside the wind tunnel (upper part) the shaft is maintained in vertical 

position by a support, on which it is also placed a rolling bearing fixed to the support 

itself. Two little disks inserted on the shaft by feather key coupling facilitate the 

mounting of the turbine prototype. Outside the wind tunnel (lower part) the shaft is 

connected by means of an elastic joint to the torquemeter shaft, fixed on another 

support to maintain its vertical position. The other extremity of the torquemeter 

shaft is left free to rotate, and will be used to apply the mechanical brake for torque 

measurements. The 130 cm-long shaft was made of steel, with a diameter of 3 cm 

for nearly half length: the other half diameter was reduced to 2 cm to fit with the 

bearing and the joint. The supports are made of MDF wood, and the two disks, as 

the feather key, of alumium. 
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The performance measurement system was constituted by a torquemeter, 

provided by IPT with a scale of 100 Nm. As said, the brake was applied mechanically 

in the free extremity of the torquemeter by two coupled aluminium bars with a 

rubber band in the brake application point. The torquemeter was able to register 

rotational velocity (in rpm) and the torque applied (in Nm). The flow measurement 

system was constituted of a Pitot tube for the pressure measurement and velocity 

calculation. The elastic joint used in the coupling was meant to attenuate vibrations 

that could distort the measurements. Measurement errors of the instruments itself 

and those due the measurement process (manual brake) and aerodynamic and 

mechanical losses were not taken into account, as the experiment was just a first 

approach to the practical problem, but it is of course a big source of error in the 

experimental process. 

 

 

 

5.3 Prototypes 

Two prototypes have been constructed and tested, for reasons that will be 

explained later. The first prototype, shown in the figure below has been constructed 

with just 4 pieces. 

 

Figure 5.2 - First prototype of the turbine. 
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The two straight blades, with a chord of 5 cm, a span of 50 cm and airfoil 

NACA0015, have been constructed with MDF wood, shaped through progressive 

levigation with a sander. In order to better level out the blades surface and minimize 

roughness, a layer of adhesive paper has been added. The blades struts, that connect 

the blades to the shaft, have been made from a layer of composite aluminium ACM 

and fixed to the aluminium disks, for a turbine diameter of approximately 1 m. For 

simplicity of construction, the struts have been put at the blades tips. 

At test stage, this turbine succeeded to maintain itself in rotation, with a 

velocity of 20 rpm, only from a wind velocity of nearly 13 m/s, so that it has not been 

possible to acquire relevant data with this prototype. For lower wind velocities, the 

aerodynamic torque produced by the turbine blades was not sufficient to overcome 

the resistive torque of the mechanical structure. This result has been mainly 

determined by the inaccurate components manufacturing process and the structure 

and support mechanics. Since it was not possible to alterate the structure of the 

turbine, i.e. shaft, supports, etc., it was modified the architecture of the prototype, 

in order to produce a higher torque. 

The second prototype had a 3-bladed architecture, with a 20 cm chord and 

the same blade span. The airfoil was changed, and in this case a NACA0018 has been 

used. The new prototype is shown in the following picture. 

 

Figure 5.3 - Second prototype. 
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The manufacturing process in this second case has been different. With the 

objective of minimizing the structure weight, to not repeat the previous errors, the 

blades, that would have been a bit heavy if manufactured in the same way as before, 

have been produced from a skeleton of several wood airfoils, 6 mm thick, cut with 

laser cutter, aligned on an hydraulic tube with diameter of 2 cm at a distance of half 

chord one from each other. The fairing has been made with Kraft paper, that is 

strong enough to fit with the application purpose. An additional layer of adhesive 

tape has been applied in the longitudinal direction to strenghten the blade. With this 

process the precision degree was much higher than in the previous case, having the 

laser cut a tolerance lower than 1 mm. All the inaccuracies are in the correct 

positioning of the airfoil on the support and in the fairing. 

This second prototype had a much better behaviour, succeeding in maintain 

its rotation already for a wind velocity of 6 m/s. In both cases it has been necessary 

to start manually the rotation, since the architecture has self starting issues. 

At the stage test, since an electric motor was not available it was not possible 

and hence to fix the rotation of the turbine, the experiment was performed like 

follows: 

 Wind freestream velocity definition; 

 Equilibrium turbine rotational velocity definition: the turbine was left free to 

establish its equilibrium rotational velocity corresponding to the wind 

freestream one; 

 Mechanical brake application; 

 Progressive load increase until total brake of the machine. 

Carrying out the experiment like this, it is possible to acquire data between 

two point of null power: the one at null torque and the other at null rotation. The 

problems for this second prototype were at the test stage itself. The first freestream 

wind velocity proved was 8,4 m/s: at such velocity, the corresponding equilibrium 

rotational speed was estimated as too high (over 300-400 rpm) to guarantee the 

mechanical resistance of the structure, that thus has been braked. Anyway the test 

has been carried out, given the general “qualitative” approach to  the practical 

problem, finding out, as another critical issue, that a manual brake cannot assure a 

good level of accuracy, given the difficulty in maintaining manually the same 
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pressure on the arms while the torquemeter signal stabilises to a value. 

In conclusion, given the various problems spotted in carrying out the 

experiment, no reliable and significant data could be acquired. This is due to 

inexperience in setting up an experiment like the one that has just been described, 

the lack of adequate planning and instrumentation and the inaccuracies in the 

manufacturing. But, as already repeated, performing a real test to acquire data was 

not in the purpose of the present work: it has been useful for understanding the 

critical issues in the set-up and in the performance of the test. 
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6 Conclusions 

 

 

 

 

 

The present thesis work has been elaborated in the purpose of developing a 

reliable prediction model for the performance of small scale vertical axis wind 

turbines, that could be used, for instance, in an urban environment. In a distributed 

generation perspective, this could allow enhancing the diffusion of devices that 

harness energy from renewable sources, with the ultimate goal of reducing carbon 

emissions. As presented in the introductive chapter, this is the conceptual 

framework of the project. 

 

For their simplicity and velocity in performing simulation, with a good level 

of accuracy, it has been decided to focus on momentum models, and in particular on 

the Double Multiple Streamtube one, that represents the most suitable momentum 

model for the analysis of vertical axis wind turbine, since it takes into consideration 

the double interaction of the blades with the flow. However, its basic form is not 

adequate in reproducing accurately the behaviour of a turbine, so that it was needed 

to introduce corrections, mostly empirical, to better represent the various 

phenomena that occur. This is because momentum models are basically 

bidimensional models, while the flow through a vertical axis wind turbine is 

inherently threedimensional. The corrections that have been implemented are those 

that account for the phenomena of turbulent wake state, flow curvature, finite 

Aspect Ratio, dynamic stall and the disturbance of the struts and shaft. All of these 

corrections and their impact on the prediction model have been described in detail 

in Chapters 3 and 4 respectively. It has been observed that including all the 

corrections in the base model the value of the maximum power coefficient decreases 

of approximately 25%, going from 0,371 in the base model to 0,281 in the fully 

corrected model. This means that the base model superestimates too much the 

performance of real machines. An interesting fact spotted during the simulations is 
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that not all the corrections impact negatively the performance of the turbine, at least 

not for the complete range of tip speed ratios. For instance, flow curvature and 

dynamic stall phenomena resulted to improve performances in the pre-peak tip 

speed ratio region. The most relevant negative impact on the performance is that 

due to finiteness of the blades, i.e. their finite Aspect Ratio, that is responsible for a 

degradation of peak power coefficient of 35% with respect to the model corrected 

just with flow curvature, that, as said, improves the performance with respect, in 

turn, to the base model. This loss is practically unavoidable in small scale turbines, 

since they are by definition small: the Aspect Ratio could be otherwise increased 

decreasing the value of the chord, but this would affect the lift force produced, and 

complicate the manufacturing process. The other corrections are not really 

significant: flow curvature and dynamic stall, as said, improve the performace for 

low tip speed ratios, the presence of struts is relevant for high tip speed ratios, but 

considering all of them the impact is relevant. 

 

In spite of the very good fitting with experimental data coming from tests 

carried out at Politecnico di Milano, it must not be forgotten that to state the 

absolute validity of the model it must be tested for many other cases, or at least 

geometries of the same architecture: since the flow through a vertical axis wind 

turbine is still not completely understood, different geometries and flow conditions 

can alterate to an unknown degree the performance of the device. The impossibility, 

up to now, to extend the validity of momentum models to a variety of cases is one of 

its biggest problem, and the main reason of it is that momentum models do not fully 

and properly describe the flow: the turbine aerodynamic performance is not a result 

of the flow resolution through continuity and Navier-Stokes equations, but 

evaluated from experimental coefficients, function of angle of attack and Reynolds 

number. The interaction between the flow and the blades is expressed just by means 

of the spatial distribution of the axial induction factor, without considering other 

factors, as, for instance, the reciprocal motion of the wind flow and the blades 

rotation. The lack of the flow resolution forces then the employment of empirical 

corrections to better describe the phenomena occurring, that constitutes another 

limit of momentum models. The last big issue of momentum models is the 

numerical stability: in the analysed case, the solution could not be obtained without 
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the use of a sub-relaxation factor. This issue is more relevant as the size of the 

turbine decreases: for instance, for the turbine geometry whose test has been 

reported in this Chapter 5, it was impossible to reach convergence, and even in case 

of convergence the validity of the results would need to be tested. On the other hand, 

for big scale turbines the results are in good agreement with experimental data. 

However, even given all the mentioned issues, the huge simulation times associated 

to the principal alternatives of momentum models, i.e. vortex or CFD models, and 

the presence of a certain degree of error even in those cases, make the formers more 

fascinating and worth to spend some research on them. 

 

Referring to the experimental part, the most critical aspects individuated in 

carrying out the experiment are the manufacturing process and the measurement 

system, in order to minimize firstly the resistive torque of the structure – the need 

of constructing a second prototype came from this – and then the error margin on 

the measurement. It is fundamental to measure the resistive torque, in order to take 

it into account in the final evaluation; pay attention to the airfoil tolerances, that 

could lead to big losses for small errors – it is worth to say that symmetric airfoils 

are more “tolerant” in this sense – but also to those of the couplings and fastenings, 

that could be the cause of indesired phenomena and vibrations that worsen the 

performance and put the mechanical structure at risk. Moreover, the measurement 

system should be adequate to the measurement to be done: in this sense, 

simulations are also useful, to get an idea of the involved quantities to better select 

the measurement instrumentation, that would otherwise introduce an additional 

error source. 

 

To conclude, it is possible to say that certainly DMST models constitute a 

fascinating way for the elaboration of prediction models for the performance of 

vertical axis wind turbines, mainly for their short simulation times compared to 

those of vortex and CFD models, and for their good agreement with experimental 

data, even with all the issues presented. Further studies about the physics of the very 

complex flow through this kind of turbines can clarify aspects of the involved 

phenomena and produce a better adaptation of the model to the reality, mainly in 

its corrections. Furthermore, there are some corrections that were not implemented 
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in this model, like, for instance, those related to streamtube expansion, skewed flow 

or velocity profile, even though the last two mentioned are adequate for open field 

experiments, but negligible for wind tunnel ones. A better description of the flow 

could also be useful to improve the poor power extraction of these machines. 
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