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"It is by logic that we prove, but
by intuition that we discover. To
know how to criticize is good, to
know how to create is better."

– Henri Poincaré
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Abstract

In many robot planning problems, especially those involving locomotion
and manipulation, some non-smooth dynamics arise due to contact events,
frictional forces, or impacts. Designing optimal controllers to deal with such
applications, by relying on classical direct methods for trajectory optimiza-
tion (TO), could certainly be problematic for the underlying gradient-based
optimization solver. One way to incorporate such non-smooth phenomena
within our TO formulation is through the contact-implicit optimization
(CIO) approach, which along with the multi-phase method, is a promi-
nent trajectory optimization scheme intended to tackle systems with hybrid
dynamics. Unlike its counterpart, the contact-implicit method optimizes
through contact events, without the need for an a priori de�nition of a full
contact schedule. In this thesis work, a previously developed version of
a CIO approach that relies on the description of multi-contact dynamics
in terms of a linear complementarity problem (LCP)-solution, accompa-
nied by certain modi�cations for improved dynamic feasibility, is consid-
ered. A resulting mathematical program with complementarity constraints
(MPCC) is formulated in order to solve several dynamic object manipula-
tion tasks with a 6-degree of freedom robot. Results are given in terms of
a visualization of the optimization's output, and a simulation of the con-
trolled system's evolution. Finally, experimental results are also presented
for a manipulation task that involves the manipulator dynamically push-
ing a block into a desired position that is outside of the robot's workspace,
while also taking into account an appropriate dry friction model.

Keywords � Contact-Implicit Optimization, Trajectory Optimization,
Non-Linear Optimal Control, Non-Smooth Contact Dynamics, Robotic Ma-
nipulation, Dynamic Object Manipulation
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Sommario

In molti problemi di piani�cazione dei robot, in particolare quelli che coin-
volgono la locomozione e la manipolazione, si manifestano alcune dinamiche
non regolari a causa di eventi di contatto, forze di attrito o impatti. La pro-
gettazione di controllori per gestire tali applicazioni, basandosi su metodi
diretti classici per l'ottimizzazione della traiettoria (TO), potrebbe essere
problematica nel caso in cui il problema di ottimizzazione sia risolto uti-
lizzando un metodo basato sul gradiente. Un modo per incorporare tali
fenomeni non regolari all'interno della nostra formulazione TO è attraverso
l'approccio di ottimizzazione implicita del contatto (CIO), che, insieme al
metodo multifase, è uno schema promettente di ottimizzazione della trai-
ettoria sviluppato per a�rontare sistemi con dinamica ibrida. A di�erenza
della sua controparte, il metodo implicito del contatto è in grado di ri-
solvere il problema senza conoscere a priori la successione degli eventi di
contatto. In questo lavoro di tesi, si estende una versione precedentemente
sviluppata di un approccio CIO che si basa sulla descrizione della dinamica
multi-contatto come soluzione del problema di complementarietÃ lineare
(LCP), apportando alcune modi�che per una migliore fattibilità dinam-
ica. Ne risulta un programma matematico con vincoli di complementarità
(MPCC), che è stato implementato per risolvere diversi compiti di ma-
nipolazione di oggetti dinamici con un robot a 6 gradi di libertà. I risultati
sono forniti in termini di visualizzazione dell'output dell'ottimizzazione e
di simulazione dell'evoluzione del sistema controllato. In�ne, vengono pre-
sentati i risultati sperimentali per un compito di manipolazione nel quale
il manipolatore spinge un blocco in una posizione desiderata situata al di
fuori dell'area di lavoro del robot, tenendo conto di un appropriato modello
di attrito a secco.

Parola chiave � Ottimizzazione Implicita del Contatto, Ottimizzazione
della Traiettoria, Controllo Ottimale Non-Lineare, Dinamiche Non-Regolari
del Contatto, Manipolazione Robotica, Manipolazione Dinamica di Oggetti
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Chapter 1

Introduction

1.1 Aim and Scope

Throughout the past decade, there has been an ongoing Robot Revolution
that keeps on growing at a highly signi�cant pace. A major ingredient in
this uprising, is the shift in attention that was mostly directed towards in-
dustrial robot applications, � such as pick-and-place, drilling, welding, and
many other manufacturing processes � to tasks involving a more dexterous
interaction between the robot and its environment, such as those in the
�eld of Locomotion and Dynamic Manipulation. However, the design of
motion plans and control policies within the realm of such applications is
still considered a particularly young �eld of research.

The associated challenges are heavily connected to the presence of unavoid-
able phenomena such as unilateral contacts, friction, and impact events,
which render the underlying dynamics non-smooth and discontinuous. In
order to deal with such inconveniences, a crucial starting point would be to
have a reliable mathematical model that fairly describes the system's evo-
lution over time, as is the case for any control design problem. After that,
a problem-dependent control technique is utilized as a tool for deriving a
proper control law.

In the case of controlling smooth, nonlinear, under-actuated robots, state-
of-the-art techniques heavily rely on Trajectory Optimization (TO) meth-
ods, which turn out to be remarkably convenient and favorable when com-
pared with other approaches; as they exploit the power of numerical opti-
mization for systematically formulating and solving such problems (while
also respecting input and state constraints implicitly). Building on this,
extensions of traditional TO methods have been made to incorporate Hy-
brid systems as well. These can be classi�ed into two main categories:

1
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Chapter 1. Introduction

The �rst one is the Multi-Phase approach, which in brief terms, aims to
identify the points at which the discrete transitions occur (those are trig-
gered by contact events in our case), based on an a priori knowledge of
the mode sequence; then the trajectories leading to and emerging from
the discrete events are optimized separately. The second one is the mode-
invariant method (also referred to as theContact-Implicit Approachwhen
the non-smoothness is a result of contact dynamics); with this formula-
tion, a pre-speci�ed mode schedule is not required anymore, but rather
comes out as a result of the optimization itself which searches for an opti-
mal trajectory through the contacts.However, multi-phase methods tend
to produce higher-accuracy optimal trajectories that are more compatible
with the dynamics of the system and thus are more dynamically feasible
than those obtained from the contact-implicit approach.

For the sake of narrowing down the scope, this thesis work � which was
carried out in the Robotic Systems Lab (RSL) at ETH Zürich � will make
use of a variation on the contact-implicit optimization (CIO) formulation
proposed by Posa et al. [39], in order to ultimately solve a number of
dynamic object manipulation problems. Such applications belong to the
family of graspless (also referred to as nonprehensile) manipulation, and
they generally include tasks such as pushing, sliding, tumbling, pivoting
and so on [25]. It is important to di�erentiate between dynamic manipula-
tion, and quasi-static nonprehensile manipulation, where the latter involves
relatively slow motions such that the inertial e�ects can be considered neg-
ligible and the robot is assumed to be in contact with the object for the
whole time horizon. Whereas, in the former, these assumptions do not
necessarily hold, meaning that it is possible for the robot to lose contact
with the object during the desired manipulation period. This, in turn,
makes it mandatory for one to reason about the dynamics induced by the
environment on the uncontrollable object, before planning for an optimal
robot motion that moves it from an initial state to a �nal desired one.

To be more speci�c, the modi�ed CIO approach will be used along with
a stabilizing linear feedback law, to control a 6-DOF robot referred to as
ANYpulator � developed at the Robotic Systems Lab � in order to dy-
namically push a block from an initial con�guration to a �nal assigned
position that could be outside of the robot's workspace. The method will

2
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1.2. Outline

be tested in simulation as well as on the real system. Other 2D preliminary
examples (visualizations only) and 3D preparatory examples (simulations
only) will be tackled throughout the development of the thesis. To elabo-
rate, the dynamic equations of motion for ANYpulator will be derived using
the MATLAB Symbolic Math Toolbox, and the �nite-dimensional optimiza-
tion problem will be formulated onMATLAB , but under the framework of
FORCES Pro, which is a commercial tool aimed at generating highly cus-
tomized and e�cient optimization solvers (in the form of C code) based on
an e�cient implementation of the interior point algorithm [15] [51]. Finally,
a C++ class structure will be developed along with the use of libraries and
tools provided by theRobot Operating System (ROS)middleware, to be
able to test the manipulation tasks within theGazebo Simulation Environ-
ment as well as on the real system.

From this work, it will be demonstrated that our adopted method achieves
optimal state-trajectories that are dynamically feasible, in the sense that
they can be easily stabilized and tracked with a fairly simple linear feedback
law, added to the optimal input sequence � given by the CIO program out-
put � as a feedforward term. Moreover, the resulting motion plan is shown
to adhere to the imposed contact conditions and results in realistic con-
tact forces. These will indeed be the crucial ingredients for successfully
attaining the desired manipulation-task goal, without the need for any sort
of post-optimization modi�cations. As a result, shifting from a numerical
implementation through simulation, onto an experimental real-time imple-
mentation on the real setup, turns out to be adequately straightforward.
It is the �rst time that such a method is applied in practice on a dynamic
object manipulation task.

1.2 Outline

Chapters 2 and 3 provide the reader with a theoretical build-up towards
the adopted contact-invariant trajectory optimization approach, while also
motivating the use of this methodology for optimal control problems in-
volving hybrid system dynamics. More speci�cally, Chapter 2 gives an
overview about the modelling of contact dynamics, before moving on to
discussing the most prominent numerical simulation schemes applied to
systems where set-valued force laws arise due to unilateral hard contacts,

3
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Chapter 1. Introduction

and frictional forces: namely theevent-driven methodsand time-stepping
techniques. It is discussed also how these set-valued laws can be resolved
either by relying on the augmented Lagrangian approach or by solving a
linear complementarity problem (LCP).

Chapter 3 motivates the introduction of trajectory optimization techniques,
and explores some of the underlying fundamental concepts while elaborat-
ing mostly on the direct methods. In Chapter 4, a general inspection is
made on related work concerning theMulti-Phase methodand the di�er-
ent versions ofContact-Implicit Optimization approaches adopted in the
robotics and computer graphics communities. Moreover, the original CIO
version that initiated this work is elaborated upon, before moving on to
analyze and explain about modi�ed CIO approach that was eventually
adopted in the thesis within theFORCES Pro framework. Two prelimi-
nary 2D examples are also brie�y investigated in this chapter.

Then we move to Chapter 5, where the 6-DOF robot's equations of motion
are derived, and some general considerations required for building the CIO
program, aimed at solving the ANYpulator-Object problem, are presented.
Furthermore, two 3D preparatory examples are tackled and simulation re-
sults are shown; that is done before concluding the chapter with an explo-
ration of an NMPC (nonlinear model predictive control) method. Finally,
the central dynamic object manipulation application (ANYpulator-Block
Problem) is dealt with thoroughly in Chapter 6; a Coulomb friction model
is incorporated into our optimal control formulation, and both simulations,
as well as experimental results, are provided and assessed carefully. The
thesis work is concluded in Chapter 7.

4
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Chapter 2

Non-Smooth Contact Dynamics

2.1 Modeling of Contact Dynamics

It is undeniable that the analysis and modeling of frictional or frictionless
contact phenomena between deformable solid bodies are best captured in
the realm of solid mechanics. However, this framework generally yields
a set of partial-di�erential equations to be solved analytically or numeri-
cally with �nite element methods; and this could become problematic when
high-accuracy of the resulting contact model is not a main concern, such
as in dynamic simulation and control applications, where e�ciency (a com-
promise between accuracy and speed) is a primary aspect. In such cases,
a suitable dynamic modelling approach for the proper description of the
overall system behavior, could be given by either one of two ways: Asoft
contact modelor a hard contact model(see Figure 2.1)

B1

B2

(a)

B1

B2

(b)

Figure 2.1: (a) Hard-Contact Model (b) Soft-Contact Model

With the �rst one (also referred to as a regularization approach), it is as-
sumed that the bodies are deformable, but instead of relying on a distributed-
parameter system model, a lumped-parameter system is considered [46]
(i.e. Rigid body along with a set of virtual springs on its boundary, that
would continuously act on any other potentially contacting body). The
advantage here is that a single-valued force law is obtained, meaning that
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Chapter 2. Non-Smooth Contact Dynamics

it should be enough to fully describe the system's evolution by numeri-
cally integrating a set of smooth ordinary di�erential equations (ODE).
The apparent downside is related to the fact that the resulting ODE's
tend to be very sti� (due to the high-frequency oscillations induced by
the high-sti�ness virtual springs), and this could certainly lead to a high
computational burden (or to numerical instability in case an inappropriate
integration scheme was chosen). Other misfortunes associated with a soft
contact model are: The permittance of unphysical penetration between
contacting bodies and the unavoidable di�culty that comes with tuning
the parameters of the virtual passive elements.

The second method relies on the multi-rigid-body contact formulation,
where a non-interpenetration "law" governs the system's evolution immedi-
ately before, immediately after, and during contact. To elaborate, similar
to how bilateral constraints (two-sided, equalities) impose a relationship
between the statesq(:) and u(:) (whether a set of minimal or non-minimal
coordinates was chosen), hard-contactunilateral constraints(one-sided, in-
equalities) add a restriction on the states that would prevent penetration
between any two bodies. As a consequence, the generalized positions are
only required to beabsolutely continuous(which is a stronger notion than
continuity) functions of time, while the velocities are functions ofbounded
variation (i.e. They admit a countable set of discontinuities as well as
an existing right and left limit 8 t). In fact, jumps in velocities arise in
so-calledimpact events, anytime two bodies meet with a relative velocity
that is inconsistent with the non-penetration condition; and such abrupt
changes can only be caused by non-�nite, impulsive forces (accelerations
are unde�ned at such time instants).

Unlike bilateral constraints which yield a set of Di�erential Algebraic Equa-
tions (DAE) when added to the equations of motion, unilateral contacts are
characterized by a set-valued force law (the same goes for friction modelling,
where the friction force would be acting in the tangent contact plane), and
this is indeed where thenon-smoothnessof the problem originates from.
Also in the case of possible impacts, an additional set-valued impact law
has to be included as well.
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2.2. Simulation of Non-Smooth Dynamics

2.2 Simulation of Non-Smooth Dynamics

When it comes to numerical simulation, the considerations typically made
on accuracy, stability, and convergence for basic integration methods (for
instance the Runge-Kutta schemes), only apply when the ODE at hand
(an autonomous system is assumed for now just for the sake of simplicity
and conciseness but without any loss of generality), of the form:

_x(t) = f (x(t)) (2.1)

has a continuous forcing functionf (x(t)) (more precisely, it should be Lip-
schitz continuous). Otherwise, if it was discontinuous and bounded (as
shown in Figure 2.2), then one could easily see how the evaluation of an
integration scheme fails, by looking at the Taylor series expansion about a
point of interest tk (the expansion is used when deriving the order of the
method through the local truncation error-expression):

x(tk+1 ) = x(tk) + h _x(tk) +
1
2

h2•x(tk) + O(h3)

The above Taylor polynomial approximation undoubtedly leads to inaccu-
rate depictions of the real solution in a neighborhood of the discontinuity,
as the second and higher order derivatives ofx(:) are not bounded.
Such di�culties made the design of numerical methods for non-smooth dy-
namical systems a �eld of study on its own; and the literature on that is
essentially divided between two approaches:

� The event-drivenscheme [44]: This consists of using any of the high-
order integration methods for ODE's or DAE's, while at the same
time, implementing an event-detection step. Every time an event is
detected (by keeping track of the status of some switching function),
the problem is re-initialized and the integration process is resumed.
An accurate detection of the discontinuity at�t (see Figure 2.2) is key
to guaranteeing an overall order similar to that already associated with
the numerical scheme (had it been applied to a smooth set of ODE's).
The drawback of this approach is in the di�culty of achieving the
detection-accuracy requirement, especially in cases involving multiple
discrete events.
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Chapter 2. Non-Smooth Contact Dynamics

0
t

f (x(t))

�t b

Figure 2.2: Non-Smooth Discontinuous Dynamics

� The time-stepping(or event-capturing) scheme: This involves the full
discretization of the non-smooth system dynamics (by discretizing the
equality of measuresas will be shown later) in addition to the incorpo-
ration of the set-valued laws. The discretization is independent from
the switching points; so the method is able to accommodate a large
number of contact/discrete events without the need for any detection
plan. However, on the downside, this also means that the accuracy
attained by the use of high-order integrators is now lost, and the best
one could generally achieve here is a local truncation error ofO(h)
(similar to that given by Forward or Backward Euler) regardless of
the order of the consistent discretization method applied. The most
prominent time-stepping scheme is that given by J.J. Moreau [31].

In the case of non-smoothness, without any consideration of possible impact
events (for now), the set-valued force laws can be written in terms ofnormal
cone inclusions:

De�nition 2.2.1. A normal cone is given by the following set:

NC(x) = f y j yT (x̂ � x) � 0;8x̂ 2 C; x 2 Cg (2.2)

where C is any convex set.
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2.2. Simulation of Non-Smooth Dynamics

p1

p2

p3

NC (p1)

NC (p2)

NC (p3) � 0

Figure 2.3: Normal Cone [47]

The interpretation of this set de�nition is that it contains all vectorsy
making an obtuse angle (as shown in Figure 2.3) with all other vectors
(x̂ � x) for x 2 C, 8x̂ 2 C (for more details on convex analysis see [41]).

To illustrate, consider a generalized-position-dependent gap function� (q)
which can be represented by a signed-distance function between two po-
tentially contacting bodies (� (q) < 0 indicates that the objects are in
penetration mode). The following normal cone inclusion for the contact
force� (assuming a single contact point:� , � (q) 2 R):

� � 2 N R+
0
(� (q)) (2.3)

is equivalent to having no contact force when the objects are not in contact,
and an arbitrary pushing-force when the distance between them is closed,
i.e.

� (q) > 0 ) � = 0

� (q) = 0 ) � � 0
(2.4)

Another set-valued force law can be given on the acceleration level, with
the relative (separation) acceleration denoted by_
 . This is actually the
one needed to be jointly considered along with the dynamic equations of
motion when solving for the full non-smooth dynamics (except in the case
of time-stepping schemes which require the set-valued impulse law on the
velocity level instead, as will be thoroughly discussed later):

� (q) = 0 : � _
 2 N R+
0
(� ) (2.5)

9
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Chapter 2. Non-Smooth Contact Dynamics

This implies that during an already closed contact, the contact remains
closed in the case of a non-vanishing contact force, and may or may not
open otherwise. In the multi-contact case, the three relationships above
hold element-wise.

Such normal cone inclusions can be dealt with through anaugmented La-
grangianapproach, where the saddle point conditions for the corresponding
augmented Lagrangian function yield a set of non-linear equations, specif-
ically a proximal point problem, that can be solved with Jacobi or Gauss
Siedel like iterative schemes(JORprox or SORprox)[47].

Alternatively, one could take a di�erent direction, by writing the inclu-
sions as alinear complementarity problem (LCP)(or non-linear comple-
mentarity problem that can be solved using a sequence of LCP's) [45]. A
comprehensive introduction for linear complementarity problems can be
found in [9].

De�nition 2.2.2. Given two vectorsw, z 2 Rn, a complementarity con-
dition between them is given by the following:

0 � w ? z � 0 ()

8
>><

>>:

w � 0

z � 0

wTz = 0

(2.6)

De�nition 2.2.3. Given two vectorsw, z(w) 2 Rn s.t. z = Mw + d,
and solving a linear complementarity problem denoted by LCP(M,d) in
this case, returns the pair (w,z) that satis�es the equality as well as the
complementarity condition between w andMw + d

One could clearly show from the combination of the general rigid-body sys-
tem dynamic equations (in joint-space coordinates) and the set-valued con-
tact force law, that the multi-contact dynamic problem can be formulated
as an LCP whose solution resolves the contact force vector� and its com-
plement, the relative acceleration_
 between the contacting bodies (see [17]
for an extended proof and for more details on LCP solution-existence):
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2.2. Simulation of Non-Smooth Dynamics

8
>>>>>>>><

>>>>>>>>:

f ind �; _


s:t: _
 = M� + d

_
 � 0

� � 0

_
 T � = 0

(2.7)

()
8
<

:

argmin
�

1
2

� TM� + � Td

s:t: � � 0
(2.8)

Notice the similarity between the complementarity condition in (2.7) and
the normal cone inclusion in (2.5). On the other hand, the equivalence be-
tween (2.7) and (2.8) can be seen by writing down the �rst-order necessary
Karush-Kuhn-Tucker (KKT) conditions for optimality of the inequality
constrained optimization problem given in (2.8):

r � L (�; � ) = r �

�
1
2

� TM� + � Td � ��
�

= 0 (2.9)

) � = M� + d (Gradient of the Lagrangian function)

� � 0 (Lagrange multipliers) (2.10)

� T � = 0 (Complementarity slackness condition)(2.11)

where the Lagrange multiplier� plays the same role as the relative accel-
eration _
 .

This ability to transform LCP's into a Quadratic Program (QP) is very
convenient, as robust QP solvers are widely available. Other ways for solv-
ing LCP's, such as Lemke's method, are also discussed in [9].
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Chapter 2. Non-Smooth Contact Dynamics

It is important to note that both the augmented Lagrangianand thelinear
complementarityapproach could be used with either one of the two afore-
mentioned numerical integration schemes for non-smooth systems.

Now when impulsive forces come into play due to possible impact events,
as mentioned before, an additional impact law is required. Generally, two
impact models are proposed in the literature:Poisson's impact lawand
Newton's restitution law. In this thesis, only the second one is dealt with
extensively (refer to Figure 2.4 for a graphical representation of this law):

� (q) = 0 : � (
 +
N + � N 
 �

N ) 2 N R+
0
(� N ) (2.12)

Meaning that for a closed contact, the following holds:

Contact transmits Impulse: � N > 0 ) 
 +
N = � � N 
 �

N

Super�uous Contact: � N = 0 ) 
 +
N � � � N 
 �

N

(2.13)

where� N is the impulsive force,
 +
N =
 �

N are the post/pre-impact relative
velocities and� N is Newton's coe�cient of restitution.

� N


 +
N + � N 
 �

N

Figure 2.4: Newton's Impact Law

The �rst case covers a majority of the situations, and what it entails is
basically the reversal of the post-impact relative velocity with respect to
the one at pre-impact, along with a dampening e�ect given by the Newton
coe�cient. It is assumed from now on that� N = 0 in order to ensure a
totally inelastic impact event (no rebound).

12
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2.2. Simulation of Non-Smooth Dynamics

The second case typically occurs in multi-contact situations, when a con-
tact does not participate in the impact, and thus making it safe to assume
that the corresponding contact was not present at this instant (it is un-
necessary and its absence does not change the state evolution). See for
instance the Rocking Rod example in [37].

To quickly demonstrate how this impact law can be used in the context
of event-driven schemes, consider the computation of the post-impact joint
velocities for a manipulator (which are used in the re-initialization step of
the problem). Starting from the Impulse-Momentum equation for a multi-
rigid-body system (frictionless contact is assumed)

M (q)(u+ � u� ) = J T
N (q)� N (2.14)

where M(q) is the generalized mass matrix, andJN (q) the normal Jacobian
which is given by

J T
N (q) =

@�(q)
@q

(2.15)

and adding to that, Newton's restitution law for a participating contact,


 +
N =

d� (q)
dt

+

= JN (q)u+ = 0 (2.16)

One could derive the expression foru+ in terms of u� and other known
quantities as follows:

� Multiply both sides of (2.14) byJN (q)M (q)� 1 from the left

� This yields an expression for� N in terms of u�

� N = �
�
JN M � 1J T

N

� � 1
JN u� (2.17)

� Replace (2.17) in (2.14) to obtain the �nal expression

u+ =
�

I � M � 1J T
N

�
JN M � 1J T

N

� � 1
JN

�
u� (2.18)

As for the integration of Newton's impact law together with time-stepping
schemes, this turns out to be highly convenient, due to the observation that
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Chapter 2. Non-Smooth Contact Dynamics

the time-stepping technique does not di�erentiate between �nite forces and
impulsive forces. That's because only the integral of the contact force func-
tion is evaluated over every individual time-step, and not its instantaneous
value. This, in turn, avoids the "in�nitely large" quantities resulting from
impact events, no matter how small the chosen integration step was (think
of the integral of a Dirac Delta distribution). As a consequence, the main
variables of interest in the integration scheme become the velocities and
the impulses instead of accelerations and forces.

As mentioned previously while introducing the time-stepping approach,
the discretization of the non-smooth dynamics is carried out by discretiz-
ing the equality of measures. What was not mentioned is the fact that
this is truly needed only in the presence of impulsive forces since in their
absence, forces and accelerations are already well-de�ned and therefore dis-
cretizing the equations of motion should be enough.

In the following, it is shown how one could arrive at an equality of mea-
sures starting from the EOM and the impact equation; before moving on
to the application of a time-stepping scheme (namely Moreau's suggested
plan [31]) for the discretization procedure.

M (q) _u + n(q; u) =
X

i

J T
N i

� N i (2.19)

M (q)(u+ � u� ) =
X

i

J T
N i

� N i (2.20)

where n(q,u) is the vector of generalized Coriolis, centrifugal and gravita-
tional e�ects (could also include viscous friction terms), the summation is
carried out over the set of all possible contacts.

Now we multiply the equations of motion bydt, the impact equation by
d� (a Dirac point measure for a velocity discontinuity) and sum them up
to acquire the equality of measures

M (q)du + h(q; u)dt =
X

i

J T
N i

dPN i (2.21)

with
du = _u dt|{z}

Lebesgue integrable term

+ ( u+ � u� )d�
| {z }

atomic term

(2.22)
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2.2. Simulation of Non-Smooth Dynamics

dPN i = � N i dt
| {z }

Lebesgue integrable term

+ � N i d�
| {z }

atomic term

(2.23)

note that
Z

d� = 1 at the time of a discontinuity and is zero elsewhere

Integrating the equality of measures between the initial time of an interval
and the �nal time, we get

Z

[tk ;tk+1 ]

M (q)du +

tk+1Z

tk

h(q; u)dt =
Z

[tk ;tk+1 ]

X

i

J T
N i

dPN i (2.24)

The trick now is to approximate the integrals with an appropriate quadra-
ture rule (M(q) and h(q,u) are assumed to be non-varying with respect to
the positions q over the whole interval). The di�erence mainly lies in where
one decides to �x the integrands. So in general one has

Z

[tk ;tk+1 ]

M (q)du � M (qk+ � )(uk+1 � uk) (2.25)

And, Z

[tk ;tk+1 ]

h(q; u)dt � h(qk+ � ; uk)� t (2.26)

where� 2 [0,1]

The famous Moreau time-stepping scheme uses� = 0:5, and so this re-
sults in the following concluding relationships that form ournon-smooth,
frictionless, impulsive contact problem:

8
>>><

>>>:

M (qk+0 :5)(uk+1 � uk) + h(qk+0 :5; uk)� t =
P

i
J T

N i
PN i

� (
 Ni k+1 + � N 
 Ni k ) 2 N R+
0
(PN i )

(2.27)
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Chapter 2. Non-Smooth Contact Dynamics

where qk+0 :5 = qk +
1
2

uk� t and where i belongs to the set of indices

corresponding to those contacts which are closed at the middle of the

time-step: i 2 I closed = f i j � i (qk+0 :5) � 0g

The system (2.27) can be solved using one of the methods discussed pre-
viously � using the augmented Lagrangian approach or using the system's
formulation as a complementarity problem. After resolving the so-called
normal PercussionsPNi as well as the generalized velocities attk+1 , one
could proceed by computing the generalized positions as such:

qk+1 = qk+0 :5 +
1
2

uk+1 � t (2.28)

A �nal note would be that even though frictionless contact was assumed
so far, adding friction to the problem would not lead to major changes in
the formulation (an additional set-valued law is required, along with the
addition of the tangential Percussions to the equality of measures). The
reason for not incorporating friction in the above demonstrations is due to
the fact that the tangential components of the contact forces/impulses do
not play a signi�cant role in the applications that are dealt with in this
thesis, but are rather dominated by the normal terms.

As mentioned in the outline section of Chapter 1, the concepts introduced
in this chapter and those that will be discussed in the upcoming one, will
be very useful for forming a fairly clear and complete picture of the devel-
opments that will be done in Chapter 4 when demonstrating the central
approach underlying the thesis.
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Chapter 3

Trajectory Optimization

3.1 Optimal Control Problem Motivation

The use of linear control methods, whether it was for stabilizing unstable
systems at an equilibrium/trajectory (regularization/tracking) or for at-
taining a desired performance in terms of speed and robustness, has been
extremely widespread within the control community to an extent that in
most industrial applications, it is generally enough to apply a PID-type
control law plus a linear feedforward term along with some minor tweaks.
This is indeed true in some applications which involve non-linear dynamics
as well (the desired equilibrium is stabilized locally, with a certain region
of attraction). In fact, even in the case where strong non-linearities are
present, a very famous state-feedback non-linear control approach would be
to linearize the dynamics by brute-force through thefeedback-linearization
technique (sometimes referred to asinverse dynamicsin the robotics com-
munity), and then to close another outer-loop that controls the resulting
linear system with a PID-like scheme. However, one issue with feedback-
linearization typically arises when the dynamical system at hand is under-
actuated; that is due to the possibility that the system would be only
partially-feedback-linearizable thereby leaving behind somehidden, zero-
dynamicsthat could render the full closed-loop system unstable (see [22]
for more details). Another more generic problem with the aforementioned
methods is related to the observation that such control laws usually require
an unnecessary, and yet unavoidable, high control e�ort. These are some
of the justi�cations for the importance of introducingTrajectory Optimiza-
tion methods, also referred to asOptimal Control (OC) methods.

Trajectory Optimization (TO) is a very popular and powerful framework
that is adopted in multiple engineering domains; such as in chemical plants,
in aerospace applications, in robotic applications... This control synthesis
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Chapter 3. Trajectory Optimization

approach is based on the formulation of a control problem in terms of
an optimization one; and its beauty lies in its ability to handle a very
broad spectrum of problems (i.e. linear/non-linear plants, deterministic/s-
tochastic systems, continuous/discrete systems, presence of state and input
constraints...). Whereas its strength lies in its systematic structure which
mainly relies on numerical solutions rather than mathematically-tedious
analytical ones, meaning that its e�ectiveness is purely based on the va-
lidity of the problem formulation and on the proper use of an e�cient
Non-linear Programming (NLP)solver.

The simplest form of a �nite-horizon Optimal Control Problem formulation
is given by the following system:

8
>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

min
� (:)

J (x(:); � (:); t) = m(x(T))
| {z }
Mayer term

+

TZ

0

L(� (t); x(t))dt

| {z }
Lagrange term

s.t. x(0) = x0

_x(t) = f (x(t); � (t))

8t 2 [0; T]

(3.1)

whereJ (x(:); � (:); t) is the total cost formed by summing up a terminal cost
with a path-integral cost,� (:) is the control input, and wheref is assumed
to be a continuously di�erentiable function with respect to its arguments
(needed to derive the optimality conditions)
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3.2 Dynamic Programming and Indirect Methods

Di�erent optimal control methods exist for approaching such a problem, of
which the main ones are highlighted in the diagram of Figure 3.1.

Optimal Control

(Hamiltonian-Jacobi-
Bellman Equation):

Dynamic Programming

Tabulation in
State Space

Indirect Methods

(Pontryagin Maximum
Principle):

Solve Boundary Value
Problem

Direct Methods

Transform into
Nonlinear Program

(NLP)

Single Shooting

Only discretized controls
in NLP

(sequential)

Collocation

Discretized controls and
states in NLP

(simultaneous)

Multiple Shooting

Controls and node start
values in NLP

(simultaneous)

Figure 3.1: The Optimal Control Family Tree [12]

To begin with, it is worth mentioning an essential principle underlying a
signi�cant part of the upcoming analysis, and that is theDynamic Pro-
gramming Principle, also calledBellman's Principle of Optimality:

"From any point of an optimal trajectory, the remaining trajectory is op-
timal for the corresponding problem over the remaining number of stages,
or time interval, initiated at that point" [26].

Ultimately, the goal is to obtain a globally optimal, stabilizing control
policy � opt = � (x; t ) (notice here the dependence on the states). In other
words, we would like to obtain at best, a closed form analytical solution
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Chapter 3. Trajectory Optimization

for the control law that stabilizes a desired equilibrium or trajectory, while
also globally minimizing the cost functional (thus, for example, minimiz-
ing energy). One such law can be derived (by building upon the principle
mentioned above) for a special class of problems involving a quadratic cost,
accompanied by a linear time-invariant (LTI) system. The resulting con-
troller is actually well-known in the control literature, and it is the linear-
quadratic-regulator (LQR). However, such closed-form solutions are typi-
cally hard to derive; and it is quite important to understand what underlies
this claim, before moving on to explain the remedy for such a complication.

Let us assume �rst that we loosen the requirement of an analytical expres-
sion for the globally optimal policy, by keeping only the global optimality
part, but while using a set of discrete states (belonging to a �nite state
space), a set of discrete inputs (belonging to a �nite action space) and of
course a set of discrete times. In that case, what one has to basically solve
is agraph-search problemand this can be done with thedynamic program-
ming algorithm, or with other optimal "shortest-path" methods such as
Dijkstra's algorithm, A* search... Clearly, the downside lies in the "curse
of dimensionality" as such an approach holds a computational complexity
that grows exponentially with respect to the number of states, so it would
be best utilized when the state-space dimension is typically less than 3 [49].

Now if we go back to the original continuous-time problem formulation
introduced in (3.1), while also referring to Bellman's principle of optimal-
ity, one could show after some extensive derivations (refer to a text on
advanced control such as [26]) that thesu�cient conditions for optimality
are given by the following set of equations:

8
>>><

>>>:

�
�J opt(x; t )

�t
= min

� (:)
L(x; � ) +

�J opt(x; t )
�x

f (x; � )

Jopt(x; T ) = m(x)

(3.2)

These equations are called theHamilton-Jacobi-Bellman (HJB)equations
of optimal control. The steps to solve them basically include the derivation
of the optimal control law
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3.2. Dynamic Programming and Indirect Methods

� opt(t) = argmin
� (:)

L(x; � ) +
�J opt(x; t )

�x
f (x; � )

= �
�

x;
�J opt(x; t )

�x

� (3.3)

then one could replace this expression in (3.2) to eventually obtain anon-
linear partial di�erential equation (PDE), with the boundary condition
given in (3.2). It should be clear by now, why it is almost impossible to
obtain this closed-form analytical optimal policy that we strive for in most
generic OC problems (LQR is one example where the resulting PDE turns
out to be solvable).

One way to avoid this inconvenience is through the so-calledindirect meth-
ods, where thenecessary conditionsfor optimality of the problem de�ned
in (3.1) (Pontryagin's minimum principle) can be reproduced from the
HJB equations (or the Euler-Lagrange equations) with a few mathematical
manipulations

De�ne the adjoint (costate) variables� (t) as such:

� (t) =
�

�J (x; t )
�x

� T

(3.4)

De�ne the Hamiltonian functionH (x; �; � )

H (x; �; � ) = L(x; � ) + � T f (x; � ) (3.5)

Pontryagin's Minimum Principle:
8
>>>>>>>><

>>>>>>>>:

_x(t) = r � H (x; �; � ) dynamic equations

_� (t) = r xH (x; �; � ) adjoint equations

0 = r � H (x; �; � ) control equations

x(0) = x0 initial conditions

� (T) = r xm(x(T)) terminal conditions

(3.6)

The system given by (3.6) is what is referred to as atwo-point boundary
value problem (TPBVP), which is di�erent and more di�cult to solve when
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Chapter 3. Trajectory Optimization

compared to aninitial-value problem (IVP), but still simpler to numerically
deal with than nonlinear PDE's. As a matter of fact, any of the numerical
methods that are typically used to solve an OC problem with the direct
approach (see Figure 3.1) can also be used for the indirect problem, but the
context in which they are applied di�ers. To clarify, the indirect method
optimizes then discretizes with these numerical techniques, while the
direct onediscretizes then optimizes with these techniques. Therefore,
one could reasonably ask: Why the introduction of direct methods?

The answer is simply because they can �nd optimal solutions more e�-
ciently than their counterparts (for reasons related to the di�culty of sim-
ulating both the dynamic and adjoint equations forward in time as one of
them is usually unstable if the other is stable); and also due to the fact that
indirect methods �nd it more di�cult to deal with path inequalities. The
only advantage of the indirect approach over the direct one is that when
it successfully converges to a solution, one knows for sure that it is indeed
globally optimal; that is unlike direct methods which typically converge to
a local optimum (for more explanation see [4] [12]). An important �nal
remark before moving on to the direct approach would be that since our
control policy is being computed with an o�ine numerical program, what
we ultimately get is an optimal, state-independent, control time-sequence;
meaning that we have obtained an open-loop control law, and that is cer-
tainly not enough for robustly controlling our system. Therefore, either
a stabilizing feedback term is added, or the OC problem is solved online
(such as inModel Predictive Control); and this can only work if the adopted
methods are "fast-enough" (this is also why direct methods highly thrive
in the control community).
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3.3. Direct Methods

3.3 Direct Methods

As formerly mentioned, these methods initiallydiscretizethe in�nite-dimensional
optimization problem thereby turning it into a �nite-dimensional problem,
or non-linear program (NLP) (this process is calledtranscription), and
then they optimize the resulting structure. Let us now consider a more
general Optimal Control formulation than that given in (3.1):

8
>>>>>>>>>>><

>>>>>>>>>>>:

min
� (:)

J (x(:); � (:); t) = m(x(T)) +

TZ

0

L(� (t); x(t))dt

s.t. _x(t) = f (x(t); � (t))

hmin � h(x(t); � (t)) � hmax

g(x(t); � (t)) = 0

8t 2 [0; T]

(3.7)

Note that boundary conditions as well as upper and lower bounds on the
states/inputs can also be considered from(3.7)

� Shooting Method: One way to approach this generic problem is by
discretizing the control inputs� (:) throughout the whole time hori-
zon. Then to use, for instance, a piecewise function for the controls
(given by an initial guess) while integrating the dynamics forward
in time (shooting). Then an NLP containing as decision variables
Z = [ � 1 � 2 ::: � N ] is solved such that the cost function is minimized,
the constraints on the inputs are satis�ed, and the boundary condi-
tions on the states are attained. The resulting optimization problem
looks as follows:

8
>>>>>>>>>><

>>>>>>>>>>:

min
� 1;:::;� N

NX

k=1

F (� k)

s.t. xN = c(x0; � k)

hmin � h(� k) � hmax

g(� k) = 0

8 k = 1; :::; N

(3.8)
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Chapter 3. Trajectory Optimization

wherec(x0; � k) is a state-transition function that basically represents
any type of integration scheme.

One could immediately notice how the intermediate states were elim-
inated from the formulation, and that's simply because we do not use
them as decision variables so we have no access to them. This is obvi-
ously a downside as we can no longer impose any cost, bounds, or path
constraints on the state variables. Furthermore, it turns out that the
resulting NLP is hard to solve and so does not converge to a solution
easily.

� Multiple-Shooting Method: A variation of the above method is
given by applying the same underlying idea, but instead of discretiz-
ing the inputs only, we also add the states as optimization variables.
Therefore, instead of simulating (shooting) over the whole time hori-
zon, this method allows shorter fragmented simulations that last as
long as the transcription interval. Finally, all the di�erent simulated
fragments are eventually brought together as a result of constraint
satisfaction from the optimization formulation given below:

Let zk =

"
� k

xk

#

8
>>>>>>>>>>><

>>>>>>>>>>>:

min
z1;:::;zN

m(zN ) +
N � 1X

k=1

F (zk)

s.t. zk+1 = c(zk) 8 k = 1; :::; N � 1

hmin � h(zk) � hmax 8 k = 1; :::; N

g(zk) = 0 8 k = 1; :::; N

(3.9)

This certainly turns out to be a larger optimization problem than that
given by the simple shooting method; however, it converges to a local
optimum much more e�ciently. Refer to Figure 3.2 for a comparison
between both shooting techniques.
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Figure 3.2: (a) Shooting Method (b) Multiple-Shooting Method [21]

� Direct Collocation Method: This method is similar to the multiple-
shooting method in that it includes the states along with the inputs as
optimization variables. Nevertheless, it di�ers from it in the way the
dynamic constraints are treated: Instead of using an embedded inte-
grator within the problem formulation (which is quite an advantage
for multiple-shooting methods since they can make use of adaptive in-
tegration schemes), the dynamics are satis�ed by relying on piece-wise
polynomial approximations of the state trajectories, and then requir-
ing that the time derivative of the state-polynomial evaluated at a
speci�c collocation point matches with the value of the forcing func-
tion f (x(t); � (t)) at that point (this is referred to as thecollocation
constraint) [10]. To demonstrate, suppose the states at the di�erent
knot points (those which constitute the decision variables vector) are
interpolated by cubic Hermite splines (see [20] for more details and
for some example applications of the method):

xk(� ) = ak� 3 + bk� 2 + ck� + dk (3.10)

where� 2 [0; h], and whereh = tk+1 � tk is the time-step between knot
points. The boundary conditions needed to compute the polynomial
coe�cients are given by:

xk(0) = xk

xk(h) = xk+1

_xk(0) = f k

_xk(h) = f k+1

(3.11)
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Chapter 3. Trajectory Optimization

In addition to that, now we can require that the collocation constraint
holds at the middle of the time-step(as shown in Figure 3.3):

xk(h=2) =
1
2

(xk + xk+1 ) +
h
8

(f k � f k+1 ) (3.12)

_xk(h=2) =
3

2h
(� xk + xk+1 ) �

1
4

(f k + f k+1 ) (3.13)

� k(h=2) = � k (zero-order hold) (3.14)

) _xk(h=2) = f (xk(h=2); � k(h=2)) (collocation constraint) (3.15)

Knot
Point

Piecewise Cubic
Hermite Polynomial

Match Slopes at
Collocation-Points

_x(t) � f (x; � )

Figure 3.3: Direct Collocation Method [21]
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Chapter 4

Contact-Implicit Optimization (CIO)

4.1 Related Work and the CIO Approach

Now that we have laid down the main foundations preceding this thesis's
central idea, we can begin to investigate how the concepts introduced in
Chapters 2& 3 come together to tackle the problem of applying trajectory
optimization on non-smooth dynamical systems (orHybrid systems). It is
important to recall �rst, that the analytical results on optimal control that
have been unfolded so far, require the forcing functionf (x(t); � (t)) to be
su�ciently smooth; as for the numerical results, these rely on nonlinear
programs or optimization algorithms that are typically gradient-based in
nature, meaning that smoothness of the underlying functions is generally
expected by the solver itself. Therefore, one reasonable line of thought
that goes along the indirect approach, would be to repeat the derivation
of Pontryagin's Minimum Principle with an assumption of non-smoothness
imposed on the dynamics; but this is certainly a highly mathematically-
involved process, and is outside the scope of this thesis. Another idea,
which is much more intuitive and elegant, is one that goes along the lines
of the direct methods for trajectory optimization and thus transcribes (dis-
cretizes) before optimizing, but the di�erence here is in how the non-smooth
dynamics are integrated and incorporated into the resulting program. In
fact, the primary integration schemes used for simulating hybrid dynamics
have been already introduced extensively in Chapter 2, and in parallel to
those, there exists two main classes of TO methods for hybrid systems as
well.

One is theMulti-Phase approach, which is basically analogous to the event-
driven simulation scheme, and it entails an a priori knowledge of the con-
tinuous phases (ormodes) as well as their sequence of occurrence over the
whole time horizon. The switching times for the discrete transitions are
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Chapter 4. Contact-Implicit Optimization (CIO)

not known a priori but are given as a result of the optimization, mean-
ing that the start and end times of each mode are provided as additional
optimization variables in the formulation (which follows from direct col-
location or one of the shooting methods), while also imposing extra con-
straints that would ensure a proper connection among the multiple phases.
Researchers such as (Patterson and Rao [36]) have developed a general-
purpose MATLAB program (GPOPS-II) that utilizes the multi-phase strat-
egy as a framework for solving hybrid optimal control problems. Other
successful applications are repeatedly encountered in the legged-robotics
community such as for bipedal robot locomotion in (Westervelt et al. [50]),
and for quadruped locomotion where an illustration of the method applied
for two di�erent contact con�gurations is shown in Figure 4.1, see (Pardo
et al. [35]).

t

x(t)

_x = f c1(x; � ) _x = f c2(x; � )

ts

Figure 4.1: Multi-phase approach applied for two di�erent contact con�gurations
also allowing for impacts [35]

Complications with the use of a prede�ned event-schedule, that separates
our TO problem into distinct continuous modes, begins to arise as the
number of discrete transitions increases (for example in the case of �nitely-
many contact constraints between several rigid bodies). That is simply
due to the exponential growth of the possible multi-phase sequences with
respect to these transitions (this idea is depicted in Figure 4.2).
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4.1. Related Work and the CIO Approach

x(t)

(b)

(a)

x(t)

Figure 4.2: (a) Simple mode-sequence(b) Combinatorial explosion of possible
discrete transitions [39]

A remedy to this issue could be found in theMode-Invariant approach
(which is also referred to in the literature as theContact-Invariant, Contact-
Implicit , or Through-Contactapproach in cases where the non-smoothness
arises from contact constraints). This is in fact an extrapolation of the
time-steppingsimulation scheme (introduced in Chapter 2), for accommo-
dating trajectory optimization problems involving hybrid dynamics. The
fundamental idea behind it is that instead of having a prede�ned mode
sequence along with inter-phase constraints, discrete transitions are not
given any special treatment; hence, the contact constraints are enforced at
every single knot-point. This is also capable of incorporating discontinuous
jumps in the states (such as in velocities during impact events) by treating
the whole problem on an impulse level (refer to the part on theequality of
measuresin Section 2.2), thereby not di�erentiating between �nite forces
and impulsive forces. One should keep in mind that similar to multi-phase
schemes, the contact-implicit approach can be implemented along with a
variety of underlying design choices; meaning that one could �exibly choose
any of the direct TO methods, with either a soft-contact model (that can
be continuous, or discontinuous in the case of engaging-disengaging the
passive elements and in the case of non-smooth dampening terms) or a
hard-contact model; and in case the latter was chosen, one could decide to
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Chapter 4. Contact-Implicit Optimization (CIO)

deal with the set-valued force laws (or normal-cone inclusions) discussed
in Chapter 2 by either using the augmented-Lagrangian approach or by
solving a complementarity problem. Moreover, one could decide to add
the contact forces into the vector of decision variables or to resolve them
separately from the optimization iterations. However, the di�erent permu-
tations are certainly not random and thus need to be thought of carefully
before arriving at a proper �nal combination (for example, using a state-
dependent soft-contact model while also adding extra variables representing
the contact forces as optimization parameters is obviously unjusti�able).
Some remarkable work has been recently done in the computer graphics
and the robotics communities on �nding optimal trajectories under the
framework of contact-invariant optimization:

For instance, (Mordatch et al. [29] [30] [28]) use a contact-invariant ap-
proach for producing physics-based animations of anthropomorphic, contact-
rich tasks like walking, climbing, crawling, moving objects and hand ma-
nipulation...Although some variations of their original CIO approach was
implemented, there was a common fundamental treatment of the contact
constraints by imposing them through penalty terms added to the objec-
tive function (soft-constraints rather than hard-constraints); and this re-
laxation, while it certainly aids the gradient-based solver in e�ciently con-
verging to a local minimum, it also tolerates non-physical behavior caused
by allowing non-vanishing contact forces to act at a distance. Another soft
CIO formulation is achieved in (Tassa and Todorov [48]) by a Di�erential-
Dynamic-Programming (DDP) optimal control method, which is similar
to direct-shooting in that it does a full forward simulation of the dynam-
ics but instead of solving for the optimal control sequence with an NLP
solver, it does that through Riccati-based solvers while working backwards
iteratively; and while performing the required forward simulations, the
hard unilateral contact constraints and friction are dealt with by solving
a Stochastic Linear Complementarity Problemrather than an LCP. With
this, they get rid of the discontinuous dynamics and are left with a contin-
uously di�erentiable system (which is a poorer description of the contact
dynamics), while retrieving an optimal controller that is also robust against
uncertainties. On the other hand, (Carius et al. [6]) rely on the augmented-
Lagrangian approach, speci�cally the Gauss-Seidel method combined with
a proximal point projection (SORprox), in order to solve the set-valued
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4.1. Related Work and the CIO Approach

force laws arising from the hard frictional contacts. This is performed as
part of a Moreau time-stepping scheme (see Section 2.2) which is used to
simulate the non-smooth dynamics within an iterative-LQR (iLQR) opti-
mal control plan (works similarly to the DDP method). Similarly, (Neunert
et al. [32]) have developed a nonlinear model predictive control (NMPC)
algorithm that functions by solving, online and at high rates, the nonlin-
ear OC problem using a generalization of the iLQR method. The NMPC
scheme was implemented on a quadruped, while adopting a contact-implicit
TO formulation, along with a soft-contact model (that includes smoothing
elements). Problems arising from the use of such a model were already
discussed in Section 2.1.

This thesis work is based upon the contact-implicit optimization approach
described by (Posa et al. [39]). Their method is particularly motivated by
the Stewart and Trinkle time-stepping scheme [45], where multi-contact dy-
namics are formulated by a linear complementarity problem (LCP) (given
by a blend of complementarity constraints and simple Euler integration
steps), and then these dynamics are simulated by solving the LCP at
each grid point. However, in the case of trajectory optimization, they
reasoned that instead of having to internally solve an LCP within a non-
linear program, one could make use of the simultaneous nature of direct
collocation (also applies for multiple-shooting) by incorporating the con-
tact forces� (t) 2 Rn� as optimization variables along with the control
inputs � (t) 2 Rn� and the statesx(t) = [ q(t) u(t) ]T 2 R(nq+ nu ); while
additionally imposing the unilateral hard-contact constraints through non-
linear equality and inequality constraints included in the OC problem for-
mulation in the form of complementarity conditions. Then as a result
of transcription, we are left with solving a so-calledMathematical Pro-
gram with Complementarity Constraints (MPCC). The transition from the
in�nite-dimensional optimization problem to the �nite-dimensional MPCC
is presented below:

� Hybrid Optimal Control Problem (excluding impacts):

We exclude impacts in this formulation in order to avoid dealing
with the impact equations (given in (2.20)) separately from the equa-
tions of motion, and then include them back again into the �nite-
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Chapter 4. Contact-Implicit Optimization (CIO)

dimensional optimization formulation after the supposed discretiza-
tion of the equality of measures (which embody both the impact
equations and the EOM's). This procedure was already demonstrated
while explaining how time-stepping schemes operate in Section 2.2.

We start by noting that the general ODE expression_x = f (x(t); � (t);
� (t)) can be speci�cally replaced by the under-actuated rigid body
dynamic equations involving frictionless contacts, in order to have a
formulation that is directed towards solving the applications tackled
in this thesis

M (q) _u + b(q; u) + g(q) = ST � + JN (q)T � (4.1)

where M(q)2 R(nq+ nu )� (nq+ nu ) is the generalized inertia matrix, b(q,u)
2 R(nq+ nu ) contains Coriolis and centrifugal terms (could also contain
viscous friction terms), g(q)2 R(nq+ nu ) represents the gravitational
e�ects, and S2 Rn� � (nq+ nu ) is the selection matrix which maps input
torques to generalized forces. Finally,JN (q) 2 Rn� � (nq+ nu ) (given by
the formula in (2.15)) is the normal Jacobian which is used to map
the normal contact forces to generalized forces.

It is worth noting that the symbol u is used in the place of_q for
the sake of generality, since in the case whereq consists, for exam-
ple, of a set of Euler angles for representing 3D orientations, then
there exists a linear mapping (that is not given by the identity ma-
trix) between the angular velocities and the time-derivatives of these
quantities. Moreover, the generalized positions and velocities are not
given similar dimensions since this would not be true in the case of
a non-minimal representation of 3D orientations (for instance with
quaternions). However, for the sake of this work, it is safe to drop
these assumptions as they do not occur in any of the upcoming appli-
cations.

Now in addition to the equations of motions, we also have to add
the following complementarity condition:

0 � � (q) ? � � 0 (4.2)
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4.1. Related Work and the CIO Approach

� (q) 2 Rn� was already introduced in Chapter 2 as the signed-distance
function between the potentially contacting bodies.Three rules are en-
sured by the above condition: There can be no penetration among
di�erent objects, contact forces can only push and not pull, and there
can be no contact forces acting at a distance. The resulting in�nite-
dimensional optimization problem is given as follows:

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

min
� (:);x(:);� (:)

m(x(T)) +

TZ

0

L(� (t); x(t); � (t))dt

s.t. M (q)•q+ b(q; _q) + g(q) = ST � + JN (q)T �

� (q(t)) � 0

� (t) � 0

� (q(t))T � (t) = 0

Complementarity Constraints

x(0) = x init

x(T) = xf inal

x lb � x(t) � xub

� lb � � (t) � � ub

(4.3)

� Mathematical Program with Complementarity Constraints
(including impacts):

Now following the same line of reasoning as that used to discretize
the equality of measures in Equations (2.24)-(2.26), one could obtain
a transcribed system that also incorporates impact events by con-
sidering a �rst-order Euler-type time-stepping scheme (explicit, semi-
implicit, or implicit). In [39], they use an implicit-Euler method (since
the state at the next time step is already available in the optimization
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Chapter 4. Contact-Implicit Optimization (CIO)

program) in order to guarantee numerical stability (which is essential
when simulating sti� ode's). The interpretation of that in terms of
collocation constraints, is the introduction of an equality between the
slope of the linear-state trajectory and the value of the dynamics at
the point ending the time-step (the knot points at the end of all time-
steps also happen to be collocation points in this case):

xk+1 � xk

h
= f (xk+1 ; � k+1 ; � k+1 ) (4.4)

Therefore, the resulting �nite-dimensional optimization problem
turns out to be as follows:

Let zk =

2

6
4

� k

xk

� k

3

7
5

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

min
z1;:::;zN

m(zN ) +
N � 1X

k=1

F (zk)

s.t. qk+1 = qk + h _qk+1 8 k = 1; :::; N � 1

_qk+1 = _qk + h � M � 1
k+1

�
� bk+1 � gk+1 + ST � k+1 + J T

Nk+1
� k+1

�

� (qk) � 0 8 k = 1; :::; N

� k � 0

� (qk)T � k = 0

x1 = x init

xN = xf inal

x lb � xk � xub 8 k = 1; :::; N

� lb � � k � � ub

(4.5)

Note that if the integral cost in (4.3) is replaced with Riemann sums in
(4.5) thenF (zk) = h�L(� (tk); x(tk); � (tk)) whereh is the time-step length.
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4.1. Related Work and the CIO Approach

To conclude this section, it is worth mentioning thatmode-invariant ap-
proaches are destined to �nd discrete transitions only at the assigned grid
points; and consequently, this leads to a local truncation error that is pro-
portional to the time-step sizeh in the neighborhood of these transitions
(although some recent work was done on deriving a second-order varia-
tional time-stepping scheme that could be used in a CIO setting [27], but
there is certainly a signi�cant tradeo� between the method's order and the
computational cost). Whereasmulti-phasemethods do not have this as a
restriction, since the switching times are found as a result of the optimiza-
tion. In other words, for cases where an a priori knowledge of the mode-
schedule is available, it is more reasonable to use a multi-phase method in
order to attain a higher accuracy solution.

In this thesis, the dynamic object manipulation tasks that will be presented
later, could have been formulated and solved within the multi-phase frame-
work, but the goal was to implement the discussed CIO approach along
with some modi�cations (given in Section 4.3) in order to allow the NLP
to discover the mode sequence by itself and optimize through the di�erent
modes. This also turns out to be more interesting when dry friction is
involved (in Chapter 6) since a larger combination of possible events exists
in this case. Furthermore, it was important to ensure the dynamic feasibil-
ity of our method by evaluating whether the resulting optimal trajectories
could be easily stabilized and tracked with a simple linear feedback control
law (unlike Posa's work on trajectory stabilization in [38] [40], as will be
further elaborated upon in Section 4.3).
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4.2 Preliminary 2D Example: Finger Rolls Ellipse

The above contact-invariant optimization method was initially tested on
a couple of elementary 2D examples before shifting to the central prob-
lem of this thesis(a 6-DOF robot dynamically displacing a 3D block to
a desired position); one of which consisted of a fully-actuated two-link
(ellipse-shaped) �nger rotating an unactuated but damped 1-DOF ellipse
(this problem also appears in [39] [48]). In this Chapter, it is not intended
to make a detailed demonstration of the TO formulation for the provided
examples, but rather to use them purely for going over certain points.

The assigned task was to displace the free ellipse, starting at rest, from
an angle ofq31 = 0 to a �nal angle of q3N = �

�
2

and zero �nal velocity
over a time horizon ofT = 2s. The objective function was given by

N � 1X

k=1

F (zk) =
N � 1X

k=1

h
�
uT

k uk
�

(4.6)

in order to minimize the total energy input.

Although not necessary for our forthcoming discussion, but it would be an
interesting exercise to show how the minimum distance function between
E2 and E3 (see Figure 4.3) was obtained in this example application:
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4.2. Preliminary 2D Example: Finger Rolls Ellipse

y0

x0

G1
y1

x 1

G2

y2x
2

E1

E2

E3

G3 y3

x3

p3

p2

Figure 4.3: Graphical illustration of a two-link �nger rotating the unactuated ellipse
at the bottom

We start by parameterizing the contour of an ellipse with respect to its
geometric center using the parameter' as such:

x(' ) = r (' ) cos(' )

y(' ) = r (' ) sin(' )

s:t:
�

x(' )
a

� 2

+
�

y(' )
b

� 2

= 1

Solving the above system yields an expression for the coordinates of an
arbitrary point P lying on the ellipse contour with respect to {G}, the cen-
ter's reference frame.
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Chapter 4. Contact-Implicit Optimization (CIO)

vG
GP =

"
xG(' )

yG(' )

#

=
ab

p
b2 cos2(' ) + a2 sin2(' )

"
cos(' )

sin(' )

#

(4.7)

Therefore, the expression of a vector from a pointP2 on E2 to a point
P3 on E3, expressed in the �xed world frame {0}, is given as follows:

v0
P2P3

(q1; q2; q3; ' 2; ' 3) = v0
P3

� v0
P2

=
�

v0
G3

+ R0
G3

vG3
G3P3

�
�

�
v0

G2
+ R0

G2
vG2

G2P2

� (4.8)

where the unknown quantities appearing in the above equation can be ob-
tained from a straightforward kinematic analysis of the system (R0

G is a
rotation matrix representing the orientation of frame {G} with respect to
frame {0}).

Finally, the minimum distance function� (q) is retrieved from the eval-
uation of the objective function at the solution of an unconstrained non-
convex optimization problem.

min
' 2;' 3

kv0
P2P3

k2 (4.9)

A closed-form expression could not be attained, so this NLP had to be em-
bedded and solved internally within the parent optimization problem.

One important side note is that� (q) has to be a signed distance func-
tion, otherwise the non-penetration inequality constraint� (q) � 0 would
not make sense. It is clear that the minimum distance resulting from (4.9)
is always a non-negative quantity, even during penetration. Therefore, to
satisfy this constraint, an additional condition was placed which requires
the gradients (as unit vectors) of the elliptic level curvesg2(x; y) = 0 and
g3(x; y) = 0 , at the optimal solution(' �

2; ' �
3), to have opposing directions

(This relation can be derived from the Karush-Kuhn-Tucker conditions of
a convex-constrained minimization problem [8]). That is to say;

Given

g(x(' ); y(' )) =
�

x(' )
a

� 2

+
�

y(' )
b

� 2

� 1
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4.2. Preliminary 2D Example: Finger Rolls Ellipse

Then,

r Gg(' � ) =

2

6
6
6
4

2x(' � )
a2

2y(' � )
b2

3

7
7
7
5

(4.10)

So the extra non-penetration condition is,

R0
G2

�
r G2g2(' �

2)
jjr G2g2(' �

2)jj 2

�
+ R0

G3

�
r G3g3(' �

3)
jjr G3g3(' �

3)jj 2

�
= 0 (4.11)

As a matter of fact, it would have been possible to use all the conditions
derived in [8] to correctly impose the complementarity constraints without
having to solve an inner nonlinear optimization problem. Nonetheless, to
do that, one has to increase the size of the parent NLP by adding' 2 and
' 3 at every grid-point as decision variables.

The problem was formulated onMATLAB where it was solved with the
nonlinear programming solverFMINCON, using the Interior-Point Method
as an underlying optimization algorithm. Other algorithms were also tested,
such as Sequential-Quadratic-Programming (SQP) which was leveraged by
Posa et al. [39] in their work; but the interior-point approach produced
better results. The solver took around 45 minutes for 11 grid points, and it
kept on iterating until the maximum number of function evaluations (3000)
was reached without converging to an optimum, but ending up much better
than how it started (most importantly in terms of satisfying the nonlin-
ear equality and inequality constraints up to a certain threshold). The
task was achieved as a result of a contact event purely discovered by the
solver without any prior knowledge of the di�erent modes (as can be seen
in Figures 4.4 and 4.5).
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Chapter 4. Contact-Implicit Optimization (CIO)

Figure 4.4: Finger rotating ellipseMATLAB animation

One could also notice from the plots that the contact force over the whole
time-step can be non-zero if and only if the distance function is zero at
the end of the interval. Meaning that the force starts to act possibly even
before the gap has been closed; this is not an issue for relatively small
time-steps, but in this case it turned out to be problematic since the chosen
step-length was a bit large(h = 0:2s) (because otherwise, for a �xed time
horizon, achieving a smaller step-length requires a higher number of knot
points which in turn increases the size of the problem to be solved). This
led to the rotation of the lower ellipse, 0.2 seconds before it was actually
hit by the �nger. As for the non-penetration constraint, it was successfully
satis�ed by adding Equation (4.11) into the original CIO formulation.
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4.2. Preliminary 2D Example: Finger Rolls Ellipse

Figure 4.5: Minimum distance between the contacting ellipses(bottom) and the
generated normal contact force between them(top)

41



i

i

�output� � 2018/12/4 � 14:46 � page 42 � #60
i

i

i

i

i

i

Chapter 4. Contact-Implicit Optimization (CIO)

4.3 A Modi�ed CIO Approach

In this section, we discuss the �nal version of the contact-invariant approach
that will be utilized from now on throughout the rest of the thesis. But �rst,
it is of paramount importance to introduce the framework within which the
�nite-time nonlinear optimal control problem will be formulated. Instead
of relying on general-purpose NLP solvers such asMATLAB's FMINCON ,
we make use of a commercial tool calledFORCES Pro [15]. Motivated
by the rising need to solve OC problems in an online fashion (for Model
Predictive Control applications), this web-based service generates highly
customized and e�cient optimization solvers which can be deployed on all
embedded platforms (the fact that the generated code is customized for one
particular optimization problem structure makes it smaller and thus eas-
ier to solve e�ciently). More speci�cally, we use theHigh-Level Interface
of FORCES Pro (FORCES NLP) which basically deals with non-linear,
non-convex �nite-dimensional optimization programs holding the following
generic structure:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

min
z1;:::;zN

Ff (zN ; pN ) +
N � 1P

k=1
F (zk; pk)

s.t. Ek zk+1 = c(zk; pk) 8 k = 1; :::; N � 1

S1 z1 = zinit

SN zN = zf inal

zk � zk � �zk 8 k = 1; :::; N

hk � h(zk; pk) � �hk 8 k = 1; :::; N

(4.12)

whereEk, S1, SN are selection matrices, and wherepk represent real-time
data that could possibly change after already generating the code (they are
assigned a blue color to indicate that they are not treated as optimization
variables in the problem).

Furthermore,c(zk; pk) is a state-transition function which maps the states
from stagek to stagek +1; it could be given as a result of any desired inte-
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4.3. A Modi�ed CIO Approach

gration scheme; but to be more general, this function could also consist of
other nonlinear equality constraints, which is actually necessary for includ-
ing our non-penetration condition. One immediately realizes that solving
this multi-staged system resembles solving a continuous-time nonlinear op-
timal control problem using the multiple-shooting method. However, in this
thesis, (4.12) will be used in the context of a contact-implicit optimization
formulation; meaning that a high-order integration method would surely
not be the right way to go (since as mentioned before, generally, the best
one could anyway achieve with anyRunge-Kutta scheme is an order of
O(h)). Also from now on, unlike what was used in Sections 4.1 and 4.2
(the implicit-Euler method), we only resort to an explicit or semi-implicit
Euler scheme (intermediary integration steps could also be made within
every time-steph), as the variable at the next stage (zk+1 ) is not accessible
anymore by the state-transition functionc(zk; pk).

The above formulation can be written down onMATLAB and then a cus-
tomized (problem-speci�c) C code (which is library-free and avoids any
dynamic memory allocation) will be automatically generated. If anything
had to be changed from inside the formulation, then the code has to be
re-generated, unless the change was in one of these quantities:zinit , zf inal ,
pk, or z0 (the initial guess). The underlying optimization algorithm is an
interior-point method with adaptive barrier rules and approximated Hes-
sians. Its e�ectiveness is mainly a result of an e�cient linear-system solver
that exploits the multi-stage structure presented in (4.12) in order to solve
the resulting Karush-Kuhn-Tucker (KKT) system. This enablesFORCES
NLP to achieve signi�cantly low computation times and thus makes it
faster than the state-of-the-art interior point solverIPOPT by up to an
order of magnitude (refer to [51] for more details).

Another fundamental matter to be discussed, is to state what we expect
from the CIO approach in this work, and what we intend to achieve with it,
compared to how it was utilized by Posa et al. Referring to [38] [40], one
could clearly infer that the proposed contact-invariant method was only
used in order to discover the various contact modes and discrete transi-
tions that would eventually be necessary to formulate a multi-phase hybrid
problem. Then the latter was solved with a technique they developed for
dealing with trajectory optimization regarding constrained dynamical sys-
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Chapter 4. Contact-Implicit Optimization (CIO)

tems (DIRCON), which is a third-order integration scheme that extends
from the previously-explained Hermite-Simpson direct collocation method
(DIRCOL) . The reason for that is essentially related to the di�culty asso-
ciated with stabilizing and tracking the optimal trajectories resulting from
CIO, especially when dealing with under-actuated systems. Furthermore,
an extension of the linear-quadratic-regulator (LQR) was used on the now-
accurate optimal trajectory to synthesize a cost-to-go function, which was
then minimized (along with additional constraints), online, by a QP solver
(as illustrated in Figure 4.6).

Contact-Implicit
Optimization

Known contact
mode schedule

DIRCON Manifold LQR

QP Controller

Real Time

Figure 4.6: Block diagram depicting a full picture of the control plan(trajectory
optimization and trajectory stabilization) as used by Posa et al. [38]

Alternatively, what was desired in this thesis can be illustrated in Fig-
ure 4.7. That is, to purely rely on CIO for obtaining an optimal trajectory
that could be directly tracked with a simple linear feedback control-law
plus a feedforward term, thus achieving the required task at hand without
having to resort to the more accurate multi-phase method; because oth-
erwise, we could have used it in the �rst place, and the CIO formulation
would be deemed useless for our applications.
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Modi�ed CIO

� opt
qopt
_qopt

Linear-Time-Invariant
Feedback Law

+
Feedforward Term

Figure 4.7: Block diagram depicting a full picture of the control plan(trajectory
optimization and trajectory stabilization) as used in this thesis

In other words, we solve, o�ine, a �nite-dimensional optimization problem
of the form (4.12), and then use� opt(t), xopt(t), and _xopt(t) in the following
control policy:

� i (t) = � opti (t)| {z }
feedforward term

+ kpi (qopti (t) � qi (t)) + kdi ( _qopti (t) � _qi (t))| {z }
feedback term

(4.13)

where the index (i ) refers to an element from the set of the actuated degrees
of freedom,kpi and kdi are the scalar feedback gains; and where� opt(t) is
obtained by applying a zero-order-hold on the sequence� optk , while qopt(t)
and _qopt(t) by linearly interpolating the grid-point-valuesqoptk and _qoptk re-
spectively, as shown below:

8
>>>>>>>><

>>>>>>>>:

8 k = 1; :::; N � 1; t 2 [0; T] :

(k � 1) � h � t � k � h

)

� opt(t) = � optk

(4.14)
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Chapter 4. Contact-Implicit Optimization (CIO)

Now recalling thatx(t) =

"
q(t)

_q(t)

#

;

8
>>>>>>>>>><

>>>>>>>>>>:

8 k = 1; :::; N � 1; t 2 [0; T] :

(k � 1) � h � t � k � h

)

xopt(t) = xoptk +
�

xoptk+1 � xoptk

h

�
� (t � (k � 1) � h)

(4.15)

Now most importantly, the CIO technique that will be used in the up-
coming tasks has to take into account the physical feasibility of the oc-
curring contact events. That is because we basically have no control over
the improvement of the integration scheme's accuracy except by making
the step-size as small as possible (and as explained previously, there is a
trade-o� between reducing the step-length and increasing the size of the
optimization problem to be solved). Therefore, we mainly reason on the
frictionless hard-contact dynamics and the resulting unilateral constraints
that are imposed in our program as complementarity conditions:

We start the analysis by noting from the state-transition function of (4.12),
c(zk; pk), that the only way the contact forces� act over the whole interval
is as a result of a zero-order-hold on the values� k at the start of the interval
(similar to the inputs � k). This in turn leads to a di�erent indexing than
that appearing in (4.5), hence there is a slight change in the interpretation
of the contact conditions. To elaborate, it was previously stated in Sec-
tion 4.2 that: "The contact force over the whole time-step can be non-zero if
and only if the distance function is zero at theend of the interval"; whereas
now, the condition holds if and only if the gap is closed at thestart of
the interval. However there is still no guarantee that the contact event
� (q) = 0 is held over the entirety of the time-step, even though the contact
force keeps acting unjusti�ably at a non-zero distance and only vanishes at
the end of it. Moreover, the complementarity conditions, which are purely
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4.3. A Modi�ed CIO Approach

imposed on a position-level, only ensure that the resulting percussionsPN

(note that percussions and contact forces are proportional in time-stepping
schemes, and in this case are related byPNk = h � � k, so they will some-
times be used interchangeably) are large enough to prevent penetration in
the next step, but there is certainly no upper limit on how big this value
can be (indicating that it is quite arbitrary and only directed towards sat-
isfying the position-based conditions). To illustrate, one could think of a
rigid body grazing another body tangentially; so at this moment,� (q) = 0 ,
and even if there is no chance of penetration, the contact force could still
be made arbitrarily large as a result of the optimization, since this would
satisfy the complementarity conditions anyway. This straightforward real-
ization is highly signi�cant and crucial for improving the method's dynamic
feasibility; and to tackle this issue, we refer to some of the expressions in-
troduced in Chapter 1 while presenting Moreau's time-stepping scheme:

Particularly, we recall the normal cone inclusion given in Equation (2.27)
relating the percussions to the pre and post relative velocities, as well
as Equations (2.12) and (2.13) which would allow us to interpret the con-
tact event (including impact) on the impulse-velocity level, in terms of a
complementarity condition over each time-step:

� i (qk) = 0 : 0 � PNi k ?
�

 Ni k+1 + � N 
 Ni k

�
� 0 (4.16)

In other words, whenever a contact is closed, the generated percussion
(which is a combination of the impulse due to impact and the impulse
obtained by integrating the �nite contact force acting over the whole time-
step) has to respect Newton's restitution law. Moreover, noting that the
case of a non-participating contact (which happens in some multi-contact
situations) is non-occurring in any of our example applications, we can
arrive at a �nal condition that would be added to the optimization formu-
lation in order to ameliorate dynamic feasibility:

PNi k �
�

 Ni k+1 + � N 
 Ni k

�
= 0 (4.17)

or equivalently,
� i k �

�

 Ni k+1 + � N 
 Ni k

�
= 0 (4.18)
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Chapter 4. Contact-Implicit Optimization (CIO)

Note that the above expression is not equivalent to� T
k �

�

 Nk+1 + � N 
 Nk

�
= 0

as we do not impose that
�

 Nk+1 + � N 
 Nk

�
� 0. One should also note that

the relative velocity at the end of the time step
 Ni k+1 depends on the states
qk+1 and _qk+1 which are not accessible by the nonlinear equality constraint
present in (4.12).

Now assuming a single potential contact, and replacing the notation
 N

with 
 , we obtain the following �nal form of the equality constraint to be
added to our formulation:

Given the integration scheme

"
qk+1

_qk+1

#

=

"
c1(xk; � k; � k)

c2(xk; � k; � k)

#

� k � (
 k+1 + � N 
 k) = 0

� k � (J (qk+1 ) _qk+1 + � N J (qk) _qk) = 0

� k � (J (c1(xk; � k; � k)) � c2(xk; � k; � k) + � N J (qk) _qk) = 0

(4.19)

Finally, it is important to put this constraint equation into words, for the
case of a purely inelastic collision(� N = 0) : Whenever the contact force
is allowed to be non-zero due to a vanishing gap function,� should hold a
value that not only guarantees a pushing e�ect and prevents penetration,
but that also tries to ensure (along with the current states and control
inputs) a zero relative velocity at the end of the corresponding time-step.
Consequently, the force is now constrained to ful�ll this condition, which
makes it non-arbitrary; in addition to that, the contact is now held over the
whole interval, making the presence of a constant force continuously acting
over it (due to the z.o.h) certainly more justi�able. This in turn led to a
notable and undeniable improvement in terms of imposing dynamic feasi-
bility, as will be seen and further discussed throughout the development of
this thesis.
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4.4 Preliminary 2D Example: Leg Kicks Ball

We brie�y describe the application of the modi�ed contact-implicit ap-
proach on another 2D toy-example, while usingFORCES NLP to de�ne
and solve our optimal control problem. The system is composed of a planar
leg with two actuated degrees of freedom (revolute joints at the hip and
at the knee) and one free DOF corresponding to the vertical movement of
the body attached to the hip. The desired task at hand can be described
as follows:

Starting at rest from a given initial con�guration, the robotic leg is sup-
posed to kick a ball such that it reaches a pre-speci�ed position at the end
of the time horizon (T = 1:1 s) with an arbitrary �nal velocity (there is
no stopping force acting on the ball, so once it starts rolling, it cannot be
decelerated). Moreover, the leg has to do that whilst respecting certain
upper and lower bounds on the states as well as the joint torques. All
this is done while striving to minimize energy consumption and of course
achieving dynamic feasibility by satisfying the equations of motion (which
were integrated with a simple explicit-Euler scheme), as well as the afore-
mentioned contact conditions. To ensure that the kinematic and dynamic
parameters considered when deriving the EOM's are realistic, the robotic
systemCapler-Leg[19] was used as a reference in our example. The signed
distance function with respect to the ground is simply the height of the foot
end-e�ector, while that corresponding to the ball will be dealt with in terms
of a generalized distance function in Chapter 5. To make this multi-contact
problem more interesting, the ground plane was assumed to be frictionless
and the robot's foot was required to keep a zero tangential velocity while
it's in a closed contact situation with the �oor. This resulted in a motion
plan that involves the Capler-Leg jumping several times before and after
making contact with the ball as shown in Figures 4.8 and 4.9; this was
necessary in order to avoid violating the no-slip condition in the presence
of a slippery surface (absence of stiction). One could also notice from the
plots, the satisfaction of the complementarity conditions (no forces acting
at a non-zero distance, a positive contact force and no penetration).
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Chapter 4. Contact-Implicit Optimization (CIO)

Figure 4.8: Leg kicks ballMATLAB animation

A distinction between the original CIO formulation and the modi�ed one
will not be made here, but rather later with the more advanced applications,
where simulations (and not just visualizations as in this example) are added
to the picture. Finally, it is worth noting that the optimization program
was solved within 100 milliseconds (500 iterations) after initializing the
solver with the right initial guess! The solver was called in a loop multiple
times, each time with a random guess, slightly-perturbed from the user-
de�ned one (given by a linear interpolation of the boundary variables).
Therefore, all in all, it took around 1.5 to 4 seconds before converging to
an optimal solution, for a problem de�nition consisting of 40 stages
(N = 40 grid points).

50



i

i

�output� � 2018/12/4 � 14:46 � page 51 � #69
i

i

i

i

i

i

4.4. Preliminary 2D Example: Leg Kicks Ball

Figure 4.9: Minimum distance between the foot and the ground(bottom left) and
the generated normal contact force between them(top left), as well as the

minimum distance between the foot and the ball(bottom right) and the generated
normal contact force between them(top right)
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