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”Measure what is measurable,
and make measurable what is not so.”

– Galileo Galilei

”All models are wrong,
but some are useful.”

– George Box
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Sommario

Il filtro di Kalman esteso (EKF) ha sempre avuto un ruolo predominante nel
campo della stima dei parametri per sistemi nonlineari; lo scopo della tesi è quello
di investigarne ulteriormente il comportamento e proporre strategie alternative di
filtraggio per quei sistemi sui quali l’EKF non risulta essere adeguato.

La prima parte della tesi si propone di estendere ai sistemi nonlineari alcune
delle proprietà già note dell’EKF, presentando inoltre alcune linee guida utili per
la scelta dei parametri dello stesso; successivamente viene analizzato il caso dei
filtri H2/H∞ e ne viene mostrata la superiorità di prestazione rispetto all’EKF,
specialmente in quei casi in cui a causa della linearizzazione non si riuscirebbe ad
ottenere risultati soddisfacenti.

Si comparano inoltre le prestazioni, su esempi numerici, dei due filtri in quanto
stimatori della frequenza di un segnale periodico; in particolare si introduce il caso
di stima della frequenza di rotazione di un Compact Disk (CD-Rom).

Infine si presenta la stima del parametro incognito della mappa logistica, il cui
comportamento caotico aggiunge una dinamica interessante al campo dei sistemi
nonlineari.
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Abstract

In the field of parameter estimation for nonlinear systems, the Extended Kalman
Filter (EKF) has always had a predominant role; the objective of the thesis is to
further investigate its behaviour and to propose alternative choices for systems on
which the EKF might have unsatisfactory performances.

The first part of this thesis aims at extending some of the already known
properties of the EKF to the case of generic nonlinear systems, while underlining
some useful tuning techniques; in addtion, the case of H2/H∞ filters is investigated
in order to prove that they are a better choice when the EKF linearization does
not allow for satisfactory performances.

As benchmark examples, we compare the performances of the EKF and the
mixed H2/H∞ filters when used as frequency trackers; a practical case is then
presented, concerning the rpm estimation of a Compact Disk (CD-Rom).

The last chapter introduces the problem of parameter estimation in a logistic
map, whose chaotic behaviour adds an interesting dynamic to nonlinear systems.
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Introduction

Starting from the initial design in the 1960s, the Kalman filter has been broad-
ely studied and used in the aerospace and industrial fields. Many variations of
the algorithm were born, and a very famous one is the Extended Kalman Filter
(EKF), which deals with the problem of jointly reconstructing the states of the
system and estimating an unknown parameter. The EKF has noticeably better
perfomances on nonlinear systems compared to the normal Kalman Filter. The
EKF works with a linearized model, and requires the enlargement of the order of
the system; furthermore, its tuning has always been somewhat tricky, given the
amount of parameters to be set and the lack of complete knowledge on their effect.

In [5] a particular application of the EKF is analyzed, as it was formulated
in [10], and the results show how the behaviour of the filter does not depend on
the absolute values of the covariances of the system and measurement noises, but
rather on their ratio. An additional study on the speed of convergence of the
EKF is carried out by [14], where Kalman-like filters are proposed. The issue of
robustness to changes of a parameter in the system is addressed by [4], where the
poor performace of the EKF is shown. The main critic moved to the EKF is the
necessity of manual re-tuning in case of important changes in a parameter of the
system, and in general the issue of tuning the filter. Furthermore, the EKF does
not take into account possible model errors or disturbances that are not zero-mean
gaussian noises. In our framework we will consider the extension of some tuning
properties to the general nonlinear case.

An alternative to the EKF is the H2/H∞ filters, which are robust to model
uncertainties and noises with unknown origin. Several authors compare the two
filters, as in [6], [15] , [13], and the advantage of a worst-case approach becomes
clear. Compared to the EKF though, these filters are not as common and are
still being investigated given their great potential. We will take advantage of the
properties of this field to design a parameter estimator with better performances
than the EKF; as a downside, it will not be a state observer of the original system
anymore.

xv



xvi INTRODUCTION

An interesting benchmark for nonlinear estimation are chaotic systems; some
peculiar results of the application of the EKF are presented in [11]. We will use
the logistic map as a benchmark for comparing the performances of the two filters
on a chaotic setting.

The thesis is organized as follows:

� Chapter 1 introduces the EKF estimation problem for a generic nonlinear
system, then derives some properties for a more transparent tuning proce-
dure; the effect of the variations of the tuning knobs are investigated, and
some guidelines are shown for an easier setting of the filter.

� Chapter 2 addresses the H2/H∞ problem in a peculiar way, where we first
modulate the system in a different form to obtain a single regressor equation.
The results of the previous chapter are extended to this framework as well,
and some tuning guidelines are suggested.

� Chapter 3 describes the estimation problem of the unknown frequency of a
periodic signal, where both the EKF and the mixed H2/H∞ filters are imple-
mented. The simulation results are shown also for a better comprehension
of the properties listed in the previous chapters. The last part of the chapter
addresses the frequency estimation problem for the CD-Rom framework.

� Chapter 4 introduces the Verhulst model (logistic map) and briefly explains
its chaotic behaviour. Then, the EKF and the mixed H2/H∞ filter are
implemented as a benchmark example. Pros and cons of both filters are
considered.

� Chapter 5 contains the conclusions of the analysis and the possible future
works.



Chapter 1

Extended Kalman Filter (EKF)

In this chapter we describe the main features of the Extended Kalman Filter
(EKF) when applied to generic nonlinear systems. Firstly the estimation problem
is formulated by giving the state space system together with the filter equations.
Afterwards, the filter tuning is addressed as in [5] and additional guidelines are
suggested.
A notable advantage in using this algorithm is the possibility of jointly recontruct-
ing the system states, filtering the output transformation from noise and estimating
unknown parameters.
On the down side, the EKF might yield biased estimates or diverge when its ini-
tialization is not proper; on the computational point of view, the EKF requires to
model the evolution of the unkonwn parameter with an additional equation, thus
increasing the order of the system.
The chapter is organized as follows:

� Section 1 introduces the problem of parameter estimation and gives a for-
mulation of the EKF

� Section 2 is devoted to the generalization of an existing theorem that sim-
plifies the tuning of the filter

� Section 3 contains additional observations regarding the effect that tuning
has on the convergence of the algorithm

� Section 4 formulates the tuning steps to be followed when choosing a param-
eterization from scratch

1



2 CHAPTER 1. EXTENDED KALMAN FILTER (EKF)

1.1 Nonlinear system and problem formulation

In this section we introduce some notions about the EKF problem formulation.
Let the nonlinear, autonomous discrete-time system be given by:

x(t+ 1) = f(x(t), ϑ) (1.1)

y(t) = h(x(t)) + n(t)

where x(t) is the state of the system, ϑ is a scalar unknown parameter and y(t)
is the output transformation. Furthermore, f(·) and h(·) are nonlinear functions
depending on the state of the system, while n(t) is a zero-mean gaussian noise
with covariance N ; this is the real noise affecting the output, and is in general
unknown.
In order to apply the Extended Kalman Filter, an additional equation has to be
considered, whose dynamic will be represented as a random walk around the true
value of the parameter.
Therefore, the new system will be in the form:

x′(t+ 1) =

[
x(t+ 1)
ϑ(t+ 1)

]
=

[
f(x(t), ϑ(t))
ϑ(t) + q(t)

]
= f ′(x′(t)) (1.2)

y(t) = h(x(t)) + r(t)

where x(t) contains the n original states of the system, ϑ(t) is the update of the
scalar unknown parameter and q(t) is a scalar white noise with covariance Q. This
fictitious noise is introduced in order to allow a dynamic in the additional equa-
tion and have the estimate converge to the real value of the parameter. Since the
properties of the noise n(t) acting on the single measurement are usually unknown,
we suppose it to be equal to a white noise r(t) with scalar covariance R; it will be
shown later that a smart choice of choosing R is to set it to the unitary value.

Once the system is enlarged, the Extended Kalman Filter is defined as in the
following:

x̂(t|t) = f(x̂(t− 1|t− 1)) +K(t)(y(t)− h(x̂(t− 1|t− 1)) (1.3)

ϑ̂(t) = Cx̂(t|t)

K(t) = P (t)H ′(HP (t)H ′ +R)−1
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P (t+ 1) = F (t)[P (t)− P (t)H ′(HP (t)H ′ +R)−1HP (t)]F ′(t) +QIn+1

where:

x̂(t) = [x̂1(t), . . . , x̂n(t), ϑ̂(t)], C =
[
O1xn 1

]
,

H(t) = ∂h(x)
∂x

⏐⏐⏐
x=x̂(t−1|t−1)

, F (t) = ∂f(x)
∂x

⏐⏐⏐
x=x̂(t−1|t−1)

,

In+1 =

[
Onxn Onx1

O1xn 1

]
.

The matrices H and F are the linearized output transformation and system matrix
respectively, evaluated at the last value of the filter estimate. Matrix C is used
for retrieving the last element of the state vector, while matrix In+1 represents
the fact that the process noise Q acts only on the additional state and not on the
original ones. It is in fact a matrix in which the only non-zero term is the one in
position n+1, n+1.

After the initialization of the filter with the values x̂(0) and P (0), the critical
step consists in the tuning of the parameters Q and R, which are both fictitious.
A vast amount of literature is available regarding the ratio behind the choice of
such values; still, when tuning an Extended Kalman Filter, their selection is often
achieved through a trial and error procedure.

The following subchapter is therefore devoted to the extension of a tuning
principle already shown in [5] to the general case previously shown.

1.2 Choice of parameters Q and R

It will now be proven that the performance of the Extended Kalman Filter depends
on the ratio between the tuning parameters Q and R and not on their absolute
values, as it was shown in [5] for a particular case. The result is formally stated
in the following theorem.

Proposition 1 (Effect of λ). Given the measured signal y(t) of the system defined
in (1.1), the estimated parameter ϑ̂(t) = Cx̂(t) obtained using the EKF (1.3)
depends upon the ratio λ = Q/R only, if P (0) is scaled properly.
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Proof. Let’s consider the Riccati Equation previously introduced in (1.3):

P (t+ 1) = F (t)[P (t)− P (t)H ′(HP (t)H ′ +R)−1HP (t)]F ′(t) +QIn+1 (1.4)

Substitute now in (1.4) P (t+ 1) with αP (t+ 1), P (t) with αP (t), Q with αQ
and R with αR:

αP (t+ 1) = F (t)[αP (t)− αP (t)H ′(HαP (t)H ′ + αR)−1HαP (t)]F ′(t) + αQIn+1

(1.5)
After some simple manipulation the parameter α disappears from equation

(1.5), yielding once again equation (1.4).

Therefore, the resulting solution P̃ (t) is equal to αP (t) if

� Q̃ = αQ

� R̃ = αR

� P̃ (0) = αP (0)

The previous consideration holds under the assumption that F̃ (t) = F (t) and
H̃(t) = H(t), ∀t.

Remembering that

F (t) = ∂f(x)
∂x

⏐⏐⏐
x=x̂(t−1|t−1)

=

⎡⎢⎢⎢⎣
F1,1(x̂(t− 1|t− 1)) · · · F1,n(x̂(t− 1|t− 1)) F1,n+1(x̂(t− 1|t− 1))

...
. . .

...
...

Fn,1(x̂(t− 1|t− 1)) · · · Fn,n(x̂(t− 1|t− 1)) Fn,n+1(x̂(t− 1|t− 1))
0 · · · 0 1

⎤⎥⎥⎥⎦
and

H(t) = ∂h(x)
∂x

⏐⏐⏐
x=x̂(t−1|t−1)

=
[
H1,1(x̂(t− 1|t− 1)) · · · H1,n(x̂(t− 1|t− 1)) 0

]
,

it is obvious that such matrices are depending solely on the value of the filter
at the previous time step, so that we can easily state the following:

F̃ (t) = F (t) if ˆ̃x(t|t) = x̂(t|t), ∀t
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H̃(t) = H(t) if ˆ̃x(t|t) = x̂(t|t), ∀t .

In order to prove the filter equivalence at each time step, we will now consider
the filter update, which is the first equation of (1.3):

x̂(t|t) = f(x̂(t− 1|t− 1)) +K(t)(y(t)−Hf(x̂(t− 1|t− 1)) (1.6)

Equation (1.6) shows that ˆ̃x(t|t) = x̂(t|t) when the two filters have the same
Kalman Gain (K̃(t) = K(t)) and when they share a common initialization ˆ̃x(0) =
x̂(0) = x̄(0).

As a consequence of the previous considerations, the following chain of impli-
cations holds true:

K̃(t) = K(t) ∧ ˆ̃x(0) = x̂(0) = x̄(0) ⇒ ˆ̃x(t|t) = x̂(t|t) ⇒

⇒ F̃ (t) = F (t) ∧ H̃(t) = H(t) ⇒ P̃ (t) = αP (t), ∀t.

Consider now the equation of the Kalman Gain after the α scaling:

K̃(t) = αP (t)H ′(HαP (t)H ′ + αR)−1 = K(t).

This means that, if P̃ (t) = αP (t), then K̃(t) = K(t), ∀t.

Therefore, the following set of circular implications holds true:

K̃(t) = K(t) ∧ ˆ̃x(0) = x̂(0) = x̄(0) ⇒ ˆ̃x(t|t) = x̂(t|t) ⇒

⇒ F̃ (t) = F (t) ∧ H̃(t) = H(t) ⇒ P̃ (t) = αP (t) ⇒ K̃(t) = K(t), ∀t.

To summarize, when choosing the values of Q and R it is important to re-
member that their absolute values are not relevant, as the performance of the
Extended Kalman Filter depends on their ratio λ = Q/R only. It is important to
point out that the previous statement holds whenever the value of P(0) does not
affect the general convergence; this topic will be investigated more in depth in the
next chapter.
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1.3 EKF Tuning

The EKF can now be rigorously reparameterized by setting R = 1 (hence λ = Q),
so that its form will be:

x̂(t|t) = f(x̂(t− 1|t− 1)) +K(t)(y(t)− h(x̂(t− 1|t− 1)) (1.7)

ϑ̂(t) = Cx̂(t|t)

K(t) = P (t)H ′(HP (t)H ′ + 1)−1

P (t+ 1) = F (t)[P (t)− P (t)H ′(HP (t)H ′ + 1)−1HP (t)]F ′(t) + λIn+1

Even though each system will have a different sensibility to the tuning of λ, the
general rule of thumb is the following:

Starting from a parameterization λ∗ of the EKF, if the system is always conver-
gent in a neighbourhood of the parameter, then a new choice λ yields the following
results:

� λ > λ∗ - Better tracking upon variations of the unknown parameter, worse
filtering action in nominal conditions

� λ < λ∗ - Worse tracking upon variations of the unknown parameter, better
filtering action in nominal conditions

The previous proposition highlights the fact that the convergence of the EKF
may be hindered by the tuning action on λ; we will now clarify the reason for this
behaviour and give some further tuning guidelines.

Given a tuning triple {Q,R,P(0)}, the Extended Kalman Filter characterized by
the α scaled triple {αQ, αR, αP (0)} generates a sequence of values ˆ̃x(t|t) that is
completely undistinguishable from the original x̂(t|t).
As it was shown in Proposition 1, the only difference between the algorithms would
be that P̃ (t) = αP (t). If the initialization of the covariance matrix is not scaled,
the previous results may not hold anymore, which explains the need for the local
convergence hypothesis stated before; in fact, the new triple {αQ, αR, P (0)} for
Proposition 1 is equal to the triple {Q,R, α−1P (0)}, which is obviously different
from {Q,R, P (0)}. The same consideration holds for the triple in the normalized
form {λ, 1, P (0)}.
In general, when tuning only the parameter λ, we will have two different possible
scenarios:
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� The two filters converge to the same evolution after the initial transient

� The partially scaled filter does not converge

The effect of P(0) is to alter the behaviour of the filter in the initial transient, since
it is related to the speed of convergence of the EKF; therefore, it is reasonable to
assume that its effect will disappear after the transient, when the behaviour of the
filter will be dictated by λ alone.
Remember that P(0) is the covariance of the initial guess x̂(0); it would seem rea-
sonable to calculate a value for it by taking in consideration the reliability of the
a priori data and any cross-relation between them.
In this chapter we would like to suggest that such an approach may be unappro-
priate for the tuning of the EKF.
If we forget about the physical interpretation of P(0), and treat it just as a tuning
knob, the following results arise from simulation:

� The diagonal structure of P(0) enhances the convergence properties of the
filter

� Higher diagonal values of P(0) result in a faster convergence of the filter

� Smaller diagonal values of P(0) result in a slower convergence of the filter,
or even in a divergent evolution.

Since the effect of the initialization of the covariance matrix lasts only for the
initial transient, it seems appropriate to always choose large values for the diag-
onal matrix P(0); this technique does not seem to have downsides and applies in
general.
A result that arises from the experiments and seems to always hold is stated in
the following:

Consider the tuning of an EKF for the problem of the parameter estimation of a
nonlinear system. Suppose that the values of Q and R are already selected, and
the elements of the diagonal matrix P (0) are all equal to the same value p(0).

Then, it seems that it always exists a value p∗(0) which has the property of being
the smallest parameterization that grants convergence to the filter.

Furthermore:

� Any choice p(0) < p∗(0) leads to a biased or divergent filter

� Any choice p(0) > p∗(0) leads to an unbiased and convergent filter; after the
initial transient they also share the exact same evolution
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The direct consequence of the previous consideration is the following:

� If p∗(0) = 0, the filter is unbiased and convergent for any diagonal choice of
P(0)

� If p∗(0) = ∞, the filter is either biased or divergent for any choice of P(0)

1.4 Tuning procedure

In this section we will show an example of the ratio behind the practical tuning of
the EKF.
The steps are the following:

� Set R = 1

� Select a value for Q (which now coincides with λ) as follows:

– Q > 1 to prioritize tracking (there is a reason to believe that the pa-
rameter might change sensibly over time)

– Q < 1 to prioritize filtering (there is no reason to believe that the
parameter will radically change over time)

� select the diagonal value of P (0), which in general is a large number to help
the initial convergence

� Adjust Q to the user’s choice depending on the results of the simulation; the
guidelines remain the same of the second step.

� If the filter is not convergent for a certain Q, whatever the choice of P(0), then
the requested filtering action is not possible. In order to achieve convergence,
the value of Q has to be larger, which translates in a less demanding noise
filtering action.



Chapter 2

H2/H∞ Filters

In this chapter we introduce the H2 and H∞ filtering techniques for scalar systems
given as linear regression models.
The advantage of this approach is the relaxation of the noise gaussianity hypothe-
sis and the robustness towards model uncertainties; furthermore, no linearization
is perfomed and the overall system has a lower order compared to the EKF.

Our interest lies though in the estimation of a parameter of a nonlinear system; it
will be shown that, even if the starting system is n-dimensional and nonlinear, if it
is possible to write it in a linear regressor form then the properties of the adaptive
filtering guarantee good results.

The chapter is organized as follows:

� Section 1 introduces the problem of parameter estimation for a scalar signal
and gives a formulation of the H2/H∞ filter

� Section 2 gives a guideline for the adaptation of the nonlinear problem to
the scalar one in the regressor form

� Section 3 studies the effect of Q and R in a fashion similar to what was done
for the EKF

� Section 4 formulates the tuning steps to be followed when designing a Mixed
H2/H∞ filter

9
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2.1 Problem formulation

Let the scalar sequence y(t) be given by the following equations:

y(t) = ϕ(t)′ϑ(t) + v(t) (2.1)

ϑ(t+ 1) = ϑ(t) + w(t) (2.2)

where ϑ(t) ∈ Rn is a vector of unknown parameters and ϕ(t) ∈ Rn is the vector of
regressors.
Furthermore, v(t) and w(t) are disturbances of an unknown nature, acting on the
measurement and on the parameters respectively.

The first equation to be considered is the general observer formulation of a re-
cursive estimator:

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− ϕ(t)′ϑ̂(t− 1)

)
(2.3)

Depending on the technique used for the selection of K(t) we will have either an
H2 or an H∞ filter.

2.1.1 H2 Filter

The H2 design strategy is based on the mean-error criteria; it aims in fact at
minimizing the H2 norm of the transference from the disturbances to the filtering
error.
In particular, the Kalman filter is the best linear estimator in the least-squares
(H2) sense; the noises acting on the system are considered gaussian, with covari-
ances Q · I and R for w(t) and v(t) respectively, where Q ∈ R, R ∈ R and I is the
identity matrix of suitable dimensions.

The Kalman gain is defined as

K(t) =
P (t)ϕ(t)

R + ϕ(t)′P (t)ϕ(t)
(2.4)

while P (t) is the solution of the associated Riccati equation. Such an equation can



2.1. PROBLEM FORMULATION 11

be written in many equivalent ways, one of which is the following one:

P (t+ 1) =
(
P (t)−1 +R−1ϕ(t)ϕ(t)′

)−1

+QI (2.5)

.
Equations (2.3), (2.4) and (2.5) constitute the Kalman filter.

2.1.2 H∞ Filter

The H∞ design strategy is based on the worst-case criteria. As long as the distur-
bances are of finite energy, the filter provides a hard upper bound on the estimation
errors.
The H∞ Filter is robust against modelling errors and noise uncertainties, therefore
the gaussian assumption on the noises can be relaxed.

Let ϑ̂(t|t) = κf (y(0), . . . , y(t)) denote the filtered estimate of ϑ(t) given the mea-
surements up to time t (included).

The optimal H∞ problem, as it is formulated in [8], consists in finding the
estimator that minimizes the H∞ norm of the transfer operator TN(κf ) that maps

the weighted disturbances
{
Π0

−1/2(ϑ(0)− ϑ̂0), {Q−1/2w(t)}, {R−1/2v(t)}
}
onto the

filtered estimation errors {ϑ(i)− ϑ̂(i|i)}
t

i=0; Π(0) is the penalty on the initial error,
and R is once again normalized to the unitary value.

inf
κf

||TN(κf )||2∞ , γ2
f,opt (2.6)

The closed form solution of the problem is available only in certain special
cases, so a common strategy is to pursue the sub-optimal solution

||TN(κf )||2∞ ≤ γ2 (2.7)

where

γ2 ≥ γ2
f,opt (2.8)

Equation (2.7) is expanded as follows:

||TN(κf )||2∞ =

∑T−1
t=0 (ϑ̂(t|t)− ϑ(t))2(∑T−1

t=0
w(t)w(t)′

Q
+
∑T−1

t=0
v(t)2

R
+ (ϑ(0)− ϑ̂0)′P

−1
0 (ϑ(0)− ϑ̂0)

) ≤ γ2

(2.9)
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Then we can write after simple manipulation:

T−1∑
t=0

(ϑ̂(t|t)−ϑ(t))2−γ2

(
T−1∑
t=0

w(t)w(t)′

Q
+

T−1∑
t=0

v(t)2

R
+(ϑ(0)−ϑ̂0)

′P−1
0 (ϑ(0)−ϑ̂0)

)
≤ 0

(2.10)
The performance index of the worst-case strategy is defined as the first term

of the previous equation:

J∞(γ) =
T−1∑
t=0

(ϑ̂(t|t)−ϑ(t))2−γ2

(
T−1∑
t=0

w(t)w(t)′

Q
+

T−1∑
t=0

v(t)2

R
+(ϑ(0)−ϑ̂0)

′P−1
0 (ϑ(0)−ϑ̂0)

)
(2.11)

In particular, a filter guaranteeing J∞(γ) ≤ 0 for any ϑ(0), w and v is said to
achieve a level of attenuation γ.

A possibility to characterize the gain in this framework is the central H∞-filter:

K(t) =
Π(t)ϕ(t)

R + ϕ(t)′Π(t)ϕ(t)
(2.12)

Π(t+ 1) =
(
Π(t)−1 +R−1(1− γ−2)ϕ(t)ϕ(t)′

)−1

+QI (2.13)

The feasibility condition of this filter is expressed by the following inequality:

Π(t)−1 +R−1(1− γ−2)ϕ(t)ϕ(t)′ > 0 (2.14)

t ∈ [0, T − 1]

If it is satisfied, the filter ensures J∞(γ) ≤ 0 for all admissible disturbances; on
the other hand, the violation of (2.14) implies the non existance of a filter guar-
anteeing a level of attenuation γ.
In order to always verify the condition we can impose γ ≥ 1, where γ = 1 is the
minimum achievable attenuation level over indefinitely long time horizons.

It is important to notice though that γ = 1 leads to the divergence of equa-
tion (2.5), where the elements of the Riccati matrix will grow indefinitely large;
for t → ∞ the filter tends to the simplistic estimator, where the filtering error
coincides with the measurement noise.
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On the other hand, γ = +∞ yields the Kalman Filter, so that we can see the
parameter γ as a knob to balance the H2 versus the H∞ requirements.

Theorem 3 from [6] states that the central H∞ filter with γ ≥ 1 guarantees an
attenuation level

γ̄ ≤ 2

1 + γ−2
, 1 ≤ γ̄ ≤ 2 (2.15)

where γ is the parameter that was used in the design of the central H∞ filter;
in particular, γ̄ ≤ γ.

In general an increase of the tuning parameter γ of the central H∞ filter will
improve the mean-square performance (H2 requirements) at the cost of decreased
robustness (H∞ requirements).
Given a prescribed level of attenuation γ̄, a smart choice to select γ is derived from
(2.15):

γ =

√
γ̄

2− γ̄
> γ̄ (2.16)

With this recalibration we are likely to improve the H2 performance of the
central H∞ filter, without violating the robustness constraint.

Such approach will be referred to as the Mixed H2/H∞ Filter, and will be used in
our benchmark examples as well.

2.2 From a nonlinear system to a scalar sequence

The adaptive filtering technique presented in the previous section was formulated
for a scalar system that was linear in the parameters; furthermore, no assumption
was made on the noise nature or on the model uncertainty for the H∞ filter design.
We will now present an interesting approach to fully exploit the previous assump-
tions and apply the filtering techniques to a wider range of problems.

Consider a nonlinear system in the following form:

x(t+ 1) = f(x(t), ϑ)

y(t) = h(x(t)) + n(t)

where x(t) is the n-dimensional state vector, ϑ is the unknown parameter and the
output transformation y(t) reads a generic combination of the states x(t) with
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additive gaussian measurement noise.
By recursive substitution, we aim at finding a single equation that is not function
of x(t) anymore, in the form

y(t) = ϕ(t)′ϑ∗(t) + ξ(t) (2.17)

that is causal and linear in a new vector of parameters ϑ∗;
in particular:

� ϕ(t) is a combination of the past values of y(t); at each time t it must be a
vector of known parameters.

� ϑ∗(t) is a vector containing known functions of the original parameter ϑ(t)
and known scalars only.

� ξ(t) is the noise acting on the new formulation of the system; it will contain
any combination of :

– present and past values of n(t)

– nonlinear combinations of y(t) and n(t) or n(t) and ϑ(t)

If such an expression is found, the n-dimensional system boils down to a single
equation in the regressor form. From the computational point of view the advan-
tage is obvious: the filter will work with only scalars or vectors and the matrix
Π(t) will be a scalar instead of a matrix, so that its inversion is not a problem
anymore.
The noise acting on the new model will be something very different from a white
noise, but the H∞ filter is designed to work even with non-gaussian noises.

The downside is that there is no systematic procedure to follow, and there is
no guarantee to find the desired equation.

2.3 Choice of parameters Q and R

The problem of the effect of Q and R on the filter performance will now be dis-
cussed In the same way as it was done for the EKF in the previous chapter.

Let’s first state again the mixed H2/H∞ filter equations:

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− ϕ(t)′ϑ̂(t− 1)

)
(2.18)

K(t) =
Π(t)ϕ(t)

R + ϕ(t)′Π(t)ϕ(t)
(2.19)
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Π(t+ 1) =
(
Π(t)−1 +R−1(1− γ−2)ϕ(t)ϕ(t)′

)−1

+QI (2.20)

Substitute in (2.20) Q with αQ, R with αR, Π(t + 1) with αΠ(t + 1) and Π(t)
with αΠ(t):

αΠ(t+ 1) =
( 1
α
Π(t)−1 +

1

α
R−1(1− γ−2)ϕ(t)ϕ(t)′

)−1

+ αQI (2.21)

After some simple manipulation the parameter α disappears from equation
(2.21), yielding once again equation (2.20).

Therefore, the resulting solution Π̃(t) is equal to αΠ(t) if

� Q̃(t) = αQ

� R̃(t) = αR

� Π̃(0) = αΠ(0)

Let’s now consider the gain of the observer in the α scaled case:

K̃(t) =
αΠ(t)ϕ(t)

αR + αϕ(t)′Π(t)ϕ(t)
= K(t). (2.22)

The previous equation states that K(t) is not affected by the α scaling of the
parameters; let’s then consider the filter update equation

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− ϕ(t)′ϑ̂(t− 1)

)
(2.23)

Since K(t) is the same and y(t), ϕ(t) depend on the system and not on the filter,

we can conclude that ˆ̃ϑ(t) = ϑ̂(t) upon the α scaling if in addition ˆ̃ϑ(0) = ϑ̂(0).
Unlike the EKF, the Mixed H2/H∞ filter does not linearize the system equations,
so that the study of the filter properties becomes smoother.

By introducing λ = Q
R

and setting R = 1, the new parameterized filter equa-
tions will be

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− ϕ(t)′ϑ̂(t− 1)

)
(2.24)

K(t) =
Π(t)ϕ(t)

1 + ϕ(t)′Π(t)ϕ(t)
(2.25)



16 CHAPTER 2. H2/H∞ FILTERS

Π(t+ 1) =
(
Π(t)−1 + (1− γ−2)ϕ(t)ϕ(t)′

)−1

+ λI (2.26)

In conclusion, similarly to the EKF result, we can state the following:

Proposition 2 (Effect of λ). Given the measured signal y(t) of the system defined
in (2.1), the estimated parameter ϑ̂(t) obtained using the Mixed H2/H∞ filter de-
pends upon the ratio λ = Q/R, if Π(0) is scaled properly.

Also in this framework the role of Π(0) is to increase the speed of the filter con-
vergence; its effect will be more clear in the next chapter, where all the properties
will be shown in the benchmark example.

2.4 Mixed H2/H∞ Tuning

When tuning a Mixed H2/H∞ Filter the general steps to be followed are:

� Select the prescribed level of attenuation γ where:

– γ = 1 minimizes the perform index J∞ and is robust against noise
uncertainties, but is the worst in the J2 sense; also, Π(t) is divergent.

– γ = +∞ is the Kalman Filter and minimizes the prediction error index
J2; it is though the worse in the J∞ sense.

� Set R = 1

� Select a value for Q (which now coincides with λ) as follows:

– Q > 1 to prioritize tracking (there is a reason to believe that the pa-
rameter might change sensibly over time).

– Q < 1 to prioritize noise filtering (there is no reason to believe that the
parameter will radically change over time) .

� select the value of Π(0), which in general is a large number to help the initial
convergence.

� Adjust Q to the user’s choice depending on the results of the simulation; the
guidelines remain the same of the third step.



Chapter 3

Frequency estimation

3.1 Problem formulation

Consider the problem of estimating the frequency ω of the harmonic signal

s(t) = Acos(ωt+ ϕ), (3.1)

given its noisy measurement

y(t) = s(t) + n(t), (3.2)

where we assume n(t) to be a white noise with covariance N .
In the following application we will consider the value N = 10−4.
A well known model for this signal is the third-order state space representation⎧⎨⎩

x1(t+ 1) = cos(ω(t))x1(t)− sin(ω(t))x2(t)
x2(t+ 1) = sin(ω(t))x1(t) + cos(ω(t))x2(t)

y(t) = x1(t) + v(t)
(3.3)

where the initial conditions of the states x1 and x2 are used to determine the
initial amplitude and phase of the signal respectively, while v(t) models the white
noise that acts on the measurement. For our example we will assume the standard
configuration x1(0) = 1, x2(0) = 0.
Furthermore, we will call R the covariance of the white noise n(t), which will be
set to 1 as already explained in the previous chapters.

It is important to notice that the model we are considering is normalized around
the frequency at which we sample the signal, which corresponds to 2π. Therefore,
according to the Shannon Theorem, in order to avoid any aliasing effect we must
consider only signals with normalized frequency ω < π. On the other hand we

17
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should avoid a too high sampling frequency, as we will incur in overfitting prob-
lems.

We will now consider the implementation of an Extended Kalman Filter and a
Mixed H2/H∞ Filter for the aforementioned problem.

3.2 EKF Frequency Tracker

Consider the state space model for the noisy periodic signal y(t)

⎧⎨⎩
x1(t+ 1) = cos(ω(t))x1(t)− sin(ω(t))x2(t)
x2(t+ 1) = sin(ω(t))x1(t) + cos(ω(t))x2(t)

y(t) = x1(t) + v(t)
(3.4)

and introduce an additional state space equation to model the unknown parameter
dynamic: ⎧⎪⎪⎨⎪⎪⎩

x1(t+ 1) = cos(x3(t))x1(t)− sin(x3(t))x2(t)
x2(t+ 1) = sin(x3(t))x1(t) + cos(x3(t))x2(t)
x3(t+ 1) = x3(t) + w(t)

y(t) = x1(t) + v(t)

(3.5)

where x3 represents the unknown frequency ω, and w(t) is a white noise with
covariance Q. We will also assume v(t) and w(t) to be uncorrelated.
Once the model is enlarged, the Extended Kalman Filter is defined as follows:

⎧⎪⎪⎨⎪⎪⎩
x̂(t|t) = f(x̂(t− 1|t− 1)) +K(t)(y(t)− h(x̂(t− 1|t− 1)))
ω̂(t) = Cx̂(t|t)
K(t) = P (t)H ′(HP (t)H ′ + 1)−1

P (t+ 1) = F (t)[P (t)− P (t)H ′(HP (t)H ′ + 1)−1HP (t)]F ′(t) + λI3

(3.6)

where

H = [1 0 0], C = [0 0 1], I3 =

⎡⎣ 0 0 0
0 0 0
0 0 1

⎤⎦
and
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f(x̂(t|t)) =

⎡⎣ cos(x̂3(t|t))x̂1(t|t)− sin(x̂3(t|t))x̂2(t|t)
sin(x̂3(t|t))x̂1(t|t) + cos(x̂3(t|t))x̂2(t|t)

x̂3(t|t)

⎤⎦ (3.7)

F (t) =
∂f(x)

∂x

⏐⏐⏐
x=x̂(t−1|t−1)

(3.8)

=

⎡⎣ cos(x̂3(t−1|t−1)) −sin(x̂3(t−1|t−1)) −sin(x̂3(t−1|t−1))x̂1(t−1|t−1)−cos(x̂3(t−1|t−1))x̂2(t−1|t−1)

sin(x̂3(t−1|t−1)) cos(x̂3(t−1|t−1)) cos(x̂3(t−1|t−1))x̂1(t−1|t−1)−sin(x̂3(t−1|t−1))x̂2(t−1|t−1)

0 0 1

⎤⎦
Furthermore, the covariance Q of the process noise w(t) coincides with the ratio
λ = Q

R
since we set R = 1, coherently with the previous chapters.

Let’s first consider an example where two Extended Kalman Filters are fed
with the same data y(t) and share the same initialization of x(0) but are tuned as
in the following:

1) {Q,R, P (0)}

2) {αQ, αR, αP (0)}

The value of the unknown parameter we chose for the experiment is ω = 1.
Figure 3.1 shows the comparison of the two filters; as expected, the values of x̂3(t)
coincide with the values of ˆ̃x3(t).
On the other hand, the values of P̃ (t) are α times larger than the ones of P (t).
This result is coherent with Proposition 1 of Chapter 1, where we stated that the
scaling of the tuning triple does not affect the estimation performance of the EKF.
The Kalman gain and the values of the covariance matrix that are outside the
main diagonal are not shown for brevity.

One interesting consideration that arises from the evolution of P (t) is the pe-
riodicity of its values, in response to a periodic signal y(t); this phenomenon can
be interpreted as the forced motion of a stable system fed by a periodic input.
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(a) x̂3 = ω̂ with {Q,R, P (0)}
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(b) x̂3 = ω̂ with {αQ,αR,αP (0)}
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(c) P11 with {Q,R, P (0)}
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(d) P̃11 with{αQ,αR,αP (0)}
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(e) P22 with {Q,R, P (0)}
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(f) P̃22 with {αQ,αR,αP (0)}
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(g) P33 with {Q,R, P (0)}
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(h) P̃33 with {αQ,αR,αP (0)}

Figure 3.1: Comparison between the filters before and after the α scaling, λ = 0.1
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Let’s now consider an example where, given the setting

� ω = 1, x1(0) = 1, x2(0) = 0;

� x̂(0) =

⎡⎣ 1.1
0.1
1.25

⎤⎦
� λ = Q = 0.1

we test the effect of three different initializations of P (0).

Figure 3.2 shows the evolution of x̂3(t) upon the following initializations of the
covariance matrix P :

� Yellow line: P (0) =

⎡⎣ 0.01 0 0
0 0.01 0
0 0 0.01

⎤⎦
� Orange line: P (0) =

⎡⎣ 1 0 0
0 1 0
0 0 1

⎤⎦
� Blue line: P (0) =

⎡⎣ 100 0 0
0 100 0
0 0 100

⎤⎦
We can notice that the speed of convergence in the initial transient depends

on the selected value of P (0), in particular the convergence is faster the higher the
value of P(0).

From now on we will use P (0) =

⎡⎣ 1000 0 0
0 1000 0
0 0 1000

⎤⎦ and focus on the ef-

fects of the other tuning parameters.

Consider now the tracking problem characterized by{
ω = 1 for 1 < t ≤ 5000
ω = 2 for 5000 < t ≤ 10000

We want to analyze the effect of λ on the filter. For this reason we select three
different tunings:
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Figure 3.2: Frequency estimation, λ = 0.1, Multiple P (0)

� λ = Q = 0.1

� λ = Q = 0.01

� λ = Q = 0.001

The different behaviour of the filter is shown in figures 3.3, 3.4 and 3.5.

Figure 3.3 exhibits a very good tracking performance upon a step of the un-
known parameter; in the nominal condition though the filtering action may not be
optimal depending on the user requirements.

Figure 3.5 shows a very good filtering action when the unknown parameter is fixed,
but does not possess a good tracking capability of the step. In addition, values of λ
that are too low might lead to the divergence of the filter if the step is too relevant.

Figure 3.4, which corresponds to λ = 0.01, represents a good balance between
tracking capablities and filtering action.
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Figure 3.3: Frequency estimation, λ = 0.1
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Figure 3.4: Frequency estimation, λ = 0.01
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Figure 3.5: Frequency estimation, λ = 0.001

The EKF Frequency tracker operates in a range of normalized frequencies that
belong to (0, π); the best performances are obtained for values that lie around the
middle of the range, while very poor results are obtained when estimating frequen-
cies that are very close to the boundaries.
Furthermore, the EKF depends heavily on the initialization of x̂(0): if it is exces-
sively wrong, the filter may not converge at all.

In general the EKF Frequency tracker yields very good results when the frequency
is not varying or has a very slow drift; in this setting we can achieve excellent
filtering perfomances.

The problem arises when the system generating the data is subject to frequent
and non-negligible variations in frequency.

To solve this issue we will now introduce and apply the Mixed H2/H∞ Filter.

3.3 Mixed H2/H∞ approach

This section aims at rearranging the model of the system in order to apply the
previously introduced theory for the mixed H2/H∞ filter; subsequently the filter
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is applied to the sinusoidal signal in a fashion similar to the previous section.

3.3.1 Model manipulation

Given the system model⎧⎨⎩
x1(t) = cos(ω(t))x1(t− 1)− sin(ω(t))x2(t− 1)
x2(t) = sin(ω(t))x1(t− 1) + cos(ω(t))x2(t− 1)
y(t) = x1(t) + v(t)

(3.9)

we want to rewrite it in the form

y(t) = ϕ(t)ϑ(t) + ξ(t) (3.10)

with the following procedure.

Assume that the frequency is not time-varying, so ω(t) = ω(t− 1), ∀t. From the
first equation of (3.9) we isolate the term x2(t− 1) and obtain:

x2(t− 1) = − 1

sin(ω)
x1(t) +

cos(ω)

sin(ω)
x1(t− 1) (3.11)

The relation holds at any t, so we consider the same relation with a unitary
time shift:

x2(t) = − 1

sin(ω)
x1(t+ 1) +

cos(ω)

sin(ω)
x1(t) (3.12)

Consider now the second equation of (3.9) and substitute (3.12) in the first
member and (3.11) in the second member, obtaining:

− 1

sin(ω)
x1(t+1)+

cos(ω)

sin(ω)
x1(t) = sin(ω)x1(t−1)+cos(ω)

(
− 1

sin(ω)
x1(t)+

cos(ω)

sin(ω)
x1(t−1)

)
(3.13)

After simple manipulations the equation becomes

x1(t+ 1) = 2cos(ω)x1(t)− x1(t− 1) (3.14)

which is equivalent to

x1(t) = 2cos(ω)x1(t− 1)− x1(t− 2) (3.15)

Substitute (3.15) in the third equation of (3.9), which is the available measure-
ment, to obtain

y(t) = 2cos(ω)x1(t− 1)− x1(t− 2) + v(t) (3.16)
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Rearrange the measurements at time t− 1 and t− 2 in the following way

x1(t− 1) = y(t− 1)− v(t− 1) (3.17)

x1(t− 2) = y(t− 2)− v(t− 2) (3.18)

and substitute them in equation (3.16). The result is

y(t) = 2cos(ω)y(t− 1)− 2cos(ω)v(t− 1)− y(t− 2) + v(t− 2) + v(t) (3.19)

At the current time instant t:

� y(t− 1) and y(t− 2) are known

� cos(ω) is a function of the unknown parameter we want to estimate

� v(t), v(t− 1), v(t− 2) are not known

The model we derived is the following:

y(t) = y(t− 1)2cos(ω)− y(t− 2) + (v(t)− 2cos(ω)v(t− 1) + v(t− 2)) (3.20)

which is in the form

y(t) = ϕ(t)ϑ(t) + u(t) + ξ(t) (3.21)

where

� ϕ(t) = y(t− 1)

� θ(t) = ω

� u(t) = −y(t− 2)

� ξ(t) = v(t)− 2cos(ω)v(t− 1) + v(t− 2)

It is important to notice that the initial asumption ω(t) = ω(t−1) is true when
the parameter is constant, but not in general since we can have variations in the
frequency of the system; the power of the approach lies in the fact that the mixed
H2/H∞ filter is designed to be robust against model uncertainties and noises of
unknown nature.
Notice in fact that the noise ξ(t) of the new model not only is not white, but is
also state dependant since it contains the term cos(ω).
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3.3.2 Mixed H2/H∞ Frequency tracker

The new model for the sinusoidal system is the following:

y(t) = y(t− 1)2cos(ω)− y(t− 2) + (v(t)− 2cos(ω)v(t− 1) + v(t− 2)) (3.22)

which is in the form

y(t) = ϕ(t)ϑ(t) + u(t) + ξ(t). (3.23)

The mixed H2/H∞ filter is defined as:

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− (ϕ(t)′ϑ̂(t− 1) + u(t))

)
(3.24)

ω̂(t) =
1

2
acosϑ(t) (3.25)

K(t) =
Π(t)ϕ(t)

1 + ϕ(t)′Π(t)ϕ(t)
(3.26)

Π(t+ 1) =
(
Π(t)−1 + (1− γ−2)ϕ(t)ϕ(t)′

)−1

+ λ (3.27)
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Figure 3.6: ϑ = 2cos(ω), ω ∈ [0, π]
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The model we derived for the mixed H2/H∞ filter carries a very important
information about possible performances and limitations; since the new parameter
ϑ we wish to estimate depends on ω as 2cos(ω), we can easily see from Figure 3.6
that the neighbourhood of π/2 posesses the highest slope. Therefore, any variation
of ω in the system will have more visibility if the normalized values lie around the
value π/2. In other words, a data sampling frequency which is around four times
higher than the signal frequency will yield the best possible scenario for the filter.

Consider the tracking problem characterized by{
ω = 1 for 1 < t ≤ 5000
ω = 2 for 5000 < t ≤ 10000

Given the following initialization:

� λ = Q = 0.01

� R = 1

� P (0) = 1000

� ϑ̂ = 0

Figures 3.7,3.8,3.9 show the performances of the filter upon the values γ = 1,
γ = 1.05, γ = ∞.

Remember that:

� γ = 1 yields the best performance in the H∞ sense and the worse in the H2

sense.

� γ = ∞ coincides with the Kalman Filter, therefore aims at minimizing the
prediction error.

� γ = 1.05 represents our choice for the Mixed H2/H∞ filter, being a good
balance between the requirements of robustness and filtering performance.
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Figure 3.7: Frequency estimation, λ = 0.01, γ = 1

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Figure 3.8: Frequency estimation, λ = 0.01, γ = 1.05
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Figure 3.9: Frequency estimation, λ = 0.01, γ = ∞

Once the mixed H2/H∞ filter with γ = 1.05 is selected, we proceed to verify
the filter equivalence upon the α scaling.

The reference is set to ω = 1, while the tuning is the following:

� λ = Q = 0.01

� R = 1;

� P (0) = 1000

� γ = 1.05

� ϑ̂(0) = ˆ̃ϑ(0) = 0

� α = 10

Figure 3.10 shows the evolution of the filter (Q,R, P (0)) vs the scaled version
(αQ, αR, αP (0))

We can see that the filter evolution does not change after the scaling, as it was
proven in the previous chapter.



3.3. MIXED H2/H∞ APPROACH 31

0 10 20 30 40 50 60 70 80 90 100
0

0.2

0.4

0.6

0.8

1

1.2

(a) ω̂(t) with {Q,R, P (0)}
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(b) ˆ̃ω(t) with {αQ,αR,αP (0)}
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(c) P (t) with {Q,R, P (0)}
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(d) P̃ (t) with{αQ,αR,αP (0)}
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(e) K(t) with {Q,R, P (0)}
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(f) K̃(t) with {αQ,αR,αP (0)}

Figure 3.10: Comparison between the filters before and after the α scaling, λ = 0.01
.
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As previously done for the EKF, we want to see the effect of three different
initializations of P (0), which is now a scalar, on the convergence of the filter.
Figure 3.11 shows the three filter evolutions, where:

� The blue line corresponds to P (0) = 0.001

� The red line corresponds to P (0) = 1

� The yellow line corresponds to P (0) = 1000

As expected, P (0) affects the filtering performance only in the initial transient;
from now on we will use P (0) = 1000 in order to have a fast initial convergence.
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Figure 3.11: Frequency estimation, λ = 0.01, γ = 1.05, Multiple P (0)

Our last experiment shows the performance of the mixed H2/H∞ filter upon
different selections of λ.

The reference is once again{
ω = 1 for 1 < t ≤ 5000
ω = 2 for 5000 < t ≤ 10000

The parameters we selected are:
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� R = 1;

� P (0) = 1000

� γ = 1.05

� ϑ̂(0) = 0

while the different values of λ = Q that we want to test are the following:

� λ = Q = 1

� λ = Q = 0.01

� λ = Q = 0.0001
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Figure 3.12: Frequency estimation, λ = 1, γ = 1.05
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Figure 3.13: Frequency estimation, λ = 0.01, γ = 1.05
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Figure 3.14: Frequency estimation, λ = 0.0001, γ = 1.05
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3.4 Application to frequency estimation in a CD-

Rom

This section is devoted to a case study with a real application, which is the esti-
mation of the rotational frequency of a compact disk (CD-Rom). Nowadays CDs
are rated with a speed factor that is related to the rotational speed of an audio
CD, whose transfer rate is 150KiB/s; this is usually referred to as 1x. In order to
maintain a constant linear velocity where the optic module is reading, the angular
velocity is varied from 200rpm at the outer edge to 500rpm at the inner edge. In
general, to increase the rate at which data is transfered we need to increase the
speed at which the disc is rotating. Disc types from 1x to 12x are characterized by
a constant linear velocity (CLV) under the reading laser, while discs ranging from
20x to 56x adopt the constant angular velocity (CAV) strategy. The frequency
estimation problem seems particularly fitting for our case since we can implement
either the EKF or the mixed H2/H∞ filter depending on the disc type we are
considering. In fact:

� CLV discs require a filter that possesses good tracking capabilities

� CAV discs require a filter with good noise rejection, since the angular velocity
is supposed to be constant

The best choice for CLV discs is the mixed H2/H∞ filter, which is robust to
quite large variations of the parameter; as explained in the previous section, the
best performances of such filter are found when the estimated frequency is in the
neighbourhood of the normalized value π/2. The abbreviations that will be used
are the following:

� LB: Lower Bound, lowest angular velocity of the disc in rpm

� UB: Upper Bound, highest angular velocity of the disc in rpm

� fF : frequency at which data are sampled for the filter

� ωLB: normalized frequency of the LB

� ωUB: normalized frequency of the UB

� ωF = 2π: normalized frequency of the measured data

Consider the 10x CD-Rom from Table 3.1

The angular velocity varies from 2000 rpm (LB) to 5000 rpm (UB); by selecting
the middle of the range (3500) to be equal to π/2, we obtain:
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[Multiplier] [Data transfer] (KiB/s) [Angular velocity] (RPM)

1x 150 200− 500

2x 300 400− 1000

4x 600 800− 2000

8x 1200 1600− 4000

10x 1500 2000 − 5000

12x 1800 2400− 6000

20x 1200− 3000 4000

32x 1920− 4800 4800

36x 2160− 5400 7200

40x 2400− 6000 8000

48x 2880− 7200 9600

52x 3120− 7800 10400

56x 3360− 8400 11200

Table 3.1: Data transfer per disc angular velocity

� fF = 2 · (LB + UB) = 14000 rpm

� ωLB = LB
fF

· ωF = 0.8976

� ωUB = UB
fF

· ωF = 2.2440

We want to estimate the frequency ω(t) of the disc given the following evolution:{
ω(t) = ωLB for 1 < t ≤ 5000
ω(t) = ωUB for 5000 < t ≤ 10000

the model we consider is

y(t) = y(t− 1)2cos(ω)− y(t− 2) + (v(t)− 2cos(ω)v(t− 1) + v(t− 2)) (3.28)

which is in the form

y(t) = ϕ(t)ϑ(t) + u(t) + ξ(t) (3.29)

and the H2/H∞ filter is defined by

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− (ϕ(t)′ϑ̂(t− 1) + u(t))

)
(3.30)
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ω̂(t) =
1

2
acosϑ(t) (3.31)

K(t) =
Π(t)ϕ(t)

1 + ϕ(t)′Π(t)ϕ(t)
(3.32)

Π(t+ 1) =
(
Π(t)−1 + (1− γ−2)ϕ(t)ϕ(t)′

)−1

+ λ (3.33)

with parameterization

� γ = 1.05

� λ = 0.0001

� P (0) = 1000

� ϑ̂(0) = 0
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Figure 3.15: Frequency estimation, CLV disc

Figure 3.15 shows the response of the mixed H2/H∞ filter upon the worse step
possible. An additional property of this setting is that it is uncorrelated to the
actual values of LB and UB, since all CLV discs share the same ratio UB/LB;
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thus, the performance shown is general.

The EKF, against the same step and with a similar initialization would diverge,
as shown in figure 3.16.
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Figure 3.16: Frequency estimation, CLV disc, EKF

For CAV discs we can instead use either a mixed H2/H∞ filter or an EKF,
since the expected value of the unknown parameter is fixed and known a priori.
An additional possibility is to still select the mixed H2/H∞ filter and use γ = ∞,
which represents the Kalman filter. The advantage against the EKF is once again
the robustness of the approach and the scalar equations.
In all cases, the expected angular velocity should coincide with the normalized
frequency π/2; the user will then reduce the value of the tuning parameter λ until
the performance becomes satisfactory.



Chapter 4

Application to a chaotic system

The previous chapter has shown the behaviour of the EKF and the mixed H2/H∞
filter when applied to a nonlinear system; in this chapter we want to test the same
filters on a chaotic system, the so-called logistic map (or Verhulst model):

x(t) = a · x(t− 1)
(
1− x(t− 1)

)
, (4.1)

where a is a real parameter.

Even though the equation itself doesn’t look complicated, this system entails a
number of completely different evolutions depending on the value taken by pa-
rameter a and on the initial state; starting from a noisy measurement, we wish to
estimate the unknown parameter a of the logistic map.

The chapter is organized as follows:

� Section 1 supplies a brief introduction to the system under study

� Section 2 presents the results obtained with the Extended Kalman Filter

� Section 3 presents the results obtained with the mixed H2/H∞ filter

� Section 4 compares the results obtained

4.1 Verhulst model

The logistic map (4.1) is a widely studied model used to represent the evolution of
a species in a limited environment and in absence of predators, see for instance [16].

39
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The phenomena that are enclosed in the equation are reproduction and star-
vation

The fertility parameter a ∈ [0, 4] indicates the ability of the species to repro-
duce, but since the space is limited, the population decreases when it reaches a
critical amount. The normalized amount of population is x(t) ∈ [0, 1], where the
boundaries represent the trivial state of extinction.

Figure 4.1 shows the cobweb drawn by x(t) for six different values of a

Depending on the growth rate and on the initial population the evolution can
differ greatly; we will now briefly present the relation between the values of a and
the evolution of x(t).

� 0 ≤ a < 1: all evolutions converge to 0

� 1 ≤ a < 2: almost all evolutions converge to a−1
a

� 2 ≤ a < 3: almost all evolutions eventually converge to a−1
a

after a long
transient

� 3 ≤ a < 3.44949: almost all evolutions are 2-periodic

� 3.44949 ≤ a < 3.54409: almost all evolutions are 4-periodic

� 3.544909 ≤ a < 3.56995: almost all evolutions show a periodicity that in-
creases quickly depending on the value of a, from 8 to 16 etc.

� 3.56995 ≤ a < 4: almost all evolutions are chaotic, and depend sensibily on
the starting population x(0)

The term almost all evolutions refers to the fact that the starting values
x(0) = 0 and x(0) = 1 always lead to x(t) = 0, ∀t > 1.

Figure 4.2 is the bifurcation diagram showing the attractors of the logistic map
for different growth rates.
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(a) a = 1 (b) a = 1.2

(c) a = 3.2 (d) a = 3.6

(e) a = 3.9 (f) a = 4

Figure 4.1: Evolution of x(t) with different values of a
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Figure 4.2: Bifurcation diagram of the logistic map

4.2 EKF

Starting from the equations of the Verhulst model and its noisy measurement{
x(t) = a · x(t− 1)

(
1− x(t− 1)

)
y(t) = x(t) + n(t)

where n(t) ∼ WN(0, N), we enlarge the system by considering the additional
dynamic of the unknown parameter⎧⎪⎨⎪⎩

x1(t) = x2(t− 1) · x1(t− 1)
(
1− x1(t− 1)

)
x2(t) = x2(t− 1) + w(t)
y(t) = x1(t) + v(t)

where w(t) ∼ WN(0, Q) and v(t) ∼ WN(0, R) are uncorrelated white noises.

The Extended Kalman Filter takes the following form:
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⎧⎪⎪⎨⎪⎪⎩
x̂(t|t) = f(x̂(t− 1|t− 1)) +K(t)

(
y(t)−Hf(x̂(t− 1|t− 1))

)
ω̂(t) = Cx̂(t|t)
K(t) = P (t)H ′(HP (t)H ′ + 1)−1

P (t+ 1) = F (t)
[
P (t)− P (t)H ′(HP (t)H ′ + 1)−1HP (t)

]
F ′(t) + λI2

where:

x̂(t|t) =
[
x̂1(t|t)
x̂2(t|t)

]
, H = [1 0], C = [0 1], I2 =

[
0 0
0 1

]

f(x̂(t|t)) =
[
x̂2(t|t) · x̂1(t|t)

(
1− x̂1(t|t)

)
x̂2(t|t)

]

F (t) =
∂f(x)

∂x

⏐⏐⏐
x=x̂(t−1|t−1)

=

=

[
x̂2(t− 1|t− 1)− 2x̂2(t− 1|t− 1)x̂1(t− 1|t− 1) x̂1(t− 1|t− 1)

(
1− x̂1(t− 1|t− 1)

)
0 1

]

In absence of information regarding the neighbourhood of the inital conditions
we can select

x̂(0) =

[
x̂1(0)
x̂2(0)

]
=

[
0.5
3

]
.

As mentioned in the previous chapters, we also setR = 1 and P (0) =

⎡⎣1000 0 0
0 1000 0
0 0 1000

⎤⎦
We want to test the filter against the reference profile:

{
a = 1 for 1 < t ≤ 500
a = 2 for 500 < t ≤ 1000

where three choices of λ were used, as shown in Figures 4.3, 4.4, 4.5
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Figure 4.3: λ = 10
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Figure 4.4: λ = 1
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Figure 4.5: λ = 0.1

From Figure 4.5 we notice that the excessive filtering request leads to the
divergence of the filter.

4.3 Mixed H2/H∞ filter

In order to apply the filter we need to rearrange the system equation; starting
from {

x(t) = a · x(t− 1)
(
1− x(t− 1)

)
y(t) = x(t) + n(t)

we substitute the first equation in the second one, obtaining

y(t) = a · x(t− 1)
(
1− x(t− 1)

)
+ n(t). (4.2)

By inverting the measurement equation

y(t− 1) = x(t− 1) + n(t− 1) (4.3)
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we obtain

x(t− 1) = y(t− 1)− n(t− 1). (4.4)

By substituting (4.4) in (4.2) we reach the final formulation

y(t) =
(
y(t−1)

(
1−y(t−1)

))
·a+

(
n(t)+2ay(t−1)n(t−1)−a

(
n2(t−1)+n(t−1)

))
(4.5)

which takes the form

y(t) = ϕ(t)′ϑ(t) + ξ(t). (4.6)

The mixed H2/H∞ filter takes the following form:

ϑ̂(t) = ϑ̂(t− 1) +K(t)
(
y(t)− (ϕ(t)′ϑ̂(t− 1))

)
(4.7)

â(t) = ϑ̂(t) (4.8)

K(t) =
Π(t)ϕ(t)

1 + ϕ(t)′Π(t)ϕ(t)
(4.9)

Π(t+ 1) =
(
Π(t)−1 + (1− γ−2)ϕ(t)ϕ(t)′

)−1

+ λ (4.10)

The initialization we select is R = 1 and Π(0) = 1000; as for the initial condi-
tion of a wh choose ϑ̂(0) = 3, in accordance with the initialization of the EKF.

Figure (4.6) shows the results we achieve with λ = 10, 1, 0.1

In addtion, we comparre the results with the γ = ∞ filter, which corresponds
to the Kalman Filter designed on the H2/H∞ model.



4.3. MIXED H2/H∞ FILTER 47

0 100 200 300 400 500 600 700 800 900 1000
0.5

1

1.5

2

2.5

3

3.5

4

4.5

(a) γ = 1.05, λ = 10
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(b) γ = ∞, λ = 10

0 100 200 300 400 500 600 700 800 900 1000
0.5

1

1.5

2

2.5

3

3.5

4

4.5

(c) γ = 1.05, λ = 1
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(d) γ = ∞, λ = 1
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(e) γ = 1.05, λ = 0.1
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(f) γ = ∞, λ = 0.1

Figure 4.6: Mixed H2/H∞ filter
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4.4 Filter comparison

From the previous sections we can state the following results:

EKF:

� can yield good results in terms of filtering action, but is not robust to large
variations in the parameter’s value

� reconstructs the states and estimates the unkown parameter

� most components are 2x2 matrices

� the performances are heavily dependent on the initialization of x̂(0), which
has two components.

Mixed H2/H∞ filter:

� can reach a good performance and is robust to large variations in the value
of the unknown parameter

� cannot reconstruct the state since it is not an observer

� the Kalman version with γ = ∞ can be used for a cleaner estimation; there
will be a loss in terms of tracking performances

� most of the quantities involved are scalars, so it is computationally efficient

It would seem once again that the mixed H2/H∞ formulation yields better
results than the EKF.
In this example though the system can follow chaotic trajectories, which are
strongly related to the inital point; the same system will have divergent evolu-
tions if initialized with even slightly different values.

The chaotic behaviour of the system should not be a problem for the filter in
general, in fact it doesn’t create particular problems to the EKF. The problems
arise when we use the morphed model in the H2/H∞ filter.

Figure 4.7 shows the effect of having the auxiliary model fed by the real data
in a real application: if there is any numerical error in the parallel evolution of
the two systems, the auxiliary model will diverge from the real one and hinder the
parameter estimation. The effect will disappear if the paramter a returns to a non
chaotic value.
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On the right we have the same filter with a manual truncation that is enforced at
every iteration.
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(a) Model divergence for the chaotic system
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(b) Proper estimation

Figure 4.7: Model divergence
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Chapter 5

Conclusions

The purpose of this thesis is to facilitate the tuning of the EKF so that it can
be more transparent and versatile; on the other hand, a very particular H2/H∞
approach is introduced, analyzed and compared in perfomance to the EKF. It
turns out that, if it is possible to manipulate the equations of the system and
output measurement into a single one, the mixed H2/H∞ filter manages to yield
extraordinary perfomances as well as robustness; even the Kalman formulation of
this setting turns out to be more efficient than the normal EKF.

Main outcomes of this thesis can be summarized as follows:

EKF

� Broad industrial application

� Vast litterature on the topic

� Intuitive to tune

� Convergence might depend heaviliy on the initial conditions

� Might be necessary to be re-initialized if the working conditions changes
significantly

� The enlarged system is larger of one order

� The linearization might lose parts of the dynamic of the system and hinder
the performance

51
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Mixed H2/H∞ filter

� Robust to model uncertainty and disturbances of unknown nature

� Collapses the system to a single equation

� Computationally fast and efficient, no matrix to invert

� Robust to bad initialization and large variations in the parameter of the
system

� The model we consider could diverge from the real one on chaotic applications
due to errors in numerical approximation.

� It is not guaranteed in any way that the system can be written in a single
equation

� It is not as common as a Kalman filter, so the amount of litterature available
is less.

Possible future works concern:

� The theoretical study of the effect of P (0) on the convergence of the system

� The application of the frequency trackers to generically periodic systems

� The study of the range of application of the single equation H2/H∞ approach

Furthermore, it might be of interest to study the periodicity or the elements
of the Riccati matrix P (0). During the simulations carried out, it was noticed
that the solution was always periodic of the same period of the system studied.
Furthermore, the estimation of a chaotic system yields a chaotic Riccati matrix
P (t).
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