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ABSTRACT

solution of the linear system of equations stemming from discontinuous Galerkin dis-

cretizations of second-order elliptic partial differential equations on polytopic meshes.
In particular, we analyze the convergence properties of geometric V-cycle multigrid algorithms
where the sequence of spaces which form the basis of the multigrid scheme are possibly non-
nested and are obtained based on employing agglomeration algorithms with possible edge/face
coarsening. We prove that the method converges uniformly with respect to the granularity of
the grid and the polynomial approximation degree p, provided that the minimum number of
smoothing steps, which depends on p, is chosen sufficiently large.

In order to improve the V-cycle solver we design and analyze a class of two-level non-
overlapping Additive Schwarz preconditioners which are employed as a smoothing operator
for the multigrid algorithm. The preconditioner is based on a coarse space which can possibly
be chosen to be non-embedded with respect to the finer space. We investigate the dependence
of the condition number of the preconditioned system with respect to the diffusion coefficient
and the discretization parameters, i.e., the mesh size and the polynomial degree of the fine and
coarse spaces. Several numerical tests confirm the theoretical bounds as well as demonstrating a
considerable improvement of the iterative V-cycle algorithm in terms of the number of iterations
needed to reduce the residual below a given tolerance.

We also investigate the implementation aspects of the proposed methods by presenting
efficient quadrature rules for the numerical approximation of integrals of polynomial functions
over general polygonal/polyhedral elements that do not require an explicit construction of a
sub-tessellation into triangular/tetrahedral elements. The proposed "Quadrature free" method
is based on recursive applications of Stokes’ theorem on homogeneous functions; thereby, the
underlying integral may be evaluated using only the values of the integrand and its derivatives at
the vertices of the polytopic domain, and hence leads to an exact cubature rule whose quadrature
points are the vertices of the polytope. We demonstrate the capabilities of the proposed approach
by efficiently computing the stiffness and mass matrices arising from discontinuous Galerkin
discretizations of second-order elliptic partial differential equations in both two- and three-

T his thesis addresses the design, analysis and implementation of efficient solvers for the

dimensions.
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INTRODUCTION

n recent years the exploitation of computational meshes composed of general polygonal and

polyhedral elements has become very popular in the field of numerical methods for partial

differential equations. Indeed, the flexibility offered by polygonal/polyhedral elements allows
for the design of efficient computational grids when the underlying problem is characterized by a
strong complexity of the physical domain, such as, for example, in geophysical applications, fluid-
structure interaction, or crack propagation problems. Indeed, for those types of applications, the
construction of a standard grid with triangular/tetrahedral or quadrilateral/hexahedral elements
represent one of the main issues in terms of computational costs for traditional approaches,
whenever the underlying grid has to be aligned with the fractures/faults or the interfaces of
different materials. However, if general polytopic elements can be employed, the process of
mesh generation can be performed, for example, by first defining a possibly structured grid
generated independently from the complexity of the domain; subsequently, the elements are cut
according to the geometry of interest, i.e., a fracture network or interfaces between different
materials. Moreover, the possibility to adopt computational meshes with hanging nodes is included
in this framework by observing that, for example, a classical quadrilateral element with a
hanging node on one of its edges can be treated as a pentagon with two aligned edges. Several
conforming numerical discretization methods supporting polygonal/polyhedral meshes have
been proposed within the current literature; we mention for example the Composite Finite
Element Method [HS97b, HS97a, AGH13], the Mimetic Finite Difference (MFD) method [HSS97,
BLS05b, BLS05a, BLS06, BLM14, AFS™16], the Polygonal Finite Element Method [ST04], the
Extended Finite Element Method [TS08, FB10], the Virtual Element Method (VEM) [BBC*13,
BBMR16a, BBMR16b, AdVMV14, AdVSV16] and the Hybrid High-Order (HHO) method [DEL14,
DE15a, DE15b, DEL16]. The main issue in designing polygonal methods is represented by
the definition of a suitable discrete polynomial space; in this context this is far from being a
trivial task particularly for high-order approximations. A wide strand of literature has also
focused on the non-conforming setting, where the possibility of defining local polynomial discrete
spaces follows naturally with the flexibility provided by polytopic meshes. Here, we mention, for
example, Hybridizable Discontinuous Galerkin methods [CDG08, CGL09, CGS10, CGWO09], non-
conforming VEM [AMV17, ALM16, CMS17] and the Gradient Schemes [DEH16]; Discontinuous
Galerkin (DG) methods also represents a class of powerful non-conforming numerical schemes in

which the exploitation of numerical grids characterized by general polytopic elements couples
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INTRODUCTION

very well with the possibility to build the underlying discrete space in the physical frame, thereby
avoiding traditional polynomial spaces mapped from a reference element. This class of methods
is the one considered in this thesis. Introduced in 1973 by Reed and Hill for the discretization
of hyperbolic problems ([RH73]), DG methods have subsequently been proposed to deal with
elliptic and parabolic problems; some of the most relevant earlier works include Baker [Bak77],
Wheeler [Whe78] and Arnold [Arn82], whose contributions initiated the development of interior
penalty DG methods. Since then, the scientific and industrial community has shown a growing
interest in DG methods; see, for example, [CKS00, HW08, Riv08, DE11] and the references
cited therein for an overview. Indeed, in addition to the mentioned advantages, the features of
DG methods have been naturally enhanced by the recent development of High Performance
Computing technologies as well as the growing request for high-order accuracy. In particular,
since the discrete polynomial space can be defined locally on each mesh element, DG methods
feature a high-level of intrinsic parallelism. Moreover, the local conservation properties and the
possibility to use meshes with hanging nodes make DG methods interesting also from a practical
point of view. The first attempt to define a DG setting on polytopic grids has been presented
in [ABMO09], where a bubble stabilization has been proposed for the Baumann-Oden formulation
on a polytopic decomposition of the computational domain. Later then, different approaches
based on interior penalty stabilization have been proposed. We mention for example the work of
Lipnikov and coworkers [LVY14], where Darcy and Stokes flows are studied through DG (and
MFD) discretizations on polytopic grids; here, the finite element spaces are defined on polygonal
and polyhedral grids by introducing lifting operators mapping mimetic degrees of freedom to
functional spaces. In [BBC*12, BBCR12, BBC14] the discrete space is built based on a set of
orthonormal basis functions generated in the physical frame; here, the value of the interior
penalty stabilization parameter depends on the maximum number of faces that a polytopic
element might possess. Antonietti, Giani and Houston have proposed in [AGH13, AGH14] a
DG discretization for elliptic problems posed on computational domains which may contain a
huge number of local geometrical features or microstructures; the approach presented there is
based on the hypothesis that the number of faces of each element is bounded from above and
that the stabilization parameter is chosen on each face to be proportional to the inverse of the
diameter of the face itself. This method has been successively generalized by Cangiani et al.
in [CGH14], where an efficient approach has been presented based on defining a local polynomial
discrete space by making use of the bounding box of each element [GH14]; this technique,
together with a careful choice of the discontinuity penalization parameter, allows for polytopic
elements that can be characterized by faces of arbitrarily small measure. In particular, the DG
approach considered in this thesis is a further extension of the previous setting and has been
presented in [CDGH16, CDGH17, AHH"17]; see also [ACC*16, AFRV16] and [AM18, ABM18]
for applications of this method to elastodynamics and elasto-acoustic problems. This approach is

characterized by a generalization of the standard shape-regularity property to polytopic domains

Xiv



which allows the elements to possess degenerating faces, as well as having an unbounded number

of faces.

However, as shown in [AH11], the condition number of the linear system of equations stem-
ming from the DG method is possibly prohibitively large and affected by the size of the partition
and the polynomial degree employed for the discretization. For this reason, the development of
fast solvers and preconditioners for the linear systems of equations stemming from (high-order)
DG discretizations has been an intensive research area in recent years. A recent strand of the
literature has focused on Schwarz domain decomposition methods, see, for example, [TW04]
for a general abstract overview of these methods. In the DG setting where standard triangu-
lar/tetrahedral or quadrilateral/hexahedral grid are employed, one of the first contribution in
terms of domain decomposition solvers has been presented for the solution of elliptic problems
by Feng and Karakashian in [FKO01, FK02], where bounds of order G(H/s) and G(H/r) have been
obtained for the condition number of the preconditioned system in the framework of overlapping
and non-overlapping Schwarz methods, respectively; here, H, h and 6 represent the size of the
coarse grid, the fine grid and the amount of overlap, respectively. Its extension to fourth order
problems can be found in [FKO05]. Similar results within the overlapping framework have been
presented by Lasser and Toselli in [LT03] for advection-diffusion problems. In [AS09] Antoni-
etti and Siili have discussed the acceleration properties of the Schwarz preconditioners within
the generalized minimal residual (GMRES) Krylov space-based iterative solver for convection-
diffusion equations. In particular, they have demonstrated through numerical computations that
the classical Schwarz convergence theory cannot be applied to prove the convergence observed
numerically. Further developments of this class of methods in the field of elliptic problems can be
found in [AA07, AAO8] where two-level methods with inexact local solvers for both symmetric
and non-symmetric schemes are introduced and presented in a unified framework. In particular,
for symmetric schemes it is shown that the condition number of the preconditioned system is
of order G(H/n). Dryja and Sarkis proposed in [DS10] an additive Schwarz preconditioner for
the solution of second order elliptic problem with highly discontinuous coefficients. Here, they
have established that the condition number of the preconditioned system is independent of the
jumps of the coefficients across the substructure boundaries and outside of a thin layer along
the substructure boundaries. Further development of this algorithm, which is very well suited
for parallel computations, can be found in [DKS14, DK16]. For low order DG schemes, the same
authors designed and analyzed in [DGS07] a Balancing Domain Decomposition with Constraints
(BDDC) algorithm for the same class of problems. The condition number of the resulting precondi-
tioned system is shown to be of order @([1 + log(H/n)]?). Concerning the high order DG setting, we
mention the work of Antonietti and Houston [AH11], where additive and multiplicative Schwarz
preconditioners have been introduced for efficiently solve the algebraic linear system of equations
arising from the discretization of a symmetric, elliptic boundary value problem using A p—version
DG methods. Optimal A p-spectral bounds of order G(¢r*H/x) have been derived in [AHS16] for a
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INTRODUCTION

class of domain decomposition preconditioners for DG discretizations, where o is the coefficient
of the interior penalty stabilization parameter, p the polynomial approximation degree and H, A
the size of the coarse and fine meshes, respectively. We also mention the recent work presented
by Karakashian and Collins in [KC17], where they have investigated the influence of the penalty
terms, as well as the choice of coarse mesh spaces on the condition number of the linear system
of equations preconditioned with additive Schwarz methods. Besides Schwarz preconditioners, a
variety of two-level and multigrid/multilevel techniques have also been proposed both in the Geo-
metric and Algebraic setting for the solution of DG discretizations. In particular, the availability
of efficient geometric multilevel solvers is strongly related to the possibility of employing general
shaped polytopic grids, as will be clarified later. One of the first works in this direction is the
geometric V-cycle multigrid solver introduced in [GKO03]. Here, the multilevel solver is employed
to define a preconditioner which is uniformly convergent with respect to the granularity of the
underlying partition and the number of levels employed in the algorithm. In the framework of
space decomposition and subspace correction methods, cf. [Xu92] for a general abstract overview,
we mention [DLVZ06] where preconditioning methods for DG approximations have been pro-
posed for the solution of second order problems; in this approach the DG method is decomposed
into a subspace plus a correction which can be handled by a standard smoothing procedure. In
particular, they have considered three different auxiliary subspaces, namely, piecewise linear €°-
conforming functions, Crouzeix-Raviart finite elements and piecewise constant functions defined
over the finite element mesh. Several multigrid solvers have also been proposed by Brenner and
collaborators. Starting from the theoretical framework developed in [Bre99] for non-conforming
finite element methods, its extension to DG discretizations for second order problems have been
introduced in [BZ05, BO07, BCS09, BCGS11]. There, the proposed multigrid iterative solvers
are proved to converge uniformly with respect to the number of levels and the granularity of
the underlying partition, provided the number of smoothing steps is chosen sufficiently large.
With regards the multigrid setting designed for high-order DG discretization, a class of W-cycle
algorithm has been recently introduced in [ASV15] for the solution of A p-DG methods for second-
order elliptic problems. Starting from the classical framework in geometric multigrid analysis,
based on employing a suitably defined smoother, together with an approximation property, the
uniform convergence of the W-cycle scheme is established with respect to the discretization
parameters and the number of levels, provided the number of smoothing steps is chosen of order
p2, where p is the polynomial degree of the approximation, see also [ASVZ17]. The efficiency of
those methods has been further improved in [AHH™ 17] for polygonal grids, because the flexibility
of the element shape couples very well with the possibility of defining agglomerated meshes,
which is the key ingredient for the development of multigrid algorithms. In [AHH* 17] a two-level
scheme and W-cycle multigrid methods for high-order DG discretizations on polytopic grids
have been analyzed. One iteration of the proposed methods consists of an iterative application

of the smoothing Richardson operator and a recursive subspace correction step. In particular,
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the latter is based on a nested sequence of discontinuous discrete polynomial spaces, where
the underlying polytopic grids are defined by agglomeration. While being perfectly suited for
multilevel schemes, the process of element agglomeration might feature itself some limitations.
Indeed, agglomeration leads to coarser grids with an increasing number of faces and this might

affect the overall efficiency of the solvers.

In this thesis, we aim at overcoming this issue by introducing and analyzing multigrid
methods and domain decomposition solvers based on the possibility of employing non-nested
agglomerated coarser meshes. In this way we assure, for example, that the number of faces of
the agglomerates does not blows up as the number of levels of our multigrid method increases.
With regards to the multilevel framework, the flexibility in the choice of the computational
sub-grids leads to the definition of a non-nested multigrid method characterized by a sequence of
non-nested multilevel discrete spaces and where the discrete bilinear forms are chosen differently
on each level, cf. [BV90, Zha90, ZZ97]. The first non-nested multilevel method was introduced
by Bank and Dupont in [BD81]; a generalized framework was developed by Bramble, Pasciak
and Xu in [BPX91], and then widely used in the analysis of non-nested multigrid iterations. We
mention for example the work of Scott and Zhang [SZ92], where non-nested multigrid methods
are shown to be optimal-order solvers for systems of finite element methods arising from elliptic
boundary problems. In [BP92] Bramble and Pasciak provided a general technique for defining
and analyzing smoothing operators based on subspace decomposition to be used in multigrid non-
nested algorithms. The same authors provided in [BP93] new estimates for multilevel algorithms
based on non-nested grids that are carried out by designing a V-cycle solver characterized by
a uniform rate of reduction per iteration independent of the mesh sizes and number of levels,
even on non-convex domains which do not provide full elliptic regularity. They have shown
the effectiveness of this approach for problems on domains with curved boundaries. Further
extension of this work with different smoothers can be found in [BKP94]. An example of non-
nested multigrid methods for fourth order elliptic boundary value problems which do not have
full elliptic regularity has been proposed by Brenner in [Bre99]. Golapalakrishnan and Pasciak
proposed in [GP00] a multigrid method for uniformly preconditioning linear systems arising from
a mortar finite element discretization of second order elliptic boundary value problems. There,
the computational domains is firstly partitioned into subdomains, each of which is independently
triangulated in a multilevel fashion. Others non-nested multigrid methods for mortar element
method have been proposed by Xu and collaborators in [XC01, XLC02] based on the general
abstract Bramble Pasciak and Xu framework [BPX91]. The method of [BPX91], usually referred
to as the BPX multigrid framework, is also able to generalize the multigrid framework that
we will develop in this thesis, but the convergence analysis relies on the assumption that
dj(l§_1u’I§_1u) < fj_1(u,u), which might not be guaranteed in the DG setting, as we will see in
Chapter 3. Here «/;(-,-) and «/;_1(-,-) are the bilinear forms on two consecutive levels j and j -1,

respectively, and I 5—1 is the prolongation operator whose definition in this setting is not trivial,
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differently from the nested case. For this reason the convergence analysis will be presented
based on employing the abstract setting proposed by Duan, Gao, Tan and Zhang in [DGTZ07],
which permits the development of a full analysis of V-cycle multigrid methods in a non-nested
framework and relaxing the hypothesis «;(I 5—1“’[ j:_lu) <of;_1(u,u). We also address the design
and analysis of efficient space decomposition techniques by generalizing the framework presented
in [AHS16], where a non-overlapping additive Schwarz preconditioner with sub-space correction
step is analyzed for standard grids. Also in this case, we allow the coarser space to be possibly

non-nested with respect to the finer one. In this setting, we show that the condition number of

maxpip%-n
minp AH ¢

the preconditioned system can be bounded by &( ), where p is the diffusion coefficient,
H, H and h are the sizes of the coarse grid, the local solvers and the fine mesh, respectively,
while p and g are the polynomial approximation degrees employed on the fine and the coarse
spaces, respectively. Here, the parameter 1 = 0,1 if the coarse and the fine spaces are nested
or non-nested, respectively. The non-nested coarse space leads to an increase in the condition
number with respect to the nested case for high order computations, however, as we will show in

Chapter 4, it guarantees that the number of faces of the coarse grid elements does not blow up.

An other key aspect concerning the development of efficient finite element discretizations on
polygonal/polyhedral grids is the construction of quadrature formulae for the approximate compu-
tation of the terms appearing in the underlying weak formulation. Indeed, the design of efficient
quadrature rules for the numerical computation of integrals over general shaped polytopes is far
from being a trivial task. The classical and most widely employed technique for the integration
over polytopes is the Sub-Tessellation method, cf. [MDB99, SMB00, GW08]; here, the domain
of integration is subdivided into standard-shaped elements, such as triangular/quadrilateral
elements in 2D or tetrahedral/hexahedral elements in 3D, whereby standard efficient quadrature
rules are employed, cf. [SS67, MRW96, YR98], and also [YS16] and [LLD09], for an interpola-
tion technique based on the same idea. On the one hand this technique is easy to implement,
however, it is generally computationally expensive, particularly for high order polynomials,
since the number of function evaluations may be very large. For this reason, the development
of quadrature rules that avoid sub-tessellation is an active research field. Several approaches
have been proposed; in particular, we mention [Ven06, HNS15, VB15, NBMO09], for example. One
interesting method in this direction is represented by the Moment Fitting Equation technique,
firstly proposed by Lyness and Monegato in [LM77], for the construction of quadrature rules on
polygons featuring the same symmetry as the regular hexagon. Generalizations to convex and
non-convex polygons and polyhedra were proposed by Mousavi, Xiao and Sukumar in [MXS10].
Here, starting from an initial quadrature rule, given, for example, by the sub-tessellation method
described above, an iterative node elimination algorithm is performed based on employing the
least-squares Newton method [XG10] in order to minimise the number of quadrature points
while retaining exact integration. Further improvements of the moment fitting equation algo-
rithm can also be found in [MS11] and [SW13]. While this method is optimal with respect to the
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number of function evaluations, the nodes and weights must be stored for every polygon, thus
affecting memory efficiency. An alternative approach designed to overcome the limitations of the
sub-tessellation approach is based on employing the generalized version of Stokes’ theorem; here,
the exploitation of Stokes’ theorem reduces the integral over a polytope to an integration over
its boundary; see [Tay96] for details. For the two—dimensional case, in [SV07], Sommariva and
Vianello proposed a quadrature rule based on employing Green’s theorem. In particular, if an x-
or y-primitive of the integrand is available (as for bivariate polynomial functions), the integral
over the polygon is reduced to a sum of line integrations over its edges. When the primitive is
not known, this method does not directly require a sub-tessellation of the polygon, but a careful
choice of the parameters in the proposed formula leads to a cubature rule that can be viewed
as a particular sub-tessellation of the polygon itself. However, it is not possible to guarantee
that all of the quadrature points lie inside the domain of integration. An alternative and very
efficient formula has been proposed by Lasserre in [Las98] for the integration of homogeneous
functions over convex polytopes. This technique has been recently extended to general convex
and non-convex polytopes in [CLS15]. The essential idea here is to exploit the generalized Stokes’
theorem together with Euler’s homogeneous function theorem, cf. [SB96], in order to reduce the
integration over a polytope only to boundary evaluations. The main difference with respect to
the work presented in [SV07] is the possibility to apply the same idea recursively, leading to a
quadrature formula which exactly evaluates integrals over a polygon/polyhedron by employing

only point-evaluations of the integrand and its derivatives at the vertices of the polytope.

In this thesis we extend the approach of [CLS15] to the efficient computation of the vol-
ume/face integral terms appearing in the discrete weak formulation of second-order elliptic
problems discretized by means of high-order DG methods. We point out that our approach is
completely general and can be directly applied to other discretization schemes, such as VEM,
HHO, Hybridizable DG, and MFD, for example. We show that our integration approach leads to
a considerable improvement in the performance compared to classical quadrature algorithms
based on sub-tessellation, in both two— and three—dimensions both from the computational time

viewpoint and from FLOPs counting.

In the following we provide a brief description of the contents of each chapter of the thesis.

¢ In Chapter 1 we introduce a class of high-order Symmetric Interior Penalty DG meth-
ods on polytopic grids for the discretization of second-order elliptic partial differential
equations. The method employed here has been developed by following the approach intro-
duced in [CGH14]. The only difference here is related to the choice of the interior penalty
discretization parameter, which in our case allows for high variations in the diffusion
coefficient. We then recall the main theoretical results concerning this class of methods,
i.e. trace and inverse inequalities as well as approximation properties if the underlying

discrete space, the well-posedness of the discrete problem and 4 p-error bounds. The results
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presented in this chapter form the basis for the theoretical analysis of the multigrid and

domain decomposition solvers presented in Chapters 3 and 4, respectively.

¢ Chapter 2 is devoted to the development of new technique for the numerical computations
of the integrals of polynomials over polygonal/polyhedral domains. We first describe in
detail the method presented in [CLS15] for the exact integration of homogeneous functions
over polytopic domains which is based on recursively employing Stokes’ theorem. The
advantages of employing this method with respect to classical quadrature approaches on
polytopic grids are demonstrated by studying the computational costs and FLOPs counts
of the different algorithms. We then extend this idea and propose a scheme to efficiently
assemble the mass and stiffness matrices of the high-order DG method introduced in
Chapter 1. The results of this chapter are original, and have been published in [AHP18Db].

* In Chapter 3 we introduce and analyze V-cycle Ap-multigrid methods for high order DG
approximations of second order elliptic problems. Here, the sequence of spaces which
represents the basis of the multigrid scheme are possibly non-nested and are obtained
based on employing agglomeration algorithms with possible edge/face coarsening. We point
out that our multigrid solver is a particular case of the more general abstract framework for
multigrid methods on non-nested grids presented in [BPX91]. In particular, the key point
of our algorithm is represented by the choice of the inter-grid transfer operators. The main
theoretical result of this chapter is then the continuity of those inter-grid operators between
non-nested discrete DG spaces. Exployting this property, we prove that our multigrid
V-cycle algorithm converges uniformly with respect to the granularity of the grid 4 and
the polynomial approximation degree p, provided that the number of smoothing steps,
which depends on p, is chosen sufficiently large. We also point out that the classical nested
framework is a particular case of our setting, so that the V-cycle multilevel solver presented
here represents an extension of the W-cycle multigrid setting for nested polytopic grids
presented in [AHH" 17]. Several numerical results are presented in order to validate the
theoretical estimated. A further improvement of this algorithm is presented in a final
section where we have developed a domain decomposition preconditioner which we have
employed as a smoothing operator of the multigrid iteration. All the results presented in

this chapter are original and have been published in [AP18].

¢ In Chapter 4 we design and analyzed a class of two-level non-overlapping additive Schwarz
preconditioners for DG discretizations of second-order elliptic problems on polytopic grids.
Given the DG discrete problem defined on a polytopic grid of granularity A, the precondi-
tioner is designed by introducing two additional partitions employed to define the local
solver operators and the coarse space correction. On the one hand, the partition employed
to build the local solvers is related to a suitable space splitting of the DG space and so it

is assumed to be nested with respect to the fine polytopic mesh of granularity 4; On the

XX



other hand no conditions are imposed on the coarse partition which can be non-nested
with respect to the fine grid. We investigate the dependence of the condition number with
respect to the discretization parameters, i.e., the diffusion coefficient and the size and the
polynomial degree of the fine and coarse spaces. The preconditioner is then employed to
accelerate the V-cycle multigrid solver developed in Chapter 3. The results presented in

this Chapter are original and are contained in [AHP18al].
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CHAPTER

THE HIGH-ORDER DISCONTINUOUS GALERKIN METHOD ON
PoLYTOPIC GRIDS

n this chapter, we introduce high-order Symmetric Interior Penalty Discontinuous Galerkin

methods on polytopic grids for the discretization of second-order elliptic partial differential

equations. The method employed here follows the efficient approach introduced in [CGH14],
with suitable modifications to deal with strongly heterogeneous diffusion materials. For the sake
of brevity, we use throughout the rest of this thesis the notation x < y to mean x < Cy, where C >0
is a constant independent from the discretization parameters. Similarly, we write x 2 y in lieu of
x=Cy, while x = yis used if both x <y and x = y hold. This chapter is organized as follows. In
Section 1.1 we introduce the model problem and its discretization based on employing a class
of high order DG methods on grids characterized by polytopic shaped elements. In Section 1.2
we present the main theoretical aspects of this method which form the basis for the forthcoming

analysis presented in Chapters 3 and 4.

1.1 Model problem and its DG discretization

Let Q cR?, d = 2,3 be a convex computational domain with Lipschitz boundary and let f € L%(Q)
be a given function. We consider the weak formulation of the following second-order elliptic

problem, subject to homogeneous Dirichlet boundary conditions: find u € V =H, é(Q) such that
(1.1) &{(u,v):/ Vu-Vvdx:f fvdx VuveV.
Q Q

Due to elliptic regularity, the unique solution u € V of problem (1.1) satisfies u € H2(Q) and

(1.2) el g2y S I lL2q)-

1



CHAPTER 1. THE HIGH-ORDER DISCONTINUOUS GALERKIN METHOD ON POLYTOPIC
GRIDS

Figure 1.1: Example of polygonal mesh 97,. Figure 1.2: Example of v € V}, with p = 2.

In order to introduce the DG discretization of problem (1.1), we let 97 be a tessellation of Q
characterized by disjoint open polytopic elements x of diameter A, such that Q = Ux. We denote
as h = maxycg; h« the granularity of the grid J3. We then define the corresponding discontinuous

finite element space V}, defined as
(1.3) ' ={veLz(Q):UIKEQ?’pK(K),KE%},

where 22, (k) denotes the space of polynomials of total degree at most p, =1 for any x € 93,
see Figure 1.2 for an example. The assumptions on the grid 9 are outlined in the following

paragraph.

Remark 1.1. We point out that the polynomial approximation degree py can possibly be chosen
differently on each element x € 93,. In order to ease the analysis we will consider in this thesis

DPx=p VKETp.

1.1.1 Grid assumptions

We define the faces of the mesh J; as the intersection of the (d — 1)-dimensional facets of
neighboring elements. This implies that, for d = 2, a face always consists of a line segment,
whereas for d = 3, the faces of 9}, are general shaped polygons. Thereby, for d = 3 we assume
that each polygonal boundary facet of an element x € 93 can be subdivided into a set of co-
planar (d — 1)-dimensional simplices and we refer to them as faces. In order to introduce the DG
formulation, it is helpful to distinguish between boundary and interior faces, denoted as L@f
and 97,{, respectively. In particular, we observe that F c 0Q for F € 97}113, while for any F € 97,{,
F c 0x*, where x* are two adjacent elements in 97, see Figure 1.1 for an example. Furthermore,
we denote by &}, = 37,{ U 97}15 the set of all mesh faces of 9. With this notation, we assume that
the sub-tessellation of element interfaces into (d — 1)-dimensional simplices is given. Note that
this decomposition is not needed in practice. Moreover, for the forthcoming analysis, we require
that the following assumptions hold, cf. [CDG17, CDGH17].



1.1. MODEL PROBLEM AND ITS DG DISCRETIZATION

Assumption 1.1. Given « € 9, there exists a set of non-overlapping d-dimensional simplices

Kf c«, for F c 0x, such that for any face F < dx, we have that F = 0x N 61(5 » Urcox Kf cX, and the

diameter hy of x can be bounded by
F
x|

he<C
=“17F

V F c ok,

where |F| and IKf | denote the Housdorff measure of F and Kf , respectively, and where the constant

C1 >0 is independent of the discretization parameters.

Assumption 1.1 allows us to employ very general polygonal and polyhedral elements which can
possibly have an unbounded number of faces or faces of degenerating Housdorff measure. Indeed,
if x € 9} is a polygonal/polyhedral element and F' < dx is one of its faces, then Assumption 1.1
allows the size of F' to be small compared to the diameter A of x, provided that the height of the
related simplex T, with base F', is comparable to A . Figure 1.3 shows two examples of polygonal
elements that can be employed within our analysis and thereby satisfy Assumption 1.1. However,
in Figure 1.4 we show an element which does not satisfy Assumption 1.1, since the shape of the
polygon does not allow us to define a triangle Klf with base F whose height is comparable to A.
We refer to [CDG17] for more details. Moreover, Assumption 1.1 is needed in order to obtain the

trace inequalities of Lemma 1.1 and Lemma 1.3 below.

Assumption 1.2. For any x € 9}, we assume that h‘,}l > x| 2 h‘,f, where d = 2,3 is the dimension
of Q.

Assumption 1.3. For every polytopic element « € Ty, there exists a set of my overlapping shape-

regular simplices %, i =1,...,my such that

diam(X;)
p2

dist(x,0.%;) < , and |X;| 2 k],

foralli=1,...,my.

Remark 1.2. Assumption 1.2 and A.3 are required for the inverse estimates of Lemma 4.5 and
Theorem 1.1 below.

Assumption 1.4. We assume that there exists a covering ﬂ—h# = {F}« of I}, consisting of shape-
regular d-dimensional simplices %, such that, for any « € 9}, there exists ; € th# satisfying
kK € S and hy, =diam(%) S hy. We also assume that

maxcard{x' € I, :x'NFH # B, % € Lol—h# such that x € %} S 1.

KeT

Remark 1.3. Assumption 1.4 guarantees the validity of the approximation result and error

estimates presented in Lemma 1.6 and Corollary 1.2, respectively.
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Figure 1.3: Two examples of polygonal elements that sat- Figure 1.4: Example of an el-
isfy Assumption 1.1. In these cases all the triangles Kf (in  ement that violates Assump-

red) defined as in Assumption 1.1 possess the height of tion 1.1. Here C1 > 1, |F| <

size comparable to h,. Here C1 = O(1). hy and IKIfI < %.

1.1.2 DG formulation

In order to introduce the DG discretization of (1.1), we first need to define suitable jump and
average operators across the faces F' € &j. We employ here the standard notation [ABCMO02]. Let
T and v be sufficiently smooth vector-valued and scalar functions, respectively. For each interior
face F' € 9,{ , such that F is shared by x* € 97, let n* denote the outward unit normal vector to
0x*, respectively, and let T+ and v* be the traces of T and v on F' from x*, respectively. The jump

and weighted average operators across F' are then defined as follows:

(14) [r]=t"n*+77 0", {the =0t +(1-0)T", Fe9l,

[v]=v"'n*+v™n", {thp =wv" +(1 -, FeZ].

IfFe 9}? is a boundary face, we set accordingly {{t}}, = 7, [v] = v n, cf. [ABCMO02]. Here, w € [0, 1]
represents the weight employed for the definition of {{-}},,. Moreover, we write (-) to denote the
harmonic average operator defined as follows: let 1 be a sufficiently smooth function, then
2n"n”
=3 0" +07
1, Fe 9}? .

I
Fe?h,

With this notation, the bilinear form «#,(:,-) : Vi, x V;, — R corresponding to the symmetric interior
penalty DG method is defined by

(1.5) Ay (up,vp) = Z f[Vuh~Vvh +Vuh-%(ﬂvhﬂ)+Vvh-%(ﬂuhﬂ)]dx

KET}

. f onlzn] - [on] ds,

FE?}I

where the operator % : [L1(%},)]¢ — [V};]1¢ denotes the lifting operator defined as

(1.6) fg-z(q)-ndxz—f a-{mpds Vnelvyl,
Q F

4
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cf. [ABCMO2]. Here {{-}} denotes the weighted average operator with w = % on each interior

face F € 9}{ . In (1.5), according to [Dry03, DGS07], o5 € L°°(%},) denotes the interior penalty

stabilization function, which is defined by
1.7 O'h|F:Cgi, V Fe%p,
(hi)
with C; > 0 independent of p, |F|, |x| and Ay.
Then, based on the above definitions, the Symmetric Interior Penalty DG (SIPDG) discretiza-

tion of (1.1) is given by:
(1.8) find up € Vj, s.t. o (up,vp) =f fopdx Vv, eV,
Q

In the next section we recall the main theoretical results concerning formulation (1.8) that form

the basis for the forthcoming analysis presented in Chapter 3 and 4.

1.2 Theoretical estimates

For the forthcoming analysis we first derive the following ¢race inequalities on polygonal/polyhedral

elements.

Lemma 1.1. Assume that the mesh 9, satisfies Assumption 1.1 and let x € Iy, then the following
bound holds

2 € 2 hi o 1
”v”LZ(aK) S h_K||U||L2(K)+ ?|U|H1(K) VU EH (K),
where h, is the diameter of x and € > 0 is a positive number.

Proof. We follow the idea of [DE11, Proof of Lemma 1.49]. First of all, we observe that
1.9) lv ”%2(61() = Z lv ”%2(1;‘)-
Fcox

For each face F' < 0k according to Assumption 1.1 let Kf c x be a d-dimensional simplex sharing
the face F'. In Kf we define a function 6 as follows:
|F|

O :x € KF — Op(X) = ——— (X — vp),
F b F d|Kf‘| F

where v is the vertex of the simplex Kf opposite to the face F. We observe that:

IF|
vl
b

Op(x)-np = h=1 VxeF,

|k

where ny is the outward unit vector to the face F and % is the height of the simplex with respect
dlxl|

to the face F, thereby A = - Moreover, it holds
Orlp np =0 V face F'c akf,F' #F.

5



CHAPTER 1. THE HIGH-ORDER DISCONTINUOUS GALERKIN METHOD ON POLYTOPIC
GRIDS

Then we have

100226, = [ 1oPds = [ 10205 mpds = [ V-(oiP0p)dx

b K,

:f 2vVv-9Fdx+f |v|2V-9Fdx.
Ky <

We now observe that the following additional properties hold for OF:

V-0p=V- ] (x—-vp)= ] ‘leF_l
dIKfI dIKfI |K|f|’
and
_|F| |F|
(1.10) 10F N = g = g

where in (1.10) the first equality follows from MaAXy {x-vp}= hKf, while the second inequality

is a consequence of &, r < h,. Hence
4

|F|
b
<2 IFIF h ||UI|L2(KF)|U|H1(KF) |F| ||U||L2( F),
dlx) | |1<b | K

Employing Assumption 1.1 gives

10122y < 2C1 N0l 2y 0] pagery + —— 1012

L) = <~ 1WIR2ah\YIH o) By L2«
Using Young’s Inequality we get
1 9 Ay

ol lolioy < 5 (500, * -2 e )

where we have chosen € = 0. Using the previous inequality we have
2 € 2 h

(1.11) 1002y = Cad (510 ey + =10 )

We observe that (1.11) holds VF < 0x. Thereby, employing (1.9), we deduce that
9 h
”U”Lz(ak) Z ”U”Lz(F) Z Cd( ”v”Lz( F) |U|H1( F))

€ 1< 9
=Cld(— Z ||U|| 2 F Z vl F)
hK Fcox L (K ) € Fcox = (Kb)

€ 9 he o
S A

where in the last inequality we have used the fact that the simplices of the set {Kf: : F c 0} satisfy

Assumption 1.1, in the sense that they are disjoint and U Fcakg cK. O

6



1.2. THEORETICAL ESTIMATES

The following result is a trace-inverse inequality for polynomial functions on polytopic grids.
This result has been proved in [CDG17], see also [AHH*'17]; it is a direct consequence of Assump-
tion 1.1, together with the analogous bound given for simplicial elements, which can be stated as

follows.

Lemma 1.2. Let TcR%, d = 2,3, be a simplex and let F < 0T be one of its faces. Then, the
following bound holds
2 olFl o
”U”Lz(F)SCFp |_:Z-,|”U||L2(T) v Uegp(T)a

where CF is a positive constant independent of p, |F| and |T|.

A detailed proof of Lemma 1.2 can be found in [WHO03], for example. Then, the polygonal

counterpart of Lemma 1.2 is given by the following Lemma.

Lemma 1.3. Assume that the mesh 9}, satisfies Assumption 1.1 and let x € I3. The following

bound holds )

2 p 2
”U ”L2(61<) = Ctrh_K ”U I|L2(K) Yv e yp(K)y

where Cy > 0 is a constant independent of the discretizations parameters.

Proof. The proof is based on the application of Lemma 1.2 on each simplex Kf which satisfies

Assumption 1.1. Thereby, for v € 22,(x), we have

|F| 2 P2 2
12250 = 2 0122 = Y. Crp®—IvlI?, » <dCimax{Cr} — Y Ivl?, »
L@ Fcox LA Fcox T L) Feox K Fcix L)
2
p 2
= Ctr h_K ” v ”Lz(K),

where C;, = dC1maxpco{Cr}, here we have also employed the hypothesis Upcsi KII; cx and Kf
are disjoint simplices. O

Lemma 1.3 is a key result to prove the well-posedness of problem (1.8). Before showing that,

we endow the discrete space Vj, with the following a-DG norm

(1.12) lwi2 =Y f|Vw|2 dx+ ). fohl[[w]“z ds,
keI YK

Feg,VF

The well-posedness of problem (1.8) with respect to the norm (1.12) is then established in the

following lemma.

Lemma 1.4. The following continuity and coercivity bounds, respectively, hold:

(1.13) p(un,on) Slupliplloplly, Yup,vn €V,

(1.14) Apup,up) 2 luplly Yuy € V.
The second bound holds provided that C, appearing in (1.7) is sufficiently large.

7
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Proof. For the proof of this Lemma we follows the idea of [CGH14] for its proof. We first consider
the proof of the coercivity bound (1.14). For any uj € Vj, we obtain the following equality:

(1.15) Ap(up,up) = lupll’ - 2fQthh-%([[uh]]) dx,

where V}, is the piecewise gradient operator such that Vv | = Vuy, Vv € V. Then, in order to
obtain (1.14) we bound the second term on the right hand side of (1.15). By employing the Young

inequality we have
1
(1.16) fQ Viun- R([un]) dx < —IVaual7oq) + €12 (urDIzzq),

for any positive € > 0. The first term on the right hand side of (1.16) is the H'-seminorm term of
uy appearing in the definition of ||uy || given in (1.12). We then focus on the second term. From

the definition of Z given in Section 1.1.2 we have

10Dl = || R0unD-lun]) dx == [ [un] - 0B ds
h
(1.17) <o} [urllrag,) o, (2 ((urDBras,).

Moreover, by employing the trace inequality of Lemma 1.3, the second term to the right hand
side of (1.17) can be bounded as

lo, 4B (DM 7oz, < 2 N0, B[unDI7 2,

KE€T],

1A
=y c;t o2 (A DI .

xKeT},

>

>

_ h
<4dC," Y IR ([unDlze 0

KET}

<4dC,Cir Y 1R [unDI7 (-

KeT},

where we have also employed that (k) < 2h,+. By inserting the previous bound into (1.17) we

obtain
1
(1.18) I Z2([urDlzz) SV CorCotllo} [unlllzzg,)-

Inequality (1.18), together with (1.16) lead to

(1.19) vhuh : e%(Huh]]) dx ~ T ”vhuh ”LZ(Q) te€—— Z ||0h ﬂuh]] ”LZ(F)'
Q e Co rez,

Then, inserting the previous bound into (1.15) we deduce that

1 2 Ctr 1 2
dh(lth, uh) Z ”uh ”h - Z ”vhuh ||L2(Q) - zec_gpgg ”UZ Huh]] I|L2(F)
h

C 1
“) Y o [unliZege
CU Fezy,

2(1- 2—16)" Vnunl2a, + (126



1.2. THEORETICAL ESTIMATES

Hence, the bilinear from «#(-,-) is coercive over Vj x V}, if C, 2 2¢Cy, for some € > % We point
out that C,; > 0 is independent of p, |F|, |x| and A«. The continuity bound (1.13) can be carried
out by applying the Cauchy-Schwarz inequality to each integral appearing in «/,(up,v) and by
exploiting inequality (1.19). O

We also need to introduce the following inverse inequality, cf. [CDGH16, AHH*17].

Lemma 1.5. Assume that Assumptions 1.2 and A.3 hold. Let x € I}, the following inverse estimate
holds
IVunlFe S P4 A unlzey, VK€ T

Proof. We refer to [CDGH16, CDGH17] for the proof of this result. O

Exploiting the inverse estimate of Lemma 4.5, it is possible to obtain the following upper
bound on the maximum eigenvalue of <#,. We refer to [AH11] for a similar result on standard

grids, and to [AHH™" 17] for its extension to polygonal grids.

Theorem 1.1. Let Assumptions 1.1, 1.2 and A.3 be satisfied. Moreover we also assume that for
any x € 9}, it holds hy = hy Vx' € I, s.t. 0k N0k’ # @. Then

4
p
(1.20) hunun) S Y S5 lunl VYun€Va.
keTy Tk
Remark 1.4. We observe that if the mesh 9y, is quasi uniform, i.e. h < hy Yx € I, then the
bound (1.20) can be written as

4

b
A (n,un) S 5 unlegy  Yun € V.

~

Proof. Employing to the continuity bound of Lemma 1.4 we have
1
(1.21) n@nun) SIVauRF o) + 107 [un]lF2iz, .

Here, the first term on the right hand side of (1.21) can be estimated by employing Lemma 4.5 as

follows:

4
p
(1.22) IVaunlZagy= 2 IVunlzen < Y =

2
h2 ” up ||L2(K)'
KET xeTy Pk

The second term on the right hand side of (1.22) can be bounded by making use of the trace

inequality of Lemma 1.3 as follows:

2

1 1
2 2 2. 12 p 2
(1.23) ”O-}Zl [[uhﬂ||L2(gh) = Z ”O-Z,uh”Lz(ﬁK) = Z Ca'h_”uh”LZ(a,()
KET}, Ke€Tp K
2 2 2
b 2 b p 2
S L g S L 5= 1unlisg)
KET} xegy, Ttk Itk
Inserting (1.22) and (1.23) into (1.21) gives the desired result. O

9



CHAPTER 1. THE HIGH-ORDER DISCONTINUOUS GALERKIN METHOD ON POLYTOPIC
GRIDS

Next, we recall the following approximation result, which is an analogous bound presented in
[CGH14, Theorem 5.2]. This result exploits the properties of the extension operator & : H(Q) —
H5(R?), s € Ny, such that &v|q = v and 18V gs ey S vl Es(0), introduced in [Ste70].

Lemma 1.6. Let Assumption 1.4 be satisfied, and let v € L2(Q) such that, for some k=0, ve H k(%)
and v|y € H k() for x € Iy, with S € f’/—h# as defined in Assumption 1.4. Then, there exists a
local approximant operator Ilj, , :L2(x) — Pp(x) such that

s—q
o = vl oo S p,:_q I&vlgrs,y for0<q<k,

DO

S—

h .
v —Tp vl L0 S _Z—l 16V grsr,y if k21,
p 2

where s =min{p + 1,k} and p = 1.

Remark 1.5 (Global approximant). If Lemma 1.6 holds V¥ x € ), we can define the global
approximant operator I1j, : L2(Q) — V}, such that 1|, = Iy, x Yk € 9},. Moreover, if v € H*(Q) and
if we assume that h < h, Yx € I}, then the following global bound holds:

s—q
lv -pvllgeg,) S ——vlgrq), for 0<gqg<k.
pha

The result presented in Lemma 1.6 leads to the following error bounds, which follows from the
energy norm error bounds that have been proved in [CGH14], see also [CDG17] in the general

case.

Theorem 1.2 (Error bound). Assume that Assumptions 1.1 and 1.4 hold. Moreover we also
assume that for any x € Iy, it holds hy = hy Yx' € I}, s.t. Ok N0k’ # @. Let uy, € Vy, be the DG

solution of problem (1.8), i.e.,
dh(uh,vh) =f fvh dx Yuy € Vh.
Q

If the solution u of (1.1) is sufficiently regular, i.e. ul, € H*(x) VY« € F}, such that Euly € H* ()
with k > %, where % is defined in Assumption 1.4, then

2s—-2

_ 2 < K 2
le-unl2 S ¥ igul,,
KET},

where s =min{p + 1,k}, p= 1.
Remark 1.6. We point out that in problem (1.8) the bilinear form (1.5) is defined only for discrete
functions, so that it is not possible to exploit here the Galerkin orthogonality property. The proof of

Theorem 1.2 can be carried out by introducing an inconsistent DG formulation and by making use
of Strang’s second lemma. We refer to [CGH14, CDGH17, AFRV16] for further details.

10



1.2. THEORETICAL ESTIMATES

Thanks to the error bound of Theorem 1.2 and under additional assumption on the regularity
of the solution u and the polygonal mesh 97, it is possible to derive the following global bounds
of the error, cf. Ref. [CGH14, CDGH16, AHH"17].

Corollary 1.1. Assume that the hypothesis of Theorem 1.2 are satisfied. Moreover, we assume
that h <~ h Yk € 93, and that u € H*(Q) with k = 2, where u is the solution of (1.1), then

s-1
lu—up ||h,p 5 T3 ||u||Hk(Q),
P 2

S
lu—unlreo) S ph 1 el gy

where s =min{p + 1,k}, p= 1.

Remark 1.7 (Optimal error bounds). We point out that the bounds in Corollary 1.1 are optimal
in h and suboptimal in p of a factor p% and p for the DG-norm and the L2-norm, respectively.
Optimal error estimates with respect to p can be shown, for example, by using the projector of
[GS05] for quadrilateral meshes providing the solution belongs to a suitable augmented Sobolev
space. We also mention [SWI10] where a continuous approximant has been built. The issue of
proving optimal estimates as the ones in [GS05] on polytopic meshes is an open problem. In the

following, we will write:

hs—l
lu—-unlln S W”u”[{k(g)a
P )
S
- <
Iz uh”L?(Q) ~ pk_“ ”u”Hk(Q)y

where s =min{p + 1Lk}, p =1, and p€{0,1} for optimal and suboptimal estimates, respectively.

11






CHAPTER

FAST NUMERICAL INTEGRATION ON POLYTOPIC MESHES

n this chapter we propose a new approach for the numerical evaluation of the integrals

required to assemble the mass and stiffness matrices arising from the DG discretization of

elliptic problems, where the underlying mesh is composed of polygonal/polyhedral elements.
Starting from the idea proposed in [CLS15] for the integration of homogeneous functions, we
develop a cubature method which does not require the definition of a set of nodes and weights
on the domain of integration, and allows for the exact integration of polynomial functions based
on evaluating the integrand and its derivatives at the vertices of the polytopal integration
domain. This approach shows a remarkable gain in terms of CPU time with respect to classical
quadrature rules, maintaining the same degree of accuracy. On the one hand, the number of
computations is optimized, with respect to the polynomial degree of the integrand, and moreover
less memory storage is required since a sub-tessellation and quadrature nodes and weights
are not needed. The proposed technique is completely general and can be extended to several
numerical methods based on discrete spaces defined on polygonal/polyhedral meshes, such as
Virtual Element Methods, Mimetic Finite Differences, Hybrid High-Order Methods, Hybridizable
DG Schemes, and Polygonal Finite Element Methods, for example. We stress that the proposed
integration technique, which involves exact integration of bivariate and trivariate functions in
two- and three—dimensions, respectively, has been observed to be numerically stable, at least for

moderate polynomial degree.

The outline of this chapter is as follows: in Section 2.1 we recall the work introduced in
[CLS15], and outline how this approach can be employed to efficiently compute the integral of
d-variate polynomial functions over general polytopes in d-dimensions, d = 1,2,3. In Section 2.2
we outline the exploitation of the method presented in Section 2.1 for the assembly of the stiffness

matrix appearing in the DG formulation, as well as the assembly of the mass matrix; the latter is

13



CHAPTER 2. FAST NUMERICAL INTEGRATION ON POLYTOPIC MESHES

needed in order to apply the multigrid and space decomposition methods presented in Chapter 3
and 4. Several two— and three—dimensional numerical results are presented in Section 2.3 in

order to show the efficiency of the proposed approach.

2.1 Integrating polynomials over general polygons/polyhedra

In this section we review the algorithm introduced by Chin, Lasserre, and Sukumar in [CLS15]
for the integration of homogeneous functions over a polytopic domain. To this end, we consider

the numerical computation of [, g(x)dx, where

e ZcR? d =23, is a closed polytope, whose boundary 0% is defined by m (d — 1)
dimensional faces %;, i =1,...,m. Each face &%; lies in a hyperplane ./ identified by

a vector a; € R? and a scalar number b;, such that
2.1) XeEH < a;-x=b;, i=1,...,m.

We observe that a;, i =1,...,m, can be chosen as the unit outward normal vector to %;,

i=1,...,m, respectively, relative to &, cf. Figs. 2.1 and 2.2.

* g: % — Ris ahomogeneous function of degree q € R, i.e., for all A > 0, g(Ax) = 19 g(x) for all
xe A,

We recall that Euler’s homogeneous function theorem [SB96] states that, if g is a homogeneous

function of degree g = 0, then the following identity holds:
2.2) qg gx)=Vgx)-x Vxe .

Next we introduce the generalized Stokes’ theorem, which can be stated as follows, cf. [Tay96]:

given a generic vector field X : & — R?, the following identity holds
(2.3) f v -X(x))g(x)dx+f Vg(x) X(x)dx = f X(x)-n(x)g(x)ds,
P P 0y
where n is the unit outward normal vector to &2 and ds denotes the (d — 1)-dimensional (surface)

measure. Selecting X =x in (2.3), and employing (2.2), gives

1 m

bif ds.
> %g(X) s

d+q i

(2.4) f gx)dx = if x-n(x)g(x)ds =
P d+q oz

Equation (2.4) states that if g is homogeneous, then the integral of g over a polytope &
can be evaluated by computing the integral of the same function over the boundary faces
FicdP,i=1,...,m. By applying Stokes’ theorem recursively, we can further reduce each term
/. Z gx)ds, i =1,...,m, to the integration over 0.%;, i = 1,...,m, respectively. To this end, Stokes’
theorem needs to be applied on the hyperplane J/;, i =1,...,m, in which each %;, i =1,...,m,

14



2.1. INTEGRATING POLYNOMIALS OVER GENERAL POLYGONS/POLYHEDRA

X0, x

~

Figure 2.1: Example of a two—dimensional polytope &2 and its face &;. The hyperplane /; is
defined by the local origin xo; and the vector e;;.

Figure 2.2: The dodecahedron &2 with pentagonal faces and the face &; c 0.4 with unit outward
normal vector n;. Here, #; has five edges .%;;,j = 1,...,5, and five unit outward normal vectors
n;;, j=1,...,5, lying on the hyperplane 7. The hyperplane /; is identified by the local origin
x0,; and the orthonormal vectors e;1, ;2.

15



CHAPTER 2. FAST NUMERICAL INTEGRATION ON POLYTOPIC MESHES

lies, respectively. In order to proceed, let y : R?~1 — R? be the function which expresses a generic
point % = (&1,...,%4-1)' € Rl asa point in R? that lies on A, i =1,...,m, i.e.,

d-1 4

X— ’}’(f{) =Xp,; + Z Xn€in, with e, c€R® ejn-eim=0nm.

n=1
Here, x¢; € /6, i =1,...,m, is an arbitrary point which represents the origin of the coordinate
system on /;, and {ein}g;} is an orthonormal basis on /5, i = 1,...,m; see Figs. 2.1 and 2.2 for
two— and three—dimensional examples, respectively. Notice that x( ; does not have to lie inside
F;,i=1,...,m. Let % c R%"1 such that y(:@vi) =%, i =1,...,m, then the following identity
holds:

(2.5) / g(x)ds = f~ gy®)dx, i=1,...,m.

F; F;
Before outlining the details regarding the recursive application of the Stokes’ Theorem to (2.4),

we first require the following lemma.

Lemma 2.1. Let %;; c0%; j=1,...,m;, be the vertices/edges of %;, i =1,...,m, for d = 2,3,
respectively, and let n;; be the unit outward normal vectors to F;; lying in J¢;. Moreover, let
% c 0F; be the preimage of F;j with respect to the map y, and n;; be the corresponding unit

outward normal vector. Then, the following holds

~ T . .
nij—E nij, L—l,...,m,]—l,...,mi,

RE*€@=D yhose columns are the vectors {e;,}¢-L, i=1,...,m.

where E € n=1’

Proof. We first note that employing the definition of y we have that
(2.6) X = Y(f() =Xq,; + Ef(, ie., X—Xq,; = Ef(

The proof now follows immediately from simple linear algebra considerations; for full details, we
refer to [AHP18b]. O

Given identity (2.5) and Lemma 2.1, we can prove the following result.

Proposition 2.1. Let %;, i =1,...,m, be a face of the polytope &, and let F;j, j=1,...,m;,

be the planar (straight) faces (edges) such that 0%; = U;."ile?i ; for some m; € N. Then, for any
homogeneous function g, of degree q =0, the following identity holds

i

1 Ui
fg} g(X)dS = m(J;de g(X)dV + fgi X0, Vg(X)dS),

where d;; denotes the Euclidean distance between %;; and Xq;, Xo,; € /6, is arbitrary, i =1,...,m,

and dv denotes the (d — 2)-dimensional (surface) measure.
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2.1. INTEGRATING POLYNOMIALS OVER GENERAL POLYGONS/POLYHEDRA

Proof. If we denote by V; = [6%1

1,...,m, with respect to the coordinate system (%1,...,%4_1), then, upon application of Stokes

] the gradient operator on the hyperplane /;, i =

’6xd 1
’

theorem, we have

@7 f~(vi K)gy®)dx + f~ X-Vig(y®)dx = f XA g(r®@)vE),
F; F; 0F;

~ v ~ v [ /

v~ g v~

@ @ ®

where A is the unit outward normal vector of ,’977 and X is a vector field on R%~!. Next, we
transform (2.7) back to the original coordinate system. To this end, denoting E € RI*(@=1D 4 pe

the matrix whose columns are the vectors {e;,}?~1, we observe that, if we choose X = &, then its

nl’

divergence is V; X=d-1. Exploiting (2.6), the term V;g(y(X)) can be written as follows:

oy1 o2 . OYa 9g
0% 0% 0% 0%
o Oz . 0w 98
~ 0% 0% 0% 0% ~
(2.8) Vigy@)=| 7* . 2| = ETVr ).
oy 92 ., 9yd 98
0Xq_1 0%g-1 0Xq_1 0%q

Exploiting (2.6) and (2.8), we can write (1) and (2) as

(2.9) D=Wd-1 fj gy@)dx=(d - 1) fg g(x)ds,

@-= f~ %'E' Vg(y(®)dx = f (x—X0,)- Vg(x)ds
gi gi
(2.10) =q f g(x)ds — f x0,; - Vg(x)ds,
Lg-i gi

respectively. Employing Lemma 2.1, together with (2.6), we have that
m; m;
@)=Y |_x"h;e(y&)dvx) = Z . (x-x¢;) EE n;;g(x)dv(x)
j iJ =1

m;
(2.11) = Z (x—xo,i)'nijg(x)dv.
j=14Fi;

We observe that the term (x —xg;)-n;; is constant for any x € %;;, and that it represents the
Euclidean distance between .%;; and x¢ ;; thereby, we define d;; = (x—x0 ;) n;;. From the above
identities (2.9), (2.10) and (2.11) we deduce the statement of the Proposition. O

Using Proposition 2.1, together with equation (2.4), we obtain the following identity

(2.12) [@g(x)dx ; 1+q(ZdU f g(x)dv + ‘[%xoyi-Vg(x)ds),

ij

where we recall that 0.2 = um 1Zi and 0F; = U glj, fori = ,m.
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CHAPTER 2. FAST NUMERICAL INTEGRATION ON POLYTOPIC MESHES

Remark 2.1. If d =2, then %;; is a point and (2.12) states that the integral of g on & can be
computed by vertex-evaluations of the integrand plus a line integration of the partial derivative of

g. If d = 3 we can apply Stokes’ Theorem recursively to |. 7z g(x)dv. Proceeding as before, we get

1My
f gx)dv = m(k;dijk f ) g(x)d¢ + fg _xo,,-j-Vg(x)dv),

ij ijk ij

where 0F;; = Uzzzi’igi k> X0,ij 18 an arbitrarily chosen origin for %;;, and d;j;, is the Euclidean

distance between F;j, and Xq ;.

In view of the application of Proposition 2.1 to finite element methods, we are interested in
the integration of a particular class of homogeneous functions, namely polynomial homogeneous
functions of the form

g(x) :x}flxé32 --~de, where k, eNg forn=1,...,d.

98
0xy,

is a homogeneous function of degree g — 1. With this in mind, it is possible to recursively apply

In this case, g is a homogeneous function of degree ¢ = k1 +---+ k4, and the partial derivative

formula (2.12) to the terms involving the integration of the derivatives of g. To this end, we write
EcR? d=2,3,bea N-polytopic domain of integration, with N =1,...,d, and let 46 = UT" | &},
where each & cR% is a (N — 1)-polytopic domain. When N =d,d =2,3,8;, i =1,...,m, can be an

edge or a face, respectively; see Table 2.1 for details. We define the function

(2.13) y(N,g,kl,...,kd):fgx’;l...xfld dsn(x1,...,%q),

which returns the integral of the polynomial x]fl ...x" over & , where dsp is the N—dimensional

d
(surface) measure, N = 1,2,...,d. According to Proposition 2.1, the recursive definition of the

function .#(.,,...,-) is given in Algorithm 1.

Remark 2.2. With a slight abuse of notation, when 1 <N <d -1, in Algorithm 1 (and for the
purposes of the following discussion), the point xo = (xo 1,... ,xo,d)T denotes an arbitrarily chosen
origin for the coordinate system which defines the N-polytope & and d; represents the Euclidean
distance between the (N — 1)-polytopes &;, which form the boundary of &, and xXqg, i = 1,...,m.
Furthermore, in Algorithm 1, b;, i =1,...,m, is the same constant appearing in (2.1). Here it can
be evaluated as b; = n; -v, where v is a vertex of & and n; is the unit outward normal vector,

1=1,...,m.

Remark 2.3. We point out that in (2.12), cf. also (2.13), the shape of the underlying polytope can

be general: indeed, nonconvex simply-connected domains & are admissible.
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2.1. INTEGRATING POLYNOMIALS OVER GENERAL POLYGONS/POLYHEDRA

Algorithm 1 F(N,8,k1,...,kq) = [pai* .. .ab dsy(xy,...,xq)
if N=0(&=(v1,...,vq) € R? is a point)

return I(N,&,k1,....kq) =vi" vk

elseif <N <d-1(8isapointifd=1or an edge if d =2 or a face if d = 3)

S E—— di j(N_l,éai’k].’"'skd)
N+¥7_ kn (Zl

+%0,1 kl J(N,g,kl_ 1,k2:~~-’kd)
+ o4 xO,d kd cﬂ(N,éa,kl,...,kd_]-));

I (N,8,k1,...,kq)

else if N =d (& is an interval if d = 1 or a polygon if d = 2 or a polyhedron if d = 3)

1 m
F(N,E,k1,....kq) (Z bif(N—l,gi,kl,...,kd)).

- N+Zz:1kn =1
end if

Table 2.1: Polytopic domains of integration & considered in Algorithm 1 as a function of the
dimension d.

N=3 N=2 N=1 N=0
d=3 E=S E=F;c0P | §=F;;c0F; | §=F, <0F;j
is a polyhedron | is a polygon is an edge is a point
d=9 E=Z E=F;coF E=F;jc0F;
is a polygon is an edge is a point
d=1 E=P E=F;c0P
is an interval is a point

2.1.1 Integration of bivariate polynomials over polygonal domains

In order to test the performance of the method proposed in Algorithm 1, we consider the inte-
gration of bivariate homogeneous functions on a given polygon & c R? based on using the three

different techniques:
T.1 Recursive algorithm described in Section 2.1, based on formula (2.13)
f " yldx = 42, Pk, 1),
o
cf. Algorithm 1.

T.2 Use of the formula (2.4) together with numerical integration employed for the evaluation of
the edge integrals with known one—dimensional Gaussian quadrature rules, as recently
proposed in [CLS17];

19
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N
]

Figure 2.3: Triangle (#?1). Figure 2.4: Irregular (non- Figure 2.5: Irregular polygon
convex) polygon with 5 faces with 15 faces (Z?3).

(P2).

Table 2.2: Coordinates of the polygons of Figs. 2.3, 2.4, and 2.5.

vertex x-cordinates y-cordinates
1 —1.000000000000000 | —1.000000000000000
P 2 1.000000000000000 0.000000000000000
3 —1.000000000000000 | 1.000000000000000
1 —0.666666666666667 | —0.789473684210526
2 0.555555555555556 | —1.000000000000000
Py 3 1.000000000000000 | —0.052631578947368
4 —0.555555555555556 | 1.000000000000000
5 —1.000000000000000 | —0.157894736842105
1 0.413048522141662 0.781696234443715
2 0.024879797655533 0.415324992429711
3 —0.082799691823524 | 0.688810136531751
4 —-0.533191422779328 | 1.000000000000000
5 —-0.553573605852999 | 0.580958514816226
6 —0.972432940212767 | 0.734117068746903
7 —1.000000000000000 | 0.238078507228890
Kz 8 —0.789986179147920 | 0.012425068086110
9 —0.627452906935866 | —0.636532897516109
10 —0.452662174765764 | —1.000000000000000
11 —0.069106265580153 | —0.289054989277619
12 0.141448047807069 | —0.464417038155806
13 1.000000000000000 | —0.245698820584615
14 0.363704451489016 | —0.134079689960635
15 0.627086024018283 | —0.110940423607648

T.3 Sub-tessellation technique: the domain of integration &2 is firstly decomposed into triangles

where standard efficient quadrature rules are then employed.

We test the three different approaches for integrating bivariate polynomials of different
polynomial degrees on the triangle depicted in Fig. 2.3 and the two irregular polygons shown
in Figs. 2.4 and 2.5, cf. Table 2.2 for the list of coordinates for each integration domain; the
exact values of the integrals are given in Table 2.3. In Table 2.4 we show the average CPU-
time taken to evaluate the underlying integral using each method. We point out that, for each
integrand and each integration domain &, the relative errors between the output of the three

different approaches are of the order of machine precision; that is, all three algorithms return
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2.1. INTEGRATING POLYNOMIALS OVER GENERAL POLYGONS/POLYHEDRA

Table 2.3: The approximated values of the integral over the three polygons in Figs. 2.3, 2.4 and 2.5

obtained with approach T.1.

331 3”2 3”3

Jo x5y 0 —0.0020324991 -0.002589861
fgx10y10 0.0111339078 7.4274779926 x 10™° | 1.5738050178 x 1074
Jo %2020 0.0030396808 6.0738145408 x 10~8 | 1.3793481020 x 10~
Jex0y40 | 79534562047 x 1074 | 2.2238524572x 10712 | 4.2588831784 x 10710
Jox10y5 0 ~2.0911953867 x 1074 0.0014996521
Jox%0y5 0 —1.3797380205 x 1075 | 7.0356275077 x 104
Jox40y5 0 -7.9203571311x 1077 | 2.5065856538 x 10~*
Jo 22520 ~0.005890191 8.08469022058 x 1075 | -1.330384913 x 1074
Jox2y*0 —0.001868889 4.37593748009 x 107 | —38.963064075 x 10~°

Table 2.4: CPU times as a function of the integrand and the integration domain & for the three
approaches T.1, T.2 and T.3.

P Py P3
T.1 T.2 T.3 T.1 T.2 T.3 T.1 T.2 T.3
%Py 0.054 0.159 0.616 | 0.083 0.244 0.973 | 0.227 0.678 2.856
x10410 | 0078 0221 1.359 | 0.123 0.328 2.321 | 0.351 0.939 7.301
x20420 | 0.124 0.344 4.060 | 0.207 0.540 7.399 | 0.580 1.498 22.70
x%0y40 | 0208 0578 14.79 | 0.377 0934 2724 | 1.073 2.671 86.63
x19y5 | 0.064 0.191 0.999 | 0.081 0.296 1.699 | 0.237 0.833 5.125
%2945 | 0.078 0240 1.955 | 0.089 0.412 3.690 | 0.274 1.093 10.99
x5 | 0.107 0.363 4.975 | 0.085 0.616 9.504 | 0.332 1.680 29.40
«Py20 | 0.052 0244 1.971 | 0.085 0.412 3.662 | 0.243 1.117 11.07
Py | 0051 0365 5.009 | 0.082 0597 9.295 | 0.272 1.673 29.17

the exact integral up to roundoff error. For completeness, we note that the times for T.1 include
the computation of b;, n;, and d;;, j=1,...,m;, i =1,...,m. For T.2 we take into account the
evaluation of b;, n;, i = 1,...,m, and the one-time computation of the one-dimensional quadrature
defined on (-1, 1), consisting of A4 nodes and weights, employed for the line integrations. Here,
we select A = [%1 +1, in order to guarantee the exact integration of x*y’. The CPU times
for T.3 include the one-time computation of the .42 nodes and weights on the reference triangle,
where A is selected as in T.2, the time required for sub-tessellation, as well as the time needed
for numerical integration on each sub-triangle. The results shown in Table 2.4 illustrate that
the sub-tessellation approach T.3 is the slowest while the proposed method T.1 is the fastest
for all of the considered cases; in particular, we highlight that, even for just a single domain
of integration, the former method is between one- to two-orders of magnitude slower than the
latter approach proposed in this thesis. Moreover, when the integration domain consists of a
triangle, our algorithm T.1 still outperforms classical quadrature rules, cf. T.3, even though
in this case no sub-tessellation is undertaken. When comparing T.1 and T.2, we observe that

the former algorithm is again superior in terms of CPU time in comparison with the latter
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approach; this difference seems to grow when the exponents £ and [ of the integrand function
x*y! are very different. This is because in T.1 we have made an optimal selection of the points
X0, = (in,l,inyg)T, i=1,...,m, appearing in (2.12). Indeed, performing the geometric reduction
of the edges of the domain of integration, we then choose x; 1 =0 or x9; 2 =0, i =1,...,m, if the
exponents of the integrand function xF yl are k =/ or k <[, respectively. The choice xp; 1 =0 or
x0i,2=0,1=1,...,m, allows us to avoid the recursive calls to the function .#(-,-,...,-) related to
the x— or y—partial derivatives, respectively. In this way the approach T.1 is able to exploit the
form of the integrand in order to optimize the evaluation of the corresponding integral. To explore
this issue further, in the following section we consider the computational complexity of T.1 in

both the cases when an optimal and non-optimal selection of the points xq;, 7 =1,...,m, is made.

2.1.2 Computational complexity of the quadrature free method

The computational complexity of Algorithm 1, which is employed in T.1, depends in general
on the number of recursive calls of the function .#(.,-,..., ). In particular, using the short-hand
notation introduced in Remark 2.2, the selection of the points xg = (xo,l,...,xo,d)T, which are
used to define the origin of the coordinate system of each N-polytope & which defines the facets
of & is crucial. In general, any (d — 1)-dimensional hyperplane in R? possesses a non-empty
intersection with some axis of the Cartesian reference system, which means that it is always
possible to choose (d — 1) components of xg as zero. Without loss of generality we select x¢ , = bi/n,;,
and xo ¢ = 0 for s # r, where b; and n; are as defined in Remark 2.2, and r € {1,...,d} is chosen so
that 2, = min{k1,...,k4}.

Remark 2.4. In general, if & c # is a N-polytopic domain in R, then at most N components of

X € A can be selected to be zero.

In this way, the selection of %, essentially fixes the number of recursive calls of .#(.,,...,:) in
Algorithm 1. More precisley, we write | #(IN,8,k1,...,kq4)|F; to denote the number of FLOPs to
perform #(N,&,k1,...,kq), and let Cx be the number of FLOPs required by #(N,&,k1,...,kq),
without considering the recursive calls of .Z(.,-,...,-) to itself. With this in mind, let us consider

the following two examples:

* Set d =2 and assume k1 < kg, so that we can choose xg 1 # 0 and x¢2 = 0 on each of the

edges of . Then, according to Algorithm 1 we have

m
| (2,8,k1,k2)|F; =Co + ij(l,gi,kl,kz)ng,
i=1 ~~
®
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and

2
D=C1+ > 1#0,vij k1,k)lpr + 11,8, k1 — 1, ko)
j=1

2
=C1+2Co+C1+ ) |1.2(0,vij,k1— 1, ko)lp +1.2(1,81,k1 - 2,k2)|F
j=1

=---=k1(C1+2Cy),
where we have denoted the vertices of the edge &; as v;1 and v;2. Hence,
|.# @2, P, k1,k2)|lF1 = Co+ mk1(C1+2Cq) ~ O(ky).

In general, for d =2 we deduce that

(2.14) |£(2, P, k1,k2)|lp1 ~ O(min{ky,ko}).

* Set d =3 and assume k1 =min{k1,k2,k3}, so that we may select xp 1 #0 and xg2 =x93 =0
on each of the faces of 2. Thereby, employing Algorithm 1 we deduce that

m

|.#3,8,k1,ko,k3)|lF1 =C3+ le(z,ébi,klykZ,kBNFl,
i-1 ~
©)

where, foreachi=1,...,m,
m;
D=Co+ Y |F(,8ij,k1,k2,k3)p1 +15(2,8;,k1— 1, ko, k3)|pi
j=1

m;
=2C+ ) |91, 8;j,k1,k2,k3)|Fi
Jj=1

+ 3 (21, 8j,k1—1,ko, k3)|p) + 92,65, k1 —2,ka,k3)

Jj=1
kl m;
= :kICQ + Z (Z |j(]—agljakak2’k3)|Fl)
k=1 j=1

Here, the computational complexity of .#(1,&;;,k,k2,k3) depends on the choice of xog =xq ;;
which defines the origin of the coordinate system for &;;, j=1,...,m;,i=1,...,m. According
to Remark 2.4, two components of X ;; can possibly be different from zero, which implies
that the complexity of Algorithm 1 increases exponentially when d = 3. However, it is
possible to modify Algorithm 1 in order to avoid the double recursive calls which cause this
exponential complexity. In particular, in Section 2.1.3 we propose an alternative algorithm

which exploits the same idea of Algorithm 1 and allows us overcome this issue.

In order to confirm (2.14), we use the tool [Qial5] to measure the number of FLOPs required

to exactly compute [, x*1 y*2dx; moreover, comparisons will also be made with T.3. To simplify
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4
4000 \ ‘ 710 ‘ ‘ 3
= Constantk, =4 P — Constantk, =4 R
1 / 6l 1 R
«x»s Constant k1 =20 /' «»»s Constant k1 =20 Re
-
3000 || constant k, =36 s’ ] | === Constantk, =36 ¢
1 0 5 1 7
O/ ¢/' t.‘
%) 4 w | Re K
o /-’ ------------------------------ o 4 R K3
G 2000 | / 19 T e
L / oL3r '/4 “““
R
// 2r /”' """"
1000 f 1 ‘/— “““““
1/ 1 T e
S e
0 ‘ ‘ ‘ ‘ 0 1 ‘ ‘ ‘
0 10 20 30 40 50 0 10 20 30 40 50
k2 k2
(a) Quadrature free method T.1 (b) Sub-tessellation method T.3

Figure 2.6: Comparison of the number of FLOPs required to integrate x*1y*2, based on fixing %1
and varying kg € {0,...,50}

—x#— Sub-tessellation with gauleg —+— Sub-tessellation with gauleg

—6— Sub-tessellation without gauleg —©— Sub-tessellation without gauleg
—A— Quadrature free - —A— Quadrature free

| [eeeee ~k
-2

(a) Excludes function evaluations. (b) Total cost including function evaluations.

Figure 2.7: Comparison of the number of FLOPs required to evaluate [’ P x*ykdx as k increases
employing both the quadrature free and sub-tessellation methods

the presentation, the polygon &7 is selected to be the triangle with vertices (—1,0.3), (1,—1), and
(0.3,1); thereby, T.3 does not require the computation of a sub-tessellation. In Fig. 2.6, we plot
the number of FLOPs needed to evaluate [, x*1yk2dx by fixing k1 and varying ks € {0,..., 50}
employing both T.1 and T.3. In particular, Fig. 2.6(a) shows that the number of FLOPs required
by the quadrature free method T.1 growths linearly with respect to 29 when k1 > k9 and becomes
constant as kg increases when k1 < k9. Fig. 2.7 confirms the asymptotic behaviour of the two
algorithms in the case when k1 = kg; here, the number of FLOPs required by the sub-tessellation
method is reported in both the case when the cost of the evaluation of the quadrature nodes
and weights employing the function gauleg, cf. [PTVF07], for example, is included/excluded. In
particular, we show results both in the case when the cost of the function evaluations is excluded,

cf. Fig. 2.7(a), as well as the total number of FLOPs required by each algorithm to exactly evaluate
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Figure 2.8: Number of FLOPs required to evaluate [ x*y*dx as £ increases, based on employing
the quadrature free method, with a sub-optimal choice of xg.

S x*y*dx, cf. Fig. 2.7(b). As expected, the computational complexity of T.3 grows like @(£2) and
O(k?) in these two latter cases, respectively, while the cost of the quadrature free method is
always O(k) as k increases.

So, the numerical results presented for the proposed quadrature free method have assumed
that the points x¢, which are used to define the origin of the coordinate system of each N-polytope
& which defines the facets of 2, has been chosen in an optimal manner to ensure that the number
of recursive calls of .#(.,-,...,-), cf. Algorithm 1, is minimized. Indeed, a sub-optimal choice of
these points leads to an exponential growth in the number of recursive calls of the function
£(,,...,-)in Algorithm 1. For example, if d = 2 the non-optimal choice of xy implies that each
call of #(-,-,...,-) with N =1 leads to a double recursive call of #(:,-,...,-), up to when a zero
exponent k1 or ko appears as input. In particular, if 2; = kg = k&, it is possible to show that the
number of FLOPs required by the quadrature free method grows as 6(22k-1), as k increases, cf.
Fig. 2.8. In the following section, we present an alternative implementation of the quadrature

free algorithm which avoids this exponential growth, irrespective of the selection of the points xj.

2.1.3 Integration of families of monomial functions

In the context of employing the quadrature free approach within a finite element method, in
practice we are not interested in integrating a single monomial function, but instead an entire
family of monomials, which, for example, form a basis for the space of polynomials of a given
degree over a given polytopic element x which belongs to the underlying computational mesh.

For example, when d =2, let us consider the evaluation of
(2.15) kalykzdx Y k1,k2=0, ki+ke<p.
K

We note that even when employing the Approach T.1 with an optimal choice of the points xg,
the total number of FLOPs required for the computation of (2.15) is approximately &(p?), as p
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—A—QF with Algorithm 1
—+—QF with Algorithm 2
L= ~p?

- p?

10 20 30 40
p

Figure 2.9: Number of FLOPs required to evaluate {, xk1ykedx V kq,ke =0, k1 +ko < p} based
on employing Algorithm 1 (with an optimal selection of the points x(), and Algorithm 2.

increases.

To improve the dependence on p we propose an alternative approach, cf. Algorithm 2;
this based on the observation that, using the notation of Algorithm 1, if the values of #(NV —
1,8j,k1,....,kq), j=1,....m, (N ,E,k1-1,...,kq)...#(N,E,k1,....,kqg—1),for 1<N <d -1, in
Algorithm 1, have already been computed, then the computation of #(N,&,k1,...,kq) is extremely
cheap. Indeed, since we must store the integrals of all the monomials on x anyway, we can start by
computing and storing [, x*1y*2dx;dxs related to the lower degrees k1,k9 and N = 1, then exploit
these values in order to compute the integrals with higher degrees k1,%2 and higher dimension N
of the integration domain &. This leads to an algorithm, whereby the number of FLOPs required
to compute and store {fKoc]l21 ...dedsd(xl,...,xd), k1,...,kq =0, k1+ko+...+ kg < p}is of order
G(p?), as p increases, irrespective of the selection of choice of the points x¢. In Fig. 2.9 we now
compare these two approaches for d = 2, when the underlying element is selected to be the
triangular region employed in the previous section. Here, we compare Algorithm 1, with an
optimal selection of the points x(, with Algorithm 2, where in the latter case the points x( are
simply selected to be equal to the first vertex defining each edge; here, we clearly observe the
predicted increase in FLOPs of G(p3) and G(p?), as p increases, for each of the two algorithms,

respectively.

2.2 Elemental stiffness and mass matrices

We now consider problem (1.8) and we fix p = 1 in order to ease the forthcoming analysis. By
N,

-1
as: find U € RV such that

fixing a basis {¢; N}, denoting the dimension of the discrete space Vj,, (1.8) can be rewritten

AU=f,
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Algorithm 2 Algorithm for integrating all monomials up to order p
08 =1{&1,...,6n} where &; c08;
F =Facelntegrals(d-1,81,...,6m,k1,...,kq);
fora1=0:k1,...,ad=0:kd;k1+k2+...+kd <p do
Viai,...,aq) Y, biF(ay,...,aq,1);

- d+2%=1an
end for
procedure F = Facelntegrals(N,&1,...,6m,k1,...,kq)
F(-1:kq,...,-1:kq,1:m)=0;
for i=1:m do
choose x( as the first vertex of &;;
651' = {gily---,(’()oimi} where gij Caé‘)i, _] = 1,...,mi;
if N-1>0
E =Facelntegrals(N —1,8;1,...,8im;,k1,...,kq);
else if N-1=0 (&;; = (v1,...,v4) € R? is a point)
E(al,...,ad,j):vllll...vzd VO0<ap,<k, j=1,....,m;
end if
forai=0:k1,...,a0=0:kq; k1 +ko+...+kg<pdo

: (fd E( )
- 3 L] al""7ad7.]
N+Ydjan 17

+x0,1k1F(a1 - 1,...,ad,i)

F(aq,...,aq,i) =

+---+x0,dde(a1,...,ad - l,i));

end for
end for
end procedure

where f; = [ f¢idx Vi =1,...,Nj, A is the stiffness matrix, given by A;; = o, (¢;,¢;) Vi, j =
1,...,N;, and U contains the expansion coefficients of uj € Vj with respect to the chosen basis.
Moreover, we also consider the assembling of the mass matrix M, which is needed for the
definition of the solvers presented in Chapters 3. Then, we are interested in computing the

following matrices:

(2.16) Mi,j:/ ¢ip;dx, Vi,j:[ Vi-Vo; dx,
Q Q
€1 Siy= Y [ ol los]es, L= Y [ ave[o;]es,
FEgh F FEgh F

fori,j=1,...,N3, where as before Nj, denotes the dimension of the DG space V},. In particular,
the stiffness matrix related to the dG approximation of problem (1.8) is defined as A=V-IT-I+8.
In this section, we outline the application of Algorithm 2 for the efficient computation of the

matrices appearing in (2.16) and (2.17).
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2.2,.1 Shape functions for the discrete space V},

To construct the discrete space V;, we exploit the approach presented in [CGH14], based on
employing polynomial spaces defined over the bounding box of each element. More precisely,
given an element « € 9, we first construct the Cartesian bounding box By, such that x c B,.
Given By, x € 93, it is easy to define a linear map between B, and the reference element
B =(-1,1)¢ as follow: F, : B — By such that Fy : x € B — Fy (%) = J, % + t,, where J, € R¥*? is
the Jacobi matrix of the transformation which describes the stretching in each direction, and
t. € R? is the translation between the point 0 € B and the baricenter of the bounded box By, see
Fig. 2.10. We note that since F, affinely maps one bounding box to another (without rotation),
the Jacobi matrix J; is diagonal.

Employing the map F, « € 93, we may define a standard polynomial space 27,(By) on By
spanned by a set of basis functions {¢; «} for i = 1,...,N, = dim(Z?,(By)). More precisely, we
denote by {Z, (%)}, the family of one-dimensional and L%—orthonormal Legendre polynomials,
defined over L2(-1,1), i.e.,

L, (x)

Lp(x) = ———, with L,(x)=
ILnllz2-1,1)

d o
el _1)n
2nn! dx [ it

cf. [QSS07, Gri05]. We then define the basis functions for the polynomial space P}”p(é) as follows:
writing I =(i1,i9,...,i4) to denote the multi-index used to identify each basis function {([)1}05| I1<p»

where |I|=i1+---+i4, we have that
G1(%) = pr(&1,...,%q) = L, (1)L, (X2) -+ ZLi ) (2a).

Then, the basis functions for the polynomial space &, (k) are defined by using the map Fy,

namely:
(2.18) b1(x)=pr(F 1(x)) VxexcB, VI:0<|I|<p,.

The set {¢1x: 0=<II| < px, x € T3} forms a basis for the space Vj. On each element x € I3, we
introduce a bijective relation between the set of multi-indices {I = (i1,...,i4):0<|I| < px} and
the set {1,2,...,N, }.

2.2.2 Volume integrals over polytopic mesh elements

In the following we describe the application of Algorithm 2 to compute the entries in the local

volume matrices

(2.19) M’iijzfgqbi’,(gbj,,(dx, Vij:fQV(/)i,K'V(Pj,de i,j=1,...,Np,,

respectively, for all x € 3,. For simplicity of presentation, we restrict ourselves to two—dimensions,
though we emphasize that the three—dimensional case is analogous, cf. Section 2.3.2 below. Since

the basis functions are supported only on one element, employing the transformation F,, we have

M, = [ a0 9)0x = [ 12,9006, INIIR, 15 =1, N,
K K
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w s B,

Figure 2.10: Example of polygonal element x € 93, the relative bounded box By, the map F, and
& =Fl(x).

where in the last integral & = F 1(x) c B, see Fig. 2.10. Here, the Jacobian of the transformation
Fy is given by |dJx| = (Jx)1,1(Jx)2,2, which is constant, due to the definition of the map. In order to
employ the homogeneous function integration method described in the previous section, we need to
identify the coefficients of the homogeneous polynomial expansion for the function ¢; (%, §)¢ (X, ).
We observe that ¢;(%,5) = Z; () Z;,(9), and each one—dimensional Legendre polynomial can be

expanded as
il iZ
(2.20) L@ =3 Ciym&",  Z,(=) Cind"
m=0 n=0
Therefore, we have

3 Cpin”)( 3 Coon”)(3 1) (5 Cror 0l
n=0 s=0 r=0

1 5 igt+je ;
:]: Cgil,jlykx )( Z cgiz,jz,ly )'JK|dX
K" k=0 1=0
i1tj1izgtje oo
= Cgil,jl,k (giz,jz,l |JK|j:x ydx.
k=0 [=0 R

Here, we have written
(2.21) €ijr= > (CinCjm), for0<i,j<py, O0<k<i+].

n+m==k
Notice that the coefficients 6 ; ; can be evaluated, once and for all, independently of the polygonal
element x. We now consider the general element of the volume matrix V; ;, cf. (2.19). Proceeding
as before, let I, J be the two multi-indices corresponding respectively to i and j, we have

a(bl,x 0¢J,1< fa(PI,K ad)J,K
dx +
Jo 0x  Ox x 0y Oy

S ®
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(2.22) V’i(,j = f Ve, - V([)J' dx =
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Proceeding as before, we apply a change of variables to the terms (1) and (2) with respect to the

map Fy; thereby, we obtain

0P 4 «
D= f PLx () 2275 ¢°’ (F (&) J d%,

091, 0P, . .

@)= f ay"(mx» ay"(FK(x)>|JK|dx.
From the definition of Fy, the inverse map is given by F;!(x) = J_1(x - t,). Then, using the
definition (2.18) of the basis functions, we have the following characterization of the partial

derivatives appearing in the terms (1) and (2):

</>1 </)

1) I D1, cm(x)— 1x) (I a0

0
&QDI,K(X)
where we have used that (J_ 1)2,1 =(J, 1)13 = 0 since Jy is diagonal. Then, @ can be written as:
0 0
@®= f 01 g (/"’( ) (T2 1Ak,

Since (J 1)% 11Jk| is constant, the integrand function of term @ is a polynomial. Thereby, we

have the following relation:

(/)I I

= L (%) £,9),
(p aff 0"” = 2] (}) £,9) £),&) £,(9).
L&) =L &) L,

From the expansion (2.20) of the Legendre polynomials, we note that
i-1 i-1
(2.23) L@)=0, L®=) m+1Cipu1&™=) Ci, &, fori>0;
m=0 m= ’
where the indices C’i m = (m+1)C; 41 are the coefficients for the expansion of 21’ (-). We deduce
that (1)=01ifi; =0 or j; =0, and
i1+71-2 igtje 1w bl o
@®= Z Z | ik Cizjad )1,1|J1<|f5¢ ydx, i1,/1>0,
K
where 6, ;,; is defined in (2.21), and
Cin= 2 CinCin 1<i,j<py forO<k<i+j-2,
n+m=k

with C. =(n+1C; 41, C;. = (m+1)Cj 1, cf. (2.23), is the expansion of the derivatives of the
Legendre polynomials which is computable independently of the element «, x € 7. Analogously,

we deduce the following expression for the second term of equation (2.22):

i1+j1 ig+j2—2

@- kZO zz;‘) Givjuk Gy ot I 1)22|JK|fx
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2.2.3 Interface integrals over polytopic mesh elements

With regards the interface integrals appearing in equation (1.5), we describe the method by
expanding the jump and average operators and computing each term separately, working, for
simplicity, again in two—dimensions. Firstly, we discuss how to transform the integral over a
physical face F < dk to the corresponding integral over the face F' = F_1(F) c 8% on the reference
rectangular element k. To this end, let F' < 0k be a face of the polygon «, x € 97, and let x; = (x1, y1)
and x9 = (x9, y2) denote the vertices of the face, based on counter clock-wise ordering of the polygon
vertices. The face F' = F1(F) is identified by the two vertices x; = F;!(x) and %, = F(x5). For a

general integrable function g : x — R we have

ng(x,y)dS(x,y)=fﬁg(FK(56,5’)) ds(Fy(%,9)),

where ds(Fy(%,9)) = _¢r d$ and _¢F is defined as ¢r = IIJ;TﬁF lJx|, where fiz is the unit outward
normal vector to .

We next describe how to compute the interface integrals. From the definition of the jump and
average operators, cf. Section 1.1.2, on each edge F € ,9}{ shared by the elements x* we need to

assemble

1
8ij = fFU hi Giger G ds, I = Efp(w’i,w ‘0" ¢ ds,
- -1 _
Si,é- =fFUh,1 Gix Pjx ds, Ii,é = E‘L(v(ybi,K_ ‘n7) - ds,
_ _ 1
S:./] = _\[F‘Uh,l ¢i,K+ (Pj,K_ dS’ I:‘/] = _éjﬁv‘(v(,blﬂ(+ 'n+) ¢j,K_ dS:

- - 1 -
Si;— = _fFUh,l bix Pjx+ ds, Ii;— = —EL(V(PLK* ‘n) G+ ds,

fori,j=1,...,N, .. Analogously, on the boundary face F € 9}? belonging to x* € 97, we only have

to compute
S:f— - Lah,l ¢i,K+ (pbj,K* ds, IZ?— = L(V(Pi,,(+ 'n+) ¢’jﬂ<+ ds,

fori,j=1,...,Np .. We next show how to efficiently compute a term of the form

Si1 = [ ont @1 @9) g ),

where 1,dJ are the suitable multi-indices associated to i,j = 1,...,N, ., respectively. Proceeding

as before, we have

SI = || Onadre e ) = [ 011525 s
i1t+j1istje

Ak Al 34
= > D o1 Girjik Gisjol fFﬁx 7'ds.
k=0 [=0 F
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Analogously, we have

2:24) St =~ [ 01 15,0 (52,

- j;“(F)

-1
xt

Oh1 P (Fir X)) P i (Fiy+ (X)) FF+ds.
©) ®)
For the term (a), we directly apply the definition of the basis function, and obtain

i1 1o

(2.25) @ = pr-(Frr(R) = pr(F L F - @) = 10 = Y. Y Ciy o Ciys 2797,
k=01=0

while for the term (b) we have
®) = ¢ - (Fo (%)) = by (B (Frr (%)),

In order to obtain a homogeneous polynomial expansion for @ we have to write explicitly the
composite map F(X) = F1(F,+(X)). That is
FR) = I 1 &+t ) — Tt =T 2T K+ I 2 (ber — o),
H’f—/ _f_/
J t

where the matrix J is diagonal since J,}l and J,+ are diagonal. We then have

(2.26) ®) = psER) = Gy T&+1) = Gy (T1,12 +E1,d229 +T2)
Ji Je . . -y
= Z Zleyk ng,l (J1’13Ac+t1) (J2,25/+t2) .
k=01=0

Combining (2.25) and (2.26), and denoting by F* = F;}(F), cf. Fig. 2.11, from (2.24) we obtain

i1+j1i2+]j2

+= % 7 NINER
ST == Y Zivjik Piyjod IF+ [Fx 3°ds,
k=0 [=0

where & and % are defined as

Cigk= 2, (CinXjm)
) ntm=k i for 0<i<py+, 0Sj<pe, 0sk<i+].
@z]k_ Z (ClnYJm

n+m=~k

Here, as before, C; ,, are the coefficients of the homogeneous function expansion of the Legendre

polynomials in (-1,1), while X jm and Yj,m are defined by

/ r| .
Xjm= ) Cjr (m) (J1,0)™ €)™
r_jm forOsm=<py-, m=<j<pi;
~ r - - _
Yjm= ) Cjr ( ) (J22)™ (t2)™
r=m m
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2.2. ELEMENTAL STIFFNESS AND MASS MATRICES

Figure 2.11: Example of a polygonal elements x* € 97, together with the bounded boxes B+, and
the local maps Fy: : ® — x* for the common face F c k™.

here, we have exploited the Newton-binomial expansion of the terms J 11X+ t1)* and (J 229+ o)
appearing in equation (2.26).

Similar considerations allow us to compute

Oy 1+ Ix*
ij = 5([ it —— (2, )P i+ (x, y)n +f 001 —— (%, )P i+ (x, y)n )

xjpds + (PI

yjpds)

i1+j1—1 igtje

_ -1 + " N INEN
_§jF((JK+)1,1nx Z Z Cgll Jl,kcglz,Jz fx y'ds
k=0 =0
i1tj1 igtje—1

+ (J,:+1)2,2n;vr kzb Z i1k szlf kytds )

where %”J , are defined as
1 — .
%’Jk 0 Vj, Vk,
,Jk = nim= kClnCJm, 1<i<p,0sj<pe+,0<k=<i+j-1,

andn* =[n’,n?]1" is the unit outward normal vector to the physical face F from x*. Similarly,

xr 'ty

+/_—__f(v¢lk+ n )¢JK ds

=__(L6¢IK bgx-n +ds+[ ()bIK b1 ds)

2 0
i1+j1-1 igtje
= #e(@ s I W AT |..#3"as
=0 Fr
1 i1tj1 i2+j2—1 bl an
+ (J )22 Z Z 11,71,k lz’JZ’lfﬁwx y dS),

where we have also introduced Z’ and %’ defined as

for 1<i<pyr,0<j<pe,0<k<i+j—1.
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Remark 2.5. The coefficients X and Y depend on the maps F,+ and Fy-, as well as XX, Y
and ¥'; thereby, they must be computed for each element x in the mesh J7,.

Remark 2.6. With regards the computation of the forcing term
(2.27) f; :f f®)¢p;(x)dx, Vi=1,...,Np,
Q

we point out that the quadrature method proposed in this chapter allows us to exactly evalu-
ate (2.27) when f is a constant or a polynomial function. If f is a general function, an explicit

polynomial approximation of f is required.

2.3 Numerical experiments

We present some two— and three—dimensional numerical experiments to test the practical
performance of the proposed approach. Here, the results are compared with standard assembly

algorithms based on employing efficient quadrature rules on a sub-tessellation.

2.3.1 Two-dimensional test cases

We test the performance of the algorithm outlined in Section 2.2 for the computation of the
elemental mass and stiffness matrices resulting from the DG discretization (3.4) on Voronoi
decompositions as shown in Fig. 2.12. In particular, we compare the CPU-time needed to assemble
the local and global elemental matrices using Algorithm 2, cf. Section 2.2, with Quadrature
Integration over polygonal domains, based on the sub-tessellation method on polygons and
Gaussian line integration for the related interface terms. More precisely, given « € 93, the
sub-tessellation scheme on « is performed by constructing a non-overlapping sub-tessellation
K o = {7y} consisting of standard triangular elements; in particular, as, for our tests, we consider
Voronoi numerical grids, we exploit the convexity of x and define x » by connecting the centre of
mass of ¥ with its vertices. As an example, if we consider computing the elemental mass matrix
M’i‘,j, we have that

qTK
MY = f pipjdx~ Y Y ¢i(Fyr (& (Fyr &Ny, |0r,

Tx€K.» r=1

where F;_:7 — 7, is the mapping from the reference simplex 7 to 7., with Jacobian |J;, |, and
{({,,wr)}fil denotes the quadrature rule defined on 7. The construction of quadrature rules
on 7 may be computed based on employing the Duffy transformation, whereby the reference
tensor-product element (—1,1)? is mapped to the reference simplex. As the algorithm outlined
in Section 2.2 does not require the definition of quadrature nodes and weights, in the following
we will refer to it as the Quadrature Free Method. Consider the problem (1.8) introduced in
Section 1.1.2 with d = 2 and Q = (0,1)2, where we select the set of basis functions {(,bi}]i\i b for

1
V;, as described in Section 2.2. In order to quantify the performance of the proposed approach,
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2.3. NUMERICAL EXPERIMENTS

(a) 50 elements. (b) 250 elements. (c) 1000 elements.

Figure 2.12: Example of a Voronoi mesh on Q = (0, 1)2.

we consider a series of numerical tests obtained by varying the polynomial degree p, = p for
all x € 97, between 1 and 6 and by employing a series of uniform polygonal meshes of different
granularity, cf. Fig. 2.12. The numerical grids are constructed based on employing PolyMesher,
cf. [TPPM12]. Here, we are interested in the CPU time needed to assemble the matrices (2.16)
and (2.17).

In the first test case, we consider the CPU time needed to assemble the matrices M and V.
As pointed out in Section 2.2, these matrices are block diagonal and each block consists of an
integral over each polygonal element x € 93,. In Fig. 2.13 we present the comparison between the
CPU times needed to assemble the global matrices M and V based on employing the quadrature
free method and quadrature integration (based on sub-tessellation) when varying the number
of elements N, € {64,256,1024,4094,16384,65536} and the polynomial degree p € {1,2,3} (left),
and p € {4,5,6} (right). Clearly, our approach outperforms the classical sub-tessellation method
leading to substantial gains in efficiency. For a more detailed comparison, we have presented in
Fig. 2.15(a) the logarithmic-scaled graphs of each computation: from the results of Fig. 2.15(a) we

observe that the CPU time grows linearly with the number of elements.

We have repeated the same set of numerical experiments measuring the CPU times needed
to assemble the face terms appearing in the matrices S and I; these results are reported in
Fig. 2.14. Here, the domains of integration of the integrals involved are the edges of the polygonal
elements, which are simply line segments in the plane R?. We compare the quadrature free
method described in Section 2.2.3 with classical Gaussian line integration, where the integrating
function is pointwise evaluated on the physical quadrature nodes lying on each face. The graphs
in Fig. 2.14(a) and 2.14(b) show the comparison between the CPU time of the two different
approaches. Here, we again observe that significant computational savings are made when the
proposed quadrature free method is employed, though the increase in efficiency is less than that
attained for the computation of the volume integrals. In Fig. 2.15(b) we plot the logarithmic-scaled
CPU time with respect to the number of mesh elements; again the CPU time grows linearly with

the number of elements.
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Figure 2.13: Comparison of the CPU time needed to assemble the global matrices M and V for
a two—dimensional problem by using the proposed quadrature free method and the classical
sub-tessellation scheme. For each algorithm, each line is obtained by fixing the polynomial
approximation degree p € {1,2,3} (left) and p € {4,5,6} (right), and measuring the CPU time by
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Figure 2.14: Comparison of the CPU time needed to assemble the global matrices S and I for
a two—dimensional problem by using the proposed quadrature free method and the classical
Gauss line integration scheme. For each approach, each line is obtained by fixing the polynomial
approximation degree p € {1,2,3} (left) and p € {4,5,6} (right), and measuring the CPU time by
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(a) CPU time comparison needed to assemble M and (b) CPU time comparison needed to assemble S and I
V in log-log scale. in log-log scale.

Figure 2.15: Comparison between the CPU time needed by the two methods to assemble the
global matrices M and V (left) and S and I (right) for a three—dimensional problem, versus the
number of elements and for different choices of p =3,...,6 (log-log scale).

Referring to Figs. 2.13 and 2.14, we observe that the cost of assembly of the matrices M
and V, which involve volume integrals over each element x in the computational mesh 97}, is
more expensive than the time it takes to assemble the face-based matrices S and I, when the
quadrature is employed. This is, of course, due to the greater number of function evaluations
required to compute M and V on the underlying sub-tessellation; note that in two—dimensions, a
sub-tesellation of the faces is not necessary, since they simply consist of line segments. However,
the opposite behaviour is observed when the quadrature free method is employed; in this case,
the volume integrals can be very efficiently computed since the coefficients € ; , and ‘€i’ ik only
need to be computed once, cf. Section 2.2.2. On the other hand, computing the face integrals
present in S and I requires the evaluation of the coefficients X bm> Si’a,b,k, x é bR Yb,m, @a,b,k,
and ¥ a’ bk cf. Section 2.2.3, which must be computed for each face F € &},. -

2.3.2 Three-dimensional test cases

We now consider the diffusion-reaction problem (3.4) with d = 3 and Q = (0, 1)3. The polyhedral
grids employed for this test case are defined by agglomeration: starting from a fine partition
Ttine of Q consisting of Ny, disjoint tetrahedrons {K;}]i\if i"e, such that Q = u?if i"efi , a coarse

mesh 7 of Q consisting of disjoint polyhedral elements x can be defined such that
(2.28) K= UK}EyKK/f VK €Ty,

where .7 thf in¢ Jenotes the set of fine elements which forms . Here, the agglomeration of fine
tetrahedral elements is performed based on employing the METIS library for graph partitioning,
cf., for example, [KK98, KK09]. With this definition each polyhedral element is typically non-

convex. For simplicity, we have considered only the case of simply connected elements. In this
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=

(a) Element «7. (b) Element k9. (c) Element k3.

Figure 2.16: Example of polyhedral elements x € 97, obtained by agglomeration of tetrahedra. x
has 18 triangular faces, k2 has 20 triangular faces and k3 has 22 triangular faces.
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(a) Comparison for p €{1,2,3}. (b) Comparison for p € {4,5,6}.

Figure 2.17: Comparison of the CPU time needed to assemble the global matrices M and V for
a three—dimensional problem by using the proposed quadrature free method and the classical
sub-tessellation method. For each approach, each line is obtained by fixing the polynomial
approximation degree p € {1,2,3} (left) and p € {4,5,6} (right), and measuring the CPU time by
varying the number of elements of the underlying mesh.

particular case, the faces of the mesh 9}, are the triangular intersections of two—dimensional
facets of neighbouring elements. Fig. 2.16 shows three examples of the polyhedral elements
resulting from agglomeration.

We perform a similar set of experiments as the ones outlined in Section 2.3.2 for the two—
dimensional case. Again, we compare the CPU time required by the proposed quadrature free
method with the quadrature integration/sub-tessellation approach to assemble the stiffness and
mass matrices resulting from the DG discretization of problem (3.4). Numerical integration over

a polyhedral domain is required to assemble the matrices M and V, cf. (2.16), whereas for the
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Figure 2.18: Comparison of the CPU time needed to assemble the global matrices S and I for
a three—dimensional problem by using the proposed quadrature free method and the classical
sub-tessellation method. For each approach, each line is obtained by fixing the polynomial
approximation degree p € {1,2,3} (left) and p € {4,5, 6} (right), and measuring the CPU time by
varying the number of elements of the underlying mesh.
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Figure 2.19: Comparison between the CPU time needed by the two method to assemble the global
matrices M and V (left) and S and I (right) for a three—dimensional problem, versus the number
of elements and for different choices of p =3,...,6 (log-log scale).
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computation of S and I, cf. (2.17), a cubature rule over polygonal faces (here triangules shaped)
is needed. In general, for three—dimensional problems the quadrature integration approach
consists in the application of the sub-tessellation method both for volume and face integrals.
Moreover, as in this case a sub-tessellation into tetrahedral domains is already given by the
definition of the polyhedral mesh, the quadrature integration for volume integrals on a general
agglomerated polyhedral element x = Ux! e, K} is realized by applying an exact quadrature rule
on each tetrahedron K} € .%%. The comparison of the CPU times for the two methods outlined
here are presented for a set of agglomerated polyhedral grids where we vary the number of
elements N, € {5,40,320,2560,20480}, and the polynomial degree p € {1,2,3,4,5,6}. For each
agglomerated polyhedral grid 9, we have chosen the corresponding fine tetrahedral grid ;.
such that the cardinality of the set .% appearing in (2.28) is |.%x| ~ 10 Vx € 9. The results
are shown in Fig. 2.17 for the computation of the matrices M and V, and in Fig. 2.18 for the
computation of matrices S and I. Here, we observe analogous behaviour to the two—dimensional
case: the quadrature free method substantially outperforms quadrature integration both for the
computation of the volume and face integrals. We also have reported in Fig. 2.19 the logarithmic-
scaled graphs of each computation, showing that, as expected, the gain in terms of CPU time
attained by exploiting the proposed method is more evident here, with respect to the two—
dimensional case, also for the face integrals. With regards the three—dimensional tests presented
in this section, we note that more substantial gains in terms of CPU time, with respect to classical
approaches, can be obtained if the underlying grid is composed of pure (not agglomerated)
polyhedral elements: firstly, this is because a sub-partition should be defined on the fly for each
element, and secondly, as faces are not only triangles but possibly polygons of arbitrary shape, a

sub-tessellation is needed also for surface integrals.
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CHAPTER

V-CYCLE MULTIGRID ALGORITHMS ON NON-NESTED POLYTOPIC
GRIDS

n this chapter we extend the W-cycle multigrid convergence analysis on nested polyg-

onal/polyhedral grids of [AHH"17] to V-cycle algorithms with non-nested meshes. We

focus on the solution of the linear systems of equations stemming from high-order DG
discretizations of second-order elliptic partial differential equations on polytopic meshes. Here,
the possibility of employing non-nested polytopic meshes allows us to choose the sequence of
grids within the multigrid method based on employing agglomeration procedures together with
edge-coarsening. The key aspect of our method is the projection operator which is defined as the
L2-projection between two consecutive (non-nested) partitions. By following the general frame-
work introduced in [BPX91] for non-nested multigrid methods, we prove that our non-nested
multigrid method converges uniformly with respect of the number of degree of freedom and the
number of multigrid levels, provided that the number of smoothing steps is chosen sufficiently
large. More precisely, we prove that the convergence rate is independent of the granularity of the
underlying (fine) grid, the polynomial approximation degree p, and the number of levels, provided

that the number of smoothing steps is chosen of order p2*#

, L€ {0,1}. We have also proposed a
further improvement of the method by considering a Schwarz-type smoother. We demonstrate
through several numerical experiments the effectiveness of the proposed algorithm, also for

geometries with curved boundaries, where the coarse grid does not precisely fit the geometry.

The chapter is organized as follows. In Section 3.1 we recall the model problem and its DG
discretization; furthermore, we introduce the ingredients needed for the forthcoming multigrid
analysis. In Section 3.2 we define the multilevel BPX framework for the V-cycle multigrid solver
based on employing non-nested grids, and present the convergence analysis of our algorithm. The

main theoretical results are validated through a series of numerical experiments in Section 3.3.
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In Section 3.4 we propose an improved version of the algorithm, obtained by enhancing the

smoothing operator based on a domain decomposition preconditioner.

3.1 Model problem

We consider the weak formulation of the Poisson problem subject to homogeneous Dirichlet
boundary conditions: find u € V = H*(Q)nH é(Q) such that

3.1 d(u,v)z[ Vu-Vvu dxzf fuvdx YveV.
Q Q

In view of the forthcoming multigrid analysis, let {3}};’21 be a sequence of tessellations of the
domain Q, each of which is characterized by disjoint open polytopic elements x of diameter
hy, such that Q= Uke 7 K, J=1,...,J. We also assume that each tessellation J; satisfies the
grid Assumptions 1.1- 1.4 of Section 1.1.1. Here, the mesh size of each grid J; is denoted by
hj= maXyeg; hx, j=1,...,J. To each J; we associate the corresponding discontinuous finite

element space V;, defined as
Vj={v e L3(Q) vl € P, (x),x € T},

where &), (x) denotes the space of polynomials of total degree at most p; > 1 on x € 7.

A suitable choice of {ffj}}]:l and {Vj};.’:1 leads to non-nested Ap-multigrid schemes. This
method is based on employing a set of non-nested polytopic partitions {J"—j}}]:l, such that the
coarse level J_1 is independent from 5, with the only constraint

(3.2) hj-1Shj<hj Vj=2,...,d.
We also assume that the polynomial degree varies from one level to another such that
(3.3) Pj-1<pP;jSPj-1 Vji=2,...,dJ.

With this notation, we choose 95 = 9}, and Vj =V}, cf. Section 1.1, and we refer to them
respectively as the grid and the discrete space of the finest level. Moreover, the bilinear form
j(+,-): V; x V; — R corresponding to the symmetric interior penalty DG method on the j-th level
is defined according to (1.5), i.e.,

Aiu,v)= Y f[Vu-Vv +%j([[u]])~Vv+92j([[v]])-Vu]dx

(S8

+ 3 [ oylul-[o1 s,

FEgj

where %, : [L1(F)1? —[V,1¢ is the lifting operator on the level j defined as in (1.6). o; € L(%;)
denotes the interior penalty stabilization function, which is defined for the level j as in (1.7) with

p=1.

42



3.2. THE BPX-FRAMEWORK FOR V-CYCLE MULTIGRID ALGORITHMS

The goal of this chapter is to develop non-nested V-cycle multigrid schemes to solve the

following problem posed on the finest level V;: find u s € V;; such that
(3.4) Aj(ug,vg) =f fvgdx VYuvygeVy.
Q

Remark 3.1. For the rest of this chapter we denote the energy norm on the space Vjas ||-||; = || s

J=1,...,J. Moreover, forany veV;, j=1,...,J, we denote
IVjolZaey= 2 1V0NZz0
(S8
2 _ 2
”v”LZ(gJ_)— > IVlZ 2y
FEgj

where V; is the piecewise gradient operator on the space V;, j=1,...,dJ.

3.2 The BPX-framework for V-cycle multigrid algorithms

The analysis presented in this section is based on the general multigrid theoretical framework
of [BPX91] for multigrid methods with non-nested spaces and non-inherited bilinear forms.
In order to develop a geometric multigrid, the discretization at each level V; follows the one
already presented in [ASV15], where a W-cycle multigrid methods based on nested subspaces is
considered.

First, we introduce the operators A;:V; — V;, defined as
(3.5) (Ajw,v)r2q)=<jw,v) Yw,veV; j=1,..,dJ,

and we denote by A; € R the maximum eigenvalue of A;, j =2,...,J. Moreover, let Id; be the
identity operator on the level V;. The smoothing scheme, which is chosen to be the Richardson
iteration, is given by

Bj=AId; j=2,...,dJ.

The key ingredient in the construction of our proposed multigrid schemes is the inter-grid
transfer operators. The prolongation operator connecting the coarser space V;_1 to the finer space
V; is denoted by I;_l, J=2,...,J. Since the two spaces are non-nested, i.e., V;_1 ¢V}, it cannot
be chosen as the natural injection operator. The most natural way to define the prolongation

operator is the L2-projection, i.e., 15—1 ivg€eVi1— Ij:_lvH € V; is given by
(3.6) (Ij'_lvH’wh)Lz(Q) = (UHawh)Lz(Q) th € VJ ] = 2,. .. ,J.

The restriction operator I§_1 iwp €Vji— I;:_lwh € V;_1 is defined as the adjoint of I 571 with
respect to the L2(Q)-inner product, i.e.,

._1 ;
(I wh, vz ) = Wh, I _vH)x) Yom € V1.
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Algorithm 3 Multigrid V-cycle iteration for the solution of problem (3.7)
Initialize ug € Vy;
for £ =0,1,... do
ups1=MGy(J,fg,up,mi,mo);
Uk =Uk+1;
end for

For our analysis, we also need to introduce the operator PJJ:_l :V;—V;_1 given by
.ij_l(Pj:_lwh, vE) = .ij(wh,lj:_lvH) VYvg €Vj_1,wp €V].

According to (3.5), problem (3.4) can be written in the following equivalent form: find u ;€ V;
such that

3.7 Ajug=1y,

where fj € V; is defined as (fj,v)r2q) = Jofv dx Yv € V;. Given an initial guess ug € Vy,
and choosing the parameters mi,mg € N, the multigrid V-cycle iteration algorithm for the
approximation of u; is outlined in Algorithm 3. In particular, MGy (J, fj,us,m1,mg) represents
one step of the iterative procedure to compute the approximate solution obtained after one
iteration of our non-nested V-cycle scheme, which is defined by induction: if we consider the

general problem of finding z € V; such that
(3.8 Ajz=g,

with j€{2,...,J} and g € L2(Q), then MGy (j, g,20,m1,m2) represents the approximate solution
of (3.8) obtained after one iteration of the non-nested V-cycle scheme with initial guess zg € V;
and m1, mg pre-smoothing and post-smoothing steps, respectively. The recursive procedure is

outlined in Algorithm 4, where we also observe that on level j = 1 the problem is solved exactly.
3.2.1 Abstract convergence analysis
We first define the following norms on each discrete space V;

lolls,; = /(Aj.v,v)Lz(Q) VseR, VYveV;, Vj=1,..,J.

Next, we introduce the following generalized Cauchy—Schwarz inequality, referring to [ASV15]

for its proof.
Lemma 3.1. For any v,w € V; and s €R, it holds that
i, w) < vll1+s,jllwlli-s,;-

To analyze the convergence of Algorithm 4, for any j=2,...,J, we set G, =1d,; —BJ‘.IA j and
define G; as its adjoint with respect to «;(-,-). Following [DGTZO07], we make three standard

assumptions in order to prove convergence of Algorithm 3:
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Algorithm 4 One iteration of the Multigrid V-cycle scheme on the level j = 2
if j=1 then
MGy (1,8,20,m1,m2) = A7'g.
else
Pre-smoothing:
fori=1,...,m; do
Z(i) — Z(i—l) +BJ_-1(g —Ajz(i_l));
end for

Coarse grid correction:

—1
ri-1=I"(g — A ;zmv);
e;j-1=MGy(j—-1,r;_1,0,m1,ms);
Zmi+D) — ,(m1) +I§_1

€;-1;

Post-smoothing:
fori=m1+2,...,mi+mg+1do

20 = ,G=1) +BJ_-1(g _Ajz(i—l));
end for

MGy (j,g,20,m1,mg) = 2mme+h),
end if

A.1 Stability estimate: 3 Cg > 0 such that

I~ I PI onlln < Colloalln;  VoreVy, j=2,..d.

A.2 Regularity-approximation property: 3 C4 > 0 such that

2
o3

| 2;((1d; —Iji_lpj‘l)vh,vhﬂ <Cy Yo, eV, j=2,...d.

J
A.3 Smoothing property: 3 Cg > 0 such that

v ||L2(Q)

" SCS(§Uh,Uh)L2(Q) YopeV;, j=2,...,d,
J

where S = (Id; - G;GJ)AJ_.l.

The convergence analysis of the V-cycle method is stated in the following theorem which gives an
estimate for the error propagation operator related to the j-th level iteration with m and mg

pre- and post-smoothing steps, respectively. The error propagation operator is defined as

E1mym =0, J=1

Ejmymsv =G; (Idj_IJ: PJ:_1+I§:_1[Ej—1,m1,m2Pj_

1 .
Jsms J-10j J )Gjmvs J>1,

where G n, =(G)" and G}, =(G})™, m=1.
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Theorem 3.1. If Assumptions A.1, A.2 and A.3 hold and m >2C4Cg, then

|¢Q¢j([Ej,m,mu,u)|Sﬁjdj(u,u) VuEVj, j=2,...,J,

where 6 = m?‘gj’és <1

We refer to [DGTZ07] for the proof of Theorem 3.1 in an abstract setting. In the following, we
prove the validity of Assumptions A.1, A.2 and A.3 for our algorithm. We start with a two-level
approach, i.e., J = 2, and consider the two-level method for the solution of (3.4), based on two
spaces Vj_1 ¢ V. The extension of the theory to the V-cycle method will be given at the end of

this section.

3.2.2 Validity of Assumption A.1

In order to verify Assumption A.1 for the two-level method we first show a stability result for the
prolongation operator j_l. In the following, we also consider the L2-projection operator on the

space V; defined as
HgZ :L%(Q) — Vs, such that (Hizw, vz = Ww,vy)r2q) YvgeVy.

Remark 3.2. From the definition oij_l given in (3.6), we note that Ij_l(vJ_l) = HZZ(UJ_l) for

any discrete function vj_1 € Vj_1 < L2(Q).

Moreover, we need the following approximation result which shows that any v; eV}, j=
J —1,J, can be approximated by an H!-function, cf. [AHS16]. Let ¢ i Vi— [Vj]d be the discrete

gradient operator defined as
Giwp) =Vjv+Zi([v]) YveV;, Vj=1,..,d,
We then consider the following problem: Vuv; € V}, find #(v;) € H}(Q2) such that

(3.9) f VA (vj) - Vw dx = f Gi(v;)-Vw dx Yw e Hy(Q).
Q Q

It is shown in [AHS16] that #(-) possesses good approximation properties in terms of providing
an H'-conforming approximant of the discontinuous function v j»in particular the following result
holds.

Theorem 3.2. Let Q be a bounded convex polygonal | polyhedral domain in R?, d = 2,3. Given
v; € V;, we write #(v;) € Hé(Q) to be the approximation defined in (3.9). Then, the following
bounds hold:

h;i 1
(3.10) ||Uj—c7f(vj)||L2(Q)§j||U; [[Ujﬂ ||L2(gh), |z]£(vj)|H1(Q)§, ||Uj||j-
J

We make use of the previous result in order to show the following stability result of the

prolongation operator.
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Lemma 3.2. There exists a positive constant Cgiap = Cstab(p.y), independent of the mesh size such
that

117 _1vellg = Cotab(p) lva -1 Yom e Vi,
where Cgtap(pg) =0 (p ).

Proof. Let vy € Vj_1, then by the definition of the DG norm (1.12), we need to estimate:

1
(3.11) I _qvrly = Y VAT _wilie + 2 No 31T jou]lFem,
KEf/t] FEgJ

~
IIVJ(Ij 1UH)||2 - 317d 2
- L2(g I
(&2 ”UJ[[ J’IUH]]”LQ(g;J)

where [V()lz2g;) and |- ll12(z,) are defined in Remark 3.1. We next bound each of the two terms
on the right hand side of (3.11) separately. For the first term, we let v = #A(vg) € H é(Q) be the

conforming approximant of vz defined as in (3.9). Then,
(3.12) IV I7_om 7o, < IV om =T @aDI 5
+ IV @ ~ Tl @I 5, + 10H 7

where we have added and subtracted the terms V j(I1.;(0f)) and Vog. Here, I1; is the approximant
operator on the space V;, defined as in Lemma 1.6. The second term in the right hand side
of (3.12) can be estimated using the interpolation bounds of Lemma 1.6, the Poincaré inequality
for oge H é(Q) and the second bound of (3.10); thereby, we get

NEL7E R 70)] [P [ APl (7] [ A

In order to estimate the first term on the right hand side in (3.12) we observe that, since
1 j_lv g —I1;(0g) € Vy, it is possible to make use of the inverse inequality stated in Lemma 4.5;
this leads to the following bound:

(3.13) Vg yvr =T @a 2y S PGRFIT_ v —TLGI 2 -
By adding and subtracting vz to |1 j_lv H— l'IJ(ﬁﬁ)lli2 « Ve obtain

3.14 7 Ty @E)25 0 S ITY — 0|2 orr — 1Ly ()11

( . ) ” J-1VH J(UH)”LZ(Q) ~ ” J-1VH UH”LZ(Q) + ”UH J(UH)”LZ(Q)~

Using Lemma 1.6 and the Poincaré inequality (since v € H é(Q)) we have

2 2
—~ —~ 12 Jp~2 J 2
”vH - HJ(UH)”L2(Q) 5 ) ”vH”Hl(Q) 5 3 ”vH”J_l-
by by

The term || I j_lv H— ﬁﬁlliz (@) can be estimated as follows

J —~ 2 J J (~\12 —~ —~ 12
”IJ_lvH - UH”LZ(Q) 5 ”IJ_lUH - HLZ(UH)”LZ(Q) + ”UH _QJ(UH)”LZ(Q)-
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From Remark 3.2, the continuity of Hiz with respect to the L?-norm, Lemma 1.6, the bound (3.10)

and the Poincaré inequality we have

1L _yor = 0717 20y S 172 W = 0D 72y + 107 — @y ORDI 72

< log = 071200, + 107 ~ T G220
2 2

J T =2
_2||0-J[[UH]:|||L2(§J) 2 ”vH”Hl(Q)
Py 5
2
_2||UH”J 1
by
From the previous estimates and inequality (3.14), we obtain

2

(3.15) I _yom - HJ<vH)||L2(Q)Np lomll? ;.
J

The above estimate, together with (3.13), (3.12) and the second bound of (3.10) lead to
(3.16) IV TT_om 7o) S PF om s

Next we bound the second term on the right hand side in (3.11). By the definition of the jump
term and remembering that [07] = 0 VF € & since v € H}(Q), we get

1 P __ —_—
I ZJ(III 01 = TG 220+ ITLI G = Tt 2 )
KE J

where we also used the definition of o ;. Now, we first observe that we can use the trace inequality

of Lemma 1.3 in order to obtain

2
by
(3.18) 15 _yvn =Ty G a0 S 57 ||1J yor =T @35,

To bound the second term on the right hand side in (3.17), we first exploit the continuous trace

inequality on polygons of Lemma 1.1 with € = ps; thereby, we get
M(@7) - 1(07) - + 2115 77) - w2
MLy (0r UH”LZ(aK) II JWH lele(K) pJI JOH) = UHIz -

Then, by summing over x € 97, using the approximation property of Lemma 1.6 and the Poincaré

inequality, we obtain

h? h
— — 9 pbJg g J o~ 2
> @) = a2 S T —5 oz 2, —llom i
&, L2000 ~ 2% ot Py HY(Q)
hJ __
|”H|H1(Q)
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From the previous inequality and the bound (3.18), (3.17) becomes:

4

1
2 —~ 2 — 2
||03[[I 1UH]] ”LZ(Q‘J)N ”I 1UH—HJ(UH)||L2(Q)+pJ|UH|H1(Q)

h2
< 2
f\/pJ”vH”J_l’
where we also used inequality (3.15). This estimate together with (3.16) leads to
117 _1vellg = Cotab(p) lva -1 Yom e V1.

where Cgiap(pg) =C(pyg). O

We can use the previous result in order to prove that Assumption A.1 holds. We first observe

that also the operator PJ 1 satisfies a similar stability estimate as the one of I?__, that is

J-1’

IPT  onl}g gy S ta-1(Py  on, Py op) = styp, I7_1 P op)

J-1
Sloalla1I9_1PT  vplls S Cstab(po) loalls 1P oslls,

from which it follows

1P vhlls-1 S Corab(P) llvpll.

Proposition 3.1. Assumption A.1 holds with Cq < pZJ.
Proof. Let vy € Vj_1, employing Lemma 1.4 we have

Ay v, 15 v SII_orl% <p% llvel?_; Sp% di-1vm,vm).
Similarly, it holds
(3.19) Ay 1(PT Yo, PT o) < p? ely(vn,vn) Vo, €Vy.
Let vy, € Vy and set vy = Pj_lvh, then the following inequality holds:
(3.20) Ay PY o, 17 PT  op) S p% cdy_1(PY oy, P Lop).

By adding and subtracting vy to both arguments of <Z;(:,-) on the left hand side of (3.20), and
using (3.19) we obtain

Ay~ 17 P Yoy, @dy -1 PY Hun) < (3 (05 - 2) + 1) sty wn,vn),

=NAds~I7_ P uall}

=p?
which concludes the proof. O
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3.2.3 Validity of Assumption A.2

We follow the analysis presented in [DGTZ07] in order to show the validity of Assumption A.2.

We first show two preliminary results making use of the properties in Section 1.2.

Lemma 3.3. Let Assumptions 1.1 - 1.4 hold and assumptions (3.2) and (3.3) hold. Let I1; be the
projection operator on V; as defined in Lemma 1.6, for j=J,J —1. Then
h2
IMyw 19 _ Ty qwlaq) < p—;’ lwlzeq VYweH Q.
J

Proof. Using the triangle inequality, Remark 3.2 and the approximation estimates of Lemma 1.6

we have:
ITLyw —I§_1HJ—1w||L2(Q) = Tlyw - wl e+ lw— Hi2w”L2(Q) + ||H}fzw —I§_1HJ—1w||L2(Q)

= Tyw —wl L) + zrhnei\% lw—zplL2q) + ||Hiz(w —Ij_1w)lir2q)

s Mgw-wlirzq) + | w—-Tywlrzq) + lw - Tlj-1wlr2q)

h2 2 h2
J J-1 J

S 5wl + 5= wlmo S —5 Iwlmra),
by by by

where in the last inequality we have used hypotheses (3.2) and (3.3). O

Lemma 3.4. Let Assumptions 1.1 - 1.4 hold. Given g € L*(Q), denote by w; € V; the solution of
Aiw;j,v)=(g,v)r2q) Yv €V with j=J —1,J. Then the following inequality holds:
2
lw.g _Ij_le—1”L2(Q) +llwg-1 —Pj_le”m(g) ,S TJullgllem).

by
Proof. Consider the unique solution w € V of the problem
.SZ{(w,U):(g,U)LQ(Q) YveV.
Using Corollary 1.2, we have
h?
(3.21) lw—w;llxe S =55 Iwle, J=J-1,d.

J
Using the triangle inequality and Remark 3.2 we have:
lw.g —Ij_le_llle(g) <llwg - w||L2(Q) +lw— HJw||L2(Q)

+ITyw —I5_ Ty _qwlizey + 115 y—1w -7 ,wll 2
+ I ,w = I w1l

=llwys—wlrzq + lw-Mjwllzzq) + ITTyw _Ij_an—lw”LZ(Q)
+ 1T, (Mg 1w = w)ll () + 1T, (w — w12y

< llwy ~wlzzq + lw ~Tgwlzzo + IMyw =17 1wl

+ Hy-1w —wlir2q) + lw —wg-1llL2q)-
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Using (3.21), Lemma 1.6 and Lemma 3.3, gives

2 2 2
J h’J hJ hJ
lws—I7_jwr-1llL2q) N T#”w”}ﬂ(g) + _2||w||H2(Q) + _2”w||H2(Q)
Py by by
2 2
+ L wl gz + g_‘; lwlz2)-
Py by

From the elliptic regularity assumption (1.2) and hypotheses (3.2) and (3.3), we can write

2
J

1

(3.22) lws —I7_jwy1llrzo) S 52181120
by
Now, let zj € V; be the solution of:

Ai(z;,q)=Wy-1- P w11 ey VI, €Vy, j=dJd-1,d.

Using (3.22) we get the following estimate:

2
hJ

2_
p; "

J J-1
lzg-1-1I5_1z7-1l120) S lwg-1-P5 " wygllLeq)-

Thereby, we have:

J-1, 2 J-1
lwg-1-Py  wylysq =Ai-1(zg-1,ws-1 =P "wy)
J
=dj1zg-1,wg-1)—AgI5_125-1,W0])

= (ZJ—Lg)—(Ij_lz,]—l,g)=(g,2J—1 _Ij_lzJ—l)
2
J _
S ||g||L2(Q)T”||wJ—1 —Pj Yw L2y
by

from which, together with (3.22), the thesis follows.

O

We are now ready to show the following standard approximation result, needed to prove the

validity of Assumption A.2.

Lemma 3.5. Let Assumptions 1.1 - 1.4 hold. Then,

2
- J

10dy —I7 1Py sl S <575 loalles VoseVy.
Py

Proof. For any v € Vj we have

(¢,(Ids—I7_ PT Nvg)pe
(3.23) I0ds =17 Py Dol = sup 1 J L
0£peL2(Q) ol

Next, consider the solution z; of the following problems
Ai(zj,v;)= ((l),vj) VvjeV;, for j=dJ,J 1.
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Using the definition of Pj_l, Lemma 3.4 and Lemma 3.1 we have:

(&,Ady —T7_1 P 00 o) = L za,v) — ey 1(PY 20, PT  vg)

= ez —I9_125-1,00) + Ly _ (21— P 25),0)

J J-1
< Woslla,g (20 =I5 420102 + 1201 = P 2]
2
hJ
2—p
by

Slvglle,s Pl L2)-

Using the last inequality together with (3.23) we get the thesis. O

Exploiting Lemma 3.5,we now deduce the following result.

Proposition 3.2. The regularity-approximation property A.2 holds with Ca < p?]w , u=0,1.

4
Proof. Theorem 1.1 gives the following bound of the maximum eigenvalue of A j: Ay < Z—‘z’. Using
J
Lemma 3.5, the above bound on A, and the symmetry of «;(-,-) we have, for all v e V:

h2
(g ~I7_ P57 Ho,0) < ollz s I0dy 17 P57 Dollos S =2 lvlly
by

2
LY
~Y b
J Ag

and the proofis complete. O

3.24 Validity of Assumption A.3

Proposition 3.3. Assumption A.3 holds with Cg = 0(1).

Proof. We have:

S=(Id;-G5G )A; = (A%AJ - A%AJAJ)Agl = AiJ(IdJ +(1d, - AiJAJ)),
J

and so

(§u,u)L2(Q) = ”uhjﬂﬂ + ((IdJ - ALJAJ)U,,U)

J LX)

We now prove that (IdJ - ALJAJ) is a positive definite operator. By contradiction, let us suppose

that there exists a function u € V5, u # 0, such that

(3.24) ANg@, w2 q) < Ls(w,u).

By Lemma 1.4 and the symmetry of the bilinear form «7;(:,-), the eigenfunctions {(pi }g;’ | satisfy
Ay, v =2 )y YveVy,
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where 0 < /1‘1] < Ag <...< A]{,J = Ay. The set of eigenfunctions is an orthonormal basis for the space
Vy,i.e. ((,b;],(,b}])Lz(Q) =0;j, where §;; is the Kronecker symbol, and satisfies dJ(gb;.],(p}]) = )L;’&ij.
Since {([)i}i’l is a basis of the space V;, we can write u = Zgjl Ck(P;{, so that (3.24) becomes

Ny Ny Ny
J o d J g J Jepd pd
Ag Z cj((Pj ’(Pi )L2(Q)Ci < Z deJ((Pj ,(Pi )ei = Z Cj/li ((Pl 7¢j )LZ(Q)ci;
1,j=1 1,j=1 i,j=1
Voo U o2,
= AJ Z ci < Z Ci Al ’
i1 ig=1

which is a contradiction. We then deduce that (IdJ - ALJA J) is a positive definite operator. O

Remark 3.3. We observe that, as we need to satisfy the condition m > 2C 4 Cg of Theorem 3.1, we
can guarantee the convergence of the method based on employing a number of smoothing steps
such that m 2, p?;r” , which is in agreement with the corresponding result derived for the W-cycle
algorithms in [ASV15] and [AHH* 17] in the case of nested grids.

Remark 3.4. The analysis of this section can be generalized to the full V-cycle algorithm with
J > 2 as follows: Assumption A.3 is verified with Cg = O(1) also on the arbitrary levels j,j— 1,
because each level j satisfies Assumption A.8 with constant Cé =0(1). Assumptions A.2 and A.1
are satisfied with C4 = max J'{Cix} and Cgq = man{Cé}, respectively, where Ci and Cé? are the

same as the ones defined in the previous analysis but on the level j.

3.3 Numerical results

In this section we present several numerical results to test the theoretical convergence estimates
provided in Theorem 3.1 and to demonstrate the capability of our algorithm in practical cases.
We focus on a two dimensional Poisson problem posed on the unit square Q = (0,1)2. For the
simulations, we consider the sets of polygonal grids shown in Figure 3.1. Each polygonal mesh is
generated by using the software package PolyMesher [TPPM12]. In particular the finest grids
(Level 4) of Figure 3.1 consist of 512 (Set 1), 1024 (Set 2), 2048 (Set 3) and 4096 (Set 4) elements.
Starting from the number of elements of each initial mesh, a sequence of non-nested partitions is
generated: each coarse mesh is built independently from the finer one, with the only constrain
that the number of element is approximately 1/4 of the corresponding finer one.

First of all, we verify the estimate of Lemma 3.2, by numerically evaluating Cg;5,(p), where
p is the polynomial approximation degree. To this end we consider three pairs of non-nested
grids, where the number of elements of the coarser grid is equal to the number in the finer mesh
divided by 4: for each pair, we compute the value of Cs,,(p) as a function of p. Figure 3.2 shows

that, as expected, Ci55(p) depends linearly on p and is independent of the mesh-size A.

Remark 3.5. From the implementation point of view, we point out that the assembly of the
prolongation and projection matrices requires the knowledge of the intersections between elements

of two consecutive levels. To this end, our computations make use of the tool PolygonClipper [Hol].
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Level 4

Level 3

Level 2

Level 1

Figure 3.1: Sets of non-nested grids employed for numerical simulations.
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Figure 3.2: Estimates of Cg;,,(p) in Lemma 3.2 as a function of p for three pairs of non-nested
Voronoi meshes as shown in Figure 3.1.
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¥~ 256 elements, 2 level method -¥-512 elements, 2 level method
-B-256 elements, V-cycle (3 levels), -B-512 elements, V-cycle (3 levels),
1p=mmmes s~ 1 L il e e e 1
09 09}
w w
08 , 08
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p p

Figure 3.3: Estimates of 82 and 83 in Theorem 3.1 as a function of p, with m; = mg = 3p? and
two polygonal grids of 256 (left) and 512 (right) elements.

We now consider the grids shown in Set 1 and Set 2 of Figure 3.1 and numerically evaluate the
constant §; in Theorem 3.1 based on selecting the Richardson smoother with m1=mg=m =3 2,
cf. Figure 3.3. Here, we observe that d2 and d3 are asymptotically constant, as the polynomial
degree p increases showing that our two-level and V-cycle algorithms are uniformly convergent
also with respect to p provided that m > p?2,i.e. u= 0 also for polygonal meshes.

Next, we investigate the performance of the V-cycle algorithm with non-nested partitions
presented in Sect. 3.2. We compute the iteration counts needed by our V -cycle algorithm to reduce
the relative residual error below a given tolerance of 107, by varying the polynomial degree and

the granularity of the finest grid. In Table 3.1 we report the computed convergence factor

1 lew,,l
n
Nieg  lrol

65 =exp

J

where N;; j is the iteration counts needed to reduce the residual below the given tolerance by
the h-version of the V-cycle scheme with J levels, where o/ = 2,3,4, while ry,, , and ry are the
final and initial residual vectors, respectively. Here, the polynomial approximation degree on
each level is chosen as p; =1, j=1,...,J, while we vary the number of elements of the finest grid
and the number of smoothing steps (m1 = mg = m). According to Theorem 3.1, the convergence
factor is independent from the spatial discretization step k. Indeed, for a fixed J € {2,3,4} and
a fixed number of smoothing steps m, the convergence factor is roughly constant. In particular,
this means that the number of iterations needed by our V-cycle method to reduce the residual
below a given tolerance is independent of the granularity of the underlying grid. As expected, the
convergence factor is reduced by increasing the number of smoothing step.

We have repeated the same set of experiments employing p; =2, p; =3 and p; = 4; the results
are reported in Table 3.2— 3.4 together with the corresponding iteration counts (in parenthesis),
respectively. First, a comparison between Table 3.1 and Table 3.3 shows that the convergence
factor increases as p grows if the number of smoothing steps is kept fixed. We also observe

that, for constant number of smoothing steps we observe that the convergence factor depends on
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Table 3.1: Convergence factor 6 (and iteration counts) of the V-cycle multigrid method as a

function of m (C, =C, =10, p = 1).
Set 1 Set 2
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.52(22) 0.60(27) 0.65(32) || 0.55(24) 0.59(27) 0.72(42)
m=5 0.41(16) 0.48(19) 0.52(21) || 0.41(16) 0.46(18) 0.51(21)
m=8 0.30(12) 0.37(14) 0.40(16) || 0.31(12) 0.36(14) 0.40 (15)
Set 3 Set 4
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.54(23) 0.62(30) 0.77(54) || 0.55(23) 0.67(34) 0.80 (62)
m=5 0.42(16) 0.50(20) 0.53(22) || 0.42(16) 0.49(20) 0.53(22)
m=8 0.31(12) 0.39(15) 0.42(16) || 0.33(13) 0.38(15) 0.41(16)

Table 3.2: Convergence factor 6, (and iteration counts) of the V-cycle multigrid method as a

function of m (C, =C, =10, p =2).
Set 1 Set 2
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.86(91) 0.87(102) 0.88(106) || 0.86(91) 0.87(98) 0.87(103)
m=5 0.79(58) 0.81(65) 0.81 (68) 0.79(59)  0.80 (63) 0.81 (66)
m=8 0.70 (40) 0.73 (44) 0.74 (46) 0.71(41) 0.72 (43) 0.73 (45)
Set 3 Set 4
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.86(91) 0.88(105) 0.88(110) || 0.85(88) 0.87(102) 0.88(105)
m=5 0.79(58) 0.81(66) 0.82 (70) 0.78 (56)  0.81(64) 0.81 (67)
m=8 0.70(39) 0.73 (45) 0.75 (47) 0.69 (38) 0.72(43) 0.73 (45)

Table 3.3: Convergence factor 67 (and iteration counts) of the V-cycle multigrid method as a

function of m (C, =C, =10, p = 3).
Set 1 Set 2
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.93(182) 0.94(224) 0.94(239) || 0.92(158) 0.93(195) 0.94 (213)
m=5 0.89(114) 0.90(138) 0.91(147) || 0.87(102) 0.89(121) 0.90(132)
m=8 0.83(76) 0.86 (90) 0.86 (94) 0.82 (70) 0.84 (79) 0.85 (87)
Set 3 Set 4
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.92(172) 0.94(209) 0.94(233) || 0.92 (157) 0.93 (200) 0.94 (211)
m=5 0.88(108) 0.90(129) 0.91 (143) 0.87(99) 0.89(123) 0.90(129)
m=8 0.82(72) 0.85 (85) 0.86 (92) 0.81 (66) 0.84 (80) 0.85 (83)

the value of p, i.e. the polynomial degree of approximation employed on the finest level. This

is in accord with Theorem 3.1, where the independence of all the discretization parameters is

guarantee only if the number of smoothing step is not chosen sufficiently large. Indeed, according

to Theorem 3.1, in order to attain uniform convergence (also with respect to p) the number of

smoothing steps m must satisfy m >2C4Cg > p%*#, cf. also Figure 3.3. In practice we observe

that y = 0 independently of the kinds of elements.
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Table 3.4: Convergence factor 6 (and iteration counts) of the V-cycle multigrid method as a
function of m (C}, =C, =10, p = 4).

Set 1 Set 2
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.96(343) 0.97(391) 0.97(404) || 0.95(256) 0.96 (322) 0.96 (350)
m=5 0.94(212) 0.94(239) 0.94(244) || 0.92(158) 0.93(201) 0.94 (216)
m=8 0.90(138) 0.91(153) 0.91(154) || 0.88(104) 0.90(132) 0.91(139)
Set 3 Set 4
2 levels 3 levels 4 levels 2 levels 3 levels 4 levels
m=3 0.96(329) 0.96(367) 0.96(388) || 0.95(293) 0.96(348) 0.96 (359)
m=5 0.93(203) 0.94(224) 0.94(234) || 0.93(182) 0.94(213) 0.94 (217)
m=8 0.90(132) 0.91(143) 0.91(147) || 0.89(119) 0.90(137) 0.90(137)

3.4 Additive Schwarz smoother

In order to improve the performance of our V-cycle algorithm, in this section we define a domain
decomposition preconditioner that can be used as a smoothing operator in place of the Richardson
smoother. To this end, let J; and J;_1 be a pair of consecutive (non-nested) coarse/fine meshes,
respectively, satisfying the grid assumptions given in Sect. 1.1.1. We next introduce the local
and coarse solvers, that are the key ingredients in the definition of the smoother on the space
Vi, i=2,...,d.

Local Solvers. Let us consider the finest mesh 7 with cardinality IV}, then for each element
ki € I, we define a local space Vji =2,,(xi) Vi=1,..,N;, where N; is the number of elements in

J;; for each local space, the associated local bilinear form is defined by

A VIxVI-R, ofi(u,v) =R ui,Rlv)) Vui,v; eV,
where R LT :Vji — V; denotes the classical extension by-zero operator from the local space V} to
the global one V.

Coarse Solver. The natural choice in our context is to define the coarse space VJQ to be
exactly the same one used for the Coarse grid correction step of the V-cycle algorithm introduced
in Sect. 3.2, that is

V?=V, 1= el Q):vl € Py, (K),x € Tj 1)

The bilinear form on VJQ is then given by
dJQ ZVJQ X VJQ — R, djp(u(),vo) = dj,l(uo,vo) Yuo,vg € VJQ.

Here, we define the injection operator from VJQ to V; as the prolongation operator introduced in
Sect. 3.2, that is Rg : VJQ -V, Rg = 15—1' By introducing the projection operators P; = RiTP~,- :
V;—V;,i=0,1,...,N;, where

P~i:Vj—>Vj, Eszf;(pivh,wi)=dj(vh,RiTwi) Vw,-EVji, i=1,...,Ny,
Py:V;—V?, ) (Povp,wo)=stj(wn,Riwo) VYwoeV?,
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Algorithm 5 One iteration of Multigrid V-cycle scheme with AS-smoother
Pre-smoothing:
if j=1 then
MG (1,8,20,m1,ma) = A7 g.
else
Pre-smoothing:
2my) = ASPCG(Aj,z0,8,m1);

Coarse grid correction:

-1
ri-1=1" (g - A M)
ej-1=MGyo(j—-1,r;-1,0,m1,ms);
Zmi+D) — 5(m1) +I§_1

ej-1;
Post-smoothing:

Zmitmit) = ASPCG(A j,2™*D, g, my);

MGdy(jagaZO,ml,mz) = z(m1+m2+1).

end if

the additive Schwarz operator is defined by P,q = B;;A j» Where B;; = Z?QO(RZT(A;)—lRi) is
the preconditioner. Then, the Additive Schwarz smoothing operator with m steps consists in
performing m iterations of the Preconditioned Conjugate Gradient method using B,4 as precon-
ditioner. In Algorithm 5 we show the V-cycle multigrid method using P,4 as a smoother. Here,
MG, .#(j,8,20,m1,m2) denotes the approximate solution of A ;z = g obtained after one iteration,
with initial guess z¢ and m1, mgo pre- and post-smoothing steps, respectively. The smoothing step
is given by the algorithm ASPCG, i.e.,z=ASPCG(A,zg,g,m) represents the output of m steps
of Preconditioned Conjugate Gradient method applied to the linear system of equations Ax = g,

by using B, as preconditioner and starting from the initial guess zy.

The computed convergence factor and iteration counts based on employing Algorithm 5 are
reported in Tables 3.5-3.9, for the corresponding V-cycle algorithm with J = 2,3,4 levels. The
simulations are similar to the ones described in the previous section: here we used the grids
of Set 2, 3 and 4, cf. Figure 3.1, and we varied the polynomial degree p € {1,...,5}. First, we
observe that, also in this case, the iteration counts seem to be independent of the number of
elements in the underlying mesh for a fixed number of smoothing steps m. Moreover, the results
show that a minimal number of smoothing steps is not needed to attain the convergence as p
increases. Finally, Table 3.10 shows the computed convergence factor, where different polynomial
approximation degrees are employed on different levels. Also in this case we observe that the

iteration counts seem to be independent of the granularity of the underlying grid.
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Table 3.5: Convergence factor (and iteration counts) of the V-cycle multigrid method with the
Additive Schwarz smoother as a function of m (C%. =C, =10, p =1).

set 1 set 2 set 3
2 lev. 3 lewv. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.160(8) 0.160(8) 0.160(8) | 0.150(8) 0.150(8) 0.150(8) | 0.140(7) 0.140(7) 0.140(7)
m=5 0.023(4) 0.023(4) 0.023(4) | 0.021(4) 0.021(4) 0.021(4) | 0.024(4) 0.024(4) 0.024 (4)
m=8 0.001(3) 0.001(3) 0.001(3) | 0.001(3) 0.001(3) 0.001(3) | 0.001(3) 0.001(3) 0.001(3)

Table 3.6: Convergence factor (and Iteration counts) of the V-cycle multigrid method with the
Additive Schwarz smoother as a function of m (C%, =C, =10, p = 2).

set 1 set 2 set 3
2 lev. 3 lewv. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.38(15) 0.39(15) 0.39(15) | 0.36(14) 0.36(14) 0.36(14) | 0.30(12) 0.31(12) 0.31(12)
m=5 0.16 (8) 0.16 (8) 0.16 (8) 0.12 (7) 0.12(7) 0.12 (7) 0.12 (7) 0.12 (7) 0.12 (7)
m=8 0.02(4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4)

Table 3.7: Convergence factor (and iteration counts) of the V-cycle multigrid method with the
Additive Schwarz smoother as a function of m (C, =C, = 10, p = 3).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.47(19) 0.46(18) 0.46(18) | 0.45(18) 0.46(18) 0.46(18) | 0.50(20) 0.50 (20) 0.49 (20)
m=5 0.23(10) 0.23(10) 0.23(10) | 0.19(9) 0.19 (9) 0.19(9) | 0.24(10) 0.24(10) 0.24(10)
m=8 0.05() 0.05 (5) 0.05 (5) 0.04 (5) 0.04 (5) 0.04 (5) 0.06 (5) 0.06 (5) 0.06 (5)

Table 3.8: Convergence factor (and iteration counts) of the V-cycle multigrid method with the
Additive Schwarz smoother as a function of m (C%, =C, = 10, p = 4).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.53(22) 0.55(23) 0.55(23) | 0.56(24) 0.58(26) 0.58(26) | 0.56(24) 0.57(25) 0.57 (25)
m=5 0.30(12) 0.31(12) 0.31(12) | 0.28(11) 0.28(11) 0.28(11) | 0.31(12) 0.31(12) 0.31(12)
m=8 0.09(6) 0.09 (6) 0.09 (6) 0.08 (6) 0.08 (6) 0.08 (6) 0.09 (6) 0.09 (6) 0.09 (6)

Table 3.9: Convergence factor (and iteration counts) of the V-cycle multigrid method with the
Additive Schwarz smoother as a function of m (C%, =C, = 10, p = 5).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.59(27) 0.61(28) 0.61(28) | 0.59(27) 0.60(27) 0.60(27) | 0.58(26) 0.59 (26) 0.59 (26)
m=5 0.36(14) 0.37(14) 0.37(14) | 0.36(14) 0.37(14) 0.37(14) | 0.33(13) 0.34(13) 0.34(13)
m=8 0.15(8) 0.15(8) 0.15(8) 0.13(7) 0.13(7) 0.13 (7) 0.13(7) 0.13 (7) 0.13(7)

3.4.1 Applications to domains with curved boundaries

In this section we consider two examples where the coarser grid does not conform to the boundary.
Indeed, in these cases the agglomeration process with edge-coarsening might lead to coarse
meshes whose boundary does not fit the geometry, cf. Figure 3.4 for an example.

In the following we present two examples showing that the convergence properties of our

multigrid method seem to not deteriorate for such problems and that our approach seems to
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Table 3.10: Convergence factor (and iteration counts) of the A p-version of the V-cycle multigrid
method with the Additive Schwarz smoother as a function of m. Here the polynomial degree on

each space is p; =j for j=1,2,3,4.

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lewv. 4 lev.
m=3 0.66(34) 0.67(35) 0.67(34) | 0.64(31) 0.65(32) 0.65(32) | 0.69(37) 0.69(38) 0.70(38)
m=5 0.39(15) 0.39(15) 0.39(15) | 0.36(14) 0.36(14) 0.36(14) | 0.41(16) 0.41(16) 0.41(16)
m=8 0.20 (9) 0.20 (9) 0.20 (9) 0.18 (8) 0.18 (8) 0.18 (8) 0.20 (9) 0.20 (9) 0.20 (9)

Figure 3.4: Examples of fine 93, (-) and coarse 9 (- -) grids for a domain with a curved boundary.

Table 3.11: Convergence factor of the A-version of the V-cycle multigrid method with the Additive
Schwarz smoother as a function of m (circular crown test case, p = 1).

set 1 set 2 set 3
2lev. 3lev. 4lev. | 2lev. 3lev. 4lev. | 2lev. 3lev. 4lew
m=3 0.268 0.268 0.268 | 0.274 0.257 0.257 | 0.325 0.325 0.325
m=5 0.098 0.098 0.098 | 0.093 0.093 0.093 | 0.086 0.086 0.086
m=8 0.013 0.013 0.013 | 0.011 0.011 0.011 | 0.010 0.010 0.010

Table 3.12: Convergence factor of the A-version of the V-cycle multigrid method with the Additive

Schwarz smoother as a function of m (circular crown test case, p = 2).

set 1 set 2 set 3
2lev. 3lev. 4lev. | 2lev. 3lev. 4lev. | 2lev. 3lev. 4lew
m=3 0578 0.598 0.598 | 0.585 0.592 0.592 | 0.582 0.584 0.583
m=5 0.340 0.340 0.340 | 0.362 0.367 0.367 | 0.325 0.332 0.332
m=8 0.105 0.105 0.105 | 0.125 0.125 0.125 | 0.121 0.121 0.121

Table 3.13: Convergence factor of the h-version of the V-cycle multigrid method with the Additive

Schwarz smoother as a function of m (airfoil profile test case, p = 1).

set 1 set 2 set 3
2lev. 3lev. 4lev. | 2lev. 3lev. 4lev. | 2lev. 3lev. 4lew
m=3 0312 0.318 0.318 | 0.325 0.315 0.315 | 0.320 0.334 0.334
m=5 0.121 0.124 0.124 | 0.105 0.107 0.107 | 0.115 0.124 0.124
m=8 0.020 0.020 0.020 | 0.022 0.022 0.022 | 0.021 0.021 0.021
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set 1

set 3

Figure 3.5: Circular crown test case: for any set of grids the first three levels of non-nested meshes
are shown.

Table 3.14: Convergence factor of the A-version of the V-cycle multigrid method with the Additive
Schwarz smoother as a function of m (airfoil profile test case, p = 2).

set 1 set 2 set 3
2lev. 3lev. 4lev. | 2lev. 3lev. 4lev. | 2lev. 3lev. 4lew
0.866 0.848 0.848 | 0.842 0.848 0.843 | 0.865 0.864 0.865
0.621 0.630 0.630 | 0.629 0.636 0.637 | 0.655 0.661 0.660
0.331 0.332 0.334 | 0.353 0.354 0.355 | 0.374 0.374 0.376

333
mclJl'lCO

be competitive in practical cases. The results of this section have been obtained with the AS
smoother, cf. Section 3.4. First, we consider problem (3.1) with a constant forcing term f =1,
and choose the computational domain to be a circular crown Q = Q1 \ Qg, where Q1 and Qg are
two concentric circles of radii r{ =2 and rg = %, respectively. We have tested the V-cycle method
by defining three sequences of uniform Voronoi grids (set 1, set 2, set 3) depicted in Figure 3.5,
where, for each set of grids, the first three levels of refinement are shown. Here, each polygonal
mesh at different levels is defined independently from the previous one with the only constraint
that the cardinality of each coarser grid is approximately % of that of the finer level. Tables 3.11

and 3.12 show the computed convergence factors for p =1 and p = 2, respectively, by choosing
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Figure 3.6: Airfoil profile test case: for any set of grids the first three levels of non-nested grids

are shown.

m = 3,5,8 smoothing steps. As expected, since m is fixed, the results confirm that the convergence
rate depends on p but it is independent of the granularity of the underlying grid, as well as the
number of levels employed.

Next, we consider the airfoil geometry of [CXZ98], which is characterized by a more compli-
cated geometry Q = Q1 \ Qg, where Q; is the circle of radius r; = %, and Qg9 is the airfoil profile
NACAO0015 [LB74]. As before, we consider three sequences of non-nested polygonal meshes (set 1,
set 2, set 3), cf. Figure 3.6. The grids have been obtained by firstly defining a non-uniform trian-
gular mesh on Q with the tool DistMesh [PS04], and then by agglomerating based on employing
METIS [KKO09]. The results for p =1 and p =2 are shown in Tables 3.13 and 3.14, respectively.
Also in this case we observe that, by fixing the number of smoothing steps m and the polynomial
degree p, the convergence factor seems to be independent of the mesh size. Moreover, the per-
formance of the method seems to not deteriorate even if the underlying mesh is characterized
by elements of different size, which suggests that our algorithm seems to be well suited for the

solution of problems characterized by a local refinement or applications with mesh adaptation.
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CHAPTER

AN AGGLOMERATION-BASED, MASSIVELY PARALLEL
NON-OVERLAPPING ADDITIVE SCHWARZ PRECONDITIONER

n this chapter, we introduce a two-level Additive Schwarz method based on a coarse space

correction. The method presented here differs from the smoothing operator introduced in

Section 3.4 due to a different choice of the coarse solver operator. In this chapter we
will consider the following second order elliptic problem. Let Q c R?, d = 2,3 be a convex
computational domain with Lipschitz boundary and let f € L2(Q) be a given function. We consider
the weak formulation of the following second-order elliptic problem, with homogeneous Dirichlet
boundary conditions: find u eV =H, é(Q) such that

4.1) d(u,v)zfqu-Vvdx:ffvdx YveV.
Q Q

Here, p € L*°(Q) denotes the diffusion coefficient, which we suppose to be such that 0 < pg < p.
In particular, we can assume pg = 1, since (4.1) can always be scaled by p,. Given a polytopic
grid 97}, satisfying the mesh assumptions stated in Section 1.1.1, and the corresponding DG finite
element space V}, defined as in (1.3), the bilinear form «#;(-,-) : V, x V}, — R corresponding to the

symmetric interior penalty DG approximation of (4.1) is given by
(4.2) p(up,vp) = fQ [thuh “Vavn +pVaup - Rp([vr]) + pVivs '%p([[uh]])]dx

+[% Onplun]-[vn] ds,

where V), denotes the piecewise gradient operator on 7. Here, Z,, : [LY(F)]1% — [V,]1? denotes
the lifting operator defined by

4.3) f Rp(q)-ndx = —f q-{{nghyds Vne V19,
Q Fn
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Furthermore, the parameter w is related to the weighted average operator (1.4) and it is defined

Px—

asw= -t

on each internal face F € 3}{ , F cox®.

Remark 4.1 (Diffusion coefficient p). Here, we make the hypothesis that the diffusion coefficient p
is piecewise constant on each polytopic element x € I}, and we write pyx = plx to denote its restriction

to x. We refer to [GL10] for the more general case when p violates this assumption.

In (4.2), according to [Dry03, DGSO07], o, , € L°°(F},) denotes the interior penalty stabilization
function, which is defined by

2
(4.4) onplr =Colp) o— ¥ FeFy,

(hi)

with C; > 0 independent of p, p, |F|, |x| and A,. Then, based on the above definitions, the
Symmetric Interior Penalty DG (SIPDGQG) discretization of (4.1) is given by:

(4.5) find ujy € Vj, s.t. dh(uh,vh)Z[ fopdx VYV vy eV
Q

4.1 Non-overlapping Additive Schwarz preconditioner

The additive Schwarz preconditioner requires the introduction of two additional partitions
(besides 97,): a partition I composed of disjoint polyhedral subdomains where local solvers are
applied in parallel and a non-overlapping partition 9z employed for the coarse space correction.

In particular, we make the following choices:

* In=1{Q1,...,Qn,} of size H = max;<;<n, {diam(Q;)} such that each subdomain Q; is the
union of some elements x € 9;,; we assume that H < diam(Q;) Vi = 1,...,Ny; we also
assume that a colouring properly holds, i.e., there exists Ng such that

4.6) _max card{Qj s.t. 0Q2; N an # @} <Ns,

lzl,...,N[H]

i.e., Ns represents the maximum number of neighbors that an element Q; € I might

possess.

* I =1{Y1,...,9ny} is the coarse space of size H = maxi<j<n,{diam(Z;)} such that H <
diam(2;)Vj=1,...,Np;

We remark that the grids 9y and 9y are possibly non-nested, see Figure 4.1 for an example.

Remark 4.2. Since Iy are defined as the agglomeration of fine grid elements x € I3, we have
the relation 93, € Iy, i.e. for all x € I}, there exists & € Iy such that xk < X .. However, we point
out that no further assumptions are needed between Iy and Iy for the definition of our method.
Classical Additive Schwarz methods have typically been defined based on the assumption that

I €Ty € In. In this chapter we take a different approach: firstly, we assume that the granularity
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of Iy is finer than I, indeed, we are particularly interested in the massively parallel case
whereby Iy = I3, cf [DK16]. Secondly, we also permit the use of non-nested coarse and fine

partitions, i.e., when I, € Iq.
The main ingredients of the additive Schwarz method are defined as follows.

Local Solvers. Let us consider the subdomain partition Iy with cardinality Ny, then for
each sub-domain Q; € 9 we define a local space V; as the restriction of the DG finite element

space V3, to Q;,i.e.,fori=1,...,Ny,
Vi=Vilo, ={op €V :vplg, =0V j#i}, i=1,...,Np.
For each local space V;, the associated local bilinear form is defined by
A Vix Vi =R, i(ui,v;)=sth(R]u;,R[v;) Yu;,v; €V,

where R lT :V; — V}, denotes the classical extension by-zero operator from the local space V; to the
global space V},. The restriction operator R; : V;, — V;, i =1,...,Ny, is defined as the transpose of
RiT with respect to the L?(€;) inner product.

Coarse Solver. For 1 < g < p, the coarse solver is defined based on exploiting the partition

Ix. To this end, let Vy be the DG finite element space defined on I given by
Vo=Vg ={vg e LAQ):vylg, € Py (1), k=1,...,Ng}, 0<q<p.
Further, let R g be the L2-projection operator from Vy to Vj,, defined as:
RJ :v0 eV -—»Rgvo eVy: /QRgvowhdx :vaowhdx Ywy, € V},.

In this way RJ is well defined also when 9y and 93, are non-nested. Then, the bilinear form

associated to Vj is defined by
(4.7) Ao VoxVo—R, olo(uo,v0) =ty (Rguo,Rgvo) Vuo,vo € Vo.

Remark 4.3 (Implementation). From the implementation point of view, we point out that the
operator Rg can be computed based on employing the optimized numerical integration method
described in Chapter 2, cf also [AHP18b].

Remark 4.4 (Nested spaces). When Vg = Vi S V3, i.e., when the coarse and fine grids I and
I}, respectively, are nested, then the action of Rg on a coarse function coincides with the action of
the natural injection operator. Indeed, by contradiction, if A vy € Vg such that R(—)r v # Vg, then, by
employing the definition of R, we have

T— = . — - —
0< ||R0 Uo— UO||L2(Q) = min |wp -y ||L2(Q) < |lvo - U0||L2(Q) =0,
whth
which is a contradiction and hence Rg vo =vg for all vy € Vo when Vy S V3,
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Figure 4.1: Example of polygonal 97, (black), 9 (blue) and g (red), when the coarse and fine
grids are nested, i.e., 93, € I, (left) and non-nested, i.e., J3, Q Ix (right).

By introducing the projection operators P; = RiTPi V-V, i=0,1,...,Ny;, where

PV, —Vi, oAi(Pivp,w;)=swn,R w)) Yw;eV;, i=1,..,Ny,

Po:Vi, — Vo, lo(Povn,wo) = (vp,Rywo) Ywo e Vo,
the additive Schwarz operator is defined by P4 = Z?i ”0 P; = B;;A n, Where B;; = Zli\iHO(RiT(Ai)‘lRi)
is the preconditioner. An upper bound of the condition number of P, can be derived by following

the abstract analysis presented, for example, in [TW04].

4.2 Preliminary results

We first present some preliminary results that will be employed for the analysis presented in
Section 4.3. For the sake of the analysis, we assume that the grids 93 and 9 are nested. The
extension of the theoretical analysis to the much general case 9, ¢_ I is presented in Section 4.4
for the particular case 9 = 93, and p = 1. Here, we introduce the following energy norm, which

is an extension of (1.12):

4.8) ||w||%’p= Z fprwI2 dx + Z fFUh’pH[w]HZ ds.

keI Fezy,

The well-posedness of problem (4.5) with respect to the norm (4.8) is then established in the

following lemma, which is an extension of Lemma 1.4.
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Lemma 4.1. The following continuity and coercivity bounds, respectively, hold:
dpWwn,vp) Sluplppllorllae  Yup,vy € Vy,
A (un,up) 2 lunlly , Yup € V.

The second bound holds provided that C, appearing in (4.4) is sufficiently large.

A key aspect of our analysis is based on employing the conforming approximant defined
in (3.9). In particular, to ensure that the preconditioner is scalable also with the jumps of the
diffusion coefficient, here we define the conforming approximant in a slightly different manner, in
order to obtain an approximation of discontinuous discrete functions vy € Vj, on each local domain
%€ 9m, j=1,...,Ng. To this end, we first need to define the following local grids generated
from 93 and 9; for j=1,...,Ng:

(4.9) TIh,j =k €T} st. x ©DQj}, for some P € T,
g,{j ={Fe%y st. Fc2;}, for some 9, € Iy,
Fp ={F € Fy, s.t. F <09}, for some 2, € Tn,
_ ol B
(4.10) Fnj=Fp YV

Remark 4.5. Note that since the grids I}, and 9y are nested, i.e., 93, ; <9y, j=1,...,Ng, Tp ;
also satisfies Assumptions 1.1 and 1.2, forall j=1,...,Np.

The local conforming approximant employed here is then defined as follows.

Definition 4.1. Let 2; € I and %,(vy) = Vv, + Z1([vp]) be the discrete gradient operator of
v, € Vy,. Here, #1 : LY(ZF3) — [V, 19 is the lifting operator with p=1land w= % in its definition
given in (4.3). Then, v}, ; is defined as the solution of the following problem: find v, ; € H é(Q) such
that

(4.11) fVUh,j-Vw dx=f Gn(wnligy) - Vw dx VwEH(l)(Q),
Q Q

where 1, is the characteristic function on %, that is 1i»)(x) =1 if x € 2, and 1g,(x) =0

elsewhere.
Following the analysis presented in [AHS16] we prove the following approximation properties.

Theorem 4.1. Let 9;€ 9y j=1,...,Ng. Given vy € V, we write Uy, € Hé(Q), j=1,...,Ng to
be the conforming approximant given in Definition 4.1. Then, the following approximation and

stability results hold:

(4.12) lvn = 0h,jliL2a)) < %HUZZ)I [orliz,] [JRICAPE Jj=1,...,Ng,
(4.13) [0n,jlmv@) S lvrLigplin,1s Jj=1,...,Np,
where Fy, j is defined in (4.10), j=1,...,Ng, and || - |51 is as in (4.8) with p = 1.
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Proof. Let 9, € Iy, since () is convex, there exists z € H 2Q)nH 3(9) such that
-Az=vpligy—Up,; inQ,
{ z=0 onoQ,
Here, z satisfies
(4.14) 2l z20) S lor Lz — Ol L2c)-

Employing integration by parts we obtain
”Uh IL{@j} - 5h,j||%2(ﬂ) = fQ(Uh ]l{@j} - l7h,j)2dx = —fﬂ(vh 1{@]} - 17h,j) Az dx

=L(Vh(vh1{@j})_vah,j)'vz dx — [ Vz'[[vhﬂ{@j}]]ds

Fh,j

=L(<gh(vhn{@j})—vah,j)~v2 dx — f

~~

=0

Vz:[vpligy]ds - fg)%l([[vh Ligy]) - Vadx,

h.j

where we have also employed the fact that [vs 1ig,]Ir =0 if F ¢ Z, , [U5,]IF = 0 for all F € 5,
since l7h,j € H&(Q), and that ¥4, (vy, ﬂ{@j}) = V(v ]l{@j})+%1([[vh ]l{@j}]]). Using the definitions of 5h,j
and %1, cf. (4.11) and Definition 4.1, respectively, for any z; € V},, we have

IIUh]l{@j}—ﬂh,jII%Z(Q)=—fg Vz-:[vpligy]ds - fgggl([[vhﬂ{gj}]]%Vzdx
i
= —L%l([vhﬂ{@j}ﬂ%(vg—thh)dx+fg [vrlizp] - {Vrzalids - f Vz - [vpLig;]ds
1 :

h,j

= —f %1([[vhﬂ{@j}]])~(Vz—VhZh)dX+f
Q Z

h

([[vh ]l{@j}]] : {{thh}} -Vz- [[Uh ]l{@j}]])ds.
J
Given that z € H2(Q) and {Vz}}i,|r = Vz|r, we deduce that
lva Lz — 5h,j||i2(Q) = _fge%l([[vh Ligp]) - (Vz = Vpzp)dx - [6} [vnliz] - {Vz = Vzplids
hj

(4.15) S121([vnLipDlz)Vz = Vazalize) + 1vaLigpllrag, )1UVz = VizabliLe g, ).

The first term on the right hand side of (4.15) can be written as follows.

(4.16) 1%1([on L DIZaqy = fQ 1([on L] %1([vn Lig, dx
=- f% [valigp] - {R1([vali@y]Hds
=- f%’j [valigp] - 4% 1([va Lig)]ids,

where the last inequality follows from [vs1g,]lF = 0 if F ¢ %, ;. Then, from (4.16) and the

Cauchy-Schwarz inequality we obtain the following bound:

1 1
(4.17) 121([vr gy DIz 2o < log 1 [valwpllizag, ) o, 1 4R1([vr Loy DL, ;)
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Here, the second term on the right hand side of (4.17) can be bounded by employing Lemma 1.3

as follows:

_1 _1
||ohfl{{9e1<[[vhﬂ{@j}]])}}niz(gh,j)s ; lo, 2 21([vr Ligp DI 2200
K

h.j

- (hi)
=C," Y 121 ([valigpDI 70

KE%J

<C;'Ch Y 121([onLligyDl2a,

KEg';LJ

(4.18) S121([rL@pDIze g,

where we also have employed that (k) < 2h. By inserting (4.18) into (4.17) we obtain
1

(4.19) 121w Ligy DI o) S 10 1 [on Laplize, -

Then, by choosing z, =11,z in (4.15) and by employing (4.19), Lemma 1.6, cf., also, Remark 1.5
and the bound (4.14) we obtain

h 1
~ 2
(4.20) lvrli@;) = Uh,jll72q) S 1_7 ||Z||H2(Q)||0'i,1[[vh Ligy] [JRICAP)
h ~ 1
< > lvali@y = Oh, il lloy,  [val@p]lizas, -

Then the bound (4.12) follows from (4.20) by observing that |[v, — vy, j ||L2(92j) <|lvy 11{91.} —Up,jllL2)-
In order to obtain (4.13) we first select w = U}, ; in (4.11) and by making use of the Cauchy-Schwarz
inequality we obtain:
|5h,j|%_p(9) ,S ”(gh(vhH{@j})||L2(Q)|Uh,j|H1(Q)'
Then, from the definition of ¢}, given in Definition 4.1 we have:
2 2 2
(421) ”Cgh(vh 1{91'})”L2(Q) S ”vhvh ||L2(<°];L,j) + ”%1([[1}}1 :H'{@j}]])”LZ(@j)'

The bound (4.13) is then obtained by inserting (4.19) into (4.21). O

We are now ready to investigate the relationship between the spaces V3, Vi, and Vg intro-
duced above. The following result concerns the approximation of a function vy € V3 with a coarse
function vy € Vi; this represents an extension of the analogous result presented in [AHS16,

Lemma 5.1].

Lemma 4.2. For any vy, € Vy, there exists a coarse function vy € Vi such that
(4.22) lon - R v lizag, < guvh Ligy a1,

(4.23) lor —Rovalm, ) S loalgplias

for j=1,...,Ng, where I}, ; and Fy, j are as defined in (4.9) and (4.10), respectively.
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Proof. Let vy, €V, and let vy be defined as
vilg, = Ug@p ))lg;, j=1,...,Nm,

with vy, ; as defined in Definition 4.1 while I1g denotes the global variant of the 4 p-approximant
introduced in Lemma 1.6, cf., also, Remark 1.5, defined on the coarse space Vz;. Then, noting

Remark 4.4, application of the triangle inequality gives

T
lvn — R UH||L2(@J-) = llvp — UH|@J- ||L2(@j)
Sl =0hjllL2@) + 10k, — @R, DL2@)

S lon =0h,jli2@,) + 10, — MH@R, D L2(0)-

Employing Lemma 1.6 together with Assumption 1.2, cf. Remark 1.5, gives
T ~ H
vy _RO UH||L2(@J-) S lvp — Uh,j||L2(@j) + ; 107l g1q)-

By applying the Poincaré inequality to v}, j € H, é(Q) and exploiting the bounds of Theorem 4.1,
inequality (4.22) immediately follows by observing that ~ < H and g < p. In order to obtain (4.23)

we proceed as follows:

(4.24) |Uh —R(—)rleHl(g'h,j) S |Uh|H1(g;w_) + |R(—|)—UH|H1(f'7}L,j)
= vnlgvas,p * 1vajlHY(F; )-

Moreover, by employing the triangle inequality and by observing that vy j € 2,(2;)c H Lo ) we

have

e jlai(; ) S MHEOR,j) = Uh,jlH1@)) + 108, HI(2))
S M@ ) = 0njlg1@Q) + 108,/ HLQ)
S 10l H1()s

where we also have employed the bound of Lemma 1.6 and the Poincaré inequality. The previous
result together with (4.24) and the estimates of Theorem 4.1 lead to (4.23). O

Before proceeding with the analysis of P,; we also need the following result regarding the

properties of the non-overlapping decomposition V;, i =1,..., Ny, introduced in Section 4.1.

Lemma 4.3. For each vy, € Vj, there exists a unique decomposition vy = Zji\iHIR iTvi, withv; €V;i=

1,...,Ny, such that

Ny Ny
T T
ly(vp,vp) = Z&fi(vi,vi)f Z Ap(B;vi,R;vj),
i=1 1,j=1,i#j
and
N T T 2 N 1 2
. . 2

L RvE] 0)| S IV VavnlZsr) + Y19} o o,
LJ=L4L,1#] i=
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Proof. Let vy, €V, andlet v; =R;vy, i =1,...,Ny where R; as defined in Section 4.1, then

(R} vi,R]v))=0 if 0Q;n0Q; =0,

and
Ny T T T T T
) Y ,szfi(Rivi,ijj)|§ Y 1R v, R]vp)l Y oieViueVy, i,j=1,..,Nyu.
i,j=1,i#j L,j=1i#j

Now let i # j such that 0€2; N0Q; # @ and write ¥; :RiTvi and U; :R]ij, then

(4.25) dh(ﬁlaﬁj):L[pVﬁz%p([[ﬁj]])+pv6]‘%p([[ljlﬂ)]dx+[g O'h’p[[ﬁi]]-[[ljj]]ds,
h

By employing the definition of %, given in (4.3), the first term on the right hand side of (4.25)

can be written as
f V405 R[5 Pdx = — f [5,]- {pV o ds.
Q Fn

By observing that [0;] = 0 on the faces F € %, such that F mQ_j = ¢, and also {{pVU;}} = 0 for any
F ﬂ§i= @, we have

| p9hsi oo pax== [ 5;]-pVaoias

,-m@QJ
1 2 _1 9
2 ~ 2 ~
S ||Uh,p [[v_]ﬂ ”L2(OQ,-I"IOQJ') + ||Uh,p{{pvhvi}}”Lz(aQiﬁan)
1 _1
(4.26) <oy 1007200, + 19,540 VA0M 250,

Here, the second term on the right hand side of (4.26) can be bounded by employing Lemma 1.3

as follows:

loy, 2 oV T a0, < ZQ 102 0 VADi 1o
xcQ;

_ (hy) 2 w2
=C;! P IVRTDI
o KCZQi (pK>p2 Y RV 2(5x)

= C;ICtr Z v kahlji)”%Z(K)
KCQi
4.27) S I \/ﬁvhiji ”%2(91')’
where we also have employed that {(o«) < 2px and (hy) < 2h. Inserting (4.27) into (4.26) we obtain
1
o« « « 12 2 .2
(4.28) fQ PV Zp([0;1Ddx S VP Vibillp o, + 1oy 011720,

Similarly, we obtain

1
« v v 12 2 ~ T2
(4.29) prij-%p(ﬂvi]])dfo Ivo thjlle(Qj) + ||J}21,p [[vi]]”LZ(GQi)’
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and
1 1
(4.30) f onpl0i] - [5;1ds Slloy (0113200, + 107, 15/] ||§2(6Q]_).
gh > 13 ’
Inserting (4.28), (4.29) and (4.30) into (4.25) we obtain

1 1
N « 2 « 12 3 Mx.n2 2 .12
oQ{h(Ui,Uj) S ”\/ﬁ vhvi ||L2(Qi) + ”\/5 thj”Lz(Qj) + ”0-2”0 [[Ul]] ”Lz(agi) + ”U}ZL,p [[vj]] ”Lz(ﬁﬂj)'

The result follows by summing over i,j =1,...,Ny, i # j, and by exploiting (4.6). O

For the forthcoming analysis we also require an extension of the trace inequality introduced
by Feng and Karakashian in [FK01] and presented by Smears in [Smel8, Lemma 5], to which we

refer for the proof.

Lemma 4.4 (Trace inverse inequality). Let 93, and Jy be a couple of nested polygonal grids. We
assume that Jy is obtained by agglomeration of elements of I3, and that both J;, and Iy satisfy
Assumption 1.1. Moreover, we assume that for all Q; € Iy, i =1,...,Nn, there exists Xq ; € (); such
that (xo,; —x)-n; 2 H for all x € 0Q);, where n; is the outward normal vector to 0Q);. Then, for any
vy € Vi, writing $5,(Q;) ={F € %y, such that F c Q;,F ¢ 0Q;}, the following bound holds

1

1 1 1

2 2 2 2

||vh||L2(5Qi)5||vhvh||L2(Q,.)||vh||L2(Qi)+ﬁnvhanmiﬁ(gZ 107 1 [onllZaim)” T0n L2y
h\34f

Proof. Since there exists x¢; € Q; such that (x—x¢;)-n; 2 H Vx €0Q;, we have

1
(4.31) lonll?s a0 :f lv |2dx,§—f lvpl?(x —x0.;)-n;ds.
h L2(0Q);) 50, h H 50, h 0,1 i
By employing integration by parts, the following equalities hold

5 —f(x—xO,»-vavmz)dx

xkcQ;

=2 [/V'(X—Xo,i)|vh|2dx - fa (x—xX0,) 1 |vp[*ds
KCQi K K

- ¥

KCQL'

- X /[[|Uh|2]]'{{(X—x0,i)}}ds,
FcQ; FgoQ;vF

fV-(X—Xo,i)Ivhlde] —f (x—xXo,)n; |vpl?ds
K 0
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where the last equality follows from x —xo; = {{(x —x¢;)}}. Then, by observing that [[Ivh|2]] =
2[vi]{{va}}, we have

2
[ (x—x0,;)n; |vy|“ds
0%

= ¥ [ [V-ax—x0,) loalPdx + (x-x0,): V(loal?)]

KCQi K

- Z fF[[|Uh|2]] {{x—x0,;)Nds

FCQi ,F¢an

= Z f[—d |vh|2dx + (x—xo,,-)~2thvhdx]
K

KCQi

- %[ 2enlon-tix-xo s,
FcQ; FeoQ; o F

Then, by employing Hélder and Cauchy-Schwarz inequalities we obtain

2
f (x0,; —x)-m; |vy|“ds
0Q);

Slop ||i2(9i) +lIx—x%0,; ”[LOO(Qi)]d lvVpvp ”[Ll(Qi)]d
+ 11X = %0, llzo(z, e Hoalwr Mz, @

2
S lorlzeq,) +H lvallLe,) VAR lL2q)
1 _1
+H llog, ; [valllLz g, oy, ] bl g, @)

S lvalFaq, +H lvalliaq,) VARl @)

1
+H lloy, | [vallz g, 1ol

where we have employed 1.3 in the last inequality. By inserting the previous bound into (4.31)

we obtain the thesis. O

4.3 Condition number estimates

In this section we derive an upper bound of the condition number of P, 4 by following the analysis
presented in [TWO04], see also [Lio87, Lio88, Lio89]. To this end, we show that the following three

Assumptions are satisfied.
Assumption 4.1 (Local stability). There exists 0 < @ <2 such that
dh(RiTvi,RiTvi) <asfi(v;,v;) Vv;€V;1=0,1,...,Ng.

We point out that in our case Assumption 4.1 immediately follows with w = 1 from the

definition of «(:, ) given in Section 4.1.
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Assumption 4.2 (Strengthened Cauchy-Schwarz inequality). There exists constants 0<&;; <1,
for 1<1i,j < Ny, such that

|ty (R} vi, R v < &ty (R vi,RTv)): yR]vj,R]v))2,

for all v; € V; and for all vj € V;. Moreover, by writing E € RNe*Nu gych that E;; = &;j, then the
spectral radius O(E) < Ns, where Ns is the maximum number of adjacent partitions that any

Q; € Iy might possess.

In our case, Assumption 4.2 follows since we have required that each subdomain Q; € I can
possess only a finite number of neighbors, cf. (4.6). In particular, by observing that if 9Q; N9Q =
then dh(RiTvi,RJij) =0 Vv; €V; and Vv; € V}, we can define

0 ifdQ;NoQ; =g,
ij=
1 otherwise.

Then O(E) is uniformly bounded by by (Ns + 1), where Ns is the maximum number of neighbors
that each subdomain may possess, cf. (4.6). This result ensures that a stable (in the sense of the

energy norm) decomposition can be found for the local spaces and the coarse one.

Assumption 4.3 (Stable decomposition). Each v € Vy, admits a decomposition of the form
vp = Zﬁ%RiTvi, v;eV;,1=0,1,...,Ng, such that

Ny
Y Hi(wi ui) < Catp(up,up).
=0

Following [TW04, Theorem 2.7] the upper bound for the condition number of P, is stated in

the following theorem.

Theorem 4.2. Given that Assumptions 4.1-4.3 hold, then the condition number of the additive
Schwarz operator is given by
K(Pyq) S C7a(O(&)+ 1),

where a, &, and Cy are as defined in Assumptions 4.1, 4.2 and 4.3, respectively.
Next we prove that Assumption 4.3 holds.

Theorem 4.3. Let vy, € Vy, and assume that the grid 9}, satisfies Assumptions 1.1 and 1.2. We also
assume that Iy is obtained by agglomeration of elements of Iy, Tz is obtained by agglomeration
of elements of Iy and that both Iy and I g satisfy Assumptions 1.1 and 1.2. Then Assumption 4.3
holds with

C’f ~| max ( —_——
j=1,...Ny @j
where

.= )r(lég}( Px), p;= ;ré%i;(p(x)).
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Proof. Let vy € V;, and let us choose vy = vy where vy € Vi is defined in Lemma 4.2. Then,

employing Lemma 4.3, vy, —RJ vo can be uniquely decomposed as

T < 7
vp—Ryvo= ZRi v,
i=1

where v; =R;(v;, —R{vo), i =1,...,Ny, and

N|H] NIH]
(4.32) App —Ryvo,vn —Ryvo) = Y Livi, o)+ Y. éth(RiTvi,Rijj).
i-1 ij=Litj

Adding «#(vg,vo) to both sides of (4.32) we obtain the following inequality:

Ny

Ny
(4.33) |>_ oi(v;,vi)| < ’«th(vh —R{vo,vp —RJUO)‘ + ‘ﬂo(vo,vo)‘ + ‘ Y dh(RiTvi,RJij)

i=0 i j=Li#j

=I+I1I+111.
From the definition of «#(-,-), cf. (4.7), we note that
T T T
II < |t (Ryvo—vn,Ryvo)l + |p(vp, R vo)l

(4.34) < ety (R vo = v, R 00 = vp)l + 21 (R 0o = v, vp)| + Loty (W, vp)1-

Employing the continuity of <, cf. Chapter 4.1, and Young’s inequality we obtain
et (R vo = va,un)l S lvw =R vollnpllonllng S vk = Rgvolly , + lually .

Then, by inserting the above bound into (4.34) and employing the continuity and the coercivity of
oy, cf. Chapter 4.1, we obtain

(4.35) I+1I< IIvh—Rgvollip+&¢h(vh,vh).
In particular, we observe that, by the definition of | - || ,, we have
1
(4.36) lvn =Rqvolly , = IVPVaWA = Rgvoll 72z + 07 [on = Rg volll 72z, -

Writing g to denote the set of faces of Iz7, and observing that % € %, since Iy < 9}, the
second term on the right hand side of (4.36) can be bounded as follows

1 1 1
2 T 2 _ 2 T 2 2 T 2
”Uh,p [[Uh _RO UO]] ”LZ(gh) = ”Uh,p [[Uh _R() UOH ”L2(9h\91{) + ||Uh,p [[Uh _RO UO]] ”LZ(gH)

1 1
3 2 3 _pT 2
= ||Uh,p [[vh]]”LZ(gh\gH) + ||0h,p H:vh RO UO]]”LZ(,?H)
2 B o1 T 2
< 2 _
Sloaly,, + Zl||ah,p<vh Ry 007299,
J:

NH 1
(4.37) Sloally, + Zl loy ,h = Rgvo)l 20,
1=
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where we have employed that [[Rg vo] =0 on each face F € Z; \ ¥y and the fact that Iy < Tg,
cf. Remark 4.2. Hence, inserting (4.37) into (4.36) and employing Lemma 4.1, the bound (4.35)

becomes
T 2 Ry T 2
I+IIS1VP Valr —Rovo)lze g, + > IIUhZ’p(vh -R, UO)||L2(aQi)+|&¢h(Uh,Uh)|.
=1
From Lemma 4.3 we get
T 2 Ry T 2
(438) 111 S ”\/ﬁ vh(vh _RO UO)”LZ(%) + Z ”UhZ’p(vh _RO UO)”LZ((aQi)'
i=1

Then, (4.33) may be bounded as follows

NH N[H]
439 |3 ot vi,00)| S| @n,vn) |+ 1B Van =Ry vo)lZas + Y- 012, 0n =Ry 0025000,
i=0 i=1

=JV+V+VI.

Exploiting Lemma 4.2 we have

Ny
V=2 IVoVhwh = Rg vl 7z,

J=1
Ny T 2

,S Z ﬁ‘]”vh(vh _RO UO)”LZ(@J.)
j:
Ny

< Z 5[ IVhon g )+ o} [onli, Ies, )]

N _‘ 1
2 2 ;
Z [n VB Vil ) + 10, on Lol e, |

0;
(4.40) < n,la,)Z(VH((p)J )dh(vh,vh)

where we have also employed the coercivity bound of Lemma 4.1 in the last inequality. A bound
for @ can be obtained exploiting the inverse trace inequality of Lemma 4.4. To this end, we first

observe that

Ny maxic
(4.41) Z w

T 2
v — R() Uo ”LZ(GQi)’

where we have also employed the definition of o, , and the fact that {oi)|F < 20+ for any F < 0€;,
F c ox*, for some x* € 93, which implies that (py)|F < 2maxycq,} px for all F € &, such that
F c0Q;. Then, by applying Lemma 4.4 to each Q; € I, i =1,...,Ny, from (4.41) we obtain the
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following bound:

T T
IV (vp —Ro UO)||L2(Qi)||Uh —Ro o ”LQ(Qi)

< Ny p2 maXycQ;} P
Z h

1 T 2
+ ﬁ ”Uh _RO UO”LZ(Qi)
3 T o2 \® T
X 1071 ln-RgvollZagp) Ion-Ryvolzay)-
FeF,(Q) ’
Since Iy € Iy, we denote by #; ={k :1 <k < Ny, Q) € Iy and Q c 9,} the indices that

correspond to the subdomains inside 9; € 9y, for all j=1,...,Ny. Hence, .¢;N %, = ¢ for any
j#k, 1<),k <Np,and U .7 = {1,..., Ni). Then,

Ny 2
P Maxcq,} Px
VISY Y +[||vh(vh—RJ vl Lz llvn —Rg vollzeq;)
j=liey;

1 T 2
+ H ”vh _R() UO”LZ(Qi)

12
T 2 T

X 10 vn-RyvollZem) Ion-Ryvolza)

F(—;%l(Q )
Ny

P IOJ
Z Z IVh(vp — Ro UO)||L2(Q)||Uh Ro UO||L2(Q)
Jj=1 €Y

+_ Z ”Uh R() UOHLZ(Q)
u—:J

2
(4.42) +Z( Y ||aZ%1[[vh—R§vo]}||§z(F)) lon, — Rg voll 2y |-
ied; FeFp(Q;)

We now proceed by bounding each term present in the bracket in (4.42); to this end, exploiting

the discrete Cauchy-Schwarz inequality, we get

Y IVaa—Rg vo)lizayllve — Ry vollzaq,)
ier

2 Y2
< (X 19a@r ~RJ00)l2sq,) (X Ivn—Rgvolag,))
ics; ic.?;

T T
= |Uh _RO U()|H1(Lo/-h’j)||vh _RO UQ||L2(@J.).

Similarly, noting that 7, ((2;) is the set of faces F' € &), strictly contained in ;, then Uje 5,75, (Q2;) ©
F ,f o we deduce that

%)
¥ T 2 T
Y( ¥ 1o va-RyvollZagm) Ivn—Rivolzz,
iEfj FEgh(Qi)

2
( Z ”U [[Uh _R(-l)—vo]] ”[242((%1((21))) ( Z ”Uh RO vO”LZ(Q ))

€Y i€

v, T 2 Y2 T
<( X 10} [on— RS volla) Ivn—RGvollze,.
FeF/;
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Noting that ¥, llvy — R UoIILz(Q) lon =Ry UOlle(@ )» gives

Ny
1 p°p;
; 7 [|Uh RovolHl(Jh N1 ROUO||L2(@)+—||Uh R()UOHL2(9)
Vs T 2 Y2 T
(4.43) (X ||ah,1[[vh—Rovo]]||L2(F,) lvn = Rg vollzg,|
Feg

The last term on the right-hand side of (4.43) can be bounded by

2
¥ T 2 T
(X 10 Ton Ry vollZegm) Non—R{vollzag,)
FeF|;

_ i 2 \*® T
= Z ||Uh,1[[vh]]|lL2(F) ”Uh _RO UO”LZ(@J')
FeF|;

1/ T
< ||0'hz)1 [[Uh ]l{@].}]] ||L2(gh,j)”l}h _RO U0”L2(@j);

here we note that ﬂRg vo]lr =0oneach F e & I it since 97 and 9 are nested. Then, by employing

the above estimate together with Lemma 4.2, we deduce that

y pj( : Iﬁ)(”vhvhllmw )+”0h1[[vh]l{@ }]]"Lz(gh ))]

VI<Z[

Ny Pj( 2Her H?

2
< 2 hl]_l])(”\/f_) VhUh”LZ(% )+ ”Uhp[[vh:ﬂ_{@ }]]”Lz(gfh ))

iRt

(4.44) S, P J(B= “H pPH

NH(<p> qn 2hH)‘Q¢h(v’“Uh)

where we also have employed the coercivity bound of Lemma 4.1 in the last inequality. Inserting
estimates (4.40) and (4.44) into (4.39) we obtain the desired result. O

Remark 4.6. According to our estimates the statement of Theorem 4.2 becomes

Ppj \(p> H p?H?
4.45 K(Pyq) < ——||——=——-=—=—|Ns.
(4.45) (Pad) S 131131)\(’;1((,0) )( ) s
In particular, in the lowest order case, i.e., when p = q = 1, we have Kj,(Pyq) < H’/rH, which is in
agreement with the corresponding bound derived in [DK16]. On the other hand if the size of the

coarse subdomain and fine meshes are fixed we deduce that K,(Pyq) S q.

4.4 Condition number estimates for non-nested grids

In this Section we provide a bound for the condition number of the P,4 introduced in Section 4.1
when the fine 9 and coarse 9 grids are non-nested. For the sake of simplicity, here we assume
o =1on Q and we consider the massively parallel case, i.e., when 9y = 9. Moreover, we also

make the following additional assumption on J73.
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A.3 For every polytopic element x € 97, there exists a set of m, overlapping shape-regular

simplices A;, i =1,...,my such that

diam(X;)
2

dist(x,0.%;) < , and [Z}] 2 Ik],

foralli=1,...,my.
Thanks to A.3, the following inverse inequality holds, cf. [CDGH16, AHH"17].
Lemma 4.5. Let vy, € Vy, and let x € 93,. Then it holds
IVURlF o S PR MR F oy VK ETh.
Proof. We refer to [CDGH16, CDGH17] for the proof of this result. O

We first provide a non-nested counterpart of Lemma 4.2 which allows us to prove the validity
of Assumption 4.3 also for non-nested spaces V; and V. Also for this case, the key aspect of our
analysis is represented by the conforming approximant introduced in Definition 4.1. In particular,

we recall the following result.

Theorem 4.4. Let 9 (vy) = Vv, + Z1([up]) be the discrete gradient operator of vy, € Vi, and let
U, € H)(Q) such that

f Vo -Vw dx:/ 4Gn(vy)-Vw dx VYw EHé(Q).
Q Q
Then, the following approximation and stability results hold:

_ h 1
lvp = Ol S ]—) ||0'}21’1[[Uh]] lz2(2,)

[0 m1) Sllvrlls,,

Remark 4.7. Theorem 4.4 provides global bounds of vy, € V}, in the L2-norm. This result is a

particular case of Theorem 4.1, where local bounds on each coarse element 9; € Iy are provided.
We refer to [AHS16] for the proof of Theorem 4.4.

On the basis of the previous result, Lemma 4.2 can be generalized to non-nested spaces as

follows.

Lemma 4.6. For any vy € Vy, there exists a coarse function vy € Vi such that

H
(4.46) lvn _RglelLZ(Q) N g”vh”h,l,
2
H
_RT <(P_2
(4.47) v, =Ry vEllz,1 N( 7 h )”Uh In,1,

79



CHAPTER 4. AN AGGLOMERATION-BASED, MASSIVELY PARALLEL NON-OVERLAPPING
ADDITIVE SCHWARZ PRECONDITIONER

Proof. Let vy €V}, and let vy € Vg be defined as vy = [1gv;, with v}, as defined in Theorem 4.4
while Il is the Ap-interpolation introduced in Lemma 1.6. Then, by employing the triangle

inequality we have

lon = Rg valizz) S lon = Oallzay + 154 — T2 @r)liz2q)
+ 1112, @) — R Mg @) L2

where ng : L2(Q) — Vj, is the L2-projection operator onto V3. From the definition of Rg , We note
that Hz2(w )= Rg (wyg) for all wy € V. Hence, exploiting Lemma 1.6 together with Assump-
tion 1.2, cf. Remark 1.5, gives

vy —RE)FUH”L?(Q) Sllvp =vplle) + 104 — HZZ(ﬁh)”L%Q)
+ 1112, @), - TE@R ) L2(q)
< llvp = Vp L2 + 10 — (@Rl L2
+1vp =g @p)llL2q)
~ h _ H _
f, lvr —vrllL2) + ;”Uh”Hl(Q) + E”U}L”HI(Q);
here we have also used that ”HZZ(U)HLZ(Q) < llvllzeq) Yv € LAQ) and [v - HZQ(U)”L2(Q) <|v-
wlrq) Yw e L2(Q). Applying the Poincaré inequality to 0, € H. é(Q) and exploiting the bounds of
Theorem 4.4, inequality (4.46) immediately follows by observing that 2 < H and ¢ < p. In order
to obtain (4.47) we proceed as follows:
1
(4.48) lon =Rg val; 4 = IVa@a =R vl Fagg ) + 0} [vn = Ry vl 172,
The first term on the right hand side of (4.48) can be bounded by employing (4.46) and Lemma 4.5

as follows:

IVa@n =Ro v Fagy = 2 IVA@WR=Rvmllzs,

KET},
4 4 1712
p T .2 p H 2
(449) 5 ﬁ”vh _RO UH”Lz(Q) 5, ? h2 ”Uh”h’l-

The second term on the right hand side of (4.48) can be bounded by employing the definition of
op,1, Lemma 4.5 and (4.46) as follows:

2

1
107 1 [on ~Rgvrl12s5, < % Y lon—RyvalZag,
KeTy,
2 p2
b
5 TTHU}L R() UH”LZ(Q)

p*H*
(4.50) S ?ﬁllvhllh 1-
By inserting (4.49) and (4.50) into (4.48) we obtain (4.47). O
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Thanks to Lemma 4.6 we can prove the following Theorem which states the validity of

Assumption 4.3 for non-nested spaces.

Theorem 4.5. Assumption 4.3 holds with

4 1712
e~ (% 5e)

Proof. Let vy € V3. Proceeding as in the proof of Theorem 4.3, by choosing vy = vy as in

Lemma 4.6, v;, can be decomposed as vy = ZZ"ORZ.TUL-, being v; = R;(vy, —Rgvo) eVi,i=1,...,Np,

such that

Ny,
|Z&¢i(vi,vi)
i=0

T .2
Sllop =Ry volly,  + < (p,vp),

where we have employed (4.33), (4.35) and (4.38) with the hypothesis Iy = 97. The thesis then
immediately follows by employing (4.47) together with the coercivity of <. O

Remark 4.8. Based on Theorem 4.5, for non-nested coarse and fine spaces Vi and Vy, respectively,
the condition number of the additive Schwarz operator can be bounded by
2

4
H
(4.51) K(Pag) < (Z—zh—)(Ng +1).

4.5 Numerical results

Figure 4.2: Example of nested grids 9y, 9y and J; with Ny = 16, Ny = 64 and Nj = 256,
respectively.

In order to verify (4.45) we first consider a set of numerical experiments based on employing
nested grids 9}, 9y and 9y characterized by quadrilateral cartesian elements obtained by
successive refinements as shown in Figure 4.2. We solve (4.5) with the Preconditioned Conjugate
Gradient method employing B, as preconditioner (ASPCG) and we report number of iterations
needed to reduce the Euclidean norm of the relative residual vector below a tolerance of 1078,
We choose the penalty parameter C, = 10. Then, we estimate the condition number K(P,;) by

exploiting the extreme eigenvalues estimate based on the PCG iterations, see [Saa03, Sect. 6.7.3],
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for example. In Tables 4.1-4.3 we show the h-dependence of the condition number of P,4 (and
the iteration counts between parentheses) obtained by varying p € {1,2,3} and choosing q = p.

Each line of the tables is obtained by fixing Ny and Ny = ]%, such that H = 2H, and by varying

o ogn
2° 478

that the condition number doubles if we halve the size & of the fine grid: indeed, each line of

Ny, such that the size A of the fine grid decreases as and %. As expected we observe
Tables 4.1-4.3 shows that the values of condition number grows linearly by fixing H and H and
by increasing the Ny, i.e., by decreasing A. Similar behavior is observed on each column, where
the mesh size A is kept fixed, while H and H are variable. Moreover, we also observe that the
value of the condition number is approximately constant along the main and minor diagonals of

each table which is in agreement with our selection of of 2, H and H.

Table 4.1: Condition number (and iteration counts) of ASPCG with p = ¢ =1 on quadrilateral
grids.

N, —
| Ny || 256 1024 4096 16384

16 33.44 (46) 71.39(72) 147.16 (109) 298.46 (159)
64 - 38.46 (56) 80.78(82)  165.41(120)
256 || - - 40.07(62)  83.73 (91)
1024 || - - - 40.23 (61)

Table 4.2: Condition number (and iteration counts) of ASPCG with p = ¢ =2 on quadrilateral
grids.

Ny, —
| Ny || 256 1024 4096 16384

16 98.40 (81) 198.44 (121) 397.98 (176)  797.03 (254)
64 - 97.04 (91)  196.41(127) 395.11 (186)
256 || - - 96.50 (90)  195.05 (131)
1024 || - - - 96.34 (88)

Table 4.3: Condition number (and iteration counts) of ASPCG with p = ¢ = 3 on quadrilateral
grids.

Ny, —
| Ny || 256 1024 4096 16384

16 178.82 (103) 358.25 (150) 1716.85(214) 1433.97 (312)
64 - 187.12 (120)  374.92 (168)  750.68 (242)
256 || - - 187.03 (118)  375.09 (169)
1024 || - - - 186.10 (114)
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We now consider a second experiment characterized by the choice 2 = H. This particular
choice is really interesting from the computational point of view because it allows for a massively
parallel implementation as the local solvers coincide with the elements of the fine grid 97, where
a very small linear system is solved with a direct method. In this case the bound (??) reduces to
K(Pyq) = @’(IZ—;) The results in this setting are shown in Tables 4.4—4.6 for p € {1,2,3} and q = p.
Given that each line of the table is obtained by fixing the value of H and by varying A = %, %, e
the expected quadratic griwth in the condition number is observed. Similar behavior is again
observed on each column. With regards the iteration counts shown in parenthesis in Tables 4.1—
4.6, we observe the expected rate which is the square root of the one of the condition number,

that means a linear growing in this case.

Table 4.4: Condition number (and iteration counts) of the massively parallel ASPCG on nested
quadrilateral grids with p =g = 1.

Nj, —
| Ny || 64 256 1024 4096 16384

16 14.78 (26) 43.41(55) 181.43 (110) 720.46 (220) 2816.89 (440)
64 - 17.67(38) 43.68(61)  199.80 (130) 805.01 (265)
256 || - - 1855 (41)  45.39(67)  191.46 (131)
1024 || - - - 18.66 (40)  45.52 (67)
4096 || - - - - 18.70 (40)

Table 4.5: Condition number (and iteration counts) of the massively parallel ASPCG on nested
quadrilateral grids with p =g = 2.

N, —
|Ng || 64 256 1024 4096 16384

16 48.32(47) 112.65(94) 403.46 (179) 1516.03 (354) 5869.24 (709)
64 - 47.37(61) 11548 (101) 407.03 (188)  1560.31 (370)
256 || - - 47.38(61)  115.06(100)  400.94 (187)
1024 || - - - 47.30 (59) 114.68 (96)
4096 || - - - - 47.21 (57)

In order to test the performance of our method in a more general grid setting than the case
presented above, we now consider a set of experiments based on employing Voronoi polygonal
fine grids 97} : for each grid we then consider a sequence of nested polygonal grids 9 obtained
by successive levels of agglomeration, cf. [AHH*17]. Here, Level 1 represents the fine grid, the
grid of Level 2 is obtained by agglomerating elements of Level 1, and so on. The agglomeration
of polygonal grids has been performed with Metis [KK09]. For each fine grid of size A the
agglomeration process has been performed in order to guarantee that the size of the coarser

partitions is approximately H = 2h, 4h,.... Here, we only consider the case A = H. The results
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Table 4.6: Condition number (and iteration counts) of the massively parallel ASPCG on nested
quadrilateral grids with p = ¢ = 3.

Nj, —
| Ny || 64 256 1024 4096 16384

16 88.81(63) 189.98 (121) 601.92(215) 2276.52 (428) 8914.26 (851)
64 - 93.18(82)  194.21(121) 627.33(222)  2384.63 (436)
256 || - - 93.15(81)  192.75(120)  627.14 (216)
1024 || - - - 92.66 (79) 191.71 (116)
4096 || - - - - 92.11 (75)

shown in Tables 4.7, 4.8 and 4.9 for p = ¢ =1, 2 and 3, respectively, confirm the rate expected
from the theory both for the condition number and the iteration count, which is quadratic and
linear, respectively. Indeed, by observing from top to bottom each column of Tables 4.7—4.9, where
we fix H and vary H = 2h,4h,..., each numerical value for the condition number is approximately
4 times the one which precede it. Same considerations hold true for the iteration counts, whose
value doubles if we double the granularity H. Moreover, the values of the condition number and
iteration counts are approximately constant on each line of Tables 4.7-4.9, where a constant ratio

between h and H is considered. This behavior is in accord with the theoretical bound (??).

H:4h H:8h

Figure 4.3: Example of a sequence of nested polygonal grids employed for the numerical simula-
tions.

Table 4.7: Condition number (and iteration counts) of the massively parallel ASPCG on nested
polygonal grids with p = ¢ = 1.

Np =512 Np =1024 Np =2048 Njp, =4096

H=2h 20.70 (45) 21.89 (46) 20.91 (46) 23.08 (48)

H=4hn 71.32 (85) 72.31 (86) 73.42 (86) 83.77 (91)

H=8h 265.18 (134) 250.66 (150)  269.70 (163) 261.36 (163)

H=16h || 549.35(184) 636.73 (222) 827.87(270) 818.09 (289)
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Table 4.8: Condition number (and iteration counts) of the massively parallel ASPCG on nested
polygonal grids with p = ¢ =1.

Nj, =512 Nj, =1024 Nj, = 2048 Nj, = 4096

H=2h 54.61 (68) 61.91 (70) 58.22 (68) 60.78 (69)

H=4h 184.63 (127) 178.50 (125) 180.82 (123) 209.67 (128)

H=8h 640.27 (226) 593.27 (234) 726.88 (237) 627.21 (233)

H=16h || 1556.61(345) 1694.94 (365) 2190.17 (432) 1984.41 (437)

Table 4.9: Condition number (and iteration counts) of the massively parallel ASPCG on nested
polygonal grids with p = ¢ = 3.

Nj, =512 Nj, =1024 Nj, = 2048 Nj, = 4096

H=2h 88.63 (80) 102.96 (82) 90.30 (79) 104.24 (82)

H=4hn 282.14 (148) 291.77 (145) 2178.15 (140) 343.19 (148)

H=8h 976.52 (275) 906.59 (270)  1137.55(276)  949.21 (271)

H =16h || 2496.60 (446) 2703.39 (456) 3637.50(519) 3241.64 (513)

Given the definition of R g the method presented here allows non-nested coarse spaces Vg ¢V},
to be employed. In order to show the validity of (4.45) for the non-nested case, we consider a
similar set of experiments presented for quadrilateral grids case with H = A; here, the fine grid 9,
and the coarser one 9 are both Voronoi polygonal tessellation of size A and H > h, respectively,
but they are generated independently of each other. In this way 93 and 97 are non-nested.
The results of Tables 4.10, 4.11 and 4.12 show that the quadratic rate expected from (4.45) for
the condition number of P,  is verified also for this case. This behavior is in accord with the
theoretical bound (4.51) presented in Section 4.4.

Table 4.10: Condition number (and iteration counts) of the massively parallel ASPCG on non-
nested polygonal grids with with p =¢ = 1.

Nj, —
|Ng || 64 256 1024 4096 16384

16 23.29 (38) 92.13(77) 387.61(159) 1624.26 (324) 6370.86 (657)
64 - 95.91(39) 106.42(84)  411.02(167)  1774.19 (342)
256 || - - 26.73 (41)  100.89(82)  425.97 (169)
1024 || - - - 31.81 (44) 118.61 (86)
4096 || - - - - 30.56 (43)

The dependence of the bound (4.45) with respect to the polynomial degree of approximation is

investigated through the following set of experiments based on p-refinement on a fixed couple
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Table 4.11: Condition number (and iteration counts) of the massively parallel ASPCG on non-
nested polygonal grids with with p = ¢ =2.

Nj, —
INy || 64 256 1024 4096 16384

16 88.07 (66) 264.43 (123) 970.30 (237) 3225.10 (446) 13121.48 (918)
64 - 82.70 (64)  303.61(124) 1046.59 (238) 3829.80 (466)
256 || - - 83.83(63)  289.57(120)  1142.71 (240)
1024 || - - - 100.16 (65)  313.34 (118)
4096 || - - - - 88.89 (60)

Table 4.12: Condition number (and iteration counts) of the massively parallel ASPCG on non-
nested polygonal grids with p = ¢ =3.

Nj, —
INg || 64 256 1024 4096 16384

16 148.36 (83) 429.84 (143) 160253 (275) 5405.40 (529) 21263.66 (1058)
64 - 142.42 (76)  405.44 (135)  1525.94 (263) 5170.13 (498)
256 || - - 157.47(80)  452.41(137)  1469.08 (249)
1024 || - - - 147.97 (770 402.98 (124)
4096 || - - - - 135.77 (70)

of fine/coarse grids in the setting with H = A. For the nested case, we consider a total of four
tests: two of them are characterized by quadrilateral fine grids with Nj, = 256 and Nj, = 1024
cells, and two other tests are based on employing the polygonal grids of Figure 4.3 where the fine
meshes possess Ny, = 262 and N, = 516 polygonal elements. For each test the coarse mesh I is
obtained by agglomeration of fine elements in order to guarantee H < %. The p-dependence of
the condition number (K(P,4)) and the iteration counts (i£(P,q)) is shown in Figures 4.4 (a) and
(b), respectively. According to (4.45) the expected bound K(P,q) S p (it(Pyq) S /p) seems to be
verified with good accuracy. In order to investigate the p-refinement behavior of K(P,4) when 973,
and Jp are non-nested we repeat the two experiments with the polygonal grids considered for
the nested case, but here we choose Jz7 to be a Voronoi grid generated independently from J7,.
The couples of non-nested grids employed for those experiments are shown in Figure 4.5. In this
particular case, Figures 4.4 (a) and (b) show the rates K(P,q) < p? and it(P,q) < p, that are in
accord with the bound (4.51) given in Section 4.4.

We also investigate the behavior of the condition number of P,; with respect to the diffusion
coefficient p. Here, we make the assumption that p is piecewise constant on Q. We consider
two experiments based on the nested polygonal couples of fine/coarse grids 93/, where I},
is a Voronoi polygonal grid on Q = (0,1)? with 4096 polygonal elements and I is obtained by

successive agglomeration of elements of 93, here Ny = 16. Moreover, we choose the polynomial
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Figure 4.5: Non-nested pairs of fine/coarse grids 97 (solid) and 9 (dashed), respectively, em-

ployed for investigating p-dependence.

Table 4.13: Condition number as a function of the maximum jump of p when I is aligned with

the discontinuities of p (p =¢=1and p =q =2).

‘pe—’

‘ 1 10 102 103 10* 105 108
p=1 | 818-102 822.102 857-102 8.62-102 8.62-102 8.61-102 8.61-102
p=2 1 1.98-103 206-10% 2.09-103 2.09-102> 2.09-103 2.09-10% 2.09-10°

degree as p =g =1 or p = g = 2. In the first experiment we fix plyp; = p, = 1 on the elements

2; € Iu with odd index j and we set plgy, = p. € {10°,10%,...,10%} on the polygonal sub-domains

with even index j. The results of Table 4.13 show the independence with respect to the jumps

of p when those jumps are aligned with the sub-domains of 9. In the second experiment we

proceed in a similar fashion but here we take different values of p on odd and even polygonal

elements « € 93, in this way 9 is not aligned with the discontinuities of p, then the maximum
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Table 4.14: Condition number as function of the maximum jump of p when I is not aligned
with the discontinuities of p (p =¢=1and p=q =2).

‘ Pe —
‘ 1 10 102 103 104 10° 108

p=1| 818-102 947.102 2.89-10° 2.13-10* 2.02.-10° 2.01-10° 2.01-107
p=2 1 1.98-103 239.-10% 7.75-103 6.34-10* 6.20-10° 6.18-10° 6.18-107

jump inside the polygonal sub-domains 9; € I is given by p, — 1. As expected from the theory,
the results presented in Table 4.14 show that the condition number of P,4 grows as p,.

We now consider the performance of the ASPCG algorithm on a tetrahedral meshes in three-
dimensions. To this end, we set Q = (0,1)3; furthermore, the elements of the coarse mesh are
general shaped polyhedra obtained by successive agglomeration, cf., the previous example. The
results for p = ¢ =1 and p = ¢ =3 are reported in Tables 4.15 and 4.16, respectively. Here, we
have also added a line with the condition number of the operator Ay : V x Vj, — V;, defined as
(Apun,vp)rzq) = “h(up,vp) for all uy,vy, € Vy, and, in parenthesis, the iteration counts of the
Conjugate Gradient method for solving (1.8) without preconditioning. Analogous behaviour of the
condition number and iteration counts to those presented in the previous example are observed.
In particular, we observe that the condition number is roughly constant on the diagonals and sub-
diagonals of the two tables, while, along each row, i.e., when Jp is fixed, the expected quadratic

growth in K(P,4) is observed. Similar considerations are also noted for the iteration counts.

Table 4.15: Condition number (and iteration counts) of the massively parallel ASPCG on nested
polyhedral grids with p =¢ =1.

N, —
| Ny 384 3072 24576 196608 1572864 12582912
48 107 (85) 411(156) 1497 (294) 6216 (580) 25791 (1089) 94276 (2012)
384 - 136 (95) 499 (169) 1878 (311) 7407 (584) 28762 (1106)
3072 - - 146 (96) 480 (165) 1904 (306) 7861 (578)
24576 - - - 144 (94) 491 (164) 1973 (306)
196608 || - - - - 144 (94) 496 (164)
1572864 || - - - - - 145 (94)

Table 4.16: Condition number (and iteration counts) of the massively parallel ASPCG on nested
polyhedral grids with p = ¢ =3.

Nj, —
| Ny |[ 384 3072 24576 196608

48 607.41(174) 2120.20 (309) 6760.65 (515) 26674.37 (924)
384 - 655.20 (179)  2334.88 (314) 7507.31 (536)
3072 || - - 693.12 (182)  2295.10 (316)
24576 - - - 697.82 (182)

The preconditioner presented in this chapter can be employed as smoothing operator in the

V-cycle multigrid method introduced in Chapter 3, in a similar manner as the additive Schwarz
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Table 4.17: Convergence factor (and iteration counts) of the V-cycle solver with the Additive
Schwarz smoother as a function of m (airfoil profile test case, p = 1).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.30(12) 027(11) 0.28(11) | 0.37(15) 0.34(14) 0.35(14) | 0.39(15) 0.39(15) 0.39(15)
m=5 0.09(6) 0.09 (6) 0.09 (6) 0.14 (8) 0.14 (8) 0.14 (8) 0.14 (8) 0.14 (8) 0.14 (8)
m=8 0.014) 0.01 (4) 0.01 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4) 0.02 (4)

Table 4.18: Convergence factor (and iteration counts) of the V-cycle solver with the Additive
Schwarz smoother as a function of m (airfoil profile test case, p = 2).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lewv. 4 lev.
m=3 0.63(30) 0.57(25) 0.58(26) | 0.64(32) 0.63(31) 0.62(29) | 0.66(34) 0.63(30) 0.62(30)
m=5 0.30(12) 0.30(12) 0.30(12) | 0.33(13) 0.34(13) 0.34(13) | 0.36(14) 0.34(13) 0.34(13)
m=8 0.09(6) 0.10 (6) 0.10 (6) 0.12 (7) 0.12 (7) 0.12 (7) 0.12 (7) 0.12 (7) 0.12 (7)

Table 4.19: Convergence factor (and iteration counts) of the V-cycle solver with the Additive
Schwarz smoother as a function of m (airfoil profile test case, p = 3).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.71(40) 0.78(55) 0.72(43) | 0.75(48) 0.73(44) 0.75(49) | 0.71(41) 0.68(36) 0.69 (38)
m=5 0.35(14) 042(16) 0.35(14) | 0.44(17) 0.44(17) 0.45(18) | 0.42(16) 0.41(16) 0.41(16)
m=8 0.13(7) 0.13 (7) 0.12(7) 0.19(9) 0.19 (9) 0.2 (9 0.17 (8) 0.17 (8) 0.17 (8)

Table 4.20: Convergence factor (and iteration counts) of the V-cycle solver with the Additive
Schwarz smoother as a function of m (airfoil profile test case, p = 4).

set 1 set 2 set 3
2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev. 2 lev. 3 lev. 4 lev.
m=3 0.81(68) 0.89(123) 0.82(70) | 0.81(68) 0.79(60) 0.87(104) | 0.79(59) 0.77 (52) 0.80(61)
m=5 054(23) 0.60(27) 0.55(24) | 0.56(24) 0.54(23) 0.54(23) | 0.50(20) 0.49 (20) 0.49 (20)
m=8 0.24(10) 027(11) 0.29(12) | 0.27(11) 0.27(11) 0.33(13) | 0.23(10) 0.23(10) 0.23(10)

smoother considered in Section 3.4. Here, we solve problem (4.5) on the domain with circular

boundary and airfoil profile shaped hole introduced in Section 3.4.1, by employing the multigrid

V -cycle solver based on the same sequence of polygonal partitions considered for the tests in

Chapter 3. Tables 4.17—4.20 show the result in terms of convergence factor (and iteration counts)

for p = 1,...,4, respectively. First, we observe that also in this case the convergence factor is

uniform with respect to the granularity of the fine mesh and the number of levels employed,

while it depends on the polynomial degree of approximation when the number of smoothing

steps m is not chosen sufficiently large. Each simulation confirms that the multigrid solver with

the smoother operator presented here outperforms the iterative method analyzed in Chapter 3.

Moreover, besides the strong irregularity of the domain, the methods seems to converge also for

high order polynomial approximation degree, showing a regular behavior which was not observed

in Section 3.4.1 for p > 2.
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CHAPTER 4. AN AGGLOMERATION-BASED, MASSIVELY PARALLEL NON-OVERLAPPING
ADDITIVE SCHWARZ PRECONDITIONER

4.5.1 Application to multigrid methods

In this section we aim to accelerate the convergence properties of multigrid methods with the
additive Schwarz preconditioner by also optimizing the number of computations. The method
is defined as follows. Let L e N, L > 1 and let 97,...,97, be a sequence of polytopic grids such
that h; = h;y1, [ =1,...,L -1, where h; = max,eg; diam(x). Here 97, = 9}, represents the fine
polytopic grid where problem (1.8) is defined. For each 9; we define the corresponding DG spaces
V; as (1.3).

Remark 4.9. The sequence of grids {37"1}ZL:1 is possibly non-nested and it can be obtained, for
example, by successive applications of agglomeration and edge coarsening techniques. L represents

the number of levels of the multigrid iteration.
We define the prolongation operators I 5—1 Vioi—-V,1=2,...,L, as
(If_lwl—l,vz)LZ(Q) =wi-1,v)r2) YU €V,

where (,*)12(q) is the L2(Q)-inner product. The restriction operator I f‘l :V; — V;_1 is defined as
the adjoint of 1 5_1 with respect to the L2(Q)-inner product, i.e.,

(If_lvl,wl—ﬂLZ(Q) = (vz,If_lwl—l)Iﬂ(Q) Vw;-1€Vi_1, v €V].
Then, we introduce the operators A; : V; — V; such that

(4.52) (Arwr,vp)r2q) = <hwr,vr) Y wr,vp €V =Vp,
(Ajwi,v)req) Zdh(I%’wl,I%’vl) Ywp,v€Vy,1=1,...,.L—-1,

where I{‘ = Iﬁ_l---lf”, V1=1,...,L—1. By observing that problem (1.8) can be written as
findurpeVy: Arur = f1,

where f1, € Vg, such that (f7,vL)r2q) = Jofvrdx Y vy, € Vi, given an initial guess ug € Vy, and
m €N, the geometric multigrid algorithm for the solution of (1.8) is outlined in Algorithm 6. In
particular, MG(L, f1,u®), m) represents the approximate solution obtained after one iteration of
the V-cycle scheme with L levels, which is defined by induction in Algorithm 7. The smoothing
steps are given by the algorithm ASPCG, i.e., z= ASPCG(A,z?, g, m) represents the output of
m steps of Preconditioned Conjugate Gradient method applied to the linear system of equations
Ax =g, by using the massively parallel Additive Schwarz preconditioner and starting from the
initial guess z@. For each level, the preconditioner is defined as in Section 4.1 and it is based on
the splitting V; = Z]i\ilo Vii,1=2,...,L, where N; is the number of elements of 9; and V; o = V7,

[=2,...,L, being V7 the coarsest discrete space of the multigrid space sequence {Vl}f‘:l.

Remark 4.10. We point out that, from the implementation point of view, the method only requires
to solve, in parallel, very small local problems, one on each element of the grids 97, | > 1, and the

discrete problem posed on the coarsest level V7.
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Algorithm 6 Multigrid V-cycle algorithm

Initialize 9 € V;

for k=0,1,... do
ut*D = MG(L, f,u®, m);
u(®) = (k4 D).

end for

Algorithm 7 One iteration of Multigrid V-cycle scheme
Pre-smoothing:
if 1=1 then
MG(1,g,29,m)=A[1g.
else
Pre-smoothing:

2M = ASPCG(A,2?, g,m);

Coarse grid correction:
rior=I7Hg - Aiz™);
e;-1=MG( -1,r;_1,0,m);
2m+D =z(m)+I§_lel_1;

Post-smoothing:
2@m+D) = ASPCG(A;,2m ), g, m);

MG(l, g,zo,m) = 22m+D),
end if

Table 4.21: AS coarse operator: inherited; Multigrid operators: inherited.

Nested Non-nested
L=2 L=3 L=4 L=5|L=2 L=3 L=4 L=5
12 17 24 35 8 11 14 13
21 27 40 62 12 19 22 22
25 31 49 86 16 25 27 27

12 17 23 39 8 11 14 13
20 27 45 69 13 18 20 21
24 32 52 100 16 25 26 26

12 17 24 39 8 11 13 13
22 27 40 70 14 17 19 22
25 32 52 89 16 23 27 27

Q

[\
BN w'zljlws BN
LN R[N W R

We fix the number of pre- and post-smoothing steps m = 3 and we investigate the efficiency of
Algorithm 6 to solve problem (1.8) with d = 2 and Q = (0,1)2. In particular, we measure the number
of iterations needed to reduce the norm of the relative residual below a given tolerance of 1078, by
varying the size & of the finest grid, i.e. its number of elements N, the polynomial degree p and
the number of levels L. Here, we consider three grids {%}f’l:l with N, =1024, Nj, = 2048 and
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CHAPTER 4. AN AGGLOMERATION-BASED, MASSIVELY PARALLEL NON-OVERLAPPING
ADDITIVE SCHWARZ PRECONDITIONER

Table 4.22: AS coarse operator: computed; Multigrid operators: computed.

Nested
L=2 L=3 L=4 L=5

Non-nested
L=2 L=3 L=4 L=5

p=1 16 28 48 - 11 19 28 37
g1 p=2 28 57 98 180 20 35 56 100
p=3 35 75 124 229 26 43 80 136
p=1 16 26 52 - 10 19 27 53
Ja p=2 28 50 98 - 20 33 53 111
p=3 35 66 130 - 28 43 71 174
p=1 18 32 - - 10 19 25 45
I3 p=2 30 60 190 335 20 31 45 88
p=3 38 85 255 - 24 38 62 132

Table 4.23: AS coarse operator: inherited; Multigrid operators: computed.

Nested Non-nested
L=2 L=3 L=4 L=5|L=2 L=3 L=4 L=5
p=1 11 15 18 19 8 11 13 12
J1 p=2 21 23 28 33 15 21 24 22
p=3 26 28 36 42 23 27 29 30
p=1 11 15 18 19 8 11 13 12
Ts p=2 20 23 29 31 15 20 23 23
p=3 24 28 33 38 22 25 28 29
p=1 12 16 19 20 8 12 13 12
I3 p=2 20 24 28 34 16 19 22 23
p=3 25 27 35 41 22 24 28 29

N}, = 4096 number of elements, respectively, we vary p € {1,2,3} and L = 2,...,5. For each 7, we
define two sequences of grids: one characterized by nested polygonal grids obtained by successive
agglomeration, cf. Figure 4.3, and the other one composed by non-nested polygonal Voronoi grids
independently generated the one from each other. The results are shown in Table 4.21. The table
shows that, in accord with the multigrid analysis presented in [AP18], the iteration counts are
independent of 2 but they depend on p as the number of smoothing steps is kept fixed. Each
line of Table 4.21 shows the dependence on the number of levels L employed for the multigrid
iteration. According to the analysis presented in [ASV15, Section 5], as the quadratic forms of
the multigrid sub-levels are defined by restriction, the results of Table 4.21 related to the nested
sequences show that the iteration counts increase by increasing L. However, by observing the
results related to the non-nested sequences we deduce that, at least for a sequence of Voronoi
grids, the iteration counts are independent of L for non-nested grids.

The choice of the operators {Al}{‘:1 as (4.52) is not univocal. Indeed, in order to guarantee
the independence also with respect to the number of levels L, a possible choice is to define A; on
each sub-level without restriction. For each [ € {1,...,L — 1}, let <#(-,-) : V; x V; — R be the bilinear
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form (1.5) defined on the space V;. Then we define A; as
(4.53) (Ajwy,v))r2q) = A, v) Yw,v eV, 1=1,...,L-1.

Remark 4.11. Note that the implementation of the choice (4.52) only requires the computation

I+1
Il

of the matrix version of , while the choice (4.53) also requires the direct computation of the

matrix version of Aj.

The results obtained by solving (1.8) with the choice (4.53) are shown in Table 4.22 for nested
and non-nested grids. The behavior observed In this case is worse than the case described above,
because, here, we have dependence with respect to L also when non-nested grids are employed.
Moreover, the method might fail to converge when a relative high number of levels are employed.
This bad behavior is motivated by the fact that the choice (4.53) is not optimal from the point of
view of the additive Schwarz smoother, where restriction is required in order to apply the theory
presented in Section 4.3. Then, we also present a final test where the operators of the multigrid
iteration are defined as (4.53), while the operators of the additive Schwarz smoother, employed in
the algorithm ASPCG, are defined by restriction as (4.52). The results of Table 4.23 show that
this choice is the optimal one from the theoretical point of view as it allows to assure that the
number of iterations needed to attain the convergence is also independent of the number of levels

L, both for nested and for non-nested grids.
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CONCLUSIONS AND FURTHER PERSPECTIVES

n this thesis we have introduced and analyzed a class of high-order discontinuous Galerkin
discretizations of second-order elliptic partial differential equations on polytopic meshes.
We have focused on the implementation aspects of the method and the design of efficient
solution techniques for the linear system of equation stemming from the presented method. The

main original results can be summarized as follows.

¢ We have proposed a new approach for the numerical evaluation of the integrals required
to assemble the mass and stiffness matrices arising from the DG discretizations of second
order elliptic problems, where the underlying mesh is composed by polygonal/polyhedral
elements. Exploiting the idea introduced in [CLS15], we have described in details a new
efficient method for the fast integration of polynomial homogeneous functions. The method is
based on successive applications of Stokes’ theorem. The latter allows us to exactly compute
the underlying numerical integral using only the values of the integrand at the vertices of
the polytopic domain, and hence leads to an exact cubature rule whose quadrature points
are the vertices of the polytope. We have analyzed in detail the computational complexity
of the new algorithm in integrating two- and three-dimensional polynomial functions,
and we have shown that our method outperforms classical quadrature rules, such as the
sub-tessellation algorithm coupled with Gaussian integration, also for triangular-shaped
domains. Exploiting this fast integration algorithm, we have described a technique for
efficiently assemble the mass and stiffness matrices arising from the DG discretizations.
We have shown that this approach presents a remarkable gain in terms of CPU time with
respect to classical quadrature rules, maintaining the same degree of accuracy. On one
hand, the number of computations is optimized with respect to the polynomial degree of
the integrand, on the other, less memory storage is required as no sub-tessellation and

quadrature nodes and weights are required.

¢ We have analyzed a V-cycle multigrid solver for symmetric hp-version DG methods on
polygonal/polyhedral grids. Our method generalizes the W-cycle multigrid method on
nested polytopic grids of [AHH'17] to V-cycle algorithms with non-nested meshes. Here,
the possibility to employ non-nested polytopic meshes allows us to choose the sequence
of grids standing at the basis of the multigrid method based on employing agglomeration

procedures together with edge-coarsening; thanks to this possibility we avoid agglomerated
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coarser grids characterized by an increasing number of faces so that the overall efficiency
of the solvers is improved. The analysis of the proposed solver is based on the general
abstract framework presented in [BPX91], where geometric multilevel V-cycle method with
non-inherited quadratic forms is analyzed. One iteration of the proposed method consists
of an iterative application of the smoothing Richardson operator and a recursive subspace
correction step on non-nested coarser spaces. Here, the key point is the projection operator
which is defined as the L2-projection between two consecutive (non-nested) partitions. We
have proved that our non-nested multigrid method converges uniformly with respect to the
number of multigrid levels and the discretization parameters, i.e. the size of the fine grid
and the polynomial approximation degree p, provided that the number of smoothing steps

2+1 1€ {0,1}. We have shown that the proposed algorithm is numerically

is chosen of order p
effective when enough smoothing steps are chosen, and we also have demonstrated that
the multigrid iteration converges even though this hypothesis is not strictly satisfied; in
the latter case, the convergence factor of the method is uniform with respect to the number
of levels and the size of the underlying fine grid, but it increases with p. We have then
proposed a further improvement of the method by considering a two-level additive Schwarz
preconditioners employed as smoothing operator instead of the Richardson iteration. Also
in this case, the solvers on the coarser space are non-inherited. The improvement of
this smoother in terms of iteration counts needed to reduce the residual under a given
tolerance has been proved through several numerical experiments, also for geometries
with curved boundaries, where a non-nested multigrid framework is needed as the coarser
grids may not fit the geometry. From the implementation point of view, we point out that
the assembly of the prolongation and projection matrices needs the knowledge of the
intersections between elements of two consecutive levels. Our computations make use
of the tool PolygonClipper [Holl, but its extension to the three dimensional case could
be expensive. In three dimensions, agglomeration-based procedures which make use of
edge-coarsening techniques can also be used to generate the sequence of meshes in the

three dimensional case.

* We have designed and analyzed a class of additive Schwarz preconditioner for the linear
system of equations arising from DG discretizations of second order elliptic problems with
polytopic grids. The preconditioner is based on a partition composed of disjoint polytopic
subdomains, where local solvers are applied in parallel, and a non-overlapping partition
employed for the coarse space correction. Here the subdomains can be chosen as small as
a single element of the fine mesh, leading to a massively parallel implementation of the
preconditioner. We have analyzed the preconditioner under the assumption that the coarse

and fine grids are nested. In particular, the condition number of the resulting precondi-
maxp H? p?
minp A% q
h and H are the sizes of the fine and coarse grids respectively, while p and g are the

tioned system is shown to be of order &( ), where p is the diffusion coefficient,

96



polynomial approximation degrees employed on the fine and the coarse spaces, respectively.
Several numerical tests have been presented to confirm the theoretical bound. We have also
investigated numerically the behavior of the condition number of the preconditioned system
when the coarse and the fine grids are non-nested. The numerical results confirm the same
dependence with respect to H and &, but the dependence with respect to p seems to be
cubic rather then quadratic, i.e. the estimate seems to be @’(%2 %3). The theoretical analysis
of the non-nested case is under investigation. Furthermore, if the diffusion coefficient p is
piecewise constant on each subdomain of the coarse partition, then the numerical results
shows that the condition number does not depend on the jump of the coefficients, i.e. the

. 2 2
estimate becomes @’(%%).
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BPX ABSTRACT CONVERGENCE ANALYSIS

n this section we report the details of the BPX convergence analysis for the V-cycle multigrid
algorithms employed in Section 3.2.1. More precisely, we report the proof of Theorem 3.1
presented in [DGTZO07]. For j=1,...,J, let V; be a sequence of finite-dimensional vector
spaces and let <f; : V; xV; — R be symmetric positive definite bilinear forms. We solve the following

problem: given f € L%(Q), find u € V; satisfying
.ij(u,v):(f,U)LZ(Q) VUEVJ‘.

Let the operators A;:V; -V}, L. V;—V;_1 and pil :V; — V;_1 be defined as in Sec-
J J
tion 3.2, and let B : V; — V; be a generic smoother operator. To analyze the convergence, we set
G;=1d; —BJ_.IA j and G;f =1Id; - (Bj_.l)*A j» where G;’.‘ denotes the adjoint of G; with respect to
j(-,-), and set
am — (G;ij)?1 if m is even
J (G3G)™ G5 ifmisodd
We consider the multigrid V-cycle method shown in Algorithm 4 with m = mg = m, for which

the error propagation operator can be written as

{ [El,mv =0
(54)

_— . 1 1~ '
Ejmv =(GMAd;j I\ Pi + I EjamP] NG, j=2,...,d,
We recall the three standard Hypotheses H.1, H.2 and H.3 given in Section 3.2.1:

H.1 Stability estimate: 3 Cg > 0 such that

ICd; - I PI oally,; < Collvalls;  VoreVj, j=2,....d.

H.2 Regularity-approximation property: 3 C4 > 0 such that

[EA

|22;((Ad; — I,_, PY " Hop,vp)| < Ca Vop eV, j=2,...,d.

J
H.3 Smoothing property: 3 Cg > 0 such that

lvrlzeq) .
TSCS(gvh’Uh)LZ(Q) VthVj, Jj=2,...,d,
J
where S = (Id; - G;Gj)AJ_.l.
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Then, the convergence of Algorithm 4 is stated in the following abstract theorem.

Theorem .6. Assume that Hypotheses H.1, H.2 and H.3 hold. Then, for j=2,...,dJ:

(55) |g¢j([Ej,mu,u)| <6;d(u,u) YueVj,
where
(56) CaCs

J T m—CACs’

provided that m >2C4Cg.

Proof. As shown in [BPX87] and [BPX91], we proceed by induction. For j =1, we have a zero on
the left-hand side of (55) because E; ,,v = 0 as consequence of its definition given in (54). Then
inequality (55) holds for j = 1. We now assume that the bound (55) holds for the level j —1 and
we show that it holds for level j. In view of Hypothesis H.2, we have

(Im,, 12
||A]GJ u”LZ(Q)

o
(57 i((1d; =T P{" )G u,GTu)| < Ca A

Next, we define

— G'G; ifmiseven,
Gj= J

"1 G,6¢  ifmisodd.
J

By Hypothesis H.3 we have

L2(Q)
Aj

I1A;GTuly

(58) < Cst;(1d;~ GG u,u).

Since the spectrum of G j is contained in [0, 1], as shown in [BPX91], we have
m-1

— —m 1 — =i 1 —m
dj((Idj—Gj)Gj u,u) < - ,dj((Idj—Gj)Gju,u)z E{dj(u,u)—dj(Gj u,u)}.
=0

Note that o(G u,u) = /{(G"™u,G™u) by (57)-(58). We then get

CaCsg

m

o
(59) |23((1d; - I,_ PT" )G Tu,GTu)| <

P {otj(u,u) ~ LHGT u,GTw)).

Next, by setting
dj(é;"u,é;"u)
t=— T yu#£0,ucV;,
oAj(u,u)

and ¢ =0 for u = 0, we observe that ¢ € [0,1]. We now rewrite (59) as

 pimlyAm., A CaCs(1-1)
(60) |2;(d; - I}_, P’ )GTu,GTu)|ST&¢j(u,u)‘
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On the other hand, from the Cauchy-Schwarz inequality and Hypothesis H.1 we have

(61) |#2,((1d; — I]_ PI"HG T u, G w)|
< (ti((Ad; ~ P PG 0, (1, ~ I PIHGTw) s (G u, G u)ks

< Co{(GT'u,GTu) = Cqtetj(u,u).

Combining (60) and (61), we get

CACs
m

|)((1d; ~ F]_, PI )G u,G7w)| < min{Cqt, (1= )} j(u,w).

By the relation

-1 4 i-15 5 5 3 - piTha
dj(P; G;.”u,Pj G‘Tu):dj(G?u,G?u)—%(G?u,(Idj—Ij_lpj )G u),

the induction hypothesis and the symmetry of <7;(-,-), we get
| i€ mu,u)| < |£5(1d; - Ij:_le_l)G;nu,G;nuﬂ + |:ij—l([Ej—l,ij_lé;nu,P:;_IG‘Tu)|
< (1+8)|otj(1d; — I, PIHGTu, GTw)| + 6.( G u, G w)

< (1+&)min{Cqt, Calsq_ O} (u, 1) + Stdj(u, ).
m

Now, to show that (55) holds for the level j, we only need to verify

CAC
(1—t)}+6ts#j€s vVt e [0,11.

CaCsg
m

(62) (1+8)min{Cqt,

When ¢ = 0, the left-hand side of (62) is zero, whereas for ¢ = 1, (62) is the induction hypothesis.
Next, we consider the case ¢ € (0,1). By the induction hypothesis (56) on level j — 1, it is sufficent
to show that

.|t CaCg
1+6)C e <9.
( ) len{l—t’ CQm}
We consider two cases. If
CusCg -
— 25 <<,
CQm+CACS
ie ﬁz%‘;ﬁf,weget
. t CACS CACS
mm{ , }: ,
1-¢ CQm CQm

and therefore

.t CaCg CaCs
1+6)C = .
(1+6) len{l—t’ CQm} m—CuCg
Otherwise, if
Ostsﬁ’
CQm+CACS
ie. ﬁ < %, we have
. t CuCg t
minf L CaCs)_ ¢
1-¢ CQm 1-¢
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and therefore

. CaCs mCq t CaCg
1+06)C = < .
( ) len{l—t,CQm} m-CyCs1l—t m—CusCg
Thus, equation (62) holds for both cases and the proof is complete. O

Remark .12. In the BPX framework of [BPX91], the assumption dj(lj_lu,lj_lu) < ofj 1(u,u) is

able to guarantee the non-negativity of the operator E; ,,,. As a consequence it is possible to write
yij([Ej,mu,u)S6j&¢j(u,u) VuEVj,

instead of (55). This implies that the related multigrid error operator has a norm strictly less
than 1 for any m > 0. In our case, we cannot guarantee the non-negativity of the operator E; p,,
but Theorem .6 shows that, under the constrain m > 2C4Cg, the error operator E; , is still a

contraction.
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