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Abstract

The objective of this thesis is the investigation of inverse problems related to semilinear boundary
value problems involved with the mathematical description of the cardiac electrical activity. The
long-term purpose which motivates the research in this field is to discuss the possibility of identifying
ischemic areas within the cardiac tissue only by means of non-invasive measurements. We tackle this
issue within the mathematical framework of the theory of Inverse Problems, pursuing an approach
which focuses both on analytical and on numerical aspects.

Mathematical models allowing for a satisfactory description of the cardiac electrophysiology
have been developed since the late 70s, and consist in coupled systems of nonlinear parabolic partial
differential equations and ordinary differential equations. When considering the presence of ischemic
areas within the tissue, discontinuous alterations of the coefficients are entailed: we consider the
inverse problem of determining such inhomogeneities from the knowledge of the electrical potential
on the boundary of the domain. Despite some contributions have been recently given in this field,
a complete theoretical investigation of this inverse problem has not yet been carried out. The main
guidelines of our study are both the extension of the existing theoretical results and the development
of effective and rigorous numerical reconstruction algorithms. We proceed by formulating simplified
versions of the problem of interest, and then extending the results on subsequent refinements of the
model. We also rely on the introduction of regularization hypotheses, namely, a priori assumptions
regarding the inhomogeneity to be identified, which help in restoring the well-posedness of the inverse
problem: particular attention is given to the task of localizing ischemic areas of small size.

Regarding the identification of small inclusions (both in a semilinear elliptic and parabolic pro-
blem), we rely on the formulation of an asymptotic expansion of the boundary voltage with respect
to the size of the inclusion in order to analyze the well-posedness of the inverse problem and also to
introduce a reconstruction algorithm, based on a Topological Optimization approach.

When removing any a priori assumption and tackling the detection of arbitrarily large inclusions,
no theoretical result regarding the well-posedness of the inverse problem is known; we instead focus
on the rigorous deduction of a reconstruction algorithm for the approximation of its solution. The
devised technique, which relies both on the regularization theory for inverse problems and on a
relaxation strategy, allows for satisfactory reconstructions.

We finally move towards the application of the introduced techniques on the full complexity of
the application model. We hence investigate the well-posedness of the direct problem, extending the
existing results in the literature. An additional aspect which is taken into account, from a numerical
perspective, is the a posteriori error analysis of the discrete solver of the direct problem, which is

preliminary for an efficient application of the developed reconstruction algorithms.



vi



Sommario

Lo scopo del presente lavoro di tesi ¢ I'analisi di un problema inverso relativo ad un problema
al contorno semilineare per la descrizione matematica dell’attivita elettrica del cuore. L’obiettivo
di lungo termine che motiva la ricerca in questo campo ¢ la possibilita di identificare la presenza di
regioni ischemiche nel tessuto cardiaco attraverso misurazioni non invasive. La tematica & affrontata
nel contesto della teoria dei Problemi Inversi, focalizzandosi sia su aspetti analitici che numerici.

Modelli matematici per la descrizione dell’elettrofisiologia cardiaca sono stati sviluppati dagli anni
70, e si articolano in sistemi che presentano equazioni paraboliche alle derivate parziali accoppiate
con equazioni differenziali ordinarie. La presenza di aree ischemiche nel tessuto implica di considerare
un’alterazione discontinua dei parametri: ci occupiamo pertanto del problema inverso di determinare
tali inomogeneita dalla conoscenza del potenziale elettrico sulla superficie del dominio. Nonostante
si siano registrati diversi contributi in questo campo negli ultimi anni, non € ancora stata condotta
una completa analisi teorica del problema inverso. Le linee guida di questo studio sono percio sia
P’estensione di risultati teorici esistenti sia lo sviluppo di algoritmi di ricostruzione numerici che
siano efficaci e rigorosi. Procediamo formulando versioni semplificate del problema di interesse, per
estendere poi i risultati a raffinamenti successivi del modello. Ci basiamo inoltre sull’introduzione
di ipotesi di regolarizzazione, ossia assunzioni a priori circa le inomogeneita da identificarsi, le quali
alutano a ripristinare la buona posizione del problema inverso: un’attenzione particolare & fornita
al problema di localizzare aree ischemiche di piccole dimensioni.

Per quanto riguarda l'identificazione di piccole inclusioni (sia in problemi ellittici che parabolici),
il risultato cruciale ¢ la formulazione di uno sviluppo asintotico per la perturbazione del potenziale
elettrico di bordo rispetto alle dimensioni dell’inclusione, che permette di analizzare la buona posi-
zione del problema inverso e anche di dedurre un algoritmo di ricostruzione basato su un approccio
di Ottimizzazione Topologica.

Se si rimuove invece ogni ipotesi a priori e si affronta la ricerca di inclusioni arbitrariamente
grandi, non esiste alcun risultato circa la buona posizione del problema inverso; ci concentriamo
invece sulla deduzione rigorosa di un algoritmo di ricostruzione per I’approssimazione della soluzione.
La tecnica approntata, che si basa sia sulla teoria della regolarizzazione per problemi inversi sia sul
rilassamento del problema di ottimizzazione associato, permette di ottenere risultati soddisfacenti.

Infine, ci accingiamo ad applicare le tecniche introdotte sul modello applicativo nella sua comples-
sita. A questo scopo, € prima necessario studiare la buona posizione del problema diretto, estendendo
i risultati presenti in letteratura. Un ulteriore aspetto che viene considerato, da un punto di vista
numerico, ¢ 'analisi a posteriori dell’errore commesso nell’approssimazione numerica del problema

diretto, studio preliminare per incrementare 'efficienza degli algoritmi di ricostruzione.
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Chapter 1

Introduction

1.1 Motivation: mathematical models of the electrical acti-
vity of the heart

Mathematical models of the electrical activity of the heart represent a research field of growing
interest. During the last decades, thanks to the development of non-invasive techniques allowing to
observe and measure inner properties of the organ, even at a cellular scale, it has been possible to
develop and validate several accurate and comprehensive models. Moreover, the implementation of
effective numerical techniques associated with such models has increased the interest in their regards
from a clinical and predictive standpoint. The heart functioning is a multi-physics and multi-scale
phenomenon: only to recall its main features, the description of a single heartbeat requires to deal
with models for the propagation of an electrical stimulus throughout the tissue, for the nonlinear
elastic deformation of the muscle and for the fluid dynamics of blood in the cavities (see [119]).
All such phenomena are strictly coupled, and each of them is characterized by a strong correlation
between the behavior of the tissue at a cellular scale and at an organ scale.

In this introductory section, we provide an overview on the mathematical description of the
cardiac electrophysiology, namely, we focus on the process according to which it is possible to
propagate an electrical stimulus within the heart. The main instrument which has enabled to
perform experimental observations regarding the cardiac electrical activity is the electrocardiogram,
ECG, introduced by A. D. Waller [139] in 1887. As it was experimentally deduced, the propagation
of an electrical signal in the cells of the heart, and in particular the active response of the myocardium
cells to an electrical stimulus, is the trigger for the contraction and deformation of the tissue. The
most relevant physical quantity involved in the phenomenon is the transmembrane potential, namely
the difference between the internal and the external electrical potential across the cell membrane,
caused by the ability of such membrane to keep ionic species within the cell. The resting value of the
transmembrane potential is denoted with u,.st, and typically ranges between —100mV and —70mV .
When an electrical stimulation occurs, the transmembrane potential increases: if the growth stops
below a threshold wu¢presh, the cell quickly returns to the resting potential, whereas if the threshold is
exceeded the membrane changes its behavior, allowing for the motion of positive ions. This process

is known as depolarization (phase 0), after which the transmembrane potential reaches its maximum
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Figure 1.1: Action potential in a ventricular myocardial cell

value U,q, of about 40mV. After the depolarization, the potential returns to its negative resting
state through a slower process of repolarization. A first quick decrease (phase 1) is followed by a
slow plateau phase (2), sustained by a balance between the inward movement of positive ions and
outward movement of negative ones. After the closure of the channels responsible for the income
of positive ions, the cell undergoes a final step of complete repolarization (phase 4), going back to
the initial resting state. The complete process of depolarization and repolarization is called action
potential of the cardiac cells, and is depicted in Figure 1.1 A mathematical model describing the
cardiac electrophysiology must be able to reproduce such a nonlinear behavior at a cellular scale.
Moreover, the interaction between neighboring cells must be taken into account, entailing a diffusive
effect at a macroscopic scale. Several factors affect this phenomenon, such as the complex geometry
of the organ and the presence of preferred directions for the propagation of the electrical signal
(fibers). Finally, also the generation of the electrical stimulus should be addressed, together with its

fast propagation through the net of Purkinje fibers: this last topic is outside the present discussion.

1.1.1 The bidomain and the monodomain models

We depict here one of the most widely-used model in cardiac electrophysiology, the bidomain
model, proposed by Tung in 1978 [135]: for an exhaustive discussion, we refer to [132]. The model
is based on a continuum approach: namely, when describing the physical quantities involved in the
model, we neglect the fine structure of the tissue (namely, the complexity induced by the presence of
cells at a microscopic scale), and do not distinguish between a point in the domain and another one.
This is possible according to a homogenization process and can be intended as a suitable averaging
strategy on a mesoscale, allowing to preserve the main local features of the physical quantities and to
disregard the fine scale inhomogeneities. The bidomain model, in particular, envisages the presence
of two domains, an intracellular and an extracellular one: as an outcome of the homogenization,

both of them are present in each point of the tissue.
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According to the second Maxwell’s law, applied in the quasi-stationary case, the electrical field E
satisfies
rotE = 0; (1.1)

this implies the existence of an electrical potential u, s.t. E = —Vu. In order to distinguish between
the internal and external domain, we address to the intracellular electrical potential as u;, whereas
ue is the extracellular potential. Let J be the electrical current density: the following conservation
law holds:

—divJ = s, (1.2)

where the term s denotes the (possible) presence of current sources within the tissue. Distinguis-
hing between internal and external currents, we introduce the linear constitutive laws for the ones
appearing in the left-hand side: J;(z) = K;(2)Vug(x), Ji(z) = K.(z)Vue(z). Disregarding external
applied currents, the source terms can be determined by taking into account the accumulation of
charges on both sides of the membrane (namely, in both the domains), and a possible interchange

represented by a transmembrane ionic current, I;y,:

da:
54 :% + 0lion,
t (1.3)
s zaqe —ol;
e at 20M >
being o the area of the cell membrane per unit volume. By total charge conservation,
9gi(z)  0ge()
=0 Vxel.
at ot re
The last constitutive law we need to invoke is the following one:
() = u(z) — ue(z) = L)+ L) (1.4)

20C,,

being C,, the electrical capacity of the membrane. Collecting all the terms, we finally get the

expression of the bidomain model:

div(K;Vu;) + div(K.Vue) =0 in Q x (0,7),

8(11@ —Ue) (1.5)

le(KZV’U,z) =oC), It +0olion 1In X (O,T)

A set of initial data for the system can be introduced, e.g. by specifying the values of u; and u. at
time 0. As a result of a faster propagation of an activation stimulus throughout a parallel network
of fibers, we can impose that at an initial time some regions of the tissue have a higher value of
transmembrane potential u; —u.. As a boundary condition, we can impose a homogeneous Neumann

condition for the potential, prescribing null current flows outside the organ:

Ji=—-Vu;-v=0 ondQx(0,T),

(1.6)
Je==Vue-v=0 ondx(0,T).

This condition can be related also to a natural conormal derivative for the differential operators

appearing in (1.5), by considering the structure of the conductivity tensors K; and K,. In particular,
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the heart tissue is usually modeled as an anisotropic conductor, characterized by the presence of
fibers and sheets or laminas. As a result, both K; and K. possess in each point three orthogonal
eigenvectors: one parallel to the fibers, one lying on the lamina (and orthogonal to the fiber) and
the third one, denoted as transmural, which coincides with the normal direction when restricted
to the boundaries; hence, on the boundary of the domain the normal and the conormal derivative
coincide. The choice of a constitutive law for the ionic current I, is the object of study in the next
subsection. In any case, I;,, nonlinearly depends on the transmembrane potential u. The bidomain
model reported in (1.5) thus consists in a system of two coupled evolutive equation with nonlinear
reaction terms.

A well-established simplification of the bidomain system consists in the so-called monodomain
model, based on the assumption (not supported by any experimental evidence) that the conductivity

properties of the interior and exterior domains are proportional, i.e.

K. = \K;.

A

5 I we can reformulate (1.5) in terms of the single variable

Under this assumption, defining K =

u, obtaining:

div(KVu) = Ucm%: + 0 lion(u) in §,
KVu-v=0 on 01}, (1.7)
u(z,0) = ug(x) in Q.

Another typical assumption allowing for the introduction of the monodomain model consists in
approximating both K; and K, by a suitable average tensor K = (K.K;)"Y (K. + K;), yielding the

same expression as in 1.7.

1.1.2 Constitutive laws for the ionic current

As anticipated in the previous subsection, the choice of a suitable constitutive law for the ionic
current represents a crucial aspect of the formulation both of the monodomain and of the bidomain
model. In order to correctly describe the current induced by the motion of ions through the mem-
brane, the expression of I;,, must in principle take into account several variables: first of all the
transmembrane potential u, secondly the concentration of each ionic species involved in the process
(which are in the order of tens), and finally a number of gating variables, describing the properties
of the ion gates present on the membrane and allowing for the transition of charges. Models based
on similar laws for I;,, are referred to as physiological models: according to experimental evidence
and conjectures, several scientists proposed many of them in the last decades. We recall here the
Hodgkin-Huxley model, the Beeler-Reuter and the Luo-Rudy one. For a more detailed overview, we
refer to [132].

Another important class of models is represented by the phenomenological ones, whose aim is it
to provide a mathematical formula for I;,, allowing for a satisfactory description of the evolution of
u, with the introduction of the lowest number of additional variables. A preliminary model, entailing

only the dependence of I;,, on u, is represented by the following cubic function: I;,, = f(u),

f(u) = A(u - urest)(u - Uthresh)(u - Uma;c)§ (1.8)
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according to this choice, nevertheless, the monodomain system is only able to capture the fast depo-
larization phase of the active potential (see phase 0 of Figure 1.1). More refined phenomenological
models require the introduction of a second variable w, denoted as recovery variable, which does
not possess a specific physical meaning. Such models are hence characterized by a formula such as
Lion, = f(u,w); the evolution of the recovery variable w needs also to be described, and is typically

modeled by means of a nonlinear ordinary differential equation

0% 11+ glulie, ), wles1) =0

together with an initial datum wq(x). When prescribing the expression of f and g, one may obtain
several different models. We report here some of them, under the assumption that the transmem-

brane potential is rescaled so that urest = 0, Umaz = 1, Uthresh = @ € (0,1):
e Fitzhugh-Nagumo (see [77] and [110])
flu,w) =Au(u —a)(u—1)+w  g(u,w) = €(v —yw);
e Rogers-MacCulloch (see [123])

fu,w) = Au(u — a)(u — 1) + vw g(u,w) = e(v — yw);

Aliev-Panfilov, first version (as it was initially proposed in [7])

flu,w) = Au(u — a)(u — 1) + vw g(u,w) = <60 + uﬁ_tu;) (Au(u —1—a) + w);

e Aliev-Panfilov (the version usually employed in literature; see, e.g., [41])

flu,w) = Au(u —a)(u — 1) + vw g(u,w) = e(Au(u — 1 — a) + w);

Mitchel-Schaeffer (see [108], and [39] for a regularized version)
1

1 1 Topen

(w—1) if w < wyate,

Tin Tout 1

w if w > wyate-
Tclose

In Figure 1.2, we report the numerical simulation of the active potential in a cell by means of two
phenomenological models, in order to allow for a comparison with the expected shape reported in
Figure 1.1.

1.1.3 Modeling the presence of an ischemic region

The introduced models allow also to describe some pathological behaviors of the heart, by taking
into account modifications of the main parameters. In particular, we focus our attention on the
case of myocardial ischemia, characterized by severely reduced blood perfusion in a specific region
of the tissue. According to biological observations, the conductivity properties of the cells in an
ischemic region are altered, and in particular, the cells are no longer excitable. As a consequence,
when supposing that a region w C €2 is ischemic, we consider two main modifications of the equation
in (1.7):
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Figure 1.2: Simulated action potential in a single cell

e the conductivity tensor is supposed to have a discontinuous transition between the healthy

reference value Ky and the ischemic value K;y: K is replaced by K, given by
K, = Ko+ (K1 — Ko)Xw,
being ., the indicator function of w. This is in accordance with the discussion in [112];

e the ionic current is switched off inside the ischemic region. Namely, I;,, is replaced with
(1 = Xw)Lion. This is in accordance with the model proposed in [129].

Alternative approaches are possible, among which we cite the modification of the parameters of the
ionic gates comparing in the expression of the Mitchell-Schaeffer method proposed in [8].

1.1.4 Measuring the electrical activity of the heart

The main application purpose of the present work of thesis is the identification of an ischemic
region within the myocardium by means of data acquired through non-invasive measurements. The
routine non-invasive physical exam associated with the cardiac electrophysiology is the electrocardio-
gram (ECG), which is performed by placing electrodes on the patient skin, mainly on the torso. Such
electrodes allow registering the propagation of the small electric waves continuously generated by
the heart functioning. In particular, from the evolution of the acquired voltage in the electrodes, one
may distinguish a P-wave, associated to the fast depolarization of the atria, a QRS-complex, genera-
ted by ventricular depolarization, and a T-wave, due to the process of polarization of the ventricles.
Deviations from the standard pattern can help clinicians diagnosing an arrhythmia, previous heart
attacks, as well as pathologies related to the electrical conduction. Unfortunately, the information
deriving from ECG measurements is affected by noise and errors due to both the instrumentation
and the complexity of the phenomenon under investigation, which involves electrical conduction in
a non-homogeneous and non-stationary medium. As a consequence, ECG measurements are not

sufficient for reliable diagnosis, and it is often necessary to couple them with other exams and tests.
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More detailed data can be obtained through invasive techniques, such as intracardiac catheter
recording along the endocardium, the inner wall of the heart. In this physical exam, a catheter
enables to carry small electrodes on the surface of the heart cavities, in order to locally monitor the
cardiac electric potential behavior.

Throughout the analysis presented in this thesis, we aim to recover information on ischemic
portions of the tissue by means of the knowledge of the value of the electrical potential on the
surface of the heart, or on a portion of the surface. According to what previously outlined, this
information can in principle be acquired through invasive techniques such as an intracardiac catheter.
In perspective, moreover, this consists in a first step towards the identification problem by means of
ECG data, which would require an additional coupling with a model for the propagation of electric

signals within the torso.

1.2 Identification of ischemic regions from boundary measu-

rements: an inverse problem

We are finally able to formulate the main goal of the thesis in terms of an inverse problem. We now
formulate the following initial and boundary value problem, associated with the phenomenological
model presented in Subsection 1.1:

% —div(K,Vu) + (1 — xo) f(u,w) =0 in Q,
ow .
B +g(u,w) =0 in €, (1.9)
K,Vu-v=20 on 0f,
u(z,0) =up(z) w(z,0) =wo(x) in €.

We introduce the following couple of problems:

Definition 1.1 (Direct problem). Knowing the ischemic region w, determine the electrical potential
u associated to w through (1.9);

Definition 1.2 (Inverse problem). Knowing the electrical potential, and in particular only the
boundary measurement U,eqs = U|3QX(0,T), determine the inclusion w associated to Upeqs through
(1.9).

The notation of direct and inverse problem is in accordance with classical definitions and can
be compared to many examples arising from various application contexts, see e.g. [90], [95]. As it
will be outlined in the sequel, the main difficulties which characterize the presented inverse problem

from a mathematical standpoint are twofold:

i) on the one side, the initial and boundary value problem (1.9) consists of a coupled system

involving the presence of nonlinear terms;

ii) on the other side, the boundary potential t;,cqs (Which represents the datum according to which
we aim at identifying w) is associated to a single measurement of the standard electrical activity

of the heart. Conversely, analogous inverse problems tackle the reconstruction of coefficients
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of a boundary value problem by virtue of a large set of data, associated, e.g., to boundary

measurements acquired in several experiments with different settings.

Coherently with the above-outlined difficulties, during the thesis we follow a stepwise approach,
introducing simpler problems which can be analyzed in details, and extending the obtained results
on progressively more complicated problems. We also rely on additional a priori knowledge on the

ischemic regions to be identified.

1.2.1 Model simplification

The monodomain model, as depicted in Section 1.1, allows to describe the evolution of the
cardiac transmembrane potential u throughout the heartbeat via a semilinear parabolic equation
coupled with a nonlinear ordinary differential equation taking into account the evolution of a suitable
recovery variable w.

A possible simplification of the model consists in considering a less refined constitutive law for
the ionic current. In (1.8) we outlined that, describing I;,, as a cubic function of u alone we may be
able to track the evolution of u at least in the first phase of the action potential cycle. This allows
dealing only with a parabolic (semilinear) equation, disregarding any coupling effect.

Nevertheless, our first approach to the inverse problem relies instead on a more radical simplifica-
tion. In particular, we consider the stationary case of the monodomain model and replace the initial
stimulus given by ug, wg by an external current f applied in each point of the domain. Moreover,
we disregard the anisotropic behavior of the tissue. Such a simplified model can be considered as a
blueprint, useful to tackle the main mathematical challenges of the original problem and to set the
starting point for the successive analysis: indeed, we still keep track of the nonlinear feature of the

original model. In particular, we will deal with the following problem:

—da - 3: i
{ div(k, V) + (1 =y )u® = f in 9, (1.10)

koVu-v=20 on 052,

where k,, = ko + (k1 — ko)xw and ko, k1 are two positive scalars (for the sake of simplicity, one may
rescale it to 1 and k < 1 respectively). In case we consider a simplified version of the monodomain
model, we do not refer to w as an ischemic region, but simply as an inhomogeneity in the coefficient

or, more frequently, an inclusion.

1.2.2 Regularization hypotheses

When dealing with an inverse problem characterized by few data at disposal, the most important
mathematical issues are represented by the analysis of the uniqueness and of the stability of the
solution. Namely, we want to ensure that, for a fixed boundary measurement, there exists an unique
ischemia associated to it, and moreover, if we consider small perturbations of the boundary datum,
small perturbations of the associated solution are entailed. This requirement is typically not satisfied
by inverse problems as the ones stated above, unless some regularization hypotheses are introduced.
Such hypotheses can be intended as further a priori knowledge of the solution: namely, if we know
in advance that the solution we want to identify (in our case, the ischemic region) satisfies some

particular assumptions, we may introduce them in the problem by restricting the space in which
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we look for the solution. When doing so, uniqueness and stability of the inverse problem might be
restored.

In the thesis, the main regularization hypothesis we rely on, at a preliminary stage, is the small-
size assumption: namely, we suppose that the ischemia we want to detect is small with respect to
the size of the heart. The modeling assumption on the small size of the inclusion, instrumental to
the derivation of several theoretical results, is verified in practice in the case of residual ischemias
after myocardial infarction (see [19]).

Nevertheless, a fundamental task of the foreseen application of our analysis is the detection from
ECG data of ischemias without any constraint: ischemic regions might be of any size and shape,
and can even consist of a finite number of disjoint connected components. For this reason, in the
thesis we also consider the case of the detection of larger inclusions, aiming at removing any possible
a priori knowledge on w.

1.3 A brief bibliographical review

The problem of identifying the coefficient a conductivity coefficient from boundary data is strictly
related to one of the most relevant and studied inverse problems of the last decades, the inverse
conductivity problem, also referred as the Calderén problem. In [46], Calderén posed the following

issue: given the boundary value problem
{div(’qu) =0 inQ,

1.11
AYVu-v=f on 09, ( )

decide whether the coefficient v can be uniquely determined by the knowledge of the Neumann-
to-Dirichlet map A, being A, : H_%(BQ) — H: (09) such that, for each f € H_%(aﬂ), then
A, (f) = ulaq, where u the solution of 1.11 with Neumann datum f. Additional requirements
involve investigating the stability of + with respect to perturbation of the data A,, as well as
the development of a reconstruction procedure for identifying . Throughout the years, several
mathematicians have tackled the proposed problem, developing numerous strategies yielding a great
class of results.

We now provide a short overview of some of the most relevant breakthroughs. The task of
uniqueness was initially tackled by assuming that the coefficient v satisfies (piecewise) analytic
regularity: a global uniqueness result was obtained in [96]. In the case of dimension n > 3, extending
the strategy developed in [133], a global uniqueness result is valid under the assumption v € W?2:°°.
Recently, in [48] global uniqueness has been proved in dimension n > 3 only under the assumption
that the coefficient to be reconstructed is a Lipschitz function. Regarding the two-dimensional
case, we cite the global uniqueness property obtained in [109] in case v € W2P, together with the
breakthrough result from [20], concluding for global uniqueness only under the assumption that
v € L. In respect of the stability issue, we report the results from [3] in dimension n > 3 as
well as [25] in n = 2, both yielding global logarithmic stability, i.e., the continuity modulus in the
stability estimate is of logarithmic type. In [106] it has been proved that, despite regularity a priori
assumption, the logarithmic stability estimate cannot be improved, and it is hence optimal

In order to move towards a problem which is closer to our application, we should consider a
family of results obtained by the analysis of the Calderén problem under the assumption that the
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coefficient to be identified is discontinuous, and in particular piecewise constant (which is shared
with our purpose). Regarding a result of uniqueness in such a context, we refer to [71], whereas
Lipschitz stability results are contained in [6] in case the coefficient to be determined belongs to a
finite-dimensional space, and in [4] (logarithmic) stability results are derived for the reconstruction

of an inclusion along which the coefficient -« is discontinuous.

We moreover briefly investigate the possibility of reconstructing a coefficient according to the
knowledge of a finite number of measurements (i.e., couples of Neumann and Dirichlet data), instead
of the full map A,. In the context of identification of piecewise constant coeflicient, such a task is
possible only under the knowledge of further information regarding the inclusion to be identified,
namely by introducing suitable a priori assumptions: finitely many measurements are sufficient to
determine uniquely and in a stable (Lipschitz) way the inclusion, e.g., when it belongs to a specific
class of domains with prescribed shape, or when the volume of the inclusion is small compared to
the volume of the domain (see [13] for an extended review). In particular, in [93] the identification
of cylinders or discs is tackled with a single measurements, whereas in [87] a strategy for a class
of star-shaped domains is developed, and [24] covers the reconstruction of polyhedra and polygons:
all this works, unfortunately, deeply rely on the linear structure of the direct problem, and such
strategies prove to be difficultly extendable to the electrophysiological problem. Moreover, the last
two presented works also rely on a suitable choice of the (unique) measurement at disposal: this is
in contrast with our case, in which it is not possible to select convenient boundary data, since they
are associated with the standard electrical activity of the heart and not on a prescribed stimulus.
Conversely, the techniques allowing for a unique reconstruction of inclusions of small size (see [78],
[561]), are more feasible to be adapted on the nonlinear problem of interest: for this reason, they will

be preliminarily included in the present dissertation.

Regarding the purpose of outlining a strategy capable of identifying the solution ~ associated with
the measured data, several reconstruction algorithms have been proposed. We remark an important
distinction between direct and wvariational methods. The algorithms belonging to the first class
typically provide an explicit formula for the computation of the solution, whereas the variational
methods rely on an optimization problem associated to the inverse problem, namely by minimizing

a misfit functional with suitable regularization terms.

Among the direct methods allowing for the reconstruction of arbitrary inclusions, we report
the D-bar method (see [130]), the factorization method (see [42]), the enclosure method (see [89])
and the monotonicity method (see [134]). All these techniques deeply rely on the linear expression
of the direct problem, entailing the availability of closed formulas for some particular solutions or
potentials, and moreover on the possibility to arbitrarily choose the boundary currents associated
to the reconstruction data. These features discourage us from the extensions of such methods on
the nonlinear problem of interest: as a consequence, our strategy focuses on the development of
variational reconstruction algorithms. Among the existing ones, we cite the NOSER method [56],
which tackle the minimization of the misfit functional through Newton iterations. Furthermore, the
shape-optimization approach, with suitable regularization, prescribes a strategy allowing to deform
an initial guess of the inclusion according to the shape sensitivity of the functional: see [97] [87],
[2] and [10]; in [88] this approach is coupled with topology optimization. The level set technique,

based on an alternative representation of the shape of the inclusion, also allows for topological
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perturbations: see [128] and [44], as well as [53]. A related strategy is represented by the augmented
Lagrangian approach developed in [55]. In [22], Levenberg-Marquardt and Landweber algorithms
are proposed, which are able to deal also with nonlinear direct problems. Moreover, a relaxation
strategy for the optimization problem has been explored by means of Modica-Mortola and Mumford-
Shah functionals in [124] and recently in [66]. Finally, we recall also the approach related to Bayesian
statistical inversion, see [94].

Concerning the reconstruction algorithms in the case of small inclusions, both direct and variati-
onal methods usually rely on an asymptotic formula for the perturbation of the boundary potential
to identify the location and additional features of the shape of the inclusions. For an extended
review, we refer to [13, Chapter 5]). We only recall, among the direct approaches, the constant
current projection algorithm in [14], together with the linear sampling method ([63]) and the MU-
SIC algorithm ([68]), developed for an inverse scattering problem, which inspired several techniques
also for the inverse conductivity problem, see [43]. Although these algorithms have proved to be
effective, they strictly depend on the linearity of the direct problem, especially concerning explicit
formulas for single and double layer potentials, and the analytic expression of some particular so-
lutions. Variational techniques involved in the reconstruction of small inclusions, usually involving
tools from topological optimization, have been developed for linear problems in several contexts (see
for instance [18] and [70] for crack detection, [15] and [50] for the detection of sound obstacles, [100]
and [32] for image processing ,[21] for image segmentation), and have been successfully applied for
the inverse (linear) conductivity problem ([52], [17]) to identify the position of the center of small
conductivity inclusions. For the nonlinear problem at hand, a preliminary result in this direction
has been achieved in [30] and motivates our study.

As a final remark, we report that the inverse problem of identifying ischemias from measurements
of surface potentials has been tackled in an optimization framework for numerical purposes in a
significant number of recent papers, see in particular [8, 40, 54, 85, 105, 112, 126]. Nevertheless,
a detailed mathematical analysis of the inverse problem has never been performed, mainly due to
outlined difficulties involving the small number of measurement at disposal and the nonlinearity

both of the inverse and of the direct problem.

1.4 Main contributions of the thesis

The goal of the thesis is to pave the way for a rigorous analysis of the inverse problem defined
in 1.2 both from a theoretical and a reconstruction standpoint. In a stepwise fashion, we focus on

the following main objectives:

e Identification of small inclusions in an elliptic semilinear boundary value problem
We first tackle the inverse problem associated with problem (1.10) under the assumption that
the inclusions to be detected are of small size. In this context, exploiting theoretical results
recently achieved in [30], we are able to prove a (local) Lipschitz stability results for the
inverse problem, which consists in the first theoretical result achieved in this field. Moreover,
we develop a reconstruction algorithm for the identification of the solution by means of few
measurements (or even a single one), based on the computation of the topological gradient

of a suitable cost functional. Several numerical experiments associated to various test cases
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assess the accuracy of the proposed technique, as well as its robustness with respect to noisy
and partial measurements. This analysis, which is the object of Chapter 2, has been published
in [33], except for the stability estimate.

Identification of small inclusions in a parabolic semilinear initial and boundary
value problem

The successive step is to consider the identification of small inclusions in a more complicated
boundary value problem, namely when the evolutive monodomain model is considered with
the simplest phenomenological law for the ionic current, reported in (1.8). We first focus on
the development of a novel theoretical result involving this inverse problem, i.e. an asymptotic
formula for electrical potential perturbations caused by internal conductivity inhomogeneities
of low volume fraction. Exploiting this result, we implement a reconstruction procedure based
on the computation of the topological gradient of a suitable cost functional, involving the
solution of an adjoint problem. Numerical results obtained on a three-dimensional idealized
left ventricle geometry for different measurement settings assess the feasibility and robustness
of the proposed algorithm. This discussion is the object of Chapter 3 and has been published
in [28].

Reconstruction of large inclusions in an elliptic semilinear problem: a shape deri-
vative approach

We afterward consider the identification of inclusions again in the stationary case, but removing
the assumption of small size. As a first approach, we develop a shape derivative reconstruction
algorithm. Such a method only requires a priori knowledge of the topology of the inclusion
to be reconstructed, and aims at detecting it by updating an initial guess, according to the
shape gradient of a suitable misfit functional. In order to derive a rigorous expression for the
shape gradient, we need to theoretical investigate the asymptotic perturbation of the boundary
voltage (and associated quantities) under small perturbations of a large inclusion. After pro-
ving such results, we formulate the algorithm in details and provide a satisfactory numerical
validation. This is object of Chapter 4.

Reconstruction of large inclusions in an elliptic semilinear problem: a phase-field
approach

Focusing on the same problem, we develop a novel approach for the presented inverse problem,
which allows removing any a priori assumption on the inclusion. We formulate a constraint
minimization problem involving a quadratic mismatch functional enhanced with a regulari-
zation term which penalizes the perimeter of the inclusion to be identified. We introduce a
phase-field relaxation of the problem, employing a Modica-Mortola functional and assessing
the I'-convergence of the relaxed functional to the original one. After computing the optimality
conditions of the phase-field optimization problem and introducing a discrete Finite Element
formulation, we propose an iterative algorithm and prove convergence properties. Several nu-
merical results are reported, assessing the effectiveness and the robustness of the algorithm
in identifying arbitrarily-shaped inclusions. Finally, we compare our approach to a couple of
alternative methods, in particular focusing on shape-derivative based technique, comparing it

to the sharp interface limit of the proposed relaxed problem. This discussion, which is the
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object of Chapter 5, has been published in [35]

e Towards the identification of ischemias in the monodomain model: analysis of the
direct problem
The last part of the thesis is dedicated to preliminary results which are required in order to
extend the presented discussion to the case of the monodomain model for the full heartbeat
description. When dealing with the initial and boundary value problem (1.9), before tackling
the goal of detecting small ischemic areas (by means of topology optimization tools) or ar-
bitrarily large ones, it is necessary to extend the results available in the present literature
involving the well-posedness of the direct problem itself. In Chapter 6, we state and prove an
existence, uniqueness and comparison result of classical solutions of the monodomain model
without ischemias, as well as a result of existence and uniqueness of weak solutions in the
perturbed case. We can eventually prove additional regularity for the perturbed potential, in
view of a useful comparison result. This discussion is also the object of a paper in preparation,
29]

e Towards the identification of ischemias in the monodomain model: a posteriori
numerical error analysis
The final step of our study is devoted to the numerical analysis of a Newton-Galerkin solver
for the monodomain problem. In fact, when aiming at extending to the monodomain case
the developed reconstruction algorithms (and in particular the ones for large inclusions, which
requires the solution of the direct problem several times), it is necessary to tackle the task
of reducing the computational cost. One strategy is represented by the introduction of an
adaptive algorithm, allowing for a speedup in the computation of the approximated solution
of the direct problem. Such an approach requires to perform a numerical a posteriori error
analysis of the problem, in particular deriving computable error estimators. This is the object

of Chapter 7, and also of a work under review, [120].
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Chapter 2

Identification of small inclusions in
a semilinear elliptic boundary

value problem

In this chapter, we focus on the detection of small inclusions in the semilinear elliptic problem
introduced in Chapter 1 as a simplified version of the monodomain problem. We start by briefly
outlining the formulation of the problem and the related assumptions. According to the expression

provided in Section 1.2.1, we consider the following boundary value problem:

— 3: 1
{ AUHU?=f in 0 21

o,U=0 on 01,

which is related to the case in which no inhomogeneity in the coefficients is present. We assume that
the background value of the scalar conductivity coefficient is 1, that f is a known forcing term, and
that € is an open connected subset of R™", n = 2,3. Problem (2.1) is addressed as the background
problem, and its solution U is defined the unperturbed potential. We now consider an alteration
of the coefficients of the problem induced by the presence of an inclusion w C €. Throughout this
chapter, we deal with inclusions w, of small size which are well separated from the boundary, i.e.
such that:

|we] > 0ase—0 (2.2)

3K, C Q compact s.t. w. CC Ko, dist(&@f(o) > dg > 0. (2.3)

In addition, the majority of the results formulated in the chapter assume that w, satisfy more specific

conditions, namely that
we=(24eD)={x€Qst.IdeD: x=z+ed}, st. dist(z,00) >dy >0 (2.4)

being D an open, bounded and regular domain containing the origin. The inclusion w. therefore
consists of a single connected set, with center z, prescribed shape D and small size. When an

inhomogeneity w, is introduced in €2, the coefficients of the semilinear elliptic problem are altered

15
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as described in Section 1.1.3. As a result, the perturbed potential u. is the solution of the following
problem:

(2.5)

—div(k-Vue) + (1 — xo)u = f in Q
Oyue. =0 on 01,

where X, is the indicator function of the set w. and k. =1 — (1 — k)xw., k¥ < 1. According to the

introduced boundary value problems, we define:

Definition 2.1 (Direct problem). Knowing the inclusion we, determine the perturbed potential u.

associated to w, through (2.5);
and conversely

Definition 2.2 (Inverse problem). Knowing the perturbed potential, and in particular only the
boundary measurement Umeqs = Uc|oq, determine the inclusion w. associated to wmeqs through
(2.5)

As deeply analyzed in Section 1.3, the well-posedness of the stated inverse problem is an open
issue, i.e. according to the present literature, it is impossible to assess that for a fixed datum tmeqs
the solution w, exists, is unique, and continuously depends on the datum. In this chapter, although,
we assume that the inhomogeneity to be identified satisfies also (2.2), and in particular (2.4). These
assumptions are referred to as regularization hypotheses: indeed, if we a priori restrict the search
for the solution within the class of inclusions satisfying them, we are able to recover some results of
well-posedness. We remark that this restricts the class of problems which are the object of discussion:
in particular, if (2.4) is considered, we suppose to know in advance the shape D of the inclusion,
and the inverse problem 2.2 reduces to the individuation of its center z.

The main results of this chapter, except for Section 2.2, are published in [33]. In particular, in
Section 2.1 we report the most relevant results regarding the well-posedness of the direct problem
and further properties of its solution, which are already available in the literature, see [30]. In
Section 2.2, we instead focus on the analysis of the inverse problem. In particular, we exploit the
asymptotic expansion of the perturbation of boundary potential derived in [30] in order to prove a
local Lipschitz stability result for the solution of the inverse problem under the assumption (2.4).
In Section 2.3, we introduce a Topological Optimization framework for the inverse problem, by
formulating a minimization problem on a suitable functional, for which we introduce the concept
of topological gradient. We then exploit the introduced asymptotic expansion in order to provide
a representation formula for the gradient, and we use it to formulate a rigorous reconstruction
algorithm. In Section 2.4, we show through several numerical experiments the effectiveness and

feasibility of the introduced algorithm.

2.1 Analysis of the direct problem

We start by recalling the well-posedness results available for the direct problem. The weak
formulation of the Neumann homogeneous problem (2.5) reads as follows: find u € V = H(Q) s.t.

<T(u)—F,v>.=0 YveV, (2.6)
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where < -,- >, is the duality pairing between V" and its dual space V* and F,T'(u) € V* are defined
by:

< T(u),v Sy vy = /

k(x)Vu- Vv + / (1 — xu)u’v,
Q

& (2.7)
< F,v >V*,V=/fv, ferLr), p=>2.
Q

We refer to those inclusions w. of small dimensions which are well separated from the boundary,
i.e. satisfying (2.2) and (2.3).

Proposition 2.1. For every forcing term f € LP(Q), p > 2, and every admissible inclusion we,

problem (2.6) admits an unique solution us € V.

The proof of Proposition 2.1 can be found in [30] and relies on the properties of the operator T
previously defined, and in particular on the fact that it is strictly monotonic. The argument also

relies on the following Poincare inequality, which is derived from [102, Theorem 8.11]: Vv € H*(Q),

1ol oy < € (1905200 + Il 2nn) (2.8)

where the constant C can be chosen s.t. it is independent of ¢.

In order to derive further results which will be useful for the analysis of the inverse problem, we
make use of the unperturbed potential U introduced in (2.1). The existence and uniqueness of U
is assessed by [30, Proposition 4.2], where it is also proved that U and VU are Hélder continuous

functions and the norm of U in the space W1>°() is bounded by a suitable norm of f, namely:

3
101 Los () VUl e () < CU AN o) + 11120 ()

Moreover, further regularity can be proved also for the perturbed potential, exploiting the interior
estimates from [82] and extending them up to the boundary, concluding that u. is Hélder continuous
on € (see [30, equation (4.14)]). Furthermore, the following energy estimates hold for the difference
between unperturbed and perturbed solutions:

1
[[ue — U||H1(Q) < uwel?
(2.9)

1 1
[ue = Ull 2y < lwel2™, 0<n < 5

The proof of these estimates is carried out under an additional assumption on the forcing term f,
namely that
Im > 0s.t. f(x) >m Ve e (2.10)

This restriction can be avoided, as it is possible to weaken (2.10) by only assuming that f does not

identically vanish, i.e.
1wy # 0 (2.11)

Indeed, in the proofs delivered in [30], hypothesis (2.10) is only required in order to prove that the

following estimate from below holds:

EIC’:C’(|Q\wE|7m)>05.t/ q- > C, where q. = U + Uu. + u?.
Q\we
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Hence, we can substitute it as follows: if f € LP() satisfies (2.11), then 3C = C(|Q\ w.|, f) > 0
s.t. fQ\w ge > C. Indeed, if f satisfies (2.11), then also U cannot identically vanish, otherwise it
could not solve (2.1). Hence, denoting M = ||U||,, we can ensure that M > 0. Consider

Q={zeQ:|U)|<M/2} and % ={zcQ:|U(x) > M/2}:

as U is continuous in  (see Proposition 4.2 in [30], independent of hypothesis (2.10)), we conclude
that |Q;] > 0. We introduce U defined as follows:

. M2 ze
U(r) =
0 x€Q.

By definition, U?(z) > U?(z) Vz € Q; hence, we obtain:

3 3., -
/ qaz/ 7U22/ 202 > GM2Q| = C > 0.
Q\we Q\we 4 Q\we 4

We remark that hypothesis (2.10) allows to write an estimate for the quantity g. (and therefore for
[ue = Ullg1(q)) which is independent of U and ultimately from the choice of the forcing term f,
whereas the weakened one, (2.11), entails an estimate which depends on M and §2; and hence on f.
Nevertheless, this allows to use (2.9) and its consequences in the proposed weaker hypothesis, and

does not compromise the effectiveness of such estimate in the case of our application.

2.2 Analysis of the inverse problem

The crucial result contained in [30] is the asymptotic expansion of the perturbation induced in
the boundary potential by the introduction of an inclusion of small size. We report here the result

in the general case: the proof can be found in [30].

Theorem 2.1. Let w. be a family of subdomains satisfying (2.2) and (2.3), f € LP(Q), p > n, and
let f satisfy (2.10) (or (2.11)). Then, there exist a subsequence {uc,}, a Radon measure p and a
symmetric matriz-valued function M € L*(Q; p) s.t. w. = u. — U satisfies, for any y € O82:

we(y) = |we| /Q [(1— K)MVU - Vo Nu () + U3 (2)Nu ()] dpt + of we ). (2.12)

The function Ny appearing in the first order term of the expansion is the Neumann function
related to the operator —A + 3U?2, i.e. the solution, for each y € €, of

{—AINU@@, y) + 33U (@) Ny (2,y) = 8 — y) n €2 (2.13)

0y, Ny(z,y) =0 on 0f).

We now restrict ourselves to a more specific class of inclusions, namely those of the form (2.4). In

this case, the expansion in Theorem 2.1 can be written as

we(y) =" [(1 = k)VU(2) " MV, Ny (2, y) + U(2) Ny (2, 9)] + o(e™). (2.14)
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The matrix M € R™*™ is called polarization tensor and depends only on the coefficient k and
on the shape D of the inclusion. Moreover, it can be explicitly computed for some specific shapes
(see, e.g., [13] for a detailed derivation): for instance, if n = 2 and the inclusion has circular shape,

the following expression holds:

2
M = ——|D|Izxa. 2.1
175 Pl (2.15)
If the inclusion has elliptical shape with major axis aligned in the direction b and ratio r between
the axes,
M = M(k,b,7) = RTMR, (2.16)
being
— 14r —
M= (k—1)|D| [ thr 10 , R= e by .
0 H_i; by, bs

Remark 2.1. Exploiting the enhanced energy estimate ||U — ue||f2(g) < Clwe|z %7, n e (0, 2] (see
[30, Theorem 4.3]) together with the estimate Hvéj) - v(j)’ ) < Clwe|2t, n e (0, m) (see

[47, Lemma 1]), we can conclude that the remainder term appearing in (2.12) satisfies:

1
oflucl < e+, e (0.3].

In this section, we aim at exploiting the asymptotic expansion in (2.14) in order to derive the
unique well-posedness result available for the inverse problem under consideration: a (local) stability
estimate of the solution z (the center of the inclusion to be detected) with respect to a suitable norm
of the datum, uyeqs = uc|on. The analysis performed in this section is valid under more restrictive

assumptions on the source term and the unperturbed potential, namely:

Assumption 1. Consider f € C*(Q) and require VU(z) # 0 Vz € Q.

The requirements on f in particular imply, by elliptic regularity results, that U € C?T().
The main result we aim to prove is the following one:

Theorem 2.2. There exist some constants €q, dg, C1 and Cy such that, Ve < gy and Vz,7’ s.t.
e "M [ue = ull oo () < G0 where us and ul are the solutions of (2.5) in presence of an inclusion of
the form {z 4+ eD} and {z' + D} respectively, it holds:

|2 = 2'| < Cre™"|lue — ull| oo gy + Cog™,
for all B € (0,1/5).

In order to prove Theorem 2.2, we first need to derive preliminary results regarding the Neumann
function Ny. First of all, it is possible decompose Ny (z,y) = N(z,y) + Z(z,y), where N is the
Neumann function associated to the Laplace operator and Z a regular reminder, i.e., they solve the

following problems:

L (2.17)
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—AZ(z,y) +3U%(x)Z(z,y) = —3U%*(x)N(z,y)  inQ

1 (2.18)

0, Z(z,y) = ~aa] on Of).

Moreover, the Neumann function N can be decomposed as N(z,y) = ®(z — y) + R(z,y), where

1
~5 In|a — y| n=2
P(x—y) = 2.19
-1 AP (2.19)
n(n — 2)ay, -

is the fundamental solution of the Laplace operator (being «;, the volume of the unit ball in R™),

and the residual R satisfies

—AzR(z,y) =0 in Q
(2.20)

By R(x,y) = @ 0, Bz —y) on .

According to the results in [78], the following properties hold:

o N(z,y) = N(y,z) (symmetry of the Neumann function)
o N(,y),N(z,)) e Whr(Q) ¥p e |1, :2;)
o V,N(z,) -a€ LP() Va e R"Vp € {1, ﬁ)
e D2N(z,)a- B¢ LY Q) Va,B € R, o, 8 # 0.
We now show that the same results hold on Ny :
Proposition 2.2. Consider Ny defined as in (2.13), Ny(z,y) = ®(x—y)+ R(z,y)+ Z(x,y). Then,
e Ny(z,y) = Nu(y,z) (symmetry of the Neumann function)

e Ny(y), Ny(z,-) € WhP(Q) Vp € [1, #>

o V.Ny(z,:) - a€ LP(Q) Va e R*" Vp € [1, L)

n—1

o DINy(z,)a- B & LH(Q) Ya, B €R", a, 3 #0.

Proof. We first of all remark that according to (2.18), Z(-, y) is the solution of an elliptic problem with
continuous coefficients and source term in LP(2): via elliptic regularity results (see e.g. [84, Lemma
2.4.14]), Z(-,y) € W*P(Q) and moreover, according to local Hélder estimates for the gradient (see
e.g. [82, Theorem 4.15]), we can ensure that VZ(-,y) is Holder continuous away from y.

In order to prove that Ny is symmetric, we can adapt the proof of [74, Theorem 13, Chapter
2]. Take z,y € Q and denote v(z) = Ny(z,z) and w(z) = Ny(z,y): we remark that, away from z,
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Vv + 3U(2)*v = 0 and away from y Vw + 3U(z)?*w = 0. Moreover gz @ =0 for z € 99Q. Define
V =Q\ B(z,¢) \ B(y,e), for 0 < & < min{3dist(z,y),dist(z,00), dist(y ,(‘39)}. It holds that

/ v +/ ov
—w —w
OB(z,e) 81/ OB (y,e) ov
/ —w—/ div(va):/ VU~Vw+/ Avw
oV 3’/ 00 0 v v
:/Vv~Vw—/3U2vw:/Vv~Vw+/va:/div(va):/ 8—wv
14 v 14 v v ov Ov

e
OB(z,e) a’/ OB(y,e) v

We now aim at considering ¢ — 0. On 0B(z,¢) since w is a smooth function on away from y and

v _ ONy(,x) 34’(96 ) | OR
ov v ov
continuous functlon c,

/ @w :/ Mw(z) +/ e(2)
9B(z,c) OV OB(z,e) OV 9B (z,c)

1
[ @ [ o= [ w@ [ o) o ula),
dB(z,e) NONE dB(z,e) dB(z,e) dB(z,e)

Conversely, since v(z) = ®(z — z) + R(z,2) + Z(z,2) and ®(z — z) = o(e"!) when 2 € dB(z,¢),
we conclude

+ g—f, where both R and Z are smooth functions: hence, for a suitable

With analogous arguments, one can show

0 0
/ 9 v(y) and / Lo,
dB(y,e) v AB(y,e) ov

Finally we conclude that, letting e — 0, w(z) = v(y), namely N(z,y) = N(y,x).

From the fact that Z(-,y) € W2*P(Q) and N(-,y) € W1P(Q), we immediately have Ny (-,y) €
WhpP(Q) Vp € [1, 1), VoNu(z,) -« € LP(Q) Yo € R", whereas DZNy(z,-)a - ¢ L'(Q)
Vo, B € R", o, B #0. [

We now move towards the stability result. Analogously to what performed in [78, Lemma 3.3],
it is possible to extend formula (2.14) to all y € Q s.t. dist(y,z) > dy. Denote with F(y) the first
order term in expansion (2.14) for an inclusion centered in z, and DF,[dz](y) its (Fréchet) differential
with respect to z:

F.(y) = (1 —k)MVU(z) - V.Ny(z,9) + U*(2)Ny(z,y)
DF,[d?|(y) = (1 — k)M D?*U(2)dz - Vo Ny(z,y) + (1 — k)MVU(z) - D2Ny (2, 5)dz
+3U%(2)VU(2) - dzNy(z,y) + 3U?(2) Vo Ny (2,y) - dz.

When considering two different inclusions centered in z and 2/, we let
H(sz/) = HFz - FZ'||L°°(8Q)

The following two results allow to prove the stability of the center z of the inclusion with respect

to perturbations of the boundary data, measured in the L* norm.
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Lemma 2.1. For every pair of sequences {z,}, {z),} such that dist({zm} U {z.,},00) > dy and
H(zm, 2l,) = 0 as m — +o00, we have that |z, — 25| = 0
Proof. The thesis can be thoroughly rewritten as
V{zm}, {20}, ifVC >0 IM; > 0s.t. H(zm,2,) <C VYm> M,
then Vn >0 IMs > 0s.t. |20 — 20, | <0 Ym > Mo;
by contradiction, suppose
Hzm}, {2z} st. V¢ >0 3M; > 0s.t. H(zm,2,) <¢ VYm> M,
and In > 0 s.t. |z, — 20, >0 Vm

In particular, select the subsequences (still referred as {z,}, {z},}) such that, e.g.,

H(zm, 2,,) < and |z, — 20, > 0.

1
m
Since {zm }, {#],} C Q are bounded, 3z, 2’ €  s.t., possibly up to a subsequence,

Zm = 2, 2, = 2, |z — 2| >n, (2.21)

and as a consequence of the hypothesis, dist(z,99Q), dist(z',0Q) > dy. Fix now y € 992 and consider
the Neumann function Ny (-, y): by the regularity of N far from y and the regularity of Z everywhere,
we can ensure that Ny (-,y) and V,Ny(-,y) are continuous functions far from the boundary: in
particular, the function F,(y) with y € 9 is continuous with respect to z, if z is sufficiently far
from the boundary. Since dist(zy,, Q) > do, dist(z],,0Q) > dy and since H(zp, z,,) — 0,

F.(y) =lim F,, (y) =lim F., (y) = F.(y) Yy € 0N).
Consider the expression of G(y) = F.(y) — Fu (y):

G(y) = (1 - k)MVU(Z) ' vaU(Z7 y) + Ug(Z)NU(zvy)

(2.22)
— (1= k)MVU()-V.Ny (2 y) — U(2)Ny (2, y)

We observe that G(y) is the solution of the following Cauchy problem:

~A,G(y) +3U%(y)G(y) =0 in Q\ {z,2'}
0,,G(y) =0 on 0N

Yy

Gly) =0 on 09,
Indeed, taking advantage of the symmetry of Ny and since z, 2z’ are well separated from 92,
9y, Nu(z,y) = VyNu(z,y) - v =VaNu(y, 2) -v = 9,,Nu(y,z) = 9,,Nu(z,y) = 0
0y, VeNy(z,y) = Vi0,,Nu(2,y) = V0, Ny(y,2) =0
and moreover, Yz # ¥,
(=4 +3U%(y))Nu(z,y) = (A +3U%(2))Nu(y, 2) = (~As + 3U%(2))Nu(2,9) = 0
(=A, +3U%(y))VaNu(z,y) = Vy (= Ay + 3U%(2)) Ny (y, 2) = Vy(—As + 3U%(2)) Ny (z,y) = 0.
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According to the unique continuation property for the Cauchy problem for elliptic equations with
regular coefficients [5, Theorem 1.9], we conclude that G = 0 in Q \ {z,2’}. This entails a con-
tradiction: indeed, due to the definition of N and to the regularity of Z, the terms Ny (z,y) and
Ny (2',y) show a singularity when approaching z and 2’, of the kind In |y — 2| if n = 2 or |y — 2|71 if
n = 3. Those singularity cannot cancel with the terms V,N(z,y), which grow with a different rate
(namely, as |y — z|971); according to the expression of G in (2.22), the coefficient appearing in front
of Ny(z,y) and Ny(z',y) do not vanish because of Assumption 1: the only solution to guarantee
G(y) = 0 would be to put z = 2/, which is in contrast with (2.21). O

Lemma 2.2. There exist two positive constants 6 and C' depending on dy, 2, D, k, such that

Vz,2' st H(z,2')<d= |z — 2| < CH(z72)

Proof. The proof is done by contradiction, by supposing that
V6,VC3z, 2" s.t. H(z,2') <§and |z — 2| > CH(z,72),

which is equivalent to

H ! 1
Vo, VC  Fz,2' st. H(z,2') <8 and H(z2) < —=.
|z—2| ~C

Consider the sequences {z,}, {z},} associated with the values, e.g., 6, = L and C,, = m: we

immediately remark that

H(zm, 2,
)50 and  AGmem)
|2m — 21,

H(zm, 2,

m

. . szz;n
In view of Lemma 2.2, z,, — z, 2z}, — 2z’ and z = z’. Consider now the sequence {dz,,} = { }:

|Z77L_24n|

since |dz,,| = 1, there exists a converging subsequence (still denoted as dz,):
dzy — dz € R", |dz| = 1. (2.23)

By the definition of the Fréchet derivative and by linearity:

|-, — F

| 1o (002 tm IDE:,, [2m — 2]l Lo (002) _

m |2m — 2

0 = lim i

m |2m — 2

hgl [DE,, [dzm]|l Lo 00

] ml
m m

whence
lim DF, [dzn,](y) =0 Vy € oQ.

Since Yy € 02
DF;,, [dzm] (y) — DF. [dz] (y) = DF.,, [dzm — dz] (y) + (DF%,, [d2] (y) — DF: [dz] (y)).  (2.24)

Notice that, by elliptic regularity results applied to U and Ny, in view of Assumption 1 and since
y € 08, the function DF,[dz](y) is continuous with respect to z. Hence the first term in the left-

hand side vanishes as m — +o0 since dz,, — dz and DF,  is uniformly bounded. Also the second
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term in (2.24) vanishes by the continuity of DF,. In conclusion, DF, [dz.](y) — DF.[dz](y) and
DF.[dz](y) = 0 Yy € 990. Again by the expression of DF.[dz], and by the symmetry of Ny (z,y), as
in the proof of Lemma 2.1, it is easy to verify that
~AyDF;[d2](y) + 3U%(y) DE[d2](y) =0 in Q\ {z}
0,,DF.[dz](y) =0 on 0N
DF,[dz](y) =0 on 01,
which entails (again via [5, Theorem 1.9]) that DF,[dz](y) = 0. Together with the fact that |dz| =1

and that VU does not vanish (due to Assumption 1), this is a contradiction with the fact that
DiNy(zy)a- B ¢ LH(9Q). O

It is finally possible to prove Theorem 2.2.

Proof. From the asymptotic expansion (2.12), we can ensure that Jeg : Ve < ¢,
us(y) —U(y) =e"F:(y) + m(e,y)  Vy €00
uc(y) —=U(y) =e"For(y) +m2(ey) Yy €0Q

being 11 (g, y), n2(g,y) = o(e™), and according to Remark 2.1,

17m1(&,9) | oo 902) + [112(85 9)l| Lo 92y < CEFA™.
Computing the difference between the expansions and taking the L>(92), we obtain
H(z,2") < e ™ue — U]l poo 90y + C™™ < 80 + CP™.

By choosing dp and ¢ s.t. §y + CeP™ < § appearing in Lemma 2.2, we can apply such result and
conclude the thesis. O

By following the same approach as in [78], we can extend the result of Theorem 2.2 to the case

of inclusions of the kind: .

We = U (zk + eprD), (2.25)
k=1

consisting of K different connected components of the same shape with relative ratios pg; 2z and py
satisfying
|zkfzj| >dy >0 Vk#], dzst(zk,ﬁﬂ) Zdo, dogpk < Dy.

In this case, the (local) stability result assumes the form:

Theorem 2.3. There exist some positive constants €g, 6o, C1,Ca s.t. ife < eo and e™"||ue — u;||Loo(ag) <

8o, being ue and ul associated to inclusions we, wl satisfying (2.25), then:
(i) K = K’ and, after appropriate reordering,
(i) |2 = 21| + ok — P < Cre™™|ue — ull| oo oy + Cae™ for k=1,... K.

The proof is analogous to the one of [78, Theorem 1.1], adapting the argument to the semilinear

problem in consideration as performed in the proofs of the previous results.
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2.3 A topological gradient-based reconstruction algorithm

In this section, we describe a topological optimization framework which we can exploit to tackle

the solution of the inverse problem. In particular, let us introduce the following objective functional:

J(QE) = AQ (us - umeas)2d07 (226)

where ). denotes the domain 2 in which a small inclusion w;. is inserted, and u. the corresponding
solution of the direct problem (2.5) in §2.. Hence, we can rephrase the inverse problem in Definition

2.2 as follows: given the boundary datum u,eqs, find we satisfying (2.3) and (2.4) such that
J(Q:) — min. (2.27)

In order to solve problem (2.27), we need to describe the variation of the functional J from the
unperturbed case (associated to a domain § without inclusions and to the corresponding potential
U, the solution of (2.1)) to the case where an inclusion is present. This calls into play the topological
gradient of the functional .J, although with some differences with the original definition in [45] (see
[52], [17]): in the case at hand, indeed, we are perturbing the topology of the domain by inserting
inclusions instead of holes.

In particular, hypothesis (2.4) prescribes that the introduced inclusion is uniquely described
by two variables: the position z of the center and the dimension €. Hence, we can introduce the
following simplified notation: hereon we will refer to J(€.) as j(e;z). Moreover, we notice that,
when ¢ = 0, the function j does not depend on z. Hence we define, for the case in consideration, the
topological gradient of J evaluated in €2 as the function G : 2 — R yielding the following expansion
ase — 0:

je;z) = j(0) + e"G(2) + o(e™), z €. (2.28)

Therefore, at a first-order approximation, the value of G(z) describes the variation of the functional
7 when introducing a small inclusion of center z. This entails that the best strategy to reduce j is
to introduce the inclusion in the point where G attains its negative minimum value, provided that
this latter exists.

In order to exploit for the sake of reconstruction the topological gradient, it is important to
compute it in an alternative way with respect to the one described by the definition (2.28); this
would indeed require the solution of several direct problems for each position z € 2 where we want
to estimate the topological gradient G(z). We are able to prove a useful representation formula for
the topological gradient G in every z € ) which only requires to solve two differential problems. We
first of all need to prove the following ancillary result, which exploits the expansion in (2.14):

Lemma 2.3. In the same hypotheses of Theorem 2.1, there exists a positive constant C = C(k,dy, f, )
such that the perturbation on the boundary datum (u. — U)|oq fulfills:

l[ue = Ullp2(90) < ce™n. (2:29)

Proof. The Neumann function Ny of the operator —A + 3U? can be written as:

Ny(z,y) = ®(2,y) + Z2(x,y) YVr,yeQ, z#y, (2.30)
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where ® is the fundamental solution of the operator —A (see (2.19)) and Z = Z+ R defined in (2.18)

and (2.20) respectively; moreover, for every y # x, Z(x,y) is the solution of

{—sz(x, y) +3U % (x,y) = —3U"®(z — y) in & (2.31)

al/r’g(x7y) = _avq)(«x - y) on 0f).

Consider an inclusion w, satisfying (2.4), hence centered in a point z s.t. dist(z,0Q) > dy. Then,
the function y — ®(y—2) € L?(Q) and also y = 9, ®(y—2)|an € HY/2(00). By regularity results on
elliptic equations (see e.g. [74], [1]) one may conclude that (-, z) € H?(Q) and 2(, 2)|aq € H?/2(08).
In particular, [|Z(-, z)|oell 2 (a0) and [|V2Z(-, 2)|oall 12 (g are bounded by a constant Cy = Cy(dy, Q).
Moreover, as already reported, according to Proposition 4.2 in [30], it holds:

1T oo ) IV Ul ey < CUS Mgy + 151 2)) < Co = Colllflloge)- (2.32)

Hence, from the expansion (2.14),

e = Uleom = | Juev) = Ulw)lPdo
o0
< 2(1 — k)2e2n / (MVU(2) - Vo Nu (2, 3))2do + 2620 / US(2)N2 (=, y)do + o(e2")
o0 o0
< CEQ”(HVNUH;((?Q) + ||NU||i’-’(8Q)) +o(”") (exploiting (2.32))
< Cen ( [ ovec-pP+ [ WP+ [ (ec-pP |z<z,y>|2) ED
o0 o0 o0 o0

Thanks to (2.3), the regularity of ® guarantees that the first and the third boundary integrals in
the previous sum are controlled by a constant, whereas the second and the fourth ones are bounded
thanks to elliptic regularity, as stated above. Therefore, we can infer that

[ue = Ull72(90) < Ce*™ +0(e>"),  where C' = C(do, Q, f, k,[09)).
O

Before expressing the desired result regarding the topological gradient, we need to prove a general

representation formula of the following kind:

Lemma 2.4. Consider a function w solving the auziliary problem

—Aw +3U%w =0 in
(2.33)
o,w=h on 0f,
being h € H='/2(09Q) a generic function. Then,
Ny (z,y)h(y)do(y) = w(z), (2.34)

o0

Proof. We proceed analogously to what done for the proof of Proposition 2.2. Since w is a solution
of an elliptic problem with regular coefficients, according to [84, Theorem 2.4.2.6] w € H?({)) and
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moreover, according to local Holder estimates [82, Theorem 4.15] w and Vw are continuous in (2.
Consider a ball B = B(z,7n), being n < dp, and define V= Q\ B; taking into account the problems
solved by w and Ny and exploiting the symmetry of Ny,

/ By, Nur (2 y)w(y)do(y) = / By, Ny (2 y)wly)do(y) = / divy(Vy Nor(z, y)w(y))dy
0B oV A%
_ / V,Nu(2,y) - Veo(y)dy + / ANy (2, y)w(y)dy
\% \%
- / V,Nu(z,y) - Veoly)dy + / Ay No(y, 2)w(y)dy
\%4 \%
— [ VMo oty + [ 306N (. ety
\% \%
:/ divy(NU(z,y)Vw(y))dy—/ NU(z,y)Aw(y)dy—i—/ 3U (y)? Ny (y, 2)w(y)dy
\% \% %

= [ Gw(y)Nu(z,y)do(y)= [ O,w(y)Nu(z y)do(y).
ov oB

As done in the proof of Proposition 2.2, when the radius 7 of B tends to 0, it follows that
Jop 0, Nu(z, y)w(y)do(y) — w(z), whereas [, d,wNy(z,y) — 0. O

Remark 2.2. As a consequence, it also holds

Vo N (= 9)h(y)do(y) = V ( No (2 y)h(y)do<y>) — V(). (2.35)

o0 o0

It is now possible to obtain a representation formula for the topological gradient G appearing in
(2.28).

Theorem 2.4 (Representation formula for the topological gradient). Under the assumptions of
Theorem 2.1, the topological gradient G of the functional J fulfills, for any acceptable z € §2:

G(z) = (1 = K)VU(2)TM(2)VW (2) + U3 (2)W (2), (2.36)

where W is the solution of the following adjoint problem:

(2.37)

—AW + 3U?W =0 in Q
OLW =U — Umeas on O0N.

Proof. Recall the expression of the reduced cost functional: if w, satisfies the assumption (2.4), then

. 1
(@) = §(&52) = Fllue — tmeasl|Z2(00)-

By direct computation,
o | 2 2
J(e;2) —4(0) = 5”“5 - “meas||L2(asz) —[IU - umeas||L2(6Q)

1 1
= §||UEH%2(SQ) - /8(2 UeUmeas — §||U||22(8Q) + /BQ Utimeas

1
= ol = Uleomy ~ 1010y + [ 00 = [ tctmens+ [ Ut
o0 oQ o

1
= gl = ULy + [ (e = DYV = i)
onN
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Thanks to Lemma 2.3, the first term of the last expression can be estimated as follows:
o U 2 < C 2n n
|ue o < Ce™ = o(e").

The second term, exploiting (2.14), can be written as:

/ (ue - U)(U - umeas) :5n/ (1 - k)VU(Z)TM(Z)VNU(Z, y)(U(y) — Umeas (y)))da(y)
oQ oQ

Len / U3 (2)Nu (2 9) (U () — timeas (1))do (y) + o(e™).
o0

Consider h(y) = U(y) — Umeas(y) and apply the representation formulae (2.34) and (2.35) using the
solution W of the auxiliary problem (2.33) (which in this case is exactly the adjoint problem (2.37)):

/ (e — U)U — thmeas) = / (u(y) — U(y))h(y)do(y)
o0

o0
—en / (1 - K)VU (=) M(2)V Ny (z: 9)h(y) do(y)
o0

+e | UP(2)Nu(zy)h(y)do(y) +o(e")
oQ

=e" [(1 = k)VU(2)" M (2)VW (2) + U?(2)W (2)] + o(e™),
and thus the formula (2.36). O

Remark 2.3. An extension of the problem discussed so far which is indeed of interest for the sake
of the application we have in mind is the reconstruction of inclusions provided that a set of measured
data are available only on a portion of the boundary. This approximates the actual procedure of
measuring the electrical potential, recovering information by means of a finite number of electrodes.
Let I' C 89, |I'| # 0 be the portion of boundary on which ul,.,, is known. The results provided so

far for the inverse problem can be also recovered in this case, starting from the definition of the cost

functional

JF(QE) = / (U‘E - ufneas)zdo'7
I

which leads to a similar definition of topological gradient G. It is possible to prove that the same
representation formula in (2.36) holds in this case, except for the definition of the adjoint state W,
which is instead given by the following adjoint problem:

—AW +3U?W =0 in O
OW = (U —ubns) onT (2.38)
W =0 on 99).

Remark 2.4. Another important extension suggested by the biological application consists in con-
sidering the effect of anisotropic conductivity coefficients, which may describe in a more accurate
way the electrical properties of the heart tissue. Extending the dissertation of Remark 5.2 in [30],

we can compute the representation formula for the topological gradient also in the case when the
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coefficient k. (x) = 1 — (1 —k)x., () is replaced with K. (z) = K1(2)X0\w. () + K2(2)xw, (7), being
K, and K5 matrix-valued regular coefficients satisfying, Vo € Q: Kj(z), Ko(x) are symmetric and

1€? < TRy (2)€ < B1)€]? anlél? < €T Ko (x)€ < Bolé|? VE € R™,

with 0 < ag < B2 < 1 and 7 > 1. The expression of the topological gradient of the cost functional

J in the anisotropic case reads as follows:

G(e) = My (Ka(2) — Kalo)) - (2) g0 (2) + U)W (2) (2.39)
Tk Z;

Taking advantage of the assumptions made so far and of the theoretical results that have been
proved, we are now ready to set up a topological gradient-based reconstruction algorithm for the
inverse problem. In particular, we remark that, under the hypothesis (2.4), we restrict ourselves to
the identification of the position of the center of a small inclusion of prescribed shape. This can be
performed by exploiting the formula (2.28) as explained before: if the topological gradient G attains

its (negative) minimum in z € Q,

G(z) <0 = j(52) <j0)
GzZ)<G(z)VzeQ = j(g2) <jle;z) Vz € Q,

which means that the introduction of a small inhomogeneity at z = z yields the maximum negative
variation of the functional J. Finally, thanks to the adjoint approach, we have obtained the repre-
sentation formula (2.36) for the topological gradient, which allows to compute G(z) by solving two
boundary value problems.

The boundary datum, when dealing with a practical application, is derived from a measure-
ment. Instead, for the sake of testing the algorithm, we suppose in the sequel to know a priori
the exact shape and location of the inclusion and we solve the direct problem (2.5) to compute the

corresponding potential on the whole domain, from which we extract the boundary datum w,eqs-

2.3.1 Identification in presence of a single measurement

According to the strategy proposed in [52], a one-shot algorithm based on the topological gradient

can be implemented (see Algorithm 1). The numerical approximation of problems (2.5), (2.1) and

Require: domain (2, forcing term f, boundary datum w,,eqs
Ensure: approximated centre of the inclusion, z
compute U by solving (2.1);
compute W by solving (2.37);
determine G according to (2.36);
find z s.t. G(z) < G(z) Vze.
Algorithm 1: Reconstruction of a single inclusion of small dimensions

(2.37) is performed through the Galerkin-Finite Element Method. To this purpose, we introduce a
discretization 7;, of the domain €2, e.g. made of triangular elements if n = 2, and define the discrete

subspace V;, = Xj NV, where

X7 () ={ve0(Q) :v|x €P.(K) VK € Tp},
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being P,. the space of polynomials of degree r.

When applying the finite element method on problem (2.5), whose weak formulation is reported
in (2.6), we must tackle the solution of a nonlinear system of equations. Indeed, introducing the
operator S : V. — V* S(u) = T(u) — F, the discrete approximation of the direct problem (2.5)
reads:

findup € Vi, s.t. < S(up),vp >=0 Yo, € V. (2.40)

By denoting the basis {@;} " of Vj, (where N, = dim(V},)) by

Np,

un(e) =Y uigi(z), zeQ,
i=1

(2.40) can be equivalently rewritten as the following algebraic system:

find u € RN® s.¢. S(u) =0,

(2.41)
being Si(u) =< S(un),pi >+ and (w); = u;,

which is a nonlinear system (due to nonlinearity of T') of Nj, equations in Nj unknowns. One of
the most common strategies to tackle the nonlinearity is the Newton method, which generates a

sequence {g(k)} to approximate the solution w as follows:

u® given 9 49
u* D =u® 5™k =0,1,..., 24

where du'®) is the solution of the linearized system
J(u®)ou® = —S(u®), (2.43)

and J (g(k)) is the Jacobian matrix of the vectorial function S, evaluated at u®). The sequence
{g(k)} converges to the solution u of (2.41) if u(® is chosen sufficiently close to u (according to
the Newton-Kantorovich theorem, see e.g. [140]). We remark that problem (2.43) is the algebraic
counterpart of the following linear problem: find 5u§f) € Vj s.t.

< dSWBuM), v >e= — < S@), v >, Voi € Vi, (2.44)

where dS(w)[-] : V' — V* is the Frechét derivative of S evaluated at w. Hence, the possibility to
invert the matrix J(u*)) € RN»*Nn is equivalent to the well-posedness of (2.44), for which we now
provide a detailed numerical analysis.

First consider the linearized problem (2.43), which we have to solve at each step, or equivalently
(2.44), which explicitly reads: find uj, € V}, such that

2
/ ko(x)Vouyp, - Vo, + / 3 (u,@) dupvy =
Q QN\w

3
:/f’l]h_/ kVu;lk) -Vv—/ (ug{)) vy Yup € Vi
Q Q Nwe

Such a problem is indeed well-posed, according to the following result:

(2.45)
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Proposition 2.3. If ugo) € Vi, N L™(Q), problem (2.45) admits an unique solution uglk) in Vi, C
V = HY(Q) for every k. Moreover,

() o)
3Ck > 0 s.t. Huh HHI(Q) < Cr (1l -1y + Huh HHl(Q) '

Proof. Consider the first iteration: for a fixed initial point u}lo) in V3, N L>°(Q), the linear operator

—s(ugo), J)==-< S(uﬁlo)),- >, and the bilinear form ds[ugo)](-, ) =< d &, >, are continuous:
h
for all up, v, € V4, it holds:

2
0
sl vn)| < IVl IV 0nl gy + 3 [ Imellacayllonllzagey

2
0
< mazx {1, 3Hu2 )HLOO(Q)} Huh||H1(Q)||Uh||H1(Q)§

3
)7U}L)

ls(ugo

[

0
< Il llonll ey + 190y | 7, o) onl 2

3
(0)
W) ot

Nevertheless, the bilinear form is not coercive in V},, indeed:

L5(9)

< (||f||m(m t maz {wéob

2
dS[UELO)Kuh’uh):/kEth.vuh+/3XQ\we <u§lk)> U%L
Q2 Q

and a lower bound of the latter quantity in terms of the H'-norm of u;, cannot be obtained because
of the presence of the indicator function over  \ w. in the reaction term. The weak coercivity is

instead guaranteed, with constant k& > 0:

2
ds[ugo)](uh,uh) + kHuhHiz(Q) = Ak€Vuh - Vuy, —1—/93)(9\% (uglo)) up —|—/Ql<:ui

2/ kNVup - Vup, +

Vup - Vuy +/ ku,%
e Q\Ws

Q
> k||Vuh||2Lz(Q) + k||uh||2L2(Q) = kllunll g1 (o)-

Hence, it is possible to apply the Negas theorem (or the Fredholm Alternative), see e.g. [74], Chapter
6, which entails the well-posedness of the problem (2.45) for k = 0 only if the homogeneous problem
has an unique solution, i.e.:

ds[ugo)](uh,vh) =0 Yo,eV, < u,=0. (2.46)

To prove it, consider that, if w € Vj, C V = H(Q) solves (2.46), then it also satisfies:

OMN
kVw - Vo, + 3 (uh ) wvp, =0 Yo, € Vj.
Q Q\Ws

Hence, with v, = w,
Vw=0inQ, w=0inN\w,. (2.47)
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According to the Poincare inequality (2.8), this is sufficient to guarantee that w = 0 in , and this
entails the uniqueness of the solution of (2.46) and thus the well-posedness of (2.45) for k = 0.
The stability estimate is guaranteed by Necas’ theorem, yielding

(0) 3

1 1 ©)
5] ey = 0], < Oty + )]

H-1 Hl(sz))'

Hence, the solution (5u§lo) of (2.45) with & = 0 exists and is unique in V},, and with a procedure
similar to the one used on the homogeneous problem, one may prove that 5u20) € 0% o L>(Q).
Moreover, also ug) € HY(Q) N L>(Q), and this can be iterated to prove the thesis on each k > 0,
by induction. O

We have therefore set the numerical strategy for the approximate solution of problem (2.6): the
well-posedness of the algebraic problems (2.43) to be solved at each step is entailed by the latter
proposition, whereas the convergence of the sequence {up}p~o is guaranteed by the Kantorovich
theorem (see [140]), which exploits the Lipschitz-continuity of the functional S(u) = T'(u) — F.

Through this strategy, it is possible to solve the direct problem (2.5) with the exact inclusion in
order to obtain the boundary data, as well as the unperturbed problem (2.1) required by Algorithm 1.
Differently, the approximation of the adjoint problem (2.37), which is a linear problem, immediately
leads to the solution of a linear algebraic system, for which a well-posedness is guaranteed via the
Lax-Milgram lemma. Once U and W have been computed, the expression of the topological gradient
G(z) of the function j is given by (2.36), where one has to exploit the a priori knowledge on the
shape of the inclusion to choose the proper polarization tensor. For example, while looking for
circular-shaped inclusions, we obtain (see (2.15)):

21 —k)
R =T

Thanks to the discretization introduced, the approximation of the value of the topological gradient

IDIVU(2) - VW (2) + U (2) W (2). (2.48)

G is known in each node of the triangulation 7. Hence, the search for its minimum point z is
performed by a simple inspection between the nodal values of G. This, of course, requires the usage
of a sufficiently fine mesh 7j; otherwise, one may use any finite-dimensional optimization algorithm
but entailing the evaluation of G (and possibly its derivative, namely the Hessian of j) in points

where the values of U and W have not been computed.

2.3.2 Identification in presence of multiple measurements

The proposed Algorithm 1 allows to reconstruct the position of the exact inclusion with a sin-
gle measurement of the boundary datum. However, it exploits a first-order expansion of the cost
functional, and this can affect the precision of the reconstruction, due to the disregarded higher-
order terms. In order to overcome this drawback, similarly to the approach proposed in [52], it is
possible to take advantage of multiple measurements. Consider N7 > 1 different non zero forcing
terms f;,i = 1,..., NS, and suppose to know the respective boundary data Umeas,i, that is, the
solutions of the direct problem (2.5) with the same inclusion w, and the corresponding source term
fi- Introduce the cost functional

N
J(Q) =Y aidi(Q),  where Ji(Q.) = / (Ue — Umeas.i)?
i=1 o0
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and {ai}ilifl is a set of weights such that

NT
a; >0, > a;=1
=1

Then, the minimum point Z of the topological gradient G(z) = ), o;G;(z) provides a better ap-
proximation of the inclusion’s center than the minima Z; of each G;, the topological gradient of J;,
filtering possible errors induced by the asymptotic analysis carried out on each functional J;. Hence,

we perform a slight variation of Algorithm 1, in the case where multiple observations are available:

Require: domain €2, forcing terms f;, boundary data wmeqs,i, ¢ = 1, ... N7
Ensure: approximated center of the inclusion, z
fori=1,...,N7 do
compute U; by solving (2.1) with forcing term f;;
compute W; by solving (2.37) with Neumann datum U; — Umeqs,i;
determine G; according to (2.36);
end for
compute G(z) = Ei]ifl a;Gi(2);
find z s.t. G(2) < G(z) VzeQ.
Algorithm 2: Reconstruction of a single inclusion, many measurements

A possible way to define the weights {a1,...,apnr} is to take

o = SO/ming Gil 5y (2.49)

. . )
S 5i(0)/| ming Gy

which entails that the information provided by the topological gradient G; associated to a large

value of the cost functional j;(0) is considered to carry more significant information than the one
associated to a smaller value G, j # i. We remark that this requires the calculation (for each
meas

i=1,...,N¥) of j;(0) = fF,‘ (ul ... — U)?, which does not yield a significant computational cost,
once the unperturbed problem (2.1) has been solved.

2.3.3 Partial measurements

We describe another alternative to Algorithm 1, related to Remark 2.3, which is more interesting

for the sake of application. Suppose to have information on the boundary potential on a portion I"
of 9Q of the form:

NI‘
r={Jr, (2.50)
=1

with I'; open, connected, |I';| # 0 for alli = 1,..., N'. This configuration can model the presence of
NT different measurement devices on the boundary of the domain, on which we recover information
of the potential ul,,,,. Moreover, as in Algorithm 2, we set up the optimization of an averaged cost

functional

NF
J(Q) = ZaiJi(QE), where now  J;(2:) = /F (ue — umeas)2
i=1 i



34

CHAPTER 2. ELLIPTIC PROBLEM, SMALL INCLUSIONS

is the cost functional related to the single portion I'; of the boundary. This yields an alternative

reconstruction procedure, involving multiple partial measurements obtained with the same forcing

term f, as reported in Algorithm 3.

Require: domain €2, forcing term f, boundary data

r
meas

Ensure: approximated centre of the inclusion, z

compute U by solving (2.1) with forcing term f;
fori=1,---,NT do
compute W; by solving (2.37) with Neumann datum (U — ul,,.)xr,;
determine G; according to (2.36);
end for
compute G(z) = Zf\gl a;Gi(2);
find z s.t. G(2) < G(z) Vze.
Algorithm 3: Reconstruction of a single inclusion, partial measurements

We remark that, since the formula (2.36) for the topological gradient and the adjoint problem

(2.37) are linear with respect to W, using homogeneous weights o; = 1/N' would be equivalent to

rely on Algorithm 1 with boundary data acquired on the whole I". Instead, the choice of weights pro-

posed in (2.49) allows to assign a better predictive value to the information derived by measurements

on the portions I'; which correspond to larger values of the cost functionals j;.

2.4 Numerical results

We now show some numerical results obtained by applying Algorithms 1, 2 and 3 in several

2-dimensional benchmark cases. The goal is manifold:

i)

ii)

iii)

iv)

first of all (in section 2.4.1) we verify the effectiveness of the reconstruction, introducing a small
inhomogeneity of circular shape in a two-dimensional domain 2, simulating the associated
boundary potential wmeqs (I Umeqs,i for i =1,..., N7 in the case of multiple measurements),
and computing the distance between the center of the exact inclusion and the detected one;

in section 2.4.2 we assess the feasibility of the algorithms when the shape of the inclusion to
detect is unknown, and the reconstruction is performed with the polarization tensor of the circle.
Indeed, we exploit hypothesis (2.4) to assimilate an inclusion of small dimension to a circle, at

a first approximation;

in section 2.4.3, we test the reconstruction of circular inclusion in the case of measures performed
on portions of the boundary, according to Algorithm 3, considering a source term which is

significant for the foreseen application;

in section 2.4.4, we test the reconstruction of multiple circular inclusions, exploiting Algorithm

3 and reporting the presence of multiple local minima in the topological gradient;

in section 2.4.5, we assess the performance of Algorithm 3 in the case where the polarization
tensor features anisotropic effects, exploring in different benchmark cases the effect of different

rates of anisotropy on the reconstruction results;
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vi) finally, in section 2.4.6, we verify the stability of the procedure proposed in Algorithms 2 and 3
with respect to the presence of a measurement noise on the datum ,,eqs-

In each experiment, the solution of the differential problems is performed via the Galerkin-Finite
Element Method, as explained in Section 2.3. In order to properly consider inhomogeneities of small
dimensions (diam(§2)/diam(w:) < 0.05), a triangulation of 2 made by a large number of elements
(= 30,000) is considered. Indeed, since the position of the inclusion is unknown, it is impossible to
perform a local refinement of the mesh (which would increase the quality of the mesh without yielding
a large cost due to the greater size of the linear system to solve). However, thanks to the one-shot
approach, the reconstruction procedure is not expensive at all, and the overall computational time
is in general of the order of the minute *(e.g. when applying Algorithm 2 with N/ = 2 sources on
a mesh of about 30,000 elements, the computational time is about 10”, whereas Algorithm 3 on a
mesh of about 100,000 elements with NT' = 16 takes almost 100”).

In the case of multiple observations, we use the source terms proposed in [52] for the linear
problem: fi(z,y) = x, fa(x,y) = vy, f3(x,y) = vy, fa(z,y) = 0.5(x? — y?), for all (x,y) € Q. This
allows to assess the effectiveness of our reconstruction procedure in a benchmark case which is similar
to the ones proposed in the literature for the linear problem. Similarly e.g. to the results shown in
[52], also in our case it is not necessary to use more than N/ = 4 forcing terms: in particular, each
simulation is carried out with N/ = 1,--- 4 and, if the reconstructed position does not undergo
a significant change after the introduction of a new measurement, the procedure is stopped. The
weights a; in the averaged functional are chosen as in (2.49). When testing Algorithm 3, instead,

the chosen source term is inspired by the foreseen application.

2.4.1 Circular-shaped inclusion detection

We report the numerical results obtained for the detection of the center of small circular inclusions
in different positions of the domain 2 = B(0,1). In Figure 2.1 we plot the topological gradient G(z),
superimposing its negative minimum (white cross) and the boundary of the exact inclusion (white
circle of radius 0.04). The minima detected in all the cases are reported in Table 2.1, where we also
compute the Euclidean distance between the reconstructed position and the exact inclusion’s center.

In the column Ny we specify how many measurements were needed for finding the minima.

Real inclusion | Detected inclusion | Ny | Error
(0,0.1) (0.014,0.106) 2 | 0.016
(0.4,0.3) (0.363, 0.296) 3 | 0.037
(—0.65,0) (-0.603,0.005) 2 | 0.047
(0.4,-0.5) (0.431,-0.500) 3 | 0.031

Table 2.1: Detection of a circular-shaped inclusion: results

We observe that the algorithm detects the position of the inclusion with an average error of 0.04
in Euclidean norm, which is comparable to the size of the inclusion itself. Moreover, significant

differences can be observed according to the position of the inclusion. Except for the inclusions

*We performed the simulations with a laptop with CPU frequency of 2.10GHz, RAM 8GB
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Figure 2.1: Detection of a circular-shaped inclusion

located very close to the center, it holds that the closer the inclusion to the boundary, the more
accurate the reconstruction. However, if the inclusion is excessively close to boundary, the minimum

is detected along the boundary itself, which is of course in contrast with hypothesis (2.4).

2.4.2 Inclusion of unknown shape

Whether cannot rely on a priori knowledge on the shape of the inclusion to be identified, the
expression of the polarization tensor is in general not available. Nevertheless, even in this case, we
can apply the proposed algorithm for the reconstruction of small circular inclusions to identify the
position of inclusions with small size and unknown shape. In this section, we show that formula
(2.48), related to circular-shaped inclusions, can be successfully applied to detect (at some extent)
inclusions whose shape is unknown. In a first case, we reconstruct the center of an inclusion of
elliptic shape both with the exact polarization tensor (2.16) and with the one related to the circular
shape, given (2.15): see Figure 2.2 and Table 2.2. Then, we test the identification of inclusions
with more involved shapes, for which the polarization tensor is unknown. We report the qualitative

results of the detection of an L-shaped inclusion obtained by means of the polarization tensor of the
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circle (see Figure 2.3).
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Figure 2.2: Elliptic-shaped inclusion detection with different tensors

M Real inclusion center | x and y real semi-axis | Detected center | Error
Ellipse (0.3, 0.2) (0.07, 0.03) (0.302, 0.196) | 0.005
Circle (0.3, 0.2) (0.07, 0.03) (0.320, 0.181) | 0.028
Ellipse (0.5, 0) (0.04, 0.02) (0.487,-0.013) | 0.018
Circle (0.5, 0) (0.04, 0.02) (0.549, 0.009) | 0.050

Table 2.2: Elliptic-shaped inclusion detection with different tensors: results

o

Figure 2.3: L-shaped inclusion detection using the tensor corresponding to the circular shape
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In the case of inclusions of elliptic shape, we remark that the reconstruction error using the

polarization tensor of the circle is actually higher than, but comparable to, the one with the correct

tensor. Hence, the proposed one-shot algorithm can be used when dealing with the reconstruction

of inclusions of unknown shape and small dimensions, to provide a first approximation of the center



38 CHAPTER 2. ELLIPTIC PROBLEM, SMALL INCLUSIONS

by using the topological gradient associated to the polarization tensor of the circle. This can consist
in an initial guess for an iterative scheme, based e.g. on the level-set technique or on the evaluation
of the shape gradient of the functional J, if a shape optimization procedure is exploited for the
complete reconstruction of the geometry of the inclusion.

2.4.3 Partial measurements

In this section, we test Algorithm 3 for the reconstruction of a small circular inhomogeneity in
the domain Q = B(0, 1) using measurements of the potential on a portion I' of the boundary. In
particular, we consider a source term f(z,y) = 1 —exp(—r2/((z —x5)?+ (y—ys)?)), which attains its
maximum value in (z4,ys) € Q and exponentially decays outside a circular neighborhood of radius
rs, approximating the electrical stimulus originated in a specific region. Moreover, the region I' is
of the form prescribed by (2.50), where I'; are equivalent arcs of length 27¢.

We report some results of the reconstruction algorithm in the case where the exact inclusion has
center (0.5,0.4), the forcing stimulus is centered in (0,0) with radius rs = 0.3, £ = 1/48 and we
consider different numbers of portions NT: see Table 2.3 for the quantitative results and Figure 2.4,
where I' is marked with a thick black line.

NT | Detected inclusion | Error
8 (0.629, 0.530) 0.183
12 (0.482, 0.346) 0.057
16 (0.508, 0.423) 0.025
24 (0.489,-0.398) 0.011

Table 2.3: Reconstruction with partial measurements: results

2.4.4 Identification of multiple inclusions

We now test the effectiveness of the reconstruction algorithm when applied to data related to
multiple inclusions. We point out that, as reported in [30], the generalization of the asymptotic
expansion (2.14) to the case when w, = Zle 21 + eD; reads as follows:

M=

(ue = U)(y) = " Y [(1 = k)VU(21)" M(21) Ve Nu (21, 9) + U (21) Nur (21, 9)]

1 (2.51)
+o(e™), ase—0, Yyed

It is possible to deduce from (2.51) a reconstruction formula for the topological gradient, and
to devise a (possibly) iterative reconstruction algorithm to reconstruct L different inclusions of
arbitrarily different shapes. In the present work, however, we consider the case in which all the
inclusions to be identified are supposed to be of circular shape. Moreover, according to the results
reported in subsection 2.4.2, this may be the natural choice in order to avoid the requirement of a
priori knowledge on the different shapes D;. In Figure 2.5 we show that the topological gradient
computed as in Algorithm 3 identifies different local minima in presence of multiple inclusions. The

global minimum, in particular, is found to be very close to one of the inclusions; the subregion where
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Figure 2.4: Reconstruction with partial measurements: results

the topological gradient is under a given threshold (say, 7 = (1—a)G(Z), being Z the global minimum
point, for a small, chosen « € (0,1/2)), would contain all the inclusions. Only if the inclusions are
too close each other, the algorithm may fail in distinguish them.

2.4.5 Identification of inclusions in presence of anisotropy

In this subsection, we show some results related to the case of an anisotropic medium. We suppose
the expressions of the anisotropic conductivity matrices K7 and K5 to be known, and exploit them
in the application of Algorithm 3, in the formulation of the background and adjoint problem as well
as in the computation of the polarization tensor, according to Remark 2.4 and formula (2.39). Given
the spectral decomposition of K7:

Ki(z) = M(@)v(2) @ v1(2) + Ao (@)v2(2) @ v2(2),

where \;(z) are the (positive real) eigenvalues of K;(z) and v;(x) the respective eigenvectors, we
consider two benchmark cases. We suppose the eigenvalues A1, A2 to be constant within 2 and
the eigenvectors in each point to be either parallel to the Cartesian axes (Test A), or to the radial
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and the tangential directions with respect to the center of the domain (Test B). We assume that
Ky(x) = kK7 (x), with k < 1: dealing with inclusions of small size, the expression of the conductivity
inside w. is not the object of the present investigation. In Figure 2.6 and Table 2.4 we report
some qualitative and quantitative results of the reconstruction algorithm, in presence of different
parameters A;, A, (the eigenvalues associated to the principal directions in Test A) or A,, Ag (in
Test B).

Test Detected inclusion | Error
Test A: Ay =1, Ay =2 (0.444, 0.251) 0.064
Test At Ay =1, Ay =3 (0.474, 0.230) 0.102
Test A: Az =2, Ay =1 (0.438, 0.272) 0.047
Test A: Ay =3, Ay =1 (0.436, 0.218) 0.090
Test B: A\, =1, \g =2 (0.470, 0.360) 0.092
Test B: A\, =1, \g =3 (0.467,-0.378) 0.103

Table 2.4: Reconstruction in the anisotropic case: results with real inclusion in (0.4,0.3)



2.4. NUMERICAL RESULTS 41

=108 «10%

1T — 1 —_ -
06 08| e ~ 8
LI osf g .
04r 041
ozt f \ 7 azp [ :

L ok )
o2f \ / azt \ - ]
04r - 04t 2
os N / ' o5l N / 4
08 ~ - ' 48[ ~ -

_— —_— -
1 05 0 05 1

4 —_— —_—
-1 -0.5 ] 05 1

o

(a) Test A: Ap =1, Ay =2 (b) Test A: Az =3, Ay =1

%108

1r — 1 — -
08 e \ 08 - ~ 4
0sf 06 7 \
2

04T 0.4

ozt ozt f i )
of 0
o2t 0zt \ . ! 2
D4t 04
06 06 N / 4
08F 08 ~ — .
T 05 0 05 1 1 05 0 05 1 «10®

(c) Test B: Ay =1, \g =2 (d) Test B: Ay, =1, Ag =2

Figure 2.6: Results in the anisotropic case

The position of the exact inclusion is detected in all the proposed configurations, although the

accuracy seems to decrease when the ratio between the eigenvalues increases.

2.4.6 Effect of experimental noise

In this last subsection, we show the stability of Algorithms 2 and 3 with respect to possible
experimental or measurement noise on the boundary data. We neglect in this case possible aniso-
tropic effects, aiming at identifying a single inclusion. We perturb the value of the exact solution
computed on the boundary up to a fixed percentage p (@meas(T) = Umeas(2)(1 — p/2 + rand(x)p),
where rand(z) is a random number between 0 and 1 for each z € ), assessing the performances
of the reconstruction procedures. Some results in the case of the reconstruction of circular-shaped
inclusions with multiple measurements are reported in Figure 2.7 and in Table 2.5. We conducted
the simulation 100 times with different realizations of the random experimental noise, reporting the
average error obtained; the cases where the inclusion was detected on the boundary (and thus the
reconstruction fails) are not taken into account, but are reported in Table 2.5 as “failure” cases. In

Table 2.6 and in Figure 2.8, instead, we report the results obtained in the case of partial measu-
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rements affected by noise, in the case of N = 12,16, 24 portions of the boundary of length 27/,

¢ =1/48. Each simulation was conducted 20 times with different random errors; the average results

are then reported.

Percentage | Real inclusion’s center | Failure | Mean error
1% (0.2,-0.2) 0% 0.026
2% (0.2,-0.2) 0% 0.034
5% (0.2,-0.2) 0% 0.082
10% (0.2,-0.2) 33% 0.212

Table 2.5: Results under experimental errors: multiple measurements
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Figure 2.7: Results under experimental errors: multiple measurements

We point in the first case, i.e. the reconstruction with many measurements, that the detected
position is stable under small perturbations of the data (namely, the error in reconstruction grows
almost linearly with respect to the experimental noise), but there exists a threshold value (e.g., in
the first case, below 10%) above which the information provided by the topological gradient is too
noisy to be meaningful for the sake of reconstruction. The same happens in the second case, for each
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N'=12 | NI =16 | NT =24

p=1% 0.087 0.030 0.021

p=2% 0.103 0.087 0.040

p=5% 0.254 0.170 0.138

Table 2.6: Results under experimental errors: partial measurements
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Figure 2.8: Results under experimental errors: partial measurements

number NT of portions I'; considered. This consists in a numerical validation of the local stability

result proved in Section 2.2 for the inverse problem under discussion.
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Chapter 3

Detection of small inclusions in a
semilinear parabolic boundary

value problem

In this chapter, we develop theoretical analysis and numerical reconstruction techniques for the
solution of an inverse boundary value problem dealing with a semilinear parabolic equation, which
consists in a significant intermediate problem in order to tackle the full complexity of the evolution
of the electric potential in the myocardial tissue.

The determination of diffusion coefficients as well as of reaction terms for parabolic equations
and, to a lesser extent, also the identification of unknown inclusions in the spatial domain is an
extensively studied class of inverse problems (see, e.g., [91] [36], [90], [111] and references therein).
Even when dealing with boundary value problems involving linear partial differential equations, the
corresponding inverse problems turn out to be nonlinear, and this entails severe difficulties both for
the well-posedness analysis and for the development of reconstruction algorithms. The problem we
consider in this chapter is a mathematical challenge itself, never considered before from a rigorous
analytical viewpoint. Indeed, here the difficulties include the nonlinearity of both the direct and the
inverse problem, as well as the lack of measurements at disposal.

Our approach in tackling this problem is to develop a rigorous theoretical investigation both for
the analysis and the numerical approximation of this inverse problem, inspired by the results obtained
in a simpler stationary case in [30] and in Chapter 2. In particular, additional assumptions are needed
to obtain rigorous theoretical results, namely by considering small-size conductivity inhomogeneities.
We thus model ischemic regions as small inclusions w, where the electric conductivity is significantly
smaller than the one of healthy tissue and there is no ion transport. We establish a rigorous
asymptotic expansion of the boundary potential perturbation due to the presence of the inclusion
adapting to the parabolic nonlinear case the approach introduced by Capdeboscq and Vogelius in
[47] for the case of the linear conductivity equation. A similar approach has also been used in
Thermal Imaging (see, e.g., [12]).

We use these results to set a reconstruction procedure for detecting the inclusion. To this aim,

45
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as in Chapter 2, we propose a reconstruction algorithm based on topological optimization, where a
suitable quadratic functional is minimized to detect the position of the inclusion under a small size
assumption (see also [52]). This requires the solution of two initial and boundary value problems, the
background problem and the adjoint one, which are discretized by means of a Galerkin finite element
method. Numerical results obtained on an idealized left ventricle geometry assess the feasibility of
the proposed procedure. Several numerical test cases also show the robustness of the reconstruction
procedure with respect to measurement noise, unavoidable when dealing with real data.

The chapter is organized as follows. In Section 3.1 we briefly describe the model and the direct
and inverse problems which are the object of study. In Section 3.2 we show some suitable well-
posedness results concerning the direct problems, in the unperturbed (background) and perturbed
cases. In Section 3.3 we prove useful energy estimates of the difference of the solutions of the two pre-
vious problems. The asymptotic expansion formula is derived in Section 3.4 and the reconstruction

algorithm in Section 3.5. Numerical results are finally provided in Section 3.6.

3.1 The monodomain model of cardiac electrophysiology

Throughout the chapter we consider the following (background) initial and boundary value pro-

blem
vCpuy — div(koVu) + vf(u) =0, in Qx (0,7),
% =0, on 900Qx(0,7), (3.1)
u(0) = ug, in

where Q ¢ R? is a bounded set with boundary 99, and ko € R, ko > 0.

As outlined in Chapter 1, this problem consists in a particular version of the monodomain model
describing the macroscopic electric activity of the heart [132, 61]. This equation yields a macroscopic
model of the cardiac tissue, arising from the superposition of intra and extra cellular media, both
assumed to occupy the whole heart volume (bidomain model), making the hypothesis that the
extracellular and the intracellular conductivities are proportional quantities. Here €2 is the domain
occupied by the ventricle, u is the (transmembrane) electric potential, f(u) is a nonlinear term
modeling the ionic current flows across the membrane of cardiac cells, kg is the conductivity tensor
of the healthy tissue, C,, > 0 and v > 0 are two constant coefficients representing the membrane
capacitance and the surface area-to-volume ratio, respectively. For the sake of simplicity, in the
following sections we fix C,, = 1 and v = 1. We deal with an insulated heart, namely, we do
not consider the effect of the surrounding torso, which behaves as a passive conductor, whence the
Neumann boundary conditions. The initial datum ug represents the initial activation of the tissue,
arising from the propagation of the electrical impulse in the cardiac conduction system.

Throughout this chapter we assume (as performed, e.g., in [61, Sect. 4.2] and [132, Sect. 2.2])
that f(u) is a cubic function,

flu) = A%(u —up)(u —u2)(u —u3), u; €ER, up < ug < uz; (3.2)

this yields a phenomenological model which is capable of describing only the first part of the evolution
of the heart electrical potential during the heartbeat: namely, the fast propagation of the initial

stimulus, and not the slow plateau and repolarization phase. Phenomenological models allowing for
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an accurate description of the whole heartbeat require the ionic current to be described as a function
of u and at least a gating variable w: such models are not the object of study in this chapter.

Consider now a small inhomogeneity located in a measurable bounded domain w, C €2, such that
there exists a compact set Ky, with w. C Ky C €2, and a constant dy > 0 satisfying

diSt(wg,Q\Ko) >dy > 0. (33)

Moreover, we assume

lwe| > 0, ;1_% |we| = 0. (3.4)
In the inhomogeneity w. the conductivity coefficient and the nonlinearity take different values with
respect the ones in Q\w.. Indeed, according to biological observations, cells in an infarcted area are
no longer excitable, and the electrical conductivity in this portion of tissue is much smaller than
the one of healthy tissue. As a matter of fact, we incorporate the presence of an ischemia into the
model (3.5) by diverting (forcing) the ion transport to go around the infarcted areas, and by varying
the conductivity in such regions, similarly to what proposed in [105]. The problem we consider is

therefore
ui — div(k-Vu®) + xo\w. f(u®) =0, in Qx(0,7T),
3
O 0 on 90 x (0,T), (3.5)

on
u®(0) =wup, in €Q,

where yp stands for the characteristic function of a set D C R3. Here

ko in QN\we,
ke = (ko — k1)xa\w. + k1 = . (3.6)
k1 in we,
with ko, k1 € R, kg > k1 > 0.
The purpose of this chapter is to deal with the following problems:

Definition 3.1 (Direct problem). Knowing the inclusion w., determine the perturbed potential
ue (,t) associated to forall x € Q, t € (0,T) it through (3.5);

and conversely

Definition 3.2 (Inverse problem). Knowing the perturbed potential, and in particular only the
boundary measurement t,,eqs = Ue|go on 92 x (0,7, determine the inclusion w. associated to it
through (3.5)

The assumption made on the inclusion w. (namely, (3.3) and (3.4)) must be considered as regu-
larization hypotheses: i.e., we aim at exploiting them in order to derive rigorous analytical results
involved both in the analysis of the inverse problem and in the deduction of a reconstruction algo-
rithm. In order to embed information about prior knowledge on the shape of the ischemia, several
different strategies can be considered, especially from an algorithmic point of view. For instance, in
[105, 126] the parameters of a level set function are used to describe a non-homogeneous conductivity
tensor and the related ionic current. A different approach is taken into account in [8, 54|, where the
presence of an ischemia is instead described in terms of two (non-homogeneous in space) parameters
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of the ionic model; see also, e.g., [40] for similar considerations. Our approach is instead to assume
(3.3), (3.4) and proceed analogously as in [30], [33]. In the final sections, we in particular focus on
the identification of ischemias which can be assimilated to small spheres, whose position is unknown;
note that the whole setting can be extended also to non connected ischemias — recent experimental
measurements indeed show that ischemic regions are neither monolithic nor simply localized, see,

e.g., [19] — described by a finite number of (small) well-separated inhomogeneities.

3.2 Well posedness of the direct problem

Concerning the mathematical analysis of both the monodomain and the bidomain models, several
crucial results have been obtained for instance in [27, 39, 41, 61] in a general context. In the case we
are considering, it is possible to prove analogous results and even additional properties both in case
of healthy and ischemic tissue. Problem (3.1) hereon will be referred to as the background problem;
we devote Section 3.2.1 to the analysis of its well-posedness. The well-posedness of the perturbed
problem modeling the presence of a small inclusion in the domain will be instead analyzed in Section
3.2.2.

3.2.1 Well posedness of the background problem

We make the following assumptions:

Qe ac(0,1),

Auo (o) (3.7)

ug € C*(Q), up < ugp(z) <ug VYV € Q, e 0 Vo e 0.

Moreover, since f has the form (3.2), let us set

My = Hf||C([u1,u3])7 M; = ||f/HC’([U1,u3])' (3'8)

The following well posedness result holds.

Theorem 3.1. Let us assume (3.2), (3.7). Then problem (3.1) admits a unique solution u €
C?resl+a/2(Q) 5 [0,T)) such that

up <wulx,t) <wug, (x,t) €Qx][0,T], (3.9)

||u||cg+a11+a/2(§X[O’T] S C, (3.10)
where C is a positive constant depending (at most) on ko, T, Q, My, Mo, ||u0||cz+a(§).

Proof. The proof of (3.9) can be obtained using the results in [116] and [104]. In particular, [116,
Theorem 4.1, Chapter 2] provides an existence-comparison result for a rather general class of semili-
near parabolic boundary value problems, to which problem(3.1) belongs, as we demonstrate. First of
all, we remark that the constants & = u; and @ = ug can be considered respectively as an upper and
a lower solution of (3.1): they both identically satisfy the equation in € x (0,7), together with the
Neumann boundary condition; whereas thanks to assumption (3.7) it holds that u; < up(z) < ug in

Q. Moreover, the function f appearing in (3.1) satisfies

—AMu—v) < f(u) = f(v) < AMu—v) Yu,v € [uy,ug), (3.11)
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with ¢ a positive constant depending on A, uq,us,us. Indeed, since f is differentiable, Lebesgue’s

mean value theorem ensures that, Vu, v € [uq, ug] there exists £ € [, us] such that

flu) = f(v) = f(E)(u—v)

and being f'(u) = 3u? — 2(u1 + ug + uz)u + (uruz + uguz + uzuy) a continuous function, we can
surely find A > 0 s.t. |f/(u)| < A by taking, e.g., A = Ms. Then, according to [116, Theorem 4.1,
Chapter 2] there exists an unique solution u of (3.1), u € C?T*1+2/2(Q x (0,T)) and u; < u < us.
Since u is also continuous on € x [0, T, it is also possible to recover u € C?+*1+/2(Q x [0,T]) by
a combination of [104, Theorem 5.1.17 (ii), pag. 201] and [104, Theorem 5.1.20, pag. 205], setting
q(z,t) = —f(u(z,t)) as a right-hand side. We also have

lllgasassars@iiozn < C (Iollgase + lallcaars@xpo ) -

Finally, (3.10) follows from the definitions of ¢ and f and from the bound u; < u < ug. O

3.2.2 Well posedness of the perturbed problem

Hereon, for the sake of brevity, we will omit in all the integrals the dependence on the space
variable and/or on the time variable of the integrated functions, unless it is necessary to avoid
misunderstandings. Moreover, all inequalities depending on ¢ are valid for ¢ € (0,T).

The well-posedness of the perturbed problem (3.5) is provided by the following theorem.

Theorem 3.2. Assume (3.2), (3.6), (3.7). Then problem (3.5) admits a unique weak solution, i.e.

a function u® with distributional derivative ui such that

uf € L2(0,T; HY(Q)) N C([0,T]; L*()) N L*(Q* x (0,T)),

(3.12)
ué € L2(0,T; H*) + L*3(Q x (0,T)),
where Q" = Q\ w. and H* = (HY(Q))', satisfying
/ ) +/ k-Vu® - Vv +/ Xo\w. f(u®)v =0 (3.13)
Q Q Q

for allv € HY(Q), and distributionally in time. In addition, u® € C**/2(Q x [0,T]) and u; < u® <

us.
Proof. Recalling the definition of f, there exist £ > 0, a; > 0, ag > 0, A > 0 such that
arut — k < flu)u < agu® + k, Flu) > =\ (3.14)

Consider problem (3.5) in the weak form as in (3.13) Setting f(u) = f(u) — u, (3.13) becomes

/ ujvde Jr/ k-Vu® - Vudz +/ XQ\w. u vdx +/ xg\wsf(ue)vdx =0, YveHY(Q). (3.15)
Q Q Q Q
Observe that, thanks to following the Poincaré type inequality in [30, formula (A.4)]

12030y < S (12320 + lole@an ), ¥z € H@), (3.16)
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the bilinear form a.(u®,v) = (fQ k.Vu® - Vudz + fQ\we u%) is coercive. Indeed

ac(u®,u®) :/Qk5|Vu€|2dx+/Q\ (uf)?dx > S||UEH%{1(Q), (3.17)

where S is a positive constant depending on €2 and k1. Through the Faedo-Galerkin approximation
scheme it is possible to prove that problem (3.5) admits a unique weak solution u® satisfying (3.12).

We nevertheless report the main steps of the proof.

1. Discrete problems

Since a. is a coercive bilinear form, it associated to an operator A. : H'(Q) — H'(Q) such
that ac(u,v) = (A(u),v)g1, and A, is compact. According to the spectral theory of the
compact (self-adjoint) operators, there exists a basis of H!(2), orthonormal with respect to the
L?(2) norm, composed by eigenfunctions of A, {¥,};cn associated to eigenvalues {\; };en(see
[Raviart-Thomas]). Consider the basis {U;};en of eigenfunctions of B and fix a positive m €
N. Define V,,, = span{¥;, i = 1,...,m} C H'(Q) and the orthogonal projection operator
P, HY(Q) =V,

m
P, v v, Uy, = E v; ¥, v; = / vV,
i=1 Q

One can easily prove that ||[Pnvl|p2q) < [[vllr2), [Patllgigo) < (1 + z—‘l)) [0l 71 () Intro-

duce the functions ,, Wy, € Vi, s.t.
m
U (2,1) = D i (£) ¥4 ()
i=1

where the components u;, : R — R are the solutions in of the system of ordinary differential

equations:

i (£) + Adttim (1) + / (- x) Fum(®)T; =0 i=1....m
Q (3.18)
U (0) = P (uo)
The integral terms in the system are well posed due to properties (3.14). According to Cauchy-
Peano local existence theorem, since f and f are continuous functions with respect to u, the
solution of system (3.18) exists unique in C*(0,t,,), where t,, may depend on m. In order to
conclude that t,,, > T ¥m, we need to show that u,,(t) and wy,(t) are bounded in L>(0, T; L?)

independently of m, which will be done in the next step.

2. A priori estimates

We state and prove the following a priori uniform estimates regarding u,,; i.e., if its components

are solutions of system (3.18), they satisfy
||UM||L00(0,T;L2) <cy, (3.19)
”um”L?(O,T;Hl)v ||um||L4(Q*T) < ¢, (3.20)

[t | 20,7557 )+ L4/2 (@) < €35 (3.21)
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where u,, = 2111 Uimt; and ¢1,cq,c3 are positive constants depending on |Q|, T, ki, f,
luol| ;2. In order to prove them, take the m equations in (3.18), multiply them times u;,, and
sum together. Exploiting the eigenvalue and eigenvector properties, we obtain:

%%Hum('at)“m(sz)+as(um(',t),um(~,t))+/( — X ) f U ) (1) = 0. (3.22)

Q

Taking advantage of the coercivity of a. and of the estimate from below (3.14), via Young

inequality we get

1d k k
g 3 Ol + ST Ol + 1 [ hun 01 < 5100+ (145 ) im0

integrating from 0 to ¢ < T and using the fact that ||u,,(0)| 2 = ||Pm(uo)ll 2 < lJuol 2, we
obtain the following important estimate:

1 2 t 2 4
§||Um('7t)HL2(Q)+S/O [tm (-, $) 51 () + Q1llumlLaox (0,0

. ) . ) (3.23)
2 2
< gl (145 [ im0y + ol
As a consequence of (3.23), thanks to Gronwall’s inequality
et (-, )72y < (RIQIT + l[uol|Ze ey ) €7 = o, (3.24)
@ = (V)

which proves (3.19).
Moreover, taking (3.23) with ¢t = T via (3.24), we have

k 1
2 4 2
Sllumllzz 0,751y + 1 llumll s (e w0.1)) < |Q\T + (1 + 2) Tet + §||“0||L2(Q) = C2,

hence (3.20) holds with ¢; = max(y/ %, {/ 2—21)

Instead, in order to prove (3.21), we need to consider @,,(-,t) as a sum of two operators: one
in the dual of H'(Q) a.e. in (0,7) (and with square integrable H*-norm), and one in the dual
of L*(Q x (0,T)). Let v € H'(Q):

(1), = 3 (o (1)), = é/gu“”%” _ /Qum(~,t)vm,

i=1

where v,, = P,v. Taking the m equations of (3.18), multiplying each of them by v; and
summing up, we obtain

[ mot)m = =actn(0)0m) = [ Flun (0D
Q Q-
Consider now %) s.t. (u%),@* = —ac(Um (1), m):

. k
08D 000 = B0 0)| < ot Oy (122 Dol



CHAPTER 3. PARABOLIC PROBLEM, SMALL INCLUSIONS

. : - (2
hence H ‘ - ) is controlled by [[ull ;2 7.1, whence by co. Instead, consider w?
st(um J0)s == Jou f( ))vm: for each v € HY(Q),® € D(0,T),
1(2)
‘<<Um ( ‘ = o Jo f um U ® Hf ’ L4/3(Q*><(0,T))”Um(I)”LAl(QX(&T)).

Hence, using also (3.14),
< (120 || Flum] —c /THf(u (1)
LA3(Qx(0,T)) kq M LAz x0,1)) 0 m

3/4
<C</ / O‘l‘um ’ ‘4+k+|um(7 >|)4/3 )

< a1||um||L4(Q*><(O7T)) +a2|Q\3/4T3/4 < a1 +a2|Q|3/4T3/4.

i)

i3 3/4
L4/3(Q*)

We hence conclude that i, € L?(0,T; H*) + L*3(Qr) and that (3.21) is verified with a

suitable ¢4.

. Convergence to a solution

According to estimate (3.19), the solution of the discrete problem (3.18) is well defined globally
in C1(0,T;R™) for each m. Thanks to the provided a priori estimates, we know that the
sequences {u, }, {i;, } are bounded (uniformly in m) in the spaces L*(0,T; HY)NL*(Q* x (0,T))
and L2(0,T; H*) 4+ L*/3(Q x (0,T)) respectively. According to compactness results, we know
that Ju € L2(0,T; H') N L*(Q* x (0,T)), u* € L*(0,T; H*) + L*3(Q x (0,T)) s.t

L%(0,T,H") . L%*(0,T;H*)+L*?
gy — Uy Uy ————————

Moreover, since L2(0, T; H*)+L*3(Q2x(0,T)) C L*3(0,T; H*), {u,,} is such that lwmll r2(0,7; 10
and HBtumHLz;/g(O,T;H*) are bounded independently of m, and by [103, Theorem 5.1, Chapter

L?2(Qx(0,T)) .
1] this implies that, up to a subsequence, wu,, M i

We now study the asymptotic behaviour when m — +oco of the terms of

() + it 0) + [ (1= ) Fum)o =0 (3.25)
Q
which is equivalent to (3.18) if v,¢ € V,,, and in particular for v = ¥;.

e consider v € H(Q2), ® € D(0,7)

(T (g, 0y ®) = —( i (i, v}, ') = —</qu,<1>’> = ({ug,v)., D),

which implies that lim,, oo (Um, V)« = (ut, v)« in a distributional sense. Moreover, since

v® € L2(0,T; HY) N L*(Q* x (0,T)) we also have

lm ((Ty, 0) s, @) = ((u*,0)., D),

m—0o0

hence in addition u; = u* € L2(0,T; H*) N LY3(Q x (0,T));
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e consider v € H'(Q2) and ® € D(0,7T): by weak convergence,

m—r o0 m—ro0

T T
lim (ac(um,v), ®) :/0 lim ac(um, v®) :/0 ac(u, v®) = (a.(u,v), P);

e recall the expression f (u) = f(u) — uw: one easily proves that, by weak convergences

/ / = Xuw. ) Umv®P —>/ / — Xw. )Um v . (3.26)
Nevertheless, also

// = Xwe) [ (um) v<I>—>// — Xw. ) [ (u)v®; (3.27)

indeed, since u,, —> u, then (up to a subsequence) the convergence is also pointwise
almost everywhere, and this, together with the bound

I = Xeo ) (wm)v®@| L1 0.0y) < 1 (wm)ll Lars @ x 0,0 19| La (@) 1®lloe < clloll Ly 19l

(with ¢ = ¢(|Q|, T, c2, k, 1)) allows to apply the Lebesgue’s theorem of dominated con-

vergence.

Combining all the results that are previously listed, according to (3.25) we obtain that u

satisfies distributionally in time

<uhlo*4-a4u7v>+l/k — o)y =

Q

for all v € V,,, Vm, and since {V,,} is dense in H'(Q), the equation is satisfied for all

v € H(Q). This finally allows to conclude that u is a weak solution of problem (3.5). Moreover,
u € C([0,T]; L*()]): indeed, it holds that (us(-,t),u(-,t))s = &L |u(-, )H;(Q) in the sense of
distributions, and hence

Dl = = [ actut0.ut.0) = [ (=)t a0

where the right-hand side surely belongs to L'(0,T). By the fundamental theorem of calculus,
one obtains that u € C([0,T]; L2(Q)]).

4. Uniqueness

Consider two different solutions u,u’ of (3.5). By testing the weak form of (3.5) both for u
and v’ with w = v — v/ and subtracting, we get

30D+ [ RVl 0P + [ (1= o) () = £ )t ) =0
Using (3.16) and (3.11),

Sl Dl2aq@y + ST )y < (4 Nl ey,
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and integrating from 0 to T (since u(-,0) = u/(-,0) = o)

1 t
S IGO0y + S, O sy < (1+2) / (-, )12

this entails (via Gronwall’s inequality) that [[w(-,?)[;2(q) = 0 for all ¢ € (0,T’). Analogously
one proves that [[w(-, )|l 2 7.1y = 0 and [we (-, )l 20 1,14y 4 473 (2 (0,7)) = 0 and eventually
that « and «’ are the same solution.

Denote now the unique weak solution of (3.5) as u®. In order to obtain further regularity for u®,

let {¢,} be a sequence such that

¢n €CH(Q), 0< ¢p(z) <1, Vo € Q, and ¢, = xo\w. in L2(9), (3.28)

and formulate the approximating problems

uf — div(((ko — k1) pn + k1)VUu™) + dnf(u™) =0, in Qx (0,7),

361; —0, on 90 x (0,7), (3.29)

u™(0) = ug, in .

Using the same arguments as in the proof of Theorem 3.1, since the coefficients of (3.29) are suffi-
ciently smooth, we can prove that, Vn € N, problem (3.29) admits a unique solution u™ such that
u € O Z(Q 5 [0,T)), wy < u(x,t) <wus, (x,t) € Qx[0,T].

Regarding the sequence of regularized solutions {u™} we can derive uniform estimates similar to the

ones for u®, and even more restrictive, exploiting the uniform bound u” € [uy, usl:

HunHLoo(o’T;L?) < ci, (3.30)
||un||L2(0,T;H1) < g, (3.31)
luf [l 20,71y < €3 (3.32)

with constants ¢y, cq, ¢3 independent of n. Indeed, the weak formulation of problem (3.29) is

/ W + / (ko — k1 )én + k1) V™ - Vo +/ buf(uMo =0, Yoe H(Q).  (3.33)
Q Q Q
By considering v = u™, exploiting the coercivity of the bilinear form and (3.11),

1 d n n n

5%”“ ¢ Ol L2y + Rallu” (Dl ) < B+ ) [[u” (D) 2 )

integrating in time and applying Gronwall’s inequality we conclude (3.30) and (3.31). Instead,
/ upv = — / ((ko — k1)bn + k1)Vu™ - Vo — / O f(u")v
Q Q Q

11
hence ”u?”Lz(O,T;H*) < HU?HLZ(Qx(QT)) < k0||un||L2(o,T;H1) + My |Q|=T=.

From (3.31) and (3.32) we can argue that 3¢ € L%(0,T; H'),(* € L*(0,T; H*) s.t. u®
L2(0,T;H™)

L%(0,T;H")

¢

and u? ¢*, and via [122, Theorem 8.1], we conclude also that (up to a subsequence)

t
2
u” M ¢ and pointwise almost everywhere. Consider now problem (3.33) solved by u™ and

take the limit of each term as ¢ — 0:
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e for any v € H'(Q), ® € D(0,T)

< lim <uf,v>*,fb> = 7< lim <un7v>*’(1)/> = 7</Q Cv7(bl> = <<<tav>*7q)>v

n— oo n— oo

which implies that lim, oo (us, v)x = (¢, v)s in a distributional sense. Moreover, since v® €

L?(0,T; H'), by weak convergence we also have

lim ((up, v}, @) = ((¢*,v), ),

n—oQ

hence in addition ¢; = ¢* € L(0,T; H*).

e We now prove that

/((ko — )bn + BV - Vo / k.VC - Vo, (3.34)
Q Q

by means of the following splitting: assuming the notation k" = ((ko — k1)én + k1),

/(k”Vu” — k.V() - Vo = / K"V (u" = ¢) - Vo + / (K" = ke)VC) - Vo.
Q Q @

The first term in the right-hand side tends to 0 due to the weak convergence of u™ and the
uniform bound k™ < kg; whereas the second term converges to 0 due to dominated convergence
theorem.

e Finally, the convergence of the last term holds: for all v € H'(Q2) and in a distributional sense
in time,

[ ensro= [ @ =xasw.

This can be proved invoking the dominated convergence theorem, since ¢, and u" converge
pointwise (a.e.) and the uniform bound u™ € [uy,ug] implies that | f(u™)| < My in Q x (0,T).

Collecting all the results, we can assess that ( is a weak solution of (3.5), and by uniqueness of the
weak solution we conclude that ¢ = u®. Moreover, by (a.e.) pointwise convergence, u. satisfies

up < uf(z,t) <wug, a.edin Q x [0,7). (3.35)

Eventually, the additional (Holder) regularity on u° can be recovered via [99, Theorem 10.1, Chapter
3]. Indeed, u® satisfies
u® — div(k.Vu®) = —(1 — xw. ) f(u®);

the hypothesis of the theorem hold since k. € L>=(£2), u. € L>®(Q2 x (0,T")) and hence also f(u®) €
L>(Q x (0,T)). We can extend the results up to the boundary due to the assumptions on 92 and
g, and conclude u. € C*/2(Q x [0,T)). O

3.3 Energy estimates for u° — u

In this section we prove some energy estimates for the difference between u* and u, solutions to
problem (3.5) and problem (3.1), respectively, that are crucial to establish the asymptotic formula
for u® — w of Theorem 3.3 in Section 3.4.
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Proposition 3.1. Assume (3.2), (3.6), (3.7). Setting w := u® — u, then

lwl| Lo 0,7;L2(02)) < Clwe "2, (3.36)

lwll 20,7311 (@) < Clave| /. (3.37)
Moreover, there exists 0 < 8 < 1 such that

Hw||L2(QX(07T)) < C|w5\§+ﬂ. (338)
Here C' stands for a positive constant depending (at most) on ko, k1, Q, T, My, Ma, [[uo || c2+a ) -

Proof. Throughout the proof C' will be as in the statement of the Theorem. According to the
hypotheses, Theorems 3.1 and 3.2 hold. Then w solves the problem

wy — div(k:Vw) + X w. Pew = —div(%waVu) + Xw. f(u), in Q x (0,T),

Jw

e 3.39
on 0, on 990 x (0,7), ( )
w(0) =0, in £,

where we have set k := ko — k1 >0 and
pew 1= f'(z)w = f(u) — f(u), (3.40)
ze satisfying u®(x,t) < z.(x,t) < wu(z,t). By means of (3.9), (3.35) and recalling (3.8), we have
uy < ze < ug, Ipe| = |f'(2e)| < M2, in Qx[0,T]. (3.41)

Multiplying the first equation in (3.39) by w and integrating by parts over €2, we get

1 ~
1d widx + / k. |Vw|?dx + / XQ/prEdex = / kXw.Vu - Vwdz + / Xw. f(w)wdz.
2dt Jg Q Q Q Q

Adding and subtracting / XO\w. (z)w?(x)dz and applying (3.17) we obtain
Q

Ld

We

kVu - Vwdz + / fwwdz — / XQ/w. (Pe — Dw?dz.
we Q

Recalling (3.8) and (3.41), thanks to Young’s inequality we deduce

(r)fae+ | (M2 ; g) W,

so that
1d 2 S (k)2 9 1 ) 3 )
st )" dz + Sllwllz o) < S5 /w |Vul dm—l—Q/%Mlda:—&— My + 5 /Qw de,  (3.42)

and finally, see (3.10),
d
w2y < C (el + ol Dlleqey ) -
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Recalling that w(-,0) = 0, an application of Gronwall’s Lemma implies
lw(, )22y < Clwel, te€(0,T), (3.43)

and (3.36) follows. Integrating now inequality (3.42) on (0,7) we get

T T
/Q W, T)dz + C / w<~,t>||%m>dtsc<|wg|+ / ||w<-,t>|i2<mdt>,

and a combination with (3.43) gives (3.37).
In order to obtain the more refined estimate (3.38), observe that w also solves problem

wy — div(ko Vw) + X w, pew = —div(%xwa Vuf) 4+ xw. f(u), in Q x (0,T),

ow

— = 3.44
o =0, on 92 (0,1), (3.44)
w(-,0) =0, in Q.

Let us now introduce the auxiliary function w, solution to the adjoint problem

wy + le(kovw) — XQ/wPeW = —W, in Q x (O,T)7

gw _ 0, on 90 x (0,7T), (3.45)
on

w(-,T) =0, in Q.
By the change of variable ¢ — T — ¢, problem (3.45) is equivalent to

z¢ — div(koVz) + X w.Pez = W, in Qx (0,T),

g—z =0, on 90 x (0,7), (3.46)

z(-,0) =0, in Q,

where we have set z(x,t) = w(x, T —t), pe(z,t) = pe(x, T — t), w(z,t) = w(z, T —1).
Since the coefficient ky is regular, |xq /.. pe| is bounded in € x [0,7] and even w € C*°/2(Q x
[0,T7), via [99, Theorem 9.1, Chapter 4] we can assess that

2 €Wy Q% (0,7)) == {2z € L* (2 x (0,T)) |z € H'(0,T; L*()) N L*(0,T; H*(Q))} .

Moreover, multiplying the first equation in (3.46) by z and integrating over 2, we get

1d
—— z2dw+k0/ |Vz|2dm+k:0/ szgc:/wzd:ﬁ—/xg/wsﬁngdaD—&—ko/ 22dx.
2dt Jq Q Q Q Q Q

By means of Young’s inequality and recalling (3.41), we have

1d ko 1, .
§£||Z('7t)||i2(g) + ?"Z('ﬂt)leﬁIl(Q) < %Hw("t)nian) + (My + ko) |2( D)l 72 (0

and then i )
aHz('vt)”%Z(Q) < %Hw('at)\\%?(sz) +2(Ms + ko) | 2(-, ) [|72 (-

Recalling that z(-,0) = 0, an application of Gronwall’s Lemma gives

12(, B)l[720) < Cllo (-, B)l[72(0)- (3.47)
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Since z € W', surely z, € L2(0,T; H'(Q)): let us now multiply the first equation in (3.46) by z
and integrate over 2. We get

k
/ 2 dr +j7/ |VZ|2d.’£_/’thdx_/XQ/w Pezzd.
o 2 dt Q

An application of Young’s inequality gives

1 2 2 A \2_ 2
= <
2/9 dr + 5 dt/ V2 dx /( )dx+/ﬂ>m/w5(pa) Zd,

and then

1 ko d “
LBy + 2LV Ol < 0GBy + MOy (348)

Combining (3.48) and (3.47), integrating in time on (0,t), and using Vz(-,0) = 0 we deduce

Hvz('vt)”%mz) < CHw”%P(Qx(O,t))? te (OvT)v
so that
12112 0,711 () < Cll@NT2 0% (0,7 (3.49)
The same computations also give
Izl Z2x 0,1 < Cll@N720% 0.1
Consider now problem (3.46), and in particular, rewriting the equation as follow:
—div(koV2) + Xq/w Pz = W — 24,

we can interpret (a.e. in (0,T)) z(-,t) as the solution of an elliptic problem with regular coefficient
ko and square integrable right-hand side, whose norm in L?(f2) is bounded by ||@(-, )l 2(q)- Then,
an application of standard elliptic regularity results to problem (3.46) (see [84, Theorem 2.4.2.6])
implies
120, Ol 2y < CUDC D 20y + 1205 DMl L2 (0)) < Cllw D) 220

and eventually

121220 7:12(02)) < Cll@NT2 0% 0,7 (3.50)
Recalling the definition of z and @, by estimates (3.49) and (3.50) we get

@117 o0 (0,711 (02)) + 1@ 720 122 (02)) < CllwllZzax(0.1))5 (3.51)
Finally, we want to prove that there exists p > 2 such that
1@l Lo (x (0,7)) + IV Lr@x (0.1)) < Cllwll2(x(0,1))- (3.52)
To this aim, on account of (3.51) and Sobolev immersion theorems, we deduce
@176 @ 0.7y) < Cl@IT o0 (0,751 2y < Cllwll 2% 0,7))-
Moreover, again from (3.51) we have

Vw € L>=(0,T; L*(Q)) N L*(0,T; L°(Q)).
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From well-known interpolation estimates (cf. [113]) we infer

10/3
vaHLl{J/s (2x(0,T)) < CVHV/LUHLQ’ 0,T;L6 Q))vaHL4/3 0,T;L2(Q))

and therefore, using (3.51),

10/3 10/3

||Vw||LlO/3(Q><(0 T)) < C||w||L2(Q><(O T))||w||L2(Q><(0 T)) < C||wHL2(Q><(0 T))?

so that (3.52) holds for any p € (2, 42].
Let us now multiply the evolution equation in (3.44) by w and the evolution equation in (3.45)

by w, respectively. Integrating on {2 we obtain

/ wywdx + ko/ Vw - Vwdz + / XQ/w. Pewwdr = E/ Vu® - Vwdz + / fwwdz,  (3.53)
Q Q Q w w

€ €

/@twdx—ko/ V@~dex—/xg/w£pgﬁwdx:—/ widz. (3.54)
Q Q Q Q

Summing up (3.53) and (3.54) we get

/(wtﬁ—i—ﬁtw)d:ﬂ :E/ Vuf -Vﬁdac—&—/ f(u)@dx—/deac,
Q We We Q2

subsequently, an integration in time on (0,7") gives

T T T T
/ / widzdt = —/ /(wtﬁ—&—ﬁtw)dxdt + k;/ / Vu® - Vwdzdt +/ / f(uw)wdzdt. (3.55)
0 Q 0 Q 0 We 0 We

Recalling the conditions at time ¢ = 0 for w and at time ¢t =T for w, we get

/de/OT(wtw—Fwtw) dt_/ﬂ((ww)(-,T)—(ww)(-,O)—/(JT(wwt+wtw)dt)dm_0

So that (3.55) becomes

T T T
/ / w?dxdt = k/ / Vu® - Vwdzdt +/ / f(u)wdzdt. (3.56)
0 Q 0 We 0 We

Using now Holder inequality we deduce
wl|Z20x 0,79) < VU | Lo (e x 0.1 IV Lo (e x 0,79 + 1 (@) ] 2o (@ (0,70 @] L2 (0 x (0,19)

where p and ¢ are conjugate indexes and therefore g € [10/7,2).
By means of (3.52) and (3.8), from the previous inequality we get

1
[wll72@x 0,7y < CllwllL2x 0.1y (”VUsHLq(wax(O,T)) + |we\") ;

and therefore
1
||w||L2(QX(07T)) S C (HVUEHL‘Z(UJEX(O,T)) + |w€| ‘1) . (3.57)
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Thanks to (3.10) we also have

VU || Lo x 0,1y < IV = V| Lo, x0,7)) + |Vl Lo (w. x 0,7))
1
<[Vl La(w. x 0,1)) + Clwe| 7.

Finally, using again Hoélder inequality and (3.37), we obtain

T .\ 3o\
||VwHLq(wEX(o,T)) < (/ ( |Vw‘1qu) (/ 1dac> dt>
0 We We

11 r ‘ 11
< Jwe|a72 </ IVwllZ2qydt | < |wel s~ 2[[Vw| Lao,r;220)
0
11 1

< C’(Q)\w5| a 2 ||vaL2(Q><(07T)) < C|w€| qa,
Combining the previous estimate with (3.57), since % € (3, 45] we can conclude that (3.38) holds
with 8 € (0, 1]. O
3.4 The asymptotic formula

In this section we derive and prove an asymptotic representation formula for w = u. — u in
analogy with [30] and [47]. Let ® = ®(z,¢) be any solution of

Dy + kgAD — f'(w)® =0, in Qx(0,7),

(3.58)
®(T)=0, in Q.
Our main result is the following

Theorem 3.3. Assume (3.2), (3.6), (3.7). Let u® and u be the solutions to (3.5) and (3.1) and ®
a solution to (3.58), respectively. Then, there exist a sequence w., satisfying (3.3) and (3.4) with

lwe,,| = 0, a regular Borel measure p and a symmetric matrizc M with elements M;; € L*($, dp)

such that, for e — 0,

/oT /em kog%)(ue ~w)dodt = |, | {/OT/Q (i“MV“ Ve + f(u)‘?)dudt + 0(1)} . (3.59)

To prove Theorem 3.3, we need to state some preliminary results. Let vﬁj ) and v") be the

variational solutions (depending only on z € Q) to the problems

div(k.-Vol’) =0, in Q, div(koVo@) =0, in Q,
(PVe) agiﬂ =n;, on 09, (PVo) 007 — ;. on 99, (3.60)
Joq vWdo =0, Joa vWdo =0,

n; being the j — th coordinate of the outward normal to 9Q. It can be easily verified that
xjdo. (3.61)

The following results hold



3.4. THE ASYMPTOTIC FORMULA 61

Proposition 3.2. Let v and vU) solutions to (3.60), then there exists C(2) > 0 such that
[0 =D 20y < C(Q) e (3.62)
Moreover, for some n € (0, 3), there exists C(Q,n) > 0 such that
[0 = v 2y < O m)lwe 7. (3.63)
Proof. See Lemma 1 in [47]. O

Proposition 3.3. Let u and u® be the solutions to problems (3.1) and (3.5), respectively. Consider
09 and v9) as in (3.60). Then, V® € CY(Q x [0,T)) s.t. ®(z,T) =0, it holds

T T
1 , 1 .
/ / ——Xw. Vu - VoD ®dzdt = / / ——Xw. VU - VoD ®dadt + o(1), & — 0. (3.64)
0 Ja lwel o Ja lwel

Proof. We follow the ideas in [30] and [47]. Since w = u® — u, then we obtain the identity
/ koVw -V (v(j)q)) dr = —/ kowVo'Y) . Vddr + kown; ®do +/ koVw - VOvP dz. (3.65)
Q Q i) Q
Moreover, we have

T T
/ / k.Vw -V (v§j>q>) dwdt :/ / k. (Vw VoD + V- Vo) + Vi - VO () — vU))) dzdt
0 JQ 0 JQ

T
:/ (—/ kewvaj)-Vq)dm—&-/ kownjq>da+/ koVw - Vv dz
0 Q o0 Q

+/(k:5 — ko)Vw - vq>v<j>dx+/ E.Vw - V(v — vU))dx)dt

Q Q
T . .

= / ( — / kowVod) . Vodr + kown; ®do + / koVw - Vo dz
0 Q o0 Q

—|—/ (k1 — ko) Vw - VO da: + / kVw - V& (vl — 09))da —
w Q

kewV (0 — o). V@daj) dt.
. Q

A combination with (3.65) gives
T ) T ) )
//kEVw~V(v§J)<I>)dxdt=/ (/ kOVw-V<v(J)<I>> da:—i—/ (k1 — ko)Vw - VO dz
0 JQ 0 Q We

+/ (ko—kl)wVv(j)~V¢>dx+/ kEVw~V@(v§j)—v(j))dx—/kng(véj)—v(j))-Vd)dx)dt.
w Q Q

e

Then, on account of (3.36), (3.37), (3.62), (3.63) and Schwarz inequality, we get
//kEVwV(véJ)(I))dxdt:/ (/ kOVw-V(vU)@)dx—/ Ww-vm(])dx) dt+o(|we]). (3.66)
0JQ 0 Q We

Let us consider now problems (3.39) and (3.44). Multiplying the first equation in (3.39) by v e
and the first equation in (3.44) by v) P, an integration by parts on € x (0,T) gives

T T
/ / [wtvéj)qﬂrkst V(D d) + XQ/prswvgj)fI)} dwdt = / / [kvu-V(vgﬂ’)@) + f(u)vgﬁcb] dedt,
0JQ 0 Jwe
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T
// {wtv(j)<1>+k0Vw-V(v(j) )+X9/w5pawv dxdt // kVu (D ®) + f(u)o V| drdt.
0Jo

By a combination of the previous three identities we obtain, for ¢ — 0,

T T T T
/ kVu-V(vgj)é)dmdt—F/ fuw)o ddrdt —/ / w9 ddxdt —/ / XQ/wapawvéj)Q’dajdt
0 Jw. 0 Jo. 0o Jo 0o Jo

T T T
:/ / k‘Vus-V(v(j)@)dxdt—F/ / f(u)v(j)tbdxdt—/ /wtv(j)@da:dt
0 Jw 0 Jue. 0 Jo

=

T T
—/ /XQ/%pswv(j)fI)dxdtf// kVw - Voo drdt + of|we|),
0 JQ 0 Jw.

from which we deduce

T
/ / EVu-V (0D ®)drdt = / / wi (v —v9)bdzrdt+k / / (Vuf-v(v“)@)—Vus.vqm(j))d:cdt
we 0 We

T
+// EVu-Vou) dedi— //Xﬂ/wspe () — v(j))fIJda:dtJr// f(w) (0P =09 ddzdt+o(|w.|).
0 Jwe We

0
By means of (3.57), (3.38), (3.62) and (3.63), and recalling also (3.8) and (3.41), an application of
the Holder inequality both in space and time gives, for ¢ — 0,

T T T
k// Vu~V(v§j)®)dxdt:/ / wt(véj)—v(j))q)dxdt+k// (VUE-VU(j)q)JrVwV(I)v(j))dxdt+0(|w5|),
We 0JQ 0 Jw

e

and then
~ T . T . .
k:/ / Vu - Vo) ddrdt = / / wy (v — v Ddadt
0 we 0JQ
~ T . ~ T . .
+ k/ / Vs - Vo) ddrdt + k/ Vu - VO — 09 dzdt + o(|w,])
/ / wy (v — 09 Ddadt + k/ Vs - VoD @dxdt + o(|w,]). (3.67)

Consider the first term in the last line of (3.67). Integrating by parts in time and recalling that
®(T) =0, w(0) =0, (v — v(j)) = 0, we finally have (cf. also (3.38), (3.63)), for ¢ — 0,

/ [ w0 = ozt = [ ol o@D~ [ Wil — )00 (368

// (w9 — )@ + w(v? —v))d dzdt // 09 — v ONddrdt = of|w,]).

Combining (3.67) and (3.68) we get

T T
k/ / Vu - Vol ddadt = k/ / Vus - VoD ®drdt + o(|jwe]), € — 0, (3.69)
0 0 w

e

then formula (3.64) is true.
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Proof of Theorem 3.3. Following [47, Sec.3], there exist a regular Borel measure u, a symmetric

matrix M with elements M,; € L*(, du), a sequence w,, with |w., | — 0 such that

_1 —1 6U§'i)
|™ Xw., dz — dp, |lwe,, | ™ Xoe, o dx — M,;dp,
1

‘wan

in the weak* topology of C°(Q). On account of (3.10), we deduce also

1 En \4
We ~ dx — Zid 5 te O,T 5
‘ n X 9 ; P . T M ja : 1% ( )

in the weak* topology of C°(Q). Moreover, recalling (3.10), (3.38) and (3.61), we get

T En (])
/ dt / Xovey OUT OV )
0 q |lwe, | Ox; Ox;

where C' is independent of €,. Hence

<,

X, 0z, oz dxdt — dv;

(3.70)

(3.71)

(3.72)

(3.73)

in the weak* topology of C°(Q x [0,7]). Combining (3.71), (3.73) and Proposition 3.3, we obtain

0
dv; = Mija—:z‘idu, Vit e (0,7).

(3.74)

Now, let us multiply the first equation in (3.58) by w and the first equation in (3.44) by ®.

Integrating on Q x (0,7T) and then by parts, we get

T T T T 0P
/ / d, wdxdt + / koV® - Vwdzdt — / f (u)Pwdxdt + / ko—=—wdodt = 0,
o Ja o Ja o Ja o Jag ~On
and

T T T
/ / wyPdzdt + / / koVw - Vodxdt + / / X /w. PewPdxdt
0 Q 0 Q 0 Q

T T
- / / FVuE - Vdrdt + / F(u)®dadt.
0 we 0 we

Summing up the two previous equations, we have

T T T 9
/ / (w® + ®pw)dxdt — / / I (u)Pwdxdt + / / ko—wdodt
0 JQ 0 JQ 0 Joo ~On

T T T
—|—/ / XQ/w. PewPdrdt = / / kVu® - Vodxdt +/ f(w)®dxdt.
0 JQ 0 Jwe 0 Jwe

Observe that the following identities hold

/OT/sl(wt(b + ®w)dxdt = /Q /OT(wq>)tdtdx = /Q (@, T)w(-,T) — (-, 0)w(-,0)) dz

(3.75)
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and then, from (3.75) we infer

/ / XQ/wapsw(I) f( CDU/ dxdt"‘/ / ko*ﬂ)dO’dt
o0 On

2/ kEVus V@dmdt—k/ (u)®dxdt. (3.76)
0 We

Moreover, on account of (3.38), we have
T
/ / (X0 w.Pew® — f'(u)Pw)dadt
0o Ja

T T
= / / (X0 /w. Pew® — X 0. [ (u)Pw)dzdt — / / I (u)Pwdxdt
0 Q 0 w

T B
= A /QXQ/wE (ps - f’(u))’w@dl‘dt + 0(|w5|) = o(|w€‘>_ (3.77)

The last equality in (3.77) is a consequence of the regularity of f (see (3.40), from which |p. — f'(u)| <
Clw| follows) and (3.38). Combining (3.76) and (3.77) we obtain

T 0P T~
/ ko—wdodt = |w,| / / <k|w5|7lwaVu€ -V + Xw5|w8|71f(u)¢’)da:dt + o(Jwe,, |)-
0 Joo = On 0 Ja
And finally, by means of (3.70), (3.73) and (3.74), formula (3.59) holds. O

Remark 3.1. We highlight that, with minor changes, the asymptotic expansion (3.59) extends to

the case of piecewise smooth anisotropic conductivities of the form

K. _{ Ko in Q\we, (3.78)
Ky in we,

where Ko, K; € C*(Q) are symmetric matrix valued functions satisfying
aolé]* < ETKo()€ < Bolel’,  auléf < ETKi(2)E < Bulé?, VEER® Ve,

with 0 < a3 < 81 < ag < Bp. Then, the asymptotic formula (3.59) becomes

4 4 ou 0P
/ KoV® - n(u® — u)dodt = |w€|/ / (M”( —Kip)ig=— “ -+ f(u)fb)dudt + o(Jwe])
o Joo 0 Ja dy, Oy
where ® solves
Dy + div(KeV®) — f(u)® =0, in Qx(0,T), (3.79)
®(T)=0, in Q,

and u is the background solution of

—div(KoVu) + f(u) =0, in Qx (0,7),
KoVu-n=0, on 090 x (0,7), (3.80)
u(0) =0, in Q.
The matrix M is called the polarization tensor associated to the inhomogeneity w.. Indeed, all the

results of the previous sections can be extended to the case of constant anisotropic coefficients using,

for instance, the regularity results contained in [99].
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Remark 3.2. Let us observe that the asymptotic expansion derived in Theorem 3.3 can be extended
to the case of a finite number of small well-separated inhomogeneities. Compare Section 6 of [30]
for the elliptic case.

3.5 A topological gradient-based reconstruction algorithm

We now take advantage of the asymptotic expansion (3.59) to set a numerical reconstruction
procedure for the inverse problem of detecting a spherical inhomogeneity w. from boundary measu-
rements of the electric potential. Following the approach of [33],[52] but taking now into account

the time-dependent nature of the problem, we introduce the mismatch functional

1 T
J(we) = 5/0 /m(us — Uneqs) dodt, (3.81)

where u® is the solution of the perturbed problem (3.5) in presence of an inclusion w. satisfying

hypotheses (3.3), (3.4). Then, the inverse problem can be reformulated as the following minimization
problem

J(we) — min (3.82)
among all the small inclusions, well separated from the boundary. We introduce the following

additional assumption on the exact inclusion
we=z+eD={recQst. x=2+e¢d, de D}, (3.83)

where z € 2 and D is an open, bounded, regular set containing the origin. We remark that we
prescribe the geometry of the inclusion to be fixed throughout the whole observation time. The
restriction of the functional J to the class of inclusions satisfying (3.83) is denoted by j(g;2). We
can now define the topological gradient G : & — R of j as the first order term appearing in the

asymptotic expansion of the cost functional with respect to €, namely
jlg;2) = j(0) + |we|G(2) + o(Jwe]), & — 0, (3.84)

where j(0) = fOT Jo0 (4 — Umeas)?dodt and u is the solution of the unperturbed problem (3.1).
Observe that j(0) does not depend on z.

Under the assumptions that the exact inclusion has a small size and satisfies hypothesis (3.83),
a reconstruction procedure consists in identifying the point z € 2 where the topological gradient G
attains its minimum. Indeed, the cost functional achieves the smallest value when it is evaluated in
the center of the exact inclusion. Thanks to the hypothesis of small size, we expect the reduction of
the cost functional j to be correctly described by the first order term G, up to a remainder which is
negligible with respect to €.

Nevertheless, in order to define a reconstruction algorithm, the efficient evaluation of the topo-
logical gradient G is required. According to the definition above,

Clo) — tiy 15 —3(O)
=0 |we|

Evaluating G in a single point z € € would require to solve the direct problem several times in
presence of inclusions centered at z with decreasing volume. This procedure can be indeed avoided
thanks to a useful representation formula that can be deduced from the asymptotic expansion (3.59).

To show this latter, we need the following preliminary
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Proposition 3.4. Consider the problem

By + koAD — f'(W)® =0, in Qx(0,T),
P
g—n =u®—u, on 9N x(0,T), (3.85)

(1) =0, in Q.

Given a compact set K C Q such that d(K,99Q) > do > 0 the following estimate holds

@l 2 0,mwr 00 (1)) < Cllus — ull 20,7502 (00))- (3.86)
Proof. Setting Z(t) = ®(T —t), t € (0,T), we get an equivalent problem to (3.85)

Zi —koAZ + f/(W)Z =0, in Qx(0,T),
7
g—n =u®—u, on 00 x(0,T), (3.87)

Z(0)=0, in Q.

We aim at proving that Z € L?(0,T; H3(K)), in view of the continuous embedding of such space in
L2(0,T; WH>°(K)) (hence in L'(0,T; W1°°(K))). Multiplying the first equation in (3.87) by Z, by
Young’s inequality it holds

1d ko
5£IIZ(-7t)H%z(Q> + EHVZ("t)”%?(Q) < CUIZ( D72y + 1@ =) 0)172000))s (3-88)

where C' = C(kg, M2,) > 0. An application of Gronwall’s lemma gives

1Z( 01720y < Cllv® = ull720,12000) € (0,T),
so that
121130 0.7 220)) < Cllu® — wllT2 0,72 (00 (3-89)
and also
IVZ 720,120 < Cllu® = ull 20 1:22(00)) (3.90)

where C' is a positive constant depending on kg, M5, 2, T. We remark that, by standard regularity
results, Z is smooth on E X [0, T], for any compact F C : indeed, via [99, Theorem 9.1, Chapter
4], Z e W3 (Q x (0,T)) € C(Q x (0,T)). Consider now two compact sets K; and Kj such that

KCKyCK;CQ, d(K1,00)>d >0.
It is possible to construct two functions &1, €2 and two constants by, by satisfying
&EEC?Q), 0<&<1, &Go)=1 VeeK;, &x)=0 VeeB; i=1,2,
B, ={zxeQ:dz,00)<b}, 0<b <by<dy, K CCSuppé CC K; C Supp& C Q.

Let us multiply the first equation of (3.85) by —AZ. Then it holds

% (;|vz|2) +ko(AZ)? - f(u)ZAZ = div(Z,V Z). (3.91)



3.5. A TOPOLOGICAL GRADIENT-BASED RECONSTRUCTION ALGORITHM 67

Multiplying (3.91) by &, integrating on © x (0,7) and using the definitions of Z, we get

1 T T T
/ —|VZ(-,T)*&1dx + ko/ /(AZ)2§1dxdt = / / (W) ZAZE ddt — / / N Z - NV dxdt;
Q2 0JQ 0JQ 0./
(3.92)
we remark that the integral terms are well defined thanks to the additional regularity z € W22 ’1(Q X
(0,T)) C L*(0,T; H?(2)) Combining (3.92) and the first equation in (3.87), applying Young’s ine-
quality and taking into account (3.41) and the fact that 0 < £ < 1, we obtain

T T T
. 2 2 2 _ _ g .
/Q IV Z(-, T)[2¢1dw+ko /0 /Q (AZ)%¢ dwdt < 2M, /0 /Q Z2dzdt—2 /O /Q (ko AZ—f'(w)Z2)V Z-VE dadt.

Integrating by parts the term fOT Jo AZN Z - V& dadt, we easily deduce

/Q IVZ(.,T)P&rde + /OT/Q(AZ)Q&CZ%C# <C (||Z||2L2(0,T;L2(Q)) + HVZH%?(O,T;LQ(Q))) , o (3.93)
where C' is a positive constant depending on My, ko, £&1. Hence, since £ = 1 in kg, we get
1AZ|72 0,720y < C (||Z||2L2(0,T;L2(Q)) + ||VZ||%2(0,T;L2(Q))) . (3.94)
Observe that, replacing T by ¢t € (0,7] in (3.93), we deduce also
IVZ| Lo (o,1L2(k1)) < C (||ZH%2(0,T;L2(Q)) + HVZ||2L2(0,T;L2(Q))) . (3.95)

Combining (3.89), (3.94) and (3.95), we obtain

121172 0,052 (1)) < Cllu® = wllZ2(0 7,02 (000)) (3.96)
where C' is a positive constant depending on kg, Mo, Q, T, &;.
On account of the first equation in (3.87) and the previous estimates, we get
1Zel1220.7:22(500)) < CUIZIT2 0, 020)) + IV 21220 7:020)) < Cllu® = ulliz o200y, (3-97)

where C' is a positive constant depending on ko, M>, Q, T, &;.
Now, let us multiply the first equation of (3.87) by —AZ;. We obtain

~ZNZ; + %%(AZ)Q — fl(w)ZAZ; = 0.

Multiplying the previous equation by £ and integrating on Q x (0,T"), then a suitable integration

// |VZt|2§2dxdt+—// —(AZ)?¢dxdt
0Jo 2 Jo Jodt

T T
+/0/Q§22f"(u)vu'vztdxdt+/0/Q§2f’(u)VZ~Vth:vdt

by parts in space implies

- /OT/Q div (;V((Zt)z)) EzdxdtJr/OT/Q div (V(f' ()2 Z)dwdt — 2,9 (f'(u)Z) ) xdadt.
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Integrating by parts in time the second term of the left-hand side and by parts in space the terms

in the right-hand side, by an application of Young’s inequality we finally get

T T T T T
/ |V Z,|>dxdt g//|VZt|2§2dxdt§C //|Z|2dxdt+// \VZ|2dxdt+// (Zy)?dzxdt | ,
0 JK> 0JQ 0JQ 0JQ 0 JK;

where the constant C' > 0 depends on &3, M. A combination with (3.89), (3.90), (3.97) gives

IVZiell72 0,02 (0y) < Cllu® = ull 220,122 00))

where the constant C' > 0 depends on kg, M2, 2, T, &1, &2. In order to prove the desired regularity, we
need to take into account also the third-order derivatives, in particular the operator VAZ. Observe
that from the first equation in (3.87) we get

VAZ = ki (V2 + 21" (0)Vu+ f (0)VZ). (3.98)
0

Hence, we can conclude
HVAZH%Z(O,T;LZ(KQ)) < Ol — u||2L2(O,T;L2(aQ))a

where C' is a positive constant depending on kg, k—lo, Mo, QT &1,&s.
Recalling (3.96) and the fact that K C Ko C K1, standard regularity results imply

1Z11% 20713 (rcy) < Cllu = ullF2(0.1:12(00)) - (3.99)
Finally, from (3.96) and (3.99), by Sobolev immersion theorems, we get
1Z111 0,710 (x0)) < CONZN T2 0,0w100 (1)) < Cllu = ull720.1,02(06) (3.100)

where C' is a positive constant depending on kg, 17107 Mo, Q. T, &1,&s.
Recalling the relation between Z and ® we get (3.86). O

By Proposition 3.4, we deduce a representation formula for the topological gradient by introdu-

cing a suitable adjoint problem, according to the following

Proposition 3.5. The topological gradient of the cost functional j(e,z) can be expressed by
T o~
G(z) = / (k/\/qu(Z) YW (2) + f(u(z))W(z)) dt, (3.101)
0

where W is the solution of the adjoint problem:

Wi + koAW — f/(w)W =0, in Qx(0,T),
koaa—w = U — Umeas, on 0 x (0,T), (3.102)
n

W(T)=0, in .
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Proof. Consider the difference

3(8:2) = §(0) = Sl = wmeas 72 (0,7, 2(00)) = 51 = tmeas|Z2 (0,152 00)

g 1 , (3.103)
[ ]t o+ sy

According to (3.59) and to the definition of the adjoint problem (3.102), we can express

/OT/aQ(uE — ) (U — Upeas)dodt = |w,| {/OT/QEMW - VWdpdt + /OT/Q fw)Wdpdt + 0(1)} .

Since we assume (3.83), the measure p associated to the inclusion is the Dirac mass ¢, centered in

point z (see [47]). Hence

T T
/ / (U — ) (t — Uneas )dodt = |w] / {k/\/qu(z) VW (2) + f(u(z))W(z)} dt + o(|we]).
o Joo 0
(3.104)
Moreover, by (3.59), the second term in the left-hand side of (3.103) can be expressed as

/0 /69(uE —u)(u® —u)dodt = |w5\/0 {EMVU(Z) -Vo(z) + f(u(z))@(z)} dt + o(|wel),

where ® is the solution to (3.85). Thanks to regularity results on u (see Theorem 3.1) and using
Proposition 3.4 with K = Qg4, = {z € Q s.t. d(z,0) > dp}, we obtain

/0 /(m(ua —u)(u® — u)dodt < Cw,| {/0 |V<I>(z)\dt+/0 |<I>(z)|dt} + o(Jwe])

. ) (3.105)
< Clwelllu® = ullz20,7,L2(00)) + o|we|) < Clwe|lu” — ullL2(0,1,51(0)) + o(|w:|)
< Clwe |2 + o|we) = of|wel)-
Replacing (3.104) and (3.105) in (3.103), we finally get
T _ T
j(g;2) — 7(0) = |we| {/ EMVu(z) - VIV (z)dt —l—/ f(u(z))W(z)dt} + o(|we]).
0 0
O

Thanks to the representation formula (3.101), evaluating the topological gradient of the cost
functional requires just the solution of two initial and boundary value problems. This yields the
definition of a one-shot algorithm for the identification of the center of a small inclusion satisfying
hypothesis (3.83) (see Algorithm 4).

Guided by the application in electrophysiological we have in mind, we consider also the case of
partial boundary measurements where the support of u,,eqs 18 given by a subset I' C 9€2. In this case,
it is possible to formulate a slightly different optimization problem than (3.82), in which the mismatch
UE — Umeqn 1S minimized just on the portion I' of the boundary. The same reconstruction algorithm
can be devised for this problem by simply considering non-homogeneous Neumann conditions in the

adjoint problem (3.85) only on T
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Require: ug(z,0)Vz € Q, umeas(z,t) Vo € 9Q, t € (0,T).
Ensure: approximated centre of the inclusion, z

1. compute u by solving (3.1);

2. compute W by solving (3.102);

3. determine G according to (3.101);
4. find z s.t. G(2) < G(z) Vze.

Algorithm 4: Reconstruction of a single inclusion of small dimensions

3.6 Numerical results

We rely on the Galerkin finite element method for the numerical approximation of the background
problem (3.1) and the adjoint problem (3.102), as well as to compute the solution to the perturbed
problem (3.5) in presence of the exact inclusion when considering synthetic data teqs- The one-shot
procedure makes the reconstruction algorithm very efficient, only requiring the solution of an adjoint
problem for each acquired measurement over the time interval, without entailing any iterative (e.g.

descent) method for numerical optimization.

3.6.1 Finite Element approximation

The background problem (3.1) can be cast in weak form as follows: V ¢ € (0,T), find u(t) € V =
HY(Q) such that u(0) = ug and

/ wudr + [ kB1Vu-Vodr + [ f(u)vde =0, YovelV. (3.106)
Q Q Q

By introducing a finite-dimensional subspace V}, of V., dim(V,,) = N, < oo, the Galerkin (semi-
discretized in space) formulation of problem (3.106) reads: Vt € (0,T), find up(t) € Vi such that
up(0) = up,0 and

/Q(’U,h)t’l)hdl' + b(uh(t), 'Uh) + F(uh(t), ’Uh) =0, Yo, € Vy, (3107)

where b(u,v) = [, k1Vu - Vudr, F(u,v) = [, f(u)vdz, f is defined as in (3.2) and upp is the
H'-projection of uy onto V.

To obtain a full discretization of the problem, we introduce a finite difference approximation in
time. According to the strategy reported in [61], we rely on a semi-implicit scheme which allows an
efficient treatment of the nonlinear terms. Let us consider an uniform partition {¢"}2_,
interval [0,7] of step 7 = % st. t =0, tN = T. Then, the fully discrete formulation of (3.1) is

given by: Vn=0,...N —1, find uZ‘H € Vj, such that u = ug p, and

of the time

/ uZ“vhdaj - / upvpdr + Tb(uZ‘H, vp) + TF(up,vp) =0, Yo € V. (3.108)
Q Q

With the same discretization strategy one may describe a numerical scheme for the approximate

solution of the perturbed problem, using the weak form reported in (3.13) and introducing the forms

be(u,v) = / k:Vu - Vudz, F.(u,v) = / Xo\w. f(u)vdz.
Q Q
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The adjoint problem, instead, requires the introduction of the form dF(u,v;w) = fQ ' (w)uvdz,

which is bilinear with respect to u and v. Thanks to the linearity of the adjoint problem, we can

consider a fully implicit Crank-Nicolson scheme: ¥n =0,... N —1, find w? € V. = H'(Q) such that
N _

wy =0 and

/ wit o, de — / wpvpdr + % (b(wZ“,vh) + b(wpy, vn )+
Q Q

dF(wZH, Up; uzﬂ) + dF (wy, vp; u’ﬁ)) =

T (/ (uZ‘"1 — Upeas (")) updo —I—/ (upy — umeas(t”))vhdo) , VYo, €Vy.
2 \Joaa B
(3.109)
Existence and uniqueness of the solution to the fully-discrete problems (3.108) and (3.109) follow
by the well-posedness of the continuous problems, since V}, is a subspace of H'(Q); see, e.g., [76],
[127] and [61] for a detailed stability and convergence analysis of the proposed schemes.

The numerical setup for the simulation is represented in Figure 3.1. We consider an idealized
geometry of the left ventricle (which has been object of several studies, see e.g. [61]), and define
a tetrahedral tessellation 7j of the domain. The discrete space V}, is the P1-Finite Element space
over Tp, i.e. the space of the continuous functions over €2 which are linear polynomials when re-
stricted on each element T" € Tj,. The mesh we use for all the reported results consists of 24924
tetrahedral elements and Nj, = 5639 nodes. We report also the anisotropic structure considered in
all the reconstruction tests, according to [125, 118] and [61]. The conductivity matrix Ko for the
monodomain equation is given by Ko(z) = K¢(z)(K¢(z) + K'(z)) " 'K%(x), where K’ and K¢ are

orthotropic tensors with three constant positive real eigenvalues, namely
K®(z) = kej(z) @ €f(x) + kiéi(v) @ €(x) + kier(x) @ €(x)
K'(z) = kyej(x) ® €7 () + kyéi(x) @ €(2) + ké(2) @ €(x)
The eigenvectors €}, €; and ¢, are associated to the three principal directions of conductivity in

the heart tissue: respectively, the fiber centerline, the tangent direction to the heart sheets and the
transmural direction (normal to the sheets).

(a) Domain (b) Mesh (section) (¢) Fiber directions

Figure 3.1: Setup of numerical test cases

For the direct problem simulations, we consider the formulation reported in (3.1), specifying
realistic values for the parameters C,, and v. We have rescaled the values of w1, us, us and A% in
order to simulate the electric potential in the adimensional range [0,1]. The rescaling is given by
i = (a+ u)/B, where a = 0.085mV and = 0.125mV, whereas for the sake of simplicity we will
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still denote by w the rescaled variable 4. We consider the initial datum ug to be positive on a band
of the endocardium, representing the initial stimulus provided by the heart conducting system. The
most relevant parameters, chosen according to [80], [132], are reported in Table 3.1.

v Cm A% L ug | oug | ug k} ki ki kS | kf kS
5007 0.1% 020 (015 1| 3| 1/]0315] 2 |1.65] 1.351

Table 3.1: Numerical values of physical coefficients

In Figure 3.2 we report the solution of the discrete background problem (3.108) at different time

instants, comparing the isotropic and the anisotropic cases.

N 1.000e+00 N 1.000e+00 “ 1.000e+00
075 075 075
05 05 05
025 025 025
0.000e+00 0.0006+00 0.0006+00
(a) Isotropic case, t = 0.2 T (b) Isotropic case, t = 0.5 T (c) Isotropic case, t = 0.8 T
N 1.000e+00 4 1.000e+00 “ 1.000e+00
075 075 07s
0.5 0.5 0.5
025 025 \ 025
0.000e+00 0.000e+00 " 0.000e+00

(d) Anisotropic case, t = 0.2 T  (e) Anisotropic case, t = 0.5 T  (f) Anisotropic case, t = 0.8 T

Figure 3.2: Background problem simulation: isotropic case (top) and anisotropic case (bottom) at different

time instants

3.6.2 Reconstruction of small inclusions

We now tackle the problem of reconstructing the position of a small inhomogeneity using the
knowledge of the electric potential on a portion I' of the boundary. In particular, we assume that
Umeas 18 known on the endocardium, i.e. the inner surface of the heart cavity. In each numerical
experiment, we consider the presence of a spherical inclusion of small size ( the ratio pisen/pventr
between the radius of the inhomogeneity and the radius of the horizontal section of the ventricle
is 0.05) and consider a contrast of two orders of magnitude in the conductivity tensor between the
ischemic and healthy tissue: K; = 0.01-Ky. We generate synthetic data on a more refined mesh and
test the effectiveness of Algorithm 1 in the reconstruction of a small spherical inclusion in different
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positions. In Figure 3.3 we report the value of the topological gradient and superimpose the exact
inclusions (that is, the ones corresponding to the conductivity fields which have generated synthetic
data): we observe a negative region in proximity of the position of the real inclusion. The algorithm
precisely identifies the region where the inclusion is present, whereas the minimum may in general
be found along the endocardium also when the center of the real inclusion is not located on the
heart surface. Nevertheless, due to the domain thinness, the reconstructed position is found to be

close to the real one.

u u u
8.719e-02 3.008e-02 1.169e-01

- -1.0831 I -0.027698 I -0.0016935

-2.2534 -0.085477 -0.12025

- -3.4237 - -0.14326 - -0.2388

I -4.594e+00 I -2.010e-01 l -3.574e-01

u

u
l 1.441e-02 9.496e-02

- -0.1803

2.133e-04

- -0.17223
0.00012639

-0.35887 -0.45557

- 3.9452e-5

~ -0.5455 - -0.73083

-4.749e-5

I -7.321e-01 -1.006e+00

K .1.300e-04

Figure 3.3: Reconstruction of small inclusions: topological gradient for different configurations

This slight loss in accuracy seems to be an intrinsic limit of the topological gradient strategy
applied to the problem at hand. We point out that the reconstruction is performed by relying on a
single measurement acquired on the boundary. This latter is a constraint imposed by the physical
problem at hand, for which multiple measurements corresponding to different sources cannot be
retrieved. As a matter of fact, all the techniques based on several measurements in order to increase
the quality of the reconstruction are impracticable. A different strategy, as proposed in several works
focusing on steady problems, may consist in introducing a modification to the cost functional J. In
[11] and related works the authors introduce a cost functional inherited from imaging techniques,
whereas in [52], [117] different strategies involving the Kohn-Vogelius functional or similar ones are
explored. Nevertheless, the nonlinearity of the direct problem considered in this thesis prevents the
possibility to apply these techniques, since the analytical expressions of the fundamental solution,
single and double layer potentials would not be available in practice.

3.6.3 Reconstruction in presence of experimental noise

We then test the stability of the algorithm in presence of experimental noise on the measured
data umeqs- We consider different noise levels, according to the formula

Umeas (1'7 t) = Umeas (LE, t) + p77(177 t),
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where n(x,t) for each z,¢ is a Gaussian random variable with zero mean and standard deviation
equal to uz — uy, whereas p € [0, 1] is the noise level. In Figure 3.4 the results of the reconstruction
in presence of different noise levels are compared. The algorithm shows to be robust with respect to

large noise levels and increasingly accurate as the noise level reduces.

u u u
' 1.896e-01 5.715e-01 I 1.081e+00

- -1.0219 - -0.80616 - -0.35612

-2.2334 -2.1838 -1.7932

 -3.4449 - -3.5615 - -3.2303

I -4.656e+00 I -4.939e+00 I -4.667e+00

(a) p=1% (b) p=5% (c) p=10%

Figure 3.4: Reconstruction of small inclusions: results in presence of different noise levels

3.6.4 Reconstruction from partial discrete data

A further test case to assess at which extent the proposed procedure is effective deals with
the reconstruction of small inclusions starting from the knowledge of partial data. These latter
are provided by single measurements of the electric potential in a discrete set of points on the
endocardium, possibly simulating the procedure of intracavitary electric measurements. Figure 3.5
shows that the algorithm is able to detect the presence of a small inclusion from the knowledge of the
potential on N, = 246,61, 15 different points, shown in the bottom part of Figure 3.5. The position
of the reconstructed inclusion is slightly affected by the reduction of sampling points; nevertheless,
reliable reconstructions can be obtained even with a very small (compared to the number of mesh

vertices lying on that boundary) number of points.

For the same purpose, we have tested the capability of the reconstruction procedure to avoid
false positives: the algorithm is able to distinguish the case where inclusions are either present or
absent, also in the case where the data are recovered only at a finite set of points and are affected
by noise. We compare the value of the cost functional J and of the minimum of the topological
gradient G obtained through Algorithm 4 on data generated when (¢) a small inclusion is present
or (i7) no inclusion is considered. The measurement is performed on a set of N, = 100 points and
is affected by different noise levels. The results are reported in Table 3.2.

The presence of a small noise on measured data causes a great increase of J: with 5% noise,
e.g., the value of J is two orders of magnitude greater than the value assumed in presence of a
small inclusion without noise. Nevertheless, the topological gradient G allows to distinguish the
false positive cases, since (at least in the case of small noise level) the value attained by its minimum

in presence of a small inclusion is considerably lower than the random oscillations of G due to noise.
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7.749e-02 1.822e-01 4.625e-02
l -0.31983 l -0.11445 ' -0.0099502
-0.71716 -0.41108 -0.066154
-1.1145 -0.70771 -0.12236
I -1.512e+00 I -1.004e+00 I -1.786e-01
(b) N, = 61 (¢) Ny =15

Figure 3.5: Reconstruction of small inclusions in presence of partial data. Top: topological gradient;

bottom: mesh elements containing sampling points

Error | N, J mingG Error | N, J mingG
0% 100 | 0.275 | -0.5793 0% 100 | 0.000 0.000
1% 100 | 1.235 -0.589 1% 100 | 0.964 -0.044
2% 100 | 4.128 -0.530 2% 100 | 3.864 -0.105
5% 100 | 24.429 | -0.589 5% 100 | 24.148 | -0.189

(a) Results in presence of an inclusion (b) Results with no inclusion present

Table 3.2: False positive test. Comparison between reconstructions obtained from data measured in pre-
sence of an inclusion (left table) and data measured with no inclusion present (right table). The

null results in the first row of Table (b) are due to the usage of synthetic data.

3.6.5 Reconstruction of larger inclusions

We finally assess the performance of Algorithm 1, developed for the reconstruction of small
inclusions well separated from the boundary, in detecting the position of extended inclusions. This
case is of great potential interest in view of the problem of detecting ischemic regions*. The most
important assumption on which the one-shot procedure above relies is that the variation of the cost
functional when passing from the background case value (J(0)) to the value corresponding to the
exact inclusion can be correctly described by the first order term of its asymptotic expansion, namely
the topological gradient G. Removing the hypothesis of small size extension, we cannot rigorously
assess the accuracy of the algorithm; however, the proposed procedure still allows us to identify the

*Total occlusion of a major coronary artery generally causes the entire thickness of the ventricular wall to become
ischemic (transmural ischemia) or, alternatively, a significant ischemia only in the endocardium, that is, the inner layer
of the myocardium (subendocardial ischemia). See, e.g., [60] for a detailed investigation of the interaction between the

presence of moderate or severe subendocardial ischemic regions and the anisotropic structure of the cardiac muscle.
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location of the inclusion.

We report the results of some numerical experiments conducted in presence of an inclusion of
larger size, i.e., pisch/pPventr = 0.25, not even separated from the boundary. As depicted in Figure
3.6, the minimum of the topological gradient is close to the position of the inclusion and attains
lower values with respect to the previously reported cases. When considering very extended ischemic
regions (€.g. pPisch/Pventr = 0.5), though, the information given by the topological gradient is less
accurate — nevertheless, showing lower values close to the position of the inclusion.

J U

(a) radius = 1 (b) radius =1 (¢) radius = 2

1.146e+00
I

l 1.971e+00
- -12.263

- -27.291
-56.553
- -85.816

-25.672
- -39.081
I -5.249e+01

-1.151e+02

Figure 3.6: Reconstruction of larger inclusions, with pisch/pventr = 0.25 (left and center plot),

Pisch/ pventr = 0.5 (right plot). Top: exact inclusion; bottom: topological gradient

Moreover, in Figure 3.7 we assess the stability of the reconstruction with respect to the presence
of noisy data and partial measurements, as done in the case of small inclusions. Also in this case,
reliable reconstructions can be obtained even in presence of noise, and/or data measured in a small

number of points.

l 2,045e+00
- -18.582
-39.209

I 2.180e-01
- -1.8659
-3.9498

- -6.0337

- -59.836
I -8.118e+00

-8.046e+01
(a) Exact inclusion (b) Topological gradient, (¢) Topological gradient,

2% mnoise 2% mnoise, measurements

on 100 points

Figure 3.7: Larger ischemic regions: stability of the reconstruction



Chapter 4

A Shape Optimization approach
for the reconstruction of large
inclusions in a semilinear elliptic

problem

This chapter tackles the problem of detecting large inhomogeneities in the coefficients of a se-
milinear elliptic equation by means of an approach inspired by the shape derivative technique. In

particular, we consider the following Neumann problem, defined over Q C R?:

{—div(kau) +xowt’ =f  infQ,

(4.1)
koVu-v=20 on 0f,

where
lifrew
ky(z) = k<1.
{k if v € O\ w,

We want to tackle the following inverse problem: knowing the source term f and the measured data
Umeas ON the boundary of €2, determine the inclusion w such that it holds: u|sq = Umeas, being u the
solution of (4.1) with inclusion w. This consists in a natural continuation of the purposes of Chapter
2: we rely on the same model tackled in that chapter, but removing the regularization hypotheses
which allowed to perform an extended analysis. Namely, we do not assume that the inclusion to be
identified is of small size.

As outlined in Section 1.3, even on the linear counterpart of the problem the purpose of recon-
structing a piecewise constant coefficient from a finite number of measurements (or even a single
one) entails severe issues unless further assumptions on the inclusion are introduced. Moreover,
several reconstruction algorithms developed for the inverse conductivity problem fail to be applied
in the nonlinear context at hand, except for a restricted selection of variational methods.

In particular, the task of this chapter is to rigorously introduce a shape derivative approach for
the nonlinear inverse problem in consideration. This strategy allows to deal with the reconstruction

77
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of a discontinuous parameter, by starting with a reasonable initial guess of the inclusion (i.e., the
region in which the parameters assume a different value with respect to the reference one) and
perturbing its boundary. In order to do so, we aim at minimizing a suitable misfit functional,
endowed with a regularization term penalizing the perimeter of the inclusion. A deeper discussion
both on the motivation and on the main results involved with the introduction of the regularization
term can be found in Chapter 5. In order to study the sensitivity of the functional with respect to
perturbations of an existing inclusion, it is necessary to rigorously derive an asymptotic expansions
of suitable integral terms involving the boundary voltage. Finally, in view of these results and of the
tools of the Shape Optimization theory, an iterative algorithm for the reconstruction of the inclusion
is implemented.

The described strategy allows for the reconstruction of inclusions whose boundary is sufficiently
smooth; nevertheless, it is possible to extend the same results also in the case of polygonal inclusions.
In particular, we refer to [31] for the sensitivity analysis and to [34] for the shape-derivative based
reconstruction algorithm.

The outline of the chapter is the following one: in Section 4.1 we provide an accurate asymptotic
analysis of the solution of the direct problem associated to a large inclusion when small perturbations
of the boundary are made. In Section 4.2, instead, we exploit those results within to formulate a

reconstruction algorithm for the inverse problem based on the shape gradient of the cost functional.

4.1 Small perturbations of a large inclusion

As previously outlined, this chapter is focused on the reconstruction of inclusions of arbitrarily
large size, removing the assumption of small size. Nevertheless, we still assume some a priori
information regarding the solution we want to reconstruct: in particular, we look for inclusions w
which can be obtained as a smooth deformation of an initial shape wp (such that the boundary dwy
is of class C?), and well separated from the boundary. More precisely, our analysis focuses on small

regular perturbations w, of a fixed inclusion wy of the form:

Ow. = {y +eh(y)v(y),y € Owp}, (4.2)

being ¢ > 0, v(+) : dwp — R? the outward unit normal vector of dwy and h(-) € C?(dwg;R). Large
deformations of the original shape might be obtained by recursively applying small perturbations as
the one reported in (4.2).

Notation: in the sequel, we will recall Aw = woAwe, e\ 0 = w: \wg, 0\ &€ = wp \ we, Qr =
Q\ (wo Uwe), and the functions xo = Xwo> Xe = Xwos Xe\0 = Xwo\wor XO\e = Xwo\we Xr = X2
ko =1—(1—k)xo, ke =1 — (1 = k)x-.

4.1.1 The direct problem in presence of an inclusion: a review

The well-posedness of the direct problem in presence of wy has already been investigated in
Chapter 2, Proposition 2.1: indeed, no assumption on the size of the inclusion is required in the
proof. Hence, the solution uy of (4.1) with w = wy exists and is unique in H*(2). By the same

argument, proceeding as in [30, equation (4.14)] we can also prove that uy € C*(€).
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We remark, as it will be useful in the sequel, that the following transmission conditions hold in
a trace sense for ug:
ugp =ug on Owo,
V,uh =V,u§  on dw, (4.3)

kV,uy =Vyug  on 0wy,

where u§ = uo|o\ay, Ul = Up|wy, Vou = Vu 7, Vyu = Vu-vand v, 7 are the (outward) normal and
tangential unit versors of the boundary of wg. The same conditions hold on u. across dw.. More

refined interior regularity results can be obtained:
Lemma 4.1. If the forcing term f € L (), then there exists a positive exponent 0 < a < 1 and a
constant C' > 0 independent of € such that:

[woll g1+ @g)ncr+e@sw) < C (4.4)

lellcrso @mnersa@swe) < €
being Qs = {x € Q s.t. dist(x,00Q) > §}, 0 < dp.
Proof. From well-posedness results for the direct problem, we know that ug € H'(f2) satisfies the
equation:

—di’U(k‘oVUo) = f — (1 — XO)US.
As previously outlined, by the same argument used in [30, formula (4.14)] for inclusions of small
dimensions, we can exploit the interior estimates of [82, Theorem 8.24] to conclude that [|ugl|ca o) <

C, where C depends on €, k, || f|[1,»(q)- In particular, the term (1 — Xo)u3 belongs to L>(), hence
we can apply the result from Li and Nirenberg (see [101], Theorem 1.1) to obtain

ol et mgy < Cllloll g2y + 11l oe g2y + o]l e )
0]l e (025 vy < Cllluoll 2@y + 11l e 0y + 120l ()
where C = C(k, ), wo, dg, ). Exploiting the bounds on the norm of ug in C(Q) stated above, one
may conclude that
||UOHcl+a(Fo)mcl+ﬂ(Qs\wo) =C
with C = C(Q, k,wo, do, &, || fl| . (02))- -

We point out that all the results stated in the present Section are valid also on w,, since by the

assumption (4.2) the boundary of the perturbed inclusion has the same regularity as the initial one.

4.1.2 Energy estimates

This section is devoted to some estimates involving the difference between u. and wug, which are
useful for the proof of the fundamental results in the sequel. We first of all remark that, by trivial

computation, it holds:

Lemma 4.2. Defined w. as in (4.2) and being Aw = w.Awy, there exists a positive constant C
depending on h and wy such that:
|Aw| < Ce. (4.5)
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We now state and prove two important energy estimates regarding the difference u. — ug.

Lemma 4.3.
[ue = uoll g1y < ClAw]? (4.6)

Proof. Consider the problem which are solved by u. and ug:

—div(k.-Vue) + (1 — Xg)ug
—div(koVug) + (1 — Xo)ug =7

recalling w. = u. —uo and observing that k. —ko = (K —1)xc\0+ (1 —k)Xxo\c and 1 —xc = xr + Xo\e»
1 — X0 = Xr + Xe\0, one obtains the following problem for w,:

—div(k-Vwe) + Xrq:we = —div((1 — k)x\0Vuo) + XE\Oug —div((k — 1)x0\eVuo) — Xo\eug, (4.7)

where ¢. = u? + ucug + ug. Using the strategy outlined in the Appendix of [30] in order to obtain a

Poincare inequality for w., we write:

— 1
We = We + Ae, A = 7/ e We .
fQT 4= Jq,
Hence, it follows that [, w.g. =0, and it holds:
[Well 20y < Cpll Vel 12(q) = CpllVwe |l L2(q)-

Moreover, exploiting the homogeneous Neumann boundary conditions satisfied by u. and ug, by the

divergence theorem,

/ div(k-Vw.) = 0; / div(xe\0Vuo) = / div(xo\cVug) = 0.
Q Q Q

Thus, integrating equation (4.7) over ) one obtains:

/ qeWe :/ Ug _/ US,
Qr e\0 0\e

3 3
/ U _/ Uge
e\0 0\e

> %, which can be proved in the hypothesis that f > m (according to the

and ultimately:

1 2 2 1
< Q (lluolFaay + ooy ) 14w]2,

lac| =
‘ Q, e

being @ s.t. ‘fﬂr qe
discussion in Chapter 2). This entails that the following inequality holds for w,:

o~ 1
[well g ) < [Wellgrq) + lael | < (14 Cp)[[Vwe|| 12 () + Co| D] 2. (4.8)

In order to estimate ||Vwel|pz2q), we integrate equation (4.7) using w. as a test function: after

integration by parts, we obtain:

/ ks\Vw€|2+/ wquz (k—1) Vug - Vwe + (1 — k) Vu0~Vw€—|—/ ug— Vug’.
Q Q. 0\e e\0 e\0 0\e
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k||Vw€||iz(Q) < / ke |Vw,|? +/ w?q. < (exploiting estimates (4.4))
Q

T

1
<(1-k) (HVU’O”L‘X’(E\O)||vw€||L2(g\O) + ||VU0HLoo(o\g)vasHm(o\g)) | Aw|z+
1
(HugHLoo(E\o)Hw5||L2(s\O) + H“gHLm(O\E)Hwa||L2(0\e)) |AW‘2 <

< {1 = BV ull g 2y IV gy ([0 ey + 188l e ) N g2y 1001

Hence, it holds (since ||we||p2(q) < [|well g1 () < C1l|Vwellp2q) + CylAw|?):

1
AvaEHQLQ(Q) — B|Aw|? [Vwe|| 2 (q) — ClAw] <0, (4.9)

with A, B, C positive constants depending on k, u?HLx(Aw), ugHLm(Aw), ||Vu0||Loc(Aw). Solving

the second order inequality, one gets:

B+ VB2 —-4AC 1
Vil < 2T i,
which can be inserted in (4.8) to obtain the thesis. O
Lemma 4.4.
1
||’LL5 — UQHLQ(Q) < C|AW|2+7], n > 0. (410)

Proof. As reported in the proof of Lemma 4.3, w. € H'(f2) is the solution of problem (4.7) with

homogeneous Neumann boundary conditions, whose weak formulation reads:

/ keVw: -V +/ Qe Wep :/ ((1 —k)Vug - Vo + ugcp)
Q Q, €\0

(4.11)
- /0\5 (1= k)Vuo - Vo + udp) Vo € HY(Q).
Moreover, we introduce w;, the solution of the problem:
/kaVwT~ Ve +/ qWep = /Qwsw Vo € H'(Q). (4.12)
By the same argument exposed in [30], problem (4.12) is well-posed and it holds
[@ell g1 o) < Nwellp2go)- (4.13)
By Meyers inequalities ([107]), Vwz € L¥' (Aw) and
IVl oy < C (1952 gz + el o 3 )
being Aw D Aw. Using (4.13) and the Sobolev immersions we conclude that:
Vel o (pwy < Cllwell g (qy- (4.14)

Substituting ¢ = W in (4.11) and ¢ = w, in (4.12) and exploiting Holder inequality (with 1 < p < 2),
one obtains:
/ w? = / (1= k)Vuo - Vg + ujw:) — / (1= k)Vuo - Vg + ulw;)
Q e\0 0\e (415)
<C (||VU0HLP(AW)||V“Ts||Lp'(Au) + (H“gnmmw) + HUSHLP(AW)> ”WEHLP'(AUJ)) ’
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Thanks to Lemma 4.1, we can ensure that [|Vuol|pw () and Hug’HLm(Aw) are control-

U3O || e w
16(1 by a [)()Sltl\/e C()Ilstallt C. IIeIlCe,

1

HVUOHLP(AUJ)7 ||ug||Lp(Aw)a HugHLl’(Aw) S C|Aw|;' (416)

Thanks to Sobolev immersions,

[0l o Ay < 0l 2o () < ClWE] 1)
and exploiting (4.13)
[0l 2o (pwy < Cllwellg o (4.17)
Hence, thanks to (4.16), (4.17), (4.14), we conclude from (4.15):

2 1 141
[well72(0y < ClAW]F [well g1 () < ClAw]» T

which entails that
1
[well 2y < ClAw[2H7,

with = 222 > 0. O

Lemma 4.5. The following estimates hold on the boundary of we:

IV (1€ = ) | oo (91020 + 1V (UE = UE) | oo (19 y) < CEZT2

. (4.18)
Jud — ug”Lw(awsﬁwo) + [|ud - UgHLoo(awE\wo) < Cet

Proof. The function w. = u. — ug is the solution of (4.7), which means that in Q, = Q\ (wo U w,)
it satisfies:

—Aw; +qw: =0 in Q,,

whereas its gradient § = Vw, satisfies:
—Af+q¢.0 = —w.Vq. in Q..

Exploiting the local estimates in [82, Theorem 8.17], we obtain that in Q¢ = {x € Q,. : dist(z,98,.) >
d} it holds:

19l ay < C™ (el oy + Nl syl | o)

and, exploiting the energy estimate (4.6), we obtain:
Vel oo 0y < Cd™ e (4.19)

Consider now y € dw. \ wp and let 34 be the point of Q¢ which is closest to y: thanks to the Holder
continuity of the restriction Vu¢ of Vu. in Qs \ we and to the regularity of Vu§ (see Lemma 4.1),
we can ensure:

|Vug(y) — Vug(ya)| < Ca,
(Vug(y) — Vug(ya)| < Cd;
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hence:

[Vug(y) — Vug(y)| < [Vug(y) — Vug(ya)| + [Vug(ya) — Vug(ya)l + [Vug(y) — Vug(ya)l
< Od™ +dler.

One may choose d = €”, 8 > 0: substituting in the previous inequality, we obtain that |Vu¢(y) —
Vug(y)| < Ce?, being o = min{aB, 3 — B}. We select d = 7277, which entails that:

IVul(y) — Vug(y)| < Cem (4.20)

for every y € Owe \ wp. Similar arguments allow to conclude that the same inequality holds on

Ows: Nwy. The proof of the other inequalities is similar, exploiting the interior estimates for w.:
_ 11
l[well oo oy < Cd 1stHL2(Q) < Cd'es

(we remark that the result could be improved by considering 5%“7, but it will not be useful in the

sequel). Moreover, as uS,u§ € C1T(Qs \ wo),

[Vug(y) = Vug(ya)| < Cd

IVug(y) = Vug(ya)| < Cd;

hence
well oo (B \wo) < Cld+ d_lgi) < Cei.

With analogous arguments it is possible to show that the same inequality holds on dw. Nwy. O

4.1.3 Asymptotic expansion

The main achievement of this Section is the following asymptotic expansion, which will be a

crucial result for the introduction of a shape-gradient based reconstruction algorithm.

Proposition 4.1. For every g € LP(09Q), p > 2, it holds:
1
/89 g(ue —ug) =¢ A {1 =k)[Vrus - Vows + %Vyug -V, 4+ ugw}th + o(e), (4.21)
wo

being w the solution of the auxiliary problem:

—div(koVw) + 3xorw, uiw = 0 in
{ (ko Vo) + Bxenuo s (4.22)

ow=yg on 0.

Proof. We first remark that the results in Lemma 4.1 and Lemma 4.5 can be extended to w.

Exploiting the expression of the auxiliary problem, we write:
[ (o= w)g = [ ko —uo)u+ [ 31~ xo)ude — uohu =
oQ Q Q
= — / (ke — ko)Vue - Vw —|—/ k.Vu. - Vw — | kgVug - Vw
Q Q Q

+ /Q 3(1— Xo)u%(ug — up)w.
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Moreover, being 3u3(u. — ug) = u2 — u3 — 3ug(ue — ug)? — (ue — up)?

/ (ue —ug)g = — / (ke — ko)Vue - Vw +/ k-Vu. - Vw — / koVug - Vw
a0 Q Q Q
+ / (1 — x0)(u® — ud)w — / (1 — x0)3uo(ue — ug)*w — / (1 — x0)(ue — ug)3w.
Q Q Q
Thanks to estimate 4.4 and 4.2, we can assess that
/Q(l — X0)3to(ue — ug)*w < 3Hu0||L°C(Q)||w||L°°(Q)Hus - UOHiz(Q) = O('*?) = o(e)

3
/Q(l = Xo)(ue — uO)gw < H(us - u0)3||Lp(Q)Hw”Lp’(Q) < Cllue — UOHLBP(Q)
< Ollue — o[ gy = O(%) = 0(e).

Exploiting the expression of the state equation,

/kEVuE~Vw+/(1—XE)u§:/fw:/koVuo-Vw—F/(l—xO)ug.
Q Q Q Q Q

Hence, we obtain:

/aQ(uE —up)g = — /Q(kE — ko)Vue - Vw + /Q(XE —x0)(u)w + o(e). (4.23)

In order to analyze the right hand side of (4.23), we follow the strategy described in [10]. Since
(k. — ko) = (k — Dxevo + (1 — K)xor., we have:

/Q(ks — ko)Vue - Vw = /\O(k —1)Vul - Vuw® + /0\ (1 —k)Vus - V' (4.24)

Consider the first term in (4.24): recalling dwg = Gwo N {h > 0}
/ (k —1)Vul-Vu® =
e\0
(via Lemma 4.1) = / / (k — DAVl (z.) - Vs (z) + O(e'T29)
0 Bw;r

pia (13)= [ [ G [vfu:m) V0 () + E V) vyw%xa] T ofe)

© 1 2a
(via Lemma 4.5) = / / (k—1)h [VTUS(IE) - Vowe(ze) + Evyug(:rs) . Vl,we(xs)} + O(e't =)
0 é)wg'

(via Lemma 4.1) = 5/

1
(k=1 [Vﬂ%(w) - Vow (@) + - Viug(a) - vuw‘f(w)} +0(e).
Owg
Through the same computation, one may obtain, for the second term in (4.24):

/0\6(1 — BV V' = — /O /awo_ (1-k)h {vfug(z) V() + %Vyug(x) : Vuwe(:r)} +o(e),
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where dwy = Owg N {h < 0}, on which it holds that |h| = —h. Hence, it holds
1
/ (ke — ko)Vue - Vw :s/ +(k —1)h |:V.,-u8(1') SVowé(z) + Evyug(x) . Vuwe(a?)}
Q Owy

1
e[ - [VTMS(@ Vet (@) + V() vuw%w)} +ole)
Owy
1
== 5/ (1-Fk)h [Vrug(x) -Vowé(x) + Evuug(x) . V,,we(a:)] + o(g).
Ow
’ (4.25)
Next, we have to prove a similar result for the second term in the right hand side of (4.23). By an

analogous procedure, we consider:

/(Xs—xO)ui’w:/ uZ’w—/ udw. (4.26)
Q e\0 0\e

The first term in (4.26) can be rewritten as:

3, —
/ utw =
e\0

(through Lemma 4.1)* :/E/ . ud(ze)w(z)h + O(e?)
0 Jo

“o

(using Lemma 4.5) :/8/ ud(z)w(z)h + O(E%)
0 8w0+

(again via Lemma 4.1) zs/ ud(x)w(z)h + o(e).
Bw;
With the same argument we can find a similar expression for the second term in (4.26), where

|h| = —h. Thus, from (4.26) we recover the expression:

J o= xoutn=c [ @@+ o). (4.27)

Bwo
Substituting the expressions (4.25) and (4.27) in (4.23) we obtain the thesis. O

Remark 4.1. The first term of the asymptotic expansion in the right-hand side of (4.21) can be

rewritten as

{(1 = k)M (y)Vu§(y) - Vwe(y) + uo(y)*w(y) th(y)do(y),

awg
where for each y € dwy M(y) is a symmetric positive definite matrix with eigenvalues 1 and 1
associated respectively to eigenvectors 7(y) and v(y), the tangent and outward normal unit vectors of
Owyg in y. This formula reveals several similarity to the one derived in Chapter 2 for the perturbation

of the boundary voltage when a small inclusion is inserted.
As a corollary of 4.1, we get the following estimate:

Lemma 4.6.
e — woll22 ) = 0() (4.28)

*One should consider that ue(z¢) < ue(z:) + Ce = u(zt) < u(ze) + O(e)
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Proof. Let W, be the solution of

—div(ko(2)VW.) + 3xarwguaWe =0 in Q
{ v(ko(z) ) X0\ 0 (4.29)

O We = u. —uy on 0N).

Hence, in Q \ g, W, satisfies

— AW, 4+ 3udW. = 0,

whereas p = VW, satisfies
—Ap+ 3u(2),u = —6W.uoVuyg.

In both cases, it is possible to use the interior regularity estimates as in the proof of Lemma 4.5 (see
[82], Theorem 8.17): being d > 0 and Q% = {x € Q s.t dist(z,0(Q\ @p)) > d} then

IWell poo () < CA™HWell 12
[VWel| oo (qay < Cdil(vasnL%Q) + 16uoWeVuollr2(0)) < CdilHWE”Hl(Q)'

Since Wy is the solution of (4.29), it holds that
1 1
”WEHHl(Q) = EHUE - U0||L2(aQ) < Cflue — UOHHl(Q) < Cez;

hence, [|[Wellpee qays [[VWell oo (ga) < Cd~'e2 Vd > 0. Moreover, exploiting Li-Nirenberg regularity
estimates (see [101], Theorem 1.1), we have (for every § > 0, being Qs = {x € Q s.t. dist(x,0Q) >

a})
||We||cl+a(g5\w0) <C.

Thus, chosen ¢ = d and defined, for each y € dwy, ys = arg min dist(y, Qq),

[We(y)| < |Welya)| +Cd  (thanks to Lipschitz-continuity of We)
< Cd7'er +Cd

and, chosen d = 7, one obtains [Well oo (80) < Cei. Instead, by the Holder-continuity of V.,
(WEY)] < [VWe(ya)| + Cd™ < Cd™te® + Cd,

1 . N . .
and chosen d = 2@+1, one obtains [|[VWE|| 1w g, < Ce?@FD. Hence, exploiting Proposition 4.1,

e = wollFcomy = [ (ue = o) = o)
oN
1
= 6/@ {(1 — k)[V,u§ - V,WE + T VG V,WE + quE} h+ o(g)
wo

= e(Cem=m)C + o) (with C = C([hll ¢y 1tollcrin (o) [8w0])):
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4.2 A shape-derivative based reconstruction algorithm

In this section we describe how the results previously outlined can be employed in order to formu-
late a reconstruction algorithm for the inverse problem based on techniques from shape optimization.
We start introducing the following cost functional associated with the reconstruction problem:

J(9.) = /() (= )’ (4.30)

where u,. is the solution of problem (4.1) with inclusion w.. We thus consider the constraint opti-
mization problem of finding the minimum of the functional J among the possible deformations of
the initial guess wy. We remark that, although all the computations are performed on the initial
guess wy and on its perturbations w,, they can be easily replicated on a general domain w of class
C?, whose boundary is perturbed as in (4.2).

We attain an iterative method for the solution of the optimization problem, which relies on the

definition of the shape derivative of the functional J, defined as:
Q) = T(0)

DJ(Q)h] =1 (4.31)
e—0 5
We define the shape gradient as the function Vg.J(€y) which allows to write:
DJ(Q)[h] = VsJ(Q)h  Vh € C?*(0wo; R). (4.32)

Owo
The computation of the shape gradient VgJ allows to perform an approximated reconstruction of
the position, size and shape of the inclusion through an iterative algorithm which will be described

in the sequel.

4.2.1 Representation formula for the shape gradient
Taking advantage of Proposition 4.1, we derive a representation formula for the shape gradient,
which allows to easily compute it, circumventing the fact that definition (4.32) is not constructive.

Proposition 4.2. The following representation formula holds for the shape gradient of J evaluated

m QO N
1

Vs (Q) = (1= k) [V - VW + o

Vol -V, We +udW (4.33)
being W the solution of the adjoint problem:
{—div(ko(x)VW) + X UgW =0 in Q

(4.34)
O,W = ug — Umeas on 0f2.

Proof of Proposition 4.2. It holds that:
1 2 2
J(Qe) = J () = 5””6 - umeaSHLZ(BQ) = [luo — umea8||L2(aQ)

1 2 1 2

= 5”“8”[,2(89) - 00 UeUmeas — 5””0”[,2(89) + 00 UoUmeas
1

= 5”“‘8 - uOH%ﬁ(aQ) - ||u0||i2(aQ) +/ U U _/ UeUmeas +/ UoUmeas

o [e19) o0

1 2
= gllte = w0l + [ (e = )00~ ).
19]9)
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The first term of the last summation, thanks to Lemma 4.6, is o(e), whereas the second term can be
described through formula (4.21) with g = (ug — Umeas), Wwhich leads to the definition of the adjoint
problem as in (4.34) and ultimately entails the thesis. O

Remark 4.2. As it will be outlined in Chapter 5, the minimization problem associated to (4.30)
shows severe stability issues; namely, small perturbations in the boundary data t,,eqs might imply
large deviations in the associated solutions w. This can be avoided by adding a regularization term
to the functional, penalizing the perimeter of the inclusion to be identified. For a fixed parameter

A > 0, the expression of the regularized cost functional is the following one:
JTGQ(QE) = / (us - umeas)2 + )\|aw6‘ (435)
o0

Under the assumption that the boundary of the inclusion is of class C?, it is possible to obtain a

representation formula analogous to the one in (4.33), taking into account the penalization term:

1

VS']reg(QO) = (1 - k) (VTuS . v.,—We —+ A

Vv, ug - VVWE> +ugW + \H, (4.36)
where H is the curvature of the boundary dwg. A detailed proof can be found in Section 9.4.3 in
[67].

4.2.2 Algorithm formulation and implementation

Exploiting the representation formula for the shape gradient, it is possible to devise an algorithm
which allows to find a critical point of the cost functional. We focus in particular to the minimi-
zation of J,.y with a fixed regularization parameter A > 0. Inspired by the concept of minimizing
movements introduced by De Giorgi in [65], we aim at modifying the initial guess of the inclusion
according to the a gradient flow, driven by the expression of the shape gradient. In particular, we
define a sequence of inclusions {wy,} obtained as follows: fix an initial wp s.t. dwy is of class C? and,
for k > 0, take

hk = _VSJreg(Qk);

(4.37)
Owgt1 = {y + mehe(y)ve(y), y € Ows}.

We define a local descent direction for the functional J., in a configuration 2 each scalar field
h : Owi, — R such that DJyq(2)[h] < 0: thence, we easily verify that —VgJreq(Q%) is a descent
direction. Indeed, inserting h = —VgJpq(Q) in the expression of the shape differential of J,.g4,
computed in 2 (which is analogous to the one for J in g reported in (4.32)), we get:

Doy [~V res(0)] = [ [T Treg( ) <0
Owp
Since we only prescribe that the first-order variation of the cost functional is non-positive, such
a descent direction is only local: by continuity of the functional we can ensure that there exists a
positive 7y, such that V7 > 7, defining Qg41 asin (4.37), then Jyeq(Qgt1) < Jreg (k). The following
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backtracking strategy allows to find a suitable value for 7%:
Data: Inclusion €, descent direction hy, reference step 7

Result: Q1 such that Jreg(Qpt1) < Jreg(Q); up+1 associated to Qg1
Set Ty = @; Jreg(2i) = +00;
while J,..4(Q) > J(Q4) do
Reduce the step 7, = 7%/2 ;
Perturb dw, = {y + mehi(y)ve(v),y € dwy, } ;
Compute u, solving (4.1) with w = w, ;
end

Set Qk+1 = Q*
Algorithm 5: Backtracking strategy

This finally allows to write a complete algorithm for the search of a critical point of the functional
Ireg:
Data: Initial guess for the inclusion wgy, measured boundary data tmeqs
Result: Q, the limit of the discrete gradient flow
Set k = 0; convergence_criterion= +o0 ;
Compute ug solving the direct problem (4.1) with w = wp;
while convergence_criterion > tolerance do
Compute Wy, solving (4.34) with w = wg;
Select a local descent direction k¥ as hy = —VgJp.cq(Q), using (4.36) ;
Backtracking (see Algorithm 5): obtain Q41 and w41 ;
end

Set ﬁ = QkJrl.
Algorithm 6: Descent algorithm

4.2.3 Numerical results

When implementing Algorithm 6, we resort to a Finite Element scheme for the solution both of
the direct and the adjoint problems, see Chapter 2. In particular, in order to accurately capture the
discontinuous behavior of the gradient across the interface dwy, we aim to include a finite set of points
discretizing the boundary dwy within the vertices of the mesh. This entails some implementation
issues for Algorithm 6: in particular, when computing an updated version of the inclusion w1, we
need to ensure that also the new boundary can be approximated by means of a suitable number of
vertices of the mesh. The strategy we adopt in order to overcome this difficulty is to create a new
mesh at each iteration, considering dwg41 as an inner boundary.

In this Section, we report some results of the application of the algorithm based on the shape
derivative. In all the simulations reported, the initial guess is a disc centered in the origin with
radius 0.2. As in the case of Chapter 2, we take advantage of Ny = 2 measurements, associated to
the source terms fi(z,y) = x and fo(z,y) = y. The iterative algorithm stops when the following
criterion is fulfilled:

[ Xenr = X HLl(Q) = |wh1 Bw| < tol.
The main parameters of this set of simulations are reported in Table 4.1
In Figure 4.1 and 4.2 we show the quality of the reconstruction with the shape gradient algorithm

both in the case of a circular and an elliptical inclusion. The boundary of the exact shape is outlined
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A |7 ta
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Table 4.1: Values of the main parameters

in black, whereas in order to illustrate the inclusions wy, in selected iterations we report the contour

plot of their indicator functions.
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Figure 4.1: Shape gradient algorithm: result comparison
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Figure 4.2: Shape gradient algorithm: result comparison
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Chapter 5

A phase-field approach for the
identification of arbitrary
inclusions in a semilinear elliptic

boundary value problem

This chapter is devoted to the analysis of the same inverse problem as the one introduced in
Chapter 2, although in a more general framework and with different purposes. We briefly report the

boundary value problem which is the object of study, which is set in  C R?

{—le(ka’u) + XQ\WUS = f in

(5.1)
k,Vu-v=20 on 0},

where X\, is the indicator function of 2 \ w and

ko(2) kifrew
w\T) =
lifzx e Q\w,

being 0 < k < 1 and f € L?(Q). The homogeneous Neumann problem (5.1) consists of a semilinear
diffusion-reaction equation with discontinuous coefficients across the interface of an inclusion w C
Q, in which the conducting properties are different from the background medium. The value of
the coefficient k is supposed to be known. We refer to the determination of the solution u from
the knowledge of the inclusion w as the direct problem; whereas the inverse problem consists in
determining the inclusion associated to the measurements wumeqs on the boundary of €. More
precisely, given the measured data u;,cqs on the boundary, we search for w C € such that the

corresponding solution u of (5.1) satisfies

U‘BQ = Umeas- (52)

In Chapter 2 we tackled the same problem by introducing a strong reqularization hypothesis, namely

that the size of w is significantly smaller than the size of the domain Q2. Although this assumption

93
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allowed to obtain both theoretical results and an effective reconstruction algorithm, motivated by
the biological application, we now aim at removing the hypothesis of small size an investigate the
problem of reconstructing arbitrarily large inclusions w. In Chapter 4, we already developed a
rigorous analysis for the case in which the small-size assumption is removed, but the shape-gradient
based strategy proposed there is only capable of reconstructing inclusions w which consists in a
smooth deformation of an original shape wg. Thence, some a priori knowledge is still required
regarding the topology and the regularity of the inclusion to be identified. Conversely, throughout
this chapter, we assume a different approach, which allows to tackle the inverse problem (5.2) with

minimal assumptions on w.

In order to give a sense of the theoretical and numerical issues related to this approach, it is
useful to recall the results which can be achieved in the context of the inverse conductivity problem,
or Calderon problem, as in Section 1.3. When dealing with the reconstruction of a piecewise constant
coefficient, from [71], [92], [6] and references therein we know that infinitely measurements are needed
to ensure the uniqueness of the solution, as well as its (Lipschitz) dependence from the boundary
data. A finite number of measurements is sufficient to determine uniquely and with Lipschitz stability
the inclusion only introducing additional information either on the shape of the inclusion or on its

size.

Several reconstruction algorithms have been developed for the solution of the inverse conductivity
problem, and it is beyond the purposes of this introduction to provide an exhaustive overview of
the topic. When dealing with the reconstruction of arbitrary inclusions in the linear case, several
variational algorithms are available. A shape-optimization approach, with suitable regularization, is
explored in [97] [87], [2] and [10]; in [88] this approach is coupled with topology optimization; whereas
the level set technique has been applied in [128] and in [44]. Recently, several specific schemes have
been employed to deal with the minimization of misfit functional endowed with a Total-Variation
regularization: along this line, we mention the Levenberg-Marquardt and Landweber algorithms
n [22], the augmented Lagrangian approach in [55] and the regularized level set technique in [53].
Finally, the phase field approach has been explored for the linear inverse conductivity problem e.g.
in [124] and recently in [66].

Concerning inverse problems related to nonlinear PDEs, only a few theoretical results and nu-
merical strategies are available, especially regarding the electrophysiological problem of interest. We
remark that the level-set method has been implemented for the reconstruction of extended inclu-
sions in the nonlinear problem of cardiac electrophysiology (see [112] and [54]), by evaluating the
sensitivity of the cost functional with respect to a selected set of parameters involved in the full

discretization of the shape of the inclusion.

In this chapter, we propose a rigorous reconstruction algorithm of inclusions of arbitrary shape
and position by relying on the minimization of a suitable functional, enhanced with a perimeter
penalization term, and by following a relaxation strategy relying on the phase field approach. The
outline of the chapter is as follows: in Section 5.1 we recall some results regarding the direct pro-
blem, extending them (when necessary) to the case of large inclusions in consideration. In Section
5.2 we introduce an optimization problem related to the inverse problem and analyze the issue of
stability, concluding for the necessity to introduce a suitable regularization term. Section 5.3 is

devoted to the phase-field relaxation, discussing its well-posedness, the I'-convergence of the relaxed
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functional to the original one, and the derivation of necessary optimality conditions. In Section 5.4
we propose an iterative reconstruction algorithm allowing for the numerical approximation of the
solution and prove its convergence properties. The power of this approach is twofold: on the one
hand, it allows to consider conductivity inclusions of arbitrary shape and position which is the case
of interest for our application and, on the other, it leads to good reconstructions as shown in the
numerical experiments in Section 5.5. Finally, the lasts two Sections are devoted to the compa-
rison between the proposed approach and to two different techniques which can be considered as
alternative approaches. In particular, in Section 5.6 we compare our technique to the shape op-
timization based approach introduced in Chapter 4: after showing that the optimality conditions
derived for the relaxed problem converge to the ones corresponding to the sharp interface case, we
show numerical results obtained by applying both the algorithms on the same benchmark cases. In
Section 5.7, instead, a Lagrangian approach is considered for the optimization problem introduced
in Section 5.2, yielding the introduction of a correlated saddle-point problem which can be tackled
with an Uzawa-type algorithm: a formal expression of such algorithm is reported, and we compare

its effectiveness with the phase-field relaxation strategy.

5.1 Direct problem analysis

In this Section, the analysis of the well-posedness of the direct problem is reported in details, and
consists in an extension of the results previously obtained in [30]. We formulate the boundary value
problem (5.1) in terms of the indicator function of the inclusion, x = x,,. We assume a minimal a
priori hypothesis on the inclusion, namely that it is a subset of €2 of finite perimeter: x belongs to
BV(Q)={ve L' (Q): TV(v) < o}, being

1v(o) =sup{ [ waivie o€ CY@uR), ol <1},

endowed with the norm ||-|| 5y, = |||, + TV(:). Moreover, we formulate particular restrictions on
the inclusion and on the source f.
Assumption 2. Given a positive number dy we assume that

X € Xo1={x€BV(Q):x(x) € {0,1} ae. in Q,x =0 a.e. in Q% }, (5.3)
where Q% = {x s.t. dist(z,0Q) < do}.

This also entails that the inclusion is well separated from the boundary 9. Moreover,
Assumption 3. Given a positive constant m, we require
f>m ae. in Q. (5.4)

The weak formulation of the direct problem (5.1) in terms of x reads: find u in H'(Q) s.t.,
Vo € H(Q),
/ a(x)VuVe +/ b()u’p = / fe, (5:5)
Q Q Q
being a(x) =1 — (1 — k)x and b(x) = 1 — x. Define S : Xo1 — H'(Q) the solution map: for all
X € Xo,1, S(x) = u is the solution to problem (5.5) with indicator function x.

Recall the generalized Poincaré inequality:
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Lemma 5.1. 3C > 0,C = C(Q,do) s.t., Yw € H' (),

2 2 2
llrs 0y < € (IFwla0) + il s ) - (5.6)

The proof of the Lemma 5.1 is given in the Appendix of [30] and follows by Theorem 8.11 in
[102].
Thanks to Lemma 5.1, we can prove the following well-posedness result for the direct problem.

Proposition 5.1. Consider f € (Hl(Q))* and a function x € Xo,1. Then there exists an unique
solution S(x) € H(Q2) of

a . v 3'1): v v 1
/Q (VVS(x) - Vo + /Q b(V)S(X) /Q foo Wee H\Q),

where a(x) =1— (1 —k)x and b(x) =1 — x.

Proof. The proof is analogous to the analysis performed in [30, Theorem 4.1], but generalizes that
result to the case of inclusions of finite perimeter. The strategy consists in applying the Minty-
Browder theorem on the direct operator T': H*(Q) — (H())" s.t.

a(x)VS-Vv—k/ﬂb(x)S?’v7

(T(S),v) =/

Q

which shows to be continuous, coercive and strictly monotone. In particular

e Local Lipschitz continuity:

(T(S) — T(So), v)] = /Q a()V(S — So) - Vo + / b()(S — So)gv

Q
< V(S = So)ll 2 Voll g2 + 115 = Soll s llall s vl 2

(being ¢ = S? + 5SSy + S3). If S and Sy belong to a bounded subset of H!(Q), then (thanks
to the Sobolev Embedding of H'(£2) in L°(£2)) we can assess that ||q||;s < M and moreover
JK = K(x) > 0 s.t.

(T(S) = T(S0),v)s| < KIS = Soll g vl s Vv € H' ().

o Coercivity: we show that (T(S), )« — 400 as [|S||g1(q) — +oc. Since x = 0 a.e. in Qo
b(X) > Xqdo, the indicator function of Q2%. Then,

1
(T(9), ). 2 k / VS|® + /Q o 5" 2 IV Sz + o151z )
=k (981320 + 11132 0u) ) + R,

where R = \ﬁ1|||5||i2(mo) - k||5||2LZ(QdO) can be bounded by below independently of S: R >

f@. Together with Poincaré inequality in Lemma 5.1, we conclude that
k 2 k2|
(), 8)e 2 SISy — 4
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e (Strict) monotonicity: we claim that (T'(S) —T(R),S — R). > 0 and (T(S)—T(R),S — R). =
0 < S = R. Indeed,

(T(S) —T(R),S — R), Z/Qk\V(S—R)FJr/Q (82 4+ SR+ R*)(S — R)?>0.

do

Moreover, since S + SR+ R? > 1(§ — R)?,

(T(S) = T(R),S — R). = 0= |[V(S = R)|| 2y = 0 and /mo(s —Ry*=0,

and from the latter equality it follows that S = R a.e. in Q% hence also ||S — Rl 12(qd0) =0,
and via Lemma 5.1 [|S — R|[ 1) = 0.

O

It is possible to prove additional properties of the solution S(x) of the direct problem. In
particular, we provide an uniform bound on [|S(x)|| f1(q) independent of x.

Proposition 5.2. There exists a constant C = C(£2,do, k) s.t., Vx € Xo.1,

100N s @) < € (Ifl 2@y + 1 132(ey ) - (5.7)

This can be proved as in [30, Proposition 4.1], where we take advantage of the bound

ISCO sy < 191 [ 500" <191 [ 600"

and hence the constant appearing in (5.7) only depends on Q, do, k.

Moreover, we prove a Holder regularity result on S(x):

Proposition 5.3. Let S(x) be the solution of (5.5) associated to x € Xo.1 and let f € L?(Q2). Then,
S(x) € C*(Q) and
HS(X)HCO‘(Q) < C(Q,k, ||f||L2(Q)7dO)-

Proof. The proof is analogous to the one in [30]. An application of [82, Theorem 8.24] ensures that
v ccQ, [[SM)llgagry < C (HS(X)HLz(Q) + HS(X)HPL),G(Q) + Hf||L2(Q)) <C,

where C' = CO(V, k, £l z2(q))- By taking €' 5 Q4o since the conductivity is constant in 4, and
the normal derivative on the boundary is zero, we can apply standard regularity results up to the
boundary, obtaining;:

HS(X)Hoa(ﬁ) <C=C(Qdo, k, Hf||L2(Q))-

Finally, we prove an estimate which occurs many times in the proof of various results.
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Proposition 5.4. Suppose that f € L?(Q) s.t. f>m > 0 a.e. in Q. Consider S(x) the solution
of problem (5.5) associated to x € Xo1. Then, S(x) > m!/3.

The proof is an immediate consequence of the following Lemma:

Lemma 5.2. Let S1 and Sz be a sub- and supersolution of (5.5) with x € Xo,1, namely S1,S2 €
HY(Q) s.t., Vo € HY(Q), ¢ > 0 a.e., it holds:

[ at0vs:- e+ [ woste- [ oo (5:)
[ at0vs:- o+ [ woste- [ o0 (5.9)

Then, S1 < S5 a.e. in Q.

Proof. Subtract the equations (5.9) - (5.8) and define W = Sy — S;: it holds, Vo € H(Q), ¢ >0

a.e.,

/ a()VW -V + / b)QW > 0,
Q Q

where Q = (5% + 5152 + S3) > 0. Take ¢ = W, the negative part of W. We remark that W+ =
max{0,W}, W= = max{0,-W}, W = W+ — W~; moreover WH W~ € HY(Q), WIW~ = 0,
and in view of [75, Theorem 4.4] we refer to VW~ as the gradient of the negative part W~ or
equivalently as the vector of the negative parts of the components of VIW. Thus, it holds

/ a()VIV VW 4 / bVQIV)? <0,
Q Q

which implies that S» > S a.e. Indeed, k||[VW ™| 2y < 0 implies VIV™ = 0 a.e. in ; moreover,
both S and S5 are continuous, and hence also W and W™, which entails W~ = ¢, ¢ > 0 by
definition. In order to guarantee that W~ = max{0,—W} = ¢ is continuous, either ¢ = 0 or
W = —c < 0 in Q. The latter case, though, would imply that S; = S; — ¢ and, by simple
computation, Q = 357 — 3¢Sy + ¢ > %, which is incompatible with [, b(x)Q(W™)? < 0. Hence
W~ =0,andso W =W+ >0. O

Proof of Proposition 5.4. Taking Sy = S(x) and S; = m!/? (which is a subsolution since b(x)m— f <

0), we obtain the uniform bound S(x) > m!/3. O

Remark 5.1. We could extend all the previous results to a class of more general functions f, namely
f not vanishing in Q% but that would entail that the lower bound in Proposition 5.4 might depend
on x. On the other hand, when applying the previous estimates in the proofs of following results (in
particular, Proposition 5.5, 5.14, 5.19 and Lemma 5.3), we always invoke Proposition 5.4 on a fixed

indicator function y.

Another crucial property satisfied by the solution map S is the continuity with respect to the L'

norm, which requires an accurate treatment due to the nonlinearity of the direct problem.

1
Proposition 5.5. Let f € L?(Q) satisfy assumption (5.4). If {xn} C Xo1 s.t. Xn L, X € Xo1,

L2609
then S(xn)lo0 — 22 S(x)|o0-
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Proof. Define w,, = S(xn)—5(x); then, subtracting (5.5) evaluated at x,, and the same one evaluated

at x, wy is the solution of:

/Qa(xn)anVw+/Qb(xn)qnwnso = /Q(l = k)(xn = Xx)VS(x)Ve — /Q(Xn —X)S()%p,  (5.10)
where ¢, = S(xn)? + S(xn)S(x) + S(x)?. Considering ¢ = w, and taking advantage of the fact that
a(xn) > k and (by simple computation) ¢, > %S (x)?, we can show, via Cauchy-Schwarz inequality,

that
3

IV e+ 7 [ H)S000E <1 =B = 0TS0 g2y [Vl

+{[0en = X)SO?[| 2 g llwnll 2 ) -

We remark that (y : n—x)S(x)? € L?(2) since S(x) € H'(Q) cC L5(Q). Moreover, as b(x») > Xqdo

and using Proposition 5.4,

3
k“anH%ﬁ(Q) + 1 /Qd m2/3w72L <@ =K — X)VS(X)HL?(Q)||vwn||L2(Q)
0
+ H(Xn - X)S(X)?)HL2(Q)||w77/HL2(Q)7

from which we deduce
2 3 2
kvanHLz(Q) + 1m2/3||wn||L2(Qdo) < (¢ + qQ)HwnHHl(Q)7

where g1 = [[(xn = X)VS(X)p2(q) and g2 = | O¢n — X)S(x)?’HLz(Q), which implies, thanks to the
Poincaré inequality in Lemma 5.1,

wnll @) < Clar + ¢2),

being C' = C(dg, 2, m, k). Consider

0= ( [ G = 0295008)

1
since xp, L, X, then (up to a subsequence) x, — x pointwise almost everywhere. Thus also the
integrand (x, — x)?|VS(x)|? converges to 0. Moreover, |y, — x| < 1, hence ¥n (x,, — x)?|VS(x)|* <
|VS(x)]? € L*(), and thanks to Lebesgue convergence theorem, we conclude that q; — 0. Analo-

1
gously, g2 — 0 and eventually HwnHHl(Q) — 0, i.e. S(xn) ELEN S(x) and by the trace inequality also

L2092
S(xn)loe —22; $(x) |00 O

Remark 5.2. Being X1 a closed subspace of the Banach space BV (2), it is compact with respect
to its weak topology; moreover, the weak BV convergence implies the strong L! convergence, and
in view of Proposition 5.5 we can assess that the map F' = 7 0 S, 7 being the trace operator in
H'(€), is compact from X1 to L?(99). It is immediate to conclude that, if the inverse F~! exists,
it cannot be continuous: hence, the inverse problem (5.11) is ill-posed.

For example, consider the inclusions w = B1(0) = {(r,9) : 0 <9 < 27,0 <r < 1} and w,, = {(r,9) :
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1
0<¥<2m0<r <1+ Lsin(nd)} and define x = X, Xn = Xw,. Then, it holds that x, L, X,

and hence S(xn) H—1> S(x) and S(xn)lon ﬂ) S(x)|aq, but xn BY x. Indeed,

21 pl+L|sin(nd)]| 27 1 ) 1
=l = [ papdt = [ ((grsin® ) + Lsinnd)| ) ao
s 4

=—5+— —0asn— oo,
2n2  n

whereas

TV (xn) = P(wn) = /02” V14 cos?(nd)dd = \/5/0% \/1 — %sin2(m9)d19

1 [ 1 1 [ 1 1
=212 7/ \/1— =sin2t | dt — 27T\/§—/ \/1 = Zsin?tdt = 2F (27, = |,

where E (27r, %) is an elliptic integral of second kind and /2F (27r7 %) # 21 = TV (x), hence surely

BV
Xn 77 X-

5.2 Optimization problem and its regularization
When reformulated in terms of the indicator function x, the inverse problem (5.2) becomes:

find x € Xoa s.t. S(X)|oa = Umeas- (5.11)

We now introduce the following constraint optimization problem:

. 1 2
argmin J(x);  J(x) = 5150) — tmeasllz2(00), (5.12)
XE€Xo,1
which shares the same property of non-stability and (possibly) non-uniqueness as problem (5.11).
Nevertheless, a well-known strategy to recover well-posedness for problem (5.12) is available and con-
sists in introducing a Tikhonov regularization term in the functional to minimize, e.g. a penalization

term for the perimeter of the inclusion. The regularized problem reads:

. 1
argmin Jreg(x);  Jreg(X) = §||S(X) - umeas||2Lz(3Q) +aTV(x), (5.13)
x€Xo,1

For the regularized problem (5.13), it is possible to prove several desirable properties:
e for every o > 0 there exists at least one solution to (5.13) (existence);

e small perturbations on the data tmeqs in L?(9Q)-norm imply small perturbation on the solu-

tions of (5.13) in BV-intermediate convergence (stability);

e the sequence of solutions of problem (5.13) associated to the regularization parameters {«y}
(s.t. ax — 0) converges in the BV-intermediate convergence to a minimum-variation solution
of problem (5.12).
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We recall that a sequence {x,,} C BV () converges to x € BV () in the sense of the intermediate
1

convergence iff x,, L, x and TV (xn) — TV (x). The proof of the previous properties follows from a

careful application of the results in [72, Chapter 10]. Since BV () is a non-reflexive Banach space,

we believe it is useful to report a detailed version of such proofs.
Proposition 5.6. For every a > 0 there exists a solution of (5.13)

Proof. Let {xn} be a minimizing sequence: then {S(x»)|aq} is bounded in L2(99Q) and {x,} is
bounded in BV () (since {TV(x»)} is bounded and [|xu |1 (o) < €] for all X, € Xo1). Thanks to
the result of compactness for the BV space (see [9], Theorem 3.23), there exists a subsequence Xy,
weakly converging to an element ¥ € BV (€2). Moreover, being D(.S) weakly closed, ¥ € D(S). Since
the weak BV —convergence implies the L' —convergence, thanks to Proposition 5.5 we can assess that
S(xn,) — S(%) in HY(Q) and in L?(99Q). Eventually, this proves that ||S(xx, ) — Umeas || £2(a0) =
[S(X) = tmeasl p2(p)- Analogously, by semi-continuity of the total variation with respect to the
weak convergence in BV, TV () < liminf, TV (xy, ), and it is possible to conclude that

1 2 o s 1 2
5”5()() - umeaSHLZ(aQ) +aTV(x) < hmklnf<§||5(xnk) - Umea8||L2(BQ) +aTV(xn,)),
thus x is a minimum of the functional. O

Even if the existence of the solution is ensured by the previous result, uniqueness cannot be
guaranteed since the functional is neither linear nor convex (in general). We now investigate the
stability of the minimizer of the regularized cost functional with respect to small perturbations of
the boundary data. We point out that, due to the non-reflexivity of the Banach space BV, it is not
possible to formulate a stability result with respect to the strong BV convergence; nevertheless, we

can perform the analysis with respect to the intermediate convergence of BV functions.

Proposition 5.7. Fiz a > 0 and consider a sequence {uy} C L?(0Q) such that up — Umeas in
L2(09). Consider the sequence {xx}, where xx is a solution of (5.13) with datum uy. Then there
exists a subsequence {x,} which converges to a minimizer X of (5.13) with datum Upmeqs in the

sense of the intermediate convergence.

Proof. For every xi, we have that

1 1
2 150ak) = k|72 00y + TV (x) < 1500 — ukl7200) + TV (x) Vx € D(S).

Hence, {[|S(xx)llz2(s0)} and {T'V (xx)} (and therefore {|[xx| gy (o)}) are bounded, and there exists
a subsequence {x, } such that both yj, — ¥ in BV(Q2) and S(xx,) — S(x) in L?*(99). Thanks to
the continuity of the map S with respect to the convergence (in L') of x4, and to the weak lower

semi-continuity of the BV (€2) norm,

1 B _ . 1
51500~ e + 0TV < i ( SIS0k = e, [0y + 0TV (x|

1
< lim <||5(X) — g, |72 (00) + aTV(X)) vx € D(S) (5:14)

1S(x) — Umeas||i2(ag) +aTV(x) VxeD(S5).

DN | =
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Hence, X is a solution of problem (5.13). In order to prove that also TV (xx,) — TV (Y), first
consider that, according to (5.14),

o 1
reg(0) < imint (180ck.) = ., oy + 0TV () )

. 1
< lim (|s<xkn> g,
n 2

2 _
L2(09) + aTV(Xk,L)) = Jreg(X)7
hence
. 1 2 1 - 2 -
lim SIS0tk ) = i 12g00) + 0TV (xk,) ) = S19(0) = tmeasllz290) + 2TV (X)-
In addition, thanks to the continuity of S, the first term in the sum admits a limit, i.e.:

. 1 2 1 _ 2
lim S5 (Oxk, ) =k, 1200) = 51500 = tmeasz2(a0)
which eventually implies that also TV (xx,,) = TV (X). O

We finally state and prove the following result regarding asymptotic behavior of the minimum
of Jreg when av — 0.

Proposition 5.8. Consider a sequence {ay} s.t. ar — 0, and define the sequence {xr} of the
solutions of (5.13) with the same datum Umeqs but different weights ay. Suppose there exists (at
least) one solution of the inverse problem (5.11). Then, {xx} admits a convergent subsequence with
respect to the L*(Q) norm and the limit x is a minimum-variation solution of the inverse problem,
i.e. S(X)|o0 = Umeas and TV (x) < TV (@) VX s.t. S(X)|o0 = Umeas-

Proof. Let x! be a solution of the inverse problem. By definition of y,

1 2 1 2
QHS(X]C) - umeas”L2(aQ) + OékTV(Xk) S §||S(XT) - umeasHL2(5Q) + akTV(XT) = CvaV(XT)

Hence, {T'V(xx)} is bounded, and since |[xkll;1q) < €[, x& is also bounded in BV/(Q2) and there

exists a subsequence (still denoted as xj) and x € Xo1 s.t. xx EELN X. Moreover, it holds
[S(xk)|o@ — Umeas |l 250) — 0, which implies that x is a solution of the inverse problem (5.11),
and

V() <TV(X') = limsup TV (xx) < TV (x").

The lower semicontinuity of the BV norm with respect to the weak convergence, together with the

continuity of the L' norm, implies that

TV (x) < limkinf TV (xi) < limsup TV (xi) < TV (x1)
k

for each solution x' of the inverse problem, which eventually implies that x is a minimum-variation
solution. O

Notice that, if the minimum-variation solution of problem (5.12) is unique, then the sequence
{xx} converges to it.

The latter result can be improved by considering small perturbation of the data. By similar
arguments as in proof of Proposition 5.8, one can prove the following
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Proposition 5.9. Let u’ € L*(09) s.t. ||u® < § and let a(0) be such that () — 0

~ tmeas|| 2 (o0)
and % — 0 as 6 — 0. Suppose there exists at least one solution of the inverse problem (5.11).
Then, every sequence {x%k <}, with 6, — 0, o = a0x) and X solution of (5.13) corresponding
to oy and u’*, has a converging subsequence with respect to the L1 (Q) norm. The limit x of every

convergent subsequence is a minimum-variation solution of the inverse problem.

Proof. Consider a solution x of the inverse problem. By definition of Xak,

2 1 2
7HS onk - uék HL2(6Q) + akTV(Xéai) < QHS(XT) - uék HLz(QQ) + akTV(XT) < 6]% + akTV(XT)
(5.15)
In particular,

52
TV(x3) < a—’; +TV(x"), (5.16)

hence {X5k }is bounded in BV () and admits a subsequence (denoted by the same index k) such
that Iy € Xo 1: X‘sk BV, x. Passing to the limit in (5.15) as k — —+o0,

2
[0k ) uékHLQ(aQ) — 0,

hence also

2 2 2
1SOE) = tmeas 2 a0y < 1SOGE) = 4™ [z aq) + 4™ = tmeas|La(on) = 0

and by continuity of the solution map, we have that S(x)|gn = Umeas, Which implies that y is
a solution of the inverse problem. By lower semi continuity of the BV norm (hence of the total

variation) with respect the weak convergence and from inequality (5.16),
TV (x) < limkinf TV (x2) < limksup TV (X2 ) < TV (xh,

which allows to conclude that x is also a minimum-variation solution of the inverse problem. O

5.3 Relaxation: a phase-field approach

According to the results of the previous Section, a good approximation of a minimum-variation
solution of the inverse problem (5.11) can be achieved by solving the regularized constraint mini-
mization problem (5.13) with a sufficiently small parameter a@ > 0. Although the stability of the
problem is guaranteed, its numerical solution may raise difficulties, namely the non-convexity both
of the functional J,..; and of the space X 1, as well as the non-differentiability of the functional. To
overcome these difficulties, in this Section we propose a phase-field relaxation of the optimization
problem (5.13) inspired by [66], with the additional difficulty of the nonlinearity of the direct pro-
blem. The relaxation strategy consists in defining a minimization problem in a space of more regular
functions, associated to a differentiable cost functional (which in our case is achieved by replacing the
Total Variation term with a Modica-Mortola functional, representing a Ginzburg-Landau energy).

Consider y e K={x € H'(Q): 0<x <1lae. inQ, x=0a.e. in Q%} and, for every ¢ > 0,

introduce the optimization problem:

. 1 1
g 1.00: () = 31800 ~ el oy + [ (VP4 2x1- 0] Gan)
xX€EK Q €
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The well-posedness result for the direct problem in Proposition 5.1, together with the additional
stability and regularity results can be easily extended to the case x € K. In the next two propositions,
we prove existence and stability of the solutions of the relaxed minimization problem (5.17) for fixed
€.

Proposition 5.10. For every fixed € > 0, the minimization problem (5.17) has a solution x. € K.

Proof. Fix e > 0 and consider a minimizing sequence for the functional J., {xx} C K (we omit
the dependence of xx on €). By definition of minimizing sequence, J:(xx) < M independently of
k, which implies that also ||VX]C‘|%2(Q) is bounded. Moreover, being x, € K, 0 < x < 1 a.e., thus
Xkl 20y and [[Xkll g1 (o) are bounded independently of k. Thanks to weak compactness of H!,

1 2
there exist x. € H}(Q) and a subsequence {xy,} s.t. Xx, ELEN Xe, hence yy, L, Xe. The strong
L? convergence implies (up to a subsequence) pointwise convergence a.e., which allows to conclude
(together with the Lebesgue’s dominated convergence theorem, since xi, (1 — xx,,) < 1/2) that

/kan(l—xkn)%/ﬂxs(l—xe)-

Moreover, by the lower semicontinuity of the H! norm with respect to the weak convergence, and
by the compact embedding in L2,

2 .. 2
Ixeller () < T inf [[x, [ o)

2 2 : 2 o 2
IXellZ2() + 1IVXellT2(0) < lim Xk 120y + lim inf IVXk 220

2 .. 2
IVXellL2 (o) < lim inf [V, (72 (q)-

Moreover, using the continuity of the solution map S with respect to the L! convergence, we can
conclude that
Jo(xe) < linhinf Jo(Xk,)-

Finally, by pointwise convergence, 0 < y. < 1 a.e. and y. = 0 a.e. in Q% hence y. is a minimum

of J. in K. O
crs ) . k 9 L7 (09)
Proposition 5.11. Fiz a,e > 0 and consider a sequence {u”} C L*(0Q) such that u® —— Upmeas-

k

For each k, let X* be a solution of (5.17), where Umeas is replaced by u*. Then, up to a subsequence,

1
Xk £, Xe, where xc is a solution of (5.17).

Proof. Consider a solution x* of (5.17): by definition of x*, it holds
1 k k(|2 k(2 o k k
5”5()(5) —u HL"’(@Q) + 0‘5||VX6 HL2(Q) + ; /Q Xs(l - Xs)

1 * 2 %12 « * *
< SIS0 =0 Fagan, + sV Ty + 2 [ x71=x)

1 2 1 N
< §||u’meas_ukHL2(8Q) +§JE(X )
Hence HVXIgHLz(Q) is bounded independently of k, and so is HX§HL2(Q) (since x* € K). This implies

1 2
that, up to a subsequence, x* ELEN Xe € HY(Q), from which it follows that * L, Xe and in
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particular S(x*) LN S(xe) (thanks to Proposition 5.5) and x* — y. almost everywhere in ,
and by Lebesgue’s convergence theorem also fQ X1 - — fQ Xe(1 — xc). Finally, by lower
semi-continuity of the H! norm with respect to the weak convergence, we conclude that
Jo(xe) < liminf (;nsu’:) | aomy + 0e T oy + 2 [ 31 x§>)
<10+ 3 ftens — X[y
2% L2(0Q)

hence J.(x:) = J(x*) and x. is a solution of (5.17). Moreover, this implies that ||VXE||L2(Q) =

limy, HVXE and since H' is an Hilbert space, together with the weak convergence, this implies

HLZ(Q);

K H!
that xF — xe. O

The asymptotic behavior of the phase-field relaxation when ¢ — 0 is reported in the next two

propositions and is related to the notion of I'-convergence.

Proposition 5.12. Consider the space X of the Lebesgue-measurable functions over € endowed
with the L*(Q)) norm and the following extension of the cost functionals on X

. Jreg(X) if x € Xon . Je(x) ifxeK

J(x) = { “ T =37

oo otherwise, oo otherwise.

Then, the functionals jsk associated to {er} s.t. e — 0 converge to J in X in the sense of the

I'—convergence.

We proceed as in [66, Theorem 2.2]. After decomposing the cost functionals .J. (x) = G(x)+F(x)
and J(x) = G(x) + F(x), being G(x) = 1||S(x) - umeasHiz(Q), the main task is to prove that
F5 Fin X, which is done in [66, Theorem 6.1].

Finally, from the compactness result in [23, Proposition 4.1] and applying the definition of T'-

convergence, it is easy to prove the following convergence result for the solutions of (5.17).

Proposition 5.13. Consider a sequence {ex} s.t. e — 0 and let {x.,} be the sequence of the
respective minimizers of the functionals {Jz,}. Then, there exists a subsequence, still denoted as
{er} and a function x € Xo1 such that x., — x in L* and u is a solution of (5.13).

Proof. Thanks to the compactness result exposed in Proposition 4.1 in [23], it is possible to extract
a subsequence (still denoted as {ex}) s.t. X, z, X € X. Thanks to the definition of the T’
convergence, it easy to prove that x is a minimum of the sharp functional J: indeed, consider a
generic £ € X; then by the I' convergence,

&} © X st & £ and lim T, (&) = J ().

For each k, by definition of the minimizers x., , Je, (xe.) < Je, (€k), and passing to the limit, again
by definition of I' convergence,

l

J(x) < liminf J., (xe,) < lim Jo, (&) = J(€),

and since this holds for each ¢ € X, we conclude that the limit y is a minimizer of J. Moreover,

clearly J(x) < 0o, hence x € X, and is indeed a solution of the optimization problem (5.13). [J



106 CHAPTER 5. PHASE-FIELD APPROACH

5.3.1 Optimality conditions

We can now provide an expression for the optimality condition associated with the minimization
problem (5.17), which is formulated as a variational inequality involving the Fréchet derivative of
Je.

Proposition 5.14. Consider the solution map S : K — H () and let f € L*(Q) satisfy assumption
(5.4): for every e > 0, the operators S and J. are Fréchet-differentiable on K C L (Q) N H(Q)

and a minimizer x. of J. satisfies the variational inequality:

Jx)E—x] =0 VEeK, (5.18)
being
/ - _ . 3 ) a _ :
JL)[W] = /Q(l k)OVS(x) Vp+/9195(x) p+ 20z6/Q Vx -V + - /Q(l 2x); (5.19)
where 9 € K — x = {€ s.t. x + £ € K} and p is the solution of the adjoint problem:
[at0ve- o+ [ 300800%0 = [ (500~ wna) Vo H®.  (620)
Q Q 0

Proof. First of all we need to prove that S is Fréchet differentiable in L*°(2): in particular, we claim
that for ¥ € L>(Q) N (K — x) it holds that S’(x)[9] = S., where S, is the solution in H'(Q) of

/Qa(X)VS*chJr/Qb(x)gg(x)zs*w:/

(1—k)19VSV<p+/ 9S(x)3p Ve HY(Q), (5.21)
Q Q

namely, that
[S(x + ) = S(X) = Sell g1y = olPl Lo (0))- (5.22)

First we show that if ¢ € L>(Q2) N (K — x), then [[S(x +9) = SO 1) < Cll9ll e () Indeed,
the difference w = S(x + ) — S(x) satisfies

/a(x+79)VwV<P+/ b(x+ﬁ)qw<p:*/(a(x+ﬁ)*a(x))VS(X)Vso
@ @ @ (5.23)
- [t -s0Sete Vee @)

with ¢ = S(x + 9)% + S(x)S(x + ¥) + S(x)?. Substituting a(x + ) — a(x) = —(1 — k)9 and
b(x + ) — b(x) = —¥, and taking ¢ = w in (5.23), as in the proof of Proposition 5.5, we obtain

3
K[Vl 7: + 1 /Q b(x + )S()*w? < [0 e IVSOOll 2 I Vell 2 + ([ SO || o 1wl 2 9] e
and again by Proposition 5.4
3
k| V7. + zmQ/BIIwIIiz(mo) <[] VS OO 2 V]l 2 + 19 e [[SOOP || 2 0] -
By (5.6) and the Sobolev inequality, eventually

||w|@11(9) < OHS(X)HHl(Q)Hw“Hl(Q)”’ﬂHLOOa
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hence [|S(x + ) = SO 1) = O e ())-
Take now (5.23) and subtract (5.21). Define r = S(x + ) — S(x) — S.«: it holds that

/ a(x)VrVep + / b()35(x)2re = / (alx +9) — a(x)) Ve - Ve
Q Q Q
+ / (b(x + g — 36)SC)wp Ve € H'(Q).

The second integral in the latter sum can be split as follows:

/Q(b(X +9)g = 3b(x)S(x)*)we = /

(b(x + 1) — b(x))quwe + / (g —35(x)*)b(x)we,
Q Q

and in particular g—35(x)? = S(x+9)2+S(x+9)S(x) —25(x)? = hw, where h = S(x+9)+25(x) €

H'(€). Hence, chosen ¢ = r and exploiting again Proposition 5.4, the Poincaré inequality in Lemma
5.1 and the Holder inequality:

1 2 2
ol <kIVrize + m? 27 Loy < (1= B9 o [V0ll 2 V7] 2
2
191 pos gl pallwll 2 llrll o 4 120 Lallwl ol 2o

2
< ((1 = B9l oo [0l 2+ llall 2 191l poe el o+ W72 l] o Hw”Hl) 171 g2

It follows eventually that [|r(| ;o) < C\|19||ioo = 0(||Y]| = ), which guarantees that S, = S’"(x)[9].
The last step is to provide an expression of the Fréchet derivative of J.. Exploiting the fact that

S is differentiable, we can compute the expression of J.(x) through the chain rule:

J00W) = /0 (500 = tnea)S ) + 0 /

) (25VXV19 + §(1 - 2x)19> . (5.24)

Finally, thanks to the expression of the adjoint problem,

/aQ(S(X) — Upmeas) S () [V] :/

o0

(S(X) = tmeas)Sx = /

a(x)Vp- VS, + / 35(x)*pS. =
Q Q

(by definition of Si) = / (I1-Kk)WVS(x)-Vp —|—/ 9S(x)p,
Q Q
and hence:

ANLEY)

1
(1-k)WVS(x)-Vp+ / 9S(x)3p + a/ <2sVX -V + g(l - 2x)19> .
Q Q Q
Finally, it is a standard argument that, being J. a continuous and Frechét differentiable functional
on a convex subset K of the Banach space H'(Q), the optimality conditions for the optimization

problem (5.17) are expressed by the variational inequality (5.18). O

5.4 Discrete framework and reconstruction algorithm

For a fixed € > 0, we now introduce a Finite Element formulation of problem (5.17) in order to
define a numerical reconstruction algorithm and compute an approximated solution of the inverse

problem.
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In what follows, we consider €2 to be polygonal, in order to avoid a discretization error involving
the geometry of the domain. Let 7, be a shape regular triangulation of Q and define V}, C H*():

VhZ{UhEC(Q),Uh|KEP1(K) VKE’EL}; Kn=VianKk.

For every fixed h > 0, we define the solution map S}, : K — V}, where Sy () solves

/ a(X)VSn(xX)Vur + | b(x)Sh(x)*vs = / fon Vup € V.
Q Q

Q

5.4.1 Convergence analysis as h — 0

The present section is devoted to the numerical analysis of the discretized problem: the con-
vergence of the approximated solution of the direct problem is studied, taking into account the
difficulties implied by the nonlinear term. Moreover, the existence and convergence of minimizers of
the discrete cost functional is analyzed. The following result, which is preliminary for the proof of
the convergence of the approximated solutions to the exact one, can be proved by resorting to the
techniques of [57, Theorem 2.1].

Lemma 5.3. Let f € L?(Q) satisfy assumption (5.4); then, for every x € K, Sp(x) — S(x) strongly
in HY(Q).

Proof. As in the proof of Proposition 5.1, for a fixed x € K we define the operator T : H'(Q) —
(H(2))* such that

(T(u), ) = /Q a(X)VuVyp + /Q bo)ue;

then up, = Sp(x) and u = S(x) are respectively the solutions of the equations

(T(un), on) = /Qm Von € Vi (T(u),g) = /wa Yoe HYQ).  (5.25)

The ellipticity of the operator T" follows by Lemma 5.1 and Proposition 5.4, indeed:

(T(up) —T(u),up —u) = /

aCOIV (un — w)[? + / Do) (un — ) (3 + upu + u?)
Q

Q

3
> k|[V (un — U)||2L2(Q) + 1m2/3Huh - u||2L2(Qdo) > Cllun — u||§{1(9),

where C' = C(k,m,Q,dy) is independent of h. Consider now an arbitrary wy, € Vj, and exploit the

orthogonality (T'(upn) — T'(u), n) = 0 Yep, € V3, which follows by (5.25).
Cllun = ullzps < (T(un) = T(w),un —u) = (T(up) = T(u), wn —u)

< Kljwn = ull gallun = ull g1

where K is the Lipschitz constant of T' (see Proposition 5.1). We point out that, in view of Propo-
sition 5.2, the constant K does not depend on u nor on h, but only on Hf”m(g)» Q, do, k. Hence:

K
lun = ull g < 5 llwn = ull g1,

and since the latter inequality holds for each wy, € H(f2), it holds:

K .
l|un — UHHl(Q) < C w;llréfv,t lwp — u||H1(Q)7

and the thesis follows by the interpolation estimates of H!(£2) functions in V,. O
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The convergence of the solution of the discrete direct problem to the continuous one is an im-
mediate consequence of Lemma 5.3 and of the continuity of the map S} in the space V},, which can
be assessed analogously to the proof of Proposition 5.5.

1
Proposition 5.15. Let {hi}, {xr} be two sequences such that hy, — 0, xi € Kp,, and xx L, x € K.
Hl
Then S, (xr) — S(x)-

Define the discrete cost functional, J; ; : K, = R

1 1
Je,h(Xh) = §||Sh(Xh) — umeas,hHi%aQ) + Ot/Q <€|Vxh2 + th(l - Xh,)) , (526)

being wmeqs,n the L?(2)-projection of the boundary datum s in the space of the traces of V,
functions. The existence of minimizers of the discrete functionals J. 5 is stated in the following
proposition, together with an asymptotic analysis as h — 0. Taking advantage of Proposition 5.15,

the proof is analogous to the one of [66, Theorem 3.2].

Proposition 5.16. For each h > 0, there exists xp € Kp, such that J. n(xn) = ming, exc, Je,n(En)-
Every sequence {xn,} $.t. limg_oohy = 0 admits a subsequence that converges in H*(Q) to a

minimum of the cost functional J..

The strategy we adopt in order to minimize the discrete cost functional .J, j is to search for a

function x;, satisfying discrete optimality conditions, which can be obtained as in section 5.3.1:

Jn(xn)lén — xn] 20 V&, € Ky (5.27)

where for each 6, € K, — xn = {0n = &, — xn; & € Ki} it holds

T ()] = /

(1 =kE)9nVSh(xn) - Vpn +/ InSn (un)>pn + 2045/ Vxn - Vi
Q o o

. (5.28)

4 / (1 - 2x1)0n,
Q
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where py, is the solution in V}, of the adjoint problem (5.20) associated to xp,.

It is finally possible to prove the convergence of critical points of the discrete functionals J.
(i.e., functions in K, satisfying (5.27)) to a critical point of the continuous one, J.. The proof can
be adapted from the one of [66, Theorem 3.2].

Proposition 5.17. Consider a sequence {hy} s.t. hy — 0 and for every k denote as xj a solution
of the discrete variational inequality (5.27). Then there exists a subsequence of {xi} that converges

a.e and in HY(Q) to a solution x of the continuous variational inequality (5.19)

5.4.2 Reconstruction algorithm: a Parabolic Obstacle Problem approach

The necessary optimality conditions that have been stated in Proposition 5.14, together with
the expression of the Fréchet derivative of the cost functional reported in (5.19) allow to define
a Parabolic Obstacle problem, which consists of a very common strategy in order to search for a

solution of optimization problems in a phase-field approach. In this section, we give a continuous
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formulation of the problem and provide a formal proof of its desired properties. We then introduce
a numerical discretization of the problem and rigorously prove the main convergence results.

The core of the proposed approach is to rely on a parabolic problem whose solution x(-,t)
converges, as the fictitious time variable tends to +o0o0, to an asymptotic state x., satisfying the
continuous optimality conditions (5.19). The problem can be formulated as follows, for a fixed
€ > 0: let x be the solution of

/ Ix(E— )+ T E—]>0 VEEK, te(0,+oo)
Q (5.29)

X(70) =Xo € K.

The theoretical analysis of the latter problem is beyond the purposes of this work, and would require
to deal with the severe nonlinearity of the expression of J.(x); consequently, we provide a complete
discretization of the Parabolic Obstacle Problem and assess its convergence properties. This is
performed by setting (5.29) in the discrete spaces Kj, and V}, and by considering a semi-implicit
one-step scheme for the time updating, as in [66]: i.e., by treating explicitly the nonlinear terms and
implicitly the linear ones. We obtain that the approximate solution {x}}nen C Vi, xj = x(-,t") is

computed as:
X0 =x0 € Ky, (a prescribed initial datum)

it e Ky, - / O+ — X — X0 + 7 / (1= B)VSH () - Vol (6n — )

n\3, n n+1 n+1 n+1 (530)
+7'n/QSh(Xh) Ph(En — X5, )+2Tna€/QVxh V(& —x")
1

tral |- 20 -G 20 Ve € K n =01,
Q

The following preliminary result is necessary for the proof of the convergence of the algorithm:

Lemma 5.4. For eachn > 0, there exists a positive constant By, = By, (R, b,k |7 s 1ugt || s || ™! HHI)
such that, provided that T, < B, it holds that:
2
||XZ+1 - XZHLQ + Js,h(XZH_l) < Je,h(XZ) n > 0. (531)

Proof. In the expression of the discrete parabolic obstacle problem (5.30), consider &, = x}: via

simple computation, we can point out that

It = |2, + TG = T + ag |V Ot — x5, + %HXZ“ 3.

< / (i) — a(xp)) Vup Vpf + / (b0 — X)) ()l
Q Q

1
Tn

1 2
+ 5”“2“ - “ZHm(aQ) + /aQ(uZ“ —up) (U™ = Umeas,n);
where u} = Sp(x}) and uZH = Sh(xﬁﬂ). Moreover, by the expression of the adjoint problem,

1
RHS = [l = gy + D+ (D),
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where

D= / (bt — () V- Vil + / a(XD)V - V(L — )

= [ (el = b ™) VG =) Vi + [ abavet - v
- [ i)V - Vs
@)= [ (0™ = b)) i)*si +3 | W i) *pi(a ™! =) =
= [ O () = ) w1+ 3 [ OGR! )
+ [t = [ i)’ -
(by the expansion (up™')? = (uj + (ujt' — uZ))?))
= 3/Q (bxi) = O ™) (up)?pi (up ™ —ufy) =3 Qb(XZ“)(XZ)p hup ™ = up)?
e A A AR A (A e RCAITARA
Collecting the terms and taking advantage of the expression of the direct problem, we conclude that
RS =3 a5 = [ Faony + [ (alad) =l ™) Vi =) - Vo
+3 /Q (BOR) = BOGE) (88 = )

[ b0 R = u)? / bOG )P (it — )P,

We now employ the Cauchy-Schwarz inequality and the regularity of the solutions of the dis-
crete direct and adjoint problems (in particular the equivalence of the W and H! norm in Vj:
[unllyr.oe < Cillunllgrs C1r = C1(2, h)):

RHS < Calxi™ = x| o™ = o + Callei™ = [

with Cp = (1 B)CUID 1+ Crllug g 193 | g2 and Cs = 3CEupll g, 1951 a1, + CE PR g, (Nl g, +
Hthrl H H 1C152T, being C, the constant of the trace inequality in H'(Q). Eventually, similarly to
the computation included in the proof of Proposition 5.14, one can assess that

™ = il < Calb™ =il o
with Cy = Cy(k,Ch, ||up|l;:,€). Hence, we can conclude that there exists a positive constant

Cn = CoCy + C30% such that
fo"“ — X3 5a +IOETY) = O3 < Cal X = X2

and choosing 7, < B, o~ we can conclude the thesis. O

_1+

We are finally able to prove the following convergence result for the fully discretized Parabolic
Obstacle Problem:
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Proposition 5.18. Consider a starting point X% € Ky. Then, there exists a collection of timesteps
{mn} st. 0 <y <7, <B, Vn>0. Corresponding to {7,}, the sequence {x}} generated by (5.30)

1,00
has a converging subsequence (which we still denote with x}) such that x} v, Xh € Vi, which
satisfies the discrete optimality conditions (5.27).

Proof. Consider a generic collection of timesteps 7, satisfying 7,, < B, Vn > 0. Hence, by Lemma
5.4,

Z I = xi]5s < Jen(xd) and  sup Jop(xf) < Jen(xh)

which implies that H)("+1 — XZHLZ — 0 and hence 7 is bounded in H'(f2), and this implies that

also {u?} and {p'} are bounded in H'(2). According to the definition of the constants C,, and
B, reported in the proof of Lemma 5.4, this entails that there exists a constant M > 0 such that
Cn, < M ¥n > 0, and equivalently there exists a positive constant v s.t. v < BB,,. Hence, it is possible
to choose, for each n > 0, v < 7, < B,.

Eventually, we conclude that there exists x; € Kp, such that, up to a subsequence, xj — x a.e. and
in Whee(Q) (and u} — up, := Sp(xn), P — pr in H' and in W1 as well, as in the discrete space
V,, the L* norm is equivalent to the L2(£2)). We exploit the expression of the discrete Parabolic
Obstacle Problem (5.30) to show that

/Q( — k)Vuy - Vpp (&n — n+1)+/(uh) pr(En — X7 + 20 VXZH V(& —xipth
vaz [0=2)@ 3™ =~ [ 6q - -t Ve ek,

and since —% > —% Vn, when taking the limit as n — oo, the right-hand side converges to 0, which

entails that wuy, satisfies the discrete optimality conditions (5.27). O

In order to solve (5.30) we resort the Primal-Dual Active Set method, introduced in [37]. Thus,

the final formulation of the reconstruction algorithm is the following:

1: Set n =0 and X% = xo, the initial guess for the inclusion ;

2 while ||[xji = Xj ' [| (@) > tolpop do

3:  solve the direct problem (5.5) with x = x7;

4:  solve the adjoint problem (5.20) with x = x};

5:  compute X”H solving (5.30) via PDAS algorithm ;
6: updaten =n+41;

7: end while

8 return xj

Algorithm 7: Solution of the discrete Parabolic Obstacle Problem

Remark 5.3. It is a common practice to increase the performance of a reconstruction algorithm
taking advantage of multiple measurements. In this context, it is possible to suppose the know-
ledge of Ny different measurements of the electric potential on the boundary, umeas,j § = 1,- -+, Ny,
associated to different source terms f;. Therefore, instead of tackling the optimization of the mis-
match functional J as in (5.12), it is possible to introduce the averaged cost functional J7O7T (y) =

1\},« ZNf JI(x), where JI(x) = 3[1S;(x) —umeas,jHQLz(aQ), being S;(x) the solution of the direct
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problem (5.5) with source term f = f;. The process of regularization, relaxation and computation
of the optimality conditions is exactly the same as for J, and yields the same reconstruction algo-
rithm as in Algorithm 7, where at each timestep the solution of N7/ direct and adjoint problem must

be computed.

5.5 Numerical results

In this section we report various results obtained applying Algorithm 7. In all the numerical
experiments, we consider Q = (—1,1)? and we introduce an uniform and shape regular tessellation
Tr of triangles. Due to the lack of experimental measures of the boundary datum .5, we make use
of synthetic data, i.e., we simulate the direct problem via the Finite Element method, considering
the presence of an ischemic region of prescribed geometry, and extract the value on the boundary of
the domain. In order to avoid to incur an inverse crime (i.e. the performance of the reconstruction
algorithm are improved by the fact that the exact data are synthetically generated with the same
numerical scheme adopted in the algorithm) we introduce a more refined mesh 7,°" on which the

exact problem is solved, and interpolate the resulting datum w,eqs on the mesh 7p.

5.5.1 Reconstruction of inclusions of arbitrary shape and topology

In the following test cases, we apply Algorithm 7 for the reconstruct inclusions of different
geometries, in order to investigate the effectiveness of the introduced strategy. We use the same
computational mesh T;, (mesh size h = 0.04, nearly 6000 elements) for the numerical solution of
the boundary value problems involved in the procedure, except for the generation of each synthetic
data which is performed on different finer meshes 7,°*. According to Remark 5.3, we make use of
Ny = 2 different measurements, associated to the source terms fi(z,y) = = and fao(z,y) = y. The
main parameters for all the simulations lie in the ranges reported in Table 5.1. We make use of the

same relationship between € and 7 as in [66]. The initial guess for each simulation is ug = 0.

« ‘ 5 ‘ T ‘ tolpop
1071072 | 1/(87) | (0.01+0.1)/ | 107

Table 5.1: Range of the main parameters

In Figure 5.1 we report some of the iterations of Algorithm 7 for the reconstruction of a circular
inclusion (o« = 0.0001, 7 = 0.01/¢). The boundary Jdw is marked with a black line, which is
superimposed to the contour plot of the approximation of the indicator function uj at different
timesteps n. The algorithm converged after N;,; = 568 iterations, corresponding to a final (fictitious)
time Ti,; = 1427.54. In Figure 5.2 we investigate the effectiveness of the algorithm to reconstruct
inclusions of rather complicated geometry. For each test case, we show the contour plot of the
final iteration of the reconstruction (the total number of iterations N and the final time 7T are
reported in the caption), and the boundary of the exact inclusion is overlaid in black line. Moreover,
each result is equipped with the graphic (in semilogarithmic scale) of the evolution of the cost
functional J¢, split into the components Jppgr(x) = %HS(X) — Umeas||2L2(6Q) and Jyregutarization(X) =
aEHVxHQLz(Q) + 2 [, x(1 = x). The reported results consist in approximations of minimizers of .J.
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Figure 5.1: Reconstruction of a circular inclusion: successive iterations
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Figure 5.2: Reconstruction of various inclusions

in K: they are smooth function and range between 0 and 1. They show large regions in which they
attain the limit values 0 and 1, and a region of diffuse interface between them, whose thickness is
about £/2. As Figures 5.1 and 5.2 show, the algorithm is able to reconstruct inclusion of rather
complicated geometry. The identification of smooth inclusion is performed with higher precision,
whereas it seems that the accuracy is low in presence of sharp corners. We point out that we do
not need to have any a priori knowledge on the topology of the inclusion w, i.e., the number of

connected components is correctly identified.
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5.5.2 Initial guess

We now assess that the final result of the reconstruction is independent of the initial guess imposed
as a starting point of the Parabolic Obstacle problem. In Figure 5.3 we compare the behavior of the
algorithm applied to the reconstruction of a circular inclusion (the same as in Figure 5.1), where we
impose a different initial datum with respect to the constant zero function. In the first experiment,
we start from an initial datum which is the indicator function of an arbitrarily chosen region. In
the second one, we impose as a starting point the indicator function of a sublevel of the topological
gradient of the cost functional J. As investigated in [33], the topological gradient is a powerful tool
for the detection of small-size inclusions, which yield a small perturbation in the cost functional with
respect to the background (unperturbed) case. The position of a small inclusion is easily identified
by searching for the point where the topological gradient of J attains its (negative) minimum. As the
information given by the topological gradient G has shown to be useful even in the case of large-size
inclusions (see, e.g., [28], [49]), we take advantage of it by computing G (see Theorem 3.1 in [33]),
setting a threshold Gy, and defining uo = x{g<ga,,,}- The results reported in Figure 5.3 show the

1 1
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0.5
0.6
0.4
-0.5
0.2
l 0
0.5 0 05 1

=)

- - 0.5 0 05 1 T 05 0 05 1
(a) Initial guess: arbitrary (b) Intermediate: n = 60
1 1 1 1
0.8 — 08
0.5 \ 0.5
/4 0.6 \I 06
0 0
0.4 0.4
0.5 -05
0.2 0.2
A 0 - 0 .
- 0.5 0 05 1 -1 0.5 0 05 1 -1 0.5 0 05 1
(d) Initial guess: topological (e) Intermediate: n = 50 (f) Final: Niot = 489, Tior = 1228.99

Figure 5.3: Reconstruction of a circular inclusion with different initial conditions

starting point of the algorithm, an intermediate iteration and the final reconstruction. In both cases
we set @ = 0.001, ¢ = 1/(87) and 7 = 0.1/e. We underline that the result in each case is similar to
the one depicted in Figure 5.1, but through the second strategy it was possible to perform a smaller

number of iterations.
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5.5.3 Mesh size and adaptation

Another interesting investigation is the comparison of the results obtained when perturbing the

relaxation parameter . In Figure 5.4 we report the final reconstruction of an ellipse-shaped inclusion

1 1 1
47’ 87 87

1 1 1
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0.5 05
0.6

0 0
0.4

-0.5 -0.5
0.2

-1 0 -1

-1 -0.5 0 05 1
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when setting ¢ = . As expected, it is possible to remark that the thickness of the diffuse

(a) € = = Niot = 358, Tior = 224.94 (b) € = 2=: Niot = 1500, Tyor = 753.98(c) € =

" oy Niot = 3514, Tiot =

1.
167 °
1766.33

Figure 5.4: Reconstruction of a circular inclusion with different

interface region decreases as € decreases. Nevertheless, one must take into account the size of the
computational mesh 7: in the last test of Figure 5.4, the thickness of the region in which the final

tot

iteration X;IZ[ increases from 0 to 1 is of the same order of magnitude as h,,q,. This is rather
likely the reason why the edge of the reconstructed inclusion appears to be irregular and jagged.
A natural strategy to avoid the problem would be to make use of a finer mesh, e.g., ensuring that
hmaz < €/10; however, that could result in an extremely high computational effort. It is possible to
overcome this drawback by introducing an adaptive mesh refinement strategy, i.e., by locally refining
the mesh close to the region of the detected edges. In Figure 5.5 we compare the result obtained
when approximating a rectangular and a circular inclusion with € = ﬁ on the reference mesh
or through a process of mesh adaptation. We invoked a goal-oriented mesh adaptation algorithm
each Nygapr = 50 iterations, requiring for a higher refinement of the grid in proximity to higher
values of |[Vx7| and for a lower refinement in the regions where x is approximately constant. This
allows to have more precise reconstruction even for small e, almost without increasing the global
number of elements of the mesh. In Figure 5.5, we also report the final configuration of the refined

computational mesh.

5.5.4 Robustness with respect to measurements

We finally verify the stability result obtained in Proposition 5.11, by testing the reconstruction
algorithm when the measured boundary data are perturbed by a small amount of noise. In particular,
we consider u, = Umeqas + 1¢, being ¢ a Gaussian random variable with null mean and standard
deviation equal to maxq tmeqs — MINQG Umeqs and 1 € [0, 1] the noise level. In Figure 5.6 we report
the final results of the reconstruction algorithm when applied to the boundary measurements related
to an elliptical inclusion perturbed with different noise level. For each simulation, we fix o = 0.001

and € = %. In Figure 5.7, instead, we investigate the effect of the regularization parameter o in
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Figure 5.5: Mesh adaptation: result comparison
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Figure 5.6: Reconstruction of an elliptical inclusion with noisy measurements
the reconstruction from noisy data, fixing 7 = 0.1. We observe that a higher value of  may help in

filtering the information coming from the noise, avoiding to let it spoil the reconstruction, although

it might result in an overall loss of precision.

5.6 Comparison with the Shape Derivative approach

In the previous sections, we have analyzed in detail the phase-field relaxation of the minimization

problem expressed in (5.13). We now aim at describing the relationship between this method and
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Figure 5.7: Reconstruction of an elliptical inclusion with noisy measurements

a shape derivative based approach analogous to the one proposed in Chapter 4, which consists
in updating the shape of the inclusion to be reconstructed by perturbing its boundary along the
directions of the vector field which causes the greatest descent of the cost functional. Such a direction
can be deduced by computing the shape derivative of the functional itself. In this section, we first
theoretically investigate the relationship between the shape derivative of the cost functional J,.4
and the Fréchet derivative of J. and then report a comparison between the numerical results of the

two algorithms in a set of benchmark cases.

5.6.1 Sharp interface limit of the Optimality Conditions

In order to study the relationship between the optimality conditions in the phase-field approach
and the ones derived in the sharp case, we follow an analogous approach as in [38]. First of all, in
Proposition 5.19 we introduce the necessary optimality condition for the sharp problem (5.13), taking
advantage of the computation of the material derivative of the cost functional. Such a derivative
consists in a generalization of the one computed in Chapter 4. We then define in Proposition 5.21
similar optimality conditions for the relaxed problem (5.17), which are related but not equivalent to
the one stated in (5.18)-(5.19) through the Fréchet derivative. In Proposition 5.22 we finally assess
the convergence of the phase-field optimality condition to the sharp one when € — 0.

For the sake of simplicity, in this section, we will refer to J,., as J. Consider the minimization

problem (as in (5.13)):

. 1
argminJ ()i J(0) = 31500 = tmeas 12 o0) +aTV00): (5.32)
XEXo,1

Since x € Xp,1 implies that x = x.,, being w a finite-perimeter subset of 2, we can perturb x by
means of a vector field ¢ : Q — R?, ¢;(z) = x + tV (z), being
Ve Q) st V(z) =0in Q% = {2 € Q s.t. dist(z,00) < dy}. (5.33)

Consider the family of functions {x;}: x; = x © #; \: we can compute the shape derivative of the

functional J in x along the direction V' (see [67]) as

DJ(x)[V] := lim JOx) = J00

lim ; , (5.34)
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where J(x:) is the cost functional evaluated in the deformed domain Q; = ¢;(€2) but, according to
(5.33), ©; and Q are the same set, thus we do not adopt a different notation. We prove the following
result:

Proposition 5.19. If x is a solution of (5.32) and f € L?(QQ) satisfies assumption (5.4), then
DJ(x)[V]=0 for all the smooth vector fields V. (5.35)

The shape derivative is given by:

DJ()IV] = aQ(S(X) ~ tmeas) SOOV] + /Q(divV — DVv-v)d|Dx|, (5.36)

where d|Dx| = da,dx, v is the generalized unit normal vector (see [83]) and S(x)[V] =: S, the

material derivative of the solution map, solves

/Q a(x)VS - V’U—‘r/b 13S(x)250 = — / a(x)AVS(x) Vv—/b (x)*vdivV+
/ div(fV)e  Yue H'(Q), 537

being A = divV — (DV + DVT).

Proof. We start by deriving the formula of the material derivative of the solution map. Define
So=S5(x) and St : Q@ = R, S; = S(x¢) o ¢+. Then, applying the change of variables induced by the
map ¢, it holds that

/ a(x)At)VS; - Vv +/ b(x)S3v|det Dy | = / (f - ¢s)v|detDey| Yo € HY(Q), (5.38)
Q Q Q
where A(t) = D¢;TD¢;1|deth§t|. By computation,

A( y=A=(divV)I — (DV'+DV)  and i|detp¢t| = divV.

dt
Subtract (5.5) from (5.38) and divide by ¢: then w, = 2= SO is the solution of
A(t) -
a(x)A({t)Vw, - Vo + | b(x)qwv|det(Dey)| = — a(x)ivso -V
@ @ @ (5.39)

_/Wb(x)séwf %(fo‘bt)”'det(mt)‘_/%fv

Vo € H(Q), where the norm of the right-hand side in the dual space of H*(£2) is bounded by
H H |det(D¢y)| — 1

1501771 (@)
L= (Q)

( )HfHL?(Q) + C(IWV @) @) < Cr,
L9

10l g1 () +
L= (Q)

N H |det( th)| -1

being C'r independent of t. Moreover, the matrix A(t) is symmetric positive definite: (A(t)y) -y >
%HyHQ Vy € R2,Vt. Together with the property that ¢, = x7 + xex + x* > 3x?, and thanks to

Proposition 5.4 and to the Poincaré inequality in Lemma 5.1,

2 2 3 2
wellg: < C (kvat”L2 + Zm2/3||wt||L2(Qdo) < Crllwell g
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Thus, [|w¢|[z: is bounded independently of ¢, from which it follows that [|Sy — Sol[ 1 (q) < Ct and

1
that every sequence {w,} = {wy,, t, — 0} is bounded in H'(Q), thus w; —— w € H*(£). We aim
at proving that w is also the limit of w; in the strong convergence, which entails that
. St — S
S()[V] = lim Z—22 =y

t—0 t

First of all, we show that w is the solution of problem (5.37). It follows from (5.39), since qw; =
1(S% = S8) = H((So + twy)® — S§) = 353w, + 3tSow? + t*w}, that

/a( VA(t)Vwy - Vv—l—/b 350wt’l}|d6tD(bt|——/QCL(X)A(t)t_IVS()-VU

/ |d6tD¢t S50 / b(x)3tSowiv|det Dey| — / b()t*wivldetDér|  (540)
Q Q
detD t °CQt) —
+/Q(f°¢t>etflv_/ﬂ(f¢t)fv Vv e HY(Q).

Taking the limit as ¢ — 0 and by the weak convergence of w; in H', we recover the same expression

1
as in (5.37). One may eventually show that w; s w. In order to do this we start proving that

/Q A () A1) [V [* + / b(x)|det Dy 35207 — / IVl + / b(x)352u2. (5.41)

Indeed, take (5.40) and substitute v = w;: using the weak convergence of w; in the right-hand side,

we obtain that

/a(x)A(t)|th|2+/ b(x)|det Dp¢|3Sgw? — / X)AVSy - Vw — [ divV b(x)Siw
Q Q

Q
+/ fw divV—/ Vi-Vw S /a(x)|Vw|2+/ b(x)3S3w?
Q Q Q Q

We then compute:

[ ab0AOT = w) + [ 0383w~ w)?ldetDer] —

Q Q

/ a(x)A(t)|Vw|* —|—/ a(x)A(t)|Vw|* — 2/ a(x)A(t)Vw, - Vw (5.42)
Q Q Q

+ / b(x)3Saw?|det Dy | + / b(x)3Saw?|det Depy| — 2 / b(x)3Sawsw|det D).
Q Q Q

Using (5.41), the convergence of A to I and of |detD¢;| to 1, and the fact that w; s w, we derive
that

/ a(0IV (wr — w)|? + / b(x)352(wy — w)? = 0
Q Q

A combination of the Proposition 5.4 and of the Poincaré inequality in Lemma 5.1 allows to conclude
that also |lwy — w|| ;1 — 0.

We now prove the necessary optimality conditions for the optimization problem (5.32). The
derivative of the quadratic part of the cost functional J can be easily computed by means of the
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material derivative of the solution map:

(S(Xt) - umeas)2|det(D¢t)| - (SO - Umeas)2

}1_{1(1) 3 g ; (since S(xt) = St on 0Q)
— _ 2 _ _ 2
— lim = (St _ umeas)ZM + lim 1 / (St Umeas) (SO Umeas) (5.43)
=02 Jog t =02 Jog ¢
1 .
_1! / (S0 — tmeas) @iV + | SCOIVI(So — tmeas),
2 Joq o9

and the first integral in the latter expression vanishes since V' = 0 on €24,. On the other hand, using
Lemma 10.1 of [83] and the remark 10.2, we recover the expression for the derivative of the Total
Variation of y, which is the same reported in (5.36). O

The optimality conditions reported in (5.35) are, at the best of our knowledge, the most general
result which can be obtained in this case, i.e. by simply assuming that y = x,, and w is a set of finite
perimeter. We point out that, assuming more a priori information on Y, it is possible to recover
from (5.36) the expression of the shape gradient of the cost functional J. By assuming that dw is of
class C?, we come back to the main result proved in Chapter 4:

Proposition 5.20. Suppose that w C Q is open, connected, well separated from the boundary OS2
and regular (wis at least of class C?), and x = x.,. Then, the expression of the shape derivative of
the cost functional J along a smooth vector field V is:

DJ()[V] = /8 ) [(1 _ k) (VTS(X) Vw4 %VVS(X)Q . v,,we) + 50w + H} Vew,  (5.44)

where w is the solution of the adjoint problem (see (5.20)). The gradients VS(x) and Vw are
decomposed in the normal and tangential component with respect to the boundary 0w, and due to
the transmission condition of the direct problem their normal components are discontinuous across
Ow: the valued assumed in Q\ w is marked as V,S(x)¢. The term H is instead the curvature of the

boundary.

For the sake of completeness, we point out that the latter result can be easily generalized to the
case in which w is the union of N, disjoint, well separated, components, each of them satisfying the
expressed hypotheses. Thanks to the results recently obtained in [31], we expect formula (5.44) to
be valid also under milder assumption, in particular for polygons.

We aim at demonstrating that the expression of the shape derivative reported in (5.35) is the
limit, as € — 0, of the shape derivative of the relaxed cost functional J. (defined as in (5.34),
replacing x by x. and J by J.). In order to accomplish this result, we need to introduce necessary
optimality conditions for the relaxed problem (5.17) which are different from the ones reported in
Proposition 5.14 and can be derived by the same technique as in Proposition 5.19 as shown in the
following result.

Proposition 5.21. If x. is a solution of (5.17), then

DJ.(x:)[V]=0 for all the smooth vector fields V, (5.45)
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The expression of the derivative is given by:

DJE(XE)[V] :/ (S(XE) - umeas)S(XE)[V] + 045/ |VX5|2dZ’UV
o0 ° (5.46)

— 2a5/ DVVxe-Vxe+ g/ Xe(1 — xe)divV
Q € Ja

where S"(XE)[V] solves the same problem as in (5.37), replacing x with x..

Proof. The same strategy as in the proof of Proposition 5.19 can be adapted to compute S(x.)[V] and
the derivative of the first term of the cost functional. We now derive with the same computational

rules the relaxed penalization term. Recall

Fc) =ae [ [l +2 [ )

being ¥ : R — R, 1(x) = (1 — z). After the deformation from x. to x. o ¢; > and applying the

change of variables induced by ¢y,

_ (67 _
Fe(Xe°¢t 1) 2045/ A(t)vXa'va‘Fg/ P oxeo Py L
Q Q
Hence,

Fo () [V] = tim T2 0 007) = Fe(

t—0 t

Xe) _ aa/ AVxe - Vxe + aag/ Y(xe)divV =
Q € Ja
- a&/ IVxe|2divV — ozs/ (DV + DVT)Vx. - Vx. + g/ xe(1 = xo)divV,
Q Q Q
which is the same expression as in (5.46), since DVTVv - Vv = DV Vv - Vu. O

We point out that the optimality conditions deduced in the latter proposition are not equivalent
to the ones expressed in Proposition 5.14 via the Fréchet derivative of J.. Nevertheless, if y.
satisfies (5.18)-(5.19), then it also satisfies (5.45) (it is sufficient to consider in (5.18) v = x. o ¢; *,
which belongs to I thanks to the regularity of V'), whereas the contrary is not valid in general. In
particular, due to the regularity of the perturbation fields V| the optimality conditions (5.45) do not
take into account possible topological changes of the inclusion: for example, the number of connected
components of w cannot change. We remark that this holds also for the optimality conditions (5.35)
for the sharp problem, and consists in a limitation for the effectiveness of the reconstruction via a
shape derivative approach: the initial guess of the reconstruction algorithm and the exact inclusion
must be diffeomorphic.

We are now able to show the sharp interface limit of the expression of the shape derivative of
the relaxed cost functional J. as € — 0, which is done in the following proposition.

Proposition 5.22. Consider a family x. s.t. X € K Ve > 0 and x. L X € BV(Q) as e — 0.
Then,
DJ.(x:)[V] = DJ(Q)[V] for every smooth vector field V.
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Proof. We follow a similar argument as in the proof of [38, Theorem 21]. Thanks to Proposition
5.5, Xe z, X = S(xe) 2, S(x). Also S(x.)[V] ", S(X)[V]: the proof is done by subtracting the
equations of which S(x.)[V] and S(¥)[V] and verifying that the norm of their difference is controlled
by the norm of S(x.) — S(¥%) in H(Q). Thanks to these results, surely

[ (866) = tmea) 36V > [ (500 = tmea)S(0IV)
Q Q
Eventually, the convergence

045/ |VXe|?divV — 2ae | DVVY. - V. + % / Xe(1 = x2)divV — [ (divV — DV - v)d|D|
Q Q Q Q

is proved in [79], Theorem 4.2 (see also annotations in [38], proof of Theorem 21). O

In particular, we point out that this implies, together with Proposition 5.13, that the expression
of the optimality condition for the phase field problem converges, as € — 0, to the one in the sharp

case.

5.6.2 Comparison with the shape derivative algorithm

In this section, we report some results of the application of the algorithm based on the shape
derivative. In the implementation, we take advantage of the Finite Element method to solve the
direct and adjoint problems and compute the shape gradient as in (5.44). We consider an initial
guess for the inclusion (in all the simulations reported, the initial guess is a disc centered in the
origin with radius 0.02) and discretize its boundary with a finite number of points, which always
coincide with vertices of the numerical mesh. We iteratively perturb the inclusion by moving the
boundary with a normal vector field V' which is the projection in the Finite Element space of the
shape gradient reported in (5.44) (see e.g. [69] for more details). After the descent direction is
determined, a backtracking scheme is implemented (see [114]), in order to guarantee the decrease
of the cost functional J at each iteration. As in the case of Algorithm 7, we start from the initial
guess X = 0 and take advantage of N + = 2 measurements, associated to the same source terms.

The main parameters of this set of simulations are reported in Table 5.2.

« ‘maxstep‘ tol
102 10 |10

Table 5.2: Values of the main parameters

In Figure 5.8 we report the results of the reconstruction with the shape gradient algorithm com-

&= and with mesh adaptation).
Each result is endowed with a plot of the evolution of the cost functional throughout time (in par-

ticular, of Jppp(u) = 3||S(u) — Umeas||r2(p0))- The reconstruction achieved by the shape gradient

algorithm is qualitatively as accurate as the phase-field one. The first method is less expensive in

pared to the ones of the Parabolic Obstacle problem (with ¢ =

terms of number of iterations. Nevertheless, it requires a priori knowledge about the topology of

the unknown inclusion.
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Figure 5.8: Shape gradient algorithm: result comparison

5.7 Alternative: a saddle-point problem

In this section, we present a reconstruction algorithm for the solution of the inverse problem
which consists in an alternative with respect to the phase-field approach. We develop an algorithm
for the minimization of the cost functional J,.g4, see (5.13), which involves the Lagrangian strategy
reported in [26, Chapter 10] for an image reconstruction problem. As expressed in Section 5.3,
the main difficulties which required the introduction of a relaxation of the cost functional are the
non-convexity of the space Xy 1 and the non-differentiability of J,.., (especially the TV-part). An
alternative, which is explored in this section, is to look for a minimizer of J,.., within the space
BV (€,]0,1]), which is indeed convex. In order to overcome the non-differentiability of J,..,, we
exploit the definition of the Total Variation of a BV-function to formulate the minimization problem

(5.13) in an alternative way: since
TV =sup{ [ x div(s) :p € CLOR, Il <1
we introduce the Lagrangian functional L(x, p):
L0GH) = 31800 = e omy + [ x vt (5.47)

We consider x € BV(Q;[0,1]) and p € P = {gs.t. ¢ € L*(;RY),div(q) € L*(Q),p-v =
0 on 99, |p| < 1 a.e.}; P is the closure of C&(Q;R?) with respect to the norm |||, 2 + ||div(-)]| 2.
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After introducing L, instead of searching for a minimum point x € BV (Q;[0,1]) of J,., we might
look for a couple (x,p) € BV (£;1]0,1]) x P which solves the following saddle-point problem:

L(x,p) < L(§,p) V&€ BV(Q;0,1])
L

L(x,p) > L(x, (548)

find (x,p) € BV(%;[0,1]) x P s.t. { q9) YgeP

(x

5.7.1 Reconstruction algorithm: Uzawa Total Variation flow

In order to define a numerical algorithm for the approximation of the solution of (5.48), we
introduce a discretization of the spaces in which the problem is set: defined a tessellation 7j of
the domain 2, we look for x; € Kp, being K, the Finite Element space introduced in Section 5.4;
whereas p;, € P, the space of vectorial functions which are element-wise constant on 7, and such

that |pn| < 1. The discretized Lagrangian can be rewritten as

1
Lh(thph) = §||S(Xh) - umeas,h”%ﬁ(ag) + /Q th *Ph- (549)

The numerical algorithm for the research of a saddle point of L, in Kp x Pp that we propose is an
Uzawa iterative algorithm, allowing to define a sequence of approximations (Xﬁ, pﬁ) which consists
in a descent flow for L with respect to x and in an ascent flow for L; with respect to p.

X%,p% given. For £k =0,1,---,
find ™ st O = X0 € = X T + O Ln(x PR € — xi T 20 Ve ey
find pit st (ppt = o an — i) = O LTy ) lan — P >0 Vpn € P
(5.50)
where 0, Ly, and 0,L; are the Frechét derivatives of the Lagrangian functional with respect to its
X P grang
first and second variable respectively. We remark that, in the first variational inequality, we would

prefer to evaluate 0y Ly, in (X]fl“, pﬁ“), but that would yield the presence of terms which are highly

non linear with respect to XZH and would require expensive algorithm for the solution. Indeed, the

expression of the derivative is deduced by formal computations and is the following one:
L (X, pn)[Un] = 25" (xn)[91] + / ph - VU
Q
OpLn (X, pn)[¥nl = | ¥n - Vxn,
Q

where the expression of the Frechét derivative of the solution map S'(xn)[94] can be derived, as in
(5.19), by introducing an adjoint problem.

This allows to formulate an algorithm for the implementation of the Uzawa iterations: as ex-
plained before, we avoid a full-implicit scheme, and treat explicitly all the (non-linear) terms within

S’(xn). Moreover, we decouple the update of Xf;H and pﬁ“: we first compute XI;;H making use of

Xﬁ and p’fb, then we exploit also Xﬁﬂ for the computation of prH. For the latter step, it is possible
to give an explicit expression of the update, since the condition in (5.50) is equivalent to minimizing

a quadratic functional in the L°°-unitary ball: as in [26], Remark 10.11,

P = P+ 7V
p = .
max{1, \pﬁ + TVXZ-HH'

(5.51)
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Instead, the variational inequality for the update of Xﬁ“ is
L0 =3 =)+ [ (1= RVSed) - Vet e — )
¢ ¢ (5.52)

+7 ng(XZ)gp(Xﬁ)(fh X+ /Q iV —xET >0 Ve, € K,

where p(xp,) is the solution of the adjoint problem (5.20) with x = x. The solution of the inequality

is performed via a PDAS strategy as in Algorithm 7, in order to fulfill the requirement that 0 <
k+1
Xh

bounds on the choice of the timestep 7 in order to preserve stability. Eventually, we implement the

< 1. We remark that this results in a fully explicit evolution step, which entails more restrictive

following Algorithm:
Data: Initial guess for the inclusion u$
Set k =0 ;
while Hxlﬁ — X];L_lHoo > tol do
compute S(x¥) solving the direct problem (5.5);
compute p(x¥) solving the adjoint problem (5.20);

update XZ-H solving (5.52) via PDAS Algorithm;

update plffl according to (5.51);
set k=Fk+1;
end

Algorithm 8: Uzawa algorithm for the minimization of Jy¢4

5.7.2 Numerical results and comparison with the phase-field relaxation

We now report some results of the application of Algorithm 8, which implements the Uzawa
flow for the research of the saddle point of the Lagrangian functional. This allows also to perform
a comparison with the main proposed algorithm, which is based on a phase-field approach to the
problem and motivates future further investigation in this field. Indeed, the identification of the
ischemic region seems to be effective. The parameters for this set of simulations are reported in
Table 5.3 We considered Ny = 2 different measurements associated to f; = x and fo = y and the

a ‘ T ‘ tolppas ‘ tolpop
w0t [1] 1071 | 107

Table 5.3: Values of the main parameters

starting guess is ug = 0. In Figure 5.9 we report the results of the reconstruction with the Uzawa
flow compared to the ones of the Parabolic Obstacle problem (on the same mesh, with ¢ = 7 and
e = ) in two different configurations. The reconstruction achieved by the saddle-point method
seems to be as accurate as the phase-field one, and even more sharp in presence of non-smooth
geometry. The computational cost of the former, indeed, is considerably higher than the one of the

latter, as depicted by the total number of iterations required.
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Figure 5.9: Uzawa algorithm: result comparison
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Chapter 6

Well-posedness results for the

monodomain problem

This chapter is entirely devoted to the extension of the results regarding existence, uniqueness
and regularity of the solutions of the monodomain problem. Particular attention is given both to
the unperturbed case (i.e., when no ischemia is present) and to the perturbed one. The results
obtained in this chapter are of crucial importance in order to extend to the monodomain case the
methods developed in the previous chapters of the thesis for reconstructing discontinuous coefficients
in semilinear elliptic and parabolic equations.

The well-posedness analysis of the monodomain system has been the object of several studies,
mainly as a by-product of the discussion on the more complicated bidomain model: we refer to
[61, Chapter 3] for a general overview. Existence and uniqueness of weak solutions of the system
have been tackled via various techniques: in [62], e.g., such results have been obtained on the Fitz-
Hugh Nagumo model (see Chapter 1 for the expression of f,g) by applying a theory for abstract
evolution inequalities based on semi-discretization in time, a-priori error estimates and compactness
properties. In [41] a result of existence and uniqueness of weak solution is proved for the Fitz-Hugh
Nagumo, the Aliev Panfilov and the Rogers MacCulloch models by means of a Faedo-Galerkin
argument. A result of existence of strong solutions, local in time, is also derived. In [136], instead,
results of well-posedness are obtained on a wider range of models, by resorting on a fixed point
argument.

Regarding the regularity of the solutions of the monodomain problem, we report a result in
[64] for Fitz-Hugh Nagumo, Aliev Panfilov and Rogers MacCulloch models: if the coefficient of the
system are sufficiently regular, thanks to arguments from [131] and [86], existence and uniqueness of
solutions of the monodomain system in a classical sense is guaranteed, locally in time. A comparison
principle is also provided, by means of the tool of invariant sets, allowing for the extension to global
solutions. We also report a result of local existence of classical solutions for the bidomain model,
recently obtained in [81].

The aim of this chapter is to first state and prove a result of existence and uniqueness of classical
solutions of the monodomain problem in the case of regular coefficients. In order to do so, we design

a strategy (according to the approach contained in [116]) which enables us to derive such a result

129
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together with a comparison principle, which can be extended to a wider class of models. In the case
of discontinuous coefficients, we prove that the Faedo-Galerkin strategy developed in [41] is valid,
although the switch-off of the nonlinear reaction term within the ischemic region. We hence derive a
result of existence of weak solutions, global in time. Regarding the uniqueness argument, we resort
on the technique developed by [98], which is suitable to be extended to a wider class of models.
As a conclusion, we prove a result ensuring more regularity (namely, Holder continuity) of the
weak solutions even in the case of the perturbed coefficient, by relying on a suitable approximating
sequence.

All the results proved in this chapter are referred to Aliev Panfilov model. We report as a remark

the minimal hypotheses required for the proof of each proposition.

6.1 Assumptions and statement of the main results

The initial and boundary value problem associated to the monodomain system in a healthy heart

is the following one:

Owu — div(KoVu) + f(u,w) =0 in Qx (0,7),
KoVu-v=20 on 09 x (0,7, (6.1)
Ow + g(u,w) =0 in Qx (0,7),
u(+,0) = ug w(-,0) = wo in Q.
In presence of an ischemia w, we consider the following system:
Ou — div(K (xw)Vu) + (1 — xu) fu,w) =0 in Q x (0,7),
K(xw)Vu-v=0 on 90 x (0,T), 6.2)
Ow + g(u, w) =0 in Q% (0,7),
u(+,0) = up w(+,0) = wo in Q,

where Yy, is the indicator function of w and K(x,) = Ko — (Ko — K1)Xw-
Assumption 4. We specify the following requirements for the coefficients and source terms:

o Ko C't*(Q). Hence, define the differential operator L = 37, aﬂ%zarl + 300 bja%j s.t.
Lu = div(KoVu): we ensure that implies that aj; = [Ko|; and b; = >, 8[2(7;’}” are both of
class C*(Q);

e Kj is strongly elliptic: I\ > 0 : (K&)-&€ > A|¢|? for all € € R3. This implies that Kj is definite

positive;

e K is symmetric and Ky|po admits the unit normal outward vector v as an eigenvector. This
allows to consider the oblique boundary condition in (6.1) as an homogeneous Neumann con-
dition on u: KogVu - v = Vu - Kov = \Vu-v = \d,u. As explained in Chapter 1, these

hypotheses are surely satisfied by typical tensors involved in physiological application;

e K, the conductivity tensor within the ischemia, satisfies the same hypotheses on Ky. Moreo-

ver, pointwise in {2, the three positive eigenvalues of Ki, /\gl) < )\gl) < /\gl) are associated to
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the same eigenvectors as the eigenvalues )\go) < )\éo) < )\:())0) of Ky respectively. Tt also holds
that kl = Agl) S )‘50) and knLa:L' = )\i(ﬁO)a

e 00 € C2+O‘;

e uy € C*t¥(Q), wy € C*(N), and the compatibility condition holds: KoVug -v = 0 on the
boundary of ;

e the functions f, g are the ones from the Aliev Panfilov model, namely:

flu,w) = Au(u — a)(u — 1) + vw g(u,w) = e(Au(u — 1 — a) + w). (6.3)

In particular, the function f, g (as well as many nonlinear terms associated to phenomenological
monodomain models) have a particular property. Indeed, there exists a rectangle S := [u, u] X [w, W]
such that f, g satisfy the Nagumo condition on S: let p’'be a generalized outward normal on 95 (for
o € 98, pl&o) s-t. pl&o) - &0 > Pl&o) - € V€ € S): then,

pl&o) - <_f (€°)> <0 V& € as; (6.4)
—9(&)

We easily verify that f, g defined as in (6.3) satisfy the Nagumo condition (6.4) for example on the
2
rectangle S = [0,1] x [0, %]:

e on the left side, (6.4) prescribes f(u,w) < 0 Vw € [w,w], and this is true since f(0,w) = 0 Vaw;

e on the lower side, (6.4) prescribes g(u,w) < 0 Yu € [u,u], and this is true since g(u,0) =
cAu(u—1—a) and u € [0,1] = u(u—1—a) <0

e on the right side, (6.4) prescribes f(u,w) > 0 Yw € [w,w], and this is true since f(1,w) = w
2
and w € [07%]:”020;

e on the upper side, (6.4) prescribes g(u, w) > 0 Vu € [u, ], and this is true because g(u, A(afﬂ)z) =
e(Au(u—1—a)+ A(%H)Q) > 0 as we can immediately verify that the minimum of the parabola
Au(u — 1 — a) is attained at its vertex and has value —A(afﬂ)z.

Moreover, by the expression in (6.3), we stress the fact that the functions f, g are Lipschitz continuous

on S with constants My, My, < M.

We now outline the main results of the chapter, reporting also the minimal assumptions under
which we may deduce them.

Theorem 6.1. Let the hypotheses of Assumption 4 hold, and suppose the initial data are such that,
Vo € Q, (up(z),wo(x)) € S, being S a rectangle satisfying (6.4). Then, the unperturbed problem
(6.1) admits a unique classical solution (u,w), namely u € C?T*1+/2(Qr), w € C¥'*T/2(Qr).
Moreover, (u(z,t),w(x,t)) € S for each x,t € Q.

Remark 6.1. This result can be proven by assuming any expression for the functions f, g satisfying

the Nagumo conditions (6.4) on a rectangle S and such that f, g are Lipschitz continuous on S.
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Regarding the perturbed problem, we first introduce the following definition of weak solutions:

Definition 6.1. A couple (u,w), u € L*(0,T; HY(Q)) N L>(0,T,L*(Q)), v € L*Q%), w €
L>=(0,T, L?(9)), with distributional derivatives d,u € L?(0,T; H*)+L*3(Qr), dyw € L*(0,T; L*(Q))
(being Q% = Q* x (0,T) = (2 \ w) x (0,7)) is a weak solution of (6.2) if, Vp € H*(Q),v € L*(Q),

(Oru, ¢)« /K Xw)Vu - V<p+/(1—xw)f(u w)p =0,

/8fww+/ w)yy =0

are satisfied in D’(0,7T") and u(-,0) = ug, w(-,0) = wo.

(6.5)

We denote by (-, ), the duality pairing between H* = (H(2))* and H'(Q), whereas (-, -) denotes
the pairing between a distribution and a test function in D(0,7T). It is now possible to state the

following result:

Theorem 6.2. Under Assumption 4, there exists a unique weak solution (u,w) of the perturbed
problem (6.2).

Remark 6.2. For the Aliev-Panfilov model, existence of weak solutions can be proved also by the
weaker assumption that uy € L%(2), wg € L?(Q) and disregarding the compatibility conditions at
the initial time. In order to obtain a uniqueness result, we need to require at least wg € L3(1).
Analogous results can be obtained for the Fitz-Hugh Nagumo and the Rogers MacCulloch models.

The final result we report infers additional regularity for the weak solutions previously defined,

in particular:

Theorem 6.3. Let the hypotheses of Assumption 4 hold, and suppose the initial data are such that,
Vz € Q, (ug(z),wo(x)) € S, being S a rectangle satisfying (6.4). Then, the unique weak solution
(u,w) of (6.2) is such that u € C**/?(Qr), w € C**2(Qr) and (u(x,t),w(x,t)) € S for each
T,t e @

6.2 Proof of Theorem 6.1

The strategy we adopt to prove Theorem 6.1 is based on the results of [116, Chapter 8, Sections
9 and 11].

Consider a couple of functions ( f ,§) which are Lipschitz globally on R? with constants respecti-
vely My and M, and such that

f(ua w) = f(uv U)), ?](U, w) = g(“? w) V(u, U)) €S. (66)

Of course there exist more than one couple ( 1, g) satisfying (6.6): nevertheless, we select one of
them and show that the argument of the proof is independent of that choice. Replace f ,g in (6.1)
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and define (@, w) as the solution of the following system:

Ayt — div(KoVa) + f (@, w) = 0 in Qr,
KoViu-v=0 on 092 x (0,7),
(6.7)
Ay + g, w) =0 in Q% (0,7),
a(+,0) = ug w(-,0) = wo in Q.

Consider now the change of variable: vy = e, v = e~ 7D, with v > 0. Then, (v1,v2) solves the

problem:
Opvy — div(KogVvr) +yv1 + f*(v1,v2) =0 in Qr,
KoVvy-v=0 on 09 x (0,7T),
or 0.7) (6.8)
Opva + v + g% (v1,v2) =0 in Qx (0,7),
v1(-,0) =up  va(+,0) = wp in ,

where f*(vy,v9) = e 7 f(evy, e vy) and g*(vy, W) = e (e vy, e7vy). Observe that, for each
(Ul7v2)7 (1)171),2) € RQ’

| (v1,02) = f* (0], 03)] < e f (€M1, €7t va) — (e, 7 b))

< e "M (e — "] + | vg — e vh|) = M (Jur — vi] + |va — vh),

hence f* is globally Lipschitz continuous with constant less than or equal to M, and the same holds
for g*.
In order to study the well-posedness of (6.8), we introduce the sequence {v(*)}defined by the

following iterative scheme:

8tv§k) - div(KOvak)) + vvyc) = —f*(v%kil),vékfl)) in Qx (0,7),
Kool v =0 on 99 x (0,T), 69)
g + ol = —g* (o oY) in Q x (0,7), '
vgk)(',O) = ug vék)(, 0) = wo in Q,
which can be written in operatorial form as follows:
Av®) = }*(y(k*l))’ (6.10)
(k) *
v —f*(v1,v A 0
being v(¥) = i,c) ,f(v)< [ 2)>,A< ' >,
vy —g"(v1,v2) 0 A
Ay vy — Oy — Lvy + o, As i vg — 0o + Y.

The domains of the functionals A; and Ay are defined as follows:
D(A) = {vl € CHr (@) s vi(-,0) =up in Q, KoV =0 on 99 x (o,T)},
D(Az) = {Uz € CO2Qr) s wy(-,0) = wp in Q} ,
D(A) = D(A1) x D(Az).
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We consider problem (6.10) in the functional space X = X; x X, being X; = C**/2(Q7).

In particular, we immediately notice that F maps X into itself, since the composition of a Holder

continuous function (of exponent «) with a Lipschitz one is a Holder continuous function with the

same exponent. In order to prove that problem (6.10) is well-posed it is sufficient to verify that for

each b € X there exists a unique v € D(A) such that Av = b. Since A is diagonal, we study the two
equations separately:

find vy € D(A;) s.i. Ajvp = by, (6.11)

fZTLd Vo € D(AQ) s.t. Asvy = ba. (612)

According to the definition of D(A;), (6.11) is equivalent to finding a classical solution v; €
C?resl+e/2(Qr) of the following initial boundary value problem:

Opv1 — Luy +yu1 = by in Qr,
KoVv-v=0 on 90 x (0,7),
v1(+,0) = o in Q.

The existence of vy is ensured by [104, Theorem 5.1.20], which we can apply to our problem in view
of the regularity of the coefficients in L, the C?*% regularity of the initial datum, the compatibility
condition on it and the fact that b; € X; = C**/2(Q7). Hence (6.11) admits a unique solution
Vb, € X;. Problem (6.12) is instead equivalent to finding a solution v; € C*'**/2(Qr) of the
following initial value problem:
Opvg +yvg = by in Qr,
{ va(-,0) =wo in

in particular, the solution can be expressed in closed form, i.e.
t
vo(,t) = e w(z) —|—/ e V)b, (2, 5)ds.
0

We immediately verify that since by € C**/2(Qr) and wy € C*(Q), then vy € C**/2(Qr). Moreo-
ver, by

t
Opva(z,t) = —ye Mwy(z) — 7/ ey (x, 8)ds + ba(, 1),
0
we can easily conclude that vy € C*'+2/2(Qr); whence problem (6.11) admits a unique solution

Vby € X1. In conclusion, A is a bijective operator from D(A) to X, and the inverse operator A~ is
well defined in X'. Equation (6.10) can be rewritten as

o™ = A7 F (D), (6.13)

where A1 F is a well defined operator from X to D(A) C X.

It is now possible to prove that A~'F is a contraction in X with respect to the norm |jv||, =
lvillg + lv2lly = maz{vi(z,t) : (z,t) € Qr} + maz{va(z,t) : (x,t) € Qr}. First of all notice that,
by the properties of f*, g* and by the definition of F,

IF(@) = F@)llp < Mo =2l  Vu,2' € X. (6.14)
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Moreover, we want to verify that
AT w— AT, < %Hgfiuo Vo, v’ € X. (6.15)
This is equivalent to prove that
lAv — Allg = vllu =l Vo0l € D(A1) x D(Ay). (6.16)
Observe that by the diagonal expression of A, if
[A1vr — Arvillg = yllor = villy Vo1, 01 € D(Ay), (6.17)

[A2v2 — Aai|lg = yllve —vhlly  Vua,v5 € D(As), (6.18)

then (6.16) is satisfied. Both (6.17) and (6.18) can be proved by [116, Chapter 8, Lemma 9.1] and
[116, Chapter 8, Lemma 11.1] respectively.
Proof of (6.17): define w = vy — v} and take o, o such that ||wl|, = |w(zo,t)|. Then, we claim
that if zg € €, it holds
w(zg, to) (Oyw — Lw) (xo,to) > 0. (6.19)

Property (6.19) is trivially verified if w(zg,tg) = 0: otherwise, (zo,to) is a positive maximum
point or a negative minimum point for w. For sure, tg > 0 (because v1(-,0) = v{(-,0) = wup):
hence dyw(xo, to)w(xo,to) > 0 is verified (since w € C(Q7), the Kuhn-Tucker optimality condition
holds). Moreover, if zg € Q, w(xo,to)(Lw)(zo,to) < 0: indeed, Lw = Ky : H(w) + div(Kp) - Vw
(where H(w) is the Hessian matrix of w, div(Kp) must be intended row-wise and we considered
the Frobenius scalar product between matrices :). Being (zo,p) a local internal extreme point,
Vw(zo,to) = 0 and (wH(w))(wo,?0) is negative definite, hence, since Ky is positive definite, we
conclude w(zg, to)(Lw)(zg, to) < 0. The case xg € I is more delicate; nevertheless, for each £ > 0
it is possible to find a point (z¢,t.) € Qr such that

3
w(gj07 to)atw(xefv tE) Z 75 H’LU”(Q),

n
&
w(xmto)j;bjaxjw(xg,te) < §||w||§,

n
S
w(wo, o) }l :1 0j10r, v (e, te) < S,
It=

whence
Ve > 07 3(I57t5) : w(x()?to) (atw - Lw) (x67t5) > _EHng (620)

In both cases, if (6.19) or (6.20) is verified, we can conclude (6.17), since
lwllgllAver = Arvgllg = |w(zo, o) (Dpw — Luw + yw)(wo, to)] = Y]wllg-

Proof of (6.18): define w = vy — v5 and take x¢, o such that ||w|, = w(xo,t). If w(xo,t0) # 0,
then ¢y > 0 and by Kuhn-Tucker optimality condition w(xg,to)dsw(xg,to) > 0, hence it holds that
[w(zo, to) (Orw(xo, to) +yw(wo,t0))| > yw (o, t0)?, and this concludes (6.18).
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Via (6.14) and (6.15), we assess that the operator A~1F is Lipschitz continuous in X with
respect to |[|-|,, with constant % Choosing v > M, the operator is a contraction in X with
respect to |-||,. This easily entails that {v®)} C & is a Cauchy sequence, with respect to ||-||,: thus,
Ju* € C(Qr) x C(Qr). This does not immediately allow to conclude that v* is a fixed point solution
of (6.9), since it might not belong to X. We now apply some results from the analytic semigroup
theory for parabolic equations from [104] to recover the desired regularity. First of all, being ng‘)

the solution of the first equation in (6.9), it admits the following representation:

t
vgk)(-,t) = etFuyy +/ e(t_“(”)ﬁf*(vycfl)(-7 s),vékil)(y s))ds,
0

where Lu = Lu — yu = div(KoVu) — yu. Since v{¥) — v, v — 3 uniformly in Qr, also

f(v%k), Uék)) — f(v},v3) uniformly. Define now vy € C(Qr) such that
t
vy (-, t) :etﬁu0+/ eI f2 (03 (-, 8), 05 (-, 5))ds;
0
by linearity,

o () —vp(t) = / L (L 8), 08 TV (L 8)) = FE (W5 8), 03, 8)))ds,

and according to [104, equation (4.1.3)] (which relies on equation (4.0.2) and Proposition 2.2.9

therein), we can ensure that for 0 <¢ < T

OO R O ) e A C{ OO 1 O 1

‘0'
Eventually, we conclude that vgk) — vy uniformly in Qr, and by the uniqueness of the uniform limit

t
k
[of 6y = w0 gy <0 [

whence

* k— k— * * *
o = v, < M| 00 ) = 01 0)

we have that v = v and also
t
vi(-,t) = eug +/ UL f*(v¥ (-, 5), 05 (-, 8))ds. (6.21)
0

An application of [104, Theorem 5.1.17, point ii)] guarantees that v} € C*/2(Qr).

(k)
2

Consider now the equation for v3: each vy ' admits the representation

t
vék) (z,t) = eMwp(x) +/ e(tfs)vg*(vgk_l)(x,s),vék_l)(m7s)),
0

and passing to the limit, thanks to the continuity of g*, v satisfies

t
v (z,t) = eMwo () +/ =N g* (v} (x, 5), v3(z, 5)). (6.22)
0

From (6.22), we compute the expression of time derivative:

O3 (z,1) = — (e%ou) + [ e s>>) g (0] (2. ) 08 1))
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and we can conclude that 9;v3 € C(Qr) by the assumptions on wg and g*. We now show that v} is

Holder continuous with respect to the space variable x with coefficient a: for every (x1,t), (z2,t) €

Qr,
e_7t|v§(ac1,t) - U;('T?vt)l
t
< [wo(z1) — wo(w2)| +/ e g (vi(z1, 8), v3(21, 8)) — 9" (vi (22, 5), v3 (22, 5))|ds
0
t t
< ¢olxy — T2|* —|—/ Me " |vi (x1,5) — v](z2, s)|ds —|—/ Me™"%|vi (1, 8) — v3 (2, 8)|ds
0 0
t t
< colry — @2|* + 1|21 — a:2|°‘/ Me™ds +/ Me 73 |v3(x1, ) — v3(z2, 8)|ds
0 0
M t
< (co + —c (11— e‘"*t)> |z — 22]® —|—/ Me 78 ws(x1, s) — v3(x2, $)|ds.
Y 0
By an application of Gronwall’s inequality,
—~t|, * * Mt M —~t «
e i (xy,t) —vi(xe,t)] <e Co+761(1—6 )z — 22,
and we can conclude the uniform estimate
* * (M+~)T M —~T «
|03 (z1,t) — v3(z2,t)] < e co—i—?cl(l—e ) )z — za]”.

Even though these regularity results are sufficient to continue the proof, we remark that v3 is also
of class C*1t%/2 gince Oyv3 is Holder continuous with respect to ¢ with coefficient §. Indeed,
ovs = —yvi + g*(vi,v3), being ve a differentiable function w.r.t. the variable ¢, g* Lipschitz
continuous and v} Hélder continuous with coefficient «/2.

In conclusion, we have proved that for every initial guess v(®) € X' the sequence recursively defined in
(6.13) uniformly converges to a unique v*, which in principle would only belong to C(Q7) x C(Q7).
We have moreover shown additional regularity on v*, and in particular that it belongs to X: this

allows to conclude that v* is a fixed point solution of (6.13), i.e.,
Q* — ./4_1.7:(2*)7

and this immediately entails that v* € D(A) and hence is a classical solution of (6.8). We point out
that such a solution is unique: otherwise, taking another classical solution v’ of (6.8), then it would

necessarily be also a fixed point for A~'F, and satisfy
* / —1 * —1 / M * !
o = o'flp = AT F(v") - A f(y)||oé7lly — 'l

which implies (since v > M) that v* = v’.
We now aim at showing that the solution of problem (6.8) does not depend on the extension of f
and g, by proving that it stays within the set S throughout time. In order to do so, it is necessary to

define another iterative scheme associated to (6.8): starting from w(®) € X, for each k > 1 introduce
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wh) = (wgk),wék)) such that

o™ — div(KoVwl™) +yuwl” + Muwl® = Mwl*™V — f (@, wf ) in Q x (0,7),
KOngk) cv=0 on 990 x (0,7T),

8tw§k) + 'ywék) + Mwék) = Mwék_l) — g*(wﬁk_l),wék_l)) in Q x (0,7,

wgk)('vo) = Ug w;k)(',o) = wy in Q,

(6.23)

which can be written in operatorial form as: find w®*) € D(B) such that

Buw™ = G(w*), (6.24)

being G(w) = Muwy — f* (w1, ws) B By 0
& o ng—g*(wl,w2) ’ 0 BQ ,

By wy— Qywy — Lwy + yv1 + My, By :  wo — Jyws + yws + Mws,

and D(B) = D(A). Analogously to the analysis performed on A~1F, we may prove that the operator

B is invertible from D(B) to X, and that B~1G : X — X is a Lipschitz operator with respect to

2M
M+~

uniformly converges in C(Qr) x C(Q1). We can immediately prove that the limit is exactly v*, the

the norm |-||, with constant Hence, we can guarantee that, Vw(®) € X, the sequence {w®)}

classical solution of (6.8), since for sure v* satisfies v* = B~1G(v*), and this implies that

k
2M

< (0) _ 4%

0_<M—|—’y> HM ¢

< 1 we conclude that w®) — v* uniformly in Q7. Take now the sequence {w(k)}

2M
<
o~ M+~vy

)

0

ot -2

= Hqu(M(k)) ~ B'G(v")

Hﬂ(kfl) o

2M
M+

with starting point w(®) = (e "ug, e~"*wy), and perform the change of variables {z(*)} = ¢7*{w®)}:

and since

we immediately remark that z(*) uniformly converges to z* = e'*v*, and z* is a solution of (6.7)
in a classical sense. Such a solution is also unique: indeed, being z*, 2z’ two solution of (6.7), then
etz* and ez’ are solutions of (6.7), thus they must coincide. Moreover, each 2(®) is the solution
of the following problem:

02" — div (KoM + M2P) = a0 fp D )y in Q % (0,7),
KOVZYC) cv=20 on 90 x (0,T), (6.25)
92 + M) = MY — G LYy inQx(0,7),
A0 =up  #0(,0) = w in Q.
We now show that
vk, z®(z,t)eS V(x,t)eQr. (6.26)

According to the choice of 2(0(z,t) = e"w® (x,t) = (up(x),wo(x)), property (6.26) is surely
valid for k& = 0 thanks to Assumption 4. Suppose now by induction hypothesis that z(*~1 e §.
We shall now make use of the Nagumo property (see (6.4)), which we assume is valid for (f,g)
but holds true also for any possible extension (f,§) since they coincide with (f,g) on S. On the
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right-hand side of 95, {(@,w),w < w < w}, the Nagumo condition (6.4) can be rewritten as
f@ w) = f(@w) >0, Yw e [w,w]. Define 2 =u — ZYC): since @ is constant, we have

oy — div(KoVa) > —f(w, w),
and subtracting the first equation in (6.25) we get that

Oz —div(KoV2) > Mzgk) szgk_l) +f(z§k_1), zék_l)) — f(m,w) in Qx(0,7) Yw € [w,w].

Take in particular w = zékil): by Lipschitz continuity of f,

FET ) - @) 2 MY —al = M@ - oY),
where we exploited the induction hypothesis on z%kil). It follows that
Opzt — div(Ko V2 ) + Mz >0 in Qx(0,7). (6.27)

Moreover, 2,7 (-,0) = & — ug > 0 and this, together with (6.27) and [116, Chapter 2, Lemma 2.1]
allows to conclude that zf > 0, hence zgk) < w in Q7. Analogously one can prove that z&k) > u.
Consider instead the upper side of 95, {(u,w),u < u < u}: the Nagumo condition (6.4) in this case
reduces to §(u,w) = g(u,w) >0, Yu € [u,q]. Define 2 = w — zék): since 0,w = 0, by the third

equation in (6.25) we get that

Oz > M2 — MY 458 YY) —G(ww) inQx (0,T)

(k—1).
1 :

holds Vu € [u,w]. Take in particular u = z by Lipschitz continuity of g,

Orzg + Mz >0  inQx(0,7). (6.28)

Taking advantage of the fact that 25 =@ — wg > 0 and applying the Gronwall inequality on (6.28),
we conclude that z; > 0, hence ng) < w in Q7. Analogously, one can prove that zék) > w: in
conclusion, property (6.26) is verified via induction. Since 2(®) — z* uniformly in Qr, we can also
ensure that z* € S V(z,t) € Qr, but this implies, together with (6.6), that f(z}(z,t), 25 (z,t)) =
fzi(z,t), 25 (2, 1)) and §(zi(x,t), 25 (x,t)) = g(zi(x,t),25(x,t)) for each (z,t) in Q7. Hence, z*
is also a solution (in classical sense) of the original system (6.1). The solution is unique because
otherwise (6.7) would not have unique solution; we point out that the whole procedure is independent

of the choice of the Lipschitz extensions f, §.

6.3 Proof of Theorem 6.2

We first observe that the bilinear form [, K (x.,)Vu- Vo is not coercive in H*(Q2), but it is weakly
coercive. We hence introduce

B(u,v):/QK(XM)VU-VU—&—IQ/QUU,

which is coercive with constant k; > 0, being k; the minimum eigenvalue of the tensor K;. Accor-
ding to the spectral theory of the compact self-adjoint operators (see [121, Theorem 6.2-1]), there
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exists an orthonormal basis of L?(2), orthonormal with respect to the L?(€2) norm, composed by

eigenfunctions of B, {V;};cn associated to positive eigenvalues {); }ien.

Before applying the Faedo-Galerkin technique, we need to prove some preliminary results invol-

ving upper and lower bounds on the nonlinear terms f, g. We make use of the following Young-type

estimates:
—1 1
"t < L P Yn>1, Vx>0 (6.29)
n n
1 n—1 , 1
2"t <e ™+ — Yn>1, Vx>0, Ve>0. (6.30)
n nem

The following estimates hold, as in [41]:

e the term f(u,w) is bounded from above,

|f(u,w)| < Alul® + A(a + 1)|uf® + Aaful + [u||w]
1 1 1 o5 2 .
< Alul® + A(a + 1)|ul* + 5Aa\uF + 5 Aa+ g|u|3 + §|w|3/2
1 3 1 2
= A+ =) |uP+ [ Z4a+ A) |u]®> + =Aa+ Z|w|?/?
( +3)|u| +<2 a+ )|u| +2 a+3|w| (6.31)

3 4
S A1|u|3 —|— A2 + A3‘U)|3/2,

1 3/3 1/3 1 2
<|A+Z4+=(Z4a+ A St o (ZAa+A) + ZAa+ S|wP/?
_{ + 5+ (2 a+ )]|u| +4(2 a+ )—1-2 a+3|w|

and this also allows to conclude that, if u(-,t) € L*(Q) and w(-,t) € L*(Q),

3 3/4 3/2
1f (1), w(, )l sy < Adlllul, 1)l ||L4/3(Q) U +A3H|w(~,t)| : ’L4/3(Q) (6.32)
< Ay [fu( )3y + A2l + As|lw(- )] g);

e the term g(u,w) is bounded from above,
lg(u, w)] < eAful? + eA(1 + a)lu| + €|uw]
1 1
< leA + §€A(1 +a)| |ul®+ §€A(1 +a) + e|w| (6.33)

< Bilul* + By + Bsful,
and this also allows to conclude that, if u € L*(Q) and w € L?(),

lg(u(-,t), w, )l 2y < Bul[lul, )| L2 ) + B2l + Bsllw(-, )] 12

, o (6.34)
< Bullu(, )24 + B2l + Bsllw(-, ) 2 e
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o if ue L) and w € L?(Q2), the following estimate from below holds

uf(u,w) +wg(u,w) > Aul* = A(1 + o) ul® + Aajul* - |uf*|uw]
— cAlul?|w| — €A1+ a)|ullw] + e[w|*

3 1
> Al = AL+ @) [P+ 5]+ ol
1

1 1
— (e ed) | Zlult 4 ol - (4 e | S + 5P

2
3e1 €9 4 1 2
1 1 s A(l+a)

and with a suitable choice of €1, €5 and €3, it is possible to conclude that
wf (u, w) + wg(u, w) > Crlul* — Cy — C3(Jul* + |w]?). (6.35)

Consider the following change of variables: @& = e "ty (which implies 0y = e " !Oyu — k11).

The weak formulation of (6.2) thus becomes what follows:

Ort g} + Blig) + [ (1= x)f@ule=0 Ve H(Q)
@ (6.36)
/ Byurp + / G =0 Ve IXQ),
Q Q

where f(i,w) = e Kt f(eXq, w) and (@, w) = g(e"'i, w). The same estimates as in (6.32), (6.34)
and (6.35) hold for f with small modifications; indeed,

f(a,w)] = |e Pt febrta, w)| < Are? |l + Aye™ 1t 4 Age Rt w]3/2,

19(a, w)| = |g(e" @, w)| < Bie*™**|af® + By + Bsful,

=3}

and also

af (i, w) +wi(d, w) = e af (@), w) + wg((@e*"), w)
> efgklt (ekltﬁf(ekltﬂ,w) + wg((ﬂeht)’w))
> 2Rt e [aft — ety — Cy(|af? + w]?).

When considering a switch-off of the nonlinear term f within the ischemic region w, the following
modifications must be considered: if @(-,t) € L*(Q2), w(-,t) € L*(2), then

| =) F @0, (1)

1G(a(, 1), w(- D)l 2y < Bre® [l 1) Laqy + Bl + Ballw(-,t)ll 20,

21t~ 3 k 3/4 e 3/2
L4/3() < Aie 1t||’Uz(~,t)||L4(Q*) + Age 1t‘Q| / + Ase 1tHw("t)HL?(Q)7

(6.37)
and also

v

(1 - Xw)(’ﬁf(ﬂ, w) + w.@(ﬂaw))
(1= xw) (10 |al* — e 210y — Cs(Jaf* + |wl?)) (6.38)
> (1= xw)e™ i Oral* — e ?M1Cy — Cs(|af? + [w]?).

(1 = xw)aif (i, w) + wg(i, w)

Y
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We follow the Faedo-Galerkin procedure. In particular, the steps 1-4 are analogous to the ones
in [41] (with careful handling of the vanishing nonlinear term in w). Steps 5 and 6 are obtained by

analogous arguments as in [98].

1) Discrete problems
Consider a basis {U;};en of eigenfunctions of B corresponding to positive eigenvalues {A;}ien
and fix a positive m € N. Define V,,, = span{¥;, i = 1,...,m} C H*(Q) and the orthogonal
projection operator Py, : H(2) — V,,

m
P v vy, Vyp = E v; U, V; = / oW,
i=1 Q

One can easily prove that [Pl 120y < [Vl 12) [1Pnvllig) < (1 + k}glam) V[l f71(c2) where
kmae is the maximum between the eigenvalues of Ky and K. Introduce the functions ,,, w,, €

V.n such that

G (2,1) = Y im0 Wi(2) W (,1) = Y win (8) ¥y (2)
i=1 i=1

where the components ., W;m : R — R are the solutions of the system of ordinary differential
equations:

ﬁim(t)—&—)\i@im(t)—l—/g(l—Xw)f(ﬁm(-,t),wm(-,t))\lli:O 1=1,...,m

wim(t)+/Q§(am("t)?wm("t))\lli:0 1= 17"-7m (639)
m(0) = Po(fig)  wm(0) = Py (wy).

The integral terms in the system are well defined due to properties (6.37) and since it holds
thatii,, (-,t), wn(-,t) € Vi, € HY(Q). According to Cauchy-Peano local existence theorem, since
f and ¢ are continuous functions with respect to @ and w, the solution of system (6.39) exists
unique in C1(0,t,,), where t,, may depend on m. In order to conclude that t,, > T Vm, we need
to show that i, (-,t) and w,,(-,t) are bounded in L°°(0,T; L?) independently of m, which will
be done in the next step.

2) A priori estimates
We state and prove the following a priori estimates regarding u,, and w,,; i.e., if their components
are solutions of system (6.39), they satisfy

§ C1, 6.40

HﬂmHLOC(O,T;LZ)a ||U’m||Loc(0,T;L2)
6.41

”am”LQ(O,T;Hl)’ HamHH(Q*T) < 2,

(6.40)

(6.41)
HﬂmHL2(0,T;H*)+L4/3(QT) <cs, (6.42)
[mll 10,7 p2(0)) < €45 (6.43)

< m . m . o .
where @y, = D00 UimWi, Wm = Yoy Wimi and c¢1, ¢z, 3, ¢4 are positive constants depending

on [Q, T, ki, f, g, [uollz2(q), lwollp2(q)- In order to prove them, take the 2m equations in
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(6.39), multiply them times @;,, (the first m components) and times w;,, (the others) and sum

together. Exploiting the eigenvalue and eigenvector properties, we obtain:

0 Dy + el )y + Bl (1), 1) o
b [ 1 X)) 0 ()i 8) + [ 3 () 0 D)0 18) =,
Q Q

Taking advantage of the coercivity of B, of the estimate from below (6.38), and eventually the
fact that €1 > 1, we get

1d ~ 2 1d 2 ~ 2 ~ 4
= 771 Um '7t + - Wm ';t +kl Um at) +Cl/ Um|
5 il GOy + 5 Gy 1m Ol + bl Ol ) + €1 [ |

< Coe Q| + Cs (|l (-, ) 17200 + wm () 172 ()i

integrating from 0 to ¢ < T and using the fact that fg e 2kisds = 1’62;“‘ < s MmOl 12 ) =
1PoCu0) 52y < T2y aml 110 O)ll sy = 1P a0) gy < 100y, e bt he

following important estimate:

L. 2 1 2 Lo 2 b 4
§||um('>t)||L2(Q) + §||wm('7t)||L2(Q) + k1 / [ (-5 $) 1) + C1 [ Ntan (- 9) s qr)
0 0 (6.45)

€] . 2 2 1 2 1 2
< Oogp 4 O [ (1 ) ) + m(laqey) + g 00 e + g ol

As a consequence of (6.45), it holds
o ) Q]
i )22y + m e 2) 2y < (cz T ||wo||Lz(Q>>

t
+203/0 (m (- 9) 122y + l0m (-, ) 22)

and thanks to Gronwall’s inequality

o o
i oDy + o Dl < (ol + Bl + ey ) 27 = ea, (6.1

which proves (6.40).
Moreover, taking (6.45) with ¢t = T, via (6.46) we have

1]

leUmHLz ©o1HY) T C’1HUmHL4(Q y < 027 +CsTer + 5 ||U0||L2 @ T35 ||w0||L2 =: Cg,

hence (6.41) holds with ¢o = max(y/ %, & 2—21)

Instead, in order to prove (6.42), we need to consider d;u(-,t) as a sum of two operators: one in
the dual of H'(Q) a.e. in (0,T) (and with square integrable H*-norm), and one in the dual of
LY(Qr). Let v e HY(Q):

(ﬂm(- t),v). Z(um Wi, v) = Z /ulm Vv = Zu”” v,

=1 im=1
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and since the vectors {W¥;}/, are orthogonal, the latter expression is equivalent to [, T (-, 1) U
where v, = Ppv. Taking the first m equations of (6.39), multiplying each of them by v; and
summing up, we obtain

/ ,&m("t)vm = —B(tm(-,1),vm) — f(am('at)awm(‘,t))vm§
Q Q*

Consider now i such that (ﬂg)(-,t), V) = =B(Um (-, 1), vm):

< ~ ~ kmax
D ), )] = 180 0, 0] < B Oy (1 25255 ) ol

hence Hﬂ%) ’

. is controlled by [|%| ;g 7, g1y Instead, consider @ such that (@2 (-, £), v), =

— Jo- F(m (-5 1), W (-, 1) )vm: for each v € HY(Q), ® € D(0,T),

200,080 | T < [0
U 1), v) ., D(E Ugn, Wi )V P| < Ugn, Win V@ .
‘<< m (1), 0), B(1)) o I ) I ) LW(Q;)H L4
Hence, using also (6.37) and the fact that e=¥1t <1,
3/4
. k - T _ 4/3
0y = (1455 [0 m g = [ )
Hu’" L4/3<QT>< T f i, wm) vr@n \Jo F i, wm) L4/3(0)

T 2kt~ 3 3/4 3/2 4/3 v
<el /] (Are™ i (-, )l e + A2l + Agllo (070 )

< a1 |3 s(gs ) + a2 QAT + aswnl| 755,

< a1e® T3 4 ao|Q)PAT + ach?/Q.

We hence conclude that i, € L(0,T; H*) + L*/3(Qr) and that (6.42) is verified with a suitable
c4. Eventually, by analogous arguments, we have that Vi € L?(Q)

/wm(’vt)w: */ g(eKtum("t)awm('»t))wmv
Q Q
with ¢, = Pnv. Hence, in view of (6.34),
. - 2
([t (5 )l 202y < Bl€2k1t||um('7t)“L4(Q) + Bo| QP + Bs|lwm (-, )l 120
and
ol 0.rezsey < Bre T il o001y + BoTIO + BsTY2 il 2

Convergence to a weak solution

According to estimate (6.40), the solution of the discrete problem (6.39) is well defined globally in
C1(0,T;R?™) for each m. Thanks to the provided a priori estimates, we know that the sequences
{tm}, {lm}, {wm},{t0y} are bounded (uniformly in m) in the spaces L?(0,T; H') N L*(Q%),
L%(0,T; H*) + L*3(Qr), L*(Q7) and L*(0,T; L?*(R)), respectively. According to compactness
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results, we know that 3 € L2(0,T; H') N LY(Q%), @* € L*(0,T; H*) + L*3(Qr), w € L*(Qr)

such that
_L*orHY) . - L*0T:H*)+LY3(Qr) - L*(Qr)
Uy ————> U, U Wy, ——w

Moreover, since L?(0, T; H*)+ L*3(Qr) C L*/3(0,T; H*), {@,,} is such that l@mll 20,751y and
|0stm|| par5 (0,7, ;r+) are bounded independently of m, and by [103, Theorem 5.1, Chapter 1] this

L2
implies that, up to a subsequence, ., ﬂ .

We now study the limit as m — +oo of each term of the equations

<’L;Lm(~7t),1}>* + B(ﬂm('vt)vv) + ‘/Q(l - Xu))f( ( ) wm( ,t))?) =0,
(6.47)

[ a6+ [ 30000 =0,
Q Q
which are equivalent to (6.39) if v, € V,,,.

e Consider v € H'(Q), ® € D(0,7)

( im (i, (-, 1), )5, ®) = ( lim Zﬁim(t)\Ili> v, ®) = —( lim (Zum ) v, @)

m—r o0 m—0oQ Q m—)oo

which implies that 1imm_>oo<ﬂm, V). = (04U, v)« in a distributional sense. Moreover, since
v® € L2(0,T; HY) N L*(Q%) we also have

Hm (i, V), ®) = ((u*,0)., D),

m— o0
hence in addition 0;a = u* € L?(0,T; H*) + L*3(Q7).
e Consider v € H*(Q2) and ® € D(0,T): by weak convergence,

m—r oo m—r o0

T
lim (B(tm,,v), ) :/ lim B(ty,,v®) = / B(a,v®) = (B(a,v), D).
0

e Recalling the expression f(ﬁ, w) = e AP — (14a)eFr A +a Al+Gw, we prove separately

that
T
[ [0 @z, - (s o) az, +adin) v -
Q . (6.48)
[ [0-x0 (0aa - (0 a4 + ada) vo
0 Jo
and
T T
/ / (1 = X)) T w0 — / / (1 = Xo) (@) v6. (6.49)
0 Q 0 Q
2
The limit in (6.48) is proved by Lebesgue dominated convergence theorem: since i, ﬂ)

U, Uy, — @ a.e. in @7, and hence the pointwise convergence of the integrand is guaranteed
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almost everywhere. Moreover,

11— x) (¥4 A3, — (1+ @) A2, + adiiyn) 0] ) < H <A1|um\ + AQ) q@]

LY(Q7)

< |[Asfimf? + 4o 0@l o) < (Atlliml3higs) + AR 0]l 1s gy .

LY/3(Q7)

which is bounded independently of m. Instead, regarding (6.49),

/ (1= Xw) (W, —0w)vd = / (1= xw)(wm, —w)fw<1>+/ (1= Xw) (U — @)Wy vdP — 0;
T T T

the first term of the right-hand side vanishes thanks to the weak convergence of w,, (since

@ € L*(Q%) and also v®). Regarding the second one, it holds that

11 = o) (i — @) wmv®|| L1 (s y < [ (lm — WP L2 ) (Qr)°

and in particular [|wp, || 12 (g, is uniformly bounded, whereas and the other term, which can
be expressed as
~ ~ 2 ~ N2 252
(G~ )00y = [ (O = 02082
Q7
tends to 0 via Lebesgue’s dominated convergence theorem. Indeed the integrand pointwise

converges to 0 a.e. and the uniform bound holds

2 2(1)2

||(a7n - HLl(Q < (62 + ||ﬂ‘HL4(Q§,))HU(I)HL4(Q*)

e Analogously to the previous points, one shows that Vi € L?(Q), V® € D(0,T)

( Tim [ 4 (-, 8)9h, @) = —( lim wm(-,t)w,@'>:—</g t), @) = /815'“) t)y, @),

m— o0 Q m—o0 0

By now, we can only say that dyw(-,t) € D'(0,T), but further regularity will be inherited

in the sequel.
e Finally, recalling the expression j(i, w) = eAe?*14% — e A(1 + a)eF* @ + ew, we prove sepa-

rately that

/ (eAe*™ a2, — eA(l + a)e i, ) Y& — (eAe*™'a? — eA(1 + a)e™'a) Y@  (6.50)
T Qr

/OT /Q ewm¢¢>—>/OT/Qew¢¢>. (6.51)

The limit (6.50) is proved as before by Lebesgue’s dominated convergence theorem, taking

and

advantage of the (a.e.) pointwise convergence of 4, and of the bound
(241 eAT2, = €A1 + a)e™ i) YO (1)]| 1, < /O ' /Q (Crtiy, + Co)y
T
< H1/)||L2(Q)||‘I’||Loo(o,T)/0 |Criz, (- 1) +C2HL2(Q)
T
< H"/)HL?(Q)H(I)”LDO(O,T) <Cl/0 ||ﬂm<"t)”2L4(Q) +02T>

~ 2
< 1l 191 e o2y (Cllim 20, z,00m) + CoT)

The limit in (6.51) immediately follows by the weak convergence of wy,.
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Combining all the results that are previously listed, according to (6.47) we obtain that (@, w)

satisfies distributionally in time
<(9tl~t(',t),1}>* + B(a('vt)’ U) + /Q(l - Xw)f(a("t)7w('7t))v = 0,
[ awt.tw s [ atac.o.ut.0w =0
Q Q

for all v, € V,,, Vm, and since {¥,,} is a basis both for H*(Q2) and L?*(Q), the equation is
satisfied for all v € HY(Q), 1 € L?(2). Eventually, since

[ awtow =~ [ glat.o.ut.0m v e @)
Q Q
then, taking v = d,w(-,t) (which belongs to L*(Q) for a.e. t),

10w (- )| 20y < 19(al- ), w( ) o) < B+ B2||ﬂ('at)||i4(sz) + Bs|lw(- )l p2(q)

and hence [[W]| 11 (g 7.7.2(q)) i bounded. This finally allows to conclude, after the change of variable

u = e, that (u,w) is a weak solution of problem (6.2) in the sense of Definition 6.1.

Gain of regularity on v and w
We first prove that u € C([0, T]; L?(Q2)): indeed, it holds that (Oyu, u), = %%Hu(-,t)\\iz(m in the
sense of distributions, and hence

1d 2

Dl = = [ KOIvaP = [ (1= st oy
where the right-hand side surely belongs to L(0,7). By the fundamental theorem of calculus,
one obtains that u € C([0,T]; L?(Q)]). Analogously, we show that %%HwHLz(Q) = Jo 9(u, w)w €
LY(0,T): indeed,

i

T
2
< ||w||Loc(o,T;L2(Q))/O (BlHu('vt)”L‘l(Q) +B2|Q\1/2 +BS||w('vt)HL2(Q)>

T
dt < / g, 8, w00 oy 0 ) o eyt

/g(u(m,t),w(x,t))w(%t)dx
Q

< Mwll poeo,7:22(0) <B1||UHL2(O,T;H1(Q)) + ByT|Q'? + BST||w||Loo(o,T;L2(Q))) )

whence w € C([0,7T]; L%(2)). By the explicit expression of the solution of the third line in (6.2),
¢

w(z,t) = e~ “wo(r) + eAe_et/ (14 a)u — u?)eds. (6.52)
0

If we assume that wg € L3(Q), we obtain that w € L>(0,T; L3(12)):

w(, )l a0y < lwollps o) +¢ </Q (/Ot lu(z, s)| + Iu(x,5)|2)3>é
< llwoll g3 (e +c/0t (/Q |u(z,5)|3+/ﬂ |u(x,s)|ﬁ>é .

2
< llwoll oy + cllull Lro,rpa )y + clullzo,r;rs )

2
< llwoll sy + ellull p20,7; 1 (2)) + llwllzz 0,01 ()
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where we have used the generalized Minkowski inequality, proved e.g. in [141, Chapter 1, formula
9.12].

Further a priori estimates

Consider now the weak formulation of (6.2) as in (6.5) and use ¢ = u, ¥ = w as test functions:
1d

§£(||u(’t)“§,2(9) + ”w(’t)HiQ(Q)) +AK(Xw)|vu('7t)|2 + 0 f(u('7t)vw('vt))u('7t)

n /Q o, 1), w(-,£))w(-£) = 0

and by the estimates from below

5 = (Ol 720y + 1wl D1 20)) + Frllul ][5 ) + Cr /Q Ju(-, t)]*
< G+ (Cs + k) ([l D)1 720y + w12 (0))-

Since both & ||u(-, t)||2LQ(Q) and 4 |w(-, t)||2L?(Q) belong to L1(0,T), we may apply the fundamental
theorem of calculus and obtain

1 2 2 ‘ 4
= (Nlu(O)|7200y + w072 —|—/ ka|lu(c, 8)|| g1 ds—l—Cl/ u
5 (IOl + o3y ) + | Falao) oy |l

T
< (o2 + lhwoll 32y ) + Cat + (Cs + k) / (I )32y + I 9)l132 0y ) ds.

By Gronwall inequality, we have
1 2 2 2 2
5 (I3 20y + 0 D2y ) < (ollFaga + lwollFaq + Cat) e,
hence [|ul ;o (g 1,12()) is bounded by a constant depending on ||u0Hiz(Q), ||U0||iz(ﬂ), 7,9, f.g
and ky only. Analogous bounds can be proved for [|u[| 2 7,51 (o)) and H“”L%Qi})' This implies

that also the bound in (6.53) only depends on ||u0|\%2(9), ||wo||2L2(Q)7 T,Q, f,g and k;.

Uniqueness
We now follow the argument of [98, Theorem 1.1]. Consider two weak solutions (u;,w;) and
(ug,wz) of (6.2) in the sense of Definition 6.1. Testing both the equations for u; and wue with
@ = u1 — ug and subtracting, we get:

1d

3 g llu = ual[72 0y + Fallur — w7 g + /9(1 = X)) (f (w1, w1) = f(uz, w2))(ur — uz)

< kallur — 2|2

Moreover, according to the expression of f in the Aliev Panfilov model (6.3), it holds

flur,wi) = fug, we) = (w1 — u2) (U + urug +uj — (a+ 1) (ur + u2) + a)
+ (u1 — u2)wy + uz(wy — wo)
and eventually, since |1 — x| <1,

1d

2 2 2
§£||U1 —u2|[72(0) + Frllur — vzl o) < kallur — uallf2 (g

(6.54)
+<a+1>/ |ul+uQ|<u17u2>2+/|w1|<u17u2>2+/ gl — walfwy — |
Q Q Q
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Consider the second term at right-hand side: via Young inequality (with coefficient ; which
might depend on time)

C
[+l = ) < a9 = ) + ) g + A s

2
< cer ()]l (ur = ua)[[Fa gy [l (w1 + ua)l[7a () + T )||U1 Uzl 720

C
<car(t)(1+ ||u1||L4(Q) + ||U2HL4(Q))||(U1 - U2)HL4(Q) + D) [Jur — U2||i2(sz)-

€1

Selecting €1(t) = we can conclude that

It{usllFa ) Flluzl?

L4(Q) L4(Q)

c 2 2 2
uy + us|(ur — u2)? <—(1+ ||u +lu tr—u
Q| 1 2| (u1 2) 51( | 1HL4(Q) | 2||L4(Q))H 1 2||L2(Q) (6.55)

2
+ cer|[(ur — u2)|| (-

Consider now the following term in (6.54): applying Holder and Young inequalities,

[ ol = w2 = [ (03 0 = ) (w101 - wo))
Q Q
< ceq (/ wzll/g(ul — U2)2> + £ (/ wf/g(ul — U2)2)
O [Sp) Q
] . :
< ces ( / wf/3) s — ey + = ( [t - u2>2) s — sl g
Q &2 Q

4/3 2
< CE2H7~UIHL/8/3(Q)HU1 - u2||L4(Q)+

c|. 4/3 2 1 2
Py |:E2||w1||L8/3(Q)||u1 - u2||L4(Q) + g”ul - u2|L2(Q):|

52 2
L R e e A
(6.56)
Regarding the last term in (6.54), we derive

/Q(wl — wa)ug(uy — up) < ces(t) / (u2)?(ur — ug)? + %le — w72 <

Q

2 2
< ceg(t)||luallzaqyllur — U2||L4(Q)+ 3()||’w1 Wal| 720

and selecting e3(t) = we conclude

€3
w2

/Q (1 — waJus(ur — u2) < ceallur — uallFagqy + (1 + ual gy ln = wallfay  (6:57)

Collecting (6.55), (6.56) and (6.57) in (6.54),

1d
2.dt

€2 2
e ( n ( n ) P ) s — ey

2 2 2
—llur = ualf2q) + killur — uallfgr o) < killur — uzllzzq)

1 9 2 1 2
+e (51(1 + luallpa ) + luzllzsq)) 52) l[ur = wal|72q)

Cc 2 2
+ 5(1 + Juzllza@llwr — w2720
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and selecting €1, €2, €3 and e3 such that ¢ (51 + (52 + %) ||w1||Lw(07T;L3(Q)) + 53) = %(which is
possible also thanks to the fact that the estimate in (6.53) does not depend on w; as previously

proved), we conclude

d 2 2
. - 2 k - 1
gllu — w2lliage) + kullus = ualli ) (6.58)

2 2 2 2
<c(1+ HU1HL4(Q) + ||u2||L4(Q))(||u1 - u2||L2(Q) + [Jwy - w2||L2(Q))-

Analogously to what done in (6.54), testing both the equations for wy and wy with ¥ = wy — ws

and subtracting, we obtain

gl = sl = ellwr = wal ey + €A+ @) [ (11 = ) —w2)
— eA/(u1 + ug)(uy — ug)(wy — wsy)
Q
2 2 2 2
< cllwr = w272 q) + lur — u2llz2(q) + ea(®)llur + uallpag)llur — u2ll7a(q)
C 2
+ ?(t)”wl — w2720
and we select e4(t) = = 7. Collecting together the latter inequality with (6.58),

I+{ull7a gy Hllu2lZa o)
we finally conclude that

d 2 2 2
= (s = wallfaqy + s = wslFaqy ) + Fallus = wallfn o)

dt (6.59)

2 2
< A@®) (Jlwr = wallZa() + lwr = wallZ2 )
with A(t) = ¢(1 + ||u1(-7t)||2L4(Q) + HuQ(~,t)||i4(Q)). By Gronwall’s inequality, it holds that

lur (-, 8) = ua (- 1)1 Ty + llwn (- 8) = wa ()72

< e (s (0) =, O) gy + 0n (-, 0) = wa(-,0) (e )

being A bounded independently of w1, us because

T
2 2
A= [ At < T+ sl s + el zn o)

and because of the a priori estimates for the L2(0,7; H(Q)) norm previously proved. Since
u1(+,0) = uz(+,0) = up and wy(+,0) = wa(+,0) = wy we have that

lur = uall g o,:22(2)) s 1w = w2ll Lo (0,7 22(2)) = O
Again from (6.59), integrating from 0 to T,
2 4 2 2
killur = w2z 07500 () < /0 A(t) (”“1 = ua|72q) + [lw1 — w2HL2(Q)> dt = 0.

Analogously, one immediately notices that [|0;u1 — Oyuz|| 120 7, 5r)4 14/3(Qr) = 0 and also that
|0w1 = Oyw2 | 11 (o 7, 12(0)) = O, hence the weak solution is unique.
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6.4 Proof of Theorem 6.3

Since x,, is an indicator function, surely ., € L?(£2) and by density arguments
Hor} CC*HQ): ¢ — xo in L*(Q) and ae., 0< gp(z) <1 Vo e Q. (6.60)

Define (ug, wy) the solution of problem (6.2) when ¥, is replaced with ¢5. We observe that, for any
fixed k, an application of Theorem 6.1 ensures the existence and uniqueness of a classical solution
of the problem: indeed, the conductivity tensor is again a smooth function of z, and one should
replace the function f with (1 — ¢)f, and the assumptions on ¢ ensure that if f,g satisfy the
Nagumo condition on S, the same holds for (1 —¢y)f and g. Observe that (ux,wy) € (4, &) provides
a uniform bound both from above and from below.

We now prove that the limit ¢y L—2> Xw implies the convergence of (ux,wy) to a weak solution
(u,w) of (6.2). We start by proving some a priori estimate. Consider the weak form of the problem

solved by (ug,wy) and take the classical solutions wuy, wy as test functions:

1d

575 (I )32y + e Dl ) + /Q K (6r) Vg (-, £) - Vg (-, 1)

:_/(1_¢k)f(uk('7t)vwk('vt))uk('»t)_/g(uk('vt)7wk('vt))wk(',t)~
Q Q

Recall now that k; is the minimum between the eigenvalues of K7 and Ky, whereas k. is the
maximum among them (see Assumption 4). Moreover, since ¢y, ug, wy are bounded indepen-
dently of k (indeed, ¢ € [0,1] and (ug,wi) € S) and f,g are continuous, we can introduce
My = maz(yeqq |(1 — ér) f(up, wy)| and My = maz(, yeq, |9(ur, wr)| which are independent
of k. Hence, by Hélder and Young inequalities,

2 2 2
Sdt (||uk('7t)||L2(Q) + Hwk('yt)HLZ(sz)) + leUk('?t)HHl(Q)
1 ) ) 1
< (i + a1y, 24,3 ) (s O + lon( ) 3ey) + 5190005+ M)
Integrating from 0 to ¢ and using Gronwall’s inequality, we get
2 2
(s )3y + i ) )
2 2 1 i Lmazx
< (||U0||L2(Q) + lfwollZaqy + 5192 (M + Mg>t) lEmntymariMy Ma)e,
whence

2 2
[kl Loe (0,722 () U o 0,722 02))

2 2 1 ; Lmaz
< <||u0||L2(Q) + ||w0|\L2(Q) + §|Q|(Mf + Mg)T> e(kmm+2 {My,M})T ._ c%.
It also follows that

) 1 1 1
kel 20,7, 11 () < T (kl + 2ma${vaMq}> AT + 271<:1|Q|(Mf + My)T =: c5.
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Regarding the derivatives, in these hypothesis we can prove that dyu;, € L?(0,T, H*); indeed, for
each p € H(Q),

[{Orur (-5 1), 0)sl < Fmaz[Vur (5 0)] 12(0) [Vl L2 @) + M Q12 9]l 120
1
< maz{kmaz, My|Q|2 Hlug (5 )] g1 oy 1]l 11 )

and computing the L? norm in time

1
||Uk||L2(o,T,H*) < max{kmaw,MﬂQ\?}ch =65

Analogously, one proves that [|Owg| 12, < ca-

As a consequence of the uniform bounds (the constants c1, ¢a, ¢3, ¢4 do not depend on k), we can
ensure that Ju € L2(0,T; HY(Q)) N L>(0,T; L3()), Jw € L>=(0,T;L*(Q)), Iu* € L*(0,T; H*),
Jw* € L*(Qr) such that

L*(0,T,H") L?(0,T,H") L*(Qr) L*(Qr)
U —————— U, Oopup, ————> u*, w —— W, Oywy, ———> w”.

2
We immediately remark that this implies in particular that wuy ﬂ) u (see [122, Theorem 8.1]),

hence uy — u a.e. in Q7. A pointwise convergence result could be stated also for wy by considering
the additional regularity of g: nevertheless, taking into the account the expression of f and g
we do not need it in the sequel. Consider now the expression of the problem solved by (ug,wy):
Vo € HY(Q), ¢ € L2(9).

(Osur, )« + /Q K(¢r)Vuk - Vo + /Q(l — @) Auk(wr — @) (w = 1) + /Q(l - o (6.61)

+/Q(9twk1/1 —l—/QAe(u% — (14 a)ug)y +/ ewpt = 0.

Q
We proceed term by term:

e by the weak convergence of d;uy,

lim <8tuka ¢>* = <atu7 QO>*

k—+o00

in the sense of the distributions. Moreover, for each ® € D(0,T),

< lim <atuk790>*7q)> = 7< lim <uk’q)/>a50>* = 7<<u7(I),>,g0>* = <<atu790>*7q)>7 (662)

k——+o0o k——+oco
whence 0;u = u* € L2(0,T; H*) C L*(0,T; H*) + L*/3(Q%).

e For any ¢ € H*(Q), ® € D(0,T), consider the difference
([ K(oVur - Vi) ~ ([ K(w)Vu- Vi, 0)
Q Q

oy / K(60)V (up — ) - Vo, &) + ( / (K(60) — K (x0)) V- Vip, ),
Q Q

The first term in the latter expression converges to 0 due to weak convergence of v and since
K (¢y) is bounded in L*°(Q); whereas the second term tends to 0 according to the Lebesgue’s
theorem, because of the pointwise (a.e.) convergence of ¢ to X, and since the integrand is
uniformly bounded by KoVu - Ve®, which is an integrable function. Thus,

( /Q K (60) V- Vip, ) = ( /Q K (xo)Vu - Vi, ). (6.63)
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e Using the theorem of dominated convergence, we can assess

< /Q (1 — x) Aug (g, — ) (g — 1), @) — { / (1~ x) Au(u — a)(u — 1)p, ®),

Q

indeed the (a.e.) pointwise convergence is guaranteed and the quantity

11 = r) Aug (ur — a)(ur — 1)l 1 (g < lAuk(ur — a)(ur — D)ol 110y
is bounded independently of k since uy € [u,u.

e Consider the term [,(1 — ¢r)urwyep:

= </Q(1 — i) ug(wi — w)ep, ) + </Q((1 — dr)uk — (1 — xo)w)wep, ®).

153

(6.64)

The first addend in the summation vanishes due to weak L?(Q7) convergence of wy, because
(1 = @x)ukllp(q) is bounded independently of k and ¢ € L?(Q7). The latter term instead

vanishes due to Lebesgue’s theorem, since ¢ and uj have pointwise limit almost everywhere,

and
(1 = dr)ur — (1 = Xxw)w)wp®|| 11 g, <

(1 = dr)ur = (1 = X)) P L (@) 19l L2 (@) 1]l L2 ()

We finally conclude

< /Qu — ), B — { / (1~ o )uwep, ®).

Q

e By the weak convergence of d;wy, in L?(Q7),

i 0 = 0
k—l)I-Poo/Q w1 /Qt“”/)

in the sense of the distributions. Moreover, for each ® € D(0,T),

(i [ Gt ) = [t @0 = - [ .00 = ([ @),

k— 400 k— 400
thus O,w = w* € L?(Qr) C L' (0,T; L*(Q)).

e The convergence

([ Actut =~ (14 @y, @) - ([ Aeul = (1 4+ au)w, o)
Q Q
can be deduced by Lebesgue’s theorem.

e Finally,
( lim ewg), D) = / lim e(wy, )y = (/ ewp, D)
Q Q Q

k——+oo k—+4oco

is an immediate consequence of the weak convergence of wy, in L?(Qr).

(6.65)

(6.66)

(6.67)

(6.68)
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Combining (6.62),(6.63),(6.64),(6.65),(6.66), (6.67), and (6.68), we can ensure that the limit (u, w) is
a weak solution of (6.2). Moreover, by expressing w in closed formula we can conclude that wy, — w
pointwise (a.e.) in Qr, hence also (u(z,t),w(z,t)) € S a.e. in Qr.

Eventually, the additional (Holder) regularity on u can be recovered via Theorem 10.1 of [115,
Chapter 3]. Indeed, consider the first equation in (6.2):

Oru — div(K (xw)Vu) = —(1 — xw) f(u, w);

the hypothesis of the theorem hold since K(x,) € L*=(Q), f(u,w) € L*(Qr), and u € L (Qr).
We can extend the results up to the boundary due to the hypothesis on 02 and wug contained in
Assumption 4, and conclude u € C*/? (Qr). Regarding w, again by exploiting the representation

in (6.52) we can recover the expected regularity, namely w € C*'**/2(Qr).



Chapter 7

A posteriori error analysis for the

monodomain model

This final chapter is devoted to the numerical analysis of the monodomain model. This is a
preliminary study for the development of efficient techniques for the inverse problem which motivates
the present thesis. In fact, the reconstruction algorithms proposed in Chapter 2 and 5 respectively
for the detection of small and large inclusions in simplified models strictly rely on the solution of the
associated direct problem (once or several times). The main issue of the numerical analysis of the
monodomain problem is not only to formulate an algorithm for the approximation of the solution of
the problem, but also to provide suitable convergence estimates for the error between the discrete
and the exact solution as the discretization parameters tend to 0. In this context, the development
of a posteriori error estimates (i.e., estimates based on indicators which can be computed by the
knowledge of the discrete solution) is a key result for the introduction of an adaptive numerical
scheme, allowing for a significant speedup of the computation.

Regarding the numerical analysis of models for the electrical activity of the heart, we remark that
the bidomain model has been the subject of numerous studies from a numerical standpoint. Several
works in the recent years have tackled the numerical approximation of this model, by employing,
e.g., the Finite Element Method (FEM) for the spatial discretization, as well as an implicit scheme
for the temporal discretization, endowed with a suitable Newton algorithm for the treating of the
nonlinearities (see [61, Chapter 7] and references therein). In [127], a careful a priori analysis of the
Galerkin semidiscrete space approximation of this system is performed, investigating convergence
properties and stability estimates for the semidiscrete solution. This result, coupled with the argu-
ment regarding the time-discretization analysis provided in [62], allows for an exhaustive a priori
error analysis for the bidomain model. In [59] the authors introduce a space-time adaptive algorithm
for the solution of the bidomain model by resorting to a stepsize control for the temporal adaptivity,
whereas spatial adaptivity is performed by virtue of a posteriori local error estimators. However, a
complete a posteriori error analysis is missing.

The purpose of this chapter is to propose an a posteriori error analysis for the monodomain
model. In particular, we consider a Newton-Galerkin approximation of the monodomain system,
possibly in presence of an ischemic region. Inspired by the seminal work [137] and by the recent

155
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papers [73, 16] we derive a posteriori error bounds by providing a suitable splitting of the total
residual into three operators, accounting for different sources of error entailed by the discretization
process. Specifically, we introduce a linearization residual, a time discretization residual, and a space
discretization residual, with the additional difficulty with respect, e.g., to [16] represented by the
coupled structure of the system of differential equations.

The chapter is organized as follows: in Section 7.1 we introduce the Newton-Galerkin full dis-
cretization of the monodomain model. In Section 7.2 we introduce the residual operators associated
with the discrete solution and prove the equivalence between the error and the residual (in suitable
norms). In Section 7.3 we define three a posteriori estimators and employ them to prove an upper
bound for the approximation error. We also provide a lower estimate for the error in terms of the
same indicators, assessing their efficiency. Finally, Section 7.4 reports some numerical experiments
assessing the validity of the derived estimates and investigating convergence rates both of the error
and of the estimators as the discretization parameters are reduced.

Notation: we use the symbol < to denote that an inequality holds up to a positive multiplicative

constant.

7.1 A Newton-Galerkin scheme for the approximation of the

monodomain model

Consider the coupled problem

O — div(k(x)Vu) + (1 — x) f(u,w) =0 in Q x (0,7),
kE(x)0u =0 on 99 x (0,7,
ulp=0 = ug in Q, (7.1)
ow + g(u,w) =0 in Q x (0,7),
w]i—g = wo in Q,

being u the transmembrane electrical potential in the cardiac tissue, k the conductivity coefficient,
altered by the presence of an ischemic area w C . Let x = X, k(x) = ko — (ko — k1)x, ko > k1 > 0.
The nonlinear term f(u,w) (which is switched off in the ischemic area) models the current induced
by the motion of ions across the membrane, and is addressed as ionic current. According to a well
established phenomenological approach, f is a function of the potential u and of a recovery variable
w, whose dynamics is governed by a coupled nonlinear ordinary differential equation involving a
nonlinear term g. We focus in particular on the Aliev-Panfilov model of the cardiac tissue, according

to linearized version reported, e.g., in [41]; namely, the nonlinear terms f and g are as follows:
flu,w) = Au(u — a)(u — 1) + vw, gu,w) = e(Au(u — 1 — a) + w), (7.2)

with A, €, 1, 12 > 0, 0 < a < 1. Such a problem is mathematically well-posed: in [41] the existence
of a weak solution globally in time is proved by a Faedo-Galerkin technique in the case no ischemic
area is present. For the same result in the case of the ischemic heart, we refer to a preliminary result
contained in Chapter 6:
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Pr0p051t10n 7.1. Let the initial data ug, wy € C“(Q) satisfy the bound 0 < ug < 1 and 0 <
wy < (1+a) , and consider the compatibility conditions ug € C1(2), d,ug = 0, being N € C*+2,
Then, there exists a unique weak solution (u,w) of (7.1), w € L?(0,T; H(Q)) N L>(0,T; L*()),
Owu € L2(0,T; H*), w € L>(0,T; L?(2)), dyw € L2((0,T) x Q), where H* = (H'(2))*. Moreover,
u € C2(Qx (0,T)), w € C¥H/2(Q x (0,T)) and it holds
A(1+ a)?

0<u(z,t) <1, 0<w(zt)< 1

V(z,t) € Qx (0,T)

We will extensively take advantage of the fact that the functions f,g in (7.2) are continuously

differentiable on the rectangle [0, 1] x [O, A(%a)z]

The weak formulation of (7.1) reads

/Btwp—i—/kVu ch—l—/(l— X)f(u,w)p =0 Vo € HY(Q),
/8tw1l)+/ w)p =0 Vo€ L*(Q).

For each time interval (t,,t) C (0,7, we introduce the following functional spaces:

(7.3)

X(ta,ty) = {u s.t. u € L*(ta, tp; H'(Q)) N L>®(tq, ty; L*()), Opu € L2 (ta, ty; H*)}
Y (ta,ty) = {w s.t. w € L®(tq, tp; L2(Q)), 0w € L?((ta,ty) x )},

which are Banach spaces endowed with the norms:

N

2 2 2
el ey = (02 can + Il e, inzca + 1050, 50

1

2 2 2
0y .ty = (1013 2tz + 10001 iy izy) -
We denote only with X and Y the spaces X (0,7T) and Y (0,7, respectively.
We now consider a semidiscretization of the problem in time by means of an implicit Euler scheme
(see [61]): consider a partition of the time interval

{tn}r]:]:() c [OaT]; to=0,tn=T; ty—th_1=7>0,

and define the semidiscrete solution as a couple ({u"}, {w"}), {u"}N_, C HY(Q), {w"}_, C L}(Q)
such that

u’ =wup; W’ = wp; (7.4)
un _ un—l " . . .
| et [ Kovar - Ver [ (-0 u)e =0 vpe H\(Q), (75)
Q T Q Q
_ ayn—1
/Q %w +/ gu™, w")Y =0 vy e L3(Q).  (7.6)

Consider the operators F!: HY(Q) x L%(Q) — (H'(Q))*, F2: H}(Q) x L?(Q2) — L*(Q), which are
defined interval-wise as follows: if ¢ € (tn_l, L]

o)) = [ T /Q KV Ve + [ (1= s

(F2(u, w) wo vt g(u, w);
o= [ e
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both F! and F? are (Fréchet) differentiable with respect to the H'({)) norm in the variable u
and L?(2) norm in the variable w. This allows to define a Newton scheme for the solution of the
nonlinear system (7.5)-(7.6):

1: Set ul = w1 wi =u"t k= 1;

2: while exit criterion is not satisfied do

3:  compute du, dw by solving

]:&(ugflvwgfl) F&(uzfl’w;ctl) ou _
fg(ug—lvwg—l) fi(uﬁmwﬁfl) dw

_]:1 (%11’ w;clfl)

*-7:2(“2—17 wi_q)

] in H* x L? (7.7)

4:  update: up =up_; +ou, wp = wp_; +ow, k=k+1;
5: end while
6: return u" = uy, w" = wy
Computing the expression of the derivatives of F! and F?, and substituting du = u} — u}_,

dw = wi —wy_,, the system (7.7) can be rewritten as

1 n n n n n n n n
/QTTLUICSO+/Q]€(X)V% Vo + /Q(l = x) [fuug_ywi_up + fo(uf_,wi_wi] ¢

ne1 (7.8)
= [ 00 [l s+ iy — i )] o+ [ g
1 n n n n n n n
—wph + [gu(up_ 1, ug_up + guw(up_y, up_wi]
QT Q
_— (7.9)
= [ ok g oy = gtk )] v+ [ e

For each instant t,, we introduce a regular triangular tessellation 7, satisfying the following

assumptions, as in [137]:
i) Vn >0, 37" s.t. T, is a refinement of both 7, and T
i) ps, p* > 0 independent of n and h s.t., defined

/ _ diam(K/) ! m n . /
p(K’K)_{diam(K)’ KeT' KeT': KCK ;,

it holds ps < p(K',K) < p* VK € T;*,Vn=1,--- ,N;
iii) the mesh is conforming to w, i.e., defined wj = UKeT}:L K:KCw,wl=uw.
Taking advantage of ~h", we introduce the Finite Element discrete space V;* C H'(2)
Vit = {uy, € C(Q),vp|x € P1(K) VK € T;"}

and the L? orthogonal projection II%; : L*(Q) — V™.
The fully discrete solution of (7.1) consists in the pair ({uj ;},{uj ;}), with n =0,..., N and
k=0,...,K,, being K,, the maximum number of iterations performed in each timestep: such

number may vary with n. In particular, {u}, r } and {w} ;. } are such that:
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. u?L = T1%uy, w2 = 1% wy, the projections of the initial data on Tho;
e foreachn=1,--- N, up , = HHu" ! _,» the last iteration associated to the previous times-
tep;

o foreachn=1,--- N, foreach k =1, -+, Ky, uj ; and wy; ; solve (7.8), (7.9) for all ¢p, s €
Vi

7.2 Residual operators

For a fixed fully discrete solution ({uj ;. },{w} ;}) as above, collecting all the final indices K,

(k) (k)

in a multi-index k = [K,])_;, the associated linear interpolated solution (uh 70 Wy, /) is a couple of

n=1»
continuous functions on (0,T"), defined timestep-wise as follows: for each t € (¢t,—1,t,],n =1,..., N,
t—1tph— th —1 t—1tn— th —t ,_
wy = e, T ) = e e (T10)
Tn Tn Tn Tn

We now define for almost each instant ¢ the residual operator R(t) in the product space (H'(Q) x
L?(Q))* = H* x L*(Q), being H* the dual space of H(Q):

(R(t), (¢,9)) =(Ru(t), ) + (Ra(t WEHl()wGLQ()

2
(Ry /(‘luﬁ}i(p /k VU /(1_X)f(u§lk_2,w$2)@ (7.11)
(Ra(t). ) == [ ofiu - / o(ul),w

It is possible to prove a result of equivalence between the XY norms of the error and the dual

norms of the residual operators. More precisely, it holds:

Theorem 7.1. The operators Ri(t) and Ry(t) are s.t. the functions ||Ry(t)| . and [[Ra(t) 12 (q)

are square integrable on each interval (tq,tp) C (0,T), and moreover

2

)

o=t

X (tasts) Y (tasts)

} }
2 2 2 *
{HR1||L2(ta,tb,H*) + ||R2‘|L2((tu,tb)><ﬂ)} <c {Hu — U;L’T } (712&)

2
+ Hw — w,(Lkl

2 % 2 2
eo{ -t B B A A L

X(0.0) (7.12b)

Nl

2 2
IR 200 + B2 0yxen b
where ¢, and c¢* depend on Q, ko, k1, f,g and T.

Proof. By summing and subtracting the expression of (R;(t), ) and (Rz(t), %) to equation (7.3) we
obtain, Vi € H'(Q), V¢ € L*(Q), a.e. t € (0,T)

/ By — u)g / KOOV — u)) - Vi + /Q (1= ) w) — Fu), wl)e

(7.13)
[ o=l 0+ [ (atu,w) = gl D)0 = (Ral0).0) + (a0
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Fixing ¢ = 0 and employing the Cauchy-Schwarz inequality and the mean value theorem for Banach

spaces *

k k
Ouu—uf )| 1llirs ey + Fo |Vl = ufld)
| fute M = ufl) + fule mw - wik)
< (H@ w— )

tCfy

(Ra(t). )] <|

L2(Q)||V<PHL2(Q)

H%’HLZ(Q)

L2(Q)

(k)

+/€0Hu—uh77 (k)

+cfu u_uhr

H(9)

H*

(k)
w— wh,T

L2(9)

i) Wl

Computing the L? norm on (t,,%,) we obtain

(k)

U= o+ o

LA (

L2(ta,ty; H*) L2(tq,tp; HY)

(7.14)
_ ) _ k)
Tt Hu TN L2((ta,ts)x ) LW Wk LQ((ta,tb)XQ)) '
Analogously, when taking ¢ = 0, we recover:
Rall,- ot — wf® wep o
IRalisnnenr < (oo =D oo o .
(k)
+ ng w — th LQ((twtb)XQ)) )
and summing (7.14) and (7.15) we prove (7.12a).
Vice versa, consider (7.13) and take p = u — u%kl, =w—w" ), by mean value theorem T it
holds that
_ k(x (k)
2 dt (H "2 (0) Hw L2(Q)> / u,”) V(=)

+/ (1= ) (ful€xm) (= uf)) + ful€r,m) (w — wi) (w - uf)
Q

+ /Q (Gu (2, m2) (1 — uf)) + gu(E2sm2) (w — W) (w — wl)

= (Ry,u— ugkb + (Ro,w — w,??_)

Consider now the quadratic form Q : H1(Q2) x L?(Q) — R,

Q(m,n) = /Q —(1 = x) fu(&r,m)m® = (1 = X) fw(&,m) + gu(E2,m2)) mn — gu (&2, m2)n?,

*Applying Theorem 4.A in [140] on the Banach space H! x L? we have Hf u w)—f(uglkg_,wgkz_)

L2

supg<r<1||fulu+ T(uh L= u),w+ T(w(k) — w))(u(k) u) + fw(u+ T(uh L —u),w+ T(w(k) w))(w(k) —w) L2
whereas by the continuity of the derivatives of f and via the boundedness of the solutions of (7.3) we assess that

[fu(& M poo < cpys [ fw(€ M) Lo < cf, - Analogous procedure holds on g.
T in this case we consider the Lagrange mean value theorem on the real valued function h: 7 € R — h(r) =

Jo@ =0 F (u+ 7(uff) —w),w+7(wk) —w))(ufk) —u): there exists 7% € [0,1] s.t. h(1) — h(0) = I (7).




7.2. RESIDUAL OPERATORS 161

which allows to rewrite the previous equation as

(k) (k (k)
2dt <H u}” L2 Q)) / ujuhz) Viu— uhT)

Q(u—u;‘Lw W) + (Riyu—ufl) + (Royw — wyl),

o

It holds that |Q(m, )| < Amaz ([l g1 () +72ll 12 (), Peing Amas a continuous function of fu, fu, gu, guw,
hence bounded from above on 2 x (0,7") by a positive constant A. Via Cauchy-Schwartz and Young

inequalities,
2 2 2
_ &) kH _ (k) <kH _ (k)
2dt (H TlL2() H Wh,r L2(Q)> tR[ H(Q) — ™ hr L2(Q)
2
¢
+A(Hu Yhyr L2(Q)+H L2(9)> +2k (HRIHH* +||R2HL2(Q)
112
# 5 ([ o= 2 )
H(Q) TllL2(0)
hence
o (i R el N R T
2 dt (Hu Un,r L2(Q)+ v "2 (@) HY(Q)

+ Hw - w,(lkq)_

2 2
Lm) o (||R1||H* ST

Take now a fixed ¢t € (0,T) and integrate from 0 to t, obtaining
<

2
(H u)( ( )+k1Hu— <
L2(Q) "Lz (0,6H1)

/0 2(A + k) (H u—uth)(s)‘ o) L2(Q)> ds

t 1 K 2
[ (IR + IR0y ) s+ ([l = w20
0 k1

< (A+ ki) (Hu—u,”

2

+ || =i @)

2

L2()

+ || = wis)]

LZ(Q))

(7.16)

k
i [0 =R 0)

Via Gronwall’s inequality, we obtain
(- wien)]; 2

+ |wt) = wi )

) SeZ(AJrkl)t(Huo - H%UOH;'(Q) + [|wo — H%UJOH;(Q)

L2(Q) L2(Q)

1 2 2
+ T (||R1||L2(0,t;H*) + HRQHL2((0,t)><Q))>7

w — ,(lkz . It also holds by (7.16) that

L>(0,t,L?(£2))

whence the bound on Hu — Uy, - ( 2@’
Lo (0,t,L

2
+ Hw - wgkl

leU—

2
Lo (0,t L?(Q)))

Lz(m) '

(w =)

L2(0tH1) < 2A k)t (Hu—u}”

2 2 k
# i (IR ey + IRl ) + o0 = 200

Lo (0,t,L2(R))

(k)
_ 0 ’
L2(Q) + Hwo th( )

Finally, taking ¥ = 0 in (7.13), by Cauchy-Schwarz inequality we get

[0t — o) (u— ) (1)

<kof|@—uS @) | +er

+ ¢,
H~ H(Q) L2(Q) L2(Q)
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thus

Hat(u - uékl)

<k H A
L20.yxg) — Ol T Y

+ Cfu\/iHu — up)
L2(0,t;H (%)) ’

o il

L= (0,t;L2(2))

Loo(0,6;L2())

A similar strategy allows to conclude that an analogous bound holds for d;(w — w,(lkl), hence every

part of the norms Hu — u%ki ](11? 01 is bounded as in the thesis. O
: Ty (0,

X(0,8)

It is now possible to perform a decomposition of the residual operators: according to the strategy
proposed in [16], we distinguish the contribution of space discretization, time discretization and

linearization as follows :

n n—1
Uh K, — Un,K,_, "
(RA(t), ) = — /Q UK~ Yninmr /Q KOOV e - Voo

Tn

- /Q(l - X) [f(uh,Kn—lvwh,Kn—l) + fuup g, 1 W g, 1) (U ke, — Uh ok, —1) ( )
+ (Ul g, 15 Wh e, —1)(Wh k., — wZ7K,L—1)] ®;
- k n K (k
(BI(0,9) = = [ WOV = i) Vo= [ (1= [l uf)
Q Q (7.17b)
*f(UZ,KW,va,Kn)] 28
(B0, == [ (130 [0, 0 1,) = Fuluf s, 100, )R, = 01, )
Q (7.17¢)
—fw(UZ,K,,L—u wZ7Kn—1)(wZ7Kn - wZ,Kn—l) - f(UZ7K,L—17 wZ7Kn—1)] ¥
h wZ,Kn - wzy;(ln—l n n
(Ry(t),) = */Q - — ) — /Q [9(uf g, 1, Wi g, 1)
+ gu(up g, —1>Wh i, 1) (U ke, — Uh K, —1)
+9w(Up 1, 1> Wik, —1)(Wh K, — wﬁ,K"ﬂ)] s
T k k n n
(3.0 = = [ (ol 0lt) — o, i, )] 0 (7.15)
(BE0,0) = = [ (o6, 0h ) = 9k, 0,20, = W, )
a (7.18¢)

_gw(uZ,Kn—lvwZ,Kn—l)(wZ,Kn - wZ,Kn—l) - Q(UZ,Kn—uwZ,Kn—ﬂ} P
It is immediate to verify that R (¢)+R7(t)+ R (t) = Ri(t) in H* and RE(t)+ RE () + R5(t) = Ra(t)
in L?(Q2); moreover, according to the expression of the discrete problem (7.8), (7.9), it holds the
orthogonality:
(R1(t),on) =0 Von € Vi

7.19
(REH),dn) =0 Vb € Hy. (7.19)
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7.3 A posteriori estimators

We now provide a posteriori estimators for the residual operators. In order to do so, we adopt
the following notation: for each element K € 72", the common refinement of 7,* and 771"_1, recall hg
its diameter, xx = x|k (i-e., according to the assumptions on x, xx = 1 if K C w and 0 otherwise),
kx = k(xx). Moreover, each face of the tessellation E € g,’; has diameter hg, and, apart from the

edges on the external boundary, belong to two distinct elements Kg; and Kg: we recall

[kpve - Vunlp = (kkp,ve1 - Vunlkg, —kkp,Ve2 - Viunlkg,)| g

where vg 1 and vg o are outer the normals of £ with respect to K ; and Kg 2, hence vg 1 = —vpg 9.
Instead, each face F of the external boundary belongs to a single element K of the tessellation, and
we define

[keve - Vunlp = (kxpve - Vunlke)lg
We now introduce the a posteriori quantities which will be involved in estimates from above and

from below for the residual error.

N|=

2 2 2
N, = Z h%(||RK,1||L2(K)+ Z hE||REHL2(E)+ Z ||RK,2||L2(K)
KeTm Eeép KeTn
un _ Un71
Ricy = (==t e, — (1= ) (£ g, 10 g, 1)
n

— Fuluh e, R e, )W e, = R, 1) = (R, 1 0, ) (R, — 0, 1)) |

RE = [k‘EVE . VUZ]E

K

n n—1
Wh K, ~ WhK,

Tn

Ry o = (—

- (Q(UZ,KTﬁth,an) - gu(“Z,K,ﬁpwZ,an)(UZ,Kn - UZ,KTLA)

= 9w e, 107 e, ) (W, = R e, 1))

=

n 1 n n—1 2 1 2 1 2
k= <3HV(U}L,K” - Uh’anl) LZ(Q) + ;HPl(t)HLQ((tnfl,t”)xQ) + ;HPQ(t)HL?((t,,L,l,tn)><Q)

Pi(t) = —(1 = ) (F (e, wi) = fluh i, i i, )

k k n n
Py(t) = ~(g(u, wik) = 9w i, wit i)

N

= (1972 + Q21320

Qu = —(1 =0 (£ i) = Fuluf s, 1o 0h s, )W e, — Wi, 1)
— (U e, 10 e, ) (0F s, = W g, ) = PR e, 10 e, 1))
Q2 = *(Q(UZ,K,?,,WZ,KJ - gu(uz,Kn—lvwZ,Kn—l)(UZ,Kn - UZ,K,,,—l)

n n n n n n
- gw(uh,Kn—l’ wh,Kn—l)(wh,Kn - wh,Kn—l) - g(uh,Kn—lv wh7Kn—1))'
The fundamental result we prove in this section is the following bound from above of the error

involving the introduced a posteriori estimators:
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Theorem 7.2. For each discrete solution ({u}, .}, {wﬁk} withn=1,...,N, k=1,...,K,, col-
lecting all K,, in the multi-inder k = [K,)Y_, and defining ugkl,w,(lkz as in (7.10), it holds that for
eachn=1,... ,N:

||

1
2
(= gy + = 08 b5 {0 = Tl + s~ o

Y(0,tn
(Ot (7.20)

N=

£ 3 Tl + (O0) + ()}

In order to prove Theorem 7.2, we need a preliminary results involving the spatial residual
operators alone. First, we remark that R¥(¢) and R%(¢) are constant in time within each interval
(tn—1,tn). Hence, as remarked in [137] and [16], upper and lower estimates of their norms in each
instant ¢ € (¢,_1,t,) involving the a posteriori estimator 7] can be proved by similar arguments as

the ones for elliptic problems. This allows to conclude that

Lemma 7.1. There exist two positive constants cy, ct independent of n s.t., for almost every t €
(tn—1,tn) and for each n=1,..., N, it holds:

1 1
= (1ROl + 1 BEOla)” < et (721)

Proof. Throughout the computation, we consider t € (t,_1,t,) and neglect the dependence of R,
R on t. First we prove the upper bound. Integrating by parts the expression of Rf and exploiting
assumption i¢) on the tessellation, which ensures that each kx is a constant scalar on each K, we
obtain that for each ¢ € H' ()

o= Y [ Riaes 3 [ Ree
KeTyr K Eegp B

Introduce now the Clément interpolation operator I, : H!(Q) — Vi': by the orthogonality result in
(7.19), and by the properties of I, (see [58],[138]),

(RE o) = [(RY Tug) + (e~ Ig)| < 3 /RK,1<¢—IW>]+ )
KeTm K EeEp

1
<a Z hK”RKJ||L2(K)|‘VW||L2(§;)+02 Z h?;”RE”H(E)||V<PHL2(J;;)’
KeTr Ee&p

/ERE(w—IhsO)’

where Wi (Wg) is the union of all the elements of ﬁ” containing at least a vertex of K (F). This
entails that

1
IR | S D bl Ricall ooy + Y hIREl L2 ().
KeTy Ee&p

By an application of Cauchy-Schwartz inequality the upper bound on R} immediately follows:

HR3HL2(Q)§ Z ||RK,2||L2(Q)-
KeTy
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In order to prove the lower bound, we construct
Wn=a Y hxéxRxi—B Y hposRe,
KeT Begp
with «, 8 > 0, ¢k, ¢ the barycentric bubble functions respectively on K and wg = Kg1 U Kg 2.
Analogously to [137, Lemma 5.1], we can show that

(RU W) > | Y WilRklli200) + Y hollRell7z
KeTm Ee&y

and

[N

2 2
IWall g1y < e Z h%(”RK”L?(K) +C2 Z hel|Rel 72 (g
KeT Ee&p
Regarding R, the following equality holds
2 2
HR;LHL2(Q) = Z <R35RK72> = Z HRK,2HL2(K)’
KeTn KeT
and this concludes the proof of the lower bound. O
It is now possible to prove the upper estimate (7.20).

Proof of Theorem 7.2. We impose kg = 1 and w = () for the sake of simplicity. In view of (7.12a),

we only aim at proving that, for each n =1,..., N, it holds

I1R1]Z2(, iy T R2l 220,y )y < o (8 + (95 + (0)°) (7.22)

According to Lemma 7.1,

n—1,tn,

IR (1))

HH* + ||R2 ||L2(Q) (nk)z vt e (tn—latn),

and since by definition both R? and R} are constant in each interval (t,_1,t,), we conclude that

h h 2
HR1HL2(tn_1,tn,H + | R HL2((t,, L)X Q) N S lni)”™ (7.23)
Moreover, it is immediate to verify via Cauchy-Schwarz inequality that
2
||R]1€(t)“H* + ||Rk ||LZ(Q (’Yk) vt € (tn—htn)v
and by integration
k k n\2
HR Hl,2(tn 15tn,H*) + HR HL2((tn 1,tn ) XQ) T"(Vk) : (7'24)
Eventually, again by Cauchy—Schwarz inequality, for each t € (t,_1,ty)
- - k n n
VB0 + IBE Ol 20y < [V = hae, )] g+ [ £ D) = P08, 01,0

+ Hg uthw;(L 3) g(uh,Knvwh,Kn)

L2(9)

(k) ))

S +Hf uhT’th

f(UZ,Kn ) U/Z,Kn)

n n—1
”V(Uh,Kn —Up K, 1

k
+ Hg uh Taw}(y, 7)') g(uZ,Knvwh,K">

L2(Q)

L3(Q)

L2(©)
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2
. tn t,—t _
Since [," (”TT) = T, we get

Tn 2

2 2
HRI”LQ(tnfl’tn,H*) + ||R5||L2((tn71,tn)xﬂ) S 3

n n—1
v(uh7Kn B uh7Kn71) LQ(Q)
(k) 2

|| et = £t e, b, (7.25)

L2((tn—1,tn)xQ)
(k) 2
+ Hg uh‘r’wh 2) =

< al03)°

n n
g(u w
( h, K> h,Kn) L2 (b )X Q) ™

By means of the triangular inequality, (7.23), (7.24) and (7.25) allow to conclude (7.22), and hence
(7.20). O

7.3.1 Efficiency of the estimators

The upper estimate provided in (7.20) holds for any choice of k, i.e., the total number of Newton
iterations K, computed in each interval (¢,-_1,t,) can be selected arbitrarily. We now prove a
result of efficiency (namely, an estimate from below for the error in terms of the introduced a
posteriori estimators), which can be stated when a specific condition is satisfied by the indices K.
In particular, for each n > 1, we assume there exists K,, such that

i < ony, (7.26)

being o < —, where ¢y is the constant appearing in Lemma 7.1. Such an hypothesis can be compared
to the one mtroduced in [73, equation (3.12)].
Moreover, we need to introduce the following assumption on the nonlinear terms f and g:

dAN>0 st Yuy,us,wp,ws €R
(f(ui,wi) = fluz, w2)) (ur — u2) + (g(ur, w1) — g(uz, wa)) (w1 — wo) (7.27)
> A ((U1 — ’LLQ)Q + (’LU1 — w2)2) .

This assumption is verified under small modifications of the original problem by a large class of
models including Aliev-Panfilov, see Remark 7.1.

Theorem 7.3. Let f,g satisfy (7.27) and let ({u}, , H{wpy x}), n=10,...,N, k =0,..., K, be the
fully discrete solution of (7.1) obtained by the Newton scheme (7.8), (7.9), satisfying assumption
(7.26) on the choice of K. Then,

[N

VAR + 012 + () ${ - ol ¥

X(tn—1,tn)

+Hw7w

? } , (7.28)
Y(tn_l,tn)

being ugkl, w,(lkz the interpolants defined in (7.10).

Proof. First of all, we exploit the assumption (7.27) on f, g to obtain a useful inequality. Consider

the temporal residual operators R], R} with test functions ¢ = uglkl —Up g Y1 = w,(lkl — W

2 2
. +A(Hus‘z o)
() L2(Q)

N 2
)

n 1
Up, K, — Unh K,

(R o1) + (B, 1) > || V(lt) = i e, )|

2
(=2 (
Tn

2

(k)
L2(Q) + H Wh.r
2

1
n Hwn W'
H(Q) hKn = “hK,_1
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Since

(R, 1) + (R3, 1) = (R1, 1) + (Ra, 1) — (R}, 1) — (RY, 1) — (RY, 1) — (R, 1),

integrating in time and making use of (7.21), (7.12a) and of the Jensen inequality A+ B < v/2(A2+
B?)% we get

)\T—n (‘ u
3
(k)

where we denote [lerr|| vy = (Hu —uy

1

2 2
< 2y/Tpc” 2 +2m,
) S Wty + 2l 4 2n]
(7.29)

2
n

n 1
nE, ~ UnK,

—1
n Hwn Wt
HY(Q) h,K, h,Kn,_1

2 2
+ Hw — wg‘l

X(tn—l,tn)

3
) for the sake of simpli-
Y(tnfl 7tn)

city.
We focus now on the spatial estimator 7;}. According to the proof of Lemma 7.1, there exists a

couple of test functions s, 99 such that

1
(B g2) + (RS 02) = 00)% (el + Ialia) < emi

whence )

ot (el + el < (B ) + (S, ).
By the decomposition of the residual, R? = Ry — R] — R¥ and R} = Ry — R} — R%. Moreover,
(R o) + (R3] < [ [V = se,)- Dia] + [ | [0l 0i8) = Flut e, i) 2]
[ ot = gt s, )] v

< HV ug‘if“hx )

12(9) ||V<P2||L2(Q)

+Kf (Huh‘r un7 n

) W2l
) Wl

i) (el + Wallin)

where Ky and K, are the Lipschitz constants of f and g (which are obviously related to the constants

+ ‘w —wy
L2(Q) h,T h,K,,

(k) n (k) n
+ Ky (H“h,T ~ UhK, +|[Whr — Whk,

L2(Q)

(k) n
Wy, 7 — Wh K

+|
RLPEEN)

< Kyg (H“;zkl

Cfu»r CfusCqusCqe Previously introduced) and Ky = max{l, Ky, K,}. Exploiting (7.12a), the Cauchy-
Schwarz and the Jensen inequalities and the definition of ~},

1
2 2 2
n
)

(
Hwh,q' - Wh K,

1 3 k
St <2 (WAl + Wiy + 208 + 28 ([

"IHY(Q)
and since uglkz —up g = t*;;t (ufy g, — ZKln s
1 n < 2 2 % n
ank L2 ([[Ballge + 1R2llz20) ) + 2%
. (7.30)
+2tn_tK Hn n]_ 2 +H n —1 2 2
e AN I S Y PP | I Wh K1 )]
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We take advantage of the strategy used in the proof of the lower bound in [137], in particular,

choosing a positive «, we multiply the inequality (7.30) by (a + 1) (t_:irz’l) and integrate from

tn,_1 to t,. We observe that

t o
" t—tn,_
/ (a+1) <1> = Tp;
t Tn

n—1

t @
ot =t t, — 1t 1
o1 Tn Tn a—+ 2

t o ;
n t_tnfl 2 2 2
/t (a+1) <T> (1B + R[22 ) <

n—1

n

a+1

1
2 2 2
Vi e (12 1,y ity + IRl tyxe))
We obtain (applying (7.12a) and (7.29)):

1 " a+1
- < Tk n
CTTnT/k SV Tn %o 10 lerr|lxy + a7k

2
Tp———
o+ 2

n—1

n
+ + Hwh’vKn - wh7Kn71

-1
K Hu” —uy
fg h,K, hKn_1 £2(9)

a+1
</Tp——=c"|lerr + T YW
= ﬂm H HXY nVk

1 12Ky,

a+2 A

(VTac*lerr| xy + Tacinl + TnYR)

Taking advantage of the assumption (7.26) and dividing by /7,

1 a+1 12K, 12K (0 + c)
- n o % e A n
v <o (i + 5 2R el + v (AT 1 o)y

Now 7; appears on both sides of the estimate, but we can require that

12K4(0 + cf) 1
B —— < J—
Ma+2) to ¢t

by selecting (according to the assumption on o)

o> 12ng(c,r + U)CT _9
A1 —c¢to)

Thus, we deduce

VT S llerrll xys

o)

K+

(7.31)

(7.32)

from now on, we omit the explicit expression of the constants in front of each term in the inequality.

As an immediate consequence, again by (7.26), we conclude that also

VT Ve S VTaong S ||€7"7"||xy-

(7.33)
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We now aim at estimating the last a posteriori estimator, ;. By definition,

2 2

k k n n
— f(U§L7la w,(Ll) - f(uh,Kn7wh,Kn)

n 1 n n—
(ﬁk)Q :guv(uh,f(n - uh,Kln—l) L2(Q) Tn

L2((trn—1,tn)xQ)
1 ®) (k) n n 2
+ — g(uhﬂ—vwh,r) _g(uh,Kn7wh,Kn)

n

L2((tn—1,tn)%xXQ)

1 2 Eiy ™ (], 0 : (k) ’
NS R (N Y o
=3 ( h,K, h,Kn,l) L2(Q) ™ Jo h,T h, Ky, L2(Q) h,T h, Ky, L2(Q)
1 2 K? 2 2
< 7Hv ul _u -1 + —fg ‘ u _ un—l + Hwn _ wn—l
=3 ( h,Kn hKn—l) Lz(Q) 3 h,K, h,Ky,_1 Lz(Q) h,Ky, h,Kp_1 L2(Q)
K? 2 2
fg ’ n n—1 H n n—1
< —Z | |lu —u + [w —w
=3 ( h,K, h,Kp_1 H1(Q) h, Ky h,Kpn—1 L2(Q)

Therefore, in view of (7.29)

K

J2cg n 2
n n —
Uy < 3 Huh,Kn Up K,y

n n—1
+ Hwh,Kn ~WhK,

1
2 2
o)

H(Q)

2
<—ng (2 TnC*|lerr|| vy 4 2mncinl + ")
=N n XY nC M T TnVk )

n

and eventually (using (7.32) and (7.33))

K2
VI < % (QC*Her?“HXY +2 TncTnZ + \/Tn'y,?) < lerrl xy (7.34)

Eventually, collecting the results (7.32), (7.33), (7.34) we conclude that

VT () + 0R)7 + (7)) * < VA (0 + 0% +98) < llerrllxy- (7.35)

O

Remark 7.1. Assumption (7.27) is in general not satisfied by f and g as in (7.2). In particular,
inequality (7.27) holds with a possibly negative constant, —K. This can be deduced by mean
value theorem, exploiting the fact that f, g in (7.2) are continuously differentiable and take values
on a bounded subset of R? due to the uniform a priori bounds on the solutions prescribed in
Proposition 7.1. We can thus perform an alteration of the original problem (7.1): for a positive A,
consider a change of variable in the original problem: @ = e~(E+Nty 5 = e~ (E+Nty, Tt holds
Oyt = —(K + Nt + e~ E+FNL9,u, hence (i, @) is the solution of

Oyt — div(k(x)Va) + (1 — x) f(@,w) =0 in Q x (0,7)
Ay + (i, ) =0 in Q x (0,7),

where f = e’(kJr)‘)tf(e(f(*)‘)tﬁ, eEHVLE) 4+ (K 4 M\)@ and § analogously defined satisfy (7.27).

Remark 7.2. In the particular case where the source of error coming from the linearization process
is disregarded, the simplified counterpart of Theorem 7.1 holds with the only estimators n™, 6™
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defined as
ul — 2
n" =< D hi||[ T+ ki Aug + (1= X)) f(uft, wf) + 3 hil[Vup - nsll7em)
KeTn n L*(K) Ecép
n n—1 2 %
+ 3| g wp) )
Tn L2(K)

KeTn

n 1 n n— 2 1 n 2
9 :<3|N<uh gy + 20 = ) ) = SO,y

2

1 -
+ Mg (unr) = g(uh))IILz((tn_l,tn)xm> )

(7.36)

bn—tyn=1 wy. An efficiency result analogous

. t—ty_
belng Up,+ = Tuh + 7_7711

n _tp—t, m—1 | t—tn_1
up and wy, » = m=wy T A

n n

to Theorem 7.3 holds with the same estimators, without any further assumption on the discretization.

7.4 Numerical experiments

We now assess the validity of the derived a posteriori estimates of Theorem 7.2 via numerical
experiments. We consider the following two-dimensional setup: the domain  is the square (0,1)2,
whereas the time interval in consideration is (0, 16). All the experiments are performed in a healthy
tissue, whence xy = 0. We consider the initial data

_(m=1)2442
0.25

Uy =e€ wy = 0,

whereas the value of the constants of the problem are reported in Table 1. We report in Figure

ki A €0 M1 2 a
1 8 004 02 03 0.15

Table 7.1: Values of the main parameters of the model

7.1 several snapshots of the evolution of the electrical potential u throughout time. The results
are obtained via the Newton-Galerkin scheme in (7.8)-(7.9), making use of the same computational
mesh 7, for each instant, with maximum diameter h = 0.0125 and a fixed timestep 7 = 0.025. As
an exit criterion for the Newton iterations we assess if the distance between two following iterations
(measured in H' and L? norm respectively for v and w) is below a suitable tolerance, which we
set as tol = 10714, In accordance with experimental observations (see, e.g., [61]), the nonlinear
dynamics shows a first quick propagation of the stimulus in the tissue and, after a plateau phase, a
slow decrease of the electrical potential.

7.4.1 Spatial and temporal analysis

We now verify the validity of the estimates stated in Theorem 7.1. Due to the lack of an analytical

expression for the solution of (7.1), we need to build a high-fidelity numerical solution (%, w). In



7.4. NUMERICAL EXPERIMENTS 171

1
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Figure 7.1: Snapshots of the evolution of the electrical potential. In Figures (a)-(f) the contour plots
are shown in some selected instants t1,...,ts. Figure (g) reports the value of the electrical

potential in a specific point P; the instants ¢1,...,ts are remarked.

particular, we employ a reference fine mesh with h,.; = 4- 1072 and a time step T,ef = 21073
to solve the Newton scheme (7.8)-(7.9), where tol = 10~'® is employed to make negligible the
linearization error (see Remark 7.2). Employing (@, w) it is possible to compute the error associated
to different discrete solutions, obtained with different values of A and 7, and to assess the validity
of the a posteriori error estimates introduced in Theorem 7.1 employing the estimators defined in
(7.36).

In Figure 7.2 we report the numerical verification of the upper bound (7.20) for two different
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choices of the discretization parameters h and 7. Each line is piecewise constant on every interval
(tn—1,tn). The red line represents the X,Y norm of the error (computed with respect to the
high-fidelity solution) on the interval (0, ¢, ), whereas the blue line shows the sum of the estimator

contributions in each interval until ¢,,. In this case the upper bound holds with constant 1.
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Figure 7.2: Assessment of the upper bound

Moreover, in Figure 7.3 we investigate the convergence rates for both the estimator and the error
norm with respect to the mesh size h and the timestep 7. The results are obtained by linearly
reducing both h and 7 at the same time. The convergence history reported in Figure 7.3 shows that

the error and the a posteriori estimator decay with the same (linear) rate.

7.4.2 Linearization analysis

We now numerically assess the validity of the estimates concerning the linearization error. In
order to reduce as much as possible the numerical error induced by spatial and temporal approximati-
ons, we perform the numerical experiments with the same discretization parameters (hycy = 4- 1073,
Tref =2+ 10~3) employed to build the high-fidelity numerical solution. Selecting an instant t,,, we
compute several iterations of the Newton scheme (7.8)-(7.9) until the convergence criterion is sa-
tisfied with tol = 107'°. The iterative scheme produces a sequence {u j ,wj - }r=o,.. - Then,
for each k£ we compute 7 and compare it with the error. In Figure 7.4 we report the described
comparison at t, = 2.5 and t,, = 10. We observe that for each k = 1,..., K the estimator is above

the error, and they decrease with the same rate.
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Conclusions

In this thesis, we have tackled the inverse problem of detecting discontinuous coefficients in semili-
near elliptic and parabolic problems. The purpose of reconstructing inhomogeneities in the electrical
activity of the heart (modeled via a system of coupled nonlinear equations) by means of a single
boundary measurement has motivated our study. In particular, due to the lack of measurements at
disposal, we had to deal with ill-posed inverse problems, for which suitable regularization hypothe-
ses have been introduced. Moreover, the nonlinearity of the direct problem has implied significant
restrictions on the application of existing techniques. As a consequence, it has been necessary to
extend and design novel methods for the problem of interest, both for analytical and reconstruction

purposes. In particular, we have achieved the following results:

e Localization of small inclusions in semilinear boundary value problems: under the
regularization hypothesis that the inclusion to be identified is of small size, we have been able
to prove rigorous results regarding the analysis of the inverse problem. Specifically, both in
a simplified elliptic and parabolic case (see Chapter 2 and 3 respectively), we have derived
an asymptotic expansion of the boundary potential with respect to the size of the inclusion,
also entailing a local stability estimate for the inverse problem in the elliptic case. We have
employed such results also for reconstruction purposes, deriving a variational algorithm based

on the topological optimization of a suitable cost functional.

e Detection of large inclusions in semilinear boundary value problems: without any
a priori assumption on the inclusion to be identified, we have been able to devise a recon-
struction algorithm, based on a phase-field approach, allowing for satisfactory reconstructions.
In Chapter 5 we have investigated the convergence of the proposed algorithm, and we have
reported a detailed comparison with some state-of-the-art alternative approaches. We point
out that, due to its generality and feasibility, this technique is likely to be extended to a wider
class of identification problems.

e Introduction of preliminary results for the analysis of the monodomain case: in
order to extend the outlined approach to the complexity of the monodomain model for the full
heartbeat, some preliminary studies have been performed. The well-posedness results obtained
in Chapter 6 pave the way for further analytical results regarding the inverse problem: in
particular, we expect to be able to deduce an asymptotic expansion of the boundary voltage in
presence of small ischemias. Moreover, the a posteriori error analysis performed in Chapter 7
allows to efficiently extend the reconstruction algorithm (especially in the assumption of large

inclusions) to the case in which the monodomain model is considered.
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