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Abstract

Road vehicles are going through one of the deepest transformation in their history. Pushed

by progressively restrictive regulation on pollutant emission, electric vehicles are develop-

ing fast with almost all the main automotive companies proposing at least one full electric

vehicle. This gives the possibility to develop new technologies such as Advanced Driver-

Assistance Systems (ADAS) that are systems developed to automate, adapt and enhance

vehicle systems for safety and better driving. One of the most interesting is Torque Vector-

ing, that consists in differentiating the torque on each wheel bringing to improve the vehicle

performances in different aspects like dynamics, efficiency and safety. Electric vehicles ease

the application of this technique since different motor and transmission configurations are

possible, as the case of 4 independent motors, one for each wheel, that has been consid-

ered in this study. At the same time this controller is composed of different parts and

the integration of all of them presents a certain degree of complexity. Another issue is

the estimation of the vehicle state since this kind of controller requires typically different

quantities and parameters of the vehicles. Estimation of those were not considered in this

study to not excessively extend the area of focus, however the solution presented has a

certain level of robustness to estimation errors. The study proposes a solution for this kind

of controller showing how to integrate the different parts and how the vehicle behaviour can

be influenced with different setting of the controller. This results in the implementation of

the so called driving modes, selectable by the driver. Numerical tests show how each mode

is a trade-off between performance and efficiency.

The research presented was developed at Sheffield Hallam University (UK), under the su-

pervision of prof. Basilio Lenzo.
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Chapter 1

Introduction

Road vehicles are going through one of the deepest transformation in their history. Pushed

by progressively restrictive regulation on pollutant emission, electric vehicles are develop-

ing fast with almost all the main automotive companies proposing at least one full electric

vehicle. At the same time the development of electronic is making available more pow-

erful, cheaper computing systems and sensors that already have wide application in the

automotive sector.

This is giving the possibility to implement new technologies and functions on road vehi-

cles such as Advanced Driver-Assistance Systems (ADAS) that are systems developed to

automate, adapt and enhance vehicle systems for safety and better driving.

However electric vehicles presents some problems that are limiting their diffusion, notably

the limited autonomy and recharging time. The main advantages of an electric motor

with respect to to a traditional internal combustion engine are the lower cost (both in

term of purchase and maintenance) and its compactness. Consequently the application

of multiple, independent actuators is now a viable solution, with different configurations

that can be applied. Each motor can be controlled independently by requiring a different

torque to each motor. This permits to to easily apply a control technique called Torque

Vectoring, that consist exactly in applying different torque to different wheels creating a

yaw moment that is able to influence the vehicle dynamics. By the use of sensors different

data estimating the vehicle state can be gathered and, with proper algorithms, elaborated

to allocate a specific torque to each wheel. The algorithm can be developed to achieve

different optimisation objectives, including enhance vehicle stability, performances and

energy efficiency. Potentially it could substitute some safety technology that are nowadays

widely diffused on road cars, like Anti-lock Braking System (ABS) and Electronic Stability

Control (ESC).
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Chapter 1. Introduction

1.1 The Torque Vectoring control technique

This study focuses on the Torque Vectoring control technique. Torque vectoring consists

basically in differentiating the torque on each powered wheel and its main advantage is to

impose on the vehicle a yaw moment by differentiating torques on left and right side. As a

consequence it is possible to influence the yaw dynamic of the vehicle (i.e. the behaviour of

the vehicle to rotation about its vertical axes.) and in general improve its controllability.

This control techniques is already applied to commercial vehicles also with internal com-

bustion engines. However in this cases its application is limited by the fact that there is

a single motor whose torque have to be distribute to the wheel. Multiple motors is not

a viable solution unless in case of hybrid solutions, in which electric motors supports the

internal combustion engine. The compactness and cheapness of an electric motor permits

to have a multiple motor vehicle with different configuration, making easier the application

of Torque Vectoring since motors are controlled separately.

A notable example of Torque Vectoring applied with an internal combustion engine is

the case of differential braking, where the brakes are used to decrease the torques on

some wheels, producing a yaw moment. However this solution does not represent an ideal

solution since it needs to dissipate part of the energy produced through brakes representing

a non optimal solution from the efficiency point of view.

Other solutions are represented by the use of active differentials which does not represent

an economic solution, limiting its use to high priced vehicles. In this study was thus

selected a full electric vehicle.

1.2 General overview

Since this technique shows to have an easier application and wider advantages with electric

vehicle it will be this case. Specifically the configuration analysed is the 4 wheels - 4 motors

configuration where each wheel is controlled by a motor, that are all identical. This permits

to analyse better the possibilities of Torque Vectoring being possible to differentiate the

torque between right and left side but also between front and rear axle, which does not

arise a yaw moment but may introduce other advantages.

A lot of research material is available for this kind of technology (Google Scholar research

of the words "Torque Vectoring" provides almost 10’000 results) but at the same time each

research paper tend to focus on a specific aspect of this controller rather than a complete

solution, consequently it is one of the objective of this study to provide a solution for each

part of the controller that are described in chapter 2, showing how their design is not

completely independent from each other.
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A Torque Vectoring controller takes as input the state of the vehicle and the driver’s com-

mands allocating the torque in a proper way, to optimise and improve a certain aspect

considered in the criteria of distribution. In this study is showed how the controller can

include different control objectives integrated in the controller. The two objectives consid-

ered are efficiency and performance of the vehicle between that there is a trade-off. The

Torque Vectoring controller aims to set the vehicle behaviour on different optimal points

of the trade-off line of these control objectives. This arises the creation of the so called

driving modes, that permit to vary the setting of the controller and in consequence the

effects in term of efficiency and performance.

Summarises the novelties introduced by this research are:

• Give a general overview of a Torque Vectoring controller showing how their design is

not completely independent from each other.

• Showing how it is possible to integrate efficiency and performance control objectives

in the controller showing how there is a trade-off line between them.

• Implementation of the driving modes in a Torque Vectoring controller showing how

in case the energy efficiency is prioritised some part of the controller are not used or

changes their logic.

1.3 Description of the work

The develop of the controller is preceded by a paper review regarding applications of the

Torque Vectoring control technique, typically focusing on specific aspects of the control

logic. Then is proposed a solution for each part of the controller to reach the declared

objectives enunciated in the previous section, proposing new innovative approach where

needed.

The proposed solution of the controller is developed for a 14 D.O.F. vehicle model, imple-

mented on the PC programme MATLAB & Simulink, that is the main instrument used

in the analysis. The program permitted also to carry on numerical simulations to test the

proposed solution. Observation and comments on the results of the simulations complete

the analysis process.

1.4 Thesis structure

The thesis is structured in the following manner:

15



Chapter 1. Introduction

In Chapter 2 there is the resume of the paper review, where are explained the various part

of the controller and some of the solution proposed by the literature.

In Chapter 3 are illustrated the models used to design the controller and carry on the

simulations, mentioning which modification were needed to make it suitable for the analysis.

The proposed solution of the controller is explained in Chapter 4.

Chapter 5 explains the simulations used to validate the controller and shows the results

obtained.

Conclusions in Chapter 6 summarise the purposes and results obtained by this thesis, along

with some future perspective and possible further research.

16



Chapter 2

State of the art

Seen the number of papers regarding Torque Vectoring, it is evident how this control tech-

nique is very promising for future applications, especially with diffusion of electric vehicles.

At the same time the complexity of this control technique makes arise various issues, no-

tably estimations of vehicle state and definition of the control objectives to implement in

the control system, in other words, the characteristic of the vehicle that the controller have

to enhanced. Typically these are represented by performances and efficiency. By paper

review results how solutions for control systems that aim to improve the dynamics per-

formances of the vehicle results quite different with respect to to solutions that wants to

maximise energy efficiency. However these two global objectives do not necessarily exclude

each other as it is demonstrated in chapter 4. Mostly of the literature do not integrate

these two aspects, rather focusing only on one of these two. Objective of this study is show

that may be set a certain trade-off between efficiency and performance using Torque Vec-

toring by proper setting and configuration of the controller. This arise the implementation

of the so called driving modes.

Figure 2.1 shows the typical structure of a Torque Vectoring controller according to main of

the scientific literature. It is formed by three different main blocks: Reference Generator,

High Level controller and Low Level controller.

In case the objective is to influence the dynamic behaviour of the vehicle a reference

quantity is computed, based on the state of the vehicle (typically is in term of yaw rate

but other quantity may be considered as explained in section 2.1). Then it is routed to

an high level controller that computes a certain desired yaw moment Mz to follow the

reference. At the same time a driver interpreter generate the desired total torque Ttot
developed by motors that determines the desired longitudinal force and acceleration of the

vehicle. These are sent to a low level controller that distributes the torque to each motor

to obtain the desired total torque and yaw moment Ttot and Mz. It is important to note
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Figure 2.1: Typical structure of a Torque Vectoring controller

how in case of 4 electric motors the actuating system is redundant, as to obtain these two

values is sufficient to differentiate the total torque on each side and still some consideration

may be done to distribute the torque and obtain the desired Ttot and Mz. Conveniently

this should be established aiming to energy minimisation [26].

Instead if the primary objective is to optimise the energy consumption only, no yaw refer-

ence have to be defined but algorithms calculate the optimal yaw moment that minimise

energy consumption [14], or alternatively motor torques are directly defined in the low

level controller applying an optimal distribution of the torques to obtain the total torque

required by the driver. The optimal yaw moment is therefore defined implicitly defined [4],

[12], [26], [5], [15]. These alternatives are analysed in section 2.3.

In a real vehicle is reasonable that these two cases of optimisation will be present, switching

from one to the other by the definition of the so called driving modes, selectable by the

driver [7]. So will be present a driving mode that can be called "Energy Efficiency", that

aim to optimise the energy consumption only. The other driving modes (ex. "Normal",

"Sport") aim to influence somehow the dynamic behaviour of the vehicle by following

a certain reference imposing a yaw moment explicitly. Each of these mode defines some

characteristic or parameters of the controller, determining different behaviours for different

Driving Modes.

So the Torque Vectoring controller design can be divided into these sub-problems:

• Definition of the Reference Generator

• Definition of the High Level controller

• Definition of the Low Level controller
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2.1 Reference generator

The reference generator is the block that takes as input the driver’s command along with

measured or estimated vehicle states and by combining these information gives in output

a certain yaw rate reference to follow. Then the controller tries to follow this reference by

applying Torque Vectoring. For [17] and [7] the design of the reference generator modifies

the cornering response of the vehicle to:

1. to reduce the understeer gradient with respect to the passive vehicle (i.e. the same

vehicle plant without the TV controller)

2. to extend the region of linear cornering response

3. to extend the range of possible lateral accelerations for the available tire-road friction

conditions

It is also fundamental that the state of the vehicle is considered as some of them are

correlated with physical limits of the vehicle and because the driver’s intention may fall

outside those limits.

Most of the reference generator are based on tuning the understeer characteristic, in par-

ticular by setting a certain understeering coefficient Kus [23], [10], [5], [7], [15], [26].

An alternative significant formulation is found in [17], [28] where the reference is set by

defining two thresholds rh and rs, the first dependent basically on driver’s input and the

second on friction limit considerations. The reference value is the weighted average of

these two values, whose weights depends on the value of sideslip angle β, compared again

to other two thresholds. For low value of β the reference will be equal to rh, while for

increasing values it approaches rs till saturation, over a certain limit value βlim. This is a

notable example of how the sideslip angle β is considered in the reference generator as a

correction of the yaw rate reference rref and it is not an output of this block. Is opinion

of the authors that proposes this solution fundamental to keep into account also of this

quantity.

Among the formulation relying on Kus, is particularly interesting the one firstly formulated

in [6] and recalled by different papers. It is based on an experimental formulation of the

understeer characteristic between the dynamic steer and the lateral acceleration. This

is defined by setting three parameters: (i) the understeer gradient Kus, (ii) the lateral

acceleration limit of the linear zone a∗y and (iii) the maximum acceleration ay,MAX . What

the author propose is basically to try to extend the linear behaviour of the vehicle (where
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δdyn = Kusay) as well as the maximum absolute lateral acceleration. The author also points

in [8] how these parameters has a physical meaning and that is an important characteristic

for a reference generator. Indeed results difficult to tune a reference generator, whose

parameters has no physical meanings.

By different setting of the reference generator can be obtained different vehicle behaviour

as it was realised in [7]. The results are the so called driving mode that can be selected by

the driver itself to adapt the vehicles behaviour as desired (i.e. improving the fun-to-drive,

enhance energy efficiency or improve safety for low friction conditions).

2.2 High Level controller

The high level controller takes the references with drivers input and traduce them in

commands of total torque required Ttot and yaw momentMz. A Torque Vectoring controller

is particularly sensible to the error estimation of the vehicles state. Indeed if excessive,

the command produced may results in incorrect control of the vehicle due to incorrect

reference generation that may lead to vehicle instability. In [25] the problem is dealt by

introducing the a Yaw Index (YI) controller, along with a Linear Quadratic Regulator

(LQR). The LQR shows to have good performances in steady state cornering conditions,

where estimations are typically more reliable. If transient conditions are detected the YI

produces a correction that avoid excessive increase of β angle and always tend to stabilise

the vehicle. This second contribute is based on reliable estimations only that are commonly

available in a CAN-bus of a vehicle. In this case the LQR requires a reference also on the

sideslip angle and the controller try to follow both. These two control references, yaw rate

and sideslip angle are indeed in contrast and the control action generated is a mediation

of the two, depending on the set-up of the controller. An alternative way to guarantee

robustness is to associate a sliding mode controller with the LQR, as in [11], [13], [24] and

[3]. These needs also the same references.

PID controller are instead to be avoided as they do not guarantee any robustness. However

in [19] is proposed an H∞ loop shaping controller along with a PI controller, where the

author bears to guarantee robustness and better performances with respect to a sliding

mode controller.

2.3 Low Level controller

Being the efficiency always considered in each driving mode of the vehicle, it is important

to define which physical phenomena (i.e. which power losses) are relevant and so to be
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considered in the control torque allocator. In the case of petrol engine the relevant losses are

mainly due to combustion efficiency, that prevails on other source of losses. Electric motors

have an overall higher efficiency compared to internal combustion motors and consequently

also other power losses became relevant, notably due to longitudinal and lateral slips of

the tyres [7], and rolling resistance losses. Besides motor losses other source of energy

dispersion are inverter losses, transmission losses and battery losses. The problem then is

to determine which losses consider to make the optimisation.

In [14] are considered losses due to slip, rolling resistance, aerodynamic force, motor,

inverter and transmission. These are computed with analytic function and in particular

the slip losses are computed using a single track model with linear tyre model, showing

how these are function of vehicle parameters, lateral acceleration andMz, with a minimum

for for yaw moment different from zero, and concordant to the yaw rate. [12] studies the

distribution of the torque between front and rear axle on a vehicle that is proceeding on

a straight line. Also in this case the losses are modelled with an analytic function of the

copper losses and iron losses of the motors. The minimisation is performed by determining

a distribution ratio of the torque k between front and rear axle, showing how Torque

Vectoring is effective not only in cornering conditions and as the distribution of the torque

between front and rear axle can brings relevant improvements.

Most solution proposed for the low level controller fail by needing estimator of quantities

that are still not accurate or rely on quite expensive instruments. An effective solution

was presented by [4] which considers only losses due to motor, inverter, transmission and

longitudinal slips, along with the hypothesis of 4 identical and independent motors. The

losses are modelled with a cubic polynomial function of the torque, whose coefficients are

dependent on motor speed (but more state quantity may be included to improve model

precision, like motor temperature) and the proposed solution to distribute the torque is

analytic, dependent on the value of the coefficients. Effectiveness of a cubic function to be

used for this purpose is confirmed in [18]. In [20] is used an equivalent formulation, a cubic

function of torque and speed proving how this formulation has solid physical basis, since

losses are directly or indirectly connected to these two quantities. The advantage to model

the losses in this way rely also on not being dependent on low reliable estimation but only

on motor angular speeds, and other parameters easy to measure directly or to estimate.

However, a more general solution should be provided as a vehicle with 4 identical motor

is not a granted technical solution (i.e. motors on front and rear axle may be different).

This is the purpose of [16] where the coefficients are scaled so to permits to model different

motors between front and rear axle.

In [4] slip losses are proved to be minor compared to motor and inverter one. In [5] and
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[6] different efficiency optimisation functions are considered an compared showing how to

optimise slip losses (or quantities related to it, such as standard deviation of longitudinal

tyre sip) is slightly advantageous or equivalent to optimise input power losses, depending

on motor technology. Vantages regard not only energy efficiency but also comfort, being

the distribution of the torque in function of the vehicle state more regular.

However, to optimise slip losses is not actually viable as not good estimator are present

nowadays, thus may be counter effective to consider them as well. Moreover to optimise

motor and slip losses are not two completely different objective as optimising one lead to

decrease the other and on the contrary conditions that leads to high motor losses are the

same for slip losses (ex. high torque differences between motors). This explains results of

[5] and [6].

Regarding battery losses, these are correlated mainly to the state of charge, with a little

dependency on power required [1]. This falls outside the limits of analysis for this study,

and may be neglected also because by minimising power losses it minimises also power

input and consequently battery losses.

The problem of faced in a low level controller is basically a matter of torque distribution

as the overall torque that influence the longitudinal acceleration is basically determined

by the driver’s input (acceleration and brake pedals). This is explicit with the formulation

proposed in [15] where the torque at each wheel is determined by the overall torque required

and 3 distribution factors. These are virtually two if a specific yaw moment is imposed.

This is due to the fact that the configuration considered has a redundant system of 4

electric motors, so to determine the 4 torques are needed 4 equations or, in other words,

4 principles/constraints that determine how to distribute the torque on each wheel. As

said one of them is the overall torque required, that is determined by interpreting driver’s

input (if this would be determined by energy efficiency the solution would be trivial, with

all torques set to 0). Then if the objective is to improve the energy efficiency only, this

is made by setting all the 3 factors with this purpose. Alternatively if the vehicle have to

follow a certain reference the yaw moment have to be imposed and it is an output of the

high level controller and consequently the distribution factors to be determined by energy

efficiency in the low level controller are two, with the third implicitly determined by the

yaw moment. Similar approaches are found in [3] and [22].

The determination of the optimal yaw moment is implicit if the energy efficiency algorithm

is implemented directly in the low level controller with reference generator and high level

controller that determines the yaw moment are excluded. However an alternative approach

in which a function of the energy consumption with respect to the yaw moment and vehicle
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state is possible and may be implemented, thus in this case the yaw moment is determined

in the high level controller. However still in this case the logic to determine the yaw

moment is completely different form the one used in case the dynamic of the vehicle is

influenced by Torque Vectoring.

In the process of allocation some constraints must be considered to have a feasible solution.

These are due to both motor limits and traction capacity limits. For [26] the limits are

due to (i) actuator limits, (ii) actuator failure, (iii) friction limits and (iv) slip limitation.

In [6] are considered also (v) battery power limitation and (vi) maximum braking friction

coefficient.

Resuming while in the high level controller algorithm are concerned to interpret and follow

drivers’ desire and input the low level controller acts to allocate the torque (i) trying to

respect high level commands and (ii) minimising power consumption for the remaining

degrees of freedom.
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Chapter 3

Models for dynamic simulations

3.1 Vehicle model: 14 dofs model

The Controller was developed and tested with a 14 degrees of freedom (DOFs) vehicle

model. The model represents a segment D passenger car, as the proposed solution is meant

to be applied on a vehicle who has not high performance motors and thus demonstrating

that TV control technique can be applied successfully under these conditions.

The DOFs of the system (Figure 3.1) are:

• 6 dofs for the carbody: 3 displacements (x,y and z ) and 3 rotations (yaw ψ, pitch λ

and roll ρ)

• 4 dofs for wheels vertical displacements (zi)

• 4 dofs for wheel rotation about hub axis (θi)

Vehicle parameters have been reported in Table 3.1. Contact forces between tyres and

road are modelled according to MF-tyre model (Pacejka, 2012) [21], including combined

slip effect and relaxation lengths. Suspension compliance is accounted by means of a look-

up Table in order to speedup the simulation. The vehicle model was previously validated

according to experimental tests performed with a correspondent real instrumented car.

The results of the real vehicle were compared to the output of the model, confirming the

consistency between the two [2].

3.1.1 Tyre model

Tyres forces are modelled according to combined slip MF-Tyre model [21].

Fi = Di sinCi arctan{Bix− Ei(Bix− arctan(Bix))} (3.1)
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Figure 3.1: Degrees of Freedom of the vehicle model

Table 3.1: Main vehicle parameters.

Symbol Name and unit Value

m Mass (kg) 1580

Jz Moment of inertia, vertical axis (kg m2) 2210

a Front semi-wheelbase (m) 0.977

l Wheelbase (m) 2.7

τ Motor transmission ratio (-) 8.92

Rw Wheel radius (m) 0.336

w Track width (m) 1.592

h Center of mass height (m) 0.55

Cx Drag coefficient (-) 0.9

Cαf Front axle tyre lateral stiffness (Nm/rad) 2.355 · 105

Cαr Rear axle tyre lateral stiffness (Nm/rad) 2.196 · 105
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3.1. Vehicle model: 14 dofs model

Where x is slip ratio κ for longitudinal forces and slip angle α for lateral forces. B, C,

D and E are coefficient determined by experimental test on tyre. MF-Tyre model used

accounts for combined slip effect, vertical load dependency and for relaxation length.

slips and slip angles calculation

Slip ratios and slip angles are calculated as follow:

κ =
vx,i − ωiRW

vx,i
(3.2)

α = arctan
(vy,i
vx,i

)
(3.3)

Where ωi is the angular speed of the wheels and RW is the wheel radius. vx,i and vy,i are

the lateral and longitudinal speed of each wheel and they are defined as:

vx,i =
(
V cosβ − ryi

)
cos δi +

(
V sinβ + rxi

)
sin δi (3.4)

vy,i = −
(
V cosβ − ryi

)
sin δi +

(
V sinβ + rxi

)
cos δi (3.5)

with the coordinates of the i-th wheel xi and yi defined according to Table 3.2.

Table 3.2: Coordinates of each wheel, coherent with sign conventions

Wheel xi yi

1 = Front left a -
w

2

2 = Front right a
w

2

3 = Rear left -b −w
2

4 = Rear right -b
w

2

3.1.2 Slip power losses computation

Since the energy efficiency aspect is one of the criteria used to evaluate the effectiveness of

the Torque Vectoring controller the power losses of the tyres were computed. Slip losses

are defined as the product of the force developed by a tyres for its slip speed vSi . These

are divided in longitudinal and lateral slip losses Plong,i and Plat,i, computed as:

Ploss,tyre =
4∑
i=1

Ploss,tyre,i =
4∑
i=1

(
Plong,i + Plat,i

)
(3.6)
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Figure 3.2: Driver model implemented in the vehicle.

where:

Plong,i = |Fx,ivSx,i|

'
∣∣Fx,i[(V cosβ − ryi

)
cos δi +

(
V sinβ + rxi

)
sin δi − ωiRW

]∣∣ (3.7)

Plat,i = |Fy,ivSy,i|

'
∣∣Fy,i[− (V cosβ − ryi

)
sin δi +

(
V sinβ + rxi

)
cos δi

]∣∣ (3.8)

ωW,i is the angular speed of the i-th wheel, with rolling radius RW,i; Fx,i and Fy,i are the

longitudinal and the lateral tyre forces respectively; V S
x,i and V

S
y,i are the slip speeds of the

tyres in longitudinal and lateral direction respectively; δW,i is the steering angle of the i-th

wheel, null for the rear wheels since it is a front steering vehicle. The coordinates of each

wheel xi and yi are again defined according to Table 3.2.

3.1.3 Driver model

In the vehicle it was integrated a driver model to be used for some manoeuvres where the

path to follow was imposed and the driver model acts on the steer to realise it.

The path is defined as a function YR = YR(XR), where XG and YG are global coordinates.

The steer of the driver is determined with a PD controller of a certain error, defined as:

eref = YP − Yref (XP )

=
(
y + L sinψ

)
− Yref (y + L cosψ)

(3.9)
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Where the (XP , YP ) are the global coordinate of a point that stands in front of the vehicle

centre of gravity at a distance L, as showed in Figure 3.2. It is called preview distance and

is computed as:

L = V tr +
1

2
axt

2
r (3.10)

Where tR is a constant, called reaction time of the driver. This permits to adapt the

preview distance to the conditions of longitudinal acceleration and speed. V and ax are

the vehicle speed and longitudinal acceleration.

3.2 Single track model

In a Torque Vectoring application is typically required a reference model of the vehicle to

design the controller. This model is the single-track model, that in this study was used to

design the Linear Quadratic Regulator (LQR) introduced in section 4.2.2. The model is

represented in Figure 3.3.

(a) (b)

Figure 3.3: Single track model

By making the equilibrium of forces in lateral direction and for yaw rotation is obtained:may =
∑

i Fx,i sin δi +
∑
Fy,i cos δi

Jz ṙ = −
∑

i yiFx,i +
∑
xiFy,i +Mz,TV

(3.11)

WhereMz,TV is the yaw moment introduced in the vehicle by Torque Vectoring controller,

that is modelled as an input moment. In case of small steer angles δi, cos δi ≈ δi and

sin δi ≈ 0 and considering that in the single track model yi = 0 the equations became:may ≈
∑
Fy,i

Jz ṙ ≈
∑
xiFy,i +Mz,TV

(3.12)
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Lateral forces of the tyres are defined as:

Fy,i = −Cα,iαi = −Cα,i
(
βi − δi

)
(3.13)

Where the sideslip angle βi of front axle, rear axle and for the vehicle centre of gravity are

defined as:

βf = arctan

(
vy,f
vx,f

)
= arctan

(
vy + ar

vx

)
' vy + ar

vx
(3.14)

βr = arctan

(
vy,r
vx,r

)
= arctan

(
vy − br
vx

)
' vy − br

vx
(3.15)

β = arctan

(
vy
vx

)
' vy
vx

(3.16)

Again With the hypothesis of small angles. As a consequence the slip angles at front and

rear axle are respectively defined as:

αf = βf − δ =
vy + ar

vx
− δ = β +

a

vx
r − δ (3.17)

αr = βr =
vy − br
vx

= β − b

vx
r (3.18)

As the steering axle is only the front one (δr = 0). Consequently forces on each axle are

defined as:

Fy,f = −Cα,fαf = −Cα,f
(
β +

a

vx
r − δ

)
(3.19)

Fy,r = −Cα,rαr = −Cα,r
(
β − b

vx
r

)
(3.20)

Substituting the equation of the forces and rearranging the equations, the summations

found in equation 3.12 became:

∑
Fy,i =

(
− Cα,f − Cα,r

)
β +

(
b

vx
Cα,r −

a

vx
Cα,f

)
r + Cα,fδ (3.21)

∑
xiFy,i =

(
− aCα,f + bCα,r

)
β +

(
− b2

vx
Cα,r −

a2

vx
Cα,f

)
r + aCα,fδ (3.22)

In compact form:

∑
Fy,i = Yββ + Yrr + Yδδ (3.23)∑

xiFy,i = Nββ +Nrr +Nδδ (3.24)
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3.2. Single track model

where:

Yβ = −
(
Cαf + Cαr

)
Yr = −

(
aCαf − bCαr

)
V

Yδ = Cα,f

Nβ = −
(
aCαf − bCαr

)
Nr = −

(
a2Cαf + b2Cαr

)
V

Nδ = aCα,f

(3.25)

Considering now the time derivative of sideslip angle defined in equation 3.16 for constant

longitudinal speed vx:

β̇ =
v̇y
vx

(3.26)

Lateral acceleration found in equation 3.12 is defined as:

ay = v̇y − rvx = β̇vx − rvx (3.27)

Using this definition and equations 3.23 and 3.24, equation 3.11 became:
mvx

(
β̇ + r

)
= Yββ + Yrr + Yδδ

Jz ṙ = Nββ +Nrr +Nδδ +Mz,TV

(3.28)

In matrix form the equation 3.28 can be written as function of the state variables sideslip

angle β and yaw rate r:

{
β̇

ṙ

}
=


Yβ
mvx

Yr
mvx

− 1

Nβ

Jz

Nr

Jz


{
β

r

}
+


Yδ
mvx

Nδ

Jz

 δ +


0

1

Jz

Mz,TV (3.29)

in compact for written as:

ẋ =
[
A
]
x+

[
D
]
δ +

[
B
]
Mz,TV (3.30)

Where
[
A
]
is the control variable coefficient matrix,

[
D
]
is the input coefficient matrix of

the steer and
[
B
]
is the input coefficient matrix of the Torque Vectoring control action.
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3.3 Motor model

The model is driven by 4 on-board electric motors, modelled from a mechanical point of

view. To account for power losses was used the efficiency map to obtain the power losses

function, that includes both motor and inverter losses. In Figure 3.4 are represented the

motor characteristic curves. Figure 3.5 shows the motor efficiency map.

The power losses were computed with the formula proposed in [20] that is:

Ploss,i(Ti,Ωi) =
∑

kmn

(
Ti
Tb

)m(Ωi

Ωb

)n
Pb m,n = 1, 2, 3 (3.31)

Where Tb, Ωb and Pb are 3 constant values that for this case are 100 Nm, 11000 rpm

and 13 kW respectively. Their purpose is to normalise the coefficients, avoiding them to

have values excessively small or high, but instead appreciating their real impact on the

motor losses. The exponents n and m go from 0 to 3. The selected formulation has solid

physical basis as the phenomena of losses are directly or indirectly connected with motor

torque and speed [20]. Table 3.3 contains the values of the coefficients for the implemented

motor, obtained from the interpolation of the efficiency map that gives the value of η and

computing power losses as:

Ploss,i = Ti × Ωi ×
1− ηi(Ti,Ωi)

ηi(Ti,Ωi)
(3.32)

Table 3.3: Normalised loss coefficients for the motor model

1 Ω Ω2 Ω3

T 3 0.4086 - - -

T 2 -0.0759 0.5232 - -

T 0.4348 -0.3820 0.2713 -

1 -0.06925 0.4543 -0.2196 0.08132
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3.3. Motor model

Figure 3.4: Motor characteristic curves. Torque and power in function of the angular speed
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Figure 3.5: Efficiency map of the motor losses.
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Chapter 4

Torque Vectoring control strategies

This chapter presents the proposed solution for each of the 3 main blocks described in

chapter 2.

These are the same blocks introduced in chapter 2 and are: the reference generator, the

high level controller and the low level controller. All these three blocks are active in case

the purpose is to influence the vehicle dynamics. The reference generator is the block

that gives in output some references, in this case in term of yaw rate and sideslip angle,

generated in function of the state of the vehicle and the steer input of the driver. The

yaw rate is computed with the specific task to impose a certain understeer characteristic

to the vehicle. Sideslip angle is also considered to avoid excessive value of this quantity.

The high level controller takes in input these references and tries to realise them producing

a desired yaw moment control action Mz. This is the sum of two control logic: the

Linear Quadratic Regulator and the Yaw Index controller, the first has good performances

in steady state conditions while the second intervenes in case transient conditions are

detected. At the same time the high level controller takes driver’s input (of brake and

throttle pedal) and traduce them in a desired total torque Ttot. Finally the low level

controller distributes the torque to each wheel trying to respect the desired yaw moment

and total torque, by differentiating the torques on each side. The longitudinal distribution

of the torque on each side is made with an efficiency criteria. In case the objective is to

use Torque Vectoring to maximise energy efficiency the reference generator block is not

active, while the high level controller generate only a desired Ttot. The low level controller

uses an efficiency logic to distribute the torque between left and right side, as well as

the longitudinal distribution. This happens since the criterion used to optimise energy

consumption are completely different by the one used to influence vehicle dynamic, as

showed in section 4.3. In the controller are developed the so called driving modes that

set some parameters in the reference generator and high level controller and selects the
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Figure 4.1: Scheme of the proposed controller showing each part of it.
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appropriate torque distribution strategy. In case of efficiency optimisation only, the low

level torque distribution strategy is the appropriated one and the other parameters are not

assigned as not used in this specific control logic.

4.1 Reference generators

The reference generator is based on the solution proposed in [7]. It consists in defining a

certain understeer characteristic curve to the vehicle, that the high level controller then

try to make the vehicle to follow. By set of different parameters the curve and thus the

behaviour of the car can be differentiated implementing the so called driving mode.

4.1.1 Yaw rate reference: the imposed understeer characteristic

The understeer characteristic is the curve that defines the steady state behaviour of a road

vehicle. For (Wong, 2008) [27] in a single track model it is defined as:

δsw = δkin + δdyn

=
l

R
+Kus

V 2

gR

=
l

R
+Kus

ay
g

(4.1)

The two term of equation 4.1 are called respectively kinematic steer δkin and dynamic steer

δdyn.

It defines that the steer angle required to negotiate a given curve is function of the wheelbase

l, the steering radius R, lateral acceleration ay (or speed V) and the so called understeer

coefficient Kus that is expressed in radiant. Depending on the value of the understeer

coefficient the vehicle, the steady state characteristic of a vehicle may be classified in three

categories: neutral steer, understeer and oversteer.

With a Kus = 0 the second term of equation 4.1 is null thus the steer needed to face a

certain curve is not dependent on the lateral acceleration. In the vehicle this is translated

in equal sideslip angle at front and rear tyres (i.e. αf = αr). When approaching corner in

steady state conditions the driver have to impose a certain steer angle that depends only

on the corner radius R and not on the speed or lateral acceleration of the vehicle. This is

indicated as neutral steer.

In case of Kus > 0 the sideslip angle at front tyres is greater compared to rear. (i.e.

αf > αr). So when approaching a curve the required steer angle increase with the lateral

acceleration (or with the square of vehicle speed). Equal steer input would produce a lower

steering rate compared to a neutral vehicle (Figure 4.2. This is indicated as an understeer.
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In case of Kus < 0 the sideslip angle at front tyres is smaller compared to rear. (i.e.

αf < αr). So when approaching a curve the required steer angle decrease with the lateral

acceleration (or with the square of vehicle speed). Equal steer input would produce an

higher steering rate compared to a neutral vehicle. This is indicated as oversteer. With

sufficiently high value of lateral acceleration or speed the vehicle may reach a null steering

radius which means that the vehicle would face the phenomena of tailspin, and for this

reason the oversteer behaviour is recognised as unstable. This speed is called critical speed.

Figure 4.2: Over/understeering behaviour of a vehicle during cornering. Equal steering input

produces different turning radius

By defining the second term of equation 4.1 is possible to fix the understeer behaviour of the

vehicle and by a proper procedure translate this in a reference yaw rate rref . By applying

Torque Vectoring the vehicle try to follows this reference and as a result it influences the

understeer characteristic of the vehicle.

This approach is believed to be the best one because the understeer characteristic that is

imposed has basically the same shape of the one of a real vehicle and the parameters to

define it have a physical meaning, making easier to tune it. This is done by an experimental

formula defined by the parameters: Kus, a∗y and ay,MAX

• Kus is the already mentioned understeering coefficient and in this specific case rep-

resents the initial slope of the curve.

• a∗y is the maximum extension of the linear region of the characteristic

• ay,MAX is instead the maximum achievable lateral acceleration of the curve.
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This characteristic permits a better setting of the reference generator where each parameter

influence a specific aspect of the understeer characteristic and so a specific aspect of the

vehicle dynamic, as illustrated in Figure 4.3. Specifically the reference generator can (i)

extend the linear region, (ii) extend the maximum lateral acceleration and (iii) increase

the steering responsiveness of vehicle.

Figure 4.3: Example of reference understeering characteristics for the Torque Vectoring reference

generator. The figure shows how a Torque Vectoring controller can vary the understeer charac-

teristic.

By raising a∗y is possible to extend the linear region while acting on ay,MAX is possible to

increase the maximum lateral acceleration that the vehicle can sustain. By setting a lower

value of understeering coefficient Kus is possible to have a more reactive vehicle, closer to

a neutral vehicle (i.e. with Kus = 0) resulting in a more reactive steering responsiveness.

These values are used in equation 4.3.

To impose a curve with a different shape would mean to try to make the vehicle’s behaviour

unnatural, making very difficult or impossible to follow the reference. On the contrary with

this formulation is possible a good definition of the vehicle behaviour. For this motivations

this formulation is believed to be the optimal solution.

As said the steering angle is defined by two contributes:

δsw(ay, V, ax, µ) = δdyn(ay, ax, µ) + δkin = δdyn(ay, ax, µ) + τsw

(
l

1

R

)
= δdyn(ay, ax, µ) + τsw

(
l
rref
V

) (4.2)
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The dynamic angle is computed by inverting the experimental formula 4.3, that defines

the previously described understeer characteristic:

ay =


1

Kusδdyn
δdyn ≤ a∗yKus

ay,MAX(ax, µ) +
(
a∗y − ay,MAX(ax, µ)

)
e

Kusa∗y−δdyn
(ay,MAX−a∗y)Kus δdyn > a∗yKus

(4.3)

Each of the parameter that defines this curve were defined in a specific way that slightly

differentiate from the paper that propose this reference generator [7]. It suggests that all

the three parameters of the curve should be dependent from longitudinal acceleration ax
and friction coefficient µ, without specifying what kind of correlation it was used, thus

remaining generic. In this work is proposed a specific definition for these parameters.

Maximum lateral acceleration

The maximum lateral acceleration ay,MAX remains correlated with the friction coefficient

because the maximum overall acceleration is strictly related to the maximum friction avail-

able, given the second law of the dynamic F (µ) = ma, and with the longitudinal accelera-

tion since the lateral acceleration ay limit is decreased in case the longitudinal acceleration

is not null, standing the relationship a =
√
a2x + a2y.

In this study the maximum lateral acceleration is defined in function of the estimated

friction coefficient and the load transfer provoked by the longitudinal and lateral acceler-

ation. The friction coefficient for simplification is a constant value that is dependent on

the driving mode selected but a more advanced implementation may include an estimator

of the friction coefficient that defines this value, that was not included to not exceed the

extension of the area of research.

Vertical loads are computed on front and rear wheel, in function of the static loads Fz,stat,ij ,

the longitudinal and lateral acceleration, ax and ay, as:

FZ,ij = Fz,stat,ij + ∆FZ,ij

= Fz,stat,ij +
−1i

2

mhax
l

+
−1j

2

mhay,MAX

w
xi i, j = 1, 2

(4.4)

Where l is the track, w is the wheelbase and xi are the distribution coefficient of the lateral

load transfer on front and rear axle. Vertical loads are used along with the coefficients of

the Pacejka Magic Formula that define the D coefficient, d1, d2 and FZ,0, that represents

the maximum force developed from the tyres FMAX
tot,ij . The longitudinal acceleration defines

instead the correspondent overall longitudinal force Fx.

FMAX
y,ij =

√√√√√√
[(
d1 + d2

FZ,ij − FZ,0
FZ,0

)(
FZ,stat,ij −∆FZ0,ij

)
︸ ︷︷ ︸

D = FMAX
tot,ij

]2
−
[
Fx,ij

]2 (4.5)
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Fx,ij =
1

4
max (4.6)

d1 coefficient represents the friction coefficient at the reference load FZ,0. The coefficient d2
represents instead the sensibility of the maximum tyre force to the vertical load variation.

Given a set of µ and ay The maximum lateral acceleration is finally defined as the smaller

value between:

1. The lateral acceleration that maximises the lateral force ay,MAX =
∑ FMAX

y,ij

m solved

with the set of equation 4.4, 4.5 and 4.6.

2. The lateral acceleration that null one of the vertical loads transfer computed with

equation 4.4

In case (1) the computation is a recursive because ay is present at both side of the equation

and so a proper method of resolution was adopted. However this computation may brings

to have a null or negative load on one of the wheel, that is physically impossible, and

thus the model used would not be valid. For this reason was introduced case (2), that is

also considered a safe condition to avoid the overturning of the vehicle, that would happen

for two wheel on both side with null vertical load. The solution is computed offline and

implemented in the reference generator as a look-up table with estimated friction coefficient

and measured lateral acceleration as input and with maximum lateral acceleration ay,MAX

as output.

maximum extension of the linear region and understeer coefficient

To have a smooth transition from the linear to the exponential region of the curve in 4.3,

a∗y is defined as the maximum value of acceleration ay,MAX decreased of 5 m/s2 (or 0 in

case this subtraction would result negative). Setting a constant difference between the two

values of accelerations permits to have a constant wideness of the nonlinear area and thus

a smooth transition from the two areas. Have to be kept in mind that still a considerable

part of the nonlinear area defined with this formulation is in truth almost linear and so the

real extension of the linear area is in practice higher than the value that is formally set in

the formula with a∗y. So is established a relationship of the kind ay = ay(ay,MAX) and, as

ay,MAX is correlated with ax and µ, also a∗y is indirectly correlated with these quantities.

Kus is instead a constant, but the value used is dependent on the driving mode selected

by the driver.

The resolution of the set of equation composed by 4.2 and 4.3 permits to create an other

look-up table, which is function of steer angle, maximum lateral acceleration, speed and
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understeer coefficient. This permits to defines the reference yaw rate rref as shown in

Figure 4.4. Figure 4.5 shows the Simulink blocks related to the reference generator.
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Figure 4.4: Map of the reference yaw rate rref,S in function of the steer angle for various speed.

As can be observed the shape of the reference is similar to the one of the understeer coef-

ficient (with inverted axis) and it has an initial constant slope that depends on the input

parameters previously described, and it is at a certain point saturated, with a smooth tran-

sition. In Figure 4.4 is highlighted the dependency with the speed of the reference showing

how increasing speed makes the slope of the curve higher but decrease the saturation value

as for higher speeds the maximum yaw rate decrease because for equivalent yaw rate (i.e.

equivalent curve radius) the lateral acceleration is higher for higher speeds.
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Figure 4.5: Blocks in the Simulink controller related to yaw rate reference generator
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4.1.2 Sideslip angle reference

In the reference generator is important to keep into account the value of the sideslip angle

β, in order to avoid it reaches excessive values. For this was implemented a simple reference

generator βref , evaluated according to the formula:

βref = βMAX × tanh

(
β

βMAX

)
(4.7)

Where βMAX is a constant.
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Figure 4.6: Sideslip angle reference. βMAX value is set to 5 deg.

In Figure 4.6 is reported an example of β reference. As is quiet intuitive, the hyperbolic

tangent impose a curve similar to the one of the yaw rate reference in Figure 4.4, with a

saturation on βMAX . Remembering that for β ≈ 0→ tanhβ ≈ β can be understood how

with this formulation the sideslip angle is kept into account only when its value is high

while for small sideslip angles βref ≈ β and the control action related tho sideslip error is

almost null.

In the beta reference was introduced also a sign correction in order to have always the

correct sign for the yaw moment, Always opposing to the increase of the absolute value of

the yaw moment induced by the Mz,r contribute due to yaw rate error.

This means to multiply the error for the sign of the yaw rate and beta angle. So the sign

of Mz,β will always be opposite to Mz,r. Table 4.1 resume this procedure. With the actual

formulation of βref , always stands that |β| > |βref |, thus the sign of the error is always

the opposite of the sign of actual sideslip angle β.
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Table 4.1: Cases for the sign of Mz,β , showing how in each case the yaw moment is opposing to

the increase of the yaw rate, to oppose excessive values of yaw moment.

r β eβ Mz,β = sign(r)sign(β)× kβ eβ
Right turn Oversteering + + - -

Understeering + - + -

Left turn Oversteering - - + +

Understeering - + - +

4.1.3 Driving modes

As on of the main objective of this study, in the controller were introduced different driving

modes, each influencing the vehicle dynamic in different manners. Each mode sets some

specific parameters in the controller, in particular the one described in the reference gen-

erator, that has an important influence on the vehicle dynamics. In this specific case were

developed 4 different modes:

1. Energy Efficiency mode

2. Normal mode

3. Sport mode

4. Low Friction mode

Each mode assign a specific value for Kus, estimated µ and βMAX (Table 4.2). It is

also meant to select the low level control logic (thus changing the control objectives), as

explained in section 4.3.

In Normal mode the vehicle has the same understeer coefficient of the Baseline vehicle (i.e.

the vehicle without the Torque Vectoring controller) and an estimated friction coefficient

equal to 1. βMAX is set to 5 deg. This mode is meant to increase the linear response

of the vehicle without increasing the steering responsiveness at low lateral accelerations

thus giving a more natural behaviour to the vehicle. This limits the intervention of the

controller, containing the power consumption as confirmed in the results (chapter 5).

Passing to Sport mode Kus is decreased to 3/4 of the Baseline vehicle, determining an

increased steering responsiveness also at low lateral accelerations. In this case the level of

intervention of the controller is higher thus also the power consumption is expected to be

higher. The other parameters are the same of Normal mode.

In Low Friction mode only changes the estimated friction coefficient, thus modifying the

understeer characteristic imposed by the reference generator.
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In all the mode described the yaw moment Mz is defined in the high level controller that

tries to follow the references. The torque distribution strategy implemented with these

modes in the low level controller thus tires to distribute the torque respecting if possible

the desired value.

Radically different is the Energy Efficiency mode. As evidenced in the paper review in

chapter 2 when the energy efficiency is prioritised in a TV controller the reference generator

and the high level controller part that determines the yaw moment are excluded and the

torque is determined by different algorithms that considers in their optimisation different

quantities, frequently power losses due to motor and tyre slips or the sips itself. This implies

that the Control strategy implemented in the low level controller is radically different. No

value for Kus, µ and βMAX are assigned in this mode and the torque distribution strategy

is the specific one for this mode. Both these strategies are explained in section 4.3.

In a real vehicle the mode is supposed to be set through a physical selector or through a

digital screen by the driver itself. In this way the driver can change at its pleasure the

behaviour of the car. In the model the driving mode is selected before each simulation by

a window menu.

Energy Efficiency mode has no assigned values for the reference generator because this

block is not active in this specific mode.

Table 4.2: Assigned parameter for each driving mode. Each driving mode use specific value for

the reference generator and a low level control strategy

Driving mode Kus estimated µ βMAX Torque distribution strategy

Energy Efficiency - - - Energy Efficiency

Normal Kus,baseline 1 5 Imposed Mz

Sport 3
4Kus,baseline 1 5 Imposed Mz

Low Friction Kus,baseline 0.5 3 Imposed Mz
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4.2 High level controller

The high Level controller used on this section is based on the control logic 1 presented in

[25].

In general the output of the high level controller are basically two:

• The total required torque Ttot.

• The desired yaw moment Mz.

4.2.1 Total required torque

The total torque is dependent on the gas pedal position (pa) that can be decided from

the driver itself or by a cruise control logic. A general solution should include also a

dependency on the brake pedal position (pb), however it was not included for simplicity,

since it was not necessary for the study. In the proposed controller it is defined as:

4∑
i=1

[
Tmax(Ωi)− Tmin(Ωi)

]
× pa + Tmin(Ωi) (4.8)

Basically the controller computes the maximum torque (in traction) and minimum torque

(in regeneration) for each electric motor in function of the measured rotating speed Ωk the

difference of the two is multiplied for the throttle value, that goes from 0 to 1, and then

summed again with the minimum value of torque. The value computed for each motor

is summed and this defines the total torque required from the motor Ttot. Practically

speaking the 0 position of the throttle (completely released) means to require the maximum

regeneration torque from each engine and 1 position (full pressed) means to require from

each engine the maximum traction torque. Each partial position of the throttle correspond

to request a torque within these two limits, proportional to the throttle value itself. In the

case of cruise control the throttle is determined by a PI controller on the speed error with

respect to a certain reference value espeed =
(
V − Vref

)
.

4.2.2 Desired yaw moment

The desired yaw moment control action Mz is defined by the sum of two main contributes:

the Steady State Controller (SSC) and the Vehicle Dynamic Controller (VDC):

Mz = Mz,V DC + ζIY Mz,SSC (4.9)

The SSC is meant to be used in steady state conditions while the VDC assures stability in

transient conditions, especially in case of fast transient manoeuvres. This choice assures
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robustness against estimation errors, fundamental for a Torque Vectoring controller. The

coefficient ζYI is meant to decrease the SSC contribute when non steady state conditions

are detected and the VDC is active, thus its purpose is to establish when rely more on the

SSC or the VDC action, as its analysed is section 4.2.2.

Steady State Control

The SSC contribute is based on a Linear Quadratic Regulator (LQR), that is a typical

solution for automotive applications. The reference model is the single track model:
mV

(
β̇ + r

)
= Yββ + Yrr + Cαfδ

Jz ṙ = Nββ +Nrr + aCαfδ +Mz

(4.10)

where:

Yβ = −
(
Cαf + Cαr

)
Yr = −

(
aCαf − bCαr

)
V

Nβ = −
(
aCαf − bCαr

)
Nr = −

(
a2Cαf + b2Cαr

)
V

(4.11)

The force estimation is performed using the tyre stiffnesses of front and rear axle, Cαf and

Cαr. This choice was selected as at first approximation the cornering stiffnesses are not

influenced by friction coefficient variation.

In compact form the equation can be written as:

ẋ =
[
A
]
x+

[
D
]
δ +

[
B
]
Mz (4.12)

with:

x =

{
β

r

}
(4.13)

And the matrix [A], [B] and [D] defined according to section 3.2.

The control input Mz is calculated minimising the following performance index:

J =

∫ ∞
0

(
xT
[
Q
]
x+Mz

[
R
]
Mz

)
dt (4.14)

where the weight matrix [Q] and [R] are defined as:

[
Q
]

=


1

β2MAX

0

0
1

r2MAX

 [
R
]

=
[
ρ
]

(4.15)
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[Q] and [R] respectively penalise state deviation and excessive actuation of forces. It

is important to note that the two objectives are in contrast with each other. In the

computations it was set βMAX at 5 or 3 deg, according to the driving mode as showed in

Table 4.2, while maximum reference yaw rate rmax = µg
V , with friction coefficient according

again to selected driving mode.

By solving the equation with a suitable Riccati equation, the matrix of the gains [G] is

obtained by an offline computation, with a scheduling on the speed. In this case six speed

were used (i.e. 40 km/h, 60 km/h, 80 km/h, 100 km/h, 120 km/h and 140 km/h). The

control action of the SSC is thus:

Mz,SSC = −
[
G
]
ex =

[
kβ

kr

]{
βref − β
rref − r

}
(4.16)

Where kβ and kr are the gain computed with the described procedure.

The result of this computation, for the case of high and low friction coefficient are reported

in Figure 4.7 and 4.8.

The gains have a similar evolution, with a strong dependency with speed as expected and

thus confirming the necessity of the scheduling with respect to this quantity. Changing

from high to low friction the order of magnitude of the gains related to the yaw rate changes.

This happens because the reference maximum yaw rate rMAX used in the weight matrix[
Q
]
decreases because decreases also the friction coefficient used for its computation, while

the same maximum sideslip angle does not change that much. To balance this effect it

was defined the maximum sideslip angle βMAX at 3 deg for the Low Friction mode. This

avoids to excessively penalise the yaw moment correction due to the sideslip angle error in

low friction conditions.

Vehicle Dynamic Control

The VDC aims to stabilise the vehicle in transient conditions. It relies on an index, called

Yaw Index IY that is correlated with the over/under-steering behaviour of the vehicle and

it is based only on estimations that are normally available in a commercial vehicle and,

whose approximation is never excessive, since they rely on well established methodologies

and instruments. The control action is simply the product for the Yaw Index with a control

gain kY :

Mz,V DC = kY × IY (4.17)

IY =
ay
V
− r (4.18)
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Figure 4.7: LQR gain evolution with respect to speed. High friction conditions.
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Figure 4.8: LQR gain evolution with respect to speed. Low friction conditions.
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The meaning of IY can be easily understood considering vehicle cornering condition (Figure

4.9). In steady-state (Figure 4.9 (a)), yaw rate r is equal to the ratio between lateral

acceleration ay and vehicle speed V thus IY is null and no yaw moment is needed.

Figure 4.9: Vehicle behaviour in: (a) steady-state, (b) oversteering and (c) understeering

Instead, if the vehicle is in oversteering condition (Figure 4.9 (b)) in a counter-clockwise

turn, yaw rate is greater than ay
V , thus IY is negative and a negative yaw moment should be

applied to prevent vehicle from spinning. On the contrary, if the vehicle is in understeering

condition (Figure 4.9 (c)) in a counterclockwise turn, yaw rate is lower than the ratio ay
V ,

IY is positive and a positive yaw moment should be applied to the vehicle to increase its

yaw rate (i.e. entering the turn).

VDC tries to ensure vehicle stability keeping yaw index near to zero value. This means that

the controller aim is to keep the vehicle in steady-state cornering condition. This prevents

an excessive increase of the sideslip angle. In fact, considering a vehicle in a constant speed

(V = const) turn, for small sideslip angles β, lateral acceleration can be written as:

ay = V β̇ + rV (4.19)

Rearranging the equation it became:

β̇ =

(
ay
V
− r
)

(4.20)

That is exactly the Yaw Index. This means that the control logic generates a yaw moment

that prevents sideslip angle from excessive increase, with a corrective control action that

opposes to this increase. Indeed if sideslip angle assumes too high values the vehicle could

face hazardous situations. An excessive understeer that could happen with a sudden steer

of the driver the vehicle could not steer enough to avoid, for example, an obstacle. In case

of oversteer it could tailspin, for example in case of µ-split braking.
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Table 4.3 reports the behaviour of the VDC in each case, showing how the control action

always oppose to the excessive increase of the sideslip angle resumed the behaviour of the

control action with respect to the values of each term of the Yaw Index.

Table 4.3: VDC behaviour for different conditions

ay
V r IY β̇ Mz,V DC

+ + ay
V = r 0 0 Steady-state 0

+ + ay
V > r + - Understeer +

+ + ay
V < r - + Oversteer -

- - ay
V = r 0 0 Steady-state 0

- - ay
V > r - + Understeer -

- - ay
V < r + - Oversteer +

The SSC contribute Mz,SSc is multiplied also for a coefficient ζIY . This is defined as:

ζIY =
1

2

(
1− tanh

(
c1|IY |+ c2

))
(4.21)

Where c1 and c2 are two constants. As previously mentioned its function is to decrease the

SSC contribute while non steady state conditions are detected and so the VDC is active.

To make the two controller work properly together proper value have to be set for c1 and

c2, thus their influence were analysed.

In Figure 4.10 can be observed how c1 determines the transition from the SSC controller

to the VDC controller with respect to the value of the Yaw Index itself. Have to be

remembered that IY ≈ β̇ thus the higher is the derivative of the sideslip angle, the more

ζIY decreases the SSC contribute. In Figure 4.11 can be noted how c2 can influence 2

aspects: (i) the smoothness of the curve around IY = 0 and (ii) the value of the ζIY index

at the same point, determining a vertical translation of the curve. Logically for null Yaw

Index the value of ζIY should be approximately 1.

So by properly tuning these constant can be set a proper transition from one contribute

to the other. The value selected with an explanation are reported in Table 4.4
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Figure 4.10: Sensitivity analysis of ζIY coefficient with respect to c1
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Figure 4.12: Blocks in the Simulink controller related to high level controller. The two outputs of

LQR and YI controllers are summed up to define the Mz output. The second output is the total

driving torque Ttot, based on driver’s input of the throttle.

Figure 4.13: Blocks in Simulink related to the Linear Quadratic Regulator (LQR) implemented in

the high level controller

54



4.2. High level controller

Figure 4.14: Blocks in Simulink related to the Yaw Index (YI) controller implemented in the high

level controller

Table 4.4: Values assumed for the VDC control constant

Constant Value Motivation

c1 25 This was set as a compromise between an excessively high or

small value. High values provoke a too fast transition from the

SSC to the VDC control resulting in excessive oscillation of the

Mz that provoke instability due to a too rapid transition from

one to the other contribute of Mz. A too small value would

make ineffective the VDC control.

c2 -3 This value permits to have ζIY ' 1 for IY = 0 (no contribute of

the VDC controller)

kY 1× 104 This is the proportional gain of the yaw index controller and its

main function is to change the magnitude of IY to be adapt to

Mz.
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4.3 Low Level controller

The low level controller receives the output of the high level controller along with some

state quantities of the vehicle and try to distribute the torque to realise these commands,

trying to make it in the most efficient way. In this controller can be distinguished two

different control logic (i.e. torque distribution strategies):

• The algorithm for the Energy Efficiency mode

• The algorithm for the imposed Mz mode

In the first algorithm the control objective is to improve the energy efficiency of the vehicle

using Torque Vectoring. In this case the Mz is not imposed by the high level controller

but is implicitly determined by the torque distribution algorithm present in the low level

controller itself, explained in section 4.3.1.

In the second case the yaw momentMz, output of the high level controller is also considered

as input and the algorithm try to distribute the torque in a way that it is generated exactly

the desired yaw moment. However still some optimisation to achieve a better energy

efficiency is possible at this stage, as explained in section 4.3.2.

The other input of this block is the total torque required by the driver Ttot, that is always

considered by the algorithms.

The low level controller works with a certain formulation that evidence all the optimisation

parameters, that defines the torque at motor level as:

T1 =

(
Ttot
2

+ ∆TLR

)
σL

T2 =

(
Ttot
2
−∆TLR

)(
1− σL

)
T3 =

(
Ttot
2

+ ∆TLR

)
σR

T4 =

(
Ttot
2
−∆TLR

)(
1− σR

)
(4.22)

The torques are determined by 4 parameters:

• Total torque Ttot

• The torque variation between left and right side ∆TLR

• σL and σR, that are the distribution coefficients between front and rear wheels for

left and right side respectively.
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Ttot, as mentioned, is always imposed by the high level controller, that interprets the driver

desire or is given a by cruise control logic. The formulation selected permits to have always

the sum of the torques equals to the selected value for Ttot.

∆TLR is instead determined in the low level controller if it is set the Energy Efficiency

mode or it is imposed by the selected Mz coming from the high level controller (so this

value is automatically computed by applying a formula, thus no decision is taken from the

low level controller regarding this parameter).

σL and σR are two coefficients whose value is between 0 and 1, where 0 distribute the

torque on the rear wheel, while 1 impose it only on the front wheel. These are meant to

optimise the energy consumption on each side by distributing the torque in an efficient

way, considering the total required torque on the side and the function that models the

power losses.

4.3.1 Energy Efficiency mode

As analysed in section 2.3, the main sources of losses are motor-inverter losses and slip

losses, consequently the formulation of the strategy that aim to improve energy efficiency

focus on the influence of the torque distribution on these quantities. The modelling of the

losses is according to section 3.1.2 and 3.3.

If the total torque Ttot is kept constant and by varying the left-right torque unbalance ∆TLR

the variation of the motor losses is not excessive, at the condition that the motors are all

in traction or in regeneration. Figure 4.15 evidences exactly this, where the motor power

losses in function of the torque unbalance are reported for different speeds and a constant

total torque of 50 Nm. Since Ttot = 50 Nm, when ∆TLR = ±25 Nm then the torque

demand on the two sides will be 50 Nm and 0, respectively. So, increasing the magnitude

of ∆TLR implies that one side works in traction and the other side in regeneration, with a

sudden increase of the overall power losses [9].

The motivation of this behaviour is to be found in the power losses function of the motor

(Figure 4.16 and 4.19) which has a discontinuity along the line T = 0 passing from traction

to regeneration and the other way out. In fact if one side is in traction and the other in

regeneration would mean that a part of the power is produced on one side and immediately

reabsorbed on the other side, with the result of an inefficient overall power production. This

condition should be avoided in the Energy Efficiency mode.

The lateral slip power losses are instead strictly linked with the distribution of the vertical

load on each wheel (Figure 4.17), in particular in steady state cornering conditions, with

sufficiently high lateral accelerations, the load is higher on the external wheels, that is left

side in this case. If the total motor torque Ttot is distributed equally on all the wheels

57



Chapter 4. Torque Vectoring control strategies

-60 -40 -20 0 20 40 60

T
LR

 (Nm)

4

6

8

10

12

14

16

18

P
lo

s
s
,m

o
to

r (
k
W

)
3000 rpm

5000 rpm

7000 rpm

Figure 4.15: Motor power losses in function of different rotating speed. Total torque is 50 Nm. The

sudden increase of the losses begins at ∆TLR = ±25 Nm.

Figure 4.16: Motor and inverter power losses, in function of rotating speed and torque.
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Figure 4.17: Losses and slips in a step steer manoeuvre with equal distribution of the torque on all

the wheels. Step steer at 100 km/h with max steer of 40 deg, steering to the right. In the bottom

left figure slips on the same axle are superimposed.
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on the external tyres the longitudinal slips are smaller, compared to the inner wheels and

the same is for the longitudinal slip power losses, that are two order of magnitude smaller

compared to lateral slip losses. This happens because the inner wheels are closer to the

maximum force that could be developed by the tyres in that conditions (i.e. tyres are in

the non linear area), while on the external wheels the load permits to develop an overall

higher force. Moreover in steady state cornering conditions the speed is kept constant and

so the required longitudinal force developed by motor torques is low, thus producing low

longitudinal slip losses.

As a matter of fact the slips and the losses produced by the longitudinal forces during

steady state cornering has a little influence on the overall power losses 4.17. It is thus

convenient to distribute the torque as much as possible on the external wheels, where the

vertical loads and thus the maximum force the tyres can develop is higher. Only if the

torque limit of the motors are reached a part of the torque is also distributed on the inner

wheels. This would imply a very small increase of the longitudinal slip losses but a more

consistent decrease of the lateral slip power losses. This avoids also an excessive motor

power losses due to contemporary traction/regeneration of motors.

This under the hypothesis that the vehicle travels corners in steady state or almost steady

state conditions (i.e. with null or low longitudinal acceleration). This assures in fact that

longitudinal forces are always small. It has to be remembered that still the driving style

has also a big impact on the power consumption of the car and if corners are covered also

with high longitudinal acceleration, that is the case of a more aggressive driving style,

every strategy of energy efficiency optimisation would be nullified anyway. Thus is taken

for granted that the driving style of the driver is appropriate to the driving mode.

It was specifically avoided to rely on a specific algorithm that compute the slips on each

wheel as this measure would be quite unreliable to compute. And thus they may be counter

effective in trying to minimise power losses.

To avoid an unnatural behaviour of the vehicle it was set a threshold on the steer at which

the torque unbalance is present. Otherwise a small steer angle would suddenly give an

excessive yaw rate. This also permits to not apply the torque unbalance for low lateral

accelerations when the load transfer is not high. In this case it was set δth = 20 deg.

The algorithm divide the torque allocation process in 2 steps:

1. Computation of the total torque per side, by defining the torque unbalance ∆TLR.

2. Distribution of the torque between front and rear motor, by defining the coefficients

σL and σR.
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4.3. Low Level controller

Computation of the total torque per side

As already affirmed the torque unbalance is not computed with an explicit yaw moment

Mz imposed by the high level controller. Instead the algorithm distributes the torque as

much as possible on the external side, accounting for the motor limits. In particular the

torque unbalance is computed as:

if Tmax,ext ≥ Ttot & abs(δ) > δth

∆TLR = sign(δ)
Ttot
2

else if abs(δ) > δth

∆TLR = sign(δ)

(
Tmax,side −

Ttot
2

)
else ∆TLR = 0

(4.23)

Where the external side is the left one for positive steer angle and the right side for negative

steer angles. The maximum torque Tmax,ext is computed with the torque curve (Figure

3.4), in function of motor speed:

Tmax,ext = Tmax,ext,F (Ωext,F ) + Tmax,ext,R(Ωext,R) (4.24)

In this way the torque is distributed as much as possible on the external side and only if

the overall torque would exceed the maximum torque that the motors can develop on the

external side (Tmax,ext < Ttot) part of the torque is distributed also on inner side.

Consequently, given the torque unbalance ∆TLR, the imposed yaw moment is:

Mz =
∆TLRwη

Rwτ
(4.25)

Distribution of the torque between front and rear motor

The longitudinal distribution of the torque on each side is instead made through an opti-

misation of the motor losses, computed with the function proposed in section 3.3, including

the distribution factors that defines the torques. The optimal coefficient is defined as the

one that minimises the sum of the losses:

min
∑
i=1,3

Ploss,i
(
Ti(σL),Ωi

)
min

∑
i=2,4

Ploss,i
(
Ti(σR),Ωi

) (4.26)

The characteristic of the motor power losses function that influence the result of this

optimisation function is the second derivative (i.e. its concavity) with respect to the
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torque. In case it is always positive thus directed upward the optimal solution is the equal

distribution of the torque (i.e. σF,R = 0, 5), since by changing the distribution of the torque

with respect to equal distribution, the losses on one wheel increases more than linearly and

on the other decreases less than linearly (Figure 4.18 (a)). As a matter of fact the power

losses will always increase with a distribution different than equal distribution. On the

opposite if the concavity is negative the ideal solution is to distribute the torque only on

one wheel because increasing the torque unbalance brings to increases the losses on one

wheel less than linear and on the other to decrease more than linearly, thus the opposite

of the previous case (Figure 4.18 (b)). In this second case the solution is to distribute the

power on only one wheel thus σF,R can assume the value 0 or 1. In a general case the

motor losses function may have both negative and positive concavity, with also the torque

limits of the motors that have to be considered. Thus the optimal value of σF,R may be a

value between 0 and 1, depending on the amount of torque required and the shape of the

curve.

Considering the power losses function of the motor (Figure 4.19), can be observed how

the concavity is always positive. This brings to the conclusion that the optimal solution

is the equal distribution of the torque on each side. However a case of different solution

considering the same losses is reported in [4], where the concavity passes from negative to

positive. In the model it is thus implemented simply σL,R = 0, 5.

In a more general case the optimisation can be faced with an optimisation function using

(a) (b)

Figure 4.18: Power loss function with different concavities. In case (a) by raising the torque the

power losses increases less than linearly and so Ploss,T < 2Ploss,T/2. In case (b) the power losses

increases more than linearly by increasing the torque consequently Ploss,T > 2Ploss,T/2.

62



4.3. Low Level controller

-100 -80 -60 -40 -20 0 20 40 60 80 100

Torque (Nm)

0

2

4

6

8

10

12

P
lo

s
s
 (

k
W

)

2000 rpm

3000 rpm

5000 rpm

7000 rpm

Figure 4.19: Power losses function in function of the torque for different motor angular speeds.

fmincon MATLAB function, with the proper constraints on the torques. This is performed

offline, creating a look-up table, with input the speed of the motors and the torque required

on each side Tside = Ttot
2 ±∆TLR. An online solver would probably requires an excessive

computational power to be implemented.

4.3.2 Imposed yaw moment mode

This algorithm is used with the driving modes that aims to influence vehicle dynamics,

in this study these are Normal, Sport and Low Friction modes. It is very similar to the

previous one, with the only difference that the ∆TLR is computed with a simple formula,

so that the yaw moment imposed on the vehicle is the desired one, output of the high level

controller:

∆TLR =
Mz

2

Rwτ
w
2 η

(4.27)

Where w is the vehicle track and η is the efficiency of the motor transmission. It is worth to

notice that this passage is given by a simple formula because ∆TLR is determined by fixing

Mz, computed in the high level controller, thus in low level controller is only a matter of

a mathematical passage.

The distribution of the torque for each side is instead performed with the same procedure

described for the Energy Efficiency mode (section 4.3.1), through the optimisation of the

coefficient σL and σR, thus again in the controller these are set to 0,5. This shows that

also in case is imposed a certain understeer characteristic, thus prioritising performance

by imposing a certain yaw moment is still possible to keep into account some efficiency

criteria in the distribution of the torque also when the main objective is to influence vehicle

dynamics.
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Figure 4.20: Blocks in the Simulink controller related to low level controller. The algorithm is

selected depending on the driving mode by a variant sink block.
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Chapter 5

Results

The effectiveness of the proposed control strategy was evaluated by means of numerical

simulations. Both steady-state manoeuvre and transient manoeuvre were performed, to

evaluate the different behaviour of the controller that is able to improve different aspects of

the vehicle dynamics. In each case the TV controller is compared to the so called Baseline

vehicle that is the same vehicle but with equal torque distributed to all the wheels, and

thus with no yaw moment Mz. High friction and low friction coefficient conditions were

simulated, with coefficients of µ = 1.0 and µ = 0.5 respectively.

5.1 Steady-state manoeuvre: Steering pad

The steady-state performances of the vehicle were evaluated through a steering pad at

constant speed. The car performed a progressive steering, passing from 0 to 60 deg at the

speed of 60 km/h (kept with a cruise control logic), in a time of 20 seconds. The purpose

of this kind of manoeuvre is to evidence the effectiveness of the high level controller to

follow the understeer reference curve that the controller tries to impose to the vehicle.

High friction conditions

In Figure 5.1(a) shows how the controller is able to impose the wanted understeer character-

istic in Normal and Sport mode, extending the linear region and the maximum acceleration

reached by the vehicle (8, 92 m/s2 for TV vehicle and 8, 06 m/s2 for the Baseline). In the

case of Sport mode the controller is also able to decrease the slope of the curve, that results

in an increase on the responsiveness of the vehicle. This confirms the effectiveness of (i)

the reference generator and (ii) the high level controller in following the given reference.

Applying the torque vectoring also decrease the sideslip angle of the vehicle, especially at

high lateral acceleration, as showed in Figure 5.1(b).
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Figure 5.1: Understeer and sideslip angle characteristic of the vehicle. Comparison of Baseline

vehicle with Energy Efficiency mode, Normal mode and Sport mode
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Figure 5.2: Torque evolution for each mode in function of the lateral acceleration. Comparison

between Baseline vehicle with Energy Efficiency mode, Normal mode and Sport mode. In the

figures torques on each side are superimposed since they are distributed equally.
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Figure 5.3: Power losses of the vehicle in function of the lateral acceleration, representing the

power losses in steady state conditions. Comparison between Baseline vehicle with Energy Effi-

ciency mode, Normal mode and Sport mode.
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Figure 5.4: Detail of the Power losses represented in Figure 5.3. The power losses in Energy

Efficiency mode are always lower than Baseline vehicle and other modes.
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In case of Energy Efficiency mode there is no imposed understeer characteristic, however

there are some changes on this curve as well, due to the fact that with this mode the algo-

rithm imposes a yaw moment concordant with the yaw rate. Typically this yaw moment

is not excessive since the contemporary traction regeneration of the motors is avoided and

thus there is a smaller extension of the lateral acceleration with respect to the other modes.

However the yaw moment imposed depends on the total torque required by the driver and

on the speed of the vehicle that determines the speed of the wheels and thus the torque

limits of the motors. This means that also the shape of the understeer characteristic under

this mode changes depending on those parameters.

In the torque evolution reported in Figure 5.2 can be compared the different intervention

of the controller. In Normal mode the controller act only when the lateral acceleration is

over 3 m/s2 because under this value the imposed understeer characteristic is equivalent

to the baseline behaviour. In Sport mode since Kus value is decreased respect the baseline

vehicle the controller acts for every lateral acceleration. In Energy Efficiency mode the

controller acts only when the steer is over the imposed threshold of 20 deg, thus only at a

certain acceleration, and then the torque on one side (the right one in this case) is imposed

equal to zero. In all the TV controller modes the torque rise more on the left (outer) side

because the total torque demanded by the cruise control to keep the speed increases.

Representation of the total power losses Ploss,tot in function of the lateral acceleration,

reported in Figure 5.3 and 5.4, evidences how the power losses of the Normal mode are

similar to Baseline vehicle, while in Sport mode are sensibly higher due to the consistent

action of the controller. Moreover power losses in Energy efficiency mode are always

under all the other curves, demonstrating the effectiveness of this mode. At the maximum

lateral acceleration reached by the Baseline vehicle of 8.2 m/s2 the power losses in Energy

Efficiency mode are 7,6 % lower respect the Baseline itself.

Low friction conditions

Also in low friction conditions the controller is able to influence the understeer characteristic

of the controller (Figure 5.5(a)). In this case is set the same understeer coefficient Kus of

the baseline vehicle for the reference generator as the low friction conditions make already

more difficult to follow the reference. Indeed a decrease of the understeer coefficient means

to increase the yaw moment control action defined by the high level controller, that is

translated in higher force unbalance on the wheels, and consequently some wheels will work

closer to the friction limit. As this limit decrease in low friction conditions, an excessive

yaw rate would provoke macro slippage of the wheels, making the vehicle unstable.

As expected the increase of lateral acceleration is lower since the vehicle is already in
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Figure 5.5: Understeer and sideslip angle characteristic of the vehicle under low friction condi-

tions. Comparison of Baseline vehicle with Energy Efficiency mode, Normal mode and Sport

mode
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Figure 5.6: Torque evolution under low friction conditions in function of the lateral acceleration.

Comparison between Baseline vehicle with Low Friction mode, Normal mode and Sport mode. In

the figures torques on each side are superimposed since they are distributed equally.
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Figure 5.7: Power losses of the vehicle in function of the lateral acceleration under low friction con-

ditions, representing the power losses in steady state conditions. Comparison between Baseline

vehicle with Low Friction mode.

limit conditions. The maximum lateral acceleration increase from 4, 67 m/s2 to 4, 9 m/s2.

Despite there is not an increase of the linear area is evidenced how the last part of the

curve is improved toward a quasi-linear behaviour.

Also in this case the sideslip angle results slightly decreased with the application of Torque

Vectoring, as showed in Figure 5.5(b).

The torque evolution reported in Figure 5.6 shows how the behaviour of the TV controller

is similar to the Normal mode with the only difference of the lower friction coefficient and

maximum lateral acceleration. The torques tend to have an steeper increase that evidence

how the intervention of the controller is more important in low friction conditions, passing

from a reduced to a consistent action in term of yaw moment.

Under low friction conditions total power losses Ploss,tot of Baseline vehicle and Low Friction

mode does not show a relevant difference, as observable in Figure 5.7.
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5.2 Transient manoeuvres

5.2.1 Open loop: Step steer

One important advantage of a Torque Vectoring control system is the improvement of the

vehicle dynamic in transient conditions. A step steer manoeuvre is suitable to verify this

aspect. The manoeuvre is taken at constant speed, maintained with a cruise control logic

and the steer is brought from 0 to 40 deg in a short lapse of time, and kept for 3 seconds,

before to return to 0 deg. For high friction condition the speed was set to 100 km/h, while

for low friction conditions it was 70 km/h. Normal, Sport, Energy Efficiency and Low

Friction driving modes have been tested.

Normal mode

The results of this test are reported in Figure 5.8. The most significant effect of the

controller can be seen on the yaw rate, where the controller is able to raise this value ( from

16 deg/s to 18, 1 deg/s ) and significantly decrease the overshoot and the oscillations, thus

raising the lateral stability of the vehicle. As a consequence also the lateral acceleration

raises, passing to a maximum value of 8, 6 m/s2 with respect to the 7, 7 m/s2 of the

Baseline vehicle. This result is reached avoiding excessive sideslip angles β, that remains

consistently under 1 deg. The cost of the action is a higher motor power losses, that implies

in this manoeuvre a 13,5 % higher energy losses with respect to the Baseline vehicle. In

this manoeuvre it was compared the motor power losses and not the total power losses

since the second one have to be compared only under equal yaw rate or in general equal

path followed. Motor power losses comparison shows the different level of intervention of

the controller.

During all the manoeuvre the cruise control logic is able to keep the speed without prob-

lems. In this case the torques required by the low level controller are not saturated.

Sport mode

In Sport mode the results obtained in the step steer are similar to the Normal mode, with

a general improvement in the performances of the vehicle, in particular with an expected

increase in the steer responsiveness. Now the maximum yaw rate at equilibrium passes to

18, 5 deg/s. In the first part of the manoeuvre the yaw rate reach 20 deg/s and then has

a decrease. This is due to the saturation of the motor torques on the external side (left

side in this case) as can be observed in right Figure 5.19. Also the sideslip angle increase

with respect to the Normal mode, passing to 2, 2 deg but is kept within the prefixed limits.

Lateral accelerations passes to 8, 8 m/s2 that, referring to the understeer curve obtained
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Figure 5.8: Step steer manoeuvre on high friction road. Comparison of Baseline vehicle and

Normal mode of the controller.
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Figure 5.9: Torque evolution of step steer manoeuvre on high friction road. Comparison of Base-

line vehicle and Normal mode of the controller. In right figure torques on each side are superim-

posed since they are distributed equally.
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Figure 5.10: Step steer manoeuvre on high friction road. Comparison of Baseline vehicle and

Sport mode of the controller.
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Figure 5.11: Torque evolution of step steer manoeuvre on high friction road. Comparison of

Baseline vehicle and Sport mode of the controller. In right figure torques on each side are super-

imposed since they are distributed equally.
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with the spiral test of section 5.1 is at the limit of friction. As a consequence of the higher

level of influence imposed to the understeer characteristic of the vehicle also the control

action is increased and Figure 5.11 shows how the torques are now saturated to their limits

on one the external side. Since the action of the controller is higher motor power losses

are 26,8 % higher respect Baseline vehicle.

Energy efficiency mode

In Energy Efficiency mode the vehicle does not follow a certain reference, but it is imposed

a yaw moment depending on the total torque required by the driver and the vehicle speed.

This means that for a step steer at constant speed it is imposed a constant yaw moment.

The result (Figure 5.12) is the increase of the yaw rate, the lateral acceleration and the

sideslip angle reached by the vehicle, without a significant improvement of the transient

behaviour showing still the same oscillations on those quantities. In this mode the power

consumption of the motor is limited with respect to the other modes. The control action

in this case is limited and the motor power losses increases of only 2,1 %.

Table 5.1: Comparison of motor power losses variation of each mode respect the Baseline vehicle

in steady state conditions.

Mode Normal Sport Energy Efficiency

Power variation of motor losses

respect Baseline vehicle (%)
+13,5 +26,7 +2,1

As it was observed, different modes implies different level of intervention of the controller

and thus different power consumption. In table 5.1 are reported these consumption. As

expected the Sport mode has an higher consumption respect respect the Baseline vehicle

but also respect the Normal mode. Energy Efficiency mode is able to keep motor losses

lower respect the other modes since the contemporary traction and regeneration of the

motors is avoided. In this mode the losses of the motor only are also higher because the

energy saving is in the slip losses, as showed in section 5.3.

Low Friction mode

Also in case of low friction the controller is able to improve the performance of the vehi-

cle, increasing the yaw rate that passes from 9, 6 deg/s to 13, 7 deg/s and reducing the

oscillation at equilibrium. Compared to high friction condition the yaw rate and lateral

acceleration are lower, as the reference generator adapt to the lower friction conditions and

so lower maximum forces that tyres can develop. Sideslip angle increase consistently but
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Figure 5.12: Step steer manoeuvre on high friction road. Comparison of Baseline vehicle and

Energy Efficiency mode of the controller.
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Figure 5.13: Torque evolution of step steer manoeuvre on high friction road. Comparison of

Baseline vehicle and Energy Efficiency mode mode of the controller. In right figure torques on

each side are superimposed since they are distributed equally.
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Figure 5.14: Step steer manoeuvre on low friction road. Comparison of Baseline vehicle and Low

Friction mode of the controller.
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Figure 5.15: Torque evolution of step steer manoeuvre on low friction road. Comparison of Base-

line vehicle and Low Friction mode mode of the controller. In right figure torques on each side are

superimposed since they are distributed equally.
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remains under the limit of 5 deg imposed on the controller, showing how also this value

is correctly controlled. The power losses in this mode are higher as the control action

is consistent, with an increase in the power losses of almost 10 % with respect to Base-

line vehicle. Also lateral acceleration has an increase in its maximum value, passing from

4, 6 m/s2 to 5 m/s2. The speed is maintained without problems even in this conditions.

Figure 5.15 exhibits two peaks of torque in correspondence of the change of steer, showing

the consistent action of the motor to stabilise the vehicle for low friction conditions. Motor

power losses are 10,8 % higher in this case showing two peaks in correspondence of the

steer changes, when the control action stabilises the vehicle.
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5.2.2 Close loop manoeuvre: Double lane change

The behaviour of the vehicle in a more realistic scenario is taken with a double lane change

manoeuvre, where a specific path is imposed to the vehicle that is followed thanks to

the developed driver model, explained in Section 3.1.3. This is meant to show the real

behaviour of the vehicle in a typical manoeuvre that can be taken by a driver. The initial

speed is set at 100 km/h in high friction condition and 55 km/h in low friction condition.

The gas pedal is kept in rest position during all the time of the manoeuvre, thus the total

torque Ttot output of the high level controller is zero. Normal, Sport and Low Friction

driving modes have been tested. The objective of this test is to show the effectiveness

of the high level controller to stabilise the vehicle in limit friction conditions showing the

different behaviour of the vehicle for different understeer characteristic imposed by the

controller. The capacity to save energy cannot be evidenced in limit friction conditions as

explained in Section 5.3 where a specific manoeuvre was designed for this purpose. Energy

Efficiency mode was thus excluded by the comparison.

Normal mode

Results related to Normal driving mode are reported in Figure 5.16. In this scenario

the vehicle with the Torque Vectoring controller performs better the manoeuvre, following

better the reference path. The most evident advantage is in the evolution of the steer input

of the driver where the average steer angle is lower passing from 90 deg of the Baseline

vehicle to 60 deg in Normal mode. This is perceived by the driver as a better control feeling

because the steering wheel have to be rotated less, with a lower steering speed. It is worth

to consider that the driver model implemented is simplified and does not does not exactly

reproduce the behaviour of a real driver. For example if a real driver has to rotate more

the steering wheel and to an higher speed, its accuracy to give the correct steering input

to follow a certain path would decreases. As a consequence the real advantage introduced

by the TV controller would be even more consistent.

The yaw rate and the sideslip angle have also a better evolution, with less inversions.

Moreover, despite the steer input decrease in the first part of the manoeuvre, the yaw

rate in the correspondent part has an increased value, again because of the increased

linear responsiveness of the vehicle. In the second part of the manoeuvre is clear how the

controllability of the vehicle is improved as there are less inversion of the steer and yaw

rate.

Regarding the sideslip angle, this is increased during the first part of the manoeuvre but

remaining under the prefixed value βMAX set in the controller. In the second part is
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Figure 5.16: Double lane change manoeuvre on high friction road. Comparison of Baseline vehi-

cle and Normal mode of the controller.
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Figure 5.17: Torque evolution for double lane change manoeuvre on high friction road. Compari-

son of Baseline vehicle and Normal mode of the controller.
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present again the smoothing effect as in the other quantities. Lateral acceleration does not

increase with the TV controller.

Another interesting effect of the yaw rate controller is the reduction of the total power

losses, associated to motor and tyre slips, in the last part of manoeuvre. This is again the

effect of the TV controller that stabilises the vehicle reducing the energy losses associated

to slips because the steer and thus lateral forces are lower. For this manoeuvre the energy

saving was of 1.57 %.

Both the control logic lose approximately 10 km/h during the manoeuvre, with a slightly

better result for the TV controller because of the power losses decrease effect described.

Figure 5.17 reports the torques of the motors, that for the Baseline vehicle are obviously

null. Regarding the TV controller is worth to report how the motors are not saturated and

thus there is still a margin to improve manoeuvrability or to have non null total torque

required by the driver. In both cases the manoeuvre is completed by the vehicles with less

significant path difference between the two.

Sport mode

In Sport mode the results (Figure 5.18) are similar but with an increased responsiveness of

the steer with respect to Normal mode. The steering wheel has now lower peaks, passing to

51 deg (−9 deg with respect to Normal mode) and the yaw rate tends instead to increase

in absolute value, with peaks of −23 deg/s and 17 deg/s. The overall energy required

for this manoeuvre is now 3,7 % higher with respect to Baseline vehicle, showing how the

control action is higher as the variation of the understeer characteristic with respect to the

Baseline vehicle is higher (i.e. in Sport mode the controller tries to lower the understeer

coefficient Kus). This is also evidenced in the motor torque (Figure 5.19) where the peak

values are higher with respect to Normal mode.

Low Friction mode

When the controller is tested in the Low Friction mode, the advantages brought by the

controller are quite clear. The Baseline vehicle loses the control in the final part of the

manoeuvre while the with TV the reference path is well followed. Steer is again contained,

with an evident difference in the peaks of steering wheel, that pass from −230 and 360 deg

to −127 and 103 deg. Again despite a lower steer input the yaw rate has an increase in

absolute value that has peaks of 22 deg/s in absolute value.

The sideslip angle has an increase again but remaining within the limits. Baseline remains

with a β angle under 1 deg in absolute value, while the TV controlled vehicle reach a peak
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Figure 5.18: Double lane change manoeuvre on high friction road. Comparison of Baseline vehi-

cle and Sport mode of the controller.
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Figure 5.19: Torque evolution for double lane change manoeuvre on high friction road. Compari-

son of Baseline vehicle and Sport mode of the controller.
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Figure 5.20: Double lane change manoeuvre on low friction road. Comparison of Baseline vehicle

and Low Friction mode of the controller.
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Figure 5.21: Torque evolution for double lane change manoeuvre on low friction road. Comparison

of Baseline vehicle and Low Friction mode of the controller.
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of 3 deg, that is equal to the prefixed maximum of 3 deg. Also in this case the stabilisation

of the controller permits to decrease the total power losses by 13 %. The advantage of

the TV controller is also evident in the speed evolution as the decrease of speed is also

quite evident, again for better stability of the vehicle in the second part of the manoeuvre.

However between 3 and 4 seconds the losses show some peaks that are also found in the

power torque evolution 5.21. This is due to the intervention of the Yaw Index controller

that detects an instability as observable from the sideslip angle β evolution. Thus the YI

controller decrease the LQR contribute and impose a yaw moment opposite to the yaw

rate, to stabilise the vehicle but hinging it to follow the path and the reference yaw rate.

Then when the vehicle is stabilised the yaw rate error is bigger and the LQR tries to follow

the reference giving a bigger yaw moment. This may be perceived as uncomfortable by the

driver and a filter on the yaw moment might be implemented to limit this effect.
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5.3 Energy Efficiency mode: energy saving evaluation

To verify the effectiveness of the Energy Efficiency mode, it was simulated another close

loop manoeuvre (bottom plot in Figure 5.22) called Mild Slalom, where again a specific

path is imposed and followed using the driver model illustrated in Section 3.1.3. The

manoeuvre was designed to test the energy saving of the Energy Efficiency mode that is

compared with Normal and Sport mode. The vehicle have to move to one side with a

lateral displacement of 5 meters, going straight for a sufficient time to permits to reach a

steady state equilibrium, then it moves to the other side of 10 meters, letting again enough

time and finally it turns again of 5 meters. The total torque is kept at a constant value of

50 Nm, giving to the vehicle a slight longitudinal acceleration of 0, 4 m/s2. It is typical

indeed for a D segment vehicle to face corners with low or null longitudinal acceleration.

Initial speed is set to 70 km/h under high friction conditions and it was used the driver

model explained is section 3.1.3. This manoeuvre is more appropriate to test the Energy

Efficiency driving mode as it is in sub-limit conditions, typical of normal driving conditions,

with peaks of lateral accelerations are around 7 m/s2 that are not in limit conditions of

friction, as can be seen in figure 5.1(a). It was not used a standard driving cycle like the

NEDC (New European Driving Cycle) because this kind of driving cycle is not designed

to account also of benefits of a TV controller, since the vehicle is proceeding straight.

The plots in Figure 5.23 shows the evolution of the power losses, respectively of longitudinal

slip, lateral slip and motors. The most relevant power losses are associated with lateral

slip, with peaks over 16 kW , and motor losses that are around 8 kW , while longitudinal

slip losses are less than 0, 2 kW also because the accelerations are supposed to remain low.

Applying the Energy Efficiency mode the TV is able to decrease the lateral slip losses since

the yaw moment applied decrease cornering resistance and at the same time the increase

of motor and longitudinal losses is not excessive. In this manoeuvre the overall energy save

is of 1,4 % (right bottom plot in Figure 5.25). The same manoeuvre performed in Normal

mode (Figures 5.25 and 5.26) has an energy consumption of 2,8 % higher than Baseline

vehicle, thus the energy saving of Energy Efficiency mode with respect to Normal mode is

4,2 %. Setting Sport mode (Figures 5.27 and 5.28) results a consumption higher of 7 %,

9,8 % higher respect Energy Efficiency mode. The increase of performance and the energy

consumption have a non linear correlation since to pass from Normal to Sport mode the

energy consumption increases of 4.2 %. while the increase of performances is limited.

In Figure 5.24 are showed the differences in term of power consumption of the Energy

Efficiency mode with the Baseline vehicle, in term of absolute value and percentage. The

energy balance is almost always in favour of the Energy Efficiency mode with peaks of
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Figure 5.22: Mild slalom to test the Energy Efficiency mode, compared with Baseline vehicle.

Initial speed is set to 70 km/h and a the total torque imposed equal to 50 Nm.

energy saving of 2 kW and 7 % respectively. It is important to notice that the two

manoeuvre are not perfectly aligned in time so the comparison of energy save in term of

absolute value and percentages of Figures 5.24, 5.26 and 5.28 is qualitative. However is

clear in upper left plot that the strategy is effective as the lateral slip power losses are

always decreased. Is interesting to observe the evolution of the motor power losses in

bottom left plot of Figures 5.23, 5.25 and 5.27. In Energy Efficiency mode the increase is

less that 1 kW while passing to Normal and Sport mode has Increases of several kW when

TV is active. This shows how the efficiency of the motor is a key aspect and with other

motor models may be obtained different results.

Also in this manoeuvre is shown how in Energy Efficiency mode the responsiveness of the

vehicle has a little improvement as the steer needed to perform the manoeuvre (upper left

plot in Figure 5.22) decreases.
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Figure 5.23: Power and energy losses of the mild slalom manoeuvre.
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Figure 5.24: Power and energy losses of the mild slalom manoeuvre. Comparison of energy

saving in term of absolute power losses and percentage during the manoeuvre.
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5.3. Energy Efficiency mode: energy saving evaluation
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Figure 5.25: Power and energy losses of the mild slalom manoeuvre in Normal mode.
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Figure 5.26: Power and energy losses of the mild slalom manoeuvre in Normal mode. Compari-

son of energy saving in term of absolute power losses and percentage during the manoeuvre.
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Figure 5.27: Power and energy losses of the mild slalom manoeuvre in Sport mode.
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Figure 5.28: Power and energy losses of the mild slalom manoeuvre in Sport mode. Comparison

of energy saving in term of absolute power losses and percentage during the manoeuvre.
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Chapter 6

Conclusions

The work presented shows a solution of a Torque Vectoring controller that leads to the

following conclusions:

1. It confirms the typical control structure of a TV controller but evidence how these

are not completely separated and a good controller solution have to well integrates

all its parts.

2. It is possible to set algorithms to take into account multiple control objectives, by

implementing the so called driving modes. Each mode influences the vehicle dynamic

in a different way and with specific control objectives.

3. Specific control strategies are able to use Torque Vectoring to optimise energy effi-

ciency rather than imposing an understeer characteristic, thus potentially extending

the range of an electric vehicle. Also in this case there is a little improvement of the

performance.

Regarding point 1 it is clear how the reference generator needs to provide a solution that

is coherent with the high level controller characteristics. Indeed some high level controllers

need both the reference on the yaw rate r and sideslip angel β, while others use only the

yaw rate reference and sideslip angle is considered to correct the yaw rate reference itself.

A notable example of this second approach is presented in (B. Lenzo, 2017)[17]. Anyway

mostly of the scientific literature considers one of these two approaches, showing how an

effective solution cannot exclude the sideslip angle. Moreover it was showed how in case

energy efficiency is prioritised the reference generator is not necessary. This means also

that the characteristic curve of the vehicle in this case is modified but not defined. Also

in the low level controller two different logic are implemented for the two cases of imposed

yaw moment modes and Energy Efficiency mode. In the proposed controller the Energy

Efficiency mode exclude the high level controller part that defines the yaw moment Mz,
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however may be possible to compute a correlation that defines the yaw moment minimising

losses in function of the vehicle state and thus this kind of solution implies two different

high level controller logic (one minimising power losses and the other that try to follow the

references), again showing how also in this case the high level controller and the low level

controller are not completely separated. The reason of the differences in the controller

structure between Energy Efficiency mode and the other modes arise because the method

used to define the yaw moment are completely different. In case of efficiency optimisation

yaw moment is defined based on energetic consideration on power losses, while in the other

cases it is defined by a controller that follow the understeer characteristic, bringing to two

different algorithms.

The realisation of different driving modes showed how in the same controller can integrate

different algorithms that, with proper setting of parameters can change in different ways the

vehicle dynamic and power losses. The two main objectives in a Torque Vectoring controller

are the energy efficiency and the vehicle dynamic improvement in term of performance,

and each mode implemented sets a different trade-off between them, prioritising one or

the other. In Sport and Normal mode the vehicles performance are increased as evidenced

in the Steering pad, in the Step-steer and Double Lane Change manoeuvre. These are

higher in Sport mode but implies and higher level of intervention of the controller, causing

higher power losses. In general the more the understeer characteristic is modified respect

the baseline vehicle the more is the energy consumption required. If energy efficiency is

prioritised the power losses can be decreased as showed in Mild Slalom and Steering pad

manoeuvres. At the same time the performance of the vehicle are increased as showed

in Steering pad and Step-steer manoeuvre, because the yaw moment imposed to increase

performance is concordant with the yaw rate. Improvements are limited as the increase

in term of responsiveness is limited as seen in the Steering pad and the oscillations in

transient conditions are not substantially decreased, as evidenced in the Step-Steer.

Figure 6.1 represents exactly the trade-off between energy efficiency and performances,

where each mode is on a different position of the optimal line. The Baseline vehicle is not

on this line since the solution is not optimal.

When dealing with a Torque Vectoring controller is typical to use it to improve the per-

formance of the vehicle, however it was showed how this kind of controller can be used

prioritising only the energy efficiency, decreasing the energy consumption when driving in

non limit friction conditions. In this case, still the performances of the vehicle has a little

improvement. Increase of efficiency is not assured in case of aggressive driving, however in

those conditions the efficiency would be compromised anyway and so any control strategy
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Figure 6.1: Trade-off of each driving mode between performances and efficiency, compared with

Baseline vehicle.

regarding power consumption minimisation would be vanished. It was showed also how in

Energy Efficiency mode the structure of the Torque Vectoring controller radically changes,

where some parts of the controller are not used and others has a different settings.
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