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Abstract

A key-point in aviation is the study of ice accretion on critical surfaces, such as wing
leading edge, engine inlet and movable surfaces, and its consequecies on the aircraft
design and on �eet management. In-�ight ice condition can be extremely dangerous:
in the past years di�erent accidents occurred due to ice formation and the consequent
degradation of the aerodynamic performances and a loss of the control surfaces. To al-
low safe �ight in icing conditions, the developement of ice protection systems is crucial:
this in turns require to reproduce accurately and simulate ice accretion phenomenon.
A model of ice accretion, merged with a proper mesh, is therefore required. In the
present work a novel way of treating ice geometries is presented by using uhMesh: this
tool allows the generation of an hybrid mesh whose characteristics are speci�ed by the
user. One of the main advantage of the present approach is the capability of adding or
deleting points inside the structured part of the mesh (see Ch. 2) according to speci�c
rules, creating triangular elements instead of the usual quadrilateral elements presented
in a typical structured mesh. This feature allows the treatement of articulated shapes
like the ones observed when ice accretes on a surface. The proposed method is based
on the developement of a conservative ALE scheme with a source term which is able to
carry, layer by layer, the information related to the ice height distribution in a conser-
vative manner. The advancing front and the changing in the mesh topology allows the
preservation of the quality of the mesh and an adequate discretization of the ice struc-
tures, without needing an excessive mesh re�nement on the iced surface. The problem
of ice accretion requires also treatement of particular scalar quantities necessary for
the simulation of the ice physics (for example the liquid �lm laying on the ice surface):
for this reason another conservative ALE scheme has been built. This latter approach
allows to handle the di�erent topologies on each layer ensuring the conservation of the
above mentioned scalar quantities. Interestingly enought, the schemes here derived can
be applied to di�erent problems dealing with advancing fronts such as, for example,
dust accumulation in air systems or crystal growth.

Keywords: conservative, ALE scheme with source terms, topology changes, ice accre-
tion, boundary displacement.
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Sommario

Un elemento chiave in ambito aeronautico è lo studio dell'accrescimento di ghiaccio su
super�ci critiche come, per esempio, il bordo di attacco delle ali, le prese dinamiche dei
motori e le super�ci mobili, e le sue conseguenze sul design dell'aeromobile e sulla ges-
tione della �otta. Il volo in condizioni di ghiaccio può essere estremamente pericoloso:
negli anni passati si sono veri�cati numerosi incidenti riconducibili alla formazione di
ghiaccio, che ha provocato un crollo delle prestazioni aerodinamiche e la perdita delle
super�ci di controllo. Al �ne di poter garantire le operazioni di volo in condizioni di
ghiaccio, è cruciale lo sviluppo di sistemi di protezione dal ghiaccio: questo signi�ca
essere in grado di riprodurre e simulare l'accrescimento di ghiaccio. La �sica necessaria
per lo studio del fenomeno in questione deve essere a�ancata da una mesh appro-
priata, fondamentale per la simulazione. In questo lavoro viene proposta una nuova
modalità di trattamento delle strutture di ghiaccio attraverso l'uso di uhMesh: questo
strumento permette la generazione di una mesh ibrida le cui caratteristiche sono spec-
i�cate dall'utente. Uno dei principali vantaggi di questo approccio è la sua capacità
di aggiungere o eliminare punti all'interno della parte strutturata della griglia di cal-
colo (cfr. Cap. 2) seguendo delle speci�che regole che generano elementi triangolari
al posto degli usuali elementi quadrilateri che si ritrovano in una mesh strutturata.
Questa caratteristica permette la trattazione di forme complesse come quelle relative
al fenomeno di accrescimento del ghiaccio. Il nuovo metodo è basato sullo sviluppo di
uno schema ALE conservativo con termine di sorgente in grado di trasportare, layer
per layer, l'informazione relativa alla distribuzione di altezza del ghiaccio in maniera
conservativa. Il fronte avanzante e la variazione nella topologia della mesh permettono
la preservazione della qualità della mesh stessa ed un'adeguata discretizzazione delle
strutture di ghiaccio senza la necessità di un eccessivo ra�namento della super�cie
ghiacciata. Il problema dell'accrescimento di ghiaccio richiede anche il trattamento di
particolari grandezze scalari necessarie per la simulazione della �sica del ghiaccio (per
esempio il �lm liquido): per questa ragione, un altro schema ALE conservativo è stato
sviluppato. Quest'ultimo metodo permette di gestire di�erenti topologie su ciascun
layer garantendo la conservazione delle quantità scalari richieste. Inoltre è interessante
notare come questi metodi siano applicabili a di�erenti problemi che riguardano l'idea
di fronti avanzanti come, per esempio, l'accumulo di polvere nei sistemi di ventilazione
o la crescita di cristalli.

Parole chiave: conservativo, metodo ALE con termini di sorgente, variazioni della
topologia, accrescimento di ghiaccio, movimento del contorno.
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Chapter 1

Introduction

Dealing with ice accretion phenomena is a keypoint in aircraft design, certi�cation and
�ight. In-�ight icing possibly occurs if an aircraft enters a cloud where supercooled
water can be present [5]: the particular conditions of such region allows water to re-
main liquid even if the temperature is below its freezing point. When such droplets
hit an airplane, they freeze immediately on the surface. Another possible way icing
may occur is during some kind of precipitations such as snow or drizzle rain: generally
speaking when clouds are characterized by the presence of water droplets and the am-
bience temperature is at or below 273.15 K.
Ice growth on airplane's surfaces has dramatic consequencies: if large regions of the
surface are covered by ice, the total weight of the airplane increases. The presence
of ice changes the �ow �eld around the wings reducing and it increases the drag [6].
Reference [7] has also shown extremely dangerous e�ects on the aircraft manoeuvra-
bility and controllability due to the reduction of e�ectiveness of the control surfaces.
Other problems arise when ice enters the engines: power loss, �ame out and damages
to the compressor may occur [8]. Icing can also compromise the right behaviour of
some devices such as the pitot tube: the latter has played a crucial role in the accident
occurred to the Air France �ight 447 in 2009 [9].
All the above mentioned issues are the reason why, nowadays, interest and research in
icing phenomena are increasing. Starting from the 1940s, di�erent experiments have
been developed in order to get data related to the e�ects of ice with the aim of reduc-
ing and limiting them ([10], [11]). Tests are performed using wind tunnel speci�cally
designed for ice studying, such as, for example, the one in the NASA's Glenn Research
Center and also through mesurements coming from real aircrafts suitably equipped.
The main problem releted to the �rst approach is the necessity of ad hoc wind tunnels
whose cost is higher then standard ones; in-�ight tests require the real aircraft on which
all the mesurements are taken and, moreover, some tools used for ice generation. Fig.
1.1 shows a typical con�guration use for in-�ight tests where an helicopter is equipped
with ice markers and it �ies ahead of the airplane where mesurements occur. These
tests are highly expensive and furthermore their complexity can reduce the accuracy
of the results.
Costs reduction can be achived via numerical simulations even if they can't replace

the two previously described approaches. Numerical simulations are cheaper and can
reduce the total number of tests required. During the preliminary design phase, numer-
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Figure 1.1: Example of ice maker. Image is taken from [1].

ical simulation is used for the study and the prediction of performances degradation
and for sizing and developing of ice protection systems.
This work is focus on handling the grid required for the rapresentation of the ice shapes
on a two-dimensional airfoil and so, for the computation of the �ow �eld around an
airfoil whose geometry is modi�ed by the presence of ice structures. The ice growing
on the airfol produces extremely intricated geometries bringing to huge deformation of
the elements constituting the mesh. To face this problem, di�erent approaches have
been applied and used. Reference [12] describes a method based on the motion and on
the deformation of the grid's nodes where the movement is imposed through a Lapla-
cian operator in uncoupled manner. The grid deformation is accounted for with an
ALE scheme and, furthermore, smoothing techniques are adopted to obtain a uniform
distribution of the points belonging to the interface between external and iced part of
the computational domain.
Another possible approach designed to face the above mentioned problem is shown in
[13] where the initial grid is taken as reference and it is deformed according to the ice
shapes. The mesh evolution is, again, taken into account through an ALE scheme.
An e�cient numerical algorithm is devoloped with the aim of limiting the elements
skewness near the boundary surfaces and avoiding the intersection between the nodes'
paths during deformation to prevent the degeneration of some elements. The work
follows the idea, presented in [14], of introducing a sti�ness throughout the warped
elements for reducing the skewness: in this way the equation describing the nodes' mo-
tion is coupled with an elastic problem. Moreover, an iterative procedure is introduced
in order to have a non intersecting mapping and it is accompained by a Hermitian
interpolation used for uniformly distributing the nodes on the ice surface. The scheme
su�ers of a non-smooth transition between near wall elements and for this reason a
Gaussian convolution is also introduced.
The equations used for imposing the grid's points motion are usually characterized
by the presence of parameters, that are used to avoid inversions of small elements in

2



1.1. ARBITRARY LAGRANGIAN-EULERIAN FRAMEWORK

Figure 1.2: Example of ice accretion over a wing. Image is taken from [2].

high-resolution regions of the domain.
The three-dimensional version of the latter method is presented in [15].
Another possible way forward used in this thesis, is to remesh the whole domain as the
body geometry changes as described in [16]. The simulation consists of a subsequent
series of steps: the �rst step is the computation of the �ow �eld around the clean
airfoil, secondly the trajectory of the particles is evaluated and, in the end, the results
coming from the particle tracking are used for the computation of ice accretion. Once
the simulation is completed and the height reached by the ice on the airfoil in known,
a new geometry is generated along with a new mesh and the procedure is repeated.

1.1 Arbitrary Lagrangian-Eulerian framework

The geometries resulting from the ice accretion phenomenon can be extremely com-
plex and articulated (see Fig.1.2), indeed such geometries can lead to highly concave
or convex surfaces and, for this reason, the mesh generation for the computation of
the aerodynamic �ow �eld is very important in order to preserve the accuracy of the
solution. Holes can form due to the connection of ice shaes. Consequently, the key
point is to look for a suitable grid able to create a computational domain starting from
the physical one. The kinematic description of the material determines how the com-
putational domain and the physical continuum are linked, and so how the grid itself
is designed: the most used and natural choice lies with the Lagrangian and Eulerian
points of view.
In the Eulerian description, the mesh is �xed therefore the material points cross the
grid's elements as the continuum deforms and the reference con�guration is the current
one. The Lagrangian viewpoint is based on grid motion: the initial con�guration is
the reference one on which each point of the grid is associated to a material point of
the continuum. As time moves on, each node of the grid follows the material point to
which is associated at the beginning.
In an Eulerian approach the identi�cation of the interfaces is harder as soon as wired
shapes are described, whilst a Lagrangian point of view can bring to excessive mesh
deformation. In order to limit the previously mentioned drawbacks, an Arbitrary
Lagrangian-Euler (ALE) formulation has been choosen.

3



CHAPTER 1. INTRODUCTION

The ALE scheme is characterized by a kinematic description combining both La-
grangian and Euler approaches and, in this case, the mesh is neither �xed or in motion
following the material particels but it can freely move inside the computational domain.
The ALE schemes can be classi�ed according to the way they deal with mesh motion.
The �rst approach consists in computing the solution of the equations in a Lagrangian
point of view; after this �rst step, the mesh is changed and the old solution is remap on
the new grid. The remapping procedure can be based on the extimation of mass �ux
between cells [17] or on reconstruction and approximate integration [18]. The second
category aims to solve a single set of equation without the need of a second step. To
do this, the governing equations are simultaneously solved along with the equations
for the mesh velocity; in this latter approach no explicit interpolation is required. The
second type is the one used in this thesis.
The capability of an ALE scheme of handling moving domain boundary can be ex-
ploited to treat mesh adaptation and mesh re�nement. The latter way of looking at
the ALE scheme is the one that has been developed in the present work.

1.2 Boundary displacement

As previously described, complex pyhsical domain can be discretized through the use
of a grid characterized by a freely motion of its points in order to possibly increase the
capability of preserving the accuracy of the CFD solution, thanks to an higher mesh
quality. Having said this, the motion of the grid can be performed through di�erent
approaches, for example by applying a speci�c displacement on each node [19] or by
introducing the so-call elastic analogy. For what concers the elastic analogy, the grid
is addressed as an elastic material whose boundaries are subjected to an imposed mo-
tion, which is propagated to all the points inside the domain by means of elastic forces.
Another approach is the spring analogy where all the grid's points are connected to
their neighbors by �ctitious springs whose stie�ness depends on the distance between
them [20]. This latter type of motion has been improved in [21] by including a spring
analogy that avoids triangles interpenetration.
An interesting aspect which characterizes all the above mentioned schemes is the fact
that the connectivity is �xed: in the present work the motion of grids' points is jux-
taposed with topological changes, i.e. point addition or deletion. The reason for this
choice is aimed to preserve the quality of the solution. Making use of the idea intro-
duced by Guardone at al. [22], [23], [24], [25], the ALE scheme is extended to mesh
with variable topology which means that points addition and points deletion are al-
lowed. In particular the nodes' displacement and the changing in the connectivity are
thought as a continous motion of the points occurring in a certain time interval and so
no explicit interpolation is required. Furthermore only local modi�cations have to be
save.
In the context of this work, the boundary domain on which the structured mesh is
built and the layers the structured part is made of, are thought as follows: each layer
is interpreteted as the continous displacement of nodes belonging to the previous one.
This means that the new layer is meant as the �nal result, after a certain time step, of
the motion of the previous boundary. This procedure is referred to as advancing front.
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(a)

(b)

Figure 1.3: Advancing front applied on three panels

1.3 Aim and outline of the thesis

As previously shown, geometries arising from ice accretion over airfoils or over general
airplane's surfaces are extremely complex: the aim of this thesis is to generate an ice
mesh and consequently, a domain mesh, on two dimensional geometries.
The developed work aims to represent the geometry required from physical computa-
tions, using a grid characterized by a variable topology. The latter idea is managed
through the implementation of an ALE scheme with source terms which are needed
for taking into account that, as one moves further away from the surface, the iced
part of the computational domain increases. The method is based on the idea of an
advancing front: the structured part of the grid is divided into di�erent layers and all
the necessary information is moved, in a conservative manner, from one layer to the
next one. To clarify the latter concept, the advancing front is pictured in �g. 1.3:
the dotted lines rapresent the value of ice height to be reached on each of the three
panels. The heights are the quantities moved from one layer to the next one. Fig. 1.3
(a) shows the value on the nth-layer, whilst, in �g. 1.3 (b), the heights are referred to
the (n + 1)th-layer and their values have been computed using the above mentioned
ALE scheme. The cyan zone in �g. 1.3 (b) is the portion of the domain iced as one
moves from the nth-layer to the (n+ 1)th-layer. The iced part is accounted for with the
presence of a source term which will be descirbed in Ch. 4.
This method has some interesting aspects: the ice geometry is shaped on a given

mesh generated by the user and so, the elements of the computational domain are not
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Figure 1.4: Point addition on a circle using uhMesh ([3]).

skewed and the mesh quality is not altered. Moreover the grid used for ice meshing is
characterized by the possibility of topological changes, speci�cally addition or deletion
of points. Thanks to the latter characteristic, the user can set the required discrati-
zation and can preserve the quality of the mesh avoiding some problems arising when
a structured mesh is created on a surface with a certain curvature (see �g. 1.4). For
example, the discretization of convex bodies, like an airfoil, brings to the increase of
panels' length as the front of the structured mesh advances: consequently as the ice
grows, the mesh re�nement reduces since, on a new layer, the number of points stays
the same while the total layer length is higher then the previous one (see Fig. 1.5).
This particular behaviour can limit the capability of trace the ice accretion with the
desired re�nement.
Point deletion allows to treat concave surfaces as it preventes the intersection between
the trajectories of points during motion, resulting in edges swopping. According to
the previous considerations, grids built with topologially variations enable to manage
complex geometry limiting the loss in term of mesh quality due to the elements defor-
mations.
The physics of ice accretion has to do with particular scalar quantities that must be
known to be able to performe the simulations (for example the liquid �lm that forms
over ice). To cope with this requirement, another ALE scheme is developed: also in
this case the topological changes of the mesh are interpreteted as continous deforma-
tion occuring from one layer to the following one as the structured front advances. The
developed approach permits to transfer an imposed quantity form an initial geometry
to another one, if the topological connection between them is known. In this way the
given scalar can be brought on a generic ice geometry and, moreover, the use of an
ALE scheme avoids the necessity of an explicit interpolation between the solution on
di�erent layers. Even if the connectivity can change as the front moves on, the ALE
formulation preserves the monotonicity and the conservativeness of the scheme.
For what concerns the outline of the thesis, in Ch. 2 a description of the uhMesh
program is presented focusing on the way in which the mesh is developed and on the
di�erent parameters that the user can change. It also describes the rules followed by
point addition and by point deletion algorithms.
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Figure 1.5: Mesh divergence on convex surface using uhMesh [3].

Ch. 3 describes the conservative ALE scheme used for moving a generic scalar quantity
from a layer to another one with, in general, a di�erent topology.
In Ch. 4 presents a conservative ALE scheme where a source term is taken into account.
This method is speci�cally developed for handling ice accretion problems; furthermore
the last part of the chapter shows how the mesh is modi�ed so that it is stopped at
the proper height and it always had triangular or quadrilateral elements. When, at a
certain point, on a speci�c panel, ice growth stops, new points are generated and are
moved in order to reach the desired height over that speci�c panel. This operation re-
quires an a posteriori change in the mesh that consists in the addition of new elements
so that the types of elements stay the same.
In Ch. 5 the test cases are discussed for the validation of the approaches described in
the previous chapters. The results coming from a simulation are compered with the
ones obtained without the modi�cation introduced by this work.
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Chapter 2

Mesh generation with uhMesh

UhMesh is a program capable of creating an hybrid mesh with great �exibility and
in an e�cient way ([3]). In this chapter the method used for the generetion of the
mesh by uhMesh is shown. In particular, in §2.1, the Delaunay Triangulation and the
Bowyer-Watson algorithm are shown while §2.2 describes the structured part with the
tools imlpemented for modifying mesh topology according to speci�c rules. At the
end, §2.3 provides the procedure followed by uhMesh to merge both unstructured and
structured mesh.

2.1 Delaunay triangulation and Bowyer-Watson algo-

rithm

The Delaunay triangulation is obtained through the Dirichlet tasselation. Given a set of
points Pi with i = 1,...,N, according to Dirichlet, a convex poligon Λi can be built with
the following property: every point of which Λi is made of is nearer to Pi than to any
other point Pk (with k 6= i) belonging to the previous de�ned set. The convex polygons
generated with this approach are called Voronoi regions and their union is known as
Dirichlet tasselation. The Delaunay triangolation comes from the Dirichlet tassellation
by simply connecting only those points whose Voronoi regions have a common edge.
Delaunay triangolation and the Dirichlet tasselation are strictly related: for every
convex polygon Λi of the tassellataion there is a vertex Pi of the triangolation and
viceversa, for every triangol Υk of the triangulation there exists a vertex Pk of the
tasselation; an example of Delaunay triangulation is shonw in Fig. 2.1.
The Delaunay triangolation has some intresting properties: the so called min-max angle
criterion thanks to which it maximizes, in a planar set of points, the minimum angle
of any triangle and the circumcircle property. The �rst one claims that, taking two
triangles of the triangulation, swopping the diagonal of the quadrilateral (made by the
two triangles) with the other one does not increase the minimum angle of the two new
triangles ([26]). According to the second one no point of the Delaunay triangolation
follows inside the circumscribed circle of any triangle.
The Bowyer-Watson algorithm makes use of the latter local property when a new point
is inserted inside a given Delaunay triangulation; when a new point P is added to the
initial set, the algortihm deletes all the triangles violating the circumcirle property and
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Figure 2.1: Example of Delaunay triangulation (continous lines) with Voronoi regions (dashed lines).
Image is taken from [4].
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Figure 2.2: Point addition through Bowyer-Watson algorithm. Image is taken from [4].

a new collection of triangoles is generated as reported in Fig. 2.2. As shown in [27]
and [28] the removed triangles generete a cavity inside which the new point lies and
the new triangolation coming from the application of the Bowyer-Watson algorithm is
still a Delaunay triangolation.
One of the most important consequence of the above described algorithm is that a
Delaunay triangolation can be developed starting by the simplest possible case (such
as one triangle enclosing the computational domanin) and adding one point at a time
until all points of the initial set have been considered. From the previous consideration
the mesh generation will be the more e�cient the more fast is the detection of triangles
to be deleted and so, of the new point to be added.

Rebay's point insertion method

The point insertion method used by uhMesh in the Delaunay triangulation region has
been developed by Rebay in [4] and it is brie�y reported here.
The strarting triangulation must include all the boundary points and, for this reason,
it's de�ned conformal. Since the Delaunay triangolation of a given set of points is not
unique, some points con be missed during the step: if this is the case, once missing
edges are identi�ed, by means of a subsequent addition of new points at the middle
of those edges garantees the generation of a Delaunay triangulation. The elements
obtained in this way are now subdivided into two types: internal and external to the
domain; internal triangles are now again splitted in accepted to indicate the ones having
the required size and all the others as non accepted. If a non accepted triangle has at
least one accepted or external triangles as neighbour, is marked as active; all the non
accepted triangles not active are waiting. Active elements are the �rst being treated
by the algorithm.
The mesh generated so far is coarse and not completed yet: point addintion is neces-
sary. Rebay proposed to insert points along the Voronoi segment crossing the edge,
shared with an acccepted or external triangle, of the active triangle with the largest
circumscribed circle. In Fig. 2.3, C2C1 is the Voronoi segment.
Due to the circumcirlce property of the Delaunay triangolation point's insertion takes
place in the coarsest part of the mesh. The position of the new point X is choosen
so that the triangle PXQ (see Fig. 2.3) is as close as possible to the prescribed size
which also correspond to a desired circumscribed circle radius ρd. Ideally X is found
as the intersection between the circle passing through points P and Q with radius ρd.
However there are two possible problems: the previously described circle can be not
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Figure 2.3: Point isertion: PSQ is the active triangle.
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2.1. DELAUNAY TRIANGULATION AND BOWYER-WATSON ALGORITHM

appropiate and, moreover, the point X lies iside the active triangle only if the circle
has a radius lower then the one (Γ) passing through P , Q and C2. The equation of
circle Γ, according to Fig. 2.3, is:

x2 +

(
y +

q2 − p2

2p

)2

=

(
q2 + p2

2p

)2

(2.1)

From eq. (2.1) is now possible to set:

ρ ≤ q2 + p2

2p
(2.2)

Finally, in order to avoid the problems shown above, the radius ρ of the circle required,
to �nd the position of X, is :

ρ = min

(
max(ρd, q),

q2 + p2

2p

)
(2.3)

The position of X is:
X = O + l ê (2.4)

Where O is the intersection between the Voronoi segment and PQ, ê is a versor de�ned
as:

ê =
x− o
|x− o|

(2.5)

and l is:
l = ρ+

√
ρ− q (2.6)

The Bowyer-Watson algorithm deletes the active triangle since point X is iside it; it is
important to higlight the fact that the triangle PXQ is not necessarily among the new
triangles. Anyway the new triangolation will contains the edges PX and QX which is
a key point since Delaunay triangolation generates triangles as equilateral as possible.
The next step is the classi�cation of the new triangles according to the subdivision
shown at the beginning of this paragraph; updating the status of the old triangles
sharing at least an edge with the new trianges is also required.
The aim of this operation is to identify accepted and non accepted triangles since, by
construction, all triangles are internal to the domain: to do so a new parameter γ is
emipirically choose and it is compered to the desire radius ρd. If

ρd
ρ
< γ (2.7)

then the triangle is marked as accepted, otherwise is a non accepted triangle. Rebay
chose γ = 1.5. In Fig. 2.4 two succesive steps of the mesh generation are shown: in the
upper one an initial conforming mesh, in the sense previuosly described, is generated;
in this case all the triangles, which are of internal type since they are iside the domain,
are marked as active (A in the �gure). In the subsequent step the Bowyer-Watson
algrithm is applied, new points and so, new triangles are added and they are marked
as active (A), waiting (W) or accepted (D).
The di�erent operations for the developement of the mesh can be expressed as:
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Figure 2.4: Two steps of the mesh generation. Image is taken from [4].
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1. Generate a boundary conformal mesh containing all the points belonging to the
boundary through the use of the Bowyer-Watson algorithm.

2. Recover points that are eventually missed in the previous step.

3. Characterize the types of the elements: mark triangle as internal and external,
then split internal triangles into accepted or non accepted and, �nally, non ac-
cepted triangles into active or waiting.

4. Make a list of the active triangle starting from the one having the greatest radius
to the one having the lower one.

5. Starting from the �rst of the list, add a point through the insertion method based
on Voronoi segment criterion.

6. Create new trianglolation with the Bouwyer-Watson algorithm.

7. Check the radii of the new triangles according to the de�nition of δ and indentify
the accepted and non accepted elements among the new triangles and the latter
into active or waiting.

8. Split the non accepted triangles adjacent to the new ones into active or waiting.

2.2 Structured mesh

UhMesh is able to generate hybrid meshes. This section shows how the structured part
of the mesh is developed and what are the parameters the user can change in order to
obtain the desired result.
Quadrilateral elements are added via an advancing front method whose characteristics
are discussed in the following according to what proposed in [3]. Starting from the
coordinates of the boundary an interpolat univariate spline is computed in order to get
the curvilinear abscissae of the points which constitute the �rst layer of the advancing
front: through this approach the number of obtained points is, in general, lower then
the number of points used for the description of the boundary's geometry. However, it
is also possible to develop the mesh using all the points of the initial geometry given
by the user.
UhMesh gives the possibility of imposing some parameters relative to the metric on
some points belonging to the boundary; for example, among that parameters there
is the base lenght of the �rst layer's quadrilater elements, which is nothing but the
distance between two successive points. The spline, thanks to speci�c constraints,
can be forced to pass through a selected set of n̄ points choosen by the user, who
speci�es their curvilinear abscissae: by doing so cenrtain points of the advancing front
are imposed and, also, some portions of the boundary can be more re�ned then others
in order to get a better matching of the geometrical shape.
The �rst layer's height h, de�ned on each point, is one of the parameter of the structured
part of the mesh: this scalar quantity can be speci�ed for the set of choosen points,
while for all the others an interpolation scheme is used. There are three di�erent
possible interpolation scheme:
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1. Linear

hj = h0 +
sj − s0

si − s0

(hi − h0) { ∀ j ‖ s0 ≤ sj ≤ si } (2.8)

2. Geometrical

hj = h0

(
hi
h0

) sj−s0
si−s0

{ ∀ j ‖ s0 ≤ sj ≤ si } (2.9)

3. Sinusoidal

hj =
hi + h0

2
− hi − h0

2
cos

(
π(sj − s0)

si − s0

)
{ ∀ j ‖ s0 ≤ sj ≤ si } (2.10)

Where sj with {j = 1, ..., n̄} is the curvilinear abscissa of the jth-point which lies
between s0 and si. h0 and hi are the heights' values piked by the user.
The height is de�ned with continuity on all the points on the starting layer: however
it is also a function of the layer itself, i.e. the height is updated on each new layer
according to the following propagation law:

hj,m = hj,0 (1 + δ)m (2.11)

Where hj,m with {m = 0, ..., nlayers} is the height of the jth-point on the mth-layer
while hj,0 is the height of the jth-point on the initial layer (which adheres to the
boundary) coming from eqs. (2.8), (2.9) or (2.10). The real number δ is a degree of
freedom available to the user.

Advancing front

Once the discratization of the starting layer is developed according to the above men-
tioned approach and the metric's characteristics are imposed, all the points are simul-
taneously moved upwards: from this shifting procedure comes the idea of advancing
front.
The motion of the points occurs along the direction of n̂mean which is a unit vector
computed as the mean of the two adjacent panels' normals (see Fig. 2.6):

n̂mean =
1

2

n̂j+ 1
2

+ n̂j− 1
2

|n̂j+ 1
2

+ n̂j− 1
2
|

(2.12)

The coordinates of the point j inside the computational domain are:

xj,m = xj,m−1 + hj,m n̂mean (2.13)

With {m = 1, ..., nlayers}; xj,0 is the vector of the jth-staring point's position and it
is known ∀j with {j = 1, ..., n}.
When dealing with convex surfaces the advancing front procedure could bring to an
increase of the distance between two adjacent points as the layer moves on: uhMesh
is caple of menage such situation by a continous check between the actual distance
of two points and a maximum length, Lmax

j+ 1
2

, which is a speci�c characteristic of that

panel and depends also on the layer it belongs to. To do so, a reference length, Lref
j+ 1

2

,

is de�ned according to three possible choices that are all functions of the base length
of the element j + 1

2
:
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j
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Figure 2.5: Point motion from the layer (m− 1) to the mth-layer.
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Figure 2.6: Maximum (eq. (2.17)) and reference length (eq. 2.14) referred to the panel j + 1
2 .

1.

Lref
j+ 1

2

= Lj+ 1
2

with j = 0, ..., n− 1 (2.14)

2.

Lref
j+ 1

2

=
Lj+ 3

2
+ Lj+ 1

2
+ Lj− 1

2

3
with j = 0, ..., n− 1 (2.15)

3.

Lref
j+ 1

2

=

n−1∑
j=0

Lj+ 1
2

n− 1
with j = 0, ..., n− 1 (2.16)

Lmax
j+ 1

2
,m

is computed making use of the reference length according, again, to three

di�erent modes selected by the user:

1.

Lmax
j+ 1

2
,m

= Lref
j+ 1

2

ω with j = 0, ..., n− 1 (2.17)
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2.
Lmax
j+ 1

2
,m

= Lref
j+ 1

2

(1 + ω)m with j = 0, ..., n− 1 (2.18)

3.

Lmax
j+ 1

2
,m

= Lref
j+ 1

2

(
1 + (ω − 1)

(
m

nlayers

))
with j = 0, ..., n− 1 (2.19)

Where m = 1, ..., nlayers and ω is a parameter that can be modi�ed according to the
user's will.
When the actual length Lj+ 1

2
of a generic panel, at a speci�c layer m, overcomes its

maximum value Lmax
j+ 1

2
,m
, uhMesh adds a point as shwon later on.

Point addition

The addition of a point on the mth-layer occurs when the condition Lj+ 1
2
> Lmax

j+ 1
2
,m

is satis�ed. Following Fig. 2.7, the procedure starts computing an angle α as α =
min(θj ,θj+1)

2
and then a unit vector ν̂ along the line connecting the two adjacent point

(in this case j + 1 and j): ν̂ is rotated of the angle α so that the new point is put
"outside" the actual layer:

ν̂ =
xj+1 + xj
|xj+1 + xj|

(2.20)

Applying the rotation, which is positive if it is counter-clockwise:

ν̂ =

[
cos(α) sin(α)
− sin(α) cos(α)

] [
ν1

ν2

]
(2.21)

Making use of the Pythagorean theorem the position vector νnew of the new point is
computed with respect to the jth-point:

νnew =
Lj+ 1

1

2 cosα
ν̂ (2.22)

and �nally, taking into account the global reference system of the domain:

xnew = xj + νnew (2.23)

This approach changes the topology: the new point generates an element with �ve
edges: In order to have always quadrilater or triangular elements uhMesh applies a
change in the connectivity between points belonging to the previous layer and the
ones lying on the actual one. In this way, as reported in Fig. 2.8, three triangular
elements are added. This problem arises also on the �rst layer of the advancing front
in a particular situation, i.e. when dealing with very sharped boundary. Fig. 2.9
rapresents the above mentioned situation: the value of Lj+ 1

2
is subjected to a large

increse when passing from the starting layer to the �rst one.
The parameter that drives this approach is the angle (θ in Fig. 2.9) generated at the
tip of the sharped boundary: when 13π

18
< θ < π

3
two triangular elements are added,

which is equivalent to the introduction of two points; on the other side, for θ < π
3
four

points are inserted, whereby four triangles are built.
In the �rst case the two points are added along the outward normals to the two

adjacent panels, n̂j+ 1
2
and n̂j− 1

2
.
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jj + 1

θj+1 θj

Lj+ 1
2

jj + 1

θj

Lj+ 1
2

L
j+1

1

2 cosα

jj + 1

Figure 2.7: Point addition at mth-layer. In this case α ≡ θj .

j + 1 j

m− 1

m

Figure 2.8: Mesh topology arrangement after point insertion (dashed lines).
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j

θ

Lj+ 1
2

Figure 2.9: Sharped boundary.

j

θ

j

θ

Figure 2.10: Two di�erent tratments of sharped boundary. The �rst is the case 13π
18 < θ < π

3 , while
in the second one θ < π

3 .
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Lj+ 1
2

Lj+ 3
2

Lj− 1
2

Figure 2.11: Swop of the nodes' order afer moving on a new layer.

� �rst point
xnew = xj + hj,0 n̂j− 1

2
(2.24)

� second point
xnew = xj + hj,0 n̂j+ 1

2
(2.25)

Regarding the second case, points are distributed along di�erent directions de�ned by
fractions the angle α between the two outwards normals of the adjacent panels, i.e.
α = arccos(n̂j+ 1

2
· n̂j− 1

2
). In particular, the �rst point follows the direction of n̂j− 1

2
,

the unit vector is rotated of an angle equal to 0.25 α to get n̂0.25α and so on.

� �rst point
xnew = xj + hj,0 n̂j− 1

2
(2.26)

� second point
xnew = xj + hj,0 n̂0.25α (2.27)

� third point
xnew = xj + hj,0 n̂0.75α (2.28)

� fourth point
xnew = xj + hj,0 n̂j+ 1

2
(2.29)

Point deletion

The advancing front procedure, in case of concave bondaries, can led to a condition
where the directions along which points move, cross each other, swopping the order
of the nodes on the new layer. Such situation is pictured in �g. 2.11. To avoid this
possibility uhMesh computes the jth-point's height hj,cond required so that the length of
the panel associated to that point goes to zero (this means that such element becomes
a triangle). In particular, given a point j, the two adjacent panels are considered and
the length used for this operation is the lowest of them, i.e. l = min(Lj+ 1

2
, Lj− 1

2
). The

height is calculated, with reference to �g. 2.12, as:

hj,cond =
2 l cos θ

2√
2(1− cos θ)

(2.30)
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Lj+ 1
2
≡ l

Lj− 1
2

θ
j

hj,cond

hj,m

Figure 2.12: Swop of the nodes' order afer moving on a new layer.

If hj,cond < hj,m then the two points are condensed into a single point on the new layer.
Sometimes even the panel not considered into the previous computation collapses, as
it reaches a zero length at a height lower then hj,m: for this reason, if two points
are merged together on the following layer, hj,cond is again computed using the largest
length and a new check is made also on the other panel. If also the second panel
collapses, a three points merger is performed.
The position vector of the point inserted during the condensation is computed through
the mean of the position vectors of the points that, on the new layer, will collapse:

� Two points condensation

xnew =
xj + xj+1

2
(2.31)

� Three points condensation

xnew =
xj−1 + xj + xj+1

3
(2.32)

2.3 Hybrid mesh

The mesh generation follows two subsequent setps:

1. Advancing front procedure on the required boundaries is performed.

2. The Bowyer-Watson algorithm is used for the generation of the Delaunay trian-
gulation, starting from the imposed boundary points.

Concerning the second step, it's important to underline the fact that there are two
kind of boundaries: those on which the structured mesh in not required, so the user
can select the distribution of boundary points in the same way as the one explained
at the beginning of §2.2. The second type is related to the structured parts: on such
boundaries, advancing front is performed and its last layer is the contour whose points
are those used at the initial step of the Bowyer-Watson algorithm: those points can
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Lj+ 1
2

Lj− 1
2

j

m

Lj+ 1
2

Lj− 1
2

j

m

Lj+ 1
2

Lj− 1
2

j

m

Lj+ 1
2

Lj− 1
2

j

m

Figure 2.13: The two di�erent cases in which condensation takes place on the layer m + 1: in the
�rst image, two points are merged, in the second one three points become one.
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not be controlled by the user because they come directly from the structured part of
the program. The Bowyer-Watson algorithm builds an initial mesh containing all the
points belonging to the two di�erent types of boundaries descussed above.
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Chapter 3

Conservative ALE scheme for a scalar

quantity

In this chapter a one dimensional conservative ALE scheme is described with the pur-
pose of showing how a scalar quantity can be transferred, in a conservative manner,
from one layer of the structured mesh to the following one.
Even if the mesh is actually developed on a two dimensional computational domain,
the scheme is built on a layer which can be seen as a one dimensional domain: the
new layer is interpreted as a continuos time evolution of the current layer and for this
reason it is referred to as the advancing front; this allows us to introduce a �ctitious
time called from now on τ ; as this time evolves, the layer is subjected to a deformation
and so the new layer is the result of the motion of the previous layer after a certain
amount of time ∆τ . The advancing front is read as a continous (in time) motion of
a 1D domain; during such movement the size of the panels used for the domain's dis-
cretization can change (see �g. 3.1). Consequently addressing the problem requires to
deal with a moving mesh and therefore, to develop an Arbitrary Lagrangin-Eulerian
scheme which is described in the �rst section of this chapter.
In §3.2 the governing equation is derived and it is speci�ed for the study case; §3.3 de-
scrbes the spatial discretization of the equation, while § 3.4 provides the time discretiza-
tion. In §3.5 the interface velocity consistency condition, associated to the discretized
GCL of this problem, is found. The scheme is extended to the case of mesh with topo-
logical changes §3.6. Moreover in §3.7 �ve di�erent numerical tests are performed for
the validation of the implemented scheme.

3.1 Arbitrary Lagrangian-Eulerian description

Arbitrary Lagrangian-Eulerian methods were �rst introduced among others, by Noh
(1964), Hirt et all. (1974) for solving �uid dynamics and, later on, for �uid-structure
interaction problems.
The ALE formulation requires the de�nition of what is called reference domain, Ωξ
characterized by the ξ coordinates. The initial grid con�guration is taken as the ref-
erence domain and a mapping, ψ, from Ωξ to the actual grid domain Ωx is intoduced
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x

τ

Figure 3.1: 1D moving mesh

(see �g. 3.2); a suitable de�nition of ψ is ([25]):

ψ : Ωξ × R+ −→ Ωx × R+

(ξ, τ) 7−→ ψ(ξ, τ) = (x, τ) (3.1)

One of the main advantage of using a reference domain is that it does not change with
τ , so, through the mapping ψ, it is theoretically always possible to move from the
actual grid con�guration, which is a function of τ , to Ωξ which is not.
Following [29]), the gradient of ψ is:

∂ψ

∂(ξ, τ)
=

 ∂x
∂ξ

v

0T 1

 (3.2)

Where 0T is a row vector and v, which is called the mesh velocity, is de�ned as:

v =
∂x(ξ, τ)

∂τ
(3.3)

The mesh velocity describes how the grid, whose points are de�ned by the x coordi-
nates, moves as τ changes.
∂x
∂ξ

is the Jacobian J(ξ, τ) of the mapping; in particular det(J) must be strictly greater

than 0 so that the inverse transformation can be performed, i.e. (ξ, τ) = ψ−1(x, τ): in
this way, at each τ , is possible to refer the actual con�guration of the domain to the
reference one.
It is now intresting to see what happens to the derivative of a generic scalar quantity
de�ned on the time-independent reference domain Ωξ:

∂Φ(ξ, τ)

∂(ξ, τ)
=
∂φ(x, τ)

∂(x, τ)

∂ψ

∂(ξ, τ)
(3.4)

Eq. (3.4), using a matrix notation and eq. (3.2), becomes:

[
∂Φ(ξ,τ)
∂ξ

∂Φ(ξ,τ)
∂τ

]
=
[
∂φ(x,τ)
∂x

∂φ(x,τ)
∂τ

] ∂x
∂ξ

v

0T 1

 (3.5)
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Ωξ Ωx

ψ(ξ, τ)
ξ x

Figure 3.2: The mapping ψ allows to move from the reference domain Ωξ, which stays the same ∀τ ,
and the moving frame Ωx that changes as τ evolves.

Considering only the �ctitious time derivative, eq. (3.5) reduces to:

∂Φ(ξ, τ)

∂τ
=
∂φ(x, τ)

∂τ
+ v · ∇φ(x, τ) (3.6)

The latter eq. (3.6) states that a variation of a physical quantity on Ωξ can be written
as the sum of a local variation term plus a convective term taking into account the
motion of the grid.

3.2 Governing equation

The governing equation on a control volume C, describing the conservation of a physical
scalar quantity φ : Ω×R+ −→ R, in the most general case of a three dimensional space,
is: ∫

C

∂φ

∂τ
dx+

∮
∂C

F (φ) · n̂ dl = 0 ∀C ⊆ Ω (3.7)

where x ∈ Ω ⊆ R3 which is the position vector, τ ∈ R+ is the �ctitious time, F (φ) is
called the �ux function and n̂ is the unit vector normal to the surface ∂C.
In the case of an ALE formulation the domain on which integrals are computed is a
function of time: the control volume C(τ) moves with a grid velocity v. From this
consideration follows the necessity of computing d

dτ

∫
Cx(τ)

φ(x, τ) dx. The application
of the Reynolds transport theorem provides:

d

dτ

∫
Cx(τ)

φ(x, τ) dx =
d

dτ

∫
Cξ

J(ξ, τ) Φ(ξ, τ) dξ; (3.8)

in eq. (3.8) a mapping ψ has been de�ned in the same way of eq. (3.1) and J(ξ, τ) is
the Jacobian of such mapping whose characteristics are shown §3.1. Being said this, it
is now possible to de�ne two relations appearing in eq. (3.8): Φ(ξ, τ) = φ(x(ξ, τ), τ)
and dx = J(ξ, τ) dξ. A key point of eq. 3.8 is that the application of the Reynolds
transport theorem allows to move from a moving control volume Cx(τ) to the reference
time-�xed control volume Cξ.
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Since Cξ is not a function of τ , the derivative commutes with the integration over the
reference domain, obtaining:

d

dτ

∫
Cξ

J(ξ, τ) Φ(ξ, τ) dξ =

∫
Cξ

∂

∂τ
(J Φ) dξ (3.9)

Where in the last integral the dependencies have been neglected for brevity. Following
[25] :

∂J

∂τ
= J∇ · v (3.10)

Where v is the one de�ned in eq. 3.3 and ∇ is the gradient computed on Cx. Taking
into account eq. (3.6) and eq. 3.10 one gets:

∂

∂τ
(J Φ) = J φ ∇ · v + J

∂φ

∂τ
+ J v · ∇φ (3.11)

Substituting eq. (3.11) into eq. (3.7), considering that ξ = J−1 x (which is always
possible thanks to the Jacobian's properties of the mapping ψ) one has:

d

dτ

∫
Cx(τ)

φ dx =

∫
Cx(τ)

(
∂φ

∂τ
+∇ · (φ v)

)
dx (3.12)

Finally, the governing equation in the ALE framework, on any arbitrary control volume
C(τ), can be written as follows:∫

C(τ)

∂φ

∂τ
dx+

∮
∂C(τ)

(F (φ)− v φ) · n̂ dl = 0, ∀C(τ) ⊆ Ω(τ) (3.13)

The above relation simpli�es for a uniform distribution, i.e. φ(x, τ) = φ̄, where φ̄ is
constant. From eq. (3.12), substituting φ = φ̄;

φ̄
d

dτ

∫
Cx(τ)

dx =

∫
Cx(τ) �

�
�∂φ̄

∂τ
dx+ φ̄

∮
∂Cx(τ)

v · n̂ dl

d

dτ

∫
Cx(τ)

dx =

∮
∂Cx(τ)

v · n̂ dl (3.14)

Eq. (3.14) is referred to as Geometric Conservation Law since it has the same form of
eq. (3.7). In particular the GCL can be seen as a constraint that the motion of the
control volume must comply with during the movement in order to be able to solve
exactly uniform ditributions ([30], [31]).

3.2.1 Geometric conservation law

The concept of GCL was �rst introduce by Trulio et al. [32] and by Thomas at al.
later on [33].
The implications, limits and the real signi�cance of the GCL have been widly inves-
tigated during past years by di�erent authors, among them Formaggia and Nobile in
1999, Guillard and Farhat. in 2000 and 1996. Guilliard and Farhat in [34] have shown
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that, at least, a �rst order time accuracy is achived if a �nite volume based scheme ful-
�lls the GCL; Shyy et al. in [35] prooved that if the GCL is not enforced by a particular
numerical scheme, O(1) errors, only due to the grid motion, may arise. Nevertheless
is generally accpeted that enforcing the GCL brings to an increase in the stability and
the accuracy of the method: for this reason, in this work, di�erent tests are performed
to check the ability of the method to solve exactly a uniform distribution of the scalar
quantity φ; since the GCL must be satis�ed by all the schemes characterized by grid's
movement also the new scheme proposed in the next section will be tested to see if it
is able to match a uniform distribution of ice on a generic surface.

3.2.2 The study case

In the case of a 1D problem, eq. 3.13 becomes:∫
C(τ)

∂φ

∂τ
dx+

∮
∂C(τ)

(F (φ)− v φ) · n̂ dl = 0, ∀C(τ) ⊆ Ω(τ) (3.15)

where x ∈ Ω ⊆ R; in the case here studied the �uxes F (φ) have a zero value: the reason
is that the aim of this work is to move a �xed imposed scalar quantity from one layer of
the structured mesh to the another one; such �xed quantity behaves as if particles it is
made of, do not move inside the control volume C(τ). In order to clarify it is possible
to substitute φ in eq. 3.15 with ρ, which is the density: the �uxes associated to such
a quantity can be expressed as F (ρ) = ρu where u is the �uid velocity. These �uxes
can be thought as the amount of material going through the boundary ∂Cx(τ) due to
the velocity of the �uid: in the situation here considered, there is no �uid velocity and
φ is transported in a conservative manner in order to preserve the same shape layer
by layer; maintaining the initially imposed value of φ means deleting all the �uxes
appearing as F (φ) in eq. 3.15. However, it is necessary to take into account another
kind of �uxes which arise as the grid moves: they appear as −(v φ) in eq. 3.15. When
dealing with moving domain, the e�ect is similar to the one described for the density
in terms of F (ρ) but with a di�erent physical interpretation: indeed the �ow through
C(τ) is not due to the �uid velocity but to the motion of the boundary ∂C(τ) whose
velocity is v.
Finally eq. 3.15 becomes:∫

C(τ)

∂φ

∂τ
dx+

∮
∂C(τ)

(− φ v) · n̂ dl = 0, ∀C(τ) ⊆ Ω(τ) (3.16)

For what concerns the GCL, proceding in the same way as for eq. 3.14, in a one
dimensional domain, one obtains:

d

dτ

∫
Cx(τ)

dx =

∮
∂Cx(τ)

v · n̂ dl (3.17)

3.3 Discrete problem

Assuming a mesh whose topology does not change, a discretization of eq. (3.16) is
provided from reference [25]. To do this the computational domain Ω(τ) is divided
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into non ovelapping regions, Cj(τ), with boundaries ∂Cj(τ), so that ∪jCj(τ) ≡ Ω(τ).
A panel-centered �nite volume scheme is considered here, where the jth-panel is deter-
minated by a couple of points, speci�cally node j − 1

2
and j + 1

2
. The choice of this

kind of scheme is due to fact that the scalar φ is imposed and known on panels: for
this reason is more convenient to develop a scheme centered on grid elements where all
data are available.
For each panel j, eq. 3.16 reads:

d (Lj Φj)

dτ
+

∮
∂Cj(τ)

(− φ v) · n̂j dl = 0 ∀j ∈ K (3.18)

Where:

Lj =

∫
Cj(τ)

dx and Φj =
1

Lj

∫
Cj(τ)

φ(x, τ) dx,

K is the set made of all the panels belonging to the discretized domain, n̂j is the
outward normal with respect to the jth-panel's interface; Lj is the length of the jth-
panel computed along the direction de�ned by the normal unit vectors n̂j (see �g. 3.3)
and Φj, assumed to be constant on each panel, is the value of the unknown on that
panel.
The term associated to the �uxes appearing in eq. (3.18) are rewritten so that two
parts, internal and boundary contributes, appear ( dx and dl are, from now on, omitted
for brevity):

d (Lj Φj)

dτ
+
∑
k∈Kj

∫
∂Cjk(τ)

(− φ v) · n̂j +

∫
∂Cj(τ)∩∂Ω(τ)

(− φ v) · n̂j = 0 (3.19)

Kj is the set of elements adjacent to the jth-panel and ∂Cj(τ)∩∂Ω(τ) is the boundary
term which, generally speaking, can be di�erent from zero if the above mentioned
panel is not adjacent to another one, i.e. it is a boundary element. In the case
here analyzed there are two di�erent possibilities: the �rst one refers to a close set
of elements, which means no boundary panels are part of the computational domain
and so ∂Cj(τ) ∩ ∂Ω(τ) ≡ ∅ ∀ j, the second one occurs when not delaing with closed
boundary, i.e. ∂Cj(τ) ∩ ∂Ω(τ) 6= ∅ since the �rst and the last panels are boundary
elements.
A suitable numerical scheme for the integration of the �ux term can be a centered
approximation which is found to be second order accurate ([36]):∫

∂Cjk(τ)

(− φ v) · n̂j ≈ −
Φj + Φk

2
νjk

= −Ψ(Φj,Φk, νik),

(3.20)

where νjk is referred to as interface velocity and it is de�ned as:

νjk =

∫
∂Cjk(τ)

v · n̂j. (3.21)

The boundary part of the �uxes becomes:∫
∂Cj(τ)∩∂Ω(τ)

(− φ v) · n̂j ≈ −Φj νj

= −Ψ∂(Φj, νj),

(3.22)
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where the interface velocity of the boundary part of the jth-panel is:

νj =

∫
∂Cj(τ)∩∂Ω(τ)

v · n̂j. (3.23)

A second order scheme can induced spurious oscillations close to discountinuities (see
[36]) in the distribution of φ: in order to be able to tranfer a quantity on a new layer,
as close as possible to the imposed distribution, such a behaviour should be avoided; a
�rst order-upwind due to Roe is used ([37]):∫

∂Cjk(τ)

(− φ v) · n̂j ≈ −
Φj + Φk

2
νjk −

|νjk|
2

(Φk − Φj)

= −Ψr(Φj,Φk, νjk),

(3.24)

for the boundary term, one obtains:∫
∂Cj(τ)∩∂Ω(τ)

(− φ v) · n̂j ≈ −Φj νj + |νj| Φj

= −Ψ∂
r (Φj, νj).

(3.25)

As previously shown for the �uxes, also the GCL condition can be split into internal
and external contributions. Eq. (3.17) becomes:

dLj
dτ

=
∑
k∈Kj

∫
∂Cjk(τ)

v · n̂j +

∫
∂Cj(τ)∩∂Ω(τ)

v · n̂j

which can be rewritten, unsing the notation arleady explained, as:

dLj
dτ

=
∑
k∈Kj

νjk + νj (3.26)

Following [25], is possible to split the time derivative into an internal and a boundary
contributes, i.e.:

νjk =
dLjk
dτ

and νj =
dLj,∂
dτ

. (3.27)

The idea is to think to the panel's length variation as given by two contributes due to
the motion of interfaces ∂Cjk(τ) and, if present, ∂Cj(τ) ∩ ∂Ω(τ) (only for open bound-
aries). This choice allows to satisfy the GCL but it is not the only possibility: there are
dim(Kj) − 1 parameter family of interface velocities satisying eq. 3.26, however just
one of them comes from the succession of di�erent geometry con�gurations consisting,
at each step, of the same points. In this work, dim(Kj) = 2 and, so dim(Kj)− 1 = 1.
The complete ODE system, without topological changes in the grid, is:

d (LjΦj)

dτ
−
∑
k∈Kj

Ψr(Φj,Φk, νjk)−Ψr(Φj, νj) = 0 j ∈ K

dLjk
dτ

= νjk k ∈ Kj
dLj,∂
dτ

= νj j ∈ K∂

(3.28)
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Where K is the set of all panels belonging to the computational domain Ω(τ), Kj is the
set of elements bordering the jth-panel and, �nally, K∂ refers to panels on the layer's
boundary.
In eq. 3.28 there are N unknowns, where N = dim K, the �uxes are computed on Nf

interfaces, where Nf = 1
2
dim Kj; on the other side, boundary �uxes are calculated N∂

times, where N∂ is the number of boundary panels (in a 1D problem, if it is the case,
N∂ = 2). The number of imposed interface velocity conditions is Nf +N∂.

3.4 Time discratization

A time discretization of eq. (3.28) is now performed according to the Backward Dif-
ference Formula (BDF).
The p+ 1 approximation order, making use of the BDF, can be written as:

dy

dτ
≈ 1

∆τ

p∑
q=−1

aqy
n−q or as

dy

dτ
≈ 1

∆τ

p−1∑
q=−1

αq∆y
n−q (3.29)

where the second one is the BDF expressed in an incremental fashion, ∆y = yn− yn−1

and aq are the BDF's coe�cients, i.e. αq =

q∑
d=−1

ad, for which the condition

p∑
q=−1

aq = 0

holds.
The ODE system becomes, assuming y = LΦ:

p∑
q=−1

aqL
n−q
j Φn−q

j = ∆τ

∑
k∈Kj

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j ∈ K (3.30)

In the above system all the quantities at time level n are known; concerning the grid-
dependent quantities, it is possible to compute them at the time level n + 1 through
the position of the grid's nodes at the actual time step. Not surprisingly, the equations
and so the matrix coming from them, are not function of τ ; this aspect is due to the
fact that there is not a real physical time but τ is just a device use for deriving the
equations.
The �rst equation in system 3.30 is linear for the unknown Φj at the time step n + 1
so the problem reduces to the inversion of a matrix A which is necessary to solve the
linear system A Φ = b. In this work p = 0 has been chosen: from this de�nition using
what previously stated a0 = −1 and a1 = 1; with these considerations it is now possible
to de�ne the matrix A and the known term b. In a 1D problem, each element is in
touch with two panels (if it is not on the boundary of the domain): the previous panel
is the (j−1)th (so k = j−1), in the same way, for the next panel one gets k = j+1: for
this reason the matrix A is a tridiagonal matrix except for closed boundary problem.
Assuming j 6= 1 and j 6= dim K, A is:

Aj,j = Ln+1
j −

∑
k=j−1,j+1

νn+1
jk −

∣∣νn+1
jk

∣∣
2

Aj,k = −νn+1
jk +|νn+1

jk |
2

if k = j + 1

Aj,k = −νn+1
jk +|νn+1

jk |
2

ifk = j − 1.

(3.31)
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When j = 1 the matrix's �rst row changes according to the fact that the problem is
characterized by opened or closed boundaries; in the �rst case:A1,1 = Ln+1

1 − νn+1
1k −|νn+1

1k |
2

− νn+1
1 +

∣∣νn+1
1

∣∣ with k = 2

A1,2 = −νn+1
1k +|νn+1

1k |
2

(3.32)

for a closed boundary, the �rst row becomes, knowing that the �rst panel (j = 1) and
the last one (j = dim K) panel are adjacent:

A1,1 = Ln+1
1 −

∑
k=dim K,2

νn+1
1k −

∣∣νn+1
1k

∣∣
2

A1,2 = −νn+1
1k +|νn+1

1k |
2

with k = 2

A1,dim K = −νn+1
1k +|νn+1

1k |
2

with k = dim K.

(3.33)

for what concerns the last row, i.e. k = dim K the last row ofA, for an open boundary
is:Adim K,dim K = Ln+1

dim K −
νn+1
dim Kk−|νn+1

dim Kk|
2

− νn+1
dim K +

∣∣νn+1
dim K

∣∣ with k = dim K − 1

Adim K,dim K−1 = −νn+1
dim Kk+|νn+1

dim Kk|
2

(3.34)
while for the second case, one gets:

Adim K,dim K = Ln+1
dim K −

∑
k=1,dim K−1

νn+1
dim Kk −

∣∣νn+1
dim Kk

∣∣
2

Adim K,1 = −νn+1
dim Kk−|νn+1

dim Kk|
2

with k = 1

Adim K,dim K−1 = −νn+1
dim Kk−|νn+1

dim Kk|
2

with k = dim K − 1

(3.35)
In the latter case of closed boundary, the matrix is not tridiagonal and a LU-

factorization is performed in order to invert matrix A.
The known term b is:

bj = Lnj Φn
j (3.36)

3.5 The DGCL and IVC

The GCL is now discratized in the same way of the governing equation, i.e. using the
BDF in the incremental fashion:

p−1∑
q=−1

αq
∆Ln−qj

∆τ
= νj +

∑
k∈Kj

νjk. (3.37)

Eq. (3.37) is usually referred to as Discrete Geometric Conservation Law (DGCL).
Proceeding in the same way as before, taking p = 0, the complete discretization of eq.
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jn

jn+1

xnji xnjk

xn+1
jk

xn+1
ji

α

Figure 3.3: Evaluation of the length variation along the unit vector direction.

3.28 reads:
(
Ln+1
j Φn+1

j − Lnj Φn
j

)
= ∆τ

∑
k∈Kj

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j ∈ K

∆Ln+1
jk = ∆τ νn+1

jk k ∈ Kj

∆Ln+1
j,∂ = ∆τ νn+1

j j ∈ K∂

(3.38)

3.5.1 Interface velocity consistency condition

Taking as reference �g. 3.3 one can compute the actual length variation, along the
direction de�ned by the unit vectors, through the evaluation of the angle α between
panels jn and jn+1: cos(α) =

(xn+1
jk − x

n+1
ji ) · (xnjk − xnji)∣∣xn+1

jk − x
n+1
ji

∣∣ ∣∣xnjk − xnji∣∣
∆Ln+1

j = Ln+1
j cos(α)− Lnj

(3.39)

where ∆Ln+1
j is the length variation which can be splitted into two contributes related

to both the interfaces: ∆Ln+1
j = ∆Ln+1

jk + ∆Ln+1
ji .

The GCL can be expressed as:

∆Ljk =

∫ τn+1

τn

∮
∂Cjk(τ)

v · n̂j; (3.40)

∆Ljk is the variation of the jth-panel's length due to the motion of the panel interface
∂Cjk along the normal unit vector n̂jk: this means that the length variation to be
taken into account is the one along the direction de�ned by n̂jk (which is the same
∀τ ∈ ∆τ); noticing that the nodes' displacement is imposed and that it depends on the
way the grid moves, the interface displacement in ∆τ = τn+1 − τn can be computed
as, assuming that the velocity of the interface vjk is constant in time:

∆Ln+1
jk = vjk · n̂n+1

jk ∆τ, (3.41)
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n̂njk

n̂n+1
jk

xnjk

xn+1
jk

j

k

i

(a) Internal element.

xnj

xn+1
j

j

n̂nj

n̂n+1
j

i

(b) Boundary element.

Figure 3.4: De�nition of the normals n̂jk to the interface ∂Cjk (or ∂Cj)at τ = τn and τ = τn+1;
the node de�ned by the position vector xjk

n (or xj
n) is supposed to move at constant

speed during the time interval ∆τ , i.e. xjk
n+1 = xjk

n + vjk (τn+1 + τn). Moreover the
set Kj is made of kth and ith-panel for image (a), while for the other one i ∈ Kj .

since the problem here analyzed is 1D, the unit normal vector does not change its
direction during the time interval ∆τ and for this reason, in eq. 3.41, istead of n̂n+1

jk ,

n̂njk can be also used. In particular xn+1
jk = xnjk +vjk ∆τ and so eq. 3.41 for an internal

panel becomes:

∆Ln+1
jk = (xn+1

jk − x
n
jk) · n̂n+1

jk (3.42)

For what concerns a boundary element, the interface velocity consistency is the
same as the previous equation:

∆Ln+1
j,∂ = (xn+1

j − xnj ) · n̂n+1
j . (3.43)

With reference to �g. 3.4 is useful to highlight the fact that there is a strong relation
between n̂jk and n̂ji, indeed:

n̂n+1
ji = −n̂n+1

jk

n̂nji = −n̂njk (3.44)
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and

n̂n+1
ji = −n̂n+1

j

n̂nji = −n̂nj . (3.45)

3.6 Extension to mesh with variable topology

In the previous section a 1D ALE scheme has been developed; to ensure the conserva-
tivity of such a scheme, GCL condition must be veri�ed; for this reason, IVC conditions
were added to the governing equation so that DGCL (the discrete counterpart of the
GCL) was automatically sati�ed. One advantage of using IVC is that these conditions
can be computed even when topological changes occur in the mesh: the ALE scheme
can be adapted to mesh generation programs which insert or delete points according to
speci�c criteria, just like uhMesh described in Ch. 2. Implementation of ALE scheme
on a moving mesh with �xed topology was successfully performed ([38], [39], [17]);
when the connectivity of the mesh changes, a possible choice is to interpolate the so-
lution, found at a previous time step, on the new grid: unfortunately this procedure
can a�ect the monotonicity and conservativeness of the scheme; moreover, when a time
integration scheme of p-steps is applied, this interpolation procedure has to be repeated
p times: the idea is to avoid interpolation on di�erent grids.
The stategy here proposed follows the works of Guardone et. all [22], [23], [24], [25]
and states that the connectivity changes can be interpreted as a continous deformation
of the panels during the time interval [τn,τn+1).

3.6.1 Point addition

The point insertion generates a new panel not present in the previous time step τn.
Thinking to the point addition as a continous deformation of the mesh during the time
interval ∆τ means that the new panel increases its length as the grid evolves, starting
from a zero initial length: at the beginning, Ln

j = 0 and, as the mesh moves on, Lj
grows until τ = τn+1 when the length assumes its �nal value, i.e. Ln+1

j (see �g. 3.5).
Starting from eq. (3.30) (with p = 0 as usual), the ODE equation describing such
procedure is:

Ln+1
j Φn+1

j = ∆τ

∑
k∈Kj

Ψr(Φj,Φk, νjk)
n+1 + Ψr(Φj, νj)

n+1

 j added (3.46)

3.6.2 IVC for point addition

To ful�ll DGCL, IVC conditions must be added to the governing equations. As dis-
cussed in §. 3.5.1, according to eq. 3.40, in a 1D problem it is necessary to compute the
length variation of the jth-panel. In the case of the point insertion procedure, the IVC
can be trivially computed: assuming, as usual, that the interface velocity is constant
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(a) Initial con�guration. (b) Point addition on the initial con-
�guration shown in (a)

(c) (d)

Figure 3.5: Point addition procedure: the idea is to think at the point insertion like a continous
deformation ((c) and (d)) which brings to the generation of a new panel.

in ∆τ , i.e. xn+1
jk = xnjk + vjk ∆τ , the length variation of the new panel is:

∆Ln+1
jk = vjk · n̂n+1

jk

= (xn+1
jk − x

n
jk) · n̂n+1

jk (3.47)

The boundary term is:
∆Ln+1

j,∂ = (xn+1
j − xnj ) · n̂n+1

j (3.48)

The same relation as the one in §.3.5.1 between unit normal vectors holds:

n̂n+1
ji = −n̂n+1

jk

n̂n+1
ji = −n̂n+1

j (3.49)

In this case it is important to highlight the fact the xnjk = xnji.
Fig. 3.6 shows all the quantities involved in the length variation conmputation.

The system (3.38) can be recast, for this case, as:
Ln+1
j Φn+1

j = ∆τ

 ∑
k∈Kn+1

j

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j added

∆Ln+1
jk = ∆τ νn+1

jk k ∈ Kn+1
j

∆Ln+1
j,∂ = ∆τ νn+1

j j ∈ Kn+1
∂ ,

where Kn+1
j is the set of panels which bound the new panel j at the time step τn+1;

Kn+1
∂ is referred to the element j on the boundary of the computational domain.

3.6.3 Point deletion

The point deletion is interpreted in the same way as point addition: it is thought as
a continous grid deformation, occurring in the time interval ∆τ , which brings to the
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n̂n+1
jk

j

xn+1
jk

xnjki
k

j + 1
2

(a) Internal element.

xn+1
j

xnj

n̂n+1
jj

j + 1
2

(b) Boundary element.

Figure 3.6: Insertion of (j + 1
2 )th-point which creates the new panel j.
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(a) Initial con�guration (b) Point deletion on initial con�gura-
tion

(c) (d)

Figure 3.7: Point deletion procedure: in (c) and (d) show the continous deformation which leds to
the elimination of a panel.

length reduction of the panel. Element extension is, at time τn, Lnj and it goes to zero

as time moves on, i.e. Ln+1
j = 0 (�g. 3.7).

The ODE equation which describes the point deletion procedure is:

− Lnj Φn
j = ∆τ

∑
k∈Kj

Ψr(Φj,Φk, νjk)
n+1 + Ψr(Φj, νj)

n+1

 j deleted (3.50)

3.6.4 IVC for point deletion

Computation of the IVC condition for the point deletion reduces to the evaluation
of the jth-panel's length at time τn. As usual the continous deformation bringing to
the point deletion is computed assuming that the interface velocity is constant in ∆τ :

vjk =
(xn+1
jk −x

n
jk)

∆τ
. Having said this, length variation can be calculated as (see �g. 3.8):

∆Ln+1
jk = (xn+1

jk − x
n
jk) · n̂njk. (3.51)

When the deleted point belongs to the boundary, the IVC becomes:

∆Ln+1
j,∂ = (xn+1

j − xnj ) · n̂nj . (3.52)

Since the panel length goes to zero, ∆L is a negative number.
The reletion between the unit normal vectors stays the same, i.e.:

n̂nji = −n̂njk
n̂nji = −n̂nj (3.53)
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j

n̂njk

xnjk

xn+1
jk

(a) Internal element

j xnj

xn+1
j

n̂njk

(b) Boundary element

Figure 3.8: Point deletion: the jth-panel reaches a zero length as τ = τn+1.

and the relation xn+1
jk = xn+1

ji holds. For this particular case, the system 3.38 can be
recast as follows:


−Lnj Φn

j = ∆τ

 ∑
k∈K[n,n+1)

j

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j deleted

∆Ln+1
jk = ∆τ νn+1

jk k ∈ K
[n,n+1)
j

∆Ln+1
j,∂ = ∆τ νn+1

j j ∈ K
[n,n+1)
∂ ,

where K
[n,n+1)
j is the set of elements neighboring the jth-panel until the time step τn+1.

Kn,n+1
∂ refers to the boundary elements.

One may think that the equation of the jth-panel is useless since it is no more an
element of the domain at time step τn+1: however it is important to stress the fact
that, in order to guaranteed the conservativity of the scheme, the value of Φj on the
panel j must be computed from the system 3.54.

3.6.5 System for variable topology

The complete system taking into account possible chenges in the topology due to point
addition and/or deletion can be written using the three systems previously de�ned, i.e.
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j

il
pq

Figure 3.9: uhMesh point addition: jth-panel is deleted, while panels i and l are new.

3.38, 3.50 and 3.54:

(
Ln+1
j Φn+1

j − Lnj Φn
j

)
= ∆τ

∑
k∈Kj

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j ∈ K

Ln+1
j Φn+1

j = ∆τ

 ∑
k∈Kn+1

j

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j added

−Lnj Φn
j = ∆τ

 ∑
k∈K[n,n+1)

j

Ψr(Φj,Φk, νjk)
n+1 + Ψ∂

r (Φj, νj)
n+1

 j deleted

∆Ln+1
jk = ∆τ νn+1

jk k ∈ K
[n,n+1]
j

∆Ln+1
j,∂ = ∆τ νn+1

j j ∈ K
[n,n+1]
∂ ,

where K is the set of all domain's elements without mesh adaptation and K [n,n+1] =
Kn+1 ∪K [n,n+1) which is the set given by all the elements surrounding the jth-panel,
taking into account all the possible mesh topological variations: point addition and
point deletion.
A particular situation occurs when, as described in Ch. 2, uhMesh adds a point due to
the fact that the panel length exceeds an imposed maximum value: when this happens
a new point is created; such con�guration is thought as a combination of one panel
deletion and two panels generation.

Taking as reference �g. 3.9 the jth-panel, assumed to be a non-boundary element,
is canceled out; the ODE equaiton describing this topology change is:

− Lnj Φn
j = ∆τ

∑
k=i,l

Ψr(Φj,Φk, νjk)
n+1. (3.54)

For what concern the newly born panels l and i, the equations become:
Ln+1
i Φn+1

i = ∆τ
∑
k=p,l

Ψr(Φi,Φk, νik)
n+1

Ln+1
l Φn+1

l = ∆τ
∑
k=i,q

Ψr(Φl,Φk, νlk)
n+1.

IVC conditions have to be added to the previous equations.
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(a) case 1 (b) case 2 (c) case 3

(d) case 4 (e) case 5

Figure 3.10: All the di�erent surface geometries.

3.7 Numerical simulations

In this section �ve di�erent geometries are used in order to test the ALE scheme here
developed. The test cases are:

1. Flat plate

2. Convex surface with the aim of checking the point deletion characterizing uhMesh

3. Concave surface in order to test the point addition

4. Semicircle where the panels' length increases as one moves away from the center

5. Circular surface where point addition, length variation an asymmetries occur

In all the �ve cases (see �g. 3.10) the GCL condition is veri�ed through a uniform
distribution; a linear and sinusoidal imposed distribution of a scalar quantity Φ(x, τ)
are used to check the spacial order of convergency which is supposed to be ∼ O(∆x).

The error is computed when the imposed scalar quantity distribution is known:
in particular, the �rst case being checked is the one of a uniform distribution which
is extremely important since the scheme must be able to solve exactly a constant
solution and so, the value of the error should be in the order of the machine precision,
i.e. ∼ O(10−16 ÷ 10−17); in this latter case a relative error is computed through the
use of the relative L2-norm:

erel =
‖ Φh − Φ(x, τ̄) ‖L2(Ω)

‖ Φ(x, τ̄) ‖L2(Ω)

, (3.55)

where Φh is the discrete value of the scalar quantity computed through the numerical
scheme, Φ(x, τ̄) is the exact solution evaluated on each layer, which means that τ is
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Number of points max e
67 9.3736910−18

100 7.4014810−18

125 3.5527110−18

200 2.5386810−18

Table 3.1: Relative error for a uniform distribution (case 1).

constant and equal to τ̄ ; Ω is the computational domain at the �xed �ctitious time τ̄ ,
i.e. Ω = Ω(τ̄). Eq. 3.55 must be recast in a discretized form:

Erel =

∑
j∈K

√√√√(∫
Cj

(Φj − Φ(x, τ̄)) dx

)2

√(∫
Cj

Φ(x, τ̄) dx
)2

, (3.56)

where Φj is the constant value on the jth-panel on the actual layer, Cj is the panel on
which the integral is computed, K is the set of all the panels belonging to Ω; in this
work the integrals are calculated throught the trapezoidal rule: in this way the uniform
solution is computed exactly.
The error is evaluated also for a linear and a sinusoidal distribution: for this kind of
analysis, the L2-norm becomes:

e =‖ Φh − Φ(x, τ̄) ‖L2(Ω) (3.57)

whose discrete form is:

E =
∑
j∈K

√√√√(∫
Cj

(Φj − Φ(x, τ̄)) dx

)2

(3.58)

where in eq. 3.57 and eq. 3.58 the symbols have the same meaning as the one described
for the relative error.
As described in § 3.3, a Roe scheme is used for the computation of the boundary �uxes
and, from [40], it is known to be a �rst order scheme in space, i.e. ∼ O(∆x): this is
the expected trend for the error in both the linear and sinusoidal case.

3.7.1 Test case 1: �at plate

In the case of a uniform distribution, the relative error is computed for each of the
M layer of the structured grid: in table 3.1 are reported the number of points used
for the discretization and the higher relative error between all layers, i.e. max e =
max
M

(max
j

ej) with j ∈ K where K is the set of all the panels of the mth-layer.

Fig. 3.11 rapresents the behaviour of the error, computed on an arbitrary layer,
in the case of a linear distribution: the trend matches the �rst order one as expected.
The same consideration can be carried out for the sinusoidal distribution whose error
is shown in �g. 3.12. It is important to stress that those results are obtained on a
randomly choosen layer with a variable number of points n.
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Figure 3.11: Error for a linear distribution compared with �rst and second order trend; n is the
number of points.

Figure 3.12: Error for a sinusoidal distribution compared with �rst and second order trend; n is the
number of points.
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Number of points max e
65 7.8414510−17

98 7.9011010−17

163 9.4202610−17

194 8.8414510−17

Table 3.2: Relative error for a uniform distribution (case 2).

Figure 3.13: Error for a linear distribution along with �rst and second order expected behaviours;
n is the number of point on the choosen layer.

3.7.2 Test case 2: convex surface

Table 3.2 is the proof that the developed ALE scheme is able to solve a uniform
distribution up to the machine precision.

In �g. 3.13, 3.14 the L2-norm is computed a linear and a sinusoidal distribution,
respectively: the trend is the same as the one of a �rst order scheme as expected for
a Roe spatial discretization. Even for this study case, an arbitrary layer has been
choosen while the number of points has been changed.

3.7.3 Test case 3: concave surface

Even for a concave surface, �g. 3.15, 3.16 show that the behaviour is just like the �rst
order one as expected. The ALE scheme is able to deal with point deletion in the right

Number of points max e
55 6.3122710−17

82 6.4854510−17

103 7.3534410−17

272 4.8225310−17

Table 3.3: Relative error for a uniform distribution (case 3).
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Figure 3.14: Error for a sinusoidal distribution along with �rst and second order expected be-
haviours; n is the number of point on the choosen layer.

Figure 3.15: Error for a linear distribution along with �rst and second order expected behaviours;
n is the number of point on the choosen layer.

manner. In table 3.3 the relative error max e is reported and it is clear that it stays
inside the machine epsilon as required for a scheme satisfying the GCL.

3.7.4 Test case 4: semicircle

The semicircle surface is used for testing how the scheme manages an increase in the
panels' length. Table 3.4 proves that even for this case, the ALE scheme is able to solve
a uniform solution and so to ful�l the GCL. Again, looking at �g. 3.17 and 3.18, one
can state that a �rst order trend is the followed one for both a linear and a sinudoidal
imposed distribution of the scalar quantity Φ(x, τ).
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Figure 3.16: Error for a sinusoidal distribution along with �rst and second order expected be-
haviours; n is the number of point on the choosen layer.

Number of points max e
53 1.3689210−16

105 1.0999510−16

126 8.3153210−17

210 7.5604010−17

Table 3.4: Relative error for a uniform distribution (case 4).

Figure 3.17: Error for a linear distribution along with �rst and second order expected behaviours;
n is the number of point on the choosen layer.
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Figure 3.18: Error for a sinusoidal distribution along with �rst and second order expected be-
haviours; n is the number of point on the choosen layer.

Number of points max e
52 9.4223610−17

84 5.6571310−17

126 4.8105310−17

252 4.5999710−17

Table 3.5: Relative error for a uniform distribution (case 5).
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Figure 3.19: Error for a linear distribution along with �rst and second order expected behaviours;
n is the number of point on the choosen layer.

Figure 3.20: Error for a sinusoidal distribution along with �rst and second order expected be-
haviours; n is the number of point on the choosen layer.

3.7.5 Test case 5: circular surface

The last case is the one of a circular surface: the L2-norm matches a �rst order be-
haviour for a linear and a sinusoidal distribution given as initial data for the scalar
quantity Φ(x, τ) (see �g. 3.19 for the linear case and �g. 3.20 for the sinusoidal one).
Also when dealing with this case, the GCL condition is met by the ALE scheme as can
be seen in table 3.5.
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Chapter 4

Conservative ALE scheme for a scalar

quantity with source term

In this chapter a novel approach for rapresenting the imposed ice shapes is presented.
In particular the conservative ALE scheme introduced in Ch. 3 is modi�ed through
the addition of a source term to track the part of the domain which is iced. In §4.2
the GCL for this particular ALE scheme is derived; §4.3 describes the formulation of
the spatial discretization while the time discretization is developed in §4.4; the discrete
form of the GCL and the associated interface consistency condition is proposed in §4.5.
§4.6 shows how to extend the previously derived ALE scheme to an adaptive mesh
with topological changes and, �nally, in §4.7 is introduced an a posteriori mesh �xing
which is required when, in order to rapresent the ice geometries, the growth of each
panel is stopped. The last section §4.8 is used for checking the procedure by applying
the same tests as the one described in §3.7.

4.1 Governing equation

In §3.2 a conservative ALE scheme was derived for a scalar quantity Φ; the aim of this
work is to extend the ALE approach to the problem of ice accretion: starting from
the actual ice height b(x, 0), the idea is to transfer the necessary information to be
able to rapresent the imposed ice shape. The data required for this purpose is the ice
height which is the initial given data coming from the physical ice accretion model;
when dealing with the description of the ice geometry a new problem rises as it is
necessary to take into account that, as the �ctitious time τ goes on, an higher portion
of the domain is iced. The ice distribution is moved on each layer in a conservative
manner: from a qualitative point of view the height distribution stays the same but its
e�ective value becomes smaller as τ increases; the ice height to be reached on a new
layer is lower then the initial one because the new layer is further up with respect to
the starting layer.
Fig. 4.2(b) shows the application of the conservative ALE scheme to the initial distri-
bution of ice height on the mth-layer without considering that a portion of the domain
ices: the value of b(x, τ) on the layer m is the same as the one imposed at the be-
ginning which is shown in �g. 4.1 traslated of a value equals to the mth-layer's height
h(x, τ). On the other side, �g. 4.2(a), rapresents the correct distribution of b(x, τ)
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x

b

Figure 4.1: Ice height distribution given at the initial layer; the dotted lines rapresent di�erent
layers; each layer has its own height value h(x, τ).

evaluated with respect to the mth-layer: the ice height changes on each layer so that
the distribution, when computed with respect to the initial layer, matches the imposed
value of b(x, 0).
To simulate what described above, the standard goverining equation reported in Ch.
3 is modi�ed by the addition of a source term which is a function of the actual layer's
height on which the solution is computed.

De�ning b : Ω × R+ −→ R, τ ∈ R+ and x ∈ Ω ⊆ R, the 1D governing equation ,
omitting the dependency of the involved quantities, becomes:∫

C(τ)

∂b

∂τ
+

∮
∂C(τ)

(− b v) · n̂ dl + S(h) = 0, ∀C(τ) ⊆ Ω(τ) (4.1)

where b(x, τ) is the ice height distribution evaluated with respect to the actual layer,
which corresponds to a particular τ , and h(x, τ) is the height of the layer.
The surce term S(h) takes into account the dependence of h on x and τ and can be
expressed as:

S(h) = −
[∫

C(τ)

∂h

∂τ
+

∮
∂C(τ)

(− h v) · n̂ dl

]
, ∀C(τ) ⊆ Ω(τ), (4.2)

where the minus sign rapresents the fact that as τ increses, and so the height of the
layer h(x, τ), the value of b(x, τ) must reduce.
The complete governing equation can be written as:∫

C(τ)

∂(b− h)

∂τ
+

∮
∂C(τ)

− (b− h) v · n̂ dl = 0, ∀C(τ) ⊆ Ω(τ). (4.3)

4.2 Geometric conservation law

As described in Ch. 3, the ALE scheme must be able to rapresent a constant solution.
Di�erently from the already explained case, the presence of a source term forces to
rede�ne what is a uniform solution: taking the initial layer (τ = 0), if b̄ = b(x, 0) −
h(x, 0) is constant , then b̃ = b(x, τ) − h(x, τ) should be itself a constant distribution

52



4.2. GEOMETRIC CONSERVATION LAW

x

b

m

(a)

x

b

m

(b)

Figure 4.2: Distribution of b obtained with standard ALE scheme (b) and with the modi�ed approach
(a).
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x

h

b̄

b̃

Figure 4.3: b̄ = b(x, 0)−h(x, 0) is the initial height distribution; the continous line rapresents h(x, τ)

which is the mth-layer height, and it dependes on x while τ is �xed. b̃ = b(x, τ)−h(x, τ)
is the height's value with respect to the mth-layer: this �gure shows that, starting from
a constant distribution b̄, the value b̃ on the next layer is no more constant but it is a
function of x.

∀τ ; however, as time goes on, the value of h(x, τ) changes whereby, in order to obtain

a constant b̃, also b(x, τ) will depend on τ : this fact highlights that a dependency on
τ , which is actually releted to the grid layer, is always present. In this case, constant
solution means that the dependency on τ is preserved but b and h are not functions of
x; indeed if h would be a function of x, a dependency on x would be introduced in b
even if the initial distribution is uniform (b̄). In �g. 4.3 is pictured the e�ect of h as

a function of x on the uniform distribution b̄: it is clear that the distribution b̃ on the
new layer is not characterized by constant values.
Clari�ed this issues, with reference to §3.2.2, the equation for the evaluation of the
GCL ss:

d

dτ

∫
Cx(τ)

(b(τ)− h(τ)) dx =

∫
Cx(τ)

[
∂(b(τ)− h(τ))

∂τ
+∇ · ((b(τ)− h(τ)) v)

]
dx. (4.4)

In particular the value b(τ) − h(τ) is constant ∀τ ; there are two di�erent ways of
thinking about the variation of h(τ): assuming that the acutal layer's height is hm,
then the �rst way is that h(τn+1) = hm and h(τn) = 0; in the second approach one has
h(τn+1) = 0 and h(τn) = hm.
With reference to �g. 4.4, in the �rst case b(τn)−�

���h(τn) = b̄ and b(τn+1) = b̄+h(τn+1)
because the method is conservative and so, the value of the height on the mth-layer
must trace b̄ when h(τn+1) is subtracted; the latter consideration can be applied to all
the value of τ ∈ [τn, τn+1]. Consequently, b(τ)− h(τ) = b̄, ∀τ in [τn, τn+1] when the
height is evaluated starting from the same reference, i.e. the previous layer.
In the second case, as shown in �g. 4.5, one has b(τn) − h(τn) = b̄ and b(τn+1) −
�����h(τn+1) = b̄; even in this case b(τ) − h(τ) = b̄ , ∀τ in [τn, τn+1]. The di�erence
between the �rst and the second case is that the reference layer in the �rst one is the
layer m−1, while in the second one is the mth-layer and so the value of b̄ is di�erent for
each one of the two cases. In both the two above mentioned cases the term b(τ)−h(τ)
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x

h(τn+1)
b̄

(a) Height distribution with respect to the previous
layer m− 1.

x

b(τn+1)

(b) Height distribution with respect to the mth-layer.

Figure 4.4: First case: in �gure (a) it is shown the value of b̄ which is computed with respect to
previous layer (which conicides with the x axis) and the value of h(τn+1) that is the
mth-layer's height with respect to x-axis. The value of b(τn+1) is rapresented in �gure
(b) and it is computed with respect to the mth-layer.
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x

h(τn)

b̄

b(τn)

(a) Height distribution with respect to the previous layer
m− 1.

x

b(τn+1) = b̄

(b) Height distribution with respect to the mth-layer.

Figure 4.5: Second case: in �gure (a) the value of b̄ and the layer's height h(τn) both computed
with respect to the mth-layer. Figure (b) shows the height distribution b(τn+1) = b̄.

56



4.3. DISCRETE PROBLEM

is constant, even if it is di�erent depending on the choosen type. Eq. (4.4) becomes:

(b(τ)− h(τ))

∫
Cx(τ)

dx =

∫
Cx(τ)

��������∂(b(τ)− h(τ))

∂τ
dx+ (b(τ)− h(τ))

∮
∂Cx(τ)

v · n̂ dl∫
Cx(τ)

dx =

∮
∂Cx(τ)

v · n̂ dl

(4.5)

The GCL is the same as the one found for the ALE scheme without source term: this
result is very important because it allows to use the same discartization and to make
the same consierations described in Ch. 3.

4.3 Discrete problem

A panel centered �nite volume scheme is used because the ice height is known on
each panel; the computational domain Ω(τ) is split into non overlapping regions Cj(τ),
which correspond to panles and so that ∪jCj(τ) ≡ Ω(τ).
Eq. (4.3), for the jth-panel, can be recast as (omitting the dependency for brevity and
assuming that no topological chenges occur):

d[Lj(Bj −HJ)]

dτ
−
∮
Cj(τ)

(b− h)v · n̂j dl = 0 ∀j ∈ K, (4.6)

where:

Lj =

∫
Cj(τ)

dx ; Bj =
1

Lj

∫
Cj(τ)

b(x, τ)dx and H =
1

Lj

∫
Cj(τ)

h(x, τ)dx;

K is the set of elements part of the discretized domain, n̂j is the interface's outward
normal referred to the panel j, Lj is the length of the panel, Bj is the unknown, assumed
to be uniform on each element, and Hj is the average height of the layer above the
jth-panel. The value of H is constant and, in this work, is computed as:

h(x, τ) =
(hj+ 1

2
+ hj− 1

2
)

2
≡ H̄

Hj =
1

Lj

∫
Cj(τ)

h(x, τ)dx = H̄

Where the subscripts j + 1
2
and j − 1

2
refer to the nodes bounding the panel j; hj+ 1

2

and hj− 1
2
are the layer's heights evaluated on the border points.

Following what explained in §3.3, the �uxes in eq. (4.6) are split into two terms,
one associated to the internal and the other to the external contributes:

d[Lj(Bj −Hj)]

dτ
−
∑
k∈Kj

∫
∂Cjk(τ)

(b− h)v · n̂j −
∫
∂Cj(τ)∩∂Ωj(τ)

(b− h)v · n̂j = 0, (4.7)

where Kj is the set of elements adjacent to the jth-panel and ∂Cj(τ)∩∂Ωj(τ) is referred
to those elements belonging to the boundary of the domain; as arleady explained in §3.3
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x

h

j − 1
2

j + 1
2

hj− 1
2

hj+ 1
2

j

Figure 4.6: Quantities involved in the computataion of Hj .

the latter is present only if dealing with open domain, otherwise ∂Cj(τ)∩ ∂Ωj(τ) ≡ ∅.
Using a �rst order-upwind scheme due to Roe ([37]), the �uxes can be exressed as:∫

∂Cjk(τ)

(b− h)v · n̂j ≈ −
(Bj −Hj) + (Bk −Hk)

2
νjk −

|νjk|
2

((Bk −Hk)− (Bj −Hj))

= −Ψr(Bj, Hj, Bk, Hk, νjk),

(4.8)

while for the boundary term one obtains:∫
∂Cj(τ)∩∂Ωj(τ)

(b− h)v · n̂j ≈ −
(Bj −Hj)

2
νj +

|νj|
2

(Bj −Hj)

= −Ψ∂
r (Bj, Hj, νj).

(4.9)

The GCL is rewritten, again following §3.3 and, in particular, [25], as the sum of two
contributes in the same way as previously derived for the �ux terms:

dLj
dτ

=
∑
k∈Kj

νjk + νj

νjk =
dLjk
dτ

and νj =
dLj
dτ

. (4.10)

The complete ODE system without topological changes is:
d[(Bj−Hj)]

dτ
−
∑
k∈Kj

Ψr(Bj, Hj, Bk, Hk, νjk)−Ψ∂
r (Bj, Hj, νj) = 0 ∀j ∈ K

νjk =
dLjk
dτ

k ∈ Kj

νj =
dLj
dτ

j ∈ K∂,

(4.11)

where K is the set of all elements belonging to the computational domain Ω(τ), Kj

is the set made of the panels bounding the panel j and K∂ is the set of boundary

58



4.4. TIME DISCRETIZATION

elements.
The number of unknowns in system (4.11) is equal to N , where N = dim K and the
number of interface velocities to be computed is Nf +N∂; Nf = 1

2
dim N is the number

of interfaces and N∂ is the number of boundary elements.

4.4 Time discretization

Time discretization is now introduced; time derivatives are discretized through the use
of a generic Backward Di�erence Formula (BDF):

dy

dτ
≈ 1

∆τ

p∑
q=−1

aqy
n−q where

p∑
q=−1

aq = 0. (4.12)

The BDF scheme can be written in an incremental fashion, i.e.:

dy

dτ
≈ 1

∆τ

p−1∑
q=−1

αq∆y
n−q where αq =

q∑
d=−1

ad = 0. (4.13)

There are two possible ways of expressed the fully discretized ODE system, depending
on the de�nition of the h(x, τ). As described in §4.2, h(x, τ) can be de�ned as{

h(x, τn+1) = hm(x)

h(x, τn) = 0

{
h(x, τn+1) = 0

h(x, τn) = hm(x)

Choosing the �rst case means subtracting the mean height H to the panel's height
value when τ = τn+1: as a consequence the unknown is not the actual solution, but is
the height of the jth-panel plus the value Hn+1, here called B̃j; thus the solution found
at τ = τn+1 must be �xed. In the second case, on the other side, the height is equal to
zero when τ = τn+1 and hence H is subtracted directly from the previous step solution
Bn and the solution on the actual step does not need to be modi�ed.
Taking p = 0, the �rst case discretized system is:

Ln+1
j B̃n+1

j − LnjBn
j = ∆τ

∑
k∈Kj

Ψr(B̃j, B̃k, νjk)
n+1 + Ψ∂

r (B̃j, νj)
n+1

 j ∈ K

Bn+1
j = B̃n+1

j −Hn+1
j

(4.14)

in the �uxes there are not Hn+1
j and Hn+1

k because this dependency is enclosed in B̃j

and B̃k respectively.
For what concerns the second case, the ODE system becomes:

Ln+1
j Bn+1

j − Lnj (Bn
j −Hn

j ) = ∆τ

∑
k∈Kj

Ψr(Bj, Bk, νjk)
n+1 + Ψ∂

r (Bj, νj)
n+1

 j ∈ K

(4.15)
Even in system (4.15), since Hn+1

j = 0 and Hn+1
k = 0, Ψr and Ψ∂

r are not functions of
Hj and Hk.
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Both of the two systems are not functions of τ since, according to the IVC, νjk ∝ 1
∆τ

and, consequently also Ψn+1
r ∝ 1

∆τ
; the same is true for νj and Ψ∂

r if present.
In this thesis the second approch has been used. The system (4.15) is linear in the
unknown Bn+1

j and so it can be recast as A β = b; the matrix A has the same form
as the one of the standar ALE scheme described in §3.4; the main di�erece resides in
the know term b:

bj = Lnj (Bn
j −Hn

j ). (4.16)

4.5 The DGCL and IVC

The discretized GCL (DGCL) is computed using the same BDF scheme but in the
incremental fashion, getting:

p−1∑
q=−1

αq
∆Ln−qj

∆τ
= νj +

∑
k∈Kj

νjk (4.17)

The system (4.11) is now provided in a complete manner with the addition of the
DGCL, having set p = 0:
Ln+1
j Bn+1

j − Lnj (Bn
j −Hn

j ) = ∆τ

∑
k∈Kj

Ψr(Bj, Bk, νjk)
n+1 + Ψr(Bj, νj)

n+1

 j ∈ K

∆Ln+1
jk = ∆τνn+1

jk k ∈ Kj

∆Ln+1
j,∂ = ∆τνn+1

j j ∈ K∂

(4.18)

4.5.1 Interface velocity consistency condition

The GCL can be written as:

∆Ljk =

∫ τn+1

τn

∮
∂Cjk(τ)

v · n̂j, (4.19)

where ∆Ljk is the jth-panel's length variation due to the movement of the interface
∂Cjk(τ) which depends on the grid imposed motion in time interval ∆τ = τn+1 − τn.
The IVC has arleady been described in §3.5.1 and is brie�y reported here for both
internal and boundary elements:{

∆Ln+1
jk = (xn+1

jk − x
n+1
jk ) · n̂n+1

jk

∆Ln+1
j,∂ = (xn+1

j − xn+1
j ) · n̂n+1

j ,
(4.20)

and the reltaion between internal and boundary normal unit vectors is:{
n̂n+1
ji = −n̂n+1

jk

n̂nji = −n̂njk

{
n̂n+1
ji = −n̂n+1

j

n̂nji = −n̂nj
(4.21)

60
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4.6 Adaptive mesh

What developed so far was for topologically �xed grid. In this section the ALE scheme
is extended to moving mesh where points' addition or deletion is allowed; it is important
to notice that the connectivity changes can be interpreted as a continous deformation
of the panels due to the motion of their interfaces in the time interval [τn, τn+1) ([22],
[23], [24], [25]). The GCL found for the conservative ALE scheme with source term,
is the same as the on of the ALE scheme described in Ch. 3: for this reason the way
of dealing with points addition and deletion is the same as the one described in §3.6,
here brie�y reported for completeness.

4.6.1 Point addition and IVC

The insertion of a new point generates a new panel at the time step τn+1. The panel's
length goes from zero to a greater value equal to Ln+1

j ; the equation for the new panel
with the corresponing IVC is:

Ln+1
j Bn+1

j = ∆τ

 ∑
k∈Kn+1

j

Ψr(Bj, Bk, νjk)
n+1 + Ψ∂

r (Bj, νj)
n+1

 j added

∆Ln+1
jk = ∆τνn+1

jk k ∈ Kn+1
j

∆Ln+1
j,∂ = ∆τνn+1

j j ∈ Kn+1
∂

(4.22)

where Kn+1
j is the set of panels bordering the new element at τ = τn+1 and Kn+1

∂ is

referred to the jth-boundary element, if present.
The IVC for this case can be expressed as follows:{

∆Ln+1
jk = (xn+1

jk − xnjk) · n̂
n+1
jk

∆Ln+1
j,∂ = (xn+1

j − xnj ) · n̂n+1
j

(4.23)

4.6.2 Point deletion and IVC

The point deletion is thought as a panel length reduction untill it reaches a zero length,
i.e. Ln+1

j = 0; this continous deformation occurs in ∆τ .
−Lnj (Bn

j −Hn
j ) = ∆τ

 ∑
k∈K[n,n+1)

j

Ψr(Bj, Bk, νjk)
n+1 + Ψ∂

r (Bj, νj)
n+1

 j deleted

∆Ln+1
jk = ∆τνn+1

jk k ∈ K
[n,n+1)
j

∆Ln+1
j,∂ = ∆τνn+1

j j ∈ K
[n,n+1)
∂ ,

(4.24)

where K
[n,n+1)
j is the set of elements bordering the panel j until the time step τn+1 is

reached; K
[n,n+1)
∂ refers to the boundary panels if present.

The IVC for point's deletion is:{
∆Ln+1

jk = (xn+1
jk − xnjk) · n̂jk

∆Ln+1
j,∂ = (xn+1

j − xnj ) · n̂j
(4.25)
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H1

H2

H3

B(x1, 0)

B(x2, 0)

B(x3, 0)

Figure 4.7: In this case every panel has the same height Hm whose value changes as one moves on
new layers. B(x1, 0), B(x2, 0) and B(x3, 0) are the initial value imposed on each panel:
these values are the ones to be reached through the algorithm. In order to keep trace
of the initial height, new panels and new points must be inserted changing the mesh's
topology.

4.6.3 Complete system for variable topology

The ODE system for an adaptive mesh, using eq. (4.18), (4.22), (4.24) becomes:

Ln+1
j Bn+1

j − Lnj (Bn
j −Hn

j ) = ∆τ

∑
k∈Kj

Ψr(Bj, Bk, νjk)
n+1 + Ψ∂

r (Bj, νj)
n+1

 j ∈ K

Ln+1
j Bn+1

j = ∆τ

 ∑
k∈Kn+1

j

Ψr(Bj, Bk, νjk)
n+1 + Ψ∂

r (Bj, νj)
n+1
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r (Bj, νj)
n+1
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∆Ln+1
jk = ∆τνn+1

jk k ∈ K
[n,n+1]
j

∆Ln+1
j,∂ = ∆τνn+1

j j ∈ K
[n,n+1]
∂ ;

(4.26)
K is the set of all the elements of the domain not subject to topological changes;
K [n,n+1] = Kn+1 ∪K [n,n+1) is given by the panels surrounding the jth-element consid-
ering also point addition and point deletion.

4.7 Mesh treatment

So far a conservative scheme has been proposed for treating the problem of ice accretion
through the tranfer of the ice height values on di�erent layers with the aim to obtain
the imposed ice shape. Once the height value Bj is known on each panel, the mesh must
be modi�ed in order to keep trace of the ice geometries: to do this, the developement
of a procedure able to stop the growth of the panels is required (see �g. 4.7).
The system (4.26) provides the height Bj to be reached on each panel and so, what is
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Figure 4.8: A posteriori modi�cation of the mesh on the jth-panel: in this case the panel jn+1 is
marked and a new panel jnew is generated. The two new points are inserted along the
direction connecting the two points belonging to two di�erent layers.

the layer on which Bj is less then zero: this information is extremely important because,
in this way, one has the possibility of stopping the growth to match the imposed ice
height.
For this purpose, every panel characterized by a negative value of B and by the fact
that the corresponding panel on the previous layer has a B value greater then zero (i.e.
Bn
j > 0 and Bn+1

j < 0), is marked. When all the elements of the structured grid have
been checked, the mesh is generated and an a posteriori adjustment is performed: on
each marked element a new panel bounded by a couple of new points is added at the
required height found through the conservative ALE scheme with source term. The
new points are introduced along the same direction connencting the existing points
between the two layers; with reference to �g. 4.8 the position vectors of the two added
points are: x

new
j+ 1

2

= xn
j+ 1

2

+
Bnj

sin(θ
j+1

2
)
n̂j+ 1

2

xnew
j− 1

2

= xn
j− 1

2

+
Bnj

sin(θ
j− 1

2
)
n̂j− 1

2

(4.27)

where 
n̂j+ 1

3
=

xn+1

j+1
2

−xn
j+1

2∣∣∣∣xn+1

j+1
2

−xn
j+1

2

∣∣∣∣
n̂j− 1

3
=

xn+1

j− 1
2

−xn
j− 1

2∣∣∣∣xn+1

j− 1
2

−xn
j− 1

2

∣∣∣∣
(4.28)

4.7.1 Mesh with variable topology

In case of topologically changing mash the procedure stays the same but there are
di�erent possible cases: when a point is added the number of new panels generated is
equal to two instead of one and so, the number of new points goes from two to three.
In such a situation, a particular condition can occur for example when, given that Bj

is positive on the old layer, one of the panels coming from the point addition has a
positive height while the other one a negative one; for what concerns this situation, the
jth-panel must be stopped but the second one must not: taking as reference �g. 4.9,to
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(a) Both the two new panels are stopped.
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(b) Only the panel on the right hand side is stopped.
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(c) Only the panel on the left hand side is stopped.

Figure 4.9: Three possible behaviours that occur in case of a stopped panel with point addition.
Black nodes are the new inserted ones.

match both this two conditions, a new panel is generated ( lthnew-panel in �g. 4.9 (b),
panel inew in �g. 4.9 (c)) but the one characterized by a positve value of B is allowed
to grow up. The position vectors of the two external point are computed through eq.
(4.27), while the position vector of the point between them is:

xnewmid =
xnew
j+ 1

2

+ xnew
j− 1

2

2
(4.29)

The second kind of point addition described in Ch. 2 consist in the splitting of a
point when going from the starting layer to the next one (�g. 4.10). In this case the
stopping procedure is driven by the reference panel whose right node coincides with the
splitted point: as the height value Bn+1

j associated to that panel is negative whereas
Bn
j is positive, the panel growth is stopped and so is for the new elements coming from

the point addition operation. Even in this case, the position vector of the two points
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Figure 4.10: Second type of point addition.

bounding the reference panel j is computed using eq. (4.27); the position of other
new points coming from this operation is calculated taking into account that the new
elements are triangles whose obliques edges are equal. With reference to �g. 4.10, one
has: 

xnew = xn
j− 1

2

+
Bnj

sin(θ
j− 1

2
)
n̂j− 1

2

n̂j− 1
2

=
xn+1
l −xn

j− 1
2∣∣∣∣xn+1

l −xn
j− 1

2

∣∣∣∣
(4.30)

In �g. 4.10 it is rapresented the insertion of a new single node l; however the
procedure explained so far can be applied when dealing with an higher number of
generated points.
The last kind of topological change that can occur in uhMesh is the point deletion. In
this case the lenght of a panel j goes to zero as τ grows until the new layer is reached:
with reference to the jth-element, there is no Bn+1

j value because Ln+1
j = 0 and for this

reason a new check procedure must be developed. Assuming that the panel's height
Bn
j is positive, the problem is to verify if the panel's growth has to be stopped before

achieving the new layer. Taking as reference �g. 4.11, the following check is carried

out: hj+ 1
2
>

Bnj
sin(θ

j+1
2

)
.

If the aboved written equation is found to be true, then the panel growth is stopped
and two new points are added; the positions of the new points are computed according
to eq. 4.27.

4.7.2 Elements insertion

As already explained, in order to be able to match the imposed height of ice on each
panel, the panels' growth must be checked and eventually stopped. §4.7.1 shows the
criteria used to introduce new elements but their generation changes the types of el-
ements typical of the uhMesh's structured grid: indeed when new points are added,
elements with more then four edges appear (see �g. 4.12). With the aim of preserving
the nature of the elements belonging to the structured mesh, new elements are intro-
duced and in this way all the ice mesh is made of triangular or quadrilater elements.
In �g. 4.13 the element insertion in a quadrilateral element is shown: the shadowed
elements are inserted during this procedure. When the left/right hand side panel has
a value of height B lower then the one of the actual panel, a triangular element is
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ing if panel growth must be
stopped.
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(b) The added points are black.

Figure 4.11: Panel's growth stopping when point deletion occurs.

Figure 4.12: Central element is stopped while both the panels on the left and on the right are not.
The external elements are made of �ve edges insted of the canonical four or three. The
point inserted is black.

introduce; if both the left and right hand side panels are characterized by an height
lower then the one of the panel in the middle of them, a quadrilateral element is added.
It is important to notice that the element where triangle or quadrilateral are inserted,
is not necessarily stopped indeed the growth on the upper panel can proceed on.
Only triangular elements are added in the �rst case of point addition: the procedure
for the insertion of the triangles is the same as the one described above. In �g. 4.14
such a sistuation is shown: again the gray elements are the one added during the a

posteriori mesh treatment.
The point splitting which generates new panels and so, new triangular elements, is
characterized by the addition of a triangle if the right hand side element has a B value
lower then the height of the considered panel (see �g. 4.15). Only one element is
inserted in this case and it is due to the fact that all the elements, born from point
splitting, have the same height as the panel whose right node is splitted. As rapre-
sented in �g. 4.15 only the last triangle, which comes from the second type of point
addition, is involved in the insertion of the new element.

When point deletion occurs, two di�erent cases have to be considered: the �rst one
refers to the case when the panel, whose length goes to zero on the next layer, is not
stopped while the second one is when the panel growth is stopped on the layer after
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(a) Right hand side element
stopped.

(b) Left hand side element
stopped.

(c) Left and right hand side ele-
ments stopped.

Figure 4.13: Elements insertion for a standard quadrilateral elements. Black points are added while
black and white points can be inserted or not, it depends wheater the upper panel has
a positive Bn+1

j or not.

(a) Right hand side element stopped. (b) Left hand side element stopped.

(c) Left and right hand side element
stopped.

Figure 4.14: Elements insertion for an element coming from point addition. Black points are added
while black and white points can be inserted or not, it depends wheater the upper
panels have a positive height or not.

Figure 4.15: Triangle insertion for the second kind of point addition. Black points are added while
black and white points can be inserted or not, it depends wheater the upper panel has
a positive height or not. In this case only two points are added but the procedure is
the same even if one has more points.
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(a) Right hand side element
stopped.

(b) Left hand side element
stopped.

(c) Left and right hand side
elements stopped.

Figure 4.16: Elements insertion for non stopped panel associated with point deletion. Black points
are added so that the near panels' height can be reached.

(a) Right hand side element
stopped.

(b) Left hand side element
stopped.

(c) Left and right hand side
elements stopped.

Figure 4.17: Elements insertion for stopped panel associated with point deletion. Black points are
added to match the required panel's height.
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Bj

Hj

Figure 4.18: Hj is the total layers' height associated to the jth-panel, while Bj is the solution on
panel j on the higher layer.

which point deletion happens. Fig. 4.16 refers to the �rst case: it can be observed
that triangles are inserted when the left or the right or both panels are stopped; the
second case is shown in �g. 4.17: when the growth of the left or right panel is stopped,
triangular elements are introduced, while a quadrilateral element is added when both
the right and left hand side panels are stopped.

4.8 Numerical simulations

The test cases proformed are the same as the ones described in Ch. 3.
In the case of the ALE scheme with source term one is forced to change the de�nition
of the L2-norm due to the present of an additional term. The main di�erence between
what described in Ch. 3 is the de�nition of Φj ( now Bj) in eq. (3.55) and (3.58); in
particular the exact distribution Φ(x, τ) (now B(x, τ)) is knwon on each layer when
the source term is not present and for this reason the fact that a portion of the domain
is iced is accounted for in the term Bj: the idea is, starting from the solution on each
panel Bj, to add the value of the layer's total height associated to that panel Hj (see
�g. 4.18).

Hj =
m−1∑
k=0

hj,k where m is the actual layer and hj,k is the kth-layer's height associated

to panel j.

Being said this, eq. (3.55) can be recast as:


Erel =

∑
j∈K

√√√√(∫
Cj

(B̃j −B(x, τ̄))dx

)2

√(∫
Cj

B(x,τ̄)dx

)2

B̃j = Bj +Hj

(4.31)
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Number of points max e
67 1.6610210−16

100 1.1816410−16

125 1.1523010−16

200 2.0745910−16

Table 4.1: Relative error for a uniform distribution (case 1 with source term).

while eq. (3.58) becames:

E =
∑
j∈K

√√√√(∫
Cj

(B̃j −B(x, τ̄))dx

)2

B̃j = Bj +Hj

(4.32)

where, in both cases, K is the set made of all elements on the actual layer, B̃ is the
constant value evalueted on Cj which is the length of the jth-panel.
Since a Roe scheme is used, also when the source term is present, the expected rate of
convergence is ∼ O(∆x). It is important to highlight that in all the test cases a layer
is arbitrary choosen and its number of point is changed in order to evaluate the order
of chanvergence as ∼ O(∆x) reduces/increases.

4.8.1 Test case 1: �at plate

Following again Ch. 3, to validate the ALE scheme with a source term for what
concerns the ful�llment of the GCL, the maxium relative error is computed for a
unifrom distribution: max e = max

M
(max

j
ej) where M is the total number of layer,

the sum is performed on all the panels belonging to the mth-layer (m = 1 : M). The
table 4.1 reports the relative error in the case of a uniform distribution: it is clear that,
even in this case, the relative error is below the machien epsilon as required for exactly
solving a constant solution.

The error E obtained for tests carried out for linear and sinusoidal height distribu-
tion is shown in �g. 4.19 and 4.20: the error behaviour matches the �rst order one as
expected.

4.8.2 Test case 2: convex surface

Looking at table 4.2 it is clear that the method is able to satisfy the GCL condition
and also the expected spatial order of convergence is matched as can be seen in �g.
4.21, 4.22. In this case, for the linear distribution, the layer choosen to perform the
computation of L2-norm is the 10th while for the sinusoidal distribution 15th-layer is
used.
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Figure 4.19: Linear distribution error along with �rst and second order behaviours when source term
is present.

Figure 4.20: Sinusoidal distribution error along with �rst and second order behaviours when source
term is present.

Number of points max e
65 1.0453610−16

98 1.3150910−16

163 9.7835010−17

194 8.0616610−17

Table 4.2: Relative error for a uniform distribution (case 2 with source term).
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Figure 4.21: L2-norm behaviours for a linear distribution in case 2 when source term is present,
along with �rst and second order of convergence.

Figure 4.22: L2-norm behaviours for a sinusoidal distribution in case 2 when source term is present,
along with �rst and second order of convergence.
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Number of points max e
55 6.3898710−17

82 5.7391610−17

103 6.4690310−17

272 4.1672910−17

Table 4.3: Relative error for a uniform distribution (case 3 with source term).

Figure 4.23: Error trend for a linear distribution when source term is present along with �rst and
second order convergence.

4.8.3 Test case 3: concave surface

The ALE scheme developed in Ch. 4 is able to deal with concave surfaces on which
the initial height is imposed. In this case point deletion occurs and the GCL condition
is exactly solve as can been veri�ed throught the table 4.3. Also in this case, the trend
followed by the L2-norm is the same as the one of a �srt order scheme: this happens
for both the linear (�g. 4.23) and sinusoidal (�g. 4.24) distribution.

4.8.4 Test case 4: semicircle

Curved surfaces are well treated by the scheme characterized by the presence of a
source term: this means that the panels length increase here occuring, is accurately
solved; indeed, table 4.4, shows that the error arising from the scheme when a uniform
distribution is imposed, is of the same order of the machine epsilon. When B(x, τ) is
characterized by a linear distribution, the scheme matches a �rst order convergency as
expected, as clear from �g. 4.25 and the same is true for a sinusoidal distribution as
can be seen from �g. 4.26.

4.8.5 Test case 5: circular surface

The ALE scheme can handle di�erent types of mesh adaptation; this latter test is
performend on a circular surface where the panels' length increases and also point
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Figure 4.24: Error trend for a sinusoidal distribution when source term is present along with �rst
and second order convergence.

Number of points max e
53 1.2851410−16

105 1.6894610−16

126 1.8255410−16

210 1.2851410−16

Table 4.4: Relative error for a uniform distribution (case 4 with source term).

Figure 4.25: Error a linear distribution when source term is present along with �rst and second
order rate of convergence.
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Figure 4.26: Error for a sinusoidal distribution when source term is present along with �rst and
second order rate of convergence.

Number of points max e
52 7.3633410−17

84 5.1657310−17

126 4.3204310−17

252 3.4526110−17

Table 4.5: Relative error for a uniform distribution (case 5 with source term).

addition which occurs in order to avoid an excessive growth of the panels. Also in this
case, a uniform distribution is exactly solved by the scheme since the relative error is
of the same order as the machine epsilon: the fact that GCL is satis�ed is reported in
table 4.5. On the other side, �g. 4.27 shows how the L2-norm matches the �rst order
trend typical of a Roe scheme (see �g. 4.27); the same consideration can be done for
the sinusoidal distribution by looking at �g. 4.28.
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Figure 4.27: L2-norm for a linear distribution of the ALE scheme with source term compared with
�rst and second order convergence.

Figure 4.28: L2-norm for a sinusoidal distribution of the ALE scheme with source term compared
with �rst and second order convergence.
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(a) Linear distribution (b) Sinusoidal distribution

Figure 4.29: This �gure shows the mesh obtained through uhMesh when a linear and a sinusoidal
distribution are imposed. In both the images, one can see the point addition.
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Chapter 5

Numerical simulation of ice accretion

over airfoils

In this chapter a numerical simulation for ice accretion problem is performed. The aim
of this part is to provide a comparison between the new developed method and the one
used in the actual version of PoliMIce. Moreover, the results coming from ice accretion
simulation are compared with wind tunnel experiments.
The �rst section §5.1 provides a description of the way in which the simulation is carried
out along with the identi�cation of the required steps for the ice accretion computation.
In §5.2 the resuls of the simulation are reported; the experimental data are taken from
Ref. [41].

5.1 Structure of the software required for the ice ac-

cretion problem

In the present thesis the software used for the simulation is made of di�erent sections
each of them having a speci�c aim. The �ow chart is reported in 5.1:

� The aerodynamic solver: it is the portion of the program dedicated to the
computation of the �ow �eld around the airfoil. For this purpose SU2 is used.
For a more accurate description of the software the reader is referred to [42].

� Particle tracking: this part of the software provides all the information related
to the particle motion. It allows the computation of the collection e�ciency (and
so, roughly speaking, the amount of water hitting the airfoil). The droplets be-
haviour is evaluated through a Lagrangian particle tracking code called PoliDrop
([43]).

� Icing solver: it is the core of the entire program since it computes the ice prop-
erties along with the ice thickness according to the ice accretion model selected
by the user. For this purpose PoliMIce is used ([44]); the models that can be
selected are three: Ref. [45], Ref. [46] and Ref. [47]. (The second one is used to
perform the following simulation).
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Mesh generation

Aerodynamic �eld

Particle Tracking

Ice accretion

Geometry updating

DATA:
Simulation
environment

�ight condition

DATA:
Droplets

SU2

PoliDrop

PoliMIce

airfoil_coordinates.dat

Figure 5.1: Flow chart of the software used for the ice accretion simulation. The gray box is the
portion modi�ed with the addition of the scheme developed in this work.

� Computaition of the new geometry: the aim of this section is to provide
the new geometry which arises as the ice grows on the airfoil. This portion is
subjected to some updates so that the ALE method described in Ch. 4 can be
applied.

It is important to point out that, in order to simulate the ice accretion phenomenon,
the scheme shown in �g. 5.1 can be thought as a loop performed di�erent time until the
�nal simulation time is reached. The changing in the geometry due to the ice growth
gives rise to distorsions in the external �ow �eld that must be taken into account: after
a speci�c amount of time speci�ed by the user, the aerodynamics around the airfoil is
recomputed and updated.
It is known that the ice accretion is a physical process whose characteristic time scale
is much higher then the one of the aerodynamic phenomena: for this reason the com-
putation of the ice properties can be carried out while the �ow �eld is assumed to
be frozen. Moreover the interaction between particles and aerodynamic �ow �eld is
considered weak thus no interaction among these two physical phenomena is accounted
for. The steps performed during the simulation start with a steady aerodynamic com-
putation until convergence is reached, then the particle motion is computed and �nally,
before the mesh update, the ice characteristics (like ice thickness) are evaluated.

5.1.1 Geometry updating

As described in Ch. 4, the ALE advancing front method requires the knowledge of
height to be reached on each panel in which the airfoil is discretized. Starting from the
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Figure 5.2: An example of ice grid where point addition occurs.

latter consideration, a C++ interface has been developed so that the output of PoliMIce
can be read by the ALE scheme: the process consist in selecting the ice heights coming
from ice accretion computation and then imposing these values on each panel.
The geometry updating part of the software prints out two outputs: one is the mesh
of the ice (�g. 5.2) that has grown during the actual time step, while the second one
is a �le containing all the nodes the new shape is made of. The latter �le, called
airfoil_coordinates.dat, is the input given to uhMesh for generation of the new mesh.
Fig. 5.4 highlights a problem arising as the panel growth is stopped: the dotted lines
rapresent the boundary deriving from the procedure described in Ch. 4. This new
geometry can bring to iusse related to the CFD indeed, the presence of right angles
can jeopardize the converegency of the RANS scheme used in this work. Consequently,
starting from the actual geometry, a smoothing procedure is applied: it consists of
inserting new points in the middle of each panel. In this way, a new smoother shape
is obtained (see �g. 5.4(a)). The above mentioned smoothing approach is applied
when the height variation existing between two adjacent panels is supposed to be small
enought so that a piecewise linear function is a valid approximation. Moreover, it is
assumed to be a reasonable idea since the ALE scheme is a panel centered scheme.
However, when the previously described height di�erence is too high, the previous
approximation is no longer a reasonable choice. Consequently, when such a condition
occurs, one point is inserted for each group made of three layers, existing among the
two inserted panels (see �g. 5.4(b)). The new point's coordinates are given by the
mean of the three external points belonging to the boundary (red ones in �g. 5.4(b)).
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Figure 5.3: Second output consisting of the nodes coordinates of the new geometry.

5.2 Numerical simulation of the aerodynamic �ow

The �ow �eld around the airfoil is computed by the SU2 CFD solver of RANS equa-
tions. The turbulence model used is Spalart-Allmaras ([48]) which applies very well
for areonautical simulations; it is a one equation model describing the dynamics evo-
lution of the turbulent viscosity ντ . In SU2, the only boundary condition that can
be set by the user is the one at the far �eld: the value chosen here is the default one
i.e. ντ,∞ = 0.005. The wall functions are not availabe in SU2 and for this reason the
�rst element of the grid is placed as close as possible to one viscous unit to be able
to simulate the boundary layer and the shear stresses. The computation of the shear
stress close to the airfoil is very important since it a�ects the behaviour of the liquid
�lm, driving the amount of the net mass �ux of water coming into each of the panels.
Moreover it contributes to heat the surface of the boundary.
The ice accretion simulation is performed updating the normals to each panels at each
time step.

5.2.1 GLC-305

The atmospheric conditions in which the simulation is performed are reported in table
5.1. The total simulation time tice is 120 s, the aerodinamic �ow �eld is updated every
10 s (∆tflowfield) while the ice accretion is computed at each second. The �rst test is
aimed to provide a comparison between the actual version and the new implemented
one and for this purpose the starting geometry is the same. In particular, taking as
reference �g. 5.6, the (a) picture is referred to the solution at t = 50 s using as starting
geometry the one at t = 40 s. The same can be applied for �g. 5.6(b). The PoliMIce
geometry output, i.e. the positions of the nodes as they are moved along the mean
normal unit vector of two adjacent panels, is shown in �g. 5.6 along with the new one
obtained through the ALE scheme described in Ch. 4.
In both the two cases, the method developed in this thesis matches the actual PoliM-
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(a) Case 1

(b) Case 2

Figure 5.4: Geometry smoothing

Parameter Value

chord, m 0.9144
α, deg 6
V∞, m/s 90
T∞, K 263.15
P∞, Pa 105

MVD, µm 20
LWC, g/m3 0.43

tice, s 120
∆tflowfield, s 10

Table 5.1: Table with the parameters used for the simulation
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(a) Zoom of a portion of the geom-
etry enclose in the black square ap-
pearing in �g. (b).

(b) Comparision between geometry with and without smoothing.

Figure 5.5: Smoothing of the geometery.
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5.2. NUMERICAL SIMULATION OF THE AERODYNAMIC FLOW

(a) t = 50s

(b) t = 100s

Figure 5.6: Comparison between old and new PoliMIce version.
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AIRFOILS

Figure 5.7: Comparision between experimental data and the PoliMIce predictions referred to con-
ditions reported in Table 5.1.

Ice out which con�rms that it is able to reach the imposed height. However, the old
PoliMIce version in not able to deal with complex geometries when the normal vector
is updated at each time step.
In �g. 5.7 are reported the experimental data and the solution coming from the com-
plete simulation. The considered �gure points out that the upper part of the ice shape
is well described by the simulation, while as one moves towards the lower bound of the
airfoil, the solution initially overestimates, secondly it underestimates the ice thickness.

5.2.2 NACA 0012

A second simulation has been performed using the parameters reported in table 5.2.
Also in this case the ice accretion is computed every second whilst the �ow �eld simu-
lation is updated every 10 s (∆tflowfield). Fig. 5.9 shows that the method, developed
in this thesis, is able to reproduce overlapping shapes. This result can't be achieved
if the points used for generationg the ice geometry are kept �xed and equal to the
ones used for the discretized airfoil. Indeed, the old PoliMIce version moves the points
along the mean panels' normals and therefore, the �nal ice shape is made of the same
starting points.
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5.2. NUMERICAL SIMULATION OF THE AERODYNAMIC FLOW

Parameter Value

chord, m 0.533
α, deg 4
V∞, m/s 67
T∞, K 262.04
P∞, Pa 105

MVD, µm 20
LWC, g/m3 1

tice, s 360
∆tflowfield, s 10

Table 5.2: Table with the parameters used for the simulation

Figure 5.8: Comparision between experimental data and the PoliMIce predictions referred to con-
ditions reported in Table 5.2.
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In �g. 5.8 are reported the experimental data and the solution coming from the sim-
ulation. It can be seen that the model is able to reproduce the little horn growing on
the upper side of the leading edge.

Figure 5.9: Ice horn.
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Chapter 6

Conclusions and future works

In the present work an ALE scheme has been developed to transfer an imposed scalar
quantity from a layer to another one in a conservative manner, even when topologi-
cal changes of the mesh occur. A source term is added to the previously mentioned
scheme due to the necessity of dealing with the fact that, as the advancing front moves
forward, the iced portion of the domain increases. The GCL is analyzed and it is
found for both cases, i.e. with and without a source term, along with the IVC. Mesh
adaptation is also taken into account. Extending the ALE scheme to grid with variable
connectivities allows to avoid the necessity of interpolating the solution every time on
each layer. The presence of a source term enables to shape complex geometries through
the use of morphological changes, possibly preserving the spatial discretization. The
ALE scheme gives the value of the height to be reached on each panel and, in this way,
it is possible to �nd the layer on which the ice growth stops and so, where new panels
are added. Such operation had the consequence of generating a new element whose
height was equal to the required one. The introduction of new panels a�ected the type
of elements inside the mesh since more then four edges elements appear: in order to
preserve the nature of the grid in terms of elements' kind, the mesh is subjected to
an a posteriori modi�cation. To do this new elements are introduced according to the
behaviour of the near elements. For example, in the case of quadrilateral element, when
the left/right hand side element is stopped and the latter is characterized by a height
lower then the one of the actual panel, a triangular element is inserted. On the other
side, a quadrilateral element is introduced when the left and right hand side panels are
stopped and their heights are lower then the height of the panel in between them.
At the end of either Ch. 4 and Ch. 5 �ve di�erent tests are performed with the aim
of validating the two developed schemes. These numerical simulations show that the
schemes are able to satisfy the GCL and therefore, to exaclty reproduce a uniform
distribution. For both the standard ALE scheme and the one with the source term,
the relative error, computed through the evaluation of the L2-norm, is lower or at least
equal to the order of magnitude of the machine precision. The �ve cases correspond to
�ve di�erent surface geometries: moreover, for all the tests, a linear and a sinusoidal
distribution are imposed and the error, in terms of L2-norm, is found to have, for both
the two distributions, a spatial order of convergence equal to ≈ (∆x). This result is
the expected one since the �uxes were discretized through a Roe solver.
An interesting aspect is related to the fact that the second approach, characterized by
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j

k

n

n+ 1

Figure 6.1: unstructured mesh: continous lines are the two layers taken as reference.

x

y

z

n

n+ 1

Figure 6.2: 3D de�nition of the surfaces taken as reference for the evaluation of the height.

the source term, requires the de�nition of a virtual layer whose height H(x, τ) is the
one used in the source term itself. Starting from this consideration, the method can be
extended to an unstructured mesh. The di�culty that arises when dealing with such
kind of meshes, is the de�nition of the di�erent layers. However, once the layers are
identi�ed, the triangular elements of the mesh can be treated as panels whose length
changes and thus, each triangle is assumed to be the result of a point addition or a
point deletion. With respect to �g. 6.1, the jth-panel is deleted, since its length goes
from Lj at τ

n to 0 when τ = τn+1 while the opposite occurs for the kth-panel; this
means that Lnk = 0 and Ln+1

k = L.

A further breakthrough could be a three-dimensional developement of the scheme.
In this case the layers are replaced by surfaces and they are taken as reference for
the evaluation of the height belonging to the source term (see �g. 6.2). The three-
dimensional scheme is characterized by a GCL condition to be imposed on the area
swept by the elements when they move from one surface to the another one.
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