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Abstract

In this thesis, we present a numerical approximation of Darcy’s flow through a fractured
porous medium which employs discontinuous Galerkin methods on polytopic grids. Our
method is very flexible from the geometrical point of view, being able to handle meshes
made of arbitrarily shaped elements, with edges/faces that may be in arbitrary number
(potentially unlimited) and whose measure may be arbitrarily small. Our approach is
then very well suited to tame the geometrical complexity featured by most of applications
in the computational geoscience field. We adopt a model for single-phase flows that treats
fractures as a (d — 1)-dimensional interfaces between two d-dimensional subdomains,
d =2,3. In the model, the flow in the porous medium (bulk) is assumed to be governed
by Darcy’s law and a suitable reduced version of the law is formulated on the surface
modelling the fracture. The two problems are then coupled through physically consistent
conditions. For simplicity, in the first part of the thesis, we consider the case where the
porous medium is cut by a single, non-immersed fracture. We take into account all the
possible combinations of primal/primal, mixed/primal, primal /mixed and mixed /mixed
formulations for the Darcy’s law describing the flow in the bulk and fracture problems,
respectively. In particular, the primal discretizations are obtained using the Symmetric
Interior Penalty DG method, and the mixed discretizations using the Local DG method,
both in their generalization to polytopic grids. We perform a unified analysis, based on the
flux formulation, of all the derived combinations of DG discretizations, where the coupling
conditions between bulk and fracture are imposed through a suitable definition of the
numerical fluxes on the fracture faces. We prove well-posedness and derive a priori hp-error
estimates in a suitable (mesh-dependent) energy norm. Next, we extend the primal-primal
formulation to the case of networks of intersecting fractures, supplementing the model with
conditions prescribing pressure continuity and flux conservation along the intersections.

Both the bulk and fracture discretizations are obtained employing the SIPDG method

X



extended to the polytopic setting, the key point to obtain a DG discretization being
the generalization of the concepts of jump and average at the intersection. We prove
the well-posedness of the discrete formulation and perform an error analysis obtaining a
priori hp-error estimates. All our theoretical results are validated performing numerical
tests with known analytical solution. Moreover, we consider more realistic configurations
involving totally immersed networks of fractures. Finally, we briefly explore the case
where the position of the fractures is uncertain and may be described by a stochastic
parameter. We present some preliminary numerical results that employ a stochastic

collocation approach.



Sommario

In questa tesi presentiamo un’approssimazione numerica per il flusso di Darcy attraverso
un mezzo poroso fratturato, che utilizza i metodi discontinuous Galerkin su griglie
poligonali. Il nostro metodo e molto flessibile dal punto di vista geometrico, essendo in
grado di gestire griglie composte da elementi di forma arbitraria, con un numero qualsiasi
(potenzialmente illimitato) di lati/facce, la cui misura puo essere arbitrariamente piccola.
Il nostro approccio risulta quindi molto efficace nel gestire la complessita geometrica che
caratterizza la maggior parte delle applicazioni nell’ambito delle geoscienze. Il modello
per flussi monofase adottato considera le fratture come interfacce (d — 1)-dimensionali
tra due sottodomini d-dimensionali, d = 2, 3. Il modello assume che il flusso nel mezzo
poroso (bulk) sia governato dalla legge di Darcy e che una opportuna versione ridotta
della legge sia formulata sulla superficie che descrive la frattura. I due problemi sono poi
accoppiati tramite condizioni fisicamente consistenti. Per semplicita, nella prima parte
della tesi, consideriamo il caso in cui il mezzo poroso e tagliato da una singola frattura
non immersa. Prendiamo in considerazione tutte le possibili combinazioni di formulazioni
per il problema di Darcy che descrive il flusso nel mezzo poroso e lungo la frattura,
cioe primale/primale, mista/primale, primale/mista e mista/mista. In particolare, le
discretizzazioni primali sono ottenute con il metodo DG Symmetric Interior Penalty e
le discretizzazioni miste con il metodo Local DG, entrambi nella loro generalizzazione
a griglie poligonali/poliedriche. Svolgiamo un’analisi unificata di tutte le combinazioni
di discretizzazioni DG derivate, nella quale le condizioni di accoppiamento tra bulk e
frattura sono imposte tramite una opportuna definizione dei flussi numerici sulle facce di
frattura. Proviamo la loro buona posizione e deriviamo stime hp dell’errore a priori in una
norma dell’energia opportuna (dipendente dalla mesh). Successivamente, estendiamo la
formulazione primale-primale al caso di network di fratture che si intersecano tra loro. A tal

fine estendiamo il modello fisico aggiungendo delle condizioni che impongono la continuita
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della pressione e la conservazione del flusso lungo le intersezioni. Sia la discretizzazione
del problema nel bulk, che quella del problema lungo le fratture sono ottenute utilizzando
il metodo SIPDG esteso al setting poligonale. 11 punto fondamentale per ottenere una
discretizzazione DG del problema risiede nella opportuna generalizzazione dei concetti
di salto e media alle intersezioni. Dimostriamo la buona posizione della formulazione
discreta e svolgiamo un’analisi dell’errore ottenendo stime a priori hp. Tutti i nostri
risultati teorici sono validati tramite test numerici con soluzione analitica nota. Inoltre
consideriamo anche configurazioni piu realistiche che coinvolgono network di fratture che
presentano intersezioni e sono totalmente immersi nel dominio computazionale. Infine,
esploriamo brevemente il caso in cui la posizione delle fratture e affetta da incertezza e
puo essere descritta tramite un parametro stocastico. In particolare presentiamo alcuni

risultati numerici preliminari dove utilizziamo un approccio di tipo collocazione stocastica.
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Introduction

Many Geophysical and Engineering applications, including, for example, fluid-structure
interaction, crack and wave propagation problems, and flow in fractured porous media, are
characterized by a strong complexity of the physical domain, possibly involving thousands
of fault/fractures, heterogeneous media, moving geometries/interfaces and complex
stratigraphies and topographies. Whenever classical Finite-Element-based approaches are
employed to discretize the underlying differential model, the process of mesh generation
can represent the bottleneck of the whole simulation, as classical finite elements only
support computational grids composed by tetrahedral /hexahedral /prismatic elements.
To overcome this limitation, in the last decade a wide strand of literature focused on the
design of numerical methods that support computational meshes composed of general
polygonal and polyhedral (polytopic, for short) elements. In the conforming setting,
we mention for example the Composite Finite Element Method that was developed in
[94, 93]; the Polygonal Finite Element Method [I15] and the eXtended Finite Element
Method (XFEM) [81) 116} ’8], which achieve conformity by enriching/modifying the
standard polynomial finite element spaces; the Mimetic Finite Difference (MFD) method
[96, 56l 54, (55, B9] and its evolution, the Virtual Element Method (VEM), introduced
in [38, 40, [7, B] (see also [107, 102, 104, 103] for some recent applications), which
overcome the difficulty in handling non-standard shape functions and the resulting
increase in computational effort by only using the degrees of freedom of the added
non-polynomial functions; and the Hybrid High-Order (HHO) method [79, [77, [78], 80],
which is formulated in terms of discrete unknowns attached to mesh faces and cells
employing local reconstruction operators and a local stabilization term. In the setting of
non-conforming/discontinuos polygonal methods, we mention, for example, Composite
Discontinuous Finite Element methods [16], [I7], which exploit general meshes consisting

of agglomerated elements; Hybridizable Discontinuous Galerkin methods [68] [69, [70] [71],
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Introduction

where additional unknowns are introduced on the boundary of each element so that the
solution may be recovered solving many local problems; non-conforming VEM [22| 28] [62],
which, unlike the conforming case, provides in one-shot a nonconforming approximation of
any degree for any spatial dimension and any element shape; Gradient Schemes [83] and
the polytopic Discontinuous Galerkin (polyDG) method |5, 34} 35, B33}, (61, 59, (58, 19, 6l 60],

which will be introduced below.

Within this framework, this thesis focuses on the problem of modelling the flow in a
fractured porous medium. This problem has received increasing attention in the past
decades, being fundamental in many energy or environmental Engineering applications,
such as water resources management, oil migration tracing, isolation of radioactive waste
and groundwater contamination, for example. In all these applications, the porous
medium often features regions, typically called fractures, that are characterized both by
a different porous structure and by a very small width compared to their length and to
the size of the domain. The first feature implies that fractures have a very strong impact
on the flow, since they can possibly act as barriers for the fluid (when they are filled
with low permeable material), or as preferential paths (when their permeability is higher
than that of the surrounding medium). The second feature entails the need for a very
large number of elements for the discretization of the fracture layer and, consequently, a
high computational cost. For this reason, the task of effectively modelling the interaction
between the system of fractures and the porous matrix is particularly challenging. One
popular modelling choice consists in a reduction strategy, so that fractures are treated
as (d — 1)-dimensional interfaces between d-dimensional porous matrices, d = 2,3. The
development of this kind of reduced models, which can be justified in case of fractures
with very small width, has been addressed for single-phase flows in several works, see e.g.
[2, [, 10T}, [89]. In the first part of the thesis we will refer mainly to the model described
in [I01], see also |74 [I5], which considers the simplified case of a single, non-immersed
fracture. Here, the flow in the porous medium (bulk) is assumed to be governed by
Darcy’s law and a suitable reduced version of the law is formulated also on the surface
modelling the fracture. Physically consistent coupling conditions are then added to
account for the exchange of fluid between the fracture and the porous medium. We
remark that this model is able to handle both fractures with low and large permeability.

The first version of this model has been introduced in [2} [I] under the assumption of large
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Introduction

permeability in the fracture. In [I0I] it has been generalised to handle also fractures
with low permeability. Moreover, its extension to the case of two-phase flows has been
addressed in [911 [97], while the case where the porous medium is cut by a totally immersed
fracture has been considered in [3]. Finally, the model may be generalized in order to
handle network of intersecting fractures. In this case, some physical conditions need to
be added to describe the behaviour of the flow at the intersection points/lines. A possible
choice is to impose pressure continuity and balance of fluxes as in [87, 51]. Other, more
general conditions, where the angle between fractures is taken into account and jumps of

pressure across the intersection are allowed, can be found, for example, in [86], 112].

Even if the use of this kind of dimensionally reduced models avoids the need for ex-
tremely refined grids inside the fracture domains, in realistic cases, the construction of
a computational grid aligned with the fractures is still a major issue. For example, a
fractured oil reservoir can be cut by several thousands of fractures, which often intersect,
create small angles or are nearly coincident [87]. Various numerical methods have been
employed in the literature for the approximation of this coupled bulk-fracture model.
Roughly speaking, they can be classified depending on the interaction between the bulk
and the fracture meshes: the computational grid can be either aligned or not-aligned
with the fracture network. In more traditional approaches the bulk meshes are usually
chosen to be aligned with the fractures and to be made of simplicial elements. Some
examples can be found in [2 89, [T0T], where mixed finite element schemes have been
employed for the discretization. However, in realistic cases, the geometrical conformity of
the bulk mesh to the fracture can either lead to low-quality elements or to very fine grids,
and the process of grid generation might become unaffordable from the computational
view point, especially in three-dimensions. An alternative strategy consists in the use of
not-aligned discretizations, where the fractures are allowed to arbitrarily cut the bulk
grid. This allows for the choice of a fairly regular mesh in the bulk. We refer in particular
to [74, 011 [85], where an approximation employing XFEM has been proposed and to the
recent work [57], where the use of the cut Finite Element Method has been explored.
We also mention the promising framework, based on an optimization procedure, to treat

flows in systems of fracture networks introduced in [46, [47, [48], 49].

A good compromise with respect to the above issues is represented by methods based
on computational meshes consisting of general polytopic elements (polygons in two

dimensions and polyhedra in three dimensions). First a (possibly structured) bulk grid is

XV



Introduction

\

N
N

N

N

Figure 1: A two-dimensional example of fracture network cutting a Cartesian grid

generated independently of the fracture networks, secondly the elements are cut according
to the fracture geometry see Figure [l for a representative example in 2D. The above

approach leads to a grid that

(i) is aligned with the fracture network;

(ii) contains possibly arbitrarily shaped elements in the surrounding of fractures;
(iii) is regular far from fractures.

Beyond the simplicity of generating the computational grid based on employing the
previously described approach, one of the main advantages of polytopal decompositions
over standard simplicial grids is that, even on relatively simple geometries, the average
number of elements needed to discretize complicated domains is lower [16], [17], without
enforcing any domain approximation. This advantage becomes even more evident
whenever the domain presents complex geometrical features (large number of fractures,
fractures intersecting with small angles, etc.) and the bulk grid is chosen to be matching
with the interfaces. In line with the previous discussion, various numerical methods
supporting polytopic elements have been employed in the literature for the approximation
of the coupled bulk-fracture problem. For example, a mixed approximation based on the
use of MFD method has been explored in [15] and generalized to networks of fractures in
[87]; in [44], 45, [43] a framework for treating flows in Discrete Fracture Networks based
on VEM has been introduced, and in [65] the HHO method has been employed.

In this thesis we aim at employing Discontinuous Galerkin (DG) finite elements on

polytopic grids to discretize the coupled bulk-fracture problem stemming from the
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Introduction

modelling of flows in fractured porous media. The inherited flexibility of DG methods in
handling arbitrarily shaped, non-necessarily matching, grids and elementwise variable
polynomial orders represents, in fact, the ideal setting to handle such kind of problems
that typically feature a high-level of geometrical complexity. Discontinuous Galerkin
methods were first introduced by Reed and Hill in the early 1970s for the discretization
of hyperbolic problems [I10]. Right afterward they were successfully proposed for dealing
with the approximation of elliptic and parabolic problems. We refer in particular to the
early works by Baker [32], Douglas [82], Wheeler [I19] and Arnold [26], which contributed
to the development of the interior penalty method. DG methods were then employed
for the approximation of problems arising from a wide range of applications: various
examples can be found, for example, in [36] 64} (67, [52], 05 TTT], [76]. Over the last 20 years,
alongside the development of High Performance Computing technologies, tremendous
progress has been made on the study of both the analytical and computational aspects
of DG methods [60]. In particular, since they employ local polynomial spaces defined
elementwise without any continuity constraint, DG methods feature a high-level of
intrinsic parallelism. Moreover, the local nature of the test spaces allows elementwise
variable polynomial orders (p-refinement), which, together with h-refinement, enables
more accurate approximation of solutions that vary in character from one part of
the domain to another (hp-adaptivity). Furthermore, the lack of continuity between
neighbouring elements allows for the employment of extremely broad families of meshes,
featuring hanging nodes or made of general polygons or polyhedra. The first effort
to extend DG methods to polytopic meshes can be found in [5]. The key idea for
dealing with arbitrarily shaped elements is to construct a basis in the physical frame
without resorting to the use of local element mappings to a given reference element.
The local polynomial discrete space can then be defined, for example, making use of
a bounding box of each element, so that, spaces of polynomials of total degree p may
be employed, irrespective of the shape of the element [6I]. In particular, this implies
that the dimension of the local polynomial space and thus the order of convergence
of the method is independent of the element shape [60]. This strategy has been first
proposed by Cangiani et al. in [61), 59], extending the techniques developed by Bassi et
al. in [35] and by Antonietti, Giani and Houston in [I6} [I7]. In [35], Bassi et al. applyed
DG methods to meshes consisting of general agglomerated elements, while in [16] [17],

Antonietti, Giani and Houston proposed the so-called composite DG methods, which
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Introduction

are a DG discretization of elliptic problems posed on domains featuring a very large
number of local geometrical components or microstructures. The interior penalty DG
method proposed by Cangiani et al. in [61], 59] (see also [6] for a review) is characterized
by a careful choice of the discontinuity penalization parameter, which allows for the
use of meshes made of polytopic elements whose edges/faces may have arbitrarily
small measure compared to their diameter. In this thesis we will employ a further
generalization of this scheme, described in [58] [19, [60] (see also [23| [4] for an application
to elastodynamics and elasto-acoustic problems and [I0] for a review on geophysical
applications), which allows elements to possess faces not only with degenerating measure,
but also in unlimited number. Note that this is made possible by an assumption that
may be seen as the generalization of the standard shape-regularity property to polytopic
domains. Finally, we mention that the capability of DG methods of handling general
polytopic meshes provides great advantages also in the context of multilevel linear solvers,
such as Schwarz-based domain decomposition preconditioners and multigrid schemes.
Indeed, the key issue of constructing a hierarchy of coarser meshes, starting from a given
fine mesh, may be naturally solved by agglomerating fine elements into coarser polytopes.
Regarding Schwarz-based domain decomposition preconditioners, we refer in particular
to [I8, R4, 100, O8] and to the recent work [21]. In the multigrid context, we mention
[19, 25] in the case of nested polytopic grids, and [24] for the non-nested case.

Finally, we conclude remarking that the intrinsic geometric flexibility of DG methods
illustrated above is not the only motivation to employ DG methods for addressing the
problem of approximating the flow in a fractured porous medium. In fact, the choice
of employing them arises quite spontaneously in view of the discontinuous nature of
the solution at the matrix-fracture interface. Moreover, as previously described, the
differential model that we adopt, which comes from [101], is based on Darcy’s equations
for the bulk and fracture flows, together with suitable conditions that couple the two
problems at the interface. We will show that these coupling conditions can be naturally
reformulated using jump and average operators, which are one of the basic tools for the
construction of DG methods. This will enable us to efficiently handle the coupling of the

two problems, which will be indeed naturally embedded in the variational formulation.

In the following we provide a brief description of the contents of each chapter of the

thesis.
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e In Chapter[I]we introduce the notation and all the basic tools needed for dealing with
the development and the analysis of polytopic DG approximations. In particular,
we summarize the main theoretical results concerning this class of methods, see
[611, 59, 6, 58], 60], for example. Following [58] [60], we start from the generalization
of the standard shape-regularity property to polytopic elements and we introduce
suitable trace and inverse inequalities and polynomial approximation properties
of the underlying discrete spaces. These results, together with a specific choice
of the interior penalty parameter, represent the main tools for handling elements
with an unlimited number of faces/edges, which may also have arbitrarily small
measure compared to the diameter of the element. The content of this chapter form
the basis for the theoretical analysis of the discretization schemes for the flow in

fractured porous media presented in the rest of the thesis.

e In Chapter 2| we start addressing the problem of discretizing the flow in a fractured
porous medium by considering the simplest case, where one single non-immersed
fracture divides the porous medium in two halves. We consider the primal for-
mulation of Darcy’s law for modelling the flow both in the bulk and along the
fracture, and we propose a discretization that combines a DG approximation for
the problem in the bulk, with a conforming finite element approximation in the
fracture. For the DG approximation in the bulk we employ the Symmetric In-
terior Penalty discontinuous Galerkin (SIPDG) method [119] 26], generalized to
the polytopic setting that we have introduced in Chapter [1| taking as a reference
[611, 59, [6, 58, 19, [60]. Regarding the problem in the fracture, the use of standard
conforming finite elements is made here just for the sake of simplicity, so that
we can put better focus on the polyDG-discretization of the problem in the bulk
and on the coupling of the two problems. A polyDG-based discretization of the
fracture problem will be considered in the next chapters. Here, we analyse the
resulting method, prove its well-posedness and derive a priori hp-error estimates in
a suitable (mesh-dependent) energy norm. Moreover, we present some numerical
experiments in a two-dimensional setting, with the aim of validating the theoretical
error estimates. Finally, we test the capability of the method of handling more

complicated geometries, including networks of partially immersed fractures.
The results of this chapter are original, and have been published in [12].
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XX

e In Chapter [3| we extend the results obtained in Chapter [2] (see also [12]), where the

mathematical model (and the corresponding discretization based on PolyDG meth-
ods) was in a primal setting for both the bulk and fracture problems. Indeed, when
dealing with the approximation of Darcy’s flow there are two possible approaches:
primal and mixed. The primal approach considers a single-field formulation with
the pressure field of the fluid as only unknown. The mixed approach describes the
flow not only through the pressure field, but also through an additional unknown
representing Darcy’s velocity, which is of primary interest in many Engineering
applications. The primal setting has the advantage of featuring less degrees of
freedom and leads to a symmetric positive definite system algebraic system of
equations that can be efficiently solved based on employing multigrid techniques.
In this case, Darcy’s velocity is afterwards reconstructed taking the gradient of the
computed pressure and multiplying it by the permeability tensor. However, this
process usually entails a loss of accuracy and does not guarantee mass conservation
[105, 53]. For this reason, the mixed setting is sometimes preferred. In this case
Darcy’s velocity is directly computed, so that a higher degree of accuracy is achieved,
together with local and global mass conservation. However, the drawback of this
approach is the complexity of the resulting scheme, which leads to a generalized

saddle point algebraic system of equations.

From the above discussion we may infer that, according to the desired approximation
properties of the model, one may resort to either a primal or mixed approximation
for the problem in the bulk, as well as to a primal or mixed approximation for the
problem in the fracture. For this reason, the aim of Chapter [3|is to design and
analyze, in the unified framework of [27] based on the fluz-formulation, all the pos-
sible combinations of primal-primal, mixed-primal, primal-mixed and mixed-mixed
formulations for the bulk and fracture problems, respectively. In particular, the
primal discretizations are obtained using the Symmetric Interior Penalty discon-
tinuous Galerkin method [119, 26], whereas the mixed discretizations are based
on employing the local DG (LDG) method of [72], both in their generalization
to polytopic grids [61), 59, [6, 58, 60]. Moreover, the coupling conditions between
bulk and fracture are imposed through a suitable definition of the numerical fluxes
on the fracture faces. Such an abstract setting allows to analyse theoretically at

the same time all the possible formulations. We perform a unified analysis of
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Figure 2: Example of network of intersecting fractures and corresponding normal vectors for d = 3.

all the derived combinations of DG discretizations for the bulk-fracture problem.
We prove their well-posedness and derive a priori hp-version error estimates in a
suitable (mesh-dependent) energy norm. Finally, we present numerical experiments
assessing the validity of the theoretical error estimates and testing and comparing

the practical performance of the proposed formulations.

All the results presented in this chapter are original and are contained in [14].

e In Chapter[d] we consider again the primal-primal setting and we focus on extending
our formulation to the case of networks of intersecting fractures. To this aim, we
supplement our mathematical model [101] with some suitable physical conditions
at the intersections, prescribing the behaviour of the fluid. In particular, following
[87, 51, [45], we impose pressure continuity across fractures and flux conservation,
the latter condition implying that no exchange of fluid between bulk and fracture
network takes place along the intersections. From the DG-discretization point of
view, the key instrument for dealing with intersections is the generalization of the
concepts of jump and average. If we assume that the fracture network may be
approximated by the union of Nt fractures 7, each of which is a one co-dimensional
planar manifold, i.e. I' = U,]::Fl Yk, the intersections correspond to lines when d = 3
and to points when d = 2. Let us focus for simplicity on the case d = 3, see Figure
for an example. Here, the intersection line is denoted by Z~ and each fracture v,
k =1,2,3,4, is characterised by the outward normal vector 7 at the intersection,
which belongs to the plane containing the fracture. In order to describe the pressure
field in all the network, we employ the global variable pr = (p}, ..., p]FV ), defined

in a suitable product space of all the local fracture spaces. Our aim is to introduce
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some operators that are able to capture the behaviour of the function pr across
the intersection line, taking into account the contribution from all the fractures,
similarly to how classic jump and average operators [27] describe the discontinuity
of a piecewise-continuous function across elemental interfaces. The main difference
with respect to the standard case is that the normal vectors, contained into the
definition of the operators, are not aligned. This is related to the linear DG
approximation of elliptic PDEs on surfaces presented in [75], then extended to
high order in [9]. Here, the surface is approximated by a piecewise linear surface
composed of planar triangles, so that a new definition of jump and average operators
is needed, to take into account the fact that the outward normal vectors of two
neighbouring triangles are not, in general, opposite. Our definition is a further
generalization, since it considers the intersection of an arbitrary number of planar

surfaces.

Using the newly defined jump and average operators we are able to define a DG
approximation for the problem in the bulk combined with a DG approximation for
the problem in the fracture network, where the conditions at the intersection are
imposed “in the spirit of DG methods ”. In particular, this means that continuity
is enforced penalizing the jump of the pressure (after a suitable definition of the
penalization coefficient at the intersection), while balance of fluxes is imposed
naturally, similarly to how homogeneous Neumann boundary conditions are usually
enforced. Both the bulk and fracture discretizations are obtained employing the
SIPDG method extended to the polytopic setting. In this chapter we also prove
the well-posedness of the method and derive a priori Ap-version error estimates in
a suitable (mesh-dependent) energy norm. Finally, we present some preliminary
numerical experiments with known analytical solution assessing the validity of the
theoretical error estimates and a more realistic configuration involving a totally

immersed network of fractures.

All the results presented in this chapter are original and are contained in [13].

In Chapter [5| we briefly explore the case where the position of the fractures is
uncertain and may be described by stochastic parameters. The characterization of
fluid dynamics in geological media is, indeed, a classical field for the application of
Uncertainty Quantification (UQ) methodologies, due to the difficulty in obtaining

precise measurements. In the context of fractured porous media, typical quantities
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that may be affected by uncertainty are the actual position and geometry of the
fractures, so that a description of these features is usually only available in the
form of probabilistic distributions. We start from the observation that, due to the
discontinuous nature of the solution at the bulk-fracture interface, the state variables
(pressure or Darcy’s velocity) may undergo discontinuities also in their dependence
on the stochastic parameters describing the fracture position. Since the accuracy of
standard UQ techniques (in particular, we will consider the stochastic collocation
method of [29]) typically deteriorates in the presence of discontinuities with respect
to the random variables, we take inspiration from the approach of [73] to propose
a technique to avoid this drawback. In particular, we introduce a mapping to a
reference domain, where all fractures are aligned, so that continuity with respect
to the random variables may be recovered. We present some preliminary results
showing that, applied to a simple test case, where the position of the fracture is
determined by a single stochastic parameter, our technique is effective to recover

the convergence properties of the stochastic collocation method of [29].

The preliminary results presented in this chapter are original and are contained in
[11].
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1 hp-version Polytopic Discontinu-

ous Galerkin methods

In this chapter we introduce the notation and all the theoretical tools needed for dealing
with polytopic Discontinuous Galerkin approximations. In particular, we summarize the
main theoretical results concerning this class of methods contained in [61], 59, [6, 58], 60],
where an hp-version interior penalty DG method for the numerical solution of elliptic
problems on polytopic meshes has been proposed and analysed. The use of grids made
of general polytopic elements presents challenges on a number of points. Indeed, in
contrast to the case when standard-shaped elements are employed, polytopes may
admit an arbitrary number of faces/edges and the measure of the faces/edges may
potentially be much smaller than the measure of the element itself. In [61, 59, [6] it is
assumed that the number of edges/faces of each mesh element is uniformly bounded. In
[58, [60] this assumption is no longer required (i.e., elements with an arbitrary number
of possibly degenerating faces/edges are admitted). However, this comes at the cost
of adding an assumption (see Assumption below) that may be regarded as the
natural generalization to polytopic grids of the classical shape-regularity assumption
[60]. Here, we adopt the setting of [58, [60]. In particular, in Section [1.1] we introduce
the notation related to the discretization of domains using polytopic elements and we
state the regularity assumptions on the meshes. In Section we define the DG discrete
spaces and introduce standard jump and average operators. Finally, in Section [1.3]
starting from the mesh assumption of Section [1.1] we state trace inverse inequalities and
approximation results for general polytopic elements that are sensitive to the type of
face degeneracy described above. We also remark that the capability of the method of
handling faces with arbitrarily small measure is intimately related to the correct choice

of the discontinuity-penalization function, which will be introduced in the next chapters.



Chapter 1. Polytopic DG methods

We will employ the following notation. For an open, bounded domain D C R%, d = 2, 3,
we denote by H*(D) the standard Sobolev space of order s, for a real number s > 0.
For s = 0, we write L*(D) in place of H(D). The usual norm on H*(D) is denoted by

|| [|r+(py and the usual seminorm by | -

ms(p)- We also introduce the standard space
Hyiy(D)={v:D = R*: ||v||2tp) + ||V - v||12(p) < 00}. Given a decomposition of the
domain into elements 7y,, we will denote by H*(7T}) the standard broken Sobolev space,
equipped with the broken norm || - ||5,7;,. Furthermore, we will denote by Py (D) the space
of polynomials of total degree less than or equal to £ > 1 on D. The symbol < (and 2)
will signify that the inequalities hold up to multiplicative constants that are independent
of the discretization parameters, but might depend on the physical parameters. If both

< and 2 hold, we will write =.

1.1 Grid assumptions

First, following [61} 59 6], we introduce the notation related to the discretization of the
domains by means of polytopic meshes. We consider classes of meshes 7, made of disjoint
open polygonal/polyhedral elements E. For each element E € Ty, we denote by |F| its
measure, by hg its diameter and we set h = maxgey, hp. With the aim of handling
hanging nodes, we introduce the concept of mesh interface, defined as the intersection of
the (d — 1)-dimensional facets of two neighbouring elements. We need now to distinguish

between the case when d = 3 and d = 2:

e when d = 3, each interface consists of a general polygon, which we assume may be
decomposed into a set of co-planar triangles. We assume that a sub-triangulation
of each interface is provided and we denote the set of all these triangles by JF,. We

then use the terminology face to refer to one of the triangular elements in Fy;

e when d = 2, each interface simply consists of a line segment, so that the concepts
of face and interface are in this case coincident. We still denote by Fj, the set of all

faces.

Note that Fy, is always defined as a set of (d — 1)-dimensional simplices (triangles or line

segments).

2



1.1. Grid assumptions

In order to introduce the DG formulation, it is useful to further subdivide the set Fj, into
Fn=FLUFP

where F} is the set of interior faces and FF is the set of faces lying on the boundary
of the domain 0€2. Moreover, if 02 is split into the Dirichlet boundary 92y and the
Neumann boundary 9Qy, we will further decompose the set 2 = FP U FN, where FP
and F}¥ are the boundary faces contained in 9Qp and 9Qy, respectively. Implicit in this
definition is the assumption that the mesh 7j is conforming to the partition of 0.

Finally, given an element E € 7Ty, for any face F' C OF, with F' € F},, we define ny as

the unit normal vector on F' that points outward of E.

Next, we outline the key assumptions that the polytopic mesh 7, needs to satisfy in order

to derive suitable inverse inequalities and approximation results.

Definition 1.1.1. A mesh 7}, is said to be polytopic-reqular if, for any E € 7Ty, there
exists a set of ng non-overlapping (not necessarily shape-regular) d-dimensional simplices
{SE.1"E contained in E, such that F' = 9F N S, for any face F' C OF, and

_ dlsy
~|F]

hg 1=1,...,ng, (1.1)
with the hidden constant independent of the discretization parameters, the number of

faces of the element ng, and the face measure.

We remark that the union of simplices S% does not have to cover, in general, the whole
element E, that is U2 S% C E, see Figure for an example. In the following, for
simplicity and clarity we shall write SL instead of Si. We also underline that this
definition does not give any restriction on the number of faces per element, nor on their
measure. In particular, it allows the size of a face |F'| be arbitrarily small compared to
the diameter of the element hg, provided that the height of the corresponding simplex
SE is comparable to hp. Figure shows two examples of elements belonging to a
polytopic-regular mesh, while Figure shows an element which does not satisfy the

definition. We refer to [60] for more details.

Assumption 1.1.1. We assume that the mesh Ty, is polytopic-regular.
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Figure 1.1: Two examples of polytopic-regular elements as Figure 1.2: Example of an el-

in Deﬁnition Here, all the triangles S% (coloured in teal) ement that violates polytopic-

have height of size comparable to the diameter hp. Note also regularity: the shape of the

that the element on the right is not covered by the union of polygon does not allow for the

the simplices. definition of a triangle SE with
base F' whose height is compa-
rable to the diameter hg.

This assumption will allow us to state the inverse trace estimate in Lemma below.

The next definition and assumption are instrumental for the validity of the approximation

results contained in Lemma [[.3.3] below.

Definition 1.1.2. [61} 59, [6, 58, [60] A covering Ty = {Tgr} related to the polytopic
mesh 7}, is a set of shape-regular d-dimensional simplices T, such that for each E € Tj,

there exists a Ty € T4 such that £ C T§.

Assumption 1.1.2. [61, [59, 6, (58, [60] There exists a covering Ty of T (see Definition
and a positive constant Oq, independent of the mesh parameters, such that

IEn@;ward{E/ €ETh: ENTp#0, Tp € Ty s.t. ECTg} < Oq,
€Th

and hp, S hg for each pair E € Ty, and Ty € Ty, with E C Tkg.

Note that the mesh-regularity is assumed for the covering T, and not for the mesh 7j,.
Assumption [1.1.2] implies that when the computational mesh 7}, is refined, the amount of

overlap present in the covering 7T remains bounded.
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1.2. DG discrete spaces

1.2 DG discrete spaces

Given a polytopic mesh 7, partition of the domain €2, the corresponding scalar and

vector-valued discontinuous finite element spaces are defined as

PO ={qn € L*(Q) : qulp € Py, (E) VE € Tp}, kp > 1VE €T,
WP = {v e [L2()): v|g € [P, (E)*VE € Ty}, kp > 1VE €T,

Remark 1. From the implementation point of view, an essential feature of polyDG
methods is that the local elemental polynomial spaces can be defined in the physical
space, without the need to introduce a mapping to a reference element, as typically done
for classical FEMs. This allows DG methods to naturally deal with general polytopic
elements and with polynomial degrees varying from one element to the other. A possible
approach for the definition of the basis functions was first proposed in [61]. It is based
on the definition of the polynomial spaces over suitably defined bounding boxes of
each polytopic element. More precisely, given an element £ € T,, we can define (for
example) its Cartesian bounding box Bpg, such that the sides of Bg are aligned with
the Cartesian axes and £ C Bp. On the Cartesian bounding box Bg, we can then
define a standard polynomial space, employing, for example, tensor-product Legendre
polynomials. Finally, the polynomial basis over the general polytopic element may be
defined by simply restricting the support of the basis functions to £. We refer to [60] for
further details. We also mention that another key aspect related to the implementation
of DG methods is the design of efficient numerical integration schemes over polytopic
elements. This is still an open and active area of research and we refer in particular to

the recent work [20].

In order to efficiently deal with discontinuous functions, we now introduce the concepts
of average and jump across a face, which play a central role in the design and analysis of
all DG methods [27]. Let F' € F! be an interior face shared by the elements E; and Es.
We define n; and n, to be the unit normal vectors on F' pointing exterior to E; and Fs,
respectively. Then, for a (regular enough) scalar-valued function ¢ and a (regular enough)

vector-valued function v, we define the standard jump [-]and average {-} operators across

5
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F as

{a} = (Q1 + q2) [9] = ¢in1 + gomo,
(1.2)

{v}= (V1 + vy) [v] =vi-n;+ vy ny,

where the subscript ¢ = 1, 2 denotes the trace on F' of the functions restricted to F;. Note
that the jump of a scalar-valued function is a vector parallel to the normal, while the
jump of a vector-valued function is a scalar quantity. Note also that these definitions do
not depend on assigning an ordering to the elements F;.

For future use, we remark that on every F € Fi we can use the definition of jump and

average to write
[qv] = [vl{a} + {v} - [d]. (1.3)

Moreover, if, for a boundary face F' € FP, we extend the definitions of jump and average

ld] = gur,  {v}=v, (1.4)

identity (1.3) implies the following well-known formula [26]:

> favme= [0yl [ M, (1.5

EeT, FRUF,

where we have used the compact notation f]_.h = rer, Jr-

1.3 Inverse estimates and polynomial approximation

on polytopic meshes

Trace inverse estimates and hp-interpolation bounds are the tools at the base of stability
and error analysis. In particular, Lemma is required to establish the stability of the
DGFEM approximation, while the approximation Lemma [T is instrumental for the

convergence analysis.

1.3.1 Trace inverse estimates

Trace inverse estimates bound the norm of a polynomial on an element’s face/edge by

the norm on the element itself. First, we recall a classical hp-version inverse estimate

6
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valid for generic simplices [118].

Lemma 1.3.1. Let S C R? be a simplex, and let ¢ € Pi(S). Then, for each F C dS we

e (k+ 1)k +d) |P)
+ 1) (k +
llgl|Z2(m) < p EHQH%Q(S)'

The inverse estimate for polytopic elements is then obtained under the polytopic-regular
assumption as in [58], Lemma 4.1, and [19, 60]. The proof is reported here for

completeness.

Lemma 1.3.2. Let E be a polygon/polyhedron satisfying Assumption and let
q € Py (E). Then, we have

/{2
llallZ208) S _EHQH%Q(E)v (1.6)

where the hidden constant depends on the dimension d, but it is independent of the

discretization parameters and of the number of faces of the element.

Proof. The proof follows immediately if we apply Lemma to each simplex S C F
and from Assumption [1.1.1], together with (1.1). More in detail, we have

| F] k7
lolEeom = 3 lalfie S 5 3 darlllfiag) S T2l st
FCOE FcoE \VE E
B
> EHQHLQ(E)‘

]

Note that the estimate bounds the L?-norm of the polynomial on the whole boundary
of E, not just on one of its edges/faces. This will be of fundamental importance in the

analysis for dealing with elements with an arbitrary number of faces.

1.3.2 Approximation results

The tool at the base of the error analysis are hp-interpolation estimates. In [61], 59, [6]
standard results on simplices are extended to polytopic elements, considering appropriate
coverings and submeshes made of d-dimensional simplices (where standard results

can be applied) and using appropriate extension operators. In [58] these results are

7
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further extended in order to be successfully applied also in the case when the number of
edges/faces is unbounded. Here, we summarize the results contained in [61], (59 [6] 58] [60].
We also mention that other hp-interpolation results that do not require the introduction
of a covering for the polytopic mesh (valid in the d = 2 setting and for non-degenerate

faces) were proposed in [41] [42].

Let & : H*(Q) — H?*(R%), s > 0, be the classical continuous extension operator introduced
in [I13], such that &(q)|o = v and ||&q|[gsra) < [|Eq|| (). Based on the existence of a
suitable covering of the polytopic mesh (see Definition [1.1.2))), we can state the following

approximation result:

Lemma 1.3.3. [61, 59, 6, 58] Let £ € T, and T € Ty denote the corresponding
simplex such that E C T (see Definition[1.1.3). Suppose that ¢ € H™(E) is such that
Eq|r, € H™®(Tg), for some rg > 0. Then, if Ty satisfies Assumption given an
integer kg > 0, there exists a polynomial ﬁ’fEEq € Py, (E) such that the following bound
holds

sp—m

lg — 32 qll g (e S T 1€a] e (1) 0<m<rg. (1.7)

~ JTrER—m
kE

Moreover, if rp > 1+ d/2,

sp—1/2
||lg — I1kz Y & 1.8
q— EQHH(@E)NWH Q||HTE(TE)' ( )
E

Here, sp = min(kg + 1,7g) and the hidden constants depend on the shape-reqularity of

Tg, but are independent of q, hg, kg and the number of faces per element.

Proof. See [61] for a detailed proof of ((1.7]) and [58] for the proof of (|1.8)). O

Note that the fact that estimate ([1.8)) holds on the whole boundary JF is fundamental

for treating the case when the number of faces/edges is not uniformly bounded.

Remark 2. (Global approximant). If ¢ € L*(€2) and Lemma holds for all E € Ty,
then we can define a global approximation ﬁq € QPY which satisfies bounds and
on each FE € 7T,. Moreover, in case of uniform mesh-size and polynomial order, i.e.
if hg =~ h and kg ~ k for all E € T, and ¢ € H"(Q)), with r > k + 1, the following global
bound holds:

k+1—-m

llg — Tg| H™(Ty) S Lr—m HQHHr(Q), 0<m<nr.




2 Pressure-Pressure formulation

and its polyDG discretization

In this chapter, we present a numerical approximation of Darcy’s flow through a
porous medium that is cut by one single non-immersed fracture, represented by a
(d — 1)-dimensional interface between two d-dimensional subdomains, d = 2,3. We
consider the primal formulation of Darcy’s law for modelling the flow both in the bulk
and along the fracture with suitable (physically consistent) conditions coupling the
two problems. We propose a discretization that combines a DG approximation for the
problem in the bulk, with a conforming finite element approximation in the fracture.
For the DG approximation in the bulk we employ the Symmetric Interior Penalty
discontinuous Galerkin (SIPDG) method [119] 26], generalized to the polytopic setting
that we have introduced in Chapter |1] taking as a reference [61], 59, 6], 58| 19, 60]. We
remark that the use of standard conforming finite elements for approximating the flow in
the fracture is made only in order to keep the analysis of the method as clear as possible,
so that we can put better focus on the polyDG-discretization of the problem in the
bulk and on the coupling of the two problems. The chapter is structured as follows. In
Section we introduce the governing equations for the coupled problem. The problem
is then written in a weak form in Section [2.2] where we also prove its well-posedness. In
Section we introduce the DG discretization on polytopic grids of the coupled problem.
The main results in the analysis of the method are included in Section [2.4] where we
state (and prove) Theorem about well-posedness and Theorem containing an
a priori error estimate in a suitable (mesh-dependent) norm. Section is devoted to
the presentation of a series of two-dimensional numerical experiments assessing both the
validity of the theoretical error estimates and the capability of the method of handling

more complicated cases, including networks of partially immersed fractures.



Chapter 2. Pressure-Pressure formulation

The results of this chapter are original, and have been published in [12].

2.1 Model problem

In the following we present the governing equations for our model, which is the model
for single-phase flow in fractured porous media presented in [101]. The key idea of the
model is to treat fractures as (d — 1)-dimensional interfaces between d-dimensional porous
matrices, d = 2,3, justified in case of fractures with very small width. This model
has been first introduced in [2, [I] under the assumption of large permeability in the
fracture. In [I01I] it has been generalised to handle fractures with low permeability. The
extension to the case of two-phase flows has been addressed in [91] and [97], while a totally
immersed fracture has been considered in [3]. This model is valid both for fractures with
low permeability (i.e., acting as barriers for the flow) and for very permeable fractures.
For simplicity, we assume that there is only a single fracture in the porous medium
and that the fracture cuts the domain exactly into two disjoint connected subregions
(see Figure . More precisely, Let Q C RY, d = 2,3, be an open, bounded, convex
polygonal /polyhedral domain representing the porous matrix. We suppose that the
fracture is a (d — 1)-dimensional C> manifold with no curvature I' ¢ R%* ! d = 2,3,
whose measure satisfies [['| = O(1), and assume that I' separates {2 into two connected
subdomains, which are disjoint, i.e., Q\ T' = Q; U Qy with Q; N Qy = 0. For i = 1,2,
we denote by 0€); the part of boundary of €2; shared with the boundary of €, i.e.,
09); = 09; N JN). Moreover, if we decompose the boundary of € into two disjoint
subsets 0Qp and 9Ny, i.e., I = INp U 0Qn, with 9Qp N IQx = 0, we can define
0Qp; = 0Qp NI, and Oy, = 0NN N OCY;, for ¢ = 1,2. Finally, we denote by np
the normal unit vector on I' with a fixed orientation from €2; to €29, so that we have
nr =n; = —ny.

If we assume that the fractures are filled by a porous medium with different porosity and
permeability than the surroundings, Darcy’s law can be used both for modelling the flow
in the porous matrix and for the (d — 1)-dimensional flow problem along the fracture.
The flow of an incompressible fluid through a fractured d-dimensional porous medium,

d = 2,3, can then be described by the following three ingredients:
1. the governing equations for the flow in the porous medium,;

10



2.1. Model problem

Mp 2

)

%

0Qpa
(a) (b)

Figure 2.1: The subdomains €2y and 25 separated by the fracture I' considered as an interface, for
d =3 (left) and d = 2 (right).

2. the governing equations for the flow in the fractures;

3. a set of physically consistent conditions which couple the problems in the bulk and

fracture along their interface.

2.1.1 Governing equations

According to the above discussion, we suppose that the flow in the bulk is governed by
Darcy’s law. Let v = v(x) € R?? be the bulk permeability tensor, which satisfies the

following regularity assumptions:

(i) v is a symmetric, positive definite tensor whose entries are bounded, piecewise

continuous real-valued functions;

(ii) v is uniformly bounded from below and above, i.e.,

T T T d
x'x Sx'vx Sx'x,Vx € R

Given a function f € L?() representing a source term and g € H'/2(9Q), the motion of

an incompressible fluid in each domain €2;, ¢ = 1,2, with pressure p; is described by:

-V (I/in,;) = fz in Qi, 1= 1, 2, (21&)
Di = Gi on p,;, =12, (2.1b)
v;Vp, - n=0 on p,;, =12 (2.1c)

11



Chapter 2. Pressure-Pressure formulation

Here, we have denoted by v; and f;, the restrictions of v and f to €;, i = 1,2,
respectively, and by g; the restriction of g to {2p;, ¢ = 1,2 and n is the unit normal
vector pointing outward of 2. For simplicity, in the following we will impose Dirichlet

boundary conditions on the whole 01, i.e. we will take 0Qy = ().

The second ingredient for the model is represented by the governing equations for the
fracture flow. In our model the fracture is treated as a (d — 1)-dimensional manifold
immersed in a d-dimensional object. If we assume that the fracture is filled by a porous
medium with different porosity and permeability than the surroundings, Darcy’s law
can be used also for modelling the flow along the fracture [37]. The reduced model is
then obtained through a process of averaging across the fracture: in the beginning the
fracture is treated as a d-dimensional subdomain of €2, that separates it into two disjoint
subdomains. Then Darcy’s equations are written on the fracture in the normal and
tangential components and the tangential component is integrated along the thickness
lr > 0 of the fracture domain, which is typically some orders of magnitude smaller
than the size of the domain. We refer to [L01] for a rigorous derivation of the reduced
mathematical model.

The fracture flow is then characterized by the fracture permeability tensor v, which
is assumed to satisfy the same regularity assumptions as those satisfied by the bulk

permeability v and to have a block-diagonal structure of the form
0
L (2.2)
0 vt

when written in its normal and tangential components. Here, v} € R@-1x({d=1) jg 5

positive definite, uniformly bounded tensor (it reduces to a positive number for d = 2)

representing the tangential component of the permeability of the fracture.

Setting 0I' = I' N 912, and denoting by pr the fracture pressure, the governing equations

for the fracture flow read

—V. - (vilrVepr) = br fr + [-v VD] in T, (2.3a)
pr = gr on JI', (2.3b)

where fr € L*(T), gr € HY?(T') and V, and V.- denote the tangential gradient

12
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and divergence operators, respectively. Equation (2.3al) represents Darcy’s law in the
direction tangential to the fracture and a source term [—vVp] is introduced to take
into account the contribution of the bulk flow to the fracture flow [I0I]. For the sake of
simplicity, we impose Dirichlet boundary conditions at the boundary OI" of the fracture
.

Finally, following [I01], we provide the interface conditions to couple problems ({2.1al)-
(2.1b)-(2.1c) and ([2.3a)-(2.3D). Let & be a positive real number, £ # 3, that will be

chosen later on. The coupling conditions are given by

E(—11Vpy - 1p) + (1 — €)(—v2Vps - nr) = nirm —pr), (2.4)
(1 =& (=v1Vpi -nr) + {(—v2Vps - nr) = nir(pr — P2), (2.5)

where np = 5—5, ¢r > 0 and v being the fracture width and the normal component of the
fracture permeability tensor, see . These equations are obtained through a process
of averaging the flux across the fracture in the normal direction, together with a suitable
condition on the behaviour of the pressure through the fracture (a different value of the
parameter £ should represent a different condition imposed on the pressure’s behaviour).
The introduction of the parameter £ thus yields a family of models, see [101] for more
details.

Next, we observe that the interface conditions and can be rewritten, after

summing and subtracting the equations, using classical jump and average operators (|1.2))

—{vVp} - nr = Br(p: — p2) on I, (2.6a)
—[vVp] = ar({p} — pr) on I, (2.6b)

where
Pr ! ’ (2.7)

o T e—1y
Condition implies that the jump in the bulk pressure across the fracture induces
a net flux, while condition ([2.6b)) entails that the difference between the average bulk
pressure across the fracture and the fracture pressure pr induces a net bulk-fracture flow.

We also remark that the reformulation of the coupling conditions using jump and average
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operators will be convenient for employing DG methods in the discretization.

In conclusion, the coupled model problem reads:

V(Wi Vp) = f; nQ, =12,
Pi = G on ¢, 1=1,2,
—V, - (vilrV.pr) =l fr + [-v V)] inT, (2.8
pr = gr on JI',
—{vVp} -nr = Br(p1 — p2) on I,
—[vVp] = ar({p} - pr) on I,

This system can be seen as a domain decomposition problem, with non-standard boundary
conditions between the subdomains. We remark that problem depends actually
on two physical, fracture-dependent coefficients: the product v7.¢r and the ratio %,
which appears in the coefficient nr. The first coefficient is related to the jump in the
normal component of the velocity (discontinuity of the Darcy velocity across the fracture),
whereas the second one is related to the pressure jump (discontinuity of the pressure

across the fracture).

2.2 Weak formulation and its well-posedness

In this section we present a weak formulation of our model problem (2.8) where the
coupling conditions (2.6a))-(2.6D]) are imposed in a weak sense, and prove its well-posedness.
In order to combine the problem in the bulk and in the fracture, we define a bilinear
form which is the sum of three different terms, each representing a specific part of the
problem, namely the bulk flow, the fracture flow and the coupling conditions. Similarly,
we build a linear operator summing the contributions from the bulk and the fracture.
The well-posedness of the resulting weak problem is proved in Theorem [2.2.1]

For the sake of simplicity we will assume that homogeneous Dirichlet boundary conditions
are imposed for both the bulk and fracture problems, i.e., g; = 0,7 = 1,2, and gr = 0.

The extension to the general non-homogeneous case is straightforward. We introduce the

14



2.2. Weak formulation and its well-posedness

following spaces
Q" ={s=(a,0) €Q1 xQ}, Q" =Hy(I)NH )

where we define, for i = 1,2 and s > 1, Q7 = H*(Q:) N Hgp, (i), with
H&,aﬁimi) = {q € H' (%) s.t. qla, = 0}.

Next we introduce the bilinear forms A, : Q®* x Q® — R, Ar : Q' x Q' — R and
C:(Q"x Q") x (Q° x Q) — R defined as

2
Ap(p, q) :Z / v;Vp; - Vg, Ar(pr,qr) = / vilrVopr - Voqr,
i=1 7S

r

C((p,pr), (4, ar)) = / Brlp] - [a] + / ar({p} — po)({a} — ),

where ar and (r are defined as in . Clearly, the bilinear forms Ay(-,-) and Ar(-, )
take into account the problems in the bulk and in the fracture, respectively, while C(-, )
takes into account the coupling conditions at the interface . We also introduce the
linear functional £, : Q° — R defined as L(q) = Z?:l le fq;, and the linear functional
Lr : Q" — R defined as Lr(qr) = fr lr frqr, that represent the source terms in the bulk
and fracture, respectively.

With the above notation, the weak formulation of our model problem reads as follows:
Find (p, pr) € Q° x Q' such that, for all (¢,qr) € Q° x Q"

A((p,pr), (¢, qr)) = L(q, qr), (2.9)

where A : (Q” x Q) x (Q° x QF) — R is defined as the sum of the bilinear forms just

introduced:

A((p;pr), (¢, qr)) = As(p, ¢) + Ar(pr, qr) + C((p, pr), (¢, qr)), (2.10)

and the linear operator £ : Q? x Q' — R is defined as

L(q,qr) = Ly(q) + Lr(qr)-

15



Chapter 2. Pressure-Pressure formulation

Next, we show that formulation ([2.9)) is well-posed. To this aim we introduce the following

norm on Q% x Q':

2
1/2 -
(g, )12 = 11wVl oy + 1 070) 2V g oy
=1

1/2 1/2
+ 118 [alllZ2r) + llor*({a} — a)lfeqy. (2:11)

. . . . . 2 .
This is clearly a norm if ap > 0. Since ar = -5y, see 2.7), from now on, we will
assume that £ > 1/2. We remark that the same condition on the parameter £ has been

found also in [101] and [15].
Theorem 2.2.1. Let £ > 1/2. Then, problem ([2.9) is well-posed.

Proof. We show that A(-,-) is continuous and coercive on Q° x Q' equipped with the
norm , as well as £(+) is continuous on Q® x Q' with respect to the same norm.
Then, existence and uniqueness of the solution, as well as linear dependence on the data,
follow directly from Lax-Milgram’s lemma. Coercivity is straightforward, as we clearly
have that A((q,qr), (¢,qr)) = |/(q, qr)||* for any (g, qr) € Q° x Q'. On the other hand,
continuity is a direct consequence of Cauchy-Schwarz inequality, while continuity of £(+)

on Q° x Q' is guaranteed by the regularity of the forcing term f. m

2.3 Numerical discretization

In this section we present a numerical discretization of our problem which combines a
Discontinuous Galerkin approximation on general polytopic elements for the problem in
the bulk, with a conforming finite element approximation in the fracture (see Remark
below). DG methods result to be very convenient for handling the discontinuity of the
bulk pressure across the fracture, as well as the coupling of the bulk-fracture problems,
which has been formulated using jump and average operators. As a result, we can employ
the tools offered by DG methods to prove the well-posedness of our discrete method
(see Proposition below). In particular, we will adopt the techniques developed in
[61), 59, [©, 58] (that we have summarized in Chapter |1}, where an hp-version interior
penalty discontinuous Galerkin method for the numerical solution of elliptic problems on

polytopic meshes has been proposed and analysed.
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2.3. Numerical discretization

For the discretization of the bulk problem, we consider a family of meshes 7;, made of
general polytopic elements, which are aligned with the fracture I'; so that any element
E € T, cannot be cut by I'. Note that, since €2; and {2, are disjoint, each element E

belongs exactly to one of the two subdomains.

Clearly, each mesh 7;, induces a subdivision of the fracture I' into faces, that we will
denote by I'j,. It follows that, if we denote as in Chapter [1| by F}, the set of all the faces

of the mesh 7, we can decompose
Fn=FiL UFFUTy,

where F} is the set of interior faces not belonging to the fracture (see also Remark [5)) and
FB is the set of boundary faces (since we are imposing Dirichlet boundary conditions on
the whole 9 we have FF = FP).

With the aim of building a DG-conforming finite element approximation, we choose to

set the discrete problem in the finite-dimensional spaces

Q) ={qn € L*() : qu|p € Py (E) VE € Tp}, ke >1,VE €T,
Q}I; = {QF,h € CO(F) : th’F - Pk(F) VF € Fh} k 2 1.

Note that to each element E' € T}, is associated the polynomial degree kg. We also remark
that the polynomial degrees in the bulk and fracture discrete spaces just defined are
chosen independently.

Next, we introduce the bilinear forms APY . b x @ — R and
CPY . (Qb x QF) x (QF x QF) — R, defined as follows

A = X [V Vo= 3 [ wn- [l

EcTy FeFp\T'p,

- > [evards X [ ol Ll

FeFp\T'y, FeFp\T'y

CP% (pn prn), (g arn)) = 3 /F Belpnl [an] + 5 /F ar({p} — pr)({an} — aon).

Fely Fely,

The non-negative function o € L>®(F, \ I',) is the discontinuity penalization parameter

17



Chapter 2. Pressure-Pressure formulation

(o0p = o|p, for F' € F, \ T'}). The precise definition of o will be presented in Definition
below. Finally we define the linear functional £P9 : Q% — R as

Ly (an) = Z /Eth-

E€Th

Remark 3. Since we are imposing homogeneous boundary conditions, £P¢ has the same
structure of the linear functional £, previously defined. In general, for g # 0, LP¢

contains some additional terms:

Ly (an) = Z /Efth‘i‘ Z /F(—VVQh'IlF—i-UFC]h)g-

E€Th FeFpP

The DG discretization of problem (2.9) reads as follows: Find (pp, prs) € Q% x QF such
that

A (P, prp), (@ny aen)) = Lu(an, qrp) Vg, arn) € Q4 x Qy, (2.12)

where A, 1 (VP x QF) x (Q% x QF) — R is defined as
An (P> prn)s (ans qrn)) = AV (pny an) + Ar(pros arn) + C2%((pn, pra), (an, arp)),
and Ly, : Q% x Q) — R is defined as

Li(qn, arn) = L8 (an) + Lr(arn).

Note that the discrete bilinear form A, has the same structure as the bilinear form A
previously defined in (2.10)), being the sum of three different components, each representing
a specific part of the problem.

Remark 4. The choice of employing a conforming finite element approximation for the
flow in the fracture has been made only in order to keep the analysis of the numerical
method as clear as possible and to put the focus on the discretization of the bulk problem
and on the imposition of the coupling conditions, cf. Section 2.4, The analysis of the
numerical method with a DG discretization for both the bulk and fracture problems will
be addressed in Chapter [ see also Remark [5] below.

We now want to consider the stability and the error analysis of formulation ([2.12)).
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2.4. Theoretical analysis

2.4 Theoretical analysis

For simplicity, we suppose that the bulk permeability tensor v is piecewise constant on
mesh elements, i.e., v|p € [Po(E)]¥*? for all E € T, and that the fracture permeability
tensor is constant on the whole domain, i.e. vp € [P*(I")]@D*(@=1) In the following, we

will employ the notation g = |\/v|g|3, where | - | denotes the l;-norm.

In order to show the stability and the error analysis of formulation (2.12), we will employ
the technical results for polytopic discretizations summarized in Chapter [I} In particular,
we will assume that the bulk meshes 7, satisfy the polytopic-regularity Assumption [I.1.1]
and the covering Assumption [I.1.2]

Remark 5. The induced subdivision of the fracture I';, consists of the faces of the elements
of 75, that share part of their boundary with the fracture, so that, according to the
definition of Fj, given in Section [I.1], T';, is made up of line segments when d = 2 and of
triangles when d = 3. Since we are employing a conforming finite element approximation
for the flow in the fracture, we need to assume that, when d = 3, these triangles are
shape-regular and that they do not present hanging nodes. However, we remark that
the use of DG methods for the fracture problem as well would make this assumption

unnecessary, thus allowing for the use of very general meshes, see Chapter [3], Section [3.3]
To complete the definition of our method, we need to specify the form of the discontinuity

penalization parameter o. Taking as a reference [61], [59, [6] 58], we give the following

Definition 2.4.1. The discontinuity-penalization parameter o : Fj, \ I';, = R* is defined

facewise by

maXEe{EJr’Ef} Df}’;%, ifxe F e F}{, F = 0E+ N OE'_
o(x) = oy (2.13)

iy if x € F e FP, F=0FEnoQ,
E

with o9 > 0 independent of kg, |E| and |F|.

Following [61], 59, 6, 58], we base our analysis on the introduction of an appropriate
inconsistent formulation for the problem in the bulk. This choice is determined by the
necessity of avoiding to make further (unnatural) regularity requirements for the exact
solution, cf. Assumption below. Indeed, those would be in need if we wanted
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Chapter 2. Pressure-Pressure formulation

to obtain optimal hp-approximation estimates for the H'(F})-seminorm on polytopic
meshes, as those enunciated in Chapter (1] Lemma [1.3.3] To this end we define the

following extension of the forms APY and LPY:

AV (p,q) = Z/EWP-Vq— > /F{Vﬂz(vl?)}'ﬂﬂ

E€T, FeF\TI'y
- {vla(Vaq)} - [p] + or [ [p] - lal,
FE%L:\Fh/F Fe;hj\rh /F
ADG( .\ _ _ ) o
£l <q>—E€ZE/Efq+ Zf/( VT1o(Vq) - np + org)g|

where the integral between square brackets vanishes if we consider homogeneous boundary
conditions. Here, Iy : [L?(Q2)]? — [Q%]? denotes the orthogonal L? - projection onto the

bulk finite element space [Q%]¢. It follows that these forms are well defined on the space
Q"(h) = Qh +Q",

since the terms {v1l5(Vq)} and {v115(Vp)} are traces of elementwise polynomial functions.

Moreover, it is clear that

AI?G(pm Qh) = A{?G(Pm Qh) for all gs, pr, € QZ;L

and
ZbDG(Qh) = Ly%(qn) for all g, € Q}.

Thereby, APG(.,-) and LPY(-) are extensions of AP (-,-) and £P% () to Q*(h) x Q°(h) and
Q°(h), respectively. Hence, we may rewrite our discrete problem (2.12)) in the following
equivalent form:

Find (pn,pra) € Q% x QL such that

A ((prspron)s (g, arn)) = Lalgn,arp)  Ygn, grp) € Q4 x Q, (2.14)

where A}, is obtained from A}, by replacing the bilinear form AP (-, -) with its inconsistent
version APG(...), and L}, is obtained by replacing the linear operator £P%(-) with LP%(.).

We remark that formulation (2.14]) is no longer consistent due to the discrete nature of
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2.4. Theoretical analysis

the L?-projection operator Il,.

Next, we equip the space Q(h) [2.4] with the following norm

11a, aea)lII* = llallpe + llaralle + (g arn)llc.

where
1/2
lalfbe = > 1" 9alliam + 3 Mo [alllzem,
EcT;, FG]'—h\Fh
larall? = D 1 0H) 2V raral 2
Fely
1/2 1/2
1@ ar iz = D 118 2 [alllzee + D ler*Had = ar)lfZ2e).
Fel'y, Fely,
It is easy to show that || - ||pg is a norm if o > 0 for all F' € Fj, \ 'y, and that ||| - ||| is a
norm if ar > 0 (that is £ > 1/2). Note that ||| - ||| is also well defined on the extended

space Q°(h) x Q' (h).

2.4.1 Stability analysis

We can now proceed with the stability analysis of our method. We remark that
well-posedness of the discrete problem (2.12]) is guaranteed if we show that, more in
general, problem (2.14)) extended to the space Q°(h) x Q) is well-posed. The choice of

proving this more general property is made for future use in the error analysis.

Taking as a reference [61], [59, 6], 58], we state and prove the following result. Note that,
for the proof, the polytopic-regularity Assumption will play a fundamental role
as well as the choice of the discontinuity-penalization parameter o, see Definition [2.4.1]

Before proving that formulation ([2.12)) is well-posed, we state (and prove) some auxiliary

results, see Lemma [2.4.1] and [2.4.2] below.

Lemma 2.4.1. Let 0 : F, \ [, = R be defined as in ([2.13). Then, if Assumption[1.1.]]
holds, the bilinear form APC(-,-) is continuous on Q°(h) x Q°(R) and, provided that oy is
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Chapter 2. Pressure-Pressure formulation

sufficiently large, it is also coercive on Q°(h) x Q"(h), i.e
AP (p.q) < llallpellpllpe: A7 (q,0) 2 llallbe,

for any q,p € Q°(h).

Proof. For the proof we follow [61] and [58]. We start with coercivity. For any ¢ € Q°(h),

AP9(gq) = llalPos -2 3 /{um va)} - ld]

FeFp\I'p

=I+1I.

In order to bound term II, we employ Cauchy-Schwarz’s, triangular and Young’s inequal-

ities to obtain

/f IV} S o7 0(90) + TV o, o Tl

> (e orltiaVan iz,

FE]'—h\Fh

_ _ 1/2
ool T(Vg >r|%2m) Lo Tall

with € > 0. Employing the inverse inequality of Lemma over the simplices SE and

the definition of the interior penalty parameter o (2.13]), we have

Z /{VH2 Vort-lds - Z Z hfs|v§’| |[TL2( VQ)HLz SE)

FEF,\I O BeT, FedE
]- 1/2
3 > o ladliz
FE.Fh\Fh
€ 1 1/2
S S [ 2[Rl S 2 1 [
0 EeTs, FEFu\Th

where we have used Assumption and bound (1.1]), together with the L*-stability of
the projector Iy and the boundedness of tensor v. In conclusion, using the polytopic-

regularity Assumption [1.1.1] we proved that

AY(a,0) Z llallpe  for all ¢ € Q°(h),
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2.4. Theoretical analysis

for an appropriate choice of the constant € and for o large enough. The proof of continuity

can be obtained employing analogous arguments. O]

Lemma 2.4.2. The bilinear form Ar(-,-) is coercive and continuous on Q% x Q% with

respect to the norm || - ||r.
Proof. Since Ar(qrn,qrn) = |lgra||p for any gr, € Q, Ar(-,-) is clearly coercive.
Continuity follows directly from Cauchy-Schwarz’s inequality. [

Employing Lemma and Lemma [2.4.2] we can easily prove the well-posedness of the
discrete problem (2.12). We can then state the following stability result.

Theorem 2.4.3. Let o be defined as is (2.13). Then, if ¢ is chosen sufficiently large,
problem (2.12)) is well-posed.

Proof. We have that, for any (q,qrn) € @Q%h) x QF, it holds

CDG((Qh»QF,h)?(QaQF,h» = (g, QF,h)H(QJ- Moreover from Lemma and Lemma
we know that AP%(q,q) 2 llgllhe and Ar(grn ara) = [larallf, respectively.
Therefore

Ah ((Q7QF,h)a (CLQF,h)) 2 |H(Q7QF,h)H|2 v(QaQF,h) € Qb(h) X QE-

Next we prove continuity. Let (q,qr ), (w,w}) € Q°(h) x @Q}. Then, from Lemma
and Lemma [2.4.2]

AP (g, w) S Mldllpllwllpe < 1@ arm)lll - i (w, )]

Ar(qrn, wy) S llavallellwh e S g, aen)ll] - ] (wn, wi) -

Finally, from Cauchy-Schwarz inequality, we get

CP%((q ), (w,wh)) < > B Talll2 ()18 Tl 2oy

Fel'y,
12 1/2
+ 3 llot*({a} = el x> ({w} — wi)|Za )
Fel'y,
< |11 gea)ll] - 11 (w, wh)][]-
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Chapter 2. Pressure-Pressure formulation

In conclusion we have proved that

An (g av.), (w,wy)) S (g arm)ll] - ([, wp)]-

The continuity of £j(-) on Q°(h) x QF can be easily proved using Cauchy-Schwarz

inequality, thanks to the regularity assumptions on the forcing terms f and fr.

O

2.4.2 Error analysis

In this section we prove that the discrete solution (ps,pr,) to problem (2.12)) (or,
equivalently, to problem ([2.14])) converges to the exact solution (p, pr) to problem ({2.9).

and provide an a priori error estimate.

For i = 1,2, we denote by &; the classical continuous extension operator, cf. [I13] (see
also Chapter , Section [1.3.2)), & : H*(Q;) — H*(R?), for s € Ny, and make the following

regularity assumptions for the exact solution (p, pr):
Assumption 2.4.4. We assume that the exact solution ((p1,p2),pr) is such that:

Al.  for every E € Ty, if E C Q, it holds &p;|r, € H™E(Tg), with rg > 1+ d/2 and
Ty € Ty with E C Ty. Moreover, we assume that the normal components of the

exact flures vN'p are continuous across internal mesh interfaces, that is [vVp] = 0

on Fi;
A2. pre H'(I'), with r > 1.
We can then state the following error estimate.

Theorem 2.4.5. Let Ty = {Tg} denote the covering related to Ty, consisting of shape-

reqular simplexes as in Deﬁnition satisfying Assumption . Let (p,pr) be the
solution of problem (2.9) and (pn,prs) € Q% x Q) be its approzimation obtained with the

method (2.12)) with the penalization parameter given by (2.13)) and og sufficiently large.
Moreover, suppose that the exact solution (p,pr) satisfies the regularity Assumption m
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2.4. Theoretical analysis

Then, the following error bound holds:

2(sp—1
p2oe=D

|I[(p, pr) — (Pmpr,h)mQ S Z WG%(}LE’ kg, DE)Hé‘DpH?{rE(TE) (2.15)

EeT;, NE

R
+ Z W@ﬂm(p),
Fel'y

where the &p is to be interpreted as & p1 when E C 4y and as &py when E C .

Moreover, sg = min(kg + 1,7g) and

G%(hE, kg, I7E) =Vg+ hEkEl FIél;lgip or + (Oér + 5r)hE/€51

_ -1 —1 — —117.2 —1

+vphy ke FICnaEJlE}iF o +vphy kg Frcr}aegir op .
Remark 6. (Uniform orders and mesh size) In case of uniform mesh-size and polynomial
order, i.e. if hp ~ h and kg =~ k > 1 for all £ € T, and hr ~ h for all F' € T',, if the
exact solutions in the bulk and in the fracture satisfy p € H"(Q) and pr € H"(T"), with
r > k + 1, then the error estimate (2.15)reduces to

hk hkzp
11w, pr) = (on. i)l < WHPHH"(Q) T FHPH
r

We point out that Galerkin’s orthogonality does not hold true, due to the inconsistency
of the bilinear form A,. Thereby, the error bound will be derived starting from Strang’s
second lemma. From Proposition [2.4.3| and Strang’s second lemma we directly obtain the

following abstract error bound on the error.

Lemma 2.4.6. Assuming that the hypotheses of Proposition[2.4.3 are satisfied, it holds

|H(p7pr) - (Ph,pr,h)m S, inf . H|(P;pr) - (QhaQF,h)|||
(thlh",h)EQhXQh
R N
+ sup | h((papr)a(?h’wh)ﬂj
(whwl)EQt xQL || (wp, wy,) ]

where the residual Ry, is defined as

Rh((p,pr), (wh7 wll:)) = "Zlh((papl")7 (wha w}:)) - ‘Ch<wh7 w}:)
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Chapter 2. Pressure-Pressure formulation

We can now proceed with the proof of Theorem [2.4.5]

Proof of Theorem[2.4.5 From Lemma[2.4.6| we know that the error satisfies the following
bound

[(p, pr) = (pr, pru)lll < inf (P, pr) — (an; qrn)ll|
(qnar,n)€QY X QY

4

T
R T
+ sup | h((p7pf)a(1:hawh))|
(wh,wl)eQh x QT [ (wn, wy, )|

-~

11

(2.16)

We bound the two terms on the right-hand side of (2.16)) separately. We can rewrite term

Ias

I'= inf Hp_QhHQDG+ inf HPF_QF,hH% + inf H(p_QImpF_QF,h)H%'
meQ? ar.n€QY (qn,ar,n)€Qh xQ},

[ J/ J J/
~ -~

(a) () ©)

Again we consider each of the three terms separately. To bound term (a), we exploit the
two approximation results stated in Lemma [1.3.3; we obtain that

(@) <lp=Tplfpe = Y (Ve —Tp)ee + D owlllp = oIz

E€T;, FeFp\T'p,

S EGZT [VE|p = Hpl ) + (Flcnaa};}ir or)|lp — HpHL?(aE\F)}
h

SE 1) hQ(SE 1/2)
<Y [ [ R
E

E€T;, e FCOE\D
sE 1) hE
— 2 _
Z 2(rE 1) pHHrE(TE) (VE + E(Frc%%}ir UF)).

EG’Th
Using classical interpolation estimates [30] we can bound term (b) as follows:

h2k
(0) <llpr = prllt S ) mp=glprlie @)
Fel'y,
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Finally, for term (c), we have

() <[l = Tp,pr = p0)IIE S Be > Np = TpdllFagey + ar Y [Hp = Tp} 72,

Fel'y, Fel'y

+ar Z ||pr — p§||%2(F)
Fel'y

Exploiting the approximation result ([1.8), we obtain

2(sp—3%)
~ ~ h 2
BFZ p — HP]]”%?(F) < BFZ lp— HP||%2(3E) S BFZ iT_%)HéapH%{’“E(TE)
Fely, EcTy Ee€Th kE
OENT#) OENT#)
O
= fr o 1EDare (1) 7
EET,, kE( 2 “ke
OENT#)

Similarly, we have

~ hZ(SEfl) hE
ar Z I{p— Hp}HQLQ(F) S or Z %g“gpﬂim@)-
E

FeTy, EeTy
OENT'#)

Finally, using again classical interpolation estimates, we deduce that

h2k
ar Y lpr = phlfiae Sar > w0 Prla )

Fely, FeTy,

In conclusion, combining all the previous estimates, we can bound the term I on the

right-hand side of (2.16) as follows:

I's Z h%k|pF|12LIk+1(F)

Fel'y,
ESE 1) 1
2 — -1 _
+ ; 20rp—1) p[ HTE(Tg) Vg + hEk'E (FICIgaE}iF O'F) + (Oér + ﬁp)hEkE . (2.17)
h

Next, we derive a bound on the term II on the right-hand side of (2.16)). First, we note
that, integrating by parts elementwise and using that the couple (p, pr) satisfies (2.9)) as
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Chapter 2. Pressure-Pressure formulation

well as the regularity assumption [2.4.4] we can rewrite the residual R, as

Ral(p, e, (wnwl) = 3 / (v(Vp - To(Vp))} - [uwn].

FG.Fh\Fh

Employing Cauchy-Schwarz inequality and the definition of the norm ||| - |||, we then

obtain
1/2

e X o [ V- v
FeFp\I'y,
If we still denote by IT the vector-valued generalization of the projection operator Il

defined in Lemma [1.3.3, we observe that

3 JF/!{VVp LEMIES S o /|{VVp (V)P

FeFp\I'y, FeFp\I'y,
+ 3 o [ Hem(vp - TV
FG.Fh\Fh

= (1) +(2).

To bound term (1), we proceed as above, employing the approximation result stated in
Lemma [1.3.3] We obtain

h2(sE71) —1

h
1) S E—(D max on i) El|3- )
<>~EEZThk%TE_1) e(, max o7 2 )€l

Exploiting, in order, the boundedness of the permeability tensor v, the inverse inequality
(1.6)), the L2-stability of the projector Il and the approximation results stated in Lemma

1.3.3, we can bound term (2) as follows:

(2) S Y ( max o )wpl|L(1(Vp) = VD)l iaomr

FCOE\T
EeTy, \

< Z max UF VE—HH(VP) Vp”%?(E)

FCOE\T
N Z sz(rE 1) ||éap| H"E(Tg) (VEh (FIC%EKFaFl)).

E€Ty
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Hence, term II on the right-hand side of (2.16)) may be bounded as:

2(SE 1)

s Z rE 1)” p||HTE (Tx) VE(Frc%aE}iFUF Vhi'kE
ger, B
+DE(FI§%%’§FUF VL | (2.18)
Finally, substituting (2.17)) and - into - leads to the thesis. 0

2.5 Numerical results

In this section we present some two-dimensional numerical experiments to confirm the
validity of the a priori error estimates that we have derived for our method. The test
cases have been chosen intentionally with increasing complexity: we start with some
academic numerical tests that aim at validating the convergence properties of the method,
and we end the section with a physical experiment that investigates the effect of large
and low permeability in the fracture to the bulk flow.

The numerical results have been obtained in MATLAB®. Throughout this section we
set the fracture thickness (appearing in the coupling conditions —) equal to
fr = 0.001 = nr and v} = 1. For the generation of polygonal meshes conforming to the
fractures we have suitably modified the MATLAB® code PolyMesher developed by G.H.

Paulino and collaborators [117].

2.5.1 Example 1

In this first test case we take Q = (0,1)?, and choose as exact solutions in the bulk and

in the fracture I' = {(z,y) € Q: z+y =1} as

ety in Q, M
p= ) pr=e+ —e.
et e in Q, V2

It is easy to prove that p and pr satisfy the coupling conditions (2.6a))-(2.6b|) with £ =1
and v = I. Finally we need to adjust the source terms for the bulk accordingly as
f=—2e""1in Q; and . Note that in this case fr = 0 since the solution is constant and

[vVp] = 0. In Figure we report three successive levels of refinement of the polygonal
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Chapter 2. Pressure-Pressure formulation

mesh conforming to the fracture employed in this set of experiments. .

(a) (b) ()

Figure 2.2: Example 1: Three refinements of the polygonal mesh grid conforming to the fracture.
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100-6 100-8 10! 1012 101A4 100-6 100-8 10! 10%-2 1014
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(a) Bulk and fracture k = 1 (b) Bulk £ =1,2,3

Figure 2.3: Example 1: Computed errors in the bulk and in the fracture as a function of the inverse of
the mesh size (loglog scale) with polynomial degree k = 1 on the left, and computed errors ||p — pr||pa
in the bulk for polynomial degrees k = 1,2,3 on the right.

In Figure we plot the computed errors ||p—pa||pe and ||pr —pr.x||r as a function of
inverse of the mesh size (loglog scale). Here we have taken the polynomial degree kg = 1
VE € T, and k = 1 for the fracture finite dimensional space. In both cases the numerical
results are in agreement with the theoretical estimates, i.e., the error goes to zero at a
rate O(h) . In the same plot we also report the behaviour of the error |[p — pp||r2(). One
order of convergence is clearly gained. Finally, in Figure [2.3(b)| we report the computed
errors in the bulk ||p — px||pe as a function of 1/h for kg = k = 1,2,3. The theoretical

convergence rates are clearly achieved.
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2.5. Numerical results

2.5.2 Example 2

In the second test case we take Q2 = (0,1)?, and choose as exact solutions in the bulk and

in the fracture I' = {(z,y) € Q: z+y =1} as

emty in Q,
p= pr = e(1+V2np).

ety

T—F(%—FS—&%)G n Qg,

It is easy to prove that p and pr satisfy the coupling conditions (2.6a))-(2.6b|) with £ =1
and v = I. Finally we need to adjust the source terms for the bulk and fracture problems

accordingly: We choose £ = 1 and take v = 1. In this case we set the source term as

—2e"Y  in Qq, e

f= fr=—.
_ecc-l—y in Q2 . \/551*

Notice that on the fracture the source term satisfies ¢r fr = =V, - (WLrV.pr) + [vVp],
and, since pr is constant, it holds fr = [¥Vp].

1072 . 1073 ¢ E
F E F 5 E
1074 E

1073 E! 1075 | E

[ | —A—Ilp —pullpc
r —4— [Ip" = prnllr
|| —&—llp = Pall 2o ] 1070 | ——k=3
I I | ] | - | | ]
100-6 100-8 10! 1012 1014 100-6 100-8 10! 101-2 1014

Fl—a—k=1
| —o—k=2
3

1/h 1/h
(a) Bulk and fracture k = 1 (b) Bulkk £ =1,2,3

Figure 2.4: Example 2: (a) Computed errors in the bulk and in the fracture as a function of the inverse
of the mesh size (loglog scale) with polynomial degree k = 1. (b) Computed errors ||p — pn||pe in the
bulk for polynomial degrees k = 1,2, 3.

Figure [2.4(a)| shows the computed errors ||p — pn||pg for the bulk problem and the
corresponding computed errors ||pr — pr||r in the fracture. The results have been
obtained taking the polynomial degree £ = 1 for both the bulk and fracture problems. As

predicted from our theoretical error bounds, a convergence of order 1 is clearly observed
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for both ||p — pul|pe and ||pr — pro||r. Moreover from Figure one can clearly see

that also in this test case one order of convergence is gained if we compute the error

I[P — pnl|z2(0)- In Figure we plot the computed errors in the bulk |[p — ps||pe for
polynomial degrees kp = k = 1,2,3. The observed convergence rate is of O(h*).

2.5.3 Example 3

In this third example we consider the circular fracture I' = {(z,y) € Q: z*+ y* = R},
with R = 0.7 included in the domain Q = (0,1)2. We choose the exact solutions in the
bulk and in the fracture as follows

22 4y? .
2 in Oy, 7nr

224y 3 1
2—}3?2;+§77F+§ in €,

so that they satisfy the coupling conditions ({2.6al)-(2.6b)) with £ = Z% and v = I. The

source term is chosen as

——%s In Ql) 1
f — R2 Erfr _ E

——=5 in {2y

1074 \ |
B 1 ]

1072 |

1073 -
| | —A—llp = prlIpe ]2 |
| —— Ip" — proalle b

—0—|lp —pullp2(q)
1074 &

1 1 (=
1006 100-8 10t 1012

(a) Mesh grid (b) Errors

Figure 2.5: Example 3: (a) Example of the polygonal mesh grid with circular fracture. (b) Computed
errors as a function of inverse of the mesh size (loglog scale) with polynomial degree k = 1.

Figure 2.5(a)| shows an example of mesh grid employed in this set of experiments. One

can see that here the fracture is approximated by a polygonal line.
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2.5. Numerical results

In Figure [2.5(b)| we report the computed errors |[p — pu||pe and ||p* — prallr as a
function of 1/h for kg = k = 1 (we disregard the variational crime coming from the

polygonal approximation of the circular fracture). The numerical experiments validate

the theoretical estimates, as a linear decay of the error is clearly observed.

2.5.4 Example 4

We consider the domain = (0,1)? and the fracture I' = {(z,y) € Q@ : =z = 0.5}.

Following [65], we choose the exact solutions in the bulk and in the fracture as follows

sin(4x) cos(my) if z < 0.5, 3 '
p= e = 2leos(2) + sin(2)] cos(my),
cos(4x) cos(my) if x > 0.5,

so that they satisfy the coupling conditions (2.6a)-(2.6b) with { = 3 and v = 1. We
also choose the fracture thickness to be equal to fr = 0.25 and the tangential and
normal components of the permeability tensor in the fracture to be vJ. =1 and v =1,
respectively. We impose Dirichlet boundary conditions on the whole 02 and also on JI'.

Finally the source terms are chosen accordingly as

. o
;- sin(4x) cos(my)(16 + %) if z < 0.5, fr = cos(my)cos(2) + sin(2)](4 + iﬂz)'
cos(4z) cos(my)(16 + w2) if x > 0.5, 16

The exact solution in the bulk is shown in Figure . In Figure [2.6(b)[ we show the
computed errors in the bulk and in the fracture for polynomial degree equal to 1 for
both the bulk and fracture problems. In Figure [2.7(a)| we report the errors ||p — prn||pc
obtained with polynomial degrees kg = 1,2, 3 in the bulk and £ = 1 in the fracture. We
observe that for kg = 3 the convergence rate is suboptimal. This is due to the fact that
the polynomial degree in the fracture is not accurate enough. In fact, if we assume to
know the exact solution pr in the fracture and we solve the problem in the bulk, we
recover the expected rates, as shown in Figure . This behaviour did not appear in

the previous test cases, where the solution in the fracture was chosen to be constant.
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(a) Exact solution (b) Errors

Figure 2.6: Example 4: Exact solution in the bulk with the plane z = y = 0 (left) and Computed
errors as a function of inverse of the mesh size (loglog scale) with polynomial degree k = 1 (right).
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Figure 2.7: Example 4: (a) Computed errors ||p — pp||pe in the bulk as a function of the inverse of
the mesh size (loglog scale) for polynomial degrees k = 1,2,3. (b) Computed errors in the bulk with
polynomial degree k = 3 and known fracture pressure.

2.5.5 Quarter five-spot problem

The quarter five-spot problem is often used to validate numerical schemes for the approx-
imation of Darcy’s flow, see for example [65], [92]. A five-spot is a standard technique
used in petroleum engineering for oil recovery, where four injection wells are located at
the corner of a square and one production well is located in its center. Fluid (typically

water, steam or gas) is injected simultaneously through the four injection wells causing
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2.5. Numerical results

the displacement of the oil toward the production well in the center. Since the problem
is symmetric, we can consider only a quarter of this injection pattern, represented by
the domain © = (0,1)2. The single injection well will be then located in (0,0) and the

production well in (1,1). Their presence is included in the model via the source term

f(z) =10.1 [tan(200(0.2 — V22 + y2)) — tanh(200(0.2 — \/(z — 1)2 + (y — 1)2))|.

Moreover, we enforce homogeneous Neumann and Dirichlet boundary conditions, respec-
tively, on 0Qx = {x = 0ory = 0} and 9Qp = { = L ory = 1}. We also assume
that the domain is cut by the fracture of equation I' = {(z,y) € Q: x +y = 1} with
thickness ¢r = 0.005, and we let fr = 0. Finally, we impose homogeneous Dirichlet
boundary conditions on OI'. The domain configuration is reported in Figure for
clarity. We aim, in particular, at investigating the effect of large and small permeability

in the fracture to the overall flow. We perform two numerical experiments:
1. Permeable fracture: we choose v =1 and v} = 100.
2. Impermeable fracture: we choose v* = 1072 and v} = 1.

In both cases we let the bulk permeability tensor ¥ = I and we solve the problem choosing
a polygonal mesh with h = 7.5- 1072 and the polynomial degree kr = 2 in the bulk and
k =1 in the fracture.

The bulk pressures obtained are shown in Figure As expected, in both cases the bulk
pressure has a peak in correspondence of injection well and it decreases going toward
the production well. In the permeable case, the decrease is continuous, while in the
impermeable case we can observe a clear jump of the pressure across the fracture. This
behaviour is better captured in Figure [2.8(b), where we have plotted the trend of the
pressure along the line x = y in both cases. Our qualitative results are in agreement with
those obtained in [65].

2.5.6 Immersed fractures

We now investigate the capability of our discretization method to deal with immersed
fractures. We take as a reference [3], where the model developed in [101] has been
extended to fully immersed fractures. In particular, our set of equations (2.8)) needs to

be supplemented with a condition on the boundary OI' immersed in the porous medium.
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pr=20 p=0 »
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M
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vVp-n=0 pr =0 02 0s 1 15
(a) (b)

Figure 2.8: Quarter five-spot: The subdomains §2; and s separated by the fracture I' and boundary
conditions (left) and pressure in the bulk along the line z = y (right).

0.8097
0.5897
0.3698
0.1499
-0.0700

(a) Permeable fracture (b) Impermeable fracture

1.2981

0.9568

0.6156

0.2744

-0.0669

Figure 2.9: Quarter five-spot: Pressure in the bulk for the quarter-five spot problem with permeable
(left) and impermeable (right) fracture.

Following [3], we will we assume that the mass transfer across the immersed tip can be
neglected, imposing the Neumann boundary condition vV, pr -7 =0 on 0I'. On the
fracture tip intersecting the bulk boundary, i.e., 9I' N 9€), we impose boundary conditions
coincident with those imposed on 0f).

We perform two sets of numerical experiments, that were already proposed in [3]. The
aim is that of investigating the flow depending on the physical properties of the fractures
(permeable, impermeable), first in the case of a single fracture, and then in the more
complex situation of a network of partially immersed fractures. Our results are in perfect

agreement with those obtained in [3], thus showing that our method can be easily extended
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2.5. Numerical results

to the treatment of more complex and realistic situations.

For all the experiments we take as computational domain Q = (0,1)? and we assume
that the bulk permeability tensor is isotropic, i.e., v = Id. Moreover we take the forcing
terms f = fr = 0, so that the flow is only generated by boundary conditions. Finally,
we choose the parameter £ = 0.55. Our results have been obtained with cartesian grids
with approximately the same number of elements as those employed in [3]. Note that the
grids are aligned with the fractures so that the immersed tips coincide with one of the

mesh vertices.

Single partially immersed fracture

In the first experiment we study the case when the porous medium is cut by the fracture
['={(x,y) € (0,1)?: 2= 0.5,y > 0.5} that is partially immersed in the domain and has
constant aperture fr = 0.001. We consider two different configurations where we vary

the boundary conditions and the permeability of the fracture:

1. Permeable fracture: we choose 1 = 100 and v} = 10° and impose Dirichlet
boundary condition on the whole 02 as described in Figure 2.10(a)|

2. Impermeable fracture: we choose v = v = 10~7 and impose mixed boundary

conditions on 02 as in Figure [2.10(b)| .

p=0 vVp-n=0
H
n
n
y=07 &
— —_— —_— — L L ] b — — — — — — ]
[]
n
n
=
p=1 = p=2 p=0 p=1
p=20 vVp-n=90
(a) Permeable fracture (b) Impermeable fracture

Figure 2.10: Single immersed fracture: Configurations and boundary conditions for the permeable test
case (left) with v = 10, 2% = 102, and the impermeable test case (right) with v = 1t = 1077,

The results obtained with a mesh of 16128 elements are shown in Figure [2.11} In both
cases, on the left part of the figure, we show the pressure field in the bulk (where the
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intensity of the color increases with the increasing of the pressure) together with the
streamlines of the Darcy’s velocity. In the middle, we report the behaviour of the bulk
pressure along the line y = 0.75. Finally, on the right we plot the pressure field in the
fracture. As expected, in the impermeable case we can observe a clear jump of the bulk
pressure across the fracture, that it is not present in the permeable case. The results
presented in Figure are in agreement with those of [3].

Pressure field and streamlines Pressure along y = 0.75 Pressure in the fracture

0 . L . . L L 5 L n L L L L L L
0 01 02 03 04 05 06 07 08 09 1 05 05 06 065 07 075 08 08 09 095 1
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0 01 02 03 04 05 06 07 08 09 A 05 05 06 065 07 075 08 08 09 0% 1

Figure 2.11: Single immersed fracture: permeable case (top) and impermeable case (bottom).

Network of partially immersed fractures

In the second experiment we consider a network of four partially immersed frac-
tures of aperture fr = 0.01, namely 'y = {(z,y) € (0,1)? : = > 03,y = 0.2},
Iy = {(x,y) € (0,1)* : 2 < 0.7,y = 04}, I's = {(z,y) € (0,1)* : = > 0.3,y = 0.6},
Iy = {(z,y) € (0,1)* : < 0.7,y = 0.8}. The fractures I'; and T’y are impermeable
(vF = v = 107%), while T'; and I's are partially permeable (v = 1072, v} € {100,1} ).

We consider two different configurations, varying the value of the permeability v]. on the
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partially permeable fractures I'y and I's and the boundary conditions as illustrated in

Figure [2.12(a)|

p=1 p=(2z-1)(3z—1)
| I
I I
— —
= I = I I I
[ [r— S [— =
A A
I I
.........T........- IIIIIIIIITIIIIIIIII
| = 0.65 | z = 0.65
p=0 p=(22-1)(3z—1)

(a) Configuration 1: ¥T =100 on I'y,T's (b) Configuration 2: v]. =1onI'1,Ts

Figure 2.12: Network of immersed fractures: Configurations and boundary condition for the two test
cases.

In Figure [2.13] we show the results obtained for the two test cases with a mesh of 26051
elements. In particular, we report the pressure field in the bulk with the streamlines of
the velocity (left), the value of the bulk pressure along the line 2 = 0.65 (middle) and
the pressure field inside the four fractures (right). Again, we can see a perfect agreement

between our results and those obtained in [3].
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Pressure field and streamlines Pressure along = = 0.65 Pressure in the fracture
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Figure 2.13: Network of immersed fractures: first configuration (top) and second configuration
(bottom).
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3 Unified analysis of polyDG ap-
proximation of flows in frac-

tured porous media

The aim of this chapter is to extend the results presented in Chapter [2, where the
mathematical model and its discretization based on PolyDG methods were in a primal
setting (with pressure as only unknown) for both the bulk and fracture problems. Indeed,
when dealing with the approximation of Darcy’s flow, one may also resort to a mixed
approach, where the flow is described through an additional unknown representing the
(averaged) velocity of the fluid. This variable, often referred to as Darcy’s velocity, is of
primary interest in many engineering applications [105], 53], so that the mixed setting is
often preferred to the primal one, which may only return velocity after post-processing
the computed pressure, thus entailing loss of accuracy. On the other hand, the primal
approach is easier to solve, featuring a smaller number of degrees of freedom. For this
reason, our aim is to design a unified setting where, according to the desired approximation
properties of the model, one may resort to either a primal or mixed approximation for the
problem in the bulk, as well as to a primal or mixed approximation for the problem in the
fracture. In particular, for the primal discretizations we employ the Symmetric Interior
Penalty discontinuous Galerkin method [119, 26], whereas for the mixed discretizations
we employ the local DG (LDG) method of [72], both in their generalization to polytopic
grids [61, 59, 6, 58, 60]. Our main reference for the design of such setting is the work
by Arnold, Brezzi et al. [27], where a unified analysis of all DG methods present in
the literature is performed. This framework is based on the flux-formulation, where the
so-called numerical fluxes are introduced on elemental interfaces as approximations of

the exact solution. Different choices of the numerical fluxes affect the stability and the
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accuracy of the DG method and provide conservation properties of desired quantities
such as, for example, mass, momentum, and energy [60]. In the particular context of flow
in fractured porous media, we also show that the coupling conditions between bulk and
fracture problems may be imposed through a suitable definition of the numerical fluxes
on the fracture faces. Such an abstract setting allows to analyse theoretically at the same
time all the possible combinations of primal-primal, mixed-primal, primal-mixed and
mixed-mixed formulations for the bulk and fracture problems, respectively.

The chapter is organized as follows. In Section we introduce the model problem; its
weak formulation is discussed in Section [3.2] The discretization based on employing
PolyDG methods is presented, in the unified setting of [27], in Section . In Section
we address the problem of stability and prove that all formulations, namely primal-primal
(PP), mixed-primal (MP), primal-mixed (PM) and mixed-mixed (MM) are well-posed.
The corresponding error analysis is presented in Section [3.5] Several numerical tests,
focusing, for the sake of brevity, on the mixed-primal (MP) case, are presented in
Section to confirm the theoretical bounds. Moreover, we assess the capability of the
method of handling more complicated geometries, presenting some test cases featuring

networks of partially immersed fractures.

The results presented in this chapter are original and are contained in [14].

3.1 Model problem

We recall that we are adopting the mathematical model of [T01], which we have introduced
in Section [2.1] We consider again the case where a porous medium is cut by a single,
non immersed fracture. However, in this chapter, we deal with the governing equations
in their mixed form. This means that, for both the problem in the bulk and in the
fracture, we will introduce an auxiliary vector-valued variable, called Darcy’s velocity.
This quantity is of primary interest in many engineering applications, such as oil recovery
and groundwater pollution modelling. Indeed, in these cases, in order to be effective, the
simulation of the phenomenon requires very accurate approximation of the velocities of
the involved fluids.

As in the previous chapter, the porous matrix is represented by the open, bounded,

convex and polygonal /polyhedral domain 2 C R?, d = 2,3 and the fracture is described
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by the (d — 1)-dimensional C*® manifold (with no curvature) I' C R%"!, d = 2, 3. Since
we are assuming that I' is not immersed, it separates €2 into the two connected disjoint
subdomains €2; and 2.

We now introduce the governing equations in mixed form. In the bulk, in each domain
Q;, 1 = 1,2, the motion of an incompressible fluid with pressure p; and velocity u; may

be described by:
u; = v;Vp; in €,
-V-u; = f; in €2;,
(3.1)
Pi = 9gb,i on 8QD,i,

u; - 1, =0 on 8QN¢,
\

where we have adopted the same notation as in the previous Chapter, so that f € L*(2)
represents a source term, gp € H'Y/2(0Qp) is the Dirichlet boundary datum and
v = v(r) € R™? is the bulk permeability tensor, which we still assume to be sym-
metric, positive definite, uniformly bounded from below and above and with entries that
are bounded, piecewise continuous real-valued functions.

On the manifold T" representing the fracture, we formulate a reduced version of Darcy’s
law in the tangential direction and assume that the fracture permeability tensor vr, has
a block-diagonal structure when written in its normal and tangential components and
that v € R-Dx(D) ig positive definite, uniformly bounded. Moreover, vr satisfies the
same regularity assumptions as those satisfied by the bulk permeability v. Denoting by

pr and ur the fracture pressure and velocity, the governing equations for the fracture

flow are )
ur = vplrV.pr in T,
-V, -ur =/lrfr — [u in I,
r = lrfr — [u] (32)
pr = gr on dl'p,
ur-7=0 on Oy,

where fr € L*(T"), gr € HY/?(0T'), T is vector in the tangent plane of I' normal to o' and
V., and V.- denote the tangential gradient and divergence operators, respectively.

Finally, we close the model providing the interface conditions in mixed form:

—{u} -nr = Gr[p] - nr on T, (3.3a)
—[u] = ar({p} — pr) onT, (3.3b)
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where we recall that r = # and ap = nr(22£ —

normal unit vector on I' with a fixed orientation from €2; to 5. We also recall that the

with npr = f—ﬂ and that nr denotes the
T

conditions depend on the parameter £ # % that will be chosen later on.

In conclusion, the coupled bulk-fracture model problem in mixed form is the following:

(

u; = v;Vp; in €,
-V-u; =f; in €;,
Pi = 3D OIl VYD,
u;-n; =0 ONl “YNi

ur = vilrV. pr inT, (3.4)
—V, -ur = lrfr — [u] in T,
pr=gr on dl'p,
ur-7=0 on Ol'y,
—{u} - nr = Brp] - nr on I,
—[u] =ar({p} —pr)  onT.

\

3.2 Weak formulation

In this section we introduce the weak formulation of our model problem ({3.4) and prove

its well-posedness. We start with the introduction of the functional setting.

3.2.1 Functional setting

Here, we introduce the functional spaces for our weak formulation. For
the bulk pressure and velocity, we introduce the spaces M’ = L%(Q) and
VP = {v € Hy(Q) : [V]lr € L*(T),{v}|r € [L*D)]% Vv - n|so, = 0}, and equip
the space V* with the norm ||V||%;b = ||V||%2(Q) +[|V- V||%2(Q) + ||[[V]]||i2(r) + ||{V}||%2(r)'
Similarly, for the fracture pressure and velocity we define the spaces MT = L*(I)
and VI = {vp € Hyiy,(I') © vr - 7lor = 0}. The norm on V' is given by
[[ve[lyr = [[vellZe @y + [[V7 - Vel 22y Finally, we define the global spaces for the pressure
and the velocity as M = M?x M" and W = V? x V', equipped with the canonical norms
for product spaces. In order to deal with non-homogeneous boundary conditions, we also
introduce the affine spaces V) = £, + V® and V5= Ly + V', where £, € Hy;,,(Q) and
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L,. € Hy;y (') are liftings of the boundary data g and gr, respectively. We can then
define the global space W, = Vg X Vg.

3.2.2 Weak problem

We can now formulate problem ({3.4) in weak form as follows: Find (u,ur) € W , and
(p,pr) € M such that

A((u, ur), (v, vr)) + B((v,vr), (p,pr)) = F*(v, vr)

(3.5)
—B((u,ur), (¢:qr)) = F*(¢. qr)
where the bilinear form A(-,-) : W, x W, — R is defined as
A((u,ur), (v,vr)) = a(u,v) + ar(ur, vr) with
B 1 1
a(w,v)= [ vu-v+ [ —[u][v] + | =—{u}-{v},
Q r ar r Pr
ar(ur, vr) = /(V;KF)IU-I‘ -V,
r
and the bilinear form B(,-) : W, x M — R is defined as

B((v,vr),(¢,qr)) = b(v,q) + br(vr, qr) + d(v, qr), with

b(v,q) = / V-vyg, br(vr, qr) = /VT “Vr qr, d(v,qr) = —/[[V]]Qr-
Q r r

Finally the linear operators F™(-) : W, — R and F?(-) : M — R are defined as

P = [ avns [ Pl [gos s
oN or Q r

Next, we prove that formulation (3.5)) is well-posed. For the sake of simplicity, we will
assume that homogeneous Dirichlet boundary conditions are imposed for both the bulk
and fracture problems, i.e., gp; = 0, 7 = 1;2, and gr = 0 and that the domain and
fracture are smooth enough. The extension to the general non-homogeneous case is
straightforward. Note that the existence and uniqueness of the problem can be proven

only under the condition that the parameter £ > 1/2.

Theorem 3.2.1. Suppose that £ > 1/2. Then problem (3.5) admits a unique solution.
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Proof. For the proof we follow the technique of [I01]. First, we define the subspace of
W, W = {(v.vr) € W: B((v,vr),(¢,qr)) = 0Y(q.qr) € M}. To show existence and
uniqueness of the solution of , we only need to show that A(-,-) is W—elliptic and
that B(-,-) satisfies the inf-sup condition, that is

1, inf sup B((V7 VF)a (Q7QF)) > 1

iIlf A((Va VF)7 (VaVF))
(2:9r)EM (v vi)eW 11(g: gl (v, ve)llw ™

(V,VF)EVV H(V7 VF)H%V

~J

First, we prove that A(:,-) is W—elliptic. Since for elements in (v, vr) € W we have
V-v=0in L*(Q) and V, - vp = [v]|r in L*(T'), the norm [|(v, vr)||w is equivalent to
||V||%2(Q) + ||VF||%2(F) + ||[[v]]||%2(r) + ||{V}||%2(F). Owing to the regularity properties of

the permeability tensors v and vr, this implies that

A((v,vr), (v.vr)) 2 [[(v, vo) |-

Note that the hidden constant also depends on the parameter ar, and that we need to

assume ar > 0, or, equivalently, £ > 1/2, for the inequality to hold true.

To show that B satisfies the inf-sup condition, given (g, gr) € M, we construct, exploit-
ing the adjoint problem, (v,vr) € W such that B((v,vr),(q,qr)) = ||(q,qr)||3; and
(v, vo)llw S 11(g, gr)|a- Given (q,qr) € M, let (¢, ¢r) be the solution of

—A¢p=gq, on{l —Ar¢r =¢qr, onTl
and

¢ =0, on 0f) or =0, on OI'.

If we set v = (vy,vy) with v; = =V¢|q,, i = 1,2, and vp = =V, ¢r, we obtain V- v = ¢,
V., vr = gr and [v]|r = 0, since v € H'(Q). This implies that (v,vr) € W and
B((v,vr), (a.qr)) = llal[72(q) + llar] |72y = II(g. gr)||3;- Finally, from elliptic regularity,

we have

(v, vi)l[3 = ||V¢||%2(Q) + ||VT¢F||%2(F) + ||q||2L2(Q) + ||QF||%2(F) + ||{V¢}||%2(r)

S ||Q||%2(Q) + H‘JF||2L2(F)7

and this concludes the proof.
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3.3. Numerical dicretization based on PolyDG methods

3.3 Numerical dicretization based on PolyDG meth-

ods

In this section we present a family of discrete formulations for the coupled bulk-fracture
problem , which are based on Discontinuous Galerkin methods on polytopic grids.
In particular, since we can choose to discretize the problem in the bulk and the one in
the fracture either in their mixed or in their primal form, we derive four formulations
that embrace all the possible combinations of primal-primal, mixed-primal, primal-mixed
and mixed-mixed discretizations. The mixed discretizations will be based on the Local
Discontinuous Galerkin method (LDG) [72} [64, 109], while the primal discretizations
on the Symmetric Interior Penalty method (SIPDG) [26, [119], all supporting polytopic
grids [61], 59, [6] 58] 60]. The derivation of our discrete formulations will be carried out
following the same strategy as in [27], so that it will be based on the introduction of the
numerical flures, which approximate the trace of the solutions on the boundary of each
mesh element. In particular, the imposition of the coupling conditions (3.3a))-(3.3b]) will
be achieved through a proper definition of the numerical fluxes on the faces belonging to

the fracture.

We consider meshes 7, that are aligned with the fracture I' and we denote, as in
Chapter [I, by F, the set of all the faces of the mesh 7, that we can decompose in
Fn = Fl UFP UL}, where FI is the set of interior faces not belonging to the fracture,
FP is the set of faces lying on the boundary of the domain 9 (which can be further
decomposed into FP = FP U F})) and T}, is the set of fracture faces. In particular,
as already observed in Remark [5 the induced subdivision of the fracture I';, consists
of the faces of the elements of 7, that share part of their boundary with the fracture,
so that, according to the definition of F;, given in Section [1.1 ', is made up of line
segments when d = 2 and of triangles when d = 3. In the latter case, the triangles are not
necessarily shape-regular and they may present hanging nodes, due to the fact that the
sub-triangulations of each elemental interface is chosen independently from the others. For
this reason, we here extend the concept of interface introduced in Section [1.1] also to the
(d — 2)-dimensional facets of elements in I'y,, defined again as intersection of boundaries of
two neighbouring elements. When d = 2, the interfaces reduce to points (see Figure [3.1)),
while when d = 3 they consists of line segments. Moreover, since we aim at employing

DG methods also for the discretization of the problem in the fracture, we denote by &ry,
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N g,

O T

Figure 3.1: Example of two neighbouring elements of a polygonal bulk mesh aligned with the fracture
and of the induced subdivision.

the set of all the interfaces (that we will also call edges) of the elements in I',, and we
write, accordingly to the previous notation, &, = &L, U EP,, with EF, = &P, UEY,.
For the forthcoming stability and the error analyses, we will make use once again of the
technical results for polytopic discretizations summarized in Chapter [I, In particular,
we will assume that both the bulk meshes 7;, and the fracture meshes I'j, satisfy the
polytopic-regularity Assumption and the covering Assumption [I.1.2]

We have now all the ingredients to introduce the discrete formulation of model problem

(3-9)-

3.3.1 Discrete formulation

For simplicity in the forthcoming analysis, we will suppose that the permeability tensors
v and vr are piecewise constant on mesh elements, i.e., v|g € [Po(E)]¥? for all E € Ty,
and vr|p € [Po(F)]@D*@-1 for all F € I'),. First, we introduce the finite-dimensional

spaces where we will set our discrete problem. We set

Qn={q€ L*(): qlg € Pry(E) VE € Ty}

W, = {ve[L2(Q)": vlp € [Py (B)'VE € T;}

Qp = {ar € L*(T) : qr|r € Py, (F) VF €T}
W, = {vr € [L*(T)]"" ¢ vp|p € [Py, (F)]" ' VE € T}

Note that, to each element E € 7Ty, is associated the polynomial degree kg > 1, as well as
to each face F' € I'y, is associated the degree kr > 1. We remark that the polynomial
degrees in the bulk and fracture discrete spaces just defined are chosen independently of

each other. Note also that here, unlike in Chapter [2] test functions are not characterised
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3.3. Numerical dicretization based on PolyDG methods

by the subscript h, for easier reading.

We first focus on the problem in the bulk. Multiplying the first and second equations in
(3.1) by test functions v € W% and ¢ € Q%, respectively, and integrating by parts over

an element I € T,, we obtain

/u_lu-v:—/pV-VJr/ PV - ng,
E E OF
/u-Vq—/ qu-nE+/fq-

E OF E

In the spirit of [27], we start the derivation of our DG discretization from these equations.
Adding over the elements E € Ty, the general discrete formulation for the problem in the
bulk will then be: Find p; € QI,’L and w, € Wz, such that for all £ € T;, we have

Z/El/_luh-V:—Z/EphV-v—i-Z/aEﬁEv-nE

EET, EETy, EeTy,

Z/Euth:Z/aEqﬁnnEJrZ/Efq,

E€Ty, E€Ty, E€Ty,
where the numerical flures pr and Ug are approximations to the exact solutions u and p,
respectively, on the boundary of E. The definition of the numerical fluxes in terms of py,
uy, of the boundary data and of the coupling conditions (3.3al)-(3.3b]) will determine the
method. Using identity ([1.5]), we get

[wev== [ wvove [ @i [ B e

Flury, UFBUly
/ W - Vg — / (@) [q - / [l = [ fa. (3.7)
Th FrurFBury, Fiury, Th

where we have introduced p = (pg)rer, and 0 = (4g)ge7;, . The numerical fluxes p and
U must be interpreted as linear functionals taking values in the spaces Ilgc7, L2(OF)
and [[Ige7, L*(OF)]?, respectively. In particular, this means that they are, in general,
double-valued on F} UT}, and single-valued on FZ. We also observe for future use that,
after integrating by parts and using again identity , equation may also be

rewritten as

/ viu,-v= Voo, - v+ / {P—pu}v] + / [D—pnl - {v} (3.8)
Th Th Flury, FluFPury,
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We now reason analogously for the fracture. Multiplying the first and second equations
in (3.2) by test functions vr and gr, respectively, integrating by parts over an element
F € T'y, and summing over all the elements in I', we obtain the following problem: Find

prn € QL and up;, € Wj, such that for all F € T, we have

Z /(V;EF)_IUF,h VP = — Z /Pr,hv - Vr + Z / pr.pv - np,
F F OF

Fely, Fely Fely,
g / ur, - Vqr — E / grur p - Np = E / r frar — E /[[11]](]1“-
Fer, v T Fer,, V OF Fer, v T Fer, Y F

Here, we have introduced the numerical fluxes pr r and Ur . Again, the idea is that they
represent approximations on the boundary of the fracture face F' of the exact solutions

pr and ur, respectively. Note also that here U is the numerical flux approximating the
bulk velocity on I'y. Using identity (1.5]), we get

/Fh(’/ltgf)_luf,h VP = — Z /Fpr,hv -vp + /gﬂh{ﬁp}[[vp]] + /&,h{vr} ] (3.9)

Fel'y,

/Fh ur,h-VQF—/g%h{qr}[[ﬁr]]_/anh{ﬁr}-[[qr]]:/FhﬁpquF— Fh[[ﬁ]]qp (3.10)

We point out that, in all previous equations, the gradient and divergence operators are
actually tangent operators. Here, we have dropped the subscript 7 in order to simplify
the notation.

In the following, we explore all possible combinations of primal-primal, mixed-primal,

primal mixed and mixed-mixed formulations for the bulk and fracture, respectively.

Primal-Primal formulation

In order to obtain the primal-primal formulation, we need to eliminate the velocities uy,

and ur, from equations (3.6)-(3.7) and (3.9)-(3.10). To do so, we need to express u,

solely in terms of p, (and pry), and ury, solely in terms of prp. As in [27] this will be

achieved via the definition of proper lifting operators.

We start by focusing on the problem in the bulk. In order to complete the specification
of the DG method that we want to use for the approximation, we need to give an

expression to the numerical fluxes. We choose the classic symmetric interior penalty
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3.3. Numerical dicretization based on PolyDG methods

method (SIPDG). Moreover, coupling conditions ({3.3a)-(3.3b]) are imposed through a
suitable definition of the numerical fluxes on the fracture faces. Since we want a primal
formulation, the definition of p and & will not contain u;,. The numerical fluxes are

defined as follows:

( I
{pn} on J
N . gp on]:/?
p= p(ph) =
Pn onf,]lv
\ Ph onl',
4
{vVpr} —orlps] on F}
L vVpn — or(pn — gp)nr on FP
U = U(py, prp) = h (3.11)
0 on]:,]lv
\_[QF({ph} - pF,h)HTF + Brﬂph]]] onl',

Here, we have introduced the discontinuity penalization parameter o. In particular, o is
a non-negative bounded function, i.e., o € L>°(F] U FP) and its precise definition will
be given in Definition below. Moreover, we have used the notation o = o|p, for
F € FL U FP. We remark that, with this choice, the numerical flux p is doubled valued
on I';, and single valued on F}f U FP.

Using the definition of the numerical fluxes, it follows that

{p—pn} =0, [a] =0 on Fj,
{p—pn} =0, [a] = —ar({pn} — prs) onl'y,
[p — pnl = —[pu], {u} = {vVp,} — orlpn] on FY,
[p — pr] = (90 — pr)1rp, {a} =vVpy —op(pr — gp)nr on FP,
[p—pn] =0, {u} =0 on Fy',
[P —pn] =0, {a} = —Brlp] onl,

so we rewrite ({3.8)) as

/ viiw,ov= | Vp,-v-— / Ipn] - {v} + / gpVv - 1. (3.12)
T T FIUFP FP
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At this point, we proceed with the elimination of the auxiliary variable u, from our

equations. To this aim, we introduce the lifting operator Z5'" : [L*(FL U FP)]? — W)

defined by

L) v = —/ {v}- & YweW. (3.13)
FluFp

Th

Similarly, we define the lifting Gy(gp) € W2 of the Dirichlet boundary datum gp as

/Q’b-V:/ gpv-n Yve Wb (3.14)
7 P

Thanks to the introduction of the lifting operators, equation (3.12)) may be rewritten as

[ (=i + 27 WD) + Gl ) v =0
Th
Since V@i C W%, we can write
u, = v[Vp, + 27" ([pr]) + Gul, (3.15)

where Vp, + 277 ([pr]) + Gy can be seen as a discrete approximation of the gradient Vp.

We can then rewrite equation (3.7)) as

/T VIV 2 (D) + G-V - /

I B
FLUFBUD,

@~ [ [ fe

Using the definition of the discrete gradient (3.15)), of the lifting operators (3.13]) and
(3.14) and of the numerical flux  (3.11)), we have

/Thl/vph'vq—i—/ThVD%)SIP(ﬂph]])-vq—f—/Thyc%SfP(Hq]]).Vph+/I DUF[[ph]].[[q]]

AN

+ [ sl -1+ / ar({p} — pra)ia)

h

:/ fQ+/ gDUFq—/ vG, - Vq. (3.16)
Th FP Th

Now we move our attention to the problem in the fracture. We define the numerical fluxes
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3.3. Numerical dicretization based on PolyDG methods

pr and ur in order to obtain a symmetric interior penalty approximation as follows:

({prs} onél,
pr = pr(prn) = { gr on&p,
L Pr,h on 5I]‘V7h7
( {vilrVpr i} — oclpra] on 515’h
Ur = Ur(pra) = § VilrVpr, — oo(pry — gr)ne.  on SIl?’h (3.17)
0 on &y,.

\

Again, we have introduced the discontinuity penalization parameter op € L®(&f ), U L))
and we set o, = oyl for e € & ,UEL, . Tts precise definition will be given in Deﬁnitionm
below. Next, as before, we introduce the lifting operator £ : [L'(EL ,UER, )]t — W,
and the lifting of the boundary datum Gr(gr.p) € W, defined by

L7 (&) - vr = —/ &r - {vr} Vvr € Wi, (3.18)
Ty €§7hU5€h
g Or-vr = [5’3 gr,pVvr : Vvr € Wl,: (3.19)
h T,h

Integrating by parts and using (1.5)), we can rewrite equation (3.9)) as

/ (ur,h — vl [V, + 257 ([pron]) + gr]) -vp = 0.
Ty
Again, since VQI C Wg elementwise, we can write

ur, = vile[Vpr, + 25" ([pra]) + Gr).

Plugging this last identity and the definition of the numerical fluxes u (see (3.11))) and
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ur (see (3.17)) into equation ([3.10]), we obtain

/ ViUV - Var + / il 5 (Ipeal) - Var + / vitr 2 ([qc]) - Ve
Fh I_‘h

Ty

+/ oelprn] - [[QF]]+/ Oérpr,hQF—/ ar{pn}aqr
&L ueD 'y Tn

I
,hYCT,h

_ &ﬁ@+/ m%@—/vwﬁrv% (3.20)
D T'n

IV T,h

In conclusion, summing equations (3.16) and (3.20)) we obtain the following discrete
formulation: Find (pp, ph) € Q% x QL such that

AR (s 1)y (,ar)) = Li7(q,q0) V(g qr) € Qh x Q) (3.21)

where PP stands for primal-primal and where L, : Q% x Q' — R is defined as
L (q,qr) = L (q) + LE(gr) and AP" : (Q% x Q) x (Q% x QF) — R is defined as

AR" ((ons 1) (@,a0)) = A3 (pn, @) + AL (pron, ar) + C((pr, prop), (¢ ar)),
with
Ay (pn, @) = [rh vV - Vg + /Th v 2" ([pn]) - Vg
s [ v @) Vo [ ool T G2
Th FIUFL

AL (pron, qr) = /

I

vilrVpr, - Var +/ vilr 27 ([prnl) - Var

IV

+£/%£WWM%Wm+L ooloenl - Tael, (3.23)

I D
eV

Clpnopea)s.ar)) = | 5Fﬂphﬂ'HQH‘+Q/£ ar({pn} — pra)({a} — ar),  (3.24)

h

and

ﬁf(fl)z/ fQ+/ gDan—/ vG, - Vg, (3.25)

Th Fp Th

Lrlar) = [ fofrar + / groeqr — / vilrGr - Var. (3.26)
Iy £ Ty,

D
I,k
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3.3. Numerical dicretization based on PolyDG methods

We remark that we have recovered the formulation already obtained in Chapter [2| (in its
not strongly consistent version), the only difference being that the bilinear form for the
problem in the fracture is in the shape of SIPDG method, instead of classical conforming

finite elements.

Mixed-Primal formulation

In this section, we discretize the problem in the bulk in its mixed form. To this aim,
we use the local discontinuous Galerkin (LDG) method [72, 64, 108, 1T09]. The LDG
method is a particular DG method that can be included in the class of mixed finite
element methods. However, the variable u;, can be locally solved in terms of p, and
then eliminated from the equations, giving rise to a primal formulation with p; as only
unknown.

In what follows, we first derive the formulation of our method in a mixed setting. After
that, we recast it in a primal setting, in order to perform the analysis in the framework
of [27, [108]. However, we remark that the mixed formulation is the one that will actually
be implemented for the numerical experiments of Section As far as the problem in
the fracture is concerned, we work again in a primal setting, using the SIPDG method

for the discretization.

In the bulk, we define the numerical fluxes as

(
{pn} +b-[pn] onF;
R gp on]—“,?
p=ppn) =
Dh on F¥
L Ph onl’y,
(
{un} —blun] — or[ps] on F}
L u, — op(pp — gpny) on FP
u = U(Uh,ph,pr,h) =
0 on F}Y
| —lar({pn} = pra)2E + Brlpa]] onTy,

Here, b € [L>®(F})]¢ is a (possibly null) vector-valued function which is constant on each
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face. It is chosen such that
bl 71 < B, (3.27)

with B > 0 independent if the discretization parameters. Moreover, ¢ is the penalization
parameter introduced in , whose precise definition will be given in below.
Note that the numerical flux p does not depend on u,. This will allow for an element-by-
element elimination of the variable uy,, generating a primal formulation of the problem.
We also point out that the definition of the numerical fluxes on the fracture faces is the

same as in the primal SIPDG setting.

With this definition of the numerical fluxes, and after integration by parts as in (3.8)),
equation (3.6) becomes

/V‘luh-v—/ Vph-v+/ ﬂph]]-({v}—b[[v]])—i-/ phv~nF:/ gpVv - np,
Th T Fl FP FP

h h

(3.28)
while equation turns into
/Th w, - Vg — /F (fw) = bl [ + /f R OROE /F s
[ Boloal - Tal + / ar({pn} —pea)at = [ fa+ / orgpd. (3.20)
Ty, Ty, T Fp

If we discretize the problem in the fracture with the SIPDG method, we obtain the
following discrete mixed problem: Find <(ph, uy), p£> € Qb x Wb x QF such that

My(up, v) + By(pn,v) = Fp(v) Vv e Wh,
—By(q,up) + Sp(pn, q) + C1(ph, ¢, prp) = Gu(q) Vg € Qb, (3.30)
Ar(pron, ar) + Co(pn, pros, qr) = L1 (qr) Var € QZ,
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where

Mb(uhvv) = / Vﬁluh v,
Th

Bipnov) == [ Sove [l () v+ [ v,

h

Siona) = [ el Il

Cionoa.pr) = [ el -] + / ar({pn} — pra){a).

IV

Co(pn, pron, qr) = / ar(prn — {pn})ar,
In
Fy(v) :/ gpV - Np,
e
Gy(q) = fQ+/ Or9nq,
7o JEp

and Af(-,-) and L(-) are defined as in (3.23) and ([3.26)), respectively. Also note that we
have C((pn, pra), (¢, qr)) = Ci(pn, ¢, prn) + Ca(ph, pron, qr)-

We now focus on rewriting the problem in the bulk in a primal form, taking advantage of
the local solvability of LDG method. We proceed as in the SIPDG case and introduce an
appropriate lifting operator, £}¢ : [LN(FL U FP)]? — W2, defined by

20 v == [ (p-blD-£= [ ev vvewr @3

T 7

From equation (3.28) we obtain
u, = v(Vpn + Z77([pn]) + Gb), (3.32)

where Gy, is the lifting of the Dirichlet boundary datum defined in (3.14)). Equation ([3.29)
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now becomes

/VVPh-Vq+/ V%LDG([[Ph]])'VQhJF/ vG, - Vq
T T

Th

-/ () bl ] - / RUR / o, oIl
+ . Brlpn] - ld] + /Fh ar({pr} — pra)ie} = /Th fq+ /F}? OFqgp.-

Using again the definition of the lifting .£*” and the identity (3.32), we obtain

| v+ 2o o)) (o ) + [ orlpd -l
7’}1 ]:I D

(ANl

+ [ sl -1+ / ar({pn} — pr){a}

h

_ [r fa+ /f oran - /F VG, (Vg + Z7([q])). (3.33)

Summing equations (3.33]) and ([3.20)) we obtain the following discrete formulation: Find
(pn,ph) € Q% x QF such that

A" (o o)s (@) = L3 (a.ar)  Y(a,qr) € Q@ x Qs (3.34)

where M P stands for mized-primal and where AY" : (Q% x QF) x (@) x Q}) — R is

defined as
A%P ((p}upg)a (Qa qF)) = Aéw(pfu Q) + AF(pF,hv QF) + C((pprf‘,h)a (Qa qF))a
and £ : Q% x @} — R is defined as

Ly (¢, ar) = Ly'(q) + Lr(ar)
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with

Ay (pn, @) = /

: v(Vpn + L7 ([pnl)) - (Va+ L7 ([a]) + / orpnl - ld]

I, 7D
FRUF,

+ [ Belonl - al + / ar({pr} — pr){a). (3.35)

Ty

Ly'(q) = [r quF/fD UFQQD—[r vGy - (Vg +247([d])).

Note that the mixed formulation ([3.30) is equivalent to the primal formulation (3.34)
together with the definition of the lifting operator (3.31]) and equation (3.32]).

Primal-Mixed formulation

We now want to approximate the problem in the fracture in mixed form, employing the
LDG method and the problem in the bulk using the SIPDG method. We define the

numerical fluxes as follows

4
{prp}+br-[prp] on 5{7;1
pr = pr(pra) = 4 gr on &R,

N
DT on 51“,h

4
{urn} —brlups] —ocfprs] oné&l,
Ur = Ar(urs, prr) =  ury — oe(prpne — gro,) on SFD,h

N
0 on&ry,

\

Here, by € [L™(&] ;)] is a vector-valued function that is constant on each edge and

it is chosen such that |[br|[ g1 < Br, with Br < 0 independent of the discretization

parameters. Equations (3.9)) and (3.10) now become

/ (vilr) hupy - vr — / vr - Vpr +/ [prn] - ({vr} — brlvr])
Ty 'y 81£,h

+/ pr,th'HGZ/ grvr -n. (3.36)
2 ER),
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/rh Ura Var = /85 h[[qFH - ({urs} = brlurs]) + / oelprs] - lar]

Ern
/g

where we have also used the definition of the numerical flux @ on I'j, (see (3.11)) to rewrite
—[u] = ar({pr} — pr.,n). For the bulk we proceed as in the primal-primal setting using
for the discretization the SIPDG method. We then obtain the following primal-mixed
problem: Find <ph, (pt, llr,h)> € Q% x QF x W such that

getrn e = | b frgr + / ar({pn — pra))ar + / oograr, (3.37)
Iy Ty &

D
T,h .k

A (pn, ) + Ci(Ph, ), prp) = L5(q) Vg€ Qb
Mr(llpvh,VF) + Br(pnh,VF) = FF(VF) Vvr € Wg, (338)
—Br(qr,ur ) + Sr(prw, qr) + Ca(pn, (pra, qr)) = Gr(qr) Var € Qy,

where

Mr(upp, vr) = / (Vlwr)_lur,h -V,

Ty
Br(pr.p, vr) = —/ vr - Vpr, +/ lprel - {ve} — brlvr]) +/ Pravr - g,
Ty, ELn ERL
Sp(pron, qr) = / oelpr.n] - [ar],
Ern

FF(VF) = / grvr - g,
gD

T,h

Gr(qF)Z/ frfFQr—i-/ Oegrqr,
Ty &ron

and A (pn,q) and L} (q) are defined as in (3.22)) and ([3.25)), respectively.

Aiming at rewriting the problem in the fracture in primal form, we introduce the lifting
operator, .ZEP¢ : [LYELUEP)]? — W, defined by

| e o= |

T',h

(rb=brlvil) &= [ &rove Ve W) (339)
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3.3. Numerical dicretization based on PolyDG methods

From equation ([3.36]) we obtain
ur, = vile[Vprs, + 457 ([pra]) + Gr) (3.40)

where Gr is the lifting of the Dirichlet boundary datum defined in (3.19)). Equation (3.37)

now becomes

[ vt (Tt 25 oral)) - (Ve + L)+ [ loeal - o]

I
gF,hugF,h

+/Fh ar(prn) —{pn}) = /Fh Cr frar +[£D Oeqrgr — /Fh vilrGr - (Var + 257 ([ar]))-

T,k

We obtain the following primal formulation: Find (py,ph) € Q% x QL such that

A ((Ph,p£)7 (Q>QF)) = LM (q,qr) Y(q,qr) € Q% x Qy, (3.41)

where PM stands for primal-mized and where AP : (Q% x QF) x (Q% x QF) — R is
defined as

A ((phapg)v (q, QF)) = Ay (pr, q) + A¢ (pron, ar) + C((pr, pron). (¢, qr)),
and LY : Q% x QF — R is defined as
Ly (aqr) = £5(q) + L1 (r)
with

A praar) = [ VE (T + £ Dnal) - (Var + 22 ()

IV

+ /51 oe[pr.n] - lar], (3.42)

D
ThYEE L

L' (qr) = / lr frqr +/ Oeqrgr — / vilrGr - (Var + 257 ([ar]))-
Ty ep IV

T',h
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Chapter 3. Unified analysis

Mixed-Mixed formulation

Finally, if we approximate both the problem in the bulk and in the fracture with the
LDG method, we obtain the following formulation: Find (ps,prs) € Q° x Q! and
(wp, up ) € W% x W} such that

My(y,v) + By(pn, v) = Fy(v) Vv e W),

@) Yee@p,  (343)
Fr(vr) VYvr € W;,

Grigr) Var € Q,

|
)

)

—By(q,up) + Sp(pr, @) + C1(Ph, ¢, pron)
Mo (upp, vr) + Br(pros, vr)

)

—Br(qr,ur ) + Sr(prn, ar) + Co(ph, (Pros, ar)

This formulation, together with the definition of the lifting operators (3.31)) and (3.39)
and of the discrete gradients (3.32) and (3.40) is equivalent to the following: Find
(pn,pra) € Q% x @QF such that

A ((onsph)s (¢ar)) = L3 (g ) Y(a,qr) € Qh x Qs (3.44)

where MM stands for mized-mizved and where AN : (Q% x Q1) x (Q° x QF) — R is
defined as

A ((pwpn)s (@, ar)) = A (pn, @) + AY (prow, ar) + C((pn, prow), (4, ar)),
and LM : Q% x QF — R is defined as

Ly (q,qr) = Ly (q) + Ly (qr).

Next, we perform a unified analysis of all of the derived DG discretizations for the
fully-coupled bulk-fracture problem. We remark that the analysis will be performed
considering the mixed LDG discretizations recast in their primal form, following [108§].

For clarity, in Table [3.1] we summarize the bilinear forms for all the four approaches.
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3.4. Well-posedness of the discrete formulations

Method Primal bilinear form

Primal-Primal (PP) A} (p,q) + Af (pr, qr) + C((p, q), (pr, ar))
Mixed-Primal (MP) A} (p, q) + Af (pr, qr) + C((p, q), (pr, qr))
Primal-Mixed (PM) Al (p,q) + A¥ (pr,qr) + C((p,q), (pr,qr))
Mixed-Mixed (MM)  AM(p,q) + AM (pr, qr) + C((p,q), (pr,qr))

Table 3.1: Primal forms for the DG discretizations of the bulk-fracture problems.

The bulk, fracture and interface bilinear forms are defined in:

Al (pa): (322 Af (pr,ar): (3.23) C((p,q), (pr,ar)):  (B-24)
A (p,q): (B39 At (pr,qr): (42

3.4 Well-posedness of the discrete formulations

In this section, we address the problem of stability. We prove that the primal-primal
(PP) (3.21), mixed-primal (MP) (3.34)), primal-mixed (PM) and mixed-mixed
(MM)(3.44) formulations are well-posed. We remark that all these formulations are not
strongly consistent, due to the presence of the lifting operators. This implies that the

analysis will be based on Strang’s second Lemma, [114].

We recall that, for simplicity in the analysis, we are assuming the permeability tensors v
and VT to be piecewise constant and that we employ the following notation g = |\/v|g|3
and U} = |\/VE|F|3, where | - |2 denotes the ly-norm.

To consider the boundedness and stability of our primal bilinear forms, we
introduce the spaces Q°(h) = Q) + @Q® and QU(h) = Q) + Q" where

b= {q¢ = (@1, ) € H'(U) x H'(Q)} N H*(T;) and Q¥ = HY(I') N H*(I',). We
remark that all the bilinear forms A7*(-,-) are also well-defined on the extended space
Q"(h) x Q' (h).

Further, we introduce the following energy norm on the discrete space Q% x Q}

11°

(g, qr)|||” = HQHZ,DG+|’qFH12“,DG+H(QaQF)H(2Z
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Chapter 3. Unified analysis

where
1/2
9113 06 = [12"°Val5 7, + llow [l 71070
llarlIf pe = 110F0)*Varl [ r, + 102 *lacllG ez, e,
1/2 1/2
(@ ar)l 12 = 182 [l r, + o *({a} — ar) |3,
Note that ||| - ||| is also well defined on the extended space Q°(h) x Q' (h).

Next, we need to give an appropriate definition of the discontinuity penalization parameter,
so that we can work in a polytopic framework. Taking as a reference [61], 59, [6], 58] [60]
as in Chapter [2 we give the following two definitions for the bulk and fracture penalty

functions:

Definition 3.4.1. The discontinuity-penalization parameter o : F,, \ I', = R* for the

bulk problem is defined facewise as

maxpeqp 5oy 2ok if x C F € Ff, F = 0E* NoE-,

o(x) = oy (3.45)
L if x C FeFP F=0EnoQ,

with o9 > 0 independent of kg, |E| and |F|.

Definition 3.4.2. The discontinuity-penalization parameter or : &, — RT for the

fracture problem is defined edgewise as

Maxpe{F+,F-} Dii% ifxCcee&l, e=0FtNoF,
O'F(X) =0or (346)
’7;1;“';21?, ifx Cee&p,, e=0FNar,

with oo > 0 independent of kp, |F| and |e.

Next, we will state and prove some estimates that will be instrumental for the proof of
the well-posedness of our discrete formulations. We start deriving some bounds on the
lifting operators, with arguments similar to those of [I08] 109, 18]. Note that all the
results hold true on the extended spaces Q°(h) and Q' (h).
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3.4. Well-posedness of the discrete formulations

Lemma 3.4.1. Let Z7'7() be the lifting operator defined in (3.13)). Then, for every
q € Q°(h) it holds
1

1227 ([aD) 2oy S WIIU “Talllo =rorp- (3.47)
)

Proof. Denoting by sz the L*-projection onto W%, by definition of the lifting operator

£ and Cauchy-Schwarz inequality, we have

VI/QZSIP([[Q]]) .z
1225 ([a)l |2y = sup Js b
z€[L2(Q))4 HZHLQ(Q)

Jo 2 ([q]) - Ty (V' /?2)
2€[L2(Q))4 ||2[ 2(q)
1/2 —1/2
B L U R VG0l
z€[L2(Q))4 HZHL2
1/2 —1/2
o [alllo rrozp |low > {Thye (0122) Yo r10 50

2€(12(Q)) ||2[ 2 ()

IN

Using the triangular inequality, the definition of the penalization coefficient o (3.45)), the
inverse inequality (|1.6)), the assumptions on the permeability tensor v and the continuity

property of the L2-projector we have
o7 Ty 0 P} i © D0 = [Ty (025
wh 0,FIUFP ~ o DEkQ w L2(0E)
EET;,

1 1
<Y 5o My (P2l e < Z 202ty = — 12l oy (3.45)
EE€Ty, E EETh 0o

This proves the desired estimate.
m

Lemma 3.4.2. Let Z5'7(-) be the lifting operator defined in (3.18)). Then, for every
qr € QY (h) it holds

. 1
(i) 225 (lae Dl 2y S 7 —7 1082 lar]llo.er, vep, -
Oo,r R
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Chapter 3. Unified analysis

Proof. Same arguments as in in the proof of Lemma |3.4.1] m

Lemma 3.4.3. Let Z"°(-) be the lifting operator defined in (3.31)). Then, for every
q € Q°(h) it holds

1+B, 1
112474 ([a) 2 @) S THO_F/ [alllo,707p- (3.49)
o

0

Proof. We proceed as in the proof of Lemma [3.4.1] By definition of the lifting operator

ZP¢ and Cauchy-Schwarz inequality, we have

Jov' L4 (ld]) - 2

11227 ([aD |2 = sup

selL2(Q)]d ||z]| 22(0)
Jo 24 (la]) - e (v?2)
= sup
z€[L2(Q)]¢ ||Z||L2(Q)
1/2 —-1/2
~ Lol o7 (T (%2)) = bl (4 22)]|
< sup
selL2()]¢ |1Z]| 22(0)
1/2 —1/2
‘ - ff,? UF/ [q] - o / HW*;L(VI/QZ)
+ sup
z€[L2(Q)]4 HZHLz(Q)
1/2 —-1/2
< sup ||UF/ [[Q]]Ho,f,{uf,?HUF / {ng(’/lﬂz)}Ho,f,{uﬁ?
Cze[L2(Q)]d |12]| 22 (0
1/2 —1/2
. o *lalllo,z |0 *D[TLyys (v1/22)] [ 1
selL2(Q)]d ||z]|22(@)

= (a) + (b)

From (3.48) we know that (a) < <% Ha};/ 2 [4]llo. 207, while using similar arguments and

~ 1
90

bound (3.27) on b, we can prove that

BZ

~1/2
||UF / b[[HWl;l<V1/2z)]]||g,}‘,{ S U_OHZH%z(Q),
so that (b) < %HU}/Z [4]llo.71u7p- This concludes the proof. O
(20 ’

Lemma 3.4.4. Let £P¢(-) be the lifting operator defined in (3.39). Then, For every

66



3.4. Well-posedness of the discrete formulations

qr € Q" (h) it holds

1+ Br

1wree) 2452 (larD 2y S~ lloe*lar] ot vep, -
0,0 o
Proof. Same arguments as in in the proof of Lemma [3.4.3] O

Using these results, we can now prove that the bilinear forms for the bulk problem A?(-, )
and AM(-,-) are continuous on Q°(h) and coercive on %, as well as the fracture bilinear

forms AE(-,-) and AM(-,-) are continuous on Q' (h) and coercive on Q.

Lemma 3.4.5. AP (-,-) is coercive on Q% x Q% and continuous on Q°(h) x Q°(h), that is

Ay (¢.9) 2 llalls.ne Vg € Qj,
Ay (p.q) S llplls.pe llalle.oe Vp,q € Q°(h),

provided that oy is chosen big enough.

Proof. We start with coercivity. Taking p = ¢ € Q%, we have

Al (g,0) = ) HVWVQH%Q(E)+2[EV-=%S’P([[Q]])-VQ + > o Il

E€Th FeFlUFP

From Young inequality we have

2/}21/9%5”’([[47]]) Vg > =2\ 2L (a2 1 * Vall )

1
>~ 2L (laDl7e) — <l *Valliam),
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Chapter 3. Unified analysis

so that, using the bound on the lifting (3.47]), we obtain

b 1 P
A(@.0) 2 Y |- o)Vl — w122 <ﬂqﬂ>||%2<E>]

E€Ty,
1/2
+ > o lalllie
FeFiuFp
1 1/2
>(1—e) Y vVl + (1 —~ 0_—8) Yo oLz
EeTh 0 FeFluFpP

2 llalls.pe

for o big enough.

Continuity directly follows from Cauchy Schwarz inequality and the bound on the lifting
(3-47). O

Lemma 3.4.6. AL(-,-) is coercive on Q) x QL and continuous on Q(h) x Q" (h), that

18

AF(QF?QF) Z HqFH%,DG vqr S qu

Ar(pr, qr) < lpelle,pe llarlr,pe Vpr, qr € Q" (h),

provided that oy ts chosen big enough.

Proof. Analogous to the proof of Lemma [3.4.5] O

Lemma 3.4.7. AY(-,-) is coercive on Q% x Q% and continuous on Q°(h) x Q*(h), that is

Ay (q.9) Z ldllzpe Vg € Q},
Ay (0, 9) S 1Ipllv,pe llallb,pe Vp,q € Qb(h)‘

Proof. We start with coercivity. From Young’s inequality and the bound on the lifting
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3.4. Well-posedness of the discrete formulations

(13.49) we have, for every 0 < & < 1,

A (g,0) = Y [II2VallZagp) + 10227 ([l e )

EcTh

5 / v (la) - Val + S ol lall e

FeFluFpP

1
S [1_5 Sl + (1= 1) I D

EeTy,
1/2
+ > o’ [allam
FeFluFpP
1/2
> (1) Y Ve + 1+ C) S o[l
EcT, Ferfurp

with ¢ = &8 (1 — 1) 5o that AM(-,-) is coercive for every choice of the parameters
gp& &€
op>0and B >0 E| Continuity is again a direct consequence of Cauchy Schwarz’s

inequality and the bound on the lifting (3.49)). [

Lemma 3.4.8. AY(-,-) is coercive on Q) x Q). and continuous on Q' (h) x QY (h), that

18

Ar'(qr,qr) 2 ||QF||12",DG Var € an
Ar (pr, ar) < llprllr.pe llarllr.pa Vpr, gr € Qr(h)-
Proof. Analogous to the proof of Lemma [3.4.7] O

Employing Lemmas [3.4.5} [3.4.7], |3.4.6| and |3.4.8], we can easily prove the well-posedness

of all of our discrete problems, as stated in the following stability result.

Proposition 3.4.9. Let the penalization parameters o for the problem in the bulk and in
the fracture be defined as in (3.45) and (3.46)), respectively. Then, the fully-coupled discrete

problems PP (3.21)), MP (3.34), PM (3.41)) and MM (3.44)) are well-posed provided that

oo and ogr are chosen big enough for the primal formulations.

More in detail: we need 1 + C > 0, with 0 < ¢ < 1. We obtain 1 + (1 — )(1+B) > 0, that is

€ > ﬁ =C, being 0 < C <1 for every possible choice of oy > 0 and B > 0.
(1+B)2
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Chapter 3. Unified analysis

Proof. In order to use Lax-Milgram Lemma, we prove that the bilinear forms A7 (-, ),
AMP (0 APM (L) and AYM(.).) are continuous on Q¥(h) x Q(h) and coercive on

Q% x QY. We have, from Cauchy-Schwarz inequality

C((a.ar), (¢.ar)) = ll(g, ar)|[2
Cl(g,ar), (w,wr)) < Y 118 *[all e l18: [l 2y

Fely
1/2 1/2
+ 3 Nar?({a} = ao) 3o llor > ({w} — we)| 2
Fely,
< I1(g> go)I] - []](w, wr)]]],

so that coercivity and continuity are a direct consequence of the definition of the norm
|| - ||| and of Lemmas [3.4.5] [3.4.7] [3.4.6| and [3.4.8, The continuity of the linear operators
LEPG), LMP(, LPM(L) and LMM(-) on Q°(h) x QV(h) can be easily proved by using

Cauchy-Schwarz’s inequality, thanks to the regularity assumptions on the forcing terms

f and fr and on the boundary data gp and gr. O

3.5 Error analysis

In this section we derive error estimates for our discrete problems.

For each subdomain €2;, © = 1,2, we denote by &; the classical continuous extension
operator (cf. [I13], see also Chapter [2) & : H*(Q;) — H*(R?), for s € Ny. Similarly, we
denote by &t the continuous extension operator & : H*(I') — H*(R4!), for s € Ny. We

then make the following regularity assumptions for the exact solution (p, pr) of problem
(3-9):

Assumption 3.5.1. Let T = {Tg} and Fu = {Tr} denote the associated coverings of
Q and ', respectively, of Definition . We assume that the exact solution (p,pr) is
such that:

Al. for every E € Ty, if E C Q, it holds &p;|r, € H™®(Tg), with rg > 1+ d/2 and
Tg € Ty with E C Tg;

A2. for every F' € I'y, it holds &rpr|r, € H'F (TF), withrp > 14+(d—1)/2 and Tr € Fyu
with F' C TF.
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3.5. Error analysis

Assumption 3.5.2. We assume that the normal components of the exact flures vVp

and (rviNpr are continuous across mesh interfaces, that is [vVp] = 0 on Fl and
[erviVpr] = 0 on &,

From Proposition [3.4.9[ and Strang’s second Lemma the following abstract error bound

directly follows.

Lemma 3.5.3. Assuming that the hypotheses of Proposition [3.4.9 are satisfied, for all
the discrete problems PP (3.21)), MP (3.34), MM (3.44) and PM (3.44) the following

abstract error bound holds

. Ry b,pr), (w,wr
@) -Grpell S nf (i) —(@an)lll+ sup Lo P Pr): (0 wn))
e xa gt M, wr)l

where the residual R;* is defined as

Ry, ((p, pr), (w,wr)) = Ay ((p, pr), (w,wr)) — L3 (w, wr),

with «x € {PP, MP, MM, PM?}.

Note that, irrespective of the numerical method chosen for the discretization (PP, MP,
PM or MM), the residual can always be split into two contributions, one deriving from
the approximation of the problem in the bulk and one deriving from the approximation

of the problem in the fracture, i.e.,

Ry, ((ppr), (w,wr)) = Ry(p, w) + Ry (pr, wr) (3.50)
It follows that, to derive a bound for the global residual, we can bound each of the two

contributions separately. With this in mind, we state and prove the next two lemmas.

Lemma 3.5.4. Let (p,pr) be the exact solution of problem (3.5)) satisfying the regularity
Assumptions|3.5.4 and [3.5.1. Then, for every w € Q°(h) and wr € Q' (h), it holds

hQ(SEfl) k k2
P 2 E 2 —2 —-1/ME E 2
REGF S 3 lieplinec, 7 o o G+ )] - (351
h
REGr )P < 3 el o | 70 maxom (B + 55 -
r \Pr, Wr NFGF kif”‘” Prilgrr (1r) | \VFET gfc_l%%we he | hp wrlir,pG-
h

(3.52)
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Chapter 3. Unified analysis

Proof. First, we prove . Let ng be the L?-orthogonal projector onto WI;L, then,
integrating by parts elementwise, using the fact that p satisfies and recalling that,
from Assumption [vVp] vanishes on F}, we obtain the following expression for
the residual RY:

RE(puw)= 3 /F [W(Vp— Tl (Vp)} - [w], Vo € QV(h).

FeFluFpP

Employing the Cauchy-Schwarz’s inequality and the definition of the norm ||| - |||, we

then obtain

Ry | D Upl/F|{V(Vp—1'1\:\71,1(W>))}\2 Nwllspe:  Yw e Q(h).

FeFiuFp

If we still denote by IT the vector-valued generalization of the projection operator Il

defined in Lemma [1.3.3, we observe that

S o /F (V- (VO < Y o / {0 (Vp — TI(Vp))

FeFlurp FeFfurpP
+ Y ot [ 1ty (- TP
F wb
FeFiuFp F

=1 +®).

To bound the term (1), we employ the approximation result stated in Lemma We

obtain
hQ(SE—l) -1

h
1) < E_<—2 —1i) &l '
( )NEGZT, kgE(rEﬂ) VEFIC%%)irUF e EPI e (1)

Exploiting, the boundedness of the permeability tensor v, the inverse inequality (|1.6)), the
L?-stability of the projector ITye and the approximation results stated in Lemma ,
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3.5. Error analysis

we can bound term (2) as follows:

2) < Z max or UEHHWb( (Vp) — VP)H%Q(BE\F)

i, FCOB\
S 3 max 07w L (V) — Vil
= ThFcaE\F
NEGZTh ro—1) | pHH’"E TE)(VEh Flgl@%)iFaF )a

which concludes the proof of (3.51)).

Proceeding as above we obtain the following expression for the residual RE:

REGrour) = 3 [ (fbe(r — gy (Vpr)}- el

e€&f L UER),

Estimate (3.52)) can then be proven with analogous arguments. O]

Lemma 3.5.5. Let (p,pr) be the exact solution of problem (3.5)) satisfying the regularity
Assumptions|3.5.4 and|3.5.1 Then, for every w € Q°(h) and wr € Q' (h), it holds

M 2 hQE(SEil) 2 ke k%
< YT 7, — —
h
e (3.53)
|RM< w )|2< Z @“é" ||2 (1+B )(DTg )Qmaxa_l(k—F—f—@)
r \Pr, wWr NFEF ]{};(TF_I) Pri|ure (1) r)\Wptr) 108X 0. e Tl
h
- Nwrlf pe- (3.54)

Proof. We focus on the proof of (3.53)), estimate (3.54)) can be obtained likewise. Recalling
that sz denotes the L?-orthogonal projector onto WZ, the residual R has the following

expression:

RV = X[ (090~ Ty (T} - bl(Vp - Ty (V)] - Tu]

FeFluFpP

+ Z /wu Vp — Hwb(Vp)) ng,

FeFp
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Chapter 3. Unified analysis

where we have used the identity Z"”¢([p]) = —G» and the continuity of ¥Vp across
internal faces (Assumption [3.5.2)). From Cauchy-Schwarz and triangular inequalities and
the bound on the coefficient b (3.27)), we have

RYpPs | X o | [P+ [ 0Ty - Tem)e]

FeFluFp

B Y o / w(Vp— (V)] + / |ﬂvnw2<w—ﬁ<vp>>u|2] el pe

FeFiuFp

where we recall that, with a slight abuse of notation, I1 still denotes the vector-valued
generalization of the projection operator II defined in Lemma m The thesis now
follows from the boundedness of the permeability tensor v, the inverse inequality (|1.6]),

the L?-stability of the projector sz and the approximation results stated in Lemma

133

Theorem 3.5.6. Let Ty = {Tg} and Fu = {Tr} denote the associated coverings of €
and T, respectively, consisting of shape-reqular simplezes as in Definition[1.1.9, satisfying
Assumption|1.1.2. Let (p,pr) be the solution of problem (3.5) and (pn,prn) € Q% x Q)
be its approrimation obtained with the method PP, MP, MM or PM, with the penalization
parameters given by and and og and oo sufficiently large for the primal
formulations. Moreover, suppose that the exact solution (p,pr) satisfies the reqularity
Assumptions|3.5.2 and |3.5.1. Then, the following error bound holds:

hQ(SE—l) . B
11(p, pr) — (pn, prw)ll]* < Z %GE(hE, ke, ve)|EP| e 1y (3.55)
geT, Mg

2(8F 1)
+Z G* hFakF7VF>HéanF|

FEFh

HTF (Tp)s

where the &p is to be interpreted as &1p1 when E C Qq or as &ps when E C y. Here,

sp =min(kg + 1,7g) and sp = min(kp + 1,7r), and the constants are defined according
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3.5. Error analysis

to the chosen approximation method as follows:

P — — —1 -1
hg, k = hgk hgk
Gplhe, kg, vg) = vg + hgkg Flg}az};}iraF—i_(aF—i_ﬁF) kg

+vphtky max op' + URh'ky max opl,
FCOE\l FCOE\I

GE(hp, kp, V) = Uiy + hpkp! max o, + arhtkp?
77’6 2h71k —1 77’6 2h71k2 —1
+ (Uplr)“hy Feﬂé%}iae + (Uplr)"hy F?é%?o-e )

GY (hp, kg, Up) = g + hpkg' Frc%%}ir or + (ar + Br)hgky'

Y

1+ B)vrhp'k 2L+ (1+ B)oghp ks ot
+ (14 B)vghy EFIC%EKFUF + (1 + B)vghy EFIcnaE%FJF

GM(hp, kp, %) = Uy + hpky! max o, + arhtkp?

—T 271 —1 -1 —T 21 —-17.2 -1
+ (1+ Br)(@ptr) hy kpmax o, + (1 + Br)(Uplr) hy ki maxo, .

Remark 7. (Uniform orders and mesh size) Let us assume that the mesh is uniform, i.e.
hg =~ h for all E € T, and thus hp ~ h for all F € I'},, and that the polynomial order
is the same for each element in the bulk and in the fracture, i.e. kg = k > 1 for all
E €7, and kp = kr > 1 for all F € I'),. Then if the exact solutions in the bulk and in
the fracture satisfy p € H"(Q2) with r > k + 1 and pr € H'™™(T") with rp > kpr + 1, then

the error estimate ((3.55)) reduces to

k kr

h
[|(p, pr) — (ph,p£)||| S WHPHHT(Q) + WHPFHHTF(F)-
T

Proof. From Lemma [3.5.3] we know that the error satisfies the following bound

(P, pr) = (s pep)lll S nf  [[(p, pr) — (g, )]
((Lqr‘)thXQh

J/

b oy Rl @)
o< Nw wll

N J/
-~

17

-~

1

(3.56)

We estimate the two terms on the right-hand side of (3.56|) separately. We can rewrite
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term [ as

1= it (o= alf o+l = al o+ 10— 000~ al?)
(Q7QF)€QhXQh

< UP — ﬁp||g,Dq+ |[pr — ﬁpFHl%,DCi +l| (p — Mp, pr — ﬁpr)”é

(a) (b) (c)

Again we consider each of the three terms separately. To bound term (a), we exploit the

two approximation results stated in Lemma [1.3.3[ and obtain

(a) <

= > AV —0p)l[faw + Y orllle— o]l

E€Ty, FEJ:IU]:D

N Z [VEU? HP|H1(E)+( max op)||p — HP||L2 6E\F)}

FCOE\T
E€Ty,
sE 1) h2(3E71/2)
2
<> { 20T vellEpl ey + D W(Fg%}irgF)ngHHTE(TE)
EET;, Feom\r K
Z 2(SE 1) hy
= prqrE(T )(VE—i- —( max O'F)>.
(r 1) E
EeTh E~ kg FCOE\T

Using analogous interpolation estimates on the fracture we can bound term (b) as follows:

(0) < llpr = pr|[Epe S D WHeV (e = po)|[Fem + Y oelllpe — Tpr]lf7z

Fery, ec€l UL,

2(8F 1) h
~ Z rp 0 o pFHHTF (Tr) < Plr + — i ilé%%gae)
FGFh

Finally, for term (c), we have

(¢) < 1(p = Tp,pr = TIpr) 12 < e Y Ilp = Tp]| 2y + ar Y [1{p — TP} |22y

Fel'y Fely,

+ ar Z |lpr — ﬁpFH%?(F)
Fely,

76



3.5. Error analysis

Exploiting the approximation result ([1.8]), we obtain

2(SE 3)
By M = 1]l 72y < Br ) o = TplF2om) S BFZ e 6Pl )
Fely, EcTh Ee€Th
OENT#D 8Eml“7é(i)
> e
= Or —a= 1€P e e 7
EeT;, kE(E : “ke
OENT#)
Similarly, we have
hQ(SE 1) hE
ar Z I{p— HP}HB(F S ar Z T2re—1) pHHrE (Te) Jop
FeTy, eern FE
OENT#()

Finally, using the interpolation estimates for the fracture, we deduce that

. h2sF
ar Z ||pr — HpFH%Z(F) S or Z ,;TF HéaPFH%{TF(TF)
Fely Fely,
h2(sF—1) h2
=ar Z %H Eprllire (Tr) kg
Fery, Fr

In conclusion, combining all the previous estimates, we can bound the term I on the

right-hand side of (3.56)) as follows:

2(8E71) h h
E 2 _ E -
I3 Z L2re=1) ‘|éap’|HrE(TE) {VE + k_ FICnBaE)i or + (ar + Br) kE:|
EET),
FsF 1) , h h%
- Z rF T2(rp—1) [ Eprll5re 1y [P [ wlr + — . ilé%ae + ar kF:| . (3.57)

FEFh

Finally, the desired estimates follow from the combination of (3.57)), together with the
bound on Term I7 deriving from what observed in (3.50)) and Lemmas[3.5.4/and [3.5.5, [

Finally, from the above result we can derive some error estimates also for the velocities u

and ur.

Theorem 3.5.7. Let all the hypotheses of Theorem hold. Let (u,ur) € W, and
(p,pr) € M be the solution of problem (3.5)). Then:

77



Chapter 3. Unified analysis

o if <(ph, ’U,h),pr’h> € QY x Wb x Qb is its approzimation obtained with the MP

method (3.30)), it holds

2 hJQE‘(SE_l) M 2 hQF(SF_l) P 2
lw—wllo7 < Z mGE H@@PHHTE(TE) + Z mGFHngFHHTF(TF);
EeTy, kE Fely, kF

o if (ph, (pr.h, unh)> € Q% x QV x W, is its approzimation obtained with the PM

method (3.38)), it holds

2(sp—1 2(sp—1
e — B, S 3 P GRS p e + 3 T G Sepel B o
T ThlloT, ~ 120r=1) EN®PlIH E (TE) 1 20re=1) F OTPT | H7F (1)
EE'T}L E Fel'y, F

o if ((ph, up,), (pr.n, unh)) € Qb x W5 x Q) x WA is its approzimation obtained with
the MM method (3.43)), it holds

h2(SE_1)
= w57, + [lur = wrallir, S D S GH 1Pl Fre
EeT, "E
hi-‘(SF_l) M
+ Z WGF ngpﬂ

FeTy, VF

2
H"F(Tp)
where the constants GY, G%, G5 and G¥ are defined as in Theorem [3.5.4,

Proof. Let ((ph, uh),pp,h> and <(ph,pp,h), (uh,unh)) be the discrete solutions obtained
with the MP method and with the MM method, respectively. Then, using identity (3.32))
and the fact that Z¢([p]) = —G, we can rewrite

u, —u=vVp, + v 47 ([pn]) + v — vVp
=v(Vpy — Vp) + v 4" ([pr — p])-

From the uniform boundedness of v, the triangular inequality, the bound on the lifting
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(3.49) and the definition of the || - || pe norm it follows that

a =il S 112V (0 = p)llo.7 + 11247 ([on — 21)o.7

< Mlpn = pllep + —7- i Ion — Plllo.orp
0o

5 ||Ph - p| |b,DG-

In particular, this implies that

[l —wanlo7, S (|2, or) = (2a, pra)lll;

Similarly, one can prove that, if (ph, (pfyh,ul"ﬁ)> and ((ph,pp’h), (uh,unh)) are the
discrete solutions obtained with the PM method and with the MM method, respectively,
it holds

[[ur — urllor, S (2 pr) — (Pr, prs)l|l-

The thesis is now a direct consequence of Theorem [3.5.6| O

3.6 Numerical experiments

In this section we present some two-dimensional numerical experiments with the aim
of validating the obtained theoretical convergence results. The validity of the error
estimates for the primal-primal setting has been already assessed in Chapter [2] Here, we
focus on the paradigmatic mized-primal setting. This means that, for the approximation
of the problem in the bulk, we will employ the LDG method, while, for the problem
in the fracture, we will employ the SIPDG method (both in their generalization to
polygonal grids). All the numerical tests have been implemented in MATLAB®. For the
generation of polygonal meshes conforming to the fractures we have suitably modified
code PolyMesher [117].

In particular, we present three sets of numerical experiments. The first set is obtained
assuming that an analytical solution is known and aims at verifying the a-priori error
estimates obtained in Theorems [3.5.6| and [3.5.7 The second set is derived form physical

considerations and aims at testing how different values of the fracture permeability may

influence the flow in the bulk. Finally, the last set of experiments aims at showing how

the method is capable of handling more complicated geometries, specifically networks of
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partially immersed fractures.

3.6.1 Example 1: Analytical solution

For a start, we consider the same test case of Section that is, we take Q = (0,1)?,
and choose as exact solutions in the bulk and in the fracture I' = {(z,y) € Q: xz+y =1}

es Ty in Oy, —e®tY in )y, 2
p= u= pr = e+ —=¢,
vty 4 4%6 in Qy, —e™Y in Q, V2

which satisfy the coupling conditions (3.3a)-(3.3b) with £ =1, ¢r = 0.001 and v = vy = L.
In order to test the h-convergence properties of our method, we split again the error in
the two contributions given by the bulk and fracture errors. In particular, aiming at
validating the error estimate in Theorem , we compute ||p — pl|1,7, (Figure
and ||pr — prp||ir, (Figure 3.2(d))), while to validate the results of Theorem [3.5.7, we
compute |[u — uy o7, (Figure 3.2(c)). In addition, we test the behaviour of the L?-norm
of the error for the primal variables, i.e., ||[p — pnllo7;, (Figure and ||pr — pr.llor,
(Figure . All the plots in Figure show the computed errors as a function of
the inverse of the mesh size (loglog scale), together with the expected convergence rates.
Each plot consists of four lines: every line shows the behaviour of the computed error for
a different polynomial degree in the bulk (we consider k£ = 1,2,3,4). For the fracture

problem we always choose kr = 2.

In Figures [3.2(a)} |3.2(d)| and [3.2(c)| the theoretical convergence rates are clearly achieved.
We observe that, in Figure [3.2(d)|, the convergence rate for ||pr — pra|l17;, with k=1 is
suboptimal. This is due to the fact that the polynomial degree for the problem in the

bulk is not accurate enough. Optimal rates are recovered for bulk polynomial degree

k =2,3,4. Finally, Figures|3.2(b)[and [3.2(e)| show that one order of convergence is gained

for the L?-norm for both the bulk and fracture problems.

3.6.2 Example 2: Discontinuous fracture permeability

Next, we reproduce some numerical experiments first presented in [101]. We ex-
amine two test cases with bulk domain © = (0,2) x (0,1) and fracture domain

I ={(z,y) € R : 2 = 1,0 < y < 1}. In the first case, we consider a fracture

80



3.6. Numerical experiments

with constant permeability, while in the second case we consider a fracture with lower

permeability in its middle part, thus presenting a discontinuity. In particular:

(a) Case 1: constant permeability: The permeability tensor in the fracture is given
by vi = v[ = 100. The bulk permeability v is chosen to be constant and isotropic,
i.e., v = 1. We impose Dirichlet boundary conditions on the left and right side of
the bulk domain and homogeneous Neumann conditions on the top and bottom

sides. On the fracture boundaries we impose Dirichlet boundary conditions.

(b) Case 2: discontinous permeabilty: The fracture I' is subdivided into two
areas having different values for the permeability tensor: in the initial and ending
part of the fracture I'y = {(z,y) € I', 0 < y < 0.25 and 0.75 < y < 1} the
permeability tensor vr, is defined as v, = v = 1, while in the middle part
Iy = {(z,y) € 1,025 < y < 0.75} the permeability is low and is defined as
vy, = vi, = 0.002. The bulk permeability tensor is chosen again equal to the
identity matrix, i.e., v = I. In the bulk, we impose the same boundary conditions as
in the previous test case, while at the fracture extremities we impose homogeneous

Neumann conditions.

The two geometrical configurations are shown in Figures [3.3(a)i3.3(b)| together with the
boundary conditions. For both test cases we take the fracture thickness fr = 0.01, the

model parameter £ = 2/3 and the source terms f = fr = 0. Moreover, we discretize the
problem in the bulk taking as polynomial degree £ = 1 and the problem in the fracture
taking kr = 2. The obtained results are shown in Figure . For both cases (constant at
the top, discontinuous at the bottom) we report the pressure field and Darcy velocity in
the bulk (here the grid is very coarse only for visualization purposes) and the value of
the pressure along the fracture. In the first case, since we have taken v = vf =100 > 1,
we can observe that the fluid has the tendency to flow along the fracture. In the second
case, one can see that the part of the fracture with low (normal) permeability acts as a
geological barrier, so that the fluid tends to avoid it and we can observe a jump of the

bulk pressure across it. Our results are in agreement with those obtained in [101].

3.6.3 Example 3: Network of partially immersed fractures

With this last set of numerical experiments we investigate the capability of our discretiza-

tion method to deal with more complicated geometrical configurations, considering a
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network of partially immersed fractures. Our reference is again [3], where the mathemat-
ical model developed in [I01] has been extended to fully immersed fractures. In Chapter
we showed that our method in a primal-primal setting is capable of efficiently handling
the configuration. Here, we reproduce the same numerical experiments to demonstrate
that this holds true also in a mized-primal setting.

In order to deal with immersed fractures, we need to supplement our model with an
equation describing the behaviour of the fracture pressure at the immersed tips. Following
[3], we impose a homogeneous Neumann condition, thus assuming that the mass transfer
across the immersed tips can be neglected, i.e., TV, pp -7 = 0. At the extremities of the
fractures that are non-immersed, i.e., 9I' N OS2, we impose boundary conditions that are
consistent with those imposed on 0f) in that point.

We consider the bulk domain Q = (0, 1)? cut by a network made of four partially immersed
fractures: I'y = {(z,y) € Q12 > 0.3,y = 0.2}, I'y = {(z,y) € Q: 2 < 0.7,y = 0.4},
Is={(z,y) €Q:2>03,y=06}and I'y = {(x,y) € Q: 2z < 0.7,y = 0.8}. We perform
two numerical experiments. In both of them, the fractures I'ys and I'y are impermeable
(VL = v = 1072), while 'y and T'3 are partially permeable. In the first configuration, we
consider for 'y and I's the permeabilities # = 1072 and v§ = 100, while in the second,
we consider 2 = 1072 and v]. = 1. Moreover, we vary the imposed boundary conditions
as illustrated in Figure [3.5]

In both the experiments we consider an isotropic bulk permeability tensor i.e., v =1 and
we assume that all the fractures have aperture ¢/ = 0.01. The flow is only generated by
boundary conditions, since we take all the forcing terms f = fr = 0. Finally, we choose
as model parameter & = 0.55.

To obtain our results, we employed cartesian grids featuring approximately the same
number of elements as those employed in [3] and such that the immersed tips of the
fractures coincide with one of the mesh vertices. For the approximation of the problem
in the bulk and in the fracture we chose the polynomial degrees k = kr = 2. In Figure
3.6, we show the results obtained for the two test cases with a mesh of 26051 elements.
In particular, we report the pressure field in the bulk with the streamlines of the velocity
(left), the value of the bulk pressure along the line x = 0.65 (middle) and the pressure
field inside the four fractures (right). Our results are in perfect agreement with those
obtained in [3] and in [12], thus showing that, also in a mized-primal setting, our method

is able to efficiently handle this configuration.
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Figure 3.2: Example 1: Computed errors as a function of 1/h (loglog scale) and expected convergence
rates for bulk polynomial degree k = 1,2,3,4 and fracture polynomial degree kr = 2.
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(a) Constant permeability (b) Discontinuous permeability

Figure 3.3: Example 2: Computational domains and boundary conditions for the two test cases. In the

second case, on the fracture, the permeable (red, dotted line) and impermeable (blue, solid line) areas
are shown.
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Figure 3.4: Example 2: Bulk pressure field (left), bulk Darcy velocity (middle) and fracture pressure
(right) for the constant permeability (top) and discontinuous permeability (bottom) test cases.
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Figure 3.5: Example 3: Configurations and boundary condition for the two test cases.
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Figure 3.6: Example 3: first configuration (top) and second configuration (bottom).
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4 Networks of intersecting frac-

tures

This chapter aims at extending our formulation to the case of networks of intersecting
fractures. For simplicity, we consider, as in Chapter [2] the primal-primal setting, so
that we can mainly focus on handling the intersections. To this aim, in Section [4.1],
we supplement our mathematical model [I0I] with some suitable physical conditions,
prescribing the behaviour of the fluid at the intersections points. Following [87, [51}, 45],

we impose that:
e pressure between fractures is continuous along the intersections;

e flux is conserved, so that no exchange of fluid between bulk and fracture network

takes place along the intersections.

We mention that more general conditions may be imposed. Some examples may be found
in [112] 86}, 50, 66, ©0].

From the DG-discretization point of view, the key instrument for dealing with intersections
is the generalization of the concepts of jump and average, see Section below. Using
the newly defined jump and average operators we are able to define a DG approximation
for the problem in the bulk combined with a DG approximation for the problem in the
fracture network, where the conditions at the intersection are imposed “in the spirit of DG
methods 7. In particular, this means that continuity is enforced penalizing the jump of
the pressure (after a suitable definition of the penalization coefficient at the intersection),
while balance of fluxes is imposed naturally, similarly to how homogeneous Neumann
boundary conditions are usually enforced. Both the bulk and fracture discretizations are
obtained employing the SIPDG method extended to the polytopic setting.

The rest of the chapter is structured as follows. In Section [4.1] we supplement the
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mathematical model introduced in the previous chapters with the conditions prescribing
the behaviour of the fluid at the intersections. In Section [4.2] we introduce the weak
formulation of the problem and prove its well-posedness. Section contains the polyDG
discretization of the coupled system based on the new definition of jump and average
operators at intersections, which we introduce in Section [4.3.1} Finally, Sections
and enclose the stability and error analysis of the discrete method. We conclude the
chapter with Section where we present some preliminary numerical experiments
with known analytical solution, so that we are able to verify the obtained convergence
rates, and one test case featuring a more realistic configuration with a totally immersed

network of fractures.

All the results presented in this chapter are original and are contained in [13].

4.1 Mathematical model

We adopt as in the previous chapters the reduced model introduced in [I0T], but here
extended for dealing with networks of intersecting fractures. In particular, we impose some
additional conditions in order to describe the behaviour of the fluid at the intersections,
taking as a reference [87, [51].

As before, we consider a domain  C R?, with d = 2, 3, representing the porous medium.
We assume that the fracture network may be approximated by a collection of one co-
dimensional planar manifolds I' C R4~!. In particular, we consider I' to be the union of

Nr fractures g, i.e.
Nr
I =Jw
k=1
with every -, being an open, bounded, connected, planar (d — 1)-dimensional orientable

manifold. Each ~; is, in fact, the approximation of the actual fracture 7, which we

assume may be characterized by

Or(x) lr(x)
2 7 2

)}

e = {x + dny, forx € , d € (—

where ny, is a unit normal vector to 7, whose precise definition is given below, and (j(x)

is a C! function that describes the fracture aperture. For all k = 1,..., Np, we assume
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there is a constant ¢, > 0 such that ¢, > /.. Finally, we denote by {1 the aperture of the
whole fracture network, meaning that ¢r|,, = (.

Without loss of generality for the analysis (see Remark , we can assume that:
Assumption 4.1.1. (i) the fracture network is connected;
(11) all the fractures intersect in one point if d =2 or line if d = 3;

(iii) for each fracture, the intersection point corresponds to one of its endpoints if d = 2

or to part of one of its facets if d = 3.

We denote by Z the intersection point/line, i.e.,

Nr
In = ﬂ Vie-
k=1

We assume that the angle between intersecting fractures is bounded from below, as well
as the angles between fractures and OS2, whenever a fracture touches the boundary. This
implies, in particular, that the number of fractures joining at the intersection is bounded.
We assume that the boundary of the bulk domain may be subdivided into two measurable
subsets for the imposition of boundary conditions on the pressure and on the Darcy’s
velocity, that is 02 = 9Qp U 0Qy, with |0Qp| > 0. This induces a subdivision of
the boundary of each fracture into four different sets, some of which may be empty:
P = Oy, NINp, Oy = Oy, N Ny, the intersection tips 7y = U;V:FI (O N O;)
itk

and finally 0y = 0y \ (042 U 0y U d~})), which corresponds to the set of immersed
tips. We also introduce the corresponding definitions for the network 0I'p = iV:rl P,
'y = Ufj:rl O, Oy = Ug; Ov) and Ol'p = UiV:Fl Oy Some of these sets may as
well be empty, and also the case of totally immersed network, i.e., 9Tp U Iy = 0 is
admitted. See Figure for an explicative example of the notation.

Following the same strategy as in [3, 87, [51], we assume that the fractures can be suitably
extended so that the domain 2 is partitioned into a collection of Lipschitz subdomains wj,
withj=1,..., N, ie, Q= U;V:“l wj, cf. Figure . By construction, for each fracture ~
we have exactly two subdomains, w,+ and w,-, such that v, C dwa+ NOw,-. This implies
that we can identify for each fracture 7, the normal n; defined as ny = n,+ = —n,-,
where n,, is the unit normal vector pointing outward of the subdomain w,. Moreover, we

denote by nr the normal to the whole fracture network, meaning that nr = n; on ;.
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Figure 4.1: Example of fracture network satisfying the geometrical assumptions with subdivision of
the boundary into sets for d = 2 (left) and d = 3 (right), see Assumption m

Figure 4.2: Partition of the domain 2 into subdomains w; induced by the prolongation of fractures.

[y
) | i
_— 2,3
_— It /110,2,3 \
- Iy |
\ \
| I's |
\\ \
Figure 4.3: Example of multiple intersections for d = 3, where an intersection is defined as a

segment shared by a fixed subset of fractures. Here, we can define 3 intersections, I& = 0I'y N oIy,
1?273 = 8F1 N 8F2 N 8F3 and IQ?’ = 6F2 N 6F3
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Then, for a regular-enough scalar-valued function ¢ defined on €2, we can introduce jump

and average across the fracture v, C awaz N &ua; in a standard way (see also Section

T3 as

1
IIq]]’Yk = qa;:naﬁ + qa; na;’ {q}’Yk = §(qa$ + qa,?)’ (41)

where Qo+ and Qo are the restriction to 74 of the traces of ¢ on 3%; and &ua; , respectively.
We refer to [51] and to [3] for a rigorous definition of the trace operators, also in the case

of immersed tips. Similarly, for a regular-enough vector valued function v, we define
1
vl = Vot Dot + Voo -,y {viy = 5("@ + Va,:)' (4.2)

Moreover, for given functions f; defined on 7., with £ =1, ..., N, we define the function
fr on the network I, in the sense of product spaces, as fr = Hfj:rl fr. We can then define

the jump and average of a function ¢ across the fracture network as [¢]r = H]kvzrl lall.

and {q}r = [Tn,{q}~,, respectively.

Remark 8. We remark that the geometric hypotheses on the fracture network were
made only for the sake of simplicity and the analysis can be easily extended to more
general configurations. More precisely, the case of a network featuring multiple connected
components can be treated analogously, as long as the partition of {2 into subdomains w,,
is aligned with all of them. The case of multiple intersections is an easy extension when
d = 2, and the same holds true when d = 3 if we define an intersection as a segment
shared by a fixed subset of fractures (see Figure for an explicative example). Note
that we do not need to impose any condition at the point shared by two intersections,

since we are assuming that no flux is present along the intersections.

4.1.1 Governing equations

In what follows, we present the governing equations for our model. In accordance with
the previous chapters, we take as a reference the model for single-phase flow derived in
[T0T], where fractures are treated as (d — 1)-dimensional interfaces between d-dimensional
subdomains. In particular, we adopt the extension of the above model to fracture networks
developed in [87, [51].

The flow of an incompressible fluid through a fractured d-dimensional porous medium,

d = 2,3, may be described by four elements:
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1. Governing equations for the flow in the porous medium:

We assume that the flow is governed by Darcy’s law. We denote by p the fluid
pressure and by v the permeability tensor, which we assume to include also the
dependency on the viscosity. Given a function f € L?*({)) representing a source
term and a function g € H~/2(982p), the motion of the fluid in the bulk may be
then described by the following equations

V.- (wVp)=f in Q\ T, (4.3)
P =4gp on 0{2p,
vVp-n=90 on 0Qy,

where n is the unit normal vector pointing outward of 2. We also make some regu-
larity assumptions on the tensor v = v(x) € R¥? requiring that it is symmetric,
positive definite, uniformly bounded from below and above and with entries that

are bounded, piecewise continuous real-valued functions.

. Governing equations for the flow in the fracture network:

Darcy’s law is used also for modelling the flow along the fractures. In order to
obtain a reduced model, where fractures are (d — 1)-dimensional objects immersed
in a d-dimensional domain, the same process of integration of the equations across
the fracture aperture ¢ as in [I01] is carried on. Reduced variables for the average
pressure pr = (pi,. .., p{y ") are then defined on each fracture. The flow is also
characterized by the permeability tensor vp = (v4, ... ,I/JFV ), scaled by viscosity. It

is assumed that, on each fracture, ¥ has a block-diagonal structure of the form

_ [ 0 ]
0 V;k

when written in its normal and tangential components, k& = 1,..., Np. Here,
vy, € R(@-Dx(d=1) j5 g positive definite, uniformly bounded tensor (it reduces to a
positive number for d = 2) representing the tangential component of the permeability

of the fracture v;. Given a source term fr = (fL,..., fi") € [Ior, L*(y%) and
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gr € H'/?(dT'p), the governing equations for the fracture flow read

—VT : (l/;gpv.rpp) = é[‘f[‘ — [[I/Vp]] in F, (44)
pr = gr on dl'p,
(vilrVpr)-T7=0 on Oy,
(VFKFVTPF) -7=0 on (9FF,
Here, 7 = (71,...,Tn;) is defined on each fracture v, as the vector in its tangent

plane normal to 07;. Note that, when a certain operator is written on quantities
defined on the whole network I', it should be interpreted as the product of the

corresponding operators on each fracture .

For the condition on the immersed fracture tips, we have taken as reference [3],
where the model developed in [I0I] has been extended to fully immersed fractures.
In particular, we have imposed a homogeneous conditions for the flux, stating
that the mass transfer across the immersed tips can be neglected in front of the

transversal one.

. Coupling conditions between bulk and fractures along their interfaces:
The interface conditions to account for the exchange of fluid between the fractures

are still described by the following equations:

—{vVp} -nr = Grp] - nr on I, (4.5)
—[vVp] = ar({p} — pr) on I’

where we recall that

Br (4.6)

_%,

. Conditions at the intersection:
Finally, following [87], at the fracture intersection Z~ we enforce pressure continuity

and flux conservation:
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Pr=Dpp=...=pp in 7, (4.7a)

Nr
> VL 4NVl =0 in 7. (4.7b)
k=1

We remark that other conditions might be imposed at the intersection. Some
examples may be found in [I12] or in [86], where the angle between fractures at the
intersection is included in the model and jumps of pressure across the intersection

are allowed.

4.2 Weak formulation

In this section we introduce the weak formulation of the model problem (4.3)-(4.4))-(4.5])-
and prove its well-posedness.

For the sake of simplicity we will assume that homogeneous Dirichlet boundary conditions
are imposed for both the bulk and fracture problems, i.e., gp = 0 and gr = 0. The

extension to the general non-homogeneous case is straightforward.

First, we introduce the functional spaces for our weak formulation. For the bulk and

fracture pressure we define
Q"={qe H'(Q\T): ¢=00n00p},
Nr
T
Q' ={ar=(¢,...,q7) EHHl(fyk): ¢ =0on 0y Vk=1,...,Np
k=1

and ¢t =---=¢q'" onZn},

where the trace operators are understood. We remark that functions in the fracture space

Q" have continuous trace at the intersection. We equip the space Q” x Q' with the norm

, 1/2 1/2
(@ a)l1? = 102V 20y H W5 e) V2V rar] oy 1B [l ey Hler > (g} —ar) e

assuming from now on that ar > 0, that is £ > %, see (4.6)). Moreover, we introduce the
bilinear form A : (Q°x Q") x (Q° x QY) — R and the linear functional £ : Q°* x Q' — R,
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defined as

A ((p,pr). (¢:qr)) Z/vip-vq +/FV§€FVTpr~Vqu
+ [ Al Tl + [ arttp} = plal — )
L(q,qr) :/QfQ‘i‘/FgFfFQI“v

respectively. With the above notation, the weak formulation of the model problem (4.3])-
(4.4)-(4.5)-([4.7) reads as follows: Find (p, pr) € Q°x QT such that, for all (¢, qr) € Q*x Q"

A((p,pr), (¢, qr)) = L(q, qr). (4.8)
We can now prove the following well-posedness result.
Theorem 4.2.1. Let £ > 1/2. Then, problem 15 well-posed.
Proof. The statement is a direct consequence of Lax-Milgram Lemma. O]

We remark that the choice of considering a primal-primal setting for both the bulk and
fracture problems is made here only for the sake of simplicity. We refer to [87] for the
analysis of the mixed-mixed formulation in the case of a totally immersed network of
fractures.

Next, we focus on the numerical discretization of the problem based on polyDG methods.

4.3 DG discretization

In this section we present a numerical discretization for the coupled bulk-network
problem that is based on DG methods on polytopic grids. In particular, we discretize
both the bulk and fracture network problems in primal form, employing the Simmetric
Iterior Penalty DG method [26, 119]. The key idea to obtain a DG discretization
will be the generalization of the concepts of jump and average at the intersection
point/line, so that we will be able to impose the conditions at the intersection
(4.7) in the spirit of DG methods. In particular, pressure continuity will be enforced

penalizing the jump at the intersection, while balance of fluxes will be imposed “naturally”.
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We start with the introduction of the notation related to the polytopic discretization
of the domains specific for this problem. In the bulk we consider a family of meshes 7},
made of disjoint open polygonal/polyhedral elements, which are aligned both with the
fracture network I' and with the decomposition of {2 into subdomains w,, a« =1,..., N,.
In particular, any element E € T, cannot be cut by I', and, since the subdomains w, are
disjoint, each element F belongs exactly to one these subdomains.

Each mesh 7}, induces a subdivision of each fracture in the network ~; into faces, which
we will denote by ~ip, for & = 1,..., Np. The collection of all the fracture faces is
denoted by I'y,, i.e. 'y = UkN:Flfyh,h. This implies that the set of all the faces F;, may be
decomposed, as before, into the three subsets Fj, = F/ U FP UTy, with FZ = FP U FY.
Moreover, we denote (as in Chapter [3) by &r, the set of all the interfaces (edges) of the

elements in I',, and we write, accordingly to the previous notation,
81"7h — g%,h U 8].§7h U 81-\F:h U glo,h?

where:
e &, is the set of interior edges;

o &P = &P, UEY), is the set of edges belonging to the boundaries of the fracture

network OI'p and OI'y, respectively;
. IE , 1s the set of edges belonging to the immersed tips of the network;

e &1, is the set of edges on the intersection of the fractures. Note that, since we are
considering a network with one single intersection, when d = 2 this set consists

only of one single point.

We will also write £ ,, with x € {I, B, F, N}, to denote the restriction of each of these

sets to the fracture ;.

4.3.1 Discrete formulation

For simplicity in the forthcoming analysis, we will suppose that the permeability tensors
v and vr are piecewise constant on mesh elements, i.e., v|g € [Po(E)]¥? for all E € Ty,
and vr|p € [Po(F)]@"DxE=D for all F € T),.
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4.3. DG discretization

First, we introduce the finite-dimensional spaces where we will set our discrete problem.

For the problem in the bulk we define the broken polynomial space

Qb ={q€L*): qlg €P,(E)VEE T}, kp>1VEET,.
Similarly, on each fracture v, for k =1, ... Ny, we define the space

Ve ={qf € L*(W) : qflr € Prp(F) VE € vy} krp > 1VF € vk,

so that on the fracture network we can introduce the product space
Nr
Q=TT er

k=1

For future use in the analysis, we also introduce the DG vector-valued spaces

W, ={ve[L* ()] v|g € [P, (E)]’VE € Tp}, kg > 1VE € T,
Wik = {vi e [L*(D)]“ " : vElp € [Pr(F)]" ' VE € i), kp > 1VF € vy,

Nr
w;, =W
k=1
In order to derive a DG discrete formulation of problem (4.8), we make the following

regularity assumption.

Assumption 4.3.1. We assume that the exact solution (p,pr) of problem (4.8) is such
that:

Al. p e Qb N H2(7;L) and pr € QF N HZ(Fh);

A2, the normal components of the exact flures vVp and {rvNpr are continuous across
mesh interfaces, that is [VVp] = 0 on F} and [(rviVpr] =0 on &f .

Moreover, for the forthcoming analysis, we introduce the following extended continuous

spaces

Q"(h) = Qi & (@ N HA(T:)) (4.9)
Q"(h) = Qf & (QF N HA(T)). (4.10)
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In order to derive a DG formulation for the problem in the bulk, we proceed as in
Chapters |2| and . We obtain the following: Find p, € Q% such that for every test
function ¢ € @ it holds

/ﬁLquh-Vq—/féUf’?{VVph}-[[q]]—/fl D{VVq}.[[ph]]+/I _orlpi] - [a]

hUh hUh

< [ mbd-l+ [ ormd =t = [ o= [ @90ne— oo

where we have introduced the discontinuity penalization parameter o € L>(F} U FP).

Its precise definition will be given in Definition below.

Next, we derive a DG discrete formulation for the problem in the fracture network.
For generality, we will write our formulation referring to the case d = 3. However, the
expressions are valid also when d = 2, provided that, when the domain of integration

reduces to a point, the integrals are interpreted as evaluations.

First, we focus on a single fracture ;. Given a face F' € 75, we multiply the first
equation in (4.4) for a test function ¢ € Q}* and integrate over F. Summing over all

F € 731 and integrating by parts, we obtain

/ u;k&gVTpF - Z / QFV;,kaTpF nF—/ O frar— / ar({p}—pr)ar,

Vh,k Fevn i h,k

where we have used the second coupling condition in (4.5) to rewrite
—[vVp] = ar({p} — pk) in the source term. If we sum over all the fractures ~; in

the network and use identity (1.5 on each fracture 7, we get

/ VeV opr - Viagr — / WiV {ar} - / (VileVopr} - lar]
Ty 5

&b JUER),

Nr
> {/ v, kaTp{i-TkJr/ v, kaTp’E-Tk} =/ érfrqr—/ ar({p}—pr)ar,
k=1 LYET en Ty T'p

Vil

where we recall that 7, is the vector tangent to the fracture ~;, pointing outward of 0,
and [-] and {-} are the standard jump and average operators defined in (4.1)), (4.2) and
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(1.4). In order to treat the term defined on the intersection

Nr
Z/ qllfu;kﬁkVTp{i “Th, (4.11)
k=1 g’?k,h

we will now extend the definition of jump and average operators to the case when a
number of planes intersect along one line (d = 3) or when a number of segments intersect

in one point (d = 2).

Jump and average operators at the intersection

Let b= (by,by,...,bn.) and a = (aj,ag,...,ay.) be a scalar and vector-valued functions
defined on the network I' (product space), such that for every k = 1,..., Nr the traces of
b, and a; are well defined on the intersection Z. Moreover, for kK =1,..., Nr, let 7, be

the vector tangent to the fracture 7y, pointing outward of the intersection point/line Z.

Definition 4.3.1. We define jump and average operators for a and b at Z, as

1

{b}n = J-(br+ b+ o)
r
1

{a}n = N <a" TTi T Ak Tk)i,ke{l,?,...,NF}7i<k

[aln =ai- T+ ay - To+ - +an - Ty,

1;7]&'6{1727...,]\71“}7 i<k

where trace operators on Zn are understood.

We remark that {b}~ and [a]s are scalar-valued, while [b]~ and {a}n are vector-valued,
taking values in € R(F). I particular, for the definition of [b]~ and {a}n we take all
the pairs of indices in {1,..., Nr} such that the first index is smaller than the second

one. This is just one possible way of indicating all the pairs of fractures. Accordingly,
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NF) — N[‘(prl)
2

these vectors contain ( 5 elements. For example, for N = 4, we have

b1 — by
by — b3

B - |7 | ere,
by — b3
by — by
by — by

while, for N = 5, we have

by — by
by — b3
by — by
by — bs

[b] = 2= bs | o
by — by
by — b5
by — by
by — bs
by — bs

The vector-valued case is analogous. Note also that, when Np = 2, these definitions
coincide with the definitions of jump and average operators introduced in [75] @], for the

generalization of DG methods to curved surfaces. Indeed we have
1
{b}n = 5(51 + ba), [b]n = b1 — ba,
1
{Q}m:§(a1’7'1—82'7'2), la]n =ai- 71 +ay- T

Definition allows us to find an equivalent version of identity (1.3)) on the intersection,
according to the following property

Proposition 4.3.2. The following identity holds

Hb_a]]ﬂ = [[Q']]ﬁ{l_)}m + {Q}m . [[Q]]m (4.12)
where the vector-valued function ba is defined as ba = (by a1,bs @y, ..., by.an.) and - is
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the standard scalar-product in R(T).

Proof. By definition we have

Nr
ﬂb_a]]m = Zbkak cTk-
k=1

Moreover, we can write

[a]~{b}n = (Z bk) (Zag 7']) = NLF i(bkak Tr) + Nip i(bk iaj “T5))

while we have

{a}n - [[b]]m:—z Z (b — bj)(ay, - T, —a; - )

k 1 j=k+1
Ny Nrp
e 5 SRR
k 1 j=1
Jj#k
Nr Npr 1 Nr Nr
SN ES S (R
=1 =1 Ny =1
J#k J#k
1
NF Z<NF — 1)bkak Tk — — Z bk(Zaj T])
J#k
This implies
1 < ) 1
[[Q]]m{b}m—i‘{é}m‘ [[Q]]m = Fr Z bray - Ti+ Fr Z(Nr - 1)bkak'7'k = Fr Z Nrbiay, - T4,
k=1 k=1 k=1
and the proof is concluded. O

Now we take our focus back to the derivation of a DG discrete formulation for the

problem in the fracture network. Using the above definition of jump and average at the
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intersection and identity (4.12]), we can rewrite (4.11) as

Nr
Z/ QI]EV;kEkVTpl,E Tk :/ [qrvelrVopr]n
k=1 g’?k.,h glo,h

=/umw@%v%%+/ WtV ol {ar o
&R R

The formulation on the fracture network becomes

/ vilrVopr - Vogr — /I [vitrVoprl{ar} — N {vibrVopr} - [ar]
Ty

Ern Er n YR,
/g

QFV%FVTPF'T—/ lar]n - {vTlrVprin —/ [vrlrVepr]n{arin
&Ry &Ry

F
I,k

jL&ﬁijmﬂm—WM-@B)

From the fact that p € QU satisfies problem (4.8) and from the regularity Assump-
tion [4.3.1} it holds:

o [virV, pr] =0 on 5%7,1;

e [pr] =0on 5{,,1;

vilrV.pr -7 =0 on Sgh U Ef\fh;

[pr]n =0 on &F;

[v56rVopr]n = 0 on &
It follows that, for any test function qr € @}, identity (4.13)) is equivalent to

/ vilrV.pr - Voqr — / {vilrVopr} - lar] — /
r, el uep, el

T'h

—/ {V%EFVTpr}w[[qF]]m—/ {witrVoarta - [prln
EN &n

T,h T',h

. {vilrVqr} - [pr]

USF,h

+/ amﬂwm+/ o lpcln - ol
S{Yhueryh n

SF,h

=/ lr frar +/ ar({p} — pr)ar — /D (WilrVegr - T — oL qr)gr,
r, T,

gF,h
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where o € L®(&f , UER,) and 0" € L>®(&r),) are discontinuity penalization parameters,
whose precise definition will be given in Definition below.

In conclusion, we obtain the following discrete formulation for the coupled bulk-network
problem:

Find (pn,pra) € Q% x QL such that

Ay, ((ph,pr,h)7 (% qr)) = Eh(QaQF) V(QaQF) € Q% X an (4-14)

where the bilinear form Ay, : (Q% x QL) x (Q% x Q) — R is defined as
An ((pr, prop), (4, 4r)) = As(pr, ) + Ar(prp, ar) + C((pa, prow), (4, ar)),
and the linear functional £, : Q% x @} — R is defined as
Ln(g,qr) = Ly(q) + Lr(qr),
with

&%MZ£JWMW—/ vV}l

Flurp

_ /f,{uf,?{VVQ} on] + /F}{UF}? or[pa] - [d]

-AI‘(pF,h; QF) = / V;‘EI‘VTPF,IL - Voqr

'y

- / {wileVoprn} - lar] — / {vilrV.qr} - [pra]
Slil’huslf?’h &l D

rhYEE

—/{%%Wmﬁwh%—/ TR R S B
en n

I'h SF,h

ﬁ/ ﬂMﬂ%M+/ o lpeln - ol
£§7hu€€h

N
gl",h

C(onoren)- (a.00)) = [ ﬁruphﬂ-uqﬂ-+»j£ ar({pn} — pra)({a} — ar).

h

103



Chapter 4. Networks of intersecting fractures

and

Ly(q) :/7’ fa— /}_D(VVQ‘HF — 0rq)9p,

Lr(gr) :/ ’r frar —/ (Ve Y oqr - T — ol qr)gr.
T, £

D
T'h

In the following, in order to simplify the notation, we will drop the subscript 7 for the

tangent operators on the fracture network.

4.4 Well-posedness of the discrete formulation

In this section, we prove that formulation is well-posed. As in the previous chapters,
we make some regularity assumptions on the meshes, so that we can work in the polytopic
framework described in Chapter [I} In particular, we will assume that the bulk mesh
T, and all the fracture meshes 7, with k£ = 1,... Np, satisfy the polytopic-regularity
Assumption and the covering Assumption [1.1.2]

Next, following [61], 59, 6] 58], 60], we define the bulk and fracture penalty functions as:

Definition 4.4.1. The discontinuity-penalization parameter o : F;, U F — RT for the

bulk problem is defined facewise as

maxpe(pr ooy “EE it x C F € Fl, F = 0E* N0E-,

O(X) = 0y (415)

Zeh, itxC FeFP F=0EnoQ,
E

with o9 > 0 independent of kg, |E| and |F)|.

Definition 4.4.2. The discontinuity-penalization parameter or : &, UEP, UEL, — R

for the fracture problem is defined edgewise as

( _
VKT
maxFE{FﬂFf} hp

ifxCee&l,, e=0F"NoF,

ol'(x) =ap ik if x Ceel&f),, e=0FNJr, (4.16)

hp

—T 2 — —
| maxpegp e ZEE ifx Ce€ &), e=0F N NOFMT,
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4.4. Well-posedness of the discrete formulation

with of > 0 independent of kg, |F| and |e|.

Note that the definition of the fracture parameter on the intersection edges will play a
crucial role in proving the well-posedness of our method. In the following we will write

o to denote o |en .

We endow the discrete space Q% x Q% with the energy norm

11°

11(a, ar)l1I* = llalls pe + llar[[F, pe + [l(g: ar)lle.

where

1/2
9llz.p6 = 11"V al5 7 + 1oz [l 270
||QF||12“,DG = ||<V;€F)1/2VQF||S,Fh + ||U;/Q[[QF]] g,gg’husghusp’y (4.17)

1/2 1/2
1@ a0l = 118 *[all.r, + [lor*({a} = a0) 3, -

Remark 9. Since we are assuming that there is a single intersection in the fracture network
[, we have that || - ||, pg is a norm on the bulk space Q%. In the case of a general fracture
network, this holds true only if every connected component of Q \ I' has part of its
boundary in 0Q2p. Otherwise, || - || pe is only a seminorm. Similarly, we have that
|| - |Ir.pc is @ norm on the network space @}, provided that the network is non-immersed,
that is OT'p # 0. However, we remark that, thanks to the coupling term || - ||¢, we have
that ||| - ||| is a norm on Q% x @} for every possible configuration of the fracture network,

including the totally immersed case. Moreover, ||| - ||| is well defined also on the extended

space Q°(h) x QY (h) introduced in (4.9)-(4.10).

The analysis will be based on the introduction of an appropriate inconsistent formulation
and, consequently, on Strang’s second Lemma, [114]. To this end, we introduce the

following extensions of the forms Ay(-,-) and Ar(-,-) and L£,(-) and Lr(+) to the space
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Q"(h) x Q*(h):

A(p, q) :/T VVph-Vq—/ {vIly: (Vpn)} - [d] (4.18)

FluFp

_ /f}{uﬂ?{unwz(vq)} o] + / or[p] - 4]

Flurp

Ar(prp, qr) = / vilrVpr - Var — / {vilrIlwr (Vpr)} - [ar]
Iy &b UER UER

(Wil Ty (Vae)} - [or] + / oTpe] - [ar]

/1 D n I D cn
gF,hUSF,hugI‘,h gI‘,hUEF,hEF,h

Lo = [ o= [ Wy (V0)-ne = oraian,

EF(QF) = lr frar — / (V§£FHW,FL(VQF) "Te— UEQF)QF-
Ty, ERL

They were obtained by replacing the trace of the gradient operators V and V., with the

trace of their L2-projection onto the DG vector-valued spaces WZ;L and Wg, respectively.

It follows that these newly introduced forms are well-defined on Q°(h) x Q' (h) and that

they coincide with the formers on the discrete space Q% x @Q}. This means, in particular,

that we can consider for the analysis the following equivalent version of the discrete

problem ({4.14]):

Find (pn,par) € Q% x Q) such that

An ((pr,P))s (¢,ar)) = Lalg,ar)  Y(g,qr) € Q4 x QJ,, (4.19)

where Aj, is obtained from Aj, by replacing the bilinear forms with their extended
versions (4.18)). Note that formulation (4.19) is no longer consistent due to the discrete

nature of the L?-projection operators.

Next, we prove that problem extended to the space Q°(h) x QT (h) is well-posed.
This, on the one hand, will ensure the well-posedness of discrete problem and, on
the other hand, will be used in the error analysis. We remark that the results involving
the bulk problem, contained in Chapter [2/in the case of one single non-immersed fracture,
can be easily extended to the case of a network of fractures. For this reason, in this
chapter, our focus will mainly be on the fracture problem.

Following the same strategy as in Lemma of Chapter [2| one can prove that the bulk
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bilinear form A, is continuous and coercive:

Lemma 4.4.1. Let o : FL U FP — RT be defined as in ([4.15). Then, if the polytopic-
reqularity Assumption holds for Ty, the bilinear form Ay(-,-) is continuous on
Q°(h)xQ(h) and, provided that oy is sufficiently large, it is also coercive on Q°(h)x Q(h),

1.€.

Av(p, @) S llalls.oellplls.na, Ay(q,9) Z lallhpe

for any q,p € Q°(h).

Proof. We refer to Lemma [2.4.1} O

Next, we prove an analogous result for the problem in fracture network.

Lemma 4.4.2. Let 0" : &, UEP, U &L, — RY be defined as in (A.16). Then, if
Assumption on T, holds, the bilinear form Ap(-,-) is continuous on Q' (h) x Q' (h)

and, provided that o} is sufficiently large, it is also coercive on Q'(h) x QY (h), i.e.,

Ar(pr, qr) S llgrlr.pellprllr.pe, Ar(qr, ar) Z larl 2. pe
Jor any qr,pr € Qr(h)-

Proof. We start with coercivity. For any qr € Q'(h), we have

Ar(ar, ar) = llarl[pe — 2/ {vilrllywr (Var)} - [ar] — 2 Lm{l/;grnwg(v%)}m ar]n

I D
gr,hugr,h I,k

(4.20)
=I+11+1II

In order to bound term II, we proceed as in Lemma We employ Cauchy-Schwarz’s,

triangular and Young’s inequalities to write:

/51 Vil (Ver) o] S ) {8 /e(ag)1{V§€FHW£(VQF)}2+i/605[[%]]2}-

UED
T,h—“T,h 1 D
’ ’ gl‘,hugl“,h

From inverse inequality (1.3.2)), the definition of the penalty parameter o' ([4.16]), As-
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Chapter 4. Networks of intersecting fractures

sumption and the L2-stability of the projector Iy, we obtain

. € T \1/2 1
/5 L T (Va)} - Tar) S 11 0F) arl b, + o lacdl e, e,

I D
,hYCT,h
(4.21)

We now consider the intersection term III. Multiplying and dividing by ¢ and applying

Cauchy-Schwarz’s and Young’s inequalities we have

/g [T (Vae)o- ol S 2 [ / (o0) ™ e Ty (Var) Y + 1 / aguqrug}

e€Er, N
(4.22)
Using the definition of {-}~ (4.3.1)) and triangular inequality, we obtain
/O_F_Tl{y;gfﬂwg(qu>}%
1 & |
= 5y 2 007 W T (V) T (V) )
i<k
Np
< 2| [0 W T (Ve + [ (000, T (V)
>~ NF i . e Vi W T ) e "h w) T
ik
2(V

Nr
r— 1) / ny—1 k\\2
- E T 0 I (V
Nr k=1 e(ae) (V% EEIwW, ( qF>) !

where the last equality follows from the fact that every term appears in the sum exactly
(Nr — 1) times. Since we are assuming that ¢rvl is constant on each F' € T, this implies
that

@=3" / o VLl Ty (Var)}2

e€ef), "¢
2ANE — 1) &
r— —1/,,7
<2l e v / o (], (0T (Vgh)?
r k=1 Fevygn oF
8Fﬂ1m7£®
N[‘ — -1
2(Np — 1) IS 7 4 N
SgTZ > 0_(% Ul (V) 2V at|[f2 o).
r k=1 Fevygn or F
8FﬂIm7$V)

108



4.4. Well-posedness of the discrete formulation

where we have employed the definition of o' and the fact that for all e C F

Note that this is also true if e C Z. Finally, employing inverse inequality (|1.3.2)) and the

stability of the projection operator ng we have

6 T
(a) S U_F||(VF£F)1/2VQF||§,Fh- (4.23)

)

From (4.20)), employing the derived bounds (4.21)), (4.22)) and (4.23)), we obtain that the

bilinear flp(-, -) form is coercive, provided that the parameter og r is chosen large enough.

Continuity can be proved with analogous arguments. O]

Employing Lemma [4.4.1] and Lemma [4.4.2] we can now prove the well-posedness of the
discrete problem (4.14]).

Proposition 4.4.3. Let the penalization parameters o and o* for the problem in the

bulk and in the fracture network be defined as in (4.15) and (4.16)), respectively. Then,
problem (4.14)) is well-posed, provided that oy and oo are chosen large enough.

Proof. In order to use Lax-Milgram Lemma, we prove that the bilinear form flh( o +) s
continuous and coercive on Q°(h) x QF(h). We have, from Cauchy-Schwarz’s inequality,
that

C((g,ar), (g, ar)) = |[(g, ar)]|
C((q.ar), (porr) < S 118 TalllZa gy 1B Il 2o

Fely
1/2 1/2
+ 3 Nar? (g} = ao)l 3o llor > (p} = pr)l ey
Fely,
< I1(gs a)I] - 11 (s o)1,

so that coercivity and continuity are a direct consequence of the definition of the norm
|| - ||| and of Lemma and Lemma [4.4.2] The continuity of the linear operator £y (-)
can be easily proved by using the Cauchy-Schwarz inequality, thanks to the regularity

assumptions on the forcing terms f and fr and on the boundary data gp and gr. m
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Chapter 4. Networks of intersecting fractures

4.5 Error analysis

In this section, we derive a-priori error estimates for the discrete problem . To
this aim, for each subdomain wj, j =1,..., N,, we denote by &; the classical continuous
extension operator (cf. [113], see also Chaptersand & H*(Q;) — H*(R?), for s € Ny,
Similarly, we denote by &, the continuous extension operator &, : H*(y;) — H*(R41),

for s € Nyg. We then make the following regularity assumptions for the exact solution

(p, pr) of problem (4.8)):

Assumption 4.5.1. Let T = {Tg} and Fu = {Tr} denote the associated coverings of
Q and T', respectively, of Definition . We assume that the exact solution (p,pr) is
such that:

Al. for every E € Ty, if E C w; and p; denotes the restriction of p to w;, it holds
Eipilr, € H#(Tg), withrg > 1+d/2 and Ty € Ty with E C Tg;

A2. for every F € Ty, if F C 7, it holds &, p¥|r, € HF(Tr), withrp > 1+ (d—1)/2
and Tp € Fy with F C TF.

From Proposition and Strang’s second Lemma the following abstract error bound
directly follows.

Lemma 4.5.2. Assuming that the hypotheses of Proposition[].4.3 are satisfied, it holds

. Rh p,pr), (W, wr
@)=l S it g —(@an)lll+ sup edlppr) (@ we))l
< oo o ()]l

where the residual Ry, is defined as

Rh((p,pr‘), (w,wp)) = Ah((p,pl‘): (wv U}F)) - ‘Ch(w7wr)‘

It is easy to show that the residual is the sum of two contributions, one involving only

the bulk problem and one involving only the network problem:

Ru((p, pr), (w,wr)) = Re(p, w) + Rr(pr, wr) (4.24)

It follows that, to derive a bound for the global residual, we can bound each of the two
contributions separately. Again, we will focus mainly on the term related to the fracture

network.
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4.5. FError analysis

Lemma 4.5.3. Let (p,pr) be the exact solution of problem (4.8)) satisfying the regularity
Assumptions |4.5.1] and |4.5.1. Then, for every w € Q°(h) and wr € Q' (h), it holds

PR ke K2
Ri(p, w)]* < , 2 —1fE | FE\| 2
ool S 3 eyl |7 B i 0] - W1
h
(4.25)
Re(prowr)* S 1Y @H&pr\ﬁr (7F)? max e @)
, ~ Fel k?rkl) S eCOF\(ZnUATyUOTR) ¢ “hp  hp
h

2(SF 1) L L2
—T\2 n—1,MF F 2
+§: E: —er | Ey el 7 (1 [(VF) ec%?%(zﬁ(%) (EJF E)} + |Jwr|[f 526)

k=1 Fevhk F
8FﬂIm7$®

where, in (4.25)), the extension operator & is to be interpreted as & if E C ;. Similarly,
in (4.26), &1 is to be interpreted as &, if F C .

Proof. Integrating by parts elementwise and using the fact that (p, pr) satisfies (4.8]) and

the regularity Assumption 4.3.1] we obtain the following expression for the residuals

Rolpw) = 3 / {U(Vp - Ty, (Vp))} - [w],

FeFiuFp

Rr(pr,wr) = Z /{VFEF Vpr — WF(VPF))} [wr].

D n €
eESF hUSF huSF A

For the proof of (4.25)), we refer to Lemma in Chapter [3] Here, we only focus on
the proof of (4.26]). To this aim, we consider the following two terms separately:

(a) = / {6V (Vpr — Ty (Vpr))} - [ar]|
&l LUER,

) =| [ AwE (o~ Ty (Vo) Larls.

T',h

Employing the Cauchy-Schwarz’s inequality and the definition (4.17)) of the norm ||-||r pe,
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Chapter 4. Networks of intersecting fractures

we obtain

<a>s(/gl

D
F,hugr,h

1/2
op ' {ervi(Vpr — HW£<VPF))}|2> *lar(lr,pe-

Let II denote also the vector-valued generalization of the interpolation operator IT defined

in Lemma [1.3.3, Then, using the triangular inequality we can write

3 / (v (Vpr — Thygr (Vpr)) 2

eegé huglph

< Y o / {6 (Vpr — T(Vpr))}

e€Ef UER,

+ oy, ! / (v i Ty (Vpr — TH(Vpr))

e€&f UER,

(al) + (a2).

Term (al) can be bounded, employing the approximation results of Lemma [1.3.3] as

(al) < Z hi"(stl) <(DT )2 max 0_—1h_Fl> Héarpsz .
- Fel k;(rF_l) " eCOF\(ZTnUAL NUOT ) © kJ;l H"F(TF)"
h

Exploiting, in order: the boundedness of the permeability tensor ¢rv[, inverse inequality

(1.6)), the L?-stability of the projector ng and the approximation results of Lemmam

we can bound term (a2) as

(a2) < E max
eC8F\(ImU8I‘NU8I‘F)
Fely

o, (07) [Ty (TH(Vpr) = Vpr)|[72or)

—1 F 2
§ : I
€l eCaF\(ImuaFNuaFF)Ue (W ) H (Vor) — V]DFHLQ(F)

SF 1)

Z ,,F To(rp—1) || &rpr|[7

ery,

w7k .
r | 24 max g .
HF(Tr) hp eCOF\(ZnUOT yUOT ) ©

Next, we consider term (b). Employing the Cauchy-Schwarz’s inequality and the definition
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4.5. FError analysis

of the average operator at the intersection {-}n, we obtain

1/2

(> y J R W

n e
k= 1665,Y "

) HCIF||F,DG-

Recalling that II denotes the vector-valued generalization of the interpolation operator of
Lemma [1.3.3, we can write

03 [0 6007, (95 = Ty (V)

[
k=1 668;' A

e
TR

= (b1) + (b2).

S )l (Vpk = TH(VpE) [P+ [ (00) 7 ] TT r(V £ TI(VpE))|?
;E;(/ K P p / Wl Ty (Vp p )

Employing arguments analogous to those for bounding terms (al) and (a2), we can then
write

2(sp—1)

—7\2
(b1) <Z 3 w( v7)? max (o) )|| DR

k=1 Fe&vnx F
BFﬂIm76®

and

@3 Y e (o0 Gl ((TE)

eCOFNZn
k=1 Fe&vn
OFNZA #@

- Vp?)“%?(ap)

IR & P
<Z Z max )1(VF)2ﬁ||H(Vpl1i)_VP{EH%?(F)

eCOFNZA
k=1 Fe&vnx
OFNZn#£0
sF 1) k’2
<Z Z v )2 L max (60)71).
TF 1 || 'YkaHHFTF) ( F) hF 6C8FﬂIm< e)
k=1 Fevy
aFﬂIrﬁé@

This concludes the proof.

Theorem 4.5.4. Let Ty = {Tg} and Fy = {Tr} denote the associated coverings of €
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Chapter 4. Networks of intersecting fractures

and T, respectively, consisting of shape-reqular simplezes as in Definition[1.1.9, satisfying
Assumption|1.1.9. Let (p, pr) be the solution of problem (4.8)) and (pn,prn) € Q% x Q1 be
its approximation obtained with the method , with the penalization parameters given
by and and oy and ogr sufficiently large. Moreover, suppose that the exact
solution (p,pr) satisfies the reqularity Assumptions|4.3.1 and|4.5.1 Then, the following

error bound holds:

h2(5E—1) -
||(p, pr) — (Ph;pl“,h)|||2 < Z %GE(IIE; kg, VE)HC/?pH%{TE(TE)
Ee€Ty,
sF 1)
DR wi G e ke Z e s o
FEFh

sF 1)

+Z > M G K, PR |6 e

k=1 Fe&vnk F
aFﬂZr‘ﬁA@
where the &p is to be interpreted as &p; when E C Q;, j =1,...,N,, and &rpr is to
be interpreted as &, pk when F C yy, k=1,...,Np. Here, sp = min(kg + 1,75) and
sp =min(kg + 1,rp) and for every E € T, and F € T'y,, the constants Gg, Gr and G%

are defined as:

Gplhg, kg, Vg) =g + hEkEl FI%EKF or + (ar + 5F)hEk‘El

1 -1
—|—I/h 'kp max on —I—I/h k% max o
E FCOENT T E Epcopr T

Gr(hp, kp, U%) = U + hpkp! N N + arhikg?

+ (U5)*hatkr max ot
eCOF\(ZnUOT yUAT f)

+ (U%)*ha kr max ot
egaF\(ZmUBFNUBFF)

G?(hp,kp,l_/;ﬂ) = hpkgl max O'Q

eCOF NIn

+ (W) hp ke max (o) + (5)hy ki max (o)
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4.5. FError analysis

Proof. From Lemma [4.5.2] we know that the error satisfies the following bound

(P, pr) = (o, pep)lll S inf  |l[(p, pr) — (g, q0)]l|
(g,qr)€Qb xQ¥

-~

I

+ sup ’Rh<(p7pr)7(w7wr>)’ ) (427)
(wwr)€Qb QL [ (w, wr) ]

J/
-

17

We estimate the two terms on the right-hand side of (4.27)) separately. We can rewrite
term I as

I=  inf +1l(p —q,pr — qr 2)
(q,qr)eszQg< pa I e
<llp— HpHI%,DG + ||lpr —

pr|[? pe +U(p — Ip, pr — HPF)H%-
(a) ) ©

()

2, ¢+ llpr —

We consider each of the three terms separately. To bound term (a), we exploit the two
approximation results stated in Lemma [1.3.3} we obtain that

(a) <

=Y |V (p —Ip)|[3am

+ Z orlllp - Hp]]“m
E€T;, FerfurpP
<y [,;E|p Tl + (el ol
EcTy,

sE 1) hQE(sE—l/Q)
S [ 2 2 ElEPI e ) +

R 2
o ké(”rl/m (Fcabzn\(ia“)éaﬂzv) or)|E e (TE)}
h

SE 1)

hg
_ Z rE ) IEFI TE)( + —( max o ))
EETh

- F
kg FCOE\(TUdQy)
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Chapter 4. Networks of intersecting fractures

Using analogous interpolation estimates on the fracture we can bound term (b) as follows:

(0) < llpr = TpelFpe S D RV e = Mpo)llzae + Y oellloe — MprlliZeg

Fely e€&f L, UER  UER
2(sp—1)
h hp
< E E & 2 T
S TPr| | Vyp+ max o
k;(rF—l) || ||H 7(Tr) F kp eCOF\(ZAUOL yUST ) ©

FEFh
sF 1)
oy e 16, e (e, o7):
(T'F FINkp eCoF NIn
k=1 Fevnxk
BFﬂIrﬁé@

Finally, for term (c), we have

(¢) < 1(p = Hp,pr — Tpr) 12 < B0 Y NIp = Wp]| ey +ar Y [1{p — o} [Fagr)

Fel'y, Fely,

+ar Y lpr = Tpr|[72(m).

Fth

Exploiting the interpolation result (|1.8]), we deduce that

2(sp—3)
h
B> e = Tpll[3amy < Br Y 1lp = Tpl[2m < Br Y ngHH’"E (Tr)
Fely, E€Ty, EeTy, E
OENT#D OENT#D
> e
= Or — T 1EDlEre () 7
EeT;, k]E(E : “kp
OENT#D
Similarly, we have
h2(SE 1) hE
ar Z I{p— HP}HL?(F S ar Z T2r—1) pHHrE (o)}
FeT}, Eenn FE
OENT#)

Moreover, using the interpolation estimates for the fracture network, we obtain

— h28F
ar Z |lpr — HpFH%Q(F) S ar Z ];TF HéaPFH?{TF(TF)
Fely Fely,
h2(5F—1) h2
=ar Z %H Epr[ire (Tr) Je2
rery, Fr
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4.6. Numerical experiments

Combining all the previous estimates, we can bound term I on the right-hand side of

(4.27)) as follows:

p2ee=) ) - .
< YT 1 —
I's kgE(rE_l) ||<g>pHHTE(TE) [VE + i FcﬁEril(%}jaﬂN)UF + (ar + fr) E]
higSF_l) hF h2
——|| 47 2. 7 3 g
+ F; k:f;(TF_l) || rpr|a F(Tp) Tm ecaF\(ZImnuarNuarF) oe +ar 5]
h

sF 1) h
F
+Z Z rF 1)“ ’YkaHHTF (Tr) {k;— ecg}?aﬁ%a } (4.28)

k=1 FE’th
6FﬁIm7é(?J
Finally, the desired estimate follows from the combination of (4.28)), together with the
bound on Term II that derives from what observed in (4.24) and Lemma [1.5.3] O

4.6 Numerical experiments

In this section we present several numerical examples, with increasing complexity, in
order to validate the theoretical bounds and assess the practical performance of our
method. For the first set of experiments the analytical solution is known, so that we
are able to verify the convergence rates obtained in Theorem [4.5.4 We point out that
choice of the model coefficients is here made only with the aim of testing the effectiveness
of the numerical method and it does not intend to have any physical meaning. On the
other hand, the last test case considers a more realistic configuration featuring a totally
immersed network of fractures.

We remark that, in all the presented test cases, the pressure continuity condition at the
intersection points is satisfied, however in some of them the no flux condition
does not hold. To take this into account, we need to modify formulation ,
adding on the right hand side the term

/5m [vrtrV prlaiarin, (4.29)

I,h

where the quantity [VFrV. pr]n = Zk WV EkVTp{i - Ty is given.

For all the experiments we choose a quadratic polynomial degree for both the bulk and
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Chapter 4. Networks of intersecting fractures

fracture problems, i.e. kg =2VE € T, and kp = 2 VE € I',. Moreover, we always choose
the permeability tensor in the bulk v =1, so as to focus mainly on the fracture problem.
All the numerical tests have been implemented in MATLAB® and employ polygonal
grids, which have been generated from Cartesian meshes, employing the hybrid mesh

generation technique previously described.

4.6.1 Example 1: vertical fracture

As first test case, we modify a test case presented in Section splitting the single
fracture in 3 parts. In particular, we consider the domain € = (0,1)? and the fracture
network composed of the fractures v, = {(z,y) € @ : 2 =05, 0 < y < 0.5},
v = {(x,y) € Q r = 05 05 < y < 07} and
v = {(z,y) € 2 : =z = 0.5 075 <y < 1}, see Figure [l.4(a)] Note that both

the tips of the fracture 7, are intersection tips.

)
0.4
03
73 02t
N
s @ o1
72
Iﬂ or
12 ®
0.1
M 02t
T -03 [
xr = 0'5 -0.40 0‘1 0,‘2 0‘3 0.‘4 0‘5 0.‘6 0‘7 0‘8 0.‘9 1‘
(a) Computational domain (b) Solution in the network

Figure 4.4: Example 1: Computational domain (left) and computed fracture pressures (right).

We choose the exact solutions in the bulk and in the fractures as follows

sin(4x) cos(my) if x < 0.5, . _
p= pE = &[cos(2) + sin(2)] cos(my), k=1,2,3
cos(4x) cos(my) if x > 0.5,

so that they satisfy the coupling conditions (4.5)) with v = I, provided that, Vk = 1,2, 3,

we choose 3, = 2, that is v, /0 = 4. We impose Dirichlet boundary conditions on the
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4.6. Numerical experiments

whole 02 and also on JI'. Finally, the source term in the bulk is chosen, accordingly, as

sin(4x) cos(my) (16 + ©2) if x < 0.5,

cos(4x) cos(my) (16 + %) if x > 0.5,

and, given Vk = 1,2, 3 the values v7 of the tangential components of the permeability
tensor in the fracture, the fracture forcing terms are set as
k : T, 2 4
fr = cos(my)[cos(2) + sin(2)](§v], 77 + é_)
k

Clearly, pressure continuity at the intersection point (4.7al) is satisfied regardless of the
values chosen for the fracture coefficients v[, v and ¢r. However, flux conservation
(4.7b]) does not hold if the values vary from fracture to fracture. For this reason, we need
to modify the right hand side of the formulation as in (4.29)).

We perform two simulations, varying the values of the fracture coefficients (always

satisfying the constraint Sr = 2). In particular, we take

e Case (a):
vl =[3-10% 2-10°, 4-10%, (4.30)
vt =4 [107%, 1072, 1077,
fp =[107*%, 1072, 107°];

e Case (b):

vl =[3-107% 2-107% 41071, (4.31)
v = [10%, 10%, 10°],
fr = 0.25  [10*, 10, 10];

Finally, in all the experiments we set & = 0.75.

In Figure we show the numerical solution for the problem in the fracture net-
work for the case (a), where one can clearly see that the continuity condition at the
intersection points is satisfied. In Figures 4.5(b)| we report the computed
error ||p — pullp,pe (loglog scale) for the bulk problem as a function of the inverse of
the mesh size h and the corresponding computed error ||pr — prl|r.pe (loglog scale)

in the fracture network. We recall that we are taking the polynomial degree k = 2 for
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Chapter 4. Networks of intersecting fractures

both the bulk and fracture problems. On the left we show the results obtained for test
case (a) (with coefficients as in (4.30))), while on the right, we report the results for the
case (b) (with coefficient as in (4.31])). As predicted from our theoretical error bounds,
a convergence of order 2 is clearly observed for both ||p — pu||p.pe and ||pr — proallr.pe-

Moreover, the convergence is improved of one order if we consider the errors in the

L?-norms llp — Ph||L2(Q) and ||pr — pF,h||L2(F)'

1071 E 107 E
1072 ¢ E 1072 E

C 2 § B 2 |
1078 E 1073 E

r 2 2
10*4 E E 10—4 - |
05| 1 sl ]

B 3] T 3 7
10-6 | —A—llp = Pulls,pa ] 10-6 ;_‘_HP:P}LHL',DG ]

il ~__ el il ~_" |

[ —— llpr — pr,ullr,pa 1 [ —— " —pr1ulir,pe 1
1077 —m— [lpr — proallp2 e E 1077 == 11p" — proalipz .

E | | ™ | | | = = | | ™ | | |

100,8 101 101.2 101.4 101.6 100.8 101 101A2 101A4 101A6‘
1/h 1/h
(a) (b)

Figure 4.5: Example 1: Computed errors in the bulk and in the fractures as a function of the inverse
of the mesh size (loglog scale). Case (a) on the left and case (b) on the right.

4.6.2 Example 2: Y-shaped intersection

In the second test case we take the bulk Q = (—2,2)? and the fracture network
I' consisting of the fractures vy = {(z,y) € Q : r =y -2 <y < 0}
Yo={(r,y) €Q: z=y, 0<y<2}and y3={(z,y) €Q: =0, 0<y <2}, see
Figure We choose the exact solution in the whole bulk as p(z,y) = cos(zy — 2?) and
the permeability tensor v = I. Note that, even if the bulk solution is continuous across the
fractures, the first coupling condition in is satisfied because Vp|r = 0. In order for the
second coupling condition to hold, we need to choose the solution in the fractures pf: = p|,
for all k = 1,2, 3, that is pf: = 1. Note also that this configuration satisfies the conditions
at the intersection (4.7)) irrespective of the choice of the model coefficients. Finally, the
source terms are chosen accordingly as f = cos(zy — z?)(y? + 5z? — 4zy) — 2sin(zy — 2?)
and fr = 0. We impose Dirichlet boundary conditions on the whole 9€) and also on OT'.

In the numerical experiments we choose £ = 0.55.

120



4.6. Numerical experiments

73
V2

N
Il,2 3

Figure 4.6: Example 2: computational domain.

We perform two simulations, taking the physical parameters in the fracture network as in
the previous example, that is for case (a) we choose the coefficients as in (4.30)), while for
case (b) as in (4.31)).

Figures show the computed errors (in loglog scale) ||p — pnl|s.pe and
llpr — prol|r,pe for the bulk and fracture problem, respectively (case (a) on the left and

case (b) on the right). Also in this case the theoretical convergence rates are achieved

and one order is gained for the L?-norm.

E T T T T T E E T T T T T gl
101 g E 107! g E
F 2 A 5 9
—2 [ | B 1
107 10721 E
1073 E i |
= E 1073 El
I 3 F E
1074 - F 3 ]
F E 1074 E 2 o
[ 2 E B
107° E—a—|p — pi I, Do E P A= llp = prlle,po 1
F—e—Ilp — pull 2 o g 10-5 E O lIP = Pnlliz o) 4
10-6 L.~ |lpr — pronllr,pe 13 N F — |lp" — prullr,pe 3 1
ETI—\\pr rpr,hl\Lz‘)(p) ‘ ‘ ‘ E . "_._HPF‘*PFJ,,HLQ‘(F) ‘ ‘ ‘ 1
F ] 10-
100.6 100,7 100.8 100.9 101 101,1 100.6 100.7 100.8 100,9 101 101.1
1/h 1/h
(a) (b)

Figure 4.7: Example 2: Computed errors in the bulk and in the fractures as a function of the inverse
of the mesh size (loglog scale). Case (a) on the left and case (b) on the right.
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4.6.3 Example 3: checkerboard

In the third test case we consider a cross-shaped network of fractures cutting the bulk
Q) = (—1,1)% The fractures are defined as y; = {(z,y) € 2: y=0, -1 <z < —0.5},
T={(x,y) €Q: y=0, -05<zx<0},3={(r,y) €e: =0, -1 <y <0},
y={(z,y) €Q: y=0,0<z<1l}and v ={(z,y) €Q: =0, 0<z <1}, see
Figure . Note that fracture v, presents two intersection tips.

Y
1 15
5 ' 1
1
1
1 Oy
m 72 Y4 )
—— X
— N N
! Lz L2345 !
'
1
1
73 ,
1 ’ 0
0.5 1
R s o 05
(a) Computational domain (b) Solution in the network

Figure 4.8: Example 3: Computational domain (left) and computed fracture pressures plotted as
3d-lines (right).

We choose again a solution in the bulk continuous across the fractures
p(z,y) = cos(mz) cos(my) and the permeability tensor v = I. In this case, the first cou-
pling condition in is satisfied because Vp|r - np = 0, where n; = ny, = ny = (0,1)7
and ng = n; = (1,0)7. The validity of the second coupling condition is satisfied if
ph = plr, for all k = 1,2,3,4,5, that is pt = p2 = pt = cos(mz) and p} = pp = cos(my).
In the bulk, we impose Neumann boundary conditions on 0Qy = {(z,y) € Q: = =1}
and Dirichlet boundary conditions on the rest of the boundary. Accordingly, at the
boundary tips of fractures vy, 73 and 75 we impose Dirichlet conditions, and at the
boundary tip of 74, we impose Neumann conditions. In the numerical experiments
we choose ¢ = 0.55. Finally, the source term in the bulk is chosen accordingly as
f = 2m? cos(wz) cos(my) and, given the physical coefficients Vi, and g, for k =1,2,3,4,5,
the source term for each fracture is ff = 72 cos(mz)v], . Note that, at intersection Z{),

flux conservation does not hold if the values of the coefficients vary from ~; to 2, while
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4.6. Numerical experiments

at intersection Zj'; 4 5 flux conservation is satisfied for every choice, due to the fact that
Vptlzg, . =0, for k =2,3,4,5.

We perform two simulations:
e in case (a) we take (, =v] =1v] =k- 10%, for k = 1,2,3,4, 5;
e in case (b) we take {; = vl =vl =k- 107%, for k =1,2,3,4,5.

In Figure we show the numerical solution for the fracture network problem
computed with the coefficients of case (a). The values of the fracture pressures are
displayed as lines in the 3d space, so that pressure continuity at the intersection points is
evident. The plots in Figures 4.9(b)| show the computed errors in loglog scale for
the bulk and network problems, together with the expected convergence rates. Test case
(a) is on the left and test case (b) is on the right. Once again the results are in agreement

with the theoretical estimates.
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Figure 4.9: Example 3: Computed errors in the bulk and in the fractures as a function of the inverse
of the mesh size (loglog scale). Case (a) on the left and case (b) on the right.

4.6.4 Example 4: cross-shaped intersection

We consider the domain Q = (0,1)® cut by a cross-shaped network made up
of the four fractures v = {(z,y) € Q : y = 05 0 < z < 0.5},
v ={(z,y) €Q: =05 0<y <05}, 3={(r,y) €Q: y=0.5, 05<z <1} and
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Chapter 4. Networks of intersecting fractures

ve={(z,y) € 2: x=0.5, 0.5 <y<1}. The bulk domain 2 is then subdivided into
the sets

Qa={(z,y) €Q: 0<z<0.5, 0<y<0.5},
Qp={(z,y) €Q: 05<x<1, 0<y<0.5}
Qe ={(z,y) €: 05<z<1 0.5<y<l1},
Qp ={(z,y) €Q: 0<z<0.5 05<y<1},

as shown in Figure [4.10]

Yy
1 V4
Qp Qo
it O 3
1;2,3,4
Q4 Qp
V2 1 t

Figure 4.10: Example 4: computational domain.

In order to define the exact solution for the bulk problem, we introduce the functions

2

p = sin( Qx) cos(2my),
pr = cos(gx) cos(2my),
Pu = cos(gy) cos(2mx),
Pa = sin(gy) cos(2mz),

where the subscript is related to the position (left, right, up, down). The bulk pressure is
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4.6. Numerical experiments

then defined in each subdomain of € as

4
pr+pag iny,
pr+pa inQlp,
p(z,y) = ‘
Dr +pu m QC’;
\pl +pu in QD-

If we choose the permeability tensor v = I, the bulk source term will have the following

expression f(z,y) = %WQp(x, y). Simple calculations show that p(z,y) satisfies the first

coupling condition in (4.5) provided that for & = 1,2, 3,4, we choose 3, = 7, that is

n
Tk

the solutions in the fractures

v? = 5l. From the second coupling condition we deduce the following expressions for

ph = §v2cos(2ma) — sin(Ga), k= €3 cos(2my) — sin( ),
P = EV/2cos(2m) — cos(gm)a Pi = §V2cos(2my) — COS%y)'

Note that, with this choice, pressure continuity at the intersection point (4.7)) is ensured
by the fact that cos(§) = sin(%). However, flux conservation does not hold, so that we
need to modify the right-hand-side of our formulation as in (4.29). Finally the source

terms for the fracture problems are chosen accordingly as

V27 2

ft = cos(2nz)] 20 + 47r2§\/§1/§1] - I/;% sin(gx),
fi= 008(2@)[5: ATV — V%%Z Sin(gy),
fi= cos(27m)[\£ZT + 47‘(‘25\/51/;3] - 1/23%2 cos(gx),
fi= cos(27ry)[\gzr + 47r2§\/§1/§4] - VZM%Q Cos(gy).

We perform two simulations choosing the values of the physical coefficients as:

e in case (a) we take V] =1 =k - 10* and ¢, = %V,?k, for k =1,2,3,4;

e in case (b) we take v7 =k -10%, {, = k- 107" and v} = 54y, for k =1,2,3,4.

In Figure 4.11(a)| we show the computed numerical solution for the problem in the bulk,
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Chapter 4. Networks of intersecting fractures

with the coefficients as in case (a). In Figure 4.11(b)| we plot the fracture pressure as

lines in the 3d space. Pressure continuity at the intersection point is clearly observed.

E g - 0.6
0 0.2 0 o 0.2 0.4

(a) Solution in the bulk (b) Solution in the fractures

Figure 4.11: Example 4: Computed bulk pressure (left) and computed fracture pressure plotted as
3d-lines (right).

In Figures we report the computed errors ||p — p|

respectively, in loglog scale for the bulk and fracture problems, as a function of the

b,DG and HPI‘ - pr,h| |I‘,DG7

inverse of the mesh size h. On the left we show the results obtained for test case (a)
and on the right for the case (b). Again, a convergence of order 2 is observed for both
llp — prllb.oc and ||pr — pral|r.pe, while a convergence of order 3 is observed for the error

in the L?-norm.

4.6.5 Example 6: totally immersed network

The aim of this test case is to investigate the capability of our method to deal with
a network of fractures totally immersed in the domain. We reproduce the numerical
experiments performed with mimetic finite differences in [15]. We consider the domain
Q = (0,1)? containing 10 intersecting fractures. The geometry of the problem is shown
in Figure , where the fractures are highlighted with coloured lines. We remark
that for the computations we have employed a mesh made of general polygonal elements,

as shown in the zoomed detail reported in Figure 4.13(b)]

We impose homogeneous Dirichlet boundary conditions on the whole 02 and define the
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4.6. Numerical experiments
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Figure 4.12: Example 4: Computed errors in the bulk and in the fractures as a function of the inverse
of the mesh size (loglog scale). Case (a) on the left and case (b) on the right.

p=0
p=0 p=0
/1
p=0
(a) Computational domain (b) Mesh detail

Figure 4.13: Network of intersecting fractures: computational domain (left) and zoomed detail of the
polygonal mesh employed for the computations (right).

source term as

10 if (x —0.1)* 4+ (y — 0.1)? < 0.04,
flz,y) =
—10 if (z — 0.9)* + (y — 0.9)? < 0.04,

so that we have a source in the lower left corner of the domain and a sink in its top right
corner. The porous medium in the bulk is isotropic and homogeneous, i.e., v = Id. The

fractures are isotropic, i.e., v = v, with constant thickness ¢/ = 0.01. We consider
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Chapter 4. Networks of intersecting fractures

three test cases:
1. No fractures are present in the porous medium;

2. Permeable network: all the fractures have high permeability properties, taking

vt = vy = 1000;

3. Impermeable network: all the fractures have blocking properties, taking

vt = vy = 0.001.

In all the test cases, we take & = 0.75 and fr = 0. The discrete pressures for the
problem in the bulk are reported in Figure [4.14, We observe that, in all the cases, the
results are consistent with those obtained in [87] with mimetic finite differences. In the
permeable case (see Figure the pressure is almost continuous across the fractures,
as expected. In agreement with [87], the maximum and minimum values reached by the
pressure are slightly lower than those of the non-fractured case, see Figure . In
the impermeable case, we observe clear jumps of the bulk pressure across the fractures,
see Figure Once again, our results are in good agreement with those obtained in

[87].

00974 006 002 0 002 006 00975 00027 006 002 0 002 006 00860 01005008 004 0 004 00801060

p—

(a) No fractures (b) Permeable (¢) Impermeable

Figure 4.14: Network of intersecting fractures: discrete pressure in the bulk for the three test cases, no
fractures (left), permeable network vf = vf* = 1000 (middle), impermeable network vf = vf* = 0.001
(right).
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5 Towards Uncertainty Quantifi-
cation for flow in fractured

porous media

This chapter encloses some preliminary results concerning the application of Uncertainty
Quantification (UQ) techniques to the problem of approximating the flow in a fractured

porous medium. The results are original and contained in [11].

5.1 Introduction to Uncertainty Quantification

Our knowledge of geological and physical aspects of the subsurface is typically incomplete,
due to the difficulty in obtaining precise measurements. For this reason, the characteriza-
tion of fluid dynamics in geological media as well as their geomechanical evolution are
classical fields for the application of UQ methodologies [73].

The main goal of Uncertainty Quantification is to devise effective ways to include and
treat the uncertainty in a mathematical model. Uncertainty may be contained in the
input data in various ways, for example in the model coefficients, forcing terms, boundary
conditions and also geometry. In order to obtain a reliable numerical prediction of the
phenomenon under investigation, one has to include this lack of knowledge in the model.
A common approach is to treat the parameters in the equations as random variables or
random fields, so that the model predictions are considered as the outputs of a random
input-output map. Such kind of map should be then analyzed with statistical techniques

[29]. More precisely, let us consider the general PDE problem: find u such that

L(y(0))(u(0)) = F(y(9)) € D C R (5.1)
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Chapter 5. UQ in fractured porous media

where L is a suitable differential operator and some appropriate boundary or initial
conditions are imposed. Here, the data of the problem, i.e., the operator L, the forcing
term F', the domain D and the initial and boundary conditions may depend on a
vector of N random variables y(0) = (y1(0),...,yn(0)) : © — RY where (0, A4,P) is a
complete probability space (with © set of outcomes, A sigma-algebra of subsets of © and
P: A — [0, 1] probability measure) and € denotes an elementary random event. Clearly,
in this setting, the solution of the PDE is itself a random function, u = u(y(0), x).
The main question that UQ wants to address is how to effectively approximate the

random function u(#, z) or some (random) output Quantities of Interest (Qol) Q(u).

Among the various techniques proposed in the literature for the approximation of
the random input-output map, we will take as a reference the stochastic collocation
method analysed in the seminal work by Babuska, Nobile and Tempone [29]. Here,
a surrogate model of the input-output map is constructed employing standard
deterministic techniques in the spatial domain and a tensor product polynomial approxi-

mation in the random domain, see Section [5.2]below for a brief introduction to the method.

In the context of fractured porous media, typical quantities that may be affected by
uncertainty are the actual position and geometry of the fractures, so that a description of
these features is usually only available in the form of probabilistic distributions. Geometric
uncertainties are usually challenging to deal with. Indeed, even a small variation in the
stochastic parameters may induce an abrupt change in the topological structure of the
domain, and this is likely to cause a jump in the values of an associated Qol [63]. For
example, the value of a stochastic parameter could determine whether the intersection
between two fracture is present or not, thus modifying the network connectivity and
possibly the overall direction of the flux. If the considered Qol is non-smooth, applying
the standard stochastic collocation approach for its approximation may not be effective.
Indeed, the accuracy of polynomial approximations obtained from this kind of methods
typically deteriorates in the presence of discontinuous mapping between input parameters

and output variables [63] [73].

An innovative methodology to deal with discontinuous dependence between input
stochastic parameters and output mapping, is the one proposed in [73] for dealing with
sedimentary basins evolution under mechanical and geochemical compaction processes.

Here, the authors consider basins composed of multiple layers, each featuring different
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5.1. Introduction to Uncertainty Quantification

physical properties. Since the position of each layer is affected by uncertainty, the state
variables describing the material undergo discontinuities in their dependence on the
uncertain parameters (different kind of geomaterials may be found at a given depth and
time for different realizations of the random parameters). Their innovative methodology
relies on a change of coordinate system to align discontinuities within the random
parameter space. Starting from the observation that the position of the interface between
two materials typically depends smoothly on the stochastic parameters, they create a
surrogate model with a two-steps approach: first, a standard sparse-grid approximation
for the position of each interface is computed; next this information is used to define
a mapping to a reference configuration where discontinuities with respect to depth
are aligned; finally, a sparse-grid approximation of the state variables is performed

in the new coordinate system, where the method is effective in each homogeneous lithology.

In this chapter, we take inspiration from [73] to address the problem of approximating
the flow in a porous medium cut by fractures with uncertain position. We start frorm the
observation that, similarly to [73], the state variables (pressure or Darcy’s velocity) may
undergo discontinuities in their dependence on the stochastic parameters describing the
fracture position. Indeed, fixing, for example, the attention on a given point z* of the
bulk domain, its relative position to the fracture may change and this can cause a jump
in the value of the pressure at that point, due to the discontinuous nature of the solution
at the bulk-fracture interface. For example, let us consider the simple configuration
reported in Figure [5.1] Here, the position of the vertical fracture is determined by the
value of the stochastic parameter y. If we now focus on the bulk point z*, we notice that,
according to the different realizations of y, the fracture I' may be placed either on its
left or right. This intuitively implies that the random function describing the pressure in
the point z*, namely p(e, z*), will undergo a discontinuity with respect to y when the
fracture will “walk through”the point z*. Similarly to the approach of [73], our aim is to
align discontinuities. This will be achieved by means of a mapping to a reference domain,

where all fractures are aligned, see Figure below.

In the rest of the chapter, we will briefly introduce the stochastic collocation method
of [29] (Section and then illustrate in detail the aligning map technique (Section
5.3). In order to better explain the approach, in Section we will consider the

simple configuration of Figure [5.1] with a single vertical fracture. We will present some
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Chapter 5. UQ in fractured porous media

=
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Figure 5.1: Vertical fracture I" with uncertain position described by the stochastic variable y. According
to different realizations of y, I' may be placed on the left or right of the bulk point x*.

preliminary convergence numerical results. Extensions of the method and limitations are

discussed in Section .4

5.2 The stochastic collocation method

In this section we briefly introduce the stochastic collocation method of [29]. This
technique enables to solve numerically the stochastic PDE (5.1)), employing standard
approximations in space (finite elements, finite volumes, spectral or hp-finite elements,
etc.) and polynomial approximation in the probability domain. The first step in the
approximation process consists in choosing the set of collocation points as the zeros
of tensor product orthogonal polynomials with respect to an appropriate probability
density (related to the joint probability density of the random variables y). Next, the
probabilistic variables (y1, ..., yn) are evaluated at each collocation point and the solution
of the corresponding differential problem (which is now deterministic in the domain D)
is computed using the spatial discretization scheme. The final approximation is then
recovered by interpolating the semi-discrete approximations in the polynomial space.
In order to illustrate the technique more in detail, let us focus on the following version of
problem (5.1)): find u such that

V. (aly,z)Vuly,z)) = ,xr), €D N
(aly, z)Vu(y,z)) = f(y, ) vy € A= Aw (5.2)
u(y,z) =0, x € dD, ne1
where y = (y1,...,yn) is a random vector with independent real-valued components

and density p(y) = HnN:1 Pn (Yn), the tensor a is such that 0 < amin < a(y, ) < Gmax
for a.e. z € D and p-a.e. y € A, and f(y, e) is square integrable with respect to P i.e.,

132



5.2. The stochastic collocation method

[ Ep [f?] do < oo.

The aim of the collocation method is to look for a numerical approximation of the solution
of in a finite dimensional space tensor product space V,;, = P,(A) @ Hp,(D), where
Hy(D) C Hg(D) is, for example, a standard finite element space and P,(A) C L3(A) is
the span of tensor product polynomials with degree at most p = (pi,...,py). To this end,
we first introduce the semi-discrete approximation uy : A — Hj (D), which is obtained,
in a finite element fashion, by projecting onto the subspace Hy,(D), for each y € A,

ie.,

/ a(y)Vup(y,z) - Vop(z)dr = / fly,x)on(x)dx Von € Hp(D), for a.e. y € A.

i N (5.3)
Next, we collocate on the zeros of orthogonal polynomials with respect to the
densities of the random variables (yi,...,yn). More precisely, for each dimension
n = 1,..., N, we consider the points \,x, € A,, with 1 < k, < p, + 1, which are
the p,, + 1 roots of the orthogonal polynomial g,,,1 with respect to the density p,, i.e.,
/ A, Qpnt10 Pudy, = 0 for all v € P, (A,) . We can now consider the tensorized grid of
all these roots {Ax = Mg )v_1,1 < kp < pm + 1}, where the index k is associated
to the vector (kq,...,ky) through an appropriate bijection [29]. We denote by My
the cardinality of the tensor grid. After evaluating the semi-discrete approximation uy
at each collocation point Ag, with 1 < k& < My, we build the fully-discrete solution
upn € Pp(A) @ Hyp(D) by interpolating in A the collocated solutions. To this end, we
introduce for each n = 1,2,..., N, the Lagrange basis {ln,j}ﬁf{l of the space P, (A,),
defined such that

bnj Aam) = 0jm, Jom=1....p,+1,

with d;,,, denoting the Kronecker symbol. On the space P,(A) we set, accordingly to the

previous notation,
N
L(A) =[]t (M) -
n=1
Therefore, the final approximation of the random solution u(y, x) is defined as

Ma
upn(y,7) = > un (A, 2) (),
k=1
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Chapter 5. UQ in fractured porous media

where wuy, (A, z) is the semi-discrete solution of problem (5.3 for y = A;. Note that the

stochastic collocation method is equivalent to solve M, deterministic problems.

The convergence of the method has been also addressed in [29]. In particular, an a priori
estimate for the total error u —uy,, in the L2(T") ® Hg (D) norm is presented (see Theorem

4.1), showing that:

e the convergence with respect to p is (sub)exponential (under some regularity

assumptions);

e the convergence with respect to h depends on the finite element approximation

properties and on the regularity in space of the exact solution wu.

Finally, we mention that tensor product spaces suffer from the so-called “curse
of dimensionality”. Indeed, the dimension of the approximating space M, grows
exponentially fast in the number N of random variables, thus leading to a huge
computational cost. For this reason, if the number of random variables is even moderately

large, one typical approach is to resort to a sparse grid approximation, see [120, 106, [31].

Next, we focus on the applying a suitably modified version of the stochastic collocation

technique just introduced to the flow in fractured porous media.

5.3 Uncertain fracture position

We consider a fractured porous medium where the position of the fractures depends
on the realization of a random vector y € A. We denote by p the variable describing
the pressure in the bulk domain §2 according to the coupled model introduced in the
previous chapters (see for example Section . The map p will be itself a random
function, that is p = p(y,x), with y € A and = € Q. As previously discussed, the
fact that p is discontinuous with respect to the spatial variable x in correspondence of
fractures, determines also a discontinuous dependence on the stochastic variables. For this
reason, its approximation with the standard stochastic collocation approach introduced
in Section may not be effective. Similarly to the approach of [73], our aim is to
align discontinuities. This will be achieved by means of some mappings to a reference

domain, where all fractures are aligned. Let us focus for simplicity on the case where the
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5.3. Uncertain fracture position

porous medium is cut by a single non-immersed fracture. The position of the fracture is
determined by the realization of the stochastic vector y = XA € A, so that we will denote
it by ['y. In particular, this implies that the value A will determine the subdivision of the
domain € into the two disjoint subsets Q7 and 2, i.e., Q = QM UQ2. Next, we introduce
the reference domain ,.; C R?, d = 2,3, cut by the (d — 1)-dimensional fracture T';.
We assume that 2 = €),.¢ a.e. with respect to the Lebesgue measure. The fracture I',.f
partitions the domain Qs into the disjoint subsets Q} and Q5. We can now introduce
the family of mappings {®x(x)}rea with @y : Q.. — Q and the corresponding set of
inverse mappings {®y"(2)}aeca, with @' : Q — Q.. The single random mapping @5’
maps the domain determined by the realization A € A of the random vector y into the

reference configuration such that:

e each bulk subdomain Q is mapped into the corresponding subdomain Q7% in the

reference configuration, i.e., 3 (Q}) = Q:ef fori=1,2;
e boundaries are preserved;
e the fracture I'y is always mapped into the fracture I',.;.
See Figure below for an explicative example.

oy

r
g Fref

N
N

) ) ol vl

Figure 5.2: Example of mappings ¢ and (IDKI from and to the reference domain €2,...

Each mapping &, may be regarded as a change of coordinates, so that instead of

considering the random solution mapping p(A, x), we may consider
DA, 2) = p(A, x(2)) = p(X, PA(R} (2))),

with # = ®,'(x). Since in the reference domain all fractures are aligned, the map p will
be continuous with respect to A and we can use standard stochastic collocation techniques

for its approximation. It follows that we may construct a semi-discrete approximation of
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the exact random pressure at the point x* of the bulk domain, for a given realization of

1

the random vector y = A™ and & = ®,.(z), as

P, ") = p(X", &%) = Zﬁ(&-, F)L(AT) = Zp(ki, 5, (@5 (2)))(X7),

where M) is the number of stochastic interpolation points and {I;}*4 is the corresponding

Lagrange basis. The fully-discretized version of the random map p will then be
My
PN, 2) & p (N, 27) = Y (i, O (D3 (@) L(AY), (5.4)
i=1

where p,(A;, @) denotes the DG approximation of the bulk pressure collocated in the
point A;, i.e., the DG-discrete solution relative to the domain cut by the fracture I'y,.
The above may be regarded as an offline-online approach, where we first compute the
solutions in all the collocation points (where the position of the fracture is determined by
A;) and then use them to reconstruct the solution corresponding to a new configuration
(where the position of the fracture is determined by A*). We may then give the following
interpretation of the aligning map technique. For reconstructing the value of the pressure
in * in the new configuration I'y+, we do not employ the value of the pressure at this
same point in the configurations I'y,, since it may not be significant. Therefore, for each
configuration I'y,, we evaluate the pressure at the image through the aligning map of
the point z*, i.e., ®y,(P5!(z*))), which has the same relative position with respect to

Iy, as * with respect to I'y=. We refer to Figure for a visual representation of this

composition of mappings.

Remark 10. Due to their discontinuity, DG discrete functions are not uniquely defined at
element interfaces. Therefore, in order to be able to evaluate, in formula , the bulk
discrete solution pj at any point, we will in fact consider its continuous reconstruction
pn. The latter may be obtained by post-processing the DG discrete solution with an
approach similar to that employed by Karakashian and Pascal in [99] to prove some
a-posteriori error estimates for the DG approximation of second-order elliptic PDEs. The
setting of [99] considers DG spaces defined on standard conforming simplicial meshes with
uniform polynomial order. More precisely, given a simplicial mesh 7}, the polynomial
D
h,

degree k and the corresponding DG discrete space Q¢ they associate to the generic

function ¢, € QhD7 ¢ its piecewise polynomial continuous reconstruction g, belonging to
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\ ~_ () /
A A2 A3 A M,y
D) \D*Q O

1 (D/\MA

Figure 5.3: Composition of mappings for the approximation of p(A*, z*).

the standard finite element space of degree k related to the same mesh 7,. The function
gn is defined with a quite natural argument: at every node of the simplicial mesh 7},
corresponding to a Lagrangian type degree of freedom for polynomial degree k, its value
is set to the average of the values of g, at that node. Moreover, in [99], the reconstruction
qn is proved to have suitable approximation properties with respect to ¢,. In order to
extend the results to the polytopic setting, we can resort to the following strategy. First,
each polytope of the mesh is subdivided into triangles/tetrahedra (for example joining
the barycentre of the element with each vertex), so that a simplicial mesh is defined.
Then, the continuous reconstruction of the poly-DG function is built with the method
of [99], i.e., considering the lagrangian nodes associated to the simplicial mesh and the
corresponding average values of the poly-DG function. See Figure for an example of
simplicial mesh obtained from the polytopic one, joining vertexes with the barycenters,
and the corresponding lagrangian nodes for the linear case. In order for the approximation
properties proved in [99] to be still valid in the polytopic case, we need to make some
shape-regularity assumptions on the simplicial mesh. The extension of these results to

more general polytopic meshes has not been explored yet (to the best of our knowledge).

With the aim of better illustrating our approach and testing its effectiveness, we will now

present a simple test case.
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Figure 5.4: Simplicial mesh obtained from a polygonal mesh by joining vertexes with barycenters and
lagrangian nodes for the linear case.

5.3.1 Example: vertical fracture

We consider the case where the porous medium is cut by a single, non-immersed vertical
fracture, whose position is random and depends on the parameter A\. In particular,
we adjust the test case already presented in Section [2.5.4] adding the dependence
on the stochastic variable. We take the bulk Q = (0,1)? and the vertical fracture
=T\ ={(z,y) € Q: a = A}, with A\ € A. For example, we can assume the
distribution of A to be uniform in A = [a,b], with a = 0.1 and b = 0.9. The exact

solutions in the bulk and in the fracture are then chosen as follows:

sin(4z) cos(my) if x < A, .
p= pr = &[cos(4N) + sin(4\)] cos(my), (5.5)
cos(4x) cos(my) if x > A,

and the source terms are chosen accordingly as :

sin(4x) cos(my)(16 + %) if x < A,
cos(4x) cos(my) (16 + %) if & > A,

fr = cos(my)[cos(4N) + sin(4>\)](% + Er?up).

Notice that the solution in the bulk depends on the stochastic parameter A only through
the definition of the two subdomains Qf and Q3, while the analytic expression of pr
depends explicitly on A. For simplicity, we will take the permeability tensor v = 1.
Moreover, we will set fp = 0.25 and v| = vt = 1. Finally, we impose Dirichlet boundary

conditions on the whole 92 and also on OI'.

We choose as reference configuration the one corresponding to the fracture
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5.3. Uncertain fracture position

Lrep = {(z,y) € Q: 2 =05}. The aligning maps ®y : Qe — Q and ;' : Q — Q,0f
may then be defined explicitly as:

2 \x fo<ax <A,
Dx(z) =
20 =Nz +20 -1 if A<z <1,
Lo if0 <z <A,
25 (x) = i 1 22—1

fA<z<l.

B R Tpey
Let us focus on the random map representing the bulk pressure p : [a,b] x Q@ — R
defined in . As previously discussed, p is discontinuous with respect to the random
variable A. Indeed, if we consider the generic bulk point z* = (z*(1),2*(2)), the random
function p(e, x*) will undergo a discontinuity with respect to A when the fracture will
“walk through”the point z*, i.e., when A = 2*(1). This behaviour is displayed in Figure
5.6, where for several points z*, we plot the corresponding function p(e, z*) (dotted line)

and its DG approximation py (e, z*) (solid line). In particular, we consider the four bulk

points
x] =(0.2,0.9),
x5 =(0.1,0.2),
x5 = (0.7,0.3),
x; = (0.8,0.8),

plotted in Figure with corresponding colours. In Figure , each function p(e, z}),
1 =1,2,3,4, is evaluated for 13 values of the parameter A, corresponding to the Gauss-
Legendre points in the interval [a, b] (we refer to [31] for more details). We can clearly
see that, for i = 1,2, 4, the function p(e, z}) undergoes a discontinuity for A = (1) (this
is not the case for xj because x3(1) = 0.1 = a). Notice that the functions p(e, z}) are
piecewise constant due to the fact that the bulk solution depends on A only through
the definition of the two subdomains Qf and 3.

Next, we show that, employing the aligning map technique, we do recover continu-
ity with respect to the random variable. Indeed, let us now consider the function
p:la,b] x Q..y — R. In Figure , for several points 2* € €2,.f, we plot the correspond-
ing function p(e, 2*) = p(e, P4(2*)) (dotted line) and its DG approximation py(e, Pe(Z*))
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o : o 2t =(0.2,0.9)
®: o 3 =(0.1,0.2)
zi = (0.7,0.3)
o 25 =(0.8,0.8)
¢

a \* b

Figure 5.5: Domain corresponding to the realization of the stochastic parameter \* and the 4 points
27, 25, x5, x} considered in the experiments.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 5.6: Function p(e,z}) (dotted line) and its DG approximation py(e,z}) (solid line), for
i =1,2,3,4. Each colour is related to a different point x} as shown in Figure

(solid line). In particular, we consider the four points z}, i = 1,2, 3,4, obtained from
the previously considered points x} (see Figure via the inverse aligning map @;*1,
for \* € [a, b] (we take for example A* = 0.3). In Figure we can clearly see that the
functions p(e, z7) are continuous (here we report their evaluation at 13 Gauss-Legendre
points in [a, b]).

We now want to test the convergence properties of our approximation scheme for
p: [a,b] x Q — R, with respect to the random variable. First, we consider point-wise
convergence, i.e., we fix the point (\*, z*) € [a, b] X Q and measure the error as a function
of the number of stochastic collocation points employed in the approximation. In the
following, we take z* = (0.2,0.9) (the point in blue in Figure and \* = 0.3. We
want to test the behaviour of the semi-discrete (only in \) approximation p™ and of the

fully-discrete (in both A and x) approximation phM". We recall that they are defined with
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Figure 5.7: Function p(e,#}) (dotted line) and its DG approximation pp(e,ZF) (solid line), for
i =1,2,3,4. Each colour is related to a different point x} as shown in Figure

the aligning map technique as
My
pMA(Xka ZL'*) = ZP(A% CI))\Z(CI))_\*l(m*)))lZ()\*),
i=1
My
PRt 27) =Y (A B (@5 (7)) L),
i=1

Since we are assuming an uniform distribution for the stochastic variable, we will take
{\}Ma equal to the Gauss-Legendre points in [a, ], see [31]. Notice that, for computing
the fully-discrete approximation phM", we need to solve My DG-discrete problems, each
corresponding to the domain cut by fracture I'y,. This implies that, for every fracture
[y, with i = 1,..., My, we will generate one (polygonal) mesh. We assume that all these
meshes have comparable mesh-size h. We also remark that instead of the DG solution

phr, we will evaluate its continuous reconstruction py, see Remark [10] above.

In Figure [5.8(a)| we plot, in semilogy scale and as a function of the number of the

collocation points M, the following 3 quantities (with corresponding legend entry):

P (N 2") = p(\, )] (ex-ex) (5.6)
[ (N, 2%) = pu (A", 27)) (DG-DG) (5.7)
[ (V' 2") = p(A*, )] (DG-ex) (5-8)
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where:

(ex-ex) is the error between the exact solution p(A*, z*) and its semi-discrete approximation

with respect to the stochastic variable;

(DG-DG) is the error between the DG-discrete solution computed in the domain cut by the
fracture I'y«, namely pp,(A\*, z*), and the fully-discrete approximation with respect

to the stochastic variable and the spatial variable of the exact solution;

(DG-ex) is the error between the exact solution p(\*, z*) and its fully-discrete approximation

with respect to the stochastic variable and the spatial variable.

The DG solution for A = A\* and those for the collocation points \; were obtained
with Cartesian meshes of approximately the same size (~ 1150 elements). In Figure
5.8(a)| we observe ezponential convergence as expected from the theory of stochastic
collocation methods, see Section [5.2] In particular, for the (ex-ex) case the error keeps
decreasing as the number of collocation point increases, while for the (DG-DG) and
(DG-ex) cases we observe a saturation of the error around the value of the error in the
spatial DG-approximation.

In Figure , we consider the behaviour of the L?norm error. In particular, we

compute
pn (A", @) — o> (A7, @) 220, (5.9)

i.e., the L?-norm (in the spatial variable x) of the difference between the spatial DG-
approximation p, computed in the configuration I'y+, with A* = 0.3, and the fully-discrete
approximation of the random solution map pﬁ/[" evaluated at A = \*. We plot the error
(5.9) (in semilogy scale) as a function of the number of collocation points M, employed
for computing phMA()\*, e). We consider 3 cases, where we employ different mesh-sizes h;,
1 =1,2,3, for the spatial DG-discretization. In particular, the meshes have the following
sizes: hi = 70 elements, hy &~ 195 elements and hs ~ 575 elements. Also in this case, we

observe exponential convergence.

Finally, in Figures|5.9(a)| and [5.9(a)| we reproduce the same results as in Figures
and |5.8(b), respectively, without employing the aligning map for the approximation. No

kind of convergence is observed in this case, showing the effectiveness of our approach.
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DG-DG
——DG-ex
—o— ex-ex
07 |- exp(M)
-—-err DG

10714 L L L L Y
0 2 4 6 8 10 12 14

10-10 L

(a) Point-wise convergence (b) Convergence in the L?-norm

Figure 5.8: (Left) Point-wise convergence in (A\*, z*), with A* = 0.3 and «* = (0.2,0.9). The 3 errors
defined in -— are displayed as a function of the number of stochastic collocation points in
semilogy scale.

(Right) L?-norm (in the spatial variable) of the error between the spatial DG-solution for A = 0.3 and the
fully-discrete approximation of the random solution map evaluated at A = 0.3. The error is presented as
a function of the number of stochastic collocation points, in semilogy scale. Three curves are displayed,
each corresponding to a different mesh-size employed for the spatial discretization.

5.4 Conclusions

We proposed a novel technique to deal with the flow in a porous medium cut by fractures
with uncertain position. Due to the discontinuous dependence of the solution map on
the stochastic parameters, standard UQ techniques may feature loss of accuracy. For
this reason, taking inspiration from the approach of [73], we introduced a mapping to a
reference domain, where all fractures are aligned, so that continuity with respect to the
random variables may be recovered. Applied to a simple test case, where the position of
the fracture is determined by a single stochastic parameter, our technique has proved to
be effective to recover the convergence properties of the stochastic collocation method of
[29].

The extension of our approach to more complicate configurations relies on the possibility
of defining an appropriate aligning map. This is not of easy implementation even for
slightly more complicated fracture geometries, for example in the case of an immersed
fracture. In fact, in Figure [5.10| we display a possible procedure for defining the aligning
map in the latter case. Here, the position of the fracture is determined by the realization
of the stochastic vector A = (A4, Ay, A¢), where ), is related to the position of bottom tip
of the fracture, A\, to position of the top tip and A, to the length of the fracture. The
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Figure 5.9: Point-wise convergence and convergence in the L?-norm without employing the aligning
map in the approximation.

aligning map ®, may then be defined piecewise, by mapping each coloured subdomain of
Q2 into the corresponding subdomain (with the same colouring) in the reference domain
2er. When considering more complicated configurations, especially in 3D, it is possible
that the map ®, may not be determined in closed form, so that we need to resort to
some numerical techniques for its approximation. This aspect of our method is still under
investigation and will be the object of future research, as well as the theoretical analysis

of its convergence properties.

Au

F)\ Fref

Pyt
N
7

A R VR

I M

Figure 5.10: Possible aligning map to reference domain in the case of immersed fracture. The position
of the fracture depends on the stochastic vector A = (Ag, Ay, A¢).
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Conclusions and future perspectives

In this thesis we have presented a Discontinuous Galerkin approximation on polytopic
grids of Darcy’s flow through a fractured porous medium, where fractures are treated
as a (d — 1)-dimensional interfaces between two d-dimensional subdomains, d = 2,3
[T01]. We have considered the modelling, theoretical and computational aspects of the
problem, with focus on the numerical discretization and its analysis. PolyDG methods
have proved to be an effective tool for addressing the problem, their main advantages
being: the natural way they can describe the discontinuous nature of the solution at the
matrix-fracture interface; their efficiency in handling the coupling of the bulk-fracture
problems, by virtue of employing jump and average operators in the formulation of
the coupling conditions; their intrinsic geometric flexibility, which is very well suited to
tame the geometrical complexity featured by most of applications in the computational
geoscience field. The main original results contained in the chapters of the thesis can be

summarized as follows.

e In Chapter [2] we have considered the simplest configuration, where one single
non-immersed fracture divides the porous medium in two halves and the primal
formulation of Darcy’s law is employed for modelling the flow both in the bulk
and along the fracture. We have focused on the coupling of the two problems
and on the polyDG-discretization [61], 59, [6, 58] [19] 60] of the problem in the bulk
employing meshes made of arbitrarily shaped elements (with edges/faces that may
be in arbitrary number and whose measure may be arbitrarily small compared
to the diameter of the element they belong to). We have analysed the method,
proving its well-posedness and deriving a priori hp-error estimates in a suitable
(mesh-dependent) energy norm, which we have validated with numerical experiments
in a two-dimensional setting. The results of this chapter and have been published
in [12].
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e In Chapter [3] we have extended the results obtained in Chapter [2] designing and
analysing, in the unified framework of [27] based on the fluz-formulation, a polyDG
approximation for all the possible combinations of primal-primal, mixed-primal,
primal-mixed and mixed-mixed formulations for the bulk and fracture problems,
respectively. The novelty of the method relies on the imposition of coupling
conditions between bulk and fracture through a suitable definition of the numerical
fluxes on the fracture faces. We have proved in an unified setting the well-posedness
of all the formulations and we have derived a priori Ap-version error estimates in a
suitable (mesh-dependent) energy norm, whose validity has been assessed performing

numerical experiments. The results presented in this chapter are contained in [14].

e In Chapter[d] we have extended the primal-primal formulation to the case of networks
of intersecting fractures. The key instrument to obtain a polyDG approximation
of the problem in the fracture network was the generalization of the concepts of
jump and average at the intersection, so that the contribution from all the fractures
is taken into account. We proved the well-posedness of the discrete formulation
and performed an error analysis obtaining a priori hp-error estimates. All our
theoretical results were validated performing numerical tests with known analytical
solution and more realistic configurations. The results presented in this chapter are

contained in [13].

e In Chapter | we proposed a novel technique to deal with the flow in a porous medium
cut by fractures with uncertain position. Taking inspiration from the approach
of [73], we introduced a mapping to a reference domain, where all fractures are
aligned, so that continuity with respect to the random variables may be recovered.
Applied to a simple test case, where the position of the fracture is determined by a
single stochastic parameter, our technique has proved to be effective to recover the

convergence properties of the stochastic collocation method of [29].

Further developments of this setting include the 3D-implementation of the method and
its validation by performing numerical simulations coming from real-world applications.
Another improvement related to the implementation would be the parallelization of
the algorithm, so that we can take advantage of the intrinsic high-level of parallelism
featured by DG methods. From the modelling point of view, our formulation could be

extended in order to take into account two-phase flows as in [91), 97] or, more in general,
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multi-phase flows. Moreover, we could consider more general conditions for the flow
along the intersections, for example including the angle between fractures in the model or
allowing for jumps of pressure across the intersection as in [112] or [86]. Finally, the UQ
results presented in Chapter [5|are very preliminary and they surely need to be extended in
order to more realistic configurations. This will be the object of future research, together

with the theoretical analysis of the convergence properties of the proposed method.
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