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Abstract

Ultrasonography was the first and the most important civil ultrasound ap-
plication appeared in the 1950s.

It is a non-invasive diagnostic technique, adopted to obtain images of
human tissues by means of the principle of pulse-echo, that avoids the use
of X-Rays scan, a technique that could be harmful because of the exposition
to radiation.

Nowadays, array of several piezoelectric bulk wave resonators are em-
ployed in the commercial ultrasound imaging probes, in order to generate
3D real-time images. However, this technology is limited by the high probe
manufacturing and material production cost.

Modern micromachining techniques allow for a much higher precision
than the reticulation techniques, adopted for the fabrication of piezoelectric
bulk ceramic elements and a more easily manageable fabrication of large
1D and 2D arrays that imply high resolution and real-time imaging capa-
bilities, in spite of the very small amount of piezoelectric material.

Piezo-MEMS technology has revolutionized the actuators and sensors
world, leading the micromachining and miniaturization advantages in the
ultrasound systems.

Piezoelectric Micromachined Ultrasonic Tranducers (PMUTs), appeared
in the first decade of the XXI century, consist of layered flexural plates with
a piezoelectric thin film active layer, arranged in an array configuration, to
emit and detect ultrasonic pressure waves. The possibility to replace the
common piezoelectric bulk wave resonators with this novel technology, ex-
tremely increases the research interests in the study and the comprehension
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of its capabilities.
The main purposes of the thesis regard the modelling and the simulation

of the Piezoelectric PMUTs working behaviour, in order to deeply inves-
tigate the acoustic performances of this device. Several multiphysics nu-
merical models predict the behaviour of the stand-alone diaphragm and the
array of transducers.

The attention is focused on the effects of the residual stresses related to
the fabrication process and the DC voltage bias, VDC . They both play an
important role in the determination of the starting deformed configuration
and of the fundamental performing frequency, which are strongly affected
by the geometric stiffness.

Additionally, the non-linear dynamic behaviour, due to the involved
large displacements, is affected by the internal stress resultant and by the
starting deflected configuration, as well. Subsequently, the non-linear re-
sponse of the system changes with the imposed DC voltage bias. As a
matter of fact, the PMUT center transversal oscillation shows a soft spring
behaviour at VDC equal to 2 V, while it becomes a hard spring response at
VDC equal to 12 V.

The effects of the protecting structure in the acoustic performance, are
deeply investigated. To this purpose a 3D Finite Element (FE) model is
used to study the role of the vibrating package on the pressure propagation,
considering its elastic properties. Furthermore, the acoustic-structure inter-
action is imposed on the transducers acoustic interface and on the package
surface boundaries, as well.

Different numerical modelling techniques are proposed to solve PMUTs
problems, reporting the main features, advantages and drawbacks of each
of them. The experimental and numerical comparisons are presented, in
order to validate the numerical models, together with critical aspects and
discussions on the electro-mechanical-acoustic coupled response of the de-
vice.

The comprehensive electro-mechanical-thermoacoustic 2D axisymmet-
ric model of the single transducer, correctly captures the quality factor of
the system. The 3D electro-mechanical-acoustic model successfully simu-
lates the in frequency response of the device. Moreover, the proposed 3D
acoustic vibrating piston-like array of transducers allow for the estimation
of the in-time pressure field, by means of the common commercial FEM
acoustics software.

Furthermore, a novel piezoelectric-acoustic coupled FE Model Order
Reduction (MOR) technique is described and successfully implemented
into a Fortran custom code, in order to obtain a Reduced Order Model
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(ROM) of the PMUTs large array and to simulate the in-water response.
To this purpose, the 11x11 PMUTs array transmitting (TX) phase and the
7x7 cluster of PMUTs receiving (RX) phase are simulated. The Reduced
Order Model (ROM) custom code is characterized by extremely fast com-
putational time with respect the hugely time-consuming standard full order
FE approaches, implemented in the commercial software. Therefore, it
represents a suitable tool to correctly evaluate the pressure propagation, the
interference phenomena in the near-field and compute the response of the
transducers in the actuation and sensing phases.
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CHAPTER1
Introduction

Micro-Electro-Mechanical-Systems (MEMS) [1] are complex devices with
characteristic dimension of the order of micrometer. The first MEMS prod-
uct was the accelerometer designed in 1979, at Stanford University. Engi-
neers and scientists wanted to use some of the well controlled integrated
circuits micromachining techniques to make movable mechanical struc-
tures at the micro scale, which could be connected to electronic circuits
on the same chip. Subsequently, accelerometers become mainstream in the
1990s, as sensors to detect a crash for automotive airbag systems, where
the mechanical and electronic portions were integrated on the same chip.

MEMS devices are able to measure accelerations [2], angular veloc-
ities [3], to detect pressure [4] and to provide the mechanical actuation
in micro-actuators, micro-pumps [5] of inkjet print-heads or innovative
Micromachined Ultrasonic Transducers (MUTs) for medical applications
[6, 7]. Nowadays, MEMS are present in several smartdevices, in view of
increasing the human-machine interaction [8], in energy harvesters [9] and
medical diagnostic instruments [10].

In the framework of the MEMS physics, researchers are asked to solve
problems involving different interacting coupled phenomena, in which the
beauty and the complexity of this research field lies. The presented doc-
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Chapter 1. Introduction

toral dissertation perfectly fits the goals of describing and predicting the be-
haviour of the Piezoelectric Micromachined Ultrasonic Transducers (PMUTs),
appeared in the first decade of the XXI century, by means of mathematical
modelling and simulation.

The thesis is organized as follows. Chapter 2 is devoted to the descrip-
tion of the ultrasound systems and the introduction of the state of the art of
the micromachined ultrasonic transducers, together with the physical prin-
ciples of the wave propagation and the pulse-echo on which the ultrasound
scan is based.

In Chapter 3 the mathematical formulation of the linear piezoelectricity
and acoustics are described. The attention is attracted to the equations that
are implemented in the numerical PMUTs models.

Chapter 4 focuses on the air-coupled array of PMUTs performances.
A proper multiphysics modelling via the Finite Element Method (FEM) is
proposed for the stand-alone and the 4x4 array of transducers, by means of
the commercial software COMSOL Multiphysics v5.2 and ANSYS v17.2.

In Chapter 5, the effects of the package on the acoustic performances
are investigated through a 3D FEM ANSYS v17.2 numerical model for the
complete packaged device. Different package geometries and configura-
tions are proposed and deeply analysed.

In Chapter 6, the measured non-linearities in the dynamic behaviour of
PMUTs and the effects of the DC bias voltage are shown. Hence, a COM-
SOL Multiphysics v5.2 numerical model is presented in order to simulate
the non-linear vibrations by means of large displacements transient analy-
ses in the presence of the acoustic coupled fluid. The acoustic performance
of the complete device is, therefore, simulated through an only acoustic
model in which a proper baffled piston modelling for the transducers is
considered.

In Chapter 7, the mathematical reduced order technique for large PMUTs
array is derived and implemented in a Fortran custom code. The effective-
ness in the order reduction is studied and the comparison with the standard
full order approach implemented in COMSOL Multiphysics v5.2 is shown.
Applying the reduced model results in accurate and faster analyses. In-
deed, the proposed numerical technique is applied to simulate the 11x11
PMUTs focusing transmitting (TX) phase and the 7x7 cluster of PMUTs in
receiving (RX) phase.

In the end, Chapter 8 is devoted to closing remarks and conclusions on
the studied PMUTs problems, together with possible future developments
and works.
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CHAPTER2
Micromachined Ultrasonic Transducers

(MUTs)

This chapter focuses on the description of the ultrasound systems and introduces the
reader to the novel Micromachined Ultrasonic Transducers (MUT) devices based on
the piezoelectric effect (Piezoelectric-MUTs also known as PMUTs) and the electro-
static interaction force (Capacitive-MUTs also known as CMUTs). Ultrasound scan is
the most important medical diagnostic technique, appeared in the 1950s. Several ul-
trasound transducers are described, starting from the initial probes to the new MUTs
used in ultrasound imaging and innovative applications, namely: fingerprint recog-
nition and gesture recognition. The wave physical principles of pulse-echo and Time
Of Flight (TOF), on which the spatial reconstruction is based, are presented accord-
ing to the well known Snell-Descartes law. Subsequently, the working principle and
concept-design of PMUTS and CMUT are described.

2.1 Ultrasound systems

Ultrasonic transducers are well known for their applications in medical ul-
trasonic imaging [11–13], exploiting the pressure propagation above 20
KHz inside the human tissue.

Ultrasonography was the first and the most important civil ultrasound
application appeared in the 1950s. Before ultrasound scan, ultrasound
pulses to echo-locate had been discovered by the British Board of Inven-
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

tion and Research in 1916 and exploited in the SONAR (SOund NAviga-
tion and Ranging) instrument, developed for the ASDIC (Anti-Submarine
Detection Investigation Committee) and started production in 1922, as sub-
marine safety equipment called with the same acronym ASDIC.

Echography is a non-invasive diagnostic technique which is adopted to
obtain images of human tissues by means of the principle of pulse-echo.
Moreover, ultrasound sonography avoids the use of X-Rays scan, a tech-
nique that could be harmful if the patient were exposed to radiation for a
long period.

The initial ultrasound imaging technique, appeared in the 1950s, was
called A-mode (Amplitude mode) because the system was only able to pro-
vide a 1D information, associated with a thickness, based on the amplitude
of the received echo. During the 1960s, the technique evolved towards the
B-Mode (Brightness mode), where a probe consisting of an array of trans-
ducers scanned a part of the human body surface to get a 2D reconstruction,
in which a gray-scale was adopted, where the intensity of the echo influ-
ences the brightness.

Several versions of probes, as shown in Fig. 2.1, are present on the mar-
ket with different purposes. In fact, through the curved array probe (see
Fig. 2.1 (b)) larger portions of tissue than the linear array probe in Fig. 2.1
(a) can be scanned. A second version of the B-mode, with the suffix RT
(1970s), was based on the beamforming technique, by means of which the
ultrasound propagation is focused in a small region of a proper focus with
high intensity (refer to 2.1 (c)). The Doppler-Mode technique, introduced
during the 1980s, generates images of the movement of tissues and body
fluids (usually blood) through the Doppler effect implying the variation in
frequency and wavelength. Moreover, to properly visualize the movement
information, a velocity contour-map overlapped a B-mode image, conse-
quently the technique was called Color Doppler-mode (1980s).

In the last ten years, new ultrasound probes (see Fig. 2.2) are coming,
consisting of an array of transducers arranged in a 2D matrix and suitable
imaging algorithms are available.

It is now possible generate 3D real-time images (sometimes called 4D)
with satisfactory quality and fluidity. The 4D imaging techniques are cur-
rently devoted to few applications, as the in-time reconstruction of moving
fetus presented in Fig. 2.3.

New standard probes exploit bulk wave resonator elements made of
piezoelectric ceramics [14, 15]. However, the employment of this novel
technique is mainly limited by development time and probe manufacturing
cost. As a matter of fact, the ultrasound mechanical systems consist of sev-
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2.1. Ultrasound systems

Figure 2.1: Ultrasound probes: (a) linear array probe; (b) curved array probe; (c) phased array
probe.

Figure 2.2: Ultrasound probes: (a) 2D probe; (b) 3D probe.

Figure 2.3: Ultrasound fetus images: (a) 2D; (b) 3D; (c) 4D.
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

eral inorganic compound bulk materials constituted of lead (Pb) zirconate
(Zr) titanate (Ti) (PZT) [16], a material with a high production cost.

Nowadays, the discovery of novel microfabrication techniques allows
for the introduction of piezoelectric thin films, namely PZT and aluminum
nitride (AlN) and the fabrication of suspended structures large arrays. Mod-
ern micromachining techniques [17] allow for a much higher precision than
the reticulation techniques adopted for the fabrication of bulk ceramic el-
ements. Indeed, research activities and interest are mainly motivated by
prospects of more easily managing the fabrication of large 1D and 2D ar-
rays that would imply greater beam steering, focusing (phased array opera-
tion), high resolution and real-time imaging capabilities [18–20] in spite of
the very small amount of piezoelectric material.

Figure 2.4: MEMS-based ultrasound probes: Buttefly (left); EchoNous (right)

Two examples of ultrasonic probes based on Micro-Electro-Mechanical-
Systems (MEMS) are shown in Fig. 2.4.

More recently, this technology has been adopted to the fingerprint recog-
nition, as safety device in smartphones (refer to Fig. 2.5 on the left) and
gesture interpretation as reported in Fig. 2.5 on the right.

In this introductory chapter, the physical-based ultrasound principles
and the common Micromachined Ultrasonic Transducers (MUTs) are briefly
presented, focusing the attention on the Piezoelectric-MUTs, also known as
PMUTs and the Capacitive-MUTs (CMUTs).

2.2 Physical ultrasound principles

The ultrasound identification and reconstruction technique merges the phys-
ical principles of pressure wave propagation with signal processing compu-
tation algorithms, based on the elaboration of the time between the acoustic
emission and detection of the pressure pulses, called time of flight (TOF).
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2.2. Physical ultrasound principles

Figure 2.5: MEMS-based ultrasound application: fingerprint recognition (left); gesture
recognition (right)

The goal of the ultrasound imaging [21] consists in internally inspecting
the target and consequently providing a satisfactory image of the consid-
ered system. On the contrary, some ultrasound applications simply restrict
their job to the identification of the distance between the transducer and
the object (range-finders [22–25], gesture recognition [8, 26], fingerprint
recognition [27, 28]).

2.2.1 Reflection, refraction and absorption

During the wave propagation, discontinuities in the material speed of sound
imply the reflected and refracted waves. In fact, when the acoustic energy
impinges on a discontinuity surface, it splits in two parts: the reflected one
becomes the pressure echo of which the TOF is computed, the refracted
one transmits inside the material with lower energy.

In Fig. 2.6 is sketched the Snell-Descartes law [29–31], governing the
transmission and reflection, in which a plane wave hits a discontinuity plane
surface with angle θi, between two material with sound velocities c1 and c2,
and generates a reflected wave and a transmitted wave with angles respec-
tively θr and θt. Hence, the well known equalities hold:

θr = θi(
sin θi
c1

)
=

(
sin θt
c2

)
.

Going further, the quantity that characterizes the material ability to prop-
agate the acoustic waves is called acoustic impedance and it is strictly re-
lated to the density ρ and speed of sound. In principle, the impedance is
a complex quantity but for the plane wave propagation and far from the
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

Figure 2.6: Snell-Descartes law

acoustic emitter (far-field), in which the imaginary part is negligible, the
following expression holds

Z = ρc

Values of the density, speed of sound and acoustic impedance are avail-
able in literature for several materials like human body tissues and fluids
at different temperature [11]. The acoustic impedance ranges from 413
Rayl for air to 1.43·106 Rayl for water, at 20 ◦C and 3.75-7.38·106 Rayl
for bones, with 1 Rayl = 1 Pa·s/m. Therefore, every times a pressure wave
meets a discontinuity in the material density, meaning travelling in a het-
erogeneous domain, reflected and transmitted waves are generated. The
described physical principles are exploited by ultrasound systems (see Fig.
2.7) in elaborating the coming back echos, each time the acoustic waves
propagate through a non-homogeneous material and cross a discontinuity
interface.

Hence, for the system sketched in 2.7, for human body ultrasonography,
the distance ∆x between the considered target and the emitting probe is
estimated, by means of the so called principle of pulse-echo, as follows

∆x =
c ·∆t

2
(2.1)

in which ∆t is the waiting time between the emission and reception of the
corresponding reflected wave. Values of the speed of sound c are reported in
literature for several materials at different temperature. Typically, in human
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2.2. Physical ultrasound principles

Figure 2.7: Ultrasound propagation in human body [11]

ultrasonography it is approximated to 1540 m/s which is close to 1546 m/s
the value for sea water at 30 ◦C [32].

During the wave propagation in a homogeneous medium, part of the
acoustic energy is transferred to the material and converted in heat, con-
sequently temperature oscillations occur and the pressure amplitude atten-
uates with the covered distance. The described phenomenon is called ab-
sorption. Indeed, assuming a plane wave travelling along the direction x,
according to the following absorptive exponential model [11], the pressure
amplitude P (x) behaves as

P (x) = P0 exp(−α1f
yx)

where P0 is the initial pressure amplitude at x = 0, f is the propagation
frequency, α1 and y absorption parameters depending on the material.

In Fig 2.8 the absorption factor α(f) = α1f
y is reported for human

blood, muscle and breast. The presented relation shows that the higher is
the frequency content the higher is the attenuation in the pressure ampli-
tude.

The presented physical phenomenon is directly related to the spatial res-
olution of the ultrasound system in terms of lateral resolution and axial
resolution. In fact, axial resolution is defined as the minimum detected dis-
tance between two objects, placed along the propagation direction of the
acoustic beam. While, lateral resolution is the minimum detected distance
between two objects placed crosswise to the propagation direction of the
acoustic beam.

In general, the spatial resolution increases with the decreasing of the
wavelength, that means when the frequency of the transmitted wave in-
creases and decreases if the attenuation in the material increases, which is
several times associated with the increasing in frequency of the transmit-
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

Figure 2.8: Absorption factor [11]

ted wave, as well. Hence, a compromise in the frequency content of the
ultrasound emission, provided by the transducer and attenuation must be
reached in view of the wanted spatial resolution.

2.3 Piezoelectric Micromachined Ultrasonic Transducers (PMUTs)

Piezoelectric Micromachined Ultrasonic Transducers (PMUTs) consist of
layered flexural plates with a piezoelectric thin film active layer to actu-
ate and detect the transversal vibrations. The frequency range of thin film
bulk wave resonators is in the range of several hundreds of MHz to 10
GHz [33, 34], missing largely the range for ultrasound imaging, which is
around 10 MHz [35, 36], and being impossible to use for in-air applica-
tions with frequency of the order of 100 kHz [23,24]. A suspended flexural
diaphragm is able to vibrate in the required range with high displacement
amplitudes. Hence, the dome-shaped vibration of a resonating plate at the
fundamental frequency couples well to a medium like water or air. Here-
inafter, the principle of working is described, considering a circular lami-
nated transducer with a PZT thin layer.

To actuate the vibration, the bending moment is provided by the electric
field across the piezoelectric layer induced by the reverse piezoelectric ef-
fect due to the imposed alternate voltage difference between the electrodes
∆V . Conversely, when the system vibrates under a pressure load an electric
field appears in the piezoelectric layer by means of the direct piezoelectric
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2.3. Piezoelectric Micromachined Ultrasonic Transducers (PMUTs)

effect and a voltage difference can be detected (see Fig. 2.9).

Figure 2.9: PMUT cross-section: (a) rest configuration; (b) displacement due to ∆V > 0; (c)
displacement due to ∆V < 0 [37].

Considering a linear elastic laminated circular clamped diaphragm, shown
in Fig. 2.10 with n-th thickness tn, the fundamental resonance frequency is
computed through the expression [38]

fr =
(3.19)2

2πa2

(
D

µ

)1/2

where a is the radius, D is the laminate plate bending stiffness, depending
on the neutral axis position zs and elastic material properties of the layers
and µ is the surface mass density depending on the volume mass density
and thickness of the layers.

Arranging the transducers in a 2D matrix, implies the determination of
the distance between the elements (pitch) according to the adopted scan-
ning technique. The pitch of the ultrasound elements depends on either the
required resolution or, if the beam steering technique is employed, on the
space angle within which a unique solution for the radiation direction is
attempted and no secondary lobes occur [32].

Usually, a standard pitch d is half the wavelength of the transmitted
signal, d = λ/2. The presented solution is related to a unique emission
direction in the half-space defined by the array plane. Indeed, considering
a piston-like movement, the plate diameter is a direct proportional to the
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

Figure 2.10: PMUT layered cross-section [39].

transmitted radiation power [32, 40]. Therefore, the λ/2 pitch requires that
the diameter should follow a λ law, that means a 1/f law, whereby f is the
frequency of the emitted wave. Hence, an ideal choice for beam steering is
a diameter of λ/2.

Figure 2.11: Frequency-diameter relation of circular clamped PZT-Si plates compared to half the
wavelength λ/2, with λ = c/f (derived from speed of sound c and frequency f ) wavelength of

longitudinal waves in steel, air and water [39].

The described relations are presented in Fig. 2.11, along with the diameter-
frequency relation (2a ∝

√
f law) of clamped plates. It is worth noting that,

the frequency-dimension relations fit well to the 100 kHz–1 MHz range for
in-air applications, which represents a suitable frequency range for short-
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2.4. Capacitive Micromachined Ultrasonic Transducers (CMUTs)

range airborne sensors. The matching zone with the waterline confirms that
such transducers are potentially suited for 10-MHz medical applications.

Considering the case of the circular plate
√
D/µ ∝ h and the funda-

mental resonance frequency behaves as fr ∝ h/a2. Thus, both the radius
and the frequency are defined by the application. Moreover, one needs to fit
the thickness h of the diaphragm to achieve the two requirements on pitch
and frequency. Additionally, given that the thickness ratio of PZT film and
Si membrane are fixed for obtaining best electro-mechanical coupling [39],
the design parameters are derived from the wanted application.

2.4 Capacitive Micromachined Ultrasonic Transducers (CMUTs)

Nowadays, Capacitive Micromachined Ultrasonic Transducers (CMUTs)
are the most used and investigated MEMS devices for ultrasound applica-
tions. This technology consists of 2D array transducers made of a fixed
metallic back plate (bottom electrode) and suspended structural laminated
diaphragms, with a conductive layer (top electrode), defined by an air or
vacuum closed cavity, as shown in Fig. 2.12 [41–43].

Figure 2.12: CMUT cross-section [43].

The transducer electrically works as a capacitor with finite dimensions
and elastic stiffness. Considering the system in Fig. 2.13, under a volt-
age difference ∆V an electric field appears in the gap d between the two
electrodes. Consequently, when the electric field is strong enough, the elec-
trostatic force Fe deflects the diaphragm and the elastic restoring force Fs
occurs. Hence, during the deformation the gap changes and the capacitance
of the system varies as well, being defined as C = ε0A/(d−z), where ε0 is
the dielectric permittivity of the vacuum and A is the plate area. In fact, in
the transmitting phase, an alternate voltage difference is enforced between
the electrodes, generating an alternate electric field and the diaphragm vi-
brates.
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Chapter 2. Micromachined Ultrasonic Transducers (MUTs)

Figure 2.13: 1 dof CMUT model [1].

Conversely, in the receiving phase, the pressure echo wave on the fluid-
structure interaction surface acts as a mechanical load applied to the sus-
pended plate inducing the vibration and as a consequence the gap and the
capacitance variations. Usually, a DC voltage difference between the elec-
trodes is imposed in order to generate a DC electric field, as a result of
which the plate oscillates around a deformed reference configuration in-
creasing the transmission performances [44].
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CHAPTER3
Linear piezoelectricity and

acoustics

In this chapter the basic notions on piezoelectric materials and acoustics are pre-
sented. The PZT crystalline structure and the properties of the acoustic perturbations
are discussed. Going further, the attention is focused on the linear mathematical model
of piezoelectricity and the acoustics equations involved in the PMUT numerical mod-
els.

3.1 Piezoelectric materials

Piezoelectric materials are able to transform the mechanical energy in elec-
tric (direct piezoelectric effect) energy and vice versa, the electric energy in
mechanical one (converse piezoelectric effect) [45]. They are hugely used
as a transducer which produce charge (voltage) at the electrodes under the
effect of mechanical stress. The latter behaviour is usually employed in in-
ertial sensors (e.g. accelerometers, gyroscopes) [46] to detect the motion.
Conversely, other applications include strain sensors, in which the change
in length implies a voltage (current) output of piezoelectric gauges or mi-
cropumps and microphones [5, 47, 48], where the acoustic pressure wave
excites piezoelectric diaphragms, as it occurs in PMUT.
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Chapter 3. Linear piezoelectricity and acoustics

Piezoelectricity is due to the particular crystalline structure of such ma-
terials characterized by asymmetric ions or charged molecular groups. Some
piezoelectric materials, as PZT, belong to the class of ferroelectric materials
which show a spontaneous polarization under the so called Curie tempera-
ture.

PZT is the most widely used ferroelectric material due to the high piezo-
electric coefficients [49]. It is an oxide of lead, zirconium and titanium dis-
posed in a Perovskite crystalline structure, shown in Fig. 3.1 on the left.

Figure 3.1: Perovskite crystalline lattice of lead zirconate titanate (PZT) (left), effect of a enforced
electric field (right).

However, without any electric external field, internal dipoles are ran-
domly oriented, consequently the total polarization is null. Imposing an
external electric field, results in the reorientation of the electric dipoles and
a global polarization occurs, due to the relative displacement of the positive
ion of titanium with respect to the surrounding negative oxygen atoms (see
Fig. 3.1 on the right).

3.1.1 Linear piezoelectricity: mathematical model

Let us consider a piezoelectric body Ω with volume mass density ρ, accord-
ing to the standard piezoelectric notation [45], subjected to the acceleration
ü under the volume force F and the imposed traction fD on the loaded
surface ST , the mechanical response follows the dynamic equations

∇ · T + F = ρü in Ω (3.1)

Tn = fD on ST (3.2)

where, n is the outward normal on ∂Ω and T the second order stress tensor.
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3.2. Acoustics

While, the deformation follows the well known compatibility relations

S = sym(∇u) in Ω (3.3)

u = uD on Su (3.4)

in which S is the second order strain tensor and uD are the displacement
imposed data on Su.

In the same domain Ω, the electric response follows the electrostatic
relations, under the effects of the volume charge distribution ρc and surface
charge distribution qc on Sq

∇ ·D = ρc in Ω (3.5)
Dn = −qc on Sq (3.6)

where, D is the electric displacement vector.
Moreover, for the conservative electrostatic field E is defined an electric

potential ϕ and the expressions hold

E = −∇ϕ in Ω (3.7)

ϕ = ϕD on Sϕ. (3.8)

Hence, in the framework of the mathematical description of the linear
piezoelectricity, the electro-mechanical coupled constitutive model, in the
so called stress-charge form, is presented

T = C : S − eT ·E = C : S + eT · ∇ϕ in Ω (3.9)
D = e : S + ε ·E = e : S − ε · ∇ϕ in Ω (3.10)

where C is the forth order elastic stiffness tensor at constant E, ε is the
second order dielectric permittivity tensor at constant S and e is the third
order piezoelectric coupling tensor. Moreover, let gj be the base vectors of
the Cartesian 3D space, if e = ekijgk ⊗ gi ⊗ gj then eT is defined as the
tensor eT = ekijgj ⊗ gi ⊗ gk.

The presented linear piezoelectric model is adopted in chapter 7 in the
mathematical formulation the reduced order piezoelectric problem model.

3.2 Acoustics

Acoustic waves consist of pressure small fluctuations that can propagates
in a compressible fluid. Such pressure fields of moderate intensity can be
generated by a moving object, like a vibrating speaker membrane that emits
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sound in a concert room. Additionally, there are also ultrasonic (over 20
kHz) and infrasonic waves (below 20 Hz) whose frequencies lie beyond
the limits of hearing. In compressible fluids any density variation is associ-
ated with a pressure variation that transmits to the other parts of the fluid,
generating alternate compression and rarefaction regions [50]. Therefore,
the result is the so called acoustic wave perturbation.

Figure 3.2: Acoustic radiation in a fluid: compression region with concentration of lines,
rarefaction region with dispersion of lines [50].

As already, presented in chapter 2, acoustic perturbations are subjected
to well known waves phenomena as transmission, reflection, absorption,
dispersion and diffraction.

Hereinafter, the mathematical formulation of the acoustic problem for
the pressure field, deeply described in the author’s master thesis [51], is
described together with the acoustic-structure interaction (ASI) conditions,
largely used in the PMUT numerical modelling in the following chapters.

3.2.1 Linear acoustics: mathematical model

Let us consider a non-dissipative simple fluid Ω [29], with volume density
ρ, moving with velocity v subjected to zero body forces and heat sources,
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3.2. Acoustics

the conservation laws of mass, linear momentum and energy hold

∂ρ

∂t
+∇(ρv) = 0 in Ω (3.11)

ρ

(
∂v

∂t
+ v · ∇v

)
+∇p = 0 in Ω (3.12)

Tρ

(
∂s

∂t
+ v · ∇s

)
= 0 in Ω (3.13)

where, t is the time, p is acoustic pressure, T the temperature and s the
specific entropy of the system.

Let us consider a neighborhood of a homogeneous rest reference con-
figuration, the following equalities hold

ρ0 = const, v = 0, p0 = const, T 0 = const, s0 = const.

Let the first order variations in a neighborhood of the reference configu-
ration of the acoustic quantities be

ρ1, v1, p1, T 1, s1

such that,

ρ = ρ0+ρ1, v = v0+v1, p = p0+p1, T = T 0+T 1, T = T 0+T 1.

in which the higher order terms are omitted for sake of brevity.
Developing (3.11) and truncating the expansion to the first order, the

linear acoustics conservation equations are derived:

∂ρ1

∂t
+ ρ0∇v1 = 0 in Ω (3.14)

ρ0∂v
1

∂t
+∇p1 = 0 in Ω (3.15)

T 0ρ0∂s
1

∂t
= 0 in Ω (3.16)

Hence, from (3.16) we get the isentropic fundamental property of the
acoustic perturbation in a simple non-dissipative fluid, which means

s1 = const ∀t.

Furthermore, the thermodynamic state equations are reported

ρ1 = χ0
sρ

0p1 (3.17)

T 1 =
α0
pT

0

C0
pρ

0
p1 (3.18)
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Chapter 3. Linear piezoelectricity and acoustics

where, C0
p is the specific heat and α0

p is the expansivity at constant pres-
sure, χ0

s = 1/κ0
s is the compressibility modulus, as the inverse of the bulk

modulus κ0
s at constant specific entropy, computed at the reference state.

For sake of brevity, in order to present the wave equations for the acous-
tic quantities, the superscript 1 indicating the first variation, is omitted ev-
erywhere.

As the state relations (3.17) and (3.18) suggest, the density and the
temperature variations are linearly proportional to the pressure variation
p which represents the main acoustic field.

Therefore, taking− ∂
∂t

(3.14) +∇·(3.15) the wave equation for the acous-
tic pressure is derived

− 1

c2

∂2p

∂t2
+∇2p = 0 in Ω (3.19)

in which the coefficient c corresponds to the wave velocity of sound, and
the equality holds

c =

√
κ0
s

ρ0
.

Furthermore, after some mathematical manipulations, the wave equation
for the acoustic velocity fluctuation is presented

− 1

c2

∂2v

∂t2
+∇2v = 0 in Ω. (3.20)

In the end, (3.17) and (3.18) imply the wave propagation in terms of the
first variations of density ρ and temperature T , as follows

− 1

c2

∂2ρ

∂t2
+∇2ρ = 0 in Ω (3.21)

− 1

c2

∂2T

∂t2
+∇2T = 0 in Ω. (3.22)

Dealing with the ASI problem, the coupling is due to the continuity
of the normal stress and acceleration on the interaction surface Sp, with
outward normal n for the fluid domain. Hence, the described condition is
obtained by means of the equality

∇p · n = −ρ0ü · n on Sp (3.23)
− Tn = pn on Sp (3.24)
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3.2. Acoustics

in which T and u are respectively the stress tensor and the displacement of
the moving interacting structure [29].

Moreover, in the case of a perfectly rigid acoustic boundary SHW , it is
straightforward to deduce the relation

∇p · n = 0 on SHW . (3.25)

which, is called hard wall condition.
Furthermore, the acoustic propagation into an infinite fluid medium is

simulated enforcing the first order absorbing boundary condition (ABC) on
SABC [52]

∇p · n = −1

c

∂p

∂t
· n on SABC . (3.26)

A simple verification shows that any travelling outward pressure wave,
exactly respects (3.26). As a consequence, no reflected wave arises and the
impinging waves are absorbed.

The mathematical models described in this chapter for the piezoelectric-
ity and acoustics, along with the interaction conditions (3.24), (3.23) and
infinite radiation (3.26), have been implemented in the PMUTs numerical
models, presented throughout the work.
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CHAPTER4
Air-coupled array of PMUTs

In this chapter a multiphysics modelling via the finite element method of an air-coupled
array of piezoelectric micromachined ultrasonic transducers and its experimental val-
idation are presented. Two numerical models are described for the single transducer,
axisymmetric and 3D, with the following features: the presence of fabrication induced
residual stresses, which determine a non-linear initial deformed configuration of the
diaphragm and a substantial fundamental mode frequency shift; the multiple coupling
between different physics, namely electro-mechanical coupling for the piezo-electric
model, thermo-acoustic-structural interaction and thermo-acoustic-pressure interac-
tion for the waves propagation in the surrounding fluid.
The model for the single transducer is enhanced considering the full set of PMUTs
belonging to the silicon die in a 4x4 array configuration.
The results of the numerical multiphysics models are compared with experimental ones
in terms of the initial static pre-deflection, of the diaphragm central point spectrum
and of the sound intensity at 3.5 cm on the vertical direction along the axis of the
diaphragm.

4.1 Introduction

The present chapter deals with array of PMUTs, used for emitting and re-
ceiving ultrasonic waves [37, 53, 54]. They are widely employed in several
applications: medical acoustic imaging [55, 56], underwater communica-
tions and hydrophones exploit the in-water wave propagation of ultrasonic

23



Chapter 4. Air-coupled array of PMUTs

pulses [7, 57, 58]; finger-printing recognition [28] and range-finders use
the in-air propagation [23, 24, 59–61]. Further applications are represented
by non-destructive testing [62], velocity sensing [63, 64] and 3D obstacle
recognition [65, 66].

Some of the results, shown herein, have been published in a previous
work [67] and deal with an array of circular transducers with operating fre-
quency of 100 kHz [68] for in-air application. The piezoelectric active layer
is made of lead (Pb) zirconate (Zr) titanate (Ti) (PZT), and it is deposited
with Sol-Gel technique [69–71] in circular configuration over the struc-
tural part of the diaphragm [36]. The most common air-coupled PMUTs
in literature are characterized by operating frequency above 200 kHz: the
difference in the operating frequency introduces many challenges due to
the non-linearities activated by the high aspect ratio of the considered di-
aphragm.

The primary focus consists of a proper multiphysics Finite Element (FE)
modeling of both the electro-mechanical and the acoustic behaviour of the
PMUT [72]. The model gives a realistic estimation of the fundamental
frequency and of the PMUT’s quality factor through the adoption of large
deformation analyses and by means of thermo-viscous modelling of the
air, that induce the power dissipation in the so-called boundary layer at the
fluid-structure interface.

The chapter is organized as follows. In section 2, the behaviour of a
single circular fully-clamped diaphragm in an air-filled closed cylindrical
cavity is analysed, while in the third section, 3D models are shown for the
case of 4x4 transducers array. In section 4, to validate the numerical predic-
tions for the single transducer, experimental tests are described and results
are shown in the mechanical and in the acoustic domains. In the subsequent
section 5, the numerical results for the array of PMUTs in parallel actuation
are presented, compared with the single transducer ones. Finally, closing
remarks are collected in section 6.

4.2 Numerical modelling for the single transducer

In this section three different numerical finite elements models related to
the single PMUT are presented, built with COMSOL Multiphysics v5.2 and
Ansys v17.2. The former is adopted for preliminary investigations using a
2D model, while the latter is used for more burdensome 3D analyses [55].

The diaphragm is depicted in Fig. 4.1: it has radius of 440 µm and an
overall thickness equal to 8 µm, so that the diameter/thickness ratio is 110.
The structural layer is made of silicon with thickness equal to 4.25 µm. The
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4.2. Numerical modelling for the single transducer

piezoelectric active layer is made of PZT: it has thickness of 1 µm and is in
a circular configuration with radius of 308 µm, coaxial with the diaphragm.
The layered disc is clamped over an air-filled closed cylindrical cavity [55]
with height of 400 µm and the same radius of the upper diaphragm. In all
the considered models, the boundary conditions of the diaphragms are mod-
elled in the most realistic way: in fact, the models incorporate a substantial
portion of the silicon die which includes the PMUTs and the diaphragms
are built in the die, in complete agreement with the fabrication process.

Figure 4.1: Optical microscope image of four PMUTs belonging to the silicon die.

The COMSOL model exploits the axial symmetry of the problem, to
reduce the computational burden and to simulate the complete behaviour
in the static and dynamic frequency regime of the stand-alone transducer
surrounded by the fluid.

This numerical model, shown in Fig. 4.2, incorporates four physics and
their mutual interactions, presented in chapter 3, namely: solid mechan-
ics model of the diaphragm, piezoelectric effect in the PZT active layer,
thermo-viscous acoustic model for the fluid near to the vibrating diaphragm
and pressure acoustic model for the fluid far from the diaphragm. The lay-
ered plate includes not only the structural layer, made of silicon, and the
active part, but also all the other layers that are introduced for fabrication
purposes and, most importantly, the upper and lower electrodes on the two
surfaces of the piezoelectric thin film. Each layer of the PMUT is con-
sidered as linear elastic and it is characterized by a certain amount of pre-
stress acting in the radial direction of its plane, induced by the fabrication
processes. Such residual stresses are introduced in the form of an initial
non-equilibrated field. In the preliminary step of the analysis, the equilib-
rium equations are enforced iteratively, finally yielding the pre-deformed
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Chapter 4. Air-coupled array of PMUTs

2

3 4 5

Figure 4.2: COMSOL Multiphysics v5.2 axisymmetric model for the stand-alone transducer: solid
domain (1) and mesh detail at the wet boundaries, electro-mechanical domain (2),

thermo-acoustic domain (3), acoustic domain (4), perfectly matched layer (5).

state of the diaphragm (clearly visibile in the optical microscope image re-
ported in Fig. 4.1). The residual stresses are highly heterogeneous in the
various layers, with different magnitude and sign.The silicon layer is the
only one that presents a negligible initial stress. In the piezoelectric ac-
tive layer the electro-mechanical coupling is enforced through linearized
constitutive relations [1]. Furthermore, to take into account the structural
damping effect (which incorporates the anchor losses, the surface and in-
terface dissipation and the thermo-elastic losses) an isotropic structural loss
factor is introduced.

The laminate system plus the cavity are inserted into a spherical thermo-
viscous domain of radius equal to the wavelength λ = c/f0, where c = 343
m/s is the sound velocity in the air at the reference state of Tref = 293.15
K, Pref = 1 atm and f0 is the operating frequency of the system. This fre-
quency coincides with the diaphragm fundamental eigenfrequency to max-
imize the acoustic efficiency for the case of the stand-alone transducer.

In the spherical thermo-acoustic domain, the full set of equations for
a compressible viscid thermally conductive fluid are solved, namely: the
momentum balance equation, the mass balance equation and the energy
balance equation. It is necessary to adopt such a modelling for the fluid
surrounding the vibrating diaphragm due to the fact that the maximum am-
plitude of vibration is comparable to the thickness of the diaphragm and
to the viscous penetration depth at the operating frequency [73–75]. In
such a way, the model gives an estimation of the fluid losses acting in the
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4.2. Numerical modelling for the single transducer

boundary layers above and below the oscillating diaphragm together with
the complete fluid-structure interaction for the wet boundaries.

The acoustic phenomenon far from the emitting source can be simplified
by neglecting the thermo-viscous behaviour, thus reducing the governing
relations to the Helmholtz equation. To reduce the degrees of freedom of
the complete system, a spherical pressure acoustic domain of thickness 4λ
has been modelled outside the thermo-viscous one. In this region, the lossy
Helmholtz equation for the pressure acoustic field is solved, considering
the attenuation properties of the fluid through the Stokes’ attenuation factor
for the viscous and thermally conductive case [40].

Finally, outside the pressure acoustic domain, a Perfectly Matched Layer
(PML) of thickness equal to λ has been inserted, in order to simulate the
wave radiation into an infinite medium.

The Ansys models are referred to a more realistic situation, character-
ized by a single transducer belonging to the silicon die that is glued onto a
FR4 PCB board. This means that the axial symmetry is lost and a 3D model
is considered. The first of the two Ansys models, shown in Fig. 4.3, de-
scribes the device sourrounded by the fluid and is characterized by a double
symmetry condition on the two vertical planes of the system. The solid do-
main has been inserted into a spherical pressure acoustic domain of radius
3λ. The fluid-structure interaction is enforced by means of the continuity of
the normal stresses and of the normal velocities at the wet boundaries. The
damping effect for the structural oscillating diaphragm is taken into account
through the introduction of the non-dimensional damping ratio defined by
the inverse of twice the quality factor. Furthermore, the absorbing bound-
ary condition is modelled by means of the Sommerfeld radiation condition
at the external spherical surface of the fluid domain, to simulate the radial
wave transmission into an infinite medium.

The second Ansys model builds up on the first one and it is character-
ized by a hard wall condition, which is necessary to simulate the operating
configuration of the transducer connected to a smart device through its PCB
board (refer to Fig. 4.4). In this case, the wave transmission occurs into a
hemispherical pressure acoustic domain of radius 3λ, while the radiation
into an infinite domain is due to the enforced absorbing boundary condition
at its external surface.

The most important difference between the COMSOL and the Ansys
modelling is about the dissipative behaviour of the fluid surrounding the
solid domain. In the 2D axisymmetric COMSOL model for the stand-alone
transducer a complete fluid-structure interaction is enforced, solving the
linearized Navier-Stokes equations with the thermo-viscous description of
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Figure 4.3: 3D double symmetric Ansys model for the quarter of single transducer belonging to the
silicon die.
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Figure 4.4: 3D double symmetric Ansys model for the quarter of single transducer in the operating
configuration belonging to the silicon die.

28
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the fluid. Such a numerical modelling gives us the amount of power dissi-
pation amplitude for the considered entropic process. In the Ansys model
the 2D axisymmetric hypothesis has been removed, adopting a 3D descrip-
tion for the system. In such a way, the presence of the silicon die onto the
PCB board has been taken into account providing a more accurate model.
In this case, the fluid-structure interaction is enforced in a simplified man-
ner by means of the vibro-acoustic coupling considering an inviscid fluid.
Thus, the damping effects are modelled enforcing the damping ratio of the
solid domain, keeping the same quality factor for the two models.

In all cases, the numerical electro-structural-acoustic frequency response
is computed after a sequence of simulations, described in the following. An
initial non-linear solid mechanics static analysis is performed to provide
the pre-deflected configuration induced by the fabrication residual stresses.
This analysis is necessary due to the high aspect ratio of the diaphragm.
It is worth noting that the non-linearity is restricted to the geometric ef-
fects, while the materials behave in a linear fashion. At the end, an electro-
mechanical-acoustic analysis is performed in the frequency domain [76,77]
to simulate the behaviour of the entire system, under the harmonic voltage
perturbation, account taken of the geometric non-linearities introduced be-
fore. This final step aims at the simulation of the small vibrations around
the pre-stressed reference configuration. Therefore, a linear analysis is car-
ried out, with the effect of geometric stiffness.

4.3 Numerical modelling for the 4x4 array of transducers

The Ansys model for the single transducer in the operating condition (refer
to Fig. 4.4) is enhanced considering the full set of transducers belonging
to the silicon die. The considered device is composed of 4x4 PMUTs or-
ganized in an array configuration with two orthogonal axes of symmetry.
Such an arrangement allows us to model just a quarter of the system in the
3D space, shown in Fig. 4.5, using the symmetry conditions on the two
vertical planes. The non-dimensional damping ratio has been enforced for
the four vibrating transducers, and the absorbing boundary condition has
been kept on the external surface of the fluid domain to ensure the infinite
radiation.

Finally, in this case study, the transmitting phase can be simulated actu-
ating in parallel the vibration of each transducer, applying the same voltage
perturbation at the top electrodes of the piezoelectric layer and keeping the
bottom ones at the common ground.
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Figure 4.5: 3D double symmetric Ansys model for the quarter of array of transducers in the
operating configuration belonging to the silicon die.

4.4 Results and experimental validation for the single trans-
ducer

The results of the first study described in the previous section are presented
in Fig. 4.6. The experimental initial static deflection of the layered system,
due to residual stresses, is characterized by a maximum vertical displace-
ment in the center of the diaphragm equal to 5.2 µm. The displacement
measurements are executed via the Polytec MSA-500 Micro System An-
alyzer. The corresponding numerical value is 4.90 µm for the COMSOL
model and 4.85 µm for the Ansys one. The mismatch is attributed to the
uncertainty in the values of the residual stresses. In addition to the initial
deformed shape, the residual stresses have another important effect: their
contribution to the geometric stiffness of the diaphragm changes signifi-
cantly the fundamental natural frequency of the PMUT. The same vibrating
system in terms of geometry and materials, without the pre-stress state,
shows a theoretical value for the fundamental natural frequency of 111.5
kHz, while taking into account the pre-stress state it shifts to 99.8 kHz,
which is correctly captured by all the numerical models which reports a
value of 100.0 kHz. To demonstrate the shift, a frequency sweep is carried
out with a harmonic perturbation voltage amplitude of 3 V. A parametric
analysis is introduced with the purpose of investigating the effect of resid-
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Figure 4.6: Initial static deflection due to fabrication residual stresses in µm: experimental
measurement by means of Polytec MSA-500 (above left), numerically computed by means of
COMSOL Multiphysics v5.2 (above right), numerically computed by means of Ansys v17.2

(below).

Figure 4.7: Effect of the variation of the residual stress on the fundamental frequency, for two
specific layers: PZT on the left, silicon oxide on the right. The values in abscissa are

normalized with respect to the nominal value of residual stress in the specific layer, σ0.
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ual stress on the fundamental frequency. Fig. 4.7 reports the results for the
variation of the residual stress in two specific layers. For the case of PZT,
that is characterized by a tensile residual stress, a roughly linear monotonic
relationship is obtained: the fundamental frequency is smoothly reduced as
the residual stress increases. Conversely, for the oxide layer there is an ini-
tial increase, followed by an abrupt reduction. Such a behavior is explained
by the fact that the residual stress in the oxide is compressive, so that after
a certain threshold the diaphragm buckles as a consequence of excessive
compression. This is also confirmed by the examination of the deformed
shape, that confirms the reversal of the configuration when the initial stress
exceeds 1.4 times the nominal value. As a consequence, the final points on
the curve are meaningless. The parametric analysis shows that the residual
stresses play a paramount role in the PMUT operation: everything is addi-
tionally complicated by the complex interplay between the stresses in the
various layers, with different magnitude and sign.

The complete numerical electro-mechanical-acoustic frequency sweep
simulation runs in 40 minutes with i7 CPU @3.4 GHz and 16 GB RAM
for the COMSOL dissipative axisymmetric model, while the same study
requires 45 minutes with intel xeon CPU E5-1650 V4 @ 3.60GHz and 32
GB RAM for the 3D Ansys models.

The experimental validation is performed by means of a wave generator,
providing the desired voltage excitation, and by the Polytec MSA-500 Mi-
cro System Analyzer to measure the vertical displacement of the center of
the diaphragm. The comparison between the normalized vertical displace-
ment spectra is reported in Fig. 4.8.

The Q-factor for the vertical oscillation around the fundamental eigen-
frequency of the transducer has been measured by means of a free vibra-
tion decay test and its value is Qtot = 80. This device Q-factor depends on
several sources of energy losses: structural losses Qstruct, such as thermoe-
lastic, support, surface layer losses, and fluid losses Qfluid, related to the
energy radiation into an infinite medium and to the thermo-viscous losses
in the air. According to the COMSOL thermo-acoustics adopted modelling
for the fluid domain in the region near to the vibrating diaphragm, it is
possible to define, at least numerically, the amount of this last factor as
Qfluid = f/∆f , where ∆f is the 3 dB bandwidth at the resonance fre-
quency f , which results equal to Qfluid = 190.

The fluid region in which the thermal and viscous losses are greater is the
so-called boundary layer, which surrounds the diaphragm on the two sides
above and below the diaphragm. The thickness of this layer is related to
the penetration thermo-viscous depth and it is shown in Fig. 4.9, where the
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Figure 4.8: Normalized vertical displacement spectra for the center point of the diaphragm:
experimental measurement by Polytec MSA-500 (blue solid line) and numerical estimation by

COMSOL Multiphysics v5.2 (red dashed line) and Ansys v17.2.

map of the total power dissipation density amplitude at 100 kHz is reported.
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Figure 4.9: Total thermo-viscous power dissipation density amplitude [W/m3] at 100 kHz in the
fluid domain, numerically computed by means of COMSOL Multiphysics v5.2. The region in
which the losses are concentrated is the so-called boundary layer; in white the solid domain.

The structural Q-factorQstruct, which determines the value of the adopted
isotropic structural loss factor ηstruct = 1/Qstruct, is calculated subtracting
the inverse of Qfluid to the inverse of the measured Qtot, and extracting the
inverse of the result (as common in parallel impedance reduction) [78] thus
obtaining Qstruct = 138.

The Sound Pressure Level (SPL) can be computed in every point of the
acoustic domain and outside of it by means of the Helmholtz-Kirchhoff in-
tegral technique (the so-called far field calculation technique). The numer-
ically estimated SPL polar plot at 100 kHz in the vertical plane at 3.5 cm
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from the vertical axis of symmetry of the diaphragm is shown in Fig. 4.10
for the stand-alone transducer modelled in COMSOL; the Ansys plots are
presented in the following Fig. 4.11, respectively for the device surrounded
by the fluid and for the system in the operating configuration.

Moreover, the numerically estimated SPL frequency response at 3.5 cm
on the vertical axis of symmetry of the diaphragm for the COMSOL model
is shown in Fig. 4.12. It is possible to notice that the maximum value occurs
in correspondence of the resonance frequency of the diaphragm and it is
associated with a non-directional emitted pressure wave, which is typical
of a PMUT device not inserted in a protecting packaging structure. For the
operating frequency, the value of the computed SPL is compared with the
measured one (refer to the red star in Figs. 4.10,4.11,4.12).

The experimental value is obtained setting a microphone, with sensitiv-
ity equal to 0.9 mV/Pa, in the same position of the calculated datum. The
microphone output voltage and the input voltage provided to the PMUT are
shown in Fig. 4.13.

Figure 4.10: COMSOL Multiphysics v5.2, SPL polar plot in dB at 100 kHz, in the vertical plane, at
3.5 cm from the center of the diaphragm. The experimental result is highlighted (red star).

The SPL experimental value detected by the microphone is about 103.0
dB while the numerically predicted one is 109.0 dB for the COMSOL
model. The over-estimation of the sound intensity by the model is due
to the presence of other source of losses that cannot be taken into account
(e.g. cross-talk among diaphragms belonging to the same die, presence of
the silicon die), while the 3D Ansys modelling is more accurate giving us
the value of 105.0 dB for the case of the single transducer belonging to the
silicon die surrounded by the fluid and 104.7 dB for the operating config-
uration. This is due to the fact that the wave propagation in the horizontal
direction is more emphasized than the stand-alone axisymmetric case, due
to the presence of the silicon die glued onto the PCB board. According to
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Figure 4.11: Ansys v17.2, SPL polar plot in dB at 100 kHz, in the ZY vertical plane, at 3.5 cm from
the center of the diaphragm. Single transducer belonging to the silicon die surrounded by the

fluid (above), single transducer belonging to the silicon die in the operating configuration
(below); the experimental result is highlighted (red star).
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Figure 4.12: Sound Pressure Level in dB at 3.5 cm on the vertical axisymmetric axis (blue
asterisks) numerically computed by means of COMSOL Multiphysics v5.2; the experimental

result is highlighted (red star).
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Chapter 4. Air-coupled array of PMUTs

Figure 4.13: Microphone output voltage in sound intensity measurement (yellow line) at 3.5 cm on
the vertical axisymmetric axis, in which is highlighted the 5 mVpp. Input voltage 3 V amplitude

square wave at 100 kHz provided to the PMUT.

that the SPL values are reduced along the vertical direction.
Finally, it is possible to notice this situation also in the SPL polar plots

for case of the transducers modelled in Ansys that show completely differ-
ent shapes, with respect to the stand-alone transducer modelled in COM-
SOL, along the horizontal direction.

4.5 Numerical results for the 4x4 array of transducers

In this section the numerically computed results by means of Ansys v17.2
for the quarter of array of transducers are presented. The initial static de-
flection of the layered diaphragms belonging to the silicon die, due to the
fabrication process residual stresses, is characterized by the typical prede-
formed shape and it is shown in Fig. 4.14. The maximum vertical displace-
ment occurs in the center of each diaphragm with value equal to 4.8 µm.

In this case, the complete numerical electro-mechanical-acoustic fre-
quency sweep simulation runs in 14 hours with intel xeon CPU E5-1650
V4 @ 3.60GHz and 32 GB RAM. The study has been carried out enforcing
a harmonic voltage perturbation with amplitude of 3 V in parallel to each
piezoelectric layer, around the fundamental eigenfrequency of the trans-
ducer. In the acoustic domain the Sound Pressure Level 3D map at 100 kHz
is shown in Fig. 4.15, while the 3D map computed for the single transducer
case in the operating configuration is presented in Fig. 4.16. It is possible
to notice that the SPL values at the external boundary, in the case of the
4x4 array in parallel actuation, are much larger than the computed values
for the single transducer. In this second case, the wave front approaches the
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Figure 4.14: Ansys v17.2, initial static deflection due to fabrication residual stresses in µm.

hemispherical configuration in the near field, at a distance from the emitting
source that is smaller than the array case.
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Figure 4.15: Ansys v17.2, SPL map in dB at 100 kHz, for the array of transducers belonging to the
silicon die.

Finally, the SPL plot in the vertical ZY plane is reported in Fig. 4.17 for
the 4x4 array of transducer.

The value at 3.5 cm from the silicon die on the vertical direction is 121
dB (refer to Fig. 4.17) in the case of the 4x4 array in parallel actuation,
while the corresponding value for the single transducer is 104.7 dB. This
is due to the presence of 16 acoustic sources for the case of the array of
transducers. According to that the SPL polar shape in the ZY vertical plane
is flatter along the vertical direction than the single transducer case.
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Figure 4.16: Ansys v17.2, SPL map in dB at 100 kHz, for the single transducer belonging to the
silicon die in the operating configuration.
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Figure 4.17: Ansys v17.2, SPL polar plot in dB at 100 kHz in the ZY vertical plane, at 3.5 cm from
the center of the silicon die, for the array of transducers belonging to the silicon die.
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4.6 Closing remarks on array of PMUTs

In this chapter, the results obtained with a comprehensive multiphysics
modelling of an air-coupled array of PMUTs have been presented, together
with their preliminary experimental validations for the mechanical and acous-
tic responses. Both axisymmetric and 3D models were analysed, and the
results are in good agreement with experiments account taken of the non-
linearities introduced by the high diaphragm aspect ratio.

The complete simulation of the device’s behavior, considering the multi-
ple couplings among the different physics involved, can guide the designers
through the effective control of frequency and quality factor by means of
the dissipative modelling of the fluid surrounding the vibrating diaphragm.

The 3D Ansys model for the 4x4 array of transducers is a very efficient
numerical tool for the design of the device in the in-parallel actuation phase,
giving the numerical estimation of the SPL map in the fluid domain and the
computed far field polar plot. Moreover, we can argue that the COMSOL
thermo-acoustic model doesn’t allow us to simulate the behaviour of the
system adopting the 3D geometry, due to the very expensive computational
burden. This limitation can be overcome using the vibro-acoustic Ansys
modelling with the introduction of a properly tuned non-dimensional damp-
ing ratio applied to the solid domain. Some improvements could be intro-
duced with reference to the piezoelectric constitutive law, which is now
considered in its standard linarized form. In the future developments, it
would be desirable to introduce a non-linear model which account for sev-
eral important phenomena in the piezoelectric material, i.e. poling, ageing
and fatigue.

The adopted modelling, with a double symmetric hypothesis enforced in
the vertical plane, is perfectly suited for the simulation of the transmission
of waves from an unpackaged device, with vibrating diaphragms according
to the fundamental eigenmode; conversely, to simulate the sensing phase,
induced by the echo coming back from an obstacle with a generic geometry,
a full 3D model of the whole array of transducers is required.

Finally, this kind of systems are usually packaged to protect the PMUT,
with the result that the interaction between the fluid and the structure does
not involve directly only the vibrating diaphragm but also the package [79].
According to this behaviour, the effects of the protecting cap above the
silicon die are considering different package geometries, oriented to the
determination of the maximum acoustic efficiency, are described in the next
chapter 5.
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CHAPTER5
Effects of package

on performances

In this chapter is presented a multiphysics numerical modelling via FEM of an air-
coupled packaged array of piezoelectric micromachined ultrasonic transducers.
The proposed numerical model is fully 3D with the following features: the presence of
the fabrication induced residual stresses, which determine a geometrically non-linear
initial deformed configuration of the diaphragms and a remarkable shift of the fun-
damental frequency; the multiple coupling between different physics, namely electro-
mechanical-coupling for the piezo-electric model, acoustic-structural interaction at
the fluid-structure interface and pressure acoustics in the surrounding fluid.
The model takes into account the complete set of PMUTs belonging to the silicon die
in a 4x4 array configuration and the protective package, as well. The results have been
validated by experimental data, in terms of initial static pre-deflected configuration of
the diaphragms and frequency response function of the PMUT.
The numerical procedure has been applied to analyze different package configurations
of the device, to study the influence of the holes on the acoustic transmission in terms
of SPL and propagation pattern and consequently extract a set of design guidelines.

5.1 Introduction

Several applications of this technology as range-finding [23,24,27,66,80],
gesture recognition [8, 26, 65], finger-printing recognition [81, 82], non-
destructive testing and velocity sensing [20, 64], involve the presence of a
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flexible protecting cap against the external agents. This chapter builds upon
a previous work [79] and deals with a fully 3D modelling of a 4x4 PMUTs
array configuration [35, 72] presented in Fig. 5.1 in which the package has
been modeled as an elastic vibrating part of the system. This is perfectly

Figure 5.1: Optical microscope image of two PMUTs.

suited to simulate the presence of the flexible protecting package of any
possible shape [83]. Moreover, the model is characterized by the acoustic-
structure interaction enforced at each fluid-structure interface, so the inter-
action does not involve only the vibrating diaphragms but the package as
well [83].

The primary aim of this chapter is to show the influence of the flexible
protective package on the acoustic performances of the PMUTs devices
[84]. As a matter of fact, different package shapes at different performing
frequencies will be studied in terms of SPL maps and polar plots. Moreover,
the effects of the package vibration modes on the pressure radiation lobes
will be illustrated.

The chapter is organized as follows. The second section describes the
multiphysics finite element (FE) modelling of both the electro-mechanical
and the acoustic behavior of the transducers [85], account taken of the mul-
tiple interactions among the involved physics [67,86–88]. The model gives
a realistic estimation of the pre-deflected configuration, due to the residual
stress state and of the fundamental frequency.

In the third section, the corresponding numerical results are reported
showing a good agreement with the experimental ones. In section four,
the stand-alone performances of the transducer in the transmitting phase,
for the packaged and unpackaged device, are shown. Furthermore, the 4x4
array of PMUTs is considered [36, 89] and several package solutions are
analyzed to define advantages and drawbacks for each simulated flexible
protective cap shapes.

Section five is devoted to conclusions. Closing remarks are reported on
the modelling technique and the different pressure scenarios related to the
adopted package. Finally, possible future developments are presented.
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5.2 Numerical modelling for the packaged device

The finite element model has been developed in ANSYS 17.2. In the nu-
merical model the electro-mechanical-acoustic (EMA) coupling, presented
in 3, has been taken into account, for a fully 3D modelling of the device
and the surrounding fluid. The thermo-viscous acoustics model for the fluid
near to the vibrating diaphragms [73,90,91], which has been considered in
chapter 4, is here neglected since the primary focus is on the pressure and
Sound-Pressure-Level (SPL) far-field responses.

Each circular transducer has radius of 440 µm and an overall thickness
equal to 8 µm, such that the diameter/thickness ratio is 110. The structural
layer is made of silicon with thickness equal to 4.25 µm. A thin piezoelec-
tric film [92, 93], made of lead zirconate titanate (PZT) [94] is deposited
via sol–gel technique, in hat configuration on the structural plate. The PZT
layer has thickness of 1.06 µm and is placed in circular hat configuration
with radius of 308 µm, coaxial with the diaphragm. The typical layered
configuration is shown in Fig. 5.2 in which a cross-section, in the meridian
plane of the geometry, is reported.

Figure 5.2: PMUT layered configuration: PZT in red, Si structural layer in grey, other layers in
white.

The piezo-plate belongs to the silicon die [60, 84, 95]. Beneath the
PMUT an air-filled closed cylindrical cavity with height of 400 µm and
the same radius of the upper diaphragm is present.

The die is glued onto the printed circuit board (PCB) made of FR4
whose bottom face is modelled as a fixed constraint. The symmetry prop-
erties of the device is exploited to reduce the computational burden, mod-
elling just a quarter of the device with 2x2 transducers and applying Sym-
metric Boundary Condition on the two vertical planes. To simulate the radi-
ation into an infinite medium, the absorption condition at the fluid spherical
boundary is enforced. On the horizontal surface boundary of the acoustic
domain, on the contrary, a hard wall condition is imposed. The model, with-
out the protecting cap, is presented in Figs. 5.3-5.4, in which the geometry
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and the mesh details for the different physical domains are shown.
The physics describing the simulated phenomenon are: elastodynamics

in the linear elastic layered system, silicon die and PCB, electrostatics in
the piezoelectric layer with enforced linear stress-charge law and pressure
acoustics in the fluid cavity and in the half-space fluid domain with radius
equal to 3λ, where λ = c/f0 = 3434 µm is the wavelength, c = 343 m/s is
the speed of sound in the air at the reference state of Tref = 293.15 K and
Pref = 1 atm and f0 = 100 kHz is the performing frequency of the system,
that coincides with the plate fundamental frequency in order to maximize
the acoustic efficiency. Hence, the calculated Rayleigh distance is equal to
DR = S/λ = 177.1 µm, where S is the PMUT area [30, 40, 96, 97].

Figure 5.3: Geometry for the electro-mechanical-acoustic model: a quarter of 4x4 array of
PMUTs (left), cross section of the transducers with the cavity (center), solid and acoustic

domain (right).

Figure 5.4: Mesh details: solid domain (left), vertical cross-section along A-A of the solid and
acoustic domains (center), structure-acoustic interface (right).

The FR4 board and the silicon die have been discretized with SOLID226
linear tetrahedrons. The mesh of the plate has been obtained by means
of the swept mesh generation technique with solid-like SOLSH190 linear
wedge elements for all the layers but the PZT. The piezoelectric domain
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has been modelled by means of three SOLID226 piezo linear wedge el-
ements through the thickness. In the silicon structural layer, five wedge
elements through the thickness have been used. Conversely, at least one el-
ement through the thickness has been inserted in the remaining diaphragm
domain, adopting a minimum element size equal to the smallest thickness
while the maximum size has been set equal to the thickness of silicon die.

The adopted model to study the pressure propagation in the presence of
the protecting cap for the transducer, is shown in Fig. 5.5. Herein, the pack-
age is constituted of brass which has thickness of 150 µm and is discretized
as a linear elastic material through SOLSH190 linear wedge elements, with
one element through the thickness. Hence, the fluid-structure interaction is
enforced not only at the vibrating diaphragms structural-acoustic interfaces
but at the package wet surface as well.

Figure 5.5: Mesh details: packaged transducer with no hole (left), vertical cross-section along A-A
of the solid and acoustic domains (right).

The fabrication induced residual stresses are taken into account through
an amount of pre-stress isotropically acting in the plane of each layer, so
that the cross section is characterized by tensile and compressive initial
stresses. They play an important role in the initial deformation and on the
geometric stiffness of the structure in the large displacement formulation.

The quality factor of the system, related to the fundamental mode, has
been measured by means of a free vibration decay test and corresponds to
Qtot = 80. It depends on several sources of energy losses, namely: struc-
tural losses Qstruct, which model the effects of the thermoelastic, support,
surface layer losses, and fluid losses Qfluid, related to the energy radiation
into an infinite medium. In the EMA frequency analysis of the device, con-
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sidering the adopted absorbing condition at the fluid boundary, the overall
structural damping has been introduced by means of an enforced damp-
ing ratio, equal to ζ = 1/2Qstruct in the dynamic equations of motion,
where a numerical Qstruct = 100 has been imposed to obtain the accept-
able match between the numerical and the known experimental Qtot. Ac-
cordingly, the numerical Qfluid = 258 has been computed subtracting the
inverse of Qstruct to the inverse of the Qtot and extracting the inverse of the
result (as common in parallel impedance reduction) [78, 98].

In the pressure acoustic hemisphere, the Helmholtz equation has been
solved, adopting a discretization constituted of FLUID30 linear tetrahedral
elements with maximum element size equal to λ/6. The Fluid-Structure In-
teraction (FSI) is enforced by means of the continuity of the normal stresses
and of the normal accelerations at the wet boundaries. Moreover, Absorb-
ing Boundary Condition (ABC) on the spherical pressure acoustic boundary
has been modelled by means of FLUID130 linear triangular elements. Fi-
nally, outside the pressure acoustic domain, the far-field response has been
computed through the Kirchhoff-Helmholtz integral technique [40, 99].

The electro-structural-acoustic response is computed at two different
performing frequencies by means of a sequence of simulations: i) a ge-
ometrically non-linear static analysis has been performed to compute the
pre-deflected configuration induced by the fabrication residual stresses, ii)
an electro-mechanical static analysis has been performed to compute the
starting performing configuration, considering two bias voltage levels of
3 V and 10 V, iii) an electro-mechanical eigenfrequency analysis, around
the previously computed performing starting deformed configuration, has
been carried out to evaluate the fundamental frequency of the device at
the two bias levels, iv) an electro-mechanical-acoustic frequency analysis
at the performing diaphragms fundamental frequency has been performed,
around the stressed deformed starting configuration, to compare the solu-
tions for a harmonic voltage perturbation with amplitude of 3 V account
taken of the constant bias voltage. The goal has been to investigate the per-
formances of the system in the transmitting phase at two different perform-
ing PMUTs fundamental frequencies, under the influence of the starting
configuration due the combination of the pre-stresses and the bias voltage
and of the adopted package geometry.

5.3 Numerical results and experimental validation

In this section, the comparison between the experimental and numerical re-
sults of the first study, described in the previous section, are shown (Fig.
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5.6). To compute the starting configuration of the transducers, which is
characterized by a high aspect ratio (diameter/thickness) of 110, a large
displacements static analysis has been carried out under the influence of
the residual stress state. The numerically computed displacement of the di-
aphragm is characterized by a maximum value of 4.85 µm, which occurs
at the center point, in the vertical direction. The corresponding experimen-
tal measurement has been executed via the white-light interferometry by
means of the Polytec MSA-500 microsystem analyzer. The related dis-
placement contour plot map together with the plate profile along a diameter
show a maximum value at the center equal to 5.2 µm.

Figure 5.6: Initial static configuration due to fabrication residual stresses: numerically computed
by means of ANSYS 17.2 [µm] (left); experimental measurement by means of Polytec MSA-500,

top view (right).

In addition to the initial deformed shape, the residual stresses play the
most important role in the geometric stiffness of the diaphragm. Indeed,
the initial state of stress significantly changes the fundamental frequency
of the PMUT. It is worth noting that the diaphragm without the residual
stresses presents a theoretical fundamental eigenfrequency of 111.55 kHz;
taking into account the contribution to the geometric stiffness due to the
pre-stress state, it decreases to 99.9 kHz and is correctly captured by the
numerical model that predicts 100.0 kHz. To identify the shift, the electro-
mechanical-acoustic frequency sweep analysis has been performed with a
harmonic voltage excitation with amplitude of 3 V and zero DC voltage
bias, around the fundamental frequency. The result of the study in terms of
vertical displacement amplitude of the center of the plate, is reported in Fig.
5.7. The corresponding measurements are shown in Fig. 5.8 in which the
first three axisymmetric modes are presented. The experimental results, ob-
tained through the Polytec MSA-500 laser-doppler vibrometer, are related
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to a frequency sweep test with the excitation of 1 V amplitude and zero DC
voltage bias [100, 101], provided to the PZT electrodes, ranging from 10
kHz to 1 MHz.

Figure 5.7: Comparison between experimental and numerically computed transversal normalized
displacement frequency amplitude spectrum at the center of the PMUT by means of ANSYS

17.2.

5.4 Analyses in presence of package

In this section, different package configurations are presented with the ef-
fects on the transducer performance in terms of acoustic intensity and wave
propagation pattern.

5.4.1 Stand-alone device vs. packaged device

The effect of the protecting cap on the acoustic performances of the trans-
ducer is studied through the numerical comparison between the stand-alone
device and the packaged.

The adopted acoustic finite element modelling of the surrounding fluid
allows one to evaluate the acoustic efficiency [102] of the PMUT in the
fluid domain in terms of Sound Pressure Level (SPL) at the distance of 3.5
cm from the center of the die, along the acoustic vertical axis of the device.
Furthermore, the model has been used to get the pressure propagation map
and the SPL radiation beam pattern in the polar plot, related to the analyzed
package geometry and dynamic behavior. Hence, it represents a powerful
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Figure 5.8: Transversal displacement frequency amplitude spectrum at the center of the PMUT by
means of the Polytec MSA-500: 1st mode shape (top, left), 2nd axisymmetric mode shape (top,

center), 3rd axisymmetric mode shape (top, right).

tool to study directivity and beam-forming problems involving the whole
vibrating system.

To this aim, the pressure field has been computed in every point of the
computational fluid domain and outside of it by means of the Kirchhoff-
Helmholtz integral technique (the so called far-field calculation technique),
based on the pressure values and gradients evaluated on an integration sur-
face which encompass the entire device.

The parameters which define the protecting cap are illustrated in Fig.
5.9. The distance Hcap, from the top surface of the die to the bottom sur-
face of the cap, is equal to 500 µm. In the presence of the holed package
configuration the parameter Rhole refers to the radius of the vent and it is
expressed in terms of the PMUT radius RPMUT .

The two limit situations, illustrated in Fig. 5.10, have been simulated,
in which the transducer is not protected by any system and in the presence
of the package with no vent (Rhole = 0 µm), characterizing the maximum
protection against any external agent.

To investigate the dynamic behavior of the device in the two cases, a
non-linear electromechanical-eigenfrequency analysis has been performed,
taking into account the presence of the residual stress state on the geometric
stiffness. The results of the study are shown in the following two figures
in terms of displacement eigenmode of the stand-alone and the packaged
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Figure 5.9: Package configuration: geometry quarter (left), cross-section A-A and parameters
(right).

Figure 5.10: Analyzed limit situations: stand-alone device (left), packaged device (right).
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device; the former (Fig. 5.11) corresponds to the performing fundamental
frequency of the designed PMUTs taking into account the residual stresses
and a constant bias voltage of 3 V and 10 V, while the latter (Fig. 5.12)
shows the related package displacement eigenmodes, around the funda-
mental frequencies of the transducer for the two considered voltage bias.

Figure 5.11: Fundamental electro-mechanical displacement mode shape of the stand-alone device
93.0 kHz (3V bias), 85.5 kHz (10 V bias).

Figure 5.12: Four package displacement eigenmodes around the fundamental frequency: 6th mode
shape at 81.46 kHz (left), 7th mode shape at 104.18 kHz (center-left), 8th mode shape at 104.45

kHz (center-right) 16th mode shape at 158.110 kHz (right).

Due to the presence of the protective package, the acoustic waves prop-
agate inside the acoustic domain through the cap vibration. Therefore, it is
useful to investigate the package eigefrequencies and the associated mode
shapes to detect which ones are involved in the acoustic propagation, char-
acterizing the device acoustic performances in terms of acoustic intensity
and directivity. In Fig. 5.12 the attention is focused on the four package
displacement eigenmodes, around the performing fundamental frequencies
of the transducers 85.5 kHz (10 V bias) and 93.0 kHz (3 V bias) and to-
gether with the first package eigenmode with deformed walls. The shown
package eigenfrequencies are not significantly affected by the applied static
bais voltage. To investigate the SPL maps, the response has been obtained
in the frequency domain, considering all the PMUTs actuated in parallel
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with a harmonic voltage excitation of 3 V amplitude and two different bias
voltage levels, respectively of 10 V and 3 V, at the corresponding funda-
mental frequencies of the plates equal to 85.5 kHz (applying 10 V bias)
and 93.0 kHz (applying 3 V bias).

The comparison between unpackaged and package devices, in terms of
numerically computed SPL contour plot, are presented in Figs. 5.13-5.14
for the cases of constant bias voltage of 10 V and 3 V.

Figure 5.13: SPL contour plot [dB] at the performing fundamental frequency of 85.5 kHz (10V
bias): unpackaged device (left), packaged device (right).

Figure 5.14: SPL contour plot [dB] at the performing fundamental frequency of 93.0 kHz (3V
bias): unpackaged device (left), packaged device (right).

It is worth noting that, for both the analyzed scenarios, the maximum
value in the SPL occurs in each cavity below the transducers. Moreover, in
presence of packaging, there are high values of SPL in the acoustic domain
in between the silicon die and the protective cap, which cause several re-
flections of the acoustic waves inside the device and the package vibration.
Furthermore, the presence of the cap without holes reduces the maximum
value of SPL along the vertical acoustic axis of the system passing through
the center of the device, as it is reported, for both the actuation frequencies,
in Figs. 5.15-5.16 as well. In these figures the SPL polar plots are sketched
at a distance of 3.5 cm from the center of the die and in the vertical plane
y-z passing through the center of the system at the analysis frequencies.
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Considering the simulated package configuration, a vertical lobe and
two side lobes of propagation, at 47 degrees from the vertical axis of 90
degrees in the y-z plane, are visible together with the horizontal one at 0-
180 degrees, due to the package walls vibration.

Figure 5.15: SPL polar plot [dB] at the performing fundamental frequency of 85.5 kHz (10V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: unpackaged device (left), packaged device (right).

Figure 5.16: SPL polar plot [dB] at the performing fundamental frequency of 93.0 kHz (3V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: unpackaged device (left), packaged device (right).

Concerning the unpackaged system, it exhibits the maximum value of
SPL along the vertical direction of 90 degrees with the same intensity for
the two analyzed fundamental frequencies [103]. This is basically in accor-
dance with the lack of the protective cap, which reflects the acoustic waves
inside the device and determines the wave propagation in the surround-
ing fluid according with its own excited vibration modes. In the cap-free
configuration one can notice that the vertical lobe shape has no signifi-
cant variation at the two frequencies of 85.5 kHz and 93.0 kHz. There are
slightly different patterns and values at 30 degrees and the horizontal di-
rections, due to the different initial deformed configurations, under the bias
static voltage, around which the vibration starts. the applied bias voltage
contracts the initial deformation due to the residual stresses, hence the most
deformed configuration is associated with the lowest bias voltage of 3 V and
fundamental frequency of 93.0 kHz. Consequently, at 93.0 kHz, the system
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tends to spread the acoustic energy on spherical wavefronts along the hor-
izontal direction and the transmission becomes more intense approaching
the vertical direction, due to the waves composition coming from all the
involved vibrating PMUTs.

Considering the packaged system, the acoustic intensity in the surround-
ing fluid is lower with respect to the unpackaged device, due to the obstruc-
tive effect induced by the protective cap without any vent. Further consider-
ations about the wave propagation pattern are based on the SPL polar plots.
As a matter of facts, Fig. 5.16 predicts a flat main vertical lobe between 70
and 110 degrees of 74 dB, at the frequency of 93.0 kHz. While, Fig. 5.15
shows three separate narrow lobes of propagations around the same interval
of polar angle with local maxima of about 80 dB for the vertical one and 83
dB for the specular side ones.

Horizontal propagation of the acoustic waves characterizes both the an-
alyzed cases, with higher values of SPL for the unpackaged system, due to
the fact that there are no obstacle to the transmission, as the package walls
are. The packaged system, indeed, is characterized by the SPL values of 88
dB along the direction of 0-180 degrees at the frequency of 85.5 kHz, while
at 93.0 kHz, the SPL value along the horizontal direction is equal to 76 dB
and the maximum intensity of 78 dB are reached along the directions of 43
and 137 degrees and related to the involved protecting cap eigenmodes.

5.4.2 Simulations for different package geometries

Going further, several simulations have been performed considering de-
vices with different kind of protective caps. To investigate the propagation
patterns in the far field. Six new configurations of the protective cap are
sketched in Figures 5.17,5.18: (a) central hole of radius equal to Rhole =
RPMUT/3; (b) central hole of radius equal to Rhole = 2RPMUT ; (c) holes
placed at the center of each transducer, with radius equal toRhole = RPMUT/2
and total holed surface equal to Ahole = π · (2RPMUT )2, as the case (b); (d)
hole at the center of the package, suggested by the SPL shape on the outer
cap surface in the case of the previously analyzed no-hole situation (see
Fig. 5.10, right picture) and total holed surface Ahole = 4π · (2RPMUT )2,
four times larger than case (b); (e) random holes of radius equal to Rhole =
RPMUT/4 and total holed surface equal to Ahole = π · (2RPMUT )2, as the
case (b) and (c); (f) central hole of radius equal toRhole =

√
Ahole/π where

Ahole is the holed area in the case (d) that implies Rhole = 4RPMUT , two
times greater than case (b). The SPL maps and the SPL polar plots, at the
reference distance of 3.5 cm from the center of the die, in the vertical plane
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y-z passing through the center of the system, have been computed at the per-
forming fundamental frequencies of the transducers and they are showed in
the following figures for the case (a)-(e). Case (f) will be described in the
next section in which several comments on the acoustic transmission effi-
ciency, considering the comparison plots between two analyzed situations,
will be drawn.

Figure 5.17: Different cap geometries as described in the main text.

To identify the modes of vibration involved in pressure waves propaga-
tion, an eigenfrequency analysis has been performed for the five cap con-
figurations, taken into account the residual stress state and the applied static
bias voltages; the results in terms of eigenmode shapes, around the trans-
ducers performing fundamental frequencies of 85.5 kHz (10 V bias) and
93.0 (3 V bias), together with the package eigenmode with deformed walls,
are shown in Figs. 5.18-5.22.

Figure 5.18: Four package modes for case (a): 6th mode shape at 81.32 kHz (left), 7th mode shape
at 104.13 kHz (center-left), 8th mode shape at 104.29 kHz (center-right), 16th mode shape at

157.53 kHz (right).
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Figure 5.19: Five package modes for case (b): 5th mode shape at 78.86 (left), 6th mode shape at
85.02 kHz (center-left), 7th mode shape at 103.45 kHz (center), 8th mode shape at 110.32 kHz

(center-right), 13th mode shape at 136.14 kHz (right)).

Figure 5.20: Four package modes for case (c): 6th mode shape at 80.18 kHz (left), 7th mode shape
at 102.66 kHz (center-left), 7th mode shape at 102.66 kHz (center-right), 16th mode shape at

151.01 kHz (right).

Figure 5.21: Three package modes for case (d): 6th mode shape at 91.53 kHz (left), 7th mode
shape at 101.82 kHz (center), 8th mode shape at 108.23 kHz (right).

Fig. 5.18 shows that in terms of eigenfrequencies the differences are
minimal between the package solution (a) and no-hole limit situation. One
can notice that, (c) and (e) are characterized by lower frequencies due to
the stiffness reduction of the package induced by the presence of the holes.
While, case (d) in Fig. 5.21 shows the higher frequency associated with the
sixth mode, because of the modal mass reduction due to the particular shape
of the hole. It is worth noting that, during the functioning, the transducer
performance involves the vibration of the package walls as well. Hence, the
first eigenmode associated with the package walls deformation is reported.
It is characterized by the higher eigenfrequency and determines high SPL
values in the horizontal direction. The response, also in these cases, has
been obtained in the frequency domain. All the PMUTs have been actu-
ated in parallel with a harmonic voltage excitation of 3 V amplitude and
two different bias voltage levels, respectively of 10 V and 3 V, at the cor-
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Figure 5.22: Four package modes for case (e): 6th mode shape at 80.13 kHz (left), 7th mode shape
at 102.43 kHz (center-left), 8th mode shape at 102.81 kHz (center-right), 16th mode shape at

154.38 kHz (right).

responding fundamental frequencies of the plates equal to 85.5 kHz (10 V
bias) and 93.0 kHz (3 V bias). The SPL maps are shown in the following
Figs. 5.23-5.24 for the cases (a), (b), (c) and Figs. 5.27-5.28 for the cases
(d), (e). While, the corresponding polar plots are presented in Figs 5.25-
5.26 for the cases (a), (b), (c) and Figs 5.29-5.29 for the cases (d) and (e).

Figure 5.23: SPL contour plot [dB] at the performing fundamental frequency of 85.5 kHz (10 V
bias): (a) (left), (b) (center), (c) (right).

Figure 5.24: SPL contour plot [dB] at the performing fundamental frequency of 93.0 kHz (3V
bias): (a) (left), (b) (center), (c) (right).

Considering the package configurations (a), (b) and (c) at the two ana-
lyzed frequencies, the maximum value in the SPL occurs inside each cavity
below the transducers. Furthermore, there are high SPL values in the acous-
tic domain, between the top surface of the die and the protective cap for the
case (a) and (b), as the previous no-hole package configuration showed with
great reflections of acoustic waves. Regarding the case (c), the presence of
a vent directly above each diaphragm let the waves propagate with lower
obstructive effect. Consequently, higher acoustic energy is spread in the
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surrounding fluid.
The case (a), with a central hole of Rhole = RPMUT/3 is character-

ized by greater reflections of acoustic waves than the case (b) with Rhole =
2RPMUT and (c). This is due to the fact that the protective cap of config-
uration (a) is stiffer than the other ones. Hence, the highest SPL values
inside the PMUTs cavity is about 166 dB and correspond to the situation
(a), while in the cases (b) and (c) the maximum SPL values are respectively
164 dB and 160 dB.

Further remarks about the propagation of the acoustic waves and the
SPL values are possible, considering the SPL polar plots, shown in Fig.
5.25-5.26, at a distance of 3.5 cm from the center of the die and in the
vertical plane y-z, passing through the center of the system at the analysis
frequencies. In the case (a) at the frequency of 85.5 kHz, Figs. 5.25 re-
ports two narrow lobes around 45 degrees from the vertical acoustic axis of
the device together with the vertical and the horizontal ones, related to the
involved protective cap eigenmodes of vibration. Hence a strongly direc-
tivity is reported with maximum 99.5 dB along the vertical direction, 96 dB
at 45-135 degrees and 97 dB at 0-180 degrees. In the case (b) at 85.5 kHz,
one can notice that higher SPL values and a wider polar plot (Fig. 5.25),
due to the fact that there is a larger hole, but the same preferential ways of
propagation are still present. Therefore, the maximum is in correspondence
of 90 degrees and equal to 112.5 dB, at 45.135 degrees the SPL is 110 dB
and at 0-180 degrees it is 108 dB. Regarding the configuration (c) at 85.5
kHz, characterized by the presence of a vent placed above the center of
each transducer, the acoustic waves propagate with less reflections inside
the fluid domain between the die and the protective cap, resulting in higher
SPL values. In this situation the main vertical lobe, with maximum of 121
dB, is in between the unpackaged and the no-holed package configuration
ones (see Fig. 5.16). Moreover, two propagation lobes at around 45 de-
grees from the vertical axis appear, as well, with local maxima of 115 dB.
It is worth noting that a strongly horizontal propagation is reported with
SPL value of around 117 dB. As matter of facts, part of the energy excites
eigenmodes associated with the vibration of the package walls. The holes
placed directly above each transducer reduce the package stiffness and pro-
duces a lower obstructive effect for the acoustic propagation.

Actuating the diaphragms at 93.0 kHz, produce wider lobes of propaga-
tion with the same shape. In the cases (a) the narrow lobes disappear leav-
ing place to a larger lobe around 90 degrees, with maximum value equal to
104 dB, that reaches the two side lobes at 45-135 degrees with local max-
ima of 103 dB. Furthermore, the horizontal propagation is still present with
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Figure 5.25: SPL polar plot [dB] at the performing fundamental frequency of 85.5 kHz (10V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (a) (left), (b) (center), (c) (right).

Figure 5.26: SPL polar plot [dB] at the performing fundamental frequency of 93.0 kHz (3V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (a) (left), (b) (center), (c) (right).

SPL local maxima equal to 101 dB. The case (b) represents the enlarged
situation (a) with maximum SPL of 115 dB along the vertical direction,
side lobes at 45-135 degrees with local maxima of 113 dB and horizontal
propagation with local maxima of around 109 dB. The case (c) is character-
ized by a reduced horizontal propagation with local maxima of 106.5 dB.
While, the main vertical lobe is present with maximum value equal to 117.5
dB and reaches the two side lobes at 45-135 degrees with local maxima of
114.5 dB.

The numerically computed SPL contour plots for the cases (d) and (e),
are presented in Figs. 5.27-5.28, respectively at the analysis frequencies of
85.5 kHz and 93.0 kHz.

Figure 5.27: SPL contour plot [dB] at the performing fundamental frequency of 85.5 kHz (10V
bias): (d) (left), (e) (right).

In the case (d) the hole suggested by the SPL shape on the cap surface,
let the acoustic waves follow their natural propagation, generating lower
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Figure 5.28: SPL contour plot [dB] at the performing fundamental frequency of 93.0 kHz (3V
bias): (d) (left), (e) (right).

reflections inside the fluid domain between the protective cap and the die.
The maximum SPL value, reached into the transducers cavities is about 160
dB and 5 dB lower than that one in correspondence of the limit situation
with no hole. Further, greater acoustic energy is spread in the surround-
ing fluid domain because of a lower obstructive effect. It is worth noting
that, the wave propagation at 90 degrees and at 45-135 degrees, in the ver-
tical plane, is still present in the case (d), due to the vibration of the cap.
While, but for the packaging solution (e) in the near field the symmetry is
completely lost due to the randomness configuration of the holes.

Figure 5.29: SPL polar plot [dB] at the performing fundamental frequency of 85.5 kHz (10V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (d) (left), (e) (right).

Figure 5.30: SPL polar plot [dB] at the performing fundamental frequency of 93.0 kHz (3V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (d) (left), (e) (right).

Further considerations about the propagation of the acoustic waves and
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the SPL values are related to the SPL polar plots, shown in Fig. 5.29-5.30,
at a distance of 3.5 cm from the center of the die and in the vertical plane
y-z, passing through the center of the system at the analysis frequencies. At
the frequency of 85.5 kHz, Figs. 5.29 reports, in the case (d), one wide lobe
in the range of 70-110 degrees with local maximum of 113 dB along the
vertical direction related to the involved protective cap eigenmodes. Fur-
thermore, the horizontal propagation at 0-180 degrees is due to the package
lateral walls vibration with maxima of 113.5 dB. Two narrow specular side
lobes around the directions of 40-150 degrees are present with local max-
ima of 108.5 dB. The case (e), at 85.5 kHz, tends to the case (c), in which
there is a coaxial vent directly above each diaphragm, with a wide single
vertical lobe with maximum value of 120 dB along the vertical direction
and two wide side lobes with local maxima equal to 109 dB along the hori-
zontal direction due to the lateral package walls mode of vibration. Consid-
ering the analysis frequency of 93 kHz, the case (d) shows a SPL polar plot
characterized by a wide vertical lobe with maximum value at 90 degrees
equal to 120 dB and two narrow horizontal side lobes with local maxima
equal to 112 dB. The case (e), at 93 kHz, is characterized by higher direc-
tivity due to the presence of a narrower vertical lobe with maximum value
equal to 116 dB and two specular side lobes with local maxima of 114 dB
at 50-130 degrees, related to the protecting cap eigenmodes combination.

5.4.3 SPL polar comparison among different package configurations

Finally, in Fig. 5.31-5.34 the comparisons of SPL polar plots are reported,
at a distance of 3.5 cm from the center of the die and in the vertical plane
y-z, passing through the center of the system. To investigate the influ-
ence of the SPL shaped hole and compare the packaging solution with the
same total holed area Ahole of the case (d), a new case (f) characterized
by a single circular central hole as case (b) but with a larger hole radius
equal to Rhole =

√
Ahole/π, has been considered, as well. The numerically

compared packaging solutions are: case (d) with SPL shaped hole versus
case (b) with protective cap hole of radius Rhole = 2RPMUT in which the
total holed area is four times smaller than the case (d); case (d) versus
case (f) with the same total holed area; case (a) with small hole of radius
Rhole = RPMUT/3 versus case (b); case (c) with a coaxial hole placed di-
rectly above the center of each transducer versus case (e) with random holes
with the same total holed area. Two different analysis frequencies of 85.5
kHz and 93.0 kHz have been considered, corresponding to the fundamental
performing frequencies of the PMUTs applying respectively 10 V and 3 V
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bias.

Figure 5.31: SPL polar plot [dB] at the performing fundamental frequency of 85.5 kHz (10V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (d) vs (b) (left), (d) vs (f) (right).

Figure 5.32: SPL polar plot [dB] at the performing fundamental frequency of 93.0 kHz (3V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (d) vs (b) (left), (d) vs (f) (right).

Concerning the comparison between the cases (d) and (b) in Fig. 5.31,
the configuration (d) leads to greater propagation in the horizontal direction
at 0-180 degrees. Hence, with the configuration (d), actuating the system
at the fundamental frequency of 85.5 kHz causes the energy excites the
eighth eigenmode (see Fig. 5.22), involving the intensively vibration of the
package lateral walls as well. Moreover, along the vertical direction the
(d) lobe is wider than (b) one with maximum value of 113 dB with respect
112.5 dB and the two symmetrical side lobes are farther from the vertical
direction with lower SPL values of about 108.5 dB with respect to 110 dB.

Considering the comparison between the case (d) and (f) with the same
holed area, the horizontal propagation is grater in case (d), while along the
vertical direction of 90 degrees, case (f) shows a higher SPL value of about
114.5 dB and it tends to the situation of no package without any side lobes
(see Fig. 5.15). As it can be noticed in Fig. 31, exciting the diaphragms at
93.0 kHz, the case (d) shows a main vertical lobe which without any side
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lobes. The maximum value of SPL is reached at 90 degrees and it is equal
to 120 dB, while the horizontal propagation is characterized by the local
maximum equal to 112 dB. Concerning the case (b), one can observe that
the polar shape is characterized by the main vertical lobe, two side lobes
with local maxima at 45-135 degrees and 0-180 degrees. The difference
in the beam pattern are related to the different eigenmodes involved during
the vibration. Furthermore, considering the same holed area of the circular
hole at the actuation frequency of 93.0 kHz, the particular lobe shape of the
case (f) tends to that one of case (d).

Figure 5.33: SPL polar plot [dB] at the performing fundamental frequency of 85.5 kHz (10V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (a) vs (b) (left), (c) vs (e) (right).

Figure 5.34: SPL polar plot [dB] at the performing fundamental frequency of 93.0 kHz (3V bias),
at 3.5 cm in the y(90 deg)-z(0 deg) plane: (a) vs (b) (left), (c) vs (e) (right).

Comparing case (a) and case (b), at the two analysis frequencies, in Figs.
5.33-5.34, is worth noting that the lobe shapes between the two cases are
the same. For case (a) the protective cap, with a smaller hole radius then
that one of case (b), causes high obstructive effect leading to lower SPL
values in every direction. In this two situation the SPL propagation polar
plot of (b) encompass that one of case (a). The configuration (b) leads to
higher SPL values, reduced and a wider lobe of propagation.
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Focusing on Fig. 5.33, the comparison between case (c) and case (e), the
shape of the vertical lobe is slightly narrower for case (e) and the intensities
are almost the same, but the SPL maximum value are respectively 121 dB
and 120 dB. This is due to the presence of the random configuration with
a greater number of holes with smaller radii, characterizing the protective
cap, which produces a greater obstructive effect than the case (c) in which a
larger hole is present directly above each transducer. Concerning Fig. 5.34,
the case (e) shows a propagation pattern with three well defined lobes at 90,
45-135 degrees with local maxima of 115 dB, while the case (c) shows a
wider polar shape.

5.5 Closing remarks on the package effects

The design of PMUTs should be based on a reliable computational model,
that includes the complex coupling among different physics and the interac-
tion among different parts of the device. In this chapter, we have considered
a 3D multiphysics model that encompasses the mechanical, piezoelectric
and acoustic coupling to assess how the package affects the propagation
patterns and the acoustic performances of the device considering two the
different performing fundamental frequencies of 85.5 kHz (10 V bias) and
93 kHz (3 V bias).

Several simulations have been carried out: i) a geometrically non-linear
static analysis to compute the pre-deflected configuration induced by the
fabrication residual stresses; ii) a geometrically non-linear static analysis
to compute the starting configuration under the bias voltage account taken
the initial stress state; iii) an electro-mechanical eigenfrequency analysis,
around the previously computed starting deformed configuration, due to
the prestresses and the bias voltage, to evaluate the eigenfrequencies of
the transducers and the vibration eigenmodes of the whole device; iv) an
electro-mechanical-acoustic frequency analysis at 85.5 kHz an 93 kHz,
around the starting deflected configuration, under a harmonic voltage per-
turbation with amplitude of 3 V and a constant bias voltage of 3 V and 10
V.

Several cases have been studied and for both the analysis frequencies of
85.5 kHz and 93.0 kHz, related to respectively 10 V and 3 V bias voltages,
to evaluate the different package responses at different performing PMUTs
fundamental frequencies.

The comparison between the unpackaged and the packaged systems
with no vent shows, in the second case, a considerable reduction of SPL
and an acoustic propagation essentially governed by the package vibration.
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While, the package free system propagation pattern is characterized by the
spherical waves composition coming from all the vibrating PMUTs.

The protective cap solutions show how the acoustic transmission effi-
ciency is strongly influenced by the package presence. This is suggested
by the decreasing values of SPL with respect to the unpackaged solution
and by the different polar shapes. Nevertheless, the hole presence guaran-
tees higher directivity than the package free case. Therefore, small hole
package (a) determines lower SPL values, but induces a narrow lobe in the
vertical direction, as it is reported in Fig. 5.25. Considering the cap with
a central hole of radius equal to Rhole = 2RPMUT , the SPL polar shape is
wider and higher value of acoustic intensity are reached (see Fig. 5.25).

Solutions (c) and (e), respectively the case of a hole placed above each
transducer and the random holed configuration, are strongly influenced by
the analysis frequency. Actuating the vibration at 85.5 kHz induces a propa-
gation pattern with the same shape of unpackaged one, but lower SPL value
are reached due to the obstructive effect. While, at 93.0 kHz the acoustic
transmission is basically related to the package modes of vibration and the
two package cases (c) and (e) differ from the unpackaged one. Finally, the
configuration (d) with central hole shaped like the SPL, is particularly ef-
ficient to guarantee the wave propagation along the vertical direction, with
a wide lobe characterize by high vales of SPL from 60 and 120 degrees,
at both performing frequencies (see Fig. 5.31-5.32). In this case, the in-
volved vibration of the package walls determines the propagation along the
horizontal direction and high SPL values are reached at 0-180 degrees, as
well.

Future developments will be oriented to the study of different perform-
ing frequencies with the applied bias, to evaluate the influence on the acous-
tic intensity and directivity with respect to the considered package config-
uration. Furthermore, several analyses will be carried out, varying the dis-
tance of the package from the die, the thickness of the package and the
hole configuration, to evaluate the effects on the propagation modes and
the performances.
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CHAPTER6
Non-linear vibrations in PMUT devices

This chapter is focused on the non-linear dynamic response of PMUT transducers.
When the non-linear oscillations are activated by the involved large displacements,
the system shows an initial amplitude modulation with small steady state amplitude
increments as the voltage input increases at constant frequency. Two numerical mod-
els are developed to simulate the complete performance of the system based on the
response of the diaphragm.
In the former, the electro-mechanical-acoustic (EMA) problem for the single PMUT is
solved, in the time and frequency domains, exploiting the axial symmetry of the system,
with the following features: the presence of the fabrication induced residual stresses;
the multiple couplings between different physics, namely piezoelectric coupling in the
active layer and acoustic-structural interaction for the waves propagation in the sur-
rounding fluid.
In the latter model, the full set of PMUTs belonging to the silicon die in a 4 x 4 array
configuration is considered in which the vibrating plates are modelled as equivalent
oscillating rigid plane circular pistons, with reduced imposed acceleration amplitude,
on a rigid baffle represented by the remaining part of the surface die.
The results of the numerical simulations are compared with the experimental ones in
terms of the initial static predeflection, transmitted pressure at 15 cm and 3 cm from
the center of the diaphragm, along its own vertical acoustic axis, and non-linear fre-
quency displacement amplitude response functions of the PMUT center.
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6.1 Introduction

Several examples of air-coupled PMUTs are present in the literature, char-
acterized by operating frequency above 200 kHz [25]. The difference in the
frequency introduces an extra effort in the modelling, due to the geometric
non-linearities activated by the high diameter/thickness aspect ratio of the
considered transducers [104, 105] (refer to Fig. 6.1).

Figure 6.1: View of the 4x4 array of circular transducers (left); position of the sample on the wafer
map (right).

In the previously chapters 4 and 5 the in frequency domain response
has been simulated. The primary aim of the present chapter is to simulate
the in-time non-linear dynamic behaviour in the vertical oscillation of the
plate [106], generating the pressure waves propagation into the fluid, due
to the involved large displacements [107–109], associated with a voltage
threshold over which the amplitude increases very slowly with respect to
the provided input voltage.

Then, the array response is simulated by a further stage, in which an
equivalent rigid piston-like vibration modelling of the transducer is adopted,
while the remaining part of the silicon die is assumed to be rigid, allowing
one to solve only the acoustic problem in the surrounding fluid. This ap-
proach represents a useful tool to study the pressure propagation problem
with acceptable computational cost, with respect to the burdensome com-
plete fully coupled electromechanical-acoustic model, used to simulate the
single transducer performance.

Furthermore, the influence of the static voltage on the initial deflected
configuration and the fundamental frequency is shown, referring to the
measured topographies by means of the Polytec MSA-500. Additional con-
siderations are based on the comparison between the measured and simu-
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lated hard/soft spring frequency response functions curve of the system.
They have been obtained through an up frequency sweep at different con-
stant bias voltage and excitation amplitudes. The displacement at the center
of the membrane has been collected at the steady state, for each selected in-
put frequency and bias.

The chapter is organized as follows. In the second section, the EMA nu-
merical modelling of the circular clamped single diaphragm, with its own
air-filled closed cavity, is described in the 2D axial-symmetric meridian
half plane, together with the 3D acoustic model of the 4x4 array of trans-
ducers, in which the layered diaphragms are replaced by equivalent vibrat-
ing pistons, to simulate the in parallel TX phase. In section third, first the
experimental tests are shown to validate the numerical results for the single
transducer, in the mechanical and in the acoustic domains, then the numer-
ical predictions for the array of PMUTs are presented and compared with
the single transducer ones. Finally, last section is devoted to some closing
remarks.

6.2 Numerical modelling

This section is focused on the two numerical models built in COMSOL
Multiphysics 5.4, adopted in the solution strategy to simulate the single
transducer and the array of PMUTs.

In the former, the axial-symmetry of the problem is exploited modelling
the diaphragm and the cavity in the meridian half space. The transducer
has radius of 440 µm and an overall thickness equal to 8 µm, such that
the diameter/thickness ratio is 110. The structural layer is made of silicon
with thickness equal to 4.25 µm. The PZT layer has thickness of 1.06 µm
and is in a circular configuration with radius of 308 µm, coaxial with the
diaphragm. The plate is clamped over an air-filled closed cylindrical cavity
with height of 400 µm and the same radius of the upper diaphragm.

The model, shown in Fig. 6.2, is described by: elastodynamics in the
linear elastic layered system, electrostatics in the piezoelectric layer with
the linear stress-charge law and pressure acoustics in the fluid cavity and
in a half semi-circular fluid domain with radius equal to 2λ, where λ =
c/f0 = 3434 µm is the wavelength, c = 343 m/s is the speed of sound
in the air at the reference state of Tref = 293.15 K and Pref = 1 atm
and f0 = 100 kHz is the performing frequency of the system, while the
calculated Rayleigh distance is equal to DR = S/λ = 177.1 µm, where S
is the PMUT area [40].

The residual stresses are taken into account by an amount of pre-stress
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acting in the plane of each layer, so that the cross section is characterized
by tensile and compressive initial stresses.

Figure 6.2: 2D axial-symmetric single transducer model (left); PMUT and fluid mesh detail:
3-node triangular fluid elements, 4-node quadrilateral solid elements (right).

To simulate the several energy losses (thermo-elastic losses, surface and
interface dissipation and anchor losses), during the vibration at the fun-
damental eigenfrequency, a proper damping ratio is taken into account by
means of the Rayleigh damping formulation into the elastodynamics equa-
tions, while the fluid is considered non-dissipative with no thermo-viscous
modelling of the air [73, 74]. The computed Rayleigh parameters [110]
refer to ξ = 1/(2Qstruct) where Qstruct is the imposed structural quality
factor of the fundamental electro-mechanical eigenmode. Moreover, the
radiation is simulated into an infinite medium through the absorption con-
dition at the fluid circular boundary, while on the surface of the cavity and
on the remaining acoustic boundary a hard wall condition is imposed.

The electro-mechanical-acoustic response, around the initial deflected
configuration of the system, due to the pre-stress state, is obtained under
a voltage input sinusoidal excitation at the previously computed linearized
fundamental electro-mechanical resonance frequency, including the non-
linear effects due to the adopted large displacements formulation [111–
116]. The vertical spatial mean acceleration time history can be extracted
at the fluid-structure interaction surface.

The latter model, used for the PMUTs array performance simulation,
is characterized by two orthogonal symmetry planes passing through the
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device where symmetry boundary conditions are enforced (see a detail in
Fig. 6.3).

Figure 6.3: 3D Acoustic model, a quarter of a 4x4 array of PMUTs with imposed vertical
acceleration on the equivalent pistons (red arrows); fluid mesh detail: 10-node tetrahedral

elements (right).

The acoustic wave problem is therefore solved in a quarter of a hemi-
spherical no dissipative fluid domain [40, 117, 118], with radius equal to
3λ, considering the presence of a quarter of die with full size equal to
7.2x7.2x0.4 mm3.

Accordingly, a set of 2x2 transducers are modelled as equivalent vibrat-
ing baffled rigid pistons, on the die surface, characterized by the same area
of the diaphragm and with imposed vertical mean acceleration, previously
computed by means of the 2D model for the complete PMUT stack. The
absorbing boundary condition is considered, also at this stage, at the fluid
spherical boundary to simulate the infinite radiation, together with the sym-
metry condition on the two vertical planes and the hard wall condition on
the remaining surfaces.

The acoustic response is estimated in the fluid domain in terms of pres-
sure map and time history along the vertical acoustic axis passing from the
center of the device.

6.3 Results and experimental validation

The single transducer model captures the pre-deflected configuration and
the linearized electro-mechanical fundamental eigenfrequency of the trans-
ducer. The experimental initial vertical displacement of the center of the
plate is equal to 5.2 µm (Fig. 6.4) while its numerical prediction is equal to
4.9 µm; a substantial fundamental mode eigenfrequency shift from 111.5
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kHz to 100.0 kHz is associated to the fabrication residual stress state (refer
to Fig. 6.11). The mismatch in the pre-deflection can be attributed to the
uncertainty in the pre-stresses of the different layers.

Figure 6.4: Initial static transversal displacement in µm: numerically computed by means of
COMSOL Multiphysics 5.4 (a); experimental profile by means of Polytec MSA-500 (b).

An experimental campaign, by means of Polytec MSA-500 (Fig. 6.5),
has been carried out on 16 PMUTs. The deformed profiles along a diameter,
measured by means of the white-light interferometry, are shown in Figs. 6.6
and 6.4 (b) where the PZT hat layer appears about 2 µm thick, instead of
1.06 µm, due to the silicon refractive index compared to the top electrode
one. It is worth noting that, because of the noise of the measure, a filter
has been applied to the case of Vbias = 0 V, to get a smoother profile, as a
consequence no jump in the PZT thickness appears.

The topography of each membrane and the displacement profile, along
the diameter of the transducer, is extracted. The test shows how the ap-
plication of a constant bias voltage affects the initial static configuration
(Fig. 6.6).

The vertical static displacement at the center of the PMUTs is extracted
and plotted at different constant bias voltage. Fig. 6.7 (on the left) shows
the initial vertical displacement of each transducer, in correspondence of
VBias = 0 V, is upward and falls within a range of 3.5 µm to 5.5 µm. The
difference in the pre-deflected configuration is related to the difference in
the pre-stress state of the layers of the die.

Increasing the value of the constant bias voltage, starting from 0 V to
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Figure 6.5: Polytec MSA-500 (left); measurements setup detail (center); external generator for the
actuation of the membranes (right).

Figure 6.6: Topography of one membrane of the array for different constant bias voltage: 0 V DC
(top left), 15 V DC (top center), 20 V DC (top right); initial static transversal displacement in

µm: experimental measurement by means of Polytec MSA-500 for each case (bottom).
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20 V, the value of the vertical displacement at the center of the transducer
decreases. The displacement becomes negative and the initial pre-deflected
configuration changes concavity (as shown in Fig. 6.6).

Moreover, the resonance frequency of the system has been measured by
means of Polytec MSA-500 laser-doppler vibrometer applying a pseudo-
random excitation. Fig. 6.7 reports that it decreases reaching the minimum
value between 14-16 V. The constant bias voltage allows to compensate
the initial stress state inside the diaphragm bringing the system back to the
undeformed reference configuration, associated to the case of no pre-stress
applied. Through this process, the stiffness of the system decreases until
the membrane changes concavity, then the stiffness starts again to increase
as well as the resonance frequency of the transducer.

Figure 6.7: Experimental measurements: constant bias voltage influence on the vertical
displacement (left); constant bias voltage influence on the resonance frequency (right).

Applying a constant voltage difference to the PZT electrodes results in
an imposed stress distribution, due to the piezoelectric effect, that deter-
mines the deformed configuration. The trend in Fig. 6.7 shows the re-
verse static configuration of the plate occurs increasing the voltage be-
yond a specific threshold for each PMUT, in the range of 15 V to 17.5
V. The fundamental resonance frequency of the system is affected by the
membrane stresses [112, 113, 119, 120]. The initial stress state, in corre-
spondence of 0VBias at the center of the membrane, is characterized by
a compressive membrane stress resultant that becomes larger, increasing
the voltage while the system tends to the flat configuration. Hence, the
fundamental frequency decreases with the voltage while the center dis-
placement approaches 0 µm. Increasing the voltage beyond the flat thresh-
old, the diaphragm shows the reverse configuration and consequently the
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reverse internal stress state. Therefore, the stresses at the center of the
membrane are characterized by a tensile membrane resultant and the fun-
damental frequency increases with the voltage while the magnitude dis-
placement becomes larger and oriented downward. A set of analyses in the
time domain are performed with the purpose of investigating the voltage
threshold amplitude, over which the oscillating behavior of the transducer
shows a non-linear dynamic response [121–126]. The considered excita-
tion is a 100 cycles sinusoidal at the linearized fundamental eigenfrequency
f0 = 100.0 kHz. The results are reported in Fig. 6.8 in terms of pressure
vs. time histories at 15 cm, on the vertical acoustic axis of the diaphragm
for different provided input voltage amplitudes with zero bias voltage. The
responses have been obtained assuming a decreasing relation as 1/r be-
yond the computational domain in which the propagation can be considered
spherical [40]. The results include the damped free decay oscillating part
after the excitation stops.

The numerical results are in good agreement with the recorded experi-
mental pressure histories, obtained by means of a Brüel & Kjær 1/8” mi-
crophone type 4138 with sensitivity at 100 kHz equal to 89.12 mV/Pa, as it
is shown in Fig. 6.9, in which the non-linearity threshold voltage amplitude
coincides with 400 mV.

The system shows the amplitude modulation as the non-linearity are ac-
tive due to the fact that the excitation frequency is fixed at the linearized
fundamental eigen-frequency while the real resonance frequency, that de-
pends on the oscillation amplitude in the non-linear regime, slightly shifts.

Figure 6.10 shows, numerically and experimentally, the effect of in-
creasing the voltage amplitude up to 800 mV: small increments of pressure
amplitude are observed with respect to the values obtained at the estimated
linear limit of 400 mV.

The Q-factor of the transducer has been measured by means of a free
vibration decay test and corresponds to Qtot = 74. It depends on sev-
eral sources of energy losses: structural losses Qstruct, such as thermoelas-
tic, support, surface layer losses, and fluid losses Qfluid, related to the en-
ergy radiation into an infinite medium in the air. In the electromechanical-
acoustic single transducer model, considering the absorbing condition at
the fluid boundary, a numerical Qstruct = 104 of the fundamental mode has
been imposed to obtain the acceptable match between the numerical and
the known experimentalQtot. Accordingly, the numericalQfluid = 258 has
been computed subtracting the inverse of Qstruct to the inverse of the Qtot

and extracting the inverse of the result (as common in parallel impedance
reduction) [78].
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Chapter 6. Non-linear vibrations in PMUT devices

Figure 6.8: Numerical pressure time histories at 15 cm on the vertical acoustic axis of the
transducer. VAC = 100 mV (top left), 200 mV (top right), 300 mV (bottom left), 400 mV

(bottom right).

Figure 6.9: Experimental pressure time histories at 15 cm on the vertical acoustic axis of the
transducer. VAC = 100 mV (top left), 200 mV (top right), 300 mV (bottom left), 400 mV

(bottom right).
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Figure 6.10: Pressure time histories at 15 cm on the vertical acoustic axis of the transducer at
VAC = 800 mV amplitude: experimental (left), numerical (right).

As reported in Figs. 6.8 and 6.9 for the single transducer TX test, con-
sidering a sinusoidal voltage amplitude VAC = 100 mV, the experimental
steady state pressure amplitude is equal to 0.0328 Pa in very good agree-
ment with the corresponding numerical value of 0.0338 Pa which respec-
tively are 61.30 dB and 61.54 dB.

To investigate the non-linear behaviour a new set of measurements and
corresponding analyses in the time domain have been performed, confirm-
ing the robustness of the procedure. The applied excitation has been set
to 90 sinusoidal cycles at the linearized fundamental eigenfrequency f0 =
87.3 kHz.

The electro-mechanical-acoustic frequency sweep analysis has been per-
formed with a harmonic voltage excitation amplitude of 200 mV and 2 V
DC voltage bias, around the fundamental frequency. The result of the study
in terms of normalized vertical displacement amplitude spectrum of the
center of the PMUT, is reported in Fig. 6.11 together with the experimental
one. The measured spectrum, obtained through the Polytec MSA-500 laser-
doppler vibrometer, is related to a pseudo-random noise excitation with 1V
amplitude and 2 V DC voltage bias, provided to the PZT electrodes, rang-
ing from 10 kHz to 1 MHz.

Furthermore, the numerical pressure histories have been computed. They
are in good agreement with the recorded experimental pressure histories,
by means of the Brüel & Kjær 1/8” microphone type 4138, shown in
(Fig. 6.12).

Moreover, Figs. 6.13 and 6.14 show the comparison between the exper-
imental and numerical results in term of pressure time histories at 3 cm
from the die, along the vertical acoustic axis of the transducer at different
provided input voltage amplitudes with 2 V DC constant bias voltage.

The measured sample shows a non-linear dynamic threshold around 300
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Figure 6.11: Experimental (top) and numerically (bottom right) computed transversal
displacement frequency normalized amplitude spectrum, at the center of the PMUT, by means

of COMSOL Multiphysics 5.4; 1st mode shape of the transducers recorded by means of Polytec
MSA-500 (bottom left).

Figure 6.12: Experimental microphone setup for the acquisition of the PMUTs time histories:
overview of the generator, die on board and microphone (left); detail of the microphone at 3 cm

from the die (right).
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mV. The non-linear threshold is slightly lower than the first sample one. As
a matter of fact, the imposed constant bias voltage reduces the stiffness of
the system. As a consequence, the fundamental frequency decreases, the
vibration amplitudes, that affect the stiffness, increase at the same voltage
levels and the non-linear phenomenon occurs in correspondence of lower
VAC.

Figure 6.13: Experimental pressure time histories at 3 cm on the vertical acoustic axis of the
transducer. VAC = 100 mV (top left), 200 mV (top center), 300 mV (top right), 400 mV (bottom

left), 500 mV (bottom center), 1 V (bottom right).

The non-linear dynamic behavior of the system has been investigated,
evaluating the amplitude frequency response function curves of the trans-
ducer at different voltage amplitudes.

The experimental data have been obtained by means of a series of in
time domain vibrometer measures through the Polytec MSA-500. The
experimental procedure consists in collecting the displacement oscillation
amplitude at the steady-state, sweeping up the input frequency of the ex-
citation at different VAC. Hence, a plot of the displacement amplitude vs.
input frequency has been reconstructed and reported in Fig. 6.15. The lin-
earized fundamental frequencies has been previously measured by means
the pseudo-ramdom vibration testes (see Figs. 6.7 and 6.11).

The corresponding numerical results have been computed considering
two different voltage input amplitudes of VAC = 0.7 mV and VAC = 1.4
mV and two voltage bias of VDC = 2 V and VDC = 12 mV. Therefore,
the related normalized amplitude frequency response functions are shown
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Chapter 6. Non-linear vibrations in PMUT devices

Figure 6.14: Numerical pressure time histories at 3 cm on the vertical acoustic axis of the
transducer. VAC = 100 mV (top left), 200 mV (top center), 300 mV (top right), 400 mV (bottom

left), 500 mV (bottom center), 1 V (bottom right).

in Fig. 6.16.
Fig. 6.15 shows the effect of increasing the VAC excitation voltage am-

plitude at two different constant bias voltages. Focusing the attention on
the left graph with VDC = 2 V, the system, for low values of VAC shows a
linear behavior and the maximum value occurs very close to the linearized
meausred resonance frequency. Increasing the excitation amplitude above
VAC = 400 mV, the non-linear soft spring behavior arises and the amplitude
jump appears. While, in the case of VDC = 12 V the non-linear hardening
behaviour occurs above the voltage threshold of VAC = 700 mV.

This behavior is related to the influence of the vertical oscillation, on
the stiffness of the prestressed and predeflected system, as happens in the
large flexural vibrations of the initially stressed shallow shells and arches.
[105, 107, 113, 123, 127–130]. As the vertical oscillation becomes relevant,
it affects the stiffness and consequently the fundamental frequency of the
system so that the non-linear transient vibrations, observed in the pressure
histories in Figs. 6.8-6.10-6.13, occur resulting in a frequency response
depending on the displacement amplitude.

Therefore, the non-linear trend is determined by the contribution to the
stiffness of the membrane axial force, induced by the combination of the
prestress state and the static bias voltage and by the effect on the elastic
stiffness due to influence of the initial deformed reference configuration
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Figure 6.15: Experimental soft-spring curve: VDC = 2 V, VAC sweep. Red dots are associated
with the linearized resonance frequency f0 = 87.3 kHz (left); experimental hard-spring curve:
VDC = 12 V, VAC sweep. Red dots are associated with the resonance frequency f0 = 61.3

kHz (right).

induced by the combination of the prestress state and the static bias voltage,
as well [123, 131–133]. Concerning the case in Fig. 6.15 on the right,
applying a constant bias voltage VDC = 12 V the predeflected configuration
tends to be flat, as it is shown in Fig. 6.7. As a matter of fact, at the center
of the PMUT the membrane stress resultant due to the static voltage is
compressive while the bending resultant moment has the reverse sign of
that one induced by the residual stresses, consequently the reduction in the
linearized frequency and the restored flat configuration occur.

Therefore, the system shows higher displacement amplitudes at the same
applied VAC than the case with VDC = 2 V, and the non-linear hardening
trend, typical of the linear elastic flat axial-symmetric plates and rectilinear
beams [125, 134, 135]. The numerical results, for the two cases of VAC =
0.7 mV and VAC = 1.4 mV are reported in Fig. 6.16. As a result of the 2D
axial-symmetric single transducer TX simulation, the spatial mean vertical
acceleration of the PMUT, over the fluid-structure interaction surface, can
be computed providing the input for the next stage with the array model.

In the 3D acoustic array simulation, the previously calculated mean ver-
tical acceleration, has been imposed on the mapped diaphragm areas on the
rigid die, reducing the vibrating transducers to an oscillating rigid baffled
piston.

Therefore, for the case of VAC = 100 mV of the 4x4 in parallel TX
actuation, the following pressure map at the steady state time equal to t =
1.02 ms, just before the excitation stops, is shown in Figs. 6.17 and 6.18.
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Figure 6.16: Numerical soft-spring curve: VDC = 2 V, VAC = 700 mV (blue line), VAC = 1.4 V
(yellow line). Red dot is associated with the linearized resonance frequency f0 = 87.5 kHz
(left); numerical soft-spring curve: VDC = 12 V, VAC = 700 mV (blue line), VAC = 1.4 V

(yellow line). Red dot is associated with the resonance frequency f0 = 61.5 kHz (left)

As it can be notice, the wave front is flat near to the die and become
spherical increasing the distance from that.

Figure 6.17: Pressure map [Pa] at t = 1.02 ms. Point P at coordinates (0, 0, 2λ).

Figure 6.19 shows the pressure time history evaluated at point P depicted
in Fig. 6.17, placed on the vertical acoustic axis which crosses the centre of
the die at the distance of 2λ.

To evaluate the performance of the in parallel actuation of the 4x4 array
of PMUTs, it is interesting to compare this result with the pressure history
generated by the actuation of the single transducer at the same point, ob-
tained by the 2D axial-symmetric model, and shown in Fig. 6.20. (see the
depicted point in Fig. 6.21).

In this case, the pressure amplitude is 10 times lower with respect to the
case of the 4x4 in parallel actuation, due to the fact that 16 transducers are
active and the wave front tends to the spherical configuration at a larger
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Figure 6.18: Pressure map [Pa] at t = 1.02 ms in the vertical symmetry plane.

Figure 6.19: Numerical pressure time history at the point P on the vertical acoustic axis of the
array of PMUTs.

Figure 6.20: Numerical pressure time history at the point P on the vertical acoustic axis of single
transducer.
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distance with respect to the wave front created by the single transducer ac-
tuation. This is confirmed by the corresponding pressure map at the time in-
stant t = 1.02 ms represented in Fig. 6.21, where the point P, which belongs
to the external fluid boundary, is depicted in the 2D electromechanical-
acoustic model.

Figure 6.21: Pressure map [Pa] at t = 1.02 ms. Point P at coordinates (0, 2λ)

Different types of actuation have been simulated to investigate the acous-
tic performance at 9 λ, from the center of the die, illustrated in Fig. 6.22.

The actuation type affects the pressure maps in the fluid domain and
each case is associated with a proper propagation pattern reported in Fig. 6.23.

The considered acoustic domain has radius equal to 9 λ, which means
that the pressure time history evaluated at point P(0, 0, 9λ) belongs to the
fluid boundary. The pressure comparison at point P is reported in Fig. 6.24.

The computed pressure time history at point P are similar. The time
delay is clearly visible at the beginning, corresponding to the TOF. The
case a) result in a slightly higher steady state pressure than other ones. This
is due to the fact that, according the analysed actuation, the acoustic waves
mainly propagate along the vertical axis of the device with the presence of
side lobes of propagation.

This procedure can be used to preliminary assess the wave propagation
coming from an array of transducers.

6.4 Closing remarks on the non-linear vibrations in PMUTs

In this chapter the results obtained with a multi-physics modelling of a
single air-coupled PMUT in the time domain are presented, together with
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Figure 6.22: Different cases studies: diagonal actuation (top left), external actuation (top right),
internal actuation (bottom left), delayed actuation (bottom right)

Figure 6.23: Pressure map for the different cases study: a) diagonal actuation (top left), b) external
actuation (top right), c) internal actuation (bottom left), d) delayed actuation (bottom right)
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Figure 6.24: Pressure time history at point P(0, 0, 9λ) for the different cases study: diagonal
actuation (top left), external actuation (top right), internal actuation (bottom left), delayed

actuation (bottom right)

their experimental validations for the mechanical and acoustic responses.
The influence of non-linearity on the diaphragm vibration has been stud-

ied for the fully coupled electromechanical acoustic problem, providing the
linearity limit for the transducer performance. Loading the system with an
increasing voltage input amplitude at the linearized fundamental electrome-
chanical frequency, the recorded experimental pressure histories suggest a
non-linear dynamic behavior of the PMUT.

The proposed single transducer model represents a suitable tool to es-
timate the non-linear voltage threshold, over which the pressure amplitude
slowly increases with the input amplitude and any linear equivalent electri-
cal lumped model of the PMUT fails.

The pressure propagation problem has been studied by means of an
acoustic 3D model of the 4x4 array of PMUTs, considering the equivalent
piston-like oscillation of the transducers, in the case of parallel actuation.

Work in progress includes numerical simulations of different array ac-
tuations and configurations to study the beamforming and the RX problem,
including the package influence, together with their experimental valida-
tion.

To include the cross-talk among the elements of the array, a reduced or-
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der description of the plates is needed, to condensate the dynamic behavior
into few dofs and couple all the vibrating systems with the fluid domain.
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CHAPTER7
Model order reduction applied to in-water

large arrays of PMUTs

In this chapter a new multiphysics Reduced Order Model (ROM) for the electro-
mechanical-acoustic problem is presented. The Model Order Reduction (MOR) solu-
tion strategy consists of two main stages. In the former one, the eigenvalue piezoelec-
tric problem is solved for a representative PMUT. Then, acoustic-structure interface
of each transducer is mapped onto the fluid domain boundary. In the latter stage, the
piezo-acoustic problem is solved by means of a staggered algorithm, considering the
PMUTs behavior as a linear combination of few modes. The custom code results, in
the case of the stand-alone transducer, have been compared with the commercial soft-
ware COMSOL multiphysics 5.2 ones, showing a very good agreement. Hence, the
model has been applied to the simulation of the pressure wave propagation involving
an array of several vibrating PMUTs. Two case studies are reported in which, respec-
tively, the transmission has been focused in a fluid domain neighborhood of the focal
point, along the transversal acoustic axis of the device, by means of 11x11 PMUTs
array and the RX phase has been simulated for the 7x7 cluster of PMUTs, considering
an incoming background pressure field. The numerical model shows very good agree-
ment and faster computational time than the standard coupled piezoelectric-acoustic
full-order approaches implemented in several FE commercial codes.
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7.1 Introduction

Several applications involve the use of large array of PMUTs to guarantee
the proper transmitted acoustic energy, as reported in cap 2; medical acous-
tic imaging [18,19,48,56,136–143] and hydrophones exploit [144–146] the
in-water wave propagation of ultrasonic pulses [11, 13, 14], finger-printing
recognition [81,82,147–149] and sonar applications [150–152]. Further ap-
plications, in which several transducers, are needed are represented by non-
destructive testing [153–159], humidity sensing [160] and velocity sensing
(doppler flow meter) [12, 161–166] .

The primary focus of the present chapter is to show the novel reduced
order approach for electro-mechanical-acoustic analyses and investigate the
corresponding simulation performances. Hence, the attention is paid to the
study of beam focusing, wave interference and pressure receiving prob-
lems, involving several transducers. The model has been implemented into
a Fortran custom code and represents a suitable tool to carry out pressure
propagation pattern analyses in which the transducers are driven indepen-
dently each other. Furthermore, the acoustic interaction among multiple
vibrating diaphragms, in the near-field, is taken into account by means of
the full order FEM approach for the acoustic problem, in spite of the or-
der reduction of the PMUTs dynamic behaviour. Hence, the interference
phenomena during the wave propagation are properly simulated.

The chapter is organized as follows. In the second section, the mathe-
matical formulation for the reduced order transmitting and receiving prob-
lems is presented [167–170]. In the third section the involved methodology
is described. In the fourth section, results and discussion are reported for
the case of a stand-alone transducer compared with the COMSOL Multh-
iphysics 5.2 ones. Afterward, section 5 and 6 are devoted to the simulations
of two different scenarios by means of the custom code, to study the 11x11
PMUTs array transmitting focusing problem and 7x7 cluster of PMUTs in
receiving phase. In the end, final remarks are collected in the conclusions
section.

7.2 Model order reduction: mathematical formulation

This section is devoted to the Reduced Order Model (ROM) mathematical
derivation based on the Model Order Reduction (MOR) technique applied
to the piezoelectric problem. After recalling the piezoelectric constitutive
law, the weak formulation of the problem and the finite element method ap-
proximations are presented together with the current equation. Therefore,
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the associated eigenvalue problem is derived with two solution approaches.
Consequently, the order reduction technique is enforced to obtain the final
equations. In the last part, the coupling with the acoustics is shown with
the FEM approximations of the transmitting and the receiving problems.

7.2.1 Piezoelectric constitutive equations

Considering a piezoelectric domain Ω and assuming ϕ as the electric po-
tential, in standard piezoelectric notation [45] for the stress-charge form
[171–173], the piezoelectric constitutive model (3.9) and (3.10), presented
in chapter 3, is recalled below

T = C : S − eT ·E = C : S[u] + eT · ∇ϕ (7.1)
D = e : S + ε ·E = e : S[u]− ε · ∇ϕ (7.2)

where S[u] = sym(∇u). Furthermore, let gj be the base vectors of the
Cartesian 3D space, if e = ekijgk⊗ gi⊗ gj then eT is defined as the tensor
eT = ekijgj ⊗ gi ⊗ gk.

7.2.2 Weak formulation of the piezoelectric problem

Under the assumptions of any imposed displacement equal to zero, any
imposed potential equal to zero but for on the electrode surface SE , no body
forces and electric charges. Considering the presence of traction forces fD

on the loaded surface ST .
Therefore, the global weak form of the piezoelectric problem is pre-

sented:∫
Ω

ρü · ũ dΩ +

∫
Ω

T : S[ũ]dΩ =

∫
∂Ω

(T · np) · ũ dS ∀ũ ∈ Cu (7.3)∫
Ω

D · ∇ϕ̃ dΩ =

∫
∂Ω

(D · np)ϕ̃ dS ∀ϕ̃ ∈ Cϕ (7.4)

Finally, imposing the boundary conditions we get the restricted weak
form of the piezoelectric problem:∫

Ω

ρü · ũ dΩ +

∫
Ω

S[ũ] :
(
C : S[u] + eT · ∇ϕ

)
dΩ =

∫
ST

fD · ũ dS

∀ũ ∈ Cu(0) (7.5)∫
Ω

∇ϕ̃ · (e : S[u]− ε · ∇ϕ) dΩ = 0 ∀ϕ̃ ∈ Cϕ(0). (7.6)
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7.2.3 Finite element modelling of the piezoelectric problem

Hereafter, for sake of brevity, the subscript h to indicate the discrete do-
main and interpolated unknown fields is neglected. Therefore, assuming a
quadratic lagrangian interpolation leads to

u(x, t) =
∑
k,j

Nk(x)gju
(k)
j (t) ϕ(x, t) =

∑
k

Nk(x)ϕ(k)(t)+ϕV (x)Φ(t)

where, in the first equation, the sum over k is restricted to nodes where
displacements are unknown while in the second one the sum over k is re-
stricted to nodes where potentials are unknown but for the electrode SE

nodes where the potential is equal to Φ. The same finite element interpo-
lation is used for the virtual fields ũ and ϕ̃. Moreover the function ϕV is
defined in the FEM sense as:

ϕV (x) =
∑
m

Nm(x)

where the sum over m is restricted to nodes of the electrode SE where
ϕV (x(m)) = 1 and the . The discrete form of the piezoelectric weak prob-
lem is presented below.

[
M 0

0 0

]{
Ü
V̈

}
+

[
Kuu Kuv

−Kvu −Kvv

]{
U
V

}
=

{
Fut

0

}
+

{
Fuφ

Fvφ

}
Φ (7.7)

With [Kvu] = [Kuv]T . In the piezoelectric code UI = u
(k)
j if I corresponds

to the dof associated with the node k in direction j and VJ = ϕ(k) if
J corresponds to the potential dof associated with the node k. Array V
contains values of the potential on all the nodes but for the electrode where
it is equal to Φ. Finally, the involved matrices are computed as follows.

92



7.2. Model order reduction: mathematical formulation

MIJ =

∫
Ω

ρNkgj · Nngm dΩ (7.8)

Kuu
IJ =

∫
Ω

S[Nkgj] : C : S[Nngm] dΩ (7.9)

Kuv
IJ =

∫
Ω

S[Nkgj] : eT · ∇[Nn] dΩ (7.10)

Kvv
IJ =

∫
Ω

∇[Nk] · ε · ∇[Nn] dΩ (7.11)

FutI =

∫
ST

(Nkgj) · fD dS (7.12)

FuφI = −
∫

Ω

S[Nkgj] : eT · ∇ϕV dΩ (7.13)

FvφI = −
∫

Ω

∇[Nk] · ε · ∇ϕV dΩ (7.14)

7.2.4 Current equation

Let np denote the outward normal on the electrode surface SE of the piezo-
electric domain Ω then the current is

I = −
∫
SE

Ḋ · np dS

with
Ḋ = e : S[u̇]− ε · ∇ϕ̇

Now, taking the global weak form for the electrical equation (7.4) and
choosing ϕ̃ = ϕV implies

I = −
∫
SE

Ḋ · np dS = −
∫

Ω

Ḋ · ∇ϕV dΩ =

= −
∫

Ω

(e : S[u̇]− ε · ∇ϕ̇) · ∇ϕV dΩ (7.15)

I = {Fuv}T{U̇} − {Fvφ}T{V̇}+ CvvΦ̇ (7.16)

which is the current equation of the problem, with the electric capacitance.

Cvv =

∫
Ω

∇ϕV · ε · ∇ϕV dΩ.
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7.2.5 Model order reduction for the piezoelectric problem: approach
1

To generate the ROM, the eigenvalue piezoelectric problem is solved [174,
175]. Hereinafter, the decoupled approach is described starting from the
elastodynamics.

Eigenvalue problem

Solving the elastodynamics problem with no forcing term (free vibrations
problem) implies

− ω2[M]{U}+ [Kuu]{U} = {0} (7.17)

leads to the corresponding mechanical eigenvalues and eigenvectors.
Let {U}m be the array of nodal values of the mechanical modes and

Um(x) the corresponding interpolated fields. The displacement field is
obtained as

u(x, t) =
∑
m

qm(t)Um(x).

Reduced order model generation

Setting
{U(t)} =

∑
m

qm(t){Um}

the second equation of (7.7) becomes

[Kvv]{V} = [Kvu]
∑
m

qm{Um}+ {Fvφ}Φ =
∑
m

qm{Fvqm}+ {Fvφ}Φ

(7.18)
where

{Fvqm} = [Kvu]{Um}

that implies
{V} =

∑
m

qm{Vqm}+ {Vφ}Φ (7.19)

with the following equalities

{Vqm} = [Kvv]−1{Fvqm} {Vφ} = [Kvv]−1{Fvφ}.

in which {Vφ} is the static solution of the electric problem assuming a unit
potential Φ.
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Therefore, plugging the results in the first equation of (7.7) projected
on {Um}, gives one the following dynamic equations of motion in the un-
known modal parameter qm

q̈m + (ω2
m + {Fvqm}T{Vqm})qm ={Um}T{Fut}+ ({Um}T{Fuφ}

− {Fvqm}T{Vφ})Φ

or
q̈m + ω̄2

mqm = fm + ηmΦ (7.20)

where we have set

ω̄m = ω2
m + {Fvqm}T{Vqm} fm = {Um}T{Fut}

ηm = {Um}T{Fuφ} − {Fvqm}T{Vφ}. (7.21)

in which ω̄m is the estimated electro-mechanical circular eigenfrequecy of
the m-th mode, fm is the mechanical r.h.s. projection on mode {Um} and
ηm the electro-mechanical influence coefficient of mode m.

Moreover, considering the following equalities

{U̇} =
∑
m

q̇m{Uqm} {V̇} =
∑
m

q̇m{Vqm}+ {Vφ}Φ̇ (7.22)

from (7.16) we get the ROM for the current

I =
∑
m

({Fuφ}T{Um} − {Fvφ}T{Vqm})q̇m + (Cvv − {Fvφ}T{Vφ})Φ̇

or
I =

∑
m

q̇mηm + C0Φ̇ (7.23)

where we have set the piezoelectric capacitance equal to

C0 = Cvv − {Fvφ}T{Vφ}.

7.2.6 Model order reduction for the piezoelectric problem: approach
2

After the decoupled approach, the fully coupled approach is described [176].
It depends on the availability of a suitable eigenvalue solver. By static con-
densation of {V}, the system (7.7) becomes

[M]{Ü}+ [K]{U} = {Fut}+ ({Fuφ} − [Kuv]{Vφ})Φ (7.24)

{V} = [Kvv]−1[Kvu]{U}+ {Vφ}Φ (7.25)
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where

[K] = [Kuu] + [Kuv][Kvv]−1[Kvu] {Vφ} = [Kvv]−1({Fvφ}

Eigenvalue problem

Solving (7.24), (7.25) with no forcing term (piezoelectric free vibrations
problem) implies

[M]{Ü}+ [K]{U} = {0} (7.26)

{V} = [Kvv]−1[Kvu]{U} (7.27)

Let {Um} be the array of nodal values of the piezoelectric displacement
modes, {Vm} the associated array of nodal values through (7.27), Um(x)
and V m(x) the corresponding interpolated fields.

[Kuu] and [Kvv] are positive definite ([K] positive definite) because of
the provided displacement and electric potential constraints .

The mass matrix [M] being symmetric positive definite, the eigenvalue
problem is well posed and yields a simultaneous diagonalization of the ma-
trices [M] and [K], with ω2

m > 0 ∀m.
{Um} are chosen to fulfill the conditions:

{Um}T [M]{Um} = 1 ⇒ {Um}T [K]{Um} = ω2
m ∀m

{Un}T [M]{Um} = 0, {Un}T [K]{Um} = 0 (∀n 6= m)

Reduced order model generation

Selecting a limited number m of modes (possibly one) the displacement
field is obtained as the combination of the piezoelectric modes

u(x, t) =
∑
m

qm(t)Um(x)

and the corresponding array of unknown nodal values:

{U(t)} =
∑
m

qm(t){Um}

which also gives one the expression of nodal potentials through (7.25)

{V(t)} =
∑
m

qm(t){Vm}+ {Vφ}Φ
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7.2. Model order reduction: mathematical formulation

Hence, projecting (7.24) on {Um} implies

q̈m + ω2
mqm = {Um}T{Fut}+ {Um}T ({Fuφ} − {Kuv}T{Vφ})Φ (7.28)

= {Um}T{Fut}+ ({Um}T{Fuφ} − {Vm}T{Fvφ})Φ
= fm + ηmΦ

where we have set

fm = {Um}T{Fut} ηm = {Um}T{Fuφ} − {Vm}T{Fvφ} (7.29)

which have the same meaning of the equivalent quantities in the approach
1 (7.21).

Moreover, the following equalities hold

{U̇} =
∑
m

q̇m{Um} {V̇} =
∑
m

q̇m{Vm}+ {Vφ}Φ̇

Therefore, plugging them into (7.16), the ROM for the current is ob-
tained

I =
∑
m

({Fuφ}T{Um} − {Fvφ}T{Vm})q̇m + (Cvv − {Fvφ}T{Vφ})Φ̇

or
I =

∑
m

q̇mηm + C0Φ̇ (7.30)

where we have defined the piezoelectric capacitance

C0 = Cvv − {Fvφ}T{Vφ}.

7.2.7 Equivalent electric circuit with one mode

Considering a piezoelectric structure vibrating under the voltage excitation,
no mechanical loading and only one mode selected, with eigenfreq ω (7.28)
becomes (referring to (7.20), ω ← ω̄)

q̈ +
ω

Q
q̇ + ω2q = ηΦ (7.31)

where a dissipation linear term has been added, with damping ratio 1/2Q
where Q is the enforced quality factor, while the current equation becomes

I = Imech + IC = ηq̇ + C0Φ̇ (7.32)

Thus, it can be represented as an electrical circuit given by the parallel of
a capacitor C0, associated with the piezoelectric material at the rest config-
uration subjected to a voltage difference Φ, in which the current IC = C0Φ̇
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flows and the series of a mechanical resistance, capacitor and inductor de-
fined as follows,

Lmech =
1

η2
Rmech =

ω

Qη2
Cmech =

η2

ω2
(7.33)

where the current Imech = ηq̇ flows.
Hence, two cases are possible: open circuit in which the total current

I = Imech + IC = 0 and closed circuit where the current I is feeding an
electrical load R and the equality I = Φ/R holds.

7.2.8 Coupling with acoustics

In this section, the coupling with the acoustics and the transmitting (TX)
and receiving (RX) problems are described. Considering a lossless fluid
domain Ω [29, 31, 32, 170, 177], PMUTs are placed on a flat boundary in a
baffled configuration, which imply a hard wall condition (3.25) is enforced
on the remaining part of the boundary encompassing the transducers [29].
Furthermore, assuming the normal n going outward and always referred
to the fluid domain, in order to simulate the infinite radiation, a first order
absorbing boundary condition (ABC) is imposed on the remaining acoustic
boundary (3.26) (see a detailed picture in Fig. 7.3).

Transmitting problem

Setting u =
∑

m qmU
m and ũ = Um in (7.5) or equivalently recalling

(7.28) and the acoustic-structure interaction (ASI) condition (3.24), we get
the modal projection for the i-th PMUT with interaction surface SPi where
the pressure is applied (referring to approach 1, ω ← ω̄)

q̈(i)
m + ω(i)

m

2
q(i)
m =

∫
SPi

pn ·U (i),m dS + η(i)
m Φ(i) (7.34)

where p represents the unknown acoustic pressure and the ω(i)
m is the m-th

circular eigenfrequency of the i-th PMUT.

Weak form of the transmitting reduced coupled problem

Hereinafter, the weak form of the TX reduced coupled problem is pre-
sented, where, c =

√
κ/ρ is the speed of sound, κ the isentropic bulk

modulus of the fluid and ρ the density of the fluid, computed at the refer-
ence state (3.2.1), presented in 3.
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7.2. Model order reduction: mathematical formulation

Therefore, considering the i-th PMUT with interaction surface SPi , the
m-th eigenmode and the ASI condition (3.23), the weak form of the acous-
tics TX problem is obtained as follows∫

Ω

(ρp̈ p̃+ κ∇p · ∇p̃) dΩ =

∫
∂Ω

κ(∇p · n)p̃ dS = (7.35)

= −
∫
SABC

κ

c
ṗp̃ dS −

∑
i

∫
SPi

ρκ(ü · n)p̃ dS

= −
∫
SABC

κ

c
ṗp̃ dS −

∑
i

∑
m

q̈(i)
m

∫
SPi

ρκ(U (i),m · n)p̃ dS ∀p̃ ∈ Cp.

FE modelling of the transmitting problem

Assuming a quadratic lagrangian interpolation of the unknown pressure
field

p(x, t) =
∑
r

Nk(x)p(r)(t) (7.36)

where the sum over r is restricted to nodes where the pressure is unknown,
lead to the discretized acoustic RO coupled system. Therefore, considering
the i-th PMUT with interaction surface SPi and the m-th eigenmode the TX
problem is obtained as follows[

M
] {

P̈
}

+
[
C
] {

Ṗ
}

+
[
K
] {

P
}

= −
{
Fpq̈
}

(7.37)

q̈(i)
m + ω(i)

m

2
q(i)
m = f (i),qp

m + η(i)
m Φ(i). (7.38)

In the acoustics code PI = p(r) if I corresponds to the dof associated with
the node r and U(i),m

J = u
(s)(i),m
3 if J corresponds to the dof associated with

the node s.

MIJ =

∫
Ω

ρNrNn dΩ (7.39)

CIJ =

∫
Ω

κ

c
NrNn dΩ (7.40)

KIJ =

∫
Ω

κ∇[Nr] · ∇[Nn] dΩ (7.41)

Fpq̈I =
∑
i

∑
m

∑
s

q̈(i)
m u

(s)(i),m
3

∫
SPi

ρκNrNsg3 · n dS (7.42)

f (i),qp
m =

∑
r

∑
s

p(r)u
(s)(i),m
3

∫
SPi

NrNsg3 · n dS (7.43)
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Receiving problem

Setting u =
∑

m qmU
m and considering an imposed incident background

pressure field pin in Ω, implies a total pressure field equal to

ptot = pin + p

where p represents the unknown scattered pressure.
Therefore, the modal projection (7.28) for the i-th PMUT with interac-

tion surface SPi leads to (referring to approach 1, ω ← ω̄)

q̈(i)
m + ω(i)

m

2
q(i)
m =

∫
SPi

ptotn ·U (i),m dS + η(i)
m Φ(i) (7.44)

=

∫
SPi

pn ·U (i),m dS +

∫
SPi

pinn ·U (i),m dS + η(i)
m Φ(i)

While the in the current equation, considering the open circuit configu-
ration, we have

C
(i)
0 Φ̇(i) +

∑
m

q̇(i)
m η

(i)
m = 0 (7.45)

Weak form of the receiving reduced coupled problem

Hereinafter, considering the i-th PMUT with interaction surface SPi and the
m-th eigenmode and the weak form of the RX reduced coupled problem is
derived as follows∫

Ω

(ρp̈ p̃+ κ∇p · ∇p̃) dΩ =

∫
∂Ω

κ(∇p · n)p̃ dS = (7.46)

= −
∫
SABC

κ

c
ṗp̃ dS −

∑
i

∫
SPi

ρκ(ü · n)p̃ dS

−
∑
i

∫
SPi

κ(∇pin · n)p̃ dS −
∫
SHW

κ(∇pin · n)p̃ dS

= −
∫
SABC

κ

c
ṗp̃ dS −

∑
i

∑
m

q̈(i)
m

∫
SPi

ρκ(U (i),m · n)p̃ dS

−
∑
i

∫
SPi

κ(∇pin · n)p̃ dS −
∫
SHW

κ(∇pin · n)p̃ dS ∀p̃ ∈ Cp.

100



7.3. Methodology

FE modelling of the receiving problem

We recall the FE interpolation of the unknown acoustic pressure p used for
the TX problem 7.36.

Hence, the discretized acoustic system, the ROM for the i-th PMUT,
m-th eigenmode and the current equation are obtained as follows[

M
] {

P̈
}

+
[
C
] {

Ṗ
}

+
[
K
] {

P
}

= −
{
Fpq̈
}
−
{
FppSP

in

}
−
{
FppHW

in

}
(7.47)

q̈(i)
m + ω(i)

m

2
q(i)
m = f (i),qp

m + f (i),qpin
m + η(i)

m Φ(i) (7.48)

C
(i)
0 Φ̇(i) +

∑
m

q̇(i)
m η

(i)
m = 0 (7.49)

where we have set the r.h.s terms equal to

Fpp
SP
in

I =
∑
i

∫
SPi

κ(∇pin · n)Nr dS (7.50)

Fpp
HW
in

I =

∫
SHW

κ(∇pin · n)Nr dS (7.51)

f (i),qpin
m =

∑
s

u
(s)(i),m
3

∫
SPi

pinNsg3 · n dS. (7.52)

7.3 Methodology

In this section the methodology adopted in the previous described mul-
tiphysics ROM of the electro-mechanical-acoustic problem [178–181] is
presented.

The generic piezoelectric transducer consists of a circular clamped plate
with a radius of 115 µm and an overall thickness of 19.4 µm, so that the
diameter over thickness aspect ratio is 28.75. It consists of several layers
with different elastic properties and thicknesses. The structural layer is
made of silicon, while the considered piezoelectric layer is made of PZT.
It has thickness equal to 2 µm and is in a circular hat configuration with
radius of 80.5 µm, coaxial with the plate (see a detail of the layered cross
section in Figs. 7.1 and 7.2).

As already described, the problem involves three physics and their mu-
tual interactions that characterize the following COMSOL comparison mod-
els: elastodynamics, electrostatics and pressure acoustics. Furthermore,
each transducer layer is considered as a linear elastic solid material, while
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Figure 7.1: PMUT layered configuration

for the PZT a linear piezoelectric stress-charge constitutive model is adopted.
Hence, a lossless fluid model is enforced in the acoustic domain, to simu-
late the in-water pressure propagation. The mesh of the acoustic and piezo-
electric problem are kept independent. Therefore, the presented PMUT is
discretized with quadratic serendipity wedge elements (see a detail in Fig.
7.3) while quadratic tetrahedral elements are used in the fluid domain.

Figure 7.2: PMUT discretization

The the waves infinite radiation is guaranteed by the ABC at the acoustic
boundaries. Additionally, the array of transducers belongs to a perfectly
rigid flat surface. In Fig. 7.3, an example of discretized system, for the TX
problem, is presented.

The solution strategy based on the mathematical formulation, described
in the previous section, consists of two stages. In the former one, the eigen-
value piezoelectric problem is solved once for all, considering the complete
stack of a representative PMUT, by means of the Arnoldi method and few
selected modes are extracted. Then, the acoustic-structure interaction sur-
face of each transducer is mapped onto the fluid boundary PMUTs sites
by means of a quadratic map, keeping the two meshes independent. Con-
versely, on the remaining part of the flat boundary an hard wall condition
is enforced. In the latter stage, the in-time domain reduced order FE piezo-
acoustic problem is solved through a staggered implicit procedure based
on the Newmark’s integration scheme. Therefore, the electro-mechanical
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7.4. Reduced order model custom code vs full order COMSOL 5.2 model

Figure 7.3: Finite element model in TX phase: PMUT mesh detail (left), fluid domain mesh detail
with 7x7 mapped PMUT interaction surfaces in different colors (right).

dynamic behaviour is represented as a combination of the selected modes,
reducing each transducer to few DOFs, while for the full order acoustic
problem the solution is computed by means of the finite element method.
The described technique allows one to simulate in an exact manner the
acoustic-structure interaction as the transducers are vibrating according to
the considered modes. The involved computational burden is basically only
related to the pressure DOFs and depends on the size of the fluid domain
in which the the propagation wave pattern is simulated without any or-
der reduction [182–184] in contrast with the classical vibroacoustics FE-
ROMs [185–187] and the commonly used BEM approaches. [188–192].

7.4 Reduced order model custom code vs full order COMSOL
5.2 model

In this section the comparison case studies, for the TX and RX problems,
with the standard full order approach implemented in the commercial soft-
ware COMSOL Multiphysics 5.2, are reported to validate the ROM custom
code and investigate the model order reduction performances.

7.4.1 Piezoelectric eigenmodes

In the former stage the piezoelectric eigenproblem is solved to carry out the
selected modes involved in the MOR technique. The numerical comparison
between the commercial software and the custom piezoelectric code results,
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obtained by means of the fully coupled approach 7.27, are presented.
The adopted common FE discretization is characterized by the 15 ele-

ments in the PMUT radius, 4 elements through the thickness for the PZT
and the silicon layers (refer to Fig. 7.2), while the other layers are dis-
cretized with an element through the thickness.

Hence, the first threee axysymmetric modes, adopted in the MOR tech-
nique for the TX and RX problems described in the next sections are con-
sidered in Fig. 7.4.

(a) (b) (c)

Figure 7.4: Piezoelectric eigenmodes: (a) fundamental mode; (b) 2nd axysymmetric mode, (c) 3rd
axysymmetric mode

The numerical fundamental electro-mechanical eigenfrequency computed
through the custom code is f0 = 4.0680 MHz perfectly matched by the
COMSOL direct eigenvalue solver that reports the same value. Conversely,
the 2ns axysymmetric eigenfrequency is equal to 15.020 MHz for the cus-
tom code and 15.022 MHz for the commercial software. Finally, the 3rd
piezoelectric eigenfrequency predicted by the custom code is 30.173 MHz
and the COMSOL one is 30.176 MHz. Hence the numerical custom code
results show a satisfactory agreement with the commercial software ones
and the slight mismatch in the higher modes can be attributed to the small
differences in the discretizations and the adopted different numerical pro-
cedures.

7.4.2 Stand-alone transducer: transmitting problem

Herinafter, the numerical comparison between the ROM custom code and
the COMSOL 5.2 full order model in the transmitting phase, is presented.

The analyzed system consists of a single central vibrating transducer
interacting with a hemispherical water domain with radius equal to 3λ =
1092.2 µm where λ = νs/f0 = 364.06 µm is the wavelength, νs = 1481
µm/µs is the speed of sound in water and f0 = 4.068 MHz is the funda-
mental electro-mechanical frequency of the PMUT.

The adopted common FE discretization, already sketched in Fig. 7.3, of
the fluid acoustic domain, is shown in Fig. 7.5 and it is characterized by
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7.4. Reduced order model custom code vs full order COMSOL 5.2 model

a maximum element size of λ/10 = 36.406 µm [193–195]. Moreover, a
local refinement at the PMUT site has been enforced, to mesh the circular
acoustic-structure interface with an element size of RPMUT/15 = 7.67 µm
where RPMUT = 115 µm is the PMUT radius.

The adopted imposed excitation voltage, at the piezoelectric electrode,
is equal to 15 sinusoidal cycles at f0 with 1 V amplitude.

(a)

(b)

Figure 7.5: FE fluid domain: (a) 3D view; (b) mesh detail on the cross-section A-A.

The numerical comparison, considering a ROM generated by the first 3
selected axisymmetric modes (refer to Fig. 7.4), in terms of pressure maps,
at three different computation time instants t = 1.69, t = 1.93 µs and µs
t = 3.69 µs, on a (O,X,Z) cross-section cut plane A-A (refer to Fig. 7.5)
passing through the transducer diameter is presented in Fig. 7.6.

The comparison maps show a very good agreement between the two
different solutions approaches. They are both characterized by a spher-
ical propagation starting from the PMUT center, in accordance with the
dome-shaped diaphragm vibration. Additionally, the propagation wave-
length, shown in the pressure maps, is equal to 364.06 µm that perfectly
corresponds to the considered and previously mentioned λ = νs/f0.

Furthermore, the corresponding pressure time histories, at the PMUT
center and at point P, depicted in Fig. 7.5, placed at 2λ = 728.12 µm on
the vertical acoustic axis of the transducer passing through the center of the
system are reported in Fig. 7.7.

The FE-ROM predicts the same pressure histories of the COMSOL 5.2
full order model. The PMUT center pressure histories are both charac-
terized by a steady state amplitude of 0.073 MPa after an initial transient
regime. The pressure histories at point P=(0,0,2λ) are characterized by
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(a)

(b)

(c)

Figure 7.6: Pressure map comparisons at different time instants: (a) t = 1.69 µs; (b) t = 1.93 µs;
(c) t = 3.69 µs.
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(a) ROM custom code (left), COMSOL 5.2 (right).

(b) ROM custom code (left), COMSOL 5.2 (right).

Figure 7.7: Pressure time histories at the PMUT center: (a) at PMUT center, (b) at point
P=(0,0,2λ).
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0.0035 MPa amplitude, an initial resting time of 0.49 µs corresponding to
the time of flight (TOF) of the pressure propagation, travelling for 2λ in a
time interval of 2 cycles at the considered f0. Fig. 7.7 (b) reports a smoother
starting oscillation for the custom code case while the standard software is
noisier and a first local spike appears.

It is worth noting that, the FE-ROM predicts the same pressure histories
and propagation maps of the COMSOL 5.2 full order model. Additionally,
the ROM custom code computational time is about 8 mins, conversely, the
corresponding involved one in the full-order FEM, is about 1 h 20 mins. To
carry out the presented comparison results, the adopted COMSOL 5.2 time
integration scheme has been the generalized alpha method with the same
time step equal to ∆t = 1/(128f0) of the corresponding Newmark’s stag-
gered procedure implemented into the custom code, running on the same
machine with 6 Xeon CPU cores @3.6 GHz and 64 GB RAM.

7.4.3 Stand-alone transducer: receiving problem

The numerical comparison between the ROM custom code and the COM-
SOL 5.2 full order model in the receiving phase, is presented below. The
FEM domain is characterized by the same element sizes of the previous
TX problem but the transducer is here interacting with a cylindrical acous-
tic fluid domain with radius and height equal to 3λ = 1092.2 µm (see Fig.
7.8).

(a)

(b)

Figure 7.8: FE fluid domain: (a) 3D view; (b) mesh detail on the cross-section A-A.

The adopted FEM domain configuration is justified by the reflected pres-
sure propagation pattern generated by the hard wall conditions on the flat

108



7.4. Reduced order model custom code vs full order COMSOL 5.2 model

surface and the PMUT vibration. As a matter of fact, the resulting propa-
gation is mainly orthogonal to the the hard wall (O,X,Y) plane, along the
vertical direction e3, to be absorbed by the ABC on the opposite boundary.
The considered background incoming pressure field is equal to a sinusoidal
pressure wave with Pin = 1 MPa amplitude for 15 cycles at f0, travelling
in direction −e3 in the acoustic domain and it is reported below

pin(x, t) = Pin sin(t+
x · e3

c
) t ∈ [0, 15/f0] (7.53)

In the receiving phase, the attention is focused on the scattered pres-
sure p at the PMUT center and the voltage Φ, on the electrode surface of
the piezoelectric layer, generated by the transducer oscillation. Hence, the
numerical comparison between the ROM custom code and the COMSOL
5.2 full order model, considering a ROM generated by the first 3 selected
axisymmetric modes (refer to Fig. 7.4), in terms of pressure time histories,
are reported in Fig. 7.9.

Figure 7.9: Scattered pressure time histories at the PMUT center: ROM custom code (left),
COMSOL 5.2 (right).

The numerical comparison show a very good agreement between the
ROM custom code results and the full order approach implement in COM-
SOL 5.2. The initial transient behaviour is slightly different in the two cases
because of the different adopted integration techniques. In fact in the RX
problem, the commercial code applies a unit ramp function to the imposed
input pressure in the first time period, to get a smother starting response.
Consequently, a smother starting oscillating solution appears in the COM-
SOL result while the steady state response perfectly matches the custom
code one. In fact, the pressure steady state amplitudes are both equal to
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1.83 Mpa. Going further, the voltage time history comparison is presented
in Fig. 7.10.

Figure 7.10: Voltage time histories at the PMUT electrode: ROM custom code (left), COMSOL 5.2
(right).

The ROM custom code voltage prediction show a satisfactory agreement
with the COMSOL one. The previous mentioned COMSOL smoother ini-
tial transient behaviour is present in those data, as well. Hence, the steady
state response are both characterized by a voltage amplitude equal to 0.27
V.

Finally, the ROM custom predicts the same scattered pressure and volt-
age histories of the COMSOL 5.2 full order model, in the TX and RX
cases. In the presented RX case study the ROM computational time is
about 20 mins, with the first 3 axisymmetric modes selected. Conversely,
the full-order FEM one, is about 3 h 15 mins, adopting the generalized al-
pha integration scheme with the same time step equal to ∆t = 1/(128f0)
and running on the same machine, as fully described in the previous TX
comparison.

7.5 11x11 PMUTs array: transmitting problem

To show the performances of the proposed ROM code, the TX problem is
solved focusing the transmission on a point in the acoustic fluid domain by
means of a 11x11 array of PMUTs.

The adopted ROM has been generated by the three axysymmetric modes
reported in Fig. 7.4. Therefore, the analyzed system consists 121 trans-
ducers arranged in a square array with pitch of 2λ/3 = 242.69 µm and
interacting with a 6λ = 2.184 mm hemispherical acoustic domain . The
FEM domain, already presented in Fig. 7.3, is characterized by an adopted
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maximum element size of λ/10 where λ is the corresponding wavelength
at the fundamental electro-mechanical frequency of the PMUT f0 = 4.068
MHz (see a detailed picture in Fig. 7.11). Moreover, a local refinement at
the PMUTs sites has been enforced, to mesh the circular acoustic-structure
interfaces with an element size of RPMUT/6 = 19.167 µm. Hence, a beam

(a)
(b)

Figure 7.11: FE fluid domain: (a) 3D view, 11x11 array of circular transducers with different
colors; (b) mesh detail on the cross-section A-A, focal point P.

focusing actuation technique has been implemented. The provided input
voltage signal to the piezoelectric layers of the transducers, consists of a
sinusoidal function at f0 with 1 V amplitude, starting after a resting time t0
in which no actuation is provided. Considering a spherical wavefront prop-
agation generated by the oscillation of each transducers, the computation
of the resting time t0 of each PMUTs is based on the distance between the
considered diaphragm center and the focal point, to achieve the situation in
which every wavefronts simultaneously reach the focal point [11, 13, 14].
Indeed, the beam is focused on a neighborhood of point P depited in Fig.
7.11, at 5.5λ = 2.002 mm along the vertical direction of the system passing
through the center of the array.

Hereinafter, the pressure maps time sequence on the cross-section A-A
cut plane passing through the center of the array presented in Fig. 7.11 are
reported in Fig. 7.12.

The proposed pressure maps show a focused region around the focal
point P=(0,0,5.5λ) with high concentration of pressure amplitudes. The
beam pattern clearly points to the focus P. with a pressure wavefront deter-
mined by the envelop of all the wavefronts starting from each oscillating
transducer. Hence the resulting bottleneck shaped pressure propagation oc-
curs, with the tip in point P.

Furthermore, the pressure time histories at the center of PMUTs 1,2 and

111



Chapter 7. Model order reduction applied to in-water large arrays of PMUTs

(a) t = 2.34 µs (left), t = 2.49 µs (right).

(b) t = 2.64 µs (left); t = 2.80 µs (right).

(c) t = 2.95 µs (left); t = 3.10 µs (right).

Figure 7.12: Focused pressure beam maps at different time instants.
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7.5. 11x11 PMUTs array: transmitting problem

3, highlighted in Fig. 7.11 are shown together with the pressure history at
the focal point P (see Fig. 7.13).

(a) (b)

(c) (d)

Figure 7.13: Pressure time histories at different time points: (a) PMUT1 center, (b) PMUT2 center,
(c) PMUT3 center, (d) focal point P=(0,0,5.5λ).

The PMUTs pressure time histories are characterized by a proper rest-
ing time t0 according to the adopted focusing technique. Indeed, PMUT1
placed at the highest distance from the focal point starts to oscillate prior
to the other transducers so that no resting time is present in Fig. 7.13 (a).
Furthermore, after 0.36 µs the PMUT2 vibrates, while the closest to the
focus central PMUT1 oscillates with 0.44 µs later, as Fig. 7.13 (b) and (c)
correctly report. Moreover, approaching the center of the array, the pres-
sure interaction among the transducers increases. Hence, the pressure at
boundary array PMUT1 tents to the stand-alone case, described in Fig. 7.7
(a) on the left, with 0.75 MPa amplitude. On the contrary, the pressure
time history at PMUT3 (refer to Fig. 7.13 (c)) is strongly affected by the
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pressure waves coming from the neighboring diaphragms vibration, result-
ing in a variational amplitude. The interaction effect is slightly present in
the PMUT2 pressure history, in Fig. 7.13 (b), as well. Further, the fo-
cused pressure time history at point P, in Fig. 7.13 (d), reports a 0.14 MPa
amplitude and a proper TOF of 1.79 µs corresponding to covered distance
between the focus P and first oscillating diaphragm PMUT1.

The considered case study is characterized by a total number of DOFs
equal to 3445745 and a computational time of about 6 hours for a time
domain simulation of 3.69 µs corresponding to 15 cycles at f0 with an
integration time step of ∆t = 1/(128f0).

Finally, the proposed ROM can be successfully adopted to simulate the
pressure radiation without any arrangement limitations for the array of
transducers, considering an independent voltage input excitation for each
PMUT.

7.6 7x7 PMUTs array: receiving problem

In this section, the proposed ROM code is applied to study the RX problem
involving a 7x7 array of PMUTs. The proposed arrangement of diaphragms
simulate the behaviour of a cluster of transducers in receiving phase, in
which the scattered pressure at the PMUTs and the generated voltage at the
piezoelectric electrodes, due to an incoming background pressure field, are
computed.

The adopted ROM has been generated by the three axysymmetric modes
reported in Fig. 7.4. Hence, the presented system consists 49 PMUTs ar-
ranged in a square array characterized by a pitch of 2λ/3 = 242.69 µm and
interacting with a prismatic acoustic domain with dimensions 11λx11λx5.5λ
= 4.004x4.004x2.002 mm3. In the FEM acoustic domain, a maximum el-
ement size of λ/10 has been adopted, where λ is the corresponding wave-
length at the fundamental electro-mechanical frequency of the PMUT f0 =
4.068 MHz (see a detailed picture in Fig. 7.14). Furthermore, as the pre-
vious 11x11 TX case, a local refinement at the PMUTs sites has been en-
forced, to mesh the circular acoustic-structure interfaces with an element
size of RPMUT/6.

As already mentioned in the stand-alone transducer RX problem, the
adopted FEM domain configuration is justified by the reflected pressure
propagation pattern generated by the hard wall conditions, on the flat sur-
face, and the PMUTs vibration. In fact, it mainly propagates along the
vertical direction e3, orthogonal to the the hard wall (O,X,Y) plane, to be
absorbed by the ABC on the opposite boundary.
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(a)

(b)

Figure 7.14: FE fluid domain: (a) 3D view, 7x7 array of circular transducers with different colors;
(b) mesh detail on the cross-section A-A.

Considering a background incoming pressure field 7.53 with amplitude
Pin = 1 MPa, travelling in direction −e3 in the acoustic domain, the scat-
tered pressure time histories at the centers of PMUTs 1,2,3 and 4, high-
lighted in Fig. 7.14 are reported in Fig. 7.15 on a half diagonal.

Fig. 7.15 reports the effect of the pressure interaction in the near-field
among different vibrating diaphragms. In fact, the pressure time histories
show different amplitudes, depending on the position in the array. Hence,
it results in the pressure amplitude of 2.50 MPa for the central PMUT4.
While, the central diagonal PMUT3 and PMUT2 are respectively charac-
terized by the pressure amplitudes of 2.72 MPa and 2.72 MPa. Approaching
the array boundary, the pressure decreases and the amplitude of 2.32 MPa
is predicted for the PMUT1.

Additionally, the voltage time histories on the corresponding piezoelec-
tric electrodes are presented in Fig. 7.16.

The voltage histories show the same trend of the corresponding pressure
histories. They are characterized by the in-time evolution with different am-
plitudes, due to the waves interaction in the near-field. Indeed, the voltage
amplitude follow the same spatial dependency with respect to the trans-
ducer position on the array. Hence, the greatest voltage amplitude of 0.93
V is reported for the two central diagonal PMUT2 and PMUT3, in corre-
spondence of the greatest pressure amplitudes. While, the values of 0.81
V is predicted for the central PMUT4 and 0.71 V for the boundary array
PMUT1, according to presented the pressure values.

The described RX case study is characterized by a total number of DOFs
equal to 3437515 and a computational time of about 6 hours for a time
domain simulation of 3.69 µs corresponding to 15 cycles at f0 with an
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(a) (b)

(c) (d)

Figure 7.15: Pressure time histories at different time points: (a) PMUT1 center, (b) PMUT2 center,
(c) PMUT3 center, (d) PMUT4 center.
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(a) (b)

(c) (d)

Figure 7.16: Voltage time histories at electrodes: (a) PMUT1, (b) PMUT2, (c) PMUT3, (d)
PMUT4.
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integration time step of ∆t = 1/(128f0).
In the end, the proposed MOR has been successfully adopted to simulate

the receiving phase of a cluster of PMUTs, considering an incoming pres-
sure plane wave propagating along the orthogonal direction of the array of
transducers.

7.7 Closing remarks on the model order reduction for large
array

In this chapter a novel multiphysics FE-ROM for the electro-mechanical-
acoustic problem has been presented.

The solution strategy has been presented from a mathematical point of
view and the involved methodology has been described. Hence, the cus-
tom code has been validated, considering the simple case of a stand-alone
PMUT interacting with a water domain, in the TX and RX phases, compar-
ing the solutions with the standard full order commercial software COM-
SOL Multiphysics 5.2 ones.

Moreover, the performances about the computational time have been
highlighted with respect to the full order FEM approach. Hence, the pro-
posed FE-ROM results are in very good agreement with the COMSOL ones
and a faster computational time is observed.

Going further, the TX problem involving a 11x11 PMUTs arrangement
has been successfully studied, applying a proper focusing actuation tech-
nique. Indeed, the pressure propagation has been focused in a neighbor-
hood of the focal point P at 5.5λ, along the transversal vertical acoustic
axis of the system, passing through the center of the array. Indeed, the
pressure interaction among different transducers in the near-field has been
described and the pressure history at the focus P has been predicted.

Moreover, The RX phase of a PMUTs cluster has been successfully sim-
ulated, as well. In this case a orthogonal sinusoidal incoming plane wave
has been adopted as background pressure field. The voltage outputs on the
piezoelectric electrodes have been computed together with the scattered
pressure at the corresponding PMUTs centers, showing the near-field inter-
action effects.

Furthermore, the novel approach represents a suitable tool to study beam-
forming, focusing problems and correctly simulate the RX phase involving
several PMUTs.

Additionally, the MOR technique implies a dof per selected PMUT
mode, consequently the total number of dofs are basically related to the
size of the FE acoustic domain and no limits in the number of transducers
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occur. Moreover, the piezoelectric eigenvalue problem is solved once for
all and the acoustic and piezoelectric meshes are kept independent so that
the considered modes are simply mapped at the PMUTs sites, therefore the
solution time hugely speeds up.

Future developments are oriented to study the acoustic cross-talk prob-
lem in the pulse-echo scenario, in which a set of transducers are driven to
transmit the pressure propagation while the remaining ones are receiving
the reflected pressure waves and to compute the far-field pressure response,
out of the FE domain, by means of proper integral techniques.
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CHAPTER8
Conclusions and Future Work

The goal of the present work was the modelling and simulation of the
PMUT devices. To this purpose the physical working principles and the
state of art of this technology were initially studied and presented. Further-
more, the mathematical formulation of the coupled piezolectric-acoustic
problem was derived and applied to describe the dynamical behaviour of
the system in the transmitting and receiving phase. Several numerical mod-
els were proposed and built to properly study the different involved prob-
lems in the working of this innovative transducers. In Chapters 4-5-6-7 a
different PMUT problem was described and solved by means of appropriate
numerical techniques and models.

The response of the in-air coupled array of PMUTs was successfully
analysed and compared to the stand-alone one. The presence of fabrication
induced residual stresses, which determine a non-linear initial deformed
configuration of the diaphragms and the a substantial fundamental mode
frequency shift, was taken into account. The quality factor of the vibrating
diaphragm was obtained by means of the coupled thermoacoustics-lossy
pressure model, in which the dissipative fluid thermal and viscous prop-
erties were considered. The numerical results show a satisfactory agree-
ment with the experimental data. Moreover, the 3D 4x4 numerical model
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was used to carry out the acoustic analysis compared with the stand-alone
transducer performance.

Several applications of this technology require the presence of a pro-
tecting structure against the external agents. To study the effects of the
package on the transmitted pressure propagation, a 3D FEM model was
adopted in which a linear elastic brass package was considered. Hence, the
acoustic-structure interaction does not only involve the transducers but the
protecting structure, as well. Hence, different holed configuration results in
different pressure lobes, related to the activated package vibration modes.
Therefore, the complete design of the transducer must take into account the
elastic properties of the protecting structure, in accordance to the required
radiation pattern and application.

The carried out experimental campaign, on the in-air PMUTs, showed
the non-linear dynamic behaviour over a certain actuation voltage thresh-
old and the influence of the DC bias voltage on the fundamental frequency
and the starting performing deformed configuration. Indeed, the system
vibrates in a amplitude modulation regime, in which the stiffness varies
with the displacement amplitude. Two numerical models were presented to
successfully solve the TX problem at two scales. The former correctly sim-
ulates the non-linear hard-spring/soft-spring behaviour of the single fluid-
coupled transducer, under the effects of the residual stresses and the im-
posed DC bias voltage. The latter represents a good tool to simulate the
array acoustic response, avoiding the long and computationally expensive
non-linear transient numerical analyses. In fact, a simplified acoustic 3D
model with piston-like vibrating transducers was adopted, in which the en-
forced input velocities time histories were extracted from the previous large
displacement electro-mechanical-acoustic coupled analyses.

Ultrasound medical applications deal with large array of transducers.
To properly model and simulate the in-water performance of the device, a
large array analyses are required. Hence, to overcome the standard full or-
der computational difficulties in producing solutions in a rather fast time,
a novel piezoelectric-acoustic ROM was derived and implemented into a
Fortran custom code, in which the dofs are basically related to the size of
the acoustic FEM domain. The comparison with the standard full order
FEM approach shows faster computational time and very accurate results.
Indeed, the solution strategy represents a suitable technique to simulate the
in-water large array behaviour in the TX and RX phases. Therefore, the
11x11 PMUTs array focusing TX and the 7x7 cluster of PMUTs RX prob-
lems were properly studied.

Summarizing, the main novelties of the presented dissertation are:
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1. The simulation of the in-air dissipative electro-mechanical-thermoacoustic
dynamic behaviour of the transducer with the residual stresses.

2. The study of the in-air array of PMUTs performance compared with
the stand-alone transducer one.

3. The study of the effects of the protecting package structure on the
performances of the in-air array of PMUTs.

4. The simulation of the non-linear dynamic behaviour of the transducer
under the effects of the residual stresses, the DC bias voltage and the
coupled fluid.

5. The order reduction and the simulation of the in-water large array of
PMUTs problem in the TX and RX phases.

In the end, further developments and future work are related to the ex-
tension of the MOR numerical technique to the non-linear dynamic regime,
to study the acoustic cross-talk problem in the combined TX-RX phase,
to solve the acoustic far-field problem in the TX phase, to design a proper
transducers arrangement in accordance to the required pressure propagation
and application and implement the pulse-echo procedure employed in the
imaging reconstruction to fully simulate the ultrasound scan.
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