PoOLITECNICO DI MILANO
School of Industrial and Information Engineering
Master of Science in Mathematical Engineering

7, A
iy

Numerical analysis for a model of faults in an
elastic medium: direct and inverse algorithms

Advisor: Prof. Paola F. ANTONIETTI
Co-Advisor: Prof. Elena BERETTA

Candidate:
Sara Francesca Pichierri Matr. 899850

Academic Year 2019-2020






A zia Angelina






Acknowledgments

Ringrazio di cuore la prof. Antonietti, relatrice di questo progetto di tesi, per avermi
sostenuto in ogni momento di difficolta e per essere stata sempre presente nonostante
I’emergenza sanitaria. La ringrazio anche per tutti i sorrisi che le sue bimbe mi hanno
donato durante le chiamate Skype.

Ringrazio la prof. Beretta per essere stata una correlatrice costantemente disponibile,
per il suo grandissimo apporto di conoscenze e di esperienza, per la sua pazienza e la
precisione dimostratemi durante tutto il periodo di stesura.

Al termine di questo lungo percorso, faticoso, pieno di soddisfazioni ma anche di delusioni,
il mio ringraziamento piu grande va alla mia famiglia, a Fausto, a mamma e a papa. Il
mio alloro oggi ¢ il vostro, perché mi avete accompagnato durante tutto il mio percorso
educativo, con supporto morale e materiale e fiduciosi che le mie scelte sarebbero state
giuste. Grazie perche siete stati il mio porto sicuro, le braccia che mi hanno sempre
donato conforto anche quando le mie scelte non erano giuste. Grazie per aver gioito con
me e pit di me per i successi e i traguardi che ho raggiunto. Grazie mamma e papa
perché avete saputo vivere i vostri figli come potenziale e non come proprieta.
Ringrazio anche tutto il resto della mia famiglia, i miei nonni, i miei zii e i miei cugini, che
hanno sempre saputo donarmi illimitato affetto, stima e fiducia, nonostante i chilometri
di lontananza.

Un ringraziamento sincero va alle mie amiche di sempre, a Eleonora, a Veronica e a
Stefania. Descrivere a parole il bene immenso che vi voglio ¢ difficile, siamo cresciute
insieme e conoscete meglio di chiunque altro le mie debolezze e i miei punti di forza.
Grazie per essere state piu che sorelle, il mio pilastro e il mio punto di riferimento. La
nostra amicizia non teme né distanze ne tempo.

Grazie ai miei compagni del liceo, con i quali ho mantenuto un meraviglioso rapporto di
amicizia. Grazie a Francesca, Agnese, Maria Chiara e a quei cuoricini di Marco, Antonio,
Piergiorgio e Ivano. Sono felice di condividere con voi questo traguardo del mio percorso
di istruzione, perche ne siete stati una parte fondamentale.

Infine, come non ringraziare la mia seconda e numerosissima famiglia, quella del Martinitt,
il campus che ha reso la mia esperienza universitaria indimenticabile. In particolare un
grazie alla mia amica Alessandra: siamo arrivate insieme a Milano dalla lontana Puglia e
da allora non ci siamo piu separate. Grazie per essere stata la persona piu vicina a me in
questi ultimi sei anni, grazie per le serate insieme, sia quelle in discoteca, sia quelle sul
divano a vedere serie TV. Grazie per avermi ascoltata e supportata in ogni situazione e
per essere stata la spalla su cui piangere nelle giornate piu difficili.



Grazie anche a Emanuele, Fabio T., Gandi, Chiara, Lorenzo, Federico, Anita, Mimmo,
Peppe, Christian, Tigre, PM, Perrino, Stefano, Ettore, Vizz, Peluso, Silvia, Cristina,
Marta, Scintilla, Riccardo, Andrea C., Fabio R., Polipino, Valerio, Dario S., Dario Z.
e tanti tanti tanti altri. Nominarvi tutti sarebbe davvero impossibile, ma sappiate che
ognuno di voi, nel momento in cui ha messo piede al Martinitt, ha contribuito a creare
ricordi e momenti che saranno sempre scolpiti nel mio cuore.

IT



Abstract

The thesis deals with the analysis and implementation of numerical algorithms for
fault reconstruction in geophysical applications. We represent a portion of the Earth’s
crust as a bounded elastic body with a buried fault surface, along which slip occurs.
A discontinuous Galerkin method is analyzed for the direct problem, presenting both
theoretical and numerical results. In the second part of the work, we establish uniqueness
for the problem of determining simultaneously the fault surface and the slip field from
boundary measurements and we prove a theoretical stability estimate. Finally, we propose
a reconstruction algorithm and we confirm its efficiency with numerical tests.
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Introduction

Inverse boundary value problems appear every time we want to determine internal
properties of a medium (e.g. conduction, sti ness, density) from observations on its
boundary. Such problems lie at the heart of scienti c progress and technological
development and have applications in medical imaging, nondestructive testing of materi-
als, seismology, underground prospection to mention but a few.

The mathematical modelling of theforward problem, that is of the data formation
process, is based on partial di erential equations (PDES) or systems of PDEs.

The inverse problemthen consists in reconstructing the unknown parameters or sources
in the PDE from boundary measurements of the solution of the PDE itself. In general,
these parameter estimation problems are highly nonlinear and ill-posed in the sense
of Hadamard (cf. [1]): small errors in the data may cause incontrollable variations in
the unknowns. This feature makes an analysis of these instabilities crucial, in order
to get reliable reconstructions. In view of the many applications, this leads to the
search of appropriate methods to contain such instability. One way is by introducing
mathematically suitable but physically relevant, a-priori assumptions on the unknown
parameters so that one can mitigate the ill-posedeness, for example restricting the class
of admissible parameters to a subset of a nite dimensional space.

Here, we consider the two dimensional version of amverse problemwith applications

in geophysics related to a model of buried faults in the Earth crust, see for instance [2],
[3] and [4], and we analyze the slip conditions between di erent subduction zones, as
in Figure 1. More precisely, the physics of our problem is modeled using the equations
of elastodynamics, which have been massively investigated due to their capability to
simulate seismic scenarios. Thirward problemconsists in nding the elastic displace-
ment in the Earth's crust induced by the slip along the fault, while theinverse problem
consists in determining the fault and the slip on the fault from measurements of the
surface displacement, see [5], [6] and [7] . An accurate solution of theerse problem
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Introduction

has become more and more important in order to anticipate and possibly prevent the
damages of large earthquakes.

Figure 1: Example of subduction zones. Image taken from [8].

One fundamental step towards the solution of thenverse problemis the generation

of accurate synthetic data from the forward model that are as close as possible to the
true" data. For this reason, in this thesis we start studying the static equations of the
linear elasticity system in itsforward form. An important de nition to be introduced

in the context of problems with faults is certainly the one of transmission conditions at
subdomain interfaces, which allow to reformulate a boundary value problem in a multi-
domain formulation. There are several heterogeneous domain decomposition methods
that can be developed within this context (cf. [9] and [10]). To discretize the elasticity
equations supplemented with the interface conditions, di erent numerical schemes like
Finite Di erences, Finite Elements or Spectral Element Methods (SEM) can be exploited.
In particular SEM (see [11]) are based on high-order Lagrangian interpolants and are well
suited for parallel computations, that are mandatory for three-dimensional problems. On
the other hand, they can lead to a large computational e ort. For this reason, nowadays
it is preferable to use discontinuous Galerkin (DG) methods which combine the features
of the nite element and the nite volume framework. DG methods received considerable
interest for hyperbolic, elliptic and parabolic problems arising from a wide range of
applications, in electrodynamics, elastodynamics, uid mechanics and plasma physics,
see [12] and [13].



Introduction

Figure 2: Piecewise continuous functional spaces.

Discontinuous Galerkin methods were rst proposed and analyzed in the early 1970s.
However jump penalization in the modern sense were developed gradually and thanks
to the earlier in uential contribution of Babu2ka, J.-L. Lions, Joachim Nitsche and
Milo2 Zlamal, see for instance [14], [15], [16] and [17]. Like the Continuous Galerkin
(CG method), the DG method is a nite element method formulated relative to a weak
formulation of a particular model system. Unlike traditional continuous schemes that
are conforming, the DG method works over a trial space of functions that are only
piecewise continuous, as in Figure 2, and thus often comprise more inclusive functional
spaces. Moreover DG methods have the advantage to be locally conservative, stable and
of high-order accuracy. They are suitable for irregular meshes with hanging nodes (see
Figure 3) and approximations that have polynomials of di erent degree in di erent ele-
ments. DG methods are proved to be particularly well suited also for dealing with cracks
phenomena, which is our case of interest. Indeed, unlike the continuous formulation, the
interior-penalty discontinuous Galerkin method allows to incorporate the transmission
conditions directly in the semi-discrete scheme, cf. [18].

Such interface problems, yielding discontinuous solutions across the interface, can be
naturally analyzed in the DG setting simply by modifying the interior penalty DG
numerical uxes accordingly and without alterating the order of accuracy of the method
as explained in this work.
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Figure 3: Non-conforming and irregular meshes.

The thesis is organized as follows: in Chapter 1 we present therward elastostatic
model applied to homogeneous domains without a crack. We study the well-posedness
of the weak formulation for the continuous problem and we explain in details how the
numerical scheme is derived. Then, we prove that the solution approximated with the
DG method converges to the true" solution and we show aa-priori error estimate,
that is con rmed by the numerical experiments.

In Chapter 2 we present the system of PDEs for the linear elasticity model applied to
heterogeneous domains with a crack. We report some results about the existence and
uniqueness of the solution for the interface problem, according to the regularity of the
slip eld on the fault. Then, we slightly modify the DG method in order to treat the
interface conditions, we study the well-posedness of the new scheme and we develop a
theoretical error analysis con rmed by the numerical results.

In Chapter 3 we introduce theinverse problem we study its uniqueness property and we
prove a Lipschitz stability under suitable assumptions on the fault and on the slip eld.
Finally, we propose a reconstruction algorithm for the determination of the unknown
parameters and we report some veri cation tests.



Chapter 1

The elastostatic problem

1.1 The mathematical model

We introduce the mathematical model for the elastostatic problem in an open bounded
domain R?, with Lipschitz boundary @ and outward normal unit vectorn. The
boundary is assumed to be composed of two portionsy 6 ;, which is closed and where
the displacement vectoru is prescribed, and 5 where an external load applies. We
assume that p and y are disjoint, i.e. p\ §y =; andthat @= [ . Onthe
Dirichlet boundary p the medium is rigidly xed in the space and on y we prescribe
surface tractions.

The problem reads as follows: nd the medium displacement: ! R? such that

r _(u=f in ;
(U D (W=0 Iin ;
u=gp On p;

_(Un=gy on y;

(1.1)

wheref 2 L?() is a given source termgp 2 H%( D), Oy 2 H %( n) are the Dirichlet

and the Neumann boundary conditions, respectively.

We have employed the standard notation for the Sobolev spaces, see [19]. More pre-
cisely, given the standard spacé?() , H™() , m 0, we set byL?() = [L3() %
H™() = [H™() J? and L?() = [L%() ]gynz, H™() = [H™() ]§y,§ their vectorial and
tensorial counterpart, respectively. Each space is endowed with its usual norm, see [20].



The elastostatic problem

Note that with r a we represent the divergence of an arbitrary tensa@ in 2 dimensions,
i.e.

The second equation in(1.1) is the Hooke's constitutive law that relates the strain tensor

(u) = ;(r u+ru'; (1.2)

to the stress tensor_ through the 4" order sti ness tensorD, de ned as follows:
D(u=2 _+ trQ)l; (1.3)

where and are the rst and second Lamé parameters, respectively, and where we
suppose that , 2 L' () . However, an equivalent description (see [21]) can be obtained
with the coe cients' pair made of the Young modulus E) and the Poisson ratio ():

— E . — E .
S @a 2)a+ ) 21+ )

In the de nition (1.3), tr( )" is the trace operator,] 2 R? 2 is the identity tensor and
D is symmetric, strictly convex and uniformly bounded over , i.e.

X X X
9 Do;Dy such that: 0< Do X2 XijDja X D1 X§ (1.4)
B ijik;l ]

forany 2 2 symmetric matrix X 6 Q:

In the case of a homogeneous and isotropic material, the assumption of strictly convexity
on D turns into the following conditions on the Lame coe cients:

> 0 + > 0
or, equivalently, into a condition on the Young modulus and on the Poisson ratio, namely:
1
E> 0 1< < =
2
From now on, we will make use of the following notation:

a b=ab ab2R;

6



1.1 The mathematical model

1.1.1 The weak formulation

In order to write the weak formulation of the elastostatic problem(1.1), we suppose
without loss of generality homogeneous Dirichlet boundary conditions. Multiplying the
rst equation in (1.1) by a smooth enough test functiorv and integrating over we get:

z z
(r _(u) vdx= f vdx:

Now, using the Green's formula and the boundary conditions, we have :

z z z
(r _(w) vdx=_(u): _(v)dx (_(u)n) vds=
z Z z@
=  _(u):_(v)dx (_(u)n) v ds (_(u)n) v ds
We can employ the Neumann boundary conditions and it follows:
z z z
_(u): _(v) dx ((u)n) vds= f vdx+ hgy;vi ,:

where we indicate withh; i  the duality pairing on H %( n ). Imposing that
v =0 on p, the second integral on the left-hand side cancels.
We de ne the Sobolev space (cf. [19]):

Hs ()= fu2HY(): u=0on pg
The variational formulation reads: nd u 2 Hé; , () such that
B(u;v)= F(v) 8v2Hg () (1.5)

where the bilinear formB(; ): Hg. . () xHg () ! Ris dened as:

Z
B(u;v)= _(u): _(v) dx;

7



The elastostatic problem

and the linear functional F () : H(l); ,() ! Risgiven by:

z

F(v)= f vdx+ hgy;vi 8v2Hi () :

N

From now on we will endow the spacél é; , () with the following norm:

iviing o =iir viieg 8v2Hg () : (1.6)

Notice that this is a norm in Hé; () thanks to the following Lemma (cf. Teorema 8.2
in [22]):

Lemma 1. (Poincare inequality). Let be a bounded Lipschitz domain. i 2 H(l); O
then there exists a constan€p such that:

iujjzgy  Celir ujjizq) :

Problem (1.5) is well posed and admits a unique solution. The details will be presented
in the next section.

1.1.2 Existence and uniqueness of the weak solution

Theorem 1. Letf 2 L?() be a given source term and legy 2 H %( n ), then there
exists a unique solutioru 2 Hé; - () which satis es problem(1.5).

Proof. To simplify the notation, we dene V := Hcl,; . () . The proof of Theorem 1
follows directly from Lax-Milgram theorem (see [23]). More preciselfd.5) is well posed
provided that the following properties are satis ed:

A

B(; ) is continuous overV V, i.e.
9 M > OsuchthatjB(u;v)] Mijjujjv jjViiv;

where the norm is the one de ned in (1.6).

" B(; ) isV-coercive, i.e.
9 > OsuchthatjB(u;u)j  jjujj:

8



1.1 The mathematical model

The linear functional F () is continuous overV, i.e.

9 > Osuch thatjF(u)j jjujjv:

We start by proving the continuity of B( ; ), exploiting the assumptions orD (strong
convexity and uniform boundedness) and th® oincare inequality of Lemma 1:
z Z w z

X2
ij (U) 5 (v) dx = Diw w(u) j(v) dx C k(U) w(v) dx
k;l=1 k=1

Cii_(Wiiezgy I-MWiiczg Ciir ulizqy Jir Vviiezg = Cjujivijvijv:
We next show the coercivity ofB( ; ):

z z z
B(u;u)= _(u): (u)ydx= D_(u): (u)ydx Do _(u):_(u)dx

Do jjuiiy = ijuii¥;
where we have used the strict convexity of the sti ness tens@ and the following Korn's
inequality (see [24]):

y
9 > Osuchthat _(u): _(u)dx  jjujjZ 8u2V:

Finally, the continuity of the linear functional F (') follows directly from its de nition, the
hypothesis of regularity on the sourcé and the datag, and using theCauchy-Schwarz
inequality (cf. [25]):
z
JF(V) jEovjdx+ jhgy;vip  Jivijv:

]

Note that, even if it is not a necessary hypothesis of Theorem 1, it can be proved by
simple algebraic manipulations that the bilinear formB ( ; ) is also symmetric:

Z Z X2
_(u): (v) dx = ij (U) 5 (v) dx
i =1
Z 32 Z 2
= (ru) g §(v)+2 5 (u)j(v) dx= (r u)i(v)+2 5 (u)j(v) dx

ij =1 ij=1



The elastostatic problem

Z X2 Z XZ
= i(U)(r v)+2 i (u) (v) dx = (rv) i U2 (v)j(u) dx
i =1 ihj =1
j i j
= _(v):_(u)dx:

1.2 Discrete approximation

1.2.1 Mesh partitions and nite element spaces

To analyze the discrete approximation, we consider a famiff,;0<h  1g of shape-
regular partitions of into non-overlapping trianglesk, such that = [ ko1, K.

For a given meshT,, as the one shown in Figure 1.1, we de ne the granularith =
maxgzr, hk with hx = diam(K):

Figure 1.1: Example of a shape regular triangular discretization of a rectangular domain.

We collect all the interior faces in F,. Here a face 2 F, is de ned in such a way
that there exists two adjacent elements off,: K*, K , such that = @&*\ @& .
Similarly we gather all the faces belonging to the Dirichlet and Neumann bound-
ary in Fp and Fy, respectively: Fp = f : 9 K such that @&\ pg and
Fv = f 9 K such that @\ ng. Implicit in this de nition there is the as-
sumption that the mesh respects the decomposition of the bounda® ; i.e., any face
belongs exactly either toFp or Fy.

For an integers 1, we de ne the Broken Sobolev spaces:
HS(Th) = fv2 L%(): vjk 2 H3(K) 8K2Thg;

10



1.2 Discrete approximation

and the brokennorms: «

ijjjﬁs(Th) = ijjjﬁS(K);
K2T y
e ..2 — X s ..2 . N fI'D'N .
IVIL2@F) = Iy, 1T=THDIN G
2F i

We will use the following notation for their vectorial and tensorial counterpart in two
dimensions:

HE(Th)sdi dinsenysdi Biceeys BTl iwserysdi Biceeys = fEDN g
For an integerr 1, the discontinuous nite dimensional space is given by:

V= fvn 2 L3(): Whjk 2 P(K) 8 K2Tyg;

whereP' (K) is the space of polynomials of total degreede ned on K. We setV| =V, ]?
and Vi =[Vi 13,2

1.2.2 Trace operators

In order to deal with piecewise discontinuous functions we need suitable trace operators.
Let 2 F, be an interior face shared by two element&™ and K of Ty, and letn*,

n be the unit normal vectors on pointing outward K* and K , respectively (see
Figure 1.2). On we de ne the averageand the jump operators for regular enough
vector-valued and tensor-valued functions and _ as:

1
fvg= Z(vi +v );
vg 2(V Vo),
VK=v"® nt+v n:

1, _
ffg_ é(f +_ )1

JK= "n*+ n;

(1.7)

respectively, wherev n=(vnT + nvT')=2

Note that the jump operator is de ned using normal unit vectors and thus transforming a
vector-valued into a tensor-valued function and viceversa. In the numerical scheme, this
de nition is preferable to the most common one JvK= v* v " because it involves a
sum instead of a di erence and we can exploit its commutative property.

11



The elastostatic problem

In particular, it allows the operator to be independent on the numbering of the elements
( K™ and K ) when implementing the code.
Analogously, if an edge is on the boundary of the domain,2 Fp [F \, we set:

fvg=v";

VK=vVv" n;
(1.8)

f g=_";

J K= _"n:

1.2.3 Discontinuous Galerkin nite element method

In this section we derive the variational formulation for DG methods, supposing the
following assumptions: is a bounded convex polygon ifR? and the Cauchy stress
tensor is strictly convex, uniformly bounded as ir(1.4) and Lipschitz continuous on .
For example, if the Lameé parameters are constant, we can write:

0 1 o0 10 1
11 +2 0 11
%) 22§ = % +2 0§ %) 22§ . (1.9)
12 0 0 12
Moreover, without loss of generality, we suppose homogeneous Dirichlet and Neumann
conditions. It is always possible to treat the most general case exploiting the linearity of
the problem (cf. [26]).
Note that we are assuming and D to be su ciently regular so that we posses the
following regularity: u2 H™() , forsomem 2and_2H™() , for somem 1, since
we will need to write the trace of the Cauchy tensor average and we will make use of
a duality argument for the error analysis. However, it is also possible to show similar
results, relaxing some of these hypotheses and using di erent technical tools. We will
analyze it in detail in Chapter 3, when discussing the interface problem.
We multiply the rst equation in (1.1) by a test functionv 2 V|, integrate over a generic
K 2 Ty, integrate by parts as in the variational formulation (1.5) and sum over every
K2 T, to obtain:
z x Z x Z
_(u): (v) dx (_(u)n) vdx= f vdx: (1.10)

KoT, K KoT, & KoT, K

12



1.2 Discrete approximation

Note that the integrals are computed on each triangle of the mesh; in particular, this
means that in the second sum on the left in equatio(l.10), the integrals over faces are
calculated twice for those elements that share an edge (see Figure 1.2), each one with its
respective normal vectom® andn .

Figure 1.2: Example of two adjacent elements.

In other words, we can also rewrite this term as a sum over the internal and the Dirichlet
boundary faces; it turns out that:
z x Z x Z
(_(un)vdx = CW'n*)vi+(_(u) n )v ds+ (_(u)n) v ds:

koT, & 2F, 2F b

Then using only the de nition of the average and jump operators as i(l.7) and (1.8),
we get:

Z ! Z

(') vi+(_(uyn) v ds+ § (_(u)n) vds=
2F 2F p
z x Z
= f_(u)g: vKds+ J (UK fvgds: (1.12)
2F | [F o 2F,

The proof of the magic formula (1.11) is postponed below, see Section 1.2.4.

Since we are supposing that the solution 2 H?() , the second integral of(1.11) is
null because the termJ_(u)Kis zero. We remind the reader that we are still deriving a
discrete scheme for the elastostatic probleifi.1) without a crack, in which we assume
that both the solution and the stress are continuous through all the interior elements of
the mesh. This implies that we can also add extra integrals containing the null terduK

13



The elastostatic problem

without modifying the problem we want to solve.

For example, we can add the term R JuK: f_(v)gds "in the sum over the edges in
order to maintain the symmetric form of the original problem.

Moreover, it can be proved that a null integral of the form R JuK: JvKds " ensures the
stability of the numerical method, without altering the symmetry. Generally speaking,
is a stabilization function, that might depend on the discretization of the domain. We
introduce the following de nition for the penalization parameter 2 L! (F, [F p):

2
j = 5% 8 2F,[F p; (1.12)

where is a positive constant to be properly choserh is the size of the meshr is the
polynomial degree andD = (jD%jg)% with | j, is the operator norm induced by the
I2-norm on R2.

Even without a rigorous proof, that can be found in [27], we can morally understand
how the parameter entails a stabilization of the method, as it penalizes" the jump of
the continuous solution. Having an increasingly re ned mesh, i.eh! 0, increases
forcing the jump of u to become close to zero. This is also the reason why the method is
calledinterior-penalty  discontinuous Galerkin, cf. [28] and [29].

We obtain the following bilinear form:

Z Z

X X
A(u;v) = _(u): _(v) dx f_(u)g: JvKds (1.13)
Kot K 2F | [F b
Z X z
JuK:f_(v)gds + JuK: JvKds:
2F[F b 2F[F b

Recalling the de nition (1.8) of the jump and average operators on a boundary face, we
de ne:

x Z
F(v)= Kf v dx: (1.14)
K2T y,

Finally, the discrete problem reads as follows (cf. [30] and [31]): ndy 2 V|, such that:

A(un;vp) = F(vh) 8vh2Vy: (1.15)
When non-homogeneous Dirichlet and Neumann conditions are considered, the bilinear

14



1.2 Discrete approximation

form A(; ) does not change, whereas the function&l( ) becomes:

x £ x Z X _
F(v) = f v dx g ((v)n v) ds + hgy;vi - (1.16)

k2T, K 2F b 2F y

1.2.4 Proof of the magic formula

We present an excursus to demonstrate thmagic formula that we used to derive the
discontinuous Galerkin method.

We report the formula and then we show with some manipulations that the term on the
right hand side (rhs) is equal to the one on the left [hs):

z

X
((W™n*) vi+( (un) v ds+ (_(un) vds=
2F, 2F b
Z x Z
= f_(u)g: vKds+ J (U)K fvgds:

Proof. First, separating the integrals over the internal and the Dirichlet faces and using
the de nition of the jump and the average operators for a boundary edge, we can rewrite
the rhs as:

z |

: z
f_(u)g:IvK+ J (U)K fvg ds+ * (_(u)n) v ds:

2F 2F p
Thus, we want to prove that:

A X Z
(C(W'n*)y vi+(_(u) n) v ds+ (_(u)n) vds=

2F, 2F p

! Z

' X
f_(u)g: WK+ J (UK fvg ds+ (_(u)n) v ds:
2F, 2F p

z

This implies that we are only left to prove the following statement for any 2 F,:

z

Z H
(C(W™n*) vi+(_(u n) v ds= f_(u)g: K+ J (U)K fvg ds:

15



The elastostatic problem

We will show that the rhs is equal to thelhs above, using the de nitions of jump and
average and the fact thatn* = n

4 !
f_(u)g: WK+ J (UK fvg ds=

z . ! z N
(W) ;(u) (v n"+v n)ds+ ((uW'n*+_(u) n )(V ;V

)ds=

! . .
v) nt ods+ ((u)nt+ (un) (1Y

2

Z Wy
2

+

(v ) ds:

Now we can employ a general property of the tensor product:

X2 X2 X2
a:(b c)= aj(b ) = a; bic; = a; Cjb; = (ac) b;

i =1 =1 =1

and modifying accordingly the rst integral, we get:

vt + v
2

Z + : z
_(u) ;(U) nt (vt v )ds+ ((u)'n*+ (u) n) (

) ds =

Z ! 1
_ S () M () F e (V) A (C) R
= 5 n" v > n“ v ds+

z

(Wt _(u) n) (

vt +v

> ) ds =

B (1) () O (1) PR (1)

2 2 2 v 2

nt v +

+_ (W'n? \% + _(u'n’ + (U n \% + (u) n V. o ds=

v
2

z :
R ()

nt v'+
2

_(u) _(u) VA
2 2

+ + + -
n v _(uw)'n >

16



1.2 Discrete approximation

A Vv _
_(u) n - + _(u) n - ds=
d !
= (C(W'n*)y vi+(_(u) n) v ds
that is equal to the Ihs and the proof is complete. ]

1.2.5 Well-posedness and error analysis

In this subsection we are interested in showing the well-posedness of the discrete problem
(1.15) and giving a quantitative estimate of the error between the continuous solution of
problem (1.5) and the discrete solution solving (1.15).

From now on, we will use the notationx . y to represent the inequalityx Cy, where

C is a generic positive constant.

We setf\/[, = V| + H?(T,) and we introduce the following norms:

iivhiids = iDZ_(vi)iilery + i 2VnKiZoe k) 8Vn2 Vi

jiivaiid = iiveide + i 2 _(va)giie o) 8Vh2 Vi (1.17)

where we have indicated withD z the square root of the4™ order tensorD, i.e. there
exists a tensorT such thatD = T T with T the adjoint operator of T and T = D:z.
It can be shown that these two norms are equivalent oX |, meaning that :

jivalio i Vhilioe - Jivhiioe 8 Va2 Vi (1.18)

While the rst inequality follows directly from the de nition of the two norms, the second
one is not so trivial (cf. [12]) and is based on a trace-inverse inequality on the polynomial
spaceV :

Before discussing the error estimates for the methdd.15), we state its well-posedness
and some preliminary results.

17



The elastostatic problem

Lemma 2. (Well-posedness). Problen{l.15) admits a unique solution, provided that
the stabilization parameter in (1.12) is chosen large enough.

Proof. We rst show that A(; ) is continuous w.r.t the norm(1.17)in VL. This implies
that the same result holds true using thgj jjpg norm with functions in V7, thanks
to the equivalence relation of the normg1.18). Then we will prove that A( ; ) is also
coercive w.r.t. thejj jjpec normin Vy,.

Continuity on ¥/ :

AUV . dijufiipeiiviios 8 uiv2 ¥y

Let u;v 2 ¥/, then:

x Z X z
JA(U; V)] _(u): _(v)dx + f_(u)g:JvKds +
k2T, K 2F | [F b
X z X z
+ JuK:f_(v)gds + JuK: vKds :
2F([F b 2F[F o

Using the Cauchy-Schwarz inequality and the de nition of thg] jj pg norm we get:

X £ x X £ x x
(1) = i (U) i (v)dx = Dij () j (v) dx
KoT, Kij=1 k2T, Kij=1ki=1
Z 1 1
jD2_(u)jjDz_(v)j dx jj ujijoe JijViiioe:
KoT, K
z x Z
() = f_(u)g:vKds = %2 _(u)g: Y2IvKds
2F | [F b 2F | [F b
0 1,50 1i1=2
O 2 A @ X ik A -
i _(Wdijtz( | I Y, VT =
2F\[F o 2F\[F o

i WG icer o) B WKL F o) i Ulilos fii vilios:

18



1.2 Discrete approximation

Analogously, for the third term:
0 1,0 14

X } X
() e i T_(v)diit, A @ i TRkt A =
2F|[FD 2F|[FD

=j *_(v)g iLe(riIF o) i 1=2JUijL2(F|[F ) il Ujjios JiiVijios:
Finally, we estimate the fourth term with:

0 1120 1=

X X
(v) @ i TPWKjiZ A @ i FRKjiz A =
2F|[FD 2FI[FD

r

Coercivity on V

A(Vh;Vh) & jjvhiidc 8vh,2V/:

Recalling the de nition of A('; ), we have:

o s x 7 X o
A(Vn;vn) = ID7_(Vh)iiter,) 2 f_(vh)g: vhke I 7 WnKite
2F | [F p 2F | [F p

We next estimate the second term on the right hand side:

Z
f_(vh)g:vpK

2F | [F p

i PG v o) BT VK e o)

.. _ . 1. .. .
é” =2 (vn)g JJE2(F|[F o)t 2*]] 1_2JVhK”EZ(F|[F 0)

where we have used the Cauchy-Schwarz inequality and the following Young's
inequality:

ab §a2+ 21b2 fora 2 (0;1):
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The elastostatic problem

If w is a piecewise polynomial, we can also use the following trace-inverse estimate:

Wiz y - ﬁJJWJJLZ(K) 8 2&X 8 w2 P'(K): (1.19)

Using the above estimate, the fact that (v,) 2 V| and the de nition of the
penalization parameter as in (1.12), we obtain:

o ) X ho.o ;

i g it o) 7D _(vngiiEs
2F|[FD
h r2 x . 1=2 2
—zp D D _(vVhiitake k)

K2T

1. .. ..
=D (Vh)iiZer,y:
Hence, it follows that:
A(Vh;Vh)

DY (viiifer,y I TRt E o)t @ D) i PPWVeKif e o)

C .. . . 1. .. .
(1 =)D vh) ity + @ )i PPVeKjifae, o)

where in the last step we have exploited the arithmetic-geometric inequality, for
any 2 (0;1).
Finally we can choose such that both (1 1) and (1

€) are positive, bounded
away from zero and such that

4C, in order to obtain:

1. .- . 1.
AWhive) 5 BIDYZvh) lifzm, + 5

5 i1 WKL 1 o) = Slivaiibe:

which shows the coercivity orV |,

Continuity of the linear functional F()onVjy.

. 0 15,0
x .e ..2 A @X
fvdx @ fjjiey,
K2T

110
ijijZ(K)A
kot K Th
0 1i1=2
.. .. X .. ..2 ' .. .. ..
ey @ -MWiitzao” - difliceen,iiviios:
K2T y
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1.2 Discrete approximation

where we have used the Poincaré inequality for piecewise functionsHr, cf. [32],
together with Korn's inequality.

Now, using the Lax-Milgram Lemma (see [23]), the proof is complete.

In the following, we present some useful results to prove the error estimates.

Lemma 3. (Strong consistency). The exact solutiom satis es the discrete problem, i.e.

Z
A(u;vp) = vy 8vh2Vy: (1.20)

Proof. Here we consideu as the solution of the boundary value problen(l.1) in  with
homogeneous Dirichlet and Neumann conditions. From the integration by parts and the
Magic Formula (1.11), we get:

z x Z x Z
_(u): (v)dx = (r _(u) vdx+ f_(u)g: vKds

KT, X Ko, K 2F | [F p
X Z
+ J (WK:fvgds 8v2HYT:
2F,
SinceJ_(u)K= 0 on each interior face and (r _(u)) = f, the above expression becomes:
Z x Z Z
_(u): _(v) dx f_(u)g:IvKds= f v dx 8v 2 HY(Th:
Ko, K 2F | [F p
Notice that JuK= 0 on each interior face andluK= u = 0 on each boundary face
contained in p. Thus, we can also write:

z x Z x Z
_(u): _(u) dx f_(u)g: vKds f_(v)g:JuKds
Ko, K 2F | [F b 2F | [F b
x Z z
+ JuK wK=f vdx 8v2HYT);
2F | [F b
that is
A(u;v)= F(v) 8v2HYT):
In particular, we obtain (1.20) because/|, H?(T): m
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The elastostatic problem

From the consistency of the method and by a simple argument of linearity, the following
Lemma holds:

Lemma 4. (Galerkin orthogonality, cf. [33])
A(u up;vp)=0 8v,2Vy:

This property can be interpreted as the orthogonality between the approximation error
u up and the spaceV | with respect to the scalar productA( ; ) in V|. This means
that uy, is the function in V| that best approximates the exact solutioru in the energy
norm.

Before stating the error estimates, we need to provide a bound fgjru hUjljpc and
we will make use of the followinghp-approximation:

Lemma 5. (cf. [34] and [35]) Letv 2 H®(K) and _ 2 H3(K), for somes > 1 and
for eachK 2 Ty,. Then, there exists a sequence of operatorsy v : L3() ! V| and
he 'V | forr =1;2;: such that:
hmin(r+1 iS) g

v RViika) - g iVilksasy 0 g s;
hmin (r+l1;s) 1=2
jiv nVilL2(a) - Tijvjos(K);

hmin(r+1 iS) g

i h_diHaK) - (s q I dins ) 0 g s
hmin(r+1 ;s) 1=2
- hditz(e) - Tjjfjos(K):

The hidden constant is independent om;_; h;r but depends on the shape-regularity &f
and on the material properties.

Lete=u ru and recall the de nition of the jj jj pg norm:

and de ne (1), (1), (1) the terms on its right hand side.
We can now estimate the rst term with Lemma 5 and we get:

h2min(r+1;s) 2“ s
(1) . s 2z WWeeemy: (1.21)
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1.2 Discrete approximation

For the second term, we use again Lemma 5 to obtain:

r2 X , r2 h2min(r+1;s) 1__ - h2min(r+1;s) 2__ -
any. — HQH%@)-‘H“?Eff4*HWHPUm=“‘?g?f‘ﬂu”H%mﬁ(Lza
K2T y,

Analogously, for the term (I1l) we can write:

r2 X - r2 h2min(r+1;s) 3" - h2min(r+1;s) 4" .
M) @it - s WUl = —— s Wullnem):
K2T 1,
(1.23)
Summing on the previous bounds, we obtain:
pmin(r+1is) 1 -
jiiu - hulios - 5z —liliinem): (1.24)

The error analysis of the method shows that the solutiony, converges tou when the
error is measured in the norn(1.17) or in average. The error estimator for linear elastic
analysis can also be showed when any combination of Neumann and Dirichlet boundary
conditions are admissible in the formulation, see for instance [36], [37] and [38].

The estimates are contained in the following theorem:

Theorem 2. Suppose that the exact solution 2 H?() \ HS(T,); for somes 2. If
the parameter appearing in the de nition (1.12) of the stabilization function is chosen
su ciently large and uy, is the solution obtained with(1.15), it holds:

hmin(r+1 s) 1

jjlu  Unjjpe - ﬁjjujos(Th); (1.25)
N N hmin(r+1is)
Ju-Unjfzg - rsiﬂJJUJJHS(Th); (1.26)

wherer = mingor, (rg) and h = maxor, (hk).

Proof. In order to prove Theorem 2, we will assume, for simplicity, that the mesf, is
quasi-uniform and thatry = r 8K 2 Ty,. Let [u 2 V| be de ned as in Lemma 5. Now
using all the previous results, we obtain:

i hu o unjids - A( hu up; Lu up) (Coercivity on Vi ;Lemma?2)
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The elastostatic problem

. A( Ru u; pu uy) (Consistency as in (1.20)
i hu uiiios fii hu  uniios (Continuity on ¥ ;Lemma2)
. ji hu  Ujiipc Ji LU upjipe (Norms equivalence oV )

Recalling the triangle inequality:
jju unjioe Ji U Rujips +]i KU Unjipe;
we get
jju  unjios - jiju  Rujjjos:
Now using (1.24) we have:

) B hmin(r+1;s) l__ .
Ju - Unlioe - g WUl

and the proof of the rst estimate is complete. The bound is optimal irh and sub-optimal
in r by a factor r=2 (cf. [39]).
The estimate for theL 2-error can be obtained using a duality argument and the elliptic
regularity, i.e.

Uiz - difiizg 812 L2() :

For the sake of simplicity, we will consider the case of homogeneous Dirichlet boundary
conditions, i.e. y = ; and gy = 0: Thus, we denote withV the spaceH}()= fv 2
HY(): v =0o0n@ gand with (; )L2() the scalar product in L2() : Let u be the
solution of Problem (1.5), i.e.

nd u 2V suchthat: B(u;v)=(f;v) 2, 8v2V;
and uy, the DG solution of Problem (1.15):
nd up 2 Vi such that: A(up;vi) = (f;vn) 2y 8vn 2 Vi
Finally, we introduce the so-calleddual problem 8 g2 L?()

nd = (9)2V suchthat:B(v; )=(g;v).z, 8Vv2V;
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1.2 Discrete approximation

and analogously thediscrete dual problem 8 g 2 L?() ;
nd = n(9) 2 Vysuchthat: A(vh; 1) =(0:Vh)2) 8Vh2 Vy:
In our caseA( ; ) is symmetric and the followingadjoint consistency property holds:
A(vp; )=(g;vh) 8vh2Vy: (1.27)

It can be proved that a result of elliptic regularity also holds for the solution of the dual
problem, i.e.

9C>0: ji (Qiinz, Ciigiiizy 892L*) :

In particular, this is true for a polygonal and convex domain .
We choose nowg = u uy = e, as the approximation error and we denote = (e,) to
simplify the notation. Moreover, we choose, = e, and we use property (1.27) to get:

jjehjjfz() = A(en; ):

For the elliptic regularity of the dual problem, we also know that 2 H?() and
i iz Cjjenji_Lz() - Now thanks to the Galerkin orthogonality (cf. Lemma 4), we
know that A(en; |, ) =0 and we can write:

ieniifz, = Alen; )= Alen; h)
Calli enjii pa il " jiios ( Continuity of A(;)in ¥y)
Cajjienlii o rhgjj iz (Estimate (1.24) with s = 2)
Csjjj enlii pc rhgjj enjj 2(y  ( Elliptic regularity of the dual problem ):

Note that, when applying the estimate(1.24), the broken normH ?(T,) that is the sum
of the norms in each triangle of the mesh, becomes the usthf norm on the whole
domain , thanks to the additivity of the integrals. Thus, we get the following bound:

NenllL2(y Cs glll €nlll G »

and the thesis follows applying the energy norm error estimate in (1.25). ]
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1.2.6 Algebraic formulation

Following the usual argument, to ease the notation we assumg =r 18K 2Ty and
we partition the domain in M triangles and we multiply this number by the dimension
of the space of polynomials of degreeto obtain the total number N of degrees of
freedom:N = M %(r +1)(r +2), see Figure 1.3.

Figure 1.3: Degrees of freedom on a triangular mesh.

We introduce a basisf( 1; 2)g, i = 1;::;N, for the nite element spaceV|, and we
express the solutioru;, as a linear combination of the shape functions:

X
un(x)= (U )+ U2 #(x)):
i=1
Here U = (U} U3 UL U2 U250 UR) is the vector of suitable coe cients which
constitute the solution of the linear system associated to our problem:

AU = F: (1.28)

This system derives from the variational formulation(1.15), substituting the generic test
function vy, with the basis functionsf( ; 2)g2 Vy fori=1;::;N. It results that the
matrix A can be written as the sum of four matrices associated to the four integrals in
the bilinear form (1.13), i.e.:

A=V | IT+S;

with 7
Vig = () () dx fori;j =1;::2N;
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1.2 Discrete approximation

z
lij = f (;)9:J iKds; fori;j =1;::2N;
FilFp
z
Sij = J K:J Kds; fori;j =1;::2N;
FilF o
where j= & j=1;:uNand ;= 7 j=N+1;:2N:

Analogously, the vectorF on the right hand side of the systen(1.28) arises from the
functional (1.14), substituting the test function vy, with the basis ofV{, so that:

z z z
Fi= f dx g (i) n i) ds+ Oy ids; fori=1;:;2N:
Fpb

Fn

Note that we can also write the linear systen{1.28) highlighting each component of the

solution eld, namely: 0 10 1 0 1
Al AZ Ul Fl

i\ CRC-R € (1.29)
A3 A% U2 F?

where each block of the matrix can be decomposed in the following way:
Al=v' 11 ahT+8h forl=1;:4

Now, let us analyze in details which integral every block matrix represents, in order to
describe the implementation of the code for the Discontinuous Galerkin scheme.

As seen before, the integral related to the matri¥ is de ned as: fori;j =1;:::;N

z eile!, @@}

'l (= )@X@x @y @y X

£ @fe!, efe!

2 — :
Vi @y @x @x @y o
VA 1 1
. @@, @je? ..
Vi @y@x @x@y o
w§=z (+2)@7@F, @f@f

@y @y @x @x
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The elastostatic problem

Observe that, for the matrix I and S, we need a slightly di erent argument, because
we want to discretize integrals over edges. This means that we have to di erentiate the
integrals according to the fact that we are considering an internal or a border edge.
Fori;j =1;::; N it holds that:

x £ . x £ ..
SL = jroitds; si=sd=0; Si= OB ds,
2F[F b 2F[F p
and
z 1+ Z 1+ !
X 1 @y | 1 @Y
I (+2)n} ) Tds+ S n; ’ Tds
1) 1 [F o 2( ) 1 @X i 2 2 @y i
. !
2=~ }n+z@j2+ 1‘”ds+}n+2@j2’+ I ds
i = 2 1 @y 2 2 ox ' ’
2F | FF o y
Z 1+ Z 1+ !
X 1 : 1 L
13 = - nj Q@ Z*ds+ = n} @ Z*ds
2F | [F b 2 @y 2 @x
VA 2+ Z 2+ !
X 1 . 1 . .
I3 = ;g Q@ Zds + Z( +2 ) @ Z* ds
2F | [F b 2 @x 2 @y

where =1;2; depending on whether is an interior or boundary edge, respectively,
andn* =(nj;n3)T is the unit outward normal of the elementK™* .

Next, we consider the case where is an internal edge, meaning that there exists a
neighbouring element oK* (we can call itK ) such that = @ \ @ .
For these cases, there are some further contributions to add:

z z
st= [ ds si=si=0; Si= F Fds
and
Z &1L Z 51
1 @ . 1 @ 1.
1L = S +2)m é B ds + 5 Ne 7((i®y B ds;



1.2 Discrete approximation

1 & 1 S,
i=gn: gy i BTN g i
Z 1 Z 1;
1 @" 4+ 1 @" 4
|i?}=§n1 éy Z* ds + 5 ne @Jx Z* ds;
Z 2 Z =2
1 @ 1 @
4 _ 2+ 2t e
I 5 N1 @x : ds+§( +2 ) ny éy o ds:

It is important to notice that all the arguments related to the matricesS and | are not
valid for edges on which we impose Neumann boundary conditions, as we can see from
the bilinear form (1.13). On such edges, only the matri¥ comes into play.

Finally, we remind that for non-homogeneous Dirichlet boundary conditiong, =
(o1; )7, we need to impose them weakly by adding extra terms to the vector of external

loads as follows:

(z z 1+ z 1+ !
X _ 1 @t 1 @t
F-1= ;l.,+ 2 = 2 + i - + i
T i O ds (2 )N @X91d5+ > N2 @yglds
( 4 1+ 4 1+ ")
X 1 @ 1 @
2 ~nt ! ds + = n; ! ds ;
— 2 1 @yQZ 2 2 @ng
x (z, 1 e 1 2@
2 2+ - + i - + i
Ff= . o T ds 2 > nj @ygl ds > ns; @xgl ds
( Z 2+ Z 2:+ )
X 1 @72z 1 @
2 - nj ! ds + =( +2 )nj ! ds ;
2, 2 1 @ 92 2( ) 2 @ygz
fori=1;::;N:
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The elastostatic problem

1.3 Numerical results

In this section we illustrate some numerical results for the elastostatic problem with both
Dirichlet and Neumann conditions on a square domain=(  1;0) (0;1) with uniform
and constant Lamé parameters. For each test we report the data of the simulation, the
computed errors as well as the computed convergence rates, showing that the optimal
accuracy of the error is achieved, according to the theoretical bounds of Theorem 2.

1.3.1 Example 1

In the rst test we choose the Lame coecients =1 and =0:5 and the components
of the exact solution as:
ui(x;y) = € cosfy);

Us(X;y) = sin(x) cos(y):

Thus, the source term becomes:
3 )
fi(xy) = E(COS(X) sin(y) € cosf));

fo(x;y) = 2sin(x) cosfy) + ge?‘ sin(y):

Notice that the manufactured solution has been chosen id®°() , foranys 2. We
tested our method on a sequence of meshes with granularity= [0.0627, 0.0314, 0.0157].
For this test, we have set three sides of the square domain as Neumann boundary and
the remaining one as Dirichlet boundary, as in Figure 1.4.

Figure 1.6 shows the computed errors in the?() and DG norms as a function of the
mesh sizeh (log-log scale). Figure 1.6.a shows that, unddr-re nement, the L?() -norm

of the error converges to zero at the optimal rat®©(h'*'), wherer is the polynomial
degree, here chosen as= 1. Similarly, Figure 1.6.b displays that for theH() -error,
the rate of convergencé®(h") is achieved.

Finally, Figure 1.5 shows the two components of the computed vector solution using the
Discontinuous Galerkin method on a grid of granularityh = 0:0157
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D

Figure 1.4: Boundary conditions on the computational domain.

(a) First component of the solution us. (b) Second component of the solutiorus.

Figure 1.5: Example 1. Plot of the computed solution on a grid with granularity
h =0:0157(3 levels of re nement).
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(&) Computed errors in the L >-norm versus the (b) Computed errors in the H 1-norm versus
mesh sizeh. the mesh sizeh.

Figure 1.6: Example 1. Computed errors versus the mesh sikhglog-log scale).

1.3.2 Example 2

In the second test we choose the Lame coe cients=1 and =2 and the components
of the exact solution as:
u; = €sin(2y);

u, = €sin(2x):

Thus, the given source term becomes:
f1=(8 2 5)sinRQy) 6eYcos(2x);

f,=(8 2 5)sin(@2x) 6e*cos(2y):

In this test, the exact solution has been chosen iH®() , for any s 2 and mixed
boundary conditions have been used, as in the previous example. In Figure 1.7 we report
the plot of the computed solution with its components, on a grid of granularityh = 0:0157
Again, the polynomial degreer is equal to 1, so that we achieve the optimal rate of
convergenced(h?) and O(h) for the L?() and the DG norm of the errors, respectively,
as shown in Figure 1.8.
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(a) First component u; of the solution. (b) Second componentu, of the solution.

Figure 1.7: Example 2. Plot of the computed solution on a grid with granularity
h =0:0157(3 levels of re nement).

(@) Computed errors in the L >-norm versus the (b) Computed errors in the H 1-norm versus
mesh sizeh. the mesh sizeh.

Figure 1.8: Example 2. Computed errors versus the mesh sibg(log-log scale).
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Chapter 2

The elastostatic problem with a
fault

2.1 The mathematical model

Now we focus on the case where we have a fault in an elastic medium. We consider
an open bounded domain R? , with Lipschitz boundary @ and outward normal
unit vector n. The fracture is considered to be a 1-dimension&l'! manifold, i.e.

R with n the normal unit vector and it is a straight interface. For the sake of
the numerical analysis, we will consider the prolongation of until the boundary of the
domain, such that it divides into two subdomains ; and ,, as in Figure 2.1. The
boundary is assumed to be composed of two portionsp 6 ;, which is closed and where
the displacement vectoru is prescribed, and y where an external load applies.

Our goal is to nd the medium displacementu : ! R? such that:

r (u=f in n;
(u) D(uW=0 in n;
u-= gD on p,;

_(un=gy on y;

+

(2.1)

JuK=¢qg, n° on ;

J (WK=gqg; on ;

wheref 2 L?() is a given source termgp 2 H%( D), Oy 2 H %( N), o 2 H%() and
g; 2 H %() : The strain tensor_ and the stress tensor_are de ned as in(1.2) and (1.3)
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Figure 2.1: The subdomains ; and , separated by the interface .

and we employed the de nition of the jump operator as in (1.7).

From an analytical point of view, we have di erent results of well-posedness based on the
regularity of the slip eld q,, as showed in [40] and [41]. In all the cases, it is assumed
that the traction is continuous along the fault, i.e.q, = 0:

We know by [41] that there exists a unique distributional solutioru 2 H z () \H®( n)

of the boundary-value/transmission problem (2.1), for> Oands < 1.

The second result is obtained by assuming that the dislocation surfacecan be extended
to a closed Lipschitz, orientable surfac& and that g, 2 H éo() , meaning thatq, can

be extended by zero irSn to a function &, 2 H %(S) :

8
2 . .
Qo(x); ifx2
Go(x)= _ 2.2)
70; ifx2Sn

Without loss of generality, we suppose homogeneous Dirichlet boundary condition, i.e.
dp = 0. With all these assumptions, the authors in [42] were able to prove that there
exists a unique weak solutioru 2 Hé; o ( n) to Problem (2.1).

2.2 The Discontinuous Galerkin formulation

In order to derive a DG formulation for the problem with a crack inside the elastic
medium, we consider to be a bounded convex polyhedral domain iR? and we assume
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that D is symmetric, strictly convex and uniformly bounded over , as in (1.4), and

piecewise constant over mesh-elements. Moreover, we require a regular enough slip eld

0, to have the solutionu 2 HS(T,)\ H?( n) ; for somes 2.

Without loss of generality, we suppose throughout the whole analysis homogeneous

Dirichlet and Neumann conditions, i.e.gp = 0 and gy = 0: We also assume that the

traction is continuous along the fault , i.e. q; = 0.

As before, we consider a quasi-uniform triangulation, i.emaxgor, hx . mingar, hy;

where hy, denotes the diameter of each triangle and we assume that the grid is aligned

with . As a result, we can construct a one-dimensional discretization ofcontaining

only those vertices of the triangleK 2 Ty, that lie on the interface; the same procedure

is applied to generate the discretization of the boundar@= [ . Note that, for

the analysis of the discrete formulation, we will consider the prolongation of until the

boundary of the domain@ as in the dashed line of Figure 2.1. We collect the interior

faces in F, and the Dirichlet and Neumann boundaries in Fp and Fy, respectively,

as in Chapter 1. Note that, for the sake of the analysis, we will not consider the faces on
belonging toF,:

Given all the aforementioned assumptions, we can now proceed to formulate a new DG

scheme for the interface problem. The aim is to add again null terms in the bilinear form

A(; ), dened in (1.15), but separating the integrals along a generic interior face 2 F,

and the ones that lay on the crack , on which (JuK g, n*)=0.

What results is the following approximate problem: nduy, 2 V|, such that

A(up;vh) = F(vp) 8vh2V; (2.3)
where: ¥ Z « 7
A(u;v) = _(u): _(v) dx f_(u)g: vKds
K2T 2F [F ol
z X z
JuK: f_(v)gds+ JuK: JvKds;
2F[F ol 2F[F ol
x £ x < x <
F(v) = f v dx go n*:f_(v)gds+ Qo N* :JvKds;
koT, K 2 2

and the penalization parameter is de ned as in (1.12).
When we have non-homogeneous boundary conditions, the bilinear form does not change
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and the linear functional becomes:

x £ x Z X _
F(v)= f v dx o (L(v) n v)ds + hgy ; Vi
k2T, K 2F p 2F \
x £ x £
qo Nn*:f_(v)gds+ o N* :JvKds:
2 2
Observe that the bilinear form is consistent with(1.15). A(; )= A(; ) if = ;,i.e. no

interface is present. The interface conditions, that correspond to the last two equations
in (2.1), appear in the right-hand side of the new scheme. In particular, the two terms
on the rhs read as:

x £ . x £ .

o n" :f_(v)gds+ gy N :JvKds;

2 2

need to compensate the following terms on thids:
z x Z

JuK: f_(v)gds+ JuK: vKds;
2 2

which is no longer zero over as in problem (1.1).
At the algebraic level, we will only need to modify the right hand side of the linear
system, adding the new terms. Using the notation of Section 1.2.6, we get:

Z Z
Fi= f dx Qo (L( #) n i) ds; fori=1;:;2N;

or, equivalently, for g = (qox; Gby)" andi =1;::; N:

X (z 1 y4 @ 1+ 1 Z @ 1+ )
Fl= L+ ooy ds ~( +2 )nt ! ds + = n?} ! ds
| 5 | Cbx 2( ) 1 @X ODX 2 2 @y q)X
( z 1+ Z 1+ )]
X l + @ i’ l + @ i, .
) > N1 @yqoyds > N2 @XbedS ;
(z Z 2+ Z 2+ )
X i+ 1 + i 1 + i
F2= Z* gy ds 5ni @@bede+2n2 @@quxds
2
( Z o+ Z o2+ )
X 1 + @ i, 1 + @ iY
) é n 1 @X ODy dS + 2( + 2 ) n2 @y be ds
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2.2 The Discontinuous Galerkin formulation

2.2.1 Well-posedness and error analysis

For the sake of the analysis, we write Probleni2.3) in the following equivalent form:
nd up 2 VL

A(un;vh) = F(vh) 8vp 2 Vy; (2.4)
where ¥ Z 7
A(u;v) = _(u): (v)dx+ _(u):R(VK dx
ko, K
z X z
+ RUK:_(v) dx + JuK: JvKds; 8u;v 2 Vy:
2F[F ol

HereR():L%(F, [F p) !V [ is the lifting operator of the traces of2 2 symmetric
tensors de ned as:

z X z
R(JwK : _(v) dx = JwK: f_(v)gds 8v 2 Vi: (2.5)
2F[F ol

Note that, despite formulations(2.3) and (2.4) are equivalent at the discrete level, for-
mulation (2.4) is not strongly consistent with the continuous problem due to the discrete
nature of the lifting operator (2.5).

We de ne the spacef\/:] = V| + H!(T,) and endow it with the following DG norm:

- X .. 1 .. D X o1 ) I‘.
iiviioe = iiDZ_(WjiZag + i 2KiZ, 8v2l (26
K2T p 2F[F bl

We next show the following result and refer to [43] for its proof.

Lemma 6. [43] For anyv 2 VL it holds:

. } 1 X .
iR (VK22 . = i 2Kz y;
2F [F pl

where is the constant appearing in the de nition of the penalty function, cf(1.12).
The well-posedness of the DG formulation (2.4) is established in the following Lemma.

Lemma 7. (Well-posedness). Problen{2.4) admits a unique solution, provided that the
stabilization parameter in (1.12)is chosen large enough. Moreover, the semi-discrete
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approximation depends continuously on the data, i.e.
jiujioe « ifiiLzg) * idoliLz)

Proof. Using the standard arguments together with Lemma 6, it can be easily proved
that:
A(V;V) & jiviipe
A(v;w) . JivijocliWijipe
for all v;w 2 f\/L: Thus, the bilinear form A" is continuous and coercive in the spac‘é[].
We are left to show that the functionalF () is also continuous ianL and then we can

employ Lax-Milgram Lemma (see [23]). To this aim by the Cauchy-Schwarz inequality
we get:

_ . ox £ x £ x £

iF (V)] f vdx + go n*:f_(v)gds + o N* :JvKds:

koT, K 2 2
We analyze the three terms separately and we use the regularity required foand q,:
0 1 1=2 0 1 1=2 O 1 1=2
X oo A Xoooo A - X oA
(1) @ ifiiizg® @ iviigegy® - ifiizg @ §Wiite

K2T 1, K2T 1, K2T 1,
. Jifliczgy liviioe;
where we have used Poincaré inequality for piecewise functionsHr, cf. [32], together
with Korn's inequality:

For the second term we use the trace inequality (cf. [19]) and we obtain:

. 0 1,,0 1.5
X . X ‘s X P
()= o n*:f_(v)gds @ jigy, nYjiie A @ jif _(V)giiiz(
2 2 2

0 110 112
X - X " A

@ jigo nYiiieyA @ jiD_Wiifekk
2 K2T 4,

i 9o N itz ID_(V) Jiczer,y - iviios:
Finally, we estimate the third term with:
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2.2 The Discontinuous Galerkin formulation

0 1120 1=

x . + - x .. = .
() @ Jjigg n* iz A @ jj PPWKjii A =
2 2

=jide n" iz i FRWVKjizy - iviive:
Summing up over three bounds, the proof is complete.

O

It is easy to see that, since the exact solution of Problem (2.1) belongs toH?( n ),
it satis es:

A(u;vp) = F(vy) 8vhp2Vy;

so formulation (2.3) is strongly-consistent. On the other hand, formulation2.4) is not
strongly-consistent, so we have to deal with the consistency error and introduce the
residual bilinear form, before stating an error bound, see [44] and [45].

Lemma 8. Let Ru(; ): VL Vi ! R be the residual de ned as:

Rn(v;w) = A(v;w) A (v;w) 8v2 VL;SWZ Vi (2.7)

Then, for any v such that_(v) 2 H*5(T,), for somes 1, it holds:

iRo(viw)j  hmin(+1s)

w 2V{; w60 ijijG rs

H_(WiiHsmy); (2.8)

Proof. From the de nition of the lifting operator R in (2.5) and denoting by
o:L?() 'V [ the L2-orthogonal projection ontoV}, we can write the residualRy( ; )
as:

Y4 z

Rp(v;w) = X f_(v)g:JwKds R(JwK : _(v) dx
2F [F ol 7 7
= f_(v)g:JwKds R(IwWK @ o(_(v)) dx
2F |>[(F bl z
= f_(v) o(_(v))g: JwKds:
2F [F ol

From the Cauchy-Schwarz inequality we have:

RAVW) i 2WHKj e e ory Bi 2F_(V) oL iiLzE ol
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where is the penalty parameter function de ned as in(1.12). By adding and subtracting
f hL(_(v))g, where | is dened asinLemma 5, we obtain:

Ro(viw)j i 2WKiLee, e ory di 2F (V) RCONGIE e o)+

+it COV) oG o)

1
2

=(To+ T2 2WKjL2E, o)

The term T; can be bounded based on employing the interpolation estimates of
Lemma 5:

X h2min (r+1;s)

Ty i (v) f LL(V))QJJEZ(@()- rzTJL(V)JJHS(K)i

K 2Th K2T

For T, from the trace inverse inequality(1.19), the de nition of the L2- projection and
together with its continuity and interpolation estimates of Lemma 5, we have:

X .. 1 r ) 1 X .. r 2
T,. izt nv)  oL)iite@x) - —  0if (V) o(L(V))diiT 2k
K2T p, K2T 4,
1 X ) Y 11X Y
=— gt ool nCAV))  (VDGiitek) - —  IIf RC(V))  _(Viiz«
K2T y K2T y,

1 X p2min(r+ls) L
- . TJJJV)JJHS(K)Z
h

Summing up the two contributions, we get:

JRn(v;w)j .

N|=

X h2min (r+1;s) X thin (r+1;s)

rszjf(V)jos(K) + rTJ'L(V)J'J'aS(K)
K2T K2T y,
!

i ZWKiCEE or )

N[

X h2min (r+1;s)

Wik

o1 .
-l 2‘]WmLZ(Fl[F ol) r

K2T y
|

N

X p2mineels)
. jiwjioe Wit
K2T
(2.9)
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2.2 The Discontinuous Galerkin formulation

where in the last step we have used the de nition of the DG norm if2.6) and the fact
that: jj ZWKjLer,ir or) i Wiloe:

From (2.9) we can divide everything byjjwjjpc, W 6 0, take the supremum over
w 2 Vi;w 6 0 and the proof is complete. m

We will also need the following Strang Lemma for the analysis.
Lemma 9. (Strang Lemma, cf. [46]). Consider the problem:
findu 2V : a(uv)=F(v) 8v2V;

whereV is a Hilbert space with normjj jjv, F 2 V%is a bounded, linear functional oV
anda(;):V V! Risa continuous and coercive bilinear form. Suppose also to have
an approximation of the before-mentioned problem of the form:

findunp2 Vh. an(un;vh) = Fn(vh) 8 V2 Wy,
wherefVy,;h > Og is a family of nite dimensional spaces anda,( ; ) is a continuos
bilinear form on V, V, and is uniformly coercive onV,, i.e.
an(Vn: V) jivaiZz 8 Vh 2 Vi, for a positive

Suppose thatf, is a linear and continuous functional onV,,. Then, there exists a unique
solution uy, for the approximate problem and

Fn(vh).
Vh 2 Vy nf Og ” thjV .

Jiunjiv

Moreover, the following a-priori error estimate holds:

) ) M ) 1 ith(vh)  an(u; vh)j
u u 1+ — inf jju w + — su — ;
- Unllv oy I Wl R iVaiiv

whereM is the continuity constant of the bilinear forma( ; ).

Now using the well-posedness of proble(2.4) (cf. Lemma 7), the strong consistency of
formulation (2.3) and Lemma 9, we obtain the following abstract error bound.

Lemma 10. Let the penalty parameter of Problem (2.4) be su ciently large. Then,
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the following estimate holds:

N . P N JRh(u; w)j
u u . inf jju v + su —_—, 2.10
Ju - Unlios - Jof U Vlloe + L SUR T wiine (2.10)
whereRy( ; ) is the residual de ned in (2.7).
We have now all the technical tools, so we can state the main result for the error analysis.

Theorem 3. Suppose that the exact solution 2 H%( n )\ HS(T,) and _(u) 2 H5(Ty),
for somes 1. If the parameter appearing in the de nition (1.12) of the stabilization
function is chosen su ciently large anduy, is the solution obtained with(2.3), it holds:

hmin (r+l;s) 1 hmin (r+1;s)

JjuUnlioe - g Uk + I (Wlheey: (2.11)
Proof. We recall the abstract bound (2.10) in Lemma (10):

o Ro(v: W)
u u . inf jju  Vijjpe + TiiWiioe
J) hlloG V2V . loe w 2vi;we0 JJW]Jpc

and we start to bound the rst term on the right-hand side. Note that we can still exploit
Lemma 5 and in particular the estimateq1.21) and (1.22). So we obtain that, fors 2

o L y pmin(r+1is) 1
inf jju Vijope Jl U RUjibe - ——gam—liUjiHsm): (2.12)
V2V r

Finally, the following bound for the second term:

iRo(viw)j ~ hmn(+19

w2vi:weo JJWjjpe rs

H_()iins

follows directly from the inequality (2.8).
Summing all the previous bounds, the proof of Theorem 3 is complete.
[

To obtain an a-priori estimate in theL?() -norm, we need more regularity of the solution,
in order to use a duality argument. Therefore, we assume that, D, the fault and
the slip eld g, are su ciently regular so that u 2 H*( n ) . The dual problem with
the given sourceg 2 L?() is also well posed and its unique solution satis es the
following elliptic regularity: 2 H?( n );_( )2H( n ), jj inz( vy - digiiLz and
I_( iins¢ ny - lidlizy - The following bound holds.
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Theorem 4. We assume that the gridl}, is quasi uniform. Letu, 2 V| be the DG
solution obtained with a penalty parameter appearing in (1.12) su ciently large. Then,

hmin (r+1;s) !

o Uiyt S Wiy (2.13)

ju unjizg - s

Proof. We solve the dual problem as if{1.27) with g= u uy and for any , 2 V| we
obtain:

fju unjifzy =AC;U up)= A( U up) =

AT hyU Un)+ Rp( h,u  Up)
) hlipcliu  Unjipc + Rn( hiUu  Up):
Moreover, thanks to the de nition of Ry, in (2.7) and the continuity of A( ; ) we get:

Rn( hu up)= R hu)+ Rp( ;u  up):

Next, using Lemma 8 we have:
N N N L N hmin(r+1:s) N . N
ju unjife i niipe iU Unliog + 5l (Wiins( ny hiioe
Ok ay v Unlioe;
and by the elliptic regularity of the dual problem:
N o N L N hmin(r+1:s) N N N
Iu Unjigey - i o iU Unliog + 5l (Wlins( ny hiioc +
+FJJU UnJJL2(y) JU  Un)JpG:
Choosing = [( ) we can use estimatg2.12) with s = 2;r = 1 and the elliptic
regularity and we obtain:

) hlloG - gll Bhz¢ ny - EJJU UnllL2() -
Combining the above bounds, we have:

i} - h.. o o pminGeLspl i} )
fju uniifa - iiu Unlizg Biu Ui+ gl (Wiie ay iU Uniiczg
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that is _ !
) ) h . ) pmin(r+lis)
Ju Uiz o i Unlios * rTuf(U)uHS( 0y

Finally, applying Theorem 3 we obtain the thesis and the proof is complete.

2.3 Numerical results

In this section we present some numerical computations to illustrate the performance of
the proposed numerical scheme. In each example, we will consider a jump of the elastic
displacement through the interface and a discontinuity of the stress tensor.
We will employ two di erent geometric con gurations: a square domain=( 1;0) (0;1)
with a horizontal interface =( 1;0) f 0.2gand =( 0:8;0:8) ( 0:8;0:8) with

= [( 0:8; 0:5);(0:8; 0:1)]. In both cases we choose a sequence of grids aligned with
the crack. Figure 2.2 and Figure 2.3 show an example of the computational meshes under
3 levels of successive re nements.

(a) First level of (b) Second level of (c) Third level of
re nement. re nement. re nement.

Figure 2.2: Example 1: Domain with a horizontal interface = ( 1;0) f 0:2g.
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(a) First level of (b) Second level of (c) Third level of
re nement. re nement. re nement.

Figure 2.3: Example 2: Domain with an oblique interface = [( 0:8; 0:5);(0:8; 0:1)].

2.3.1 Example 1

In the rst example, we choose the Lamé coecients =1 and =1 and the exact
solution as: ( )
U(GY) = € cos) +1 (y>yi+ oI (x  xy));
(Xo  X1)
L(xiy) = X2+ Y241 (y>yi+ SO Yy
(Xo  X1)

where (Xo;¥o) = ( 0:8; 0:5) and (x1;y1) = (0:8;0:1) are the coordinates of the intersec-
tion of = [( 0:8; 0:5);(0:8; 0:1)] with the boundary @ , cf. Figure 2.3.

The source term is chosen accordingly, i.e.:
fi(x;y) = 2€* cosf);

fa(x;y) =2€sin(y) 8

as well as the Neumann and the Dirichlet dataonp =( 0:8;0:8) 0:8and y = @n p:

It can be easily shown that in this case the jump through the fault is constant and is
given by g, =[1;1]", whereasq, =[0;0]", meaning that the normal component of the
stress is continuous along . Figure 2.4 shows the computed solution on a mesh with
approximately 5200 elementsh = 0:0138, corresponding to 3 levels of re nement. The
computed errors using a polynomial degree= 1 is shown in Figure 2.5 as a function of
the mesh sizeh (log-log scale). We can clearly observe a quadratic (linear respectively)
convergence rate when the error is measured in the (H,, respectively) norm, as
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predicted by Theorem 3 and Theorem 4.

(a) First component of the solution us. (b) Second component of the solutiorus.

Figure 2.4: Example 1: Plot of the computed solution on a grid with granularity
h =0:0138(3 levels of re nement).

(a) Computed errors in the L >-norm versus the (b) Computed errors in the H 1-norm versus
mesh sizeh. the mesh sizeh.

Figure 2.5: Example 1: Computed errors versus the mesh sibg(log-log scale).
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2.3.2 Example 2

In this example we choose uniform Lamé coe cients =1 and =1 and the components
of the exact solution as:

ur(x;y) =sin(2 x ) + x* (y >yo);

U(X;y) =sin(2 y )+ x> (y >Yo);

whereyp = 0:2 is the y-coordinate of the horizontal interface =(  1;0) f 0:2g.
The given source term becomes:

fa(x;y) =12 2sin(2x) 6 (y>Yo);

fa(xy) =12 2sin(2y) 2 (y>yo):

and the Dirichlet boundary datum is chosen accordingly onp, @ , cf. Figure 2.2.

For this test, the vector g, = [x?;x?]" is parabolic in thex direction and we have a jump
of the stress tensor along: q, =[ 2x; 2x]".

The results in Figure 2.6 show that, as expected, the parabolic discontinuity of the
displacement in thex direction along the interface . Figure 2.6 displays both the
components of the computed solution on a mesh with granulariti = 0:0157 (that
corresponds to 3 levels of re nement). In Figure 2.7 we report the computed error in
the L, and H; norm as a function of the mesh sizé (log-log scale), obtained with
a polynomial degreer = 1. We can clearly observe a quadratic ( linear respectively)
convergence of the error when measured if tHe, norm (H; norm respectively), as
predicted by the theory.
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(a) First component of the solution uj. (b) Second component of the solutiorus.

Figure 2.6: Example 2: Plot of the computed solution on a grid with granularity
h =0:0157(3 levels of re nement).

(a) Computed errors in the L >-norm versus the (b) Computed errors in the H 1-norm versus
mesh sizeh. the mesh sizeh.

Figure 2.7: Example 2: Computed errors versus the mesh sikhglog-log scale).
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2.3.3 Example 3

In the third example we choose uniform Lamé coe cients =1 and =1 and the
components of the exact solution as:

ui(x;y) =sin(2 x )+sin(2 x) (y >VYo);

ux(x;y) =sin(2 y ) +sin2 y) (y>yo);

whereyy is the y-coordinate of the horizontal interface , denedas =( 1;0) f 0:2g:
The given source term is:

fi(x;y) =12 2sin(2x )+12 2sin(2x) (y>Yo);

fa(xy) =12 2sin(2y)+12 ?sin2y) (y >yo):

For this test, the vector g, =[sin(2 x ); sin(2y )]" is a trigonometric function in the x
andy directions and we haveg, =[0; 6 cos(2y) 2 cos(2x)]".

Figure 2.8 and Figure 2.9 show the two discontinuous components of the computed solution
on a mesh with approximately 4000 elements (granularith = 0:0157 corresponding to 3
levels of re nement) and the computed errors, respectively. We remark that again we
observe the convergence rates predicted by the theory.

(a) First component of the solution u;. (b) Second component of the solutiorus.

Figure 2.8: Example 3: Plot of the computed solution on a grid with granularity
h =0:0157(3 levels of re nement).
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(&) Computed errors in the L >-norm versus the (b) Computed errors in the H 1-norm versus
mesh sizeh. the mesh sizeh.

Figure 2.9: Example 3: Computed errors versus the mesh sikhglog-log scale).
2.3.4 Example 4

In the last experiment, we try to combine the problem with discontinuous Lamé pa-

rameters across a geometrical interface to the one with a discontinuous solution across

a dierent crack. Thus, we take the unit square domain = (0 ;1) (0;1) divided

by two faults: the horizontal interface ; = f0:4g (0;1) and the vertical interface
2=(0;1) f 0:5g, as shown in Figure 2.10.

(a) First level of (b) Second level of (c) Third level of
re nement. re nement. re nement.

Figure 2.10: Example 3: Domain with two interfaces: ; = f0:4g (0;1) and the
vertical ,=(0;1) f 0:5g.

We choose:
= =1; ifx<Xp
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= =2; ifx Xo

and the components of the exact solution as:
ui(x;y) =sin(2 x ) +sin(2 x) (y >Yo);

ux(x;y) =sin(2 y ) +sin(2y) (y>yo),

whereyy = 0:4 is the y-coordinate of ; and xg = 0:5 is the x-coordinate of ».
The given source term is given by:

f1(x;y) =12 2sin(2x)+12 2sin(2x) (X Xo) 6 (Y>Yyo) 6 (X Xo) (Y>Yo);

fa(xy) =12 2sin2y)+12 2sin(2y) (x xo) 2 (y>Yo) 2 (X Xo) (¥>Yo):

We impose Dirichlet boundary conditions on the whole boundar@ and the datumgg is
chosen accordingly. Figure 2.11 shows the two components of the computed solution on a
mesh with granularity h = 0:0135 that corresponds to 3 levels of re nement of an initial
mesh grid with 342 elements. In Figure 2.12, as before, we report the computed errors in
the L, norm (left) and H; norm (right) as a function of the mesh sizén (log-log scale).
These results have been obtained base on employing piecewise linear polynomials, i.e.
r =1. As expected, we clearly observe a linear convergence of the error when measured
in the H, norm and a quadratic convergence of the error when measured in the norm.

(a) First component of the solution uj. (b) Second component of the solutiorus.

Figure 2.11: Example 4: Plot of the computed solution on a grid with granularity
h =0:0135(3 levels of re nement).
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