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Abstract

The thesis deals with the analysis and implementation of numerical algorithms for
fault reconstruction in geophysical applications. We represent a portion of the Earth’s
crust as a bounded elastic body with a buried fault surface, along which slip occurs.
A discontinuous Galerkin method is analyzed for the direct problem, presenting both
theoretical and numerical results. In the second part of the work, we establish uniqueness
for the problem of determining simultaneously the fault surface and the slip field from
boundary measurements and we prove a theoretical stability estimate. Finally, we propose
a reconstruction algorithm and we confirm its efficiency with numerical tests.
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Introduction

Inverse boundary value problems appear every time we want to determine internal

properties of a medium (e.g. conduction, sti�ness, density) from observations on its

boundary. Such problems lie at the heart of scienti�c progress and technological

development and have applications in medical imaging, nondestructive testing of materi-

als, seismology, underground prospection to mention but a few.

The mathematical modelling of theforward problem, that is of the data formation

process, is based on partial di�erential equations (PDEs) or systems of PDEs.

The inverse problemthen consists in reconstructing the unknown parameters or sources

in the PDE from boundary measurements of the solution of the PDE itself. In general,

these parameter estimation problems are highly nonlinear and ill-posed in the sense

of Hadamard (cf. [1]): small errors in the data may cause incontrollable variations in

the unknowns. This feature makes an analysis of these instabilities crucial, in order

to get reliable reconstructions. In view of the many applications, this leads to the

search of appropriate methods to contain such instability. One way is by introducing

mathematically suitable but physically relevant, a-priori assumptions on the unknown

parameters so that one can mitigate the ill-posedeness, for example restricting the class

of admissible parameters to a subset of a �nite dimensional space.

Here, we consider the two dimensional version of aninverse problemwith applications

in geophysics related to a model of buried faults in the Earth crust, see for instance [2],

[3] and [4], and we analyze the slip conditions between di�erent subduction zones, as

in Figure 1. More precisely, the physics of our problem is modeled using the equations

of elastodynamics, which have been massively investigated due to their capability to

simulate seismic scenarios. Theforward problemconsists in �nding the elastic displace-

ment in the Earth's crust induced by the slip along the fault, while theinverse problem

consists in determining the fault and the slip on the fault from measurements of the

surface displacement, see [5], [6] and [7] . An accurate solution of theinverse problem
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Introduction

has become more and more important in order to anticipate and possibly prevent the

damages of large earthquakes.

Figure 1: Example of subduction zones. Image taken from [8].

One fundamental step towards the solution of theinverse problemis the generation

of accurate synthetic data from the forward model that are as close as possible to the

�true" data. For this reason, in this thesis we start studying the static equations of the

linear elasticity system in its forward form. An important de�nition to be introduced

in the context of problems with faults is certainly the one of transmission conditions at

subdomain interfaces, which allow to reformulate a boundary value problem in a multi-

domain formulation. There are several heterogeneous domain decomposition methods

that can be developed within this context (cf. [9] and [10]). To discretize the elasticity

equations supplemented with the interface conditions, di�erent numerical schemes like

Finite Di�erences, Finite Elements or Spectral Element Methods (SEM) can be exploited.

In particular SEM (see [11]) are based on high-order Lagrangian interpolants and are well

suited for parallel computations, that are mandatory for three-dimensional problems. On

the other hand, they can lead to a large computational e�ort. For this reason, nowadays

it is preferable to use discontinuous Galerkin (DG) methods which combine the features

of the �nite element and the �nite volume framework. DG methods received considerable

interest for hyperbolic, elliptic and parabolic problems arising from a wide range of

applications, in electrodynamics, elastodynamics, �uid mechanics and plasma physics,

see [12] and [13].
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Introduction

Figure 2: Piecewise continuous functional spaces.

Discontinuous Galerkin methods were �rst proposed and analyzed in the early 1970s.

However jump penalization in the modern sense were developed gradually and thanks

to the earlier in�uential contribution of Babu²ka, J.-L. Lions, Joachim Nitsche and

Milo² Zlámal, see for instance [14], [15], [16] and [17]. Like the Continuous Galerkin

(CG method), the DG method is a �nite element method formulated relative to a weak

formulation of a particular model system. Unlike traditional continuous schemes that

are conforming, the DG method works over a trial space of functions that are only

piecewise continuous, as in Figure 2, and thus often comprise more inclusive functional

spaces. Moreover DG methods have the advantage to be locally conservative, stable and

of high-order accuracy. They are suitable for irregular meshes with hanging nodes (see

Figure 3) and approximations that have polynomials of di�erent degree in di�erent ele-

ments. DG methods are proved to be particularly well suited also for dealing with cracks

phenomena, which is our case of interest. Indeed, unlike the continuous formulation, the

interior-penalty discontinuous Galerkin method allows to incorporate the transmission

conditions directly in the semi-discrete scheme, cf. [18].

Such interface problems, yielding discontinuous solutions across the interface, can be

naturally analyzed in the DG setting simply by modifying the interior penalty DG

numerical �uxes accordingly and without alterating the order of accuracy of the method

as explained in this work.
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Figure 3: Non-conforming and irregular meshes.

The thesis is organized as follows: in Chapter 1 we present theforward elastostatic

model applied to homogeneous domains without a crack. We study the well-posedness

of the weak formulation for the continuous problem and we explain in details how the

numerical scheme is derived. Then, we prove that the solution approximated with the

DG method converges to the �true" solution and we show ana-priori error estimate,

that is con�rmed by the numerical experiments.

In Chapter 2 we present the system of PDEs for the linear elasticity model applied to

heterogeneous domains with a crack. We report some results about the existence and

uniqueness of the solution for the interface problem, according to the regularity of the

slip �eld on the fault. Then, we slightly modify the DG method in order to treat the

interface conditions, we study the well-posedness of the new scheme and we develop a

theoretical error analysis con�rmed by the numerical results.

In Chapter 3 we introduce theinverse problem, we study its uniqueness property and we

prove a Lipschitz stability under suitable assumptions on the fault and on the slip �eld.

Finally, we propose a reconstruction algorithm for the determination of the unknown

parameters and we report some veri�cation tests.
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Chapter 1

The elastostatic problem

1.1 The mathematical model

We introduce the mathematical model for the elastostatic problem in an open bounded

domain 
 � R2, with Lipschitz boundary @
 and outward normal unit vector n. The

boundary is assumed to be composed of two portions:� D 6= ; , which is closed and where

the displacement vectoru is prescribed, and� N where an external load applies. We

assume that� D and � N are disjoint, i.e. � D \ � N = ; and that @
 = � D [ � N . On the

Dirichlet boundary � D the medium is rigidly �xed in the space and on� N we prescribe

surface tractions.

The problem reads as follows: �nd the medium displacementu : 
 ! R2 such that

�r � � (u) = f in 
 ;

� (u) � D � (u) = 0 in 
 ;

u = gD on � D ;

� (u)n = gN on � N ;

(1.1)

wheref 2 L 2(
) is a given source term,gD 2 H
1
2 (� D ), gN 2 H � 1

2 (� N ) are the Dirichlet

and the Neumann boundary conditions, respectively.

We have employed the standard notation for the Sobolev spaces, see [19]. More pre-

cisely, given the standard spaceL2(
) , H m (
) , m � 0, we set byL 2(
) = [L2(
) ]2,

H m (
) = [H m (
) ]2 and L 2(
) = [L2(
) ]2� 2
sym, H m (
) = [H m (
) ]2� 2

sym their vectorial and

tensorial counterpart, respectively. Each space is endowed with its usual norm, see [20].
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The elastostatic problem

Note that with r � a we represent the divergence of an arbitrary tensora in 2 dimensions,

i.e.

(r � a) i =
2X

j =1

@aij
@xj

:

The second equation in(1.1) is the Hooke's constitutive law that relates the strain tensor

� (u) =
1
2

(r u + r uT ); (1.2)

to the stress tensor� through the 4th order sti�ness tensorD , de�ned as follows:

D � (u) = 2 �� + � tr (� )I ; (1.3)

where � and � are the �rst and second Lamé parameters, respectively, and where we

suppose that� , � 2 L1 (
) . However, an equivalent description (see [21]) can be obtained

with the coe�cients' pair made of the Young modulus (E) and the Poisson ratio (� ):

� =
�E

(1 � 2� )(1 + � )
; � =

E
2(1 + � )

:

In the de�nition (1.3), �tr( �)" is the trace operator,I 2 R2� 2 is the identity tensor and

D is symmetric, strictly convex and uniformly bounded over
 , i.e.

9 D0; D1 such that : 0 < D 0

X

i;j

X 2
ij �

X

i;j;k;l

X ij D ijkl X kl � D1

X

i;j

X 2
ij (1.4)

for any 2 � 2 symmetric matrix X 6= 0:

In the case of a homogeneous and isotropic material, the assumption of strictly convexity

on D turns into the following conditions on the Lamè coe�cients:

� > 0; � + � > 0;

or, equivalently, into a condition on the Young modulus and on the Poisson ratio, namely:

E > 0; � 1 < � <
1
2

:

From now on, we will make use of the following notation:

a � b= ab a; b2 R;

6



1.1 The mathematical model

a � b =
2X

i =1

ai bi a; b 2 R2;

a : b=
2X

i;j =1

aij bij a; b2 R2� 2:

1.1.1 The weak formulation

In order to write the weak formulation of the elastostatic problem(1.1), we suppose

without loss of generality homogeneous Dirichlet boundary conditions. Multiplying the

�rst equation in (1.1) by a smooth enough test functionv and integrating over 
 we get:

Z



� (r � � (u)) � v dx =

Z



f � v dx:

Now, using the Green's formula and the boundary conditions, we have :

Z



� (r � � (u)) � v dx =

Z



� (u) : � (v) dx �

Z

@

(� (u)n) � v ds =

=
Z



� (u) : � (v) dx �

Z

� D

(� (u)n) � v ds �
Z

� N

(� (u)n) � v ds

We can employ the Neumann boundary conditions and it follows:

Z



� (u) : � (v) dx �

Z

� D

(� (u)n) � v ds =
Z



f � v dx + hgN ; v i � N :

where we indicate withh�; �i � N the duality pairing on H � 1
2 (� N ): Imposing that

v = 0 on � D , the second integral on the left-hand side cancels.

We de�ne the Sobolev space (cf. [19]):

H 1
0;� D

(
) = f u 2 H 1(
) : u = 0 on � D g:

The variational formulation reads: �nd u 2 H 1
0;� D

(
) such that

B(u; v) = F (v) 8 v 2 H 1
0;� D

(
) ; (1.5)

where the bilinear formB(�; �) : H 1
0;� D

(
) x H 1
0;� D

(
) ! R is de�ned as:

B(u; v) =
Z



� (u) : � (v) dx;

7



The elastostatic problem

and the linear functional F (�) : H 1
0;� D

(
) ! R is given by:

F (v) =
Z



f � v dx + hgN ; v i � N 8 v 2 H 1

0;� D
(
) :

From now on we will endow the spaceH 1
0;� D

(
) with the following norm:

jjv jjH 1
0; � D

(
) = jjr vjj L 2 (
) 8 v 2 H 1
0;� D

(
) : (1.6)

Notice that this is a norm in H 1
0;� D

(
) thanks to the following Lemma (cf. Teorema 8.2

in [22]):

Lemma 1. (Poincarè inequality). Let 
 be a bounded Lipschitz domain. Ifu 2 H 1
0;� D

(
) ,

then there exists a constantCP such that:

jjujj L 2 (
) � CP jjr ujj L 2 (
) :

Problem (1.5) is well posed and admits a unique solution. The details will be presented

in the next section.

1.1.2 Existence and uniqueness of the weak solution

Theorem 1. Let f 2 L 2(
) be a given source term and letgN 2 H � 1
2 (� N ), then there

exists a unique solutionu 2 H 1
0;� D

(
) which satis�es problem(1.5).

Proof. To simplify the notation, we de�ne V := H 1
0;� D

(
) . The proof of Theorem 1

follows directly from Lax-Milgram theorem (see [23]). More precisely(1.5) is well posed

provided that the following properties are satis�ed:

ˆ B (�; �) is continuous overV � V , i.e.

9 M > 0 such that jB (u; v)j � M jjujjV jj v jjV ;

where the norm is the one de�ned in (1.6).

ˆ B (�; �) is V -coercive, i.e.

9 � > 0 such that jB (u; u)j � � jjujj 2
V :

8



1.1 The mathematical model

ˆ The linear functional F (�) is continuous overV , i.e.

9 
 > 0 such that jF (u)j � 
 jjujjV :

We start by proving the continuity of B(�; �), exploiting the assumptions onD (strong

convexity and uniform boundedness) and thePoincarè inequality of Lemma 1:

Z



� ij (u)� ij (v) dx =

Z




2X

k;l =1

D ijkl � kl (u)� ij (v) dx � C
Z




2X

k;l =1

� kl (u)� kl (v) dx

� Cjj � (u)jj L 2 (
) jj � (v)jj L 2 (
) � Cjjr ujj L 2 (
) jjr v jj L 2 (
) = CjjujjV jj v jjV :

We next show the coercivity ofB(�; �):

B (u; u) =
Z



� (u) : � (u) dx =

Z



D � (u) : � (u) dx � D0

Z



� (u) : � (u) dx �

� D0� jjujj 2
V = � jjujj 2

V ;

where we have used the strict convexity of the sti�ness tensorD and the followingKorn's

inequality (see [24]):

9 � > 0 such that
Z



� (u) : � (u) dx � � jjujj 2

V 8 u 2 V :

Finally, the continuity of the linear functional F (�) follows directly from its de�nition, the

hypothesis of regularity on the sourcef and the data gN and using theCauchy-Schwarz

inequality (cf. [25]):

jF (v)j �
Z



jf � v j dx + jhgN ; v ij � N � 
 jj v jjV :

Note that, even if it is not a necessary hypothesis of Theorem 1, it can be proved by

simple algebraic manipulations that the bilinear formB(�; �) is also symmetric:

Z



� (u) : � (v) dx =

Z




2X

i;j =1

� ij (u)� ij (v) dx

=
Z




2X

i;j =1

�
� (r� u)� ij � ij (v)+2 �� ij (u)� ij (v)

�
dx =

Z




2X

i;j =1

�
� (r� u)� ii (v)+2 �� ij (u)� ij (v)

�
dx

9



The elastostatic problem

=
Z




2X

i;j =1

�
�� ii (u)(r� v)+2 �� ij (u)� ij (v)

�
dx =

Z




2X

i;j =1

�
� (r� v)� ij � ij (u)+2 �� ij (v)� ij (u)

�
dx

=
Z



� (v) : � (u) dx:

1.2 Discrete approximation

1.2.1 Mesh partitions and �nite element spaces

To analyze the discrete approximation, we consider a familyfT h; 0 < h � 1g of shape-

regular partitions of 
 into non-overlapping trianglesK, such that 
 = [ K2T h K.

For a given meshTh, as the one shown in Figure 1.1, we de�ne the granularityh =

maxK2T h hK with hK = diam(K):

Figure 1.1: Example of a shape regular triangular discretization of a rectangular domain.

We collect all the interior faces
 in F I . Here a face
 2 F I is de�ned in such a way

that there exists two adjacent elements ofTh: K+ , K � , such that 
 = @K+ \ @K � .

Similarly we gather all the faces belonging to the Dirichlet and Neumann bound-

ary 
 in FD and FN , respectively: FD = f 
 : 9 K such that 
 � @K \ � D g and

FN = f 
 : 9 K such that 
 � @K \ � N g. Implicit in this de�nition there is the as-

sumption that the mesh respects the decomposition of the boundary@
 ; i.e., any face


belongs exactly either toFD or FN .

For an integers � 1, we de�ne the Broken Sobolev spaces:

H s(Th) = f v 2 L2(
) : vjK 2 H s(K) 8 K 2 T hg;

10



1.2 Discrete approximation

and the broken norms:

jjvjj 2
H s (Th ) =

X

K2T h

jj vjj 2
H s (K ) ;

jj vjj 2
L 2 (F i ) =

X


 2F i

jj vjj 2
L 2 (
 ) ; i = f I; D; N g:

We will use the following notation for their vectorial and tensorial counterpart in two

dimensions:

H s(Th); jj � jj H s (Th ) ; jj � jj L 2 (F i ) ; H s(Th); jj � jj H s (Th ) ; jj � jj L 2 (F i ) ; i = f I; D; N g:

For an integer r � 1, the discontinuous �nite dimensional space is given by:

V r
h = f vh 2 L2(
) : vh jK 2 Pr (K) 8 K 2 T hg;

wherePr (K) is the space of polynomials of total degreer de�ned on K. We setV r
h = [V r

h ]2

and Vr
h = [V r

h ]2� 2
sym:

1.2.2 Trace operators

In order to deal with piecewise discontinuous functions we need suitable trace operators.

Let 
 2 F I be an interior face shared by two elementsK+ and K � of Th, and let n+ ,

n � be the unit normal vectors on
 pointing outward K+ and K � , respectively (see

Figure 1.2). On 
 we de�ne the averageand the jump operators for regular enough

vector-valued and tensor-valued functionsv and � as:

f vg =
1
2

(v+ + v � );

JvK= v+ 
 n+ + v � 
 n � ;

f � g =
1
2

(� + + � � );

J� K= � + n+ + � � n � ;

(1.7)

respectively, wherev 
 n = ( vn T + nv T )=2.

Note that the jump operator is de�ned using normal unit vectors and thus transforming a

vector-valued into a tensor-valued function and viceversa. In the numerical scheme, this

de�nition is preferable to the most common one �JvK= v+ � v � " because it involves a

sum instead of a di�erence and we can exploit its commutative property.

11



The elastostatic problem

In particular, it allows the operator to be independent on the numbering of the elements

( K+ and K � ) when implementing the code.

Analogously, if an edge is on the boundary of the domain,
 2 F D [ F N , we set:

f vg = v+ ;

JvK= v+ 
 n;

f � g = � + ;

J� K= � + n:

(1.8)

1.2.3 Discontinuous Galerkin �nite element method

In this section we derive the variational formulation for DG methods, supposing the

following assumptions: 
 is a bounded convex polygon inR2 and the Cauchy stress

tensor is strictly convex, uniformly bounded as in(1.4) and Lipschitz continuous on
 .

For example, if the Lamè parameters are constant, we can write:

0

B
B
B
@

� 11

� 22

� 12

1

C
C
C
A

=

0

B
B
B
@

� + 2 � � 0

� � + 2� 0

0 0 �

1

C
C
C
A

0

B
B
B
@

� 11

� 22

� 12

1

C
C
C
A

: (1.9)

Moreover, without loss of generality, we suppose homogeneous Dirichlet and Neumann

conditions. It is always possible to treat the most general case exploiting the linearity of

the problem (cf. [26]).

Note that we are assuming
 and D to be su�ciently regular so that we posses the

following regularity: u 2 H m (
) , for somem � 2 and � 2 H m (
) , for somem � 1, since

we will need to write the trace of the Cauchy tensor average and we will make use of

a duality argument for the error analysis. However, it is also possible to show similar

results, relaxing some of these hypotheses and using di�erent technical tools. We will

analyze it in detail in Chapter 3, when discussing the interface problem.

We multiply the �rst equation in (1.1) by a test function v 2 V r
h, integrate over a generic

K 2 T h, integrate by parts as in the variational formulation(1.5) and sum over every

K 2 T h, to obtain:

X

K2T h

Z

K
� (u) : � (v) dx �

X

K2T h

Z

@K
(� (u)n) � v dx =

X

K2T h

Z

K
f � v dx: (1.10)
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1.2 Discrete approximation

Note that the integrals are computed on each triangle of the mesh; in particular, this

means that in the second sum on the left in equation(1.10), the integrals over faces are

calculated twice for those elements that share an edge (see Figure 1.2), each one with its

respective normal vectorn+ and n � .

Figure 1.2: Example of two adjacent elements.

In other words, we can also rewrite this term as a sum over the internal and the Dirichlet

boundary faces; it turns out that:

X

K2T h

Z

@K
(� (u)n)�v dx =

X


 2F I

Z




 

(� (u)+ n+ )�v+ +( � (u)� n � )�v �

!

ds+
X


 2F D

Z



(� (u)n)�v ds:

Then using only the de�nition of the average and jump operators as in(1.7) and (1.8),

we get:

X


 2F I

Z




 

(� (u)+ n+ ) � v+ + ( � (u)� n � ) � v �

!

ds +
X


 2F D

Z



(� (u)n) � v ds =

=
X


 2F I [F D

Z



f � (u)g : JvKds +

X


 2F I

Z



J� (u)K� f vg ds: (1.11)

The proof of themagic formula (1.11) is postponed below, see Section 1.2.4.

Since we are supposing that the solutionu 2 H 2(
) , the second integral of(1.11) is

null because the termJ� (u)Kis zero. We remind the reader that we are still deriving a

discrete scheme for the elastostatic problem(1.1) without a crack, in which we assume

that both the solution and the stress are continuous through all the interior elements of

the mesh. This implies that we can also add extra integrals containing the null termJuK,
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The elastostatic problem

without modifying the problem we want to solve.

For example, we can add the term �
R


 JuK: f � (v)g ds " in the sum over the edges in

order to maintain the symmetric form of the original problem.

Moreover, it can be proved that a null integral of the form �
R


 � JuK: JvKds " ensures the

stability of the numerical method, without altering the symmetry. Generally speaking,�

is a stabilization function, that might depend on the discretization of the domain. We

introduce the following de�nition for the penalization parameter � 2 L1 (F I [ F D ):

� j 
 = � D
r 2

h
8
 2 F I [ F D ; (1.12)

where� is a positive constant to be properly chosen,h is the size of the mesh,r is the

polynomial degree andD = ( jD
1
2 j22)

1
2 with j � j 2 is the operator norm induced by the

l2-norm on R2.

Even without a rigorous proof, that can be found in [27], we can morally understand

how the parameter� entails a stabilization of the method, as it �penalizes" the jump of

the continuous solution. Having an increasingly re�ned mesh, i.e.h ! 0, � increases

forcing the jump of u to become close to zero. This is also the reason why the method is

called interior-penalty discontinuous Galerkin, cf. [28] and [29].

We obtain the following bilinear form:

A(u; v) =
X

K2T h

Z

K
� (u) : � (v) dx �

X


 2F I [F D

Z



f � (u)g : JvKds (1.13)

�
X


 2F I [F D

Z



JuK: f � (v)g ds +

X


 2F I [F D

Z



� JuK: JvKds:

Recalling the de�nition (1.8) of the jump and average operators on a boundary face, we

de�ne:

F (v) =
X

K2T h

Z

K
f � v dx: (1.14)

Finally, the discrete problem reads as follows (cf. [30] and [31]): �nduh 2 V r
h such that:

A(uh; vh) = F (vh) 8 vh 2 V r
h: (1.15)

When non-homogeneous Dirichlet and Neumann conditions are considered, the bilinear
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1.2 Discrete approximation

form A(�; �) does not change, whereas the functionalF (�) becomes:

F (v) =
X

K2T h

Z

K
f � v dx �

X


 2F D

Z



gD � (� (v)n � � v) ds +

X


 2F N

hgN ; v i 
 : (1.16)

1.2.4 Proof of the magic formula

We present an excursus to demonstrate themagic formula that we used to derive the

discontinuous Galerkin method.

We report the formula and then we show with some manipulations that the term on the

right hand side (rhs) is equal to the one on the left (lhs):

X


 2F I

Z




 

(� (u)+ n+ ) � v+ + ( � (u)� n � ) � v �

!

ds +
X


 2F D

Z



(� (u)n) � v ds =

=
X


 2F I [F D

Z



f � (u)g : JvKds +

X


 2F I

Z



J� (u)K� f vg ds:

Proof. First, separating the integrals over the internal and the Dirichlet faces and using

the de�nition of the jump and the average operators for a boundary edge, we can rewrite

the rhs as:

X


 2F I

Z




 

f � (u)g : JvK+ J� (u)K� f vg

!

ds +
X


 2F D

Z



(� (u)n) � v ds:

Thus, we want to prove that:

X


 2F I

Z




 

(� (u)+ n+ ) � v+ + ( � (u)� n � ) � v �

!

ds +
X


 2F D

Z



(� (u)n) � v ds =

X


 2F I

Z




 

f � (u)g : JvK+ J� (u)K� f vg

!

ds +
X


 2F D

Z



(� (u)n) � v ds:

This implies that we are only left to prove the following statement for any
 2 F I :

Z




 

(� (u)+ n+ ) � v+ + ( � (u)� n � ) � v �

!

ds =
Z




 

f � (u)g : JvK+ J� (u)K� f vg

!

ds:
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We will show that the rhs is equal to thelhs above, using the de�nitions of jump and

average and the fact thatn+ = � n � :

Z




 

f � (u)g : JvK+ J� (u)K� f vg

!

ds =

Z




 
� (u)+ + � (u)�

2

!

: (v+ 
 n+ + v � 
 n � ) ds+
Z



(� (u)+ n+ + � (u)� n � ) �(

v+ + v �

2
) ds =

Z




 
� (u)+ + � (u)�

2

!

:

 

(v+ � v � ) 
 n+

!

ds+
Z



(� (u)+ n+ + � (u)� n � ) � (

v+ + v �

2
) ds:

Now we can employ a general property of the tensor product:

a : (b 
 c) =
2X

i;j =1

aij (b 
 c) ij =
2X

i;j =1

aij b i cj =
2X

i;j =1

aij cj b i = ( ac) � b;

and modifying accordingly the �rst integral, we get:

Z




 
� (u)+ + � (u)�

2

!

n+ � (v+ � v � ) ds +
Z



(� (u)+ n+ + � (u)� n � ) � (

v+ + v �

2
) ds =

=
Z




  
� (u)+ + � (u)�

2

!

n+ � v+ �

 
� (u)+ + � (u)�

2

!

n+ � v �

!

ds +

+
Z



(� (u)+ n+ + � (u)� n � ) � (

v+ + v �

2
) ds =

=
Z




 
� (u)+

2
n+ � v+ +

� (u)�

2
n+ � v+ � � � � � � � ��� (u)+

2
n+ � v � �

� (u)�

2
n+ � v � +

+ � (u)+ n+ �
v+

2
+ � � � � � � ��

� (u)+ n+ �
v �

2
+ � (u)� n � �

v+

2
+ � (u)� n � �

v �

2

!

ds =

=
Z




 
� (u)+

2
n+ � v+ + � � � � � � ��� (u)�

2
n+ � v+ +

� (u)�

2
n � � v � + � (u)+ n+ �

v+

2
�
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1.2 Discrete approximation

� � � � � � � � �
� (u)� n+ �

v+

2
+ � (u)� n � �

v �

2

!

ds =

=
Z




 

(� (u)+ n+ ) � v+ + ( � (u)� n � ) � v �

!

ds;

that is equal to the lhs and the proof is complete.

1.2.5 Well-posedness and error analysis

In this subsection we are interested in showing the well-posedness of the discrete problem

(1.15) and giving a quantitative estimate of the error between the continuous solution of

problem (1.5) and the discrete solution solving (1.15).

From now on, we will use the notationx . y to represent the inequalityx � Cy, where

C is a generic positive constant.

We set fV
r
h = V r

h + H 2(Th) and we introduce the following norms:

jjvh jj 2
DG = jjD

1
2 � (vh)jj 2

L 2 (Th ) + jj � 1=2JvhKjj 2
L 2 (F I [F D ) 8 vh 2 V r

h;

jjj vh jjj 2
DG = jjvh jj 2

DG + jj � � 1=2f � (vh)gjj2L 2 (F I [F D ) 8 vh 2 fV
r
h; (1.17)

where we have indicated withD
1
2 the square root of the4th order tensorD , i.e. there

exists a tensorT such that D = T � T with T � the adjoint operator of T and T = D
1
2 .

It can be shown that these two norms are equivalent onV r
h, meaning that :

jjvh jjDG � jjj vh jjj DG . jj vh jjDG 8 vh 2 V r
h: (1.18)

While the �rst inequality follows directly from the de�nition of the two norms, the second

one is not so trivial (cf. [12]) and is based on a trace-inverse inequality on the polynomial

spaceV r
h:

Before discussing the error estimates for the method(1.15), we state its well-posedness

and some preliminary results.
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Lemma 2. (Well-posedness). Problem(1.15) admits a unique solution, provided that

the stabilization parameter� in (1.12) is chosen large enough.

Proof. We �rst show that A(�; �) is continuous w.r.t the norm(1.17) in fV
r
h. This implies

that the same result holds true using thejj � jj DG norm with functions in V r
h, thanks

to the equivalence relation of the norms(1.18). Then we will prove that A(�; �) is also

coercive w.r.t. thejj � jj DG norm in V r
h.

ˆ Continuity on fV
r
h:

jA(u; v)j . jjj ujjj DG jjj v jjj DG 8 u; v 2 fV
r
h:

Let u; v 2 fV
r
h then:

jA(u; v)j �

�
�
�
�
�
�

X

K2T h

Z

K
� (u) : � (v) dx

�
�
�
�
�
�
+

�
�
�
�
�
�

X


 2F I [F D

Z



f � (u)g : JvKds

�
�
�
�
�
�
+

+

�
�
�
�
�
�

X


 2F I [F D

Z



JuK: f � (v)g ds

�
�
�
�
�
�
+

�
�
�
�
�
�

X


 2F I [F D

Z



� JuK: JvKds

�
�
�
�
�
�
:

Using the Cauchy-Schwarz inequality and the de�nition of thejj � jj DG norm we get:

(I ) =

�
�
�
�
�
�

X

K2T h

Z

K

2X

i;j =1

� ij (u)� ij (v) dx

�
�
�
�
�
�
=

�
�
�
�
�
�

X

K2T h

Z

K

2X

i;j =1

2X

k;l =1

D ijkl � kl (u)� ij (v) dx

�
�
�
�
�
�
�

�
X

K2T h

Z

K
jD

1
2 � (u)jjD

1
2 � (v)j dx � jjj ujjj DG jjj v jjj DG :

(II ) =

�
�
�
�
�
�

X


 2F I [F D

Z



f � (u)g : JvKds

�
�
�
�
�
�
=

�
�
�
�
�
�

X


 2F I [F D

Z



� � 1=2f � (u)g : � 1=2JvKds

�
�
�
�
�
�
�

�

0

@
X


 2F I [F D

jj � � 1=2f � (u)gjj2L 2 (
 )

1

A

1=2 0

@
X


 2F I [F D

jj � 1=2JvKjj 2
L 2 (
 )

1

A

1=2

=

= jj � � 1=2f � (u)g jjL 2 (F I [F D ) jj � 1=2JvKjj L 2 (F I [F D ) � jjj ujjj DG jjj v jjj DG :
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Analogously, for the third term:

(III ) �

0

@
X


 2F I [F D

jj � � 1=2f � (v)gjj2L 2 (
 )

1

A

1=2 0

@
X


 2F I [F D

jj � 1=2JuKjj 2
L 2 (
 )

1

A

1=2

=

= jj � � 1=2f � (v)g jjL 2 (F I [F D ) jj � 1=2JuKjj L 2 (F I [F D ) � jjj ujjj DG jjj v jjj DG :

Finally, we estimate the fourth term with:

(IV ) �

0

@
X


 2F I [F D

jj � 1=2JvKjj 2
L 2 (
 )

1

A

1=2 0

@
X


 2F I [F D

jj � 1=2JuKjj 2
L 2 (
 )

1

A

1=2

=

= jj � 1=2JvKjj L 2 (F I [F D ) jj � 1=2JuKjj L 2 (F I [F D ) � jjj ujjj DG jjj v jjj DG :

Summing up the four bounds, we get:

jA(u; v)j . jjj ujjj DG jjj v jjj DG 8 u; v 2 fV
r
h:

ˆ Coercivity on V r
h:

A(vh; vh) & jjvh jj 2
DG 8 vh 2 V r

h:

Recalling the de�nition of A(�; �), we have:

A(vh; vh) = jjD 1=2� (vh)jj 2
L 2 (Th ) � 2

X


 2F I [F D

Z



f � (vh)g : JvhK+

X


 2F I [F D

jj � 1=2JvhKjj 2
L 2 (
 ) :

We next estimate the second term on the right hand side:

�
�
�
�
�
�

X


 2F I [F D

Z



f � (vh)g : JvhK

�
�
�
�
�
�
�

� jj � � 1=2f � (vh)g jjL 2 (F I [F D ) jj � 1=2JvhKjj L 2 (F I [F D )

�
�
2

jj � � 1=2f � (vh)g jj2L 2 (F I [F D ) +
1
2�

jj � 1=2JvhKjj 2
L 2 (F I [F D ) ;

where we have used the Cauchy-Schwarz inequality and the following Young's

inequality:

ab�
�
2

a2 +
1
2�

b2 for a � 2 (0; 1):
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The elastostatic problem

If w is a piecewise polynomial, we can also use the following trace-inverse estimate:

jjwjj L 2 (
 ) .
r

h1=2
jjwjj L 2 (K ) 8 
 2 @K 8 w 2 Pr (K): (1.19)

Using the above estimate, the fact that� (vh) 2 V r
h and the de�nition of the

penalization parameter as in (1.12), we obtain:

jj � � 1=2f � (vh)g jj2L 2 (F I [F D ) .
X


 2F I [F D

h
�r 2

jjD � 1=2f � (vh)gjj2L 2 (
 )

.
h

�r 2

r 2

h

X

K2T h

jjD � 1=2D � (vh)jj 2
L 2 (K + [K � )

.
1
�

jjD 1=2� (vh)jj 2
L 2 (Th ) :

Hence, it follows that:

A(vh; vh) �

jjD 1=2� (vh)jj 2
L 2 (Th ) � � jj � � 1=2f � (vh)g jj2L 2 (F I [F D ) + (1 �

1
�

) jj � 1=2JvhKjj 2
L 2 (F I [F D )

� (1 �
C�
�

) jjD 1=2� (vh) jj 2
L 2 (Th ) + (1 �

1
�

) jj � 1=2JvhKjj 2
L 2 (F I [F D ) ;

where in the last step we have exploited the arithmetic-geometric inequality, for

any � 2 (0; 1).

Finally we can choose� such that both (1 � 1
� ) and (1 � C�

� ) are positive, bounded

away from zero and such that� � 4C, in order to obtain:

A(vh; vh) �
1
2

jjD 1=2� (vh) jj 2
L 2 (Th ) +

1
2

jj � 1=2JvhKjj 2
L 2 (F I [F D ) =

1
2

jjvh jj 2
DG :

which shows the coercivity onV r
h

ˆ Continuity of the linear functional F (�) on V r
h.

�
�
�
�
�
�

X

K2T h

Z

K
f � v dx

�
�
�
�
�
�
�

0

@
X

K2T h

jj fjj 2
L 2 (K )

1

A

1=2 0

@
X

K2T h

jj v jj 2
L 2 (K )

1

A

1=2

. jj fjj L 2 (Th )

0

@
X

K2T h

jj � (v)jj 2
L 2 (K )

1

A

1=2

. jj fjj L 2 (Th ) jj v jjDG ;
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1.2 Discrete approximation

where we have used the Poincaré inequality for piecewise functions inH 1, cf. [32],

together with Korn's inequality.

Now, using the Lax-Milgram Lemma (see [23]), the proof is complete.

In the following, we present some useful results to prove the error estimates.

Lemma 3. (Strong consistency). The exact solutionu satis�es the discrete problem, i.e.

A(u; vh) =
Z



f � vh 8 vh 2 V r

h: (1.20)

Proof. Here we consideru as the solution of the boundary value problem(1.1) in 
 with

homogeneous Dirichlet and Neumann conditions. From the integration by parts and the

Magic Formula (1.11), we get:

X

K2T h

Z

K
� (u) : � (v) dx = �

X

K2T h

Z

K
(r � � (u)) � v dx +

X


 2F I [F D

Z



f � (u)g : JvKds

+
X


 2F I

Z



J� (u)K: f vg ds 8 v 2 H 1(Th):

SinceJ� (u)K= 0 on each interior face and� (r � � (u)) = f, the above expression becomes:

X

K2T h

Z

K
� (u) : � (v) dx �

X


 2F I [F D

Z



f � (u)g : JvKds =

Z



f � v dx 8 v 2 H 1(Th):

Notice that JuK = 0 on each interior face andJuK = u = 0 on each boundary face

contained in � D . Thus, we can also write:

X

K2T h

Z

K
� (u) : � (u) dx �

X


 2F I [F D

Z



f � (u)g : JvKds �

X


 2F I [F D

Z



f � (v)g : JuKds

+
X


 2F I [F D

Z



� JuK� JvK=

Z



f � v dx 8 v 2 H 1(Th);

that is

A(u; v) = F (v) 8 v 2 H 1(Th):

In particular, we obtain (1.20) becauseV r
h � H 1(Th):
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From the consistency of the method and by a simple argument of linearity, the following

Lemma holds:

Lemma 4. (Galerkin orthogonality, cf. [33])

A(u � uh; vh) = 0 8 vh 2 V r
h:

This property can be interpreted as the orthogonality between the approximation error

u � uh and the spaceV r
h with respect to the scalar productA(�; �) in V r

h. This means

that uh is the function in V r
h that best approximates the exact solutionu in the energy

norm.

Before stating the error estimates, we need to provide a bound forjjj u � � r
hujjj DG and

we will make use of the followinghp-approximation:

Lemma 5. (cf. [34] and [35]) Let v 2 H s(K) and � 2 H s(K), for some s > 1 and

for each K 2 T h. Then, there exists a sequence of operators:� r
hv : L 2(
) ! V r

h and

� r
h � ! V r

h for r = 1; 2; :: such that:

jjv � � r
hvjjH q (K ) .

hmin (r +1 ;s)� q

r s� q
jj vjjH s (K ) 0 � q � s;

jjv � � r
hvjj L 2 (@K ) .

hmin (r +1 ;s)� 1=2

r s� 1=2
jj vjjH s (K ) ;

jj � � � r
h � jjH q (K ) .

hmin (r +1 ;s)� q

r s� q
jj � jjH s (K ) 0 � q � s;

jj � � � r
h � jj L 2 (@K ) .

hmin (r +1 ;s)� 1=2

r s� 1=2
jj � jjH s (K ) :

The hidden constant is independent onv; � ; h; r but depends on the shape-regularity ofK

and on the material properties.

Let e = u � � r
hu and recall the de�nition of the jj � jj DG norm:

jjj ejjj 2
DG = jjD

1
2 � (e)jj 2

L 2 (Th ) + jj � 1=2JeKjj 2
L 2 (F I [F D ) + jj � � 1=2f � (e)gjj2L 2 (F I [F D )

and de�ne (I), (II), (III) the terms on its right hand side.

We can now estimate the �rst term with Lemma 5 and we get:

(I ) .
h2min (r +1 ;s)� 2

r 2s� 2
jjujj 2

H s (Th ) : (1.21)
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1.2 Discrete approximation

For the second term, we use again Lemma 5 to obtain:

(II ) .
r 2

h

X

K2T h

jjejj 2
L 2 (@K ) .

r 2

h
h2min (r +1 ;s)� 1

r 2s� 1
jjujjH s (Th ) =

h2min (r +1 ;s)� 2

r 2s� 3
jjujjH s (Th ) : (1.22)

Analogously, for the term (III) we can write:

(III ) .
r 2

h

X

K2T h

jj � (e)jj 2
L 2 (@K ) .

r 2

h
h2min (r +1 ;s)� 3

r 2s� 3
jjujjH s (Th ) =

h2min (r +1 ;s)� 4

r 2s� 5
jjujjH s (Th ) :

(1.23)

Summing on the previous bounds, we obtain:

jjj u � � r
hujjj DG .

hmin (r +1 ;s)� 1

r s� 1=2
jjujjH s (Th ) : (1.24)

The error analysis of the method shows that the solutionuh converges tou when the

error is measured in the norm(1.17) or in average. The error estimator for linear elastic

analysis can also be showed when any combination of Neumann and Dirichlet boundary

conditions are admissible in the formulation, see for instance [36], [37] and [38].

The estimates are contained in the following theorem:

Theorem 2. Suppose that the exact solutionu 2 H 2(
) \ H s(Th); for somes � 2. If

the parameter� appearing in the de�nition (1.12) of the stabilization function is chosen

su�ciently large and uh is the solution obtained with(1.15), it holds:

jju � uh jjDG .
hmin (r +1 ;s)� 1

r s� 1=2
jjujjH s (Th ) ; (1.25)

jju � uh jj L 2 (
) .
hmin (r +1 ;s)

r s+1
jjujjH s (Th ) ; (1.26)

wherer = minK2T h (rK ) and h = maxK2T h (hK ).

Proof. In order to prove Theorem 2, we will assume, for simplicity, that the meshTh is

quasi-uniform and that rK = r 8K 2 T h. Let � r
hu 2 V r

h be de�ned as in Lemma 5. Now

using all the previous results, we obtain:

jj � r
hu � uh jj 2

DG . A(� r
hu � uh; � r

hu � uh) (Coercivity on V r
h; Lemma 2)
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. A(� r
hu � u; � r

hu � uh) (Consistency as in (1.20))

. jjj � r
hu � ujjj DG jjj � r

hu � uh jjj DG (Continuity on fV
r
h; Lemma 2)

. jjj � r
hu � ujjj DG jj � r

hu � uh jjDG (Norms equivalence onV r
h)

Recalling the triangle inequality:

jju � uh jjDG � jj u � � r
hujjDG + jj � r

hu � uh jjDG ;

we get

jju � uh jjDG . jjj u � � r
hujjj DG :

Now using (1.24) we have:

jju � uh jjDG .
hmin (r +1 ;s)� 1

r s� 1=2
jjujjH s (Th ) ;

and the proof of the �rst estimate is complete. The bound is optimal inh and sub-optimal

in r by a factor r 1=2 (cf. [39]).

The estimate for theL 2-error can be obtained using a duality argument and the elliptic

regularity, i.e.

jjujjH 2 (
) . jj fjj L 2 (
) 8 f 2 L 2(
) :

For the sake of simplicity, we will consider the case of homogeneous Dirichlet boundary

conditions, i.e. � N = ; and gD = 0: Thus, we denote withV the spaceH 1
0(
) = f v 2

H 1(
) : v = 0 on @
 g and with (�; �)L 2 (
) the scalar product in L 2(
) : Let u be the

solution of Problem (1.5), i.e.

�nd u 2 V such that: B (u; v) = ( f; v)L 2 (
) 8 v 2 V ;

and uh the DG solution of Problem (1.15):

�nd uh 2 V r
h such that: A(uh; vh) = ( f; vh)L 2 (
) 8 vh 2 V r

h:

Finally, we introduce the so-calleddual problem: 8 g 2 L 2(
) ;

�nd � = � (g) 2 V such that: B (v; � ) = ( g; v)L 2 (
) 8 v 2 V ;
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1.2 Discrete approximation

and analogously thediscrete dual problem: 8 g 2 L 2(
) ;

�nd � h = � h(g) 2 V r
h such that: A(vh; � h) = ( g; vh)L 2 (
) 8 vh 2 V r

h:

In our caseA(�; �) is symmetric and the followingadjoint consistency property holds:

A(vh; � ) = ( g; vh) 8 vh 2 V r
h: (1.27)

It can be proved that a result of elliptic regularity also holds for the solution of the dual

problem, i.e.

9 C > 0 : jj � (g)jjH 2 (
) � Cjjgjj L 2 (
) 8 g 2 L 2(
) :

In particular, this is true for a polygonal and convex domain
 .

We choose nowg = u � uh = eh as the approximation error and we denote� = � (eh) to

simplify the notation. Moreover, we choosevh = eh and we use property (1.27) to get:

jjeh jj 2
L 2 (
) = A(eh; � ):

For the elliptic regularity of the dual problem, we also know that� 2 H 2(
) and

jj � jjH 2 (
) � Cjjeh jj L 2 (
) . Now thanks to the Galerkin orthogonality (cf. Lemma 4), we

know that A(eh; � r
h � ) = 0 and we can write:

jjeh jj 2
L 2 (
) = A(eh; � ) = A(eh; � � � r

h � )

� C1jjj eh jjj DG jjj � � � r
h � jjj DG ( Continuity of A(�; �) in fV

r
h)

� C2jjj eh jjj DG
h

r
3
2

jj � jjH 2 (
) ( Estimate (1.24) with s = 2)

� C3jjj eh jjj DG
h

r
3
2

jjeh jj L 2 (
) ( Elliptic regularity of the dual problem ) :

Note that, when applying the estimate(1.24), the broken normH 2(Th) that is the sum

of the norms in each triangle of the mesh, becomes the usualH 2 norm on the whole

domain 
 , thanks to the additivity of the integrals. Thus, we get the following bound:

jjeh jj L 2 (
) � C3
h

r
3
2

jjj eh jjj DG ;

and the thesis follows applying the energy norm error estimate in (1.25).
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1.2.6 Algebraic formulation

Following the usual argument, to ease the notation we assumerK = r � 1 8 K 2 T h and

we partition the domain 
 in M triangles and we multiply this number by the dimension

of the space of polynomials of degreer to obtain the total number N of degrees of

freedom: N = M 1
2(r + 1)( r + 2) , see Figure 1.3.

Figure 1.3: Degrees of freedom on a triangular mesh.

We introduce a basisf (� 1
i ; � 2

i )g, i = 1; :::; N , for the �nite element spaceV r
h and we

express the solutionuh as a linear combination of the shape functions:

uh(x) =
NX

i =1

(U1
i � 1

i (x) + U2
i � 2

i (x)) :

Here U = ( U1
1 ; U1

2 ; :::; U1
N ; U2

1 ; U2
2 ; :::; U2

N ) is the vector of suitable coe�cients which

constitute the solution of the linear system associated to our problem:

AU = F: (1.28)

This system derives from the variational formulation(1.15), substituting the generic test

function vh with the basis functionsf (� 1
i ; � 2

i )g 2 V r
h for i = 1; :::; N . It results that the

matrix A can be written as the sum of four matrices associated to the four integrals in

the bilinear form (1.13), i.e.:

A = V � I � I T + S;

with

Vi;j =
Z



� (� j ) : � (� i ) dx; for i; j = 1; :::2N ;
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1.2 Discrete approximation

I i;j =
Z

F I [F D

f � (� j )g : J� i Kds; for i; j = 1; :::2N ;

Si;j =
Z

F I [F D

� J� j K: J� i Kds; for i; j = 1; :::2N;

where� j = � 1
j ; j = 1; :::N and � j = � 2

j ; j = N + 1; :::2N:

Analogously, the vectorF on the right hand side of the system(1.28) arises from the

functional (1.14), substituting the test function vh with the basis ofV r
h, so that:

F i =
Z



f � � i dx �

Z

F D

gD � (� (� i ) � n � � � i ) ds +
Z

F N

gN � � i ds; for i = 1; ::; 2N:

Note that we can also write the linear system(1.28) highlighting each component of the

solution �eld, namely: 0

B
B
@

A1 A2

A3 A4

1

C
C
A

0

B
B
@

U 1

U 2

1

C
C
A =

0

B
B
@

F1

F2

1

C
C
A (1.29)

where each block of the matrix can be decomposed in the following way:

A l = V l � I l � (I l )T + Sl ; for l = 1; ::; 4:

Now, let us analyze in details which integral every block matrix represents, in order to

describe the implementation of the code for the Discontinuous Galerkin scheme.

As seen before, the integral related to the matrixV is de�ned as: for i; j = 1; :::; N

V 1
i;j =

Z




�
(� + 2� )

@� 1
j

@x
@� 1

i

@x
+ �

@� 1
j

@y
@� 1

i

@y

�
dx;

V 2
i;j =

Z




�
�

@� 2
j

@y
@� 1

i

@x
+ �

@� 2
j

@x
@� 1

i

@y

�
dx;

V 3
i;j =

Z




�
�

@� 1
j

@y
@� 2

i

@x
+ �

@� 1
j

@x
@� 2

i

@y

�
dx;

V 4
i;j =

Z




�
(� + 2� )

@� 2
j

@y
@� 2

i

@y
+ �

@� 2
j

@x
@� 2

i

@x

�
dx:
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Observe that, for the matrix I and S, we need a slightly di�erent argument, because

we want to discretize integrals over edges. This means that we have to di�erentiate the

integrals according to the fact that we are considering an internal or a border edge.

For i; j = 1; :::; N it holds that:

S1
i;j =

X


 2F I [F D

Z



� 1;+

j � 1;+
i ds; S2

i;j = S3
i;j = 0; S4

i;j =
X


 2F I [F D

Z



� 2;+

j � 2;+
i ds;

and

I 1
i;j =

X


 2F I [F D

� 


 
1
2

(� + 2� ) n+
1

Z




@� 1;+
j

@x
� 1;+

i ds +
1
2

� n +
2

Z




@� 1;+
j

@y
� 1;+

i ds

!

;

I 2
i;j =

X


 2F I [F D

� 


 
1
2

� n +
1

Z




@� 2;+
j

@y
� 1;+

i ds +
1
2

� n +
2

Z




@� 2;+
j

@x
� 1;+

i ds

!

;

I 3
i;j =

X


 2F I [F D

� 


 
1
2

� n +
1

Z




@� 1;+
j

@y
� 2;+

i ds +
1
2

� n +
2

Z




@� 1;+
j

@x
� 2;+

i ds

!

;

I 4
i;j =

X


 2F I [F D

� 


 
1
2

� n +
1

Z




@� 2;+
j

@x
� 2;+

i ds +
1
2

(� + 2� ) n+
2

Z




@� 2;+
j

@y
� 2;+

i ds

!

where� 
 = 1; 2; depending on whether
 is an interior or boundary edge, respectively,

and n+ = ( n+
1 ; n+

2 )T is the unit outward normal of the elementK+ .

Next, we consider the case where
 is an internal edge, meaning that there exists a

neighbouring element ofK+ (we can call it K � ) such that �
 = @K
+

\ @K
�

.

For these cases, there are some further contributions to add:

S1
i;j =

Z



� 1;�

j � 1;+
i ds; S2

i;j = S3
i;j = 0; S4

i;j =
Z



� 2;�

j � 2;+
i ds

and

I 1
i;j =

1
2

(� + 2� ) n1

Z




@� 1;�
j

@x
� 1;+

i ds +
1
2

� n 2

Z




@� 1;�
j

@y
� 1;+

i ds;
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1.2 Discrete approximation

I 2
i;j =

1
2

� n 1

Z




@� 2;�
j

@y
� 1;+

i ds +
1
2

� n 2

Z




@� 2;�
j

@x
� 1;+

i ds;

I 3
i;j =

1
2

� n 1

Z




@� 1;�
j

@y
� 2;+

i ds +
1
2

� n 2

Z




@� 1;�
j

@x
� 2;+

i ds;

I 4
i;j =

1
2

� n 1

Z




@� 2;�
j

@x
� 2;+

i ds +
1
2

(� + 2� ) n2

Z




@� 2;�
j

@y
� 2;+

i ds:

It is important to notice that all the arguments related to the matricesS and I are not

valid for edges on which we impose Neumann boundary conditions, as we can see from

the bilinear form (1.13). On such edges, only the matrixV comes into play.

Finally, we remind that for non-homogeneous Dirichlet boundary conditionsgD =

(g1; g2)T , we need to impose them weakly by adding extra terms to the vector of external

loads as follows:

F1
i =

X


 2F D

( Z



� � 1;+

i g1 ds � 2

 
1
2

(� + 2� ) n+
1

Z




@� 1;+
i

@x
g1 ds +

1
2

� n +
2

Z




@� 1;+
i

@y
g1 ds

!

� 2
X


 2F D

( 
1
2

� n +
1

Z




@� 1;+
i

@y
g2 ds +

1
2

� n +
2

Z




@� 1;+
i

@x
g2 ds

!)

;

F2
i =

X


 2F D

( Z

F D

� � 2;+
i g2 ds � 2

 
1
2

� n +
1

Z




@� 2;+
i

@y
g1 ds +

1
2

� n +
2

Z




@� 2;+
i

@x
g1 ds

!)

� 2
X


 2F D

( 
1
2

� n +
1

Z




@� 2;+
i

@x
g2 ds +

1
2

(� + 2� ) n+
2

Z




@� 2;+
i

@y
g2 ds

!)

;

for i = 1; ::; N:
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1.3 Numerical results

In this section we illustrate some numerical results for the elastostatic problem with both

Dirichlet and Neumann conditions on a square domain
 = ( � 1; 0) � (0; 1) with uniform

and constant Lamé parameters. For each test we report the data of the simulation, the

computed errors as well as the computed convergence rates, showing that the optimal

accuracy of the error is achieved, according to the theoretical bounds of Theorem 2.

1.3.1 Example 1

In the �rst test we choose the Lamè coe�cients� = 1 and � = 0:5 and the components

of the exact solution as:

u1(x; y) = ex cos(y);

u2(x; y) = sin( x) cos(y):

Thus, the source term becomes:

f 1(x; y) =
3
2

(cos(x) sin(y) � ex cos(y));

f 2(x; y) =
5
2

sin(x) cos(y) +
3
2

ex sin(y):

Notice that the manufactured solution has been chosen inH s(
) , for any s � 2. We

tested our method on a sequence of meshes with granularityh = [0.0627, 0.0314, 0.0157].

For this test, we have set three sides of the square domain as Neumann boundary and

the remaining one as Dirichlet boundary, as in Figure 1.4.

Figure 1.6 shows the computed errors in theL 2(
) and DG norms as a function of the

mesh sizeh (log-log scale). Figure 1.6.a shows that, underh-re�nement, the L 2(
) -norm

of the error converges to zero at the optimal rateO(hr +1 ), wherer is the polynomial

degree, here chosen asr = 1. Similarly, Figure 1.6.b displays that for theH 1(
) -error,

the rate of convergenceO(hr ) is achieved.

Finally, Figure 1.5 shows the two components of the computed vector solution using the

Discontinuous Galerkin method on a grid of granularityh = 0:0157:
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1.3 Numerical results

� N

� N

� D

� N

Figure 1.4: Boundary conditions on the computational domain.

(a) First component of the solution u1. (b) Second component of the solutionu2.

Figure 1.5: Example 1. Plot of the computed solution on a grid with granularity
h = 0:0157(3 levels of re�nement).
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(a) Computed errors in the L 2-norm versus the
mesh sizeh.

(b) Computed errors in the H 1-norm versus
the mesh sizeh.

Figure 1.6: Example 1. Computed errors versus the mesh sizeh (log-log scale).

1.3.2 Example 2

In the second test we choose the Lamè coe�cients� = 1 and � = 2 and the components

of the exact solution as:

u1 = ex sin(2�y );

u2 = ey sin(2�x ):

Thus, the given source term becomes:

f 1 = (8 � 2 � 5)ex sin(2�y ) � 6�e y cos(2�x );

f 2 = (8 � 2 � 5)ey sin(2�x ) � 6�e x cos(2�y ):

In this test, the exact solution has been chosen inH s(
) , for any s � 2 and mixed

boundary conditions have been used, as in the previous example. In Figure 1.7 we report

the plot of the computed solution with its components, on a grid of granularityh = 0:0157.

Again, the polynomial degreer is equal to 1, so that we achieve the optimal rate of

convergenceO(h2) and O(h) for the L 2(
) and the DG norm of the errors, respectively,

as shown in Figure 1.8.
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(a) First component u1 of the solution. (b) Second componentu2 of the solution.

Figure 1.7: Example 2. Plot of the computed solution on a grid with granularity
h = 0:0157(3 levels of re�nement).

(a) Computed errors in the L 2-norm versus the
mesh sizeh.

(b) Computed errors in the H 1-norm versus
the mesh sizeh.

Figure 1.8: Example 2. Computed errors versus the mesh sizeh (log-log scale).
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Chapter 2

The elastostatic problem with a

fault

2.1 The mathematical model

Now we focus on the case where we have a fault in an elastic medium. We consider

an open bounded domain
 � R2 , with Lipschitz boundary @
 and outward normal

unit vector n. The fracture � � 
 is considered to be a 1-dimensionalC1 manifold, i.e.

� � R with n � the normal unit vector and it is a straight interface. For the sake of

the numerical analysis, we will consider the prolongation of� until the boundary of the

domain, such that it divides 
 into two subdomains
 1 and 
 2, as in Figure 2.1. The

boundary is assumed to be composed of two portions:� D 6= ; , which is closed and where

the displacement vectoru is prescribed, and� N where an external load applies.

Our goal is to �nd the medium displacementu : 
 ! R2 such that:

�r � � (u) = f in 
 n � ;

� (u) � D � (u) = 0 in 
 n � ;

u = gD on � D ;

� (u)n = gN on � N ;

JuK= q0 
 n+
� on � ;

J� (u)K= q1 on � ;

(2.1)

wheref 2 L 2(
) is a given source term,gD 2 H
1
2 (� D ), gN 2 H � 1

2 (� N ), q0 2 H
1
2 (�) and

q1 2 H � 1
2 (�) : The strain tensor � and the stress tensor� are de�ned as in(1.2) and (1.3)
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 1


 2

�




Figure 2.1: The subdomains
 1 and 
 2 separated by the interface� .

and we employed the de�nition of the jump operator as in (1.7).

From an analytical point of view, we have di�erent results of well-posedness based on the

regularity of the slip �eld q0, as showed in [40] and [41]. In all the cases, it is assumed

that the traction is continuous along the fault, i.e. q1 = 0:

We know by [41] that there exists a unique distributional solutionu 2 H
1
2 � � (
) \ H s(
 n� )

of the boundary-value/transmission problem (2.1), for� > 0 and s < 1.

The second result is obtained by assuming that the dislocation surface� can be extended

to a closed Lipschitz, orientable surfaceS and that q0 2 H
1
2
00(�) , meaning that q0 can

be extended by zero inS n � to a function ~q0 2 H
1
2 (S) :

~q0(x) =

8
><

>:

q0(x); if x 2 � ;

0; if x 2 S n � :
(2.2)

Without loss of generality, we suppose homogeneous Dirichlet boundary condition, i.e.

gD = 0. With all these assumptions, the authors in [42] were able to prove that there

exists a unique weak solutionu 2 H 1
0;� D

(
 n �) to Problem (2.1).

2.2 The Discontinuous Galerkin formulation

In order to derive a DG formulation for the problem with a crack inside the elastic

medium, we consider
 to be a bounded convex polyhedral domain inR2 and we assume
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that D is symmetric, strictly convex and uniformly bounded over
 , as in (1.4), and

piecewise constant over mesh-elements. Moreover, we require a regular enough slip �eld

q0 to have the solutionu 2 H s(Th) \ H 2(
 n �) ; for somes � 2.

Without loss of generality, we suppose throughout the whole analysis homogeneous

Dirichlet and Neumann conditions, i.e.gD = 0 and gN = 0: We also assume that the

traction is continuous along the fault� , i.e. q1 = 0.

As before, we consider a quasi-uniform triangulation, i.e.maxK2T h hk . minK2T h hk ;

wherehk denotes the diameter of each triangle and we assume that the grid is aligned

with � . As a result, we can construct a one-dimensional discretization of� containing

only those vertices of the trianglesK 2 T h that lie on the interface; the same procedure

is applied to generate the discretization of the boundary@
 = � D [ � N . Note that, for

the analysis of the discrete formulation, we will consider the prolongation of� until the

boundary of the domain@
 as in the dashed line of Figure 2.1. We collect the interior

faces
 in F I and the Dirichlet and Neumann boundaries
 in FD and FN , respectively,

as in Chapter 1. Note that, for the sake of the analysis, we will not consider the faces on

� belonging toF I :

Given all the aforementioned assumptions, we can now proceed to formulate a new DG

scheme for the interface problem. The aim is to add again null terms in the bilinear form

A(�; �), de�ned in (1.15), but separating the integrals along a generic interior face
 2 F I

and the ones that lay on the crack� , on which (JuK� q0 
 n+ ) = 0 .

What results is the following approximate problem: �nduh 2 V r
h such that

A (uh; vh) = F (vh) 8 vh 2 V r
h ; (2.3)

where:

A (u; v) =
X

K2T h

Z

K
� (u) : � (v) dx �

X


 2F I [F D [ �

Z



f � (u)g : JvKds

�
X


 2F I [F D [ �

Z



JuK: f � (v)g ds +

X


 2F I [F D [ �

Z



� JuK: JvKds;

F (v) =
X

K2T h

Z

K
f � v dx �

X


 2 �

Z



q0 
 n+ : f � (v)g ds +

X


 2 �

Z



� q0 
 n+ : JvKds;

and the penalization parameter � is de�ned as in (1.12).

When we have non-homogeneous boundary conditions, the bilinear form does not change
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and the linear functional becomes:

F (v) =
X

K2T h

Z

K
f � v dx �

X


 2F D

Z



gD � (� (v) � n � � v) ds +

X


 2F N

hgN ; v i 


�
X


 2 �

Z



q0 
 n+ : f � (v)g ds +

X


 2 �

Z



� q0 
 n+ : JvKds:

Observe that the bilinear form is consistent with(1.15): A (�; �) = A(�; �) if � = ; , i.e. no

interface is present. The interface conditions, that correspond to the last two equations

in (2.1), appear in the right-hand side of the new scheme. In particular, the two terms

on the rhs read as:

�
X


 2 �

Z



q0 
 n+ : f � (v)g ds +

X


 2 �

Z



� q0 
 n+ : JvKds;

need to compensate the following terms on thelhs:

�
X


 2 �

Z



JuK: f � (v)g ds +

X


 2 �

Z



� JuK: JvKds;

which is no longer zero over� as in problem (1.1).

At the algebraic level, we will only need to modify the right hand side of the linear

system, adding the new terms. Using the notation of Section 1.2.6, we get:

F i =
Z



f � � i dx �

Z

�
q0 � (� (� i ) � n � � � i ) ds; for i = 1; ::; 2N;

or, equivalently, for q0 = ( q0x ; q0y)T and i = 1; ::; N :

F1
i =

X


 2 �

( Z



� � 1;+

i q0x ds �

 
1
2

(� + 2� ) n+
1

Z




@� 1;+
i

@x
q0x ds +

1
2

� n +
2

Z




@� 1;+
i

@y
q0x ds

!)

�
X


 2 �

( 
1
2

� n +
1

Z




@� 1;+
i

@y
q0y ds +

1
2

� n +
2

Z




@� 1;+
i

@x
q0y ds

!)

;

F2
i =

X


 2 �

( Z



� � 2;+

i q0y ds �

 
1
2

� n +
1

Z




@� 2;+
i

@y
q0x ds +

1
2

� n +
2

Z




@� 2;+
i

@x
q0x ds

!)

�
X


 2 �

( 
1
2

� n +
1

Z




@� 2;+
i

@x
q0y ds +

1
2

(� + 2� ) n+
2

Z




@� 2;+
i

@y
q0y ds

!)

:
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2.2 The Discontinuous Galerkin formulation

2.2.1 Well-posedness and error analysis

For the sake of the analysis, we write Problem(2.3) in the following equivalent form:

�nd uh 2 V r
h

~A(uh; vh) = F (vh) 8 vh 2 V r
h; (2.4)

where
~A(u; v) =

X

K2T h

Z

K
� (u) : � (v) dx +

Z



� (u) : R(JvK) dx

+
Z



R(JuK) : � (v) dx +

X


 2F I [F D [ �

Z



� JuK: JvKds; 8 u; v 2 V r

h:

Here R(�) : L 2(F I [ F D ) ! V r
h is the lif ting operator of the traces of2 � 2 symmetric

tensors de�ned as:

Z



R(JwK) : � (v) dx = �

X


 2F I [F D [ �

Z



JwK: f � (v)g ds 8 v 2 V r

h: (2.5)

Note that, despite formulations(2.3) and (2.4) are equivalent at the discrete level, for-

mulation (2.4) is not strongly consistent with the continuous problem due to the discrete

nature of the lifting operator (2.5).

We de�ne the spacefV
r
h = V r

h + H 1(Th) and endow it with the following DG norm:

jjv jjDG =
X

K2T h

jjD
1
2 � (v)jj 2

L 2 (K ) +
X


 2F I [F D [ �

jj �
1
2 JvKjj 2

L 2 (
 ) 8 v 2 fV
r
h: (2.6)

We next show the following result and refer to [43] for its proof.

Lemma 6. [43] For any v 2 fV
r
h it holds:

jjR (JvK)jj 2
L 2 (
) .

1
�

X


 2F I [F D [ �

jj �
1
2 JvKjj 2

L 2 (
 ) ;

where� is the constant appearing in the de�nition of the penalty function, cf.(1.12).

The well-posedness of the DG formulation (2.4) is established in the following Lemma.

Lemma 7. (Well-posedness). Problem(2.4) admits a unique solution, provided that the

stabilization parameter� in (1.12) is chosen large enough. Moreover, the semi-discrete
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The elastostatic problem with a fault

approximation depends continuously on the data, i.e.

jjujjDG . jj f jj L 2 (
) + jjq0jj L 2 (�) :

Proof. Using the standard arguments together with Lemma 6, it can be easily proved

that:
~A(v; v) & jjv jj 2

DG ;

~A(v; w) . jjv jjDG jjwjjDG ;

for all v; w 2 fV
r
h: Thus, the bilinear form ~A is continuous and coercive in the spacefV

r
h.

We are left to show that the functionalF (�) is also continuous infV
r
h and then we can

employ Lax-Milgram Lemma (see [23]). To this aim by the Cauchy-Schwarz inequality

we get:

jF (v)j �

�
�
�
�
�
�

X

K2T h

Z

K
f � v dx

�
�
�
�
�
�
+

�
�
�
�
�
�

X


 2 �

Z



q0 
 n+ : f � (v)g ds

�
�
�
�
�
�
+

�
�
�
�
�
�

X


 2 �

Z



� q0 
 n+ : JvKds

�
�
�
�
�
�
:

We analyze the three terms separately and we use the regularity required forf and q0:

(I ) �

0

@
X

K2T h

jj fjj 2
L 2 (K )

1

A

1=2 0

@
X

K2T h

jj v jj 2
L 2 (K )

1

A

1=2

. jj fjj L 2 (
)

0

@
X

K2T h

jj � (v)jj 2
L 2 (K )

1

A

1=2

. jj fjj L 2 (
) jj v jjDG ;

where we have used Poincaré inequality for piecewise functions inH 1, cf. [32], together

with Korn's inequality:

For the second term we use the trace inequality (cf. [19]) and we obtain:

(II ) =

�
�
�
�
�
�

X


 2 �

Z



q0 
 n+ : f � (v)g ds

�
�
�
�
�
�
�

0

@
X


 2 �

jjq0 
 n+ jj 2
L 2 (
 )

1

A

1=2 0

@
X


 2 �

jjf � (v)gjj2L 2 (
 )

1

A

1=2

�

0

@
X


 2 �

jjq0 
 n+ jj 2
L 2 (
 )

1

A

1=2 0

@
X

K2T h

jjD � (v)jj 2
L 2 (K + [K � )

1

A

1=2

� jj q0 
 n+ jj L 2 (�) jjD � (v) jj L 2 (Th ) . jj v jjDG :

Finally, we estimate the third term with:
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2.2 The Discontinuous Galerkin formulation

(III ) �

0

@
X


 2 �

jjq0 
 n+ jj 2
L 2 (
 )

1

A

1=2 0

@
X


 2 �

jj � 1=2JvKjj 2
L 2 (
 )

1

A

1=2

=

= jjq0 
 n+ jj L 2 (�) jj � 1=2JvKjj L 2 (�) . jj v jjDG :

Summing up over three bounds, the proof is complete.

It is easy to see that, since the exact solutionu of Problem (2.1) belongs toH 2(
 n � ),

it satis�es:

A (u; vh) = F (vh) 8 vh 2 V r
h;

so formulation (2.3) is strongly-consistent. On the other hand, formulation(2.4) is not

strongly-consistent, so we have to deal with the consistency error and introduce the

residual bilinear form, before stating an error bound, see [44] and [45].

Lemma 8. Let Rh(�; �) : fV
r
h � V r

h ! R be the residual de�ned as:

Rh(v; w) = ~A(v; w) � A (v; w) 8 v 2 fV
r
h; 8 w 2 V r

h: (2.7)

Then, for any v such that� (v) 2 H s(Th), for somes � 1, it holds:

sup
w 2 V r

h ; w6= 0

jRh(v; w)j
jjwjjDG

.
hmin (r +1 ;s)

r s
jj � (v)jjH s (Th ) ; (2.8)

Proof. From the de�nition of the lifting operator R in (2.5) and denoting by

� 0 : L 2(
) ! V r
h the L2-orthogonal projection ontoVr

h , we can write the residualR h(�; �)

as:

R h(v; w) = �
X


 2F I [F D [ �

Z



f � (v)g : JwKds �

Z



R(JwK) : � (v) dx

= �
X


 2F I [F D [ �

Z



f � (v)g : JwKds �

Z



R(JwK) : � 0(� (v)) dx

= �
X


 2F I [F D [ �

Z



f � (v) � � 0(� (v))g : JwKds:

From the Cauchy-Schwarz inequality we have:

jR h(v; w)j � jj �
1
2 JwKjj L 2 (F I [F D [ �) jj � � 1

2 f � (v) � � 0(� (v))gjjL 2 (F I [F D [ �) ;

41
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where� is the penalty parameter function de�ned as in(1.12). By adding and subtracting

f � r
h(� (v))g, where� r

h is de�ned as in Lemma 5, we obtain:

jR h(v; w)j � jj �
1
2 JwKjj L 2 (F I [F D [ �)

 

jj � � 1
2 f � (v) � � r

h(� (v))gjj2L 2 (F I [F D [ �) +

+ jjf � r
h(� (v)) � � 0(� (v))gjj2L 2 (F I [F D [ �)

! 1
2

= ( T1 + T2)
1
2 jj �

1
2 JwKjj L 2 (F I [F D [ �) :

The term T1 can be bounded based on employing the interpolation estimates of

Lemma 5:

T1 .
X

K 2T h

jj � � 1
2 f � (v) � f � r

h(� (v))gjj2L 2 (@K ) .
X

K2T h

h2min (r +1 ;s)

r 2s+1
jj � (v)jjH s (K ) :

For T2, from the trace inverse inequality(1.19), the de�nition of the L2- projection and

together with its continuity and interpolation estimates of Lemma 5, we have:

T2 .
X

K2T h

jj � � 1
2 f � r

h(� (v)) � � 0(� (v))gjj2L 2 (@K ) .
1
�

X

K2T h

jj f � r
h(� (v)) � � 0(� (v))gjj2L 2 (K )

=
1
�

X

K2T h

jj f � 0(� r
h(� (v)) � � (v))gjj2L 2 (K ) .

1
�

X

K2T h

jj f � r
h(� (v)) � � (v)gjj2L 2 (K )

1
�

X

K2T h

h2min (r +1 ;s)

r 2s
jj � (v)jj 2

H s (K ) :

Summing up the two contributions, we get:

jR h(v; w)j .

. jj �
1
2 JwKjj L 2 (F I [F D [ �)

 
X

K2T h

h2min (r +1 ;s)

r 2s+1
jj � (v)jjH s (K ) +

X

K2T h

h2min (r +1 ;s)

r 2s
jj � (v)jj 2

H s (K )

! 1
2

. jj �
1
2 JwKjj L 2 (F I [F D [ �)

 
X

K2T h

h2min (r +1 ;s)

r 2s
jj � (v)jj 2

H s (K )

! 1
2

. jjwjjDG

 
X

K2T h

h2min (r +1 ;s)

r 2s
jj � (v)jj 2

H s (K )

! 1
2

;

(2.9)
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where in the last step we have used the de�nition of the DG norm in(2.6) and the fact

that: jj �
1
2 JwKjj L 2 (F I [F D [ �) � jj wjjDG :

From (2.9) we can divide everything byjjwjjDG , w 6= 0, take the supremum over

w 2 V r
h; w 6= 0 and the proof is complete.

We will also need the following Strang Lemma for the analysis.

Lemma 9. (Strang Lemma, cf. [46]). Consider the problem:

f ind u 2 V : a(u; v) = F (v) 8 v 2 V;

whereV is a Hilbert space with normjj � jj V , F 2 V 0 is a bounded, linear functional onV

and a(�; �) : V � V ! R is a continuous and coercive bilinear form. Suppose also to have

an approximation of the before-mentioned problem of the form:

f ind u h 2 Vh: ah(uh; vh) = Fh(vh) 8 v 2 Vh;

where f Vh; h > 0g is a family of �nite dimensional spaces andah(�; �) is a continuos

bilinear form on Vh � Vh and is uniformly coercive onVh, i.e.

ah(vh; vh) � � � jj vh jj 2
V 8 vh 2 Vh; for a positive � � :

Suppose thatFh is a linear and continuous functional onVh. Then, there exists a unique

solution uh for the approximate problem and

jjuh jjV �
1
� �

sup
vh 2 Vh nf 0g

Fh(vh)
jjvh jjV

:

Moreover, the following a-priori error estimate holds:

jju � uh jjV �

 

1 +
M
� �

!

inf
wh 2 Vh

jju � wh jjV +
1
� �

sup
vh 2 Vh nf 0g

jf h(vh) � ah(u; vh)j
jj vh jjV

;

whereM is the continuity constant of the bilinear forma(�; �).

Now using the well-posedness of problem(2.4) (cf. Lemma 7), the strong consistency of

formulation (2.3) and Lemma 9, we obtain the following abstract error bound.

Lemma 10. Let the penalty parameter� of Problem (2.4) be su�ciently large. Then,

43



The elastostatic problem with a fault

the following estimate holds:

jju � uh jjDG . inf
v2 V r

h

jju � vjjDG + sup
w 2 V r

h ; w6= 0

jRh(u; w)j
jjwjjDG

; (2.10)

whereRh(�; �) is the residual de�ned in (2.7).

We have now all the technical tools, so we can state the main result for the error analysis.

Theorem 3. Suppose that the exact solutionu 2 H 2(
 n� ) \ H s(Th) and � (u) 2 H s(Th),

for somes � 1. If the parameter � appearing in the de�nition (1.12) of the stabilization

function is chosen su�ciently large anduh is the solution obtained with(2.3), it holds:

jju � uh jjDG .
hmin (r +1 ;s)� 1

r s� 3=2
jjujjH s (Th ) +

hmin (r +1 ;s)

r s
jj � (u)jjH s (Th ) : (2.11)

Proof. We recall the abstract bound (2.10) in Lemma (10):

jju � uh jjDG . inf
v 2 V r

h

jju � vjjDG + sup
w 2 V r

h ; w 6= 0

jRh(v; w)j
jjwjjDG

;

and we start to bound the �rst term on the right-hand side. Note that we can still exploit

Lemma 5 and in particular the estimates(1.21) and (1.22). So we obtain that, fors � 2:

inf
v 2 V r

h

jju � vjjDG � jj u � � r
hujjDG .

hmin (r +1 ;s)� 1

r s� 3=2
jjujjH s (Th ) : (2.12)

Finally, the following bound for the second term:

sup
w 2 V r

h ; w 6= 0

jRh(v; w)j
jjwjjDG

.
hmin (r +1 ;s)

r s
jj � (v)jjH s (Th )

follows directly from the inequality (2.8).

Summing all the previous bounds, the proof of Theorem 3 is complete.

To obtain an a-priori estimate in theL 2(
) -norm, we need more regularity of the solution,

in order to use a duality argument. Therefore, we assume that
 , D , the fault � and

the slip �eld q0 are su�ciently regular so that u 2 H 2(
 n � ) . The dual problem with

the given sourceg 2 L 2(
) is also well posed and its unique solution� satis�es the

following elliptic regularity: � 2 H 2(
 n � ); � (� ) 2 H 1(
 n � ), jj � jjH 2 (
 n�) . jjgjj L 2 (
) and

jj � (� )jjH 1 (
 n�) . jjgjj L 2 (
) . The following bound holds.
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Theorem 4. We assume that the gridTh is quasi uniform. Let uh 2 V r
h be the DG

solution obtained with a penalty parameter� appearing in (1.12) su�ciently large. Then,

jju � uh jj L 2 (
) .
hmin (r +1 ;s)

r s� 1

 

jjujj 2
H s (
 n�) +

h
r 2

jj � (u)jjH s (
 n�)

!

: (2.13)

Proof. We solve the dual problem as in(1.27) with g = u � uh and for any � h 2 V r
h we

obtain:

jju � uh jj 2
L 2 (
) = A(� ; u � uh) = A(� � � h; u � uh) =

= ~A(� � � h; u � uh) + R h(� � � h; u � uh)

. jj � � � h jjDG jju � uh jjDG + R h(� � � h; u � uh):

Moreover, thanks to the de�nition of R h in (2.7) and the continuity of ~A(�; �) we get:

R h(� � � h; u � uh) = �R h(� � � h; u) + R h(� ; u � uh):

Next, using Lemma 8 we have:

jju � uh jj 2
L 2 (
) . jj � � � h jjDG jju � uh jjDG +

hmin (r +1 ;s)

r s
jj � (u)jjH s (
 n�) jj � � � h jjDG

+
h
r

jj � (� )jjH 1 (
 n�) jju � uh jjDG ;

and by the elliptic regularity of the dual problem:

jju � uh jj 2
L 2 (
) . jj � � � h jjDG jju � uh jjDG +

hmin (r +1 ;s)

r s
jj � (u)jjH s (
 n�) jj � � � h jjDG +

+
h
r

jju � uh jj L 2 (
) jju � uh jjDG :

Choosing � = � r
h(� ) we can use estimate(2.12) with s = 2; r = 1 and the elliptic

regularity and we obtain:

jj � � � h jjDG .
h

r
1
2

jj � jjH 2 (
 n�) .
h

r
1
2

jju � uh jj L 2 (
) :

Combining the above bounds, we have:

jju � uh jj 2
L 2 (
) .

h

r
1
2

jju � uh jj L 2 (
) jju � uh jjDG +
hmin (r +1 ;s)+1

r s+1
jj � (u)jjH s (
 n�) jju � uh jj L 2 (
) ;
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that is

jju � uh jj L 2 (
) .
h

r
1
2

 

jju � uh jjDG +
hmin (r +1 ;s)

r s+ 1
2

jj � (u)jjH s (
 n�)

!

:

Finally, applying Theorem 3 we obtain the thesis and the proof is complete.

2.3 Numerical results

In this section we present some numerical computations to illustrate the performance of

the proposed numerical scheme. In each example, we will consider a jump of the elastic

displacement through the interface� and a discontinuity of the stress tensor.

We will employ two di�erent geometric con�gurations: a square domain
 = ( � 1; 0)� (0; 1)

with a horizontal interface � = ( � 1; 0) � f 0:2g and 
 = ( � 0:8; 0:8) � (� 0:8; 0:8) with

� = [(� 0:8; � 0:5); (0:8; � 0:1)]. In both cases we choose a sequence of grids aligned with

the crack. Figure 2.2 and Figure 2.3 show an example of the computational meshes under

3 levels of successive re�nements.

(a) First level of
re�nement.

(b) Second level of
re�nement.

(c) Third level of
re�nement.

Figure 2.2: Example 1: Domain with a horizontal interface� = ( � 1; 0) � f 0:2g.
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(a) First level of
re�nement.

(b) Second level of
re�nement.

(c) Third level of
re�nement.

Figure 2.3: Example 2: Domain with an oblique interface� = [(� 0:8; � 0:5); (0:8; � 0:1)].

2.3.1 Example 1

In the �rst example, we choose the Lamé coe�cients� = 1 and � = 1 and the exact

solution as:

u1(x; y) = ex cos(y) + 1 � (y > y 1 +
(y0 � y1)
(x0 � x1)

(x � x1)) ;

u2(x; y) = x2 + y2 + 1 � (y > y 1 +
(y0 � y1)
(x0 � x1)

(x � x1)) ;

where(x0; y0) = ( � 0:8; � 0:5) and (x1; y1) = (0 :8; 0:1) are the coordinates of the intersec-

tion of � = [(� 0:8; � 0:5); (0:8; � 0:1)] with the boundary @
 , cf. Figure 2.3.

The source term is chosen accordingly, i.e.:

f 1(x; y) = � 2ex cos(y);

f 2(x; y) = 2 ex sin(y) � 8;

as well as the Neumann and the Dirichlet data on� D = ( � 0:8; 0:8)� 0:8 and � N = @
 n� D :

It can be easily shown that in this case the jump through the fault is constant and is

given by q0 = [1; 1]T , whereasq1 = [0; 0]T , meaning that the normal component of the

stress is continuous along� . Figure 2.4 shows the computed solution on a mesh with

approximately 5200 elements (h = 0:0138), corresponding to 3 levels of re�nement. The

computed errors using a polynomial degreer = 1 is shown in Figure 2.5 as a function of

the mesh sizeh (log-log scale). We can clearly observe a quadratic (linear respectively)

convergence rate when the error is measured in theL 2 (H 1, respectively) norm, as
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predicted by Theorem 3 and Theorem 4.

(a) First component of the solution u1. (b) Second component of the solutionu2.

Figure 2.4: Example 1: Plot of the computed solution on a grid with granularity
h = 0:0138(3 levels of re�nement).

(a) Computed errors in the L 2-norm versus the
mesh sizeh.

(b) Computed errors in the H 1-norm versus
the mesh sizeh.

Figure 2.5: Example 1: Computed errors versus the mesh sizeh (log-log scale).

48



2.3 Numerical results

2.3.2 Example 2

In this example we choose uniform Lamé coe�cients� = 1 and � = 1 and the components

of the exact solution as:

u1(x; y) = sin(2 �x ) + x2 � (y > y 0);

u2(x; y) = sin(2 �y ) + x2 � (y > y 0);

wherey0 = 0:2 is the y-coordinate of the horizontal interface� = ( � 1; 0) � f 0:2g.

The given source term becomes:

f 1(x; y) = 12� 2 sin(2�x ) � 6 � (y > y 0);

f 2(x; y) = 12� 2 sin(2�y ) � 2 � (y > y 0):

and the Dirichlet boundary datum is chosen accordingly on� D � @
 , cf. Figure 2.2.

For this test, the vector q0 = [x2; x2]T is parabolic in thex direction and we have a jump

of the stress tensor along� : q1 = [� 2x; � 2x]T .

The results in Figure 2.6 show that, as expected, the parabolic discontinuity of the

displacement in thex direction along the interface� . Figure 2.6 displays both the

components of the computed solution on a mesh with granularityh = 0:0157 (that

corresponds to 3 levels of re�nement). In Figure 2.7 we report the computed error in

the L 2 and H 1 norm as a function of the mesh sizeh (log-log scale), obtained with

a polynomial degreer = 1. We can clearly observe a quadratic ( linear respectively)

convergence of the error when measured if theL 2 norm (H 1 norm respectively), as

predicted by the theory.
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(a) First component of the solution u1. (b) Second component of the solutionu2.

Figure 2.6: Example 2: Plot of the computed solution on a grid with granularity
h = 0:0157(3 levels of re�nement).

(a) Computed errors in the L 2-norm versus the
mesh sizeh.

(b) Computed errors in the H 1-norm versus
the mesh sizeh.

Figure 2.7: Example 2: Computed errors versus the mesh sizeh (log-log scale).
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2.3.3 Example 3

In the third example we choose uniform Lamé coe�cients� = 1 and � = 1 and the

components of the exact solution as:

u1(x; y) = sin(2 �x ) + sin(2 �x ) � (y > y 0);

u2(x; y) = sin(2 �y ) + sin(2 �y ) � (y > y 0);

wherey0 is the y-coordinate of the horizontal interface� , de�ned as � = ( � 1; 0) � f 0:2g:

The given source term is:

f 1(x; y) = 12� 2 sin(2�x ) + 12� 2 sin(2�x ) � (y > y 0);

f 2(x; y) = 12� 2 sin(2�y ) + 12� 2 sin(2�y ) � (y > y 0):

For this test, the vector q0 = [sin(2�x ); sin(2�y )]T is a trigonometric function in the x

and y directions and we haveq1 = [0; � 6� cos(2�y ) � 2� cos(2�x ) ]T .

Figure 2.8 and Figure 2.9 show the two discontinuous components of the computed solution

on a mesh with approximately 4000 elements (granularityh = 0:0157, corresponding to 3

levels of re�nement) and the computed errors, respectively. We remark that again we

observe the convergence rates predicted by the theory.

(a) First component of the solution u1. (b) Second component of the solutionu2.

Figure 2.8: Example 3: Plot of the computed solution on a grid with granularity
h = 0:0157(3 levels of re�nement).
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(a) Computed errors in the L 2-norm versus the
mesh sizeh.

(b) Computed errors in the H 1-norm versus
the mesh sizeh.

Figure 2.9: Example 3: Computed errors versus the mesh sizeh (log-log scale).

2.3.4 Example 4

In the last experiment, we try to combine the problem with discontinuous Lamè pa-

rameters across a geometrical interface to the one with a discontinuous solution across

a di�erent crack. Thus, we take the unit square domain
 = (0 ; 1) � (0; 1) divided

by two faults: the horizontal interface � 1 = f 0:4g � (0; 1) and the vertical interface

� 2 = (0 ; 1) � f 0:5g, as shown in Figure 2.10.

(a) First level of
re�nement.

(b) Second level of
re�nement.

(c) Third level of
re�nement.

Figure 2.10: Example 3: Domain with two interfaces: � 1 = f 0:4g � (0; 1) and the
vertical � 2 = (0 ; 1) � f 0:5g.

We choose:

� = � = 1; if x < x 0

52



2.3 Numerical results

� = � = 2; if x � x0

and the components of the exact solution as:

u1(x; y) = sin(2 �x ) + sin(2 �x ) � (y > y 0);

u2(x; y) = sin(2 �y ) + sin(2 �y ) � (y > y 0);

wherey0 = 0:4 is the y-coordinate of� 1 and x0 = 0:5 is the x-coordinate of� 2.

The given source term is given by:

f 1(x; y) = 12� 2 sin(2�x ) + 12� 2 sin(2�x ) � (x � x0) � 6 � (y > y 0) � 6 � (x � x0) � (y > y 0);

f 2(x; y) = 12� 2 sin(2�y ) + 12� 2 sin(2�y ) � (x � x0) � 2 � (y > y 0) � 2 � (x � x0) � (y > y 0):

We impose Dirichlet boundary conditions on the whole boundary@
 and the datum gD is

chosen accordingly. Figure 2.11 shows the two components of the computed solution on a

mesh with granularity h = 0:0135, that corresponds to 3 levels of re�nement of an initial

mesh grid with 342 elements. In Figure 2.12, as before, we report the computed errors in

the L 2 norm (left) and H 1 norm (right) as a function of the mesh sizeh (log-log scale).

These results have been obtained base on employing piecewise linear polynomials, i.e.

r = 1. As expected, we clearly observe a linear convergence of the error when measured

in the H 1 norm and a quadratic convergence of the error when measured in theL 2 norm.

(a) First component of the solution u1. (b) Second component of the solutionu2.

Figure 2.11: Example 4: Plot of the computed solution on a grid with granularity
h = 0:0135(3 levels of re�nement).
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