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1. Introduction

A central aspect in reduced order modeling re-
sides in whether the reduced order model (ROM)
solution is a meaningful time-continuous approx-
imation of the full order model (FOM). In such
a case, it would be possible to query the learned
ROM at any given time by retaining a pre-
scribed level of accuracy, thus avoiding rebuild-
ing, retraining or undergoing additional fine-
tuning stages, thereby resulting in lower offline
computational costs.

Among deep learning (DL) -based reduced or-
der modeling approaches, a recently proposed
strategy consists in leveraging neural ordinary
differential equations (NODEs) [1] coupled with
autoencoders (AEs), resulting in the AE-NODE
architecture, in order to implicitly learn the
vector field parameterizing the latent dynam-
ics |2, 5]. As highlighted by [4], NODEs have
demonstrated promising capabilities at the task
of zero-shot generalization across finer tempo-
ral discretizations, in the context of dynamical
systems modeling. However, despite the central-
ity of this aspect, the time-continuous approxi-
mation properties of the AE-NODE architecture
have not yet been addressed in a multi-query re-
duced order modeling context.

1.1. Objective & Contributions

The goal of this work is to introduce the latent
dynamics model (LDM) mathematical frame-
work, study and validate its numerical and ap-
proximation properties in a DL context, via
a properly designed AE-NODE architecture.
Specifically, the core property underlying the
LDM framework resides in its time-continuous
modeling capability, which is achieved by adopt-
ing a causal structure preserving the FOM’s ini-
tial value problem (IVP) formulation. To this
mean, the notion of time-continuous approxima-
tion, first introduced in [4], is extended toward
a reduced order modeling setting. In particu-
lar, the IVP-like structure of the resulting LDM
framework allows deriving a stability result in
a time-continuous setting. Additionally, in a
time-discrete setting, when Runge-Kutta (RK)
methods are employed, the method’s numerical
properties are studied and an error decomposi-
tion formula is derived. In a learnable setting,
an approximation result which can be regarded
as a time-continuous approximation property is
provided.

From a DL standpoint, an AE-NODE architec-
ture is proposed in order to address two key as-
pects: (i) interpretability of the learned latent
representation, via an auto-encoding strategy
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Figure 1: Commutative diagram explaining the
LDM scheme, approximating the mapping ug; —
uy,(t) defined by the full-order dynamics fj,, by
means of a latent dynamics f,, and the nonlinear pro-
jection and reconstruction maps ¥, ¥’.

preserving spatial-coherence, and (7i) a parame-
terization mechanism which allows injecting the
time-parameter instance into the parameterized
latent dynamics.

2. Framework

The proposed LDM framework, summarized in
Figure 2, revolves along three levels of approxi-
mation. The notion of LDM is first introduced
in a time-continuous setting in order to consecu-
tively analyze (i) the impact of employing a nu-
merical integration time scheme for the solution
of the latent dynamics, leading to a time-discrete
LDM formulation, namely ALDM; (4i) the ap-
proximation capabilities in a learnable setting,
where deep neural networks (DNNs) are adopted
to approximate the components involved in the
ALDM, via a ALDMjy of learnable weights 6.

In the following, we outline the notion of latent
dynamics problem, and later introduce the con-
cept of LDM in discrete and learnable settings.

Latent dynamics problem. The typical
ROM settings address the construction of the
reduced trial manifold and the modeling of the
reduced dynamics as two separate steps. The
proposed LDM framework aims to directly ad-
dress the two problems as a whole, reframing
the nonlinear dimensionality reduction problem
in a dynamical setting. Thus, we consider the
case of a high-dimensional parameterized time-
dependent state uy, : [to,T] x P — S, € RV»
evolving accordingly to the FOM, defined as

{ up(t; p) = fa(t, un(t; p)i p),
uy,(to; i) = v (),

t e (to,T],

with f, : (to,7] x RN» x P > D, — RN
the high-dimensional nonlinear vector field de-
scribing its dynamics, for each p € P. Let
u, : [to, T]xP — S, C R™ be a low-dimensional
parameterized time-dependent state (n < Np),
such that u, € C'([tg,T] x P;R™). Then, the
low-dimensional state wu,(t; ) defines a latent
dynamics for the high-dimensional state evolu-
tion up(t; ) if there exists a triple (U, ¥’ f,)
solving the following latent dynamics problem
(LDP)
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ot { U, (t; p) = £u(t, un(t; p)s ), t € (to, 7Y,
L unltos ) = Y(uon(p)),

with £, : (to,7] x R" x P D D, — R™ the low-
dimensional nonlinear vector field describing the
dynamics, while ¥ : R — R” and ¥’ : R* —
RN: are Lipschitz-continuous mappings.

Thus, we refer to the triple (¥, ¥’/ f,,) solving the
LDP as a latent dynamics model (LDM), whose
approximation uy, of the FOM state uy, reads as

up(t; p) = Up(t; p) = ‘I//<‘1/(uo,h(ﬂ))

t
[ un(T;u);u)dT>,
to

and is schematized in Figure 1. Specifically,
thanks to the Lipschitzness assumption on the
encoding and decoding maps ¥ and V', a sta-
bility result for the LDM formulation can be de-
rived

|z (t; 1) — B (8 )| < Ce,

for (t,p) € [to,T] x P, with zj, being the per-
turbed LDM.

Discrete LDMs. The actual construction of
LDMs deeply relies on numerical integration
schemes for the solution of the latent IVP. Thus,
considering one-step schemes to numerically ap-
proximate the time-evolution of the latent dy-
namics, assuming the existence of a latent state
u,,(t; p) for the high-dimensional state uy,(t; @),
obtained by means of a LDM (¥, ¥ f,) solving
the associated LDP, the time-discrete ALDM
formulation reads as

ay(p) = U'(uf (),
ulf (p) = uf () + At®(tp—1,ul 5 At £, ),

n

uy (1) = W (uon(p)),
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Discretize
(e.g. Runge-Kutta)

ﬁ:‘-’z(l“‘) ﬁk ( )+Atq)(tk 1,u Aft 1( );Atafn,07l“’) <
a; (1) = Po(uon(p))

e Time-continuous approx. (Thm 3.5)

Figure 2

a
up(p) = up () + Atd(ty1,up  (p); Aty £, 1)
u; T (ug,n(p))

e Convergence, consistency, zero-stability (Sec. 3.2)
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. Block diagram summarizing the LDM approximation framework. The section and equation number-

ing shown above corresponds to the numbering adopted in the thesis manuscript.

having introduced a discretization {tk}]kvﬁé of the
interval [to,T]. Numerically solving the latent
IVP leads to a numerical approximation ﬁﬁ(u)
of the time-continuous LDM high-dimensional
reconstructed high-fidelity state uy(¢; ), thus
leading to a further approximation of the high-
dimensional FOM state uy(t; ) by means of
ﬁ],?L (p). In such discrete settings the convergence,
consistency, zero-stability of the resulting formu-
lation are addressed. Here, the main results and
consequences are reported.

Convergence. Following from the Lipschitzness

of the decoding map ¥, it can be derived that

[ (t; 1) — @ ()| = O(AEP),
where p indicates the order of the RK method
employed for the solution of the latent IVP.
Error decomposition. The prior result allows de-
composing the error of the ALDM scheme as
follows

[un(te, p) — Gf ()| < C1 + C2APP,

indicating the time-continuous approximation
error source, whose terms are collected in Cf,
via a suitable bound, and the numerical error
source, via CoAtP, highlighting how the con-
vergence order is transferred from the method
employed in the latent space, to the high-
dimensional ALDM approximation.

Zero-stability. A stability result is derived in
the time-discrete setting, under the assumption

of employing a zero-stable numerical method for
the solution of the latent IVP.

Learnable LDMs. The introduced LDP for-
mulation can be reframed within a learning
context, where functions (¥y, ¥y, £, 9) equipped
with learnable parameters 8 = (0y,0y,6s,) €
© can approximate the components involved in
the LDM definition. In particular, the learn-
able settings are inherently discrete, involving
the minimization of the following objective
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given a collection of high-fidelity FOM snap-
shots uy,(t; p/), sampled in correspondence of
prescrlbed time-parameter instances {tk}k A x
{1}, © lto, T] x P.

Approximation result. Building up on [3], the
following result aims at showing that for each
small enough At, the approximation error be-
tween the original FOM solution and the ROM
approximation, provided by the ALDMjy, is
bounded.

Theorem 2.1. Let Tas be a general partition of
[to, T'| with a discretization step At, resulting in
a sequence of Nag time instances Tay = {tk}gﬁf
Then, under the perfect embedding assumption,
for any tolerance € > 0, there exist n > 0,



e a dynamics network (t,p) — Fpo(t,p),
having at most O(ne~ "+ active weights,
e a decoder \Il;w : R® — RN: | having at most
O(Npe™) active weights,
e an encoder W, g : RN — R7, having at
most O(ne="r) active weights,
and At* = At*(Fp ), such that

sup Jap (te; p) — G ()] < e,

VAL < At*, Yu € P.

The validity of the derived error bound directly
ensures the satisfaction of the time-continuous
approximation property by the ALDMy formu-
lation.

3. DL-based LDMs

As introduced, a recent DL-based reduced or-
der modeling approach, which aligns with the
proposed LDM framework, consists in rely-
ing on continuous-time modeling strategies, via
NODEs [1| coupled with AEs, to model the

evolution of the latent state [2, 5]. Specifi-
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Figure 3: Detailed structure of the proposed convo-
lutional affinely-parameterized latent dynamics ar-
chitecture.

cally, within the introduced ALDMjy learnable
framework, an AE neural network identifies the
composition \I/'H o Wy, while a parameterized
NODE represents the latent ODE u,(t;p) =
fn0(t,u,(t; w); ). Thus, building up on such
framework, we proceed to describe the architec-
tural choices that underlie the construction of
DL-based LDMs.

Spatially-coherent autoencoding. A di-
mensionality reduction strategy that retains spa-
tial coherence is adopted. Specifically, a fully
convolutional architecture based on a prior in-
terpolation operation on a structured grid is uti-
lized, along with residual convolutional blocks
and interpolation-based downsampling and up-
sampling operations.

Affinely-parameterized latent dynamics.
The latent dynamics modeling task is addressed
via the adoption of parameterized neural ODEs
(PNODEs) [5]. PNODESs originally relied on
dense layers, which, in our context, may hin-
der spatial-coherence and lead to an overparam-
eterized architecture. Thus, a proper param-
eterization mechanism is proposed in order to
preserve spatial-coherence, and reduce the pa-
rameter footprint with respect to hypernetwork-
based approaches. As shown in Figure 3, the
adopted architecture features two main compo-
nents: (1) the embedding module, which pro-
cesses the time-parameters (¢, p) inputs, to pro-
duce the scaling v and shifting 8 modulating
vectors; (2) the stack of affinely-modulated con-
volutional layers, reading as

h — tanh(y © (kxh) & 3),

which leverage the scale and shift vectors to
modulate the preactivation of a convolutional
layer of kernel k.

4. Numerical results

The provided numerical experiments aim to as-
sess the properties and generalization capabil-
ities of the proposed framework in a multi-
query context. In the following, the results
related to temporal evolution, time continuity,
and zero-stability are summarized. In partic-
ular, two benchmark problems are considered:
a one-dimensional Burger’s equation; a two-
dimensional advection-diffusion-reaction (ADR)
equation, featuring a non-affine parameter de-
pendence.

Temporal evolution. Being primarily a tem-
poral modeling framework, LDMs’ modeling ca-
pabilities are assessed via two tests, aiming at
evaluating both short-term and long-term pre-
dictive performance. In order to leverage LDMs’
time-continuous nature, the tests are conducted
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Figure 4: (Top) Burger’s test case for an interpolation parameter instance v = 0.1075. (Bottom) ADR test case
for an extrapolation parameter instance p = (0.018,0.414,0.526), at ¢t = 29.376 within the time extrapolation

interval.

by employing finer temporal discretizations than
the training one, for both test cases. Short-
term predictive capabilities are tested on sub-
trajectories of comparable length to the ones em-
ployed at training time, extracted from the dif-
ferent partitions of the temporal interval. Long-
term performances consider the evolution over
the complete temporal interval, entailing roll-
outs of length N; = 1000. In both tests, the
LDM is able to provide accurate approxima-
tions for both benchmarking problems, effec-
tively generalizing in time, also when performing
extrapolation with respect to the parameters,
with errors on the order of 1072, at most. In
terms of efficiency, the online LDMs’ computa-
tional times show speed-up factors of up to 40x
and 200x, with respect to the FOM, for the two
distinct test cases. Figure 4, report the FOM so-
lution, the LDM approximation, along with the
relative error and the latent dynamics, for the
Burgers’ and ADR test cases, respectively.

Time-continuity. The numerical validation
of the ROM time-continuous approximation
property highlights the effectiveness of the LDM
framework at the task of zero-shot super-
resolution. Two models, with identical architec-
tural details, but trained using different numer-
ical methods for integrating the parameterized
latent NODE (RK2, RK4), are employed. In
Figure 5, the behavior of the error with respect
to refinement of the temporal grid is shown, for
the two test-cases, when an extrapolation pa-
rameter instance p € Pegirqp is adopted. It can
be observed that: (i) the LDM can provide the
same level of accuracy over different temporal
discretizations that were not encountered dur-
ing training; (7i) the validity of the upper bound
arising from the error decomposition formula,
accounting for the numerical error source.

Zero-stability. In assessing the zero-stability
property in a learnable context, the framework’s
robustness with respect to initial value perturba-
tions is tested by considering long-term predic-
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Figure 5: Time-continuity test for the Burgers’

(top) and ADR (bottom) benchmark problems.

tions over the complete temporal interval [0, 7.
In the tests, reported in Figure 6, the amount of
noise on ugj is progressively increased, reveal-
ing a bounded behavior of the error between the
FOM and the perturbed LDM approximation,
with the errors for different noise levels exhibit-
ing a converging behavior.

5. Conclusions

The proposed LDM framework, characterized
by an IVP-structure, yields a ROM capable of
providing the same level of accuracy for refined
temporal discretizations relative to the training
discretization, thanks to its time-continuous ap-
proximation capabilities. The proposed frame-
work enabled us to analyze the different error
sources and derive a stability result, address
the numerical aspects in a time-discrete setting,
and finally derive a time-continuous approxi-
mation result in the learnable setting. From
an architectural perspective, a fully convolu-
tional AE-NODE structure is adopted, and, a
parameterized affine modulation mechanism is
proposed in order to deal with the parametric
information. The numerical results, involving
semi-discretized parameterized nonlinear time-
dependent PDEs, demonstrate the LDM frame-
work’s potential as an effective time-continuous
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Figure 6: Zero-stability test for the Burgers’ (top)
and ADR (bottom) benchmark problems.

reduced order modeling paradigm.
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