POLITECNICO
MILANO 1863

SCUOLA DI INGEGNERIA INDUSTRIALE

E DELLINFORMAZIONE

EXECUTIVE SUMMARY OF THE THESIS

Structure and Redundancy in Large Language Models: A Spectral

Study via Random Matrix Theory

LAUREA MAGISTRALE IN COMPUTER SCIENCE ENGINEERING - INGEGNERIA INFORMATICA

Author: DAvIDE ETTORI
Advisor: PRorF. MARCO BRAMBILLA
Co-advisor: PRoF. AMIT RANJAN TRIVEDI

Academic year: 2025-2026

1. Introduction

This thesis targets two linked challenges: re-
liability of large language and vision-language
models (hallucinations and distribution shift)
and efficiency at scale. Reliability failures erode
trust, while the resource demands of large mod-
els limit deployment; a unified approach is there-
fore valuable. The thesis argues for principled,
interpretable tools grounded in spectral geome-
try and Random Matrix Theory (RMT): eigen-
value spectra separate structure from noise, and
the Marchenko—Pastur law plus the spiked co-
variance model formalize this separation into
compact signatures of internal dynamics [,
7, 8]. Related work on hallucination detec-
tion includes black-box output checks, gray-box
logit /attention uncertainty, and white-box ac-
tivation probes [6, 9]. For Out-of-Distribution
(OOD) detection, entropy- and energy-based
scoring of logits are common baselines, along-
side representation-based and spectral methods
[4, 10]. For efficiency, mainstream compres-
sion uses distillation, pruning, and quantiza-
tion [2, 3, 5]. This thesis connect to these
lines of work but emphasize spectral criteria
that unify reliability and compression. A cen-
tral motivation is that output-based or static

uncertainty often misses failures that are visi-
ble in the evolving dynamics of internal repre-
sentations. Spectral statistics provide compact,
interpretable signals that can be tracked across
layers and time, making them useful for both
diagnosis and intervention. The first contri-
bution, EigenTrack, detects hallucination and
OOD behavior by tracking spectral descriptors
over time with lightweight recurrent classifiers,
enabling early warnings without modifying the
base model. The second contribution, RMT-
KD, applies the same spectral principles to com-
pression, projecting onto outlier eigen-directions
and self-distilling the reduced model to preserve
accuracy while cutting size, latency, and energy.

2. Background

Random Matrix Theory (RMT) studies eigen-
value statistics of large random matrices (each
entry is a random variable) and provides null
models for high-dimensional noise. For sym-
metric i.i.d. random matrices, with variance
o2, the Wigner semicircle law describes the lim-
iting density, in which eigenvalues concentrate
in [—20,20]. For covariance-type matrices, the
Marchenko-Pastur (MP) law gives the asymp-
totic spectrum. If X € R"*P has ii.d. ran-



dom entries with variance o and p/n — c,
then the eigenvalues of C' = %X TX lie in a
bulk [A_,\;] with Ay = o%(1 & 1/c)? and fol-
low the distribution described by the MP law
[7]. The MP bulk is a calibrated reference for
noise-like activations. The Tracy—Widom distri-
bution characterizes fluctuations of the largest
eigenvalue at the upper spectral edge. A key
framework is the spiked covariance model, where
low-rank signal (spikes) is embedded in isotropic
noise. The signal is: ¥ = oI + Zle GZu,uZT
where the first component is noise, 6; are spike
strengths and u; are orthonormal signal direc-
tions. The Baik—Ben Arous-Péché (BBP) tran-
sition states that when a spike exceeds a thresh-
old, & > o2(1 + \/c), its sample eigenvalue de-
taches from the MP bulk and becomes an outlier
[1]. In practice, those outliers indicate struc-
tured, task-relevant directions, while the bulk is
noise-like with low energy eigenvalues.

3. Methodology: Eigentrack

FEigenTrack is a real-time reliability monitor that
attaches to a pretrained (Open Source) LLM or
VLM and tracks how the geometry of hidden
activations evolves during generation. The core
hypothesis is that factual, in-distribution rea-
soning yields structured representations with a
small number of dominant eigen-directions (con-
sistent with the spiked covariance model), while
hallucinations and OOD drift push the spec-
trum toward noise-like behavior (consistent with
RMT), enabling the distinction. RMT provides
the guiding principle: the MP bulk separates
noise from informative structure, and deviations
from this baseline become reliable failure indi-
cators [1, 7|. Rather than relying on output
probabilities, EigenTrack monitors the evolution
of internal dynamics and therefore can flag risk
early, before the model commits to a long hal-
lucinated continuation. At each decoding step,
EigenTrack collects hidden activations from a
subset of layers and concatenate them into an
activation vector. The last N activation vec-
tors are stacked into a matrix representing a
sliding window of recent states. Singular Value
Decomposition (SVD) yields the eigenvalues of
the windowed covariance, from which a compact
descriptor vector is computed, Figure 1. The
most informative descriptors include spectral
entropy (dispersion), leading-eigenvalues mass

(concentration), eigengaps (ratio between subse-
quent eigenvalues), and divergence (KL Diver-
gence and Wasserstein distance) from the MP
baseline. These descriptors are interpretable:
they quantify whether the representation is col-
lapsing toward isotropic noise or retaining struc-
tured, low-rank directions. Importantly, Eigen-
Track does not require access to gradients, train-
ing data, or changes to the base model; it is a
monitoring head that can be attached post hoc
and run concurrently with inference.
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Figure 1: General architecture of EigenTrack:
spectral features extracted from hidden activa-
tions are streamed into a recurrent discrepancy
detector, which outputs early warnings.
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Figure 2: Temporal evolution of spectral statis-
tics: hallucinated sequences tend to stay closer
to the MP-like regime, while factual sequences
diverge toward a more structured spectra.

Single spectral snapshots can be ambiguous,
so EigenTrack models the time series of de-
scriptors with a lightweight recurrent head
(RNN/GRU/LSTM). This head learns charac-
teristic trajectories of stable versus unstable gen-
erations while remaining computationally neg-
ligible compared to the base model. The out-



put is a per-step risk score that can trigger
early intervention before hallucinated content is
fully produced. The monitoring is non-invasive:
the base model is unchanged and only a sub-
set of layers is sampled, keeping overhead low
and latency bounded. In practice, sampling
one layer every few transformer blocks is suffi-
cient because adjacent layers exhibit highly cor-
related spectral behavior. This design choice
yields a favorable accuracy—latency trade-off and
makes KEigenTrack suitable for online deploy-
ment. From a systems perspective, EigenTrack
adds minimal overhead: covariance computation
uses short windows and truncated eigensolvers,
the recurrent head adds only a few thousand pa-
rameters, and updates are constant per token.

Experimental Setup: EigenTrack is evalu-
ated on open-source LLMs and VLMs (LLaMa,
Qwen, Mistral, LLaVa) for hallucination and
OOD detection.  Hallucinations are induced
via a controlled QA pipeline, where context-
question pairs are sampled from HotPotQA and
questions are randomly swapped with unanswer-
able ones (where the answer does not appear in
the context) 50% of the time, and a larger LLM-
as-a-judge model (e.g. LLaMa 8B) classifies
whether the smaller model hallucinated. OOD
evaluation contrasts in-distribution data from
WebQuestions (common in web-sourced train-
ing corpora) against OOD samples from EurLex
(domain-specific legal text from EU parliament).
Results: Across model families, EigenTrack
consistently achieves strong AUROC for halluci-
nation detection, with GRU heads typically out-
performing RNNs and LSTMs. Performance im-
proves with model scale, suggesting that larger
models exhibit richer spectral signatures that
are easier to separate. Figure 3a summa-
rizes hallucination detection across architectures
and recurrent heads. Additionally, EigenTrack
achieves strong OOD performance across the
same model families. Figure 3b shows consistent
AUROC that mirror the hallucination trends,
indicating that the spectral-temporal features
generalize to broader distribution shifts. Be-
yond aggregate performance, the temporal plots
in Figure 2 show that hallucinated generations
follow distinct spectral trajectories: entropy re-
mains higher, KL divergence from the MP base-
line stays lower, and eigengaps narrow, consis-
tent with a drift toward noise-like activations.
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Figure 3: Hallucination (a, top) and OOD (b,
bottom) detection metics across models and
classifiers. Sliding window length is 30 tokens.

Table 1: AUROC comparison on LLaMa for hal-
lucination detection on HotPotQA data.

Method LLaMalB LLaMa3B LLaMa7B

EigenTrack 0.842 0.861 0.894

LapEigvals 0.785 0.819 0.871
INSIDE 0.753 0.831 0.810
SelfCheckGPT  0.739 0.804 0.809
HaloScope 0.820 0.827 0.861

These dynamics explain why temporal model-
ing is crucial: risk emerges as a gradual spec-
tral drift rather than a single anomalous point.
Overall, EigenTrack indicates that spectral dy-
namics provide early, interpretable failure sig-
nals while remaining lightweight, supporting
the thesis claim that RMT-based geometry can
ground practical reliability tools. Table 1 sum-
marizes state-of-the-art hallucination detection
on the LLaMa family, with additional compar-
isons mentioned in the thesis document.

Ablation Study: Figure 4a shows AUROC and
inference latency versus sliding-window length.
Short windows yield higher AUROC by captur-
ing fine-grained dynamics but increase latency
due to more evaluations; longer windows reduce
latency while gradually degrading performance.



A clear knee at 25 tokens offers the best trade-
off. Below this range, spectral estimates are
noisy and latency rise; above it, excess context
oversmooths signals and degrades detection, in-
dicating that hallucination dynamics lie within
a moderate temporal horizon. Figure 4b plots
AUROC against the number of observed tokens.
Performance rises sharply from chance within
the first few tokens and quickly saturates, show-
ing that hallucination cues emerge early, with
diminishing gains from later tokens, supporting
early stopping to balance accuracy and latency.
This indicates that hallucination isn’t a sudden
event and it can be detected, from internal acti-
vations, before manifesting in the text output.
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Figure 4: AUROC and latency as a function of
sequence window length of GRU on hallucina-

tion dataset (a, top) and AUROC as a function
of total generated tokens (b, bottom).

4. Methodology: RMT-KD

RMT-KD is a compression framework that uses
RMT to identify and preserve only the causal di-
rections of hidden activations, yielding smaller
models without sacrificing accuracy. The idea
is that activation spectra exhibit a noise bulk
predicted by the MP law, while task-relevant
structure appears as outlier eigenvalues beyond
the bulk edge; those outliers define the sub-
space worth keeping [1, 7]. RMT-KD, shown

in Figure 5, operationalizes this into a staged
procedure: train until a target level of accu-
racy is achieved (so we know there is signal in
the model), analyze first layer activations on a
calibration subset, estimate the upper MP bulk
edge, project onto the outlier eigenvectors sub-
space, self-distill to recover accuracy and repeat
for each layer until target compression is met.

Validation Accuracy > Threshold Insert RMT based

projection block

Validation Accuracy <= Threshold
Keep Training

Figure 5: Overview of the iterative RMT-KD
pipeline: spectral analysis estimates the MP
bulk edge, outlier eigenvectors define the causal
subspace, and self-distillation stabilizes training.

At each reduction step, activations from a target
layer are collected to form a covariance matrix.
The eigenvalue spectrum is matched to the MP
density to estimate the noise variance and its up-
per edge A\;. Eigenvalues above A} are treated
as signal, and their eigenvectors define a projec-
tion that reduces the layer width while preserv-
ing the most informative directions, as shown in
Figure 6. Because the projection is dense, the
resulting model remains hardware-friendly and
does not require sparse kernels.

Distribution after Embedding Block 25Dis'cribution after 1 Transformer Block

N
S

bulk bulk
delimitation delimitation
- from -~ from

w
S
N
5]

MP
distribution

102 1071 10° 10! -2 101 10° 10!
Eigenvalue Eigenvalue

MP
distribution

—
@

N
o

Frequency
=
5

Frequency

-
5

o

—o  w
5}

o

istribution after 2 Transformer Blocks istribution after 3 Transformer Blocks

=

Frequency
o N & 0 @ 5y
—
o

bulk bulk
delimitation delimitation
--- from == from

»

MP MP
distribution distribution

Frequency
N

Hﬂﬂﬂ]ﬂﬂﬂﬂ

1071 10° 10! 1071 10°
Eigenvalue Eigenvalue

Figure 6: Evolution of the empirical eigenvalue
distribution of activation covariances across lay-
ers of BERT on SST data during training.

Self-distillation is the stabilizing step: after each
projection, the reduced model (student) is fine-
tuned to match the logits of the pre-reduction
checkpoint (teacher) while still optimizing the
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task loss. This “teacher-from-previous-stage”
scheme transfers decision boundaries into the
smaller subspace, preventing catastrophic for-
getting and allowing aggressive reductions to ac-
cumulate layer by layer. The process is modular
and can be applied to transformers and CNNs
with minimal architectural modifications.

Experimental Setup: RMT-KD is evaluated
on BERT-base and BERT-tiny across GLUE
tasks (SST, QQP, QNLI) and on ResNet-50 for
CIFAR-10. Models share training settings; only
the RMT projections and self-distillation sched-
ule vary. A small calibration subset is used for
spectral estimation, and performance is tracked
in accuracy, parameter reduction, throughput,
power, memory, and energy per inference.
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Figure 7: Performance metrics of RMT-KD

models relative to baselines: (a, top) accuracy
and parameter reduction, (b, middle) infer-
ence speedup and power reduction, (c, bottom)
memory footprint and energy per inference.

Results: RMT-KD achieves large parameter re-
ductions while maintaining or improving accu-
racy. Figure 7a shows the accuracy—compression
trade-off: BERT-base sees reductions around
80% with slight accuracy gains on SST/QQP,
BERT-tiny retains accuracy with 60% reduc-
tion, and ResNet-50 achieves nearly 50% re-
duction with minimal loss. The pattern sug-
gests that spectral filtering removes redundant
or noisy directions and can act as a regular-
izer, improving generalization even as capacity
shrinks. The gains are consistent across archi-
tectures, indicating that the spectral criterion
captures a general property of learned represen-
tations rather than a task-specific artifact. Effi-
ciency gains are reflected in Figure 7b: through-
put increases (nearly 3x on BERT-base in some
tasks) while power consumption drops, indicat-
ing real hardware-level benefits from dimension-
ality reduction. Figure 7c complements this
view by showing that memory footprint and to-
tal energy per inference decrease substantially,
especially for larger models. These results mat-
ter for deployment because they reduce both la-
tency and operational cost, and they do so with-
out introducing sparsity; the compressed models
remain dense and therefore align well with stan-
dard GPU kernels. This confirms that spectral
projection is a principled alternative to heuris-
tic pruning or low-rank factorization, preserving
dense computation while cutting cost.

Table 2: Compression ratio (Red.) and accuracy
change (Acc.) comparison with other methods.

BERT-base BERT-tiny
Method Red. Acc. Red. Acc. Red. Acc.

RMT-KD 80.9% +1.8% 58.8% +1.4% 47.7% +0.7%
DistilBERT  42.7%  +0.2%  54.8%  +0.4% —

ResNet-50

Theseus 48.3%  +0.6%  53.0%  +0.1% —
PKD 40.5% -1.0% 50.1% -0.8% —
AT — — 42.2%  +0.4%
FitNet — — 40.6%  +0.2%
CRD — - 454%  10.6%

Table 2 provides a compact state-of-the-art com-
parison against representative distillation base-
lines (data for BERT are the average perfor-
mance between SST, QQP and QNLI, while
CIFARIO0 is used for ResNet); additional met-
rics and comparisons are reported in the thesis.
The takeaway is that RMT-KD achieves both
stronger compression and competitive perfor-
mance, remaining dense and hardware-friendly.



Ablation Study: Compression aggressiveness
is controlled by the quantile used to initialize the
MP law variance. That is the expected variance
in the activations matrix data, estimated as a
quantile of the empirical eigenvalue distribution
of the covariance matrix. Figure 8 shows that
moderate quantiles (around the median) yield
the best accuracy—compression trade-off, while
higher quantiles become overly aggressive and
degrade accuracy. This provides a tunable pa-
rameter balancing efficiency and performance.
ResNet offers greater reduction potential, while
BERT is constrained by fixed embedding and
token projection layers, which dominate beyond
40% quantile and limit further compression.
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5. Conclusions

This thesis shows that spectral geometry and
RMT offer a unified view for improving both re-
liability and efficiency in deep learning. Eigen-
Track provides early, interpretable warnings of
hallucination and OOD behavior without chang-
ing the base model. RMT-KD preserves causal
eigen-directions via dense projection and self-
distillation, achieving strong compression with
minimal accuracy loss and clear system-level
gains. These contributions position eigenvalue
dynamics as a shared language for diagnosis
and optimization. Limitations include evalua-
tion scope and the cost of spectral computation
for very large layers. Future work should scale
to larger multimodal models, explore hybrid sys-
tems combining RMT analysis on attention ma-
trices, and integrate approximate eigensolvers.
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