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Abstract

A meta-model-based procedure has been grounded to assess the impact force of dry gran-
ular masses on rigid barriers. The main aim of this study is to predict the maximum
impact forces by taking advantage of machine learning and interpreting the data to de-
normalise, refine, and optimise the empirical formula eq.4 [12] for the assessment of impact
forces of dry granular masses on rigid barriers that have uncertainties between parame-
ters of the system. In this thesis, the main aim is to apply uncertainty quantification in
the framework of UQLab to overcome the behaviour of complex systems [44]; therefore,
meta-modelling is implemented to develop surrogate models that are capable of represent-
ing the behaviour of the system in the presence of uncertainties. Several meta-modelling
techniques are implemented to enhance the accuracy of the prediction for the maximum
impact forces and perform sensitivity analysis, offering valuable insight into the impor-
tance of the system parameters. Since the empirical formulae are polynomial eq.4, the
meta-models in this study were built by taking advantage of polynomial chaos expansion
with different computational methods. Since the meta-models cannot estimate the for-
mula, the integration of maximum impact forces with the Polyfit function took place to
obtain the maximum impact formula. This refinement reduced the errors and calibrated
the empirical formulae.

Keywords: Meta-modelling, Impact forces, Dry granular masses, Uncertainty quan-
tification, Sensitivity Analysis, Machine learning





Abstract in lingua italiana

Un procedimento basato sul meta-modellazione è stato sviluppato per valutare la forza
d’impatto delle masse granulari asciutte su barriere rigide. Lo scopo principale di questo
studio è prevedere le forze d’impatto massime sfruttando il machine learning e interpretare
i dati per denormalizzare, perfezionare e ottimizzare la formula empirica eq.4 [12] per la
valutazione delle forze d’impatto delle masse granulari asciutte su barriere rigide, che
presentano incertezze tra i parametri del sistema. In questa tesi, l’obiettivo principale è
applicare la quantificazione dell’incertezza nel contesto di UQLab per superare il compor-
tamento dei sistemi complessi [44]; pertanto, la meta-modellazione è implementata per
sviluppare modelli surrogati capaci di rappresentare il comportamento del sistema in pre-
senza di incertezze. Diverse tecniche di meta-modellazione sono implementate per miglio-
rare l’accuratezza della previsione delle forze d’impatto massime e per eseguire l’analisi di
sensibilità, offrendo preziose intuizioni sull’importanza dei parametri del sistema. Poiché
le formule empiriche sono polinomiali eq.4, i meta-modelli in questo studio sono stati
costruiti sfruttando l’espansione del caos polinomiale con diversi metodi computazionali.
Poiché i meta-modelli non possono stimare la formula, l’integrazione delle forze d’impatto
massime con la funzione Polyfit è avvenuta per ottenere la formula dell’impatto massimo.
Questo perfezionamento ha ridotto gli errori e calibrato le formule empiriche.

Parole chiave: Meta-modelling, Forze d’impatto, Masse granulari asciutte, Uncertainty
quantification, Analisi di sensitività, Machine learning
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Introduction

Debris �ow

The United States Geological Survey (USGS) considers it a type of rapid landslide, fo-

cusing on its fast-moving and destructive nature [28]. Debris �ows are characterised by

destructive nature instinct [9, 21, 28, 33]. Debris �ow is de�ned by various authors based

on factors such as material type, water saturation, and mass velocity [9]. They might

be triggered by heavy rainfall, �ash �oods or erosion and move substantial elements such

as boulders, trees and even cars downhill [21] [28]. Debris �ow is a non-homogeneous,

solid-liquid two-phase �ow between solid and liquid phases [51]. This �ow is characterised

by the energy of the liquid phase [57] and characterised by rheological factors such as

viscosity and yield stress that determine its movement [40].

The characteristics of debris �ows are complex, with their destructive ability to carry

large boulders [21]. These �ows are common in mountains and hills, where they locate a

signi�cant hazard to life and property [33] [9]. It is an intermediate phenomenon between

hyperconcentrated �ows and landslides, with two primary types: muddy and granular

[17]. The impact of debris �ow correlated to the properties of particles, gravity, discrete

force from particle collision, and buoyant force created by high-volume mud [8].

Dry Granular Masses of Debris Flow

Dry granular masses in debris �ows exert signi�cant impact forces on rigid barriers, which

create hazards to the residential area [47] [13]. Impact forces are a�ected by various

factors, such as �ow length, height, front inclination, porosity and velocity [47]. The use

of discrete element modelling is a way to understand the impact of granular debris �ows on

rigid structures. Although progress has been made in understanding the physics of debris

�ows, there is a demand for empirical methods in hazard assessment due to uncertainties

in initial and boundary conditions [32].
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The assessment of risk due to the landslide events include: The comperhension modelling

of the hydromechanical processes developing when the lanslide interacts with either civil

structures or protection works. The aim of this topic on the dynamic impact of dry

granular �ows against protective barriers/ embankments, and in particular, it is aimed

at estimating the maximum impact forces (MIF) exerted on these latter. To achieve

this goal, the barrier is assumed to be rigid which allows us to uncouple and simplify

the problem with the consequence of conservatively overestimating the impact forces. At

present the classical approaches employed to design sheltring structures are commonly

inspired to those used in case of:

Impact of �uid masses on rigid barriers. These models, which are aimed at estimating

the pressures applied to the obstacles, can be thus subdivided in hydrostatic (HS) and

hydrodynamic (HD). Impact of boulders (BI) on elastic walls.Hydrostatic models [3, 30,

31, 50, 52] have been extensively used for the last 30 years to estimate debris impact

forces, even if they are quite simplisitic. In these models, a linear pressure pro�le with

depth is assumed, and impact force depends on �ow height and debris unit weight only.

In hydrodynamic models [2, 7, 29, 38, 42, 52, 58], a constant pressure pro�le is assumed,

and impact force depends on impact mass velocity (in addition to the factors considered

by hydrostatic models). On the other side, most common BI models [29, 38] consider

elastic impacts and refer to the Hert'z theory of contacts between two elastic spheres for

evaluating impact force. In this case, the MIF mainly depends on the impact velocity, the

elastic parameters of the impacting bodies, and the boulder mass. At last, hybrid models

combine the above-mentioned �uid and solid-based models [2].

In general, the MIF values evaluated by means of hydraulic models provide lower bound

values, whereas solid impact models upper bound values [29]. Analogous considerations

on the comparison of the above-mentioned models are given in [30, 38].

All in all, the review of the literature clearly shows that as of today the design of sheltering

structures has been tackled either theoretically or empirically, whereas the use of numerical

codes for this purpose is not yet very common in practice. Due to uncertainty between
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parameters application of meta-modelling techniques take place to observe the correlation

of each parameter in our complex system for the impact forces of dry granular �ows

on rigid barriers emphasises the importance of considering di�erent parameters in the

design of protective structures such as shelters [12, 13, 15, 55] for better observation and

understanding this complexity in the system.

1.1. DEM assessment of impact forces of dry granu-

lar masses on rigid barriers

The discrete Element Method (DEM) is used to obtain the impact force of dry granular

�ows on rigid barriers. This method has been implemented for the accurate tracking of

the particle motion, which leads to understanding the factors that in�uence impact forces,

such as �ow velocity, mass, height, fornt inclination, void ratio, and the barriers properties

[12, 13]. Moreover, the implementation of this method leads to study of complex granular

�ows, such as nonspherical, �exible, or cohesive particles, which is useful in providing

particle stress information for the develepment of constitutive models [26]. The numerical

simulations were performed using the PFC 3D code [18, 19]. The geometry of the model

is shown in Figure 1, in which both granular assembly and wall elements represents the

boundary and rigid barrier. In order to ease the progress, plane strain conditions are

imposed by con�ning the model within two smooth lateral wall elements. The �ow width

is 8 times the average grain diameters D, therefore, the in�uence of the lateral boundry

on the numerical results is negligible[11, 24]. The initial velocity of the granular mass is

assigned ar the instant of time just preceding the impact. The obsticle is assumed to be

vertical, and the sliding plane is horizontal. The granular mass is modelled as a random

assembly of spherical rigid grains. Following the approach proposed by Calvetti [10] for

quantitative reproduction of soil behaviour, the model consists of spherical particles, and

the rotation is inhibited to capture the e�ect of irregular shape of the soil particles.

These parameters include �ow properties, material characteristic, and rigid barrier prop-

erties. Discrete Element Method (DEM) simulations are a valuable tool for the complex

relationships between these factors and resulting impact forces, which provide more ac-

curate and reliable design methodologies [12, 13, 16, 55].
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Figure 1: DEM model initial conditions

The key points of the document include:

1.1.1. Impact Force Evaluation

The evaluation of the impact forces in dry granular �ows against barriers is important

in the risk assessment and protection design. [12�14] studied the assessment of impact

force by using 3D discrete element code to model the impact process in order to obtain a

design formula. However, the assumption of a rigid barrier leads to an overestimation of

impact forces.

1.1.2. Description of dataset

In this experiment, a variety of variables were de�ned to analyse the maximum impact

force of dry granular masses on rigid barriers. The model designed for the average grain

diameter `D' and the width of the grain assembly or width of our model `b' equal to 8

diameters of grains, the length of grain assembly `l', the height of grain assembly is `h' ,

the height of the barrier, 
 s 25:5kN=m3 unit weight of particles were used to normalised

the maximum impact forces (MIF) were calculated by PFC to obtain� M I F � , v is impact

velocity the range is,� is the front inclination h is the �ow height and `n' initial porosity.

1.1.3. Range of parameters

A range of parameters were used in the simulations, and the average diameter `D' is 0.3m.

The ratio between the largest and smallest diameters is 2.4, 'n' initial porosity range is

between 0.45 and 0.65 ( 0.45 picked for the simulation), and the range of the length of
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the grain assembly 'l ' is between 2.5 and 80 m (15m picked). The width of the grain

assembly 'b' is 8 times the diameter of the grain 2.4m, the height of the grain assembly

is between 1.5m and 7.5 (3m picked), the inclination of the front� is between 60° and

90° with the 10° interval, the height of obstacle is 9m, total mass m(t) range is between

25-1200 (154 picked), the number of grains is 700-33'600 (4200 picked) and initial average

velocity range is between 4 -128 (6,48 picked).

1.1.4. Empirical Equation for MIF

The author (Calvetti et al. 2017) [12] provide a quantitative estimation for MIF derived

from the interpretation of all numerical results obtained by considering the reference

mechanical parameters, by imposing interparticle friction coe�cientf c was chosen 0.3,

a typical value for DEM models of soils and by changing the front inclination, the �ow

height and Froud number within the following range� = 60 � 90, h = 1:5 � 7:5m and

Fr = 0 � 14:4. All the results in terms of � M I F � (normalised) versus Froud number

are plotted in Figure 2; as previously observed,� M I F � increases nonlinearly withF r

and larger values are obtained for smaller �ow heighth; within each class of �ow height,

� M I F � increases with the front inclination� . For impact velocities tending to zero, the

impact force should tend towards a static value, which is theoretically given by the passive

thrust de�ned as:

Sp =
1
2


bh 2kp (eq.1)

Where, kp and 
 are the passive thrust coe�cient and the unit weight of the equivalent

continuum. Therefore, in order to highlight the dynamic contribution to the impact force,

it is convenient to represent the numerical data by employing the new variables:

� MIF = MIF � Sp (eq.2)

Where, f s stands for the impact force:

f s =
1
2


 sbh2 (eq.3)

Would be the static force exerted on a rigid barrier by �uid with a unit weight equal to

the unit weight of the grains 
 s.
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In which the total maximum is the departure of static contribution. All the values of

� MIF* obtained from the simulations are thus plotted in Figure 2 versus Fr, and there is

the numerical data area also quite satisfactorily �tted by following the polynomial formula

[13].

� MIF* = a1FrM Fr + a2Fr 2 (eq.4)

Wherea1 and a2 are two non-dimensional coe�cients, whereasFrM is the intrinsic Froude

number de�ned as:

FrM =
uMp

gh
(eq.5)

Where uM is the velocity of propagation of compression waves within the impacting

medium that in all cases here considered, corresponding to the same initial porosity, is

approximately equal to 200m/s. Note that, since uM solely depends on the material

sti�ness and density,FrM , for a given material depends only onh.

Figure 2: � M I F � versus Fr (h=1.5-7.5)m� = 60 � 90; Reference Mechanical parameters
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Table 1: Interpolation parametersa1 and a2 as a function of both front inclination and

intrinsic Froude number

� a1 a2

FrM = 52 FrM = 36:8 FrM = 30 FrM = 26 FrM = 23:3
- - h = 1:5m h = 3m h = 4:5m h = 6m h = 7:5m

60° 0.15 4.5 3 2.75 2.5 2.25
70° 0.4 3.5 2.75 2.5 2.25 2
80° 0.55 2.8 2.25 2 1.8 1.7
90° 1 1.3 1.25 1.1 1.05 1

Figure 3: 3D view of the DEM model with test conditions



1| Literature review 9

Figure 4: Reference test results a) initial con�guration of the granular mass b) �nal

con�guration of the granular mass
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1.2. A Meta-Model-Based Procedure for Quantifying

the On-Site E�ciency of Rockfall Barriers (FE)

The aim of (Lambert et al., 2021) [39] is to develop a procedure for the e�ciency in

assessing the rockfall barriers in arresting the rock blocks. To achieve this, meta-modelling

techniques are implemented, where a meta-model is a mathematical model that predicts

the output of a complex numerical model. Once the meta-model has been trained, it can

predict the barrier's performance for di�erent input conditions. This information can be

used to design more e�ective barriers for stopping blocks of di�erent sizes and velocities.

In [39], six di�erent meta-modelling methods were used to determine the reliable approach.

The meta were used in this study:

Meta1: The method that combines regression trees to predict barrier response. It facili-

tates to handle of complex relationships between input parameters and barrier e�ciency

[35].

Meta2: Flexible Discriminant Analysis (FDA) is implemented in Meta2. It visualises

the decision boundaries between successful and failed barrier cases, which helps in under-

standing critical factors in�uencing barrier performance [27].

Meta3: It utilises random forest. It is a powerful method for generating multiple decision

trees and combining their prediction for improved accuracy and robustness [6].

Meta4: This method employs neural networks, a powerful machine learning technique

that is capable of capturing nonlinear relationships [48].

Meta5: This is based on a Support Vector Machine (SVM) with a radial basis func-

tion kernel. [39] This study facilitates classifying barrier responses while maximising the

separation between successful and failed cases [56].

Meta6: This method is an e�ective approach to handling high-dimensional input data

and selecting critical parameters [27].



1| Literature review 11

In summary of this work [39], implementing a meta-model is bene�cial in predicting the

performance of barriers for a wide range of input conditions. Meta-models are relatively

quick and inexpensive to use, also can be used to identify the most critical factors that

a�ect the performance of barriers, and can be used to optimise the design of the barri-

ers. The Meta1, Meta2, Meta5, and Meta6 provide insight to understand the barrier's

response, such as whether or not the block will be arrested. Meta 4 is implemented to

predict the barrier's response to new input parameters. The meta-modelling approach is

indeed very site-speci�c and dependent on the speci�c barrier and loading condition; it

is still possible to develop a global standard for meta-models by focusing on the general

principle and methodologies involved in the meta-modelling process. This standard could

provide guidelines for selecting appropriate meta-modelling methods, de�ning relevant

input parameters, and validating and evaluating the performance of meta-models. The

results obtained by meta-models have accuracy with94%, which makes it a powerful tool

for quantifying the barrier's e�ciency.
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2.1. De�nition of Meta-Modelling:

According to the general framework of uncertainty quanti�cation introduced in [22, 53],

a computational model can refer to a physical system, a set of assessment criteria or

any other kind of work�ow that propagates a set of input parameters to a set of output

quantities of interest Figure 5.

Figure 5: Visual representation of the global theoretical framework for uncertainty quan-

ti�cation developed by Sudret (2007); de Rocquigny et al. (2008), which gives the theo-

retical foundations to the UQLAB software.

Meta modelling is known as surrogate modelling or response surface, which is a statistical

and mathematical technique used in experimental design in the �eld of modelling and sim-

ulation to approximate the behaviour of complex systems [4]. One of the main advantages

of using meta-modelling is a cost-e�ective way to mimic the behaviour of the computa-

tional model. The most popular techniques for meta-modeling are based on parametric

polynomial response surface approximations [4]. The term �meta� in meta-modeling refers
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to the model being a model of another model, not the original model obtained by sim-

ulation or physical model. The implementation and procedure of meta-modeling are:

Original Model: In many applications, creating a detailed and computationally expensive

model in order to represent the behaviour of the system may not be practical due to

time, resources, or computational constraints. This original model is referred to as the

�black-box� model [44].

2.1.1. Black-box de�nition:

Black-box modelling is a method for approximating complex systems with low-complexity

models. The construction of black-box models from input-output measurements without

prior knowledge of the systems's relationships with a focus on curve-�tting and statistical

properties [41].

2.1.2. Training data set:

The meta-model is based on a set of training data, which consists of input-output data

obtained from simulations or the original model. The meta-model �learns� from this data

to create a mathematical representation of the system [44]. Applications: once the meta-

model is produced and validated, it can be used for optimisation, sensitivity analysis or

uncertainty quanti�cation [44].

Advantages of using meta-modeling:

ˆ Computational E�ciency:

Meta-models are much faster to evaluate and analyse compared with the original models,

making them useful for tasks where repeated evaluations are necessary.

ˆ Global Understanding:

Meta-models are able to provide insight into the relationship between input variables and

model outputs, which helps in understanding the behaviour of the system.

ˆ Optimisation and Sensitivity Analysis:

Meta models are often used in optimisation and sensitivity analyses in order to explore

the design space e�ciently. A variety of machines exist for implementing meta-models,

including polynomial regression, Kriging (Gaussian process regression), neural networks,

and radial basis functions. Meta modelling can be implemented in engineering, �nance,

and various scienti�c disciplines where complex models need to be predicted for e�cient

analysis and decision-making [44].
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2.2. Meta-Modelling di�erent machines

2.2.1. Polynomial Chaos Expansion (PCE):

It is a powerful meta-modelling tool which has important applications in uncertainty

quanti�cation and sensitivity analysis. Polynomial Chaos Expansion predicts the out-

put of the model using a series expansion of orthogonal polynomials. Each term in the

expansion is a product of a polynomial function of the input variables and coe�cient.

To obtain the PCE coe�cient, the model is evaluated at a set of points, so-called the

experimental design. The experimental design is typically generated using a space-�lling

algorithm such as Latin hypercube sampling.

Computational methods

There exist various computational strategies and projection methods for determining the

PCE coe�cients:

ˆ Ordinary Least Squares-OLS:

A regression method which minimises the sum of the squares of the di�erences between

observed values and those values predicted by the model [44].

ˆ BCS- Bayesian Compressive Sensing:

Bayesian inference utilises sparse signal recovery and is applied to PCE for identifying

the most signi�cant polynomial terms with a smaller number of model evaluations [44].

ˆ LARS- Least Angle Regression:

A regression algorithm, which is similar to forward stepwise regression, moves the co-

e�cient of the included variable towards its least squares value [44] instead of adding

variables one by one.
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ˆ OMP- Orthogonal Matching Pursuit:

Orthogonal Matching Pursuit (OMP) is a greedy algorithm proposed [46] as a re�nement

of the Matching Pursuit algorithm [43]. OMP works by iteratively retrieving the polyno-

mial basis elements that are most correlated with the current approximation residual and

adding them to the active set of regressors [44].

ˆ Quadrature:

A numerical integration method for computing and projecting the coe�cient of the PCE

by integrating the product of the polynomial terms with the input probability distributions

[44].

ˆ SP- Subspace Pursuit:

Subspace pursuit (SP) is a sparse regression algorithm developed by [20] and introduced

for PCE by [23].

Data distribution

For the distribution of the data, various distribution methods can be implemented, such

as:

ˆ Uniform Distribution:

Uniform distribution characteristics have a constant probability over a speci�ed range, and

all the values within the ranges have the same probability of occurring. The minimum

and maximum values will de�ne the range of parameters.

ˆ Beta Distribution:

The beta distribution has a continuous probability distribution on the interval [0, 1]. It

is used to model the distribution of random variables which represent probabilities.
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ˆ Gamma Distribution:

The Gamma distribution has a continuous probability distribution that is de�ned for the

positive and real numbers [44]. It is used to model the time until the Poisson process

reaches a certain count. Parameters: Shape parameter (k) and scale parameter(� ):

ˆ Gaussian Distribution (Normal Distribution):

The Gaussian distribution is known as the normal distribution and has a continuous

probability of distribution. The main characteristic is that it is symmetric and bell-

shaped, which is characterised by its mean and standard deviation. It is used in statistic

and probability theory due to the Central Limit Theorem. Parameters: Mean(� ) and

standard deviation (� ).

2.2.2. Support Vector Machine (SVM)

Support vector machines are a class of learning techniques developed to solve problems by

learning from examples. Such problems occur when one needs to approximate a function

either because the latter is unknown, i.e. the underlying mapping is too complex to

be modelled (e.g. meteorological phenomena) or because the function is too expensive

to evaluate for practical purposes (e.g. �nite element simulation). Classi�cation is the

speci�c case of supervised learning, which handles models whose outputs are discrete.

Upon implementing the structural risk minimisation principle [56], support vector machine

classi�cation achieves a high degree of accuracy while minimising the risk of over�tting

[44].

2.2.3. Kriging

Kriging (also known as Gaussian process modelling) is a statistical interpolation method

that capitalises on Gaussian processes to interpolate a wide range of complex functions.

It was �rst developed as a spatial interpolation tool in geostatistics by [36] and formalised

by [45]. Kriging was later introduced in the context of metamodeling and computer

experiments in the work [49], in which Kriging was used to represent an input/output

mapping of an expensive computational model.
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2.2.4. Polynomial Chaos-Kriging (PC-Kriging)

Polynomial chaos kriging (PC-Kriging) is a novel metamodelling technique that combines

the advantages of Kriging (Gaussian process modelling) and polynomial chaos expansions

(PCE). More speci�cally, PC-Kriging consists of a universal Kriging model, the trend of

which is modelled by a sparse set of orthogonal polynomials. UQLAB metamodelling

tools provide an e�cient, �exible and easy-to-use PC-Kriging module that allows one to

apply state-of-the-art algorithms for di�erent variations of PC-Kriging on a variety of

applications [44].

2.3. Sensitivity Analysis

In general, sensitivity analysis aims to describe how the variability of the model response,

y = M (x), is a�ected by the variability of each input variable or combinations thereof.

Sensitivity analysis is useful to spot unimportant input variables and help reduce the

dimension of the problem (model reduction), among other usages. This kind of analysis is

performed with a black-box approach, i.e. only based on the model response evaluations

for a certain sample of inputs, selected in such a way that they will maximise the output

information about the model structure [44]. These methods take into account the whole

input domain. They may refer to di�erent features of the model output, such as variance

or distribution.

Below are various methods of sensitivity analysis:

ˆ Borgonovo sensitivity indices [5]

ˆ Sobol' sensitivity indices [1]

ˆ Kucherenko sensitivity indices [37]
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2.4. Bayesian inference and Probabilistic model

2.4.1. Bayesian inference

Bayesian methods [25] with a focus on inverse problems [34, 54]. An inverse problem

arises when unknown parameters that cannot be directly measured are estimated based

on experimental data that is only indirectly related to the parameters through a compu-

tational model. The problem is called inverse because instead of propagating information

about input parameters through a computational model (so-called forward approach), the

goal is to propagate information about the observations backward to obtain insight into

the model inputs.

2.4.2. Probabilistic model

Probabilistic Input Model

In this step, the idea is to de�ne the probabilistic model for the input parameters by

de�ning the range of each input variable. These distributions represent the uncertainty

associated with these parameters.

Sampling

The script generates random samples for the input parameters. by using di�erent methods

such as Monte Carlo, Latin Hypercube, Sobol, and Halton sampling. By using di�erent

types of methods such as Monte Carlo, Latin Hypercube, Sobol', and Halton, the random

distribution of our data will be created.

Overall, the probabilistic approach is used to solve the problem of uncertainty. Proba-

bilistic models are important for understanding and quantifying the uncertainties in the

model's predictions or simulations. After obtaining new parameters for the input of the

system, the output will be obtained by repeating the simulations based on the new input

data to obtain enriched output.

The statistical distribution analysis of our inputs and the de�nitions of all the statistical

approaches were de�ned brie�y below:
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ˆ Monte Carlo (MC):

The Monte Carlo method is an algorithm for computation that depends on random sam-

pling to obtain numerical results. The methods implemented to solve mathematical prob-

lems.

ˆ Latin Hypercube (LHS):

Latin Hypercube Sampling is a statistical method that generates samples for multiple-

dimension distribution. It guarantees an even and e�cient coverage of the sample space

in comparison with simple random sampling.·

ˆ Sobol' series:

Sobol series are quasi-random series that are implemented for numerical integration. Their

usefulness in the design of an even coverage of the sample space than solely random

sequences.

ˆ Halton Series:

Halton series are another type of quasi-random sequence that aims to generate points into

a space more even compared with random series. They are e�ective in low-dimensional

spaces.

These methods are useful where traditional random sampling cannot provide su�cient

coverage. Depending on the speci�c requirements and demands of the problem, researchers

may choose one of these methods in order to improve the accuracy of their simulations.

2.5. Reliability

Structural reliability methods aim to assess the probability of failure of complex systems

due to uncertainties associated with their design, manufacturing, environmental, and

operating conditions. The name structural reliability comes from the emergence of such

computational methods back in the mid-70s to evaluate the reliability of civil engineering

structures. As these probabilities are usually small (e.g.10� 2, 10� 8 ), this type of problem

is also known as rare event estimation in the recent statistics literature.
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The main purpose of this case study is to analysis our data (349 simulations) that were

obtained by using the PFC 3D code. The aim is supposed to calibrate the empirical

formula which was de�ned in [13]. The traditional approach is traditional way based

on interpolation by taking advantage of MATLAB in order to estimate the empirical

formulae proposed by (Calvetti et al., 2017)[13] with the aim of �nding a �tted curve

between the maximum impact forces. The empirical formula eq.4 is a second-degree

polynomial, Poly�t tools in MATLAB play a signi�cant role in �tting the curves between

the data and �nding the most accurate empirical formula. The input parameters of the

traditional approach are described below:

Table 2: Input parameters

b (m) 
 s v(m=s) � h(m) n
2.4 25.5 [6.7-120.55] [60°-70°-80°-90°] [1.5-3-4.5-6-7.5] [0.4-0.42]

b: The width of model


 s: Unit weight of particles

v: Impact velocity

� : The front inclination

h: The height of the barrier

n: Initial porosity.
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3.1. Maximum impact force action

The traditional approach implies that the data were obtained without calibration. Since

the empirical formulae are normalised [13], the main aim of the traditional approach is

to denormalise the eq.4 to facilitate the engineering perspective. In this procedure, the

maximum impact force was used with the unit (MN), the Poly�t function in MATLAB

would be the solution to our demand to �nd a �t between each of the two data points.

However, degree 3 in our analysis marginally makes the �t better but the terms belonging

to v3 do not have a physical meaning besides that from an engineering point of view,

therefore the polynomial with degree 3 will not be considered in our analysis.

Figure 6: MIF versus Velocity for di�erent conditions obtained by MATLAB Polynomial

degrees 3
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Figure 7: MIF versus Velocity for di�erent conditions obtained by MATLAB Polynomial

degrees 2

Figure 8: MIF versus Velocity for di�erent conditions obtained by MATLAB Polynomial

degrees 2 (Optimised)
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Figure 9: � MIF* versusF r , numerical data and interpolation (eq.4) a= 90°, b= 80°, c=70°,

d=60°

Observing the di�erence between the �tted curves produced by MATLAB and the �tted

curves obtained by interpolation in studied [13] signi�cantly improved and denormalised.

Elaborate on the code that was written, basically considering the input variables such as

v (impact velocity), � (Front inclination), and h (Flow height); the rest were constant

inputs that did not consider for �tting curves and obtain the empirical formulae therefore

such asb (Width of the model), 
 s(Unit weight of the particles) and n (initial porosity)

and the output is maximum impact force(MIF ). In this approach, by implementing

di�erent types of �t functions in MATLAB, the single and integrated formula that will

predict any condition is unattainable due to the complexity and uncertainty of the system.

In order to �nd a reliable formula for the sake of complexity, the variables were separated

to �t the curves.
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Table 3: Empirical formula (Polynomial degrees 3)

� h (m) Formula
60° 1.5 MIF = � 0:00043335v3 + 0:052911v2 � 0:50559v + 3:4566

3 MIF = 8:2618e� 05v3 + 0:014606v2 + 0:84592v � 3:868
4.5 MIF = � 0:00012972v3 + 0:0448056v2 + 0:86609v � 5:6497
6 MIF = � 6:1272e� 05v3 + 0:043623v2 + 1:3744v � 8:0311

7.5 MIF = � 0:00018165v3 + 0:069451v2 + 1:5978v � 12:7659
70° 1.5 MIF = � 0:00043951v3 + 0:044323v2 + 0:043651v � 0:17232

3 MIF = � 0:00017229v3 + 0:035779v2 + 0:7901v � 3:9262
4.5 MIF = � 0:00012714v3 + 0:038622v2 + 1:6747v � 7:4228
6 MIF = � 0:00019196v3 + 0:054849v2 + 2:046v � 9:2492

7.5 MIF = � 0:00027551v3 + 0:074728v2 + 2:4543v � 16:3285
80° 1.5 MIF = � 0:00031404v3 + 0:024989v2 + 0:83073v � 3:6082

3 MIF = � 3:4753e� 05v3 + 0:013962v2 + 1:9555v � 7:4873
4.5 MIF = � 0:00011744v3 + 0:031293v2 + 2:2174v � 6:9034
6 MIF = � 9:6005e� 05v3 + 0:032905v2 + 3:4572v � 14:1802

7.5 MIF = 1:6052e� 06v3 + 0:017317v2 + 5:3486v � 22:9546
90° 1.5 MIF = � 0:00011994v3 + 0:010156v2 + 1:1251v � 3:1267

3 MIF = � 3:6055e� 06v3 + 0:0076409v2 + 2:1854v � 4:6978
4.5 MIF = � 1:5661e� 05v3 + 0:01109v2 + 3:2543v � 4:9623
6 MIF = � 3:1122e� 05v3 + 0:021242v2 + 3:833v � 1:6055

7.5 MIF = 8:7092e� 06v3 + 0:016363v2 + 5:5976v � 6:6287
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Table 4: Empirical formula (Polynomial degrees 2)

� h (m) Formula
60° 1.5 MIF = 0:01515v2 + 0:43189v � 2:535

3 MIF = 0:024838v2 + 0:4989v � 1:0732
4.5 MIF = 0:025716v2 + 1:6216v � 12:5374
6 MIF = 0:033129v2 + 1:8536v � 12:9517

7.5 MIF = 0:035389v2 + 3:3304v � 33:5664
70° 1.5 MIF = 0:0060233v2 + 0:99447v � 6:2492

3 MIF = 0:014442v2 + 1:5137v � 9:7543
4.5 MIF = 0:019914v2 + 2:4152v � 14:1733
6 MIF = 0:021972v2 + 3:5472v � 24:6645

7.5 MIF = 0:023067v2 + 5:0821v � 47:8764
80° 1.5 MIF = � 0:0023766v2 + 1:5101v � 7:9502

3 MIF = 0:0096576v2 + 2:1015v � 8:6629
4.5 MIF = 0:014012v2 + 2:9015v � 13:1393
6 MIF = 0:016462v2 + 4:208v � 21:89

7.5 MIF = 0:017612v2 + 5:3342v � 22:7982
90° 1.5 MIF = � 0:00029549v2 + 1:3846v � 4:785

3 MIF = 0:0071943v2 + 2:2006v � 4:8198
4.5 MIF = 0:008786v2 + 3:3455v � 5:7938
6 MIF = 0:015912v2 + 4:0763v � 4:1048

7.5 MIF = 0:017996v2 + 5:5145v � 5:6314
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Table 5: MIF calculated by PFC 3D optimised empirical formulae

� h (m) Formula
60° 1.5 MIF = 0:01841v2 + 0:2254v

3 MIF = 0:02575v2 + 0:4146v
4.5 MIF = 0:03116v2 + 1:008v
6 MIF = 0:03754v2 + 1:272v

7.5 MIF = 0:04457v2 + 2:019v
70° 1.5 MIF = 0:01382v2 + 0:4999v

3 MIF = 0:02035v2 + 0:9659v
4.5 MIF = 0:02601v2 + 1:728v
6 MIF = 0:02983v2 + 2:51v

7.5 MIF = 0:03583v2 + 3:26v
80° 1.5 MIF = 0:007505v2 + 0:8835v

3 MIF = 0:01493v2 + 1:612v
4.5 MIF = 0:0197v2 + 2:261v
6 MIF = 0:0235v2 + 3:279v

7.5 MIF = 0:02428v2 + 4:39v
90° 1.5 MIF = 0:009461v2 + 0:8589v

3 MIF = 0:005713v2 + 1:004v
4.5 MIF = 0:01155v2 + 3:035v
6 MIF = 0:01771v2 + 3:838v

7.5 MIF = 0:02019v2 + 5:201v

By further observation of Table.4, it becomes apparent that during the initial step of

the simulation, when the velocity is zero, the constant value of the formula tends to

be a negative value which is irrelevant; therefore, by optimization, the constant value is

eliminated in Table.5. The optimised quadratic functions can predict a reliable Maximum

impact force respected to the normalized function in the article [13]. These MIF formulae

with respect to normalised ones can be easily calculated theMIF with the unit of Mega

Newton by putting the velocity with the unit m/s that can be predicted. Moreover, taking

a look at Figure 8 and comparing it with Figure 9 clearly shows us that the new optimised

second order polynomial formulae Table 5 work better.
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Correlation of coe�cient versus � and h for the optimised MIF

empirical formula 2D representation

Figure 10: Comparison of the coe�cient "a" for v2 term in the optimised empirical

formulae with degree 2 betweenalpha and h
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Figure 11: Comparison of the coe�cient "b" for v term in the optimised empirical formulae

with degree 2 betweenalpha and h
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Correlation of coe�cient versus � and h for the optimised MIF

empirical formula 3D representation

Figure 12: Comparison of the coe�cient "a" for v2 term in the optimised empirical

formulae with degree 2 betweenalpha and h in 3D

Figure 13: Comparison of the coe�cient "b" for v term in the optimised empirical formulae

with degree 2 betweenalpha and h in 3D
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3.2. Dynamic contribution to the Impact force

Consideration of passive thrust in the work�ow had an insigni�cant in�uence on the� M I F

empirical formulae. observation of Table 5 and 6 illustrate that the in�uence of passive

thrust is negligible.

Figure 14: � M I F versus Velocity for di�erent conditions obtained by MATLAB Polyno-

mial degrees 2 (Optimised)
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Table 6: � M I F versus Velocity for di�erent conditions obtained by MATLAB Polynomial

degrees 2 (Optimised)

� h (m) Formula

60° 1.5 � MIF = 0:01841v2 + 0:2254v
3 � MIF = 0:02575v2 + 0:4146v

4.5 � MIF = 0:03116v2 + 1:008v
6 � MIF = 0:03754v2 + 1:272v

7.5 � MIF = 0:04457v2 + 2:019v
70° 1.5 � MIF = 0:01382v2 + 0:4999v

3 � MIF = 0:02035v2 + 0:9659v
4.5 � MIF = 0:02601v2 + 1:728v
6 � MIF = 0:02983v2 + 2:51v

7.5 � MIF = 0:03583v2 + 3:26v
80° 1.5 � MIF = 0:007505v2 + 0:8835v

3 � MIF = 0:01493v2 + 1:612v
4.5 � MIF = 0:0197v2 + 2:261v
6 � MIF = 0:0235v2 + 3:279v

7.5 � MIF = 0:02428v2 + 4:39v
90° 1.5 � MIF = 0:005713v2 + 1:004v

3 � MIF = 0:01026v2 + 1:916v
4.5 � MIF = 0:01155v2 + 3:035v
6 � MIF = 0:01771v2 + 3:838v

7.5 � MIF = 0:02019v2 + 5:201v
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Correlation of coe�cient versus � and h for the optimised � M IF

empirical formula 2D representation

Figure 15: Comparison of the coe�cient "a" for term v2 in the � M I F empirical formulae

with degree 2 (Optimised) between� and H
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Figure 16: Comparison of the coe�cient "b" for term v in the � M I F empirical formulae

with degree 2 (Optimised) between� and H
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Correlation of coe�cient versus � and h for the optimised � M IF

empirical formula 3D representation

Figure 17: Comparison of the coe�cient "a" for v2 term in the optimised � M I F empirical

formulae with degree 2 betweenalpha and h in 3D

Figure 18: Comparison of the coe�cient "b" for v term in the optimised � M I F empirical

formulae with degree 2 betweenalpha and h in 3D
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3.3. Normalisation of Maximum Impact Force ( � M IF � )

Figure 19: � M I F � versusF r for di�erent conditions obtained by MATLAB Polynomial

degrees 2 (Optimised)
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Table 7: Normalised� M I F � versusF r (Optimised)

� h (m) Formula

60° 1.5 � MIF � = 3:858Fr 2 + 12:32F r
3 � MIF � = 2:698Fr 2 + 8:01F r

4.5 � MIF � = 2:177Fr 2 + 10:6F r
6 � MIF � = 1:967Fr 2 + 8:687Fr

7.5 � MIF � = 1:869Fr 2 + 9:868Fr
70° 1.5 � MIF � = 2:898Fr 2 + 27:31F r

3 � MIF � = 2:133Fr 2 + 18:66F r
4.5 � MIF � = 1:817Fr 2 + 18:18F r
6 � MIF � = 1:563Fr 2 + 17:15F r

7.5 � MIF � = 1:502Fr 2 + 15:93F r
80° 1.5 � MIF � = 1:573Fr 2 + 48:28F r

3 � MIF � = 1:565Fr 2 + 31:14F r
4.5 � MIF � = 1:376Fr 2 + 23:78F r
6 � MIF � = 1:232Fr 2 + 22:4F r

7.5 � MIF � = 1:018Fr 2 + 21:45F r
90° 1.5 � MIF � = 1:198Fr 2 + 54:84F r

3 � MIF � = 1:075Fr 2 + 37:02F r
4.5 � MIF � = 0:8067Fr 2 + 31:91F r
6 � MIF � = 0:9283Fr 2 + 26:22F r

7.5 � MIF � = 0:8466Fr 2 + 25:42F r
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Correlation of coe�cient versus � and h for the optimised � M IF �

empirical formula 2D representation

Figure 20: Comparison of the coe�cient "a" for term Fr 2 in the � M I F � empirical formulae

with degree 2 (Optimised) between� and H
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Figure 21: Comparison of the coe�cient "b" for term Fr in the � M I F � empirical formulae

with degree 2 (Optimised) between� and H
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