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Abstract 

Metamaterials are artificial media with subwavelength-structure. Such materials 

exhibit many unusual properties that are rarely observed in nature. They can be used 

to control the propagation of acoustic 、optical and elastic waves.  

Vibrational waves are the most widespread form of energy in nature, the collection 

and utilization of such vibrational wave energy is a hot topic in energy harvesting 

research in the world. However, vibration waves in nature are scattered in a large area, 

which is not conducive to energy collection. Therefore, we need some devices to gather 

the waves scattered in a large area into a limited area to harvest energy. With this goal, 

adiabaticity theorem is introduced to avoid reflection which will decrease energy 

harvesting efficiency. 

The objective of this thesis is to slow down waves by using array of resonators with 

space-dependent properties to avoid reflection so that improve energy harvesting 

efficiency. 

The work starts from theoretical analysis of a one-dimensional pure spring-mass 

system, including investigate analytically how the bandgap can be predicted and how 

the dispersion and transmission relations of that system can be ploted. Then we will 

move to a system with spatial graded resonators, in order to avoid wave reflection we 

analyse how the grading change of resonators’ frequency influences the wave 

propagation. Finally, quantitative expression of adiabaticity limiting speed is derived 

and verified through numerical simulations The results will confirm that when the 

speed of frequency variation of resonators is under a specific value, the adiabaticity is 

achieved, thus potentially improving the energy harvesting efficiency when a 

transducer is connected to the waveguide. 

Key-words: resonators array, metamaterials, adiabaticity, energy harvesting. 
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Abstract in italiano 

I metamateriali sono mezzi artificiali con struttura a sotto lunghezza d'onda. Tali 

materiali mostrano molte proprietà insolite che si osservano raramente in natura. 

Possono essere utilizzati per controllare la propagazione di onde acustiche, ottiche ed 

elastiche. 

Le onde vibrazionali sono la forma di energia più diffusa in natura, la raccolta e 

l'utilizzo di tale energia delle onde vibrazionali è un argomento di interesse caldo nella 

ricerca internazionale su energy harvesting. Tuttavia, le onde di vibrazione in natura 

sono sparse in una vasta area, che non favorisce la raccolta di energia. Pertanto, 

abbiamo bisogno di alcuni dispositivi per raccogliere le onde sparse in una vasta area 

in un'area limitata per raccogliere energia. Con questo obiettivo, viene introdotto il, 

teorema di adiabaticità per evitare la riflessione d'onda, che ridurrebbe l'efficienza di 

energia raccolta. 

L'obiettivo di questa tesi è di rallentare le onde utilizzando una serie di risonatori con 

proprietà dipendenti dallo spazio dipendenti, per evitare la riflessione in modo da 

migliorare l'efficienza di raccolta dell'energia. 

Il lavoro parte dall'analisi teorica di un sistema massa-molla unidimensionale, 

compreso lo studio analitico di come può essere previsto il bandgap e come possono 

essere tracciate le relazioni di dispersione e trasmissione di quel sistema. Quindi 

passeremo a un sistema con risonatori a gradazione spaziale. Al fine di evitare la 

riflessione, analizzeremo  come il cambiamento di grading in frequenza influenzi la 

propagazione dell'onda. Infine, l'espressione quantitativa della velocità limite di 

adiabaticità è derivata e verificata attraverso simulazioni numeriche. I risultati 

confermano che quando la velocità di variazione di frequenza dei risonatori è inferiore 

a un valore specifico, l'adiabaticità è raggiunta, migliorando così potenzialmente 

l'efficienza di energy harvesting quando un trasduttore è collegato alla guida d'onda. 

Parole chiave: array di risonatori, metamateriali, grading spaziale, adiabaticità, energy 

harvesting. 
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Introduction  

Metamaterials are artificially engineered composite materials whose properties come 

from their internal micro- and nanostructures rather than the chemical composition of 

the constituent materials[1]. As a result, metamaterial structures enable properties and 

functions not normally found in conventional materials or created by chemical 

fabrication techniques. Metamaterial architectures can be fabricated from one or more 

materials, providing both structural (eg, topological deformation, elastic waves, and 

vibration manipulation) and non-structural functions (eg, optical, acoustic, and 

electrical control)[2][3]. 

Motivation: 

With the development of human society, shortening the transmission distance of time 

and space in transportation, economy, industry, etc. has become one of the main 

demands. The basis for realizing this goal is high-level interaction ability and 

electronization. Therefore, human beings have made a lot of efforts to develop wireless 

electronic devices to achieve a faster and more efficient Internet of Things. For example, 

one of the obstacles to the development of integrated sensing and actuation solutions 

is the placement of the power supply. Many application scenarios require the use of 

miniaturized, low-power sensing and actuation systems, and the battery becomes the 

reason for limiting the life of the device. Therefore, energy harvesting devices have 

become a topic of intense interest as a viable alternative. A key parameter of any 

energy harvesting device is its conversion efficiency, which is largely dependent on 

the conversion medium. Mechanical metamaterials can meet this specific need, and 

current research efforts are devoted to exploiting structural optimization for superior 

mechanical properties. 

Objectives: 

Vibrational waves are the most widespread form of energy in nature, the collection 

and utilization of such vibrational wave energy is a hot topic in energy harvesting 

research in the world. However, vibration waves in nature are scattered in a large area, 

which is not conducive to energy collection. Therefore, we need some devices to gather 

the waves scattered in a large area into a limited area, and then use piezoelectric 

devices to collect the energy. The focus of this thesis is to study the internal structure 

(graded metamaterials) of this vibrational wave gathering device, and study which 

structure is most effective for energy harvesting. The thesis includes a study of the 

adiabaticity, and that is important for energy harvesting efficiency. 
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Outlines: 

-Chapter 1 introduces the world of metamaterials and some applications. After a 

general introduction on metamaterials, a literature review of the different types of 

structuring materials are reported. Specifically, the following examples are analysed: 

Novel multifunctional metamaterials (MFMs) based on triboelectric nanogenerators 

(TENGs), Metamaterial-Based Four-Band Electromagnetic Energy Harvesting 

structure, Acoustic black hole, Phononic crystals. 

-Chapter 2 analyse one-dimensional inhomogeneous media through lumped models, 

that is spring-mass systems. Basic concepts on wave propagation inside spring-mass 

systems without resonator and with resonator are introduced. The concept of band 

gap in inhomogeneous media is thoroughly analysed through dispersion relation, 

numerical simulations and waterfall plots. 

-Chapter 3 introduces the world of graded metamaterials and their applications in 

many fields. After a general introduction on graded metamaterials, some examples 

and applications are reported. Specifically, the following examples are analysed: 

Gradient Acoustic Metamaterials, Piezoelectric energy harvesting (PEH) systems 

using locally resonant metamaterials (MMs), Optical Field Control of Functionally 

Gradient Metamaterials. Then a spring-mass with graded resonators system is 

simulated in MATLAB, change varying scenarios of resonator frequency to analyse 

the effect on bandgap and displacement field of our system. 

-Chapter 4 introduces the adiabatic transformation, delineates the limiting speed for 

adiabaticity. After a general introduction of adiabatic transformation, a quantitative 

expression of adiabatic limiting speed is derived by formulas, then simulating many 

models in MATLAB to verify that quantitative adiabatic limiting speed expression. A 

limit condition is found. 
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1 State-of-the-art of metamaterials 

This chapter mainly contains a brief introduction to metamaterials, followed by an 

analysis of several examples of metamaterials. 

1.1. A general introduction to metamaterials  

Metamaterials integrate advanced technologies in new cutting-edge fields such as 

electronic information, mathematical statistics, biomedicine, and wireless 

communications, and can be widely used in many high-tech fields such as aerospace, 

wireless interconnection, and biomedicine. Due to its special electromagnetic 

properties, metamaterials have huge application potential and development space in 

many technical fields such as radar, stealth, and electronic countermeasures. Ultra-

high-performance wave-absorbing metamaterials and transparent metamaterials that 

break through the theoretical limit of wave absorption have been put into application 

in stealth aircraft. The metamaterial electromagnetic thin-film satellite flat-panel 

receiving antenna has achieved planarization, has the characteristics of 

miniaturization and can be assembled, and is a revolutionary technological innovation 

to the traditional parabolic antenna. The high-frequency radio frequency device 

manufactured by metamaterial technology is 1/4 of the volume and mass of similar 

products, and its peak power can reach four times that of similar products. In addition, 

using metamaterial technology, WiFi wireless coverage solutions with high density, 

large traffic and complex electromagnetic environment will also be put into 

application soon. 

At present, developed countries such as the United States, Japan and Europe regard 

metamaterials as an emerging industry of national strategic significance, and actively 

invest in the research and development of metamaterials technology, striving to 

occupy a leading position in the field of metamaterials. Boeing, Raytheon and other 

countries or institutions have long-term funding, and has become the most popular 

emerging interdisciplinary in the world. The US military has established that 

metamaterial technology is the first to be applied to the most advanced military 

equipment, including IBM and Intel. Semiconductor companies co-finance funds to 

support metamaterial research. The European Union has given heavy support to the 

research of metamaterials, and organized dozens of famous scientists to jointly tackle 

key problems in the field of metamaterials. The Japanese government has allocated 

huge funds to make metamaterials the focus of research in new academic fields, and 
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has listed metamaterial technology as the core key technology of the next generation 

of stealth fighters. At the same time, countries are actively promoting the 

transformation and industrialization of metamaterials scientific and technological 

achievements. Developed countries such as Europe and the United States have rapidly 

emerged some start-up companies focusing on the industrialization of metamaterial 

technology. For example, satellite communication maker Kymeta focuses on the 

civilianization of metamaterial satellite flat panel antennas. It has received C round of 

financing. Metamaterial Technologies Inc. is committed to the application of 

metamaterials in the field of optical technology, and then serves national defense and 

space technology, and has now a mass production capacity. 

The main problems existing in the development of metamaterials are: 

1. Preparation and processing technology is difficult to meet the industrialization 

needs of metamaterials 

2. The adaptability and reliability of metamaterials under service conditions need to 

be studied 

Materials or structures with periodic distribution of elastic constants and density are 

called phononic crystals. Phononic crystals are a new type of functional material 

formed by periodic arrangement of elastic solids in another solid or fluid medium. By 

analogy with photonic crystals, it was found that elastic wave band gaps similar to 

photonic band gaps will also be generated when elastic waves propagate in periodic 

elastic composite media, thus proposing the concept of phononic crystals. 

When an elastic wave propagates in a phononic crystal, it is prevented from 

propagating in a certain frequency range (band gap) due to its internal structure, while 

it can propagate without loss in other frequency ranges (pass band). It is believed that 

there are two mechanisms for the generation of the band gap of phononic crystals: 

Bragg scattering type and local resonance type. The former is mainly because the 

periodicity of the structure plays a leading role. When the wavelength of the incident 

elastic wave is close to the characteristic length (lattice constant) of the structure, it will 

be strongly scattered by the structure. The latter is mainly dominated by the resonance 

properties of a single scatterer. 

Phononic crystals can be divided into one-dimensional phononic crystals, two-

dimensional phononic crystals and three-dimensional phononic crystals according to 

the dimension of periodic distribution. One-dimensional phononic crystals are 

generally periodic layered or rod-like structures composed of two or more materials. 

One example of  two-dimensional phononic crystal is a periodic lattice structure 

formed by the central axis of the cylindrical material being parallel to a certain 

direction in space and embedded in the matrix material. The cylinder material can be 

hollow or solid, and the cross-section of the cylinder is usually circular or square. The 

arrangement form of the columns can be square arrangement, triangular arrangement, 

hexagonal arrangement and so on. One example of three-dimensional phononic 
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crystals is a periodic lattice structures formed by spherical scatterers buried in a matrix 

material. The periodic lattice structure can be a body-centered cubic structure, a face-

centered cubic structure, a simple cubic structure, and the like. Figure 1.1 presents a 

schematic diagram of typical phononic crystal structures of various dimensions.  

 

Figure 1.1 Schematic diagram of the phononic crystal structure[4] 

The main characteristics of phononic crystals are as follows: 

(1) It has periodicity, and two or more elastic materials are periodically arranged; 

(2) It has band gap characteristics, and elastic waves falling in the band gap frequency 

range are forbidden to propagate; 

(3) When there are point defects, line defects and surface defects in the periodic 

structure, elastic waves will be localized at the point defects, or only propagate along 

the direction of the defects. 

The propagation of elastic waves can be artificially regulated by designing the periodic 

structure and defects of phononic crystals. 

The development of metamaterials in the field of electromagnetism has shown that by 

embedding subwavelength microstructural units in a continuum, new materials with 

extraordinary physical properties that are quite different from those found in nature 

can be obtained. In the study of phononic crystals, the theory of controlling the 

propagation of elastic waves in elastic composite media by periodically modulating 

the elastic modulus or mass density has been systematically studied. On the basis of 

these two researches, the idea of how to design subwavelength units to control the 

propagation of elastic waves, namely acoustic metamaterials, has attracted the 

attention of researchers in many fields. 

The study of acoustic metamaterials originates from local resonance phononic crystals. 

In 2000, Liu[5] et al. proposed a local resonance phononic crystal: using a soft rubber 

material to wrap a high-density core to form a local resonance unit. The local resonance 

unit is periodically arranged in the elastic medium to form an artificial periodic 

structure, and the low-frequency elastic wave band gap is successfully realized by 

using the local resonance effect of the elastic wave in the sub-wavelength frequency 
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band (Figure 1.2). Mei[6] et al. pointed out in the study of the equivalent medium of 

the local resonance phononic crystal that the local resonance unit greatly changed the 

dynamic equivalent mass density of the composite medium, resulting in a negative 

mass density near the resonance frequency, which is exactly the reason why the low-

frequency elastic wave bandgap can be realized. Li et al.  studied a solid/liquid 

composite periodic structure composed of soft silicone rubber scatterers buried in 

water in 2004, and found that the equivalent mass density and equivalent bulk 

modulus of this composite medium are both negtive in a certain frequency range. That 

is, it exhibits the so-called "double negative" acoustic parameter characteristics. 

Referring to electromagnetic metamaterials, Li et al. proposed the concept of acoustic 

metamaterials. Fang[7] et al. studied a periodically arranged Helmholtz resonant 

cavity array in 2006, found that it has a negative equivalent bulk modulus in the 

resonance frequency band, and gave an experimental verification. In 2007, Ding et al. 

designed a solid acoustic metamaterial with double negative equivalent parameters 

with double resonance elements. These studies all show that the extraordinary 

physical effects of electromagnetic wave metamaterials also exist in the field of elastic 

waves. 

 

Figure 1.2 Local resonance phononic crystal structure and low frequency band gap[4] 

At early stages, the acoustic metamaterials all have a specially designed local 

resonance unit structure, that is microstructure units with resonance characteristics are 

periodically embedded in the matrix material(that is, local resonance units, Helmholtz 

resonators, etc. (Figure 1.3)). Therefore, when Fok et al. summarized the research work 

of acoustic metamaterials in 2008, they believed that acoustic metamaterials all have 

local resonance units, which are characterized by the ability to achieve the above-

mentioned special acoustic properties in the subwavelength range. But with the 

deepening of research, this concept has been expanded. In 2008, Norris[8] et al. 

proposed the use of hexagonal grid cells to construct artificial periodic structures to 

realize the design idea of penta-mode metamaterials (PM) with similar fluid properties. 

PM can achieve a wide range of tuning of equivalent parameters through 

subwavelength cell structure design, but the change of its properties does not require 

resonance effects. Therefore, another important research group of acoustic functional 

materials, Torrent[9] et al., believes that artificial acoustic structures that can design 

unit structures to make equivalent material parameters change in a wide range can be 
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called acoustic metamaterials, with special features such as negative mass density and 

negative elastic modulus. The effect is an extreme manifestation of a wide variation in 

its equivalent material parameters. From the perspective of development, the concept 

of acoustic metamaterials may also be expanded, such as quasi-periodic and aperiodic 

artificial structures. It can be seen that acoustic metamaterials have not yet had a strict 

definition, but they can be defined by their development history and commonalities 

as: microstructures on subwavelength physical scales (usually a few tenths of the 

controlled wavelengths) orderly design to obtain artificial periodic or aperiodic 

structures with extraordinary acoustic or mechanical properties that conventional 

materials do not possess.  

 

Figure 1.3 Acoustic metamaterials composed of periodic arrangements of Helmholtz 

resonators[4] 

It is worth noting that the most intuitive impression of acoustic metamaterials is that 

they have special physical effects such as negative mass density, negative elastic 

modulus, local resonance low frequency band gap, and extraordinary absorption. But 

its far-reaching significance lies in greatly improving people's ability to manipulate 

elastic waves. Through element structure design, material parameters such as elastic 

modulus and mass density with positive, negative and zero values can be freely 

realized, so that localization, reflection, refraction and even arbitrary bending of waves 

in a specific range can be realized. This concept represents a brand-new composite 

material or structural design concept. On the basis of recognizing and utilizing current 

materials, it designs and prepares new materials according to its own will. The main 

features of this design concept are as follows: 

 

(1) Structural unit design on the subwavelength scale. As a kind of metamaterial, the 

unit structure size of acoustic metamaterial is much smaller than the controlled elastic 

wavelength. Under long-wave conditions, its acoustic and mechanical properties can 

be equivalent to a homogeneous medium, which can be described by equivalent 
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parameters such as equivalent elastic modulus, equivalent mass density, and 

equivalent Poisson's ratio, which mainly depend on its basic composition. Structural 

design of resonant or non-resonant units. This feature can distinguish acoustic 

metamaterials from phononic crystals in the usual sense. In phononic crystals, elastic 

wave modulation effects such as elastic wave bandgap and negative refraction 

originate from the Bragg scattering effect. Acoustic metamaterials can adjust the 

incident acoustic waves in a wide range in specific frequency bands through the design 

of microstructure units, and have great flexibility in design and implementation. 

 

(2) Realize elastic wave regulation. The strong coupling between the microstructural 

unit and the matrix medium in the acoustic metamaterial makes the incident elastic 

wave produce peculiar physical properties that cannot be found in conventional 

materials, such as negative mass density, negative elastic modulus, negative refractive 

index etc. These characteristics provide more avenues for the development of vibration 

and noise control technologies and new acoustic functional devices (such as high-

resolution acoustic lenses, high-directivity sound sources). 

 

(3) The description of mechanical and acoustic properties based on equivalent material 

parameters. Due to its subwavelength unit structure, acoustic metamaterials can be 

regarded as homogeneous media, and their material parameters and physical 

properties can be determined by density and elastic modulus, two constitutive 

parameters that describe the acoustic and mechanical properties of the medium. These 

two equivalent parameters describe its acoustic properties. Under long-wave 

conditions, the static mechanical properties of composite media can usually be 

approximated by the volume average of the material parameters of various 

components. In acoustic metamaterials, the strong local equivalent effect of sub-

wavelength structural units makes the energy distribution of acoustic waves extremely 

non-uniform, and its dynamic equivalent parameters are quite different from static 

values. Analyzing the equivalent medium properties of acoustic metamaterials is of 

great significance for in-depth research and understanding of the mechanisms of 

various exotic physical effects. 
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1.2. Novel multifunctional metamaterials (MFMs) based 

on triboelectric nanogenerators (TENGs) 

The multifunctional metamaterial consists of a series of TENG-based unit cells on an 

acrylate substrate. The unit cells are designed as beam-like chiral structures with 

attached central masses (Figure 1.4b), the size of that cell is 12x12mm. The function of 

that chiral structure of the beam is to maximize the effective contact area with the 

substrate during vibration. The core mass was 3D printed layered structure consists of 

nylon coats and a thin aluminum (Al) film / foil as the electrode (Figure 1.4c)[10]. 

 

Figure 1.4 Proposed triboelectric nanogenerator (TENG)-based multifunctional metamaterial 

(MFM). a) Schematic of the TENG-MFM, which consists of a series of TENG-based structural 

resonators. An external vibration load or sound wave is applied at the center of the TENG-

MFM plate. b) Geometry of a unit cell resonator with a central mass and connected to the base 

using a chiral beam. c) Schematic diagram of the layered structure of the unit cell. The 

resonators are 3D printed using nylon and then coated with a thin layer of aluminum (Al) as 

electrodes. The base is made of acrylic sheet and coated with a thin layer of aluminium, and 

then another thin film of PTFE is deposited on it. d) Schematic illustration of the working 

mechanism of the contact separation mode TENG. When induced charges appear on the Al 

and PTFE surfaces, an electric field E(z) is formed and varies with the amount of charge and 

the gap distanced.[10] 

Another thin aluminum film is coated on the top surface of the acrylic plate, and a thin 

polytetrafluoroethylene (PTFE) film is deposited on the aluminum film on the surface 

of the substrate using a special technique (Figure 1.4c). In order to ensure that the 
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central mass can vibrate, a small gap is designed between the mass resonator and the 

bottom substrate in this structure. 

The cyclic contact-separation interaction between the Al and PTFE layers generates 

electric charges due to the different ability of different triboelectric materials to attract 

electrons[11] (Figure 1.4d), and also affects the vibration of the central mass due to 

induced electrostatic forces. 

 

 

Figure 1.5 Experimental setup of the TENG-MFM slab with 49 cells. (a) Front and rear view of 

the front nylon 3D printed unit. (b) Front and rear views of the assembled cell with current 

collecting wires. (c) Laser vibrometer for capturing vibrations. (d) An oscilloscope is used to 
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measure the output voltage. (e) Assembled TENG-MFM board for testing. (f) Vibration source. 

(g) B&K wave generation system and computer.[10] 

In addition, changes in vibration frequency and amplitude lead to changes in output 

voltage/current, making it useful as a vibration sensor for external mechanical 

excitation near the TENG-MFM. 

The researchers numerically and experimentally investigated the effect of key 

parameters—geometry, structural configuration, and material properties—on MFM 

performance at different excitation frequencies. successfully demonstrated that their 

TENG-based MFM can harvest vibrational energy efficiently and significantly 

suppress vibrations. 

1.3. Metamaterial-Based Four-Band Electromagnetic 

Energy Harvesting structure 

It is a metamaterial-based energy harvesting facility that can be used to harvest the 

GSM 0.90 GHz, 1.80 GHz, 2.60 GHz and 5.80 GHz Wi-Fi bands. The metamaterial unit 

consists of four SRRs nested and connected on a Teflon (polytetrafluoroethylene) 

substrate with a dielectric constant of 2.1, a loss tangent of 0.0002, and a thickness of 4 

mm (Figure 1.6). Three resistors (the resonator and the backside of the substrate are 

made of copper) are used to collect the electromagnetic waves, which are sent to the 

structure by an electric field vector polarized parallel to the SRR gap [12]. 

This structure is novel by using SRRs in a nested configuration and connecting them 

to their cavity locations to reduce the number of resistive loads from four to three. 

To demonstrate the absorption efficiency of the collector, the reflection spectra were 

calculated by two different full-wave electromagnetic solvers, CST and Ansys HFSS. 

The calculated spectrum is shown in Figure 1.7. In the CST simulation, four dips 

appeared in the reflection spectrum, centered at 0.90 GHz, 1.80 GHz, 2.57 GHz, and 

5.75 GHz. The HFSS results were also broadly consistent with those obtained with CST. 

Numerical analysis found that under normal excitation conditions, the 

electromagnetic energy harvesting efficiencies at 0.90 GHz, 1.80 GHz, 2, 60 GHz, and 

5.80 GHz were 85.7%, 82.0%, 80.4%, and 69.8%, respectively. It was found 

experimentally that increasing the absolute angle of incidence had a different effect on 

each band collected. When the incident angle was increased to 30 degrees, the 

collection efficiency increased to about 90% at 2.60 GHz and 5.80 GHz. This 

metamaterial collector structure has been shown to flexibly customize the acquisition 

frequency and multi-band acquisition over four bands.. 



14 State-of-the-art of metamaterials| 1 

 

 

 

Figure 1.6 Schematic view of the proposed metamaterial unit cell.[12] 

 

Figure 1.7 Reflection spectrum of the proposed metamaterial harvester.[12] 

1.4. Acoustic black hole 

Analogous to the concept of black holes in astrophysics, an acoustic black hole is a 

structure that can manipulate the propagation of bending waves by changing the 

geometric shape parameters of the wedge-shaped structure. Under absolutely ideal 

conditions, the flexural wave velocity gradually decreases to zero in the region of the 

acoustic black hole. In a general sense, a one-dimensional acoustic black hole structure 

is a beam structure, and a two-dimensional acoustic black hole structure can be formed 

by rotating it along the z-axis. In addition, there is an acoustic black hole duct structure. 

A schematic diagram of these three structures is shown in Figure 1.8. After decades of 



1| State-of-the-art of metamaterials 15 

 

 

research on acoustic black holes, it has gradually aroused great interest in the field of 

flexural wave vibration reduction, noise reduction, energy recovery, and wave 

regulation. 

 

Figure 1.8 1D、2D and 3D acoustic black hole structure profile[13] 

 

In recent years, applications based on acoustic black holes have been continuously 

enriched. From the perspective of controlling bending waves, according to the 

functionality of acoustic black holes, it is divided into four parts: vibration reduction, 

wave regulation, noise reduction, and energy recovery. 

(1) Vibration reduction. The most important feature of acoustic black holes is the 

damping of bending waves. It has been pointed out that the one-dimensional classical 

acoustic black hole structure can effectively attenuate bending waves in one 

direction[13]. 

(2) Fluctuation control. The wave regulation of the acoustic black hole is mainly 

unfolded on the two-dimensional thin plate, so the bending wave focusing and lensing 

effect in the two-dimensional circular acoustic black hole are based on the physical 

principle of the decrease of the wave velocity of the radial bending wave[14].  

(3) Noise reduction. Li and Ding[15] found that reducing acoustic radiation can be 

achieved by strengthening the interaction of bending waves and acoustic black hole 

structures.  

(4) Energy recovery. The flexural wave energy focusing effect has a good application 

prospect in the establishment of a new type of vibration energy harvester structure. 

Acoustic black holes started late in the application of vibrational energy recovery and 

have relatively little research, but they have begun to emerge in recent years. 

The above examples are mainly the application of metamaterials in the field of energy 

harvesting, mainly through the design of special structures to achieve the purpose of 

improving energy harvesting efficiency, in my thesis i will use array of resonators with 

space-dependent properties to achieve the same goal. 
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2 Basic concepts on wave propagation 

in lumped models 

2.1. Lattice theory 

Acoustic metamaterials are usually composed of a periodic arrangement of basic 

structural units in space. This feature of acoustic metamaterials is the same as that of 

crystal structures that are of interest in the field of solid-state physics. Therefore, the 

spatial periodicity of acoustic metamaterials can be described by borrowing the lattice 

theory of crystals in solid-state physics. To this end, this section briefly introduces the 

lattice theory in solid-state physics to pave the way for the subsequent content. 

The concept of lattice is abstracted from the internal structure of the crystal: the 

infinitely repeated basic structural units (primitives) in the crystal can be abstracted 

into a point (node or lattice) in space, then the crystal can be regarded as the periodic 

arrangement of these nodes in space is called a spatial lattice. Thus, a crystal structure 

can be viewed as an element placed in the same way at each lattice point. 

2.1.1. Translation periodicity 

The translational periodicity of the lattice can be characterized by the primitive cell 

and basis vector. The original cell is the smallest periodic unit of a lattice. For a three-

dimensional periodic lattice, the entire lattice can be obtained by translating the 

original cell along three non-coplanar vectors a1, a2, and a3. These three vectors are 

called is the base vector of the lattice. The coordinate position of a lattice point in the 

lattice can be represented by a lattice vector R, which is a linear combination of three 

basis vectors: 

𝑅 = 𝑛1𝑎1 + 𝑛2𝑎2 + 𝑛3𝑎3 ( 2.1) 

In the formula, 𝑛1, 𝑛2, and 𝑛3 are integers. The coordinate space lattice defined by 

formula ( 2.1) is usually called the normal lattice, and R is called the normal lattice 

vector, which describes the spatial periodicity of the lattice. 

The lattice can be divided into simple lattice and compound lattice. A lattice with only 

one cell in its original cell is called a simple lattice, and a lattice with two or more cells 
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is called a compound lattice. Moreover, the selection of primitive cells is not unique. 

For simple lattices, Wigner-Seitz primitive cells (WS cells) are more commonly used. 

WS primitive cells can be derived by taking any lattice point in the simple lattice as the 

center, make a vertical bisector (or line) connecting the line with the adjacent lattice 

points. 

A simple lattice formed by the endpoints of the lattice vector R is called a Bravais lattice. 

Since there is only one lattice point in the primitive cell of a simple lattice, the Bravais 

lattice is equivalent to taking the lattice point as the coordinate origin of the primitive 

cell. Any simple lattice can correspond to a Bravais lattice. Common three-dimensional 

Bravais lattices include simple cubic, body-centered cubic, face-centered cubic and 

simple hexagonal; two-dimensional Bravais lattices are mainly square, rectangular 

and triangular. 

The crystal not only has translation periodicity, but also has spatial symmetry, that is, 

the crystal still coincides with itself after a certain angle rotation, center inversion and 

other symmetry operations. As an abstract description of crystal structure, lattice also 

has symmetry, and is often described by lattice point groups. In order to ensure the 

translational symmetry of the crystal, its spatial symmetry can only be in certain 

definite forms. The specific analysis shows that there are only 32 different types of 

crystal spatial symmetry, which are described by 32 point groups. Conversely, due to 

the symmetry of the lattice, the Bravais lattice, which characterizes the periodicity of 

the lattice translation, is required to meet certain requirements. Studies have shown 

that for three-dimensional lattices, there are 14 Bravais lattices that meet the 

requirements of 32 point groups; according to the properties of the coordinate system, 

they can be divided into 7 categories, called 7 major crystal systems. The two-

dimensional lattice is relatively simple, with only 4 crystal systems and 5 Bravais 

lattices. A detailed introduction can be found in solid state physics and related books. 

2.1.2. Reciprocal lattice 

When investigating the eigenwave propagation problem in the periodic structure, the 

wave vector k is an important parameter, and its dimension is 𝐿−1 , so it can be 

imagined that the space whose "length" dimension is the reciprocal of L is called the 

inverse space or the wave vector space. Introducing the concept of reciprocal lattice in 

this space will bring great convenience. 

Analogous to the normal lattice in real space, the reciprocal lattice can be seen as 

composed of periodically arranged inverted lattice points in the inverted space. There 

is a one-to-one correspondence between the reciprocal lattice and the normal lattice. 

Given the primitive cell basis of a normal lattice, the basis vector of its reciprocal lattice 

can be determined. For example, for a three-dimensional lattice, let the primitive cell 

basis vectors of its normal lattice be 𝑎1, 𝑎2, and 𝑎3, and the basis vectors 𝑏1, 𝑏2, and 𝑏3 

of the corresponding reciprocal lattice are defined as: 
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{
 
 

 
 𝑏1 =

2𝛱

𝑉
（a2 ∗ a3）

𝑏2 =
2𝛱

𝑉
（a3 ∗ a1）

𝑏3 =
2𝛱

𝑉
（a1 ∗ a2）

 
( 2.2) 

 

 

In the formula, V=a1·(a2 ∗ a3) is the volume of the normal lattice primitive cell. It can 

be seen that the following relationship is satisfied between the normal and reciprocal 

lattices: 

𝑎𝑖 ∗ 𝑏𝑗=2π𝛿𝑖𝑗  
( 2.3) 

 

n the formula 

𝛿𝑖𝑗={
1,   𝑖 = 𝑗
0,   𝑖 ≠ 𝑗

 ( 2.4) 

The coordinate position of the lattice point in the reciprocal lattice can be represented 

by the inverted lattice vector G, which is a linear combination of the reciprocal lattice 

basis vectors:  

𝐺 = ℎ1𝑏1 + ℎ2𝑏2 + ℎ3𝑏3  ( 2.5) 

In the formula, ℎ1, ℎ2, ℎ3 are integers. 

Similarly, for a two-dimensional lattice, the basis vector of the reciprocal lattice is also 

specified by the basis vector of the normal lattice, which can be expressed as: 

{
𝑏1 =

2𝛱

𝑉
（a2 ∗ 𝑒3）

𝑏2 =
2𝛱

𝑉
（𝑒3 ∗ a1）

 

( 2.6) 

 

In the formula, S=|a1 ∗ a2| is the area of the original cell of the regular lattice; 𝑒3 is 

the dimensionless unit vector perpendicular to the two-dimensional plane. It can be 

proved that there is also the relationship determined by Eq. ( 2.6) between the two-

dimensional positive and inverted lattice basis vectors. 
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The space composed of the reciprocal lattice can be understood as the state space, 

while the space composed of the normal lattice is the position space or the coordinate 

space. The WS primitive cell of the reciprocal lattice is called the first Brillouin zone, 

or the parsimonious Brillouin zone. 

2.2. Bloch theorem and band theory 

The spatial periodicity and symmetry of the periodic structure make the 

eigenfrequencies and eigenmodes of the wave field have certain symmetry. Therefore, 

the eigenwave problem can be simplified accordingly. 

2.2.1. Bloch's theorem 

In general, the eigenwave field quantities in periodic structures (such as displacement 

components in a certain direction, stress components, etc.) can be expressed as: 

𝑢(𝑟, 𝑡) = 𝑢(𝑟)𝑒𝑖𝜔𝑡 ( 2.7) 

In the formula, r=(x, y, z) is the spatial position vector; t is the time; ω is the angular 

frequency of the fluctuation. The part u(r) related to the spatial position r in the 

eigenwave field quantity can be further expressed in the form of a spatial plane wave: 

𝑢(𝑟) = 𝑈(𝑟)𝑒−𝑖𝑘∗𝑟 ( 2.8) 

In the formula, U(r) is the eigenwave amplitude; k is the wave vector. 

According to Bloch's theorem, the amplitude U(r) of the eigenwave in the periodic 

structure is also periodic in the translation of the lattice vector R, that is, 

𝑈(𝑟 + 𝑅) = 𝑈(𝑟) ( 2.9) 

Combining Equation( 2.8) and Equation( 2.9), it can be known that the eigenwave field 

quantity u satisfies the following relationship in the spatial domain: 

𝑢(𝑟 + 𝑅) = 𝑒−𝑖𝑘∗𝑅𝑢(𝑟) ( 2.10) 

 

Bloch's theorem also states that the frequencies (eigen frequencies) of eigen-traveling 

waves in periodic structures have translational periodicity in the inverse lattice space. 

Therefore, for a periodic structure, there will be no new eigenfields and 

eigenfrequency outside its first Brillouin region. In other words, the wave vector k of 

the intrinsic traveling wave in the periodic structure only takes value in the first 

Brillouin zone, so it is also called the parsimony wave vector. This greatly reduces the 

range of wave vector values that need to be investigated when studying the eigenwave 

field of a periodic system. Since the Bloch theorem generally describes the 
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characteristics of the eigenwave field in the periodic structure, the waves in the 

periodic structure are usually called Bloch waves, and the corresponding wave vector 

k is called the Bloch wave vector. 

Studies have shown that if the periodic structure has a specific lattice point group 

symmetry in addition to the lattice vector translation periodicity, then its 

eigenspectrum also has the same symmetry, and the range of the wave vector k can be 

further compressed. Usually the minimum incompressible region in the first Brillouin 

region of the lattice obtained by the symmetry operation of the lattice point group 

The domains are called irreducible Brillouin regions. In other words, an arbitrary wave 

vector in the first Brillouin region can always find a corresponding wave vector in the 

irreducible Brillouin region, both of which have the same eigenvalue. This further 

narrows the range of wave vector values that need to be investigated when studying 

the eigenfields of periodic systems. 

2.2.2. Energy band theory 

Energy band theory is the main theoretical basis for studying the motion of electrons 

in solids. It simplifies the motion of electrons in solids to the motion of single electrons 

in periodic potential fields by abstracting solids as ideal crystals with translational 

periodicity and symmetry. As a result, a series of methods have been established to 

calculate the energy bands of electrons in solids. Many fundamental physical 

properties of solids, such as vibrational spectrum, magnetic order, electrical 

conductivity, thermal conductivity, optical dielectric function, etc., can in principle be 

elucidated and explained by the band theory of solids. 

When studying the motion of electrons in solids, for any given Bloch wave vector k, a 

set of eigenvalues and corresponding eigenvectors can be obtained, each eigenvalue 

and corresponding eigenvector representing an energy value of the electron and the 

corresponding motion state (eigenwave function). Since the Bloch wavevector k is a 

continuous variable, each eigenvalue is no longer a simple number, but a function of 

the Bloch wavevector k, so it is usually called an eigenenergy band, and the 

corresponding eigenvector is called an eigenmodes. Taking the wave vector k as the 

abscissa and the eigenvalue or its corresponding quantity as the ordinate, draw the 

relationship curve between the two, which is called the energy band structure diagram 

or the dispersion curve diagram (dispersion relationship diagram). If there is no 

corresponding eigenspectrum (energy band or dispersion curve) in some energy value 

ranges, these energy value ranges are called band gaps (or forbidden bands), and other 

energy value ranges are called passbands. 

Calculating the energy band structure of a crystal and determining its band gap is one 

of the important contents of crystal research. A common band structure calculation 

idea is to solve the corresponding eigenenergy value given any Bloch wave vector k. 

It can be seen from the foregoing that if the crystal has both the lattice vector translation 
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periodicity and the specific lattice point group symmetry, the value range of the Bloch 

wave vector can be limited to the irreducible Brillouin region. Furthermore, it can be 

proved that when the wave vector value is at a high symmetry point in the inverse 

lattice space, the normal component of the eigenfield group velocity along the 

symmetry plane is zero, and the eigenspectrum takes an extreme value. A high 

symmetry point is a point where the result of a symmetry operation is still itself. 

Therefore, if the energy band structure calculation is only performed to determine the 

frequency range of the band gap, then the arbitrary wave vector k only needs to take 

a value on the boundary of the irreducible Brillouin region. 

Inspired by the electronic energy band theory of crystals, the band theory used to 

study the propagation of classical waves (such as electromagnetic waves and elastic 

waves) in artificial periodic structures has been further developed. For example, 

combining the elastic dynamics theory and method with Bloch's theorem, a theoretical 

model of elastic wave analysis in macroscopic periodic structures can be established, 

and then the relationship between the Bloch elastic wave wave vector k and the 

eigenfrequency ω can be obtained. The relationship curve between the two is drawn, 

which is called elastic wave energy band (or called elastic wave band, dispersion 

curve). If there is no corresponding energy band in certain frequency ranges, these 

frequency ranges are called elastic wave band gaps (or forbidden bands), and the 

frequency ranges outside the band gap are called elastic wave passbands. 

2.3. Band structure of one-dimensional discrete periodic 

systems 

Combined with elastic dynamics theory and Bloch's theorem, numerical analysis 

methods for elastic wave propagation in various periodic structures such as plane 

wave expansion, finite element, multiple scattering, and transfer matrix have been 

developed. However, for a one-dimensional periodic system, it can be simplified as a 

mass-spring system for analytical analysis, that is, the mass of the periodic element is 

concentrated at a point (such as the center of mass) in the lattice, and the adjacent 

particles are connected by a spring, the periodic element The elastic deformation 

interaction between them is equivalent to the elastic coefficient of the spring. Such a 

model greatly reduces the degree of freedom of the system, but retains the periodic 

characteristics of the system and the basic mechanical characteristics of the element, 

and can easily analyze the modulation of elastic waves in periodic structures. 

2.3.1. One-dimensional periodic double spring-mass system 

Figure 2.1 shows a typical one-dimensional periodic double spring-mass system. The 

double spring-mass in the dashed box represents a single periodic cell of the system, 

and a represents the length of the cell, that is, the lattice constant of the periodic system. 
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Figure 2.1 one-dimensional periodic double spring-mass system[4] 

Take the single periodic cell shown in Figure 2.2 for dynamic modeling, let 𝑥𝐿(t) and 

𝑥𝐼(t) represent the displacement of the first mass m1 and the second mass 𝑚2 in the 

cell, 𝑥𝑅(t ) represents the displacement of the right end of the second spring 𝑘2 in the 

cell (same as the displacement of the first mass 𝑚1 in the adjacent cell on the right),𝑓𝐿 

(t) represents the force acting on it by the adjacent cell on the left, 𝑓𝑅 (t) represents the 

force on the adjacent cell at the right end. 

 

Figure 2.2 A single cell of a one-dimensional periodic double-spring-mass system[4] 

According to the dynamic equilibrium relationship, the equation of motion of a single 

periodic cell shown in Figure 2.2 can be listed as: 

{

𝑚1𝑥𝐿̈ = 𝑘1(𝑥𝐼 − 𝑥𝐿) + 𝑓
𝐿

𝑚2𝑥𝐼̈ = 𝑘2(𝑥𝑅 − 𝑥𝐼) − 𝑘1(𝑥𝐼 − 𝑥𝐿)

0 = −𝑘2(𝑥𝑅 − 𝑥𝐼) + 𝑓
𝑅

 

( 2.11) 

After rearranging, we get: 

{

𝑚1𝑥𝐿̈ + 𝑘1𝑥𝐿 − 𝑘1𝑥𝐼 = 𝑓
𝐿

𝑚2𝑥𝐼̈ − 𝑘1𝑥𝐿 + (𝑘1 + 𝑘2)𝑥𝐼 − 𝑘2𝑥𝑅 = 0
−𝑘2𝑥𝐼 + 𝑘2𝑥𝑅 = 𝑓

𝑅

 
( 2.12) 

In the matrix form: 
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[
𝑚1 0 0
0 𝑚2 0
0 0 0

] [

𝑥𝐿̈
𝑥𝐼̈
𝑥𝑅̈

]+[

𝑘1 −𝑘1 0

−𝑘1 𝑘1 +𝑘2 −𝑘2
0 −𝑘2 𝑘2

] [

𝑥𝐿
𝑥𝐼
𝑥𝑅
]=[

𝑓𝐿
0
𝑓𝑅

] 

( 2.13) 

Let the displacement vector x=[𝑥𝐿 𝑥𝐼 𝑥𝑅]𝑇, the force vector f=[𝑓𝐿 0 𝑓𝑅]
𝑇
, we get: 

𝑀𝑥̈ + 𝑘𝑥 = 𝑓 ( 2.14) 

 

Where: 

M=[
𝑚1 0 0
0 𝑚2 0
0 0 0

]    K=[

𝑘1 −𝑘1 0

−𝑘1 𝑘1+𝑘2 −𝑘2
0 −𝑘2 𝑘2

] 

 

( 2.15) 

Considering the steady-state simple harmonic vibration of the periodic system, the 

force and displacement solutions can be set as: 

𝑓 = 𝐹𝑒𝑖𝜔𝑡, x= 𝑋𝑒𝑖𝜔𝑡 ( 2.16) 

That is: 

𝑥𝐿(𝑡) = 𝑋𝐿𝑒
𝑖𝜔𝑡

𝑥𝐼(𝑡) = 𝑋𝐼𝑒
𝑖𝜔𝑡

𝑥𝑅(𝑡) = 𝑋𝑅𝑒
𝑖𝜔𝑡

      
𝑓𝐿(𝑡) = 𝐹𝐿𝑒

𝑖𝜔𝑡

0 = 0
𝑓𝑅(𝑡) = 𝐹𝑅𝑒

𝑖𝜔𝑡
 

( 2.17) 

Substitute equation( 2.17) into equation( 2.14), we can get: 

(𝐾 − 𝜔2𝑀)X = F ( 2.18) 

Here if 𝑚1 = 𝑚2 = 𝑚, 𝑘1 = 𝑘2 = 𝑘, it is easier to solve this problem, The 

determinant of the matrix must be 0 in order to get non-trivial solutions, 

so we get the dispersion relation: 

𝛺2 = 2(1 − 𝑐𝑜𝑠𝜇) ( 2.19) 

Where Ω=
𝜔

𝜔0
 ，𝜔0

2 =
𝑘

𝑚
. 
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The inverse solution is: 

μ=arccos(1- 
 𝛺2

2
) ( 2.20) 

An example is used to illustrate the energy band structure and band gap characteristics 

of a one-dimensional periodic spring-mass system. The parameters of the system in 

the calculation example are: 𝑚1=𝑚2 = 𝑚 = 1, 𝑘1 = 𝑘2 = 𝑘 = 1, 𝑎 = 1. Figure 2.3 

and Figure 2.4 shows the calculated energy band structure of the infinite periodic 

system. It can be seen that the system has a band gap in the frequency range of 2 to 

infinite, which can be determined from the real part of the Bloch wave vector - Re (μ) 

and can also be identified from the imaginary part of the Bloch wave vector - Im(μ) 

diagram. Beyond that frequency, there would be no wave allowed to propagate in the 

periodic spring mass system. 

 

 

Figure 2.3 Band Structure of Infinite Periodic Systems 
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Figure 2.4 Band Structure of Infinite Periodic Systems 

A concept that will be used extensively in the future is the law of transmission. 

The transmission curve allows us to evaluate the output of the structure given the 

input. In other words, this allows us to define the decay capacity of metastructures. 

For the simple mass-spring model, the transmission test is nothing more than an 

analysis of a limited number of periodic elements. These can be numerical or 

experimental. However, the principle of actuation remains the same: starting from the 

inlet pressure of the system, by measuring the output, and through simple reports, the 

attenuation capacity of the fluid can be assessed. 

The main advantage of numerical stransmission tests is the ability to directly confront 

reality through the same tests carried out experimentally. Furthermore, contrary to the 

dispersion of the model, in this case we are working with a finite system in space, not 

infinite. 

In fact, the dispersion map is generated starting from the assumption that the material 

is infinitely periodic, but this hypothesis is clearly not feasible from a practical point 

of view. 

Here use two methods to get the transmission relation of this system(change the 

displacement character from x to u, which is more common to represent displacement): 

Impose a force on the first mass, now the equilibrium equation in the matrix form is: 

M𝑈̈+KU=F ( 2.21) 

 

Change the coordinate to q: 
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U=Φq ( 2.22) 

Here Φ=[Φ1,Φ2,Φ3…Φ𝑁] 𝑖𝑠 𝑡ℎ𝑒 eigenvector matrix. 

By substituting equation( 2.22) into equation( 2.21): 

M𝛷 𝑞̈+KΦq =F ( 2.23) 

Pre-multiplied by 𝛷−1: 

𝛷−1M𝛷 𝑞̈+𝛷−1KΦq =𝛷−1F ( 2.24) 

If Φ is a orthonormal matrix: 

𝛷𝑇 = 𝛷−1 ( 2.25) 

 

𝛷𝑇M𝛷 𝑞̈+𝛷𝑇KΦq =𝛷𝑇F ( 2.26) 

 

𝑀𝑚𝑜𝑑𝑞̈+ 𝐾𝑚𝑜𝑑q =𝛷𝑇F ( 2.27) 

Then solve this problem to get the expression of q: 

𝑞𝑖 =
𝑓
𝑖

−𝜔2𝑀𝑚𝑖 + 𝐾𝑚𝑖
 ( 2.28) 

Where 𝑓𝑖 is the excitation on ith node. 

And then the displacement field can be derived by using formula U=Φq. 

Another approach to get the transmission relation is easier: 

Use the equilibrium equation of this system: 

M𝑈̈+KU=F ( 2.29) 

We know that: 

𝑈̈ = −𝜔2𝑈 𝑖𝑓 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 

By substituting into equation( 2.29): 

(-M𝜔2 + 𝐾)𝑈 = 𝐹 ( 2.30) 

Then solve this equation we can get transmission relation of this system: 
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U=(−𝑀𝜔2 + 𝐾)−1𝐹 ( 2.31) 

Use these two methods to get the transmission relation of one dimentional spring-mass 

periodic system, the diagram is below. 

 

Figure 2.5 Transmission relation of spring-mass system without resonator(the dotted red line 

is from method 1, the continuous black line is from method 2) 

Figure 2.5 is the calculated frequency response curve of the vibration transmissibility 

of a finite periodic system. It can be seen that in the bandgap frequency range, the 

vibration transmission is significantly attenuated, and the attenuation varies with the 

frequency. The variation characteristics are in good agreement with the variation 

characteristics of the imaginary part Im(q) of the wave vector within the band gap in 

Figure 2.3.  

Then perform time domain analysis, use ode45 to get the solution of system. This is 

the procedure: For a spring-mass chain without resonator, impose a force of type in 

the Figure 2.6: which has center frequency 𝜔𝐹 = 1. then perform numerical simulation, 

use ode45 to solve equation of that system to get displacement, then a waterfall plot 

can be drawn which can represent the wave propagation path, and then reconstruct 

the dispersion numerically. 

Here as an example we use a finite spring-mass system with 100 masses, the distance 

between masses is 1, mass m=1, stiffness k=1. 
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Figure 2.6 Input force diagram 

 

Figure 2.7 Waterfall plot of spring-mass chain without resonator 

We can see from Figure 2.7 a wave packet start from the first mass, and slowly 

propagate to the last mass over time, in the end we have reflection due to boundary. 
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Figure 2.8 Dispersion diagram and numerical dispersion diagram 

Figure 2.8 is the dispersion diagrams from calculation (black continuous line) and 

numerical simulation (colored line) , We can see from Figure 2.8 that the numerical 

dispersion diagram is consistent with the dispersion relation got from equilibrium 

equation. 
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2.3.2. One-dimensional periodic spring-mass with resonators system 

 

Figure 2.9 Model of spring-mass chain with resonator 

A periodic mass-spring system with a resonator as shown in Figure 2.9, hereafter 

referred to as a "single-resonant system", will be investigated. A single-resonance 

system represents only one substructure, i.e. induces a local resonance within one unit 

cell. A unit cell of a single resonance system consists of two small balls 𝑚1, 𝑚2 of 

different masses and two springs 𝑘1, 𝑘2 with different stiffnesses. The main structure 

consists of springs of repeating mass 𝑚1 and elastic constant 𝑘1, interconnected with 

period length L. The mass of the substructure is 𝑚2 and is connected to the mass 𝑚1 

of the main structure by a spring with an elastic constant 𝑘2. 

Lattice dynamics methods are used to solve the wave propagation inside the system. 

The equations of motion for the mass in the jth unit cell can be written as: 

𝒎𝟏𝒖̈𝟏
(𝒋)
= 𝒌𝟏 (𝒖𝟏

(𝒋+𝟏)
− 𝒖𝟏

(𝒋)
) − 𝒌𝟏 (𝒖𝟏

(𝒋)
− 𝒖𝟏

(𝒋−𝟏)
) + 𝒌𝟐 (𝒖𝟐

(𝒋)
− 𝒖𝟏

(𝒋)
)           ( 2.32) 

𝒎𝟐𝒖̈𝟐
(𝒋)
= −𝒌𝟐 (𝒖𝟐

(𝒋)
− 𝒖𝟏

(𝒋)
) ( 2.33) 

Where 𝒖𝟏,𝟐
(𝒋)

 are the displacements of masses at the jth cell. Assume the displacement of 

jth cell changes with time as 𝒆𝒊𝒘𝒕, therefore: 

𝑑2𝒖𝟏,𝟐
(𝒋)

𝑑𝑡2
= −𝜔2𝒖𝟏,𝟐

(𝒋)
 ( 2.34) 

The wave is assumed to propagate with a wavelength much greater than the periodic 

length, L, of the single resonance system. Consequently, the shift fields in the j-th unit 

cell can be expressed as： 

𝒖𝟏
(𝒋)
= 𝑼𝟏𝒆

𝒊(𝒋𝒒𝒍−𝒘𝒕) ( 2.35) 
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𝒖𝟐
(𝒋)
= 𝑼𝟐𝒆

𝒊(𝒋𝒒𝒍−𝒘𝒕) ( 2.36) 

where q is the wave number. Hence, the equations of motion for the masses in the j-th 

unit cell can be rewritten and produce two homogeneous equations for U1 and U2 as： 

[
𝑚1𝜔

2 − 2𝑘1(1 − 𝑐𝑜𝑠𝑞𝐿) − 𝑘2 𝑘2
𝑘2 𝑚2𝜔

2 − 𝑘2
] [
𝑈1
𝑈2
] = [

0
0
]                           ( 2.37) 

To obtain a non-trivial solution, the determinant of the matrix must be zero. Thus, the 

dispersion relationship, which describes the wave number and the corresponding 

frequency of the propagating wave, is obtained as: 

(𝑚1 −
𝑘2𝑚2

𝑚2𝜔
2−𝑘2

)𝜔2 = 2𝑘1(1 − 𝑐𝑜𝑠𝑞𝐿)                                           ( 2.38） 

Meanwhile, the dispersion relation for the 1-D elastic mass system without 

substructure, i.e. only the main structure of the single resonance system, could also be 

deduced by taking 𝑚2 = 0 as: 

𝜔2 =
2𝑘1
𝑚1

(1 − 𝑐𝑜𝑠𝑞𝐿) ( 2.39) 

it is desired to obtain the effective properties of the single resonance system by means 

of mass or equivalent spring within the system of elastic masses as shown in Figure 

2.10. To make the two systems dynamically equivalent, the effective mass or spring is 

chosen such that the dispersion curves of the two systems, that is the single resonance 

system and the one-dimensional periodic elastic mass system without substructure, 

correspond exactly. Observing the equations above, the effective mass of Figure 2.10 

can be expressed as: 

𝑚𝑒𝑓𝑓 = 𝑚1 −
𝑘2𝑚2

𝑚2𝜔2 −𝑘2
 ( 2.40) 

And the effective spring constant of Figure 2.10 can be written as: 

𝑘𝑒𝑓𝑓 = 𝑘1 −
𝑘1𝑘2𝑚2

𝑚1(𝑚2𝜔
2 − 𝑘2) − 𝑘2𝑚2

 ( 2.41) 
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Figure 2.10 The equivalent spring mass system with (a) effective mass while retaining the 

connecting springs, elastic constant 𝑘1, and (b) effective spring while keeping 𝑚1 mass. 

 

An example is used to illustrate the energy band structure and band gap characteristics 

of a one-dimensional periodic spring-mass system with resonators. The parameters of 

the system in the calculation example are: 𝑚1 = 1,𝑚2 = 0.5 , 𝑘1 = 1𝑒7, 𝑘2 =
3𝑒6, 𝐿 = 1. 
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Figure 2.11 Dispersion curve of one-dimensional periodic spring mass system with 

resonator along with the plot of effective mass and stiffness 

We can see from Figure 2.11 that there are two bandgaps in this system, one is range 

from around 2400 rad/s to 3000 rad/s, another one can not be seen from this diagaram 

because of the limit range of frequency,which is above 6000 rad/s. and when we see 

the right two plots of Figure 2.11 we can know that when ω is close to the value 2400 

rad/s, our effective mass tends to infinite, and when ω is close to the value 3000 rad/s, 

our effective spring constant tends to infinite. 

In order to see the behaviour of our system more clearly, now we change parameters 

of our system to 𝑚1=1,𝑚2 = 2, 𝑘1 = 1, 𝑘2 = 0.2, 𝐿 = 1. The dispersion relation 

and transmission relation of this system is shown below: 
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Figure 2.12 The real and imaginary part of dispersion relation of one-dimensional 

periodic spring mass system with resonator 

 

Figure 2.13 Transmission relation of the spring-mass system with resonator 

Here we can see more clearly in Figure 2.12 we have two bandgaps, the first one from 

around 0.31622 to 0.5455, the second one from 2 onwards. And similarly these 

bandgaps also can be seen from transmission relation in Figure 2.13, when it has 

dramatic decrease in the displacement, the bangaps appear. 
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Figure 2.14 shows the relationship between coordinate position、frequency、and the 

frequency response-displacement, we also can see clearly by this diagaram the 

bandgap of this system. Displacement is larger when Ω in the range 0.1-0.2, that is 

frequency ω ranging between one tenth and one fifth of the system frequency 𝜔0. 

When ω exceeds half of 𝜔0, the displacement of masses is generally very small. 

 

Figure 2.14 Relationship between position, frequency, and the frequency response-

displacement 
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3 Graded metamaterial 

3.1. General introduction of graded metamaterial 

In modern society, gradient functional materials have gradually become more and 

more important and popular, this material involves nanomaterials, and it is an 

important new material in the future. The concept of gradient functional materials 

(GFM) was first proposed by Japanese scholars such as Masako Niano and Toshio 

Hirai in 1986. It refers to a class of heterogeneous composite materials whose 

composition and properties vary continuously or quasi-continuously in the direction 

of material thickness or length. The so-called gradient functional material refers to a 

new type of functionality in which the composition and structure of the material 

changes continuously from one orientation of the material (one-dimensional, two-

dimensional or three-dimensional) to another, so that the properties and functions of 

the material also show gradient changes. 

Gradient metamaterials play a very important role in the fields of acoustics, optics, 

energy capture, etc. In the following articles, the design and application examples of 

gradient metamaterials will be introduced in turn, and the intrinsic theory of gradient 

metamaterials will be applied to the second chapter of my thesis. In this model, we can 

observe the influence of different gradient metamaterials on wave propagation. 

3.1.1. Graded elastic metasurface for enhanced energy harvesting 

In elastic wave systems, the combination of resonance and spatial hierarchy concepts 

in structured surface matrices allows resonant metasurfaces to achieve broadband 

wave trapping, mode conversion from surface (Rayleigh) waves to mass (shear) waves 

and the selection of the spatial frequency. These concepts allow for precise control of 

surface waves and the use of rainbow capture to spatially separate signals based on 

frequency. Rainbow trapping produces a large amplifications of displacement in the 

resonator position where each frequency component accumulates. To investigate 

whether this amplification and associated control can be used to fabricate energy 

harvesting devices, De Ponti [16]et al focused on the spring plate model in which A0 

mode dominates and designed innovative ultra-high displacements by exploiting 

large displacement amplitudes in the A0 mode. resonant gradient array of bars from 

the surface to trap waves for increased piezoelectric energy harvest. 
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Figure 3.1 The elastic metasurface used for energy harvesting (a) and conventional dispersion 

curves(b) for a periodic array of identical resonators of fixed height (here we take the resonator 

to have height 581 mm, just before that endowed with piezo-patches in the graded wedge of 

(a)). Panel (c) illustrates the trapping mechanism for the axial mode due to the metasurface 

grading by showing the relevant dispersion curve at fixed frequency but varying resonator 

height; the rod is shown inset at 581 mm.[16] 

Figure 3.1 (a) illustrates a schematic diagram showing a resonant metawedge. We 

placed a graduated series of rods （Since the resonant frequency of the rod, which 

depends on the height of the rod, determines the position of the band gap, then simply 

by varying the length of the rods you get an effective band gap which is both wide and 

subwavelength; rod length is therefore a key parameter for metasurface tunability[17]. ）

on the resonant elastic plate (flexion and longitudinal); if we assume that the rods have 

a constant height, they appear naturally in the dispersion curve of Figure 3.1 (b). These 

dispersion curves were calculated along the two-dimensional irreducible Brillouin 

zone using the COMSOL Multiphysics®  finite element code in a physical element 

containing a single resonator incorporating the Bloch phase shift through the periodic 

Bloch-Floquet boundary condition . Figure 3.1 (b) shows the longitudinal resonance 

(dashed line), furthermore a large number of bending resonances can be seen. These 

bending resonances have negligible effects on wave propagation, at least in terms of 

band gap. As shown in Figure 3.1 (c), a representation of the unconventional 

dispersion curve, in which the frequency is fixed and the height of the resonator varies, 

shows how the height of the rod affects the array. Classifying the array from short 

resonators to high resonators, Figure 3.1 (c), we see that the dispersion curve reaches 

the bottom of the band gap, after which the energy must reverse and propagate back 

through the array; furthermore, the group velocity at this turning point tends to zero 

and the wave slows down, so it takes time to feed the energy into the resonator next 

to it. 

The resonant metawedge can also be attached to deep elastic substrates, where it 

allows for mode conversion or the capture and reflection of Rayleigh waves. The basis 
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of this effect is the hybridization between the longitudinal resonance of the rod and 

the vertical component of the Rayleigh wave[18]; the type of interaction, conversion or 

trapping depends on the direction of propagation of the wave on the wedge of the 

element. Trapping is by far the most interesting property of energy harvesting because 

it leads to greater amplification of the resonators responsible for the trapping. 

3.1.2. Piezoelectric energy harvesting (PEH) systems using locally 

resonant metamaterials (MMs). 

Waves such as vibration (elastic waves), sound (sound waves) and light 

(electromagnetic waves) are ubiquitous in nature and carry a lot of energy. However, 

most of the energy is dissipated through mechanisms such as material damping, 

friction and heat transfer. To reuse this waste energy, researchers are looking for 

sustainable and ecologically beneficial energy sources that can collect waste energy 

and efficiently convert it into electricity. 

Veselago pioneered the metamaterial (MM) field by presenting a theoretical study of 

materials whose refractive index becomes negative due to an unnatural 

electromagnetic response[19]. Since then, research on electromagnetic MM has been 

active which in recent years has led to studies on the control of acoustic, elastic and 

seismic waves. MM developed thanks to mathematical analogies in fundamental wave 

physics. The mechanical waves (elastic and acoustic) produced by PEH can be 

described using constitutive parameters such as mass density and modulus, both of 

which are usually positive numbers. However, MM allows negative mass density and 

negative elastic modules for equivalent discrete spring-mass models in dynamic 

systems. The physical concept of effective mass density was theoretically explained by 

Milton and Willis[20], which Yao later verified experimentally. In a mass-mass system, 

the local resonant mechanism causes a negative effective mass density. This MM is 

specially designed by adapting the shape, size, and periodic configuration of resonant 

elements of lower wavelengths called metaatoms. Periodically structured means with 

constitutive parameter sets ranging from isotropic to bi-anisotropic, have potential 

applications in various fields of wave physics. 

The concept of phononic crystals (PnC) is similar to that of photonic crystals, in that 

they have both evolved from electronic systems that limit certain energy bands. PnC 

is a periodic structure that utilizes Bragg scattering in the crystal lattice to exploit wave 

interference caused by the high-impedance mechanical contrast between the host and 

inclusions. Interference occurs when the wavelength is of the same order of magnitude 

as the lattice constant of the periodic structure, allowing interference from waves 

scattered across an adjacent lattice. PnC is characterized by a band gap or frequency 

range over which waves cannot propagate through the medium. Using PEH, a 

bandgap mechanism can be used effectively to locate and focus waves. Surprisingly, 

very high wave localization can be induced in imperfect structures by exploiting the 

defect cavity mode. In addition, by adjusting the refractive index of each crystal size, 
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the PnC array consisting of a crystal size gradient helps to increase the focus of the 

wave and create a Gradient Index (GRIN) lens. The refractive index is inversely 

proportional to the phase velocity, so as the phase velocity gradient, the incident field 

wave bends. By carefully manipulating the refractive index, the wave can be trapped 

at the focal point. Due to the lack of a strict classification, the terms MM and PnC, 

which give rise to the unusual characteristics, are often used interchangeably. The grid 

spacing corresponding to the operating frequency range provides an intuitive way of 

understanding the differences: MM consists of a group of strongly dispersive 

resonators operating on the wavelength scale, while PnC consists of multiple scatterers 

operating on a compositional wavelength scale. 

MM and PnC improve energy harvesting efficiency by directing the input wave energy 

to the desired location for maximum energy conversion and harvesting. In this article, 

we describe a method for capturing mechanical wave energy at broadband frequencies 

and obtaining efficient PEH using MM and PnC, which are wavelength or wavelength 

microstructures integrated with piezoelectric materials. Figure 3.2 provides an 

overview of wave localization and focusing methods and applications using local 

resonance, defect modes, and the GRIN structure that converts mechanical energy into 

electrical energy via an integrated piezoelectric device. 
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Figure 3.2 Mechanical piezoelectric energy harvesting (PEH) using metamaterials (MMs) and 

phononic crystals (PnCs)[21] 
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3.1.3. Gradient Acoustic Metamaterials 

Acoustic sensing technology is a hot topic in many engineering applications such as 

structural health monitoring, sound source localization, and underwater acoustic 

communication. Metamaterial-based acoustic sensing technology has received 

extensive attention due to its unique characteristics. These unique properties, 

including but not limited to acoustic focusing, acoustic tunneling, acoustic rainbow 

capture, point/line defects, singular acoustic scattering, provide unprecedented 

opportunities for the continued development of acoustic sensing technology. However, 

current metamaterial-based acoustic sensing technologies are generally limited in 

practical engineering applications due to their narrow and untunable operating 

frequency bands. Therefore, developing a broadband tunable metamaterial-based 

acoustic sensing system is of great significance in both academia and engineering. 

Recently, gradient acoustic metamaterials (GAMs) have been shown to effectively 

broaden the frequency band. The acoustic rainbow trapping effect achieved by GAMs 

enables acoustic waves to be selectively decelerated and trapped in the subwavelength 

region, resulting in strong local amplitude enhancement, but in practical applications, 

the operating frequency band of GAMs is fixed. In this case, the fixed working 

frequency band will greatly hinder the application of GAMs under different working 

conditions. Therefore, the realization of tunable GAMs would be a huge improvement 

for more engineering applications. 

Recently, Professor Dejie Yu's[22] research team from the State Key Laboratory of 

Advanced Design and Manufacturing of Vehicle Body, School of Mechanical and 

Vehicle Engineering, Hunan University, proposed a tunable gradient acoustic 

metamaterial (GAMs) composed of flat plates and spring arrays for sound 

transmission sense(Figure 3.3). Their theoretical study shows that by changing the gap 

distance between the two plates, the operating frequency band can be broadened 

beyond 300Hz. They also experimentally verified the tunability of the GAM and the 

widening of the operating frequency band by compressing the spring, which is more 

convenient and easier to implement in practical applications than existing adjustment 

methods. In addition, taking Gaussian pulse signals as an example, the team also 

demonstrated that tunable GAMs can be applied to more engineering applications, 

and this work provides a practical way to promote the development of metamaterial-

based acoustic sensing technology in practical applications. 
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Figure 3.3 Structure profile of tuned gradient acoustic metamaterials (GAMs)[22] 

 

3.2. Analysis of graded 1D spring-mass system 

 

Figure 3.4 Model of spring-mass chain with resonator 

We can see from Figure 3.4 that this model is same as what we used in chapter 2, but 

here the system have graded structure by changing frequency of resonators, keep mass 

𝑚2 constant and change the stiffness 𝑘2. The system consists 200 main masses 𝑚1 and 

200 resonators 𝑚2. 
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3.2.1. Influence of different varying scenarios of 𝜔𝑟 on bandgap of system 

Varying scenarios of resonator frequency 𝜔𝑟  are important for wave propagation. 

Different varying scenarios of 𝜔𝑟 will lead to different bandgaps of the system and will 

give rise to different displacement fields, therefore, it will influence wave propagation 

and it will be an important factor in improving energy harvesting efficiency. So now 

we analyse how it will influence bandgaps of the system. 

We can have different varying scenarios of 𝑘2, for example linearly、non-linearly、

increase、decrease. Here we have 4 cases to see when the frequency of resonator 𝜔𝑟 

changing by different scenarios, what happen in our bandgap and displacement field 

of the system. 

The system has 300 main masses and 300 resonators in the following 4 cases, we have 

a step change of resonator frequency. 

Case 1: step change-linearly decrease 

For the first 100 resonators a value of 𝜔𝑟=√0.18 of resonator frequency is used, then in 

the following 100 resonators linearly changing to  𝜔𝑟=√0.005, the frequency of the 

remaining 100 resonators is  𝜔𝑟=√0.005. Here it can be seen from the Figure 3.5 that 

when 𝜔𝑟  is constant, bandgap width is constant too, but when 𝜔𝑟  is changing, our 

bandgap width is changing too. 

 

Figure 3.5 Case 1- relationship between position、frequency、and frequency response-

displacement, x axis represents the special coordinate, y axis is the relative frequency Ω=
𝜔

𝜔0
， 

the colors represent displacement. 

We can see from Figure 3.5 that in this case, the bandgap has the range between 0.4 

and 0.7 in the beginning of the system, then after decreasing of resonator frequency, 
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the bandgap width increases, which has the range between 0.1 and 0.7. the 

displacement is large when the relative frequency Ω is between 0 and 0.1. 

 

Case 2: step change-linearly increase 

for the first 100 resonators a value of 𝜔𝑟=√0.005 of resonator frequency is used, then 

in the following 100 resonators linearly changing to 𝜔𝑟=√0.18, then the frequency of 

the remaining 100 resonators is a constant value 𝜔𝑟=√0.18. 

 

Figure 3.6 Case 2- relationship between position、frequency、and frequency response-

displacement, x axis represents the special coordinate, y axis is the relative frequency Ω=
𝜔

𝜔0
， 

the colors represents displacement. 

We can see from Figure 3.6 that in this case, the bandgap has the range between 0.08 

and 0.12 in the beginning of the system, then after increasing of resonator frequency, 

the bandgap width increases, which has the range between 0.08 and 0.7. the 

displacement is large when the relative frequency Ω is between 0 and 0.1. when space 

coordinate x is in the range 0-100, the displacement is larger than other range. 

 

Case 3: step change-nonlinearly decrease 

for the first 100 resonators a value of 𝜔𝑟=√0.15, then in the following 100 resonators 

non-linearly changing to 𝜔𝑟 = √0.005 , then the frequency of the remaining 100 

resonators is 𝜔𝑟=√0.005.  
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Figure 3.7 Case 3- relationship between position、frequency、and frequency response-

displacement, x axis represents the special coordinate, y axis is the relative frequency Ω=
𝜔

𝜔0
， 

the colors represents displacement. 

We can see from Figure 3.7 that in this case, the bandgap has the range between 0.4 

and 0.7 in the beginning of the system, then after increasing of resonator frequency, 

the bandgap width increases, which has the range between 0.1 and 0.7. the 

displacement is large when the relative frequency Ω is between 0 and 0.2. when space 

coordinate x is in the range 0-200, the displacement is larger than other range. 

Case 4: step change-nonlinearly increase 

For the first 100 resonators a value of 𝜔𝑟=√0.05 of resonator frequency is used, then in 

the following 100 resonators non-linearly changing to  𝜔𝑟=√0.15, then the frequency 

of the remaining 100 resonators is  𝜔𝑟=√0.15.  
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Figure 3.8 Case 4- relationship between position、frequency、and frequency response-

displacement, x axis represents the special coordinate, y axis is the relative frequency Ω=
𝜔

𝜔0
， 

the colors represents displacement. 

We can see from Figure 3.8 that in this case, the bandgap has the range between 0.08 

and 0.12 in the beginning of the system, then after increasing of resonator frequency, 

the bandgap width increases, which has the range between 0.08 and 0.7. the 

displacement is large when the relative frequency Ω is between 0.1 and 0.3. when space 

coordinate x is in the range 0-100, the displacement is larger than other range. 

It can be seen from above 4 cases that varying scenarios of resonator frequency has 

strong influence on the behavior of system, mainly on the bandgap and the 

displacement field. The bandgap width will increase no matter what varying scenario 

is (increasing, decreasing, linear, non-linear), but displacement field is much more 

different when varying scenarios are different. Influence on displacement field is not 

so clear from these figures, a better way to see this influence is to get waterfall plot by 

using numerical simulation, this will be down in chapter 4. 

3.2.2. Influence of different varying scenarios of 𝜔𝑟 on displacement field 

of system 

Varying scenarios of resonator frequency 𝜔𝑟  are important for wave propagation. 

Different varying scenarios of 𝜔𝑟 will lead to different bandgaps of the system and will 

give rise to different displacement fields, therefore, it will influence wave propagation 

and it will be an important factor in improving energy harvesting efficiency. So now 

we analyse how it will influence displacement field of the system. 

The same model as before is used but now the number of masses and resonators is 180. 
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Here the parameters used are: 𝑚1 =1, 𝑚2 = 0.5 , 𝑘1 =4, L=1. Here we have 4 cases 

depending on the varying scenarios of resonator frequency  𝜔𝑟, for each case we have 

two different results because of different values of centre frequency of excitation. 

3.2.2.1. Case 1 

Case1.1: 

When the frequency of the resonator is linearly decreasing, center frequency of the 

force 𝝎𝑭=0.8.  

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=1.414, then 

for the following 60 cells the frequency is linearly decreasing, for the last 60 cells 

𝜔𝑟=0.707. 

Figure 3.9 are the dispersion relation 、the force-time relation and the spectrum of the 

force of the system. 

 

Figure 3.9 Dispersion relation plots and plots of excitation 
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Figure 3.10 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of the system, it can be seen from this figure that our wave packet stops in certain point 

corespond to center frequency of excitation, that is because center frequency of 

excitation is inside the bandgap of the system. 

 

Figure 3.10 Variation of circular frequency of resonators (top) and waterfall 

plot(bottom) 

 

Figure 3.11 Numerical dispersion plot 
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Here we do not have reflection so we can only see components in negative 

wavenumber range. 

Then change center frequency of excitation to 𝝎𝑭=2.5. 

 

 

 

 

Case1.2: 

When the frequency of the resonator is linearly decreasing, center frequency of the 

force 𝝎𝑭=2.5.  

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=1.414, then 

for the following 60 cells the frequency is linearly decreasing, for the last 60 cells 

𝜔𝑟=0.707. 

Figure 3.12 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 
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Figure 3.12 Dispersion relation plots and plots of excitation 

Figure 3.13 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of the system, it can be seen from this figure that wave packet goes through all the cells 

of the system, that is because center frequency of excitation is outside bandgap of the 

system. 

 

Figure 3.13 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 
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Figure 3.14 Numerical dispersion plot 

Here we do not have reflection so we can only see components in negative 

wavenumber range. 

 

3.2.2.2. Case 2 

Case2.1: 

When the frequency of the resonator is linearly increasing, center frequency of the 

force 𝝎𝑭=1.5.  

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.707, then 

for the following 60 cells the frequency is linearly increasing, for the last 60 cells 

𝜔𝑟=1.414. 

Figure 3.15 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 
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Figure 3.15 Dispersion relation plots and plots of excitation 

Figure 3.16 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of the system, it can be seen from this figure that our wave packet stops in certain point 

corespond to center frequency of excitation, that is because center frequency of 

excitation is inside bandgap of the system. And the difference between case 2.1 and 

case 1.1 is that in case 1.1 we do not have reflection but in case 2.1 we have reflection. 

The reson of this phenomenon is complex but the main reson is that in case 1.1, 

resonator frequency is decreasing but in case 2.1 it is increasing. So the influence of 

varying scenarios of resonator frequency on behaviour of system is dramatic. 
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Figure 3.16 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

 

Figure 3.17 Numerical dispersion plot 

From Figure 3.17 it can also be seen that we have reflection in this case. 

Then change center frequency of excitation to 𝝎𝑭=2.5. 

 

 

 

Case2.2: 

When the frequency of the resonator is linearly increasing, center frequency of the 

force 𝝎𝑭=2.5. 

Model parameters introduction: 
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▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.707, then 

for the following 60 cells the frequency is linearly increasing, for the last 60 cells 

𝜔𝑟=1.414. 

Figure 3.18 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 

 

Figure 3.18 Dispersion relation plots and plots of excitation 
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Figure 3.19 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figure 3.19 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of the system, it can be seen from this figure that wave packet goes through all the cells 

of the system, that is because center frequency of excitation is outside bandgap of the 

system. 

 

Figure 3.20 Numerical dispersion plot 

Here we do not have reflection so we can only see components in negative 

wavenumber range. 
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3.2.2.3. Case 3 

Case3.1: 

When the frequency of the resonator is nonlinearly increasing, center frequency of 

the force 𝝎𝑭=0.8. 

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.1414, then 

for the following 60 cells the frequency is non-linearly increasing, for the last 60 cells 

𝜔𝑟=0.7746. 

Figure 3.21 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 

 

Figure 3.21 Dispersion relation plots and plots of excitation 
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Figure 3.22 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figure 3.22are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of our system, it can be seen from this figure that our wave packet stops in certain 

point coresponds to center frequency of excitation, that is because center frequency of 

excitation is inside bandgap of the system. And the difference between case 3.1 and 

case 1.1 is that in case 1.1 we do not have reflection but in case 3.1 we have reflection. 

The reson of this phenomenon is complex but the main reson is that in case 1.1, 

resonator frequency is decreasing but in case 3.1 it is increasing. And here this system 

has reflection due to resonator and reflection due to end. Hoever, the reflection is what 

we want to avoid. 

 

Figure 3.23 Numerical dispersion plot 
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Case3.2: 

When the frequency of the resonator is nonlinearly increasing, center frequency of 

the force 𝝎𝑭=1.5. 

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.1414, then 

for the following 60 cells the frequency is non-linearly increasing, for the last 60 cells 

𝜔𝑟=0.7746. 

Figure 3.24 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 

 

Figure 3.24 Dispersion relation plots and plots of excitation 
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Figure 3.25 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figure 3.25 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of our system, it can be seen from this figure that wave packet goes through all the 

cells of our system, that is because center frequency of excitation is outside bandgap 

of the system. In the end of our system, we have reflection due to the boundary. 

 

Figure 3.26 Numerical dispersion plot 
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3.2.2.4. Case 4 

Case4.1: 

When the frequency of the resonator is nonlinearly decreasing, center frequency of 

the force 𝝎𝑭=0.6. 

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.7746, then 

for the following 60 cells the frequency is non-linearly decreasing, for the last 60 cells 

𝜔𝑟=0.1414. 

Figure 3.27 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 

 

Figure 3.27 Dispersion relation plots and plots of excitation 
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Figure 3.28 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figure 3.28are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of our system, it can be seen from this figure that wave packet stops in certain point 

corespond to center frequency of excitation, that is because center frequency of 

excitation is inside bandgap of the system. We do not have reflection here. 

 

Figure 3.29 Numerical dispersion plot 
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Case4.2: 

When the frequency of the resonator is nonlinearly decreasing, center frequency of 

the force 𝝎𝑭=1.5. 

Model parameters introduction: 

▪ Circular frequency of the main chain 

𝜔1=2. 

▪ Circular frequency of the resonator: 

The system we analysed now has 180 resonators. For the first 60 cells 𝜔𝑟=0.7746, then 

for the following 60 cells the frequency is non-linearly decreasing, for the last 60 cells 

𝜔𝑟=0.1414. 

Figure 3.30 are the dispersion relation 、the force-time relation and the spectrum of 

the force of our system. 

 

Figure 3.30 Dispersion relation plots and plots of excitation 

Figure 3.31 are plots of varying scenarios of resonator frequency 𝜔𝑟 and waterfall plot 

of our system, it can be seen from this figure that wave packet goes through all the 

cells of the system, that is because center frequency of excitation is outside bandgap of 

the system. In the end of the system, we have reflection due to the boundary. 
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Figure 3.31 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

 

 

Figure 3.32 Numerical dispersion plot 
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3.2.2.5. Conclusion 

From above 4 cases, we can conclude that the system has reflection or not depends on 

varying scenarios of resonator frequency and the boundary conditions. If we want to 

improve efficiency of energy harvesting, we need to avoid reflection of waves. So we 

need to choose properly the varying scenarios of resonator frequency and use 

absorbing boundary to minimize reflection. The phenomenon introduced above called 

“adiabatic transformation” i.e. a transformation without scattering energy to 

neighboring modes. The adiabatic transformation will be discussed in chapter 4. 
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4 Adiabaticity  

4.1. Introduction of adiabaticity 

Adiabatic transformation is a transformation without scattering of energy to 

neighboring modes. It plays a crucial role in mode conversion and energy harvesting 

in the lattice, because adiabatic transformation does not emit energy to the 

environment, so it can improve the efficiency and mode of energy harvesting speed of 

state transitions. But the diabatic transformation can only be achieved under certain 

conditions, it mainly depends on the modulation speed, which in our model depends 

on the rate of variation of resonator frequency. Riva[23] deduced the limit time 

modulation speed of the diabatic transformation, my contribution is On his basis, the 

limiting spatial modulation velocity of insulating transport is deduced, and this 

deduction result is verified by modeling, and the experimental results are in good 

agreement with the deduced results. 

4.2. Delineating the limiting speed for adiabaticity 

This section aims to review the general relationships describing the state evolution 

(expressed in magnitude) of mechanical systems with spatially correlated parameters. 

The procedure described below demonstrates how to obtain a quantitative expression 

for the limiting speed of an adiabatic transformation. 

Consider a second order linear spacial varying dynamical system which is subjected 

to given initial conditions for the velocity 𝑢0′and the position 𝑢0 . Moreover, the 

general equation describing the free motion of the kinematic quantities writes: 

𝑀(x)u′′ + C(x)u′ + K(x)u = 0 ( 4.1) 

Where M(x) C(x) and K(x) are the space-dependent mass, damping and stiffness 

matrices, respectively. We create a new vector ψ= [𝑢′ 𝑢]  in order to express the 

dynamic equation in terms of a first order differential equation: 

ψ′ = H(x)ψ ( 4.2) 

where H(t) is the non-symmetric Hamiltonian matrix. We assume that the energy is 

initially located in a single refrence state ψ
0
=[𝑢′0 𝑢0]. As such, the transient solution in 

an arbitrary temporal snapshot is described by a linear combination of the 𝜓𝑆
𝑅 available 
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modes u=∑ 𝜓𝑠
𝑅

𝑠 𝑞𝑠𝑒
𝑖𝜃𝑠，𝜃𝑠(𝑥) = ∫ 𝑘𝑠

𝑥

𝑥0
(𝜉)𝑑𝜉，𝑞𝑠 are the unknown modal amplitudes. 

Here 𝑘𝑠  is the eigenvalues and 𝜓𝑆
𝑅,𝐿  are the left and right eigenvectors, they are 

computed in a quasi-static sense. i.e. solving the instantaneous eigenvalue problem 

H𝜓𝑆
𝑅 =i𝑘𝑠𝜓𝑆

𝑅  and 𝜓𝑆
𝐿 H=𝜓𝑆

𝐿 i𝑘𝑠 . Moreover, 𝜓𝑆
𝐿  and 𝜓𝑆

𝑅  are normalized such that<

𝜓𝑆
𝐿|𝜓𝑆

𝑅 >= 𝛿𝑟𝑠. Then we substitute u into equation ( 4.2) gives: 

∑ (𝜓
𝑠
𝑅′𝑞

𝑠
+𝑠  𝜓

𝑠
𝑅𝑞

𝑠
′ + 𝑖𝑘𝑠𝜓𝑠

𝑅𝑞
𝑠
)𝑒𝑖𝜃𝑠 = 𝐻∑ 𝜓

𝑠
𝑅𝑞

𝑠
𝑒𝑖𝜃𝑠𝑠                                     ( 4.3) 

Which can be simplified as: 

∑ (𝜓𝑠
𝑅′𝑞𝑠 +𝑠  𝜓𝑠

𝑅𝑞𝑠
′)𝑒𝑖𝜃𝑠 = 0 ( 4.4) 

each side is multiplied by < 𝜓𝑆
𝐿| and the orthogonality < 𝜓𝑆

𝐿|𝜓𝑆
𝑅 >= 𝛿𝑟𝑠 is exploited to 

get to: 

𝑞𝑟
′ = −< 𝜓𝑆

𝐿|𝜓𝑆
𝑅 > 𝑞𝑟 − ∑ < 𝜓𝑆

𝐿|𝜓𝑆
𝑅 >𝑠≠𝑟 𝑞𝑠𝑒

𝑖(𝜃𝑠−𝜃𝑟)                                          ( 4.5) 

The equation (4.5) can be further manipulated by differentiating H𝜓𝑆
𝑅=i𝑘𝑠𝜓𝑆

𝑅 

And then multiplied by < 𝜓𝑟
𝐿|, combined with < 𝜓𝑟

𝐿|𝐻|𝜓𝑆
𝑅′ >=< 𝜓𝑟

𝐿|𝜓𝑆
𝑅′ > 𝑖𝑘𝑠: 

< 𝜓𝑟
𝐿|𝐻|𝜓𝑠

𝑅′ >= 𝑖𝑘𝑠 < 𝜓𝑟
𝐿|𝜓𝑆

𝑅′ > ( 4.6) 

For s≠ 𝑟: 

< 𝜓𝑟
𝐿|𝐻′|𝜓𝑠

𝑅 >= 𝑖(𝑘𝑠 − 𝑘𝑟) < 𝜓𝑟
𝐿|𝜓𝑆

𝑅′ > ( 4.7) 

which is finally substituted into equation (4.5) to get to the general differential 

equation describing the temporal evolution of the rth modal amplitude 𝑞𝑟 . 

𝑞𝑟
′ = −< 𝜓𝑆

𝐿|𝜓𝑆
𝑅′ > 𝑞𝑟 − ∑

<𝜓𝑆
𝐿|𝜓𝑆

𝑅>

𝑖(𝑘𝑠−𝑘𝑟)
𝑠≠𝑟 𝑞𝑠𝑒

𝑖(𝜃𝑠−𝜃𝑟)                                          ( 4.8) 

We assume all the energy is initially stored in 𝜓𝑟  and energy present in 𝑞𝑟  do not 

couple in space with the other modes with amplitude 𝑞𝑠. evolution of 𝑞𝑟 (x) is given 

by the integral 𝑞𝑟 (x) = ∫ 𝑞𝑟′ (ξ) 
𝑥

0
dξ. That is, the contribution of: 

∫ ∑
< 𝜓𝑟

𝐿|𝐻′|𝜓𝑆
𝑅 >

𝑖(𝑘𝑠 − 𝑘𝑟)
𝑠≠𝑟

𝑞𝑠𝑒
𝑖(𝜃𝑠−𝜃𝑟)

𝑥

0

𝑑𝜉 ( 4.9) 

Is is negligible for an adiabatic transition. Equation ( 4.9) can be integrated by parts: 

∫ ∑
<𝜓𝑟

𝐿|𝐻′|𝜓𝑆
𝑅
>

𝑖(𝑘𝑠−𝑘𝑟)
𝑠≠𝑟 𝑞

𝑠
𝑒𝑖(𝜃𝑠−𝜃𝑟)

𝑥

0
𝑑𝜉=-∑

<𝜓𝑟
𝐿|𝐻′|𝜓𝑆

𝑅
>

𝑖(𝑘𝑠−𝑘𝑟)
𝑠≠𝑟 𝑞

𝑠
𝑒𝑖(𝜃𝑠−𝜃𝑟)|

0
𝑥+∫

𝑑

𝑑𝜉
（𝑞

𝑠

<𝜓𝑟
𝐿|𝐻′|𝜓𝑆

𝑅
>

𝑖(𝑘𝑠−𝑘𝑟)

𝑥

0
𝑑）𝑒𝑖(𝜃𝑠−𝜃𝑟)𝑑𝜉. 

( 4.10) 

It can be shown that the integral term on the right-hand side is small and therefore can 

be neglected [24]. For adiabaticity we require that: 
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|
< 𝜓

𝑟
𝐿|𝐻′|𝜓

𝑆

𝑅
>

(𝑘𝑠 − 𝑘𝑟)2
| ≪ 1 

 

( 4.11) 

Then we substitute the eigenvectors in our case, we can get the final expression of the 

limiting speed condition: 

|
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≪ 1 

 

( 4.12) 

Where 𝑚𝑒𝑞 = 𝑚(1 −
𝑚𝑟

𝑚⁄

𝜔2

𝜔𝑟
2−1

) is the equivalent mass. 

Equation ( 4.12) is the quantitative expression of limiting speed for adiabaticity 

condition for our system, in order to verify if it is correct or not, MATLAB simulations 

are performed to verify this condition and find the boundary of adiabaticity. 

 

4.3. Models to verify limiting speed for adiabaticity 

An absorbing boundary is introduced to avoid reflection due to the system ends, the 

absorbing boundary is 28 masses with resonator and resonator frequency is constant, 

the damping coefficient is decreasing following a cubic law from outside of two ends 

to inside of the system. 

The rate of change of resonator frequency is varying to see in which case we can satisfy 

adibatic limiting speed condition, reflection will appear or not. 

4.3.1. Case 1 Adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 0.15 

The range of our adiabatic condition is : 

0.000337 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.0313 

Satisfy the condition in equation( 4.12). 
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Figure 4.1 Dispersion relation plots and plots of excitation 

 

Figure 4.2 Numerical dispersion plot 
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Figure 4.3 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can seen from Figure 4.2 and Figure 4.3 

that we do not have reflection here, we only have components in negative 

wavenumber range, the reason is that we satisfy the limiting speed condition in 

equation( 4.12). 

4.3.2. Case 2 Adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 0.2 

The range of our adiabatic condition is : 

0.0045 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.0418 

Satisfy the condition in equation( 4.12). 
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Figure 4.4 Dispersion relation plots and plots of excitation 

 

Figure 4.5 Numerical dispersion plot 
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Figure 4.6 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can be seen from Figure 4.5 and Figure 4.6 

that we do not have reflection here, the reason is that we satisfy the limiting speed 

condition in equation( 4.12). 

4.3.3. Case 3 Non-adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 0.3 

The range of our adiabatic condition is : 

0.000675 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.063 

Do not satisfy the condition in equation( 4.12). 
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Figure 4.7 Dispersion relation plots and plots of excitation 

 

Figure 4.8 Numerical dispersion plot 
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Figure 4.9 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can be seen from Figure 4.8 and Figure 4.9 

that we have reflection here, the reason is we do not satisfy the limiting speed 

condition in equation( 4.12). 

4.3.4. Case 4 Non-adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 0.5 

The range of our adiabatic condition is : 

0.001125 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.1044 

Do not satisfy the condition in equation( 4.12). 
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Figure 4.10 Dispersion relation plots and plots of excitation 

 

Figure 4.11 Numerical dispersion plot 
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Figure 4.12 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can be seen from Figure 4.11 and Figure 

4.12 that we have reflection here, the reason is we do not satisfy the limiting speed 

condition in equation( 4.12). 

4.3.5. Case 5 Non-adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 1 

The range of our adiabatic condition is : 

0.00225 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.209 

Do not satisfy the condition in equation( 4.12). 
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Figure 4.13 Dispersion relation plots and plots of excitation 

 

Figure 4.14 Numerical dispersion plot 
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Figure 4.15 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can be seen from Figure 4.14 and Figure 

4.15 that we have reflection here, the reason is we do not satisfy the limiting speed 

condition in equation( 4.12). 

4.3.6. Case 6 Non-adiabatic transform 

Varying velocity of resonator frenquency: 

𝛼𝜔𝑟
𝛼𝑥

= 2 

The range of our adiabatic condition is : 

0.0045 ≤ |
1

8
√

𝑚

𝑚𝑒𝑞
3

𝛼𝑚𝑒𝑞

𝛼𝜔𝑟

𝛼𝜔𝑟
𝛼𝑥

| ≤ 0.4179 

Do not satisfy the condition in equation( 4.12). 
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Figure 4.16 Dispersion relation plots and plots of excitation 

 

Figure 4.17 Numerical dispersion plot 
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Figure 4.18 Variation of circular frequency of resonators (top) and waterfall plot(bottom) 

Figures above are the dispersion relation of our system 、input force plots、numerical 

dispersion relation and our waterfall plot. It can be seen from Figure 4.17 and Figure 

4.18 that we have reflection here, the reason is we do not satisfy the limiting speed 

condition in equation( 4.12). 

We can conclude that the boundary between adiabatic and non-adiabatic 

transformation is between case 2 and 3, where the varying velocity is 0.15 and 0.2 

respectively, but if we want the exact boundary, we should try more cases. It also can 

be seen from these cases that if the varying velocity is higher (keep other parameters 

constant), the the reflection is more evident. So if we want to improve energy 

harvesting efficiency, we should control the varying velocity of resonator frequency 

under a certain low value to satisfy adiabatic condition so that minimize reflection. 
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5 Conclusion and future developments 

This thesis provides an overview of metastructures made of special materials with 

unusual physical properties. It has special properties that prevent wave transmission 

in a specific frequency range, and has a wide range of applications in optical acoustics 

and other fields. This thesis briefly introduces these applications with examples. 

Then, the main theoretical concepts necessary for the generation of the band gap are 

summarized, the one-dimensional mass-spring model and the mass-spring with 

resonator model are introduced, the spectral relationship is derived by formula, and 

then the spectral relationship is obtained again by numerical simulation. the results 

show that the two are in good agreement. Finally, through the analysis of the model 

displacement, the waterfall plot is obtained. 

Then, the graded metamaterial is briefly introduced. Corresponding to the model used 

in this paper, that is, the resonator frequency is constantly changing, and MATLAB is 

used to simulate and analyze the influence of the resonator frequency on the band gap 

and displacement field when the resonator frequency changes in different modes. 

Finally, the adiabatic transformation is briefly introduced, the quantitative expression 

of the a diabatic limiting speed is deduced, and the expression is verified by model 

simulation. In this process, the absorbing boundary is introduced to eliminate the 

influence of the two ends of the system on the wave propagation, that is, reflection. Six 

cases are used to verify the correctness of this expression and find the critical point of 

diabatic limiting speed. 

In the future, this research can also be extended to 2D and 3D models. 
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