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1. Introduction

The exploration of small celestial bodies, such as
asteroids and comets, stands as a rapidly evolv-
ing and cutting-edge field in planetary science,
driven by growing interest and recent success-
ful missions. A wide range of scientific and en-
gineering motivations foster the exploration of
these celestial bodies, such as the study of the
Solar System formation, future in-situ resource
utilization and the demonstration of planetary
protection techniques [1].

Close-proximity operations around asteroids and
comets entail peculiar technological challenges
due to the highly unknown and uncertain dy-
namical environment in which the spacecraft
navigates. Challenges arise from the fact that
the gravity field of the central body is weaker
and less uniform than the one of a planet and
therefore the spacecraft results in being more
sensitive to orbital perturbations such as solar
radiation pressure and third-body effects. Un-
certainties arise from navigation, actuation and
dynamic model errors. The latter stem from the
limited knowledge of small-body properties such
as shape, density and rotational state, due to
the lack of accurate measurements prior to the
spacecraft rendezvous.

Within this context, this thesis aims to as-
sess the knowledge contribution given by accu-
rate nonlinear uncertainty propagation in close-
proximity operations around small bodies. In
particular, a trade-off between uncertainty prop-
agation techniques is performed, the dynamics
environment around the asteroids Apophis and
Eros is analyzed, and a performance comparison
on the uncertainty propagation between Linear
Covariance propagation, Unscented Transforma-
tion and Polynomial Chaos Expansion is car-
ried out. Lastly, within the framework of goal-
oriented guidance, a potential integration of un-
certainty propagation and stochastic constraints
verification is implemented.

2. Uncertainty Propagation
Methods

Several uncertainty propagation methods exist
and have been used in past works related to
astrodynamics. Therefore a trade-off between
them must be performed to select the most
suitable techniques in the context of asteroid
proximity exploration. The main ones can be
subdivided into linear methods, that perform
a linearization of the dynamics, and nonlin-
ear methods that take into account the com-



plete nonlinear dynamics characterizing the en-
vironment [2]. The techniques considered in
the trade-off are Linear Covariance propaga-
tion, Unscented Transformation, State Tran-
sition Tensors, Differential Algebra technique,
Gaussian Mixture Model, Polynomial Chaos Ex-
pansion and Monte Carlo simulation. The ad-
vantages, disadvantages and compatibility of
each method have been considered, with empha-
sis on propagation accuracy, computational effi-
ciency, and ease of implementation. This trade-
off leads to the selection of three uncertainty
propagation methods, deemed suitable for this
work. The first is the Linear Covariance propa-
gation (LinCov) which, despite limited accuracy
due to the linearization of the dynamics, is a
valuable method because of high computational
efficiency and ease of implementation. LinCov
requires the computation of the state transition
matrix (STM) at each time instant, which has
been estimated with the numerical approach us-
ing central finite differences. The second one is
the Unscented Transformation (UT) which is an
efficient nonlinear sample-based method. It al-
lows propagating only the mean and covariance
and therefore is limited to a Gaussian approx-
imation of the uncertainty distribution. For a
stochastic system with dimensionality n, UT re-
quires the propagation of 2n + 1 weighted sigma
points, deterministically chosen to represent cor-
rectly the initial mean and covariance. The last
method selected is the Polynomial Chaos FEx-
pansion (PCE), which is a high-fidelity sample-
based nonlinear uncertainty propagation tech-
nique. PCE allows approximating also higher
order moments and the entire propagated prob-
ability density function (PDF), therefore it is
suitable even in the case of non-Gaussian dis-
tributions. PCE is based on the idea of repre-
senting approximate solution X(t; ) with a trun-
cated series of orthogonal polynomials ¥ ( ) [3]:
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where usually represent Gaussian random
variables. The coefficients Cx can be computed
with non-intrusive methods which treat the
dynamics as a black box and compute the
coefficients by means of least-squares regression,
minimizing the sum of squares of differences be-
tween the approximate solution X(t; ) and the
solution X(t; ) computed with the propagated

samples [3]:
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Once the PCE coefficients cx have been com-
puted, the mean and covariance P of the
propagated uncertain variables can be directly

obtained as [3]:
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or the entire PDF can be estimated with random
sampling of the truncated expansion.

The three uncertainty propagation methods,
LinCov, UT, and PCE, are compared against
the results of a Monte Carlo simulation (MC)
with 10* samples, which is considered the refer-
ence solution.

3. Dynamical Environment

Close-proximity operations around small-bodies
are characterized by highly perturbed nonlin-
ear dynamical environments. The spacecraft dy-
namics can be modelled as a two-body prob-
lem considering gravity spherical harmonics acp,
perturbed by solar radiation pressure agrp and
third-body effects agra:

i = ag + aga + asrp

The gravity acceleration of the central body agy
is computed using a complete model of spherical
harmonics expansion which takes into account
the two-body problem acceleration and the con-
tributions of zonal, sectorial and tesseral har-
monics.

The third-body effect of the Sun (or eventually
of a planet) is modelled as the differential Keple-
rian gravity between the barycenter of the small
body and the spacecraft position [4]:
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where 34 is the gravitational constants of the
third-body, ry, 3r¢ and rg z-a are the relative
position of, respectively, the central small body
and the spacecraft with respect to the third ce-
lestial body.



Lastly, solar radiation pressure is computed with
the cannonball model [4]:
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where the coefficients Pg is the solar flux at 1 AU
and C is the speed of light. The reflectance coeffi-
cient = 0:3, the cross-sectional area Agc = 0:5

m? and the mass Mg = 12 kg are representative
of a 6U Deep Space CubeSat.

asrp =

4. Case Studies

In this thesis, two different small bodies are con-
sidered, the asteroids 99942 Apophis and 433
Eros. The dynamical environment in their prox-
imity is analyzed to determine the contribution
of each acceleration depending on the distance
from the central body.

Apophis is a small Near-Earth asteroid with a
mean radius of 168 m and in a moderately ex-
cited Short Axis Mode (SAM) retrograde spin
state [5]. Significant interest is attributed to this
celestial body due to its future close passage to
Earth on April 13th 2029, at a distance of ap-
proximately 37°200 km from the Earth’s centre.
Due to its small dimensions, the gravity in its
proximity is largely influenced by solar radiation
pressure and third-body effect. Figure 1 shows
the contribution of the acceleration terms with
respect to the distance from Apophis barycenter
during the Deep Space phase.
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Figure 1:  Dynamical environment around

Apophis during Deep Space phase. The x-axis
is shown into two different scales, mean body ra-
dius and kilometres.

The red solid line is related to the complete
spherical harmonics model, whereas the blue

dotted line considers only the zonal harmonics
terms.

Differently, the dynamic environment around
Apophis during the close passage to Earth is
highly influenced by the third-body effect of the
Earth and Moon, shown in Figure 2 for a time
interval of three days around the Earth’s flyby.
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Figure 2: Dynamical environment around
Apophis during a time interval of three days

around the close-approach to Earth.

Note that the bands related to Earth and Moon
effects are very wide, implying a large variability
in their intensity during the time horizon ana-
lyzed.
The second small body considered in this work is
433 Eros, a Near-Earth asteroid with a highly
irregular shape and mean radius of 7.3 km |[6].
Due to its larger dimensions, the dynamical en-
vironment is less influenced by SRP and third-
body effect of the Sun. A plot similar to Fig-
ure 1 is derived also in this case, showing that
the central body acceleration is dominant up to
1000 km from the barycentre, and the pertur-
bation deriving from the spherical harmonics is
the most relevant until approximately 100 km.
The analyses of the dynamical environments
around the two asteroids led to the definition
of four different case studies to be analyzed in
this thesis:
1. Close-proximity operations around Apophis
in Deep Space.
2. Close-proximity operations around Apophis
during Earth’s flyby.
3. Close-proximity operations around Eros.
4. Flyby trajectories to Eros with low altitude
pericentre.



5. Uncertainty Propagation
Results

The numerical analysis is carried out in
MATLAB-R2023a, considering the four case stud-
ies previously defined, in which different trajec-
tory options are tested:
Proximity hovering arcs at varying dis-
tances from the asteroid’s barycentre.
Close-proximity operations with trajecto-
ries that perform one or more revolutions
around the asteroid.
Single arc of flyby trajectory at low velocity
and varying pericentre altitude.
The initial state of the spacecraft is modelled
as a Gaussian random distribution with mean
Xp and covariance matrix Pg, representing the
navigation uncertainties. In general, the initial
covariance matrix is always assumed to be di-
agonal and with equal standard deviation along
each axis. For the sake of brevity, only the ma-
jor findings regarding uncertainty propagation
(UP) methods performance are reported here,
along with some representative examples.
Figure 3 shows a hovering arc around Apophis
during Earth’s flyby with pericentre r, * 3
km. The dynamical environment, in Figure 4,
is largely influenced by Earth and Moon’s third-
body effects. In addition, the SRP has compa-
rable intensity to the gravity acceleration of the
central body. Despite the perturbed dynamics,
all three UP methods showed good accuracy in
approximating the propagated uncertainty dis-
tribution, which remained almost Gaussian.
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Figure 3: Evolution of position uncertainty dis-
tribution during the hovering arc with rp 7 3
km around Apophis - Earth’s flyby.
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Figure 4: Dynamical environment during the

hovering arc with rp * 3 km around Apophis

- Earth’s flyby.

On the other hand, for more complex tra-
jectories with lower pericentre and revolutions
around the central body, the propagated uncer-
tainty distributions deviate from the Gaussian
assumption and the UP methods show different
accuracy in approximating it, as illustrated in
Figure 5 with propagated samples and covari-
ance ellipses (3 ).
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Figure 5: Evolution of position uncertainty dis-
tribution during close-proximity trajectory with
rp ” 0:75 km around Apophis - Deep Space

The propagation accuracy can also be expressed
as the relative error of the total standard de-
viation, which is related to the square root of
the trace of the covariance matrix. Figure 6
shows that the errors of LinCov and UT increase
over propagation time, differently from the one
of PCE.
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Figure 6: Standard deviation relative error with
respect to the reference MC solution in the close-
proximity trajectory in Figure 5.

Indeed, non-Gaussian distributions can be ap-
proximated only by PCE, which is able to prop-
agate higher-order statistical moments that de-
scribe the shape of the PDF, such as skew-
ness and kurtosis. Figure 7 shows the in-plane
position distribution at the pericentre with re-
lated histograms on the vertical walls. Note
how the blue histogram clearly represents a non-
Gaussian distribution, displaying a shape dis-
tinct from the typical Gaussian bell curve.
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Figure 7: In-plane position uncertainty distribu-
tion with related histograms. The blue and red
straight vertical lines correspond to the mean
values of the respective components.

Further examples in scenarios around Eros pro-
vided results in agreement with the behaviour

of the different UP methods discussed earlier.
Low altitude trajectories with multiple revolu-
tions around the asteroid and highly perturbed
by non-uniform gravity field, such as the orbit in
Figure 8a, show that the propagated uncertain-
ties become rapidly non-Gaussian and therefore
LinCov and UT lose approximation accuracy.
However, as illustrated in Figure 8b, UT tends to
overestimate the dispersion of the distribution,
whereas LinCov underestimates it. Therefore,
UT could be implemented for preliminary con-
servative analyses of uncertainty propagation.
Instead, PCE is able to approximate the true
MC distribution with great accuracy, even when
dealing with highly nonlinear and perturbed dy-
namics. Additionally, it achieves these results
with computational times more than 10 times
shorter than those required by MC simulation.
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(b) Example of highly non-Gaussian distribution after
T = 1.86 days (30 covariance ellipses).

Figure 8: Quasi-circular trajectory around Eros
with rp 26 km.

In conclusion, analyses related to low-altitude
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