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Abstract

In an era defined by strict regulations on emissions and environmental impact, the design
of sustainable components is no longer a mere advantage but a necessity. However, beyond
visible pollutants, there exists a more insidious and often overlooked form of contamina-
tion: noise pollution. In certain applications—such as the one explored in this study—it is
imperative to develop components that are not only energy efficient and environmentally
sustainable but also acoustically optimized.

Among the various sources of noise, aeroacoustic noise presents one of the greatest chal-
lenges due to its intricate generation mechanisms and the complexity of its mitigation.
This challenge, coupled with advances in computational fluid dynamics (CFD), serves as
the foundation of this master’s thesis. Through a comprehensive analysis of the gener-
ation of noise in fluid flows—grounded in the fundamental principles of fluid dynamics
and aeroacoustics—this study offers valuable information on effective design strategies to
reduce aeroacoustic noise. By bridging theoretical understanding with practical engineer-
ing applications, this work aims to contribute to the development of quieter and more
efficient technological solutions.

Keywords: noise pollution, aeroacoustic noise, fluid dynamics, CFD





Abstract in lingua italiana

In un’epoca caratterizzata da normative sempre più stringenti sulle emissioni e sull’impatto
ambientale, la progettazione di componenti sostenibili non rappresenta più un semplice
vantaggio, ma una necessità. Tuttavia, oltre agli inquinanti visibili, esiste una forma
di contaminazione più insidiosa e spesso trascurata: l’inquinamento acustico. In alcune
applicazioni, come quella analizzata in questo studio, diventa essenziale sviluppare com-
ponenti che non siano soltanto energeticamente efficienti e sostenibili dal punto di vista
ambientale, ma anche ottimizzati dal punto di vista acustico.

Tra le varie fonti di rumore, il rumore aeroacustico rappresenta una delle sfide più comp-
lesse, a causa dei suoi intricati meccanismi di generazione e della difficoltà della sua mit-
igazione. Questa problematica, unita ai progressi della fluidodinamica computazionale
(CFD), costituisce il fulcro di questa tesi magistrale. Attraverso un’analisi approfon-
dita della generazione del rumore nei flussi fluidi, basata sui principi fondamentali della
fluidodinamica e dell’aeroacustica, lo studio fornisce indicazioni utili sulle strategie di
progettazione più efficaci per la riduzione del rumore aeroacustico. Colmando il divario
tra comprensione teorica e applicazioni ingegneristiche, questo lavoro si propone di con-
tribuire allo sviluppo di soluzioni tecnologiche più silenziose ed efficienti.

Parole chiave: inquinamento rumoroso, rumore aeroacustico, fluidodinamica, CFD





v

Contents

Abstract i

Abstract in lingua italiana iii

Contents v

Introduction 1

1 History of turbulence theory 3

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Reynolds breakthrough . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 The turbulence problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Boussinesq hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 The Boussinesq paradox . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5 The scales of turbulent motion . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5.1 Richardson's energy cascade: from large eddies to dissipation . . . . 13

1.5.2 Turbulent dissipation rate� . . . . . . . . . . . . . . . . . . . . . . 14

1.5.3 Kolmogorov's contribution . . . . . . . . . . . . . . . . . . . . . . . 16

1.6 Closing remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2 Turbulence simulation and modeling 21

2.1 How to model aneddy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2 Direct Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 Large Eddy Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4 Linear eddy viscosity model . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.4.1 Algebraic models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4.2 k-� model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4.3 k-! model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4.4 k-! SST model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30



vi | Contents

2.5 Reynolds stress model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 Theory of aeroacoustics 35

3.1 Sound waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.1.1 Homogeneous wave equation . . . . . . . . . . . . . . . . . . . . . . 37

3.1.2 Sound sources and propagation . . . . . . . . . . . . . . . . . . . . 38

3.1.3 Sound intensity and power . . . . . . . . . . . . . . . . . . . . . . . 39

3.2 Aeroacoustic sound waves . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2.1 Lighthill's Acoustic Analogy . . . . . . . . . . . . . . . . . . . . . . 41

3.2.2 Proudman's formula . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2.3 Tonal and broadband noise . . . . . . . . . . . . . . . . . . . . . . . 45

3.3 Computational aeroacoustic . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.3.1 ANSYS Fluent broadband noise model . . . . . . . . . . . . . . . . 46

4 Case study: external unit fan 49

4.1 Heat pump thermodynamic cycle . . . . . . . . . . . . . . . . . . . . . . . 49

4.2 The role of the external fan . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.3 Optimization through numerical simulations . . . . . . . . . . . . . . . . . 51

4.4 Model errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5 Simulation setup and preparation 53

5.1 The original fan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.2 De�nition of the computational domain . . . . . . . . . . . . . . . . . . . . 55

5.2.1 External casing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.2.2 Protection grid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.2.3 Computational domain extension . . . . . . . . . . . . . . . . . . . 57

5.2.4 Periodic surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.3 Mesh generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.3.1 Mesh dependency on turbulence model . . . . . . . . . . . . . . . . 60

5.3.2 Near-wall treatment . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.3.3 Mesh quality check . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.4 Pre-Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.4.1 Turbulence models . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.4.2 Acoustic models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.4.3 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.4.4 Spacial discretization methods . . . . . . . . . . . . . . . . . . . . . 67

5.5 Post-Processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.5.1 Acoustic power level . . . . . . . . . . . . . . . . . . . . . . . . . . 68



5.5.2 Fan head . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6 Geometry optimization 71

6.1 Blade number e�ect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.1.1 Some potential drawbacks . . . . . . . . . . . . . . . . . . . . . . . 74

6.2 Blade angles optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.3 The inverted pro�le strategy . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.4 Other minor modi�cations . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7 Results 81

7.1 Aerodynamic performances . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.1.1 Static pressure on blade surfaces . . . . . . . . . . . . . . . . . . . . 83

7.1.2 Total pressure �eld . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.1.3 Fan head . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7.2 Aeroacoustic performances . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

7.2.1 Broadband noise reduction . . . . . . . . . . . . . . . . . . . . . . . 91

7.2.2 Integral acoustic power evaluation . . . . . . . . . . . . . . . . . . . 94

8 Future developments 97

8.1 Biomimetic design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8.1.1 Trailing edge serrations . . . . . . . . . . . . . . . . . . . . . . . . . 98

8.1.2 Leading edge tubercles . . . . . . . . . . . . . . . . . . . . . . . . . 100

9 Final conclusions 103

Bibliography 105

List of Figures 107

List of Tables 111

List of Symbols 114

Acknowledgments 115





1

Introduction

In recent years, environmental sustainability has become a central focus in engineering

design. The growing emphasis on reducing emissions and energy consumption has driven

the development of increasingly e�cient and eco-friendly systems. However, alongside

these well-recognized challenges, another critical issue has gained prominence: noise pol-

lution. In residential and urban environments, where the adoption of heat pumps and

other climate control systems is rapidly increasing, reducing noise emission is essential to

enhance comfort and minimize health impacts.

One signi�cant source of noise pollution is the ventilation of cooling systems, particularly

in HVAC applications. This study focuses on the axial fan within the external unit of

a heat pump�a key component for heat exchange and air circulation. While essential

for thermal management, the fan also generates noise, which is a growing concern in

densely populated areas, especially residential neighborhoods where noise regulations are

becoming increasingly stringent.

Among the various types of noises, broadband noise�caused by turbulent air�ow in-

teracting with the fan blades and surrounding structures�poses a signi�cant challenge

due to its complex generation mechanics and the di�culty of mitigation. Unlike tonal

noise, which can often be addressed through simple structural modi�cations, broadband

noise, originating from turbulent �ow phenomena, requires more sophisticated analysis

and design interventions.

Advancements in computational �uid dynamics (CFD) have provided engineers with pow-

erful tools to study and optimize aerodynamic performance while simultaneously address-

ing noise generation. By leveraging these computational techniques, it is possible to gain

deeper insights into the mechanism of aeroacoustic noise production and develop design

modi�cations aimed at reducing noise without compromising e�ciency.

This thesis presents a comprehensive analysis of the aeroacoustic behavior of the axial

fan within the external unit of a heat pump. It combines fundamental principles of �uid

dynamics and aeroacoustics with numerical simulations to evaluate the impact of various

design choices on noise emissions.
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The primary objectives of this research are:

1. To investigate the mechanism of broadband noise generation in axial fans.

2. To identify and implement design modi�cations that enhance aeroacoustic perfor-

mance.

3. To evaluate the e�ectiveness of these modi�cations through CFD simulations and

assess their impact on noise reduction.

By addressing the aeroacoustic challenges associated with HVAC fans, this research aims

to contribute to the development of quieter and more e�cient ventilation systems. In

doing so, it supports the broader goal of improving residential thermal comfort while

mitigating environmental noise pollution, particularly in regions where heat pumps play

a crucial role in sustainable heating and cooling solutions.

This study begins by introducing fundamental theoretical concepts in �uid dynamics and

aeroacoustics, providing a solid foundation for understating the practical applications

explored in this study. This approach ensures that even readers without a specialized

background can grasp the key principles. The focus then shifts to the speci�c case under

analysis, examining the main properties of the heat pump, including an overview of its

thermodynamic cycle and the role of the axial fan. A dedicated chapter follows, outlin-

ing the preparation of the numerical analysis and detailing each step of the simulation

process. Subsequently, various strategies for reducing broadband noise through geometric

optimization are presented, along with the corresponding results obtained in this research.

Finally, the thesis concludes with a brief discussion of potential future developments in

the �eld.
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1| History of turbulence theory

This chapter provides a concise historical overview of turbulence theory, delving into the

intricate and multifaceted nature of this captivating phenomenon. The aim is to present

the foundational concepts in an engaging and approachable manner, deliberately avoiding

excessive technical details, to encourage curiosity and promote a deeper appreciation of

turbulence's signi�cant role in both scienti�c development and real-world applications.

1.1. Introduction

Turbulence has long been recognized as one of the most complex and least understood

phenomena in �uid dynamics. The chaotic and unpredictable nature of turbulent �ows

has fascinated scientists for centuries. Yet, despite signi�cant advances, a complete un-

derstanding remains elusive.

Figure 1.1: Leonardo da Vinci sketch of a turbulent �ow

The earliest recorded observations of turbulence can be traced back to Leonardo da Vinci,

who, in the late 15th century, sketched detailed depictions of swirling eddies in rivers.

With remarkable observational skill, he illustrated the intricate and chaotic motion of

�uids. However, while da Vinci's drawings captured the phenomenon's complexity, the
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underlying mechanics of turbulence remained elusive, highlighting a challenge that has

persisted for centuries.

As Werner Heisenberg1 famously remarked:

When I meet God, I am going to ask him two questions: Why relativity? And

why turbulence? I really believe he will have an answer for the �rst.

Heisenberg's words highlight the enduring mystery of turbulence, a puzzle than even the

most brilliant scienti�c minds have yet to fully unravel.

Physicists have long understood that �uid �ows must comply with fundamental governing

equations, forming the bedrock of �uid mechanics. These principles culminated in the

formulation of the Navier-Stokes equations in the 1850s:

@�
@t

+ r � (� U ) = 0 (1.1)

@(� U )
@t

+ r �
�
� U : U

�
= � g � r p + � r 2U +

1
3

� r
�
r � U

�
(1.2)

where:

ˆ � is the �uid density [kg/m 3];

ˆ U is the velocity vector [m/s];

ˆ p is the static pressure [Pa];

ˆ � is the molecular dynamic viscosity [Pa�s].

However, turbulence has long presented a profound enigma: is its chaotic behavior an

intrinsic feature of the governing equations, or does it emerge solely from the nature

of their solution? The answer is as intriguing as the phenomenon itself. The apparent

randomness does not arise from the equations themselves�rooted in the fundamental

principles of mass conservation and Newton's second law�but from their solution. These

seemingly simple, deterministic laws of physics, when combined, give rise to the swirling,

unpredictable nature of turbulence.

A deeper understanding of this phenomenon began to emerge with advancements in the

study of strongly nonlinear dynamical systems. In recent decades, even relatively simple

nonlinear equations�built on deterministic frameworks and starting from well-de�ned

1W. Heisenberg (1901-1976), a German physicist and Nobel laureate, pioneered quantum mechanics
and is renowned for theUncertainty Principle , a cornerstone of quantum theory.
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initial conditions�have been found to exhibit chaotic and seemingly random behavior.

This discovery has reshaped the way turbulence is studied, revealing its connection to the

complex interplay of nonlinear dynamics and deterministic principles. While turbulence

is not chaos in the strict sense de�ned by dynamical systems theory, it undeniably shares

many of chaos's hallmarks: sensitivity to initial conditions, unpredictability, and intricate,

multi-scale structures.

The challenge becomes even more daunting in the realm of turbulence numerical simula-

tions, where de�ning the initial conditions relies heavily on the engineer's expertise. The

inherent sensitivity of turbulent systems means that even the smallest change in these

initial conditions can cascade into drastically di�erent outcomes. This sensitivity further

complicates simulations, transforming the task into a high-stakes balancing act between

achieving precision and managing the unpredictable nature of turbulent �ows.

1.2. Reynolds breakthrough

The formal investigation of turbulence began in the 19th century, marked by the pivotal

experiments of Osborne Reynolds in 1883 [8]. His work led to the introduction of the

Reynolds number, a dimensionless parameter that remains a cornerstone of �uid mechan-

ics.

Figure 1.2: Reynolds experiment



6 1| History of turbulence theory

The distinction between two fundamental modes of �uid �ow�laminar and turbulent�was

recognized long before Reynolds' investigations. However, it was his work that provided

the �rst empirical evidence of a critical insight: the transition from laminar to turbulent

�ow occurs at a speci�c, consistent value of the Reynolds number:

Re =
�Ul
�

(1.3)

whereU and l denote the characteristic �ow velocity and a representative length scale of

the problem, respectively.

This dimensionless quantity, which depends on �ow velocity, pipe diameter, and �uid

viscosity, serves as a universal criterion for predicting the onset of turbulence, regardless

of variations in these individual parameters. Reynold himself elegantly demonstrated this

property in his famous experiment, where dye was injected along the centerline of a pipe

carrying �owing water. The dye, initially following the �ow in a smooth, orderly manner,

quickly became dispersed and chaotic as turbulence developed, illustrating the powerful

mixing e�ects inherent in turbulent �ow.

According to [8]:

"When the velocities were su�ciently low, the streak of color extended in a

beautiful straight line through the tube."

Figure 1.3: Laminar �ow visualization

"As the velocity was increased by small stages, at some point in the tube,

always at a considerable distance from the trumpet or intake, the color band

would all at once mix up with the surrounding water. Any increase in the

velocity caused the point of break down to approach the trumpet, but with

no velocities that were tried did it reach this."

Figure 1.4: Turbulent �ow visualization
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"On viewing the tube by the light of an electric spark, the mass of color

resolved itself into a mass of more or less distinct curls, showing eddies"

Figure 1.5: Eddies visualization

As Reynold himself recounted, the inspiration for this work came from a simple yet

profoundly poetic observation of nature.

Figure 1.6: Transition from laminar to

turbulent �ow

While watching water �ow gently into a still

lake, he claimed to have noticed the strik-

ing clarity of the transition from smooth, or-

derly motion to chaotic, swirling turbulence.

This seemingly ordinary scene, illuminated

by the interplay of water and light, sparked

his rigorous experimental investigation, lead-

ing to discoveries that would forever alter the

course of �uid dynamics.

But is this charming story true? Did

Reynolds truly witness the essence of turbu-

lence in the quiet of a lake, or was it a poetic

embellishment, crafted to highlight the ele-

gance of his discovery? We may never know

for certain, but the imagery remains a capti-

vating reminder of the beautiful intersection

between science and wonder.

Twelve years later [9], Reynolds expanded upon his earlier work, making substantial contri-

butions to the understanding of �uid dynamics. Despite theturbulent history surrounding

his new paper, it is now considered a seminal work in the literature of �uid mechanics.

One of his key contributions was the introduction of a systematic decomposition of the

�ow �eld into mean and �uctuating components, now known as Reynolds decomposition:

U = U + u'

This innovative framework paved the way for the derivation of the Reynolds-averaged
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equations, which have become a foundational tool in turbulence modeling:

r � U = 0 (1.4)

@(� U )
@t

+ r �
�
� U : U

�
= � g � r p + � r 2U � r �

�
� u' : u'

�
(1.5)

An important result to highlight is that the averaging process of the nonlinear term in

the momentum equations (Eq.1.2) leads to additional stress terms,� � u0
i u

0
j . Speci�cally:

r �
�
� U : U

�
= r �

�
� U : U

�
+ r �

�
� u' : u'

�
(1.6)

These terms result from the correlation between velocity �uctuations in di�erent directions

and encapsulate the e�ects of turbulence on the mean �ow. Collectively, they form what

is known as the Reynolds stress tensor.

R = �

2

6
4

u0
1

2 u0
1u0

2 u0
1u0

3

u0
1u0

2 u0
2

2 u0
2u0

3

u0
1u0

3 u0
2u0

3 u0
3

2

3

7
5 (1.7)

The Reynolds stress tensor o�ers critical insight into the nature of turbulence through

its diagonal and o�-diagonal components. The diagonal terms,u0
i
2, represent the vari-

ance of the �uctuating velocity components, quantifying the intensity of turbulence along

each principal direction. The o�-diagonal terms,u0
i u

0
j , capture the covariance between

�uctuations in distinct directions.

1.3. The turbulence problem

As in most areas of physics and engineering, the goal is to develop a model�a set of gov-

erning equations completed by appropriate boundary and initial conditions�that enables

accurate predictions. In the context of turbulent �ows, engineers seek to evaluate design

before physical construction, thereby reducing the costs associated with failed prototypes.

To solve the averaged momentum equation (Eq. 1.5), the Reynolds stresses must be

expressed in terms of the mean �ow quantities. However, their inclusion adds signi�cant

complexity, especially from an engineering perspective. Despite their nomenclature, which

suggests a similarity to viscous stresses, Reynolds stresses arise form an entirely di�erent

physical mechanism.
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Viscous stresses are well understood and directly related to the velocity gradients of the

�ow through constitutive equations. In the simplest one-dimensional case, Newton's law

of viscosity states that viscous stresses are proportional to the velocity gradient:

� = � �
dU
dy

(1.8)

where � is the dynamic viscosity andU is the velocity component in thex� direction,

varying only in the y� direction. This relation describes how momentum is transferred at

a molecular level due to intermolecular interactions, providing a well-de�ned mathematical

framework for laminar �ows.

In contrast, Reynolds stresses emerge from the chaotic motion of turbulence and repre-

sent the apparent stresses caused by velocity �uctuations. These terms, such as� � u0
i u

0
j ,

account for the additional momentum transport induced by turbulent eddies. Unlike vis-

cous stresses, which are explicitly de�ned by �uid properties, Reynolds stresses cannot

be directly related to velocity gradients and must be modeled empirically or numerically,

making turbulence a notoriously complex phenomenon to predict and control.

1.4. Boussinesq hypothesis

The persistence of Reynolds stresses introduces a profound challenge in the closure of the

governing equations for turbulent �ows. Indeed, there are six individual stress components

in the Reynolds stress tensor:

u0
1

2; u0
2

2; u0
3

2; u0
1u0

2; u0
1u0

3; u0
2u0

3

To make progress in solving the governing equations, these stress components must be

linked to the mean �ow dynamics, much like Newton's law of viscosity (Eq.1.8) expresses

viscous stresses in terms of velocity gradients. This step is fundamental because, for any

system of equations to be solvable, the number of unknowns must match the number of

available equations.

However, the Naiver-Stokes equations provide only a limited number of equations, leaving

the Reynolds stresses as additional unknowns�an issue commonly referred to as the

closure problem in turbulence modeling.

To overcome this challenge, aclosure model must be introduced, establishing a rela-

tionship between the turbulent stresses and the known, time-averaged �ow quantities.

This model serves as a bridge between the chaotic, small-structures of turbulence and the
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macroscopic, measurable �ow properties.

A pivotal step in this direction was taken by Joseph Boussinesq in 1877 [3], when he

proposed a fundamental hypothesis to approximate the Reynold stresses. His idea, now

known as the Boussinesq hypothesis, suggested that turbulent stresses could be modeled

analogously to Newton's law of viscosity. By extending this concept to turbulence, Boussi-

nesq introduced the notion of aneddy viscosity , � t , which serves a role similar to that

of molecular viscosity,� , but in turbulent �ows.

Figure 1.7: Portrait of J. Boussinesq

Mathematically, the Boussinesq hypothesis can be

expressed as:

� u0
i u

0
j = � � t

�
@U i

@xj
+

@U j

@xi
�

1
3

@Uk

@xk
� ij

�
�

2
3

k� ij

(1.9)

where:

ˆ � t is the eddy dynamic viscosity [Pa� s];

ˆ � ij is the Kronecker Delta coe�cient [-];

ˆ k is the turbulent kinetic energy;

One might argue that the formula appears quite

di�erent from the simpler, cleaner form of Eq.1.8.

How can the two be the same if their expressions

look so dissimilar?

In fact, they are conceptually the same, despite the

substitution of eddy viscosity for molecular viscos-

ity. The reason for the apparent di�erent lies in

the fact that the Eq.1.9 has been extended to the

more complex three-dimensional case. In 3D, the

interaction between the di�erent velocity components requires additional terms to ac-

count for the turbulent stresses in each direction, leading to a more intricate form of the

equation.

Unlike molecular viscosity, which is a �uid property, eddy viscosity is a �ow-dependent

quantity that varies with turbulence intensity and scale. This concept, introduced by the

Boussinesq hypothesis, laid the foundation for turbulence models that approximate turbu-

lent e�ects using a modi�ed viscosity, simplifying the complexity of turbulence modeling.
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The practical implementation of these models is discussed in Sec.2.4.

By applying the Boussinesq hypothesis within the framework of Reynolds-averaged mo-

mentum equation (Eq.1.5), a notable advancement is made in the modeling of turbulence.

@(� U )
@t

+ r �
�
� U : U

�
= � g � r p + ( � + � t )r 2U (1.10)

As demonstrated in Eq. 1.10, the system is signi�cantly simpli�ed. However, the next

crucial challenge lies in accurately modeling the eddy viscosity,� t .

1.4.1. The Boussinesq paradox

Before continuing with the historical development of turbulence theory, it is intriguing

to pause and examine a noteworthy paradox that arises when considering the timeline of

key developments.

Although the concept of Reynolds averagingis widely attributed to Osborne Reynolds

and his seminal 1895 publication, Boussinesq's hypothesis, which provides an expression

for the Reynolds stress tensor, was introduced much earlier�in a 1877 publication.

Figure 1.8: Historical timeline

This raises a fascinating question: how could Boussinesq propose a closure model for

an equation that had not yet been formally introduced, given that Reynolds's own work

appear less than two decades later?

The historical progression of these ideas is far more intricate than is often acknowledged

in contemporary turbulence textbooks. In his 1877 paper, Boussinesq employed a form of

local averagingon the �ow, under the assumption of stationarity. Initially, he considered

temporal averages over a "rather short time� ". Soon after, he adopted the simplifying

assumption that the velocity components were uncorrelated. If the velocity �uctuations

are completely uncorrelated, the o�-diagonal terms of the Reynolds stress tensor would

be zero, i.e.u0
i u

0
j = 0, so that:
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R = �
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However, in real turbulent �ows, the velocity components are typically correlated due to

the presence of coherent structures (eddies). These structures create organized patterns in

the �ow, leading to a signi�cant correlations between the �uctuating velocity components,

which, in turn, contribute to the o�-diagonal terms of the Reynolds stress tensor.

Boussinesq himself recognized that his hypothesis did not always hold, conceding that

the equations might be incorrect in those situations. However, he reassured readers by

stating:

[...] this only occurs in a relatively limited region and is almost always negli-

gible.

What Boussinesq did not fully realized at the time was that, through the temporal av-

eraging of the transport equations, the Reynolds stress tensor was inherently emerg-

ing�though not yet formally recognized in its modern form. This interesting paradox

re�ect the evolving nature of scienti�c discovery, where foundational concepts are often

developed incrementally, long before they are fully understood or formally formalized.

1.5. The scales of turbulent motion

Turbulence, inherently complex and multi-scale, epitomizes chaotic �uid motion marked

by a broad spectrum of interacting eddies. At the heart of this phenomenon is theenergy

cascade, a dynamic process through which energy is transferred from large, energy-rich

structures to smaller, dissipative ones.

To fully comprehend this process, it is vital to precisely de�ne the type of energy involved.

This energy is theturbulent kinetic energy , denoted ask, which is derived from the

trace of the Reynolds stress tensor:

tr
�
R

�
= �

�
u0

1
2 + u0

2
2 + u0

3
2
�

= 2 �k (1.12)

As the diagonal terms of the tensor represent the turbulence intensity along each direction,

it is evident that the sum of these terms corresponds to the total turbulent kinetic energy.

The core idea behind the energy cascade is that larger eddies, which carry higher tur-
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Figure 1.9: Eddies in a turbulent �ow

bulent kinetic energy, lead to greater velocity �uctuations. These larger eddies are more

organized, with velocity �uctuations within them being more strongly correlated. As a

result, the Boussinesq hypothesis, which assumes uncorrelated velocity �uctuations and

isotropic turbulence, becomes less applicable in such cases.

The study of the energy cascade and its far-reaching implications owes much to the ground-

breaking work of Lewis Fry Richardson and Andrey Kolmogorov, whose theories remain

fundamental to our understanding of turbulent �ows.

1.5.1. Richardson's energy cascade: from large eddies to dissi-

pation

Richardson's vision of the energy cascade is immortalized in his poetic depiction:

Big whirls have little whirls that feed on their velocity, and little whirls have

lesser whirls, and so on to viscosity.

This metaphor beautifully encapsulates turbulence as a hierarchical process, where large-

scale eddies break down into progressively smaller structures, ultimately leading to energy

dissipation at the smallest scales due to viscosity (in the molecular sense)

Up until now, we haven't delved much into the nature of an eddy. Aneddy is a somewhat

elusive concept, lacking a precise de�nition but generally understood as a localized region

of turbulent motion. It is characterized by a wavenumber,� , which represents its spatial

periodicity.
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Figure 1.10: Eddies of di�erent characteristic sizesl

Each eddy has a speci�c wavenumber, given by:

� =
2�
l

(1.13)

In the context of linear waves, the wavenumber de�nes the number of oscillations per unit

distance, representing how tightly waves are packed. However, since turbulent eddies are

inherently circular or spiral-like, the wavenumber's interpretation needs to be adapted

to suit the geometry of the eddies. The key insight is that smaller eddies correspond to

higher wavenumbers, as their spatial frequency is signi�cantly greater.

The largest eddies in a turbulent �ow, characterized by a length scalel0, are comparable

in size to the overall �ow scale and exhibit velocities on the order of the mean �ow velocity

U. These eddies are associated with a high Reynolds number:

Re0 =
� Ul0

�
(1.14)

This Reynolds number is typically of the same order as the global Reynolds number of

the �ow. At such high Reynolds numbers, the in�uence of molecular viscosity becomes

negligible, allowing the dynamics of these eddies to remain predominantly inertial.

1.5.2. Turbulent dissipation rate �

The inherent instability of larger eddies prevents them from maintaining their structure

over time. Due to this instability, they naturally break down into smaller, yet unstable,

eddies. These smaller eddies, in turn, fragment further into even �ner structures, which

are also unstable, continuing the process of energy transfer down the turbulence spectrum.

This cascading process, driven by the instability of turbulent eddies, continues until the

smallest eddies are formed. At this stage, molecular viscosity dissipates their kinetic
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Figure 1.11: Energy cascade process

energy into heat, completing the turbulent energy transfer cycle.

The rate at which turbulent kinetic energy contained in the smallest eddies is converted

into thermal energy is known as theturbulent dissipation rate � . Given a speci�c

dissipation rate, these small eddies require a certain amount of time to dissipate into

heat. During this time, they continue to exist and propagate through the �ow.

Figure 1.12: E�ect of di�erent turbulent dissipation rate values

If the dissipation rate increases, the eddies of a given size will lose their energy more

rapidly, reducing their lifespan within the �ow. Additionally, a higher dissipation rate

allows slightly larger eddies to break down and dissipate within the same time frame as

smaller eddies under a lower dissipation rate.

A key insight is that the rate of energy dissipation,� , is governed not by the smallest

scales, where dissipation occurs, but by the largest eddies that initiate the cascade.

The largest eddies in a turbulent �ow transfer energy to smaller eddies over a characteristic
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timescale� 0, de�ned as the ratio of their size to their velocity:

� 0 =
l0
U

(1.15)

The kinetic energy of the largest eddies is proportional toU
2
, and the rate of energy

transfer across scales is determined by:

� =
energy
time

=
U

2

� 0
=

U
3

l0
(1.16)

This relationship shows that the dissipation rate depends solely on the properties of the

largest eddies, speci�cally their velocity and size, and is independent of the kinematic

viscosity � .

1.5.3. Kolmogorov's contribution

Building on Richardson's conceptual framework, Kolmogorov provided a quantitative and

universal description of the energy transfer process in turbulent �ows, culminating in what

is now known as the Kolmogorov hypotheses.

Figure 1.13: Portrait of A. Kolmogorov

Kolmogorov postulated that at su�ciently

high Reynolds numbers, the small-scale

structures of turbulence�where viscosity be-

comes signi�cant�are independent of the

speci�cs of the �ow and depend only on the

kinematic viscosity� and the dissipation rate

� .

This universality arises because the small-

est scales are far removed from the energy

input at large scales, relying solely on local

processes within the cascade. The smallest

scales, known asKolmogorov scales, can be

derived through dimensional analysis using

� and � . In particular:

� =
�

� 3

�

� 1=4

(1.17)

Eddies within this scale range can no longer transfer kinetic energy to smaller scales;
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instead, they dissipate it as heat due to molecular viscosity. This range is critically

important in the study of turbulence, especially in the context ofdirect numerical simu-

lations (DNS), which aim to resolve all relevant scales of a turbulent �ow without relying

on turbulence models.

Another important advancement achieved by Kolmogorov is the quantitative description

of how the total turbulent kinetic energy of a �ow is distributed among eddies of di�erent

sizes. Based on experimental results, he developed what is now known as theturbulent

kinetic energy spectrum , a simple yet powerful tool represented in Fig.1.14.

The energy cascade spectrum can be divided into three distinct ranges:

1. The initial range : at largest scales, comparable to the characteristic size of the

�ow l0, turbulent kinetic energy is injected into the system. These largest eddies

carry most of the turbulent kinetic energy and have relatively low wavenumber� .

Their dynamics are in�uenced by external conditions, such as �ow geometry and

boundary e�ects.

2. The inertial subrange : in this intermediate range, energy is transferred from larger

to smaller eddies without signi�cant dissipation. Kolmogorov's second hypothesis

states that at su�ciently high Reynolds numbers, the statistical properties of turbu-

lence in this range depend only on the dissipation rate� and not on viscosity. Using

dimensional analysis, Kolmogorov derived the famous-5/3 law, which describes how

energy is distributed across scales in the internal subrange:

E(� ) / � � 5=3

This power-law behavior indicates that as the wavenumber increases, the turbulent

kinetic energy decreases following ak� 5=3 trend. This result has been con�rmed

experimentally and remains one of the most fundamental �ndings in turbulence

theory.

3. The dissipative range : at the smallest scale, where the Kolmogorov length scale

� is reached, viscosity dominates, and turbulence ceases to be self-similar. Eddies

at these scales no longer transfer energy to smaller structures but instead dissipate

their kinetic energy as heat due to molecular viscosity. In spectral terms, this range

exhibits an exponential decay of energy as a function ofk.

A crucial aspect of correctly interpreting Fig.1.14 is they� axis, which represents the

turbulent kinetic energy density rather than the total turbulent kinetic energy. This

distinction ensures that the are under the curve (or its integral) correspond to the total



18 1| History of turbulence theory

Figure 1.14: Turbulent kinetic energy spectrum

turbulent kinetic energy in the system.

1.6. Closing remarks

For the early insights of Osborne Reynolds, who �rst illuminated the chaotic nature of

turbulence through his experiment, to his decomposition method, which laid the founda-

tion for the Reynolds averaged equations, our journey through turbulence has been one

of both discovery and challenge. Joseph Boussinesq, seeking order within the apparent

disorder, introduced the eddy viscosity hypothesis, an attempt to model turbulence in a

way that depends only on the mean �ow�an idea that remains a cornerstone of modern

turbulence modeling.

Yet, turbulence has refused to be tamed so easily. Its intricate structure, its cascade of

motion spanning orders of magnitude, captivated the minds of Lewis Fry Richardson and

Andrey Kolmogorov, who pushed our understanding deeper. Richardson envisioned tur-

bulence as an endless hierarchy of vortices, while Kolmogorov, through rigorous analysis,

unraveled the universal properties of its smallest scales, giving us a statistical framework

that still shapes our comprehension of turbulent �ows today.

Despite these monumental achievements, turbulence remains one of the greatest unsolved

problems in classic physics. Its unpredictable nature continues to challenge even the

most advanced theories and numerical methods. The question remains: how can we

harness these insights to predict and model turbulence in practical applications? This

leads us naturally to the next step. The following chapter will delve into turbulence
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modeling, where empirical knowledge meets computational power. Here, we will explore

how engineers and scientist attempt to capture the essence of turbulence using numerical

simulations, bridging the gap between fundamental theory and real-world applications.
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2| Turbulence simulation and

modeling

For all its intricacies and hidden structures, turbulence remains a phenomenon that de-

�es exact analytical solutions. The equations governing its motion are well known, yet

their direct resolution is an impossible feat for most practical cases. In the face of this

complexity, engineers and scientists have long sought an alternative: rather than solving

turbulence in its entirety, can we model its e�ects? To answer this question, it is essential

to di�erentiate between turbulence simulation and turbulence modeling, as they represent

fundamentally distinct methodologies.

Turbulence simulation directly solves the governing equations of �uid motion, allow-

ing turbulence to develop naturally. This approach, called Direct Numerical Simulation

(DNS), provides an accurate representation of �ow dynamics by resolving all turbulent

scales (see Sec. 2.2). In contrast, turbulencemodeling uses simpli�ed formulations to ap-

proximate the behavior of turbulent eddies, enabling computationally feasible simulations

with acceptable accuracy. The discussion begins with the representation of eddies�the

de�ning swirling structures of turbulent �ows�and explores key discoveries in both sim-

ulation and modeling.

2.1. How to model an eddy

Let's begin by examining the cornerstone of turbulence modeling and simulation: the

representation of an eddy. Accurately capturing an eddy's swirling motion is essential to

any turbulence model. To do this e�ectively, a least four computational cells are needed to

resolve its rotation. As a result, smaller eddies require progressively �ner computational

meshes. Therefore, the mesh resolution directly determines the range of eddy sizes that

can be resolve in a turbulent simulation. This concept is fundamental to the discussion

in Sec. 5.3.1, which will be revisited later.

This is a fundamental concept for the future discussion in Sec. 5.3.1, which will be
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Figure 2.1: How to model an eddy

revisited later.

In reality, the �ow �eld presents a far more intricate picture than a neatly resolved distri-

bution of eddies in the velocity vector �eld. This complexity arises from the presence of

a wide range of interacting eddies of various size. Rather than existing in isolation, these

structures overlap and evolve dynamically, contributing to the chaotic and ever-changing

nature of turbulent �ows.

Figure 2.2: Range of eddy sizes resolvable by the computational mesh

Despite this complexity, considering the mesh's ability to resolve eddies o�ers a useful

conceptual framework for understanding how the grid in�uences the accuracy of turbulent

simulations.

It is crucial to recognize that the mesh cannot resolve eddies smaller than twice the width

of a computational cell. This limitation stems from the fact that, in CFD, velocity is only

known at the centroids of the cells.
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Figure 2.3: Unresolvable eddy

Since each cell represent a single averaged velocity value at its centroid, it cannot capture

the internal swirling motion of an eddy within its boundaries. As a result, eddies smaller

than two cell widths remain unresolved, highlighting the importance of using su�ciently

�ne meshes when modeling turbulent �ows.

For eddies smaller than the mesh size, asubgrid model is employed. These models are

speci�cally designed to capture the e�ects of smaller-scale eddies that cannot be directly

resolved by the computational grid. This approach is discussed further in Sec. 2.3.

2.2. Direct Numerical Simulation

Direct numerical simulation (DNS) is the most fundamental and accurate approach for

simulating turbulent �ows, as it directly resolves the governing �uid dynamics equations

without the need for turbulence models.

Figure 2.4: Numerical simulation using DNS, LES and RANS [1]
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This approachsimulates turbulence by fully capturing the entire range of scales present

in a turbulent �ow, from the large energy-contained eddies to the smallest dissipative

structures, by numerically solving the Navier-Stokes equations. To achieve this, the com-

putational mesh must be su�ciently re�ned to ensure that at leas four grid cells capture

the smallest turbulent eddies at the Kolmogorov length scale� .

The primary advantage of DNS lies in its capacity to capture the intricate interactions

between various scales of turbulence, o�ering detailed insights into phenomena such as

energy transfer, vortex dynamics, and the development of turbulence across di�erent �ow

regimes.

However, DNS entails a signi�cant computational cost, as it requires the resolution of all

spatial and temporal scales of the �ow. This cost exhibits a scaling behavior approximately

proportional to Re3, making it computationally expensive, particularly for �ows with high

Reynolds numbers.

Figure 2.5: Fastest Supercomputers according to [6]

For aerospace applications, the Reynolds number often reaches values around108. Conse-

quently, the computational requirements scale to1024 �oating-point operations for a single

simulation. Even with the fastest supercomputers available today, capable of performing

3 � 1018 �op/s, completing such simulation would still take approximately 3 � 105 seconds,

or approximately 4 days. While this duration may initially appear feasible, it becomes

untenable in practice due to the iterative nature of many engineering work�ows. Opti-

mization processes, for instance, often require on the order of 100 simulations to explore



2| Turbulence simulation and modeling 25

the design space comprehensively. This would demand more than a year of uninterrupted

computational time, rendering DNS impractical for routine industrial applications.

This limitation is why DNS remains largely con�ned to research and development. In these

contexts, its unparalleled ability to provide high-�delity insights into complex turbulent

phenomena justi�es the computational expense. For industrial applications alternative

methods such as Reynolds-Averaged Navier-Stokes (RANS) or Large Eddy Simulations

(LES) are preferred due to their ability to deliver results within realistic time and cost

constraints.

2.3. Large Eddy Simulations

To address the limitations encountered with DNS, Large Eddy Simulations (LES) o�er

a more feasible alternative by reducing the computational load while retaining key �ow

features.

According to Kolmogorov's theory of self-similarity, large eddies are strongly in�uenced

by the �ow geometry, whereas smaller eddies exhibit more universal behavior. This dis-

tinction forms the basis of LES, which directly resolves the large, energy-contained eddies,

while modeling the smaller, dissipative scales using a subgrid-scale (SGS) model.

This highlights the relevance of the distinction between modeling and simulation. In LES,

it is natural to simulate the larger eddies, as they are sensitive to the speci�c �ow geometry,

making them case-dependent. In contrast, smaller eddies, exhibiting universal behavior

across di�erent geometries, are modeled, introducing a certain level of inaccuracy. It is

important to note that this modeling approach may not perfectly capture the behavior of

the smallest scales in every case, as the chosen SGS model might not be entirely suitable

for the speci�city �ow con�guration under analysis.

Given this understanding, a natural question arises: how many eddies should be resolved?

Figure 2.6: Threshold of eddy size between simulation and modeling
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Striking the right balance between accuracy and computational e�ciency is crucial. While

a �ner mesh o�ers greater accuracy by resolving more turbulent scales, it also leads to a

substantial increase in computational cost.

The quality of a LES is typically assessed by the percentage of total turbulent kinetic

energy it resolves. A high-quality LES should capture at least 80% of the total turbulent

kinetic energy. While 80% is a commonly referenced benchmark, some studies propose

values as high as 90% or slightly di�erent percentages, emphasizing the importance of

remaining within this range.

In terms of energy cascade (Fig.1.14), this implies that 80% of the area under the energy

spectrum curve is resolved by the computational mesh, while the remaining 20% in the

far-right portion of the curve is modeled using subgrid-scale models. This balance ensures

that the most energetically signi�cant eddies are directly simulated, while smaller scales,

where energy dissipation occurs, are approximated through modeling.

This approach, while providing a high level of accuracy, remains computationally expen-

sive. It is typically used in industrial applications when high-�delity results are required,

or at the �nal stages of an optimization process to verify the results obtained with greater

precision.

2.4. Linear eddy viscosity model

The most commonly adopted approach in industrial applications involves solving the

Reynolds-averaged Navier-Stokes (RANS) equations, presented in Eq.1.4 and Eq. 1.10,

which are provided again for convenience below:

r � U = 0 (2.1)

@(� U )
@t

+ r �
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�
= � g � r p + ( � + � t )r 2U (2.2)

The RANS equations are derived by averaging the Navier-Stokes equations, where the

Reynolds stress components are modeled using the Boussinesq hypothesis. As a result,

the only unknown quantity is the eddy viscosity, denoted as� t . Eddy viscosity models

discussed in this sections aim to represent this quantity, thereby enabling the complete

resolution of the governing equations.

It is important to note that these models do not resolve individual eddies. Instead, they
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compute the total turbulent kinetic energy, without retaining detailed information about

the distribution of energy across eddies of varying sizes. Since the primary objective in

many industrial applications is to determine the overall turbulent kinetic energy, these

models are particularly well-suited to their relatively low computational cost.

2.4.1. Algebraic models

Algebraic models, also known as zero-equation models, are characterized by not requiring

the solution of additional equations. These models represent the earliest and simplest

eddy viscosity models proposed.

The core concept behind these models is themixing length , which is an indicative

measure of size of the turbulent eddies. The concept was �rst formulated by Prandtl, who

proposed that the mixing length is proportional to the distance from the wall, expressed

as:

lm = �y (2.3)

where� = 0:41 is the Von Karman constant. In this model, the eddy viscosity is de�ned

as:

� t = �
p

k � lm (2.4)

This expression highlights that larger, more energetic eddies, which have a larger char-

acteristic size, correspond to higher eddy viscosity. In contrast, smaller, less energetic

eddies are associated with lower eddy viscosity.

In reality, the behavior of eddy viscosity deviates from the simple linear model described

earlier. Speci�cally, near the wall, molecular viscosity has a signi�cant in�uence. This

e�ect damps the turbulent eddies, reducing their size and, consequently, their mixing

length.

To account for this reduction, Van Driest proposed a more accurate model for the mixing

length, which incorporates this size reduction close to the wall:

lm = �y
�
1 � exp

�
�

y+

A+

��
(2.5)

whereA+ = 26.

As a result, the eddy viscosity is also reduced in this region, re�ecting the diminishing

in�uence of turbulence near the wall.

In zero-equation models, the eddy viscosity is expressed algebraically and is solely a
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Figure 2.7: Mixing length model for Prandtl and Van Driest

function of the distance from the nearest wall. Since it depends on the �xed geometry,

the eddy viscosity remains constant for a given con�guration. This simplicity makes

zero-equation models computationally e�cient; however, they tend to overlook critical

turbulence history e�ects, such as convection and di�usion. As a result, while these

models are e�ective for simpler geometries or early stages of simulations, they may not be

suitable for more complex �ow scenarios where advanced models are required to capture

the full range of turbulence dynamics.

2.4.2. k- � model

To address the complexities of turbulence history, the k-� model was introduced in 1973.

This model incorporates two additional transport equations: one for the turbulent kinetic

energy (k) and one for the turbulent dissipation rate (� ). In particular:
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The model coe�cients vary across di�erent version of the k-� model, with each variant

tailored to speci�c �ow characteristics and application requirements.

Despite the intricate formulation of the two transport equations, which will not be ex-

plained in further detail here, they e�ectively describe the production, convection, dif-
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fusion, and dissipation of each quantity over time and across the domain. Using this

information, the eddy viscosity can be computed as:

� t = C�
�k 2

�
(2.8)

whereC� = 0:09.

As with the mixing length model, it is necessary to dampen the turbulent kinetic energy

near the wall, where molecular viscosity signi�cantly a�ects the size of turbulent eddies.

To account for this, damping functionsare applied to the model coe�cients, adjusting the

model to better align with experimental observations. This adjustment is often referred

to as the low-Reynolds formulations.

However, a signi�cant limitation of these damping functions arises from their calibration,

which is primarily based on experiments conducted on �at plates. As a result, they may

not accurately represent a wide range of �ow �elds. Speci�cally, they tend to perform

poorly in simulating the boundary layer in the presence of an adverse pressure gradient, a

typical condition encountered in turbomachinery applications. In particular, the adoption

of this method often leads to an incorrect prediction of the point of �ow separation.

Therefore, further improvements are necessary to make this method suitable for such

complex �ow simulations.

2.4.3. k- ! model

To address the limitations encountered in the k-� model, an alternative approach was

introduced in 1988: the k-! model.

Before delving into this model, it is crucial to understand the concept of! . As previously

discussed in Sec. 1.5.2, the turbulent dissipation rate represent the rate at which turbulent

kinetic energy is converted into thermal energy by molecular viscosity. As expected,� is

high near walls and in shear layers.

Similarly, ! represent thespeci�c turbulent dissipation rate, de�ned as:

! =
�

C� k
(2.9)

In principle, both � and ! describe the dissipation of turbulent kinetic energy. High values

of either � or ! indicate regions of intense dissipation.

Rather than solving a transport equation for� , as in the k-� model, the k-! model for-
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mulates a transport equation for! :
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This seemingly minor shift in perspective is, in reality, the key to the success of the k-

! model. By employing transport equations for bothk and ! , the need for empirical

damping functions is eliminated. As a result, this model accurately captures a wide range

of �ow conditions, particularly those where the k-� model fall short, such as �ows with

adverse pressure gradients and complex boundary layer behavior.

However, a major limitation of the k-! model is its strong sensitivity to turbulent bound-

ary conditions. The exact origin of this dependency remains unclear; it may stem from

missing terms in the transport equations or inadequately calibrated model coe�cient.

Nevertheless, it has been demonstrated that even slight variations in the free-stream tur-

bulence conditions can lead to signi�cantly di�erent �ow �eld predictions, an undesirable

characteristic that compromises the model's robustness.

2.4.4. k- ! SST model

The models discussed so far present two key limitations

1. the k-� model relies on damping functions that lack reliability across diverse �ow

conditions;

2. the k-! model exhibits a strong sensitivity to the free-stream value of! imposed at

the inlet.

A natural improvement arises from the following intuitive reasoning: why not leverage

the strengths of both models by using the k-! formulation near walls, where it excels,

while applying the k-� model in the free-stream, where it performs more reliably?

This idea forms the foundation of the k-! Shear Stress Transport (SST) model, which

seamlessly blends the two formulations, creating a more robust approach that overcomes

the limitations of its predecessors.

Using the relationship between� and ! from Eq.2.9, the substitution

� = C� k! (2.11)
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into the transport equation for � (Eq.2.7) allows for a direct comparison between the

transformed equation and the standard! transport equation. In particular:
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r k : r !
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Additional Term

(2.12)

This substitution reveals an additional term that appears in the k-� formulation but

is absent in the k � ! model, highlighting a fundamental distinction between the two

approaches.

The k-! SST model is constructed by introducing a blending functionF1 to the additional

term identi�ed in the transformation process. This blending function is applied as follows:

(1 � F1) � 2
�� ! 2

!
r k : r ! (2.13)

such that:

1. whenF1 = 0, the additional term remains active, recovering the standard k-� model;

2. whenF1 = 1, the additional term vanishes, yielding the k-! model.

As a result, the second transport equation in the k-! SST formulation takes the form:
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(2.14)

This formulation ensures a smooth transition between the two turbulence models, lever-

aging the strengths of both to enhances accuracy across a wide range of �ow conditions.

It is important to emphasize that the blending functionF1 is not a �xed parameter but

rather a spatially varying scalar �eld. Its values ranges continuously between 0 and 1

across the computational domain. Intuitively, in region close to solid boundaries,F1

approaches 1, ensuring that the k-! model is applied where it performs best. Conversely,

in free-stream region,F1 tens toward 0, smoothly transitioning the model behavior to k-� ,

which is more suitable for such �ow conditions.

An intuitive visual representation of this �eld is provided in the following �gure:

In summary, the k-! SST model successfully integrates the strengths of both the k-�

and k-! formulations, overcoming their individual limitations. This hybrid formulation
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Figure 2.8: Simpli�ed representation of theF1 �eld

has proved to be highly robust and reliable across a wide range of engineering applica-

tions, making it a preferred choice in turbomachinery, aerospace, and other complex �ow

simulations.

2.5. Reynolds stress model

The preceding methods rely on modeling the eddy viscosity using transport equations.

However, this approach is built on the Boussinesq hypothesis, which assumes a linear

relationship between the turbulent stresses and the mean �ow strain rate. While this

assumption works well for many �ows, it may not be valid in more complex scenarios,

such as those involving strong �ow separations, swirling �ows, or anisotropic turbulence.

An alternative and more sophisticated approach involves deriving transport equations for

the Reynolds stressesu0
i directly from the governing equations of the velocity �uctuations.

This perspective acknowledges that the Reynolds stresses are fundamentally a functional

of the velocity �eld, meaning that the stresses at a given point are not only dependent

on the velocity at that point, but also on the velocity distribution throughout the �ow

domain and over all past times.

However, contrary to the initial expectations, deriving a transport equation for the Reynolds

stresses does not yield a straightforward relationship between the Reynolds stress tensor

and the mean �ow. Instead, the resulting equations are extraordinary intricate, and, for

brevity, are not presented in this work.

While averaging the Navier-Stokes equations introduced only six independent unknowns

corresponding to the components of the Reynolds stress tensor, the derivation of their

transport equations introduces an explosion of additional unknowns - 75 in total. Al-

though not all of these are independent, as some can be expressed in terms of others,
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the number of new quantities far exceeds the number of governing equations available,

thus exacerbating the closure problem. Each of these additional unknown quantities can,

in principle, be governed by further equations derived from the original dynamical equa-

tions. However, this process generates an increasingly larger set of unknowns, growing at

a faster rate than the number of equations.

The full scope of the closure problem, inherent in the Reynolds decomposition and aver-

aging process, thus becomes evident. Regardless of the number of equations derived, the

introduction of new unknown quantities continually outpaces any progress toward closure.

"Any time we try to fool Mother Nature by averaging out her details, she

gets her revenge by leaving us with closure problems - more equations than

unknowns. In thermodynamics, we tried to simplify the considerations of

molecules by averaging over them, and were left with the need for an equa-

tion of state. In heat transfer, we tried to simplify considerations by which

molecules transfer their kinetic energy, and found we were lacking a relation

between the heat �ux and the temperature �eld. [...] In all these cases we

were able to make simple physical models which worked at least some of the

time. And these models all worked because we were able to make assumptions

about the underlying molecular processes and assume them to be indepen-

dent of the macroscopic �ows of interest. Unfortunately such assumptions are

rarely satis�ed in turbulence." 1

1Source: https://www.cfd-online.com
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3| Theory of aeroacoustics

The history of aeroacoustics, the study of sound generated by air�ow and its interactions

with solid boundaries, traces back to the early understanding of aerodynamics and the

challenges posed by increasing noise in aviation and industrial machinery. As aviation

developed in the 20th century, noise become a growing concern, especially with the advent

of jet engines, whose high-speed exhaust �ows produced intense, low-frequency sounds.

The foundation of modern aeroacoustics was laid in the 1950s by Sir James Lighthill, who

formulated the acoustic analogy, a revolutionary framework that explained how turbulent

�ows create sound. Lighthill's work paved the way for further developments by researchers

such as Curle, who considered the e�ects of solid surfaces, and Ffowcs Williams and

Hawkings, who extended these theories to account for moving surfaces like propellers and

rotating blades.

Figure 3.1: Jet noise generation

With advances in computational power in the latter half of the 20th century, numeri-

cal techniques such as Computational Aeroacoustics (CAA) emerged, enabling detailed

simulation of noise generation in complex environments.

Aeroacoustics has evolved beyond its origins in aviation to encompass diverse �elds such

as automotive design, wind energy, and consumer electronics, where quiet operation is
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