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Abstract

In this thesis an algorithm capable of computing optimal trajectories for low-thrust space-
craft in the restricted three-body problem has been developed. The mathematical for-
mulations exploited to find the optimal control law that solves the optimization problem
involve calculus of variations and Pontryagin’s Maximum Principle. Homotopy techniques
are also implemented to facilitate the computation of complex trajectories, starting from
simpler solutions. To ensure trajectory robustness, a neighboring optimal guidance study
is conducted, analyzing the impact of perturbations on the nominal trajectories and im-
plementing corrective strategies. The algorithm used to achieve these results has been
developed in MATLAB, leveraging the most recent tools available in this software, provid-
ing both high numerical precision and flexibility in exploring different trajectory scenarios.

Keywords: Three Body Problem; Optimal Control; Trajectory Optimiza-
tion; Neighbouring Optimal Guidance; Spacecraft Dynamics; Homotopy Tech-
niques.





Sommario

In questa tesi è stato sviluppato un algoritmo in grado di calcolare traiettorie per veicoli

spaziali a bassa spinta nel problema dei tre corpi ristretto. Le basi matematiche utiliz-

zate per trovare la legge di controllo ottima, che risolve il problema di ottimizzazione,

risiedono nel calcolo alle variazioni e nel Principio di Massimo di Pontryagin. Tecniche

omotopiche sono inoltre state implementate per facilitare il calcolo di traiettorie comp-

lesse, partendo da soluzioni più semplici. Per assicurare una maggiore robustezza delle

traiettorie calcolate, è stato condotto uno studio di Neighbouring Optimal Guidance, anal-

izzando l'impatto di perturbazioni sulla traiettoria nominale e implementando strategie

correttive. L'algoritmo usato per ottenere questi risultati è stato sviluppato in MATLAB,

sfruttando i più recenti strumenti messi a disposizione nel programma di calcolo, in modo

da fornire alta precisione numerica e al contempo �essibilità nell'esplorazione di scenari

con diverse traiettorie.

Parole chiave: Problema Dei Tre Corpi; Problema Di Controllo Ottimo; Ot-

timizzazione Di Traiettorie; Astrodinamica; Omotopia.





v

Contents

Abstract i

Sommario iii

Contents v

Introduction 1

1 Problem Statement 3

1.1 The Restricted Three-Body Problem . . . . . . . . . . . . . . . . . . . . . 3

1.2 The Optimal Control Problem . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.1 Direct Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3.2 Direct simple and multiple shooting . . . . . . . . . . . . . . . . . . 6

1.3.3 Direct transcription and collocation . . . . . . . . . . . . . . . . . . 7

1.3.4 Indirect methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Homotopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.5 Primer vector theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5.1 Fixed �nal time problems . . . . . . . . . . . . . . . . . . . . . . . 14

1.5.2 Free �nal time problems . . . . . . . . . . . . . . . . . . . . . . . . 16

1.6 Neighbouring optimal guidance . . . . . . . . . . . . . . . . . . . . . . . . 17

1.6.1 Second order su�cient conditions . . . . . . . . . . . . . . . . . . . 18

1.6.2 Costate update . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 Algorithm design 25

2.1 ODE solver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Local and Global search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3 Switching times detection . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.1 Detection using �xed step ODE . . . . . . . . . . . . . . . . . . . . 29



2.3.2 Hybrid detection method . . . . . . . . . . . . . . . . . . . . . . . . 31

2.3.3 ODE event location method . . . . . . . . . . . . . . . . . . . . . . 32

2.4 NOG implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.5 Homotopy strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 Numerical results 37

3.1 Minimum-Time solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Minimum-Energy and minimum-fuel solutions . . . . . . . . . . . . . . . . 43

3.3 Neighbouring optimal guidance . . . . . . . . . . . . . . . . . . . . . . . . 54

4 Conclusions and future improvements 61

Bibliography 63

List of Figures 65

List of Tables 67

List of Symbols 69

Acknowledgements 73



1

Introduction

In recent years, a renewed focus on space exploration has emerged. Numerous competi-

tors, both from private and public sectors, are entering this �eld trying to accomplish

meaningful results. A key aspect of every successful exploration mission is trajectory de-

sign, as the ability to �nd an optimal trajectory directly impacts the potential for saving

time and, most importantly, money on a space mission. However, optimal trajectory de-

sign alone is not su�cient: it is equally important to ensure that the computed trajectory

is resilient to perturbations that may occur during the actual mission.

In this context, advancements in electric propulsion technology are crucial for space ex-

ploration. NASA's Deep-Space 1 mission [1] was a pioneer in this �eld demonstrating

the capability of use electric engines for space trajectories. More recent missions, such as

JAXA's Hayabusa [2] and ESA's SMART-1 [3], have marked signi�cant improvements in

electric propulsion technology. Hayabusa successfully returned a sample from the Itokawa

asteroid, while SMART-1 made history by escaping Earth's orbit and entering lunar orbit

using electric propulsion. With a speci�c impulse that can exceed3000 s [4], electric

thrusters signi�cantly enhance a spacecraft propulsion system e�ciency by converting

propellant mass into kinetic energy more e�ectively, thereby reducing the overall propel-

lant needed for a space mission. The downside of this technology is that the low thrust

supplied (typically less than1 N ) necessitates the computation of long-duration trajec-

tories, usually characterized by a long series of powered and coasting arcs. Given the

critical role of these missions, a wide range of methods has been developed to overcome

the challenges associated with optimizing space transfer trajectories.

This thesis focuses on developing a �exible tool to compute optimal trajectories in the

restricted three-body problem for low-thrust spacecraft. Furthermore, a neighboring op-

timal guidance algorithm is developed based on a new formulation of the second-order

necessary conditions [5], di�erent from the classic conjugate point condition, to ensure

the spacecraft can return to the optimal trajectory after the occurrence of a perturbation.

The algorithm presented will be initially tested on a known solution computed in [6] to

prove its validity. Finally, a case study targeting a di�erent orbit will be presented to

demonstrate the reliability and �exibility of the developed tool.
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1| Problem Statement

In this chapter are presented the mathematical formulation and the assumption of the

physical framework of the problem covered in this thesis.

1.1. The Restricted Three-Body Problem

The three-body problem describes a system of three bodies moving under the mutual

attraction caused by their gravitational forces. In this thesis the bodies considered are:

the Earth, the Moon, and a generic spacecraft. In general this problem is non-integrable,

requiring the implementation of numerical method to �nd a solution. However, in the

scenario considered in this thesis, it is possible to adopt some assumptions to simplify the

problem [7]:

1. Restricted Three-Body problem: the mass of one body is negligible compared to the

other two bodies. This implies that the smaller body does not in�uence the motion

of the other two (primaries). This assumption is justi�ed by the signi�cant mass

di�erences between the bodies considered, being their order of magnitude of103 for

the spacecraft and1024; 1022 kg for the Earth and the Moon respectively;

2. Circular Three-Body Problem: the orbit of the two primaries (Earth and Moon)

are approximated as circular, centered in their common center of mass. Given the

low eccentricity of the Moon's orbit around the Earth (0.0549) this approximation

is considered valid;

3. Planar Three-Body Problem: if the orbits of all considered bodies lie on the same

plane, the problem can be considered planar. This assumption is based on the

fact that the plane of the Earth-Moon orbit shifts by few minutes of arc per year.

Additionally, also the motion of the spacecraft is considered to belong to the same

plane.
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Under these assumptions, the general three-body problem is simpli�ed in a circular-

restricted three-body problem (CRTBP). The CRTBP it is usually studied in a particular

reference system to further simplify the formulation of the equation of motions, as will

be detailed in section [1.5]. In this thesis, a rotating reference frame centered in the

barycenter of the Earth-Moon system will be used. Furthermore, all physical units will

be non-dimensionalized to facilitate both the formulation of the equations of motion and

the numerical computation of the solutions. The dimensionless units are chosen such that

the the unit length corresponds to the mean distance between the Earth's and the Moon's

barycenters, and the unit time unit is equivalent to the time taken by the primaries to

travel one radiant of their orbits. The unitary mass unit will be always set to the initial

mass of the third body, i.e. the spacecraft. The following table summarize the values of

the non-dimensionalized units used in this thesis:

Symbol Value

Length LU 3:84405000� 105 km

Time TU 3:75676967� 105 s

Velocity V U 1:02323281km=s

Acceleration AU 2:72370387� 10� 6 km=s2

Mass MU spacecraft initial mass [kg]

Force FU MU� AU

Table 1.1: Problem units.

Under these assumptions, the reference frame rotates around the z-axis at the same angu-

lar velocity of the primaries. The x-axis is de�ned as the line connecting the barycenters of

the primaries, with positive direction pointed towards the smallest primary (the Moon),

and y-axis, determined with the right-handed rule, perpendicular the other two axes.

In this reference frame, the positions of the two primaries are �xed at[� �; 0; 0] and

[1 � �; 0; 0], with � de�ned as:

� =
m2

m1 + m2
(1.1)

where m1 and m2 are the masses of the two primary bodies. Using the masses of the

Earth and the Moon we have� � 0:0125.



1| Problem Statement 5

1.2. The Optimal Control Problem

A typical optimal control problem can be formally described as follows: �nd the state

of a trajectory x(t), a control vector u(t), an initial time t0, and a �nal time t f such

that a performance indexJ , typically representing propellant mass or total time of �ight,

is minimized or maximized, depending on the speci�c problem, while satisfying a set of

constraints:

Minimize=Maximize :

J = l(x(t f ); t f ) +
Z t f

t0

� (x(t); u(t)) dt;

Subject to :

_x(t) = f (x(t); u(t); t);

� (x(t); u(t)) < 0;

 (x(t f ); t f ) = 0;

(1.2)

where in general_x(t) is a set ofn �rst-order di�erential equations governing the system

dynamics and t 2 [t0; t f ] and x(t0) = x0 are the initial conditions. The performance

index may include both the terminal costl(x(t f ); t f ) and the integral cost� . In the cases

studied in this thesis only the latter will be present. The vector� represents the path

constraints that must be satis�ed along the whole trajectory, while are the boundary

or terminal constraints.

1.3. Numerical Methods

To address the optimal control problem, two primary categories of numerical methods

are typically employed: direct methods and indirect methods. This section provides a

brief overview of these methods, highlighting their main characteristics, as well as the

respective advantages and disadvantages associated with each approach.

1.3.1. Direct Methods

Direct methods approach the optimal control problem by transforming it into a nonlin-

ear programming problem (NLP) [8]. The NLP solver is then employed to minimize a

cost function, while a set of boundary constraints and path constraints is satis�ed. In
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mathematical form this can be seen as:

Minimize : f (x)

Subject to :

� (x) � 0

 (x) = 0

(1.3)

The conditions for �rst-order optimality, also known as Karush-Kuhn-Tucker conditions,

are:

r f (x) +
nX

i =1

� i r  (x) i +
mX

i =1

� i r � (x) i = 0

with :

� (x) i � 0; for i = 1; ::; m;

 (x) i = 0; for i = 1; :::; n

� i � 0; for i = 1; :::; m

� i � (x) i � 0; for i = 1; :::; m

(1.4)

The system dynamics are enforced by numerically integrating the di�erential equations,

starting from the initial conditions at the initial time and progressing to the �nal time.

1.3.2. Direct simple and multiple shooting

Two common techniques within the category of direct methods are the direct simple

shooting and multiple shooting methods. A classic analogy for understanding the shooting

method is the scenario of a cannon aiming to hit a target. Just as the cannon must adjust

its �ring angle to hit the target accurately, a shooting method in optimal control adjusts

the control variables to satisfy the system's constraints. In these methods, the control

variablesu(t) are approximated using a speci�c functional form, such as:

u(t) =
nX

i =1

ai f i (t);

where ai are the parameters to be determined with the shooing method andf i (t) are

some known functions. The objective of the shooting method is to adjust the coe�cients

ai to minimize a residual, which represents the di�erence between the desired and actual

behavior of the system, as de�ned by the constraints of the problem. To achieve this

result, the shooting method typically employs a gradient-based optimization technique.

This method uses either �nite di�erence approximations or analytic derivatives to com-
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pute how small changes in the control parametersai a�ect the residual. These methods

are capable of �nding a locally optimal solution but are limited in their ability to �nd a

global optimum, as they tend to converge to the solution closest to the initial guess. To

address this limitation, heuristic methods such as particle swarm optimization or genetic

algorithms can be employed to search for a global solution. However, these approaches

often require substantial computational power. A more strategic approach involves com-

bining these methods: heuristic techniques can be used initially to explore the global

solution space and identify a feasible global solution. This solution can then be re�ned

using gradient-based methods to ensure that all constraints are met while optimizing

the performance index. This hybrid approach leverages the strengths of both methods,

providing a more robust and e�ective solution to complex optimal control problems.

The primary distinction between simple and multiple shooting methods lies in how the

time interval of the problem, [t0; t f ], is de�ned. In the simple shooting method, the entire

interval is treated as a single unit. Unfortunately, this approach can be highly sensitive to

the initial guess, especially in complex systems. In contrast, the multiple shooting method

divides the overall time interval [t0; t f ] into n smaller subintervals, with t 2 [tn ; tn+1 ].

Within each subinterval, the solution is computed using the simple shooting approach.

To ensure the continuity of the solution across these subintervals, a continuity condition is

imposed at the interface between consecutive intervals, speci�callyx(tn � ) = x(tn+ ), where

x represents the state vector of the system. While this continuity condition increases the

number of parameters that need to be optimized, it signi�cantly reduces the sensitivity

to initial conditions, making multiple shooting a more robust and preferable method for

solving complex optimal control problems.

1.3.3. Direct transcription and collocation

A more re�ned technique used in solving optimal control problems is the direct transcrip-

tion and collocation method [9]. The core idea of this approach is to transform a set of

di�erential dynamic constraints into a set of algebraic constraints using a polynomial ap-

proximation, such as the Hermite-Simpson or High-Order Gauss-Lobatto methods. The

process begins by selecting the degree of the polynomial and the collocation points within

the time interval [tn ; tn+1 ]. A polynomial of order N is then constructed, utilizing the

system's state information and its time derivatives atN + 1 points in the time domain,

known as nodes. This polynomial is subsequently evaluated at the collocation points to

approximate the system's behavior. The key concept of this method is the defect� ,

which represents the di�erence between the derivatives interpolated by the polynomial

and those calculated using the system's dynamics. The objective is to minimize this
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defect by adjusting the state and/or control values at the nodes. Additionally, the di-

rect transcription and collocation method can be combined with the invariant manifold

technique [10] to exploit the three-body dynamics.

To develop an e�cient and reliable algorithm, it is crucial to carefully select an adequate

number of nodes and time intervals. Furthermore, providing analytical Hessian and Ja-

cobian matrices to the solver can signi�cantly reduce the computation time required to

�nd a solution. However, as discussed in [9], the NLP can become ill-conditioned when

dealing with long trajectories that involve numerous spirals, a common scenario in low-

thrust spacecraft missions, which is the focus of this thesis. This limitation leads to the

decision to use indirect methods in this work.

1.3.4. Indirect methods

Indirect methods rely on calculus of variations to compute the �rst-order necessary condi-

tion for optimality. Problem [1.2] is transformed in a two point boundary value problem

(TPBVP) and it is solved using an indirect shooting or a collocation method. Using

indirect methods it is initially require to de�ne an augmented Hamiltoninan function:

~H (x(t); u(t); � (t); � (t)) = � (x(t); u(t)) + � T f + � (t)T � (x(t); u(t)) =

= H (x(t); u(t); � (t)) + � (t)T � (x(t); u(t))
(1.5)

where� is the costate,� is the vector of Lagrangian multipliers associated with the path

constraints and H the regular Hamiltonian. It is now possible to de�ne an augmented

performance index as:

~J (u(t); t f ) = l(x(t f ); t f ) + � T  (x(t f ); t f )+
Z t f

t0

[ ~H (x(t); u(t); � (t); � (t)) � � T (t) _x(t)] dt:
(1.6)

In this equation, � denotes the Lagrangian multipliers associated to the boundaries con-

straints. It can be noticed that if all the constraints are satis�ed, then ~J = J .

Pontryagin's Maximum Principle [11] provides a framework for determining the optimal

control û(t). According to this principle, the optimal trajectory maximizes the Hamilto-

nian H at every point in time, subject to the system's dynamics and constraints. Math-

ematically, this is expressed as:
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û = arg max
u2 U

H;

where U is a set of admissible controls. This optimization must hold within the whole

time interval of interest t 2 [t0; t f ]. Before substituting the optimal control û(t) into the

Hamiltonian, the function H (x(t); u(t); � (t)) is usually referred as pre-Hamiltonian. Once

û(t) is determined, it is substituted back into the Hamiltonian. The resulting expression,

often simply referred to as the Hamiltonian, no longer explicitly depends onu(t) but is

instead expressed in terms of the state and costate variables. This process simpli�es the

analysis and allows the system's dynamics to be fully characterized by the state, costate,

and Hamiltonian evolution over time.

Following this procedure, it is possible to de�ne the �rst-order necessary conditions for

optimality, derived from the calculus of variations. These conditions lead to a set of

di�erential equations, one for the state variables and another for the costate variables,

along with the boundary conditions and can be written as:

_x(t) =

"
@~H
@�

#T

; _� (t) = �

"
@~H
@x

#T

 (x(t f ); t f ) = 0

� (t f )T =
@l

@x(t f )
+ � T @ 

@x(t f )

~H (t f ) = �
@l
@tf

� � T @ 
@tf

(1.7)

(1.8)

(1.9)

(1.10)

Equations [1.7] describe the system's state and costate dynamics, [1.8] represents the

boundary condition at t f and [1.9, 1.10] are called transversality conditions. Addition-

ally, the multipliers of the path constraints must respect the complementary slackness

condition:

� i = 0 when  i < 0

� i � 0 when  i = 0
(1.11)

Finally, considering equations [1.7-1.10] along the de�nition of̂u it is possible to con-

struct a system of nonlinear equations that once solved returns the optimal control of the

trajectory.

It is possible to use indirect simple and multiple shooting methods to solve this system
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of equations. As with direct shooting methods, the primary di�erence between indirect

simple and multiple shooting lies in the discretization of the time interval of the problem.

In both methods, the solver aims to �nd a vectorz = ( x(tn ); � (tn )) , known as the ex-

tremal, that solves the TPBVP. Here,tn represents the initial time in the case of simple

shooting, while in multiple shooting, it refers to the initial time of each subinterval. As

expected, simple shooting is easier to implement but su�ers from higher sensitivity to

initial conditions.

In contrast, the indirect collocation method approximates both the state and costate vari-

ables using polynomial functions. The problem is then solved by �nding the coe�cients of

these polynomials that satisfy the system of nonlinear equations derived from the optimal

control conditions. This approach requires a careful selection of collocation points and

polynomial degrees to ensure accuracy and convergence.

It is important to note that the inclusion of the costate dynamics introduces a higher

degree of freedom of the problem compared to equivalent problems solved using direct

methods. This increased complexity, combined with the high sensitivity of the solution

and the lack of a priori information about the numerical values of the extremal, may neces-

sitate the combination of indirect method solvers with additional numerical techniques to

achieve a viable solution. These challenges underline the importance of carefully selecting

the methods to approach a speci�c trajectory optimization problem.

1.4. Homotopy

In the context of solving a zero-�nding problemf (x) = 0 , where f is a system of non-

linear equations, �nding a solution can be challenging, especially when there is no prior

knowledge of the values ofx that satisfy the system. This condition is ampli�ed if the

system is sensible to the initial conditions, as often encountered when indirect methods are

used. To mitigate these di�culties, di�erent homotopy methods have been used in �ight

dynamics problems, as reported in [12] and [13]. The core idea behind these methods

is to connect the original problem with a family of auxiliary related problems through a

homotopic parameter. Using a homotopic approach, one can solve an auxiliary problem

and then gradually adjust the homotopic parameter, solving a sequence of intermediate

problems to ultimately arrive at the solution of the original problem. This approach is

generally advantageous because, by properly setting the homotopy path, it is possible to

encounter intermediate problems with solutions that are easier to obtain than that of the

original problem. Some common examples of homotopy used in trajectory optimization

problems are:
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ˆ Two/Three body homotopy: obtain the solution of the more complex three-body

problem starting from the solution of a two-body problem [7];

ˆ Thrust homotopy: problems with a continuous low-thrust �ring are characterized

by many spiral arcs and a high time of �ight. It is usually easier to compute a

trajectory with high thrust and then gradually lower the thrust to the value needed

[14]-[13];

ˆ Energy to Fuel problem: some problems as the minimum-fuel problem are charac-

terized by discontinuities in the thrust pro�le [6]-[12] that can cause convergence

issues;

Due to the wide applicability of homotopies, many methods have been developed in the

course of years to exploit at best their potential.

Among these method, the simpler to implement is the discrete continuation method

(DCM). De�ning a homotopic parameter k 2 [0; 1], it is possible to write a homotopy

� (k; x) such that [14]:

� (0; x) = f (x);

� (1; x) = ~f (x);
(1.12)

where~f is a auxiliary function with solution x0 easier to �nd. Commonly � is de�ned as:

� (k; x) = kf (x) + (1 + k)~f (x); (1.13)

while the most typical de�nitions of ~f are:

Newton Homotopy: ~f = f (x) � f (x0);

F ixed � Point Homotopy : ~f = x � x0;

Af f ine Homotopy : ~f = A(x � x0):

(1.14)

The solving procedure of 1.12 with DCM requires an iterative process wherek is

monotonously varied until k = 0 is reached. At each step of the homotopy� (k; x) = 0

must be solved. Typically a gradient based method is used. The solution from the previous

step can serve as an initial guess for the subsequent step, or alternatively, a predictor-

corrector scheme can be used, where the solution for the next step is interpolated from

the history of previous solutions. The downside of this method, as discussed in [14]-[12]-

[13], is that if the homotopy path is ill-conditioned, a limit point is encountered, beyond

which further convergence is not possible, causing the homotopy process to fail. Another
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potential issue is the bifurcation of the homotopy path, where multiple branches emerge

from a single point.

More re�ned techniques can be implemented to overcome these convergence problems, as

the Pseudo-Arclength method or the Functional Connection Homotopy method [14]-[13].

These methods have the capability to overcome convergence issues generated by limit

points, but are more di�cult to implement compared to the DCM.

1.5. Primer vector theory

In this section are presented the equation of motion of the problem derived from primer

vector theory applied to the CRTBP. For completeness, the equations are presented in a

three-dimensional space, even if in the numerical computations the z-axis component is

neglected due the planar assumption discussed in [1.1].

To facilitate the writing of the equations of motion, it is useful to de�ne two vectorg(r )

and h(v) that depend respectively only on position and velocity of the spacecraft [15]

(these vectors are derived from the de�nition of the e�ective potential derivatives in the

CRTBP [16]). Recalling the de�nition of � [1.1] it is possible to write:

g(r ) =

2

6
6
6
6
6
6
4

x �
(1 � � )(x + � )

r 3
1

�
� (x � (1 � � ))

r 3
2

y �
(1 � � )y

r 3
1

�
�y
r 3

2

�
(1 � � )z

r 3
1

�
�z
r 3

2

3

7
7
7
7
7
7
5

;

r1 =
p

(x + � )2 + y2 + z2;

r2 =
p

(x � (1 � � ))2 + y2 + z2;

(1.15)

where r1 and r2 are respectively the distance of the spacecraft from the Earth and the

Moon. Vector h(v) is de�ned as:

h(v) =

2

6
4

2 _y

� 2 _x

0

3

7
5 : (1.16)

It is useful to derive for considerations that will be done in the next section also the

partial derivative of g with respect to the position G(r ) and the partial derivative of h
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with respect to the velocity H (v) 1:

G11 = 1 �
1 � �

r 3
1

+
3(1 � � )(x + � )2

r 5
1

�
�
r 3

2
+

3� (x + � � 1)2

r 5
2

;

G22 = 1 �
1 � �

r 3
1

+
3(1 � � )y2

r 5
1

�
�
r 3

2
+

3�y 2

r 5
2

;

G33 = �
1 � �

r 3
1

+
3(1 � � )z2

r 5
1

�
�
r 3

2
+

3�z 2

r 5
2

;

G12 = G21 =
3(1 � � )(x + � )y

r 5
1

+
3� (x + � � 1)y

r 5
2

;

G13 = G31 =
3(1 � � )(x + � )z

r 5
1

+
3� (x + � � 1)z

r 5
2

;

G23 = G32 =
3(1 � � )yz

r 5
1

+
3�yz

r 5
2

;

H12 = � H21 = 2:

(1.17)

Finally, it is possible to write the dynamics equations_x = f (x; u) of the state of a

spacecraft of massm and thrust T subject to a thrust control law u:

f (x; u) =

2

6
4

_r

_v

_m

3

7
5 =

2

6
6
6
4

v

g(r ) + h(v) + u
T
m

� u
T
c

3

7
7
7
5

; (1.18)

with c = I spg0 being the exhaust propellant velocity, product of speci�c impulse and

Earth's mean acceleration at sea level2, r = [ x; y; z]T being the vector of the positions

and v = [ vx ; vy; vz]T being the vector of velocities. Furthermore, in this work optimal

trajectories between two given states in space are given, so the boundary constraints read

[6]:

r (t0) � r 0 = 0; r (t f ) � r f = 0;

v(t0) � v0 = 0; v(t f ) � v f = 0;

m(t0) � 1 = 0:

(1.19)

Having de�ned the state dynamics it is now possible to introduce the performance index

and the Hamiltonian of two main types of problem: �xed time problems and free time

1Only non-zero elements are reported.
2Both values are to considered dimensionless, as the whole problem have been non-dimensionalized.
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problems.

1.5.1. Fixed �nal time problems

As it is possible to guess from the name, in problems of this type the total time of �ight,

which is the time interval [t0; t f ], is �xed. A typical case of this problem is the minimum-

fuel problem, which consist of the minimization of the propellant mass consumption of a

spacecraft during its trajectory. This is obviously equivalent to maximize the mass of the

spacecraft at the end of the trajectory. Considering a case where only an integral cost is

present, using [1.18] it is possible to write the cost index [1.2] as:

max J = m(t f ) =
Z t f

t0

_m dt =
Z t f

t0

� u
T
c

dt: (1.20)

Considering a control lawu = u� v=� v, with the throttle factor u 2 [0; 1] that de�nes the

thrust intensity, and � that de�nes the thrust pointing direction, the pre-Hamiltonian of

the problem is de�ned as:

H = � T � f (x; t) + � (x; u; t) =

= � r � v + � v �
�
g(r ) + h(v) + u�

T
m

�
� � mu

T
c

� u
T
c

(1.21)

where � r , � v and � m are the three components of the costate� . As discussed in [1.3.4],

an optimal control maximizes the Hamiltonian along the whole trajectory. To ful�ll this

condition, the thrust pointing direction is [15] [6] �̂ = � v=� v. Substituting the value of

�̂ in [1.21] the following equation is obtained:

H = � r � v + � v �
�
g(r ) + h(v) + u�̂

T
m

�
� � mu

T
c

� u
T
c

=

= � r � v + � v � [g(r ) + h(v)] + u
T
c

(� v
c
m

� � m � 1) =

= H0 + û(S)
T
c

S(x; � )

(1.22)

with S(x; � ) being a switching function such thatû = 1 if S > 0, û = 0 if S < 0 and

0 < û < 1 if S = 0. It is possible to notice that in the last condition the control is not

properly de�ned. A scenario occurs whereS = 0 over a non-in�nitesimal time interval

during a trajectory is commonly de�ned as singular arc. In this thesis the trajectory

optimization problem is treated considering the non-existence of any singular arc during.
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This hypothesis is numerically con�rmed by the solutions computed in [3.3] and [3.8].

Furthermore, the Hamiltonian becomes non-di�erentiable when the switching function

crosses zero because the control changes abruptly at these points. This change causes a

discontinuity in the control law, leading to a corresponding discontinuity in the Hamil-

tonian. As a result, the Hamiltonian is not smooth at the switching times , making it

non-di�erentiable at these points. However, the Hamiltonian remains continuous in any

interval interval between two zero-crossing points.

Having properly de�ned the Hamiltonian, the state and costate dynamics can be derived

through its partial derivatives:

_x(t) = [ v ; _v; _m]T =
@H
@�

=

=
�
� GT � v; � � r � H T � v; u

T
c

�
;

_� (t) =
h

_� r ; _� v; _� m

i T
= �

@H
@x

=

=
�
� GT � v; � � r � H T � v; u

T
m2

� v

�
;

(1.23)

or in a more compact form:

_z =

"
_x
_�

#

=

2

6
6
6
6
6
6
6
6
6
4

_r

_v

_m
_� r

_� v

_� m

3

7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
4

v

g(r ) + h(v) + ( � v=� v)T=m

� uT=c

� GT � v

� � r � H T � v

u� vT=m2

3

7
7
7
7
7
7
7
7
7
5

: (1.24)

Finally, to complete the de�nition of the minimum-fuel problem, the transversality condi-

tions is necessary. Having the �nal mass of the spacecraft non constrained, it is possible

to write [6] [12]:

� m (t f ) = 0 (1.25)

While formally it is possible to solve the optimal control problem using the equation

written in this section combined with the appropriated numerical methods, the structure

of the bang-bang type control, which present discontinuities [14] [15], makes the research

of the solution challenging. To overcome these di�culties, an homotopic approach is used.
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In this procedure, �rstly it is computed the solution of a more regular problem, called

minimum-energy problem, with a cost de�ned as:

max J = �
T
c

Z t f

t0

[u � "u(1 � u)] dt (1.26)

with continuation parameter " 2 [0; 1]. The value of " is then gradually lowered with an

iterative process until " = 0, which represents the minimum-fuel problem. When" > 0

the Hamiltonian becomes:

H = � r � v + � v �
�
g(r ) + h(v) + u�̂

T
m

�
� � mu

T
c

�
T
c

(u � "u(1 � u)) =

= � r � v + � v � [g(r ) + h(v)] + u
T
c

�
� v

c
m

� � m � 1 + "(1 � u)
�

=

= H0 + u(S)
T
c

(S(x; � ) + "(1 � u)) ;

(1.27)

and thus it is possible to de�ne a throttle factor that relates to" as:

u = 1 if S > "

u = ( " + S)=(2") if � " � S � "

u = 0 if S < � "

(1.28)

Recalling the de�nition of extremal z(t) = [ x(t); � (t)]T , the TPBVP with �xed initial and

�nal time can be formally de�ned as: �nd an initial costate � 0 = � (t i 0) such that the

solution z(t f ), obtained integrating _z = [ _x; _� ]T form an initial time t0 to a �nal time t f ,

satis�es a set of boundary conditions [1.8] and the transversality condition [1.25]. This

is equivalent to �nd � 0 that satis�es z(� ) = 0 , where z is the vector-valued shooting

function composed by the boundaries constraints and the transversality conditions.

1.5.2. Free �nal time problems

If a minimum time to accomplish a transfer between two states in space exists, than any

�xed time transfer must have a total time of �ight greater than the minimum one. To �nd

such minimum time of �ight, it is required to set the total time of a transfer as unknown

and solve a di�erent TPBVP. This type of problem, called minimum-time problem, is

characterized by a performance index:
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max J = �
Z t f

t0

1 dt; (1.29)

and by a Hamiltonian:

H = � r � v + � v �
�
g(r ) + h(v) + u�̂

T
m

�
� � mu

T
c

� 1

= � r � v + � v � [g(r ) + h(v)] � 1 + u
T
c

�
� v

c
m

� � m

�
=

= H0 + û(S)
T
c

S(x; � ):

(1.30)

Di�erently from �xed time problems, in the minimum-time problem the switching function

is expected to be always positive, and so no switches are present. This can be easily seen

considering the mass costate dynamics written as [1.24]. Having the derivative_� m always

positive and the transversality condition� m (t f ) = 0 , it is necessary to have� m (t) < 0

for any t 2 [t i ; t f ). This last condition brings to an always positive switching function

S = � vc=m� � m > 0.

Having the �nal time free, an additional transversality condition is required [6]:

H (t f ) = 0 : (1.31)

Di�erently from the �xed time problems, in this case the shooting functionz(� (t0); t f ) is

function also of the �nal time.

1.6. Neighbouring optimal guidance

Neighbouring Optimal Guidance (NOG) is a concept that originated in the 1960s, initially

developed to enhance the accuracy of missiles and launchers operating under unpredictable

perturbations. The corrective actions required to maintain a trajectory close to the op-

timal one involve computing the second-order su�cient conditions (SC) for optimality.

Traditionally, this is achieved using the conjugate-point condition, which demands the

non-existence of a conjugate point along the trajectory. However, this classical approach

can lead to numerical problems, particularly towards the end of the trajectory. To address

these issues, a new formulation, as reported in [5], will be employed in this work. This

approach is designed to mitigate the numerical problems associated with the traditional

method, ensuring more reliable guidance algorithm. Furthermore, this method is appli-
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cable without Strict Legendre Conditions or local controllability assumption, even in the

case of bang-bang controls.

1.6.1. Second order su�cient conditions

Consider a Hamiltonian in the form given in 1.21 for a generic �xed-time optimal con-

trol problem with time boundary [t0; t f ], and terminal conditions x t f 2 E � Rn , with

dim(E) = d. If there exist a set of timestc with c = 1; 2; :::; k, such that t0 < t c < t f 8i ,

where the switching functionS has a zero crossing, the Hamiltonian presents a discon-

tinuity in such times due to the bang-bang nature of the thrust control. However, the

Hamiltonian is continuous in any interval (tc; tc+1 ).

Considering an extremalz(t) = ( x̂(t); �̂ (t)) , with x̂ ; �̂ 2 Rm , it is possible to de�ne the

matrices A (t), B (t) and C(t) as:

A i;j (t) =
@2H

@�i @xj

�
�
�
�
x̂ (t );�̂ (t )

;

B i;j (t) =
@2H

@�i @�j

�
�
�
�
x̂ (t );�̂ (t )

;

Ci;j (t) =
@2H

@xi @xj

�
�
�
�
x̂ (t );�̂ (t )

;

(1.32)

wherei; j = 1; :::; m. These matrices are continuous for each timet 2 [t0; t f ] n tc and have

a jump discontinuity when t = tc. The matrices can be used to compute the solution of

a Riccati di�erential equation

_Q + QA + A T � Q � QT BQ � C = 0; (1.33)

and if the solution Q t exists strictly positive de�nite, it is a su�cient condition to the

extremal z to be a strong local optimum in the �xed time problem. This solution will

have a jump discontinuity in tc
3:

Q+ � Q � = � Q =
q� qT

�

j _Stc j + qT
� @� Stc

;

with :

q� = @x Stc � Q � @� Stc ;

(1.34)

3@x and @� indicate the partial derivatives with respect to the state and the costate.
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where Q+ and Q � are respectively the values in the instant just before and after the

discontinuity and Stc is the switching function at the time of the discontinuity. It is

convenient to transform the solution of the Riccati equation into an equivalent system

of ODE. This transformation can be done using two matricesU and V such that Q t =

� VtU � 1
t . To correctly express the boundary conditions onQt f , a linear transformation

is performed considering a two-block matrix[� ; � ], such that the columns of� form a

basis for the tangent space ofE at the �nal point x̂(t f ) of dimensiond, while � form a

basis for the normal space ofE at the �nal point x̂(t f ) of dimensiond� n. The two block

matrices can be constructed so that

�� = 0d;n� d: (1.35)

In the likely case where the state boundary conditions are composed by a vector containing

the equality constraints of the �nal position and velocity as [1.19], and the only constraint

element of the costate is� m , the matrices can be written as:

� = [0; 0; 0; 0; 0; 0; 1]T ; � =

2

6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
5

: (1.36)

Then it is possible to say that [5] the existence of a symmetricQ t , solution of 1.33, with

discontinuity jumps 1.34, strictly positive de�nite, with boundary conditions on Q t f

� T @x ;x L(x̂ t f )� � � T Q t f ; � (1.37)

whereL = l + � T  (these matrices compose 1.6).

The classic approach to determine the SC, that is the conjugate point method, requires

to �nd the time where the solution Q t diverges, which is the timeaQ whereU t becomes

singular. Considering a pair(x t ; � t ), variation of the Hamiltonian �ow, which represents

the variation between neighboring extremals and the candidate optimum extremalz, it is

possible to de�ne a family of variationsx t = U tk ; � t = Vtk , with k 2 Rm . If det(U ) 6= 0,

then � = VtU � 1
t x t and the matricesU t , Vt verify the matrix version of the Jacobi �eld

(also known as Jacobi condition) [5]:
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_U t = A tU t + B tVt ;

_Vt = � C tU t � A tVt :
(1.38)

To consider the discontinuities attc �rstly it is needed to write the jumps of state and

costate as:

� _x = _x+ � _x � = sign( _S)@� Stc ;

� _� = _� + � _� � = � sign( _S)@x Stc ;
(1.39)

and then the jumps ofU t and Vt read:

U + � U � = ( � � _x� _� T U � + � _x� _xT V� )=j _Sj;

V+ � V� = ( � � _� � _� T U � + � _� � _xT V� )=j _Sj;
(1.40)

it is also convenient to de�ne the jumps that can occur during a backward integration:

U � � U + = (� _x� _� T U + � � _x� _xT V+ )=j _Sj;

V� � V+ = (� _� � _� T U + � � _� � _xT V+ )=j _Sj:
(1.41)

Using this formulation, the determinant of matrix U t is strictly connected to the SC. If

tQ < t 0 then the SC are satis�ed. The downside of this approach is that, even if the SC

are respected for a given trajectory, it is possible that for a time close totQ the matrix

Q tQ starts diverging. This can bring numerical errors that worsen the performance of a

NOG algorithm that tries to compute the optimal control feedback (since it depends on

Q t ).

It is possible to use a di�erent approach to try to reduce as far as possibletQ. In this way,

if the divergence ofQ t occurs at a time much lower thant0, no numerical errors should

impact the optimal feedback computation. This procedure, presented in [5], requires to

take a solution QN that satis�es equation 1.33, with an integerN > 0. The terminal

value of this matrix QN
t f

can be represented in the target varietyE basis[� ; � ] as follows:

� T QN
t f

� = � T @x ;x L(x̂ t f )� ;

� T QN
t f

� = 0;

� T QN
t f

� = N I n� d:

(1.42)

Thus considering another integerM > N there will be a matrix QM
t f

� QN
t f

. In this way

also the solution of the Riccati equation 1.33 propagated backward will beQ ( t)M � Q(t)N ,
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and r M
Q � r N

Q . Considering a sequence of increasingN , tN
Q will be a monotonic not

increasing sequence either bounded, and converging to a valuet1
Q < t f , or unbounded,

approaching�1 . Since there cannot be a matrix̂Q such that tQ̂ < t Q, this extended SC

are stronger than the Jacobi conjugate point conditions. Furthermore, att f there will be

Q t f = @x ;x L t f + N �� T (1.43)

1.6.2. Costate update

A NOG algorithm can be applied only for extremals that satisfy the second order SC de-

scribed in the previous section. In chapter 2 the detailed implementation of the algorithm

reported in [17] will be explain for the speci�c framework of MATLAB. Here a summary

is presented to introduce the most important concepts required for the implementation of

such algorithm using a generic program.

Suppose to have an extremalz = ( x t ; � t ), solution of a �xed-time control problem with

t 2 [t0; t f ]. First, it is required to �nd N , starting from N = 1, integrating backward from

t f the system 1.38 with initial conditions:

U N
t f

= I n� n ;

V N
t f

= � (@x ;x L t f + N �� T ):
(1.44)

When a discontinuity occurs due to a change in sign of the switching function, equations

1.41 shall be used to compute the discontinuity. Ifdet(U N
t ) becomes null or negative at

a time tQ > t 0, the step must be repeated increasingN . When tQ becomes lower thant0

the procedure can be stopped and it is possible to continue with the next step, otherwise,

if no N exists that satisfy this condition, the NOG is not applicable.

If the SC are satis�ed, it is possible to try to compute the optimal feedback. Similarly to

1.38, a system of ODE is de�ned as:

_U �
t = A tU

�
t + B tV

�
t ;

_V �
t = � C tU

�
t � A tV

�
t ;

(1.45)

with boundary conditions
U �

t f
= 0n� n ;

V �
t f

= I n� n :
(1.46)



22 1| Problem Statement

The matrix W = � (U N
t )� 1U �

t � must be evaluated along the whole integrated trajectory.

If it is not singular along the whole trajectory, it is still possible to reach the target from the

perturbed state. Otherwise, the point in time when the matrix becomes singular, marks

the upper limit of the interval of applicability of the NOG algorithm. The invertibility of

W indicates the controllability property of the system, which represents the capability to

guide the state from a small neighborhood of̂x t to the target E at the �nal time.

In such interval it is possible to write the costate update law of the perturbed trajectory

as [17]:

� t = �̂ t + ( � QN
t + ( V )�

t + QN
t U �

t )�W � 1� T (U N
t )� 1� x t ; (1.47)

where �̂ t is the costate of the nominal trajectory at timet ad � x t = ~x t � x̂ t is the

di�erence between the state of the perturbed and nominal trajectories. It is then possible

to proceed with the update of the costate on the perturbed trajectory if the product of the

switching functionsS(~x t ; � t )S(x̂ t ; �̂ t ), computed respectively with the couples perturbed

state/updated costate and nominal state/costate, is positive. When the two switching

functions di�er in sign, it is possible to propagate the trajectory using the equations of

motion until the product return positive.
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The procedure presented in this chapter can be summarized as:

Algorithm 1.1 NOG algorithm

1: Find an extremal ẑ, solution of a �xed-time problem

2: for t 2 [t0; t f ] do

3: Integrate _U N and _V N backward with the appropriate initial conditions,

4: if if det (U t ) � 0 then

5: Stop the procedure or repeat with a higher,N

6: end if

7: end for

8: for for t 2 [t0; t f ] do

9: Integrate _U � and _V � backward with the appropriate initial conditions,

10: Compute W = � (U N
t )� 1U �

t �

11: if The matrix is never singularthen

12: The limit time of applicability of the NOG is t lim = t f

13: else if The matrix is singular at a time t then

14: The limit time of applicability of the NOG is t lim = ~t

15: end if

16: end for

17: for t 2 [~t; t lim ], with ~t time of perturbation of the nominal trajectory, do

18: Compute the optimal feedback:

� t = �̂ t + ( � QN
t + ( V )�

t + QN
t U �

t )�W � 1� T (U N
t )� 1� x t

19: if S(~x t ; � t )S(x̂ t ; �̂ t ) > 0 then

20: Update the costate of the perturbed trajectory with� t

21: else

22: Propagate the costate of the perturbed trajectory using the equations of motion

23: end if

24: end for
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This chapter is dedicated to the explanation of the algorithm implemented to solve the

trajectory optimization problem described in chapter [1] using an indirect simple shooting

method. In the context of this thesis, every algorithm has been developed to be used in

MATLAB, nevertheless the concepts at the basis of this work can be applied using other

softwares as well. The key points treated in this chapter are the choice of the solver and

the equation of motion integration, the homotopy used and the switching time detection

technique. The �nal part is dedicated to a deeper explanation of the NOG algorithm

mentioned in [1.6.2].

2.1. ODE solver

Integrating the equations of motion [1.18] accurately is fundamental for solving �ight

dynamics problems. This is typically achieved using Runge-Kutta methods, where the

dynamics equations of state and costate are converted into a system of ordinary di�erential

equation (ODE) in the form of F(z) = _z(t), as shown in [1.24].

A key challenge with numerical integration is that, as the trajectory's transfer time in-

creases, numerical errors can become signi�cant, considerably impacting the �nal solution.

One basic approach to enhance the accuracy of an integrator is to reduce the ODE time

step sizeh, however this directly increases the computational time required to compute

the trajectory. To address the trade-o� between accuracy and computational e�ciency,

several strategies can be employed:

ˆ Variable Time Steps: Adjusting the step size dynamically based on error tolerances.

ˆ Multi-Step Methods: Using information from multiple previous steps to extrapolate

the next one.

ˆ Higher Order Integrators: Evaluating the ODE systemF at each step more fre-

quently to achieve higher accuracy.

The problems addressed in this thesis require high tolerance due to long propagation
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times. For these types of problems, suitable ODE solvers in MATLAB include those

listed in [18]. Among these, theODE 89 solver was selected for its e�ciency in handling

high tolerance requirements. While alternatives likeODE 45, ODE 78, and ODE 113were

also considered,ODE 89 was ultimately chosen for its superior balance between function

evaluations and �nal residuals, de�ned as the sum of squared residuals from boundary

and transversality conditions. The following table provides a comparison of these solvers,

highlighting their performance in a case study represented by �gure [3.2f]:

Table 2.1: Comparison of MATLAB ODE solvers

ODE45 ODE78 ODE89 ODE113
Final residual 5:05� 10� 16 7:58� 10� 16 3:19� 10� 20 1:05� 10� 17

Function Evaluations 1326310 372143 293496 80682

From the data, it is evident that ODE 113, the highest-order ODE solver, requires the

fewest function evaluations to compute the entire trajectory.ODE 89 achieves the best

residual with an average number of function evaluations, demonstrating its e�ectiveness

in high-precision scenarios. On the other hand, the lowest-order solver,ODE 45, requires

nearly an order of magnitude more evaluations, resulting in slightly higher residual and a

signi�cant greater code runtime.

Furthermore, the performance ofODE 45, ODE 78, and ODE 89 can be signi�cantly im-

proved by converting the MATLAB code into a more e�cient language such as C or C++.

This optimization can reduce the runtime ofODE 89 to levels comparable with the faster

ODE 113, while still maintaining the superior residual accuracy thatODE 89 o�ers.

2.2. Local and Global search

As stated in section [1.3.4], gradient-based solvers are commonly used to solve an op-

timal control problem using an indirect shooting method. A simple shooting has been

implemented in MATLAB using the solverfsolve [19]. The solver typically computes the

gradient of the residual of the objective function with respect to the control input, which

is the initial vector of the costate, to �nd its optimal direction of change in order to lower

a residual. The derivatives are normally computed with a �nite di�erence scheme, but is

is possible to provide analytic derivatives to increase e�cency and accuracy. This can be

accomplish using a State Transition Matrix (STM)� (t i ; t). A STM can be used to map

the e�ects of small variations on the initial conditions over an integration timet. This

can be written using the mathematical formalism� z(t) = � (t; t i )� z(t i ) [6, 15]. The STM

is also subjected to the variational equations:



2| Algorithm design 27

_� (t i ; t) = DzF� (t i ; t); � (t i ; t i ) = I n� n ; (2.1)

with DzF being the Jacobian ofF(z), and n being the dimension ofz(t). Considering

the minimum-fuel, minimum-energy and minimum-time problems presented in [1.5.1] and

[1.5.2], it is possible to write the JacobianDzF(z) based on the value of the optimal thrust

policy û:

DzF =

"
F1 F2

F3 F4

#

If û = 0 or û = 1:
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otherwise if û = ( " + S)=2":
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with:
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m3
�

� 2
vTc

2"m 4
:

The matrices dimesnions refer to a 3-dimensional problem where the mass dynamics is
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considered, and thusn = 7. The STM variational equation [2.1] can be implemented in

an ODE integrator converting the matrix into a n2 elements vector. In this way a gradi-

ent based solver can propagate a system of the form[_z; vec( _� )]T = [ F(z); vec(DzF� )]T ,

wherevec indicates the operation of converting the STM in vector form. Following this

procedure, in a single iterate the solver integrate the trajectory and computes the deriva-

tives of the �nal state with respect to the initial conditions. Although not trivial, the

implementation of analytic derivatives in MATLAB can be simpli�ed �rstly computing

DzF(z) through symbolic variables, and then converting the expression into a regular

code [20]. If at a timetsw a discontinuity is present in the derivatives of the state due to

a switch in the bang-bang thrust control, that is typical in the minimum-fuel problem,

the STM across such discontinuity has to be determined as:

	( t sw ) =
@z(t+

sw)
@z(t �

sw)
= I 14� 14 + ( _z(t+

sw) � _z(t �
sw))

�
@S
@z

1
_S

�
;

where t+
sw and t �

sw indicates respectively the time instants immediately after and before

the discontinuity. If during a single trajectory N switches occur at timest = t1; t2; :::; tN ,

the composite STM can be computed as [1.5]:

� (t i ; t f ) =
@z(t f )
@z(t i )

= � (tN ; t f )	 (tN )� (t+
N � 1; t �

N )	 (tN � 1):::� (t+
1 ; t �

2 )	 (t1)� (t0; t �
1 ):

Even with the improvements provided by analytic derivatives, the shooting procedure can

still encounter challenges related to the high sensitivity to initial conditions, as discussed in

section [1.3.4]. To mitigate this issue,fsolve is combined with a global search algorithm

to identify a suitable starting value. In this approach, the global search generates an

initial guess of the costate, which is then re�ned by the gradient-based method to reach

an optimal solution.

The global search method chosen for this thesis is particle swarm optimization (PSO).

Although PSO may not always achieve solutions with machine-level precision, this limi-

tation is addressed by the re�nement of the solutions performed byfsolve. PSO is also

favored for its simplicity of implementation compared to other algorithms, such as genetic

algorithms. To further enhance the performance of PSO, if a machine with an adequate

hardware is available, parallel computing can be employed to evaluate multiple functions

at the same time.
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2.3. Switching times detection

In problems such as minimum-fuel and minimum-energy, it is common to encounter

switches in the thrust control policy during the trajectory. These switches produce a

discontinuity in the right-hand-side of the ODE [1.24] that cannot be easily handled by a

numerical integrator. To address this problem, the numerical integration can be divided

into arcs, within which the thrust control type (e.g. full thrust, moderate thrust, no

thrust) remains constant. Accurately determining the switching timestsw is the key fac-

tor needed to implement this procedure. This section presents three methods for precisely

locating these switching times, including one method developed by the author that takes

advantage of MATLAB's ODE event location function to simplify the implementation

procedure.

2.3.1. Detection using �xed step ODE

In this section it is reported a summary of a method presented in [12] that can be used to

determine the switching times using a �xed time step integrator. Considering a variable

z(t) for a ODE systemF(z), having a solution at time tk it is possible to compute the

solution of the system attk+1 = tk + h with a simple Runge-Kutta 4th order scheme as:

zk+1 = zk +
h
6

(k1 + 2k2 + 2k3 + k4);

with :

k1 = F(zk ; tk);

k2 = F(z + h=2k1; t + h=2);

k3 = F(zk + h=2k2; t + h=2);

k4 = F(zk + hk3; t + h);

(2.4)

where h is the �xed time step used by the integrator. The switching times detection

technique of this method predicts if a switch will occur in the current integration time

interval by approximating the switching time using the �rst and second time derivatives

of the switching function:

_S =
c

m� v

�
� r + H T � v

�
� � v;

•S =
c

m� v

h
_� r � � v + � r � _� v + 2H T � v � _� v+

�
_m

m

�
� r + H T � v

�
� � v +

1
m2

��
� r + H T � v

�
� � v

� 2
�

:

(2.5)
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Starting from the value of S at a generick iteration, the switching function in the step

k + 1 is approximated as:

Sk+1 = Sk + _Skh +
1
2

•Skh2:

Considering a minimum-energy problem, depending on the values ofSk+1 and Sk three

types of thrust policy are possible as seen in [1.28]: full thrust ifS > " , medium thrust

if � " � S � " , thrust o� if S < � " . If the type of the thrust policy at the beginning of

the integration step di�ers from the one at the end of the step, then a switch occurs in

[tk ; tk+1 ]. To illustrate how the switching procedure works,it is selected a scenario where

the thrust type is full-thrust at the beginning of the interval but switches to thrust-o� at

the end of the interval. Extending this procedure to other combinations of thrust types, or

to the minimum-fuel problem (where there is no medium-thrust phase), is straightforward

and follows a similar logic. In this case, having an initial full-thrust type, the switching

function passes fromSk > " to Sk+1 < � " in the step h. Since the thrust must pass

through the medium-thrust type before reaching thrust-o�, the algorithm needs to �nd

both the switching time from full-thrust to medium-thrust and from medium-thrust to

thrust-o�. To achieve this result, the interval [tk ; tk+1 ] is divided in three sub-steps by

solving the following equations:

Sk + _Skh1
1
2

•Sh2
1 = ";

Sk + _Skh2
1
2

•Sh2
2 = � ":

(2.6)

(2.7)

(2.8)

Here,h1 and h2 represent the time steps required to reach the medium-thrust and thrust-

o� conditions, respectively. It can be noticed that even if the previous equations have

two solutions for h1 and h2 (making a total of 4 possible values for the time interval of

the sub-steps), two of them can be immediately discarded as they provide a time step

that is greater than h or lower than zero. Once the sub-intervals have been de�ned, the

integration step is computed as:

z1 = RK4(F; zk ; tk ; h1);

z2 = RK4(F; z1; tk + h1; h2);

yk+1 = RK4(F; z2; tk + h2; h � h2);

(2.9)

(2.10)

(2.11)

where the notation RK4(F; z; t; h) refers to an integration using the Runge-Kutta scheme

reported in [2.4] of a systemF, starting from a value z and a time t, over an interval of
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time step h.

To obtain an accurate approximation of the switching time, this method requires to

carefully select the step sizeh of the integrator. In problems where many switches can

occur during a trajectory, a small value ofh could be needed. This can negatively impact

the performance of the integrator if the trajectory last for a long time, due to the fact

that, having the step size �xed, it is not possible to increaseh in the case a long arc with

constant thrust type is encountered.

2.3.2. Hybrid detection method

A variable step size integrator brings a meaningful advantage in making quicker the inte-

gration process, but could require a strategy more di�cult to implement. Nevertheless,

the bene�t on the reduction of the computational time makes worth the implementation

of such procedure. A practical example of this kind of methods is described in [6] and

is based on a hybrid detection technique that employs a Newton method and a bisection

method to accurately �nd the switching time. To understand the principle at the base of

this method it is useful to consider an example with a generic integration step[tk ; tk+1 ].

The ODE integrator performs the step with a thrust type based on the switching function

at the beginning of the step, and then evaluates the switching function at thetk+1 to

understand the thrust type at the end of the step. If the two thrust types are di�erent,

a switch occurred inside the step and the detection technique starts. First the Newton

method is used to try to �nd the switching time. This method is used in the �rst attempt

of the algorithm due to its high e�ciency. The �rst guess of the switching time tsw is

initialized as the initial time of the current step. Following the procedure, the Newton

method computes:

tsw = tsw � f (tsw)= _S(tsw);

where

f (tsw) = S(tsw) � ":

If the Newton method fails to �nd a zero of f (tsw), or converges to values outside the

current step interval [tk ; tk+1 ], the bisection method is initiated. The bisection method

is slower than the Newton method, that typically requires few iterates to converge at a

result with machine precision accuracy, but cannot converge to values outside the time

interval of the current step, so it is considered more robust. In the case of the minimum-

energy problem, if the thrust type jumps from on to o�, or vice versa, the step is repeated

lowering the step-size.
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2.3.3. ODE event location method

A third method to detect the switching times is proposed, speci�cally designed for imple-

mentation in MATLAB. This method utilizes MATLAB's ODE event location function,

which can halt the integration process when certain criteria are met. The event location

function works as follows: it computes a variable� using the current state variables of

the ODE system, the current integration time, and a set of prede�ned constants. When�

crosses zero, the integration is stopped, and the switching time is determined as the last

time step computed by the ODE integrator, typically found with machine-level precision.

Additionally, the direction of the zero crossing can be speci�ed, allowing the integration

to stop only when a particular type of zero crossing occurs.

To implement a strategy based on the event location function it is necessary to consider

the switching function as additional variable of the ODE system [2.12], along with its

time derivative:

d~z
dt

=
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: (2.12)

This allows the current value of the switching function at each integration step to be

passed to the event location function. By setting� = S(t), the integration can be halted

precisely when the switching function crosses zero. In the case of the minimum-energy

problem, where the switches occur atS = � " it is possible to de�ne � = " � abs(S). As

noted in MATLAB's o�cial documentation [21], there is a potential risk of missing zero

crossings if two or more crossings occur within a single time step. To mitigate this risk,

a practical strategy is to limit the maximum step size that the integrator can use. While

this may reduce the e�ciency of the ODE solver, a careful selection of the maximum step

size, considering the total integration time and the expected interval between consecutive

switches, can be a necessary trade-o� to balance accuracy and computational e�ciency.

Furthermore, the stop function can also be used to avoid the computation of a non ideal

trajectory. This is particularly useful when a given trajectory collides with the Earth or

the Moon. In scenarios were numerous function evaluations have to be computed, such as
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during the run of a particle swarm algorithm, halving the propagation of these non ideal

trajectories can lead to a substantial time saving.

2.4. NOG implementation

In Section [1.6], a general overview of the procedure required to implement a NOG algo-

rithm was provided. In this section, a deeper examination of the speci�c considerations

for implementing this algorithm in MATLAB will be conducted.

A successful implementation of the NOG algorithm depends on the accurate identi�cation

of the arcs within the perturbed trajectory where costate updates can occur. These arcs

are characterized by a positive product between the switching function of the nominal

trajectory S(x̂ t ; �̂ t ), and that of the perturbed trajectory S(~x t ; � t ), computed after the

costate update.

The process begins by computing the nominal trajectory and recording the corresponding

nominal switching times. This allows for the construction of a time vector, with each

element representing a switching time. It should be noted that if the matrixW =

� (U N
t )� 1U �

t � becomes singular at any point along the nominal trajectory, there is no

need to save switching times beyond that point, as the NOG algorithm, and the costate

update procedure, will no longer be applicable.

To start the algorithm the nominal trajectory is re-propagated with a perturbation in-

troduced at time ~t. At this time instant, the standard propagator is paused, and the

NOG algorithm is initiated. The propagation under this algorithm follows the previously

determined time vector containing the switching times, ensuring that the propagation of

the perturbed trajectory occurs within intervals where the switching sign of the nominal

trajectory remains constant. At the beginning of each interval the updated costate� t is

computed and, if the productS(~x t ; � t )S(x̂ t ; �̂ t ) is positive, it is possible to update the

costate during the propagation along the arc. If a switch in the perturbed trajectory is

detected, the integration is halted, and the remainder of the arc is propagated without

further costate updates.

If the switching functions di�er in sign at the beginning of the arc, the propagation

proceeds without a costate update. The arc is propagated until the end of the interval,

unless a switch in the perturbed trajectory is detected, in which case the propagation is

stopped at the switching time, and the initial procedure is repeated.
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2.5. Homotopy strategy

In Section 1.4, the signi�cance of implementing a homotopy strategy to solve complex

problems was discussed. In the context of optimizing low-thrust trajectories, adopting

a homotopy strategy can be particularly advantageous due to the inherent complexity

of these trajectories, which often involve extended �ight times and multiple spiral arcs.

Additionally, it was noted that problems involving bang-bang thrust control, such as the

minimum-fuel problem, are challenging to solve due to the nature of their thrust pro�les.

However, it is possible to arrive at a solution by starting with a more regular problem,

such as the minimum-energy problem, and gradually modifying the thrust control. This

section focuses on the implementation of a homotopy approach for the cited cases.

The challenge of computing low-thrust trajectories can be mitigated by employing a

straightforward concept: initially, a trajectory is determined using a thrust value signi�-

cantly higher than the desired one, and then, through a homotopy process, the low-thrust

trajectory is reconstructed by gradually decreasing the thrust. In this thesis, a DCM

with a predictor-corrector scheme has been implemented. While this method is relatively

simple to implement, it requires careful �ne-tuning based on the speci�c problem consid-

ered to achieve convergence. The most critical parameter in this process is the criterion

used to partition the range between the initial and desired thrust values, which de�nes

the homotopy steps. Since the solution from the previous step is used as the initial guess

for the next, one might intuitively assume that increasing the number of intervals (i.e.,

using a smaller step size) would enhance the convergence rate. However, in the scenarios

examined in this thesis, it was observed that when the di�erence between the initial and

�nal thrust values is substantial, increasing the number of homotopy steps can lead to

ill-conditioned paths, where certain costate values tend towards in�nity.

To mitigate this risk, a basic strategy involves dividing the interval into unequal steps.

For instance, since the most sensitive region is typically where the thrust is lower, one

could de�ne larger steps when the thrust is high and smaller steps as the thrust decreases.

As example, the continuation law for a homotopy starting fromkmax and ending atkmin

in N steps can be written as:

ki = ( kmax � kmin )� i + kmin

where :

� i =
i 2 � 1
N 2 � 1

; for i = 1; :::N:

(2.13)

In the case of the energy-to-fuel homotopy,kmax = "max = 1 and kmin = 0, this leads to
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ki = � i .

Additionally, to improve the convergence rate at each step, a predictor-corrector method

can be employed. This method extrapolates the solution for the current step based on

previous solutions. A simple predictor scheme can be implemented using backward �nite

di�erence. Using a �rst order approximation and considering a prediction on the optimal

costate it is possible to write:

� � i =
� i � � i � 1

ki � ki � 1
;

� i +1 = � i + ( ki +1 � ki )� � i ;
(2.14)

while the second order scheme can be easily derived using a Taylor expansion:

� i +1 = � i + ( ki +1 � ki )� � i +
1
2

(ki +1 � ki )2� � i � 1;

with :

� � i � 1 =
� i � 1 � � i � 2

ki � 1 � ki � 2
;

(2.15)

The �nite di�erences � � i and � � i � 1 can be also multiplied by a constant value. This

can be useful in problems where the parameters controlled by the homotopy, which in this

case is the initial costate, can experience temporary rapid changes.





37

3| Numerical results

This chapter is dedicated to expose the numerical results obtained for a case scenario

implemented for the spacecraft trajectory optimization problem. The analysis begins

by solving the minimum-time problem using a high-thrust propulsion system, gradually

reducing the thrust using a homotopic approach until achieving a thrust-to-initial-mass

ratio comparable to that reported in [6]. Once minimum-time transfers are found for

di�erent thrust levels, solutions for �xed-time problems are computed for total transfer

durations exceeding the minimum time associated to the same thrust level. Finally, the

transition from the minimum-energy problem to the minimum-fuel problem is achieved

through a homotopy. These solutions are then used to test the performance of the NOG

algorithm, evaluating the results under various disturbance levels at di�erent trajectory

time instants.

The spacecraft's initial conditions are de�ned on a circular Earth orbit with a radius of

100000km and a positivex-velocity. The initial position is set with xE = � � at the Earth's

barycenter, while they-position is de�ned by the sum of the Earth's radius with the orbit

radius taken with negative sign. For the �nal target, a stable lunar distant retrograde

orbit (DRO) was selected. This DRO was targeted in the NASA Artemis-1 mission, and

was computed using the methodology outlined in [22], involving a shooting method where

the y-velocity during the x-axis crossing is iteratively adjusted to ensure periodicity after

one revolution. An initial x-position of 700000km and y-velocity of vy = � 0:5 km/s were

used to initialize the shooting process. A point on the resulting orbit was then used to

select the terminal condition of the problem, de�ned by ax-position equals the Moon's

barycenter, with a positivey-position. The physical parameters and boundary conditions

for the problem are summarized in the following tables:

For each solution presented, the �nal state of the spacecraft was subsequently propa-

gated over a dimensionless time of 20 (approximately equivalent to three months in real

time). This extended propagation serves to demonstrate the spacecraft's capability to

accurately achieve and maintain insertion into the stable orbit, validating the accuracy of

the trajectory computed.
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Table 3.1: Physical constants

Parameter Standard Units Dimensionless Units
T 3 N 2:20288263993942
m0 500kg 1
I sp 3000s 0:00798558406163878
g0 9:80665m=s2 3600:48317349366

Table 3.2: Boundary conditions

Parameter Dimensionless Units
x0 � 0:0121506683
y0 � 0:0426061055
vx0 4:8212302079
vy0 0
x f 0:9878493317
yf 0:2313993710
vx f 0:3540421701
vyf � 0:0130096105

3.1. Minimum-Time solutions

As discussed in [1.5.2], the minimum-time problem is essential for determining the shortest

time of �ight between two �xed states. This problem has been solved using the MATLAB's

ODE solver ODE89 with absolute and relative tolerances set to5 � 10� 14.

Following the procedure outlined in [2.2], a PSO algorithm was employed to generate an

initial guess for the minimum-time trajectory, which was then re�ned using MATLAB's

fsolve. Given the lack of prior knowledge regarding the optimal values for each component

of the costate vector, the algorithm was initially allowed to search within a range of

[+20; � 20] for each component, except for the mass costate, which was restricted to

negative values, as the mass costate derivative is always non-negative. Since the exact

transfer time is unknown, the total time of �ight was treated as an additional free variable,

permitted to vary within the range of [0; 15]days. This range was selected based on results

reported in [6] for similar thrust-to-initial-mass ratios.
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After obtaining the initial solution, a homotopy process was initiated to achieve the target

thrust value of Tmin = 0:15 N. The homotopy method applied is described in [1.12].

Initially, 20 steps were used, with the step count increased as needed if the homotopy

failed to converge. Unfortunately, the problem exhibits signi�cant sensitivity at low thrust

levels, necessitating a large number of steps. However, increasing the number of steps often

leads to an ill-conditioned path. An example of this issue is illustrated for a case with

1,000 steps:

Figure 3.1: Ill-conditioned homotopy.

In this case, it is evident that the costate associated with they-direction diverges rapidly

toward �1 . However, this issue can be mitigated by leveraging the fact that when the

thrust level is relatively high, the solver's convergence radius is also greater. Consequently,

the homotopy procedure can be split into branches, with a higher number of steps used

where the thrust is low, and fewer steps where the thrust is high. Following this strategy,

the homotopy was divided into three intervals, each with a speci�c number of steps: 20

steps for the thrust rangeT 2 [3; 0:5] N , 40 steps forT 2 [0:5; 0:3] N , and 40 steps for

T 2 [0:3; 0:15] N . Using this procedure, the homotopy successfully converged.

Additionally, homotopies for speci�c thrust levels of2 N and 1 N were easily achieved,

requiring only 20 steps each. The trajectories obtained for di�erent thrust levels are

presented in the following plots in the rotating reference frame centered in the Earth-

Moon system barycenter:
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(a) T = 3 N . (b) T = 2 N .

(c) T = 1 N . (d) T = 0 :5 N .

(e) T = 0 :3 N . (f) T = 0 :15 N .

Figure 3.2: Minimum-Time trajectories for di�erent thrust levels in the rotating reference

frame.
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It is possible to notice from the colorbar the position of the spacecraft along the trajectory

with respect to the time of �ight. As one might expect, the transfer time grows as the

spacecraft's thrust decreases, which translate in an increasing number of spirals around

the Earth, as typical of low thrust trajectories. To demonstrate that these trajectories are

characterized by an always-on thrust pro�le, as expected in the minimum-time problem,

the switching functions of each trajectory are reported in the following �gures:

(a) T = 3 N . (b) T = 2 N .

(c) T = 1 N . (d) T = 0 :5 N .

(e) T = 0 :3 N . (f) T = 0 :15 N .

Figure 3.3: Switching function for di�erent thrust levels.
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The initial costates and the �nal time needed to compute the presented trajectories are

reported in the following table. It is also possible to notice the mass fraction at the end

of the trajectory and the initial thrust-to-mass ration (T=m0).

Thrust level 3 N 2 N 1 N 0.5 N 0.3 N 0.15 N
� x -1.314121 -2.987095 1.557577 -5.780807 -0.548870 20.58376
� y -5.226796 -1.833721 6.203477 4.180237 -0.398101 24.69034
� vx 0.063793 0.022947 -0.091235 -0.049305 0.059611 -0.187594
� vy 0.013277 0.028544 -0.012467 0.053802 0.006619 -0.184025
� m -1.241991 -1.773205 -3.398247 -6.775647 -12.35637 -24.48457

t f [days] 9.036143 12.72839 23.50631 44.09740 72.77979 150.2700
mf [MU ] 0.840776 0.850477 0.861934 0.870495 0.871756 0.867604

T=m0[m=s2] 6 � 10� 3 4 � 10� 3 2 � 10� 3 1 � 10� 3 6 � 10� 4 3 � 10� 4

Table 3.3: Minimum-Time initial costates, �nal masses and �nal times for di�erent thrust

levels.

The analysis of the minimum-time solutions across di�erent thrust levels reveals several

signi�cant trends that align with the physics principles that de�ne the problem. In fact,

as expected the time of �ight increases as the thrust level decreases, as also the number of

spirals of the trajectory around the Earth. Curiously, the results indicate that the time of

�ight approximately doubles when the thrust is halved, suggesting an almost linear inverse

relationship between thrust and transfer time for the cases presented. This observation

could be particularly useful for mission planning, as it provides a predictable pattern to

determine estimates of the transfer times for varying thrust levels.

Additionally, the �nal mass of the spacecraft, representing the propellant consumed at

the end of the transfer, exhibits a similar trend. However, an intriguing deviation from

this tendency is observed at a thrust level ofT = 0:3 N , where the �nal mass reaches a

maximum before decreasing again at lower thrust levels. This can suggest that at this

particular thrust level, the spacecraft achieves an optimal balance between transfer time

and fuel e�ciency. However, it should not be excluded that a further decrease of the

maximum thrust could reverse this trend and bring to additional improvements on the

�nal mass.

Furthermore, the prolonged transfer duration imposes stringent demands on the numerical

solvers used, as they must achieve very high tolerances to prevent the propagation of

initial numerical errors throughout the whole trajectory. The accuracy of the trajectory

over such an extended period is crucial, as even minor errors can accumulate, leading

to signi�cant deviations from the desired path. Moreover, even with the implementation
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of analytical derivatives fsolve becomes increasingly sensitive to the initial conditions

as thrust decreases. This sensitivity reduces the convergence radius, making it more

challenging to obtain a solution. To address these di�culties, the implementation of a

multiple shooting method could be bene�cial when it is required to compute trajectories

lasting hundreds of days. Another possible improvement could be achieved using a more

re�ned homotopy technique capable of enhancing the convergence at each step, and thus

reducing the iteration needed byfsolve, while also avoiding the possibility of remaining

stuck in an ill-conditioned path.

3.2. Minimum-Energy and minimum-fuel solutions

After determining a minimum-time trajectory for a given thrust level, the next step

involves �nding the corresponding minimum-energy solution. The transfer time for these

solutions can be freely chosen asct � tmin , where ct is a positive coe�cient that scales

the minimum transfer time corresponding to the thrust level of interest for the minimum-

energy solution. Furthermore, once a minimum-energy or minimum-fuel solution is found

for a given �nal time, it is possible to start an homotopy onct to obtain multiple solutions

for the same thrust level.

While it is technically feasible to apply the same procedure used for the minimum-time

problem in this case to directly compute a minimum-fuel trajectory, the discontinuities as-

sociated with bang-bang control make it more straightforward to �rst solve the minimum-

energy problem. Once the minimum-energy solution is obtained, the minimum-fuel solu-

tion can be derived through a homotopy process. This approach overcomes the di�culties

introduced by the bang-bang control and provides a smoother path to the �nal solution.

Moreover, the costate values obtained from the minimum-time solution can serve as a valu-

able reference for initializing the particle swarm algorithm in the search for the minimum-

fuel solution. As shown in Table [3.3], the costates associated with velocity components

are consistently much lower than those associated with position components. This ob-

servation allows for a more focused search, since the search box of the particle swarm

algorithm can be reduced to avoid the usage of costate values that are less probable to be

optimal.

Initially, the algorithm was tested on two solutions provided in [6] to assess its ability

to accurately detect the switching times. The following �gures present two reproduced

solutions for thrust levels ofT = 10 N and T = 2 N , with an initial mass of m0 = 1500 kg.

In this case, the target is a point on a Halo orbit. The results closely match those shown

in the original paper, con�rming the correct performance of the strategy implemented in
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this thesis 1.

(a) Minimum-Fuel trajectory for T = 10 N . (b) Minimum-Fuel trajectory for T = 2 N .

(c) Switching function for T = 10 N . (d) Switching function for T = 2 N .

(e) Thrust pro�le for T = 10 N . (f) Thrust pro�le for T = 2 N .

Figure 3.4: Algorithm validation.

1These solutions have a full-thrust type when the switching function is negative, due to the original
formulation that uses the Minimum Principle instead of the Maximum Principle.
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