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Abstract

System identi�cation is a fundamental problem in engineering, especially for modeling

complex dynamical systems from experimental data. While discrete-time system identi�-

cation methods are well-developed, the identi�cation of continuous-time systems remains

a challenge due to issues like noise, non-uniform sampling, and the need for numerical

di�erentiation. This thesis explores a novel approach to continuous-time system identi�-

cation using functional basis expansions. Speci�cally, it leverages orthonormal Schauder

bases, such as Hermite and Laguerre functions, to rigorously construct a transforma-

tion from continuous-time to discrete-time systems. The methodology extends the well-

established Predictor-Based Subspace Identi�cation (PBSID) framework by incorporating

Hilbert space theory and spectral analysis techniques. A new method, the Hermite Do-

main PBSID (HD-PBSID), is introduced, drawing inspiration from quantum mechanics

and the quantum harmonic oscillator representation. Theoretical derivations are sup-

ported by numerical simulations, comparing the proposed algorithm to the existing Con-

tinuous Time PBSID (CT-PBSID), and experimental validation using quadrotor �ight

data. Results demonstrate the advantages of the proposed approach in achieving accu-

rate system representations while maintaining computational e�ciency and robustness to

noise. These �ndings contribute to a deeper understanding of functional basis methods in

system identi�cation and open new possibilities for high-�delity modeling of continuous-

time dynamical systems.

Keywords: Continuous-time system identi�cation, Hilbert spaces, Hermite functions,

Laguerre functions, subspace identi�cation methods, quadrotor modeling.





Abstract in lingua italiana

L'identi�cazione dei sistemi rappresenta un problema fondamentale in ingegneria, soprat-

tutto per la modellazione di sistemi dinamici complessi a partire da dati sperimentali.

Mentre i metodi per l'identi�cazione di sistemi in tempo discreto sono ormai ben svilup-

pati, l'identi�cazione di sistemi in tempo continuo continua a presentare s�de, dovute a

problematiche quali il rumore, il campionamento non uniforme e la necessità di e�ettuare

di�erenziazioni numeriche. Questa tesi propone un approccio innovativo all'identi�cazione

di sistemi in tempo continuo basato sull'espansione in basi funzionali. In particolare, si fa

ricorso a basi di Schauder ortonormali, come quelle costituite dalle funzioni di Hermite e

di Laguerre, per costruire in modo rigoroso una trasformazione che converte i sistemi in

tempo continuo in sistemi in tempo discreto. La metodologia sviluppata amplia il consol-

idato framework di Predictor Based Subspace IDenti�cation (PBSID), integrando la teoria

degli spazi di Hilbert e tecniche di analisi spettrale. In questo contesto viene introdotto

un nuovo metodo, il PBSID in dominio di Hermite (HD-PBSID), ispirato alla meccanica

quantistica e alla rappresentazione dell'oscillatore armonico quantistico. Le derivazioni

teoriche sono supportate da simulazioni numeriche, che mettono a confronto l'algoritmo

proposto con il Continuous Time PBSID (CT-PBSID) attualmente in uso, e da una val-

idazione sperimentale basata su dati di volo di un quadrirotore. I risultati evidenziano

i vantaggi dell'approccio proposto, capace di ottenere rappresentazioni accurate dei sis-

temi mantenendo al contempo elevata e�cienza computazionale e robustezza rispetto al

rumore. Questi risultati contribuiscono a una comprensione più approfondita dei metodi

basati su basi funzionali nell'identi�cazione dei sistemi e aprono nuove prospettive per la

modellazione ad alta fedeltà di sistemi dinamici in tempo continuo.

Parole chiave: Identi�cazione dei sistemi a tempo continuo, spazi di Hilbert, funzioni

di Hermite, funzioni di Laguerre, metodi di identi�cazione subspaziale, modellazione di

quadrirotori.
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1| Introduction

1.1. Review on system identi�cation for rotorcraft

and linear systems

The �eld of system identi�cation is a well-established area of research, seeking to build

mathematical models from experimental data. It has seen major advances over the past

decades, driven by the increasing demand for accurate and reliable models in various en-

gineering disciplines. Particularly, in rotorcraft �ight dynamics, a detailed knowledge of

linear and non-linear dynamics is critical for safe and e�ective operation, control design,

and performance analysis. This presents a series of challenges, as the collected data are

often noisy and of limited duration or bandwidth, which makes a robust system identi�ca-

tion framework a necessary tool to extract meaningful insights from limited experiments.

As highlighted by Bergamasco and Lovera [1], a combination of techniques is often needed

to tackle the challenging issues that arise in rotorcraft identi�cation.

The central challenge in system identi�cation is to build accurate models from real ex-

perimental data. Furthermore, the measurements are sometimes collected in closed-loop

operation, which further complicates the problem. This introduces correlations between

the input and noise signals, potentially leading to inconsistent and biased estimates if not

handled appropriately [2, 3]. To overcome these challenges, a wide variety of techniques

have been developed over the years, ranging from frequency-domain approaches to time-

domain methods, as detailed in [4, 5]. Frequency-domain techniques are widely employed

for their ability to provide non-parametric estimates of the system's transfer function. As

explained by [1], these methods, based on frequency sweeps, result in accurate frequency

response functions, which are used as benchmarks for comparison with identi�ed para-

metric models. While these approaches are useful for describing the system in terms of

frequency-dependent behavior, they may not provide direct information on the state-space

representations commonly used in control design. Moreover, generating reliable estimates

using frequency sweeps is time-consuming and requires carefully designed experiments.

Time-domain methods, on the other hand, use transient inputs, such as multi-step and
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impulse-like excitation signals. These methods typically focus on identifying state-space

representations, which can be directly used for control design purposes. Subspace iden-

ti�cation techniques have become prominent in this context due to their ability to es-

timate MIMO (Multiple Input Multiple Output) models without resorting to iterative

optimization procedures. This class of methods relies on numerical linear algebra tools

to obtain models directly from data [6, 7]. In particular, the survey by Van der Veen,

van Wingerden, Lovera, and Verhaegen [8] provides a comprehensive overview of several

subspace identi�cation methods that were proposed to tackle the closed loop identi�cation

challenge. For instance, the Multivariable Output-Error State-space (MOESP) method

estimates system dynamics by projecting the input-output data onto the orthogonal com-

plement of the input and innovations subspaces. This projection is achieved through

an RQ factorization of the input-output block Hankel matrices, followed by a singular

value decomposition (SVD) to determine the system order and extract the state-space

matrices. The N4SID (Numerical Subspace State-Space Identi�cation) method uses a dif-

ferent approach, directly projecting the input-output data onto subspaces associated with

non-steady-state Kalman �lter banks to compute the state sequences. These state se-

quences, representing optimal predictions of the system states, are then used to construct

the system matrices. One of the most widely used subspace identi�cation techniques in

closed-loop applications is the Predictor Based Subspace IDenti�cation (PBSID) algo-

rithm and its variants [9, 10]. This method, in contrast, combines subspace projections

with prediction error minimization. It identi�es the system by �rst estimating prediction

errors using oblique projections of the data and then solving a least-squares problem to

determine the state-space matrices. This hybrid approach improves model accuracy, es-

pecially in closed-loop settings, by explicitly accounting for the feedback structure during

the estimation process. Other approaches include using speci�c excitations or instrumen-

tal variables (IV) [11, 12], also detailed in [8], or applying methods that require controller

information.

While the vast majority of identi�cation methods focus on discrete-time systems, there is

a need for directly identifying continuous-time models, especially when dealing with sti�

systems or non-uniformly sampled data [13, 14]. Several approaches for continuous-time

identi�cation have been proposed, as detailed in [15]. These often rely on basis functions

to avoid the numerical issues related to high order derivative computation. This includes

transformations based on Laguerre basis expansions [16] or generalized orthonormal bases,

as proposed by [17]. In addition, some methods directly operate in the frequency domain

[18], which can be advantageous when an explicit frequency response function is desired.

One major issue that arises is the choice of the model structure to capture the true system
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behaviour with a reasonable number of parameters. A practical approach, proposed in

[1], is to integrate the information from time and frequency domain, to create a uni�ed

methodology that provides robust model estimates that can be used with well established

control theory results. This implies combining the ability of frequency response methods

to provide accurate estimates of the systems response in the desired bandwidth and of time

domain models to provide reliable state-space models suitable for control design. This

is achieved through a time/frequency approach that combines the most valuable advan-

tages of both techniques, exploiting non-parametric estimates to benchmark parametric

identi�cation methods.

Other techniques exist which are capable of achieving similar results to those of the

subspace methods presented so far, such as the well established prediction-error methods,

or a series of model reduction techniques that can be used once a black-box identi�cation

has been performed [7, 19]. These are not discussed in detail in this work for the sake of

brevity.

Although the PBSID technique o�ers a powerful approach to system identi�cation, with-

out the need of an initial estimate nor an iterative approach, and while providing good

statistical guarantees, the extension to continuous time systems is an open area of re-

search. The analysis performed in [15] led to two di�erent state-of-the-art strategies: the

application of Laguerre �lters and the projection into a basis of Laguerre functions, with

the posterior providing better results. Interestingly, these two frameworks were found

by tackling the problem from two di�erent approaches, namely, all-pass �ltering [20] and

system lifting [17], respectively. This apparent discrepancy in methodologies, even though

both methods ultimately leverage projections onto the Laguerre basis, is an interesting

matter of research. Furthermore, it remains unexplored whether other families of func-

tions can be used to construct similar identi�cation approaches. Finally, if possible, a

uni�ed framework including the families of functions or �lters which can be used for the

system discretization would be an interesting tool for both a theoretical understanding

and a practical improvement.

1.2. Scope of this work

The main scope of this work is to construct a novel framework for the transformation of

linear continuous-time (CT) systems into linear discrete-time (DT) systems by using the

properties of orthonormal bases within a functional analysis framework. This transfor-

mation is achieved by projecting the system's signals and operators onto the basis and

by exploiting the existing relationships between the original system and the transformed
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one. In doing so, a mathematical framework that allows building a direct link between

the original CT system and a corresponding DT system is developed. A particularization

for Hermite functions is explored, leading to a novel method denoted as Hermite Domain

PBSID (HD-PBSID). This method, thus, represents a valuable contribution to the �eld

of system identi�cation and control.

Furthermore, the proposed framework is not speci�c to any particular basis. A detailed

analysis of the underlying mathematical structure is provided, leveraging results from

Sturm-Liouville theory to understand which orthonormal bases can be obtained by an

eigenproblem de�ned by second order linear operators. Finally, the practical aspects of

the transformation are explored, by analyzing practical cases through both simulation

of realistic scenarios and experimental implementation for the identi�cation of a quadro-

tor. This allows to validate the theoretical results obtained in this work and verify the

performance of the proposed methods for system identi�cation.

This work aims to answer three main research questions:

� What is the relation of the Laguerre �ltering and projection methods for continuous-

time system identi�cation?

� To what extent can the prior methods be extended to other families of functions?

� What is the common framework for the continuous-time system identi�cation strate-

gies given di�erent function families?

1.3. General structure

The document is organized as follows. Chapter 2 revisits all the mathematical tools that

will be needed for this work, focusing on the properties of linear continuous-time and

discrete-time systems, on the core concepts of system identi�cation, and �nally, on the

fundamental results on functional analysis and Hilbert spaces. This chapter is used to

provide the reader with a background needed to fully understand the theoretical contri-

butions of this thesis.

Chapter 3 lays out the �rst theoretical framework for this work. In this chapter, the

core concepts of the transformation of systems by means of linear bases are presented. A

description on how signals and operators are transformed to a corresponding orthogonal

basis is provided, leveraging on the properties of the inner product. Next, the concepts

on functional analysis previously described are applied to the CT-DT transformation.

This methodology is �rst applied to the existing CT-PBSID framework, evaluating its
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consistency by using the properties of Laguerre bases. Additionally, a novel CT-DT

transformation is derived using the Hermite basis, noting that their properties correspond

to the ones of the quantum harmonic oscillator. By exploiting this framework, the time-

derivative operator is written as a combination of the creation and annihilation operators,

well known in Quantum Mechanics. Finally, this chapter provides a clear description of

the novel algorithm implementation in a practical scenario.

Chapter 4 generalizes the results achieved by exploring all the available orthonormal

bases for linear systems, by leveraging Sturm-Liouville theory. In this chapter, it will be

shown that only a few bases arise from this theory, which are suitable for linear system

analysis. This mostly theoretical chapter gives a common framework to Laguerre-based

and Hermite-based CT-DT strategies.

Chapters 5 and 6 are devoted to the practical aspects of the proposed method. In the for-

mer, the proposed framework is validated by applying it to the transformation of systems,

and by showcasing its performance in a few representative numerical cases. In the latter,

the proposed method is tested in a practical scenario by performing the identi�cation of

a quadrotor from experimental measurements.

Finally, Chapter 7 revisits the contributions of this work and sets the basis for future

developments.
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2| Preliminaries and Theoretical

Background

In this Chapter, the mathematical preliminaries and theoretical background used through-

out this work are introduced.

2.1. Fundamentals on linear systems

A dynamical system S is a map transforming an input or control signal u to an output

or measurement y,

S : U → Y

u→ y,
(2.1)

where U and Y are the sets in which u and y are de�ned, respectively. In this work,

continuous-time (CT) and discrete-time (DT) multidimensional dynamical systems are

considered. For CT systems, u and y are vector functions of time,

u : T → Rnu

y : T → Rny .
(2.2)

where T is the time interval in which the system is de�ned, which may be as [t0, tf ], R or

R+. For DT systems, u and y are sequences of vectors,

u ∈ (Rnu)M

y ∈ (Rny)M,
(2.3)

whereM is the sequence cardinal space, which may be as N∩[0, Nmax], Z or N. Additional
conditions might be imposed to the sets U , Y for the systems to be physically feasible.

In general, dynamical systems are constructed by the de�nition of an inner state x ∈ X,

which is propagated as given by the input. The output then maps the state and input.

Next, the particular structure of CT and DT linear systems is described.
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2.1.1. Continuous-time linear systems

A CT linear system is de�ned by a linear Ordinary Di�erential Equation (ODE) plus a

linear measurement map in the form

d

dt
x = Ax+Bu

y = Cx+Du.
(2.4)

Thus, the system S is completely characterized by matrices A ∈ Rnx×nx , B ∈ Rnx×nu ,

C ∈ Rny×nx and D ∈ Rny×nu . The uniqueness of signal x(t) and hence y(t) given u(t)

requires an initial condition x(t0) or initial state to be given.

2.1.2. Discrete-time linear systems

A DT linear system is de�ned by a linear di�erence equation plus a linear measurement

map in the form

xk+1 = Axk +Buk

yk = Cxk +Duk.
(2.5)

Thus, the system S is completely characterized by matrices A ∈ Rnx×nx , B ∈ Rnx×nu ,

C ∈ Rny×nx and D ∈ Rny×nu . The uniqueness of the sequence xk and hence yk given uk

requires an initial sample xk0 or initial state to be given.

2.1.3. Process and measurement noise

In realistic scenarios, both propagation and measurement equations are corrupted by

noise, which is de�ned in a slightly di�erent manner depending on the structure of the

system. For instance, for CT systems, noise is considered by means of a Wiener process

and the corresponding Stochastic Di�erential Equation (SDE),

dx = Axdt+Budt+ dw

dz = Cxdt+Dudt+ dv

ydt = dz.

(2.6)

Signals dw and dv are sampled from a multivariate normal distribution of mean zero and

covariance

Cov

(
dw

dv

)
=

[
Q S

ST R

]
dt. (2.7)
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Hence, the process noise dw introduces a random walk in the dynamics while the mea-

surement noise dv directly corrupts the measurement with gaussian noise. Typically dw

and dv are assumed as uncorrelated, leading to

dx = Axdt+Budt+ dw

y = Cx+Du+ v,
(2.8)

with dw and v sampled from normal distributions of mean zero and covariances Qdt and

R, respectively.

For DT systems, the addition of noise is analogous, such that

xk+1 = Axk +Buk + wk

yk = Cxk +Duk + vk,
(2.9)

with

Cov

(
wk

vk

)
=

[
Q S

ST R

]
. (2.10)

2.1.4. Representation systems and non-uniqueness of solutions

Let a DT linear system given by (2.5). Note that the following analysis equally applies to

CT systems. Let the state transformation Tx′k = xk, for T an invertible square matrix.

Thus,

Tx′k+1 = ATx′k +Buk

yk = CTx′k +Duk.
(2.11)

As T is invertible, the following system is equivalent to (2.5),

x′k+1 = A′x′k +B′uk

yk = C ′x′k +Duk,
(2.12)

for A′ = T−1AT , B′ = T−1B and C ′ = CT . Therefore, given a set of inputs and mea-

surements, any state and system matrices that satisfy the described relations is a correct

representation of the original system. Consequently, even for completely accurate signals

uk and yk, an in�nite set of matrices can be obtained, that is, the System Identi�cation

problem has a non-unique solution. The desired representation might be obtained by

imposing additional constraints based on known physical properties of x. Alternatively,

one of the possible representations might be obtained as a solution.
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2.2. System identi�cation and the PBSID method

The System Identi�cation problem aims to characterize S given u and y. The presence

of noise requires a statistical approach. There exists a broad set of techniques to identify

S from the available data. Some of them parameterize the matrices and minimize a cost

function or maximize a likelihood [19, 21]. Other techniques operate on the frequency

domain, �tting the estimated transfer function from measurements with a model of a

given structure [22]. A particularly interesting set of methods are the so called Subspace

Identi�cation (SID), which leverage the properties of linear systems and tackle the iden-

ti�cation algebraically. These methods are well suited for multidimensional systems, do

not require an initial guess for the system nor a parametrization of its matrices, and have

good properties regarding the e�ect of noise.

For DT systems, the Predictor-Based Subspace Identi�cation (PBSID) method is a well

known approach that provides excellent results in practical scenarios. It leverages the

innovation form of the system to identify. Given the structure in (2.9), let the predictor

x̂k+1 = Ax̂k +Buk +Kek, (2.13)

where K is the predictor's Kalman gain [23] and the innovation ek is de�ned as

ek = yk − Cx̂k −Duk. (2.14)

Assuming that the Kalman gain is in steady state, the innovation form of the predictor's

dynamics is given by

x̂k+1 = Ax̂k +Buk +Kek

yk = Cx̂k +Duk + ek.
(2.15)

Substituting the measurement equation in the update equation leads to

x̂k+1 = Ax̂k +Buk +Kyk −KCx̂k −KDuk = Āx̂k + B̄

(
uk

yk

)
, (2.16)

with Ā = A − KC and B̄ =
[
B −KD K

]
. Let the extended measurement zk =(

uk yk

)T
. Note that it is possible to recursively compute successive state predictions

such as

x̂k+2 = Āxk+1 + B̄zk+1 = Ā2xk + ĀB̄zk + B̄zk+1. (2.17)
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Hence, in general,

x̂k+p = Āpx̂k +
[
B̄ ĀB̄ · · · Āp−1B̄

]

zk+p−1

zk+p−2

...

zk

 = Āpx̂k + ∆̄pZ
k+p−1,k. (2.18)

By de�nition, Ā = A−KC is a stable matrix, so that for large p, Āp ≈ 0 and

x̂k+p = ∆̄pZ
k+p−1,k. (2.19)

Substituting this result into the measurements equation,

yk+p = C∆̄pZ
k+p−1,k +Duk+p + ek+p. (2.20)

For a window of size f , a set of equations can be stacked as[
yk+p · · · yk+p+f

]
= C∆̄p

[
Zk+p−1,k · · · Zk+p+f−1,k+f

]
+D

[
uk+p · · · uk+p+f

]
+
[
ek+p · · · ek+p+f

]
.

(2.21)

Thus, C∆̄p and D can be obtained as the solution of an unconstrained least squares

problem, namely, solving Gauss' normal equations. Let the controllability-like matrix Γ̄f

be de�ned as

Γ̄f =


C

CĀ
...

CĀf−1

 . (2.22)

The Hankel matrix Γ̄f∆̄d is thus given by

Γ̄f∆̄d =


CB̄ CĀB̄ · · · CĀp−1B̄

CĀB̄ CĀ2B̄ · · · CĀpB̄
...

. . .

CĀf−1B̄ CĀf B̄ · · · CĀp+f−1B̄

 . (2.23)
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Given the approximation Āk ≈ 0, k ≥ p,

Γ̄f∆̄d ≈


CB̄ CĀB̄ · · · CĀp−1B̄

CĀB̄ CĀ2B̄ · · · 0
...

. . .

CĀf−1B̄ CĀf B̄ · · · 0

 , (2.24)

which can be constructed by blocks of the already computed matrix C∆̄p. Let Z =[
Zk+p−1,k · · · Zk+p+f−1,k+f

]
. From the structure of ∆p, it is possible to write

X̂
.
=
[
x̂k+p · · · x̂k+p+f

]
= ∆̄pZ. (2.25)

Hence,

Γ̄fX̂ = Γ̄f∆̄pZ. (2.26)

Since the right hand side is known, Γ̄fX̂ can be computed. An in�nite set of representa-

tions leads to the same system, as previously discussed. Thus, one might simply determine

an X̂ by performing a Singular Value Decomposition (SVD) such that

USV T = Γ̄fX̂. (2.27)

Only a set of the largest nx̂ singular values might be considered, leading to a dimension

x ∈ Rnx̂ . Thus, for instance, a compatible representation is given by

Γ̄f = U
√
S, X̂ =

√
SUT . (2.28)

From this point, the computation of A, B and C is straightforward. In particular, the

system matrices can be determined by writing the innovation form dynamics in (2.15) for

all inputs and measurements, in the same way as described in (2.21), using X̂ as a known

quantity. Note that K is an output of the PBSID.

This method is a powerful strategy for DT system identi�cation. As the determination

of the system's matrices is approached as a LS problem with a white noise source, by

leveraging the structure of the innovation form, it has a number of powerful statistical

properties. In particular, the PBSID method has been proved to be a consistent estimator,

even for closed loop identi�cation, as well as asymptotically e�cient. In general, the

computational and implementation complexity of the PBSID is small as compared to

other identi�cation approaches. Additionally, by choosing the number of singular values



2| Preliminaries and Theoretical Background 13

in the SVD, the size of the inner state x is a design variable. This is convenient, as it

allows to solve the identi�cation problem for various state dimensions, and then select

it given some metric. Note that no initial guess is required for the identi�cation of the

system matrices A, B and C.

Unfortunately, the PBSID is posed as a DT identi�cation method, which does not have a

direct application to CT systems, needing for a previous discretization or CT-DT transfor-

mation stage. For this added complexity, which is an open area of study, several methods

have been proposed. This additional phase is extremely relevant for the PBSID to provide

good results, and is the focus of this work.

2.3. Hilbert spaces

Hilbert spaces provide a rigorous mathematical framework for analyzing functions and

sequences, particularly within the context of system identi�cation and signal processing.

In this section, only the essentials for this thesis are provided. For more detail, the reader

is referred to a manual on functional analysis. A particularly well known reference is [24].

2.3.1. Introduction

A Hilbert space is a vector space H over the �eld of real or complex numbers equipped

with an inner product ⟨·, ·⟩ : H × H → K (where K is either R or C) that satis�es the
following properties:

1. Linearity in the �rst argument: ⟨αx + βy, z⟩ = α⟨x, z⟩ + β⟨y, z⟩ for all x, y, z ∈ H
and scalars α, β ∈ K.

2. Conjugate symmetry: ⟨x, y⟩ = ⟨y, x⟩ for all x, y ∈ H (where z denotes the complex

conjugate of z; if K = R, then ⟨x, y⟩ = ⟨y, x⟩).

3. Positive de�niteness: ⟨x, x⟩ ≥ 0 for all x ∈ H, with ⟨x, x⟩ = 0 if and only if x = 0.

These properties become useful in various parts of this work. The inner product induces

a norm, ∥x∥ =
√

⟨x, x⟩, which allows the de�nition of distance and concepts such as

convergence. In particular, a Hilbert space is also required to be complete with respect

to the norm induced by the inner product, namely, every Cauchy sequence must converge

to an element within the space. This property is fundamental for taking limits and

for many approximation techniques. This section introduces the fundamental concepts

of Hilbert spaces, emphasizing the L2 and ℓ2 spaces, which are very useful frameworks

for characterizing continuous-time and discrete-time signals, respectively. These spaces
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provide the setting for expressing CT and DT systems as operators in a Hilbert space,

and allow to construct well-founded transformations between these two formulations.

2.3.2. The L2 space

The space L2(T) is the set of all square-integrable functions de�ned on a time interval

T ⊆ R. Formally, a function f : T → R belongs to L2(T) if∫
T
|f(t)|2 dt <∞. (2.29)

The inner product in L2(T) is de�ned as

⟨f, g⟩L2 =

∫
T
f(t)g(t) dt, (2.30)

for f, g ∈ L2(T). The induced norm (or length) of a function f ∈ L2(T) is given by

∥f∥L2 =
√

⟨f, f⟩L2 =

√∫
T
|f(t)|2 dt. (2.31)

The L2 space is a Hilbert space, which means it is a complete normed vector space.

This implies that it is closed under taking limits of Cauchy sequences, ensuring that

limits of convergent sequences of functions in this space also belong to the space. This

is crucial for dealing with approximations and iterative procedures commonly used in

system identi�cation. In the context of system theory, one can consider L2(T;Rn) as the

space of n-dimensional square-integrable vector functions. In that case,

⟨f, g⟩L2 =

∫
T
f(t)Tg(t) dt, (2.32)

for f, g ∈ L2(T;Rn).

2.3.3. The ℓ2 space

The space ℓ2 is the counterpart of L2 for discrete-time signals. It is the space of all

square-summable sequences. For a sequence x = (xk)k∈M, where M ⊆ Z is the index set,

it is said that x ∈ ℓ2 if ∑
k∈M

|xk|2 <∞. (2.33)
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The inner product in ℓ2 is de�ned as

⟨x, y⟩ℓ2 =
∑
k∈M

xkyk, (2.34)

for x, y ∈ ℓ2. The induced norm of a sequence x ∈ ℓ2 is

∥x∥ℓ2 =
√

⟨x, x⟩ℓ2 =
√∑

k∈M

|xk|2. (2.35)

Similar to the L2 space, the ℓ2 space is also a Hilbert space, which is essential when dealing

with iterative identi�cation algorithms on discrete time data, where the convergence of

sequences is critical. In the context of system theory, one can consider ℓ2(M;Rn) as the

space of n-dimensional square-summable vector sequences. In that case,

⟨x, y⟩ℓ2 =
∑
k∈M

xTk yk. (2.36)

2.3.4. Projections on Hilbert spaces

A fundamental property of Hilbert spaces is the existence of orthogonal projections onto

closed subspaces. Let H be a Hilbert space, and let M be a closed subspace of H. The

Projection Theorem states that for any element x ∈ H, there exists a unique element

xM ∈ M, known as the orthogonal projection of x onto M, such that

∥x− xM∥ ≤ ∥x− y∥, ∀y ∈ M. (2.37)

This element xM is characterized by the fact that the di�erence x− xM is orthogonal to

every element in M, i.e.,

⟨x− xM, y⟩ = 0, ∀y ∈ M. (2.38)

For this work, it is of particular interest to project a given element x ∈ H onto the

subspace spanned by some v ∈ H − {0}. The resulting vector, denoted as xv ∈ span(v),

is such that

⟨x− xv, v⟩ = 0. (2.39)

Vector xv is uniquely given by

xv =
⟨x, v⟩
⟨v, v⟩

v = ⟨x, v⟩ v

∥v∥
. (2.40)
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If v has unit norm,

xv = ⟨x, v⟩v. (2.41)

The concept of projections provides the best approximation of an element in a subspace

in terms of the norm induced by the inner product.

2.3.5. Orthonormal bases

A set of vectors {ei}i∈I in a Hilbert space H is called an orthogonal basis if:

1. ⟨ei, ej⟩ = 0 for all i, j ∈ I with i ̸= j (orthogonality).

2. The set of all �nite linear combinations of the ei is dense
1 in H.

If, in addition, every vector ei has unit norm, i.e., ∥ei∥ =
√

⟨ei, ei⟩ = 1 for all i ∈ I, then

the basis is called an orthonormal basis.

Given an orthonormal basis {ei}i∈I and an arbitrary element x ∈ H, the orthogonal

projection of x onto the subspace spanned by a single basis vector ei is given by

xei = ⟨x, ei⟩ei. (2.43)

Since the set of all �nite linear combinations of the basis vectors is dense in the Hilbert

space H, any element x ∈ H can be approximated by a linear combination of the basis

vectors:

x ≈
∑
i∈F

ciei, (2.44)

where F is a �nite subset of I and ci are the coe�cients. In fact, x can be expressed as a

convergent series with respect to the norm as

x =
∑
i∈I

⟨x, ei⟩ei, (2.45)

where the equality holds in the sense of convergence in the norm induced by the inner

1The term "dense" means that for any element x ∈ H and any arbitrarily small positive number ϵ > 0,
there exists a �nite linear combination of the basis vectors, say

∑
i∈F ciei (where F is a �nite subset of

I), such that the distance between x and this linear combination is less than ϵ:∥∥∥∥∥x−
∑
i∈F

ciei

∥∥∥∥∥ < ϵ. (2.42)

In other words, the set of all �nite linear combinations of the basis vectors can get arbitrarily close to
any element in the Hilbert space H. This is equivalent to requiring that every element x ∈ H can be
approximated arbitrarily well by elements in the span of the basis vectors.
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product of H. This is called the series expansion of x with respect to the orthonormal

basis {ei}. The coe�cients ci = ⟨x, ei⟩ are known as the coordinates of x with respect to

this basis.

While the complete series expansion in (2.45) gives the exact vector x in terms of elements

of the basis, the �nite series expansion in (2.44) provides the best approximation of x

contained in the span of {ei}i∈F . Since I is in�nite-dimension for L2 and ℓ2 for it to be

dense, as given by property 2, only a �nite set F ⊂ I is considered for all series expansions

within this work.

2.3.6. Spectrum of a linear operator

Let T be a linear operator over a Hilbert space

T : H → H (2.46)

The concept of eigenvalue problem can be generalized from linear algebra to any Hilbert

space. For this purpose, the resolvent operator is de�ned as

Rλ(T ) = (T − λI)−1. (2.47)

A regular value is a complex number λr ∈ C such that

1. Rλr(T ) exists.

2. Rλr(T ) is bounded.

3. Rλr(T ) is de�ned over a dense subset E ⊂ H.

The set of all regular values is the resolvent set, ρ(T ). The complementary of the resolvent

set is the spectrum of the operator, σ(T ) = C − ρ(T ). In particular, all values λ that

do not verify condition 1 are labeled by point spectrum σp(T ), those verifying condition

1 but not condition 2 are the continuous spectrum σc(T ), and those satisfying conditions

1 and 2 but not condition 3 belong to the residual spectrum σr(T ). Note that σ(T ) =

σp(T )∪σc(T )∪σr(T ), and σp∩σc = σp∩σr = σc∩σr = ∅. The de�nition of eigenvalue is

only possible for the point spectrum, and can be relaxed to also consider the continuous

spectrum. The residual spectrum is not of interest for this work, and is not considered in

what follows.

For the point spectrum, by imposing that T − λI is not invertible, the usual de�nition of
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eigenvalue is recovered, namely,

Tv = λv, v ∈ H − {0}. (2.48)

Vectors v satisfying the above condition are the eigenvectors of T associated to λ. For

the continuous spectrum, an equivalent form known as a Weyl sequence is used.

2.3.7. Self-adjoint operators

Let T be a bounded2 linear operator over a Hilbert space. The adjoint operator T † is the

only linear operator such that, for any u, v ∈ H,

⟨u, Tv⟩ = ⟨T †u, v⟩. (2.49)

An operator is self-adjoint if it satis�es T = T †. Let two eigenvectors u and v be associated

to di�erent eigenvalues λ1 ̸= λ2 of a self-adjoint operator. Then,

⟨u, Tv⟩ = ⟨Tu, v⟩ = λ1⟨u, v⟩ = λ2⟨u, v⟩. (2.50)

Thus, it must hold that

⟨u, v⟩ = 0. (2.51)

This is a general property of self-adjoint operators: the eigenvectors associated to two

di�erent eigenvalues are orthogonal. Besides, in consequence of the conjugate symmetry

property of the inner product,

⟨u, Tu⟩ = ⟨Tu, u⟩ = λ1∥u∥2 = λ1∥u∥2. (2.52)

Consequently, all eigenvalues of a self-adjoint operator are real. Furthermore, the residual

spectrum of self-adjoint operators is empty, that is, σ(T ) = σp(T ) ∪ σc(T ).

A particularly interesting property exists for self-adjoint operators having only point spec-

trum, that is, σ(T ) = σp(T ). In that case, the set of all eigenvectors of T span the complete

space H,

σ(T ) = σp(T ) → H =
⊕

λ∈σp(T )

ker (T − λI). (2.53)

In other words, the eigenvectors of a self-adjoint operator with only point spectrum form

an orthogonal basis of H.

2An operator T is bounded if supu∈H ∥Tu∥ < M∥u∥, for some M ∈ R+.
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3| CT-DT transformation via

basis expansions

This Chapter explores the transformation of CT linear systems to DT representations

using basis expansions in Hilbert spaces. This transformation is essential for many ap-

plications in system identi�cation and control, where algorithms are often designed for

DT data. During the development of this thesis, it was found that literature on CT-

DT transformation for system identi�cation did not approach the problem from a basis

transformation perspective. This motivated research on this theoretical framework, which

leverages the algebraic properties of Hilbert spaces and the existence of discrete bases for

purely continuous spaces.

The chapter begins by establishing a framework where linear systems are viewed as op-

erators acting on Hilbert spaces of signals. It then explores the concept of Schauder

bases, with a focus on Laguerre and Hermite functions, which provide a way to represent

signals as sequences of coe�cients. The construction of CT-DT transformations is then

discussed, showing how operators can be discretized through the use of these basis expan-

sions. Furthermore, a revision of previous CT-PBSID methods based on Laguerre func-

tions is provided, highlighting the link between projection and convolution approaches,

and examining the validity of its foundation from a Hilbert spaces perspective. Finally, a

novel approach based on an analogy with the well known quantum oscillator is introduced,

leading to an elegant and direct CT-DT transformation using Hermite functions..

3.1. Linear systems as operators on Hilbert spaces

A CT Linear Time-Invariant (LTI) system can be viewed as a combination of signals and

dynamics. Signals are elements of a continuous Hilbert space, namely L2(R) or L2(R+).

Let x(t), u(t), y(t), v(t), w(t) ∈ L2, where x(t) is the system state, u(t) the input, y(t) the

output, and v(t), w(t) some noise processes. The dynamics are linear operators over the

Hilbert space, given by

T : L2 → L2. (3.1)
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Speci�cally, considering the structure in (2.8), operators such as the derivative d/dt, and

the system matrices A, B, C, and D are considered.

The goal of this work is to �nd a bijective transformation of such a system to a DT LTI

one, sharing the structure with (2.9). In the DT framework, signals are elements of a

discrete Hilbert space, namely ℓ2(Z) or ℓ2(N). Let xn, un, yn, vn, wn ∈ ℓ2. The dynamics

are (linear) operators over the Hilbert space, given by

Td : ℓ
2 → ℓ2. (3.2)

Speci�cally, the operators of interest are the index increase operator (z), and the system

matrices Ad, Bd, Cd, and Dd.

Additionally, a very important requirement for the CT-DT transformation is that it must

preserve the mean and covariance of Wiener processes. This last property appears natu-

rally by using orthonormal bases, as proved later on.

3.2. Schauder bases of L2

A Schauder basis, or countable basis, for a Hilbert space H is a sequence {bi}i∈N of

elements of the space, bi ∈ H, that satis�es

v =
∑
i∈N

αibi, ∀v ∈ H, (3.3)

and for which the coe�cients αi are unique. A Hilbert space that admits a Schauder

basis is called separable. Thus, a discrete basis can be de�ned in a Hilbert space if and

only if the space is separable. Conveniently, both L2(R) and L2(R+) are separable spaces.

Furthermore, any separable in�nite-dimensional Hilbert space is isometrically isomorphic

to ℓ2(N). For instance, let two spaces H1 and H2 be isometrically isomorphic. Thus, there

exists a transformation T : H1 → H2 which veri�es the following:

� Isometric: T preserves the norm of vectors, namely, ∥v∥H1 = ∥T (v)∥H2 ,∀v ∈ H1.

For Hilbert spaces, this implies that T is unitary.

� Isomorphic: T is bijective and the algebraic structure of the spaces is preserved. For

Hilbert spaces, this implies that T is linear invertible.

It is of interest to �nd Schauder bases that are orthonormal, as they provide a particularly

straightforward transformation strategy based on projections. The standard orthonormal

countable bases of L2(R) and L2(R+) are the Hermite functions and the Laguerre func-
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tions, respectively. Laguerre functions have been well studied for CT-DT transformation,

although their application is not derived from the theory of Hilbert spaces and Schauder

bases but by using the methods of system lifting and Laguerre �ltering, whereas to the

author knowledge, Hermite functions have not been considered for the CT system identi-

�cation problem.

3.2.1. Laguerre functions

0 10 20 30 40 50 60 70 80

t

-0.4

-0.2

0

0.2

0.4

0.6

0.8

l n
(t

)

Figure 3.1: Laguerre basis up to order 10, with pole a = 1.

The Laguerre basis is a set of functions {ln(t)} ∈ L(R+), constructed on top of the well

known Laguerre polynomials, by means of a normalization. This is a Shauder basis of

L(R+) which is also orthonormal, namely,

⟨ln, lm⟩ =
∫ ∞

0

ln(t)lm(t)dt = δnm,∀n,m ∈ N. (3.4)

The Laguerre functions of order n can be written as the convolution of a low-pass �lter

l0(t), which is the 0-th order Laguerre function, with an n-th order stable all-pass �lter,

i.e.,

Anl0(t) = ln(t). (3.5)

A relevant property of these functions, is their simple expression in the Fourier domain.
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Indeed, the Fourier transform of an n-th order all pass �lter is given by

F {An} =

(
s− a

s+ a

)n

, (3.6)

where a is a constant a ∈ R+ known as the �lter's pole that characterizes the �lter. The

Fourier transform of the low-pass �lter l0 is

F {l0} =

√
2a

s+ a
. (3.7)

In practice, Laguerre functions can be e�ciently computed by means of recurrence rela-

tions, which arise from the normalized polynomial nature of this basis.

3.2.2. Hermite functions
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Figure 3.2: Hermite basis up to order 10.

The normalized Hermite functions, hn(t), are de�ned using the Hermite polynomials1

1In the literature, the polynomials used in this thesis are sometimes referred to as the physicist's Her-

mite polynomials. An explicit expression for the n-th Hermite polynomial is the particularized Rodrigues'
formula, Hn(t) = (−1)nex

2 dn

dxn e
−x2

, although they are typically generated using recurrence relations, as
shown later in this chapter.
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Hn(t) as

hn(t) = e−t2/2 Hn(t)√
2n
√
πn!

. (3.8)

The sequence {hn(t)} is an orthonormal Schauder basis of L2(R), that is,

⟨hn, hm⟩ =
∫ ∞

−∞
hn(t)hm(t)dt = δnm, ∀n,m ∈ N. (3.9)

These functions are of particular interest because of their representation as eigenfunctions

of the Fourier transform operator and the interesting relations of the derivative operator,

as it will be shown next. Additionally, in the same way as Laguerre functions, Hermite

functions satisfy recurrence relations, which are fundamental for practical applications.

3.2.3. Construction of CT-DT transformations

Given an operator T : L2 → L2, it is possible to discretize it using an orthonormal

Schauder basis {bi}. For instance, let the vectors v, v′ ∈ L2 satisfying

v′ = Tv. (3.10)

By expanding the vectors into their series, it follows that

∑
i∈N

⟨bi, v′⟩bi = T
∑
i∈N

⟨bi, v⟩bi =
∑
i∈N

⟨bi, v⟩Tbi. (3.11)

By projecting both sides on the basis element bj, it follows that

⟨bj, v′⟩ =
∑
i∈N

⟨bi, v⟩⟨bj, T bi⟩. (3.12)

Consequently,

ṽ′j =
∑
i∈N

T̃jiṽi, (3.13)

where ṽi = ⟨bi, v⟩ and T̃ji = ⟨bj, T bi⟩. Therefore, this procedure transforms an operator

in the L2 into an operator in ℓ2 in the coordinates of the given basis. Note that as

per the de�nition of Schauder bases, any transformed vector {ṽn} and operator T̃ji are

unique, that is, there is only one representation of a vector v and operator T as a linear

combination of the elements of a basis. This uniqueness property is proved to be of

interest later on. For instance, let B1 and B2 be two di�erent Schauder bases. It can be
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guaranteed that

vj =
∑
ui∈B1

ṽjiui,∀vj ∈ B2. (3.14)

Thus, let a basis be given by appendingB1 andB2, B = {v ∈ B1, B2} = {u0, u1, . . . , v0, v1, . . .}.
As shown in (3.14), all elements of B2 are a linear combination of elements of B1, in other

words, the basis B is composed of linearly dependent vectors and, for instance, can never

be orthogonal. Therefore, no additional information can be obtained by appending a

Schauder basis, but redundant (linearly-dependent) data. All Schauder bases of L2 are

(possibly in�nite-terms) linear combinations of each other. The applicability of this result

on CT-DT transformation is discussed next.

The structure of T̃ji is of particular interest. Writing it in matrix form,

T̃ =


⟨b1, T b1⟩ ⟨b1, T b2⟩ · · ·
⟨b2, T b1⟩ ⟨b2, T b2⟩ · · ·

...
. . . . . .

 . (3.15)

The term T̃ji is nonzero only if Tbi has some component in the direction of bj. An operator

T̃ with T̃ji ̸= 0 is said to connect states i and j. This intuition is of interest later on.

In some cases, explicitly computing T̃ji = ⟨bj, T bi⟩ can be a complex task, as it is the case

for the derivative operator. As T̃ji is unique, it might be determined by exploiting the

properties of the chosen Schauder basis.

3.3. Revision of the CT-PBSID

Two methods for system discretization based on Laguerre functions were proposed in [15]:

a projection method and a convolution method. This section aims to study these methods

under the light of functional analysis in Hilbert spaces, not providing a complete descrip-

tion or discussion of their properties, but a characterization in terms of the proposed

theoretical framework.

The projection method is based on the methodology explained in the previous section. It

de�nes the following projection for the i-th Laguerre function,

ũi(k) =

∫ ∞

0

(Ak
i l0(τ))u(ti + τ)dτ, (3.16)
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which is by de�nition equivalent to

ũi(k) = ⟨lk(t), u(ti + t)⟩. (3.17)

Therefore, the CT-PBSID expands a given vector u(ti+t) ∈ L(R+) as a linear combination

of the Schauder basis, and then computes the corresponding coe�cients by exploiting the

fact that the basis is orthonormal. The signal can be completely characterized for any

ti ∈ R+ as

u(t+ ti) =
∑
k∈N

ũi(k)lk(t). (3.18)

For a di�erent sampling time tj, one can write

u(t+ tj) =
∑
k∈N

ũj(k)lk(t+ (tj − ti)). (3.19)

As discussed in the previous section, {lk(t)} and {lk(t + (tj − ti))} are two linearly-

dependent bases. Therefore, for a su�cient order of expansion, these vectors are linear

combinations of each other, and coe�cients ũj do not add information to ũi about the

projected function u(t).

The original CT-PBSID performs a low order Laguerre expansion of signals, but resamples

it at every sampling instant ti. This approach does not conserve the properties derived

from orthogonality and completeness of the Schauder basis. In particular, from this

approach, considering n samples and order N expansions, the generated basis is given by

B = {l0(t), . . . , lN(t), l0(t+∆t), . . . , lN(t+∆t), . . . , l0(t+ n∆t), . . . , lN(t+ n∆t)}.

(3.20)

Even for n≫ 1, this basis is nor orthogonal, nor linearly independent, and certainly not a

Schauder basis, lacking the properties shown throughout this text. In contrast, a method

that is closer to the theoretical results is a high order (N) expansion of the signal for a

single given sampling point t0, so that ⟨u(t+ t0), lm⟩ ≈ 0,m > N .

A convolution method is also proposed in [15], based on the framework developed by

[20], to bene�t from the simple Fourier transform of Laguerre functions. The structure of

convolutions is very similar to that of the projections. To illustrate this, let two functions

f, g : R+ → R. By de�nition,

(f ∗ g) (t) =
∫
R+

f(τ)g(t− τ)dτ =

∫ t

0

f(τ)g(t− τ)dτ , (3.21)
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as f, g are de�ned only for positive real values. Consequently

(f ∗ g) (t) = ⟨f(τ), g(t− τ)⟩[0,t], (3.22)

that is, the convolution of functions in R+ evaluated at t is equivalent to an inner product

in [0, t]. Only if t≫ 1, the convolution has the structure of the inner product of L2(R+).

By using convolutions, a discretization of the linear system is obtained. However, for the

same basis of Laguerre functions, the coe�cients of the expansion are di�erent. Addition-

ally, the convolution-based method performs worse than the projection-based approach.

If both discretizations were correct, this result seems as a contradiction. As previously

shown, for a given basis of functions, the projection of a linear operator T over the

span of the basis, T̃ji, is unique. This apparent inconsistency of theory and practice

disappears by examining the original proof of the projection-based CT-DT transformation

[20]. In particular, it assumes that the convolution-based transformation conserves the

cross covariance of Wiener processes. For this to be true, the following equality must

hold, ∫ ∞

0

lq(t− τ)Slr(t− τ)dτ
?
= Sδqr. (3.23)

This is correct only if evaluated at t → ∞, as given by the orthonormality condition of

Laguerre functions in L(R+). In other words, Laguerre functions are not orthonormal

in any interval [0, t], and the theoretical results previously discussed are only valid for

large t. As just shown, convolutions for t → ∞ behave as projections, which leads

to the aforementioned projection method. Hence, the convolution-based approach only

approximately obtains a DT expansion, even in theory, and does not conserve the mean

and covariance of noise signals, among other properties.

Examining (3.23), a set of functions for which a convolution may be used, just as a

projection, is the Hermite basis. Indeed, for Wiener processes v(t), w(t) de�ned over R
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with cross-covariance S, it holds that

E {(hn(t) ∗ v(t)) (hm(t) ∗ w(t))} = E

{(∫ ∞

−∞
hn(t− τ)dv(τ)

)(∫ ∞

−∞
hm(t− ϕ)dw(ϕ)

)}
=

∫ ∞

−∞

∫ ∞

−∞
hn(t− τ)hm(t− ϕ)E{dv(τ)dw(ϕ)}

=

∫ ∞

−∞
hn(t− τ)hm(t− τ)Sdτ = Sδnm.

(3.24)

This is a convenient property, as it ensures that the covariance of random processes is

conserved, not only under projection, but also under convolution. This arises an interest

on Hermite functions as an alternative to the Laguerre basis for CT-DT projections.

Nonetheless, transforming the d/dt operator and hence the dynamics requires a careful

analysis and is not straightforward. A similar problem is found in Quantum Mechanics

when computing the momentum operator acting on the eigenfunctions of the harmonic

oscillator. This framework is adopted to the problem at hand, leading to an elegant

method, as follows.

3.4. The quantum oscillator approach to CT-DT trans-

formation

Functional analysis is one of the most relevant mathematical tools in many areas of science

and engineering. In particular, Quantum Mechanics built on top of Hilbert spaces theory

as a consequence of its First Postulate2 (see, for instance, [25]). The expansion of functions

using Schauder bases is a particularly important technique, as it is the foundation of

quantum states, energy levels and state transitions.

This motivates searching for connections between the approaches followed in Quantum

Mechanics and those of CT-DT transformations. In this work, one of these connections

was found by observing the nature of Hermite functions and the well known quantum

harmonic oscillator problem, which is of paramount importance in many applications such

as nuclear or molecular physics. This interesting framework is explored in this section,

2The First Postulate of Quantum Mechanics states that any physical system is completely de�ned by
a function Ψ(r, t), the wavefunction, which belongs to L2.
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�rstly from a theoretical view and then with numerical examples verifying the predicted

properties. These techniques are later used to construct a novel CT system identi�cation

method.

3.4.1. Theoretical framework

Hermite functions can be de�ned as the solutions of the Hermite equation, namely,3(
−1

2

d2

dt2
+

1

2
t2
)
hn(t) =

(
n+

1

2

)
hn(t). (3.25)

This is the exact structure of the time-invariant Schrödinger's one-dimensional equation

for a quantum harmonic oscillator. The operator 1/2(d2/dt2+ t2) is de�ned as the Hamil-

tonian, H. Note that problem (3.25) is also an eigenvalue problem for the operator H,

which can be proved to be self-adjoint and to have only point spectrum. The following

Hamiltonian decomposition is a common tool for simpli�cation,

H =
1

2

(
− d2

dt2
+ t2

)
=

1√
2

(
− d

dt
+ t

)
1√
2

(
d

dt
+ t

)
+

1

2
.
= a†a+

1

2
, (3.26)

where the creation and annihilation operators, a† and a, are de�ned by

a† =
1√
2

(
− d

dt
+ t

)
a =

1√
2

(
d

dt
+ t

)
.

(3.27)

(3.28)

An important technique for operator manipulation in Quantum Mechanics is the so-called

commutator [·, ·], de�ned for two operators A,B : L2 → L2 such that

[A,B]
.
= AB −BA. (3.29)

Note that, by de�nition,

Ha†hn(t) = [H, a†]hn(t) + a†Hhn(t). (3.30)

The second term is simple to compute because, as given in (3.25),

Hhn(t) =

(
n+

1

2

)
hn(t). (3.31)

3The equation is written in a slightly non-conventional manner for a clearer analysis.
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The �rst term is slightly more involved. In particular, the following commutation rela-

tionships can be proved

[a, a†] = 1

[H, a†] = a†

[H, a] = −a.

(3.32)

(3.33)

(3.34)

Thus,

Ha†hn(t) = a†hn(t) + a†
(
n+

1

2

)
hn(t) =

(
n+ 1 +

1

2

)
a†hn(t). (3.35)

Comparing with (3.25), it is seen that a†hn(t) is an eigenfunction of H with eigenvalue

(n+ 1) + 1
2
, or that

a†hn(t) ∝ hn+1(t). (3.36)

It is equally proved that

ahn(t) ∝ hn−1(t). (3.37)

By inspection of the commutation relationships, it can be proved that

a†hn(t) =
√
n+ 1hn+1(t)

ahn(t) =
√
nhn−1(t).

(3.38)

(3.39)

Therefore, the derivative operator can be written by combining (3.27) and (3.28),

d

dt
hn(t) =

1√
2

(
a− a†

)
hn(t). (3.40)

Note that, for Hermite functions, the derivative operator connects the state n with states

n− 1 and n+ 1 only. Obtaining the derivative operator for the coe�cients of a Hermite

series expansion is not trivial. Let a function f(t) be written as a series expansion

f(t) =
∞∑
n=0

fnhn(t), (3.41)

where

fn = ⟨hn(t), f(t)⟩. (3.42)

Di�erentiating this function allows to extend the derivative operator to the discrete do-

main so that

d

dt
f(t) =

∞∑
n=0

fn

(
1√
2

(
a− a†

)
hn(t)

)
.
=

∞∑
n=0

(
d

dt
fn

)
hn(t), (3.43)
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where coe�cients dfn/dt are de�ned so that the previous equality holds. To determine

dfn/dt from fn, it is useful to project the prior equation over hm(t) and leveraging or-

thonormality, that is,〈
hm(t),

d

dt
f(t)

〉
=

∞∑
n=0

〈
hm(t),

(
1√
2

(
a− a†

))
hn(t)

〉
fn =

d

dt
fm. (3.44)

Applying the adjoint de�nition within the inner product,

∞∑
n=0

〈(
1√
2

(
a− a†

))†

hm(t), hn(t)

〉
fn =

(
1√
2

(
a− a†

))†

fm =
d

dt
fm. (3.45)

Noting that a† and a are adjoints of each other, one �nally gets

d

dt
fn =

(
1√
2

(
a− a†

))†

fn =
1√
2

(
a† − a

)
fn. (3.46)

This expression can be written as a matrix operator. In particular, let f =
(
f0 f1 · · ·

)
.4

It follows that

d

dt
f = f



0
√

1/2 0 0 · · ·
−
√
1/2 0

√
2/2 0 · · ·

0 −
√
2/2 0

√
3/2 · · ·

0 0 −
√

3/2 0
. . .

...
...

...
. . . . . .


= fD. (3.47)

When considering a vector function, the de�nition is identical. Indeed, let

f =


fx,0 fx,1 · · ·
fy,0 fy,1 · · ·
...

...
. . .

 (3.48)

It holds that
d

dt
f = fD. (3.49)

4This de�nition is more convenient than using column vectors, as shown next.
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Hence, the transformation of a linear system de�ned by (2.4) is

d

dt
x = Ax+Bu→ xD = Ax+Bu

y = Cx+Du→ y = Cx+Du

(3.50)

(3.51)

For the series expansion de�nition (3.3), let f(t) : R → Rn be a vector function and f its

Hermite representation. Besides, let the discretized Hermite basis matrix be

H =


h0(t0) h0(t1) . . . h0(tN)

h1(t0) h1(t1) . . . h1(tN)
...

...
...

...

 . (3.52)

The sampled time-domain signal f(t) can be recovered at the sampling times t0, t1, . . . , tN

so that (
f(t0) f(t1) · · · f(tN)

)
= fH. (3.53)

In practice, a maximum order nmax is considered for the Hermite expansion. Let m =

nmax + 1, accounting for the order 0 term. Thus,

f ∈ Rn×m,D ∈ Rm×m,H ∈ Rm×N . (3.54)

The use of this procedure leads to a much simpler bijective transformation of the system

matrices. Furthermore, as seen in (3.50), the introduction of Hermite functions leads to

a second-order discrete system, due to the presence of terms of order n+1, n, and n− 1.

This is a consequence of the fact that the operator D, which is the projection of the

derivative on the Hermite domain, connects the element n of the basis with n + 1 and

n − 1. As all three terms n − 1, n and n + 1 are present on the discrete dynamics, they

are indeed second order.

The projection with Hermite functions leads to a simple matrix-like derivative operator,

conveniently for a DT system identi�cation. For completeness, next the convolution

method is explored. For a function f(t) ∈ L2(R), let

[hn(t) ∗ f(t)] (t) =
∫ ∞

−∞
hn(t− τ)f(τ)dτ . (3.55)

Considering the symmetry property hn(−t) = (−1)nhn(t) for Hermite functions, the fol-
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lowing can be written,

[hn(t) ∗ f(t)] (ti) = (−1)n
∫ ∞

−∞
hn(τ − ti)f(τ)dτ = (−1)n⟨hn(t− ti), f(t)⟩. (3.56)

This demonstrates that convolutions are just projections with alternating sign, leading

to an equivalent coe�cients expansion. In consistence with theory, and in particular due

to the uniqueness of coe�cients for an expansion of a given basis, convolutions lead to a

set of coe�cients only if they coincide with the ones provided by projections. Hermite

functions thus provide a framework in which projections or convolutions can be equally

used to obtain the coe�cients of a series expansion of functions in L2(R) over ℓ2(N).

3.4.2. Numerical examples

Various numerical examples of interest are provided to support and clarify the previous

theoretical results. In particular, three main constructions are considered:

� Projection: given a function f(t) ∈ L2(R), the expansion on the Hermite basis {fn}
is de�ned as fn = ⟨hn(t), f(t)⟩ =

∫
R hn(t)f(t)dt. In practice, a �nite support and

order of the expansion is considered.

� Reconstruction: given a Hermite representation {fn} of a function, for a maximum

order nmax, the reconstructed time-domain signal is de�ned as fh(t) =
∑nmax

n=0 fnhn(t).

This process is equivalent to equation (3.53).

� Hermite-domain di�erentiation: as described in (3.49), the quantum oscillator ap-

proach leads to an e�ective procedure to di�erentiate signals on the Hermite domain.

The obtained coe�cients may be used to reconstruct the time-domain derivative of

the original function.

Firstly, the observed results on white noise transformation can be clearly seen in Figure

3.3. For a time-domain signal (top), the Hermite representation (bottom) is provided.

The coe�cients of an in�nite support white noise process follow a white noise process,

as expected. Note that, for a �nite support noise signal, the resulting coe�cients do not

follow the same behavior. Thus, the support of signals and the used basis should be

adequate. This is discussed in the next section.

In Figure 3.4, a signal and its derivative are compared with the Hermite reconstructed ex-

pansions. The following procedure is used to construct the time derivative in the Hermite
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Figure 3.3: Projection of white noise signals of in�nite and �nite support over the Hermite

domain. Each column corresponds to a di�erent signal.

domain:

x(t) → Projection → xn → Differentiation → dxn
dt

→ Reconstruction → dxh(t)

dt
.

The Hermite expansions e�ectively allow to compute the signal time evolution and its

derivative. Note that, although an order 200 expansion was used, only smaller order

coe�cients would be required, as a rapid decay in magnitude is observed. This property

is a consequence of the fact that Hermite coe�cients belong to ℓ2(N), that is, they should

decay at n→ ∞ for the series to be square-summable.

Figure 3.5 depicts an interesting experiment combining both random processes and the

derivative operator. For a white noise signal w(t), a Brownian motion is given by5

d

dt
f(t) = w(t). (3.57)

5A slight abuse of notation was used. More rigorously, given a white noise signal dw with variance
σ2dt, a Brownian motion or Wiener process is given by df = dw.
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Figure 3.4: Di�erentiation of signals on the Hermite domain and reconstruction on the

time domain.

On the Hermite domain, this expression translates to

fD = w. (3.58)

The derivative operator D can be inverted6 to obtain f from w. Reconstructing the time

domain signals as de�ned in (3.53),

f(t) = fH = wD−1H. (3.59)

This is shown in Figure 3.5. A white noise signal is transformed to the Hermite domain,

multiplied by D−1 and projected to the time domain, obtaining a Brownian motion as

expected.

The last numerical example is given by the simulation of a linear system in the Hermite

6The fact that the order expansion is �nite makes D−1 singular. This issue can be tackled by using a
high order expansion and switching the last element of the last column of D to a small positive number.
Alternatively, a modi�ed di�erentiation operator can be used, as described later in this chapter.
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Figure 3.5: Construction of a Brownian motion process on the Hermite domian.

domain. Let a noiseless linear system given by

A =

[
−2 1

0 −4

]
, B =

[
1 0.5

0 1

]
, C =

[
1 0

4 1

]
, D =

[
0 0

0 0

]
.

Just as for the Brownian motion, a system given by a linear equation can be integrated

in the Hermite domain. In particular, note that

xD = Ax+Bu → x = (Ax+Bu)D−1. (3.60)

Given u, this problem can be solved in a recursive manner. This is shown in Figure

3.6. Both the input and output signal are well characterized, reconstructing the system's

dynamics in the Hermite domain.

3.5. The HD-PBSID method

The previous discussion leads to the construction of a CT-DT transformation compatible

with the PBSID algorithm. However, some issues have to be assessed for this framework

to behave appropriately. The �nal result, which is one of the main contributions of this

work, is the Hermite Domain PBSID (HD-PBSID).
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Figure 3.6: Simulation of a linear system with two inputs and two outputs on the Hermite

domain, with the time domain dynamics in continuous line and the Hermite reconstructed

signals in dashed line. The original and reconstructed signals coincide.

3.5.1. E�ective support and scaling

The algorithm begins with a projection onto a Hermite subspace. In particular, a basis

of nmax + 1 Hermite functions is considered, in what follows denoted by B = {hn}nmax

0 .

Although an in�nite Hermite basis allows to write any function in L2(R), a truncated one

such as B is limited to the so-called e�ective support. In Figure 3.7, a base of Hermite

function up to order 200 is displayed. As it can be seen, functions rapidly decay outside of

the domain
[
−
√
2nmax + 1,

√
2nmax + 1

]
. This is a general property of Hermite functions.

Let an experiment take place in t ∈ [−τ, τ ]. It is convenient that any function f(t) to be

projected is contained within the e�ective support of B. For that purpose, let the time

change of variable be

t′ = t

√
2nmax + 1

τ
=

t

α
, (3.61)

so that f(t) → f(t′). This transformed function perfectly �ts the e�ective support of the
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Figure 3.7: Hermite basis of order 200, with e�ective support.

considered basis. Note that this a�ects the dynamic equations, so that

d

dt
x = Ax+Bu→ d

dt′
x = αAx+ αBu. (3.62)

3.5.2. Modi�ed di�erentiation operator

Let the innovation form dynamics in (2.15) for a CT system, be

d

dt
x̂ = Ax̂+Bu+Ke

y = Cx̂+Du+ e.
(3.63)

Therefore,

d

dt
x̂ = (A−KC) x̂+

[
B −KD K

](u
y

)
= Āx̂+ B̄z. (3.64)

Note that Ā is stable in the CT sense, that is, it has only eigenvalues with negative real

part. By performing a CT-DT transformation such as (3.49), accounting for the time

scaling described in (3.62), one obtains

xD = αĀx+ αB̄z. (3.65)
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This equation is not well-suited for direct application of the PBSID algorithm, as it

requires that αĀ is stable in the DT sense, that is, with eigenvalues within the unit

circle, which is not granted. This can be e�ectively handled by introducing a modi�ed

di�erentiation operator, namely,

D′ =

(
D

α
+ βI

)
1

γ
, (3.66)

for β ≥ 0 and γ > 0. This way, dynamics is written as follows,

xD′ =
Ā+ βI

γ
x+

B̄

γ
z = Ā′x+ B̄′z. (3.67)

If the eigenvalues of Ā are contained in a ball Bβ,γ with center −β on the real axis and

radius γ, as depicted in Figure 3.8, the resulting transformation guarantees the properties

required for the PBSID. In practice, it is of interest to set γ as a representative value

Figure 3.8: Stability region in the complex plane for the modi�ed di�erentiation operator.

for the expected eigenvalues of the system, and β as a large positive number. Indeed,

It is clear that eigenvalues λ that are close to the boundary of Bβ,γ lead to an increased

bias in the solution with respect to those near the center of the stability region. For

this reason, it is convenient to use enlarged stability regions to improve the estimation

and reduce bias. A very high value of β, together with a high order of di�erentiation,
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might induce ill-posedness in the PBSID Least Squares problem. For this reason, if very

sparse eigenvalues are expected, a partial identi�cation of fast and slow modes separately,

together with adequate experiment duration and value of α, might be needed. For double

precision solvers (such as MATLAB), γ values of 30 still lead to numerical accuracy.

3.5.3. Integrator form

The PBSID can be applied by �rst di�erentiating (3.67) multiple times such that

xD′n = Ā′nx+ B̄′zD′n−1 + Ā′B̄′zD′n−2 + · · ·+ Ā′n−1B̄′z. (3.68)

Substituting Ā′n ≈ 0, the following is obtained

xD′n ≈
[
B̄′ Ā′B̄′ · · · Ā′n−1B̄′

]

zD′n−1

zD′n−2

...

z

 . (3.69)

Therefore, the operator D′ has to be applied to the input-output signal z multiple times.

It is important to recall that this matrix operator is the projection of a di�erentiation

operator on the time domain. In presence of noise, a di�erentiation leads to its ampli�-

cation, which is detrimental to the performance of the algorithm. Conversely, the inverse

of D′ is an integration-like operator and, as such, acts as a �lter. By multiplying the

previous equation by D′−n, or what is the same, by integrating it n times, the following

expression is obtained,

x =
[
B̄′ Ā′B̄′ · · · Ā′n−1B̄′

]

zD′−1

zD′−2

...

zD′−n

 . (3.70)

In this case, zD′−m is a �ltered quantity, which does behave adequately in presence of

noise. This equation, denoted by integrator form, has proved to improve signi�cantly the

identi�cation results, and is used hereafter.



40 3| CT-DT transformation via basis expansions

3.5.4. Final algorithm

From the previously described modi�cations, a powerful system identi�cation algorithm

based on Hermite projections can be obtained. This section aims to provide a straight-

forward reference to implement the HD-PBSID in practice. In particular, the following

function is described:{
u(tu1), u(t

u
2), . . . , u(t

u
nu
), y(ty1), . . . , y(t

y
ny
)
}
→ HD-PBSID →

{
Â, B̂, Ĉ, D̂, K̂

}
.

Note that the sampling times tu and ty for u and y do not have to coincide. Firstly, the

input and output signals are scaled and projected into a Hermite subspace of dimension

nmax + 1. De�ning α = τ/
√
2nmax + 1, for τ one half of the total experiment time, the

Hermite domain projection of the m-th dimension of each signal is given by

umn =

∫
tu/α

um (t/α)hn(t
′)dt′

ymn =

∫
ty/α

ym (t/α)hn(t
′)dt′

(3.71)

(3.72)

for n = 0, 1, . . . , nmax. The integration should be performed with a noise-robust quadra-

ture scheme, such as a trapezoid rule. This step is perhaps the most important of the

whole identi�cation. Adequately choosing nmax is paramount to the algorithm. Addition-

ally, signals u and y should be time shifted so that their time vector is symmetric, that is,

so that both signals are de�ned in a support [−τ, τ ]. In order to correctly select nmax, it

is very useful to compute the DT-CT transformation matrix H such as (3.52) and recover

a CT signal from u, y. After undoing the time scaling, the recovered signals should match

the initial ones and �t their frequency spectrum. A proper experiment design is also very

relevant for this step to be well posed, as discussed later.

Once u and y are computed, the modi�ed di�erentiation operator is to be constructed.

For this purpose, both β and γ need to be de�ned. β should be an average of the real parts

expected for the system under study. γ should be as high as possible, with appropriate

values around 30. The de�nition of these parameters has proved not to be critical for
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performance. Let

D′ =



0

√
1/2+αβ

αγ
0 0 · · ·

−
√

1/2+αβ

αγ
0 1+αβ

αγ
0 · · ·

0 −1+αβ
αγ

0

√
3/2+αβ

αγ
· · ·

0 0
−
√

3/2+αβ

αγ
0

. . .
...

...
...

. . . . . .


, (3.73)

with dimension (2nmax + 1)× (2nmax + 1). Then, the following matrices are constructed,

z =

[
u

y

]
, (3.74)

and, given a design parameter p, typically in the order of 10,

Z =


zD′−1

zD′−2

...

zD′−p

 . (3.75)

As in the conventional PBSID, let the Least Squares (LS) problem

y = C∆̄pZ+Du+ e. (3.76)

This problem is solved for C∆̄p and D, minimizing the norm ∥y − C∆̄pZ − Du∥. From

the obtained matrices, the following is constructed,

Γ̄f∆̄d ≈


CB̄′ CĀ′B̄′ · · · CĀ′p−1B̄′

CĀ′B̄′ CĀ′2B̄′ · · · 0
...

. . .

CĀ′f−1B̄′ CĀ′f B̄′ · · · 0

 . (3.77)

Following the PBSID, the inner state vector in the Hermite domain is obtained by means

of a SVD, namely,

USV T = Γ̄f∆̄dZ̄ → x =
√
S ′V T , (3.78)

where S ′ is a submatrix of S with the desired number of singular values. This selection is

performed by �rst sorting the diagonal matrix S in decreasing size of the singular values,
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and then extracting a square submatrix going from the �rst row and column to the N -th

ones, being N the dimension of the resulting system. Matrix C is the solution of a LS

problem,

y = Cx+Du+ e. (3.79)

The innovation vector in the Hermite domain is then given by the residual

e = y− Cx−Du. (3.80)

Matrices A and B are the solution of a LS problem given by

γxD′ = Ax+Bu+Ke. (3.81)

As seen in the structure of the algorithm, this method directly provides A, B, C and D

as solutions of LS problems, in contrast to the CT-PBSID, where an additional transfor-

mation is needed to obtain the system's CT matrices from the DT ones (see [15]).

3.5.5. Experiment design

For an in�nite order expansion, any Schauder basis of L2 can be used to characterize

any function f(t) precisely. However, in practice, only �nite order expansions can be

computed, and thus the �tting of the series expansion and the original function might

not be perfect. An adequate selection of a function basis that is similar to the original

function provides an improvement in the quality of the approximation. For instance, it is

well known that periodic signals are well modeled by a sum of sines and cosines satisfying

that periodicity.

For Hermite functions expansions, it is also important to select a suitable signal for pro-

jection. Although in system identi�cation the output cannot be directly controlled (and

perhaps not even the input, as happens for closed-loop systems), the experiment can

be designed in a way that bene�ts the identi�cation and, in this case, the projections.

Hermite functions, as depicted in Figure 3.2, are pulse-like signals with a �nite e�ective

support and decaying intensity at both ends. They are also symmetric or anti-symmetric

for even and odd indices, respectively. In linear system identi�cation, the frequency com-

ponents of the input remains in the output, as linear operators can only introduce phase

and magnitude changes. Therefore, if the input (or controller reference) is a Hermite-like

signal, so should be the output.

Another important consideration for system identi�cation of continuous systems is that
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the input should excite all frequencies of interest for the system's dynamics. Modes that

are not excited are less likely to be identi�ed. Therefore, the Fourier Transform of the

used input signal should be rich in the range of interest for the identi�cation. When using

Hermite functions, there is not direct control of the frequency spectrum of the resulting

signal, so a di�erent procedure is necessary to construct a suitable input.

During the experimental validation of the algorithm, a solution to this problem was found.

First, the user must de�ne an initial input f0(t) signal which excites the frequencies of

interest. It does not need to resemble a Hermite function. Then, the signal is projected

to a �nite Hermite basis, yielding a sequence f. The maximum order of the expansion

should be lower than the maximum order for identi�cation. Then, the time domain input

is reconstructed from the Hermite approximation such that f(t) = fH. This signal is

then analyzed in terms of frequency spectrum and shape, to verify that it is adequate for

the experiment. If not rich enough, a greater order of Hermite expansion is necessary.

If suitable, this signal can be used as the input for the identi�cation process. With this

method, it is straightforward to generate signals that satisfy the experiment requirements

while also providing good properties for the CT-DT process.

3.5.6. E�ective algorithm to obtain the Hermite basis

In practical scenarios, the order of the expansions needed for identi�cation may be around

200. For the identi�cation algorithm to be usable, the computation of the Hermite basis

must be very e�cient. Although analytical expressions do exist for Hermite functions, the

memory requirements make this approach not practical. Fortunately, Hermite functions

exhibit the so-called recurrence relations, which provide straightforward and computa-

tionally e�cient methods to evaluate hundreds of functions rapidly. For the normalized

functions used in this work, the resulting algorithm can be obtained from basic properties

of Hermite polynomials.

Hermite polynomials Hn(x) satisfy the following recurrence relation

Hn+1(x) = 2xHn(x)− 2nHn−1(x). (3.82)

The normalized Hermite functions are computed by applying a normalization coe�cient,

hn(x) = H(x)
exp

(
−x2

2

)
√

2n
√
πn!

. (3.83)
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Thus, the recurrence relation for the Hermite functions is then found to be

hn+1(x) = x

√
2

n+ 1
hn(x)−

√
n

n+ 1
hn−1(x). (3.84)

Additionally, the �rst two Hermite functions are given by

h0(x) =
exp

(
−x2

2

)
π1/4

h1(x) =
√
2x

exp
(

−x2

2

)
π1/4

.

(3.85)

(3.86)

This gives a closed algorithm to compute the Hermite expansion up to any order with

minimal memory and computing requirements. In this thesis, the described algorithm

was implemented in C++, providing a very fast method to project and reconstruct signals.

This method was veri�ed in simulation.
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4| Generalization through

Sturm-Liouville theory

In the previous chapter, the problem of CT-DT transformation was observed under the

light of functional analysis and Hilbert spaces. This led to a general understanding which

covered both the previous Laguerre-based frameworks and a novel methodology based

on Hermite functions. The HD-PBSID was developed by leveraging well-known results

from quantum mechanics, namely, the connection between the derivative and the creation-

annihilation operators in a harmonic quantum oscillator. In contrast, the CT-PBSID uses

techniques such as system lifting to derive a CT-DT transformation. Both Hermite and

Laguerre functions form Schauder bases of Hilbert spaces, and can be obtained by the

normalization of their associated orthogonal polynomials. Additionally, they can both be

e�ciently computed by means of known recurrence relations, which allow to use large

expansions on limited hardware.

After the development of the HD-PBSID, it became of interest whether other CT-DT

frameworks based on di�erent bases could be obtained in a systematic way. Such a

methodology should then provide the CT-PBSID and the HD-PBSID as particularizations

of a more general formulation. Exploring this connection and the nature of Laguerre and

Hermite functions naturally led to the Sturm-Liouville theory for di�erential equations.

This chapter describes the construction of a common framework for CT-DT transfor-

mation containing, among others, the Laguerre and Hermite-based methods. For this

purpose, the Sturm-Liouville theory is combined with the previous theoretical founda-

tion. By the understanding of CT-DT transformation from a more general perspective,

various interesting general results are proved.

4.1. Sturm-Liouville problems and orthogonal bases

The Sturm-Liouville theory is the study of a particular family of ODEs known as the

Sturm-Liouville problem. To de�ne this problem precisely, consider real-valued functions
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p(x), q(x), w(x) de�ned on an interval I ⊆ R. For the theory to be well-behaved, certain

conditions are typically imposed on these functions. It is generally assumed that p(x)

has a continuous �rst derivative, and q(x) and w(x) are continuous on the interval I.
Furthermore, for many standard results to hold, it is often required that p(x) > 0 and

w(x) > 0 for all x in the interior of I. The function w(x) is speci�cally known as the

weight function. A second-order linear ODE is termed a Sturm-Liouville equation if it

can be expressed in the form

− d

dx

(
p(x)

d

dx
f(x)

)
+ q(x)f(x) = λw(x)f(x), (4.1)

where f(x) is the unknown function, and λ ∈ R is a parameter, known as the eigenvalue.

The objective is to �nd non-trivial solutions f(x) that satisfy this equation for speci�c

values of λ. Such non-trivial solutions f(x) are called eigenfunctions corresponding to the

eigenvalue λ. It is convenient to de�ne Sturm-Liouville operator as

L = − d

dt

(
p(x)

d

dx

)
+ q(x). (4.2)

Then, a Sturm-Liouville problem can be simply written as

Lf(x) = λw(x)f(x). (4.3)

This form emphasizes that the Sturm-Liouville problem is fundamentally about �nding

the eigenvalues and eigenfunctions of the operator L with respect to the weight function

w(x).

The operator L is a linear di�erential operator acting on the space of twice di�erentiable

functions. The properties of this operator, particularly under appropriate boundary con-

ditions, are crucial for understanding the characteristics of the eigenfunctions and eigen-

values, and their role in forming orthogonal bases. In particular, the operator L can

be shown to be formally self-adjoint under suitable conditions, which is a key property

that ensures the eigenvalues are real and eigenfunctions corresponding to distinct eigen-

values are orthogonal, as discussed in Chapter 2. This orthogonality is the cornerstone

for constructing orthogonal bases, which is of central interest in the context of CT-DT

transformations.

To analyze whether the Sturm-Liouville operator is self-adjoint, a standard procedure is

constructed through integration by parts and by imposing suitable boundary conditions.
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Speci�cally, given two functions f(x), g(x) ∈ L2[a, b], integrating by parts yields

∫ b

a

f(x)Lg(x)dx =

∫ b

a

g(x)Lf(x)dx+

[
p(x)

(
g(x)

d

dx
f(x)− f(x)

d

dx
g(x)

)]b
a

. (4.4)

For Hermiticity, the boundary term must vanish, which is achieved through appropriate

boundary conditions, [
p(x)

(
g(x)

d

dx
f(x)− f(x)

d

dx
g(x)

)]b
a

= 0. (4.5)

In that case, it is known that the eigenvalue problem possesses a discrete spectrum.

Furthermore, for eigenfunctions f1(x) and f2(x) corresponding to eigenvalues λ1 ̸= λ2, as

shown in equation (2.51), their associated eigenfunctions are orthogonal. Eigenfunctions

corresponding to the same eigenvalue are not necessarily unique, but orthogonalization

procedures can be applied to form an orthonormal set. In general, for the eigenfunctions

{fn(x)}, the orthogonality condition can be expressed as:∫ b

a

fn(x)fm(x)w(x)dx = d2nδnm, (4.6)

where d2n is the normalization constant and δnm is the Kronecker delta.

4.2. Recasting second-order eigenvalue problems

A general second-order eigenvalue problem can be written as

p0(x)f
′′(x) + p1(x)f

′(x)− q0(x)f(x) = −λf(x). (4.7)

In general, the di�erential operator in this form is not immediately recognizable as being

of the Sturm-Liouville type. However, it can be transformed into the Sturm-Liouville

form by introducing a suitable weighting factor w(x). Multiplying equation (4.7) by w(x)

and requiring that w(x) satis�es

d

dx
(w(x)p0(x)) = w(x)p1(x), (4.8)

leads to

w(x)p0(x)f
′′(x) +

d

dx
(w(x)p0(x))f

′(x)− w(x)q0(x)f(x) = −λw(x)f(x). (4.9)
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This can be rewritten as

d

dx
(w(x)p0(x)f

′(x))− w(x)q0(x)f(x) = −λw(x)f(x), (4.10)

or in the standard Sturm-Liouville form

− d

dx
(p(x)f ′(x)) + q(x)f(x) = λw(x)f(x), (4.11)

by de�ning p(x) = p0(x)w(x) and q(x) = q0(x)w(x).

The weighting function w(x) can be derived by solving equation (4.8) as

w(x) =
1

p0(x)
exp

(∫
p1(y)

p0(y)
dy

)
. (4.12)

In consequence, any equation with the form of (4.7) and satisfying some non-restrictive

conditions1 is a Sturm-Liouville problem. This new formulation, however, is more conve-

nient, as both Laguerre and Hermite equations can be written in the form of (4.7). Note

that this construction makes the weight function implicit, and is the one for which the

associated basis is orthogonal. Let the di�erentiation operator

L′ = p0(x)
d2

dx2
+ p1(x)

d

dx
− q0(x). (4.13)

The eigenvalue problem can be written as

L′f(x) = −λf(x). (4.14)

For the eigenfunctions f(x) to be polynomials, which is often of interest for practical

computations, the functions p0(x), p1(x), and q0(x) must also be polynomials. To prove

this, let f(x) be an n-th order polynomial,

f(x) = a0x
n + a1x

n−1 + . . .+ an. (4.15)

1Due to the de�nition of w(x)in (4.8), it is clear that p0(x) should be di�erentiable. For w(x) being
�nite and continuous, p1(x) and dp0(x)/dx must be continuous. Requiring w(x) to be strictly positive
yields p0(x) > 0. Note that these conditions coincide with the standard requirements introduced at the
beginning of the chapter.
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Introducing f(x) in equation (4.14),

p0(x)
(
a0n(n− 1)xn−2 + a1(n− 1)(n− 2)xn−3 + . . .+ an−2

)
+ p1(x)

(
a0nx

n−1 + a1(n− 1)xn−2 + . . .+ an−1

)
− q0(x)

(
a0x

n + a1x
n−1 + . . .+ an

)
= − λ

(
a0x

n + a1x
n−1 + . . .+ an

)
.

(4.16)

For f(x), f ′(x) and f ′′(x) to be nontrivial, p0(x), p1(x) and q0(x) must be polynomials.

Note that any non-polynomial part in the left-hand side must sum up to zero. Removing

the homogeneous part of equation (4.14), the remaining particular solution satis�es the

polynomial form. Speci�cally, p0(x) is at most quadratic, p1(x) is at most linear, and

q0(x) is a constant. For simplicity in the following derivations, q0(x) will be set to 0,

noting that a constant q0(x) only introduces a shift in the eigenvalues λ. This is the most

general form of a Sturm-Liouville problem returning polynomials.

4.3. Rodrigues' Formula and Operator Derivation

Under the assumption that p0(x), p1(x), and q0(x) satisfy the polynomial conditions men-

tioned above, the eigenfunctions fn(x) of the eigenvalue problem can be represented by

Rodrigues' formula [26]

fn(x) =
cn
w(x)

dn

dxn
(w(x)pn0 (x)), (4.17)

where cn is a normalization constant. Di�erentiating this expression, a recursive relation

can be derived. In particular,

d

dx

dn

dxn
(w(x)pn+1

0 (x)) =
dn

dxn

(
d

dx
(w(x)p0(x))p

n
0 (x) + nw(x)pn0 (x)p

′
0(x)

)
. (4.18)

Imposing equation (4.8),

d

dx

dn

dxn
(w(x)pn+1

0 (x)) =
dn

dxn
[wpn0 (p1(x) + np′0(x))]. (4.19)

Let πn(x) = p1(x) + np′0(x). Note that πn(x) is a �rst degree polynomial. The following

equality was obtained to leverage this structure.

Theorem 4.1. Let a general class Cn function f(x). Then, the following holds:

dn

dxn
[f(x)(ax+ b)] =

dnf(x)

dxn
(ax+ b) +

dn−1f(x)

dxn−1
an. (4.20)
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Proof. This equality, which was found by inspection, can be proved by mathematical

induction for the derivative order. The base case is given by the �rst order derivative,

d

dt
[f(x)(ax+ b)] =

df(x)

dx
(ax+ b) + f(x)a, (4.21)

which is consistent with Theorem 4.1. For the induction step, let

dn+1

dxn+1
[f(x)(ax+ b)] =

d

dx

dn

dxn
[f(x)(ax+ b)] =

d

dx

(
dnf(x)

dx
(ax+ b) +

dn−1f(x)

dxn−1
an

)
.

(4.22)

Expanding the derivative and rearranging terms,

dn+1

dxn+1
[f(x)(ax+ b)] =

dn+1f(x)

dxn+1
(ax+ b) +

dnf(x)

dxn
a(n+ 1), (4.23)

which is the result to prove.

With the previous result, one can expand

dn

dxn
[w(x)pn0 (x)πn(x)] =

dn

dxn
(w(x)pn0 (x)) +

dn−1

dxn−1
(w(x)pn0 (x))nπ

′
n. (4.24)

Function π′
n does not depend on x, as it is constant by construction. For the last term,

using the linear eigenproblem (4.14) as an identity and substituting Rodrigues' formula,

p0(x)
d2

dx2

(
cn
w(x)

dn

dxn
(w(x)p0(x))

)
+ p1(x)

d

dx

(
cn
w(x)

dn

dxn
(w(x)p0(x))

)
= −λn

(
cn
w(x)

dn

dxn
(w(x)p0(x))

)
.

(4.25)

This only holds if the eigenvalues verify the following identity,

λn = −n
(
p′1 +

n− 1

2
p′′0

)
. (4.26)

Substituting this result back to equation (4.24), together with (4.17), yields

cn
cn+1

fn+1(x) = fn(x)πn(x)− f ′
n(x)

nπ′
n

λn
p0(x). (4.27)

This recurrence relation allows for the de�nition of rising and lowering operators. In
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particular, let the general rising operator for polynomials,

fn+1(x) =
cn+1

cn

nπ′
n

λn

(
λnπn(x)

nπ′
n

+ p0(x)
d

dx

)
fn(x). (4.28)

For normalized functions un(x) = 1
dn

√
w(x)fn(x), where dn is a normalization factor,

di�erentiation leads to

dnu
′
n(x) =

√
w(x)f ′

n(x) +
w′(x)

2
√
w(x)

fn(x) =
√
w(x)

(
f ′
n(x) +

p1(x)− p′0(x)

2p0(x)
fn(x)

)
.

(4.29)

Consequently, a substitution can be performed such that

√
w(x)p0(x)f

′
n(x) = dnu

′
n(x)p0(x)−

p1(x)− p′0(x)

2
dnun(x). (4.30)

Substituting back the de�nition of the normalized basis un(x), a rising operator can be

de�ned as

dn+1cn
dncn+1

un+1(x) =
nπ′

n

λn

(
λnπn(x)

nπ′
n

− p1(x)− p′0(x)

2
− p0(x)

d

dx

)
un(x)

.
= a†un(x). (4.31)

Similarly, from the structure of the rising operator, it preserves the inner product,〈
dncn+1

dn+1cn
a†un,

dmcm+1

dm+1cm
a†um

〉
= ⟨un+1, um+1⟩ = δnm = ⟨un, um⟩, (4.32)

where orthogonality was used. Thus, a lowering operator can be constructed as its adjoint,

which coincides with its inverse. Doing so2 yields

(n− 1)π′
n−1

λn−1

(
λn−1πn−1(x)

(n− 1)π′
n−1

− p1(x)− p′0(x)

2
+

(
p′0(x) + p0(x)

d

dx

))
un(x)

=
dncn−1

dn−1cn
un−1(x)

.
= aun(x).

(4.33)

For orthonormal bases, the coe�cients cn appearing in (4.17) can be obtained from their

de�nition as

cn =

[∫ b

a

1

w(x)

(
dn

dxn
(w(x)pn0 (x))

)2

dx

]−1/2

. (4.34)

2Just by integrating ⟨un|a†|um⟩ by parts, as done to prove that Sturm-Liouville operators are self-
adjoint. In particular, the standard de�nition ⟨un|a†um⟩ .

= ⟨aun|um⟩ is used.
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The above results are su�cient if p0(x) is a constant3. Indeed, in that case, p′0(x) van-

ishes, and the derivative operator times a constant can directly be computed as a linear

combination of a† and a. For general cases, however, another tool is required.

4.4. General Derivative Operator for Orthogonal Func-

tions

If p0(x) is a �rst or second degree polynomial, the derivative operator d/dx cannot ob-

tained explicitly from the generalized creation and annihilation operators, a† and a. In

particular, a linear combination of d/dx, xd/dx and x2d/dx, given by the structure of

p0(x), is derived. The following recurrence relation holds for orthogonal polynomials (see,

e.g. [26]),

xfn(x) = αnfn+1(x) + βnfn(x) + αn−1fn−1(x), (4.35)

where

αn = ⟨xfn, fn+1⟩

βn = ⟨xfn, fn⟩.

(4.36)

(4.37)

By applying this relation twice,

x2fn(x) = αnxfn+1(x) + βnxfn(x) + αn−1xfn−1(x)

= αn (αn+1fn+2(x) + βn+1fn+1(x) + anfn(x))

+ βn (αnfn+1(x) + βnfn(x) + αn−1fn−1(x))

+ αn−1 (αn−1fn(x) + βn−1fn−1(x) + αn−2fn−2(x))

= αnαn+1fn+2(x) + (αnβn+1 + αnβn)fn+1(x)

+ (α2
n + β2

n + α2
n−1)fn(x) + (αn−1βn + αn−1βn−1)fn−1(x)

+ αn−1αn−2fn−2(x).

(4.38)

The previous results can be conveniently recast in matrix form such that

xf = f



β0 α0 0 0 · · ·
α0 β1 α1 0 · · ·
0 α1 β2 α2 · · ·

0 0 α2 β3
. . .

...
...

...
. . . . . .


= fX, (4.39)

3As discussed next, this is what occurs for the Hermite basis.
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as well as

x2f = f



β2
0 + α2

0 α0β1 + α0β0 α0α1 0 · · ·
α0β1 + α0β0 β2

1 + α2
1 + α2

0 α1β2 + α1β1 α1α2 · · ·
α0α1 α1β2 + α1β1 β2

2 + α2
2 + α2

1 α2β3 + α2β2 · · ·

0 α1α2 α2β3 + α2β2 β2
3 + α2

3 + α2
2

. . .
...

...
...

. . . . . .


= fX2. (4.40)

Notably, this result also holds for orthogonal functions un(x), with the corresponding

normalization coe�cients. As p0(x) is at most second degree in x, the previous expressions

characterize its multiplying e�ect on the basis. Conveniently, the x and x2 only connect

a state to its 1 and 2 neighbors, respectively. Furthermore, note that, de�ning â† as the

index rising and â as the index decreasing operators,

cndn+1

cn+1dn

λn
nπ′

n

â† − cn−1dn
cndn−1

λn−1

(n− 1)π′
n−1

â = p′0(x) + 2p0(x)
d

dx
+
λnπn(x)

nπ′
n

− λn−1πn−1(x)

(n− 1)π′
n−1

.

(4.41)

Therefore, in general,

2p0(x)
d

dx
=
cndn+1

cn+1dn

λn
nπ′

n

â† − cn−1dn
cndn−1

λn−1

(n− 1)π′
n−1

â− λnπn(x)

nπ′
n

+
λn−1πn−1(x)

(n− 1)π′
n−1

− p′0(x).

(4.42)

This is the major result of this chapter. The derivative operator d/dt in a basis space of

orthonormal functions is explicitly given by a linear combination of the index rising â†

and index lowering â operators. If p0(x) is linear, the quotient
λn

np′
, together with π′

n(x),

do not depend on n, allowing to write,

2p0(x)
d

dx
=

λn
nπ′

n

(
cndn+1

cn+1dn
â† − cn−1dn

cndn−1

â

)
− p′0(x). (4.43)

Function p′0(x) is at most linear in x, and can be written in terms of the X operator.

Furthermore, p0(x) can be written, at worst, as a linear combination of X and X2, which

can be inverted or multiplied to all the dynamic equations to obtain an equivalent for-

mulation. This expression relates the derivative operator in CT to discrete operators on

DT, providing a generalized framework for derivative transformation in orthogonal bases

derived from Sturm-Liouville problems.

To better understand the obtained results, they are applied to standard eigenbases. A sys-

tematic approach to the construction of bases and the discretization of the d/dt operator
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is provided.

4.5. Particular Cases

The general framework derived from Sturm-Liouville theory can be particularized to re-

cover well-known orthogonal function systems like Hermite, Laguerre, and Legendre func-

tions by choosing speci�c forms for p0(x) and p1(x).

4.5.1. Hermite Functions

For Hermite polynomials, the generating equation is derived from setting p0(x) = 1 and

p1(x) = −x. The eigenvalue problem (4.7) becomes Hermite's equation,

1

2
f ′′ − xf ′ = −λf = −nf. (4.44)

where the dependence of eigenvalues with the basis index is as (4.26). Using (4.12), the

weight function can be computed as

w(x) = exp

(∫
−ydy

)
= exp

(
−x2

)
, (4.45)

The requirement of Hermiticity �xes the domain at which the basis is de�ned. In par-

ticular, the boundary condition (4.5) must be imposed. Due to the de�nition of p(x) as

p0(x)w(x), this product must be zero at the boundaries of the interval where the basis is

constructed. In this case, as p0(x) = 1 and w(x) is zero only at x→ ±∞, functions must

be de�ned at R, as expected. Note that the integration constant can be set to any value,

as it is compensated by the weight coe�cient dn. In particular, as given in (4.6),

dn =

√∫
R
fn(x)2w(x)dx =

√√
π2nn!. (4.46)

The Rodrigues' coe�cients are computed as (4.34),

cn =

[∫
R
exp

(
x2
)( dn

dxn
exp

(
x2
))2

dx

]−1/2

= (−1)n. (4.47)
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These are the ingredients necessary to compute the derivative operator in the Hermite

domain as given by (4.43). In particular, substituting the previous results,

d

dx
=

1√
2
(
√
nâ−

√
n+ 1â†). (4.48)

This derivative operator is consistent with the quantum harmonic oscillator analogy, but

has been computed from a completely general framework.

4.5.2. Laguerre Functions

For Laguerre polynomials, the generating equation, namely, the Laguerre equation, is

obtained by particularizing (4.7) with p0(x) = x and p1(x) = α + 1− x,

xf ′′ + (α + 1− x)f ′ = −λf = −nf. (4.49)

The eigenvalue is related to the basis index through (4.26). The weight function is com-

puted as (4.12), yielding

w(x) =
1

x
exp

(∫
α + 1− y

y
dy

)
= xα exp (−x). (4.50)

For the Sturm-Liouville operator to be Hermitian, (4.5) must be satis�ed. In this case,

the boundaries are clearly x = 0 and x → +∞, as the only zeros of p(x). The weight

coe�cients are then given by (4.6)

dn =

√∫
R+

fn(x)2w(x)dx =

√
Γ(α + n+ 1)

n!
α∈N
=

√
(α + n)!

n!
. (4.51)

Note that the last equality is true only if α ∈ N, as for that condition the Gamma function

behaves as a factorial. The Rodrigues' coe�cients can then be computed as (4.34)

cn =

[∫
R+

x−α exp (x)

(
dn

dxn
(
xα+n exp (−x)

))2

dx

]−1/2

=
1

n!
. (4.52)

Finally, the derivative operator is computed as (4.43), giving

x
d

dx
=

1

2

(√
α + n+ 1

√
n+ 1â† −

√
α + n

√
nâ− 1

)
. (4.53)
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Note that a multiplying x term is present in the derivative. Observing the structure

of (4.39), inverting this term introduces a �lter-like behavior, as observed in practice.

Furthermore, a constant term −1/2 appears in the right-hand side. This explains the

fact that an independent term must be added in the CT-PBSID when writing down the

discrete dynamics (see [1]). This result is consistent with what is obtained through system

lifting, and was veri�ed computationally.

4.5.3. Legendre Functions

For Legendre polynomials, the generating equation, known as Legendre equation, is de-

rived from p0(x) = 1− x2 and p1(x) = −2x,

(1− x2)f ′′(x)− 2xf ′(x) = −λf(x) = −n(n+ 1)f(x). (4.54)

Note that, in this case, p0(x) is not linear but quadratic, forcing to use (4.42) as the

di�erential operator de�nition. Additionally, this quadratic term modi�es the dependence

between λ and n, as observed in (4.26). The weight function given by (4.12),

w(x) =
1

1− x2
exp

(∫
− 2y

1− y2
dy

)
= 1. (4.55)

Imposing (4.5) for the Sturm-Liouville to be self-adjoint, p0(x) must be zero at the bound-

aries of the interval. Thus, the basis is constructed in [−1, 1]. For this domain, the weight

coe�cients are computed as (4.6)

dn =

√∫ 1

−1

fn(x)2w(x)dx =

√
2

2n+ 1
. (4.56)

Furthermore, the Rodrigues' coe�cients are recovered from (4.34) as

cn =

√∫ 1

−1

(
dn

dxn
(1− x2)n

)2

dx =
(−1)n

2nn!
. (4.57)

From these results, the derivative operator is given by (4.42), that is,

2(1− x2)
d

dx
= n

√
2n+ 1

2n− 1
â− (n+ 1)

√
2n+ 1

2n+ 3
â† + x. (4.58)

In this case a second degree term appears multiplying d/dx, behaving like a second order

�lter. Furthermore, a linear term on x is present in the right-hand side. This result was
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veri�ed computationally.

4.5.4. General approach

After showing the procedure for obtaining a derivative operator in the bases of Hermite,

Laguerre and Legendre functions, a general algorithm can be constructed to extend these

results to any basis. In particular, one can proceed as follows:

1. Generating equation. De�ne the generating ODE as (4.7), with p0(x) at most

quadratic and p1(x) at most linear polynomials of x.

2. Compute the relationship between the eigenvalue λ and the index n as (4.26).

3. Compute the weight function w(x) from (4.12).

4. De�ne the basis domain by imposing (4.5).

5. Compute the orthonormality weight coe�cients dn from (4.6).

6. Compute the Rodrigues' coe�cients cn as (4.34).

7. Apply (4.42) to compute the derivative operator in the basis domain. If p0(x) is at

most linear with x, (4.43) provides a simpler method.

8. If x or x2 appear in the de�nition of the derivative operator, they can be expressed

as linear operators in the basis space as (4.39) and (4.40), respectively.

This method is general, and provides orthogonal bases and their associated di�erentiation

operators systematically.

4.6. Classi�cation of solutions

The possible expressions for p0(x) and p1(x), compatible with the boundary conditions in

(4.5), allow to introduce an interesting classi�cation of bases. In particular, p0(x) can be

a linear or a quadratic function on x. Let p0(x) be a linear function. Hence, in general,

p0(x) = a0x + b0 and p1(x) = a1x + b1. If a0 = 0, up to a scale factor, p0(x) = 1, and

therefore

w(x) = exp

(∫
(a1y + b1)dy

)
= exp

(a1
2
x2 + b1x

)
. (4.59)

Imposing the Hermitian condition on the Sturm-Liouville operator,

[p0(x)w(x)]
b
a =

[
exp

(a1
2
x2 + b1x

)]b
a
= 0. (4.60)
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This condition is satis�ed for any a1 < 0, b1, as long as a → −∞ and b → +∞. In this

work, this family of solutions are called Hermite-like.

If a0 ̸= 0, up to a scale factor, p0(x) = x+ b0, so that

w(x) =
1

x+ b0
exp

(∫
a1y + b1
y + b0

dy

)
= (x+ b0)

b1−a1b0−1 exp (a1(x+ b0)). (4.61)

Imposing that the Sturm-Liouville operator is self-adjoint,

[p0(x)w(x)]
b
a =

[
(x+ b0)

b1−a1b0 exp (a1(x+ b0))
]b
a
= 0. (4.62)

This equality holds as long as b → ∞, for a1 < 0 and a = −b0. These functions are

denoted by Laguerre-like.

If p0(x) is quadratic, standard solutions which can be obtained include the Legendre

and Jacobi functions. The analysis of these families of functions, besides obtaining an

expression for the derivative operator in the Legendre domain, is left out of the scope of

this work. Note that this is an interesting line of future research.

From this Sturm-Liouville theory perspective, several important conclusions can be drawn

for CT-DT transformations. Firstly, the terms involving x and x2 in the di�erential

equation act like inverse derivatives, implying that their presence in the system behaves

like �rst and second-order �lters, respectively. This is an interesting behavior, which

explains the presence of Laguerre (�rst order) �lters in the CT-PBSID. Within the frame-

work of polynomial Sturm-Liouville eigenproblems, it was proved that Hermite, Laguerre,

Legendre, and Jacobi-like solutions can be obtained as orthonormal bases. Hermite-like

solutions are de�ned over the whole real line and do not inherently introduce �ltering.

Laguerre-like solutions are de�ned over an interval [a,+∞) and introduce �rst-order �l-

tering characteristics. Finally, Legendre and Jacobi-like solutions, de�ned over [−1, 1],

introduce second-order �ltering properties. These conclusions provide a theoretical foun-

dation for understanding the �ltering properties associated with di�erent orthogonal bases

used in CT-DT transformations and o�er a systematic way to select and design appro-

priate bases for speci�c applications. From this perspective, previous to this work, a

good understanding of Laguerre functions was provided through the CT-PBSID. This

work introduces the HD-PBSID, which makes use of Hermite functions. An interesting

topic of research is the extension of these methods for Legendre-like functions, Jacobi-like

functions and other existing families arising from the proposed theoretical methodology.
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This section aims to verify and validate computationally the proposed identi�cation algo-

rithm. For this purpose, various simulation scenarios are used to benchmark the perfor-

mance of the HD-PBSID with varying conditions, as well as to compare its behavior to

the CT-PBSID.

5.1. Computational veri�cation

In this section, the HD-PBSID is tested against a simple second order system, given by

A =

[
−2 1

0 −4

]
, B =

[
0.5

1

]
, C =

[
1 4

2 1

]
, D =

[
0

0

]
.

A noise component of varying Signal to Noise Ratio (SNR) is introduced. Note that the

system is stable, with eigenvalues λA = −2,−4, and fully observable. The excitation is

based on a linear sine sweep,

u(t) = sin

[
2π

(
f1t+

f2 − f1
2T

t2
)]
, (5.1)

where T = 10 s is the duration of the experiment, and where f1 = 0 Hz and f1 = 8 Hz are

the minimum and maximum exciting frequencies, respectively. For a maximum expansion

order of the Hermite basis nmax, this function is projected onto a basis up to order

nmax,u = ⌊0.8nmax⌋. Hence, the actual exciting function is given by

û(t) =

nmax,u∑
i=0

hn(t)⟨hn(t), u(t)⟩. (5.2)

As discussed in Section 3.5.5, this improves the quality of the representation of the system

in the Hermite domain. For this setup, various identi�cation conditions were tested, in

all cases through Monte Carlo simulations with varying seeds for the random number

generator in the noise input.
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Firstly, the e�ect of noise is analyzed for a default identi�cation con�guration. In partic-

ular, 5000 samples were obtained at constant rate during the 10 s of the experiment. A

maximum Hermite order of nmax = 300 was considered. The di�erentiation coe�cients

β and γ were set to 3 and 20, respectively. In Figures 5.1�5.4, the bode diagrams of

the identi�ed systems, together with the real one, are displayed for varying SNR values.

Similarly, the modes of the identi�ed dynamics are compared to the exact ones in Figures

5.5�5.8. For low noise, all simulations converge closely to the real system, with a very

good �tting for the bode diagram. As the SNR decreases, the identi�ed systems deviate

the actual dynamics, particularly at the extremes of frequency values. Note that high

frequencies were not excited, as the sine sweep reaches at most 8 Hz. Longer periods to

the duration of the experiment cannot be excited neither. This explains a better �tting

for intermediate frequencies. Excluding a small set of experiments for very low SNR,

almost all identi�ed dynamics lead to real eigenvalues.
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Figure 5.1: Bode diagram of the real system and of the HD-PBSID identi�ed plant for

SNR = 50.

Next, the e�ect of the parameters within the HD-PBSID was evaluated. In particular,

four scenarios were considered. In all cases, a moderate-high noise with SNR of 20 was

introduced. Firstly, the e�ect of the number of samples was studied considering values

between 100 and 10000 samples, as depicted in Figure 5.9. As expected, more samples

provide a better identi�cation of the dynamics. Interestingly, the quality of the identi�ed
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Figure 5.2: Bode diagram of the real system and of the HD-PBSID identi�ed plant for

SNR = 20.

system does not improve signi�cantly for more than 2000 samples. Note that a very

low sampling frequency not only decreases the amount of available information but also

reduces the maximum frequency which can be identi�ed.

In second place, the e�ect of the basis size was analyzed for expansions from order 10 to

order 1000. In this case, an expansion order lower than 30 produces a very poor identi�-

cation accuracy, while increasing the order over 50 does not improve the accuracy. This

is what theory predicts: for low order, a signi�cant information is lost when projecting

on the Hermite domain. When the order reaches the maximum order excited by the sys-

tem, increasing the size of the expansion only provides terms of negligible e�ect. As all

functions, when projected to the Hermite domain, belong to ℓ2, their coe�cients must

eventually fall to zero, allowing to always de�ne a maximum order.

Finally, the e�ect of β and γ was studied. As discussed in Chapter 3, these parameters

do not have a signi�cant e�ect in the identi�cation, as long as γ is large enough and does

not compromise numerical stability. For varying β and γ = 20, both −2/20 = −0.1 and

−4/20 = −0.2 are smaller than one, while there is not combination (λ + β)/γ for the

proposed values that is outside of the unit circle. For β = 3 and varying γ, the discretized

eigenvalues are both, in absolute value, 1/γ. Hence, the system is stable as long as γ > 1.
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Figure 5.3: Bode diagram of the real system and of the HD-PBSID identi�ed plant for

SNR = 10.

Hence, all experiment provide essentially the same errors. A slight improvement in error is

observed by increasing γ, as this reduces the bias of the estimator by making A′n converge

faster.

5.2. Comparison with the CT-PBSID

In this section, the controlled linear dynamics of a quadrotor are simulated and identi�ed

with both the CT-PBSID and the HD-PBSID for varying noise conditions. In particular,

the uncontrolled dynamics are as

A =

−0.1068 0.1192 −9.81

−5.9755 −2.6478 0

0 1 0

 , B =

−10.1647

450.71

0

 ,

C =


1 0 0

0 1 0

0 0 1

−0.1068 0.1192 0

 , D =


0

0

0

−10.1647

 .
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Figure 5.4: Bode diagram of the real system and of the HD-PBSID identi�ed plant for

SNR = 6.

A controller is used to stabilize the system. In particular, a constant gain is considered

so that u = Kx+ u′ for u′ the exciting signal. The gain is given by

K =
[
0.0150 −0.0091 −0.0231

]
.

The resulting stable plant has poles at −5 and −1 ± i, and is the one to be identi�ed.

The excitation signal u′ is constructed following the same approach used in the previous

section. The HD-PBSID is constructed with a maximum expansion order of 250, for β = 3

and γ = 30. The CT-PBSID is characterized by p = f = 10 and a pole a = 25. A total of

5000 samples are obtained at constant frequency during a 10 s experiment. The results

for varying SNR are depicted in Figures 5.13�5.18. Table 5.1 provides a quantitative

summary of the comparison. For low noise, both algorithms successfully converge to the

real system. However, for higher noise, the CT-PBSID fails to provide good estimations,

exhibiting very large standard deviations and a signi�cant bias. In contrast, the HD-

PBSID provides accurate and unbiased estimates even for SNR = 10. For extremely high

noise, the CT-PBSID is not able to provide even a reasonable identi�cation, diverging at

multiple cases, while the HD-PBSID still converges to a system with a similar structure to

the actual plant. In general, the fact that the HD-PBSID originates from a rigorous non-
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Figure 5.5: Eigenvalues of the real system and of the HD-PBSID identi�ed plant for

SNR = 50.

redundant approach to projection of signals and operators, together with the considered

input setup based on a lower order Hermite expansion, seems to improve the accuracy

of the identi�cation in very noisy scenarios. This is an interesting property which is

promising for practical applications.
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Figure 5.6: Eigenvalues of the real system and of the HD-PBSID identi�ed plant for

SNR = 20.
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Figure 5.7: Eigenvalues of the real system and of the HD-PBSID identi�ed plant for

SNR = 10.



66 5| Simulation results and analysis

-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

Figure 5.8: Eigenvalues of the real system and of the HD-PBSID identi�ed plant for

SNR = 6.
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Figure 5.10: Error of the eigenvalues identi�ed by the HD-PBSID for a varying Hermite

basis order.
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Figure 5.11: Error of the eigenvalues identi�ed by the HD-PBSID for a varying β param-

eter.
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Figure 5.12: Error of the eigenvalues identi�ed by the HD-PBSID for a varying γ param-

eter.
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Figure 5.13: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 50.
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Figure 5.14: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 20.
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Figure 5.15: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 10.
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Figure 5.16: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 10,

zoomed for detail.
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Figure 5.17: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 6.
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Figure 5.18: Eigenvalues obtained by the CT-PBSID and HD-PBSID for SNR = 6,

zoomed for detail.

SNR Method
Bias STD

Dim 1 Dim 2 Dim 1 Dim 2

50
Hermite 0.005854 0.00071335 0.012384 0.0038998
Laguerre 0.00047555 6.6732e-05 0.00095678 0.00017196

20
Hermite 0.00046385 0.0048368 0.077576 0.035362
Laguerre 0.10017 0.0061251 0.1052 0.0083464

10
Hermite 0.05526 0.027607 0.23503 0.11277
Laguerre 2.5129 0.18066 4.6628 0.30477

6
Hermite 0.15335 1.8918 0.45364 0.19165
Laguerre 45.89 1.8254 227.25 1.0726

Table 5.1: Bias and standard deviation (STD) results for di�erent SNR values for the

CT-PBSID and HD-PBSID.
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6| Experimental implementation

In this chapter, the results obtained for the experimental system identi�cation of a quadro-

tor are provided.

6.1. Experimental setup

The experimental analysis was performed by means of ANT-X Drone Lab [27], which

features a quadrotor UAV, as shown in Figure 6.1. Additionally, the Drone Lab makes

use of a ground control station, allowing to con�gure and operate the quadrotor, and a

motion capture system, which can be used to produce high frequency samples of kinematic

variables. This work focuses on the longitudinal and lateral angular dynamics of the drone,

for which measurements on angular velocity and angular acceleration are generated.

Figure 6.1: CAD model of the used quadrotor [27].

6.1.1. Drone dynamics

The angular dynamics of the drone can be modeled as follows. Firstly, the vehicle's

structure can be assumed a rigid body, that is, neglecting the e�ect of �exibility. Let I an
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inertial reference frame �xed at ground, and B the body reference frame of the vehicle.

Note that B is not centered on the drone's center of mass G, but on the point P where

the torque produced by the propellers for a given moment-only control input does not

generate any longitudinal thrust1. Thus, vector rB
PG is the relative position of G with

respect to P . Let the velocity of point P , vP , and center of mass, vG, as well as its

acceleration aG. Let the attitude director cosines matrix (DCM) from inertial to body

axes, which is denoted as C. Let J the drone's inertia tensor in the B frame, which is

constant for a rigid body. Let ω and α be the angular velocity and acceleration of frame

B with respect to frame I. Let M the external moments acting on the UAV with respect

to point P , which are generated by the propellers, air interaction and gravity2. The total

angular momentum of the drone around P is given by

hP = Jω +m(rPG × vG). (6.1)

This equation can be di�erentiated at the B frame, yielding

d

dt
hB

P = Jω̇ + ω × Jω +m ((vG − vP + ω × rPG)× vG + rPG × (aG + ω × vG)) .

(6.2)

Note that, using the Jacobi identity for the triple cross product,

(ω × rPG)× vG + rPG × (ω × vG) = ω × (rPG × vG) (6.3)

Simplifying this result and applying the Kinetic Moment Theorem,

Jω̇ + ω × Jω +m (−vP × vG + rPG × aG + ω × (rPG × vG)) = M +m(vG × vP ).

(6.4)

This expression can be further reduced to

Jω̇ + ω × Jω = M −m (rPG × aG)−mω × (rPG × vG) . (6.5)

1In practice, this point coincides with the geometrical center of thrust of the UAV, which typically
coincides horizontally with the center of mass, but has a vertical deviation.

2Note that gravity exerts torque, as the point at which the dynamics are written is not the center of
mass.
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The terms m (rPG × aG) and mω×(rPG × vG) are typically called inertial moments. The

quadrotor's angular dynamics in the body frame are then given by

d

dt
C = −ωB × C

d

dt
ωB = αB

JαB + ωB × JωB = MB −m
(
rB
PG × aB

G

)
−mωB ×

(
rB
PG × vB

G

)
.

(6.6)

(6.7)

(6.8)

The evolution of vG is given by Newton's Second Law,

m
d

dt
vG = T . (6.9)

Vector T , the drone's total thrust, is a free variable, which is adjusted by the �ight control

system to maintain a leveled �ight, that is, depending on position, typically through the

height component, velocity itself and attitude.

For the identi�cation, these dynamics are linearized around steady state conditions,

namely, C = I being the identity and for ω = α = vG = 0. Let the Euler angles

θ =
(
ϕ θ ψ

)T
characterizing the drone's attitude. The control input uB can be de-

�ned as a signal directly controlling the torque generated by propellers. Therefore, with

a slight abuse of notation, and linearizing T I with altitude and attitude, and MB as a

function of the input signal uB, attitude θ, linear and angular velocity3,

d

dt
h =

(
uI

h

)T
vI = vI3

m
d

dt
vI = Thh+ Tθθ

d

dt
θ = ωB

d

dt
ωB = αB

JαB =Mvv
I +Mθθ +Mωω

B +Muu
B −

(
rB
PG

)×
Thh−

(
rB
PG

)×
Tθθ.

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

Note that uI
h is de�ned as the unitary vector on the vertical direction. Hence, for the state

representation x =
(
h
(
vI
)T

θT
(
ωB
)T)T

and given the input u = uB and output

3To account for gravity and aerodynamic torques.
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y =
((

ωB
)T (

αB
)T)T

,

d

dt
x =


0

(
uI

h

)T
0 0

Th/m Tθ/m 0 0

0 0 0 I

−
(
rB
PG

)×
Th J−1Mv J−1Mθ −

(
rB
PG

)×
Tθ J−1Mω

x+


0

0

0

J−1Mu

u

y =

[
0 0 0 I

−
(
rB
PG

)×
Th J−1Mv J−1Mθ −

(
rB
PG

)×
Tθ J−1Mω

]
x+

[
0

J−1Mu

]
u

(6.15)

(6.16)

For J diagonal in the body frame, and assuming Tθ, Mθ, Mω and Mu do not couple

di�erent axes, the previous equations can be written separately for each direction. In

particular, for xi =
(
h vBi θi ωB

i

)T
and yi =

(
ωB
i αB

i

)T
, a linear system as follows is

written,
d

dt
xi = Aixi +Biui

y = Cixi +Diui.

(6.17)

(6.18)

In consequence, from a theoretical view, a fourth order system should be identi�ed. Higher

order dynamics may arise from a more complicated de�nition of T with respect to state

variables, perhaps from a PID controller.

6.1.2. System control and excitation

The drone's dynamics are unstable, and therefore a closed loop system identi�cation has

to be performed. In particular, the input signal is constructed as

u = uc + uinj. (6.19)

The �rst contribution is the feedback input, which is computed by the �ight controller

during the experiment to stabilize the plant. The second contribution is the one that

excites the desired dynamics, commonly referred to as LMNF injection. In particular,

only moments (L, M and N) are excited, with no perturbation to the controller total

thrust F. The injection is performed one axis at a time, that is, in one experiment only

the longitudinal (pitch) or lateral (roll) dynamics are excited. The yaw dynamics are

much simpler, typically consisting of just a second or even �rst order system, and thus

are not studied.

For each axis, three experiments were performed using the same input excitation for com-

parison. The injected moment is the same for both the longitudinal and lateral axis, as
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they can be expected to behave similarly. In particular, the strategy of signal construc-

tion through Hermite projections described in Chapter 5 was followed. The frequencies

of interest were chosen between 1 and 4 Hz. A total experiment duration of 10 seconds

was considered. An initial sine sweep signal satisfying these conditions was constructed

through an order 150 Hermite expansion, as depicted in Figure 6.2. This input signal sat-

is�es both the frequency requirements and the Hermite domain representation condition.

Besides, it has near to constant amplitude, producing noticeable e�ects in the system,

and increasing the SNR for all frequencies.
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Figure 6.2: Excitation signal for all experiments, constructed via a sine sweep projection,

together with its Fourier transform.

6.1.3. Experiments procedure

Experiments were assessed systematically. For each axis, three experiments were per-

formed during the same �ight. Using a fully charged battery, the drone was set to steady

�ight mode. Once the vehicle's position and attitude was stabilized, the corresponding

LMNF injection was sent and executed. One experiment was performed once the drone

had stabilized from the previous one. During this process, safety measures such as not

entering the experiment area while the drone was armed and having a kill-switch ready

at all times were taken. After the experiments were executed, the recorded data was re-
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covered from the drone's memory and post-processed to extract, in each case, the signals

of interest for the identi�cation.

Input and measurement signals are not sampled homogeneously. Furthermore, a di�erent

sampling times vector is used for each variable. This is not an issue for the HD-PBSID, as

the �rst step is a projection, which is compatible with any sampling time. This integration

is performed using a trapezoid rule quadrature, as this enhances robustness against noise.

The time between two samples is of roughly 4.20 ms. For an average experiment span of

10 s, the available number of samples for each run is of around 2400.

6.2. Identi�cation and results

6.2.1. Identi�cation setup

The same identi�cation algorithm, based on the HD-PBSID, was used for both longitu-

dinal and lateral dynamics. An expansion of 400 terms was used for the Hermite basis,

although a lower maximum order does not seem to a�ect the results substantially, as dis-

cussed in Chapter 5. The di�erential operator parameters were set to β = 6 and γ = 16.

As for the number of singular values and correspondingly the system state dimensions,

motivated by the theoretical model and the results observed in Figures 6.3 and 6.4, a

fourth order system was identi�ed. As depicted in both �gures, a third order system

might be enough to capture the observed experimental behavior. Nonetheless, note that

the fourth singular value is in general not much smaller in absolute value than the third

one, justifying the selection.

6.2.2. Identi�cation results

The obtained eigenvalues and bode plots for the longitudinal dynamics, considering all

three experiments are shown in Figures 6.5 and 6.6. The speci�c obtained eigenvalues are

provided in Tables 6.1 and 6.2. In general, all cases provide rather similar results, mainly

in the frequency range excited by the input signal, that is, for ω ∈ [2π, 8π] rad. A good

agreement of the three identi�ed systems can be seen for higher frequencies. To obtain a

better �tting for a wider frequency range, and in particular for a better characterization

of the slow modes, a longer experiment is necessary. An unstable oscillating mode is

observed around 0± 5i. The remaining eigenvalues are slow damping modes that can be

associated to dissipation e�ects. A similar behavior is obtained for the lateral dynamics,

as depicted in Figures 6.7 and 6.8.
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Figure 6.3: Singular values for the longitudinal system identi�cation.

2 4 6 8 10 12 14 16

Singular value order

10
-4

10
-2

10
0

10
2

|S
|

Experiment 1

Experiment 2

Experiment 3

Figure 6.4: Singular values for the lateral system identi�cation.

In order to verify the identi�ed plant, it is of interest to simulate the estimated system

under the experimental input. However, as the system is unstable, the output diverges if
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Experiment Eigenvalues

1 −28.1279 −10.4272 1.2072 + 5.8205i 1.2072− 5.8205i
2 −29.6969 −12.2414 1.5850 + 4.9288i 1.5850− 4.9288i
3 −37.5718 −6.1102 0.5082 + 4.3069i 0.5082− 4.3069i

Table 6.1: Eigenvalues of the identi�ed plant for the longitudinal dynamics.
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Figure 6.5: Eigenvalues obtained for the longitudinal dynamics.

not controlled in closed loop. Indeed, as matrix A has unstable eigenvalues, any pertur-

bation which is not controlled produces an exponential response. To handle this di�culty,

it is useful to recall that the PBSID algorithm also provides a Kalman gain K as part of

the identi�cation. Therefore, an estimator for the system state can be constructed as

d

dt
x̂ = Ax̂+Bu+K(y − Cx̂−Du). (6.20)

De�ning z =
(
uT yT

)T
,

d

dt
x̂ =

[
A−KC

]
x̂+

[
B −KD K

]
z. (6.21)

This innovation form of the plant is always stable. For this construction, the estimated
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Figure 6.6: Bode diagram obtained for the longitudinal dynamics.

Experiment Eigenvalues

1 −28.9986 −11.1375 2.4045 + 4.9270i 2.4045− 4.9270i
2 −27.4011 −12.2941 1.1678 + 5.3542i 1.1678− 5.3542i
3 −31.7832 −9.7939 0.8442 + 5.3266i 0.8442− 5.3266i

Table 6.2: Eigenvalues of the identi�ed plant for the lateral dynamics.

an measured outputs are compared for both the longitudinal and lateral dynamics in

Figures 6.9 and 6.10, respectively. In both cases, a good �tting of the identi�ed observer

with the measured responses is obtained, perhaps with a slight divergence of ω for the

lateral case. The fact that the performed identi�cation provide a good �tting to the

experimental data, while giving slightly di�erent eigenvalues, means that the estimated

models are adequate for the excited frequency range, but not necessarily for slower or

faster excitations. Naturally, if necessary, more experiments at di�erent regimes would

provide a more complete picture of the system dynamics. The obtained results provide

a promising experimental validation of the HD-PBSID, which appears as an interesting

contribution to the problem of CT system identi�cation.
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Figure 6.7: Eigenvalues obtained for the lateral dynamics.
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Figure 6.8: Bode diagram obtained for the lateral dynamics.
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Figure 6.9: Simulated and experimental output for the longitudinal dynamics.
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Figure 6.10: Simulated and experimental output for the lateral dynamics.
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7| Conclusions and future work

7.1. Conclusions

This thesis has introduced a novel framework for the identi�cation of continuous-time

(CT) systems using orthogonal function bases, with a particular focus on the Hermite

domain-based PBSID (HD-PBSID) method. The proposed approach provides an alterna-

tive to other proposed CT identi�cation methods such as the CT-PBSID, with particularly

interesting properties regarding noisy environments.

One of the key contributions of this work is the rigorous mathematical formulation that

connects the choice of orthonormal function bases with the �ltering properties and numeri-

cal stability of the identi�cation process. While Laguerre-based transformations have been

widely studied, this thesis extends the framework by incorporating Hermite functions,

exploiting useful properties such as compact support and well-de�ned spectral character-

istics. The mathematical developments presented here lay the foundation for a broader

understanding of CT-DT transformations beyond previously used techniques.

The performance of the HD-PBSID method was evaluated through numerical simulations

and experimental validation. The simulation results demonstrated the robustness of the

approach in handling noise and model uncertainties, while the experimental implementa-

tion on a quadrotor UAV con�rmed its practical applicability. The method successfully

identi�ed both longitudinal and lateral dynamics, showing strong agreement between esti-

mated and measured responses. The results suggest that the use of orthonormal function

bases in the way proposed in this thesis can enhance the accuracy and reliability of CT

system identi�cation, especially in applications where high-�delity models are required.

Despite these promising results, certain limitations remain. The computational complex-

ity of the method increases with the order of the selected basis functions, which can

become a constraint for real-time applications. Additionally, while the experimental val-

idation demonstrated the feasibility of the method, further investigations on di�erent

platforms and operating conditions, as well as validation steps with already identi�ed

systems, would be bene�cial to assess its broader applicability. These aspects highlight
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the need for further research and re�nement of the proposed methodology.

7.2. Future Work

The �ndings of this thesis open several avenues for future research. One promising di-

rection is the exploration of alternative function bases beyond Hermite functions. The

theoretical framework developed in this work suggests that other orthonormal bases, such

as Legendre or Jacobi functions, could be employed to tailor the transformation process

to speci�c system dynamics. Investigating these alternatives may provide further insights

into optimal basis selection and its impact on identi�cation accuracy.

The application of the HD-PBSID method in closed-loop identi�cation also represents an

interesting research direction. Most of the analyses in this thesis were conducted in open-

loop conditions, but many practical systems operate under feedback control. Investigating

the robustness of the method in closed-loop scenarios and developing strategies to ensure

consistency in the presence of feedback e�ects would enhance its practical usability.

In addition, e�orts should be made to improve the computational e�ciency of the proposed

approach. While the method provides accurate results, its computational cost increases

with the order of the selected basis functions. Exploring strategies such as adaptive or-

der selection, sparsity-based representations, or e�cient numerical implementations could

improve scalability and enable real-time applications.

Finally, the method should be tested on a wider range of real-world systems. While the ex-

perimental validation in this work was performed on a quadrotor UAV, future studies could

extend its application to more complex aerospace, robotic, or industrial systems where

accurate continuous-time identi�cation is crucial for control design. By addressing these

challenges, the HD-PBSID framework can be further re�ned and extended, contributing

to the advancement of system identi�cation methodologies and their applications.
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