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Abstract

Elastic seismic imaging relies on the simulation and analysis of wave-fields in which com-
pressional (P) and shear (S) contributions are superposed. Thus P—S separation helps an-
alyze wave propagation and reduce modal cross-talk in imaging and inversion workflows.
Among existing strategies, Poisson-based formulations are attractive because they recover
the compressional component through a scalar Poisson equation. However, in bounded
domains, this equation does not define a unique separation unless suitable boundary con-
ditions are prescribed. This thesis investigates these boundary conditions by interpreting
Poisson-based P—S separation within the Helmholtz—Weyl decomposition framework. The
Poisson—Neumann and Poisson—Dirichlet formulations are analyzed as distinct realizations
of the irrotational /solenoidal decomposition in a bounded domain. Fast transform-based
Poisson solvers, consistent with the boundary closures and the staggered grid of the elastic
solver, are developed and tested on wave-fields of increasing complexity. The numerical
experiments show that boundary artifacts are reduced by extending the separation do-
main to include absorbing layers. In effectively unbounded configurations, this makes
the Poisson-Neumann and Poisson—Dirichlet formulations practically equivalent in the
interior physical region. The situation changes in the presence of a free surface. In fluid
free surface configurations, the Poisson—Neumann formulation better reflects the absence
of shear waves in the fluid, whereas the Poisson—Dirichlet formulation may generate spu-
rious P-to-S leakage near the surface. This motivates a mixed formulation, imposing
non-homogeneous Neumann conditions at the free surface and homogeneous Dirichlet
conditions on artificial boundaries. Finally, the thesis investigates the use of P—S separa-
tion in Elastic Full Waveform Inversion to reduce Vp — Vg coupling. A separated-gradient
strategy is introduced to modify the modal interactions entering the adjoint-state gradi-
ents. The formulation is interpreted as a targeted mitigation of the volumetric pathway of
Vp — Vg cross-talk, rather than as a complete decoupling of the multiparameter inverse

problem.

Keywords: P-S wave-field separation; Poisson-based methods; boundary conditions;

Elastic Full Waveform Inversion.
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Abstract in lingua italiana

L’imaging sismico elastico si fonda su simulazione e analisi di campi d’onda in cui con-
tributi compressionali (P) e di taglio (S) sono sovrapposti. La separazione P-S aiuta ad
analizzare la propagazione d’onda e a ridurre il cross-talk modale nei flussi di imaging
e inversione. Tra le esistenti, le formulazioni basate su Poisson sono interessanti perché
recuperano la componente P tramite un’equazione di Poisson scalare. Tuttavia, in domini
limitati, tale equazione non definisce univocamente una procedura di separazione senza
opportune condizioni al contorno. La tesi studia tali condizioni al contorno interpretando
la separazione P—S basata su Poisson nel quadro della decomposizione di Helmholtz—Weyl.
Le formulazioni Poisson-Neumann e Poisson—Dirichlet sono analizzate come diverse real-
izzazioni della decomposizione irrotazionale/solenoidale in un dominio limitato. Solutori
di Poisson basati su trasformate veloci, coerenti con le chiusure al contorno e con la
griglia sfalsata del solutore elastico, sono sviluppati e testati su campi d’onda di comp-
lessita crescente. Gli esperimenti numerici mostrano che gli artefatti di bordo si riducono
includendo gli strati assorbenti nel dominio di separazione. In configurazioni di fatto
illimitate, cio rende le formulazioni Poisson—Neumann e Poisson—Dirichlet praticamente
equivalenti nella regione fisica interna. La situazione cambia con superficie libera in cui
la formulazione Poisson—-Neumann risulta piu coerente con I’assenza di onde di taglio nel
fluido, mentre la formulazione Poisson—Dirichlet puo generare contaminazione spuria da P
a S vicino alla superficie. Cid motiva una formulazione mista, con condizioni di Neumann
non omogenee alla superficie libera e di Dirichlet omogenee ai bordi artificiali. Infine,
si indaga 1'uso della separazione P—S nell’Elastic Full Waveform Inversion per ridurre
I’accoppiamento Vp — Vs. Si introduce una strategia a gradiente separato per modificare
le interazioni modali che entrano nei gradienti adjoint-state. La formulazione € interpre-
tata come mitigazione mirata del canale volumetrico di cross-talk Vp — Vg, piuttosto che

come disaccoppiamento completo del problema inverso multiparametrico.

Parole chiave: separazione P-S del campo d’onda elastico; metodi basati su problemi

di Poisson; condizioni a contorno; Elastic Full Waveform Inversion.
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]_ ‘ Introduction

Seismic imaging is a fundamental tool for investigating the structure and physical prop-
erties of the subsurface from recorded wave data. In elastic media, the interpretation
of these data is complicated by the coexistence and interaction of compressional and
shear wave modes. This thesis focuses on this modal structure by studying Poisson-based
P-S wave-field separation in bounded computational domains, with particular attention
to the role of boundary conditions, numerical realization and application to Elastic Full

Waveform Inversion.

1.1. Elastic wave-field separation in seismic imaging

Elastic seismic imaging relies on the numerical simulation and analysis of elastic waves
propagating through the subsurface. In linear elastic and isotropic media, the elastic wave
equation supports different propagation modes, associated with different types of mechani-
cal motion. Compressional waves, usually referred to as P-waves, are related to volumetric
deformation and particle motion along the direction of propagation, whereas shear waves,
usually referred to as S-waves, are related to distortional deformation and particle motion
orthogonal to the direction of propagation. The coexistence of compressional and shear
contributions is one of the distinctive features of elastic wave propagation. It enriches
the physical information carried by the wave-field, but it also makes its analysis more
involved. Indeed, the displacement or velocity field obtained from an elastic simulation is
generally observed as a total vector field, in which the different modal contributions are

superposed and, in heterogeneous media, interact with each other.

In an unbounded, homogeneous and isotropic medium, this modal distinction has a precise
mathematical characterization. The canonical time-harmonic plane-wave analysis of the
elastic wave equation shows that the so-called acoustic tensor admits one longitudinal
eigenmode, associated with the P-wave, and transverse eigenmodes, associated with S-
waves. In two space dimensions, the in-plane shear mode is referred to as SV. In realistic
seismic configurations, however, this ideal modal picture is complicated by the presence

of heterogeneities, material interfaces and boundaries. At material contrasts, incident
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waves may be reflected, transmitted and converted from one mode to another, so that
compressional and shear contributions are continuously redistributed within the wave-
field (see, e.g., [1, 26]). Moreover, free surfaces and interfaces may support coupled wave
modes, such as Rayleigh, Love, Stoneley and Scholte waves (see, e.g., 2, 31, 33]). The total
elastic wave-field is therefore a superposition of direct, reflected, transmitted, converted
and boundary-related events, whose modal content and physical nature are often difficult
to identify from the total field alone.

P-S wave-field separation addresses this difficulty by decomposing the total elastic wave-
field into compressional and shear contributions, thus reorganizing the information con-
tained in the total wave-field according to its dominant modal character. In the two-
dimensional setting considered in this thesis, this means separating the in-plane displace-
ment field into a P component and an SV component. From this perspective, wave-field
separation is first of all a tool for the physical analysis of elastic wave propagation. By
inspecting the separated components, one can better distinguish direct P and S arrivals,
identify converted events generated at material interfaces, and analyze boundary-related

phenomena such as free-surface effects.

Beyond the analysis of wave propagation itself, P—S separation plays an important role in
elastic seismic imaging workflows. In elastic reverse-time migration, imaging conditions
are typically based on time cross-correlations between the so-called source and receiver
wave-fields, respectively obtained by forward propagation of the source and by back-
propagation of the recorded data. If applied directly to the total elastic wave-fields,
this procedure may generate images affected by the mixing of contributions associated
with different propagation modes. In this context, P-S separation has been successfully
employed by applying the imaging condition separately to the P and S components of the
source and receiver wave-fields. This leads to mode-separated P-P, P-S, S-P and S-S
migrated images, which carry complementary subsurface information and are less affected

by inter-mode cross-talk artifacts (see, e.g., [40, 44]).

A similar motivation arises in Elastic Full Waveform Inversion (E-FWI), where the objec-
tive is to reconstruct the subsurface properties by iteratively minimizing the discrepancy
between observed and simulated data (see, e.g., [39]). In the isotropic multiparameter
setting, E-F'WI involves the simultaneous reconstruction of the P-wave velocity Vp, the
S-wave velocity Vg and, possibly, the density p. A well-known difficulty of this inverse
problem is the coupling between the different parameters, especially between Vp and Vg
(see, e.g., [30]), which may lead to undesired leakage between the corresponding param-
eter updates, reducing the reliability and interpretability of the inversion results. In this

context, mode-decomposition-based strategies have been proposed to precondition the
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adjoint-state gradient, with the aim of reducing Vp — Vg cross-talk (see, e.g., [41]).

These considerations motivate the development of accurate, physically consistent and
computationally efficient P—S separation procedures. This is the general framework of the
present thesis, whose specific focus is on Poisson-based separation strategies in bounded

computational domains.

1.2. Objectives and contributions of this work

Poisson-based separation in bounded domains

Among the different approaches proposed for elastic wave-field separation, this thesis fo-
cuses on Poisson-based formulations arising from Helmholtz-type decompositions of the
elastic wave-field. In these methods, the compressional component of the wave-field is re-
covered as the gradient of a scalar potential, which is in turn obtained as the solution of an
auxiliary scalar Poisson equation, while the shear component is obtained either through
an additional potential problem or by subtraction from the total field. This class of meth-
ods is particularly appealing because, in practical applications, Poisson-based separations
have been shown to preserve the amplitudes, phases and spatial structures of both direct
and converted P and S events with good accuracy. Moreover, in rectangular computational
domains, which are particularly relevant in numerical seismology, the auxiliary Poisson
problems can be solved efficiently by means of fast trigonometric transforms, making these
methods suitable for large-scale seismic simulations. A first Poisson-based strategy was
proposed in [48|, where the P and S components are computed by solving, respectively,
a scalar Poisson problem for the compressional potential and a vector Poisson problem
for the shear potential. A later formulation in [47] simplified this construction by recov-
ering the S component as the residual between the total wave-field and the reconstructed
P component. In this way, the separation is reduced to the solution of a single scalar

Poisson equation, leading to a substantial decrease in computational cost.

However, the same computational point of view that makes these methods attractive
also tends to conceal a delicate mathematical ambiguity. In bounded computational do-
mains, the auxiliary Poisson equation does not define a separation procedure by itself:
in order to obtain a meaningful and well-posed elliptic problem, it must be completed
with boundary conditions. In several transform-based implementations, these boundary
conditions are not explicitly stated at the level of a continuous elliptic boundary-value
problem. Rather, they are implicitly encoded in the choice of the transform basis used to
solve the discrete equations. For instance, implementations based on sine transforms, such

as the one proposed in [48], correspond to homogeneous Dirichlet boundary conditions,
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whereas FFT-based solvers, such as the one proposed in [47], implicitly impose periodic
boundary conditions. The practical relevance of this boundary issue is already visible
in the behavior of the corresponding separation procedures. In the sine-transform-based
formulation of [48|, boundary artifacts were reported and explicitly related to the Dirich-
let boundary conditions used in the fast Poisson solver. In the FFT-based formulation
of [47], artificial-boundary artifacts were addressed through a mitigation strategy based
on reducing the interaction between the wave-field and the boundaries of the separation
domain. However, residual artifacts were still observed at the fluid free surface, where
the boundary is physical and cannot be moved away by the same extension mechanism.
These observations suggest that boundary effects in Poisson-based separation are not
merely incidental numerical artifacts, but reflect the boundary conditions through which

the auxiliary Poisson problem is closed.

Objectives and contributions

The first objective of this thesis is therefore to clarify the role of boundary conditions in
Poisson-based P-S separation in bounded domains, by interpreting the problem within
the functional framework of the Helmholtz—Weyl decomposition theorem. In this setting,
the scalar Poisson equation is not regarded as an isolated numerical tool, but as part of
an elliptic boundary-value problem whose boundary conditions contribute to the mathe-
matical definition of the separated fields. This viewpoint makes it possible to analyze the
Poisson-Neumann and Poisson—Dirichlet formulations as two distinct realizations of the
irrotational /solenoidal decomposition of the elastic wave-field in a bounded computational

domain.

A second objective is to use this interpretation to clarify the origin of boundary-induced
leakage mechanisms. Since different boundary closures impose different constraints on
the separated wave-fields, they may generate different spurious modal conversions when
the total wave-field reaches the boundary with non-negligible amplitude. This provides a
mathematical explanation for the boundary artifacts observed in Poisson-based separation
methods and motivates a domain-extension mitigation strategy, inspired by the absorbing-

layer treatment proposed in [47].

On the numerical side, the thesis develops fast transform-based solvers for the auxiliary
Poisson problems, designed to be consistent with both the boundary conditions of the
corresponding formulation and the staggered-grid arrangement inherited from the elastic
wave solver. For the Poisson-Neumann formulation, a second-order finite-difference solver
is adopted, since it allows the non-homogeneous Neumann datum to be incorporated in

a simple and consistent way. For the Poisson—Dirichlet formulation, the explicit spec-
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tral structure of the continuous Dirichlet Laplacian motivates a continuous-like spectral
approach, whose behavior is discussed in relation to both theoretical considerations and

numerical experiments.

The distinction between artificial and physical boundaries becomes essential in the pres-
ence of a free surface. In this case, the boundary cannot be moved away by absorbing lay-
ers, and the boundary condition imposed on the auxiliary Poisson problem directly affects
the separated fields near the physical boundary. This issue is especially relevant in fluid
free surface configurations. In this setting, the thesis shows that the non-homogeneous
Neumann formulation is more consistent with the absence of shear waves in the fluid,
whereas the homogeneous Dirichlet formulation may induce spurious P-to-S leakage close

to the free surface.

These considerations motivate the development of a Poisson—mixed formulation. The idea
is to impose non-homogeneous Neumann boundary conditions on the physical free surface,
while retaining homogeneous Dirichlet boundary conditions on the artificial boundaries
surrounded by absorbing layers. In this way, the mixed formulation inherits the physical
consistency of the Neumann condition at the fluid free surface, and, at the same time, the
structure of the mixed boundary-value problem allows one to construct an efficient solver
based on a spectral approach analogous to the one adopted for the Poisson—Dirichlet

formulation.

The final objective of this thesis is to investigate the use of P—S separation in the con-
text of Elastic Full Waveform Inversion, with the aim of reducing the coupling between
Vp and V. In this setting, the separation is used to modify the modal structure of the
adjoint-state gradients. The purpose of the construction is not to fully decouple the mul-
tiparameter elastic inverse problem; rather, it is to reduce a specific volumetric structural
pathway of Vp — Vg cross-talk. This point is developed through a formal, yet structurally
and physically motivated, analysis of the modified adjoint-state gradients. The resulting
separated-gradient formulation is therefore understood as a targeted cross-talk mitigation

strategy, whose effect is assessed through synthetic inversion tests.

1.3. Structure of the thesis

The thesis is organized so as to move progressively from the physical and mathemati-
cal foundations of P-S separation, through its numerical realization, and finally to its

application to Elastic Full Waveform Inversion. More precisely:
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o Chapter 2 — Basics of elastic wave propagation in linear elastic and
isotropic media.
This chapter introduces the physical and mathematical background of elastic wave
propagation used throughout the thesis. The elastic wave equation is briefly de-
rived in both displacement-only and velocity—stress formulations. The chapter then
presents the classical time-harmonic plane-wave analysis in homogeneous and un-
bounded isotropic media, leading to the acoustic tensor and to its diagonalization
into P and S eigenmodes. This provides the local characterization of P- and S-
waves as irrotational and solenoidal components of the displacement field. Finally,
the chapter discusses the restriction to the two-dimensional P-SV setting and the
interpretation of this modal picture in heterogeneous media, in domains that are

not unbounded in every direction, and in the presence of fluid regions.

o Chapter 3 — Numerical modeling of elastic wave propagation.
This chapter describes the numerical solver used to approximate the elastic wave
equation and to generate the elastic wave-fields analyzed throughout the thesis. It
introduces the staggered-grid discretization of the velocity—stress formulation, which
also defines the discrete setup used later by the Poisson solvers. The adopted finite-
difference scheme, based on a second-order approximation in time and a fourth-order
approximation in space, is then presented. Finally, the chapter discusses the stability
and numerical dispersion properties of the scheme, sponge absorbing layers, and the

treatment of heterogeneous elastic parameters.

o Chapter 4 — Mathematical foundations of the P—S elastic wave-field sep-
aration.
This chapter places the P—S separation problem within a rigorous functional-analytic
framework. It recalls a well-posedness result for abstract second-order linear evolu-
tionary equations and applies it to the displacement-only formulation of the elastic
wave equation. The chapter then introduces the Helmholtz—Weyl decomposition the-
orem and interprets it in the context of elastic wave-field separation, identifying the
irrotational and solenoidal components with the P and S fields, respectively, and

highlighting the role of the harmonic-gradient contribution.

o Chapter 5 — P-S separation with non-homogeneous Neumann boundary
conditions.
This chapter develops the Poisson-Neumann formulation of the P-S separation.
Starting from the Helmholtz—Weyl decomposition theorem, the P scalar potential is
characterized as the solution of an auxiliary Poisson problem with non-homogeneous

Neumann boundary conditions, whose well-posedness, mathematical meaning and
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physical interpretation are discussed. The chapter then presents the second-order
finite-difference approximation of the problem on the staggered grid and the diag-
onalization of the resulting discrete problem by means of fast trigonometric trans-
forms. Finally, a domain-extension mitigation strategy is introduced to reduce

boundary-induced artifacts in the separated fields.

o Chapter 6 — P-S separation with homogeneous Dirichlet boundary con-
ditions.
This chapter develops the Poisson—Dirichlet formulation of the P—S separation,
discussing the mathematical meaning and physical interpretation of homogeneous
Dirichlet conditions on the P scalar potential in comparison with the Poisson—
Neumann case. It then introduces an alternative continuous-like spectral solver,
based on the approximation of the analytical spectral representation of the con-
tinuous Poisson—Dirichlet solution using the information available on the staggered
grid, rather than on an explicit discretization of the differential operators. The
chapter concludes by assessing the accuracy of the scheme and the effectiveness of

the domain-extension mitigation strategy also in this setting.

o Chapter 7 — Comparison of the P-SV separation strategies in unbounded
media.
This chapter compares the Poisson—Neumann and Poisson—Dirichlet formulations in
effectively unbounded configurations, where all boundaries are equipped with ab-
sorbing layers and the domain-extension mitigation strategy is employed. The com-
parison is carried out on synthetic test cases of increasing complexity. The chapter
also analyzes the spectral content of the simulated wave-fields through quantitative
indicators, in order to interpret the observed behavior of the separation algorithms
and assess the practical relevance of the band-limitedness assumption underlying

the exactness of the Poisson—Dirichlet solver.

o Chapter 8 — Influence of the free surface boundary condition.
This chapter studies the effect of physical free surfaces on Poisson-based P-SV
separation. It analyzes the interaction between the free surface condition and the
mathematical boundary conditions imposed on the auxiliary Poisson problems. The
Poisson—Neumann and Poisson—Dirichlet formulations are compared in both solid
and fluid free surface configurations, where the fluid case reveals the most relevant

differences and motivates the mixed formulation presented in the following chapter.

o Chapter 9 — P-S separation with mixed boundary conditions.

This chapter introduces the Poisson—mixed formulation of the P—S separation, in
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which non-homogeneous Neumann boundary conditions are imposed at the physical
free surface and homogeneous Dirichlet boundary conditions are enforced on the re-
maining artificial boundaries. This choice combines the physical consistency of the
Neumann closure at a fluid free surface with the spectral structure induced by the
Dirichlet closure on the artificial boundaries. The well-posedness of the resulting for-
mulation is discussed, and a fast trigonometric-transform-based solver is developed
through a spectral approach analogous to the one adopted for the Poisson—Dirichlet
formulation. The mixed strategy is then tested in fluid free surface configurations

and compared with the Poisson—-Neumann and Poisson—Dirichlet formulations.

o Chapter 10 — Application to the Elastic Full Waveform Inversion.
This chapter investigates the use of P—S separation in Elastic Full Waveform Inver-
sion. After recalling the adjoint-state formulation of the isotropic multiparameter
E-FWI problem, it introduces a separated-gradient formulation in which the P and
S components of the forward and adjoint wave-fields are used to select the modal
interactions entering the gradient computation. The modified gradients are then
analyzed from a structural and physical viewpoint, using the linearized forward and
adjoint problems together with elastic Born scattering radiation patterns to interpret
their effect on the Vp — Vg cross-talk. Finally, the approach is tested on synthetic

inversion examples.

o Chapter 11 — Conclusions and future developments.
This chapter summarizes the main contributions of the thesis and discusses the
limitations of the proposed framework, which provide the basis for outlining possible

directions for future research.

The thesis is completed by two appendices. Appendix A collects the definition of the
source wavelet and the detailed description of the models used in the separation and
inversion tests, providing a self-contained reference for the simulation setups employed
throughout the numerical experiments. Appendix B recalls the main auxiliary results of

linear algebra and functional analysis used throughout the thesis.



2 ‘ Basics of elastic wave
propagation in linear elastic

and isotropic media

This chapter briefly recalls the fundamental equations governing the propagation of elastic
waves in linear isotropic media. A comprehensive treatment of linear elasticity can be
found in classical references such as chapter 6.1 in [17]. The aim of this chapter is mainly
to establish the notation and recall some results that are important for the subsequent

analysis.

Starting from the balance of linear momentum and the constitutive law of linear isotropic
elasticity, we first derive the elastic wave equation and present both its displacement-only
formulation and its velocity—stress formulation. We then analyze the structure of elastic
waves in an unbounded, homogeneous and isotropic medium through a time-harmonic
plane-wave analysis, which leads to the diagonalization of the acoustic tensor and reveals
the existence of two fundamental propagation modes, commonly referred to as P- and
S-waves. The associated irrotational and solenoidal properties of these modes provide the
physical motivation for the wave-field separation strategies investigated in the following

chapters.

2.1. The elastic wave equation in linear elastic and
isotropic media

Let us consider a linear elastic and isotropic medium, occupying a domain 2 C R", with
n =2, 3, over the time interval I = (0, T') C R;. We denote by

u:IxQ—=R" wu=u(tz), [w=m

the displacement field, describing the deviation of a material particle located at position

z €  from its equilibrium configuration at time ¢t € 1.
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Let us denote by
[ IxQ—=R", f=f(tz), [fi]= Nm™

a generic body force term. Then, the motion of the elastic medium is governed by the

balance of linear momentum, which reads

p 8_13% —div(3) = f (2.1)

where

p: Q=R p=plx) >0, [p]=kgm™

represents the mass density of the medium, and
5’ZIXQ—>RnXTL, 5:5(t,£), [Uij} = Pa

is the Cauchy stress tensor.

In the framework of linear elasticity, that is, under the assumption of infinitesimal de-
formations, the constitutive law relating the Cauchy stress tensor to the strain tensor

associated with displacement field is linear, namely,

=C:&(u), oy= Z Cijnk enk(uw)

h, k=1

QI

where

C-0O— IRn><n><n><n7 C = C<£)7 [Cijhk’] = Pa

denotes the fourth-order elasticity tensor characterizing the mechanical properties of the

medium, and

£(u) = Sym(Vu) =

DO | —

1 [/ Ou; Ou;
T - _t 7 J
(Vu+Vu'),  ew) 2 (aiﬁj ’ 833z‘>

defines the so-called infinitesimal strain tensor.

In the case of isotropic linear elasticity, the fourth-order elasticity tensor C is completely

characterized by two scalar parameters, called Lamé moduli

p:Q—=R, p=p(z)>0, [u4="Pa

2
A Q=R )\:)\(g)>—gu, [A] = Pa
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and the constitutive relation takes the well-known form

=2ué(u) + ATI(E(Q))T =2p18(u) + Adiv(u)l (2.2)

Qi

where I € R"*" denotes the identity tensor.

Substituting the constitutive law (2.2) into the balance of linear momentum (2.1), we get
the elastic wave equation for linear elastic and isotropic media in its displacement-only
formulation

0%u

p 5 — div (208) + Adiviw]) = f in 1% 0 (2.3)

An equivalent first-order formulation of the elastic wave equation is obtained by intro-
ducing the velocity field

v:lxQ—R" Q:Q(t,g):%(t,g), [v] =ms™*

In terms of the velocity field, the balance of linear momentum (2.1) becomes

ov

pa—; —div(e) = f (2.4)

Moreover, formally differentiating with respect to time the constitutive law (2.2), we

obtain

Jo

5 = 2mE(@) + ) div(v)I (2.5)

Therefore, coupling equations (2.4) and (2.5), the elastic wave equation in linear elastic

and isotropic media can be equivalently written in the so-called velocity-stress formulation:

p@—div((?):f in I xQ
agt - (2.6)
Fri 2ué(v) + Adiv(v)l in I x Q

2.2. P-S diagonalization of the acoustic tensor in an

unbounded and homogeneous medium

In order to analyze the fundamental propagation modes of elastic waves, let us consider

the particular case of an unbounded homogeneous medium, with vanishing forcing term,
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that is
2

Q=R", f=0, p=po>0, p=p >0, AEA0>—Euo

Under these assumptions, the elastic wave equation in displacement-only formulation, as
given by equation (2.3), can be formally rewritten in the form of the homogeneous Navier

equation
822 . . n
Po o ~ 1 Au — (po + Xo)Vdiviu) =0 inI xR (2.7)
To study the propagation properties of elastic waves in this setting, we look for time-

harmonic plane-wave solutions of the form

u(t,z) =R (Q e*i(m%@) (2.8)

where a € C", [a;] = m, is the so-called polarization vector, which determines the ampli-
tude and direction of oscillation of the wave; k € R, [k;] = m™!, is the wave vector, which
determines the wavelength and direction of propagation; and w € R, [w] = s™! denotes

the angular frequency.

Since equation (2.7) is linear with real coefficients and the real part operator is itself

linear, the present analysis can be equivalently carried out using the complex field

= ge (Wi-kz) (2.9)

|2

and the corresponding physical displacement field is obtained by taking its real part.

Substituting the expression (2.9) into the differential operators appearing in equation

(2.7), we obtain
2

Q

u - —i(wt—k-
;:—wQQ:—wQQe i(wt—Ek-z)
ot

Al = — ||k, @ = — ||k|[3. e @k
Vdiv(a) = —(k@k) i =—(k®k)ae @+

Thus, reassembling equation (2.7) yields
(= pow?at po Ikl a+ (w0 + o) (k@ k)a) e ™59 =0 in [ xR"  (2.10)

Since the exponential factor never vanishes, (2.10) reduces to the following algebraic

equation

po k|20 @+ (1o + Xo)(k®@ k) a = pow’a (2.11)
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Let us introduce the wavenumber £, the unit propagation vector é and the wave velocity

¢, respectively defined by

poa+ (po+Xo)(E®é)a=poc®a (2.12)

The acoustic tensor, function of the unit propagation vector, is then defined as

AR, A= A() = ol + (o + o) (¢ ® €) (2.13)
In this way, equation (2.12) takes the form of the following algebraic eigenvalue problem

A(e)a=pocta (2.14)

which expresses the necessary and sufficient condition for a time-harmonic plane-wave
to propagate in an infinite, homogeneous, linear elastic and isotropic medium, namely:
the polarization vector must be an eigenvector of the acoustic tensor with associated

eigenvalue equal to pg c?.

Moreover, notice that, since the acoustic tensor /Zl(é) is real and symmetric, then, it follows
from the spectral theorem for symmetric matrices (see appendix B, theorem B.1) that its
eigenvalues are real and it admits an orthonormal basis of real eigenvectors. Therefore,
the polarization vectors associated with propagating time-harmonic plane-waves can be
chosen as

a€eR"”

without loss of generality. This is also consistent with the fact that the physical displace-

ment field is obtained by taking the real part of the complex-valued ansatz (2.9).

Orthogonal decomposition and spectral structure of the acoustic tensor
Let us consider the one-dimensional vector subspace associated with the propagation

direction

Vi CR", V) =span(é), dim(V))=1

and its (n — 1)-dimensional orthogonal complement

ViCcRY, Vi=(V) ' ={veR"|v-é=0}, dim(V,)=n-1
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Since R™ is a Hilbert space, endowed with the standard Euclidean scalar product, and
V| is a finite-dimensional subspace, hence closed, thanks to the orthogonal decomposition

theorem (see appendix B, theorem B.2), the following orthogonal decomposition holds
R" =V, &V, (2.15)
which implies that
Vo eR", Jy eV v €V |v=y+u,
where v and v, are the orthogonal projections of v onto V|| and V|, respectively. That

is,

= v, v, =11 v

where the projection operators are defined by
ﬁ” e R™", ﬁ” v=(é®Ré)v e Vi (2.16)
ﬁleRnxn’ ﬁL:T—ﬁ“, ﬁlQ:<T—(é®é)>Q€VL (2.17)

and they satisfy, by construction

IE[”Q:Q, M, v=0, Yo eV (2.18)
ﬁLy:y, I:THg:Q, Yv eV, (2.19)

Using this orthogonal decomposition, the action of the acoustic tensor can be readily

characterized. Indeed, we can rewrite its expression, as given by (2.13) as follows:

—ll

A&) = o (T~ (€®¢é)) + (Ao + 2u0) (6 ® &)

which corresponds, in view of (2.16) and (2.17), to

A(€) = poTLL + (Ao + 2u0) TI

This representation shows that the acoustic tensor acts diagonally with respect to the

orthogonal decomposition (2.15). Indeed, let a € R™:
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o If a € V), then, thanks to (2.18),

A(e)a = polira+ (o + 2u0)Tj @ = (Ao + 240) a (2:20)
Therefore, a € V| is an eigenvector of the acoustic tensor f:l(é), with associated
eigenvalue \g + 2119, with multiplicity one.

o If @ € V|, then, thanks to (2.19),

A@)a=poTla+ ()\0+2M0)M: o @ (2.21)
Therefore, a € V| is an eigenvector of the acoustic tensor /zl(é), with associated
eigenvalue 1, with multiplicity n — 1.

Combining equations (2.20) and (2.21) with the original form of the eigenvalue problem
(2.14), we get

A 2
acV = N +2=poc® = c=Vp= %
0
2 o
a€Vy = p=pc = c=Vg=,/—
Po

Physical interpretation of P- and S-waves
The spectral characterization of the acoustic tensor provides a clear physical interpretation
of the fundamental propagation modes of elastic waves in unbounded, homogeneous, linear

elastic and isotropic media.

The previous analysis shows that, in such a medium, there exist three admissible linearly
independent polarization vectors a for a time-harmonic plane-wave of the form (2.8),
which necessarily coincide with the eigenvectors of the acoustic tensor /:l(é). Therefore,
one belongs to the subspace V|, while the other two belong to its orthogonal complement

Vi.

If a € V), then the displacement u is polarized along the wave propagation direction. In
this case, the oscillations of the medium occur in the same direction as the wave propaga-

tion, and the corresponding mode is therefore longitudinal. The associated propagation

[ \o + 2
Vp = %, [Vp] = ms™! (2.22)
0

velocity is
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and the corresponding wave is called a compressional or P-wave.

On the other hand, if ¢ € V|, then the displacement is orthogonal to the propagation
direction. In this case, the oscillations of the medium occur in directions perpendicular to
the wave propagation, and the corresponding mode is therefore transverse. The associated
propagation velocity is

Vs = %} [Vs] = ms™! (2.23)

and the corresponding wave is called shear or S-wave.

We emphasize that these two modes exhaust all possible time-harmonic plane-wave solu-
tions of the elastic wave equation in unbounded, homogeneous, linear elastic and isotropic

media, as shown by the previous spectral analysis of the acoustic tensor.

Moreover, from equations (2.22) and (2.23), it follows that
Vp > Vg

since A\g + 2ug > po for any physically admissible values of the Lamé moduli. Therefore,

compressional waves always propagate faster than shear waves.

A further fundamental characterization of these two propagation modes can be obtained
in terms of the divergence and curl of the corresponding displacement field. Indeed,

considering a time-harmonic plane wave of the form (2.9), a direct computation yields

) i (leLQ — kQCLl) e_i(“’t_k’@ ifn=2
div() =1i(k-a)e @ 2D curl(a) = (2.24)
i(k x a)ei(Wi-k2) if n =3

If a €V}, that is, a = aé, o € R, then one gets, if n = 2
k’lag — kgCLl =ak (6162 — 6261) =0

and, analogously, if n = 3

kxa=ak(éxeé)=0

Therefore, in both cases, according to (2.24), we conclude
a€V) = curl(@) =0

Hence, the displacement field of a time-harmonic plane P-wave is irrotational, which is

consistent with the fact that compressional waves are associated with purely volumetric
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deformations.

Conversely, if a € V|, then, by definition, a - ¢ = 0, so that

Thus, according to (2.24), we obtain
acV, = div(@) =0

Hence, the displacement field of a time-harmonic plane S-wave is solenoidal, which is
consistent with the fact that shear waves are associated with purely distortional deforma-

tions.

Therefore, in unbounded, homogeneous, linear elastic and isotropic media, compressional
time-harmonic plane-waves are characterized by irrotational displacement fields, whereas

shear time-harmonic plane-waves correspond to solenoidal displacement fields.

Restriction to the two-dimensional P-SV setting

In the following chapters, we will restrict attention to a two-dimensional (i.e., n = 2) con-
figuration, namely we consider domains 0 C R%. Accordingly, we consider displacement
fields of the form

w:l xQ =R w(trz) = (ux(t,x,z), uz(t,a:,z))
and propagation directions confined in the same plane, namely
é = (e €,)
In this setting, the transverse subspace V| is one dimensional, more precisely
Vi =span(§), §=(—e,, ;)

Thus, in two space dimensions, there exist two admissible linearly independent polariza-
tion vectors for a time-harmonic plane-wave of the form (2.8): one longitudinal, aligned
with é, and one transverse, aligned with s. In the seismological terminology adopted
in this work, this in-plane shear mode will be referred to as SV (with “V” standing for

vertical, since z denotes the depth).
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Degenerate fluid case and extension beyond the unbounded, homogeneous,
time-harmonic plane-wave setting
A fluid medium can be interpreted as a degenerate case of linear elasticity, characterized

by the absence of resistance to shear deformations, namely
po =0

From a physical viewpoint, this reflects the fact that a fluid cannot sustain shear stresses
and only supports isotropic (pressure) stresses. In terms of elastic parameters, this cor-
responds to the case in which the Poisson ratio approaches the limit v = 1/2 with a fixed
finite value of A:

A —>1 — 0
V=——-— -,
oNtp) 2 N

This limiting fluid regime should not be confused with the incompressible solid limit,
which is obtained for A — 400 with u fixed, positive and finite, despite yielding the same

limiting value of the Poisson ratio.

As a consequence, the acoustic tensor reduces to
A) =X (e ®e)

and the eigenspace V| is associated with a vanishing eigenvalue, so that

Ve =, /M0 =0
Po

Therefore, shear waves cannot propagate in a fluid, and the wave-field is purely compres-

sional.

In more realistic settings, involving heterogeneous media and bounded domains, the prop-
agation of elastic waves is considerably more complex. The presence of material disconti-
nuities or boundaries (such as free surfaces or interfaces) gives rise to reflection, refraction
and diffraction phenomena, which are generally accompanied by mode conversions be-
tween compressional and shear waves. These effects are classically described, for instance,
by the Zoeppritz equations at interfaces (see, e.g., chapter 5.2 in [1]), and by amplitude-
versus-offset (AVO) analysis, which describes the variation of reflection amplitudes with
the angle of incidence (see, e.g., chapter 3.5 in [26]). Moreover, boundaries and interfaces
may support intrinsically coupled wave modes, such as Rayleigh and Love waves at solid
free surfaces (see, e.g., chapters 7.3 and 7.5 in [1]; [31]), Stoneley waves at solid-solid

interfaces (see, e.g., [33]), or Scholte waves at fluid-solid interfaces (see, e.g., [2]).
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In such configurations, the wave-field is no longer composed of independent propagation
modes, but rather of a superposition of P- and S-wave components that continuously
interact, convert and interfere with each other. Nevertheless, the characterization in
terms of divergence and curl retains a clear physical meaning. Even in heterogeneous
media and for general wave-fields, the irrotational content of the displacement field can
still be associated with compressional motion, whereas the solenoidal content is related to
shear motion. This is consistent, in a local sense, with the classical characterization of P-
and S-waves based on their polarization with respect to the propagation direction, with
P-waves oscillating parallel to the local direction of propagation, and S-waves orthogonally
to it. Therefore, although this identification is no longer exact in a strict mathematical
sense, it provides a physically meaningful and practically useful framework to interpret

and separate the different wave modes, including both direct and converted waves.

In the following, this interpretation will be adopted as a physically motivated basis for
wave-field separation. More precisely, the compressional P wave-field will be identified
with the irrotational component of the displacement field, whereas the shear S wave-field
will be identified with its solenoidal component. Accordingly, we consider the decompo-
sition:

u=up+ug (2.25)

curl(up) =0, div(ug) =0 (2.26)

where up and ug denote, respectively, the irrotational and solenoidal components of the

wave-field.
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3 ‘ Numerical modeling of elastic
wave propagation

In order to numerically simulate elastic wave propagation in heterogeneous media, finite-
difference methods represent a widely adopted approach in computational seismology, due
to their computational efficiency and their effectiveness in modeling wave propagation in

complex media on structured grids.

In this work, we adopt an explicit second-order accurate scheme in time and fourth-order
accurate scheme in space, following the formulation proposed by Levander [23]. The
method is based on the first-order velocity—stress formulation of the elastic wave equation
(2.6), discretized on a staggered grid. This class of methods, originally introduced by
Madariaga [25] and later developed by Virieux [38] and subsequent authors, is particularly

well suited for wave propagation problems.

In particular, the staggered grid arrangement allows for a consistent discretization of the
governing equations, leading to reduced numerical dispersion. Moreover, in combination
with the welocity—stress formulation, it enables an effective treatment of heterogeneous

media, including strong parameter contrasts and fluid-solid interfaces.

The aim of this chapter is to provide a self-contained description of the numerical scheme
adopted in this work. We first introduce the staggered grid discretization of the velocity—
stress system and the associated finite-difference operators. We then briefly discuss the
main stability and dispersion properties of the scheme. Finally, we describe the treatment
of artificial boundaries and the implementation of heterogeneous elastic parameters on the

staggered grid.
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3.1. Staggered grid finite-difference discretization of
the elastic wave equation in velocity—stress for-
mulation

In this section, we describe both the staggered grid arrangement and the finite-difference

scheme adopted to discretize the velocity—stress system (2.6) on such a grid.

3.1.1. Staggered grid setup

Let L,,L.,T > 0. We consider the space-time computational domain
IxQ=(0,T)x (0, L,) x (0, L,) CR, x R?

Over this domain, we introduce a staggered grid characterized by the following parameters:
o N, > 1: number of cells along the z-direction;

o N, > 1: number of cells along the z-direction;

@)

N; > 1: number of time-steps;

o h, = — > 0: grid spacing along the z-direction;

Ny
L, . : o
o h, = A 0: grid spacing along the z-direction;
T : .
o At = — > 0: time-step size.
Ny

In practice, we will restrict ourselves to uniform grids, such that h, = h, = h. However,

for the sake of generality, most derivations will be carried out keeping h, and h, distinct.

We introduce the following index sets associated with the collocation points of the stag-

gered grid:

o Indices for the cell centers:

EEC) =1{0,...,N, — 1}, z§c) ={0,...,N. -1}, 20 = EEC) X zg;:)

o Indices for the centers of the vertical cell edges:

() _ () _ ) _ 5 o, (@)
57 =10,..., N}, 27 =H{0,...,N. -1}, =5 x¥;
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o

Indices for the centers of the horizontal cell edges:

zgh) = {0,...,N, — 1}, zgh) ={0,...,N.}, 2" = (k) o zg,h)

Indices for the cell vertices:

o

(n) _ (n) _ n) _ y(n) . x2(n)
5 =A{0,... N}, 2V ={0,...,N,}, S0 =5 x %

@)

Indices for the integer time levels:

@(Z) - {O,...,Nt}

Indices for the half time levels:

(@)

o™ ={0,...,N, -1}

! (@), k+1/2
i V v i1

E 2), k+1/2
| A Uz'(+)1/2,j/

) AU Moo < . .
(/2 +1/245+1/2) u Ufﬁ)’/z;jﬂmy Uz'(f)1’/2,j+1/2
® 7"
© A
@i, 7) (i+1/2, 5)

Figure 3.1: Staggered grid arrangement for the velocity-stress formulation.

We discretize the first-order velocity-stress system (2.6) on the staggered grid defined
above. The unknown fields are represented in discrete form by degrees of freedom asso-
ciated with the collocation points of the staggered grid. In particular, as illustrated in

figure 3.1:

o The degrees of freedom of the horizontal component of the velocity are collocated

at the centers of the vertical cell edges, in the nodes

(xia zj+1/2) = (Zhl“a (] + 1/2)hz)’ (Z7 j) € z(v)
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In time, they are defined at half time levels
2 = (k+1/2)At, ke o™

Therefore, they are denoted by vf?ﬁﬁ /2

The degrees of freedom of the vertical component of the velocity are collocated at

the centers of the horizontal cell edges, in the nodes

(wi1/2: %) = (i + 1/Dha, jhs), (i, ) € 5O

(2), k+1/2

In time, they are defined at half time levels and are therefore denoted by v; 7 /2.

The degrees of freedom of the diagonal components of the stress tensor are collocated

at the cell centers, in the nodes

(Tis1/2: Zj41y2) = (0 +1/2ha, (G+1/2)h2), (i, j) € 2
In time, they are defined at integer time levels

tf = kAt, ke oW

(zz), Kk and O_(zz),k

Therefore, they are denoted by Oivi/o 412 i11/2, 5412

The degrees of freedom of the off-diagonal components of the stress tensor are col-

located at the cell vertices, in the nodes

(2, 25) = (ihy, jh2), (i, §) € 2™

In time, they are defined at integer time levels and are therefore denoted by ai(f”j)”“
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3.1.2. Second-order in time, fourth-order in space finite-difference

scheme

We now describe the explicit finite-difference scheme adopted to discretize the velocity—

stress system (2.6) on the staggered grid introduced in the previous section.

The time discretization is performed using a centered second-order accurate scheme, while
spatial derivatives are approximated by centered fourth-order accurate finite-difference

operators, as described by Levander in [23].

More precisely, let f be a sufficiently smooth function of time. Using the staggered-in-
time discretization introduced in section 3.1.1, its time derivative at the time level t* can

be approximated by the second-order centered finite-difference formula

df kY _ f(tk+1/2) — f(tk—l/Z) N fk+1/2 . fk_l/Q
%(t )= N + O(A?) ~ = (3.1)

Let ¢ be a sufficiently smooth function of space. Using the staggered-in-space discretiza-
tion introduced in section 3.1.1, its spatial derivative at the node x; can be approximated

by the fourth-order centered finite-difference formula

dg 9 1

%(ﬂfz) = 8—h<9(37i+1/2) - g(%’-lﬂ)) ~ 94h (g(xi+3/2) - 9(%—3/2)) + O(h4) ~
e Y v g — o — ga) 52)
~ 3h Ji+1/2 — Gi—1/2 24N Gi+3/2 — Gi—3/2 .

A general framework for the construction of finite-difference operators based on polyno-

mial interpolation is presented in [16].

The numerical scheme is obtained by replacing the time and space derivatives in the
velocity—stress system (2.6) with the finite-difference approximations (3.1) and (3.2), and
enforcing the resulting equations at the corresponding staggered grid points. For brevity,
the index ranges are not explicitly reported in the equations below. Each equation is

understood to hold at the appropriate staggered grid locations, namely:
o The equation for v(*) is defined for all (i, j, k) € ¥ x O";
o The equation for v*) is defined for all (i, j, k) € £ x O");
o The equations for ¢(*® and o**) are defined for all (i, j, k) € X9 x @,

o The equation for 0*?) is defined for all (4, j, k) € £ x O,
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The resulting time-advancing scheme reads as follows:

. (@).k+1/2 _, (2),k=1/2
i,j+1/2 i,j+1/2 4) _(zz),k 4) _(w2),k
Riji1j2 = Al : = D{Yo Oijy1j2 T Do Oijrije T fot*, Zj+1/2)
(2),k+1/2 _  (2),k—1/2
i+1/2,j i+1/2,5 (22
Ritiy2,5 ’ At — = Dg(f) z+1/2 it D(4) z+1/2 it f(t", Tit1/2, %)
O_(m:r)/,kJrl P O_(acz)/,k ,
i+1/2, j+1/2 i+1/2,j+1/2 ), k+1/2
: A7 = = (Lit1y2, 12 + 2Mi+1/27j+1/2)D§c4)vz‘(+)1/2-t_j—{-l/2 (33)
(2), k+1/2 '
+ Mitya, J+1/2D( )Uz+1/2 J+1/2
O_(zzl)/,zk-i-l - U(zz)/,2k‘ p
i+1/2, j+1 i+1/2, j+1 k+1/2
! At 2 = (Lz+1/2 j+1/2 + 2M2+1/2 ]+1/2)D( )U§+)1/2Jrj_<_1/2

(), k+1/2
+ Misayo, J+1/2D( )Uz+1/2 j+1/2

AR (@), k+1/2 (2), k+1/2
irg i _ (D@, @kt (4), (), b+
At —Mm<Dz Ui, 4 + D, Ui, 4 )

where, to lighten the notation, we use the symbols Dgfl), D§4) to denote the fourth-order

centered finite-difference operators defined by (3.2). For instance

4) (z2),k 9 (z2),k (z2), k 1 (z2),k (zz),k
Dg )O-i’j+1/2_8_hz<o-l‘7+1 O j ) _Thz(azr‘ﬂ — 0y 5= 1>
Moreover, the symbols R, M and L denote the material parameters p, u and A, re-
spectively, suitably interpolated at the staggered grid collocation nodes according to the

procedure described in section 3.3.2.

Finally, we specify the initialization of the scheme and the treatment of the boundary
nodes. To model homogeneous initial conditions, the degrees of freedom are initialized
to zero at k = —1/2 for the velocity components, and at k& = 0 for the stress tensor
components, at all their collocation nodes.

Moreover, in order to preserve the centered fourth-order finite-difference stencils up to the
boundaries of the computational domain, ghost nodes are introduced outside the physical
domain, at collocation points corresponding to indices such as i = —1/2, —3/2 and/or j =
—1/2,—-3/2. The values at the ghost nodes are assigned consistently with the considered
boundary conditions. In the case of absorbing boundaries, the ghost-node values are set
to zero. In combination with the absorbing layers described in section 3.3.1, this choice
has a negligible impact on the solution, since the wave-field is strongly attenuated before

reaching the outer boundary. The numerical treatment of the free surface boundary
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condition is discussed in section 8.1.

3.2. Stability and dispersion properties of the numer-
ical scheme

To assess the stability and dispersion properties of the proposed scheme, we resort to the
classical von Neumann analysis, based on the Fourier analysis of discrete plane waves,

originally introduced in early works by Crank & Nicolson [9] and Charney et al. [6].

The analysis is carried out under the usual assumptions of a homogeneous and unbounded
medium, by considering time-harmonic plane-wave solutions, as in (2.9), for all field vari-
ables (velocity and stress components), sampled on the staggered grid described in sec-
tion 3.1.1.

In what follows, we adopt the standard framework described by Virieux in [38|. Rather
than presenting the full algebraic derivation, we only outline the main steps and directly

state the resulting dispersion relations.

Substituting the time-harmonic plane-wave ansatz into the discrete velocity-stress system
(3.3) and eliminating the stress amplitudes by direct substitution, the problem can be
reduced to a linear algebraic system for the two Fourier coefficients associated with the

velocity components, namely

Ma=0 (3.4)

where the matrix M € R?*? is given by

e S[pean@ M (L4 MGE
M= £y p It
— 5L+ M)&E &= pIME+ (L +2M)¢]

Here, R = p, M = p and L = ), since the medium is assumed homogeneous, and the

quantities &, &, and &, are defined as
o,
£ =6(w) = — sm(—At) (3.5)

€= Eulk) = [2 sin(%hx) L sin(?”;xhx)] (36)
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The linear system (3.4) admits a non-trivial solution a # 0 if and only if the determinant
of M is equal to zero. Imposing this requirement yields the following conditions, called

dispersion relations:
G=ViE+¢), &=Vi(&+&) (3.8)

where we denoted, according to (2.22) and (2.23),

L+2M
\/T Vg_\/‘

These relations correspond to the discrete counterparts of the P- and S-wave modes and

define the conditions governing their numerical propagation.

3.2.1. Stability properties

To derive a stability condition for the numerical scheme (3.3), we analyze the dispersion

relations (3.8). According to (3.5), for each wave mode, they can be written in the form
sin? (gAt) = AP V(£ + &) (3.9)

where V' denotes either the P-wave velocity Vp or the S-wave velocity V.

Within the von Neumann framework, a necessary condition for stability is that the angular
frequency w is real for every wave vector k = (k,, k.) € R?. Since, for real arguments,
the left-hand side of equation (3.9) is bounded from above by unity, the existence of real

solutions requires
1

2 2
The maximum is attained for k,h, = k,h, = 7, up to periodicity, yielding
49 /1 1
2 2 I
e, (€20 + €0) = 3 (o + ) (3.11)

Stability requires the angular frequency to be real for all admissible modes. Therefore,
the stability condition must be satisfied for both branches of the dispersion relations
(3.8). Since Vp > Vg, the most restrictive condition is obtained by considering the P-
wave velocity. Hence, combining equations (3.10) and (3.11), one obtains the following
stability criterion:

At <

6
CTVpy )+ S
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which simplifies, in case of uniform grid, i.e., h, = h, = h, to

It is worth pointing out that this stability condition is more restrictive, by about 17%,
than that associated with the second-order finite-difference scheme on the same staggered
grid (see [38]).

As a final remark, we briefly justify why requiring a real angular frequency w is necessary
for stability. If the right-hand side of (3.9) exceeds unity, the equation admits no real
solutions. Allowing for a complex angular frequency w € C, one obtains complex conjugate
roots

w = w, Tiw;, w; >0

one of which, when substituted into the time-harmonic plane-wave ansatz, yields expo-

nential growth in time, thus leading to instability.

3.2.2. Dispersion properties

Numerical dispersion refers to the phenomenon whereby the numerical propagation ve-
locity of discrete waves differs from the physical one, exhibiting a dependence on the
wavenumber and on the direction of propagation. In particular, the dependence on the
wavenumber implies that different Fourier components propagate at different speeds, lead-
ing to phase errors, while the dependence on the direction of propagation gives rise to the

so-called numerical anisotropy.

Let us consider a uniform grid, i.e., h, = h, = h. We introduce the following parameters:

V2V
oy = T\/_ TPAt, Courant number normalized with respect to the stability limit, so
that v = 1 corresponds to the stability threshold of the scheme;

o 6 €0, 2m), angle between the propagation direction and the z-axis, defined through
k= (ky, k.) = (kcos6, ksin®)

kh h
oH=7_=5, inverse of the number of grid points per wavelength.
T

From the dispersion relations (3.8) one obtains the expressions of the normalized numerical
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P- and S-wave velocities, which, respectively, read as follows:

V2 | 6y 9 1 > /9 1 \?
H,0,~) = — (2B, - =B Z0 - —C 3.12
Qp(H,0,7) 6y H arcsin 7\/5\/<8 Y] 2) + (8 175 2) ( )

1 7vV2 67 /9 1 \* /9 1 \?
H 0 = — A—= -By— =B - — — 1
Qs(H,6.7,0) = g avcsin m\/(S o) + (30556 | Gy

where we denoted
By = By(H,0) =sin(rH cosl), By = By(H,0)=sin(37H cosb)

Cy =Ci(H,0) =sin(rHsinf), Cy= Cy(H,0)=sin(37H sinf)

% 1—2v
=wo=e=

with v € (—1, 0.5) representing the Poisson ratio. The quantities Qp and Qg are the
ratios between the numerical and the physical propagation velocities of P- and S-waves,
respectively. Since the propagation velocity is defined as the ratio between the angular

frequency and the wavenumber, it follows that

W w

:k_‘/p7 QS:_

QP kVS’

where, for each mode, w is obtained from the corresponding branch of the dispersion
relations. Therefore, deviations of Qp and (g from unity directly quantify the numerical

dispersion error.

The dispersion properties of the scheme are illustrated through a set of representative
plots of the normalized numerical velocities )p and (g as functions of H, for varying

propagation directions, normalized Courant numbers, and, for S-waves, Poisson ratios.
From figures 3.2, 3.3 and 3.4, the following observations can be drawn:

o For both P- and S-waves, all plots show that the deviation from unity increases with
H. This indicates that, for a fixed grid spacing h, higher-wavenumber Fourier com-
ponents exhibit the largest deviation between numerical and physical propagation

velocities, and are therefore the most affected by numerical dispersion.
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Figure 3.2: Normalized numerical velocities Q) p (left) and Qg (right) as functions of H, for

different propagation directions, parametrized by the angle 6, with v = 0.75 and v = 0.25,

highlighting the effect of numerical anisotropy.
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Figure 3.3: Normalized numerical velocities Qp (left) and Qg (right) as functions of H,

for different values of the normalized Courant number v, with § = 0° and v

highlighting the effect of approaching the stability limit (y — 1).

0.25,

o The plots suggest that a value H =~ 0.2, corresponding to approximately five grid

points per minimum wavelength, is sufficient to keep numerical dispersion effects

negligible for both @Qp and Q)g. Since Vg < Vp, the condition associated with Qg is

more restrictive and therefore governs the resolution requirement. This represents

a significant improvement over the second-order in space finite-difference scheme

on the same staggered grid, which typically requires H =~ 0.1, i.e., about ten grid

points per minimum S wavelength. In the presence of fluid regions, where Vg

0, this criterion should instead be interpreted in terms of the minimum non-zero
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Figure 3.4: Normalized numerical velocity Qs as function of H, for different values of the
Poisson ratio v, with § = 0° and v = 0.75, showing the weak dependence of (s on the

Poisson ratio as the fluid limit ¥ — 0.5 is approached.

propagation velocity in the domain.

o Figure 3.2 shows that the numerical dispersion depends on the propagation direction,
with larger deviations observed for smaller values of #. This indicates that numerical

anisotropy is maximal along the coordinate axes (f = 0°) and minimal for § = 45°.

o Figure 3.3 suggests that the scheme can be operated at relatively large fractions of
the stability limit, i.e., v < 0.75, while still maintaining negligible dispersion errors
for H ~ 0.2.

o Finally, unlike in standard finite-difference schemes on collocated grids (see, e.g.,
chapter 2 in [3]), equation (3.12) shows that @ p is independent of the Poisson ratio
v, while figure 3.4 indicates that Qs exhibits only a weak dependence on v and
remains below unity. Moreover, no degeneracy is observed as v — 0.5, indicating
that the scheme remains well behaved in presence of fluid regions and fluid-solid

interfaces.

In agreement with the above analysis, in order to ensure both numerical stability and

negligible dispersion, the parameters v and H are chosen so that

v < Ymax = 0757 H < Hmax =0.2 (314)

Once admissible values of H and ~ have been selected, the grid spacing is defined as

Vmin

h=HApyn =H
fmax

(3.15)
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where fi.x denotes the maximum frequency significantly excited by the source, and Vi,
is the minimum non-zero propagation velocity in the computational domain. The time

step is then defined according to

Ap o O
7 7\/§ VP,maX

(3.16)

where Vp ax denotes the maximum P-wave velocity in the computational domain. These
relations provide a practical guideline for selecting the discretization parameters in the

numerical simulations.

3.3. Absorbing boundaries and treatment of hetero-

geneous elastic parameters

In this section, we discuss two additional aspects of the numerical scheme that are essential
in practical simulations. First, we describe the treatment of the artificial boundaries of
the computational domain through absorbing layers. We then present the interpolation

strategy adopted for the elastic parameters on the staggered grid in heterogeneous media.

3.3.1. Sponge layer absorbing boundaries

In practice, the numerical simulation of wave propagation in an infinite medium is not
feasible, and the computational domain €2 must necessarily be bounded. As a consequence,
the so-called artificial boundaries of the domain may, if not properly treated, generate
spurious reflections that contaminate the numerical solution. In order to mimic wave
propagation in an unbounded medium and suppress such non-physical reflections, it is
common practice to introduce absorbing layers surrounding the artificial boundaries of
the computational domain. Among the various techniques proposed in the literature,
we adopt in this work the so-called sponge layer (or Gaussian taper) approach, originally
introduced by Cerjan et al. [5], as it provides a good compromise between implementation

simplicity and effectiveness in attenuating spurious reflections.

The sponge-layer technique consists in introducing a multiplicative damping profile that
smoothly attenuates the wave-field as it approaches the artificial boundaries of the com-

putational domain.

Let L > 0 and let x € (0,L). In one dimension, we denote by d the distance from the

nearest absorbing boundary. For instance, if absorbing layers are introduced at both ends
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of the interval, one has

d:[0, L] - [0, L/2], d(x)=min(x, L — )

Let ¢ > 0, with { < L, denote the thickness of the absorbing layer. We define the

normalized distance

s:[0, ¢ = [0,1], s(d)=——

so that s = 0 at the interface between the physical domain and the absorbing layer, and

s =1 at the computational boundary.

The damping profile is then defined as

e—ag s(d)? d</
1 d>"/

a:[0, L] = (0, 1], ald) =

where o > 0 controls the strength of the damping.

Finally, the sponge profile in the physical space is obtained by composition as

G:[0, L] = (0,1, G(x)=a(dx))

In two dimensions, for a rectangular domain Q2 = (0, L,) x (0, L,), the damping is ap-
plied independently along each coordinate direction. Denoting by d,(z) and d.(z) the
distances from the absorbing boundaries along the z- and z-directions, respectively, the

two-dimensional sponge mask is constructed as
G:Q—(0,1], G(z,2) = a(ds(x)) a(d.(2))

This approach naturally handles the damping at the corners of the domain, where the

attenuation contributions from each coordinate direction overlap.

At each time step, all field variables are multiplied by the sponge mask at their respective
collocation points. In particular, the velocity components are first damped and then used
to update the stress components. This ordering ensures that the damping consistently
affects both velocity and stress fields, leading to an effective attenuation of outgoing
waves before they reach the artificial boundaries. The parameters ¢ and «q are problem-
dependent and must be chosen empirically in order to balance reflection suppression and

computational cost.
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Figure 3.5: Tlustration of the sponge-layer damping strategy. Left: one-dimensional
sponge profile along the z-direction, a(dx@)), with the shaded regions denoting the ab-
sorbing layers. Right: corresponding two-dimensional absorbing frame G(x, z), obtained
as the product of the damping profiles along the two coordinate directions. The dashed

square delimits the inner physical domain.

3.3.2. Treatment of heterogeneous elastic parameters on a stag-

gered grid

In heterogeneous media, the material parameters must be consistently defined at the
staggered grid locations where the field variables are evaluated. Following the approach
proposed by Moczo et al. [29], the values of the material parameters are obtained by
considering local volume averages of the governing equations, leading to an equivalent

medium representation at the staggered grid scale.

Within this framework, the density p is averaged arithmetically over the cell volume,
while the second Lamé modulus i and the two-dimensional bulk modulus k = A 4 u are

averaged harmonically, namely

a+he/2  prths/2
R, " e hz/x ha /2 /z—hz/2 p(&;m) dn dt
x—i—h 2 patha/z g -1
(hm h. J,.— hae /2 /z—hz/Q (€, m) dnd€>

m+hx/2 z+h/2 1 -1
dn de
h:c hz z—hg/2 /zhz/Z /{(5777)

and the first Lamé modulus A can be reconstructed as
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L(z,2) = K(z,2) — M(x, z)

This choice is consistent with the continuity of displacement and traction across material

interfaces.

In the present work, the material parameters are assumed to be stored at the cell centers,
and the integrals above are accordingly approximated by suitable averages of their values

at the neighboring cell centers.

Therefore, the values of the density at the vertical edge centers, collocation points of the
degrees of freedom of the horizontal component of the velocity, are assigned through the
arithmetic average of its values at the centers of the left and right neighboring cells

1

R(% Zj+1/2) = §<P($i+1/2> Zj+1/2) + P(l’i—yz, Zj+1/2))7 V(ia j) ez

and are denoted by R; ji1/s.

Similarly, the values of the density at the horizontal edge centers, collocation points of
the degrees of freedom of the vertical component of the velocity, are assigned through the
arithmetic average of its values at the centers of the upper and lower neighboring cells

1

R<$z‘+1/2; Zj) = §(P($z’+1/27 Zj+1/2) + P(xi+1/2, Zj—1/2)>7 V(z’, j) e 5™

and are denoted by R;y1/2, ;.

Analogously, the values of the second Lamé modulus at the cell vertices, collocation points
of the degrees of freedom of the off-diagonal components of the stress tensor, are assigned
through the harmonic average of its value at the centers of the four neighboring cells

4

1 1 1 1 )
#($i+1/2,2j+1/2) #($i+1/272j—1/2) H(Zi—1/272j+1/2) #(%’—1/2:2]'—1/2)

M (@i, 2j) = V(i, j) € 5™

and are denoted by M; ;.

Finally, since the cell centers coincide with the collocation points of the diagonal compo-
nents of the stress tensor, the values of the Lamé moduli there require no averaging and

coincide with the stored parameter values, namely
M(xi+1/27 Zj+1/2) = M($i+1/27 zj+1/2)a V(i, j) S
L(xi+1/2> Zj+1/2) = “($i+1/2, Zj+1/2) - M(Iz‘ﬂ/z, Zj+1/2) = >\($z+1/27 Zj+1/2)7 v(i, j) € %

and are denoted by M; 1/ j41/2 and Lii1/2 j11/2, respectively.
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4: ‘ Mathematical foundations of
the P-S elastic wave-field

separation

The purpose of this chapter is to establish the mathematical framework underlying the
P-S decomposition of the elastic wave-field, which constitutes the core tool employed in

the subsequent analysis and numerical developments.

We begin by addressing the well-posedness of the elastic wave equation within an abstract
functional setting. In particular, we recall a general existence and uniqueness result for
second-order linear evolutionary equations and discuss its applicability to the elastody-
namic system in its displacement-only formulation, under suitable assumptions on the
material parameters. This justifies interpreting the wave-field as a well-defined element
of an appropriate function space, and for interpreting it consistently within a variational

framework.

The second part of the chapter is devoted to the Helmholtz—Weyl decomposition theorem.
We present this result as an orthogonal decomposition of vector fields into irrotational and
solenoidal components, in a form suitable for the analysis of elastic wave-fields. This de-
composition provides a natural framework for defining the P—S separation as a projection
of the elastic wave-field onto the corresponding subspaces. In particular, compressional
P-waves are associated with the irrotational component of the field, while shear S-waves
correspond to its solenoidal part, consistently with the physical interpretation discussed

in chapter 2.2.

It will also be emphasized that, while the decomposition itself is well defined once the
functional setting is fixed, its interpretation in terms of P and S components is not uniquely
determined without additional modeling choices, a fact that plays a crucial role in practical
implementations of wave-field separation. This aspect will be discussed in more detail in
the following chapters, where the decomposition will be connected to the solution of

auxiliary Poisson problems.



38 4| Mathematical foundations of the P—S elastic wave-field separation

The numerical approximation introduced in chapter 3 leverages the first-order velocity—
stress formulation, which is particularly well suited for staggered-grid finite-difference
discretizations in heterogeneous media. However, in this chapter, we discuss theoretical
results relying on the displacement-only formulation because it provides a more natural
framework for the variational analysis of the elastic wave equation and for the functional
characterization of the Helmholtz—Weyl decomposition. The two formulations represent
equivalent descriptions of the same physical model and can be formally related by intro-
ducing the velocity as an auxiliary variable and rewriting the second-order system as a
first-order evolutionary problem (see section 2.1). Their connection at the discrete level
will be made explicit in section 5.2.1, where the numerical implementation of the first

wave-field separation strategy is introduced.

4.1. Well-posedness of the elastic wave equation

In this section, we first recall a general existence and uniqueness result for abstract second-

order linear evolutionary equations, and then specialize it to the elastic wave equation.

4.1.1. Existence and uniqueness theorem for abstract second or-
der linear evolutionary PDEs

We start by stating a classical well-posedness result for abstract second-order linear evo-

lutionary equations in Hilbert spaces. We refer to chapter 8 in [24] and chapter 7.2 in

[10] for detailed treatments, and to chapter 10.3 in [4] for a concise formulation; see also
chapter 7.3 in [12].

Let (V, (-, )V) and (H, (-, )H) be separable Hilbert spaces, V' C H, such that V is dense
in H and the embedding V' — H is continuous. Identifying H with its dual H* by means
of the Riesz representation theorem for Hilbert spaces (see appendix B, theorem B.3), we
obtain the so-called Hilbert triplet

Ve H=H <=V~ (4.1)

where V* denotes the dual space of V.

Let now 7 > 0 and set I = (0, T) C R,. For each t € I, let

alt): V xV >R (4.2)
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be a bilinear form such that

o For every u,v € V, the map a(+; u,v) is continuously differentiable, that is

a(u,v) € CH(I), Yu,v €V

o For every t € I, the form a(t;-,-) is symmetric, i.e.

a(t;u,v) = a(t;v,u), Yu,v eV

o The form a(¢; -, -) is uniformly continuous (i.e., bounded), namely there exists M > 0
such that

la(t;u,v)| < M||ulv||v]ly, Yu,veV,Vtel
o The form a(t; -, -) is uniformly weakly coercive, i.e., there exist A\, & > 0 such that

a(t;u,u) + Mul3 > allull}, YueV, Vtel

We can now state the classical existence and uniqueness result for abstract second-order

linear evolutionary equations, in the formulation proposed by Brezis (see chapter 10 in
[4], theorem 10.14).

Theorem 4.1 (Well-posedness of abstract second-order linear evolutionary equations).
Let us consider the Hilbert triplet (4.1) and the bilinear form (4.2), satisfying all the
assumptions stated above. Moreover, let

fel*I;H), weV, wecH
Then, there exists a unique function u such that

ou 9%u

weC(LV), Srec(hm), Siel(I V)

which is a weak solution of the problem

(Ga00)  +altu@. o) = (10, 0),, foractel, wev
ot Vev

u(0) = ug inV

ou
L 57 (0)

= m H
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where (-, -)y«y denotes the duality pairing between V* and V.

Remark 4.1. We use standard notation for Bochner spaces and time-dependent function
spaces. In particular, for a Banach space X, the space L* (]; X) denotes the set of square-
integrable functions from I = (0,T) into X in the Bochner sense, while C(f; X) denotes
the space of functions that are continuous from I = [0,T] into X with respect to the norm
of X.

4.1.2. Application to the elastic wave equation

We now specialize theorem 4.1 to the elastic wave equation in linear elastic and isotropic
media, written in its displacement-only formulation introduced in (2.3), under homoge-

neous Dirichlet boundary conditions and zero initial data.

Let 2 C R", with n = 2,3, be a bounded domain, such that 92 € Lip; let T' > 0 and set
I =(0,T). We consider the following problem:

(92 - _

p—s — div<2u§(g) + )\div(g)l) =f inIxQ

u=0 on I x 0f) (4.3)
\g:a—%:Q in {0} x Q

In order to recast problem (4.3) into the abstract framework of theorem 4.1, we introduce

the Hilbert spaces
V= [H,(QI", H=[L*Q)]"

endowed with the standard [H'(Q)]" and [L?*(2)]" scalar products, respectively.

We assume that the material parameters satisfy the following boundedness and positivity

conditions:
p € L>®(Q), Tpo>0such that p(z) > py a.e. in Q

p€ L¥(Q), Fuo > 0 such that p(z) > po a.e. in Q
2
A€ L>(), Tke > 0such that A\(z) + —p(z) > Ko a.e. in Q
n
As for the forcing term, we assume

feL*(I; H)
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Since p(z) > po > 0 a.e. in 2, equation (4.3) can be equivalently rewritten by dividing
both sides by p, yielding a form consistent with the abstract framework. The resulting

weak formulation reads

<g;( ), v>V*7V +a(u(t), v) = (1 f(t), Q)H forae tel, YveV

P
u(0) =0 in V (4.4)
ou, . )

\ E(O) =0 in H

where the form a : V x V' — R is defined by

otwr) = [ (% w2 + 2 divi div(w) ) a0 (45)

It remains to verify that a satisfies the assumptions of theorem 4.1. From (4.5), it follows
that a is bilinear, symmetric, and time-independent. Therefore, it suffices to establish its

(uniform) continuity and weak coercivity.

We start by proving the (uniform) continuity of the bilinear form a. Let u, v € V| then,
thanks to the boundedness and positivity assumptions on the material parameters, and

by applying the Cauchy—Schwarz inequality, we obtain

||N“Loo - H)‘”LOO(Q) . .
la(u, v)] < ———— o N E )| 2 IE@) | L2y + T [div(w)]| 2 [[div() ]| 12q)

For notational simplicity, we denote by [|-|| ,»(q). p € [1, +00], the L” norm of scalar, vector,
and tensor fields, the meaning being clear from the context. Using standard inequalities
following directly from the definitions of the symmetric gradient and the divergence, we
have for all v € V:

1€(v )||L2 < ||VQ||L2(Q)’ ||diV<Q)||L2(Q) <vn ||VQ||L2(Q)
Hence, by definition of the norm in V', we obtain
1
)] < = (2 llmgey 2 [y Tl el

which proves the (uniform) continuity of the bilinear form a.
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We now prove the (uniform) coercivity of the bilinear form a. Let u € V', then

tw) = [ (Zewr+2 avwr) a0 (16)

p

Exploiting the isotropic-deviatoric decomposition of the strain tensor
_ _ _ 1 = _
E(u) = is0(£(u)) + dev(&(w)) = = div(u)I + dev(£(w))
n

and, since the isotropic and deviatoric components are orthogonal with respect to the
[L2(Q)]™ ™ scalar product, we get

2P = [dev (E(w) * + - divi(w)? (4.7)

Substituting this identity into equation (4.6), we find

o, u) = /Q (27’“‘ dev (E(w)? + % {)\ + %M] div(g)Q) 40

Thanks to the boundedness and positivity assumptions on the material parameters, we

obtain
min{ 2/, ko }

Pl ey o

On the other hand, from (4.7), it follows that

a(u,u) >

(|dev (E(w) P + div(g)2>d§2

[dev (E(w)) [* + div(w)* > [£(w)*

Hence, we infer

min{ 2/, Ko } 1)

2
a(u,u) > u HL?(Q)

||p||L°°(Q)

Finally, thanks to Korn’s inequality (see appendix B, theorem B.4), we conclude

in{2
min{2uo, Ko} ull?

a(ﬂ7 2) Z OK
”PHLoo(Q)

which proves that a is (uniformly) coercive, and, therefore, also (uniformly) weakly coer-

cive.

Thus, all the assumptions of theorem 4.1 are satisfied. Hence, problem (4.4) admits a
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unique weak solution u such that

2
wec(tv), Peon), Therv) (4.8)

Remark 4.2 (Interpretation of the well-posedness result).

The previous result provides a rigorous well-posedness framework for the elastic wave
equation in the displacement-only formulation under homogeneous Dirichlet boundary con-
ditions and almost everywhere strictly positive shear modulus .

In the remainder of this work, however, we consider more general configurations arising
in numerical simulations — such as free surface boundary conditions, absorbing layers,
and heterogeneous media possibly containing fluid regions where y = 0 — in which the
displacement field is instead obtained from the first-order velocity—stress formulation.

In this broader setting, the resulting wave-field may fall outside the functional framework
of theorem 4.1. Nevertheless, the above result serves as a rigorous reference model, ensur-
ing that, under standard physical assumptions, the displacement field can be interpreted
as a well-defined and sufficiently regular object.

This justifies, at a formal level, the use of variational arguments and differential opera-
tors in the subsequent analysis, where analogous reqularity properties are assumed for the

displacement field reconstructed from the numerical solution.

4.2. Helmholtz—Weyl decomposition theorem and its
application to P—-S elastic wave-field separation

We begin by recalling the Helmholtz—Weyl decomposition theorem, which characterizes
the orthogonal splitting of vector fields into irrotational and solenoidal components. This
decomposition will play a central role in the formulation of the P—S separation of the

elastic wave-field.

4.2.1. Helmholtz-Weyl decomposition theorem

We now state the Helmholtz—Weyl decomposition theorem for vector fields. We adopt the
formulation of theorem 7.1.16 in [12], which is based on the classical result in chapter 1
of [37].
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Theorem 4.2 (Helmholtz-Weyl decomposition).
Let Q@ C R™, n > 2 be open, bounded and connected, such that 02 € Lip. Then

[L2(Q)]" = G1(Q) @ G2(Q) ® G3(2)
Equivalently,
Vu € [L2(Q)]", I (uy, Uy, u3) € G1(Q) x G2(Q) x G5(Q) | u=1u; + uy + uy

Moreover,

Gi(Q) L G;(), in [L*(Q)*, Vi#j, i,j€{1,2,3}

where
G (Q) = {v e [LX(Q)]" | div(w) =0, 7(v) =0}

G2(Q) = {v e [L*(Q)]" | div(v) =0, Jh € H'(Q) s.t. v=Vh}
G3(Q) = {v e [L*(Q)]" | g € H)(Q) s.t. v=Vg}
and v, : Hgiy () — H~Y2(0Q) denotes the normal trace operator.

The Helmholtz—Weyl decomposition theorem states that every vector field u € [L*(Q2)]"
can be uniquely decomposed as the sum of three mutually orthogonal components, each

with a clear mathematical characterization. More precisely:
o u, € G1(Q) is solenoidal, indeed div(u;) = 0, with vanishing normal trace on 0%,

o u; € G3(Q) is irrotational, since uy; = Vg for some g € H}(f2), and therefore

curl(us) = 0;

o uy € Go(N) is both solenoidal, indeed div(u,) = 0, and irrotational, since u, = Vh
for some h € H'(Q), and therefore curl(u,) = 0.
In particular, Ah = div(Vh) = div(u,) = 0, so this component is referred to as the

harmonic-gradient contribution.

4.2.2. Application to the elastic P—S wave-field separation

We now describe how the Helmholtz—Weyl decomposition can be employed for the P—S

separation of an elastic wave-field.

First, we fix a time ¢ € I and extract a snapshot of the wave-field, that is, we consider

the vector field u = u(t). Owing to the regularity properties established in section 4.1.2,
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and consistently with remark 4.2, the pointwise evaluation in time is well-defined and the

field u(t) can be regarded as belonging to a suitable space V' C [H'(€2)]", namely

u(t) eV C [HY(Q)]" (4.9)

and hence, in particular, u(t) € [L*(Q)]™.

Under these assumptions, the Helmholtz—Weyl decomposition theorem (4.2) applies and
yields

U=+ uytus, w €Gi(Q), i=1,2,3 (4.10)

Following the physical interpretation introduced in section 2.2, we identify the P-wave
component with the irrotational part of the displacement field, up, and the S-wave com-
ponent with the solenoidal part, ug. Let us denote by Up and Ug the corresponding
subspaces, i.e.,

Up, Us C [LX(Q)]", up €Up, ug€Us

Therefore, consistently with the mathematical characterization discussed at the end of

section 4.2.1, we consider
G5(Q2) CcUp, G1(2) CUs

However, the component u, € Go(2) is both irrotational and solenoidal. This gives rise
to an intrinsic ambiguity in the definition of the P and S subspaces. Two natural choices

are possible. Either
Up = Go() & G3(0), Us = G1() (4.11)

meaning that

or

Up = G5(Q), Us = G1(Q) @ Ga() (4.12)

that is

both of which are consistent with the above physical interpretation and mathematical

characterization.

For the moment, we keep the discussion at a general level. Independently of the specific
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choice, the mutual orthogonality of G1(Q2), G5(€2) and G3(2) ensures that
[L2(Q)]n =UpDUs, Up= Ué‘

Therefore, by the orthogonal decomposition theorem (see appendix B, theorem B.2), the

following projection operators are well defined

IIp : [LZ(Q)]n — Z/{P, Up = Hp(g) (413)
g : [L2(Q))" = Us, ug=g(u) (4.14)

with IIp+1Ig = Id, which allow us to extract the P and S components of the displacement
field, thus performing the P—S separation of the wave-field u = ().

The role of the harmonic-gradient contribution and its impact on the definition of the
projectors will be analyzed in the following chapters. In particular, we discuss how the
projectors (4.13) and (4.14) can be constructed via auxiliary Poisson problems, and how
the assignment of the harmonic-gradient contribution to either the P or the S component
naturally depends on the boundary conditions of the associated Poisson problems, leading
to the two choices (4.11) and (4.12).
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5 ‘ P—S separation with
non-homogeneous Neumann

boundary conditions

In the previous chapter, the P-S wave-field separation has been introduced within a
rigorous functional framework, based on the Helmholtz—Weyl decomposition theorem 4.2.
In particular, the separation has been interpreted as an orthogonal decomposition of the

displacement field into irrotational and solenoidal components.

The objective of this chapter is to provide an explicit construction of the corresponding
projection operators. In particular, we focus on the case in which the harmonic-gradient
contribution is included in the P-wave component, corresponding to choice (4.11). In this
setting, the construction of the P projector leads to the solution of an auxiliary Poisson
problem equipped with non-homogeneous Neumann boundary conditions. This formula-

tion naturally arises from the structure of the Helmholtz—Weyl decomposition theorem.

We begin by introducing the Poisson-Neumann problem, discussing its well-posedness
and clarifying the physical meaning of the associated non-homogeneous Neumann bound-
ary conditions in the context of P—-S wave-field separation. We then address its numerical
approximation, focusing on a second-order finite-difference discretization and on the spec-
tral properties of the corresponding discrete operator, which enable an efficient solution
strategy based on its diagonalization. Finally, we describe the resulting P-SV separation
algorithm and examine the boundary effects induced by the formulation, together with a

strategy to mitigate the corresponding artifacts.

5.1. The Poisson—Neumann problem

Let u = u(t) € V C [H'(Q)]" be a snapshot of the wave-field, as introduced in (4.9).
According to the Helmholtz—Weyl decomposition theorem 4.2, the vector field u admits
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the unique decomposition (4.10), namely

U=u; +uy+u;, u €Gi(Q),i=123

By definition of the subspaces G»(2) and G3(§2), the components u, and u; can be written

as gradients of scalar potentials, namely
u, =Vh, heHY(Q), Ah=0
uy=Vyg, g€ Hy(Q)

Therefore, the displacement field can be rewritten as
u=1u +Vf (5.1)
where we introduced the scalar potential
f=h+ge H(Q)

Taking the divergence on both sides of equation (5.1), and recalling that u;, € G1(Q) is

solenoidal, we obtain
div(u) = divfa;] + div(Vf) = Af

Hence, the scalar potential f satisfies the following Poisson equation:
—Af =—div(y) in (5.2)

where the equality is understood in the weak sense. Since, by assumption, u € V C
[H'(Q)]™, it follows that div(u) € L*(Q), and therefore the distribution —Af is repre-
sented by an L?(Q) function.

In order to identify the boundary conditions to be coupled with equation (5.2), let us
reconsider decomposition (5.1). First, we observe that, since u € V' C [H*(Q)]", it follows
that

u € Haiy(Q)

Moreover, since f € H'(Q) and Af € L*(Q), we also have
Vf & Hdiv(Q)

Therefore, the normal trace operator is well defined on both v and Vf. Applying the
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normal trace operator to both sides of (5.1), and recalling that u, € G1(f2) has vanishing

normal trace on 0f), we obtain

(W) = whur T+ 7 (V) =7%(Vf) in H'?(09)

At the formal level, this corresponds to the non-homogeneous Neumann boundary condi-
tion

Vf-v=u-0U ondf) (5.3)
where o denotes the outward normal unit vector to 0f2.

Hence, coupling equation (5.2) with boundary condition (5.3), we are naturally led to the

following Poisson—Neumann problem

—Af=—div(y) inQ
(5.4)
Vf-v=u-v on 0f)

The solution of the Poisson-Neumann problem (5.4) allows us to explicitly construct the
P and S components of the wave-field. Indeed, once the scalar potential f € H'() is

determined, we define

up=Vf, usg=u—up (5.5)

In particular, the mapping u — V f realizes the projection operator IIp, while the S

projector is obtained as Ilg = Id — Ilp.

We now inspect how the harmonic-gradient contribution enters the construction. Recall-

ing that f = h + ¢, with h harmonic, we observe that
Af=Ag+Lh=Ag inQ

Therefore, the Poisson equation (5.2) only determines g, while the harmonic contribution
h is not fixed by the equation itself. On the other hand, the non-homogeneous Neumann

boundary conditions (5.3) enforce

=wu-v on 0f)

>

Vf-

involving the full scalar potential f = h + ¢g. As a consequence, the harmonic component

h is implicitly determined by the boundary conditions.
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Hence, this construction yields
up =V[f=Vh+Vg=u,+us
us=u—up= (U +uy+us) —up =1

so that the harmonic-gradient contribution wu, is included in the P-wave component,

effectively realizing choice (4.11):

Up € Z/{P = GQ(Q) &) Gg(Q), Ug € Z/{S = Gl(Q)

This reasoning shows that the assignment of the harmonic component is entirely dictated
by the boundary conditions of the auxiliary Poisson problem. This aspect will be cru-
cial in the comparison with the alternative formulation based on homogeneous Dirichlet
boundary conditions, where the harmonic component is instead excluded from the P-wave

contribution, as we will discuss in chapter 6.

5.1.1. Well-posedness of the Poisson—Neumann problem

In this section, we address the well-posedness of the Poisson-Neumann problem (5.4). In
particular, we discuss how the lack of uniqueness can be resolved by a suitable restriction
of the space of admissible solutions, leading to a well-posed variational formulation of the

problem.

The well-posedness of the Poisson—-Neumann problem is classical; see, e.g., theorem 4.10
in [27| for a fully general treatment, and chapter 7.1.3 in [12] for a formulation closer to

the present setting.

Theorem 5.1 (Well-posedness of the Poisson-Neumann problem).
Let Q2 C R", open and bounded, such that OS2 € Lip. Moreover, let

be LX), g€ H Y*6Q)
Then, the problem
—Af=b in
Vf-v=g ondfd

admits a weak solution f € HY(Q) if and only if the following compatibility condition is
satisfied:

/bdQ+<g,1):O
Q
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where (-, -) denotes the duality pairing between H~'/2(98) and HY2(09).
Moreover, in this case, the weak solution is not unique: if f € H'(Q) is a weak solution,

then the set of weak solutions can be written as

{f+c|ceR}

In the present framework, the data of the problem (5.4) are
b=—div(u) € L*(Q), g=(u) € H *(59)

Moreover, the compatibility condition is trivially verified by the generalized Gauss—Green

formula (see appendix B, theorem B.5), indeed

- [ diviwdn = (.1 — [ bao+ (g1) =0

Therefore, the Poisson-Neumann problem (5.4) admits infinitely many weak solutions
f € H(Q), defined up to an additive constant ¢ € R.

This indeterminacy can be easily removed by imposing a normalization condition, which
implicitly fixes the additive constant ¢, that is, by restricting the space of admissible weak
solutions. The choice of a specific ¢ among the infinitely many admissible ones does not
affect the decomposition, since the P-component is defined as up = V f, and is therefore
invariant under the addition of a constant to f. A common approach is to seek solutions

with zero average, leading to the following space of admissible weak solutions:

Hj(Q):{feHl(Q)‘ /chm:o}

In this setting, the Poisson—-Neumann problem becomes well-posed. Indeed, by restricting
the solution space to H}(f2), existence and uniqueness follow directly from the Laz—
Milgram lemma (see appendix B, theorem B.6). More precisely, the weak formulation of

problem (5.4) reads as follows:

Find f € H}(Q) such that
/Vf -VodQ) = /g-Vde, Vv e HH(Q)
Q Q

where the right-hand side is obtained by combining the divergence and boundary terms

through the generalized Gauss—Green formula.
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First, we observe that H!(Q) is a Hilbert space. Indeed, consider the functional

L:HY(Q) =R, L(U):/UdQ
Q

Since L is linear and continuous, its kernel

ker(L) = {v e HY(Q) ) /deQ - 0} — HY(Q)

is a closed subspace of H'(2). Therefore, H!() is complete with respect to the norm

induced by the H! inner product, and hence it is a Hilbert space.

Then, we need to show the continuity and coercivity of the bilinear form
a:HH Q) x HH(Q) =R, a(u,v) = / Vu - VudQ
Q
The continuity is immediate from the Cauchy—Schwarz inequality. Let u,v € H}(Q), then

la(u, v)| < HVUHLQ(Q) HVUHLQ(Q) < HUHHI(Q) HUHH1(Q)

The coercivity, instead, follows from the Poincaré—Wirtinger inequality (see appendix B,
theorem B.7), which, on H!(Q), reduces to the standard Poincaré inequality. Let u €
H}(Q), then

1
2 2
a(u,u) = ||VU||L2(Q) 2 m ||U||H1(Q)
Finally, we show the continuity of the linear functional
F:HNQ) =R, (F v) :/g-vde
Q

where (-, -) denotes the duality pairing between (H}(Q2))" and H!(Q2). This follows again
from the Cauchy-Schwarz inequality. Indeed, for all v € H}(£2),

[(ES o) < lull o) VUl 20) < Hull e 101l 51q)

Hence, by the Lax—Milgram lemma, there exists a unique weak solution f € H!(), i.e.,

with zero mean, to the Poisson-Neumann problem (5.4).
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5.1.2. Physical interpretation of non-homogeneous Neumann bound-

ary conditions

The physical interpretation of the non-homogeneous Neumann boundary conditions (5.3)

is particularly transparent in the context of the P—S wave-field separation.

Recalling that, according to (5.5), the P component of the displacement field is given by
up = V[, the non-homogeneous Neumann boundary conditions (5.3) can be equivalently
written as

Up-v=u-v on Jf

As a consequence, the S component, defined as ug = u — up, satisfies
Ug-V=u-Uv—up-v=0 on df2

This shows that enforcing the non-homogeneous Neumann boundary conditions (5.3)
corresponds to forcing the S-wave component to have a zero normal component at the
boundary. As a result, it is purely tangential to 0€2. This reflects the defining property
of the solenoidal subspace G1(f2), to which ug belongs, whose elements have vanishing

normal trace on 0f).

This constraint, which arises from the mathematical formulation, is not physically repre-
sentative in general, since the S-wave component of the displacement field may exhibit a
non-vanishing normal trace at the boundary, as illustrated in figure 5.1. This leads to the

following behavior. Consider a displacement field that is purely S, i.e.,
u=ug, up=0

When such an S-wave reaches the boundary of the domain, it generally exhibits a non-

vanishing normal component, that is,
u-v=ug-v#0 on 0

Although, as discussed in section 2.2, in the ideal case of a purely S-wave, the physical
bulk field is approximately solenoidal, i.e., div(u) = div(ug) ~ 0, this non-zero normal

component triggers the Poisson-Neumann problem (5.4) through the boundary conditions
Vf-v=u-v ondf2

As a consequence, the solution of the Poisson-Neumann problem generates a non-trivial
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Figure 5.1: Schematic representation of an S-wave impinging on the boundary 0f€2. The
blue cloud represents the local wavefront, whose propagation direction is indicated by
the unit propagation vector é. The associated displacement field ug, shown in dark
blue, is orthogonal to é, consistently with the transverse polarization of S-waves. At the
point of incidence x, € 0f, the displacement generally exhibits a non-vanishing normal
component, highlighted in red and given by w, = (ug - 7) , where o denotes the outward

unit normal to the boundary.

scalar potential f, leading to a non-zero P-wave component up = V f, even though the
physical field is purely S. This contribution is therefore entirely spurious and is expected
to remain localized near the portions of the boundary where the S-wave impinges. Hence,
when a purely S-wave interacts with the boundary, one expects the generation of numerical

artifacts in the reconstructed P-wave component through this mechanism.

5.2. Numerical solution of the Poisson—Neumann prob-
lem

In this section, we address the numerical solution of the Poisson—-Neumann problem for
the P-S wave-field separation. Restricting the analysis to the two-dimensional setting,
the solenoidal component ug coincides with the SV wave-field, and the decomposition

takes the form of a P—SV separation.

We first introduce a second-order finite-difference discretization and then exploit the spec-
tral properties of the discrete Neumann Laplacian to construct an efficient solver. The
resulting formulation is used to define the complete P-SV separation algorithm, whose

computational cost is briefly analyzed.
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Finally, we examine the boundary effects induced by the separation approach, together

with a strategy to mitigate the corresponding artifacts.

5.2.1. Second-order finite-difference approximation of the Poisson—

Neumann problem

We first describe the staggered grid setup for the Poisson problem, and then present a
second-order finite-difference discretization under the non-homogeneous Neumann bound-

ary conditions (5.3).

Staggered grid setup for the Poisson problem

The discretization of the Poisson-Neumann problem (5.4) is carried out on the same
staggered grid introduced in section 3.1.1, defined over the rectangular computational
domain Q = (0, L,) x (0, L,).

The numerical scheme introduced in section 3.1.2 discretizes the velocity—stress formula-
tion of the elastic wave equation and is therefore formulated in terms of velocity and stress
variables. In contrast, the P—S separation described in the previous sections is expressed
in terms of the displacement field at a given time instant.

For this reason, the degrees of freedom of the displacement components are reconstructed
from those of the corresponding velocity components. This is achieved through a numeri-
cal time integration based on the second-order trapezoidal rule. This choice preserves the
second-order accuracy in time of the numerical scheme (3.3).

As a consequence, the displacement components are naturally located at the same grid
nodes and time levels as the corresponding velocity components. More precisely, they are
computed as

+_

@), k+1/2 (@) k=172 At @) k12
i i+1/2 = Wiy1/2 B v

itz T Uz(,rj)-’i-kl?;n)? (i, §, k) € 2 x @™

k12 () k=1/2 A7 Gy kr1/2 | (2)k—1/2 o h h
Uiire = Wiy +7<vi+1/27j + V419, >, V(i, j, k) € ()« @)
To complete the definition, the displacement field is initialized at time level k = —1/2
by setting all components to zero. In what follows, we fix a time level k& € ©® and
consider the reconstructed displacement components at that time level, dropping the

time superscript for notational convenience.

We now describe the collocation of the degrees of freedom of all the fields involved in the

P-SV decomposition.
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o The degrees of freedom of the horizontal component of the displacement and of its
P and SV contributions are collocated at the centers of the vertical cell edges and

are denoted by ufﬂl/?, ug)mﬂ/z and ug)@',jﬂ/w for all (i, j) € £,

o The degrees of freedom of the vertical component of the displacement and of its P

and SV contributions are collocated at the centers of the horizontal edges, and are

(2)

(2) (2) -
i+1/2,50 UPit1/2,5 and Ug it1/2, 50 for all (i, j) € .

denoted by u

o The degrees of freedom of the scalar potential are collocated at the cell centers, and

are denoted by fi1/2,j41/2, for all (i, j) € »©,

z

hay T_)z

() (z) ()
v ui.,TjJrl/Q’ u}f,i,jJrl/Z’ u;z’,ﬁl/z
’ . ) (2) ()
(i ‘+v1/2> (~+1/2-+1/2) < A Uitiye, j» “PZ,Z‘H/?J’ “SZ.,iH/z,j
1, J [ )
W S
- -
(i+1/2, 7)

Figure 5.2: Staggered grid arrangement for the auxiliary Poisson problems.

This staggered grid arrangement, illustrated in figure 5.2, will be employed for the numer-
ical solution of all the auxiliary Poisson problems associated with the different separation

strategies considered in this work.

Discrete formulation of the Poisson—Neumann problem
The spatial derivatives are approximated by means of a second-order centered finite-
difference scheme, obtained by applying in space the same discrete approximation intro-
duced in (3.1). Accordingly, the divergence of the displacement field at the cell centers is
approximated by

(z) (@) (2) (2)

u: —Uu,; u, i1 Y j
z+1,g+1/iI i,j+1/2 Z+1/273+1h Hl/Q’], V(i j) € 2 (5.6)

dth(Q)i+1/2,j+1/2 =
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and the gradient of the scalar potential at the centers of the cell edges by

z fi12,'12_fi—12,'12 . "
(Vif){ iy =~ SBIRE (i, ) € B0

(2) Jiv1y2, 54172 — fiv1y2,5-1/2 o N
(Vhf)i+1/27j - h. . Vi, j) € )

Consistently, the Laplacian of the scalar potential at the cell centers is discretized as
Ay, = divy(Vy), explicitly

 Jisge g2 — 2fiviege12 + ficiy2, 54102

(Ahf)i+1/2,j+l/2 - 12 -
f 2 +f 3:8)
| Jiryzes) z+1l/122,]+1/2 z+1/2,]—1/2’ Vi, j) € 5©
Thus, the discretization of the Poisson equation (5.2) reads
—Anfisrp e = — diva (@2 a2, V(i j) € ¢ (5.9)

We now have to impose the non-homogeneous Neumann boundary conditions (5.3). In
order to explicitly enforce them, keeping the same centered stencil also at the boundary
nodes, we employ the ghost-nodes elimination technique, which reduces to a modification

of the discrete equation (5.9) at the boundary nodes.

For illustration, we report the explicit form of the discrete equations at the bottom bound-
ary internal nodes and at the bottom-left corner node. The remaining boundary nodes

can be treated analogously.

We first consider the bottom boundary internal nodes, identified by i = 1,..., N, —2, j =
0. The ghost values f;;1/2,—1/2 appearing in the discrete Laplacian are eliminated by en-
forcing the Neumann boundary condition through the centered finite-difference approxi-

mation introduced above, namely

(2) _ ()
(Vhf)i-f—l/Q,O = Uit1/2,0

which yields

fi+1/2,71/2 = fi+1/2,1/2 —h, uﬁfl/w

Substituting into (5.9), we obtain
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(2)
Uit1/2,0

h.

_fi+3/2,1/2 = 2fiv1y2,172 + fic1/2,1)2 B Jiv1/2,3/2 — fiv1y2,1/2
h hZ

= — dth(Q)i+1/2,1/2 o

The bottom-left corner node is identified by ¢ = 0, 7 = 0. This node lies at the intersection
of the bottom and left boundaries. The ghost values fi/2 _1/2 and f_i/3 1/2 appearing in
the discrete Laplacian are eliminated by enforcing the Neumann boundary conditions
associated with the bottom and left boundaries through the centered finite-difference

approximation introduced above, namely
() _ (2 (@) _ ()
(vhf)uz,o = Uy /30 (Vhf>o,1/2 = Up 12
which yield
Ji/2, 172 = fij2,172 — e ng/)g’m Jo172,12 = fiy2,172 — ha Uégf)l/g

Substituting into (5.9), we obtain

h2 h? Dy h.

() (2)
Sz — S fyesp = fipage — divi(w)1ya1/ — (%,1/2 N ul/z,o)
x z
The previous derivations show that, after elimination of the ghost values, the second-order
finite-difference approximation of the Poisson—-Neumann problem can be equivalently re-
cast, up to a modification of the right-hand side accounting for the boundary contri-
butions, as a discrete Poisson equation equipped with homogeneous discrete Neumann

boundary conditions, namely

.

—Ahfi+1/2,j+1/2 = bh,i+1/2,j+1/2 V(i, j) € ()
=172, 54172 = fi/2,5+1/2 Vj e E§-C)
frosijzeie = fuo-1jzgerz - Vi€ DY (5.10)
Jiv1/2,—172 = fiv1/2,1/2 Vi € EEC)
Kfi+1/2,Nz+1/2 = fit1/2, N.—1/2 Vi € ZEC)

This observation is crucial, as it allows one to exploit the spectral diagonalization of the
discrete Neumann Laplacian for the numerical solution of the problem, as discussed in

the following subsection.
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Finally, we observe that, in general, the discrete problem (5.10) admits a solution if and

only if the following compatibility condition is satisfied:

Ny—1N,—1

D > vz =0 (5.11)

i=0 j=0

This condition represents the discrete counterpart of the continuous compatibility con-
dition stated in theorem 5.1 for the Poisson-Neumann problem. In the present setting,
it is automatically verified, up to machine precision, as a consequence of the discrete
divergence theorem. Indeed, the right-hand side by, is constructed from the discrete diver-
gence of the displacement field, with boundary fluxes consistently incorporated through

the ghost-node elimination procedure, so that its global sum vanishes.

5.2.2. Application of the basic spectral properties of the dis-
crete Neumann Laplacian to the numerical solution of

the Poisson—Neumann problem

We exploit the spectral properties of the discrete Neumann Laplacian to construct an
efficient numerical solution of the Poisson-Neumann problem. In particular, owing to the
diagonalization of the discrete operator in a cosine basis, the resulting linear system can
be decoupled into a set of independent scalar equations. This approach naturally leads

to a fast Poisson-Neumann solver based on the Discrete Cosine Transform (DCT).

To this end, we recall the basic spectral properties of the discrete Neumann Laplacian,
which play a central role in the construction of such efficient solvers. These properties
are classical and follow from the diagonalization of second-order centered finite-difference

operators by cosine modes associated with the DCT (see, e.g., [34]).

Theorem 5.2 (Basic spectral properties of the discrete Neumann Laplacian).

Consider the discrete eigenvalue problem

4
—Apdit1)2,j+1/2 = AGiy1/2, 412 V(i, J) € %)

D—1/2,j+1/2 = P12, j+1/2 vj e =%
ONy11/2,541/2 = ONo—1/2,j41/2 Vj e Z;C)
Dit1/2,-1/2 = Pit1/2,1/2 Vi € EEC)

\¢i+1/2, N.+1/2 = Piy1/2,N.—-1/2 Vi € E§C)
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Then, for all (n, m) € ¥, the eigenpairs are given by

n,m n.m ™, . ™m, . .. ¢
¢£H/2)7j+1/2=0z(7 )COS(F(Z—Fl/Q)) cos(N (]—I—l/?)), V(i, ) e n©

4 ™n 4 ™m
(n,m) 2 2
A h2 St (QNx) + h? St (QNZ)

with \™m™) > (),

Moreover, the eigenfunctions {qb("’ m)}(n m) C RYexN= form a basis of RN=*N= namely

ex(e)
RNI Ne = span ({(b(n’m) }(n,m)EE(C))

Furthermore, the normalization coefficients {a(”’ m)} « C R can be chosen so that

(n,m)ex
the eigenfunctions are orthonormal with respect to the standard Euclidean scalar product,

that is
Np—1N,—1

(¢(n,TrL)’ ¢(p7Q) Z Z ¢1+1/2 ]+1/2 ¢1+1/2 ]+1/2 5 n,p 5m7‘1

=0 j5=0
for all (n, m), (p, q) € 1.
In the discrete Poisson-Neumann problem (5.10), both the degrees of freedom of the

}(i ez and those of the discrete

can be identified with elements of

scalar potential, collected in the values { Jit1/2,j41/2
right-hand side, collected in {bh,iﬂ/g,jﬂ/g}(i e
RN=xN=  Therefore, by theorem 5.2, both quantities can be expanded in the orthonormal

basis of eigenfunctions of the discrete Neumann Laplacian:

Ny;—1N,—-1

fz+1/2 j+1/2 - Z Z f n,m) 1_7_1772 j+1/20 V(Z, J) € E(C)

n=0 m=0

—1N.-1

bh i+1/2,7+1/2 = Z Z b(n " gbfil% j+1/2 V(i, j) € £©

n=0 m=0

where the coefficients { fnm) } (mm)E(©) {IA),S" ™) } (knese C R can be explicitly computed

as
Nz;—1N_,—1
= NN fpgnp O ey Y, m) € O (5.12)
=0 j=0
Nz—1N,—1
=" b1 O i1 V0, m) € 2O (5.13)

i=0 =0
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Substituting the expansions into the equation of the discrete Poisson—Neumann problem
(5.10), we obtain

N,—1N.—1 N,—1 Nz—l
F(n,m (n,m) _ m) n,m) . ¢
Z Z f( ) (_ Ah¢i+1/2,j+1/2> = ¢z+1/2 j+1/2 v(i, j) € 5
n=0 m=0 n=0 m=0
Since {(151(11772 41728 (n, myesie ATe eigenfunctions of the discrete Neumann Laplacian, the

previous equation can be written as

Nz—1N,—-1

n,m) £(n,m (n,m) . c
33 (e e im0, G e

n=0 m=0

Let us now take any (p, ¢) € (¢, multiply both sides by ¢ % and sum over i and j. By

rearranging the terms, we obtain

Na—1N:—1 Nz—1N,—1

n,m) £(n,m 7(n,m) (n,m .
Z Z [(A( )f( ) - bh ) ¢z+1/2 Jj+1/2 ¢z+1/2 J+1/2| — 0
n=0 m=0 i=0 j§=0

By the discrete orthonormality of the eigenfunctions, it follows that

Ny—1N,—1

Z Z ()\(n m)f(n m) n m)>5n,p 5m = p q)f(p7 ](Zpa q) =0

n=0 m=0

Thus, by the arbitrariness of (p, q) € X(¢), we get

Almm) fom) _plnm) o -y ) € 50

Let us now analyze the equation corresponding to the first mode (n, m) = (0, 0). From

theorem 5.2, we have that the first eigenvalue of the discrete Neumann Laplacian is null:
and its associated eigenfunction is constant over the grid:

0,0
¢5+1/)2 j1/2 = a9 eR, v(i, j) € ()
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Moreover, due to the discrete compatibility condition (5.11), we have that

Nz—1N.—1 Nz—l N,—1

(0,0 _
=> > ¢z+1/2 ji1/2bn 4172, 5412 = @ bn,i+1/2,j+1/2 = 0
i=0  j=0 i=0 =0

Therefore, the first modal equation reduces to

)\(O,O)J?(O,O) _ 320,0) — 0. j?(o,o) —0

which is satisfied V(% € R. This reflects the fact that the discrete Neumann Laplacian
has a non-trivial kernel consisting of constant functions. As a consequence, exactly as in
the continuous case, the solution of the discrete Poisson—Neumann problem is defined up

to an additive constant.

To remove this indeterminacy, we impose the normalization condition
f(o,o) -0

which is equivalent to prescribing zero discrete average, namely

SN fuesn= Lo =0
=0 j5=0

This choice is the discrete counterpart of restricting the solution space, in the continuous

Hj(Q):{fEHI(Q)‘ /QfdQ:O}

which ensures uniqueness of the weak solution to the Poisson-Neumann problem (5.4).

setting, to the subspace

With this normalization, the solution is uniquely determined, and its expansion coefficients
are given by
0 (n, m) = (0, 0)

Finally, the degrees of freedom of the scalar potential at the cell centers are recon-

structed as
Ny—1N,—1

frpgenz =Y 3 fOm el e Vi, ) € 2 (5.15)

n=0 m=0
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5.2.3. Description of the P-SV separation algorithm and com-

putational cost analysis

We now describe the algorithm implementing the P-SV separation strategy based on
the Poisson—Neumann problem, and provide an estimate of its computational cost. The

analysis focuses on the asymptotic complexity of the main operations.

The computation of the expansion coefficients of the discrete right-hand side by, in (5.13),
as well as the reconstruction of the degrees of freedom of the scalar potential f from (5.15),
can be efficiently carried out via Discrete Cosine Transforms (DCT). These transforms
are implemented through standard FFT-based fast trigonometric algorithms. Accordingly,
all double summations appearing in the algorithmic description are to be understood as

FFT-based DCT operations, rather than as direct matrix-vector products.

The Poisson-Neumann P-SV separation algorithm can be described through the following

sequence of steps:

1. Compute the degrees of freedom of the discrete right-hand side by, ;112,412 for all
(1, j) € () by evaluating the discrete divergence of the displacement field according
to (5.6) and incorporating the boundary contributions arising from the ghost-node
elimination procedure. The computational cost of this step amounts to that of a

single sweep over the computational grid:

O(N,N.)

2. Compute the expansion coefficients of the discrete right-hand side ZA)ELn ™ for all
(n, m) € £ according to (5.13). The computational cost of this step corresponds
to that of a separable two-dimensional DCT-II, implemented via two successive

one-dimensional transforms along the coordinate directions:

O(N.N,log(N,)) + O(N,N.log(N.)) = O(N,N. log(N,N.))

3. Compute the expansion coefficients of the scalar potential f (mm) for all (n, m) € X9
according to (5.14). The computational cost of this step amounts to that of a single

sweep over the modes:

O(N,N.)

4. Reconstruct the degrees of freedom of the scalar potential fii /2 j11/2 for all (i, 7) €

¥ according to (5.15). The computational cost of this step corresponds to that
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of a separable two-dimensional DCT-III (inverse of DCT-II, up to normalization),
implemented via two successive one-dimensional transforms along the coordinate

directions:

O(N.N,log(N,)) + O(N,N, log(N.)) = O(N,N. log(N,N.))

5. Compute the degrees of freedom of the P component of the displacement field by
evaluating the discrete gradient of the scalar potential according to (5.7) and obtain

those of the SV component by subtraction:

(z) _ (z) (z) _ () (z) . v
Up's vz = (Vaf)i ji1jo Usijerje = Wi jr12 — Upijyrjer V(i J) € )

(2) _ (2) (2) _ (2 (2) . h
Upiv1/2,7 = (Vhf)i+1/2,j7 Ug it1/2,5 = Yit1y2,5 — Ypit1/2,5 (i, j) € ="

The computational cost of this step amounts to a single sweep over the computa-

tional grid.

Hence, the overall asymptotic complexity of the proposed Poisson—Neumann P-SV sepa-

ration algorithm is
O(NINZ log(NxNZ))

with the dominant contribution arising from the DCT-based steps two and four.

5.2.4. Boundary effects and mitigation strategy

In this subsection, we investigate the boundary effects induced by the Poisson—Neumann
formulation of the P-SV wave-field separation, and illustrate a strategy to mitigate the
resulting artifacts. As discussed in Section 5.1.2; the enforcement of non-homogeneous
Neumann boundary conditions introduces a constraint on the normal component of the
reconstructed fields, which may lead to the generation of spurious contributions in the
vicinity of the boundary. In particular, when a purely SV-wave impinges on 0f2, the
boundary condition may trigger the Poisson problem and produce a non-physical P com-

ponent, localized near the boundary.

To illustrate this effect, we consider the homogeneous solid model introduced in ap-
pendix A.2.1. The source term is defined as a vertical force with a Ricker wavelet
temporal profile (see appendix A.1), with central frequency fy = 10Hz, injected at
(xs, 2zs) = (5.0km, 5.0 km).

We consider a representative snapshot of the wave-field, extracted at ¢t ~ 2.00s and

shown in figure 5.3. It captures the SV-wave impinging on 02, while the faster P-wave
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has already exited the computational domain. This configuration allows us to clearly
isolate and analyze the behavior of the separation procedure in the critical case of an
SV-wave interacting with the boundary.

SV-wave at the boundary — full wave-field (¢ ~ 2.00 s)

Horizontal component — ul®) , Vertical component — u® -

7N TN
NN i

0 10 0 10
k)] x [L\m

[km]
[m]

z [km)]
[m]

2

Figure 5.3: Snapshot of the full wave-field when the SV-wave impinges on 0f2 (¢t ~ 2.005s).
The horizontal (left) and vertical (right) components of the displacement field are shown.

The decomposition is initially performed on the computational domain €2 = €2, where
Qine C R? denotes the original physical domain of interest introduced in appendix A.2.1,
excluding the outer absorbing layers. The resulting P and SV components are shown in

figures 5.4 and 5.5, respectively.

As shown in the left panels of figure 5.4, the decomposition produces a non-vanishing
P component, despite the fact that the underlying physical wave-field is predominantly
solenoidal. This spurious contribution is non-negligible, being of the same order of magni-
tude as the physical SV-wave, and is localized in the vicinity of the boundary. Coherently,
the left panels of figure 5.5 exhibit a distortion of the SV component in the regions where
the wave impinges on 9€). This behavior is consistent with the discussion in section 5.1.2.
In particular, the non-homogeneous Neumann boundary conditions activate the Poisson
problem through the normal component of the displacement field at OS2, thereby gener-
ating a spurious irrotational contribution. As a result, a non-physical P-wave component
appears near the boundary, even though the underlying displacement field is of SV type.
At the same time, the SV-wave appears distorted, since its normal component is forced to
vanish at the boundary. On the other hand, the structure of the wave-field in the interior

of the domain is correctly captured, with the spurious effects remaining confined near 0f2.

We now assess the effectiveness of a mitigation strategy based on extending the compu-

tational domain, following an approach similar to the one proposed in [47]. In practice,
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SV-wave at the boundary — P component (¢ =2 2.00 s)
(x)

Horizontal component — w,
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Figure 5.4: P component of the wave-field, when the SV-wave impinges on 09 (t =~
2.00s). Left: absorbing layers excluded (2 = €,). Right: absorbing layers included
(Q = Qg U Qexe). The horizontal (top) and vertical (bottom) components of the P

displacement field are shown.

the Poisson—-Neumann problem is solved on an enlarged computational domain
0= Qint U Qext

where (2., represents the external region of space occupied by the absorbing layers, intro-
duced to create a buffer region between the artificial boundary and the domain of interest.
The decomposition is computed on the extended domain and then restricted to the inter-
nal domain €2;,;. More precisely, once the scalar potential f is computed on the extended

domain, the P and SV components are evaluated by restricting the reconstruction to €2,
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SV-wave at the boundary — SV component (¢ = 2.00 s)
(x)

Horizontal component — w
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Figure 5.5: SV component of the wave-field, when the SV-wave impinges on 9 (¢ =~
2.00s). Left: absorbing layers excluded (2 = €,). Right: absorbing layers included
(Q = Qint U Qext). The horizontal (top) and vertical (bottom) components of the SV

displacement field are shown.

namely

As shown in the right panels of figure 5.4, the spurious P component generated in the
case of an SV-wave impinging on 0f2 is strongly reduced when the extended domain is
employed, to the point of not being visible on the common color scale. In particular,
the non-physical contribution is mainly confined within ., while the decomposition
inside €2, is substantially unaffected. The rescaled insets reveal a residual leakage in the
reconstructed P component, whose amplitude is roughly two orders of magnitude smaller

than that of the physical wave-field. It is comparable to the spurious reflections arising
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from the absorbing boundaries €. and is therefore negligible in practice. This weak
contribution exhibits a structure aligned with the P-wavefront and is accompanied by faint
boundary-induced halos penetrating into €2;,;. These halos originate from the distortion
of the wave-field within €., where the absorbing layers alter the local structure of the
displacement field, causing the SV-wave to acquire a non-negligible divergence. Since the
Poisson problem is non-local, this spurious divergence generates a residual irrotational
component that propagates weakly back into §2;,;. Nevertheless, these effects remain of
practically negligible amplitude, so that the decomposition within the region of interest

is effectively preserved.

The complementary configuration, namely a P-wave interacting with the boundary, does

not exhibit significant additional boundary-induced artifacts and is therefore not reported.

In light of these results, the Poisson-Neumann P—SV separation will be employed through-
out the remainder of this work in combination with the domain extension strategy de-
scribed above, in order to mitigate the boundary-induced artifacts associated with the

incidence of SV-waves.
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6 ‘ P—S separation with
homogeneous Dirichlet

boundary conditions

In the previous chapter, the P-S wave-field separation has been constructed by explicitly
defining the associated projection operators through the solution of a Poisson problem
equipped with non-homogeneous Neumann boundary conditions. This formulation cor-
responds to assigning the harmonic-gradient contribution to the P-wave component, in

accordance with choice (4.11).

In this chapter, we investigate an alternative construction of the P—S separation, namely
the case in which the scalar potential is defined as the solution of a Poisson problem
equipped with homogeneous Dirichlet boundary conditions. This choice is motivated by
the approach proposed by H. Zhu in [48|, in which the Poisson equation is solved through
the diagonalization of the discrete Laplacian (5.8) via Discrete Sine Transforms (DST),

implicitly enforcing homogeneous Dirichlet boundary conditions at the discrete level.

The objective of this chapter is to provide a rigorous mathematical interpretation of this
choice within the framework of the Helmholtz—Weyl decomposition. In particular, we
show that this formulation corresponds to a different realization of the decomposition, in
which the harmonic-gradient contribution is not included in the irrotational field, and is

therefore implicitly contained in the S-wave component, thus realizing choice (4.12).

The chapter is organized as follows. We first introduce the Poisson—Dirichlet problem and
briefly discuss its well-posedness, together with a physical interpretation of the associated
homogeneous Dirichlet boundary conditions in the context of P—S wave-field separation.
We then address its numerical solution, showing how, in rectangular domains, the spec-
tral properties of the continuous Dirichlet Laplacian enable an explicit analytical repre-
sentation of the solution, which leads to the construction of the corresponding discrete
algorithm. Finally, we analyze the boundary artifacts induced by the formulation and

investigate the accuracy of the proposed approach.
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6.1. The Poisson—Dirichlet problem

Let u = u(t) € V C [H'(Q)]" be a snapshot of the wave-field, as introduced in (4.9).
In this chapter, we define the scalar potential f as the solution of the following Poisson—

Dirichlet problem:
—Af=—div(y) in Q
(6.1)
f=0 on 0f)
Once problem (6.1) is solved, in analogy with the previous chapter, we define the P and
S components of the wave-field according to (5.5), thus realizing the projection operators
IIp and IIg = Id — IIp.

We now inspect how the harmonic-gradient contribution enters the construction. We
recall that, as already observed in section 5.1, since f = g + h € H'(Q), with h € H(Q)
harmonic, we have

Af=Ag+.h=Ag inQ

Therefore, the Poisson equation determines g, while the harmonic contribution A is not
fixed by the equation itself. On the other hand, the homogeneous Dirichlet boundary
conditions enforce

%w(f) =0 in H'2(0Q)
which implies

w(h) = —(g) in H/*(09)
Since, according to theorem 4.2, g € H} (), it follows that yo(g) = 0 on 912, and therefore
(k) =0 in HY2(0Q)
At the formal level, this corresponds to the homogeneous Dirichlet boundary condition

h=0 on 0f)

Hence, the harmonic component is required to satisfy the following Poisson—Dirichlet
problem:

—Ah=0 1in )
(6.2)
h=0 on 02

We now show that the only solution of problem (6.2) is the trivial one. To this end, we

consider its weak formulation, which reads:
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Find h € H(Q) such that
/QVh Voud) =0, Yve Hi(Q)
Taking v = h € H}(), we obtain
HVhHi?(Q) =0
Therefore, thanks to Poincaré inequality, we can conclude
0 < |2l r20) < Cr VAl 20) = (Al 12(0) =0

which is equivalent to
h=0 1in

Hence, when homogeneous Dirichlet boundary conditions are coupled with the Poisson
equation for the scalar potential f = g+ h, the harmonic component A is forced to vanish.
As a consequence, the scalar potential coincides with the component g € H}(Q), and

problem (6.1) is equivalent to the following Poisson-Dirichlet problem:

—Ag = —div(u) in

g=0 on 0f)

Accordingly, this construction yields
up=Vf=Vg=uy
Us =u—up = (U + U+ U3) —Up = U + Uy
so that the harmonic-gradient contribution u, is included in the S-wave component, ef-

fectively realizing choice (4.12):

Up EUPZGg(Q), Ug EUS:Gl(Q)@GQ(Q)

This shows that, as in the non-homogeneous Neumann formulation, the assignment of
the harmonic component is entirely dictated by the boundary conditions of the auxiliary
Poisson problem. In contrast with the non-homogeneous Neumann case, the homogeneous
Dirichlet boundary conditions force it to vanish, leading to its exclusion from the P-wave

component, and it is therefore included in the S-wave component.
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Finally, we briefly address the well-posedness of the Poisson—Dirichlet problems introduced
in this section. To this end, we consider their weak formulation in H}(Q), endowed with

the scalar product

(U, V) i) = / Vu - VudQ
Q

which is equivalent to the standard (-, )1 (o) thanks to Poincaré inequality.

By the Riesz representation theorem for Hilbert spaces (see appendix B, theorem B.3), for

any continuous linear functional L € H~1(Q), there exists a unique f € H} () such that
/ Vf-VudQ= (L, v), Yve& H}Q)
Q

where (-,-) denotes the duality pairing between H () and HJ ().

In the Poisson—Dirichlet problem (6.1) we consider the functional

(L, v) = — / div(w) v dQ
Q
while in problem (6.2) we have L = 0. In both cases, the functional L is linear and
continuous on H} (), since div(u) € L?(1).

Therefore, all the Poisson—Dirichlet problems introduced in this section admit a unique
solution in HJ ().

6.1.1. Physical interpretation of homogeneous Dirichlet bound-

ary conditions

The physical interpretation of homogeneous Dirichlet boundary conditions in the con-
text of the P—S wave-field separation is not as straightforward as the one for the non-

homogeneous Neumann boundary conditions presented in section 5.1.2.

To gain geometric insight, we temporarily assume that
el felC(Q), Vf(x)#0, VzeiQ

In this idealized setting, since f = 0 on 0f2, the boundary 0f2 is a regular isoline of f at
level 0. As the gradient is orthogonal to the level sets of f, and recalling that, according

to (5.5), the P component of the displacement field is given by up = V f, we infer

Vf-T=up-7=0 on 0}
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where 7 denotes the tangent unit vector to 0f).

Figure 6.1: Schematic representation of a P-wave impinging on the boundary 0€2. The
blue cloud represents the local wavefront, whose propagation direction is indicated by
the unit propagation vector é. The associated displacement field up, shown in dark blue,
is parallel to é, consistently with the longitudinal polarization of P-waves. At the point
of incidence z, € 0f2, the displacement generally exhibits a non-vanishing tangential
component, highlighted in red and given by w_ = (up - 7) 7, where 7 denotes the tangent

unit vector to the boundary.

Thus, enforcing homogeneous Dirichlet boundary conditions can be interpreted, in this
geometric picture, as forcing the P-wave component to have a zero tangential component
at the boundary. As a result, it is purely normal to 9. Consequently, the S component,

defined as ug = u — up satisfies

Ug T =u-T—Up~T=u-7 on 0f) (6.3)

This geometric constraint arises from the mathematical formulation and provides a formal
interpretation of the decomposition at the boundary. However, it does not correspond
to a general physical property of elastic wave-fields, since the P-wave component of the
displacement field may exhibit a non-vanishing tangential component at the boundary, as
illustrated in figure 6.1. This leads to the following behavior. Consider a displacement
field that is purely P, i.e.,

u=1up, ug=20

When such a P-wave reaches the boundary of the domain, it generally exhibits a non-
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vanishing tangential component, that is,
u-T=up-7#0 on d2

Therefore, according to (6.3), this contribution is spuriously transferred to ug. Hence,
when a purely compressional wave interacts with the boundary, one expects the appear-
ance of numerical artifacts in the reconstructed S-wave component, localized near the

portions of the boundary where the P-wave impinges.

This interpretation highlights a clear duality with respect to the Poisson-Neumann formu-
lation, discussed in section 5.1.2, together with a fundamental difference in the underlying
mechanism. In the Neumann case, the boundary conditions directly enforce the normal
component of the reconstructed P-wave field, so that, when an S-wave impinges on 0f2,
the Poisson problem is activated through the boundary data, leading to the appearance of
a spurious P component. In contrast, in the Dirichlet case, the constraint acts indirectly
on the tangential component of the reconstructed P-wave field, imposing a geometric re-
striction that is not generally compatible with the intrinsic polarization of compressional
waves. As a consequence, when a P-wave reaches the boundary, its tangential component
cannot be represented and is transferred to the S component, giving rise to spurious shear

contributions.

6.2. Numerical solution of the Poisson—Dirichlet prob-
lem

In this section, we address the numerical solution of the Poisson—Dirichlet problem for
the P—S wave-field separation. As in the previous chapter, we restrict the analysis to
the two-dimensional setting, so that the solenoidal component ug coincides with the SV

wave-field, and the decomposition takes the form of a P-SV separation.

An important feature of the Poisson—Dirichlet formulation is that, in rectangular domains,
it admits an explicit analytical solution based on the spectral properties of the Dirichlet
Laplacian. This observation naturally leads to a different perspective with respect to
the Neumann formulation. Rather than discretizing differential operators, the solution
is obtained by approximating its continuous spectral representation in a way consistent
with the information available on the discrete grid. Although this change of viewpoint
results in an algorithm that is, in practice, very similar to the one previously introduced in
section 5.2.3, it has significant implications for the analytical interpretation and numerical

properties of the method.
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We first exploit the basic spectral properties of the continuous Dirichlet Laplacian to
derive an analytical representation of the solution of the Poisson—Dirichlet problem. This
representation is then specialized to rectangular domains, where it takes a particularly

simple and explicit form.

Building upon this framework, we introduce the corresponding numerical approximation
and define the complete P—SV separation algorithm, whose computational cost is briefly

analyzed.

Finally, we investigate the boundary effects induced by the Dirichlet formulation, and
show that the same mitigation strategy introduced in section 5.2.4 remains effective in

this setting.

6.2.1. Application of the basic spectral properties of the contin-
uous Dirichlet Laplacian to the analytical solution of the

Poisson—Dirichlet problem

We first recall the basic spectral properties of the continuous Dirichlet Laplacian. We
then use these properties to derive an abstract analytical representation of the solution

of the Poisson—Dirichlet problem.

Let Q C R™ open, bounded and connected, such that 02 € Lip. Let us consider the

following eigenvalue problem:

—Ap=XAp in{)
(6.4)
p=0 on 02

From standard spectral theory of elliptic operators (see, e.g. chapter 9.8 in [4] and chap-
ter 6.5 in [10]), problem (6.4) admits a sequence of eigenpairs {(\,, ¥n) }nen such that

o The eigenvalues {\, }neny C Rsatisfy 0 < A\; < Ay < ... <\, — +o0;

o The eigenfunctions {¢, }neny C Hi () form, up to normalization, an orthonormal
basis of (L2(2), (-,")z2(q))-

In the context of the Poisson—Dirichlet problem (6.1), we consider the right-hand side

b= —div(u) € L*(Q)
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and the corresponding solution given by the scalar potential
f € Hy(Q) C L*(Q).

Therefore, both b and f can be expanded with respect to the basis of eigenfunctions of

the Dirichlet Laplacian, namely
+o0 R +o0 R
b:anQDn, f:an@n (6'5>
n=1 n=1
in the sense that

k
b— ZB" On
n=1

— 0, k—+
L2(Q)

k
n=1

LX)

where the coefficients {Bn}n N’ { fn} C R can be explicitly computed as

neN

[;n = (bv (Pn)LQ(Q) = /ngon an fn - (f7 SDn)LQ(Q) = /Qf@n an Vn €N

To rigorously relate the expansion coefficients of the scalar potential to those of the right-
hand side, we exploit the weak formulation of both the Poisson—Dirichlet problem (6.1)
and of the eigenvalue problem (6.4).

By definition, each eigenfunction ¢, € HJ () satisfies
/ Ve, - VodQ = )\n/ pnvdQ, Yve Hy(Q)
) Q
Choosing v = f € H}(f2), we obtain

[ Ven-viaa-n, [ eogaa =i, (6.6)
Q Q

On the other hand, since f is the weak solution of the Poisson—Dirichlet problem, it fulfills

/Vf-Vde:/bde, Yo € Hy(9)
Q Q

Thus, choosing v = ¢,,, we get

/Vf-VgpndQ:/bgondQ:Z;n (6.7)
Q Q
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Combining equations (6.6) and (6.7), thanks to the arbitrariness of n € N, it follows that

~

Mfo =bn, VneN

Hence, recalling that A\, > 0 for all n € N, we conclude

~

fo= Vn e N (6.8)

)\_nu
We finally specify the form of the right-hand side expansion coefficients in the present
setting, where b = —div(u). By applying the generalized Gauss—Green formula (see

appendix B, theorem B.5), we get

by, = —/div(@) P dQ :/u-Vson dQ, VneN (6.9)
Q Q

where the boundary term vanishes since ¢,, € Hj(Q).

This construction highlights a deep analogy with the discrete diagonalization procedures
introduced in section 5.2.2. In both cases, the solution is obtained through a spectral
decomposition with respect to the basis of eigenfunctions of the underlying operator. The
fundamental difference lies in the level of the construction: here, the Dirichlet Laplacian is
diagonalized as an operator on an infinite-dimensional space, while in the discrete setting
of the previous chapter the same idea is applied to a finite-dimensional approximation of

the Neumann Laplacian.

6.2.2. Analytical solution of the Poisson—Dirichlet problem in

rectangular domains

In our setting, we consider the rectangular domain Q = (0, L,) x (0, L,) C R? In this
case, the eigenvalue problem (6.4) can be solved explicitly by means of separation of
variables, leading to closed-form expressions for the eigenvalues {\, . }(nm)en2 and the

corresponding eigenfunctions {@n m }(nm)enz.

We postulate a solution of the form

p(r,2) = af2)B(2), V(z,2) € (6.10)
Substituting the ansatz (6.10) into the equation of the eigenvalue problem (6.4) yields

—a"(@)B(2) - a(@)B"(z) = Aa(2)B(z), V(z,z) € Q
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Assuming that o and § are non-trivial, this identity implies that there exist constants
Az, A, € R such that

—a"(z) = e a(z), —p"(2)=XNB(2), I+ =2\ (6.11)

where the equations hold in (0, L,) and (0, L,), respectively.

Imposing the homogeneous Dirichlet boundary condition ¢ = 0 on each side of the rect-

angle and excluding the trivial solution leads to

Hence, the original two-dimensional eigenvalue problem can be decoupled into the follow-

ing analogous one-dimensional eigenvalue problems:
—a"(z) = A\pa(z) in (0, L,) —6"(z) =X, 5(z) in (0, L,)
a(0) = a(Ly) =0 B(0) = B(L.) =0

The eigenpairs associated to these problems are classical and follow from standard theory

of second-order linear ODEs with constant coefficients, namely

nm

2
Ao = (L_x) . () = A, sin(%x) , VneN

2
Ao = (mﬂ) . Bm(z) = Bn, sin(n;jrz) , VmeN

z

where A,,, B,, € R are free normalization constants.

Then, according to (6.10) and (6.11), for all (n, m) € N2, the eigenpairs of problem (6.4)

are given by
nm\” m\ >
Aom = | — 6.12
o= () + (%) 0

2 . (nm \ . (mn _
Onm(T,2) = T sm(L—gcx) sm( I z) , Yz, 2)€eQ (6.13)

where the constant C,, ,,, = A, By, = 2/+/ L, L. is chosen in order to guarantee ||y, || ;2 @ =
1 for all (n, m) € N2

We now exploit the explicit characterization of the eigenpairs to derive the explicit rep-
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resentation of the solution to the Poisson-Dirichlet problem (6.1).

By (6.9) and (6.13), the expansion coefficients of the right-hand side b = — div(u) can be

computed as
Bn,m = / UV mdd = n—ﬁmm + —spm, V(n, m) €N (6.14)
Q

where we denoted, for all (n, m) € N2,

2 Lo pLa nmw mm
R — uz(x,z) cos| —ux | sin z | dzdx (6.15)

Lo pL:
Uz pm = \/ﬁ/ / u(z, 2 sm(zwx) cos(ﬂgjz) dzdx (6.16)

Once the coefficients {Bn,m}(n,m)€N2 have been computed, the corresponding coefficients of
the scalar potential {fn,m}(n,m)ENQ follow from (6.8) together with (6.12).

Finally, the analytical solution of the Poisson—Dirichlet problem is given by (6.5) and
(6.13), explicitly

Fla,2) = \/ﬁ f f Fam sm(m ) sin(n;jz) (6.17)

n=1m=1

6.2.3. Description of the P-SV separation algorithm and com-

putational cost analysis

We now describe the algorithm implementing the P-SV separation strategy based on
the Poisson—Dirichlet problem, which arises from the approximation of the continuous
spectral representation derived in the previous section with the information available
on the discrete grid, together with a brief analysis of its computational cost. As in

section 5.2.3, the analysis focuses on the asymptotic complexity of the main operations.

We consider the same staggered grid setup described in section 5.2.1. In this discrete
setting, the spectral representation (6.17) is approximated by truncating the infinite series
to the finite set of admissible wavenumbers supported by the grid. In particular, according

to the Nyquist sampling theorem, the maximum resolvable wavenumbers are

N n
km max — 7 kz max — 7 6.1
R . (6.18

x z
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This imposes an upper bound on the spectral modes that can be represented without

aliasing on the discrete grid, namely

nm mm
kx,n =—< kx,max < n< Nxa kz,m = < kz,max < m < Nz

x z

Thus, the truncated spectral representation is defined over the discrete set of admissible

wavenumbers (ky ,,, k), with indices belonging to the set
2 ={1,..., N} x {1,...,N.}

Finally, we remark that the computation of the approximated expansion coefficients of the
displacement and the truncated reconstruction of the P-wave component can be efficiently
carried out via mixed Discrete Cosine Transforms (DCT) and Discrete Sine Transforms
(DST). Accordingly, as in section 5.2.3, the double summations appearing in the algorithm
below are to be interpreted as FFT-based DCT/DST operations.

The Poisson—Dirichlet P-SV separation algorithm can be described through the following

sequence of steps:

1. Approximate 1, m, as given by (6.15), for all (n, m) € %) through the quadrature

formula
2 AEN nm mm
3@ — @), nm\ .
Uy, = T I ; 2 w; u, ]+1/2 COS(NxZ> sm( N (j+ 1/2)) hyh, (6.19)

where the quadrature weights are

w!® =

(6.20)

— NI

The computational cost of this step corresponds to that of a mixed two-dimensional
transform, consisting of a DCT-I along the x direction and a DST-II along the z

direction, implemented via two successive one-dimensional transforms:

O(N.N, log(N,)) + O(N,N. log(N.)) = O(N,N. log(N,N.))

2. Approximate ., m, as given by (6.16), for all (n, m) € () through the quadrature
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formula
2 Nx_l Nz nﬂ- mﬂ-
NO Z (), (2) inl —(i+1/2 | hy h 6.21
un,m - wj ui+1/27 ; S (Z + / ) cos J xr vz ( ’ )
v L,L, =0 =0 J N, N,

where the quadrature weights are

j=0Vj=N,
j=1,...,N, -1

W

(6.22)

L ] L

The computational cost of this step is identical to that of the previous one, with

the corresponding transforms applied along the opposite coordinate directions.

3. Approximate the expansion coefficients of the right-hand side l;n,my as given by
(6.14), for all (n, m) € X):

The computational cost of this step amounts to that of a single sweep over the
modes:

O(N,N.)

4. Reconstruct the approximated expansion coefficients of the scalar potential fnym, as
given by (6.8), for all (n, m) € ©:

~

~

h,n,m

h,n,m \
n,m

The computational cost of this step amounts to that of a single sweep over the

modes.

5. Approximate the expansion coefficients of up = Vf for all (n, m) € £ by term-

by-term differentiation of the truncated expansion of the scalar potential:

A (x) nm . . (2) mm

u = /n u == /n
P7 n,m y T4 P7 n,m » T,
Ly L.

The computational cost of this step amounts to that of a single sweep over the

modes.

6. Reconstruct the degrees of freedom of the horizontal component of the P wave-field

by evaluating the x-derivative of the truncated expansion of f at the corresponding
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grid locations:

(z) aLELE . mm . .. (v)

UP,'L', '+1/2 / _ZZ an COS( Z) Sln( (]—1—1/2)) ) V(Z>j) €X
’ L Lz n=1 m=1 NZ

The computational cost of this step corresponds to that of a mixed two-dimensional

transform, consisting of a DCT-I (self-inverse, up to normalization) along the x di-

rection and a DST-III (inverse of DST-II, up to normalization) along the z direction,

implemented via two successive one-dimensional transforms:

O(N.N, log(N,)) + O(N,N, log(N.)) = O(N,N. log(N,N.))

7. Reconstruct the degrees of freedom of the vertical component of the P wave-field
by evaluating the z-derivative of the truncated expansion of f at the corresponding

grid locations:

z AL mm . .o
uED,)H-l/Q,j - \/ﬁ Z Z uan Sln( (Z + 1/2)) <Nz ]) ’ V(Zm]) S Z(h)

n=1 m=1

The computational cost of this step is identical to that of the previous one, with

the corresponding transforms applied along the opposite coordinate directions.

8. Compute the degrees of freedom of the SV component of the wave-field by subtrac-

tion: (z) () (z)
Us i jr1/2 = Yijr1/2 — Upi jr1/2 v(i, j) € S
(#) _ (@ (=) o h
Ugiy1/a = Yir1yoj — Upir1a o V(6 J) € B

The computational cost of this step amounts to that of a single sweep over the
computational grid:

O(N,N.)

Hence, the overall asymptotic complexity of the proposed Poisson-Dirichlet P-SV sepa-
ration algorithm is
O(N,N.log(N,N.))

with the dominant contribution arising from the DCT/DST-based steps one, two, six and

sevel.
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6.2.4. Boundary effects and mitigation strategy

In this subsection, we investigate the boundary effects induced by the Poisson—Dirichlet
formulation of the P-SV wave-field separation, and assess the effectiveness of the mitiga-
tion strategy introduced in section 5.2.4. As discussed in section 6.1.1, imposing homo-
geneous Dirichlet boundary conditions enforces an indirect constraint on the tangential
component of the reconstructed P-wave field, which may lead to the generation of spuri-
ous contributions in the vicinity of the boundary. In particular, when a P-wave impinges
on 0f2, its tangential component cannot be represented by the scalar potential and may

be spuriously transferred to the SV component.

The numerical test considered is identical to that presented in section 5.2.4. We employ
the same homogeneous solid model and source configuration. To isolate and analyze the
behavior of the separation procedure in the critical case of a P-wave interacting with the
boundary, we consider a representative snapshot of the wave-field at ¢ ~ 1.25s, shown
in figure 6.2. It captures the P-wave impinging on 0f2, with the slower SV-wave still
entirely contained within the interior of the computational domain. The resulting P and

SV components obtained from the decomposition are shown in figures 6.3 and 6.4.

P-wave at the boundary — full wave-field (f &= 1.25 s)

Horizontal component — ul® - , Vertical component — ut®) j-
7 \ , ;
21 24
2 2
41 41
Z v g A 0 F
W — w _
61 6
-2 -2
8 \ 8
- -4
J 4
10 : : ‘ ‘ 10 \ ‘ T /
0 2 4 6 8 10 0 2 4 6 8 10
x [km] o [km]

Figure 6.2: Snapshot of the full wave-field when the P-wave impinges on 09 (t ~ 1.25s).

The horizontal (left) and vertical (right) components of the displacement field are shown.

As shown in the left panels of figure 6.3, the amplitude and structure of the P-wave
are well captured in the domain’s bulk. However, the wavefront appears significantly
distorted in the vicinity of the boundary, where the imposed constraint alters the local
structure of the reconstructed field. Coherently, the SV component, reported in the left
panels of figure 6.4, exhibits a non-vanishing contribution localized along the P incidence

regions near the boundary. This spurious component is not physical, as the underlying
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P-wave at the boundary — P component (¢ = 1.25 s)

Horizontal component — 'lLELf)

0= Qiut Q= Q‘mt U cht %x10713

0 V’ \N 07 N 15
2 2 1.0

[km]
=z [km]
[m]

Vertical component fufpz)

Q= Qe Q= Oie U Qo %x10713

4 N

= [~

[km)]
=z [km]
[m]

o0
=
-
.
[=:]
o0
=

0 2 1 6 2
o [km] o [km]

Figure 6.3: P component of the wave-field, when the P-wave impinges on 0f) (t ~ 1.255s).

Left: absorbing layers excluded (2 = ). Right: absorbing layers included (Q =

Qint UQext ). The horizontal (top) and vertical (bottom) components of the P displacement

field are shown.

displacement field is purely compressional. Its presence is consistent with the geometric
interpretation discussed in section 6.1.1: the homogeneous Dirichlet constraint on the
scalar potential indirectly enforces a vanishing tangential component of the reconstructed
P-wave at 0€2, so that the tangential part of the incident P-wave is transferred to the SV
component. As a result, a spurious shear contribution appears in correspondence with the
P boundary interaction. When the separation is performed on the extended domain, the
spurious SV component is significantly reduced inside €2, as shown in the right panels
of figure 6.4, to the point of not being visible. In particular, the non-physical contribution
is mainly confined within €, and the decomposition in the interior of the domain is

effectively preserved.
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Figure 6.4: SV component of the wave-field, when the P-wave impinges on 0 (t =~
1.25s). Left: absorbing layers excluded (2 = Q). Right: absorbing layers included
(Q = Qint U Qext). The horizontal (top) and vertical (bottom) components of the SV

displacement field are shown.

The dual configuration, namely an SV-wave interacting with the boundary, does not

introduce significant additional boundary-induced effects and is therefore not reported.

In light of these results, the Poisson—Dirichlet P-SV separation will be employed through-

out the remainder of this work in combination with the domain extension strategy de-

scribed in section 5.2.4, in order to mitigate the boundary-induced artifacts associated

with wave interactions at 0f).
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6.3. Insight on the accuracy of the numerical solution
of the Poisson—Dirichlet problem

In this section, we investigate some properties of the Poisson—Dirichlet P-SV separation
algorithm introduced in the previous section. In particular, the goal of this analysis is
to identify the conditions under which the method is exact. To this end, we analyze the
exactness of the algorithm in the idealized setting of band-limited displacement fields,
where the modal content is fully resolved by the discrete grid. This allows us to isolate
the role of the quadrature formulas and of the discrete trigonometric bases used in the

construction of the method.

Overall, this analysis is intended to clarify the numerical and structural features of the
proposed method that may support its use as a suitable approach for practical P-SV

separation in grid-based wave propagation simulations.

6.3.1. Exactness in the band-limited case

In this subsection, we analyze the exactness of the Poisson—Dirichlet P-SV separation
algorithm in the case of band-limited displacement fields. In particular, we aim to identify
the conditions under which the discrete quadrature formulas used to approximate (6.15)

and (6.16) recover the exact spectral representation of the wave-field.

Let us assume that the displacement components u, and u, belong to the following finite-

dimensional spaces, respectively:

V= Span({fn,m}(mm)ez(s)>u V.= Span({"’/n,m}(mm)ez(s)) (623)

where, according to (6.15) and (6.16), we define

2
Enm(T, 2) = COS(Z—Wx) sin(mﬂz) . VY(n, m)ex®

LILZ €T Lz
(x,2) = 2 sin L) cos S, V(n, m) € ¢
77TL,7)’L ) - LILZ Lz LZ ) ’

In particular,

Ny N Nz

N
Uy (z,2) = Z Z Ugm Enm (T, 2),  u(x,2) = Z Z Uz mm Mym (T, 2) (6.24)

n=1 m=1 n=1m=1
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We refer to this assumption as band-limitedness, meaning that the modal coefficients

Ugpm and Uy are identically null for all n > N, and/or m > N,.

We now determine when the approximated modal coefficients (6.19) and (6.21) are exact,

ie.,
Ny N,—1
~(z) (z) o
U;}n — w; U;L«(QIi, Zj+1/2) én,m(xia Zj+1/2) hz hz = Uz,n,m
i=0 j=0
Ny—1 N,
~(2) (2) S
), = W U (Tig1/20 25) Tnam(Tisry2, 27) P he = Tz
i=0 j=0

(z)

where the quadrature weights w; (=)

and w;~ are given by (6.20) and (6.22), respectively.

We carry out the analysis for the horizontal component only, as the case of the vertical
component follows analogously by interchanging the roles of the two coordinate directions.
Substituting the expansion of wu,, given by (6.24), into the corresponding quadrature

formula and rearranging the terms, we obtain

Bkt [ () ()]
. [NZI sin(%u + 1/2>> sin(ij (j + 1/2>) hz]

j=0
We now exploit the discrete orthogonality of the trigonometric bases:

Nz N
ale) —

n,m L

T,p,q

2 p=n=N,

- T nm N,
izz(;wz-(w) CcOoS (if—xz) COS(EZ) = TLB 1 p=n=1,...,N,—1 (625)
0 p#n
N:—1 g o N 2 g=m=N,
josm(Nz(J-f— /))Sln(NZ(]+ /)) 5 1 g=m=1,...,N,—1 ( )
0 g#m

Applying (6.25) and (6.26) to the previous expression, we obtain that all terms vanish
except for those corresponding to p = n and ¢ = m. Therefore, the approximated

coefficients satisfy

anajm = (1 +0un,) (1 + 0mN. ) Uz nm, V(n, m) € =)
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Explicitly, this means

CI -
un,m -

The same relation holds between ﬁffzn and U .

In particular, the approximated coefficients coincide with the exact ones for all n =
1,...,N,—land m=1,..., N, — 1, i.e., for all modes strictly below the Nyquist limit
in both coordinate directions. Therefore, if the displacement field is strictly sub-Nyquist
band-limited, then the discrete quadrature formulas recover exactly all modal coefficients

that are present in the expansion.

Thus, under this stricter assumption, the expansion coefficients of the right-hand side
are also recovered exactly at the discrete level. Since the Poisson problem is inverted
using the exact eigenvalues of the continuous Dirichlet Laplacian, the same holds for the
scalar potential and, consequently, for the P-wave component. Finally, as no modes at or
beyond the Nyquist limit are present, the truncated expansion coincides with the exact
one. Hence, in floating-point arithmetic, the P and SV components are recovered exactly,

up to machine precision, at their grid collocation points.

This shows that the proposed Poisson—Dirichlet P-SV separation algorithm is exact for
strictly sub-Nyquist band-limited displacement fields whose modal coefficients vanish for

allm > N, orm > N,, i.e., at and beyond the Nyquist limit in both coordinate directions.

Remark 6.1.

The exactness property established above relies on the use of the eigenvalues of the contin-
uwous Dirichlet Laplacian in the inversion step. In particular, once the modal coefficients of
the displacement field are exactly recovered, the spectral relation fnm = l;nm [ Anm ensures
exact reconstruction of the scalar potential and, consequently, of the P-wave component.
An alternative implementation based on a second-order finite-difference discretization of
the Dirichlet Laplacian, combined with a DST-based diagonalization, formally analogous
to the approach used in the Poisson—Neumann case, would instead involve the correspond-
ing discrete eigenvalues. From a spectral point of view, this amounts to replacing A,
with a modified quantity M pm = D(kyn, kzm) Anm, where the distortion factor D # 1 for
non-negligible wavenumbers.

As a result, even in the band-limited setting considered above, such an approach would
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introduce a systematic discrepancy in the inversion step, hindering the exact recovery of
the scalar potential. Since, in practice, the relevant wave-fields can often be regarded as
band-limited (see section 7.2), this observation provides a reason why the present spectral
approach, although slightly more expensive (four trigonometric transforms instead of two),

can be regarded as a reasonable alternative to a more direct finite-difference formulation.
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7 ‘ Comparison of the P-SV

separation strategies in

unbounded media

In the previous chapters, two alternative constructions of the P-SV wave-field separa-
tion have been introduced, based on the solution of a Poisson problem with either non-
homogeneous Neumann or homogeneous Dirichlet boundary conditions. Their analytical
properties have been discussed in detail, with particular attention to the mathematical
and physical role of boundary conditions and to the exactness of the Dirichlet-based ap-

proach in the band-limited setting.

In this chapter, we focus on configurations in which all boundaries are equipped with
absorbing layers, in order to mimic an effectively unbounded medium and reduce spu-
rious reflections from the artificial boundaries. Moreover, as discussed in sections 5.2.4
and 6.2.4, the wave-field separations are performed in combination with the domain-
extension mitigation strategy. Namely, the absorbing frame is included in the domain
over which the separation is performed, so as to reduce boundary-induced artifacts in the

separated fields.

The first part of the chapter is devoted to a qualitative comparison between the two
approaches on heterogeneous elastic models. The objective is to evaluate their practical
effectiveness in more realistic scenarios, highlighting possible differences in the recon-

structed P and SV components when boundary effects are negligible.

In the second part, we investigate the physical relevance of the band-limitedness assump-
tion underlying the exactness of the spectral Poisson—Dirichlet separation algorithm de-
scribed in section 6.2.3. To this end, we introduce suitable quantitative indicators aimed
at characterizing the spectral content of the numerical wave-fields generated in the simu-
lations, and we verify whether such fields effectively satisfy the band-limitation conditions

required by the spectral construction.
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7.1. Qualitative comparison of the separation strate-
gies

In this section, we present a series of numerical tests aimed at qualitatively comparing the
two P—SV separation strategies introduced in the previous chapters, in order to assess the
impact of the boundary conditions imposed on the auxiliary Poisson problem in effectively

unbounded configurations.

We first consider a simple artificial bi-layer model (see appendix A.2.2), which provides
a controlled setting to assess the behavior of the two approaches and to facilitate the

interpretation of the resulting wave-field decompositions.

We then move to more realistic configurations, in order to evaluate the robustness of the
separation procedures in geophysically relevant scenarios. To this end, we consider two
benchmark models: a land section of the Marmousi-II model (see appendix A.2.3) and a

section of the Sigsbee-Salt model (see appendix A.2.4).

Bi-layer model
The source term is defined as a vertical force with a Ricker wavelet temporal profile (see

appendix A.1), with central frequency fy = 10 Hz, injected at (zg, 2z5) = (5.0km, 2.5km).

We first consider a representative snapshot of the wave-field extracted at ¢t ~ 1.67s and
shown in figure 7.1. The corresponding Poisson-Neumann and Poisson-Dirichlet P-SV

separations are shown in figures 7.2 and 7.3, respectively.

Full wave-field (¢t =~ 1.67 s)

Horizontal component — u() ;. Vertical component — u*)
0

&
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Figure 7.1: Snapshot of the full wave-field at ¢ ~ 1.67s. The horizontal (left) and vertical

(right) components of the displacement field are shown.
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P component (¢t ~ 1.67 s)
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Figure 7.2: P component of the wave-field at ¢t = 1.67s. Left: second-order finite-difference
Poisson—Neumann separation. Right: spectral Poisson—Dirichlet separation. The horizon-

tal (top) and vertical (bottom) components of the P displacement field are shown.

The snapshot reported in figure 7.1 clearly shows the propagation of the direct P and
SV wavefronts, together with the reflected and transmitted components generated at the
interface. In particular, the faster P-wave and the slower SV-wave can be distinguished,
as well as the mode conversions occurring upon interaction with the material discontinu-
ity. The corresponding P-SV separations obtained with the two approaches are shown in
figures 7.2 and 7.3. In both cases, the decomposition successfully separates the wave-field
into its compressional and shear contributions, isolating both the direct and converted

waves. Moreover, the amplitude, phase and spatial structure are preserved in a clean and
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Figure 7.3: SV component of the wave-field at ¢ ~ 1.67s. Left: second-order finite-
difference Poisson-Neumann separation. Right: spectral Poisson-Dirichlet separation.
The horizontal (top) and vertical (bottom) components of the SV displacement field are

shown.

sharp way. A qualitative comparison between the two strategies shows that, in the bulk
of the domain, the results are very similar, with no significant discrepancies in the recon-
structed wave-fields. This indicates that, once boundary effects are mitigated, the two

approaches exhibit a comparable behavior in terms of practical separation performance.

A closer inspection of the rescaled insets of the horizontal P component reveals additional
features. In both approaches, weak spurious reflections emerging from the absorbing

boundary can be observed, together with weak halos associated with the distortion of the
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SV wave-field within the absorbing layers, consistently with the discussion in section 5.2.4.
Moreover, in the Poisson—Neumann case, a residual ring reproducing the geometry of the
SV wavefront is visible, with an amplitude only one order of magnitude smaller than the
physical P-wave field. This feature is not appreciable in the corresponding Poisson—
Dirichlet inset. This indicates a larger SV-to-P leakage in the finite-difference-based
Poisson—Neumann separation, which can be attributed to the lower spectral accuracy

of the discrete projection compared to the spectral Dirichlet construction.

To provide a global view over the entire simulated time interval and to better distinguish
direct and reflected phases, we report the seismogram recorded at z, ~ 4.0km (i.e., 1 km
above the interface and 1.5km below the source), with explicitly labeled arrivals. Given
the practical equivalence of the two approaches in the bulk, only the Poisson—Dirichlet
separation is shown. Figure 7.4 confirms, over the whole simulation, the same behavior

observed in the snapshot: the separation remains clean and stable throughout the bulk.
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Figure 7.4: Seismograms recorded at z, ~ 4.0km. Left: full wave-field; center: P com-
ponent; right: SV component. The horizontal (top) and vertical (bottom) components of
the displacement field are shown. The separation is performed using the Poisson—Dirichlet

approach, and the direct and reflected wave arrivals are explicitly labeled.
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Land Marmousi-II model

The forcing term is an explosive source with the same temporal profile as in the previous
test and injected at (xs, z5) = (1.25km, 0.50 km). This test is not intended to provide a
detailed analysis of the wave-field, but rather to assess the robustness of the two separation
strategies in a more realistic, strongly layered solid medium. To this end, we simply report
in figure 7.5 a representative snapshot of the wave-field at t ~ 0.50s, together with the
associated Poisson—Neumann and Poisson—Dirichlet P-SV separations. For clarity, only

the vertical component is shown, as it provides a representative view of the decomposition.
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Figure 7.5: Snapshot of the wave-field and corresponding Poisson—-Neumann and Poisson—
Dirichlet P—SV separations at ¢t &~ 0.50s. Left: full wave-field. Center: Poisson—Neumann
separation. Right: Poisson—Dirichlet separation. For the separated fields, the P compo-
nent is shown on the top row and the SV component on the bottom row. Only the vertical

component is reported.

Figure 7.5 shows that both approaches remain numerically stable, in the sense that no
spurious numerical artifacts or amplification of the separated fields are observed, and
produce physically consistent and practically equivalent results in the physical bulk of the

domain, i.e., in the region enclosed by the absorbing layers. The explosive source generates
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a dominant direct P-wave, while the multiple reflections and conversions induced by the
layered structure, clearly visible in the full wave-field, are effectively captured and properly
localized within the P and SV components by both strategies, with amplitude, phase, and

spatial structure accurately preserved.

Sigsbee—Salt model

We employ the same source as in the previous test, with central frequency fy = 7.5 Hz and
injected at (z,25) = (2.0km, 0.5km). As a more challenging test, we consider a realistic
configuration involving a salt structure, characterized by strong impedance contrasts and
more complex interfaces. As before, we restrict the analysis to a representative snapshot
of the vertical component of the wave-field and the corresponding P-SV decompositions,

reported in figure 7.6, focusing on the overall robustness of the two strategies.
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Figure 7.6: Snapshot of the wave-field and corresponding Poisson-Neumann and Poisson—
Dirichlet P-SV separations at ¢t =~ 2.50s. Left: full wave-field. Center: Poisson-Neumann
separation. Right: Poisson—Dirichlet separation. For the separated fields, the P compo-
nent is shown on the top row and the SV component on the bottom row. Only the vertical

component is reported.
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In this setting, the strong contrasts associated with the salt dome give rise to significant
mode conversions. These effects are clearly visible in the full wave-field and are consis-
tently captured by both separation strategies, with the converted energy properly local-
ized within the SV component. Even in the presence of such a highly complex wave-field,
both separation strategies remain robust, producing physically consistent and practically

equivalent results.

In summary, in effectively unbounded configurations where all boundaries of the com-
putational domain are equipped with absorbing layers, the use of the domain extension
mitigation strategy (see sections 5.2.4 and 6.2.4) ensures that the choice of the bound-
ary conditions in the auxiliary Poisson problem has practically negligible impact on the
quality of the separation. However, an exception is represented by the residual SV-to-
P leakage observed in the Poisson—-Neumann case, visible as a weak ring in the bi-layer
test, which points to a slightly lower accuracy of the finite-difference projection compared
to the spectral Dirichlet approach. Nevertheless, in scenarios of practical relevance, both

methods remain stable and provide satisfactory and physically consistent decompositions.

7.2. Analysis of the spectral content of the elastic
wave-fields

In this section, we investigate the spectral content of the numerical elastic wave-fields in
order to assess the practical relevance of the band-limitedness assumption underlying the
exactness of the spectral Poisson—Dirichlet separation (see section 6.3.1). To this end,
we first discuss the physical mechanisms supporting such an assumption and then intro-
duce quantitative indicators to characterize the distribution of energy in the wavenumber

domain based on the simulated fields.

7.2.1. Physical relevance of the band-limitedness assumption

In practical applications, the band-limitedness of the wave-field is not only a mathematical

idealization, but can be regarded as a physically meaningful assumption.

First, the displacement field is generated by source term with a prescribed temporal
spectrum. The wavelets used in the simulations have essentially vanishing energy above
a maximum frequency fuax, so that the corresponding wavenumbers are bounded from

above by
Jmax Vinin = min Vg(z)

ky ~ 2
Vmin ’ zefl




7| Comparison of the P—SV separation strategies in unbounded media 99

In general, the natural evolution of the elastic wave equation does not spontaneously
generate significant energy at wavenumbers much larger than kj;. As a consequence,
the physical wave-field is not expected to contain arbitrarily high spatial frequencies: its

energy is concentrated in a finite and bounded range of wavenumbers
0<k=<ky

To numerically solve the elastic wave equation, we employed the numerical scheme pre-
sented in section 3.1.2. As discussed in section 3.2.2, in order for this scheme to have
negligible numerical dispersion, equations (3.14) must be satisfied. Accordingly (see ap-

pendix A.2), to ensure a conservative choice, in our simulations we used

Vmin

he=h,=h=
6 fmax

so that the maximum resolvable wavenumbers on the employed discrete grid are (see

section 6.2.3)
fmax

min

= 3k

km,max - kz,max = 6

Hence, the numerical grid is able to resolve the physical wavenumber content of the wave-
field with a significant spectral margin, ensuring that no physically meaningful component

lies near the Nyquist limit of the grid.

In this sense, we expect u® and u®) to be effectively band limited below ~ kj,, with all

physically meaningful components fully represented by the chosen discretization.

7.2.2. Quantitative analysis of the spectral content of the elastic

wave-field

To quantitatively assess the spectral content of the numerical wave-field, we introduce two

indicators based on the discrete spectral representation of the displacement components.

According to equations (6.19) and (6.21), we denote by ﬂ,(@xzn and aﬁfln the approximated
modal coefficients of the horizontal and vertical displacement components, respectively.

We define the modal energy as

2, ¥Y(n, m)ex®



100 7| Comparison of the P—SV separation strategies in unbounded media

and the total spectral energy as

To assess the validity of the physical band-limitedness assumption, addressed in the pre-
vious subsection, we consider the fraction of modal energy contained below the physical

cutoff wavenumber k);:

(z) Ar(2)
NG
PM = E E €n,m
Etot _ _
n=1 m=1

where N ](\;) < N, and N J(\;) < N, are the maximum spectral indices such that k,,, < kj,
and k., < kp, respectively. A value of pj; close to unity indicates that the wave-field is

effectively band-limited below kj;.

In addition, it is important to quantify the energy contained in the highest resolvable
modes, which are the critical ones for the accuracy of discrete spectral projections (see

section 6.3.1). To this end, we introduce the fraction of energy associated with the Nyquist

modes as
1 N,—1 Na—1
Nerit = i g €Ngm T+ E €n,N, T eN,.N,
tot m=1 n=1

The temporal evolution of the indicators py; and 7.y over the simulated time intervals
is reported in figures 7.7, 7.8 and 7.9 for the three models considered in the previous
subsection. In each case, the indicators are shown together with the source time function,
in order to highlight the correlation between the source injection phase and the transient

deviation from the band-limited regime.

In all configurations, a consistent behavior is observed. During the source injection phase,
both indicators exhibit a transient deviation from their asymptotic values, reflecting the
broadband spectral content introduced by the source. However, once the source has
injected its energy, the wave-field rapidly evolves towards a regime in which it is effectively
band-limited. In particular, p,; approaches unity and remains close to one during the

subsequent propagation, while 7. quickly decays to negligible values.

The inset plots further show that, in the post-transient regime, the residual fluctuations
of both indicators remain extremely small. In particular, py; > 99%, indicating that
the spectral content of the numerical wave-field is effectively contained in the physically
relevant wavenumber range, in agreement with the expected behavior. Most importantly,

the values of 7. are of the order of ~ 1077, indicating that the energy associated with
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Bi-layer model
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Figure 7.7: Time evolution of pys (left) and 7 (right) for the bi-layer model. The dashed
curve represents the rescaled source wavelet. The inset plots show a zoom of the interval
t €1[0.5s, 2.55].

Marmousi—II model
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Figure 7.8: Time evolution of pys (left) and 7 (right) for the land Marmousi-II model.
The dashed curve represents the rescaled source wavelet. The inset plots show a zoom of
the interval ¢ € [0.4s, 1.55].

the Nyquist modes is negligible from a practical point of view.

These observations have a direct implication for the interpretation of the differences be-

tween the Poisson-Neumann and Poisson—Dirichlet approaches. In all considered config-
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Sigsbee-Salt model
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Figure 7.9: Time evolution of py; (left) and 7eq (right) for the Sigsbee—Salt model. The
dashed curve represents the rescaled source wavelet. The inset plots show a zoom of the
interval t € [1.0s, 3.08].

urations, the energy associated with the Nyquist modes remains several orders of mag-
nitude smaller than the total spectral energy, so that the contribution of the highest
resolvable modes can be regarded as negligible in practice. As a consequence, the spectral
Dirichlet approach can be regarded as more accurate, since any quadrature errors in the
computation of the modal coefficients are not expected to play a significant role in the
resulting decomposition. In contrast, in the finite-difference Neumann formulation, the
discrete differential operators do not reproduce exactly their continuous counterparts in
the spectral domain. As a result, the method is affected by a systematic distortion of the
spectral content, which is not limited to the highest wavenumbers, but also affects the
intermediate-wavenumber components. This provides a plausible consistent interpretation
of the spurious ring observed in the bi-layer configuration for the Neumann approach, and

its absence in the spectral Dirichlet case.
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8 ‘ Influence of the free surface

boundary condition

The numerical tests reported in the previous chapter indicate that, owing to the adoption
of the domain extension mitigation strategy (see sections 5.2.4 and 6.2.4), the Poisson—
Neumann and Poisson—Dirichlet separation strategies yield practically equivalent results
in effectively unbounded media, i.e., when the boundaries of the computational domain
are surrounded by absorbing layers. In this configuration, both approaches lead to clean

wave-field separations within the physical core.

However, the presence of a free surface introduces additional complexity in the analysis
of P-SV wave-field separation. In this setting, the behavior of the separation algorithms
is strongly influenced by the interaction between the physical boundary condition at the
free surface and the implicit constraints induced by the mathematical boundary condi-
tions of the Poisson-Neumann and Poisson—Dirichlet auxiliary problems (see sections 5.2.1
and 6.1.1). The aim of this chapter is to investigate how the presence of a free surface
affects the performance and physical consistency of the considered P—SV separation strate-

gies.

The chapter is organized as follows. First, we briefly describe the numerical treatment
of the free surface and discuss its interaction with the separation procedure. Then, we
compare the behavior of the two separation strategies in the presence of a free surface,
considering both solid and fluid configurations. Finally, we briefly revisit the limitations
of the FFT-based decomposition method proposed in [47] in the presence of a fluid free
surface. The artifacts observed in this case are consistent with those reported by the
authors and can be attributed to the implicit periodic boundary conditions enforced by
the FFT framework.
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8.1. Free surface boundary condition and interaction
with P—SV separation

In all the considered cases, the free surface is assumed to be horizontal and located at

z = 0m. In this case, the free surface boundary condition reduces to
Ogz = Ozz = O, V(QL’, Z) € [07 LI] X {0}

According to the staggered grid arrangement employed throughout this work (see sec-
tion 3.1.1), it is imposed through the second-order stress-imaging method (see, e.g., [19]).
This method relies on the introduction of auxiliary ghost nodes above the free surface and
on an anti-symmetric mirroring of the stress tensor components with respect to the free

surface plane, namely

o' =0, o) =0, viexn!"

Oiv1/2,-1/2 = ~Tit1/2,1720  Tit1/2,-3/2 = ~%i+1/2,3/20

The needed velocity components at the ghost nodes are then obtained consistently from

these relations through the constitutive equations.

This approach provides a consistent numerical enforcement of the free surface condition
without requiring modifications of the interior stencil. However, it does not by itself
determine how the wave-field is decomposed into P and S components. The behavior
of the separation is instead primarily governed by the interaction between the physical
boundary condition at the free surface and the implicit constraints induced by the Poisson—

Neumann and Poisson—Dirichlet separation strategies.

8.1.1. Interaction between free surface and P—SV separation

In this context, the boundary constraints implicitly enforced by the Poisson-based sepa-
ration strategies play a non-negligible role when a free surface is present. In particular,
as discussed in sections 5.2.1 and 6.1.1, the Poisson—Neumann formulation enforces a
vanishing normal component of the SV wave-field at the boundary (i.e., ugz) = 0 at the
free surface), whereas the Poisson—Dirichlet formulation enforces a vanishing tangential

component of the P displacement field (i.e., ugf) = 0 at the free surface).

For a solid free surface, neither of these constraints is physically meaningful, as the

traction-free condition does not translate into simple constraints on the displacement
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components. To avoid introducing spurious boundary effects directly at the physical in-
terface, the computational boundary used for the separation is therefore shifted one grid
cell above the free surface, exploiting the ghost-node treatment required by the stress-

imaging method.

In contrast, in the case of a fluid free surface, the condition imposed by the Poisson—
Neumann formulation is consistent with the physical behavior of the wave-field, as no
shear component can be sustained in the medium. As a result, the boundary of the
computational domain can be made to coincide with the physical boundary where the

free surface condition is applied.

8.2. Comparison of P-SV separation strategies in the
presence of a free surface

In this section, we compare the behavior of the Poisson-Neumann and Poisson—Dirichlet
separation strategies in the presence of a free surface. For the sake of clarity, only ho-
mogeneous models are considered, as their simplicity makes them an effective diagnostic
framework to isolate and highlight the effects of the boundary condition. Two configu-
rations are analyzed, corresponding to solid and fluid free surfaces. In the latter case,
the discussion is complemented by a brief remark on the limitations of the FFT-based

decomposition approach.

8.2.1. Solid free surface

We consider the homogeneous solid model introduced in appendix A.2.1. The forcing term
is defined as an explosive source with a Ricker wavelet temporal profile (see appendix A.1),

with central frequency fo = 10 Hz, injected at (x4, z5) = (5.0 km, 0.0 km).

We consider a representative snapshot of the wave-field, extracted at ¢t ~ 1.0 s and shown
in figure 8.1. The resulting P and SV components, for both the Poisson-Neumann and

Poisson—Dirichlet separation strategies, are shown in figures 8.2 and 8.3, respectively.

The snapshot in figure 8.1 displays the full wave-field at an early stage of propagation.
The fast P wave has already propagated to larger depths, forming the leading wavefront.
Behind it, the slower SV wave is clearly visible as a secondary wavefront. In addition,
a Rayleigh surface wave can be observed propagating along the free surface. This wave
detaches from the SV front due to its lower propagation speed and is characterized by

an amplitude that rapidly decays with depth. Finally, a weaker PS-head wave can be
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Figure 8.1: Snapshot of the full wave-field at ¢ ~ 1.0s. The horizontal (left) and vertical

(right) components of the displacement field are shown.

identified, connecting the P and SV fronts.

Figures 8.2 and 8.3 highlight relevant differences in the near free surface behavior of the
two decomposition strategies, emphasized in the rescaled insets. The most significant
discrepancies concern how the two approaches handle the separation of the Rayleigh

surface wave. In particular, the ug) and uj(pz) components exhibit similar spatial structures

)

in the two decompositions, but with reversed polarity. In addition, the ugf component

obtained from the Poisson—Dirichlet separation has smaller amplitudes.

Further minor differences can be observed in the superposition of the P and PS-head
waves in the immediate vicinity of the free surface. In particular, a slight attenuation of

)

the amplitude of the ugf component is visible in the Poisson—Dirichlet case, which is not

observed in the Poisson—Neumann decomposition.

Although only the homogeneous configuration is reported here for clarity, additional tests
performed on heterogeneous media, including bi-layer and multi-layer models, as well as
more complex benchmarks such as the land Marmousi—II and Sigsbee—Salt models, exhibit
analogous differences between the two strategies. In such cases, their detailed structure
naturally depends on the medium and on the employed forcing term, as different wave
phenomena are involved in different configurations. Nevertheless, for a given medium, the
two separation strategies systematically yield distinct near free surface decompositions,

characterized by similar relative discrepancies.

Overall, this indicates that the origin of the observed differences can be primarily at-
tributed to the interaction between the mathematical boundary conditions of the separa-

tion strategies and the physical free surface condition, while medium heterogeneity and
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Figure 8.2: P component of the wave-field at t =~ 1.0s. Left: second-order finite-difference

Poisson—Neumann separation. Right: spectral Poisson—Dirichlet separation. The horizon-

tal (top) and vertical (bottom) components of the P displacement field are shown.

the choice of the source mainly affect their specific manifestation. However, it is worth

stressing that, in the solid free surface case, the observed discrepancies cannot be used to

rank the two separation strategies, since P-SV coupling at the free surface is an intrinsic

physical feature and no unequivocal reference separation exists.
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Figure 8.3: SV component of the wave-field at ¢ ~ 1.0s. Left: second-order finite-
difference Poisson—Neumann separation. Right: spectral Poisson—Dirichlet separation.
The horizontal (top) and vertical (bottom) components of the SV displacement field are

shown.

8.2.2. Fluid free surface

We consider the homogeneous fluid model introduced in appendix A.2.1. The forcing
term is defined as in the previous test, with central frequency fy = 5Hz and injected at
(x5, 25) = (5.0km, 1.5km).

We consider a representative snapshot of the wave-field, extracted at ¢ ~ 2.0 s and shown
in figure 8.4. The resulting P and SV components, for both the Poisson-Neumann and

Poisson—Dirichlet separation strategies, are shown in figures 8.5 and 8.6, respectively.

The snapshot in figure 8.4 displays a significantly simpler wave-field structure compared
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Figure 8.4: Snapshot of the full wave-field at ¢ ~ 2.0s. The horizontal (left) and vertical

(right) components of the displacement field are shown.

to the solid case. Since the fluid medium does not support shear wave propagation, only
the compressional wave is present. No mode conversion occurs as a result of the reflection
at the free surface, and no surface waves are generated. As a result, the wave-field is

characterized by a single wavefront associated with the P wave.

The separated P wave-fields reported in figure 8.5 show that the P components recovered
by the Poisson-Neumann and Poisson—Dirichlet formulations are nearly indistinguishable
at the scale of the figure. The main difference between the two strategies does not concern
the reconstruction of the dominant P wave-field, but rather the amount and structure of

the residual SV component.

The snapshot of the SV component of the wave-field, shown in figure 8.6, together with the
rescaled insets, highlight a fundamental difference between the two separation strategies.
In a fluid medium, shear waves cannot propagate; therefore, the SV-wave components

displayed in the panels represent numerical leakage.

In particular, the Poisson—Dirichlet separation strategy induces spurious P-to-SV mode
conversions, which manifest as localized bump-like features in the SV wave-field. These
features propagate along the free surface following the incidence of the P-wave, consistent

with a spurious conversion origin.

In contrast, as shown by the rescaled insets, the residual SV component obtained with
the Poisson-Neumann separation is about one order of magnitude smaller in amplitude.
Moreover, its spatial structure is fully consistent with that of the P wave-field. This
behavior resembles the spurious ring observed in the bi-layer model test presented in

section 7.1, suggesting that the observed SV component can be attributed to numerical
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Figure 8.5: P component of the wave-field at t =~ 2.0s. Left: second-order finite-difference
Poisson—Neumann separation. Right: spectral Poisson—Dirichlet separation. The horizon-

tal (top) and vertical (bottom) components of the P displacement field are shown.

errors, with no evidence of a boundary-induced or structural artifact associated with the
separation method, which is consistent with the expected absence of shear waves in a fluid

medium.

These observations can be directly related to the boundary constraints implicitly enforced
by the two separation strategies. As already mentioned, in the Poisson—Neumann formula-
tion, a vanishing normal component of the SV wave-field is imposed at the computational
boundary. Since this condition is consistent with the physical behavior of a fluid medium,
the computational boundary is made to coincide with the physical free surface. As a
result, no spurious mode conversion is observed, and the residual SV component remains

negligible. In contrast, the Poisson—Dirichlet formulation enforces a vanishing tangential
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Figure 8.6: SV component of the wave-field at ¢ ~ 2.0s. Left: second-order finite-
difference Poisson—Neumann separation. Right: spectral Poisson—Dirichlet separation.
The horizontal (top) and vertical (bottom) components of the SV displacement field are

shown.

component of the P wave-field at the computational boundary. Since this requirement is
not physically meaningful even in the fluid free surface case, the computational boundary
used for the separation is shifted one grid cell above the physical free surface. Nevertheless,
the presence of this non-physical constraint appears to be associated with visible artifacts
in the separated fields, as evidenced by the spurious P-to-SV conversions observed near

the free surface.

Although only the homogeneous configuration is reported here for clarity, additional tests
performed on heterogeneous media exhibit the same behavior. In such cases, the detailed

structure of the residual SV component depends on the medium and on the employed
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source. Nevertheless, for a given medium, the Poisson-Neumann and Poisson—Dirichlet
separation strategies systematically yield markedly different near free surface decomposi-
tions, characterized by localized spurious P-to-SV mode conversions in the Dirichlet case,
which are absent in the Neumann formulation. A representative example in the realis-
tic marine Marmousi—-II benchmark model will be presented at the end of the following

chapter.

Comparison with an FFT-based separation approach

For completeness, we also briefly discuss the behavior of the FFT-based wave-field sepa-
ration approach proposed in [47]. The authors explicitly addressed the boundary artifacts
induced by the implicit periodic extension of the FFT framework by introducing a mitiga-
tion strategy based on the extension of the computational domain. This idea is analogous
to the domain extension mitigation strategy adopted in sections 5.2.4 and 6.2.4, which was
inspired by their approach. Their results show that such a strategy works effectively when
the artificial boundaries are equipped with absorbing layers, yielding clean separations in
the physical core of the domain. However, the same authors reported the persistence of
artifacts in the presence of a free surface, and in particular in fluid free surface configu-
rations. For this reason, the comparison with the FFT-based approach is reported in the
present chapter, where the interaction between the implicit boundary conditions of the

separation method and the physical free surface condition becomes critical.

We tested this approach in all configurations. In the presence of a solid free surface,
this method exhibits a behavior qualitatively similar to that of the Poisson—Dirichlet sep-
aration strategy, with comparable near-surface features. In the fluid free surface case,
consistently with the observations reported by the authors, the FFT-based approach gen-
erates spurious SV components analogous to those observed in the Poisson—Dirichlet case.
In addition, a further limitation arises in this configuration. When direct or reflected P
waves impinge on the free surface, the combination of the implicitly imposed periodic
boundary conditions inherent to the FFT formulation and the strong discontinuity of the
wave-field and its gradient between the upper boundary (fluid free surface) and the lower
boundary (treated as coincident by the periodic extension) leads to the onset of numeri-
cal instabilities in both the P and SV components. These instabilities develop along the
free surface and, due to periodicity, appear simultaneously at the lower boundary of the
computational domain. A representative snapshot for the homogeneous fluid model is

reported in figure 8.7 to illustrate this behavior.
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Figure 8.7: Snapshot and FFT-based separation at ¢t =
Center: P component. Right: SV component. The horizontal (top) and vertical (bottom)

components of the full, P and SV displacement field are shown.

As shown in figure 8.7, the resulting artifacts are sufficiently strong to emerge from the
absorbing layers near the bottom boundary and remain visible even when the absorbing

frame is excluded from the visualization.

These observations indicate that the FFT-based approach exhibits inherent limitations in
the presence of a fluid free surface, which prevent it from providing a clean separation.
Given that its asymptotic computational complexity is comparable to that of the Poisson—
Neumann separation strategy (both scaling as O(N, N, log(N,N.))), this limitation makes

the FFT-based approach less effective in the considered fluid free surface configurations.
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9 ‘ P—S separation with mixed
boundary conditions

The analysis carried out in the previous chapters highlights complementary strengths
and limitations of the Poisson-Neumann and Poisson—Dirichlet formulations for the P—S
wave-field separation. On the one hand, the numerical experiments presented in chap-
ter 7 show that, in effectively unbounded configurations, where all the boundaries of the
computational domain are preceded by absorbing layers and the domain extension miti-
gation strategy is employed, the specific choice of boundary conditions has no significant
practical influence on the separation in the interior of the domain. On the other hand,
the analysis of chapter 8 reveals that this no longer holds in the presence of a free sur-
face. In particular, in the fluid free surface case, the imposition of non-homogeneous
Neumann boundary conditions proves to be able to preserve physical consistency, as it
prevents the appearance of spurious P-to-SV conversions at the free surface, which are
instead observed when homogeneous Dirichlet conditions are enforced. Finally, the dis-
cussion in sections 6.3.1 and 7.2 suggests that, for band-limited wave-fields, the spectral
construction underlying the Poisson—Dirichlet formulation is expected to provide a higher
level of accuracy than the standard second-order finite-difference discretization adopted
in the Poisson-Neumann case. This is supported by the numerical test in the unbounded
bi-layer configuration (see section 7.1), where the Neumann formulation exhibits a weak

SV-to-P leakage in the bulk, which is not observed in the corresponding Dirichlet results.

These observations motivate the construction of a hybrid approach, aimed at combining
the favorable properties of the two formulations. In particular, the goal is to retain
the expected improved accuracy associated with the spectral approach adopted in the
Dirichlet construction in the interior of the domain, while enforcing non-homogeneous
Neumann boundary conditions at the free surface in order to preserve the correct physical
behavior at fluid free surfaces. To this end, we consider an auxiliary Poisson problem with
mixed boundary conditions, consisting of homogeneous Dirichlet boundary conditions on
the boundaries preceded by absorbing layers, and non-homogeneous Neumann boundary

conditions at the free surface. Although such mixed boundary conditions do not arise
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directly from the Helmholtz—Weyl decomposition theorem (see theorem 4.2), this choice
is guided by engineering considerations. A key advantage of this formulation is that, in
rectangular domains, one is able to obtain an analytical representation of the solution by
introducing a suitable harmonic lifting of the non-homogeneous Neumann datum. This
makes it possible to retain the same approach adopted in the Dirichlet case, avoiding
the explicit discretization of differential operators and instead approximating directly the
analytical solution. As a consequence, the proposed mixed formulation is expected to
inherit both the improved accuracy of the spectral Dirichlet approach and the physically

consistent behavior of the Neumann formulation at the fluid free surface.

The chapter is organized as follows. We first introduce the Poisson—mixed problem, to-
gether with the harmonic lifting of the non-homogeneous Neumann datum, and briefly
discuss its well-posedness. We then address its numerical solution, showing how, in rectan-
gular domains, the spectral properties of the mixed Laplacian enable an explicit analytical
representation of the solution, which leads to the construction of the corresponding dis-
crete algorithm. Finally, we assess the proposed approach by comparing the resulting
separation with that obtained with the Poisson-Neumann and Poisson—Dirichlet formu-

lations, focusing on the case of a fluid free surface.

9.1. The Poisson—mixed problem

Let u = u(t) € V C [HY(2)]" be a snapshot of the wave-field, as introduced in (4.9).
In this chapter, we define the scalar potential f as the solution of the following Poisson

problem with mixed boundary conditions:

—Af=—div(u) inQ
f=0 onI'p (9.1)
Vf-v=u-v on 'y

where I'p C 92 denotes the portion of the boundary equipped with absorbing layers, and
Iy =00\ T'p is the part of the boundary associated with the free surface.

9.1.1. Harmonic lifting of the non-homogeneous Neumann da-

tum

In order to recast problem (9.1) into an equivalent formulation with homogeneous bound-

ary conditions, which allows for an explicit representation of the solution in rectangular
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domains, we introduce the following auxiliary lifting of the non-homogeneous Neumann

datum:

f=h+/

where f; is defined as the solution of the following auxiliary harmonic problem, referred
to as the lifting problem:
—Afl =0 in Q

fi=0 onI'p (9.2)

Accordingly, fo solves the following problem:

—Afy=—div(u) in Q
fo=0 onl'p (9.3)

Vi -v=0 on 'y

We now manipulate problem (9.3) in order to obtain an equivalent and more convenient

formulation. To this purpose, we define the auxiliary variables

u=Vf, t=u—1y (9.4)

Formally, since f; solves the homogeneous Laplace problem (9.2), it is harmonic, so that
div(u,) = 0, and therefore
div(z) = div(u) in Q

Accordingly, we can rewrite problem (9.3) in the following equivalent formulation, referred
to as the lifted problem:
—Afo=—div(z) in

Jfo=0 onT'p (9.5)
Vf() =0 on FN

To understand the advantage of formulation (9.5) with respect to formulation (9.3), we
observe that, by construction of the harmonic lifting, the normal trace of u; matches that

of u on I'y, which implies, according to (9.4),

% (@lry =0 in HY*(Iy) (9.6)
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This property holds for @, but not for u, and makes formulation (9.5) more suitable for the
subsequent analysis, as it allows to eliminate the boundary contribution in the spectral

representation of the right-hand side.

Once the lifting problem (9.2) and the lifted problem (9.5) are solved, in analogy with
chapters 5 and 6, we define the P and S component of the wave-field according to (5.5),

namely

up=Vf=Vfo+Vfi, ug=u—up (9.7)
thus realizing the projection operators I1p and I1g = Id —IIp.

Remark 9.1.

The harmonic lifting of non-homogeneous Neumann data cannot, in general, be applied
in the Poisson—Neumann case (see chapter 5), where fully non-homogeneous Neumann
boundary conditions are prescribed. Indeed, both the harmonic lifting problem and the
associated lifted problem would require a global compatibility condition for solvability (see
theorem 5.1). In general, such a condition is not satisfied by the data, so that neither
problem is guaranteed to admit a solution.

By contrast, in the mized Dirichlet—-Neumann setting, no compatibility condition is re-
quired, thanks to the presence of a Dirichlet portion of the boundary. This allows for
the construction of the lifting and the subsequent spectral formulation without additional

constraints.

9.1.2. Well-posedness of the mixed formulation

We now briefly assess the well-posedness of problems (9.1), (9.2) and (9.5). The analysis
is based on the Laz—Milgram Lemma (see appendix B, theorem B.6).

The weak formulation of problem (9.1) reads as follows:

Find f € H} (Q) such that

[9rvedo = [av@ea s @i, oy, e e i, ©
Q Q
where (-,-) denotes the duality pairing between H~'/?(T'y) and H/?(I'y), and

HE () ={f € H(Q) | %), =0}

which is a Hilbert space when endowed with the standard H'(2) scalar product.
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The continuity and coercivity of the bilinear form
a:HE (Q)x Hp () - R, a(u,v) = / Vu - Vo dS)
Q

can be proved analogously as in section 5.1.1.

We now assess the continuity of the linear functional
F:Hp (Q) =R, (F,v)= —/diV(u)deJr (1 (@)lry, Y0(0)[ry)
Q

where (-, -) denotes the duality pairing either between (Hf (Q))* and H} () or between
H=Y2(I'y) and HY?(T'y), with the meaning being clear from the context. Using the
Cauchy—-Schwarz inequality for the volumetric term, together with the definition of the

dual norm and the continuity of the trace operator 7y, we obtain, for all v € H%D (Q),

F, o)l < (Ildivi@)l ) + Cr @l -vaqe ) 1ol

where C'r > 0 denotes the continuity constant of the trace operator.

Hence, by the Laz—Milgram lemma, there exists a unique weak solution f € H} () to

the Poisson—mixed problem (9.1).

The same argument applies, with minor simplifications, to the lifting problem (9.2) and
to the lifted problem (9.5). Hence, the decomposition f = f; + fo is well-defined and

recovers, by uniqueness, the solution of the original mixed problem (9.1).

9.2. Numerical solution of the Poisson—mixed prob-
lem and computational cost analysis

In this section, we address the numerical solution of the Poisson—mixed problem for the
P-S wave-field separation. As in chapters 5 and 6, we restrict the analysis to the two-
dimensional setting, so that the solenoidal component ug coincides with the SV wave-field,

and the decomposition takes the form of a P-SV separation.

Relying on the lifting strategy introduced in section 9.1.1, the solution f is decomposed
into a lifting contribution f; and a residual term f,. We first exploit the spectral properties
of the continuous mixed Laplacian to derive an analytical representation of the solution
of the lifted problem (9.5). We then specialize this representation to rectangular domains,

where it takes a particularly simple form, and derive the corresponding analytical solution
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for the lifting problem (9.2).

This framework allows us to construct the numerical solution by approximating the an-
alytical representations of f; and fy, rather than discretizing differential operators. The
resulting algorithm mirrors the Poisson—Dirichlet approach, while incorporating the non-
homogeneous Neumann boundary condition through the lifting term. Finally, we outline

the complete P-SV separation procedure and briefly discuss its computational cost.

9.2.1. Application of the basic spectral properties of the con-
tinuous mixed Laplacian to the analytical solution of the

lifted problem

We first recall the spectral properties of the continuous mixed Laplacian. We then use
these properties to derive an abstract analytical representation of the solution of the lifted

problem.

Let © € R™ open, bounded and connected, such that 02 € Lip. Let 02 = I'p UT'y, with
CpNTy =0and [T'p| > 0. We consider the following eigenvalue problem:

—Ap=Xp in()
=0 onI'p (9.8)
Vo-r=0 only
The spectral properties discussed in section 6.2.1 for the continuous Dirichlet Laplacian
extend to the present mixed boundary setting. This follows from the same functional-

analytic framework, based on the continuity and coercivity of the associated bilinear form
on Hi () and the compactness of the embedding H}: () < L*(Q2).

Hence, problem (9.8) admits a sequence of eigenpairs {(A,, ¢n) fnen such that
o The eigenvalues {\, }neny C Rsatisfy 0 < A; < Ay < ... <\, — +o0;

o The eigenfunctions {¢, }nen C Hyp, () form, up to normalization, an orthonormal
basis of (L2(2), (-,")r2(q))-

In the context of the lifted problem (9.5), we consider as right-hand side and corresponding
solution
b= —div(@) € L), fo € HE(9) € LX)

Therefore, both b and f; can be expanded with respect to the basis of eigenfunctions of
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the mixed Laplacian, namely

+o00 +oo
b= an@m fO — Zf(),n(pn (99)
n=1 n=1
where the series converge in the L?(2) norm and the coefficients {6"}11 o { fo,n}n -~ CR

can be explicitly computed as

Bn = (b7 QOTL)LQ(Q) = /ngon dQJ fO,n - (an @n)LQ(Q) = /Qf() “n dQu Vn eN

The relation between the expansion coefficients of the solution and those of the right-
hand side coincides with the one obtained in the Poisson—Dirichlet case (see section 6.2.1),

namely

>

fon = Vn e N (9.10)

)\_na
We now specify the form of the expansion coefficients of the right-hand side in the present
setting, where b = —div(a). By applying the generalized Gauss—Green formula (see

appendix B, theorem B.5), we obtain

b, = —/div(@) gondQ:/g-V%dQ (9.11)
Q Q

where the boundary contribution vanishes. Indeed, on I'p, we have vo(p,)|r, = 0, since

¢n € Hp (), while, on 'y, according to equation (9.6), we have 7, (@)|r, = 0.

In light of this result, the advantage of introducing the auxiliary variable @ becomes
clear. Indeed, thanks to property (9.6), the boundary contribution on I'y vanishes in the
expression of the coefficients { Bn}neN. By contrast, if the original field u were used, such
a contribution would persist. In practice, in preliminary numerical tests based on the
direct use of u, the explicit discretization of this boundary contribution was observed to

generate numerical artifacts within the spectral framework considered in this work.

9.2.2. Analytical solution of the lifted and lifting problems in

rectangular domains

In our setting, we consider the rectangular domain Q = (0, L,) x (0, L,) C R? and we
assume a free surface located at z = 0m, so that I'y = [0, L,] x {0} and I'p = 0Q\I'y. In
this case, separation of variables can be employed both to solve explicitly the eigenvalue

problem (9.8), leading to closed-form expressions for the eigenvalues and the corresponding
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eigenfunctions, which are used to construct the solution of the lifted problem fy, and to

derive an explicit expression for the solution of the lifting problem f;.

Solution of the lifted problem
Proceeding as in section 6.2.2, the two-dimensional eigenvalue problem (9.8) can be de-

coupled into the following one-dimensional eigenvalue problems:
—06"(z) = A\, B(z) in (0, L,)
p(0)=0
B(L:) =0

The eigenpairs associated to these problems are classical and follow from standard theory

of second-order linear ODEs with constant coefficients, namely

2
A = (g) , ap(x) = A, sin(%x) , VneN

/\z,mZ{(m—l—%)Llj, Bm(z):Bmcos(<m+%)lez), vm € NU {0}

where A,,, B,, € R are free normalization constants.

Then, for all n € N and m € NU {0}, the eigenpairs of problem (9.8) are given by

e () )]

2 1 _
Onm (T, 2) = I sin(%x) cos((m—l— 5) lez) , Y(z,2)€Q (9.13)

where the constant C,, ., = A,,B,,, = 2/+/L, L, is chosen in order to guarantee ||¢y, || L2(9) =
1 for all n € N and m € NU{0}.

We now exploit the explicit characterization of the eigenpairs to derive the explicit rep-

resentation of the solution of the lifted problem (9.5).

By (9.11) and (9.12), the expansion coefficients of the right-hand side b = —div(@) can

be computed as

3
3

“ ~ 1 ~
bpm = / UV, dd = U m — <m + —) Ll Uy pom, Yn €N, ¥Ym e NU{0}
Q z

L, 2

(9.14)
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where we denoted, for all n € N and m € NU {0},

Lo L. 1
anmz m/ / Uy (x, 2 COS<Lml‘> cos<<m+§) lez) dz dx (9.15)
nmw 1\ «
=— i - )= 1
uznm T / / U, (x, 2 sm(L m) sm((m+2) Lzz> dz dx (9.16)

Once the coefficients of the right-hand side have been computed, the corresponding coef-
ficients of fy follow from (9.10) together with (9.12).

Finally, the analytical solution of the lifted problem is given by (9.9) and (9.13), explicitly

+oo 400
fo(z, 2) m Z Z fonm sm(zﬂx) COS((m + %) le) (9.17)

n=1m=0

Solution of the lifting problem

In this paragraph, the derivations are carried out at a formal level. All manipulations can
be rigorously justified within the appropriate Sobolev space framework. For the sake of
conciseness, such technical details are omitted, as the focus is on the construction of an

explicit solution procedure.

We seek solutions to the lifting problem (9.2) of the form

fi(z,2) =v(x)o(2), V(z, z) € (9.18)

Substituting this ansatz into the Laplace equation and separating variables yields

—"(@) = py(@), 0"(z) = po(z) =0

for some constant p € R, with the equations holding in (0, L,) and (0, L.), respectively.

Analogously to section 6.2.2, imposing the homogeneous Dirichlet boundary conditions

on the left and right boundaries yields

2
nm 2 . (nm
fin = (L_x) () =4 L, Sm (L—Iﬂf) , VneN (9.19)

where the constant A, = \/2/L, is chosen in order to guarantee |7, ) = 1 for all
n € N.
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For each mode n € N, §,, solves
whose general solution is

0n(2) = Cy, cosh(y/pin 2) + Dy, sinh(y/ 1, 2)

where C,,, D,, € R are free normalization constants.

Imposing the homogeneous Dirichlet boundary condition at the bottom boundary (z =
L,) leads to

0,(2) = Dy, [sinh(y/tn z) — tanh(y/1t, L) cosh(y/tn 2) | (9.20)

Since the equation of the lifting problem (9.2) is linear, thanks to the superposition prin-

ciple, we infer, according to (9.18), that its general form is

i 2) = 3" 3ul) 6a(2) (9.21)

We now determine the form of the constants {D,, },en C R by imposing the non-homogeneous

Neumann boundary condition on I'y. In the present configuration, this reduces to

%(x, 0) = u.(z,0) in (0, L,) (9.22)

Taking the derivative with respect to z of expression (9.21) and evaluating at z = 0 yields

O 0,0) = 3 10(@) 8,(0) = 3 v D) (9.23)

We now expand the Neumann datum with respect to the basis {7, }nen € L*(0, L) as

u,(z,0) = Z Uz V() (9.24)

where the coefficients {4, ,} C R can be explicitly computed as

[2 [t=
o = (us(-,0), %)LQ(QLI) = L_x/o u,(z,0) sin (Z—:x) dr, VneN (9.25)
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Substituting (9.23) and (9.24) into (9.22), we obtain

io (\/;Tn D, — un) () =0 in (0, Ly)

By orthogonality of {7, }nen, it follows that

A

u
D,=—"22 VneN 9.26
NI (9.26)

Substituting (9.19), (9.20) and (9.26) into (9.21), we obtain an explicit representation of

the harmonic lifting f7, which depends only on the non-homogeneous Neumann boundary

+00
filz, z) = ”LE Z Uy, sin(%x) K,(z) (9.27)
T p=1 x

where the hyperbolic kernel K, is defined as

L
K.(z) = n_; {Sinh(;i—ﬁz) - tanh(Z—WLz> cosh (Z—Wz)] , VneN (9.28)

datum:

9.2.3. Description of the P-SV separation algorithm and com-

putational cost analysis

We now describe the algorithm implementing the P-SV separation strategy based on
the Poisson—mixed problem. The algorithm is obtained by approximating the continuous
spectral representations of f; and fy derived in the previous section using the information
available on the discrete grid. We also provide a brief analysis of its computational cost.
As in sections 5.2.3 and 6.2.3, the analysis focuses on the asymptotic complexity of the

main operations.

We consider the same staggered-grid setup described in section 5.2.1. In this discrete
setting, as discussed in section 6.2.3, the Nyquist sampling theorem implies that the max-
imum resolvable wavenumbers are given by (6.18). Therefore, the spectral modes that

can be represented without aliasing satisfy

nmw 1\ «
kym = <kimax © N < Ny, k= — | — <kimax & MmN, -1
, 7. =" n , <m+2) I. , m

Accordingly, the truncated spectral representation of the solution of the lifted problem f;
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is defined over the discrete set of admissible wavenumbers (k. ,, k..,), with indices

¥ ={1,...,N,} x{0,...,N, — 1}

Similarly, the spectral representation of the solution of the lifting problem f; is truncated

to the horizontal wavenumbers k, ,, with indices

Finally, as in sections 5.2.3 and 6.2.3, we remark that the double summations appearing in
the algorithm below are implemented via FFT-based DCT/DST operations, rather than

as direct matrix—vector products.

The Poisson—mixed P-SV separation algorithm can be divided into three parts and de-

scribed through the following sequence of steps.

Approximation of the lifting problem

5)

1. Approximate 4, ,, as given by (9.25), for alln € XNIZ( through the quadrature formula

NI 1
~(z l . nm .
( 1+1/2OSIH(E(Z+1/2)) h

The computational cost of this step corresponds to that of a one-dimensional DST-II
along the z direction:
O (N, log(N,))

2. Reconstruct the degrees of freedom of the horizontal component of the auxiliary
variable u, = V f; by evaluating the x-derivative of the truncated expansion of f;

at the corresponding grid locations:

(1z2 ]+1/2 V ZU’ gn .] + 1/2) COS( ) ) V(Z7 .]) € Z(U)

where we denoted, for all j € ng),

T

£ +1/2) = sinh(%hz(]’ + 1/2)) — tanh (Z—”L) cosh(%”hz(j + 1/2))

The computational cost of this step corresponds to that of a one-dimensional DCT-I
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(v)

(self-inverse, up to normalization) along the z direction, for each value of j € 25

O(N.N,log(N,))

3. Reconstruct the degrees of freedom of the vertical component of the auxiliary vari-
able u; = V f; by evaluating the z-derivative of the truncated expansion of f; at

the corresponding grid locations:

N,
z 2 ~ > N nm . ..
Wy = 1 L W mGsin( 5+ 1/2)) . v ) € 20
T pn=1

T

where we denoted, for all j € Zgh),

m(j) = cosh(Z—th j) — tanh(Z—WLz> sinh(}lj—ﬂhz j)

The computational cost of this step is identical to that of the previous one, as

it consists of a one-dimensional DST-III (inverse of DST-II, up to normalization)

(h)

applied along the x direction for each j € X;™.

Hence, the overall asymptotic complexity of the numerical approximation of the solution

of the lifting problem is
O(N.N, log(N,)) (9.29)

with the dominant contribution arising from the DCT/DST-based steps two and three.

We remark that the analytical expressions of &, and 7, involve hyperbolic functions and
may suffer from overflow for large values of (nw/L,)L,. Then, in the implementation, we
evaluate &, and 7, using the following equivalent exponential forms:

] L e 2 (Lamha(+1/2)
En(j +1/2) = —e LU

nm
_onm ([ o4
_anp g lte Ly (Le=hz])
x

n
1 + e_QELZ

nn(J) =e

These expressions only involve decaying exponentials for z € [0, L.] and are therefore

numerically stable.
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Approximation of the lifted problem

1. Compute the degrees of freedom of the auxiliary variable @ by subtraction:

~(z) _ (@ (x) .o v
By fy1ye = Uy goays = Uy jiagee V(0 ) €2
7 _ ., () o A
Uir1y2,5 = Yiv1y2,5 — Y1 iv1/2,5 v(i, j) € ="

The computational cost of this step amounts to that of a single sweep over the

computational grid:

O(N,N.)

2. Approximate ﬁx,n,m as given by (9.15), for all (n, m) € s ) through the quadrature
formula

N; N.—1

= ()
un,m

1, pcos(0) cos((m+ 12 TG+ 1/2)) B

1=0 ]: Z

where the quadrature weights are given by (6.20).

The computational cost of this step corresponds to that of a mixed two-dimensional
transform, consisting of a DCT-I along the = direction and a DCT-IV along the z

direction, implemented via two successive one-dimensional transforms:

O(N.N, log(N,)) + O(N,N. log(N.)) = O(N, N, log(N,N.))

3. Approximate @, ., as given by (9.16), for all (n, m) € %) through the quadrature

formula
9 N X nm 0
N (2) 7(2) : . .
) = w; sin| — (¢t +1/2) |sinl (m+1/2)—j | hyh,
=7 2 2 s (172 ) sin{0n +1/2) 74

where the quadrature weights are given by (6.22).

The computational cost of this step is identical to that of the previous one, as
it consists of a one-dimensional DST-II applied along the x direction and a one-

dimensional DST-IIT applied along the z direction, performed subsequently.

4. Approximate the expansion coefficients of the right-hand side Bn,m, as given by
(9.14), for all (n, m) € X):

nm
T LZ ’
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The computational cost of this step amounts to that of a single sweep over the

modes:
O(N,N.)

5. Reconstruct the approximated expansion coefficients of the solution of the lifted
problem f07n’m7 as given by (9.10), for all (n, m) € N,

A~

~

h,n,m

)\n,m

fh,O,n,m -

The computational cost of this step amounts to that of a single sweep over the

modes.

6. Approximate the expansion coefficients of the auxiliary variable u, = V f; for all
(n, m) € B by term-by-term differentiation of the truncated expansion of the

solution of the lifted problem:

~(x nmw - Nz T A
U((),ghm = L_fh 0,n,m» u(()ﬂ)%m = _(m + 1/2>L_fh,0,n,m

xT

The computational cost of this step amounts to that of a single sweep over the

modes.

7. Reconstruct the degrees of freedom of the horizontal component of w,, by evaluating

the x-derivative of the truncated expansion of fj at the corresponding grid locations:

Ny N,—1
T nm
Whsra = g 3o 3 hmeos((§1 ) os (0 172576 +172)
for all (i, j) € £

The computational cost of this step corresponds to that of a mixed two-dimensional
transform, consisting of a DCT-I (self-inverse, up to normalization) along the z
direction and a DCT-IV (self-inverse, up to normalization) along the z direction,

implemented via two successive one-dimensional transforms:

O(N.N,log(N,)) + O(N,N. log(N.)) = O(N,N. log(N,.N.))

8. Reconstruct the degrees of freedom of the vertical component of u, by evaluating
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the z-derivative of the truncated expansion of fj at the corresponding grid locations:

Ny N.—1

WGl s = \/L_Lz Sy uonmsm< (i + 1/2)) sin((m + 1/2)%7)

n=1 m=0

for all (i, j) € £,

The computational cost of this step is identical to that of the previous one, as
it consists of a one-dimensional DST-IIT (inverse of DST-II, up to normalization)
applied along the z direction and a one-dimensional DST-II (inverse of DST-III, up

to normalization) applied along the z direction, performed subsequently.

Hence, the overall asymptotic complexity of the numerical approximation of the solution
of the lifted problem is

O(N,N. log(N,N.,)) (9.30)

with the dominant contribution arising from the DCT /DST-based steps two, three, seven
and eight.

Reconstruction of the separated wave-field
Once the auxiliary lifting and lifted fields u; = Vf; and u, = V f; have been approxi-
mated, the reconstruction of the degrees of freedom of the P and SV components of the
wave-field follow straightforwardly from (9.7), namely
(z) _ @ (z) (z) (z) (x) - v
Up's ir1/2 = Wo,i 54172 T Wi 120 Ui jr1/2 = Yijr1/2 — Upli jr1/20 v(i, j) € =)
(2) (2) (2) (2) (2) (2) o
“PZ,Z'+1/2,]‘ = uozz+1/2 GV U iy, Usiirye = Yid12,5 — Upiv1)2, 50 v(i, j) € 2"
The computational cost of this step amounts to that of a single sweep over the computa-
tional grid:
O(N,N.) (9.31)

Therefore, according to (9.29), (9.30) and (9.31), the overall cost is dominated by the
approximation of the lifted problem, in particular by the two-dimensional DCT/DST-
based steps. Hence, the asymptotic complexity of the proposed Poisson—mixed P-SV

separation algorithm is
O(N,N. log(N,N.))

This matches the complexity of the Poisson-Neumann and Poisson—Dirichlet algorithms
proposed in sections 5.2.3 and 6.2.3, respectively, although it includes an additional stage

associated with the preliminary computation of the harmonic lifting.
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9.3. Numerical validation of the Poisson—mixed for-

mulation

In this section, we qualitatively assess the performance of the Poisson-mixed P-SV sep-
aration strategy through a set of numerical experiments. The goal is to verify that the
proposed formulation effectively combines the main advantages of the Poisson—Neumann

and Poisson-Dirichlet approaches discussed in the previous chapters.

To this end, we consider two representative configurations. In both tests, the models are
equipped with a fluid free surface located at z = O0m. We first analyze a homogeneous
fluid model (see appendix A.2.1), analogous to the test case introduced in section 8.2.2, in
order to verify that the mixed formulation correctly reproduces the physically consistent
behavior of the Poisson-Neumann separation at the fluid free surface, and to assess the
residual SV leakage. We then consider a more realistic heterogeneous configuration based
on the marine Marmousi—II model (see appendix A.2.3), where we compare the Poisson—

mixed approach with both the Poisson—-Neumann and Poisson—Dirichlet formulations.

These tests are intended to provide a qualitative and comparative assessment of the
proposed method, with particular attention to the behavior near the free surface and to

the consistency of the separation in the interior of the domain.

Homogeneous fluid model

The source configuration is the same as in the test proposed in section 8.2.2, namely an
explosive source with a Ricker wavelet temporal profile (see appendix A.1), with central
frequency fo = 5 Hz and injected at (x5, 25) = (5.0km, 1.5km). We also consider the same
representative snapshot of the wave-field at t &~ 2.0s, shown in figure 8.4. The resulting
P and SV components, both for the Poisson-Neumann and Poisson—mixed separation

strategies, are displayed in figures 9.1 and 9.2.

In such a fluid medium, shear waves are not physically supported. As a consequence, the
SV component obtained from the separation can be entirely interpreted as a numerical

leakage associated with the discrete projection procedure.

As can be observed from figure 9.2, and more clearly from the corresponding rescaled
insets, both the Poisson—-Neumann and the Poisson—mixed approaches exhibit a residual
SV component whose spatial structure closely resembles that of the P wave-field with no
evidence of spurious P-to-SV conversions at the free surface, suggesting that the observed
leakage can be attributed to numerical errors. This behavior is fully consistent with

the observations reported in section 8.2.2 for the Poisson-Neumann formulation, and
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Figure 9.1: P component of the wave-field at t =~ 2.0s. Left: second-order finite-difference
Poisson—Neumann separation. Right: spectral Poisson—mixed separation. The horizontal

(top) and vertical (bottom) components of the P displacement field are shown.

can be explained by the fact that the Poisson—mixed approach enforces the same non-
homogeneous Neumann boundary condition at the fluid free surface, which implies a
vanishing normal component of the SV field, in agreement with the underlying physical

model.

A more detailed comparison, based on the rescaled insets, indicates that the amplitude of
the residual SV component obtained with the Poisson—mixed formulation is approximately

one order of magnitude smaller than that produced by the second-order finite-difference
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Figure 9.2: SV component of the wave-field at ¢ ~ 2.0s. Left: second-order finite-
difference Poisson—Neumann separation. Right: spectral Poisson—mixed separation. The

horizontal (top) and vertical (bottom) components of the SV displacement field are shown.

Poisson—-Neumann approach. In particular:

: -~ : (=) ~ -17 (2) ~ —17
Poisson—-Neumann: (i7%3§v) Ug i ji1/a| & 1.6-107", (i,?)lféfm Ug'ii1yo, | 1.6-10
Poisson—mixed: max< : ug)z j+1/2‘ ~19-107'8, max( : ug)iﬂ/z i~ 8.7-107%
(1,])62 v EAS) (1/7.7)62 h ) )

This observation is consistent with the higher level of accuracy expected from the spec-
tral construction underlying the mixed formulation, in line with the behavior previously

observed for the Poisson—Dirichlet approach.

Overall, this test confirms that the proposed Poisson—mixed strategy is able to reproduce

the physically consistent behavior of the Poisson-Neumann separation at a fluid free
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surface, while exhibiting a reduced level of residual P-to-SV leakage, without increasing

the asymptotic computational complexity.

Marine Marmousi—II model

We employ the same source as in the previous test, with central frequency fo = 7.5Hz
and injected at (zs,2s) = (1.250km, 0.045km). We consider a representative snapshot
of the wave-field, extracted at ¢ ~ 0.90s and shown in figure 9.3. The resulting P and
SV components, obtained through the Poisson-Neumann, Poisson—Dirichlet and Poisson—

mixed separation strategies, are shown in figures 9.4 and 9.5.

Full wave-field (¢ ~ 0.90 s)
. Horizontal component — u®)_ ;. oo Vertical component ;g(@ < 10-15

- y . U
—0.50

1.00 //:—_’:' \\
2.0 2.0 A

6
0.75
0.5
4
—0.75

0.5
0.50

1.0 1

[km|
[m)]
[km|
[m]

—1.00
2.5 T T T T 2.5

0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.5 1.0 1.5 2.0 2.5
z [km] z [km]

Figure 9.3: Snapshot of the full wave-field at ¢ ~ 0.90s. The horizontal (left) and vertical

(right) components of the displacement field are shown.

In this configuration, the presence of a fluid upper layer implies that shear waves are not
physically supported in this portion of the medium. As a consequence, any SV component

observed in the separated wave-field above z ~ 0.45 km must be interpreted as artifacts.

A first qualitative observation, based on the upper panels of figures 9.4 and 9.5, is that
all three approaches provide a consistent reconstruction of the P wave-field in the interior
of the domain. In particular, the main wavefronts and their interactions with the hetero-
geneous structure are accurately captured by all methods, with no visible discrepancies
at the macroscopic level. This behavior is consistent with the observations reported in
chapter 7, and confirms that, in effectively unbounded regions, the choice of boundary

conditions has a negligible impact on the separation in the bulk of the domain.

More relevant differences emerge in the analysis of the SV component. As can be observed
from the lower panels of figures 9.4 and 9.5, both the Poisson-Neumann and the Poisson—
mixed approaches exhibit a lower level of SV contamination in the upper fluid layer

than the Poisson—Dirichlet formulation, with no evidence of spurious conversions at the
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Figure 9.4: Horizontal component of the separated wave-field at t = 0.90s. Left: Poisson—
Neumann separation. Center: Poisson-mixed separation. Right: Poisson-Dirichlet sep-

aration. The P (top) and SV (bottom) components of the horizontal displacement field

are shown.

free surface. This behavior is consistent with the physically correct boundary constraint
implicitly enforced in both formulations, namely a vanishing normal component of the SV
field at the fluid free surface. In contrast, as expected by the discussion in section 8.2.2, the
Poisson—Dirichlet approach produces a residual SV component that is more pronounced
near the free surface, as highlighted by the rescaled insets. This can be attributed to
the fact that the Dirichlet formulation does not enforce a boundary constraint consistent
with the physical model at the fluid interface, which may induce spurious near surface

contributions in the separated SV field.

In addition to the spurious P-to-SV conversions at the fluid free surface induced by the
Poisson—Dirichlet approach, a further feature can be observed in all three separation
results, namely the presence of oscillatory artifacts in the SV component generated at the

fluid—solid interface and propagating within the overlying fluid layer. These instabilities
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Figure 9.5: Vertical component of the separated wave-field at ¢t ~ 0.90s. Left: Poisson—
Neumann separation. Center: Poisson—mixed separation. Right: Poisson—-Dirichlet sepa-
ration. The P (top) and SV (bottom) components of the vertical displacement field are

shown.

are observed to originate when the incident P-waves interact with the fluid—solid interface,
and are more pronounced when the first, high-amplitude incident wavefront reaches the
interface, while becoming progressively weaker for later reflected waves of lower amplitude.
Once generated, these artifacts propagate as rather unstructured numerical noise far from
the interface within the overlying fluid layer and, in the case of the Poisson-Neumann
and Poisson—mixed approaches, may eventually reach the free surface. Conversely, in the
Poisson-Dirichlet case, the near free-surface region is mainly affected by spurious P-to-SV
conversions, which appear to be the dominant contribution in that region, compared with

the interface-generated numerical noise.

However, the qualitative similarity of such instabilities across all three approaches suggests
that they are unlikely to be primarily related to the P-SV separation itself, to the choice

of boundary conditions, or to the numerical technique used to solve the auxiliary Poisson
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problem. A plausible explanation is that these artifacts originate from small numerical
oscillations generated when the incident P waves interact with the sharp discontinuity
of the elastic parameters at the fluid—solid interface, where the shear modulus vanishes
on the fluid side. In the present work, the fluid-solid interface is treated within the het-
erogeneous staggered-grid finite-difference approach described in section 3.3.2, following
the effective-medium averaging strategy of Moczo et al. [29]. This approach represents
material discontinuities through local arithmetic or harmonic averages of the physical
parameters and relies on simplified continuity assumptions, rather than on an explicit
acoustic—elastic formulation in which the interface conditions are imposed directly. A
more detailed investigation of the interface-generated artifacts observed here may there-
fore require a comparison with a numerical framework specifically designed for coupled
acoustic—elastic wave propagation. In this respect, spectral element methods for coupled
acoustic—elastic media (see, e.g., [21]) provide a natural reference, since the corresponding

interface conditions can be incorporated at the variational level.

Overall, the results presented in this section show that the Poisson—mixed formulation
provides a robust and physically consistent P-SV separation strategy, effectively combin-

ing the advantages of the Poisson—-Neumann and Poisson—Dirichlet approaches.
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]_O ‘ Application to the Elastic
Full Waveform Inversion

The analysis developed in the previous chapters has established a mathematically grounded
and numerically consistent framework for the separation of elastic isotropic wave-fields
into their compressional and shear components. Starting from the Helmholtz—Weyl de-
composition theorem, we have introduced projection operators that allow a consistent
decomposition of the displacement field into its irrotational and solenoidal parts, and we
have shown how these operators can be constructed and implemented through the solu-
tion of auxiliary Poisson problems under different boundary conditions. Their theoretical
properties and numerical behavior have been thoroughly investigated, with particular at-
tention to the role of boundary conditions and to the mitigation of boundary-induced

artifacts.

A natural question is whether this separation framework can be exploited beyond wave-
field analysis, and, in particular, within inverse problems based on elastic wave propa-
gation. In this context, Elastic Full Waveform Inversion (E-FWI) represents a natural
and highly relevant setting. Indeed, FWI has proven to be a powerful technique for the
reconstruction of high-resolution subsurface properties by exploiting the full waveform
content of seismic data (see, e.g., [35, 39]). The extension from acoustic to elastic formu-
lations allows the inversion to incorporate both compressional and shear effects, enabling
the simultaneous reconstruction of the P-wave and S-wave velocities, which carry comple-

mentary physical information and are of fundamental importance in many applications.

However, this increased level of physical realism comes at the cost of a significantly more
challenging inverse problem. In particular, the simultaneous inversion for multiple elastic
parameters increases the nonlinearity of FWI and makes it more vulnerable to param-
eter trade-offs, commonly referred to as cross-talk, especially between the P-wave and
S-wave velocities (e.g., [30]). These coupling effects may lead to spurious updates in
the reconstructed models and reduce the interpretability and reliability of the inversion

results. A considerable body of work has been devoted to mitigating these issues, for
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instance through the use of alternative parametrizations (see, e.g., [15]) or accounting for

the inverse Hessian operator within the optimization scheme (see, e.g., [28]).

In this work, we adopt a different perspective, based on the physical decomposition of the
elastic wave-field. The key idea is to exploit the separation of the displacement field into
its P and S components in order to selectively extract the information associated with
compressional and shear waves. Similar P—S decoupling strategies have been successfully
employed in elastic reverse time migration to obtain physically interpretable images free
from imaging cross-talk (e.g., in [40, 44]). In the context of elastic full waveform inver-
sion, mode-decomposition-based approaches have also been proposed to precondition the

adjoint-state gradients and mitigate parameter trade-offs (see, e.g., [41]).

The objective of this chapter is not only to incorporate the P—S separation into the
inversion workflow, but, more importantly, to analyze the structural mechanisms through
which it modifies the adjoint-state gradient and affects the coupling between the Vp and
Vs parameters. In particular, we aim to provide a structural and physically motivated
interpretation of the asymmetric behavior of the cross-talk observed in practice, whereby
the introduction of the separation is found to significantly reduce the Vp — Vi leakage,

while the opposite Vs — Vp coupling remains substantially unaffected.

The chapter is organized as follows. We first briefly recall the basic concepts of time-
domain multi-parameter elastic inversion in the adjoint-state formulation, reviewing the
structure of the associated gradients. Next, we introduce the P-S separation within the
gradient computation and analyze its effect on the coupling mechanisms between the
elastic parameters, both from a structural and a physical perspective. Finally, we present
numerical inversion experiments that validate the theoretical findings and illustrate the
impact of the proposed approach on the reconstructed models and on the convergence

behavior of the inversion process.

10.1. Basic concepts of time-domain elastic multi-
parameter inversion

In this section, we briefly recall the basic formulation of time-domain E-FWI. We do
not aim at providing a complete and rigorous derivation of the method; rather, we focus
on introducing the fundamental mechanism and establishing the notation used in the

subsequent developments.

E-FWTI is based on the iterative update of the material parameters describing the elastic

model, with the objective of minimizing a suitable measure of the discrepancy between
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observed and simulated data. This general structure provides the framework within which

the forward and adjoint problems, the misfit functional and the associated gradient are
defined.

Throughout this section and the following ones, the analysis is carried out at a formal level.
All the objects involved are assumed to be sufficiently regular to justify the manipulations

and properties required in the derivations.

Forward problem and solution operator

Let us consider a suitable domain 2 C R™, n = 2, 3, and the time interval I = (0, 7).

Let M denote the space of admissible material parameters and m = (p, u, A\) € M, m :

) — R3 a generic model vector.

Let F denote the space of admissible forcing terms and f € F, f: [ xQ — R" a

prescribed source term, assumed fixed throughout the inversion process.

Given the prescribed f € F and a generic m € M, we recall the elastic wave equation in

its displacement-only formulation for linear elastic and isotropic media (see section 2.1):

Pu _ .\ .
P ~ dlv<2u £(u) + Adlv(g)l) =f inlxQ
u=0 on I x 092 (10.1)
ou . -
\Q:E—Q in {0} x 2

For simplicity, we consider homogeneous Dirichlet boundary conditions on 02 and van-

ishing initial conditions.

We denote by U the space of displacement fields u : I x  — R" solving problem (10.1)
in a suitable sense. Assuming that, for the prescribed source term f € F, problem (10.1)
admits a unique solution u € U for all m € M, the associated solution operator is well
defined as

SpM—=U, m—u=S5¢(m)

which associates to the model parameters m the corresponding predicted displacement
field u. In the context of E-FWI, problem (10.1) is referred to as the forward problem,

while its solution u = Sy(m) is called the forward wave-field.

Remark 10.1.
According to the classical theory of second-order linear evolutionary equations, problem

(10.1) is well-posed, and, therefore, the solution operator Sy is well defined, under suitable
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minimal reqularity assumptions on the coefficients and the data (see section 4.1).
Howewver, since the present chapter is intended to provide structural and interpretative
isight rather than a complete functional-analytic treatment, the analysis will be carried

out at a formal level, and these technical considerations will be omitted.

Observation and misfit functional

Let V denote the space of admissible observable wave-fields v : I x Q — R", with U C
V. We denote by Y the space of data y : I — RN (where N, denotes the number
of receivers), i.e., the space where the recorded measurements take values. Then, we

introduce the observation operator

O: V=Y, v—1"=0()

which associates to a wave-field v its observations at the receivers’ locations v°.

We also introduce the adjoint observation operator. Assuming that V and ) are Hilbert
spaces, endowed with scalar products (-, -)y and (-, -)y, respectively, the adjoint observa-
tion operator

o :y—=YV
is formally defined by the relation
(O@), y)y, = (v 0"(y),, YveV, Vyey

A possible choice is to take V = L*(I;[L*(Q)]") and Y = [L*(I)]""", and to interpret O

as a (possibly regularized) sampling operator at the receivers’ locations.

Let us now introduce the reduced operator
F:M—=Y, F=008; mwu"=F@m)=O0(5(m))

which maps the model parameters m to the corresponding synthetic measurements at the

receivers’ locations u°Ps.

Let d € )Y denote the observed data, i.e., the measurements recorded at the receivers.

Then, for a given model m € M, we define the data residual as
r(m)=F(m)—d=u"™—-de)

which is the difference between the synthetic measurements u°” and the observed data d.
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Finally, we introduce the misfit functional. In the following, we adopt the standard L>-

type data misfit, which is defined as
1 2
XM= R me x(m) = 5 lr(m)ll,

It represents the chosen measure of the discrepancy between predicted (simulated) and
observed data. Its minimization drives the inversion process towards model parameters
that best fit the data with respect to this adopted metric in the data space. If )Y =
[L2(I)]™V" | as suggested above, then the functional y takes the explicit form

) =5 [ et . dt =5 [ S o) i (102)

Adjoint-state formulation and gradient expression

We now recall the expression of the gradient of the misfit functional within the adjoint-
state framework (see, e.g., [14, 36] and chapter 8 in [13]|). Consistently with the choice
of the space of observable wave-fields V suggested above and the use of the adjoint-state

formulation, the Gateaux derivative of (10.2) can be expressed as

Dx(m)[m] Z‘/OT/Q‘S”% _dﬂdt +/ /%us E(p) dQ2dt +
" /OT /Q oA div(u) div(p) dQ dt

where u = Sy(m) € U is the forward wave-field, while p, called the adjoint wave-field,

(10.3)

denotes the solution of the following problem, called the adjoint problem:

2
p—dlv(2u€( )+ Adiv(p )I) =g inlxQ

"o

p=0 on I x 0% (10.4)
dp ' _

]—):8_;:9 in {T} xQ

where g = O*(r(m)) € V is the so-called adjoint source.

To keep the notation compact, let us denote by U the space of adjoint wave-fields p :
I x Q — R" solving the adjoint problem (10.4) in a suitable sense. Assuming that, for
the adjoint source g € V, problem (10.4) admits a unique solution p € U for all m € M,
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the associated solution operator is well defined as

Sy M —U, mH]_?zgg(m)
which associates to the model parameters m the corresponding adjoint wave-field p.

Gradient structure and first cross-talk mechanism
To investigate the cross-talk between the parameters Vp and Vs, we introduce the physical
parametrization

m/ = (pa VP7 VS) € MI

which is related to the original parametrization m = (p, pu, A\) € M through the map
M M, m=0(m), m=(p N = (p. pVE p(VE-2V3))

Therefore, a perturbation dm’ = (dp, Vp, 0Vs) of the parameters m' = (p, Vp, Vg),
induces a variation dm = (dp, du, 6\) given by the Gateaux derivative of ® evaluated at

the point m’ along the direction dm’:
om = D®(m')[om']
Explicitly, we obtain
S =Vadp+2VspdVs
o= (V3 —2VZ) 6p+2pVp dVp — 4pVs 6V

To account for this change of parametrization, we introduce the corresponding solution
operators for the forward and adjoint problems, together with the associated misfit func-

tional:

X M =R, X=x0® m+— x’(m’) = X((I)(m/))

Hence, applying the chain rule, the Gateaux derivative of the misfit functional x’ at the

point m’ = (p, Vp, Vs), along the direction dm’ = (dp, 6Vp, dVs) is given by

Dy (m)[6m/] = D(x o ®)(m)[6m] = Dx (®(m)) [DD () [61]]
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Explicitly, we get

Dxatyiond) =~ [ [ (55 -2 ew: ) - (V2 - 218) divtw) aivip) ) dpdan +
+/T/2prdiv(g) div(p) 6Vp dQ2dt +
o Ja

+/OT/Q4PVS<5(Q) £(p) — div(u) div(p )> 6V dQ) dt

To lighten the notation, we rewrite it in compact form as
)[om/] / VY (m') - om' dQ

where we denote
VX' (m) = (@x’(m’), Ovp X' (m), 3v5><’(m’)>
o) = - [ (%2 - 2vi): 5 - (13— 2V2) divtu) divip))
D () = 20V /0 " div(w) div(p) di (10.5)
o) = 19 [ (20 £ 2p) vt ivip)) (10.6)

The above equations allow one to identify the gradient of the misfit functional with re-
spect to the model parameters. In particular, the components of the gradient are given
by the coefficients multiplying the variations dp, 0Vp, and dVs. This formulation shows
that the gradient can be expressed in terms of time cross-correlations between the for-
ward and adjoint wave-fields. More precisely, each component of the gradient is given
by the interaction between specific features of the forward wave-field u and the adjoint
wave-field p, which encode the sensitivity of the misfit functional to perturbations of the

corresponding physical parameters.

A more detailed inspection of the gradient components reveals that this structure may in-

duce non-trivial coupling effects between the physical parameters. In particular, equations
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(10.5) and (10.6) show that dy, x'(m’) can be rewritten as

T
_ - Vs
Do (') = 4pVs / Eu)  Ep)dt — 2420 () (10.7)
0
This representation highlights that the gradient of the misfit functional with respect to Vg
contains a contribution that is proportional to the gradient with respect to Vp. Moreover,
the proportionality factor depends on Vp itself. This reveals a first intrinsic coupling
mechanism through which variations of Vp directly affect the Vg update, thus providing

a structural source of the Vp — Vi cross-talk observed in practice.

10.2. Incorporation of the P—S separation into gradi-
ent computation and its effect on the Vp — Vg
coupling

We now investigate how the P—S separation introduced in the previous chapters can be

incorporated into the adjoint-state gradient computation.

Let us denote by Ilp and IIg = Id —IIp the projection operators associated with the
chosen P—S decomposition of the displacement field. Consistently with the framework
introduced in section 4.2.2, these operators extract, respectively, the irrotational and

solenoidal components of any decomposable vector field.

Making reference to the forward wave-field u = S%(m’) € U and adjoint wave-field p =
S;(m’) € U, we assume, as always, that u(t), p(t) € V. C [HY(Q)]" for every t € I. We

then write

up(t) =Tp(u(t)) € Up, wug(t) =Ts(u(t)) = u(t) — up(t) € Us

pp(t) =Tp(p(t)) € Up, py(t) =Ts(p(t)) = p(t) — p,(t) € Us
Here, Up and Ug denote the spatial spaces of irrotational and solenoidal fields introduced
in section 4.2.2.

The concrete construction of the projection operators depends on the boundary conditions
imposed on the auxiliary Poisson problem defining the action of Ilp, as discussed in
chapters 5-9. However, in the present section, the specific choice of boundary conditions

is not essential for the structural analysis of the gradient. We rely only on the defining
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properties of the separated fields; in particular, for every t € I,

div(ug(t)) = div(gs(t)) =0 (10.8)

Consequently, for every t € I,
div(u(t)) = div(up(t)), div(p(t)) = div (Qp(t)) (10.9)

We now describe how this decomposition is incorporated into the computation of the
gradients of the misfit functional. The forward and adjoint problems are not modified:
the wave-fields u and p are still obtained by solving the standard forward and adjoint
elastic equations (10.1) and (10.4). The P-S separation is instead applied a posteriori,
at each time level, and only affects the wave-field temporal cross-correlations used to

assemble the gradient.

At an algorithmic level, the incorporation of the P—S separation into the computation of

the adjoint-state gradients proceeds as follows:

1. Solve the forward problem (10.1) to obtain the forward wave-field
u=Sp(m)
2. Apply the P-S separation to the forward wave-field, pointwise in time, obtaining
up(t) =Tp(u), wus(t)=Ts(ult)), Vtel

3. Solve the adjoint problem (10.4) to obtain the adjoint wave-field

4. Apply the P—S separation to the adjoint wave-field, pointwise in time, obtaining

pp(t) =Tp(p(t), py(t) =Ms(p(t)), Viel

5. Compute the separation-based Vp-gradient component by retaining only the P-P

cross-correlation:

T
TP (') = 2pVp /0 div(up) div(p,,) dt (10.10)
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6. Compute the separation-based Vs-gradient component by retaining the P-S, S—-P

and S-S cross-correlations:

IS l) = apVs [ (Slup) + o) + Eluss)  lp,) + ) : (py))

Remark 10.2.

The quantities introduced in the last two steps are modified gradient components obtained
by retaining only selected modal interaction blocks. They are not introduced as exact
partial derivatives of a newly defined misfit functional. For this reason, we denote them
by J, rather than by Ox'.

We now inspect how the introduction of the P-S separation modifies the structure of
the adjoint-state gradients. First, comparing expression (10.5) with the modified compo-
nent (10.10) in light of equation (10.9), it immediately follows that

TP (') = O}/ (), Ym' € M’ (10.12)

Therefore, at the level of the ideal continuous decomposition, the introduction of the

separation does not modify the gradient of the misfit functional with respect to Vp.

On the other hand, the situation for Vs-gradient component is different. Starting from
equation (10.6), we decompose the forward and adjoint wave-fields into their P and S
components and retain only the P-S, S-P and S-S interaction blocks. Then, thanks to
property (10.8), this leads to the modified separation-based component J‘(/I;S’SP’SS) (m/)
defined in equation (10.11). Comparing it with the exact gradient component dy, x'(m/),
and in particular with its rewritten form in equation (10.7), we observe that the modified
component does not contain the explicit divergence contribution which, in the complete
gradient, is proportional to dy,x'(m’). As a consequence, the introduction of the P-S
separation removes, at the level of the gradient assembly, the contribution responsible
for the direct structural coupling between the exact Vp-gradient component and the V-
update direction identified above. In other words, the separation suppresses this first

source of Vp — Vg leakage in the modified adjoint-state gradient.

However, the contribution discussed above is not the only source of coupling between the

(PP)
T,

which coincides with the exact Vp-gradient component, still depends in general on Vs,

Vp and Vs updates. In fact, even after the introduction of the P—S separation,

while J‘(/FS’S’SP’SS) may still depend on Vp through the forward and adjoint wave-fields.
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Indeed,
up(t) = Tp(ut), us(t)=Ts(u), u=Sm)

(1) =Tp(p(t), py(t) =Us(p(t)), p=S,(m)
Therefore, the separated forward and adjoint wave-fields still depend implicitly on the full
elastic model m/, and hence, in general, on both Vp and Vg. Thus, although the separation
suppresses the explicit Vp — Vg contribution identified above, a residual coupling remains

through the intrinsic dependence of the wave-fields on the complete elastic model.

10.2.1. Heuristic analysis of the residual coupling

We now provide a heuristic analysis of the residual coupling mechanisms identified above,
relying on structural arguments. In particular, we focus on the cross-parameter sen-
sitivities of the modified separation-based gradient components that remain after the

introduction of the P—S separation in the gradient computation.

Sensitivity fields
To this end, we introduce the sensitivity fields associated with perturbations of the model
parameters; these fields describe the first variations of the forward and adjoint wave-fields

induced by infinitesimal perturbations of the elastic model.

Let us first consider a perturbation of Vg only. Given an increment §Vg, we define the

forward and adjoint sensitivity fields

[
I

Du(m')[(0, 0, 6Vs)] = DS}(m)[(0, 0, 6V5)]

¥ = Dp(m)[(0, 0, 6Vs)] = DS, (m)[(0, 0, 5Vs)]

I3

Here, w represents the first-order perturbation of the forward wave-field v induced by oV,

while ¢ represents the corresponding first-order perturbation of the adjoint wave-field p.
By formally differentiating the forward problem (10.1) with respect to Vs, one obtains the
following linearized forward problem for w:

( 2 _ )
P %—t% — div<2pV52 (5(@) — div(w)l) + pV2 div(w)1> = fVS(g) in I %0

on I x9Q (10.13)

[S
I

Q I©
Y=
I
o

in {0} x Q

[S
I
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where, to lighten the notation, we denoted the source term on the right-hand side as

Ly () = 4div (pVs 0V E(u) ) = 49 pVi Vs div(u) (10.14)

and we use the same notation when the argument is replaced by any sufficiently regular

vector field, such as the adjoint wave-field p.

Similarly, formally differentiating the adjoint problem (10.4) with respect to Vs gives the

following linearized adjoint problem for 1:

(

0? _
p 3—5 - div (2/)‘/5 (5@ - diV(@I) +pVp div(y)l) =h+ [, (p) nIxQ

v=0 on I x99 (10.15)
) _
g:a_%zg in {T} x Q

where the additional term A on the right-hand side comes from the dependence of the
adjoint source g on the model parameters m' through the observation of the forward
wave-field. Assuming that the observation operator O is model-independent, linear and
continuous (i.e. bounded) with respect to suitable norms, the Géateaux derivative of the

adjoint source reads

h = Dg(m)[(0, 0, 6Vs)] = O*(O(w))

Analogously, let us now consider a perturbation of Vp only. Given an increment dVp, we

define the forward and adjoint sensitivity fields

I
I

DQ(@I)KO, 5VP7 0)] = DS}<m/)[(07 5VP7 0)]

5
I

Dp(m)[(0, 6V, 0)] = DSy(m)[(0, 6V, 0)]

Here, 2z is the first-order perturbation of the forward wave-field induced by §Vp, while 8

is the corresponding first-order perturbation of the adjoint wave-field.

The linearized forward problem for z reads

(02 di 2 (= div()I 2 div(2)I) = in [ xQ
p ol iv <2pVS (5(;) —div(z) ) + pVp div(z) > - ivp (w) inlx
\g:%zg in {0} x Q
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where we denoted
Iy (W) = 2V<pvp SV div(g)) (10.17)

and we use the same notation when the argument is replaced by any sufficiently regular

vector field, such as the adjoint wave-field p.

Similarly, the linearized adjoint problem for 8 is

(

T giv(2pV2 (20) — div(@)T) + pV2iv(®)]) = & in I xQ

P~ Aiv(20VE (50) — dw @) + pVRANOT) = k+ £, () in T x

9=0 on I x 9  (10.18)
\Q—%_Q in {T} x Q

where the additional term k£ comes from the dependence of the adjoint source g on the
model parameters through the observation of the forward wave-field. Under the same

assumptions on O, it is given by

k= Dg(m')[(0, 6Vp, 0)] = O*(O(2))

Cross-parameter sensitivity terms

Let us now introduce the separated sensitivity fields. Since the projection operators
[Ip and IIg are linear and model-independent, and assuming that they are continuous
(i.e., bounded) with respect to suitable norms, Géateaux differentiation with respect to
m’ commutes with the action of the projectors. As always, the projection operators are
understood to act pointwise in time; the time dependence is omitted in the notation for

readability. Therefore, for perturbations of Vs, we obtain
wp = p(w) = Dup(m')[(0, 0, 6Vs)],  wg = g(w) = Dug(m)[(0, 0, 6Vs)]
¥, =p(¥) = Dp,(m)[(0, 0, 6V5s)], ¢, =1Ils(y) = Dp (m')[(0, 0, V)]
Similarly, for perturbations of Vp, we obtain
zp =1lp(2) = Dup(m)[(0, 6Vp, 0)],  zg = Tls(2) = Dug(m)[(0, 6Vp, 0)]
0p =1p(0) = Dp,(m)[(0, 6V, 0)], 85 =1Il5(8) = Dpy(m)[(0, 6V, 0)]
We can now use these separated sensitivity fields to inspect the cross-parameter sensitivity

terms of the modified separation-based gradients. In this heuristic analysis, the residual

Vs — Vp coupling is the sensitivity of J‘(,ip) (m/) to perturbations of Vg, i.e., the variation
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of the modified Vp gradient induced by an increment Vg, namely

HYR) (') = DJED (m/)[(0, 0, 6Vs)]

Analogously, the residual Vp — Vg coupling is the sensitivity of J‘(,I;S’SP’SS) (m/) to per-

turbations of Vp, i.e., the variation of the modified Vg gradient induced by an increment

0Vp, namely
PS,SP,SS PS,SP,SS
HESS ') = DI (m)][(0, 6V, 0)]

Remark 10.3.
The cross-parameter sensitivity terms introduced above are not entries of the exact Hessian

of the original musfit functional. They are sensitivities of the modified gradient components

PP
I

denote them by H in order to distinguish them from second-order derivatives 0*Y'.

) and J‘(/I;S’SP’SS) with respect to perturbations of the other velocity parameter. We

Formally differentiating the separated gradient expressions (10.10) and (10.11) with re-
spect to Vs and Vp, respectively, and using the separated sensitivity fields introduced

above yields the following explicit expression for the cross-parameter sensitivity terms:

HEP) () = 2pVi /O (div(wp) div(p,) + div(up) div(gp)> dt (10.19)

Hyv, 2 (m') = 4pVs /0 (zp) s 2log) + Eur) : 505) + Elzs)  Epp) + (10.20)

+ Elug) ¢ E(0p) + E(z5) : Elpg) + Elus) < E(6s) )

Gradient-type forcing terms and qualitative behavior of the sensitivity fields
At this point, a useful structural observation concerns the forcing terms iVS and ivp
appearing in the linearized forward and adjoint problems introduced above. In particu-
lar, from equations (10.14) and (10.17), we observe that they contain the gradient-type
contributions

—4V(pVS Vs div(g)) , QV(pr SV div(g))

respectively. These terms are relevant because sources in pure gradient form naturally

excite compressional perturbations in an ideal homogeneous and infinite setting.

To make this point explicit, let us consider the elastic wave equation in a linear elastic,
homogeneous, isotropic and unbounded medium, forced by a source term in pure gradient

form. Since the medium is homogeneous, the equation can be formally rewritten in the
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Navier form:

2
pa—tf — pAv — (p+A)Vdiv(v) = Vs in I x R”
Q:@:Q in {0} x R"

Let us now apply the curl operator on both sides of the equation. Proceeding formally,

we obtain, denoting w = curl(v),
0w
P o
w=-—=0 in {0} x R"

—pAw =0 in I xR"

Since both the forcing term and the initial conditions are identically zero, by uniqueness
we get
w=curl(lv) =0 inIxR"

This shows that the resulting wave-field remains irrotational. Hence, in this idealized
setting, a source term in gradient form generates, from the point of view of the P-S

separation, a purely P-type perturbation of the wave-field.

The argument above has been derived formally in the setting of a homogeneous and in-
finite medium. However, in the context of this work, the wave propagation problem is
set in a bounded and generally heterogeneous medium. Thus, the presence of material
heterogeneities may induce P—S conversions. In addition, reflections at boundaries not
preceded by absorbing layers (e.g. a free surface) may also generate mode conversions.
Nevertheless, the discussion above suggests that a forcing term of pure gradient type pri-
marily generates a compressional perturbation of the wave-field, which may subsequently

convert into shear waves due to medium heterogeneities or boundary interactions.

We now attempt to exploit the previous argument to gain insight into the qualitative
behavior that it is reasonable to expect from the separated sensitivity fields. Recall that
the sensitivity fields w and 1 satisfy the linearized forward and adjoint problems (10.13)-
(10.15), whose right-hand sides contain the forcing S Va? evaluated at u and p, respectively,
with the additional term h appearing in the adjoint equation. As discussed above, this
source includes a contribution in gradient form, which is expected to primarily excite
compressional perturbations of the wave-field. Consequently, it is reasonable to expect
that wp and ¢ p may represent significant contributions to the perturbation. In partic-
ular, their divergences may provide non-negligible contributions, since they coincide by

construction with those of the complete sensitivity fields w and ¢. In view of the ex-
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pression of the cross-parameter sensitivity term H 1(/?\)/5 (m/), as given by equation (10.19),
this heuristic argument suggests that this coupling term may remain significant. In other
words, the Vg — Vp cross-talk is expected to persist even when the P—S separation is in-
cluded in the gradient computation. This consideration is consistent with the observation
made in (10.12), namely that, in principle, the introduction of the P—S separation does

not alter the gradient of the misfit functional with respect to Vp.

Let us now consider the sensitivity fields z and 0, solutions of the linearized forward
and adjoint problems (10.16)—(10.18). Although both equations contain the forcing term
ivp’ which is in pure gradient form, and, therefore, primarily generates compressional
perturbations of the wave-field, this observation alone does not allow us to conclude that,
in general, the S components of the sensitivity fields zg and 0 are negligible. Two
main mechanisms prevent such a conclusion. First, during propagation in a bounded
and heterogeneous medium, mode conversions may occur and generate significant shear
energy. Second, the linearized adjoint problem (10.18) for @ is also forced by the term
k=0 (O(g)), which is not, in general, of pure gradient form. As a consequence, the
argument based on irrotational forcing does not provide a sufficiently robust basis for

inferring the expected behavior of zg and 6.

Isotropic-deviatoric structure of the residual Vp — Vg coupling

Rather than relying only on heuristic expectations about the modal content of the sen-
sitivity fields z and 6, we now try to gain insight on the residual Vp — Vg coupling by
inspecting the tensorial structure of the cross-parameter sensitivity term H‘(/ii’,ip’ss)(m’ ),

as given by equation (10.20).

This term can be analyzed by exploiting the isotropic-deviatoric decomposition of the

strain tensor. Namely, for any sufficiently regular vector field v, we write

E(v) = iso(E(v)) + dev(£(v)) = %div(y)f + dev(&(v)) (10.21)

The isotropic component is associated with the volumetric part of the deformation, while
the deviatoric component is associated with local shape distortions without first-order

volume variations.

Two simple properties will be used below. First, by construction, the deviatoric compo-
nent is traceless:

Tr(dev(&(v))) =0 (10.22)
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Second, since the S components are solenoidal, we have

iso(5(vg)) = %div(ys)i =0 (10.23)

Using decomposition (10.21) inside equation (10.20), together with properties (10.22)
and (10.23), all contributions involving an isotropic factor vanish. Therefore, the residual

Vp — Vg cross-parameter sensitivity term can be rewritten as

H‘gfs’?‘}iP,SS) (m/) = 4pVS/O (dev(g(gp)) : dev(sz(gs)) + dev(ez(gp)) : dev(az(QS)) +
+ dev(&(zg)) : dev(g(]_)P)) + dev(E(ug)) : dev(E(8p)) +

+ dev(&(zg)) : dev(?(gs)) + dev(&(ug)) - dev(E(QS))> dt

This expression shows that, after the introduction of the P-S separation, the cross-
parameter sensitivity term Héi?&ip’ss) (m’) depends exclusively on the deviatoric com-
ponents of the strain tensors of the forward and adjoint wave-fields and of the associated
sensitivity fields. This should be contrasted with the situation in which the P—P cross-
correlation is also included in the computation of the gradient of the misfit functional with
respect to V. In this case, besides the appearance of the explicit Vp-related contribution

identified previously in equation (10.7), the term
(up) : €(p,)

would generate, in the complete cross-parameter sensitivity term 8‘2/51‘/}3 X'(m'), additional

volumetric terms of the form
e . = 1 . )
iso(&(zp)) : 1so(5(1_9P)) = ﬁdw(gp) div(p,)

iso(&(up)) :iso(2(0p)) = %div(gp) div(0p)

thereby introducing an additional direct volumetric pathway in the Vp — Vg interaction.

The P-S separation therefore suppresses both the explicit volumetric contribution ap-
pearing in the original expression of the gradient with respect to Vg and the analogous
volumetric terms that would arise inside the complete cross-parameter sensitivity term
through the P—P block after the isotropic-deviatoric decomposition. As a consequence,
the residual Vp — Vg coupling can only persist through deviatoric strain correlations

involving at least one S component. In this sense, the separation removes the direct vol-
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umetric pathway associated with P-P interactions. However, this does not imply that
the residual coupling is negligible in general, since P wave-fields may still have non-zero
deviatoric strain components, especially in heterogeneous media and near boundaries or

material interfaces, where complex mode interactions may occur.

10.2.2. Connection with Born scattering radiation patterns

The structural analysis carried out in the previous section suggests that the introduction
of the P-S separation affects the two cross-talk directions in an asymmetric way. On the
one hand, the separation suppresses the direct volumetric pathway for Vp — Vg leakage
associated to the P-P interactions. On the other hand, the Vp-gradient component, which
is, in principle, not affected by the introduction of the separation, remains sensitive to

perturbations of Vg through the P component of the corresponding sensitivity fields.

We now provide a complementary physical interpretation of this behavior by relating
the forward sensitivity fields introduced above to the classical Born scattering radiation

patterns for elastic waves. Indeed, the fields

[
|

Du(m')[(0, 0, 6Vs)] = DS}(m)[(0, 0, 6Vs)]

|

= Du(m)[(0, 3V, 0)] = DS}(m')[(0, 6V, 0)]

represent the first variations of the forward wave-field with respect to infinitesimal per-
turbations of the elastic parameters Vg and Vp, respectively. These fields satisfy the
linearized forward problems (10.13) and (10.16), whose forcing terms ivs (u) and ivp (u),
given by equations (10.14) and (10.17), respectively, depend on the background wave-field
u = S%(m'). From the point of view of the linearized scattering theory, they therefore
correspond to the first-order scattered wave-fields arising from the Born linearization of

the elastic wave equation.

In order to analyze the modal content of the forward sensitivity fields w and z, we consider
the classical idealized setting commonly adopted in the study of elastic Born scattering
in the so-called Rayleigh scattering regime (see, e.g., [42, 43]). More precisely, we assume
that:

o The background medium is linear elastic, isotropic, unbounded and homogeneous,

with constant elastic parameters my(, = (po, Vo, Vso) € R3.

o The forward wave-field is a time-harmonic plane-wave propagating in the back-
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ground medium. It can be either a P- or an SV-wave traveling along the x direction:

Q<t7§) = Q(P) (t’£>7 Ux(P)(t7£) = §R<e_iw(t_vp’o)> ) UZ(P) (tai) =0

u(t,z) = Uu® (t,2), U,gs)(t,g) =0, Ugs)(t,g) = %(eiw(t Vé»O))

o The perturbation of the elastic parameters dm’ = (dp, 6Vp, 6Vs) is localized in a
small neighborhood of the point z, € R?, and the characteristic size of the pertur-

bation is much smaller than the wavelength of the incident wave-field w.

o The magnitude of the perturbation is “infinitesimal”’, meaning that it satisfies

|5P(£)| < po, |5VP(£)’ < VP,O, |5VS(£)’ < VS,O

Under these assumptions, the perturbation can be approximated as a point scatterer

localized at z,. As the observation distance
r=llz = 2ollge

tends to infinity, the scattered wave-field generated by the linearized forward problems
admits a far-field asymptotic representation. This regime is commonly referred to as
Rayleigh scattering. In this setting, the amplitude of the far-field scattered wave-field
depends on the scattering angle a € [0, 27), defined as the angle between the incident
propagation direction and the observation direction

-5 _ (cos o, sin «v)

r =
r

Moreover, the scattered field can be decomposed into the different modal contributions
PP, PS, SP and SS. The angular dependence of the amplitude of these scattered modes

is described by the corresponding radiation patterns.

Let us start by considering a perturbation of Vg only, namely
om' = (0, 0, 0Vs)

We consider the two cases corresponding to an incident time-harmonic plane P-wave and
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SV-wave, respectively. Accordingly, we define

w® = DU (mg)[(0, 0, 6Vs)], w® = DU (my)[(0, 0, 6Vs)]

which are the solutions of the corresponding linearized forward problem (10.13), now
considered in the unbounded domain 2 = R? and forced by ivs (Q (P )) and ivs (Q (S)),

respectively.

These sensitivity fields admit the following asymptotic far-field representations:

w® (t,x) ~ fa(r) %(A‘SP‘I/DS(@) e_iw(t VP())T + AWS( e lw(t_VSTvO)fL> . — 400

wS(t, ) ~ fz(r)%<Ag‘§(a) e‘i“(t Vpo)r+A5VS( ) _iw(_VSTvO)fL>, r — 400

where fo(r) denotes the far-field radial decay factor in two spatial dimensions. In partic-
ular, fo(r) — 0 as r — +o00, while its precise asymptotic behavior is not relevant for the

present discussion.

The Rayleigh scattering radiation patterns associated with a perturbation dm’ = (0, 0, 6Vs)

are given by

Vs

AN (@) o sin?(a) =, AN () o sin(2a) —= (10.24)
Vs 5,0

Aggs(a) o sin(2«) M/S, Ag‘s/s( ) x cos(2a) —= OVs (10.25)
5,0 5,0

Let us now consider a perturbation of Vp only, namely
(Sm, = (0, (SVP, 0)

We again distinguish the two cases corresponding to an incident time-harmonic plane

P-wave and SV-wave, respectively. Accordingly, we define
2 = DU (mp)[(0, 6V, 0)], 2 = DUS (mp)[(0, 8V, 0)]

which are the solutions of the corresponding linearized forward problem (10.16), set in
Q2 = R? and forced by fV (Q(P)) and fV (Q(S)), respectively.
=Vp =Vp
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These sensitivity fields admit the following asymptotic far-field representations:

20t z) ~ fa(r) R (A%P(Oé) e_iw(t_m)f + Apg (o) e_iw(t_m) fL> , T oo

2®) (t,z) ~ fa(r) %(Aggp () eiiw (tiﬁ’o)f + Ag‘s/” () eiiw (ti VQO)#) , T — +00

The Rayleigh scattering radiation patterns associated with a perturbation om’ = (0, §Vp, 0)

are given by

)
ANF () o %1; AN (a) =0 (10.26)
AP (a) =0, AlP(a)=0 (10.27)
PP scattering PS/SP scattering SS scattering

[} 0 0

90°

1807 180"

Figure 10.1: Born scattering radiation patterns associated with perturbations of the elastic

parameters Vp and Vg in the Rayleigh scattering regime.

The radiation patterns reported in figure 10.1 provide a physical interpretation of the

qualitative behavior of the forward sensitivity fields introduced in section 10.2.1.

Let us first consider perturbations affecting only Vs. According to equations (10.24) and
(10.25), a perturbation of Vg alone generates, in the ideal Rayleigh scattering regime, both
compressional and shear scattered waves. More precisely, all the scattering modes PP, PS,
SP and SS may be activated. In particular, even when the incident wave-field is purely
compressional, the scattered field contains both PP and PS contributions. Consequently,
the forward sensitivity fields

w®™ = DUM (my)[(0, 0, 6V5)],  w® = DU (1) [(0, 0, 6V5s)]

generally contain a non-vanishing compressional component. In terms of the P-SV sepa-
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ration, this can be expressed as

w (1) = Tp(w® () £0, w (1) = Hp(w® () #0

Although the actual forward wave-field u = S%(m') arising in the inversion is not, in
general, a time-harmonic plane-wave, the radiation patterns suggest that the P component

of the forward sensitivity field
w = Du(m')[(0, 0, 6Vy)]

may represent a significant part of the perturbation. This observation is consistent with
the heuristic discussion developed above, where the forcing term ivs (u) was shown to
contain a gradient-type contribution, which provides a direct compressional excitation

channel.

Let us now consider perturbations affecting only Vp. According to equations (10.26) and
(10.27), a perturbation of Vp produces, in the ideal Rayleigh scattering regime, only PP
scattering, with isotropic angular dependence. The amplitudes associated with the PS, SP

and SS modes vanish identically. Hence, in this idealized setting, the forward sensitivity

fields

2®) = DU (mf)[(0, 6Vp, 0)], 2® = DU (mp)[(0, 6Vp, 0)]

are purely compressional, and therefore
20 =Ts(z7(1) =0, 25() = Ns(z0(1)) =0

Therefore, even if the actual forward wave-field is not, in general, a time-harmonic plane-
wave, the radiation patterns suggest that the SV component of the forward sensitivity
field

z = Du(m')[(0, 6Vp, 0)]

is not primarily generated by the scattering mechanism associated with the Vp only per-
turbation itself. Rather, in a bounded and heterogeneous medium, the z¢ component is
expected to arise predominantly from secondary mode conversions induced by reflections
at the boundaries of the domain or by pre-existing heterogeneities of the background
model m'. Thus, the radiation patterns obtained in the Rayleigh scattering regime pro-
vide a physical confirmation of the mechanism identified above on the basis of the pure

gradient form of the forcing term f Ve (u) in the linearized forward problem (10.16).

These observations provide another interpretation of the asymmetric behavior of the
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residual coupling terms discussed above. Since a perturbation of Vg is able to gener-
ate compressional scattered components already in the ideal Rayleigh scattering regime,
the P component wp of the corresponding forward sensitivity field may be non-negligible.
Therefore, the term
div(wp) div(p,,)

appearing in H \(/1;1}),5 (m') may remain significant. This explains why the Vg — Vp coupling
is not expected to be strongly affected by the P—-SV separation, consistently with the
identity (10.12).

Conversely, a perturbation of Vp generates, in the same idealized regime, only a PP scat-
tered component. Hence, the primary scattering mechanism associated with §Vp feeds
precisely the P-P interaction block. Since this block is deliberately removed from the mod-
ified Vs-gradient component J‘(/I;S’SP’SS) (m’), the direct volumetric PP pathway responsible
for the Vp — Vg leakage is suppressed at the level of the gradient assembly. The remain-
ing Vp — Vg coupling can only arise through secondary mechanisms, such as deviatoric
P-S or S-P correlations, mode conversions induced by heterogeneities or boundaries, and

the additional forcing term entering the linearized adjoint problem (10.15).

Finally, it is important to remark that the parallelism with the Born scattering theory

cannot be applied, strictly speaking, to the adjoint sensitivity fields
¥ = Dp(m)[(0, 0, §Vs)] = DSy (m')[(0, 0, V)]
9 = Dp(m')[(0, 6Vp, 0)] = DS, (m)[(0, 8V, 0)]

Indeed, the linearized adjoint problems (10.15) and (10.18) contain the additional forcing
terms h and k, respectively, which arise from the dependence of the adjoint source g on
the model parameters m’ through the observation of the forward wave-field. As a conse-
quence, the adjoint sensitvity fields 1 and ¢ cannot be directly linked with the first-order
scattered fields associated with perturbations of the adjoint wave-field p. Therefore, while
the Rayleigh scattering radiation patterns discussed above provide a useful physical inter-
pretation of the qualitative behavior of the forward sensitivity fields, the same argument

cannot be straightforwardly extended to the adjoint sensitivity fields.

10.3. Numerical inversion experiments

In order to illustrate the theoretical considerations developed in the previous sections, we
now present two numerical experiments designed to investigate the cross-talk mechanisms

between the parameters Vp and Vg in elastic full waveform inversion. The analysis pre-
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sented above suggests that the introduction of the P-SV separation modifies the structure
of the adjoint-state gradient in an asymmetric way. In particular, the separation sup-
presses the direct volumetric pathway contributing to the Vp — Vg leakage. By contrast,
the opposite Vg — Vp coupling is expected to be more persistent, since, at the continu-
ous level, the introduction of the separation does not alter the Vp-gradient component,
and perturbations of Vs may still generate compressional components in the associated

sensitivity fields.

The purpose of the following numerical experiments is therefore to assess whether this
asymmetric behavior is observed in practice. To this end, we compare standard E-FWI
with the separation-based strategy introduced in section 10.2, in which the Vp-gradient
component is computed from the P—P correlation, whereas the Vg-gradient component is
assembled by retaining only the P-S, S—P and S-S interaction blocks. In both cases, the
same forward and adjoint wave equations are solved; the difference lies only in the modal

selection applied to the wave-field correlations entering the gradient computation.

Two synthetic configurations are considered. The first one is a two-inclusions model, de-
signed as a controlled benchmark in which one anomaly affects only Vp and the other
only Vs (see appendix A.3.1). The two inclusions are sufficiently separated to allow the
two cross-talk directions to be identified independently, while a full-illumination acquisi-
tion geometry is adopted to minimize illumination bias. The second test reproduces the
experiment presented in [41]: a sandstone medium with spatially overlapping Vp and Vg
perturbations inside a rectangular fluid-saturated reservoir (see appendix A.3.2). This
configuration is more representative of realistic subsurface settings, where elastic proper-
ties are generally coupled, and of realistic seismic surveys, where sources and receivers are

typically placed along surface lines.

Finally, we point out that, since in both experiments all boundaries of the computational
domain are equipped with absorbing layers, the P-SV separation is implemented through
the Poisson—Dirichlet strategy presented in chapter 6. Indeed, we recall that, according
to the results discussed in chapter 7, when absorbing layers surround the whole domain,
the choice of boundary conditions to be imposed on the auxiliary Poisson problem has a

practically negligible impact on the wave-field decomposition in the bulk of the domain.

In the following, we focus on the interpretation of the inversion results, with particular at-
tention to the reconstructed models, the residual model errors, the quantitative indicators

of parameter coupling and the evolution of the misfit functional.



10| Application to the Elastic Full Waveform Inversion 163

Two inclusions model

We first compare the inversion results obtained on the two-inclusions model, with and
without the P-SV separation. As described in appendix A.3.1, the true velocity models
consist of two circular anomalies embedded in homogeneous backgrounds: an upper-left

1

anomaly affecting only the P-wave velocity, with Vp; = 3500ms™", and a bottom-right

anomaly affecting only the S-wave velocity, with Vso = 2330.0ms™!.

The comparison
allows us to assess the impact of the separation on the reconstructed models, the residual

model errors and the convergence behavior of the inversion.

We begin by inspecting the models obtained at the final iteration of the inversion pro-
cedure, namely £k = Nj; = 10. Figure 10.2 shows the reconstructed Vp and Vs fields
obtained with and without the P-SV separation.

Final velocity models (k = 10)

P-wave velocity — Vp

With P-SV separation Without P-SV separation
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Figure 10.2: Reconstructed Vp (top) and Vs (bottom) models after N, = 10 E-FWI
iterations. Left: inversion with P-SV separation. Right: standard inversion without P—

SV separation.
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Figure 10.2 shows that both inversion strategies are able to correctly recover the two
main anomalies of the true model, namely the Vp inclusion located in the upper-left
region of the domain and the Vg inclusion located in the lower-right region. At the same
time, the reconstructed models already reveal the presence of parameter cross-talk. The
Vs — Vp leakage appears as a spurious update of Vp in the region of the Vg inclusion,
while the Vp — Vg leakage appears as a spurious update of Vg in correspondence of the Vp
anomaly. Comparing the two inversion strategies, one can notice that the Vg — Vp artifact
remains of comparable magnitude with and without P-SV separation. By contrast, the
opposite Vp — Vi artifact is strongly reduced, becoming practically negligible, when the

separation-based gradient computation is employed.

In order to further assess both the quality of the correct parameter updates and the
structure of the cross-talk between Vp and Vs, we now inspect the residual model errors

shown in figure 10.3 and defined as
Rp(z) = Vp(z) = Ve(z), Ri(x)=Vi(x) - Vs(z), k=1,...,N

where Vp and Vs denote the true velocity models, while V4 and V& denote the recon-
structed velocity models at the k-th iteration. In the following, we focus on the residual

model errors at the final iteration & = N;, = 10.

In order to properly interpret the residual model error maps in figure 10.3, it is useful
to stress that small residual values indicate that the corresponding anomaly has been
accurately reconstructed, whereas large residuals reveal either incomplete recovery of the
true structure or spurious updates caused by parameter cross-talk. In the regions cor-
responding to the true anomalies, the residual amplitudes are similar with and without
P-SV separation. This indicates that the introduction of the separation does not degrade
the quality of the correct parameter updates, since the Vp and Vg inclusions are recon-
structed with comparable accuracy in the two formulations. The cross-talk mechanisms
can be identified by inspecting the residuals away from the correct anomaly locations. In
the Vp residual maps, a non-vanishing residual appears in the region of the Vs inclusion,
revealing the presence of Vg — Vp leakage. This artifact is visible in both formulations
and remains of comparable magnitude with and without separation. By contrast, the Vg
residual maps show a marked difference between the two strategies. Without separation,
a pronounced residual appears in correspondence with the Vp inclusion, indicating a spu-
rious update of Vg induced by the Vp anomaly. When the P-SV separation is employed,

this artifact is strongly reduced and becomes practically negligible.

To complement the qualitative analysis provided by the reconstructed models and the

residual model error maps, we introduce quantitative error indicators evaluated in local-
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Final residual model errors (k = 10)
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Residual Vp (top) and Vg (bottom) model errors after Ny = 10 E-FWI

iterations. Left: inversion with P-SV separation. Right: standard inversion without P—

SV separation.

ized regions surrounding the two inclusions. These metrics allow us to separately assess

the quality of the correct parameter updates and the magnitude of the two cross-talk

mechanisms. Let Dp and Dg denote two disks centered on the Vp and Vy inclusions,

respectively, defined as

Dp=Bg (z;)={z€ Q| |z — y]lg. < R,}

Dg = BR,‘{(EQ) = {& €l ‘ ||$_l2||R2 < Rv}

where z, and z, are the centers of the circular Vp and Vs anomalies (see appendix A.3.1),

and we denoted

R,=~vR, >0
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Here, R is the radius of both the inclusions (see appendix A.3.1). The quality of the

correct parameter updates is measured through the relative L? reconstruction errors

15 2, 175 2y

Ep . E§

B HVP - VP,OHLQ(DP) B HVS — VS,OHL2(DS)

The magnitude of the spurious leakage-induced updates is instead quantified by the rela-
tive L? coupling errors
k k
175 P
g =
77 Vs = Visoll 2y

2o

k _ k
ES—)P - ) EP

Ve = Veoll2(pp )

where Vpy and Vg denote the homogeneous background P-wave and S-wave velocity val-
ues, which also define the initial velocity models used in the inversion (see appendix A.3.1).
Therefore, the denominators in the definitions above correspond to the L? amplitudes of
the true velocity contrasts with respect to the homogeneous background. Hence, the
indicators measure reconstruction and leakage errors relative to the magnitude of the

anomalies to be recovered, rather than relative to the true velocity values.

The following table reports the values of these indicators for the two inversion strategies,
computed with v = 1.1, at the final iteration k = N;; = 10.

Metric | With P-SV separation | Without P-SV separation
Ep 0.209 0.224
Es 0.611 0.618

Es_p 0.120 0.103

Ep_g 0.033 0.172

Table 10.1: Quantitative reconstruction and coupling error indicators after Ny = 10 E—

FWI iterations, computed with v = 1.1.

The quantitative indicators gathered in table 10.1 confirm the previous qualitative ob-
servations. The errors associated with the correct parameter updates, quantified by Fp
and Fg, remain very similar for the two strategies, indicating that the introduction of
the P-SV separation in the gradient assembly does not degrade the reconstruction of the
true anomalies. In fact, in this experiment, the values obtained with P—SV separation
are slightly smaller. Moreover, the Vs — Vp coupling error, quantified by Fg_,p, remains
of comparable magnitude in the two formulations, with a slightly larger value when the
P-SV separation is introduced. This confirms that the separation does not significantly

affect this cross-talk direction. By contrast, the Vp — Vg coupling error, quantified by
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Ep_,s, is reduced by more than a factor of five when the P-SV separation is employed.
This makes the associated artifact practically negligible in the reconstructed Vs model,

as already suggested by figures 10.2 and 10.3.

Finally, we examine the evolution of the misfit functional during the inversion, in order to
assess whether the introduction of the P-SV separation, associated with a modification
of the gradient structure, affects the convergence behavior of the algorithm. Figure 10.4
displays the history of the misfit functional as a function of the iteration number for the

two separation strategies.

Misfit evolution

‘;‘\\ —4— Without P-SV separation
1072 4

“\ With P-SV separation

Figure 10.4: Evolution of the misfit functional during the inversion for the two inversion
strategies: with P—SV separation (orange) and without P—SV separation (blue). The

vertical axis is represented in logarithmic scale.

Figure 10.4 shows that the two curves exhibit a very similar convergence behavior. Despite
the modification of the gradient structure associated with the modal selection introduced
by the P-SV separation, the misfit decreases at a comparable rate in both cases. This
indicates that the separation strategy does not negatively affect the overall convergence

of the inversion process.

Taken together, the reconstructed models, the residual model error maps, the quantitative
error indicators and the misfit evolution consistently show that the introduction of the P—
SV separation into the inversion algorithm, as described in section 10.2, effectively reduces
the Vp — Vg cross-talk, while preserving both the accuracy of the correct parameter

updates and the convergence properties of the inversion.
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Fluid-saturated sandstone model

We now compare the inversion results obtained on the fluid-saturated sandstone model,
with and without the P-SV separation. As described in appendix A.3.2, the velocity
model consists of a rectangular fluid-saturated reservoir embedded in a homogeneous
sandstone medium. The anomaly affects both velocity models: the P-wave velocity takes
the values Vp; = 2600.0ms~! in the upper part of the reservoir and Vpa = 3000.0ms™*
in the lower part, while the S-wave velocity takes the value Vg; = Vg = 1660.0ms™'. As
in the previous test, the comparison is carried out in terms of the reconstructed models,

the residual model errors and the convergence behavior of the inversion.

We begin by inspecting the models obtained at the final iteration £ = N;; = 10 of the
last frequency stage s = Ngi = 4 of the inversion procedure. Figure 10.5 shows the

reconstructed Vp and Vg fields obtained with and without the P-SV separation.

Final velocity models (s =4, k = 10)
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Figure 10.5: Reconstructed Vp (top) and Vg (bottom) models after Ny = 10 E-FWI
iterations of the final frequency stage, Ny = 4. Left: inversion with P-SV separation.

Right: standard inversion without P-SV separation.

Because the Vp and Vg anomalies are spatially overlapping in this test, the correct pa-
rameter update cannot be clearly distinguished from the spurious update generated by
the Vp — Vs coupling, unlike in the previous synthetic example. For this reason, the visual
interpretation of the reconstructed models shown in figure 10.5 is less straightforward and
must be supported by the residual model error maps discussed below. Nevertheless, both

inversion strategies recover the main structure of the true anomalies reasonably well. In
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particular, the reconstruction of the Vp anomaly is essentially equivalent in the two cases,
showing that the introduction of the P-SV separation in the gradient assembly does not
degrade the recovery of the Vp model. Regarding the Vg anomaly, the reconstruction ob-
tained without separation may appear more homogeneous within the target region. This,
however, should not be interpreted as a more accurate recovery. Since the same color
scale is used in both panels, and is fixed to the extrema of the true Vs model, the appar-
ently more uniform reconstruction obtained without P-SV separation is mainly caused
by an overshoot of the reconstructed values, which exceed the extrema of the color scale.
Therefore, this visual impression does not necessarily correspond to a better match with
the true model. This point will become more evident in the residual model error maps

discussed next.

In order to further assess the quality of the reconstructed velocity models, we now examine
the residual model error maps at the final iteration k = N;; = 10 of the final last frequency

stage s = Ny = 4 of the inversion procedure.

Final residual model errors (s = 4, k = 10)

P-wave velocity — Vp

00 With P-SV scparation 0o Without P-SV separation w0
031 0.3
EXYy — ERYs —_— o Z
h 0.9 1 ® 0.9 =
19 . , . 1.2 . . . —500
0.00 1.05 2.10 3.15 4.20 0.00 1.05 2.10 3.15 420
x [km] 2 [km]

S-wave velocity — Vg

J; . arati ; i

00 With P-SV separation 0o Without P-SV separation
03+ _ 03 100
g —_— g ——— =
=2 0.6 =2 0.6 1 L 0 =
. e . B £

0.9 1 0-91 ~100

12 : : . 1.2 — . ——

0.00 1.05 2.10 3.15 4.20 0.00 1.05 2.10 3.15 420
x [km] 2 [km]

Figure 10.6: Residual Vp (top) and Vs (bottom) model errors after Ny = 10 E-FWI
iterations of the final frequency stage, Ny = 4. Left: inversion with P-SV separation.

Right: standard inversion without P-SV separation.

The residual maps shown in figure 10.6 provide a clearer interpretation of the phenomenon
briefly addressed above. First, the Vs anomaly is clearly overshot when the inversion is
performed without introducing the P-SV separation. This effect, already suggested by

the reconstructed models, becomes particularly evident in the bottom-right residual model
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error map, where the interior of the anomaly exhibits significantly larger residual values.
By contrast, when the P-SV separation is employed, the residual inside the target region is
substantially reduced, as indicated by the much lighter color within the reservoir rectangle.
This behavior is consistent with the reduction of the Vp — Vg leakage induced by the
removal of the P-P contribution from the Vs-gradient component. A similar, although
more localized, effect can be observed in the lower part of the Vp anomaly. In absence of
the separation, the reconstruction exhibits a slight overshoot in this region, whereas the
residuals obtained when using the separation are smaller. A plausible interpretation is
that the overshoot of the Vs model generated by the Vp — Vg leakage may, in turn, induce
a stronger Vg — Vp coupling, thereby deteriorating the reconstruction of the lower part of
the Vp anomaly. By mitigating the primary Vp — Vg cross-talk, the P-SV separation may
therefore also reduce this secondary effect. By contrast, the upper part of the Vp anomaly

appears to be reconstructed with comparable accuracy by the two inversion strategies.

To complement the qualitative analysis provided by the reconstructed models and the
residual model error maps, we rely on the same quantitative error indicators introduced
above. However, unlike in the previous test, the Vp and Vs anomalies are spatially overlap-
ping in the present configuration. As a consequence, it is not possible to define localized
regions that isolate the correct parameter updates from the spurious ones associated with
the Vp — Vs coupling. In particular, the indicators Fs_,p and Ep_.g cannot be evaluated
separately in a meaningful way. For this reason, the quantitative analysis in this exper-
iment focuses only on the reconstruction errors Ep and Fg. To this end, we consider a

single region surrounding the rectangular anomaly, defined as

ly [,
D=qzeQ ‘ |x—x0]<—’5, |z — 20| <=L
2 2
where z, = (¢, 20) is the center of the rectangular anomaly (see appendix A.3.2), and
we denoted

1
s =l +26, Ls=1+25, 18] < Smin{l, zz}:%

Here, [, and [, are the side lengths of the inclusion (see appendix A.3.2).

The following table reports the values of the reconstruction error indicators for the two
inversion strategies, computed with 6 = 40.0 m, at the final iteration £k = N;; = 10 of the

last frequency stage s = Ny = 4.
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Metric | With P-SV separation | Without P-SV separation
Ep 0.218 0.218
Eg 0.189 0.220

Table 10.2: Quantitative reconstruction error indicators after Ny, = 10 E-FWI iterations

of the final frequency stage, Ny = 4, computed with 6 = 40.0 m.

The reconstruction errors reported in table 10.2 show only minor differences between the
two inversion strategies. This behavior is consistent with the residual model error maps in
figure 10.6, which indicate that the reconstruction error is largely concentrated near the
anomaly boundaries. Since the region D, with § = 40.0m, includes these interface areas,
the indicators are dominated by the boundary residuals and therefore only weakly reflect
the differences between the two inversion strategies. Nevertheless, an improvement in the
reconstruction of Vg can already be observed when the P-SV separation is employed, as

indicated by the smaller value of Ej.

To reduce the influence of the boundary residuals and provide a more representative mea-
sure of the reconstruction quality inside the anomaly, we also evaluate the reconstruction
error indicators on a smaller region, choosing 6 = —40.0 m, always at the final iteration
of the last stage. The corresponding values of the indicators are reported in the following
table.

Metric | With P-SV separation | Without P—-SV separation
Ep 0.142 0.142
Es 0.058 0.131

Table 10.3: Quantitative reconstruction error indicators after Ny, = 10 E-FWI iterations

of the final frequency stage, Ny = 4, computed with § = —40.0 m.

The reconstruction error indicators gathered in table 10.3 now exhibit a much clearer
difference between the two inversion strategies. In particular, the error in the Vs recon-
struction, quantified by Eg, is more than halved when the P-SV separation is used. This
quantitatively confirms the behavior already suggested by the residual model error maps,
where the interior of the Vs anomaly appears significantly cleaner when the separation
is introduced. On the other hand, the error in the Vp reconstruction, quantified by Ep,
remains essentially unchanged in the two cases. This is consistent with the qualitative
observation discussed above: the difference between the two strategies in the Vp model
recovery is mainly localized in the lower part of the anomaly, while the upper portion of

the inclusion is reconstructed with comparable accuracy. As a consequence, the indicator
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Ep, evaluated over the entire region D does not capture this localized improvement.

To better quantify this localized effect, we introduce a region D)., focusing on the lower

part of the anomaly, defined as
Diw={z€D|z2>2-6}

The corresponding localized reconstruction error indicator Ep . allows the improvement
observed in this portion of the model to be assessed more directly. The following table
displays its value, computed with § = —40.0m, at the final iteration of the last frequency

stage.

Metric | With P-SV separation | Without P-SV separation
Epiow 0.138 0.180

Table 10.4: Localized Vp reconstruction error indicator after Ny, = 10 E-FWI iterations

of the final frequency stage, Ng = 4, computed with § = —40.0 m.

Thus, table 10.4 confirms that the reconstruction of the lower part of the Vp anomaly is
improved when the P-SV separation is employed, with the corresponding reconstruction
error indicator, Ep)ow, decreasing by about 23.3%. As mentioned above, this improvement
may be interpreted as an indirect consequence of the reduction of the Vp — Vg leakage.
A more accurate reconstruction of the Vg model may reduce secondary Vg — Vp coupling

effects and, therefore, improve the recovery of the lower part of the Vp anomaly.
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Figure 10.7: Evolution of the misfit functional during the multi-scale inversion for the
two inversion strategies: with P—SV separation (orange) and without P-SV separation

(blue). The vertical axis is represented in logarithmic scale. The dashed vertical black

lines indicate the transitions between consecutive frequency stages.
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Finally, figure 10.7 reports the evolution of the misfit functional during the multi-stage
inversion. As in the previous test case, the introduction of the P-SV separation does not
compromise the convergence of the optimization algorithm. Despite the modification of
the gradient structure associated with the use of the P—SV separation, the misfit exhibits
a consistent decrease across the inversion stages, with a convergence behavior comparable

to that obtained without separation.

Overall, the results of this test confirm, in a more practically relevant setting, that the use
of the P-SV separation effectively reduces the Vp — Vi cross-talk without compromising
the stability of the inversion. While the improvement in the Vp reconstruction remains
localized, the recovery of the Vs model is significantly enhanced, confirming the potential

of the proposed strategy for mitigating parameter coupling effects in E-FWI.
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]_ ]_ ‘ Conclusions and future

developments

11.1. Summary of results

The starting point of this thesis was the classical identification, in linear elastic, homoge-
neous, isotropic and unbounded media, of P-waves with irrotational displacement fields
and S-waves with solenoidal motion. Once this identification is adopted as a working cri-
terion for P—S wave-field separation, the central mathematical question becomes how to
isolate the irrotational and solenoidal components of a vector-valued function defined on a
bounded computational domain in a mathematically well-posed and physically meaningful

way.

Boundary-aware interpretation of Poisson-based P—S separation

The first contribution of this thesis was to reinterpret Poisson-based P—S wave-field sepa-
ration within the functional framework of the Helmholtz—Weyl decomposition theorem in
bounded domains. From this point of view, the scalar Poisson equation commonly used
to recover the P-wave potential is not merely a numerical tool, but the core equation of
an elliptic boundary-value problem. Indeed, in a bounded domain, this equation does not
define a complete separation procedure unless it is complemented with suitable boundary

conditions.

This observation is essential because the boundary conditions determine how the harmonic-
gradient contribution of the Helmholtz—Weyl decomposition is assigned between the re-
constructed P and S fields. In particular, non-homogeneous Neumann and homogeneous
Dirichlet boundary conditions do not represent two interchangeable numerical closures of
the same problem, but two different realizations of the decomposition. The former incor-
porates the harmonic-gradient contribution into the irrotational P component, whereas
the latter assigns it to the solenoidal S component. Therefore, the choice of boundary
conditions is part of the mathematical definition of the separated fields and has a direct

impact on their physical interpretation and near-boundary behavior.
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Boundary effects and practical equivalence in effectively unbounded media

Beyond their different mathematical meaning, the two boundary closures also lead to dual
boundary-induced artifacts. In the Poisson—Neumann formulation, the P component in-
herits the normal trace of the original wave-field, while the S component has zero normal
trace at the boundary. As a consequence, spurious S-to-P leakage may occur when an
incoming S wave reaches the boundary with a non-negligible normal component. Con-
versely, in the Poisson—Dirichlet formulation, the P potential is forced to vanish on the
boundary. Under sufficient regularity assumptions, this implies that the reconstructed P
field has vanishing tangential component at the boundary. As a consequence, when a P
wave reaches the boundary with a non-negligible tangential component, this contribution

may be spuriously assigned to the S field, producing P-to-S leakage.

The numerical results in two-dimensional effectively unbounded configurations showed
that these effects are essentially boundary-driven. When the separation domain is ex-
tended to include the absorbing layers, the wave-field is attenuated before interacting
with the artificial boundary on which the auxiliary Poisson problem is closed. In this
effectively unbounded setting, the Poisson-Neumann and Poisson—Dirichlet formulations
become practically equivalent in the physical bulk, recovering consistent P and SV com-
ponents also in realistic heterogeneous media. This confirms that, once the artificial
boundary interaction is suppressed, the choice of boundary conditions has a negligible

impact on the separated wave-fields in the region of interest.

Numerical approximation of the auxiliary Poisson problems

The different boundary closures also led to different strategies for the numerical solu-
tion of the auxiliary Poisson problems. The Poisson-Neumann formulation was approx-
imated through a second-order finite-difference discretization, which allowed the non-
homogeneous Neumann datum to be incorporated while preserving the consistency be-
tween the discrete gradient, divergence and Laplacian operators. At the same time, the
resulting linear system retained a structure that could be diagonalized by discrete cosine
transforms. The Poisson—Dirichlet formulation was instead approached from a different
numerical point of view. Exploiting the explicit spectral representation of the Dirichlet
Laplacian on rectangular domains, the algorithm approximates the analytical solution of
the continuous boundary-value problem from the information available on the staggered

grid, rather than relying on an explicit discretization of the differential operators.

This spectral approach provides a fast alternative to finite-difference Poisson solvers. It
retains the same log-linear asymptotic complexity, based on fast trigonometric transforms,

but avoids the eigenvalue distortion introduced by an explicit finite-difference approxima-
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tion of the Laplacian. As a consequence, it is particularly well suited to wave-fields whose
relevant spectral content is resolved by the grid, as suggested by the theoretical analy-
sis and supported by the numerical experiments. The same spectral approach was then
extended to the mixed formulation after a divergence-preserving harmonic lifting of the

Neumann datum.

Free-surface configurations and mixed formulation

The role of boundary conditions becomes more delicate in free surface configurations,
where the wave-field interacts directly with the boundary on which the auxiliary Poisson
problem is closed. In the solid free surface case, the Poisson—Neumann and Poisson—
Dirichlet formulations exhibited different behaviors, especially in the separation of surface
waves. However, the intrinsically coupled physical nature of surface phenomena prevents

one from ranking the two strategies.

The fluid free-surface case provides a clearer diagnostic configuration. Since fluids do not
support shear wave propagation, any SV field recovered in the fluid region can be inter-
preted as numerical leakage. In the numerical tests, the Poisson—Neumann formulation
performed significantly better than the Poisson—Dirichlet one: it did not generate the
boundary-induced spurious P-to-SV conversions observed near the free surface with the
homogeneous Dirichlet closure. This is consistent with the fact that the Neumann formu-
lation imposes a vanishing normal trace on the separated SV field, which is compatible
with the absence of shear motion in the fluid, whereas the Dirichlet condition on the P

potential is not, in general, compatible with such a constraint.

These observations motivated the Poisson-mixed formulation, in which non-homogeneous
Neumann boundary conditions are imposed at the free surface, while homogeneous Dirich-
let boundary conditions are imposed on the artificial boundaries surrounded by absorbing
layers. In the tested fluid free-surface configuration, the mixed formulation retained the
favorable near-surface behavior of the Neumann closure, removing the Dirichlet-induced
P-to-SV artifact, and reduced the residual SV leakage in the fluid by approximately one

order of magnitude with respect to the finite-difference Poisson-Neumann solver.

Application to Elastic Full Waveform Inversion

The last contribution of this thesis concerned the use of P—S separation in Elastic Full
Waveform Inversion, with the aim of reducing the coupling between the Vp and Vg up-
dates. In this context, the separated wave-fields were used to perform a modal selection
of the time-domain cross-correlations entering the adjoint-state gradients. The modified

Vp gradient was assembled by retaining only P—P correlations between forward and ad-
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joint wave-fields, whereas the modified Vg gradient was assembled from P—S, S-P and S-S

Interactions.

The theoretical analysis, although carried out at a formal and heuristic level, provides
a structurally and physically informed interpretation of the effect of this strategy. In
particular, the separated-gradient formulation is expected to mitigate a specific coupling
mechanism from Vp to Vg by removing the direct volumetric cross-talk pathway from the
modified Vg gradient. At the same time, the analysis suggests that the coupling in the
opposite direction, from Vg to Vp, should remain essentially unaffected, since the modified

Vp gradient coincides, at the continuous level, with the original one.

The numerical experiments supported this interpretation. The separated-gradient for-
mulation produced a significantly reduced leakage from Vp to Vg, while the Vs — Vp
cross-talk remained essentially unchanged. Moreover, the modified gradients preserved
the main parameter updates and did not deteriorate the convergence behavior of the in-
version, as shown by the stable decrease of the misfit functional. This indicates that the
proposed strategy improves the structure of the Vs update without compromising the

overall optimization process.

11.2. Limitations and perspectives for future work

Although the results presented in this thesis provide a coherent mathematical and nu-
merical framework for Poisson-based P—S separation in bounded computational domains,
several limitations remain and naturally suggest directions for future work. Some of these
limitations are intrinsic to the interpretation of P-S separation adopted in this work,
whereas others are related to the numerical realization of the proposed algorithms and to

their application in more realistic seismic imaging and inversion settings.

Limits of the irrotational/solenoidal criterion

The first limitation concerns the physical interpretation of the separated fields. As stan-
dard in the literature, throughout this thesis (see section 2.2), the P component of the
wave-field has been identified with the irrotational part of the displacement field, while
the S component has been identified with its solenoidal part. This criterion is exact in
homogeneous and unbounded linear elastic and isotropic media, where the diagonalization
of the acoustic tensor provides a clear separation between longitudinal and transverse po-
larizations. In bounded and heterogeneous media, however, material interfaces and free
surfaces generate reflected, converted, interface and surface waves whose P and S contents

may be intrinsically coupled.
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As a consequence, the Helmholtz—Weyl decomposition used in this work should be un-
derstood as a mathematically well-defined and physically meaningful separation criterion,
rather than an exact modal diagonalization of the elastic wave-field in every configuration.
This distinction is especially important near physical boundaries and interfaces, where the

notion of P-S decomposition may itself become ambiguous.

Limits of the numerical approximations

A first numerical limitation concerns the dependence of the proposed algorithms on the
staggered grid adopted for the finite-difference solver of the elastic wave equation (see sec-
tions 3.1.1 and 5.2.1). The placement of the wave-field components, the discrete gradient,
divergence and Laplacian operators, and the quadrature formulas used in the spectral re-
construction were designed to be consistent with this grid arrangement. As a consequence,
the extension of the proposed numerical separation procedures to different discretization
frameworks is not direct. This is especially relevant for finite element or spectral element
solvers on unstructured meshes, since the use of FFT-based fast trigonometric transforms
to build efficient Poisson solvers relies on structured grids. Although the continuous
Helmholtz—Weyl interpretation remains valid, new discrete Poisson solvers would be re-
quired to obtain an efficient boundary-aware separation procedure compatible with those

numerical settings.

A second general limitation is that the proposed algorithms were designed, implemented
and tested only in two space dimensions. The extension to three-dimensional rectan-
gular domains is conceptually straightforward from the algorithmic point of view, since
the same staggered-grid structure and the same fast-transform strategy can be used with
three-dimensional trigonometric transforms. The asymptotic complexity therefore re-
mains log-linear in the total number of grid points. However, this observation is restricted
to rectangular computational domains. In non-rectangular geometries, either in two or
three dimensions, the explicit spectral diagonalization exploited in this work, either at the
continuous or discrete level, is not directly available, and the numerical formulation would
have to be reconsidered, for instance through coordinate transformations to a rectangular

reference domain or through more general efficient Poisson solvers.

A third limitation concerns the accuracy analysis of the spectral Poisson—Dirichlet numer-
ical approximation. In this thesis, the analysis was restricted to the band-limited case, for
which the discrete quadrature formulas recover exactly the modal coefficients of strictly
sub-Nyquist displacement fields. This result does not provide a complete convergence
theory for general, non-band-limited forcing terms. In that case, the accuracy of the

approximation depends on the combined effect of spectral truncation, quadrature errors
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in the approximation of the displacement expansion coefficients, and the staggered-grid
structure of the discrete fields. A rigorous convergence analysis in the full two-dimensional
staggered-grid setting remains open. Such an analysis would also help to clarify more pre-
cisely the accuracy improvement over the second-order finite-difference Poisson—Neumann

solver observed in the numerical experiments.

An additional limitation concerns the Poisson—mixed formulation. In this case, no system-
atic accuracy analysis was carried out. The expected accuracy of the method was moti-
vated by the structure of the algorithm: after the harmonic lifting of the non-homogeneous
Neumann datum, the remaining problem can be treated with a continuous-like spectral
approach analogous to that used for the Poisson—Dirichlet formulation. However, this
argument remains partly heuristic. The numerical tests confirmed the expected behavior
in the specific fluid free surface configuration considered in this thesis, showing a reduced
residual SV leakage compared with the second-order finite-difference Poisson—-Neumann
solver. Nevertheless, a systematic analysis of the mixed spectral solver, including the ef-
fect of the harmonic lifting and of the interaction between the different boundary portions,

remains to be developed.

Finally, the numerical experiment involving a realistic fluid-solid configuration (see sec-
tion 9.3) highlighted a difficulty that is not specific to a particular boundary condition
or Poisson discretization. Oscillatory artifacts were observed near the fluid-solid interface
for all the considered separation strategies, independently of whether Neumann, Dirichlet
or mixed boundary conditions were used, and independently of the finite-difference or
spectral nature of the Poisson solver. This suggests that these artifacts are not primarily
caused by the specific separation strategy, but rather by the interaction between the sep-
aration procedure, the sharp material contrast, the vanishing shear modulus in the fluid
layer and the staggered-grid treatment of the fluid-solid interface. Future work should
therefore investigate more accurate and physically consistent treatments of acoustic-elastic
coupling, possibly relying on interface-aware variational formulations better suited to cou-

pled fluid-solid problems.

Perspectives for Elastic Full Waveform Inversion

Another limitation concerns the application of the P—S separation to Elastic Full Wave-
form Inversion. The analysis carried out in this thesis (see section 10.2) is not a fully
rigorous functional-analytic treatment, but should be understood as a formal, structurally
and physically motivated investigation of the modified separated adjoint-state gradients.
Future work should aim at providing a more solid theoretical background to systemati-

cally quantify the reduction of the Vp — Vi leakage and to clarify when this reduction
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leads to a significant improvement of the final reconstructed model.

Moreover, although the numerical experiments presented in section 10.3 showed promising
results for the mitigation of a specific Vp — Vg cross-talk mechanism, without compromis-
ing the main parameter updates or the convergence of the misfit functional, these tests
were carried out in controlled synthetic two-dimensional configurations, with a limited
number of models and acquisition settings. A more complete assessment would require
more complex geological models, sparse and noisy data, different acquisition geometries,

and realistic multi-scale inversion workflows.

Extension to anisotropic media

A major perspective for future work concerns the extension of the present framework to
anisotropic media, in particular to Vertical Transversely Isotropic (VTI) media, which
are especially relevant in practical and industrial applications. This extension is not
straightforward, because the basic irrotational/solenoidal criterion used throughout this
thesis is intrinsically tied to isotropic linear elasticity. In homogeneous isotropic media, P
and S polarizations are respectively parallel and orthogonal to the wave vector, so that P-
waves are naturally associated with curl-free fields and S-waves with divergence-free fields.
In VTT anisotropic media, instead, the qP and ¢S polarization vectors are not aligned with
the wave vector and its orthogonal complement. Moreover, they depend on the material
parameters and have a non-polynomial angular dependence on the components of the
wave vector, making it difficult, if not impossible, to define universal local differential

operators able to isolate the qP- and gS-waves.

Future work should therefore consider separation operators based directly on the anisotropic
polarization structure. A natural starting point is provided by wavenumber-domain pro-
jectors associated with the VTT acoustic tensor (see, e.g., [46]). Efficient extensions to
heterogeneous media could then be compared with low-rank approximations of separation
operators (see, e.g., |7]) and with recent approximate anisotropic wave-mode projectors
based on scalar anisotropic pseudo-Poisson formulations (see [11]). The main challenge
would be to combine these anisotropic modal projectors with the boundary-aware view-
point developed in this thesis. In particular, one should understand how P and ¢S pro-
jection operators can be defined and approximated in bounded domains, where boundary
conditions may again play a non-trivial role in the mathematical and numerical realization

of the decomposition.
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A. ‘ Appendix A

This appendix collects the definitions of the source wavelet and the numerical models
employed throughout the numerical experiments. The material reported here is intended
to complement the main text by providing a concise and self-contained reference for the

simulation setup.

A.1. Source wavelet used in the tests

In this section, we introduce the temporal profile of the Ricker source wavelet employed
in the numerical experiments presented throughout this work, providing its analytical

expression.

We denote by ts, with [¢ts] = s, a time shift suitably chosen to ensure that the wavelet is
effectively negligible at the initial time, and by fo, with [fo] = Hz, the central frequency

of the source wavelet, i.e., the peak frequency of its amplitude spectrum.

The temporal profile of the Ricker wavelet is defined as
s:R—R, s(t) — (1 _ 27T2f02(t . ts)g) e_ﬂ2f02(t—ts)2

The time shift and the maximum frequency content are chosen as

2 b

ty = — fmax:2

A.2. Numerical models used in the separation tests

In this section, we describe the numerical models employed in the separation tests. For
each configuration, we specify the physical parameters and the geometric setup used in

the simulations.

= h. The

All the numerical simulations are performed on a uniform grid, i.e., h, = h,
grid spacing h and the time-step At are chosen according to equations (3.15) and (3.16),



188 A| Appendix A

using
1
=07, H=-
v ) 6

which are below the empirical limits (3.14), thus ensuring a conservative choice.
A.2.1. Homogeneous model
The computational domain is the square
Q=(0,L,)x(0,L,), L,=L,=10.0km
and the simulations are performed over the time interval
I=(0,T7), T=25s

The medium is homogeneous. In the solid configuration, it is characterized by the constant

elastic parameters
p=2590kgm™>, Vp=>5390ms™", Vg=2970ms!

These values are taken from the physical model of dolomite rock reported in [26].

In the fluid configuration, the material parameters are
p=1000kgm™3, Vp=1483ms™', Vg=0ms '

These values correspond to those of water.

To mimic an unbounded medium, an absorbing frame of thickness and damping factor
(=80h, ay=0.25

is added around the computational domain. In free-surface configurations, the upper
boundary at z = 0 m is not equipped with absorbing layers, while the absorbing frame is

retained along the remaining sides of the domain.

A.2.2. Bi-layer model

The computational domain is the square

Q=(0, L) x (0, L.), Ly=L,=10.0km
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and the simulations are performed over the time interval
I=(0,T7), T=25s

The medium is heterogeneous and consists of two horizontal layers separated by an inter-
face located at
zZ = 5.0km

The upper layer is characterized by the constant elastic parameters
pr=2120kgm ™3, Vp; =3800ms', Vs, =2160ms""
while the lower layer is characterized by
pa =2370kgm ™3, Vpy =4090ms™*, Vgy=2410ms"

These values are taken from the physical models of consolidated sediment and sandstone

rocks reported in [26].

To mimic an unbounded medium, an absorbing frame of thickness and damping factor
¢=120h, «y=0.30

is added around the computational domain.

A.2.3. Marmousi—II model

We consider two distinct configurations extracted from the Marmousi-II model. The
land section is characterized by the density, P-wave and S-wave velocity fields shown in
figure A.1. The marine configuration includes an upper fluid layer and is characterized

by the density, P-wave and S-wave velocity fields shown in figure A.2.

In both cases, the computational domain is the square
Q=(0,L,) x(0,L,), L,=0L,=25km
and the simulations are performed over the time interval

I=(0,T), T=15s
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Figure A.1: Processed land Marmousi—II model used in the simulations. From left to

right: density p, P-wave velocity Vp, and S-wave velocity Vs.
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Figure A.2: Processed marine Marmousi-II model used in the simulations. From left to

right: density p, P-wave velocity Vp, and S-wave velocity V.

To mimic an unbounded medium, an absorbing frame of thickness and damping factor
¢=100h, ag=0.30

is added around the computational domain. In free-surface configurations (considered
only in the marine case), the upper boundary at z = 0 m is not equipped with absorbing

layers, while the absorbing frame is retained along the remaining sides of the domain.

The Marmousi-II model was obtained from publicly available repositories (see [18]). The
original dataset provides spatially varying elastic parameters on a particularly fine grid
(h = 1.25m), which is significantly finer than the numerical dispersion limit imposed
by the maximum source frequency considered in the simulations. In order to construct
a computationally efficient representation, the model was resampled onto a coarser grid
consistent with the dispersion constraints of the numerical scheme. An anti-aliasing Gaus-
sian low-pass filter was first applied to ensure compatibility with the spectral resolution
of the target grid, and the model was subsequently downsampled using block arithmetic

averaging.
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A.2.4. Sigsbee-salt model

The model is characterized by the density, P-wave and S-wave velocity fields shown in
figure A.3.

Density — p P-wave velocity — Vp
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Figure A.3: Processed Sigsbee—Salt model used in the simulations. From left to right:

0 1 2
x [km)]

0 1 2
x [km

0 1 2
2 [km]

density p, P-wave velocity Vp, and S-wave velocity V.

The computational domain is the square
Q=(0,L,) x(0,L,), Ly,=0L,=42km
and the simulations are performed over the time interval
I=(0,T7), T=30s
To mimic an unbounded medium, an absorbing frame of thickness and damping factor
(=80h, ap=0.30

is added around the computational domain.

The Sigsbee—Salt model was obtained from publicly available repositories (see [18]). The
original dataset provides the P-wave velocity field on a relatively coarse grid (h = 20m),
which is larger than the numerical dispersion limit imposed by the maximum source fre-
quency considered in the simulations. Therefore, the model was refined up to a compatible
resolution. The refinement was performed using spectral interpolation (see [45]). Due to
the presence of sharp material discontinuities, the interpolation step introduces spurious
oscillations in the vicinity of interfaces. To mitigate this effect, a Gaussian smoothing fil-
ter was subsequently applied. Since only the Vp field was available in the original dataset,

the corresponding Vs and p fields were derived through simplified empirical relations,
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namely

Vp

£ p=230V*
\/§ P P

Vs =

A.3. Numerical models used in the inversion tests

In this section, we describe the numerical models employed in the elastic full waveform
inversion tests. For each configuration, we specify the physical parameters and the geo-

metric and inversion setups used in the simulations.

In the inversion tests, spurious reflections from the artificial boundaries of the com-
putational domain are attenuated by means of convolutional perfectly matched layers
(CPMLs), rather than by the sponge absorbing layers employed in the separation tests
(see section 3.3.1). This choice follows the implementation adopted in the inversion code
used for the numerical experiments. CPMLs are an absorbing boundary treatment based
on a coordinate stretching of the wave equation in the frequency domain and are com-
monly used in finite-difference simulations of seismic wave propagation (see, e.g., [20]).
The CPMLs are characterized by the thickness of the absorbing frame in number of
grid points, denoted by Npyp, by a reference damping velocity Ve, a characteristic
frequency fpyr, used in the PML construction, and the polynomial degree npyy, of the

damping function.

A.3.1. Two inclusions model

The true model consists of a homogeneous background medium containing two circular
anomalies, one affecting only the P-wave velocity and the other affecting only the S-wave

velocity. The associated density, P-wave and S-wave velocity fields are shown in figure A.4.

The computational domain is the square
Q=(0,L,)x(0,L,), L,=L,=72km
and the simulations are performed over the time interval
I=(0,T7), T=50s

The background medium is homogeneous and characterized by the constant elastic pa-

rameters

po = 4000.0kgm ™ Vpy=3000.0ms™", Vgo=2000.0ms"".
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True model
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Figure A.4: Two inclusions model used in the inversions. From left to right: density p,

P-wave velocity Vp, and S-wave velocity Vs. The acquisition geometry is also shown.

The same homogeneous medium is used as initial guess for the inversion. In particular,
the initial density model coincides with the true one and is kept fixed throughout the

inversion, while only the parameters Vp and Vg are updated.

Two circular inclusions of radius

R =750.0m

are embedded in the background medium. The first anomaly affects only the parameter
Vp and is centered at
z, = (z1, z1) = (2.1km, 2.1km)

Inside this inclusion, the P-wave velocity is
Vp1 = 3500.0ms™"

while the density and the S-wave velocity remain equal to their background values. The

second anomaly affects only the parameter Vg and is centered at
Ty = (29, 29) = (5.1km, 5.1 km)
Inside this inclusion, the S-wave velocity is
Vo = 2330.0ms™*

while the density and the P-wave velocity remain equal to their background values.
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To mimic an unbounded medium, a CPML absorbing frame characterized by

Neme = 10, Veu = 3000.0ms™t,  feumre = 15.0Hz,  npur, = 2

is added around the computational domain.

Sources and receivers are distributed along a square acquisition frame located inside the

computational domain. The acquisition frame is placed at an offset
dacq = 280.0m
from the boundaries of the computational domain. Along this acquisition frame, we deploy
N, =664, h,=40.0m, Ny =74, hs=360.0m

receivers and sources, where N, and N, denote the number of receivers and sources,
respectively, while h, and hg denote the corresponding spatial spacings. The sources are
modeled as explosive sources with a Ricker wavelet temporal profile (see appendix A.1),
with a central frequency

fo=10.0Hz

During the solution of the adjoint problem, the adjoint source is injected as a multi-

component vector field. Moreover, a low-pass filter with cut-off frequency
fe=5.0Hz

is applied to the adjoint source. During the inversion, a taper is applied to the gradi-
ent near the artificial boundaries of the computational domain. This operation confines
the model updates to the physical bulk of the domain and mitigates the imprint of the

acquisition geometry, especially near the source locations.

Finally, the inversion is carried out for a total of
Nit = 10

iterations, using a preconditioned conjugate gradient optimization scheme.
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A.3.2. Fluid-saturated sandstone model

The true model consists of a homogeneous sandstone background containing a rectangular
fluid-saturated reservoir. The associated density, P-wave and S-wave velocity fields are

shown in figure A.5.

True model
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Figure A.5: Fluid-saturated sandstone model used in the inversions. From left to right:

density p, P-wave velocity Vp, and S-wave velocity V. The acquisition geometry is also

shown.

The computational domain is the rectangle
Q=(0,L,) x(0,L,), Ly=42km, L,=12km
and the simulations are performed over the time interval
I=(0,7), T=20s

The background sandstone medium is homogeneous and characterized by the constant

elastic parameters
po = 2000.0kgm ™ Vpy=3140.0ms™!, Vgo=1560.0ms"

The same homogeneous medium is used as initial guess for the inversion. In particular,
the initial density model coincides with the true one and is kept fixed throughout the

inversion, while only the parameters Vp and Vg are updated.
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A rectangular inclusion with side lengths
l, =1500.0m, [, =400.0m
is embedded in the background medium and its center is located at
o = (20, 20) = (2.1km, 0.6 km)

This inclusion represents a fluid-saturated reservoir. Its upper part is gas-saturated and
characterized by
Vp1 =2600.0ms™", Vg; =1660.0ms™"

whereas its lower part is water-saturated and characterized by
Vpo = 3000.0ms™', Vgy = 1660.0ms™*

The density remains equal to its background value throughout the whole model. The

reservoir velocity values are taken from the physical sandstone model proposed in [26].

To mimic an unbounded medium, a CPML absorbing frame characterized by

Neme, =20, Veu = 3000.0ms™,  feume = 10.0Hz,  npu, = 2

is added around the computational domain.

Sources and receivers are distributed along a horizontal acquisition line located inside the

computational domain. The acquisition line is placed at a vertical offset
dacq = 100.0m

from the upper boundary of the computational domain. The receivers are deployed along
the segment

x € [100.0m, 4100.0 m]

with
N, =401, h,=10.0m

The sources are deployed along the segment

x € [500.0 m, 3700.0 m]
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with
N, =33, hy=100.0m

Here, N, and N, denote the number of receivers and sources, respectively, while h, and h,
denote the corresponding spatial spacings. The sources are modeled as explosive sources

with a Ricker wavelet temporal profile (see appendix A.1), with a central frequency
fo = 10.0Hz

During the solution of the adjoint problem, the adjoint source is injected as a single-

component vertical force.

To mitigate the risk of convergence to local minima, the inversion is performed through
a multi-scale strategy from low to high frequencies. More precisely, a low-pass filter is
applied to the adjoint source in order to progressively introduce higher frequencies during

the inversion. The inversion is divided into
Ny =4
stages, associated with cut-off frequencies
fe=20Hz, f.=40Hz, f.=6.0Hz, f.=10.0Hz
For each stage, the inversion is carried out for a maximum number of
Ny, = 10

iterations, using a preconditioned conjugate gradient optimization scheme. During the
inversion, a taper is applied to the gradient near the artificial boundaries of the compu-
tational domain. This operation confines the model updates to the physical bulk of the
domain and mitigates the imprint of the acquisition geometry, especially near the source

locations.
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This appendix collects some classical results from linear algebra and functional analysis
used throughout the thesis, providing a concise reference for statements that are not

recalled in the main text in order to preserve readability.

Theorem B.1 (Spectral theorem for symmetric matrices).

Let M € R™" be q symmetric matriz. Then,
o All its eigenvalues are real;

o It is orthogonally diagonalizable, or, equivalently, there exists an orthonormal basis
of R™ made of eigenvectors of M.

See, e.g., chapter 9 in [32].
Theorem B.2 (Orthogonal decomposition theorem).

Let (H, (-, )H) be a Hilbert space and let V C H be a closed vector subspace. Then,

H=VeoeVvt

where V1 denotes the orthogonal complement of V.. More precisely, this means:
oVzxe H, AveV,weVt ‘ r=v+w;
crxeVeaow=0adreV+sv=0;
o Vr € H, ||z|5 = vl + llwlF-

Moreover, the mappings
HviH—>V, Hv(!I?):’U

My :H—=VE Hyi(z)=w

are called projection operators onto V. and V*, respectively, and are both linear and con-

tinuous (bounded).

See, e.g., chapter 5 in [4].
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Theorem B.3 (Riesz representation theorem for Hilbert spaces).

Let (H, (, )H) be a Hilbert space and let H* be the dual space of H. Then
VL e H*, 3 he H | (L, v) = (h,v)y, Vo€ H

where (-,-) denotes the duality pairing between H* and H .

Moreover, ||L|| . = ||h|ly. Equivalently, the map
I:H— H", (I(h))(v) = (h,v)g
1s an isometric isomorphism between H and H*, allowing the identification

H=H"
See, e.g., chapter 5.2 in [4].

Theorem B.4 (Korn’s inequality in [Hll‘,)(Q)}”).
Let Q C R™, n > 2, open, bounded and connected, such that 02 € Lip. Let I'p C 012,
such that |I'p| > 0. Then there ezists a constant Cx > 0, depending on ), such that

IE@ 2@y = Coc Il gaaye - Vo € [Hp, ()]
where
[Hy, ()" = {v € [H(Q)]" | @), =0}
and v : [HY(Q)|" — [HY2(0Q)]" denotes the trace operator.
See, e.g., chapter 6.3 in [§].
Theorem B.5 (Generalized Gauss—Green formula).

Let Q C R™, open and bounded, such that OS2 € Lip. Then

/Qu-Vv ds2 + /Qv div(w) dQ = (v, (u),%(v)), Yu € Ha(Q), Yo € H(Q)

where vy : HY(Q) — HY2(0Q) and v, : Haiy(Q) — HY/2(0Q) denote the trace operator
and the normal trace operator, respectively, and (-,-) denotes the duality pairing between
H=Y2(00) and H?(09).

See, e.g., chapter 6.7 in [12].
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Theorem B.6 (Lax-Milgram lemma).
Let (V, (-, )V) be a Hilbert space. Moreover, let a : V x V. — R be a bilinear form and
F:V — R be a linear functional such that:

o a is continuous (i.e. bounded), namely, there exists M > 0 such that
auw,0) < M [l [olly, Va0 eV
o a 18 coercive, namely, there exists a > 0 such that
a(u,u) > « ||u||%/7 YueV
o F is continuous (i.e. bounded), namely, there exists C' > 0 such that

(o) <Clolly, WweV

where (-,-) denotes the duality pairing between V* and V.

Then the problem
a(u,v) =(F,v) YveV

admits a unique solution u € V.
See, e.g., chapter 5.3 in [4].

Theorem B.7 (Poincaré-Wirtinger inequality).
Let Q C R™ be open, bounded and connected, such that OS2 € Lip. Then there exists a
constant Cp > 0, depending on €2, such that

lu — UQ”L?(Q) <Cp ||VU||L2(Q) , Vue HY(Q)

where )
ug = —/udQ
€] Ja
See, e.g., chapter 12.2 in [22].

Theorem B.8 (Paserval identity).
Let (H, (-, )H) be a Hilbert space, and let {e,}nen C H be an orthonormal base of H.
Then,

+oo
loll7 =D lv,en)nl’, VoeH
n=1

See, e.g., chapter 5.4 in [4].
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